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1 Introduction

A growing community of researchers has become interested in the application of division al-
gebras and the corresponding split composition algebras to a structural description of the
Standard Model of particle physics [1-18]. The use of triality in this context, relating three
generations of fermions [19], has gathered increasing interest. The existence of the quater-
nion group, @Jg, within the C'PT Group generated by charge, parity, and time conjugation
symmetries, and its extension to the CPTt Group — acting on three generations of fermions
related by triality — strongly indicates division algebras are intricately woven into the fabric
of reality. Despite this indication of usefulness, explicit mathematical descriptions of exactly
how triality can be used in model building are sparse. It is the purpose of this work to remedy
this deficit — to provide a detailed description of the mathematical scaffolding relating divi-
sion algebras, triality, Clifford algebras, and Lie algebras related to the Standard Model and
gravity. This paper largely follows and complements Baez’s excellent paper, “The Octonions”
[20], but in more painful detail, and with an intended application in physics.

We begin by introducing division algebras: the complex numbers, C, quaternions, H, and
octonions, @, and the related split-signature composition algebras, C’, H’, and Q’, and use
these to construct Clifford algebras. The Clifford bivectors generate Spin groups, which act on
spinors with positive and negative-chiral halves. A structural isomorphism (or “confusion”)
then exists, between 2, 4, or 8-dimensional vectors, v, negative-chiral spinors, 1, positive-
chiral spinors, x, and sets of three division algebra elements. (We casually use “division
algebra”, I, to also encompass the corresponding split-signature composition algebras, and
sometimes not the reals.)

A real, cyclic, trilinear triality function is defined by the division algebra product (or vice
versa), and is invariant under the triality group of symmetries on its arguments. These sym-
metries relate to generalized reflections, producing duality automorphisms related to twistor
incidence relations [21], as well as triality automorphisms, which transform and cycle the
arguments. Each division algebra has a Lie algebra, its triality algebra, corresponding to this
triality group. Each triality algebra is a subalgebra of the triality Lie algebra formed by the
joining of a triality algebra with the three elements corresponding to a vector, negative-chiral
spinor, and positive-chiral spinor. Using these elements, these triality Lie algebras can be
expressed heuristically as su(3,D) [5, 22]. Triality inner-automorphisms act within these Lie
algebras, and can be displayed graphically in their root systems.

Two division algebras can be combined to construct a compound division algebra rep-
resentation of a Clifford algebra. The corresponding two triality Lie algebras combine to
give Lie algebras in the exceptional magic square [23-26]. These magic square Lie algebras,
and their triality automorphisms, are formulated explicitly. Triality automorphisms partition
these Lie algebras into three eigenspaces, with the triality invariant subalgebra acting on the
positive eigenspace forming a Vinberg ©-algebra [27]. It is proposed that three generations of
fermions can mix within the positive and negative eigenspaces of the ©-algebra decomposi-
tion. Explicit, detailed descriptions are provided for Lie algebras eg, e7, and eg. The algebra



of the SO(10) Grand Unified Theory, including one generation of fermions, embeds in real
compact eg. Three generations of Dixon algebra fermions, related to C ® H ® O, embed in
complex ey, or one real generation of fermions, with spin, embeds in compact real e;. And
three generations of fermions, with spin, related by triality, embed in real forms of eg, along
with Standard Model gauge, Higgs, and gravitational fields. The paper concludes with a brief
description of division algebra automorphisms, which brings in the remaining exceptional Lie
algebra, go.

2 Division Algebra Representation of Clifford Algebras

A n-dimensional division algebra, ID, or split-signature composition algebra, I, is spanned
by its basis elements, e,, which have a conjugation,

€p=¢c5=¢e =1 €1 =ej = —e €n_1 = e~ = —€n-1
and a multiplication table, e e, = My“e., allowing the definition of its metric,
1 ~ ~
(€asep) = 5(€ath + Epea) = Nap

with ng, = d4p for the usual division algebras, and ny, having split signature, {+, —}, for the
split-algebras. Under conjugation, division algebra multiplication satisfies

(eaeb) = €34 Mabé = E&c

Standard multiplication tables, M, e., for the division algebras and their split-algebras are:

r €y €1 €9 €3 €q €5 €6 er
. €y €1
C: €1 —eo €3 —€y —e5 €4 —€r €
€1 —€g
- €y —€3 —€p €1 —€g €7 €4 —e€p
r €3 €2 —€1 —€p —€7 —€g €5 €4
ep e1 e €3 Q' :
e (& (& e e e (& €3
O O
. ey —e3 —€p €1 5 4 7 6 1 0 3 2
€ € —€4 —€5 —€o —€ € €
e3 ey —eq —ep 6 7 4 5 2 3 0 1
- €7 —€g €5 —€4 —€3 €2 —€1 €

] i (2.1)
€p €1 €z €3 €4 €5 e €7 eyp €1 €3 63_
€1 —€y €4 €7 —ey € —e5 —e3 , e; ey ez es
€2 —€4 —€p €5 €1 —€3 €7 —€g H €2 —€3 —eqg €1
0 - €3 —€7r —€5 —€p € €3 —ey4 €1 €3 —€2 —€1 €
€4 €2 —€1 —€g —€y €7y €3 —€5 i

€5 —€g €3 —€2 —€7 —€p €1 €4
€p €
€g €5 —€7 €4 —€3 —€1 —€) —€2 C [ 0 1]

€1 €o
€7 €3 € —€1 €5 —€4 —€2 —C€ |




Division algebra multiplication allows the construction of chiral Clifford basis elements of
Cl(n), Cl(0,n), or Cl(%, %), which act on chiral division algebra spinors,
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o +e 0 +To%]| [ 0 +Mmye
e = ec 0 (T)le O I Y

(2.2)

o [¢] _ [veea] _ o0z

X X’éb X'Qy
with the definition of a signature-adjusted matrix transpose, (I'c) = ne.(I'¢)?, and multi-
plication understood to be to the right by division algebra elements (accounting for non-

associativity of octonions), or represented equivalently as 2n x 2n real matrices built from
the multiplication table coefficients,

(Fc)ba = Mcab (fc)ab = Méi)a = Mbc& =M. "y = (Fc)ba = ncc(rc)ba

It is worth emphasizing the “trick” here, first brought to the author’s attention by Mia
Hughes, because it is at the heart of this paper. In our cases of interest a correct set of
real, chiral, Clifford basis vector representative matrices, (T')%,, can be numerically identified
with a division algebra multiplication table, Mcai), with a suitable shuffling of indices and a
conjugation. We subsequently use M and I' matrices interchangeably, depending on whether
the division algebra or Clifford algebra context is more appropriate.

The representative Clifford basis vector elements, (2.2), satisfy the fundamental Clifford
identity,

€q€p + Epe 0
Yo =% (YaW + WYa) = £1 | 7 “o | = 0w = naw (2.3)
0 €ath + epeqy
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with the “£” signature in (2.2) and above usually chosen to be “—” for our purposes. Division

algebra multiplication coefficients, and the corresponding Clifford matrix elements, satisfy a
cyclic identity,

= Mape = Maa, = My

cba

Labe = Toea = Lach = Leba = Mcaf,

(2.4)

in which ngy is used to lower indices. The Clifford pseudoscalar for each division algebra and
split-algebra is v = vg...7p—1 = :l:[1 71}.
The 3n(n — 1) representative Clifford bivector basis elements, for ¢ < d, are:

i(f‘C)ab(Fd)be

~ —

iéced
i<FC)ba (Pd)af

Yed =

iecéd

+ M5 Mg

+ M, P M fa]



with it understood that, for example, ey, multiplies to the right before €. multiplies the result.
Since e.éq = —egé. for ¢ # d, we also have the reverse-indexed bivectors, V4. = —7ed, and will
sometimes account for these with a % in sums, such as for B = %BCd%d. These bi-product
division algebra operators are the chiral basis elements of the corresponding spin Lie algebra,
which act on division algebra spinors. Spinors are the fundamental representation space of
spin groups, which have spin Lie algebras spanned by Clifford algebra bivectors represented
by matrices that act on the spinors. For the complex numbers and quaternions, multiplication
is associative, so these bi-product basis elements are themselves purely imaginary complex
numbers or quaternions, é.eq € B = Im(ID), and the corresponding spin Lie algebras, By =
so(2) = u(l) and By = so(4) = su(2) + su(2), are 1 and 6-dimensional. For the octonions,
multiplication is not associative, and these octonionic bi-products span 28-dimensional Bg =
so(8) # Im(0).

To add clarity for the reader, it is worth presenting the simplest example of this con-
struction: C1(0,2) constructed from complex algebra. From the complex multiplication table,
(2.1), and using (T'c)’;, = M,,°, we obtain a real chiral matrix representation of Clifford basis
vectors, e,

My® =1 Moi' = My = 1 M0 = —1

I O B ) I

To be painfully explicit, the resulting representative unit basis vectors and unit basis spinors
of C1(0,2) are:

— _ 1
Qo = Q1 = Qa_ = Qii_ =
1
Physicists usually think of spinors, such as the unit spinors, QF, as matrix columns. Depend-
ing on context, they may also be thought of as ideal Clifford algebra elements.

From the division algebra representation of Clifford algebras, we have a natural confusion
between sets of three n-dimensional division algebra elements related by division algebra
multiplication, and corresponding sets of Clifford algebra vectors, negative real chiral spinors,
and positive real chiral spinors, related by Clifford algebra multiplication,

v = v, ~ v =Y
Y=1veq ~ P =9"Q,
x=x& ~ x=x"0Q
X=vv ~ o X=oY



It is the chiral division algebra representative matrices of Clifford algebras, rb, = Mcai’,
that allow this direct identification between a set of vector, negative, and positive-chiral
spinors, (v,1,x), and a triplet of division algebra elements with the same coefficients, and
their equivalent relationship under division algebra and Clifford multiplication,

Xbel; — 52 = Q]w = ’UcwaMcabel; ~ Xb - vcwa(FC)ba

This confusion of vectors and spinors with division algebra elements, and the division algebra
construction of Clifford algebras, leads to the explicit construction and understanding of the
structure of many Lie algebras and their automorphisms.

3 Generalized Reflections and Triality

Division algebras (and their split versions) have a cubic form — a real, cyclic, trilinear triality
function, T(v,,x), of three elements, or, equivalently, of vectors and chiral spinors,

XY Tepg = X0 = T(0,90,X) = (X, v1) = X 09" M, ; (3.1)

in which we again are using a signature-adjusted transpose, Q; = nbe;T, so the index in

;T(I‘C)Q; = T'.%, will be lowered. The triality function is cyclic, T'(v, %, x) = T'(¥, x,v),
by virtue of the cyclic nature of division algebra multiplication, (2.4). Although one usually
considers the triality function as built from the division algebra product, it is possible, alter-
natively, to use the existence of a triality function, as a cyclic cubic form on a vector space,
to define the division algebra product. The triality function is invariant under the triality
group, Tri(D), with elements r € Tri(D) satisfying:

re (o) = (X)) 3 TLYLX) =T(0,4, x)

The triality group acts linearly on (v, 1, x) as its representation space.
Consider reflections, R}, through a unit-length Clifford vector or division algebra element,

—u-u=uubng = sy = tu = +1

in which the signature, s,, is space-like, +1, for division algebra elements or C(0,n) Clifford

vectors, or can be time-like, —1, for some split-composition algebra elements or the corre-
non
22

2.3), to later match Lie algebra elements. Reflections, RY,

sponding time-like Cl( ) Clifford vectors. Note that we have chosen the “—” sign in (2.2,
of a Clifford vector and spinor

through u can be written as
v = Rilv = —uvu~ V' = R = /s,uy¥

with unit real or imaginary /s, introduced so that Ry R; = 1. Although this expression
matches a known description of reflections [28, 29], the use of the Clifford pseudoscalar allows
the reflection of any Clifford algebra element to be described as a Clifford adjoint, R*A =



(uy)A(uy)~, with (uy) an element of the pin group [19].) These reflections can also be
expressed using division algebra elements, and, since triality cycles vectors and spinors, we
also have generalized reflections, Ry, and Ry, acting as reflections through negative and
positive chiral spinors, using division algebra multiplication,

RY R Ry
v/ = R = —s,uiu v = R = /5aXl v = RN = /syt 52)
Y = Rix = \/Sulx P = RYY = —s uihu Y = Ryv = /5,01

X' = Ry = \/E@Z& X' = Riv = \/s,u0 X' = Ryx = —syuxu

These generalized reflections, through a space-like or time-like unit element, u, can be equiva-

lently expressed as operations on Clifford basis vector and chiral spinor elements, and written

out explicitly using indices,!

RY R% RY
Ve = (08 — 25,uuc)Vq Ve = suu“(Fa)ch;' Ve = Suub(fb)acQ; (3.3)
Q= e (T)aQf  Qu'=(8—25,0Pu0)Q; Q= /suuc(Te)am
F= Vaut(Te) Qs Q= /sau(Te) vYa Q= (08 —2suuuy) Q;

In these expressions, 7, are the basis vectors, QF are the basis positive chiral spinors, and @,
are the basis negative chiral spinors. RY is a reflection through the u unit vector, mapping
vectors to vectors, positive chiral spinors to negative chiral spinors, and negative chiral spinors
to positive chiral spinors. R} is a generalized reflection through the w unit negative chiral
spinor, mapping positive chiral spinors to vectors, negative chiral spinors to negative chiral
spinors, and vectors to positive chiral spinors. R is a generalized reflection through the u
unit positive chiral spinor, mapping negative chiral spinors to vectors, vectors to negative
chiral spinors, and positive chiral spinors to positive chiral spinors. The triality function is
anti-invariant under generalized reflections, such as

T, ¢, X) = T(Ryv, Rix, Rytp) = T(—s,ubu, /50X, \/5,07)
- (uwu (—U’FJ’U,)’INL)Z) = _T(Uv X7¢)

If we impose a constraint that T'(v,%,x) = 1 for a matched set of {v,1, x}, then we
can obtain expressions for either the vector, negative spinor, or positive spinor from the two
others such that the constraint is satisfied,

1
VD= ———
[¥x[?

This is called dualizing the triality function. More generally, generalized reflections through

5% Y= —=X0v X =1V
Ixv|? lvep|?

a non-unit-length division algebra element, v, give duality functions,' such as 1 = yv. We

1This mathematical construction is likely original to the author.



can use division-Clifford algebra confusion to get the equivalent equation for a negative chiral
spinor from the Clifford multiplication of a vector and a positive chiral spinor:

w — 77)2 AN wa — chbMEBa o wa _ (UCFCab)Xb

For the quaternionic case, this is the “incidence relation” for a Euclidean twistor.[21] The
main idea of twistor theory is that if you know a v and y, the incidence relation lets you
solve for v, so you can do fun things with a “twistor”, (¢, x), that translates to things having
to do with a vector, v. This relates triality to twistor theory, but is not the focus of this work.

Combining two generalized reflections of the same type gives a generalized rotation — an
element of the triality group. Combining two generalized reflections of different types gives
an element of the triality group that isn’t a rotation. Combining four generalized reflections
through two unit-length elements, u and w, gives a triality automorphism, such as!

t“ = RYRYRY RY

an element of the triality group that takes vectors to negative spinors, negative spinors to
positive spinors, and positive spinors to vectors,

" (v,,x) = (V9 X)) = ( Susw(uth), v/SuSw(XU)W, Syusww(Tvi)w)

with T'(v', ¢, x") = T'(v,%, x). Via Clifford algebra confusion, pairs of unit elements, u and
w, produce general triality automorphisms of sets of three division algebra elements or of the
corresponding Clifford vector and spinors,

V' = \/Susp(uy) = suswwducwaMd%chagef
~ v = Suswwduc¢a(fd)fb<rc)baQ; = /SuSpwu
V= \/5usw(XU)D = \/SuspX uw My M, ; ey
~ Y = X uw(Ta) o (L) hQF = Euswwux
X = suspw(ivi)w = sys,wulveudwe angi,caManMgeheh
~ x = vb(ég — 28w wWp) (05 — 284U UG ) Ye = Sy SwWUVUW

Choosing u =1 (~ u =) and w =1 (~ w = ~y) gives a canonical triality automorphism,

t: (v,,x) = (W0, X) = (¥, x,v)

consistent with the invariance of triality under cyclic permutation of its arguments. Even
numbers of generalized reflections — elements of the triality group — can be factored into
canonical triality automorphisms and rotations, such as

t“ = RYRURLRY = RURSt = RVt = t R¥"



A simple rotation, Ry = RYRY, can be described as two reflections through vectors,

u and w, spanning the plane of rotation, resulting in a transformation of vectors to vectors,

negative chiral spinors to negative chiral spinors, and positive chiral spinors to positive chiral
B

spinors. Alternatively, a rotation, R,;,

can be described using a Clifford algebra rotor, U =
e/ 2. acting on vectors and spinors,

v = Rva =UvU™ ~v+ %vi %’UB U = RvB\II =UU ~V+ %B\Il
in which
B
1 d
B = 5B = m ;

is a Clifford bivector, (2.5). Generalized rotations, RS = t2RBt and Rf =tRB#? can be
described by combining rotations with a canonical triality automorphism.

The triality group of a division algebra, Tri(ID), includes rotations and triality automor-
phisms. The Lie algebra of this triality group is the triality algebra of the division algebra,
tri(D); the Lie algebra of generalized rotations. Its elements, R € tri(ID), satisfy:

R (v,4,x) = (V¢ X) T(v', 9, x) + T(v,¢',x) + T(v,9,x') =0
A bivector rotation generator, B, acts on chiral vectors and spinors as

B,,v,—v,B
S V' =3Bt X' = 5Bpx

Bpvym —vm B
Which, using (3.1), we can see satisfies

0= T(vlv ¢7 X) + T(”? 1/}/, X) + T(Uv P, X,)
= X3 (Bypvm — 0mBm)Y + X3 Bm + X5 Bpom1

using B, = —B,. We can similarly calculate the action of generalized rotation generators
on vectors and spinors by using a canonical triality automorphism. In this way, the rotation
symmetry algebras of the complex numbers, so(2) = u(1), quaternions, so(4) = su(2)+ su(2),
octonions, so(8), and split algebras are enlarged by triality. The resulting triality algebras
[23, 24] are:

tri(C) = u(1) + u(1) tri(C’) = gl(1) + gl(1)
tri(H) = su(2) + su(2) + su(2) tri(H') = sl(2) + sl(2) + sl(2)
tri(0) = so(8) tri(Q") = so(4,4)

These triality algebras act on the triplets, (v,%,x), as a vector space symmetrically under
triality. If we combine them and close the Lie algebra brackets consistently, we obtain the
triality Lie algebras.



4 Triality Lie Algebras

A good way to understand precisely how triality algebras act on the triplets, (v, ), x), is via
their embedding in the corresponding triality Lie algebras [23, 24],

su(3) = tri(C) + C+C+C=u(l) +u(l)+ (1 +1)y+ 1+ 1)+ (1+1),
sp(3) = tri(H) + H+H+ H = su(2) + su(2) + su(2) + (2,2,1)y + (2,1,2),m + (1,2,2),

f4(_52) = trl(@) + @ + @ + @ = 50(8) + 8v + 857 + 85+

sl(3) = tri(C) +C' +C'+C' =gl(1) + gl(1) + (1 + 1)y + (1 + 1) + (1 + 1),
sp(6,R) = tri(H') + H' + H' + H' = sl(2) + sl(2) + sl(2) + (2,2, 1)y + (2,1,2),, + (1,2,2),
fay = tri(Q0) + O' + O + O = s0(4,4) + 8, + 85— + 8y

Generalized reflections, generalized rotations, and triality automorphisms, are real automor-
phisms of triality Lie algebras. The structures of these Lie algebras fully elucidate these
symmetries, and are worth examining in each case.

4.1 su(3)

Lie algebra elements, A, corresponding to the special unitary group, SU(3), may be repre-
sented by 3 x 3 traceless, anti-Hermitian matrices of complex numbers, related to the eight
basis Gell-Mann matrices,

'z'Bl+LSB2 0 0t 0 it

V3 )
ABY, B v, x) = | v 4ivt —iB'+ B2 =0 +iy!
0 2ol 0 s 1 21 2
| Yty X" +ix —\/gB
(VM —vt %
= v P-V —x*
—p* x M-P (4.1)

= B'Ty + B*Ty + vy, + 9" Q, + X" QF
=VH,+MH,+PH,

+E; =o' Ef) + (Y By = ER) + (X By — XFES)
€ su(3)

with {v,,x} complex parameters, v = v +iv! = vy +vle, { B!, B?} real parameters, re-
lated {V, M, P} pure imaginary parameters, {71, T5,va, Q, , @1 } Lie algebra basis generators
related to the Gell-Mann matrices, {H,, Hp,, Hp} Cartan generators, and {EF, B, E¥} root
vector generators. Note that since su(3) elements are traceless, V', M, and P correspond to

,10,



only two degrees of freedom, B! and B? — the same su(3) element is specified if V', M, and P
are all shifted by a constant. These V', M, and P parameters are motivated by the existence
of three overlapping su(2) subalgebras, spanned by {Hy,va}, {Hm,Qy }, and {H,, QF}. As
a triality Lie algebra, su(3) relates to the complex division algebra representation of C1(0,2),
with basis vectors vy = {;’ 01} and vy, = [” } This C division algebra representation of C(0,2)
is not the representation from the complex multiplication table, (2.1), which is instead, from

(Fc)ba = Mcai)a
Mo® =1 My" = My = 1 M0 =1

O R R I TS

In general, a triality Lie algebra can either be described directly as ~su(3,D), or equiv-
alently by constructing the corresponding Clifford algebra and its bivector and vector matrix
representatives (identified with the upper-left 2 x 2 block in su(3,1D)) which act on negative
and positive-chiral spinors, then closing the algebra via the Lie brackets between spinors. The
representation of the Clifford algebra may be by division algebra elements, by their matrix
representatives, or from the equivalent division algebra multiplication table coefficients.

We can compute the su(3) Lie brackets directly from the commutator of its representative
matrices, (4.1),

[A (B117 B%u U1, thl) 7A (B217 B%a V2, ¢27X2)j| =A (B:%? Bgu V3, 1/}37X3)

2i B} = —2(viva — v3v1) — (Y195 — atb}) — (Xaxs — X2X})
2B} = (xix3 — xoxi) + ($vs — i)

v3 = —2i(Biva — Byvi) + (Xi¥5 — X5¢7)

3 = i(Bi + V3BY)Y2 —i(By + V3B3)P1 + (vix5 — vsx})
i(Bf —V/3B})x2 — i(By — V3B3)x1 + (Yjvs — ¥507)

Alternatively, using our basis elements, {T1,7%,7., @, ,Q }, the non-zero su(3) brackets

X3

between them are, explicitly,?

[T1,7%] = —2m (T1,Qp] = +Q7 [T, Qf] = +QF
T1,m] = +27% [T1,Q7] = —Qqp [T1,Qf] = -QF
R N X R
[T2,Q7] = —V3Qy [15,Q7] = +V3Qqy
[Y0,m1] = 2T (Qy. Q7] =Ti+ V3T, (QF,Qf] =T1 — V3T
[0, @y ] = =Mz Qf [0, Qy ] = My° Qc [Qa, Q)] = — Mz

2These formula were constructed and checked with the assistance of symbolic manipulation software, Sage
and/or Mathematica.

— 11 —



and their anti-symmeterized partners.
With orthogonal Cartan subalgebra basis generators, {17, 7>}, or non-orthogonal Cartan
basis generators, {H, = T, H,, = (—%Tl - ?Tg),Hp = (—%Tl + @Tg)}, the root vectors

and their Lie brackets are:?
Ef = 5(=0—im) 11, B3] = +ige By EF, By = FEF
E; = 3(+v —im) (1, B3] = +igl EY (B, By] = FET
Ef = 5(-Qy —iQy) By, By = FE
B, = 5(+Qy —iQy) [Ho, Ej] = +ive By (B, Ey] = —iH,
Bf = 3-Qi —iQf)  [HwEf = timaBX (B By = —iHy
E, = 5(+Q¢ —iQf)  [HpEY] = +ipa By  [E}.E;] = -iH,

with the {gl, g2, va, Ma,Pa} roots shown in Table 1. This structure of su(3) is consistent
. . . . o, . . . + —

with its triality decomposition, in which each of the three triples, { H, Jm/ps B i /p? E, m /p} ~

{H,E™", E~}, corresponds to a different su(2), related to each other by triality, with disjoint

root vectors but overlapping Cartan generators. The relevant triality function is,

T(v,10, x) = vPx" Mgpe = 0090\ — 0091\t — vlplx0 — w10 !

and a canonical inner triality automorphism of su(3) is:
, B 1
t: A A=gAg g =11 e SU(3)
1

in which g; is an element of the 3 x 3 representation of the SU(3) Lie group, and ¢ transforms
the generators, root vectors, and Cartan subalgebra elements as:

t ot Y Q= Qo Ef — Ey — Ey — Ex H, — Hy+ H,, — H,

This triality automorphism corresponds to a rotation on root space coordinates, (gé, gg), by
t~, and a transformation of the Cartan subalgebra basis elements, {T},T>}, by the triality

1 _1 V3

— 2 t = 2 2
[f [\/?? _1]

2

2 2 2

matriz, t,

92! B 1] g2

Within the triality algebra of su(3), which is also its Cartan subalgebra, the two basis genera-

Ty 3

Ty

Ty
T

-

\ —
w

tors, {T1,T>}, are each rotated between three directions by a canonical triality automorphism.
Specifically, Tf = H, = Ty, T{' = H, = —1T} + Y37y, and T/ = H,, = —1T) — 3T,

Another way of looking at the decomposition of su(3) is by grouping any u(1) subalgebra
of the u(1)+wu(1) triality subalgebra with the corresponding E* root vector pair to make a
su(2) subalgebra, resulting in the decomposition:

su(3) = u(l) + (u(1)+ (1+1)y) + (1 +1)m+(1+1),
=u(l)+su(2)+2, 5+2_ 53
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Table 1. Roots of su(3) with respect to the orthogonal Cartan subalgebra basis generators, {T1,T5},
or non-orthogonal Cartan basis generators, { H,, Hy,, H, }, and their canonical triality automorphism.
The “particle” roots related by triality are shown as yellow triangles, A\, of different sizes, while their
“antiparticle” roots related by triality are inverted triangles,

in which the £+/3 are the u(1) charges, equal to the ¢g? charges visible in the figure and
Table 1. This su(2) subalgebra of su(3) corresponds to the upper left 2 x 2 block of the
3 x 3 matrix representation, (4.1), spanned by the 77 and =, generators. A canonical triality
automorphism of su(3) with this decomposition produces three different su(2) subalgebras.

The split-complex numbers, a composition algebra, are represented by {e[ = 1,¢} = I},
with Mj,° = I? = 1. Repeating our Lie algebra construction, using real Gell-Mann matrices,
we get the Lie algebra sl(3), with non-vanishing brackets:?

[T1, %] = —2m [T7,Qp°] = + (17, Q0] =
[T1m] = 27 [T{,Qv] =+ [T, @] =
[T5,Q0] = +V3 [73.Q'] = \[ (4.3)
[T27Q1 } =+V3 [Tzl7 ] \/§
ho-ml = 2T Qo .Qy] =T +fT2 [Q6" ] V3T,
[ Q] = =M QF [va, = MieQr [o/ ~Mo,

The triality automorphism structure for s/(3) is the same as for su(3).

4.2 sp(3)

The structure of the 21-dimensional symplectic Lie algebra, sp(3) — the triality Lie algebra
of the quaternions — is similar to that of su(3). Instead of 3 x 3 traceless matrices of complex
numbers, elements of sp(3) can be represented by matrices of quaternions,

M —v ¥
A(M,P,V,v,,x) = v P —x| € sp(3) = su(3, H) (4.4)
- x V
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with {v,1, x} quaternions and {M, P,V'} purely imaginary quaternions. The Lie brackets
are thus:

[A(Mlv Pla ‘/lvvlquz)lv Xl)a A(M27 P27 ‘/25 V2, 1;Z)27 XZ)] :A(M37 P3) ‘/éa/l)33¢37x3)

Mz = MMy — MMy — (9102 — Dav1) — ($1thy — Yoty
Py = PPy — PoP1 — (X1 X2 — XoX1) — (v102 — v201)

Vs = ViVa = VaVi — (192 — dhyth1) — (xaXa — X2X1)

v3 = (Prvg — Povy) + (v1 My — vaMy) + (X1%2 — Xot1)
V3 = (Miha — Mayr) + (1 Vo — ¥h2V1) + (01X — D2X1)
x3 = (Vixz — Vax1) + (1 P2 — xa Pr) + (4102 — $y11)

Each of the three diagonal matrix elements is a su(2) subalgebra, which act on two out of the
three off-diagonal elements. The Cartan subalgebra basis consists of one element from each
diagonal element, {TM T TV}

The sp(3) Lie algebra, and its brackets, relate to the Clifford algebra matrix representa-
tion of C1(0,4) from the quaternion multiplication table, as in (2.2), in which case (4.4) gives
a 12 x 12 real representation. Or, using the usual Pauli matrix representation of quaternions,

ey = 0o e] = —10] €9 = —1 09 e3 = —103

(4.4) results in a 6x6 complex representation. Using the quaternion mulitplication table, (2.1),
the C1(0,4) chiral representative matrices (2.2) are (T'.)’, = M,? and —(T.)% = —M;?, so

cb
00wl w2 P —00 ol 92 3
—vl 9 —p3 o2 —vl —0 —p3 o2
~ T, = — U~ =T, =
v c= 2 .3 .0 1 c= 2 .3 0 .1
—v? 3 W0 —p —v? 3 =0 —p
—v3 —p? ol W0 —v3 —p? pl 0

The negative and positive C1(0,4) chiral bivector matrices separate into independent degrees
of freedom, corresponding to so(4) = su(2)a + su(2)p,

M ~ By = —iB™T,T}, = B§;Ta P~ Bp=-3iB®T I, = BpT4
in which Bﬁ/P = $B0A+%EBCABBC, and the capital indices, {A, B, C'}, are bivector indices,
ranging over {1,2,3}.

The sp(3) Lie algebra elements can be written in an orthoganal, Killing-normalized basis
as
AM, P V.09, x) = MATY + PATY + VATY + 0%y +9°Qq + X Q4
MA4ey —v“%éa waéea
= v“%ea PAeA —X“%éa

1 = 1 A
—w"fgea Xaﬁea V*&ea

— 14 —



with the sp(3) Lie brackets between these basis generators computed explicitly:2

[TA", TH'] = T2 (2Miap©) [Ya, @y ] = QF J5(= M)

(T8, TE] = TE (2Map°) [0, Q] = Q2 75 (M)

[TX, TE] = T (2Map©) Q2. Q)] = 15— Mz}ac)

[TA ) = ve (—Mpa©) (T3, Qy ] = Qr (May©)

[T, %] = ve (Map©) [TF,QF ] = QF (—Mya©) (4.5)
(TY,Q;] = Qz (—Mpya©) (TY,Qf] = QF (M)

[Yar 1] = T 5 (M5, © — Man©) + TE 5 (Mya© — M ;)
[Qa ")

Q] = TE 3(M,© — Mgp©) + T 5(Mya© — M,
[QF, Q] = TE 5 (M, © — May®) + T 5(Mpa® — M ;)

VELl 0O 0 42

bl S eS|
X2l 0 F1o+1
vE | £1 +1 0
FlF1 +1 0

Table 2. Roots of sp(3) with respect to the orthogonal Cartan subalgebra basis generators,
{TM TF TY}, and their canonical triality automorphism. Roots are labeled with circles, ,
of different colors for each triality-related su(2), with upper-left triangles of different colors, , for
even or odd charge combinations, and lower-right inverted triangles for their antiparticles, , with
triangle glyphs of different sizes related by triality.

Generalized quaternionic reflections give automorphisms of sp(3). For example, the gen-
eralized reflection along a unit positive spinor, Rg, gives

RS A(M,P,V,v,9,x) = AM P V' o' ¢, xX) = AM,V,P,$,5, %) (4.6)

which is an inner automorphism,

-1
Rg : A= Al=gpAgy gR:[ 11] € SP(3)=SU(3,H)
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This corresponds to a reflection in root space coordinates, (ans, ap,ay), by the R matrix,
and a transformation of the Cartan subalgebra basis elements, {M, P,V'}, by R,

O[?w 1 QN QN M 1 M M 1
ap | = 1 ap| = | oy P | = 1 P|l=|V R= 1
oy, 1 oy ap %4 1 174 P 1

This reflection visually reflects the sp(3) root diagram in Table 2 across the M axis.

The collection of all possible generalized quaternion reflections, including their compo-
sitions, is the automorphism group, SP(3), of the sp(3) Lie algebra. A canonical triality
automorphism of sp(3) is:

t o Q= Qs TV T Tl T

which, as a composition of reflections, t = RgRSR?nRg, is an inner automorphism,

t A»—)A':gtAgt_ gt =

1 11] € SP(3) = SU(3,H)

This corresponds to a rotation in root space coordinates, (ar, ap, oy ), by t7, and a trans-
formation of the Cartan subalgebra basis elements, {M, P,V'}, by the triality matrix, t,

oy 1 am ap M 11 |M 174 1
ap | = 1| |ap| =|ay Pl=|1 Pl=|M t=|1
o, 1 ay o 14 1 v P 1

Although one can describe these sorts of Lie algebra automorphisms as reflections or rota-
tions of roots in root space, which correspond to reflections and rotations within the Cartan
subalgebra and maps between root vectors, these descriptions do not specify the phases of
the maps between root vectors. To obtain a consistent set of phases for such maps, it is
usually easiest to describe the automorphisms directly, as transformations of the Lie algebra
generators, and then transform to the Cartan-Weyl basis to get a complete description of the
maps between root vectors, including phases.

Another way of looking at the decomposition of sp(3) is by grouping any su(2)+su(2)=
so(4) subalgebra of the su(3)+su(2)+su(2) triality subalgebra with the corresponding root
vectors to make a so(5)=sp(2) subalgebra, resulting in the decomposition:

sp(3) = (su(2)p +su(2)p +(2,2,1)y) + su(2)y + (2,1,2), + (1,2,2),
= sp(2) +su2)y +4®2

which can be seen in the figure and Table 2. This sp(2) subalgebra of sp(3) corresponds to the
upper left 2 x 2 block of the 3 x 3 matrix representation, (4.4), spanned by the Tﬂ/[, Tf, and
vo generators. A canonical triality automorphism of sp(3) with this decomposition produces
three different sp(2) subalgebras.

,16,



To describe the split real form, sp(6,R), of the sp(3) Lie algebra, we can use split-
quaternions in (4.4) instead of quaternions, representing the basis elements as 2 x 2 real
matrices,

€y = 00 e =01 ey = —i 02 es = o3

Automorphisms of this split real Lie algebra are similar to those of compact sp(3); however,
an interesting difference can occur. For example, a reflection, R3, around the u = €5 unit
split-quaternion vector has s, = —1, and the corresponding reflection element,
—iel
gr = | i€} € SP(6,R) = SU(3,H')
-1

produces a real sp(6,R) inner automorphism,
M' =éiPey, P =eiMey, V' =V o =évey o =—iesdt  x = —iel

which doesn’t look like a real automorphism, but is. This will be further discussed in the

next section.

43 fy

The triality Lie algebra of the octonions, f4, has a similar structure to that of sp(3):
A(B,v,%,X) = $B™yap + v"70 + 9" Qp + X" Q4f

By —v 9 (4.7)
=|v Bp —x| € su(3,0) ~ f4
—y x By

but cannot be directly identified with su(3,Q) because of octonion non-associativity. To
make the identification of elements of f; with matrices, (4.7), we need to define multiplication
compositionally — with octonions multiplying to their right before they are then multiplied
by octonions from their left. The f; representative matrix is then made of octonions and
octonion bi-products. The matrix representation of CI(0,8) vectors, bivectors, and chiral
spinors, from compositional octonionic multiplication, is

1 pabt cT
—sBYT' T —vT

2 a _ = C = ¢ \II =
—;B“bFan] v lchc ]

B = 1B%y,, =
2 a Xbe+

w“le

,17,



using the octonion multiplication table, (2.1), and (T'.)’, = M. The su(3,0)-inspired Lie

brackets for the f; basis generators are:?

[Yabs Yed) = 2{NacVbd — NadYoc — MbeVad + MbdVac }

[Vab, Vel = 2{—=NbeVa + Nacm} [Yar 6] = 27Vab
Yabs Q21 = Qg (=Talp) % e, Qa] = @y (Te)’a )
ab, QF] = Q7 (=Tal'p)% Ve, Q] = Qa (=T0)%
[Qa.Qy] = %d(ﬂch)ab [Qa, Q] = 7e(FT)as
Q4 Q] = ea(FTT)ap

in which ng, = d4p is used to raise or lower indices, and we have 28 bivector generators,

” signs above, in the “F”, corresponds

Yab, identified with —~p, for a < b. The choice of “—
to the compact real form, f4_52), while the choice of “+7 signs gives fy_g0). For the split
real form, fy(4), we use the split-octonionic representation of Cl(4,4), with the split metric,
n,, = diag(++++————). The positive and negative spinor metrics come from multiplying
the positive signature Clifford vectors, v9y17273, giving n;_b =n Jg =nl,. Usmg this Clifford
representation and these metrics, the fy4) brackets are the same as for fy_s5z), above, except

for some signs,

[Q;; Q;_] = 70(_Fc)ab [Q;; Qb_] = Vcd(+FCFd)ab [ ;r7 Qz—] = ’ch(_’_rcfd)ab

For a canonical triality automorphism to exist, the metrics of the vectors, negative spinors,
and positive spinors in fy_s2) or fy4) must be equal and match the Killing form.
A canonical triality automorphism between vectors and spinors,

t o Y Q= QF = .

is an automorphism of fy, with corresponding automorphisms of its so(8) subalgebra,

L '7;b = Yed thab = % [7{17 '71,)] = % [Q;’ Q;] = Yed (:F%f‘cl_‘d>ab
and
2 e = et M = 3 ] = 3 [QFQF] = vea (F3TTY)

in which a < b and the sum is over the 28 basis bivectors, ¢ < d.

The description of f; can be made more explicitly octonionic by remembering that I',I
comes from multiplying to the right by e, then multiplying to the right by é,, so each so(8)
chiral bivector element corresponds to a sum of compositional octonion multiplications, B_ ~
—%Babéaeb. A canonical triality automorphism of so(8) thus corresponds to a transformation
of compositional multiplications of octonions,

- cd ~ -
t(eaeb) =Tap €cCd = €qCp
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We can then describe the diagonal entries of the ~ su(3, Q) matrix explicitly as:

By = —3B™E,ey
Bp = t(Bu) = =3Bty éceq = —3B%e,8,
By = t(Bp) = t*(By) = =3Bty e.8q = — 5 B2, éceq

This allows us to write the Lie brackets between fy_s9) elements,

[A(Blavl)¢17 Xl) ,A(B27U2,¢2»X2)] = A(B37 3, ¢3>X3)

using compositional octonionic multiplication and triality [30],

B3 = B1By — ByBy — (G102 — Bav1) — t2(¢h1¢hn — ¥hath1) — H(X1x2 — XaX1)
v3 = t2(B1)vy — t3(Ba)or + X193 — Xath

Y3 = Bipa — Bath1 + 01X — 02X

X3 = t(B1)x2 — t(Ba)x1 + ¥y 02 — 11

(4.9)

in which the bivectors here are pairs of octonions multiplying to the right in order, such as
By = — 5 B{PyS Eq(epec).

Generalized reflection symmetries of fy_s52), fa(—20), OF f4(4), through a space-like or time-
like unit vector, u, are real Lie algebra automorphisms, and their combinations comprise the
corresponding Fy Lie group. As Fjy group elements acting via their adjoint action on Lie
algebra elements represented as elements of su(3,0), (4.7), the three types of generalized
reflections are

/Syl /Sy -1
ol | /Suu Ry, : -1 Ry V/Sul
-1 /St Syl

R

Explicitly, in addition to the action of Ry, Ry, and Ry on fy vector and chiral spinor basis
generators, (3.3), these each extend to corresponding actions on the so(8) or so(4,4) subal-
gebra basis generators,

RY : vap = Y % [RYYa, REYp) = uygpu = %((53 — 2suucua)(5g — 28, u%up)Yed
RY  Yap = Yy = 5 [R%Yas RE) = 5uul(Te)au! (T p) % (FTLITM) cavgn
R; Y Yab 7:1[; = % [R;f%»RZ%] = %Suue(fe)cauf(f‘f)db(:':f‘grh)cd’}/gh

producing automorphisms of the f; Lie algebra described via these maps of basis generators.
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For triality automorphisms, from (3.4), using unit vectors u and w, we have t"* :

A(Ye, Q7 , QF  vap) = AV, Q7' QF 4L, with
Ve = V/susww!(Ca)l yu(Ta)’QF
Q;I = Suswwc(Fc>fdub(fb>daQ?

Q' = (0 — 2suwwy) (35 — 2,uCuq)ye

a
/AN I A R | df‘l k,cri ff mlerj fgrh
Yab = 2 [Var W) = 2 SuSwW (La)%us(Te) qw’ (L) ™ ju(Te )y (F )kmYgh
As an F) Lie group element acting via the adjoint, this typical generalized triality element is

1
" =RJR Ry Ry SuSwwi

A/ SuSwWu

with it again understood that this compositional multiplication operation is ordered to act
right-first — for example, wuy = w(ay).

Note that real automorphisms of f4_sg) or the split real Lie algebra, fy4), such as
reflections, R}, through a unit time-like vector, s,, = —1, or triality from a unit time-like
u and space-like w, have explicit /s, = 4’s in them. This might appear to contradict the
fact that these are real automorphisms, but this is not the case. For example, if we consider
complex fy as fy(4) with complex coefficients, then the usual anti-linear complex conjugation
operator, o = K, acting on complex f; produces fy4) as the invariant real subspace — the
Ja(a) real form. Reflections through a unit time-like vector, ¢ = R)j, which have i’s in them,
are complex and not real automorphisms with respect to o because RYK # KRY. However,
if we consider the reflection, RY, through the unit octonion or space-like Clifford vector,
Y0, which is a real involutive automorphism of fy4), then an alternative anti-linear complex
conjugation operator on complex f; exists, o/ = RVK, which gives the same real form, Ja(a),
and determines that ¢ = Ry with a time-like u and s, = —1 is a real automorphism of f(4),
because

po' = RUR'K = ROKR" = o'¢

The i’s in RY are precisely matched with the swapping of the conjugate Q* and Q~ gener-
ators by R? in just such a way that this works. This same argument goes through for RY,
Ry,
automorphisms.

and triality automorphisms — which can all have explicit ¢’s in them while being real

A canonical triality automorphism matrix, ¢, for so(8) or so(4,4) is a 28 x 28 rotation
matrix, satisfying tt7 = 1, of real coefficients,
thab = (:F%fcrd> b = :|:%]\4Eea]\4'dbe
a

derived from the octonionic multiplication table, with the sign “—” for compact fy_s2) and

otherwise “+”, and the 28 basis bivectors, Yo = Yap, indexed by 1 < a = %(13a—a2) +b <28,
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with 0 < a < b < 7.
defined for b > a, and can be deduced from anti-symmetry.) The 28 basis bivectors can
be separated into 7 disjoint sets of 4 intra-commuting basis bivectors, each set spanning a
Cartan subalgebra intra-rotated by triality. The triality automorphism matrix, t,?, can thus
Typical

(The larger, 64 x 64 triality automorphism matrix elements are also

be re-ordered to be block diagonal, consisting of seven 4 x 4 Hadamard matrices.
blocks looks like:

+1/2 =12 +1/2 +1/2 =12 +1/2 +1/2 +1/2
g | T2 Y Y2 o= | T2 A2 Y2
VT e 41a 41 21 27 S1p —1p q1fp —1py
+1/2 +1/2 —1/2 +1/2 —lfp —1/p —1/y 41/2

but signs may vary, based on the octonionic multiplication table, or if we use a non-canonical
triality automorphism.

For so(4,4) triality automorphisms, the four bivectors, 745, spanning each Cartan sub-
algebra rotated by triality can be constructed from Clifford basis vectors with space-space,
time-time, or space-time signature. The triality-allowed signature sets for so(4,4) Cartan
bivectors are {ss, ss, tt, tt} or {st, st, st, st}. If we choose one of these triality-adapted Cartan
subalgebras for our f; Cartan-Weyl decomposition, then ¢ is the triality matrix that rotates
these Cartan basis generators, and ¢~ = t? = t” rotates the root coordinates.

There are two especially interesting f; Cartan subalgebra transformations we can do that

emphasize the sp(3) and su(3) subalgebras of f;, matching their previously described triality

automorphisms:

Yy3 —1/v3 1 0 0 0

o — vz vz o — 0 -1/v3-1/v3 -1/v3
! YNIRYNG T lo-1vz Yvai o 0

-1/v2 1/v2 0 —1/v6 —1/v6 V2/v3
1 —1/2 =V3/2

t3261t161_: 1 ] tIQZCQtQCQ_: \/3/2 _1/2 )
1 1

From t| we see that triality cycles three su(2)’s in f4, while leaving a complimentary su(2)
invariant, matching sp(3) triality; while from ¢, we see that triality rotates in a single plane
in 4-dimensional root space, matching su(3) triality, while leaving a complimentary su(3)

invariant. The corresponding decompositions of fy_sg) are:

fa(s2) = s0(8) + 8y + 85— + 844

I
VAl

uw(2)r + su(2)r

( + su(2)wr + su(2)w + (2,2,2,2)
+((2,2,1,1) +
+(

(1,1,2,2)), + ((2,1,2,1) + (1,2,1,2)),
(2,1,1,2)),,

( (4.10)
(1,2,2,1) +
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and
f4(_52) = 80(8) + 81; + 85_ + 85+

=u(l)p +u(l)p +su(3)y + 37 + 37+ 317+ 311 + 311 + 3111 (4.11)

+(1+1+3+3), +(14+14+3+3),_+(1+1+3+3),,
The f4 roots matching decompositions (4.10) and (4.11) are shown in Table 3 and Table 4.

f1 wr ‘ Ws ‘ U ‘ 14
WY T £+ 0 0
wi! Y + £ 0 0
w'* 0 0 + +
W 0 0 ¥ +
Vol |+ 0o F 0 X =
Vo | o + 0 o+
A F o0 o+
etV il 0 £+ £ 0
Vel |0 ¥ o+ 0
A . 0 0o T
Vol |+ 0o+ 0
NV s + 0 0+ o o
l/:l{v Fl2 £z =12 41/
yﬁév +1/2 £l/2 +1/2 41/
e/L\/V Fl2  £l/2 +1/2 —1/2 C\\ /’3
e%/v +1/2 £l —1/2 —1/2 L/
u‘%v Fl2 Fl2 =12 412
Vﬁl/{v +1l2 —1/2 41/2  £l/2
w | T w4 i o m
/L;\?/v —1/2 4l £l £1/2
v Ty 0 0 F 0
vy, T 0 0 0 +
Ve TH + 0 0 0
IJ;/R Tﬁ 0 + 0 0

Table 3. The 48 roots of f,, labeled suggestively as elementary particles, matching the branching
decomposition of (4.10). In this table wy and ws are Euclidean boost and spin quantum numbers,
while U and V combine to give weak and weaker charge, W = 1(-U + V) and W' = (U + V) —
see (7.2). The gravitational spin connection and weaker boson roots, wﬁ% and W%, correspond to
su(2)’s related by triality, while the weak boson roots, W*, correspond to a triality invariant su(2)y .

The PSA//TV ¢ are gravitational frame-Higgs boson roots, related by triality or triality invariant. The first
generation lepton roots, 52% and I/(:\[Q/R, with spin up or down and left or right chirality, correspond to
a 8,4 of so(8) and relate to the second and third generation leptons by triality. The spin and charges
of these second and third generation leptons are not correct when considered independently of their
triality relationship to the first.
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Ja P ‘ © ‘ Y ‘ z
[ g (+1 -1 0)
X9 Xt (1 +1 0)
XX | £ (31 0 0)
XXl s 3 0 o)

I —1/2 =l —1/3 —1/

Ir +l2  +lfa 41/2 41/s
AAA| ¢ | (Y Y 4p)
A R R e o))
lir —l/2 412 412 41/o

Uy +lf2 =12 =12 -1/
AAA| gr® +l2 (=12 412 +1)2)
vYV] @ [k (e i i)
It 10 0 0

I —1 0 0 0

aaal g 0 (=1 0 0)
vy a0 (1 0 0)

Table 4. The 48 roots of f4, labeled suggestively as elementary particles, showing the triality invariant
su(3)4 and triality-related roots, as per (4.11). Coordinates in parenthesis are permuted over specified
columns. The g roots are triality invariant gluons and the X are strongly charged (colored) GUT
X-bosons related by triality. The leptons and anti-leptons, I; and {7, and colored quarks and anti-
quarks, gr and @, are in an 8, and relate to two other generations by triality. The (z,y, z) charges
correspond to color and B charge, (7.2), while p indicates particles vs antiparticles.

It is interesting to perform an eigenspace decomposition of fy_52) With respect to its
canonical triality automorphism. This can be done computationally, or via sufficient star-
ing at the figure in Table 4. The f; decomposition in (4.11) recombines into three triality
eigenspaces,

f4(,52) = 80(8) + 81; + 83_ + 83+

=u(l)p+u(l)p+su(3)g+3r+3r+ 3+ 311+ 3101+ 3111

+(14+1434+3), +(1+1+3+3),_+(1+1+3+3),,

_ i i i . i (4.12)
= [su(3)g+3+3+1+1+3+3],+ [u(l)+3+3+1+1+3+3],

= [50(7) + U(l)w} 0 + [ T 8¢1/2}
= s0(9) + 16°

with eigenvalues ¢*™*/3, in which k € {0,+1, —1}. Algebraically, the so(8) contains a trial-
ity invariant su(3) and the triality invariant average of three (3 + 3)’s, which combine into
an invariant go subalgebra of the so(8). Similarly, the three triality-related 8’s produce a
triality invariant average 8, which is a 7 + 1 under the invariant go. These combine to give
[so(7) 4+ u(1)y] as the triality invariant subalgebra of fs. The remaining representation spaces
split into k£ = %1 triality eigenspaces, each including a vector, 7V, and spinor, 8°, of the so(7),
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with w charges of +1 and F1/2. The invariant [so(7) + u(1),,] lives inside a so(9) along with

the 74, which are intra-rotated by triality. Triality acts on the complex conjugate represen-

:|:27r7l/3

tation spaces, 74, and 77, as multiplication by e . This corresponds to a rotation of real

Lie algebra generators by +27/3 in 7 independent planes spanned by the orthogonal “real”,

TR = %(711 +7%,), and “imaginary”, 7% = %( %1 —7"1), generators within so(9) — mapping

S
Fi/2
, corresponding to a rotation of +27/3 in 8

between three sets of non-orthogonal 7% vectors. Similarly, triality acts on the complex 8
representation spaces as multiplication by e**""/3
independent planes spanned by the orthogonal real, 8% = %(85_ 1 T 8. /2), and imaginary,
8l = %( s o 8, /2), generators — mapping between three sets of non-orthogonal 8° spinor
generators within 16°.

For a compact Lie algebra, such as fy_s9), the complex conjugate pairs of root vectors,
and conjugate pairs of triality eigenvectors, correspond to sign-conjugate pairs of roots. The
fa(—s52) roots matching the triality eigenspace decomposition, (4.12), are shown in Table 5.
For a non-compact Lie algebra, such as split real fy4), triality-automorphisms among root
vectors can get more complicated.

R N R .
o g 0 (+1 -1 0)
eee | X9 0 (1 41 0) o o
Xca 0 (£1 0 0) v v
P +1 0 0 0
. | 41 (+1 0 0) ¢ ° ¢ ¢ ° *
b +1 (-1 0 0) ".a ? » H
[ -1 0 0 0 A ° A A ° A
or | -1 (=1 o0 0) ° . V) . °
o | -1 (+1 0 0)
l —1f2 =l —1p —1/3 v ¢ v v e v
] —1/2 12 1lf2 41/2 o V o V ®
AMA[ g |12 (G2 4 1) . . . . -
vvYyv q =12 (+12 =12 —1/2)
| e A2 2 4 A A
I* +l/2 —1/2 =1/ —1/2 °® Ps
vVYVv| g¢* +1l/2 (412 =12 —1/2) °
AAA| T +l/2 (=12 412 41/2)

Table 5. The 48 roots of f4, labeled suggestively as elementary particles, sorted into triality
eigenspaces, as per (4.12). Roots with w e {+1,—-1/2} and w e {—1,+!/2} are triality rotated by
et*™/* and e=>"/3. The g are gluons, X% Pati-Salam X bosons, X“¢ Georgi-Glashow X bosons, all
invariant under triality. The ® are Higgs bosons, related to their conjugates, ®*, by triality. The [,
I, q, @ are leptons, anti-leptons, quarks, and anti-quarks, related to their conjugates, I*, I*, ¢*, ", by
triality.
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5 Exceptional Magic

To obtain larger exceptional Lie algebras, we can consider the tensor product of division
algebras or their split versions, such as the 32-dimensional vector space H ® O. From any
two division algebras, I and D, of dimension n’ and n and signature (p/,¢’) and (p,q), we
can construct chiral representations of Clifford algebras, Cl(p'+p, ¢ +q) or Cl(¢ +p,p' +q),
in a similar manner to the construction of Clifford division algebra representations. In a
Clifford compound division algebra representation, (n’ 4+ n)-dimensional Clifford basis vectors
are expressed as:

0 v_
= % = =
v = 0%, !v+ O] v

which may be understood as matrices of inter-commuting division algebra elements, = € D

1x +7'®1
y®l —10%

195 +j®1
Yol -1z

V4 =

and y' € D', or as R(4(n' xn)) matrices via their multiplication coefficients. The result of
multiplying two vectors is

W — [u_v+ 0
0 wugpv-

w +Z
2 —w

1wz + 7y ®1 £7ew F 7 ®7
or —yow 71+ 1w

r +7

/

y -

U_V4 =

from which we see that the result of squaring a Clifford vector is

1ir+yy @1 0

v = N .
0 /7 91 +1®

and so the represented Clifford algebra has signature (p'+p, ¢'+q) or (¢'+p, p'+q), depending
on the choice of . The chiral bivector part of uv is a representative element of a spin Lie
algebra, so(p'+p, ¢ +q) or so(q¢'+p,p’ +q), which is

(Bu®1) ® (10By) DeD
D@D (Bp®1) & (10Bp)

U—_UV4 c

with the direct sum of bi-products on the diagonal, and the tensor product of the division
algebras on the off diagonal. Expanding upon the previous description of Lie algebras using
su(3,D), we have a family of Lie algebras described heuristically as:

By @By D@Dy Dy @Dy

D, ®D, Bp@®Bp Di@Dy | ~ su(3,D' ®@D)

]DD;;@D@Z D\ & D, By @ By
This family is the magic square of Lie algebras [24], shown in Table 6. Each member of
the magic square has a canonical triality automorphism, ¢, constructed from the triality
automorphisms of its constituent parts. Every member also has three so(p'+p,q +q) ~
su(2,D' ® D) subalgebras, related by a canonical triality automorphism.
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gD'eD R C H 0) C H o
R | su(2) | su(3) | sp(3) fa sl(3) | sp(6,R) | faq)
C su(3) | 2su(3) | su(6) €6 sl(3,C) | su(3,3 €6(2)
H sp(3) su(6) | so(12) er sl(3,H) | sp(6,H) e7(—5)
@) Ja €6 er es €6(—26) | €7(—25) | €8(—24)
C’ sl(3) | sl(3,C) | sl(3,H) | eg—26) | 2sl(3) | sl(6,R) €6(6)
H' Sp(67 R) Su(37 3) Sp(67 H) €7(—25) 51(67 R) 50(6a 6) €7(7)
o f4(4) €6(2) €7(=5) | €8(—24) €6(6) e7(7) €8(8)

Table 6. The magic square Lie algebras, constructed from pairs of division algebras or their split
versions.

An easy way to construct the Lie brackets of any member, gpigp, of the magic square is
by suitably joining the Lie brackets of its constituent pairing of su(2), su(3), sp(3), f1, sl(3),
sp(6,R), or Ja(4) subalgebras, corresponding to its compound triality decomposition,

gpigp = Tri(D') + Tri(D) + D, @ D, + D), @ Dy, + D, @ D,
For the compact real eg, e7, and eg Lie algebras, their compound triality decompositions are:
e6 = u(l) +u(l) + s0(8) + (14+1)y ® 8, + (1+1) @ 8~ + (141), ® 844
er = su(2)p + su(2)p + su(2)y + so(8) + (2,2,1), @ 8, + (2,1,2);, @ 85— + (1,2,2), ® 854
eg = 50(8) + s0(8) + 8, ®8, + &_ @8 + 8, ® 84

The root system of any magic square Lie algebra may be constructed by suitably joining
the roots of the constituent pairing. The triality matrix for its root system is a block diagonal
matrix, t, constructed from the triality matrices of its constituents, such as

+lf2 —1f2 +1/a 41/ 0 0 0 0
s —1fz =12 =12 0 0 0 0
+l/2 +12 412 =12 0 0 0 0
Hla s a4l 0 0 0 0
0 0 0 0 —l2 4l 41/s 41/
0 —l2 41/2 —1/2 —1/2
0 —l2 12 +12 —1/2
0 —l2 =12 =12 +1/2

(5.1)

0 0 0
0 0 0
0 0 0

for a real form of eg. Although the roots of sl(3), sp(6,R), and f;4) may have a mixture of
imaginary and real components, a canonical triality automorphism only rotates between all
compact or between all noncompact Cartan generators, and the triality matrices for these Lie
algebras can only inter-mix all real or all imaginary root components.

The main advantage of having explicit expressions for the structure of a Lie algebra
and its triality automorphisms, over the description via roots and a triality matrix, is that
the triality matrix alone doesn’t determine the phases of the triality maps between root
vectors or generators. We could employ tricks to find these phases, but it’s usually easier to
find them from a direct division algebra description and the corresponding explicit triality

automorphism.
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6 Triality Eigenspaces, Vinberg O-Groups, and Gradings

For any Lie algebra automorphism, O, of order n, the Lie algebra separates into n different
eigenspaces, with eigenvalues w®, with w = €™/ and integral 0 < k < n — 1. If n is odd,

k—n)

then wk = w=( and we can index these spaces with —(n=1)/2 < k < (n—1)/2. For a triality

automorphism, © = ¢, the Lie algebra separates into three complex g; eigenspaces,

g =901+ g0 + 9+1

with go the real triality invariant subalgebra of g, and the Lie brackets satisfying [g;, g;] C gi+j-
The g1; eigenspaces are spanned by complex conjugate sets of eigenvectors, VZ-HL € g41 and
VZ-H* = Vfl € g_1. These conjugate pairs of coset basis generators combine into “real” and
“imaginary” orthogonal pairs of real vectors,

VE= (v v o [VF L [VE _ [ 2] [
V]I — QL (V+1 . V*l) ' V]I VI]I T V3 1 V]I
i 7\ i i i ) 2 i

which are rotated 120° in their plane by triality. The real Lie algebra, spanned by {V?, VZR, Viﬂ},
is invariant under these triality rotations' — the triality automorphism. These orthogonal
pairs of basis vectors, {V;R, VZ-H}, can also be replaced by non-orthogonal triples,

‘/;I — VL‘R VII — 7%‘/ZR o @‘/ZH ‘/'Z'II] — 7%‘/;R + ?mﬂ

)

which are permuted by triality, © : Vif — VZU — ViHI — VZ-I . It is an intriguing possibility
that three such sets of triality-related generators may correspond to the three generations of
fermions in the Standard Model of particle physics.
The complement of g¢ in g is spanned by the coset generators of a 3-symmetric space,
G /Gy [31],
g/80 = 9+1 + 91

Just as a symmetric space is invariant under inversion of the coset generators, this complex
3-symmetric space is invariant under V;* — e’ V¥, and the corresponding real 3-symmetric
space is invariant under 120° rotations in the spanning {VE, V'} planes.

The Lie algebra go = go + g+1, with [go, go] C go and [go, g+1] C g+1 brackets from g,
and [g+1,9+1] = 0 brackets vanishing, is not necessarily a subalgebra of the real Lie algebra,
g. As a Lie algebra, ge is known as the Vinberg ©-algebra of the corresponding Vinberg
©-group [27]. For some of the magic square Lie algebras, under triality automorphisms, their
Vinberg O-algebras, including their triality invariant subalgebras, go, and g4 eigenspaces,

are:2

su(3)e = [u(l) +u(1)}0 + [1<_¢3,1> tlo-2+ 1(@1)}“
sp(3)e = [30(4) + u(l)w]o + [Siulu) - 431/2] +1

fa-s200 = [50(7) + u(1>w]0 + [ it 8i1/2L1
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fiwe = [s0(4:3) +u(Da] + [T +5%,,)
es-me = [50(8) +u(l) + u(l)} . [(1 1+ ® 85_} N
erasme = [50(10) + su(2) + u(1)w]0 + [1011 12® 166‘_*1/2} .

es(—2usyo = [s0(14 +u(1)w]0 + [1411 + 645_—1/2} B
swo = [30(8,6) +u(D)u] + 145, 647, ]

£,10) + u(1)a) o+ 143, + 6477 | B

€g(—24)0 = |80

in which the subscripts are the u(1),, charge and triality eigenvalue, k. A good way to think
of Vinberg O-algebras and ©-groups is as the corresponding Lie algebras and Lie groups
modded by an automorphism, go = g/©. The dimension of a Vinberg O-algebra is dim gg =
dim go + dim g11. The complex triality eigenspace decomposition of a real Lie algebra might
or might not correspond to a graded decomposition of the Lie algebra into a real subalgebra
and real representation spaces.

The non-compact real forms of eg do have triality-related five-gradings and two-gradings,

ess) = 147, + 645, + [30(7, 7) + so(1, 1)wR} +64°, + 143, = so(8,8) + 128°F

(6.2)
es(—aq) = 14%; + 6435, + [30(3, 11) + so(1, 1)1,,@ +64°, + 143, = so(4,12) + 128°

which include subalgebras of the same dimension but different signatures from the corre-
sponding triality invariant subalgebra. Interestingly, the extended graviGUT algebra [32],
so(3,11) + 648:1/2 + 147,

is embedded within eg(_s4), and can describe the gravitational, gauge, and scalar fields of
the Standard Model acting on one generation of fermions, with spin [13]. Note that the
intersection of the graviGUT gauge algebra, so(3,11), and the triality invariant gauge alge-
bra, [so(4,10) + u(1)], within the so(4,12) subalgebra of eg_a4) is s0(3,10), which includes
precisely the spin and GUT quantum numbers needed to identify a 64-real-dimensional gen-
eration of fermions. The triality-map of 64°7 /o spinors exists as rotations within the 128" of
the two-grading. Explicitly, the v; € 647 J, can be identified with a Standard Model gener-
ation while the " € 64i J, are non-physical “mirror” fermions [33]. Since these w® = +1/2
states are not w = £1/2 triality eigenstates, triality does not act on them as e=*""/2_ Rather, a
canonical triality automorphism in eg(g) or eg(_s4) acts on the 64°7 12 fermions as a 27/3 rota-
tion in the planes spanned by {¥X, 9™} and {y)™®i ¢1}. This suggests the triality rotation
of these fermion degrees of freedom within the 1285% may relate to the existence of three
generations of Standard Model fermions.
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7 €g

The compact eg Lie algebra has a compound triality decomposition from combining su(3)
and fy,
eg(—78) = (1) +u(l) +50(8) + (1+1), @ 8, + (1+1)p ® 85— + (1+1), ® 851 (7.1)
~ su(3,C® Q)

and a triality automorphism that maps between the triplet of complex octonions, C® Q. The
corresponding set of eg basis elements is

{T1/7 T2/a Yab; Va'as Q;/av Q;_/a}

with primed index, o/, ranging over complex indices, {0,1}, un-primed index, a, ranging
over octonion indices, {0,...,7}, and the bivector index, ab, ranging over the 28 so(8) basis
generator permutations with a < b. The non-vanishing Lie algebra brackets between these
basis elements come from combining the Lie brackets of su(3) and fy_s52), (4.2) and (4.8):?

Yabs Yed) = 2 {NacVbd — NadVoe — MbeYad + MbdVac }

[Yabs Yare] = { NpeYa'a + NacVa'b} (T3, Q5] = +V3Q7,
[Yab Qure] = Qurg(~Tal'w)% (73, Qpa] = —V3Q1,
[Yabs Q] = Q ( Lal'y)% (73, Qual = —V3Qq,

[T, 70 = ~2717a [73.Q1) = +V3Qg,
[T1,Qya) = +Q14 Yoras Y16] = 2Ti1ab

7], Qy) = +Q7, [Qua: Qui] = —(T1 + V3T2)ny,

[T1,717a] = +27%04 [Qd 0 Q1) = —(T1 — V3T2)n,
[T1,Qv.] = —Qu, [Yaras Yb] = =2y Yab

[T, Q1] = —Qua [Quar Qi) = My Yea T
o @i) =~ (C)0Q Qs Qi) = 15y
Qe Qi) = M, (T° >abwc [aras Q) = Mo (La) Q0

in which M(; ’B’C, and (I'.)b, = Cai’ are complex and octonion multiplication tables with

'+ n, ni} are complex and octonion metrics, also used to raise or

conjugations, and {n’,n
lower indices. Different real forms of eg come from combining different real forms of su(3)
and fy, using correspondingly different multiplication tables and metrics. A canonical triality

automorphism of eg(_rg) is

tor T e TY = 4T - 2T Yoa = Ve = Qua
Ty o TY = BT - §T2’ Qua = Qo= Qo
Yab = Yoy = Veat“ap = Yea (—5TT?) Qua 7 Qg =Yaa
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from combining the triality automorphisms of the constituent su(3) and fy(_s9)-
The triality decomposition of eg, (7.1), may be concatenated, using so(10) = u(1) +
so(8) + (1+1), ® 8, to get

66(—78) = SO(].O) + U(l) + 165+ + 1637

which includes the algebra of the SO(10) Grand Unified Theory of particle physics, including
fermion states, without spin. Decomposing this into Standard Model representation spaces,

we have:
eo(—78) = su(2)w + su(2)w + su(3)g + u(l)p + u(l)n

+ (2,253 05 + 3425) + (1, 15355 + 3_4p3))

+ (1,211 4 341y) + (2, 15140 + :‘3_1/3))+ﬁ/2

+ (2,510 +3ys) + (1,214 + 3_1/3))_\/5/2
The Cartan subalgebra generators, {H, U, V, z,y, z}, of u(1)g + so(10) or of u(1)g +u(1)y +
s0(8), correspond to root coordinates, or charges, which combine to give the familiar strong, g,

weak, W, hypercharge, Y, and electric charge, @), of the Standard Model, as well as chirality
(or helicity), H, the weaker charge, W', baryon minus lepton number, B, and other GUT

charges:
W=31-U+V)
W' =3(U+V)
B=2x+y+2)
g = 5(-z+y)
9* = 55—z —y+22) (7.2)

Y =2W+B=U+V)+2@x+y+2)
X=2W-3B=3(U+V)—(z+y+2)

Q=W+3Y=V+iIB=V+Liz+y+z)
Z=W-3Y=-3U+LV-z-y—2)

The eg roots, labeled as elementary particle states, are shown in Table 7. The su(3), gluons,

PS
+2/37

so(4) = su(2)w + su(2)y in its complement, with su(2)y~ the W’ bosons. The Georgi-

Glashow bosons, sz% and Xffjg, are in an su(5) subalgebra of s0(10), and the GUT bosons,

X473 and X1/, are in the rest of so(10). The left-handed fermions and antifermions, with

g, and Pati-Salam bosons, X are in a so(6) = su(4) subalgebra of so(10), which has

scaled helicity, H = +V3/2, are in a 16, spinor of so(10), while their conjugates, the right-
handed fermions and antifermions, with H = —Vv3/2, are in a 164_.

With respect to the compound division algebra decomposition, (7.1), we have {W*, W'*,
Xflc/’;, X115} in (141), ®8,, the up-type fermions and antifermions in (14-1),, ®8,_, and the
down-type fermions and antifermions in (1+1), ® 8¢4. A canonical triality automorphism of
eg, although pretty, does not appear to correspond to anything especially interesting.
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® °
< <
®
[
A A a
° ° o o ®
v b4
o @ O ® O
A A
® ° o e ®
v v 7
[
°
I n
® °
®
€6 H U ‘ X Yy ‘ z
O g 0 0 0 (+1 -1 0)
oo | X3 0 0 0 (£1 +1 0)
eee | XCC 0 0 £ (¥ 0 0)
000 | X.y | O 0 | £1 (*1 0  0)
w# 0 Fl1 +1 0 0 0
W'+ 0 +1 +1 0 0 0
x4, 0 ¥l 0 (+1 0 0)
Xiys | 0 +1 0 (£1 0 0)
vy, +\/§/Q —1/2 +1/2 —1/2 —l/p  —1/3
VR —V3/a 412 | 412 1/ —lfs  —1)
7 +V3f2  —lfp | —lfa 41/ 4lfs 1)
UR —V3fa 412 | =12 41/ 4lfs 1)
AAA| W/ | 82 <12 | 112 (22 412 +1)2)
AAA SV | VB 41 [ 412 (S2 412 f1f2)
vYw| W |+ s | —lp (1 -1 1)
vew ap | VB +1p [ —1h (+1p -1 —1p)
er +V3/2 412 | =12 =12 12 -1/
eRr —V3/a  —lfs | =13 1/ —lfs 1)
er, +V3/2  4lja | 412 41/ 4lfs 1)
eR —V3/a  —lfa | 41/2 41/ lfs 41/
d(L”’gb) +V3/2  4la | =12 (=12 412 +1/2)
dp® | =3 i | Sl (12 41 1))
dggb) +V32 4l | 412 (412 =12 —1)3)
Jg’gb) —V32 =12 | 412 (412 —lf2 —1/2)

Table 7. The 72 roots of eg labeled as elementary particles. There are gluons, g, Pati-Salam X bosons,
XP3 Georgi-Glashow X bosons, X¢“, and remaining SO(10) GUT X bosons. The W and W' are
the weak and weaker (GUT) bosons. One generation of fermions is included: left and right-chiral

neutrinos and anti-neutrinos, vy, and v g, electrons and positrons, ey, g and ér, g, and up and
down quarks and anti-quarks of different colors, ur g, tr/r, dr/g, and (EL/R. For the charges, see

(7.2).
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8 €7

The e; Lie algebra has a compound triality decomposition from combining sp(3) and fy,
er = su(2)p + su(2)p + su(2)y + so(8)
+(2,2,1), @8y +(2,1,2), ® 85— +(1,2,2), ® 854 (8.1)
~su(3, H® Q)

and a triality automorphism that maps between the triplet of quaterni-octonions, H® Q. The
corresponding set of e7 basis elements is

{T%7 T,f/a TX, Yabs Va'as Q(;/aa Q:la}

with primed index, o/, ranging over quaternion indices, {0, ..., 3}, primed capitals, A’, rang-
ing over imaginary quaternion indices, {1,...,3}, un-primed index, a, ranging over octonion
indices, {0, ..., 7}, and the bivector index, ab, ranging over the 28 so(8) basis generator per-
mutations with a < b. The non-vanishing Lie algebra brackets between these basis elements
come from combining the Lie brackets of sp(3) and fy_s9), (4.5) and (4.8):2

Yabs Yed) = 2 {NacVbd — Nad Ve — MocYad + MbdVac }

]
['Yaba 'Va’c] =2 {_nbc’)/a’a + nac’)/a’b}

[Yab, Q] = —Laly)%, [Yab, Q)] = QF 4(—=Talp)%e

(T4 T ] = T& 2M[A/Bq ) [TA wa] = 00 (=Mya)

[Tk Ti] = T(]JD Miyipy “) [T, wa] = Yea M;W )

[T, T ] = TE( (2M{y “) (T4 Q] = Qoo (=Mya®)

[T£{7Qb’a} = Quq (M)yy° ) [Vaanb'b] = \fMirb /( a)chZc

15, Q)] = QF, (=M}, ,¢) [aras Qi) = M0 (Fa)4 Qs

[1%.95] = @5 () Qs @) = ML ()t

e ws) = = (TS & =My, ©) + TEAM], =M ) ) s — 2070
Qs Q) = — (TEAOME, O =M}, )+ THL (M, —M;,E/CU) Ny + My Yed(TT ) ap
[Qurar Qi) = — (Tg’%(Mé' < =My, ) + T 5 (M © M;,;,'C,)) Mgy + Ny Yed (DT ab

in which M é ’B’C/ and (T'.)?, = Mcai’ are quaternion and octonion multiplication tables with

'+ n, ni} are quaternion and octonion metrics, also used to raise or

conjugations, and {n’,n
lower indices. Different real forms of e7 come from combining different real forms of sp(3)
and f4, using correspondingly different multiplication tables and metrics.

A canonical triality automorphism of e7(_y33) is

. — d 1pemd
s e = ey = Yedt™ab = Yea (—30TY)
T — T =T, T, — TV =T% Ty — T =14
— O - - _ Ot + o
Yala ’ycll’a - Qa’(z Qa’a = Qa’a - Qa’a Qa’a = Qa’a = Yda
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from combining the triality automorphisms of sp(3) and fy_s2).
The triality decomposition of e7, (8.1), may be concatenated using

s0(12) = su(2)pr + su(2)p + so(8) + (2,2), ® 8,

to get
er(—133) = 50(12) + su(2) + 2 ® 32,4

which includes the algebra of the SO(10) Grand Unified Theory of particle physics, including
fermion states with spin. The Cartan subalgebra generators, {w,U,V, h,x,y, 2z}, of su(2), +
s0(12) or of su(2), + su(2)w + su(2)w + so(8), correspond to charges which combine to give
the strong, g, weak, W, hypercharge, Y, and electric charge, (), of the Standard Model, as
well as the weaker charge, W', and reversed chirality (or helicity), h. The triality invariant
subalgebra of e7(_;33) is

go = 50(10) + su(2), + u(1)

which is a subalgebra of so(12) 4+ su(2). With respect to this subalgebra, the —1 triality
eigenspace is

g1 =102, +2® 163,

which includes vector and spinor representation spaces with h € {—1,+1/2}. The 2 ® 16;5: P
representation space matches a set of left-chiral Standard Model fermions and antifermions,
while the 10”7, matches a set of GUT Higgs fields, ®. For e7(_;33) and triality, the Vingberg ©-
algebra matches the SO(10) GUT with a Higgs and one left-chiral generation of fermions with
spin acted on by a su(2),. Recall that the triality automorphism rotates this representation
space within the 2 ® 324 representation space of so(12) + su(2), permuting 3 ® 32 non-
linearly-independent sets of vectors. It is compelling to consider these spaces as three different
left-chiral generations of fermions. The 2 ® 32, representation space is spanned by the
2 ® 16i‘§/2]_1 eigenvectors and the [2 ® 16% /2]+1 conjugate eigenvectors. These conjugate
fermions, such as (e})* = €}, can be interpreted in e7 as either the right-chiral fermions and
antifermions, or as the conjugate partner directions to the Standard Model fermions, allowing
three triality-related generations to inhabit the 64-dimensional space. The geometry of the
Higgs states, with 10”; rotated by triality in a 20-dimensional space spanned by 10”; and
10%, can be treated similarly.

The ey roots, labeled suggestively as elementary particles, with conjugate states related
by triality, are shown in Table 8. Note that, to incorporate three generations, the right-
chiral fermions and antifermions here need to be interpreted as the conjugate root vectors of
the left-chiral fermions and antifermions, with the triality automorphism intra-rotating their
real and imaginary parts. Alternatively, ey could have just a single generation of fermions,
including the right-chiral fermions and antifermions.
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Table 8. The 126 roots of e7, suggestively labeled as elementary particles, with triality eigenspaces
corresponding to h = 0, h € {—1,+1/2}, and h € {+1, —1/2}. The bosons are the same as for eg plus a
spatial spin connection, w”/V, and some more Higgs fields, ®. There is a full set of left-chiral fermions
and antifermions with spin, f;/¥ and f}/¥. The fermions labeled f5/¥ and f3’¥ can be considered
either the right-chiral partners, or as conjugates related to the left-chiral fermions by triality.
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9 €g

The eg Lie algebra has a compound triality decomposition from combining two f;’s,
egs = 50(8)" + s0(8) + 8, ®8, + 8,_ ®8— + & ® 8yt
~ su(3,0® 0)

and a triality automorphism that maps between the triplet of octo-octonions, @ @ Q. The
corresponding set of eg basis elements is

{Wa’b’a Yabs Ya'a> Q;/aa Q;r/a} (91)

with primed and unprimed indices, a’ and a, ranging over octonion indices, {0,..., 7}, and
the bivector indices, a’t’ and ab, each ranging over the 28 so(8) basis generator permutations
with a < b. The non-vanishing Lie algebra brackets between these basis elements come from
combining the Lie brackets of two fy_s2)’s, (4.8):2
Yarvrs Yera] = 2 {nfycl'}/b’d’ — NV — My Va'd' + ng/d/wd}
[Yabs Yea) = 2{NacVbd — NadVbe — NocYad + NodVac}

[’Ya’b’ ’Yc’a] 2 {‘”f,fc/%'a + n;Ic/'Yb’a}

[Yabs Yare] = 2{—nbcVara + NacVarn} [Yarrs Quy] = Qpy(—TaTy) o
[ ] = 2t = 2 e e Q5] = Qi)

[Yaras Q) = (T ) (La) Q0 [Yabs Qo] = Qurg(—TaT)%

arar Qi) = (Tar) v (Ta) Q0 [Yab, Q1] = QL4 (=Tal'y)%

Qe Q] = nayvea (fC/Fd/>a’b’ + 1 Yea (DT gy

[Qifar Q] = by rerar CCTY ) gy + 1y Yea (DT g

[Qa a’Qb’b] = (T° ) v (C)apVere

in which (T’ /) o =M é I b and (o), = Mmi’ are octonion multiplication tables with conju-

"+ n, ni} are octonion metrics, also used to raise or lower indices. Different

gations, and {n’,n
real forms of eg come from using one or two copies of f44), incorporating split-octonion mul-

tiplication tables and metrics, or using two fy_s2)’s and flipping some signs to get split real

68(8)'
A canonical triality automorphism of compact real eg_a4g) is
L Vclz’b’ =Yeat’ ¢ a't = Vc'd (_%fc Fd) "y
a
Yab = Vo = Vedtab = vea (—31TY)
Yo = Voo =OQua  Qua ™ Qua=Qla  Qua = Qe ="

from combining the triality automorphisms of fy_s2)’s. For quaternionic eg(_a4) or split real
eg(g), some real triality automorphisms — obtained by mixing triality automorphisms of f4’s
— may contain explicit i’s. The eg roots and canonical triality automorphism, with a triality
matrix (5.1) from combining triality matrices of two f4’s, are shown in Table 9 and Figure 1.
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Table 9. The 240 roots of the compact real form, eg(_245), suggestively labeled as elementary particles.
SA//TV ¢ are
gravitational frame-Higgs roots, g are gluons, and X are colored X bosons. There is a complete

Standard Model generation of fermions with spin, related to two other “generations” by triality.

A/ . . . . T
WY are gravitational spin connection roots related by triality, W= are weak bosons, e
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Figure 1. The 240 roots of eg, suggestively labeled as elementary particles, with “generations” related
by triality.
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The particle assignment and canonical triality automorphism, (5.1), in Table 9 and Figure
1, is consistent with split-real eg(g), quaternionic eg(_g4), Or compact eg(_g4g). Using the split-
octonions and/or octonions, corresponding to Clifford algebras C1(4,4) or C1(0,8), the Cartan
subalgebras correspond to Clifford basis bivectors with signatures:

{wT,WS,U,V;p,SU,y,Z} = {73’4/ > V17275 Y5 60,7 8 VT 8, V1 2,73 45,75 6}

€g(8) - (o AU W RN TP % VAR AN TR A
€g(—24) (o RN PRI S TS S TR AR TR A
€8(—248) - (o AR, TR TR TR % AR AN TR A

The only way to accommodate three triality-related linearly-independent fermion generations
in eg is by having Euclidean rather than Lorentzian spacetime and spinors.

More realistic models, with three triality-related generations, including Lorentzian space-
time and spinors, are achieved by considering the triality eigenspaces, (6.1), of split-real egs)
or quaternionic eg(_oy), and their triality-related five-gradings, (6.2). The relevant Cartan
subalgebra generators compatible with eg triality eigenspaces are:

{wi,ws, U, Vw, 9,2} = {7315,71 2,75 6,77 857416579105 V1112, Y1314}
€8(8) 1 AT+ 4 Vbt Vebts Vs Yoy Y= V= =5 Y= — } (9:2)
eg(—24) * Vs Wt Ve Ve Ve Y— s V= = Y= — )

Within these Cartans, for egg) or eg(_o4), w = Y416 is the u(1) generator in a triality in-
variant eigenspace, either [so(8,6) + u(1)y] or [so(4,10) 4+ u(1)y]. The corresponding triality

s— _27r7,'/3

automorphism acts as multiplication by et*"/% on the [14%, + 647 /2] and e on the com-

plex conjugate, [14; 4+ 64°% ]. These same triality automorphisms, ©, act in interesting

+1/2
ways within the five-graded decompositions, (6.2). The Cartans for the matched five-graded

decompositions differ from the Cartans for the triality eigenspaces by a kind of Wick rotation:

{wi, ws, U, V2w, 2y, 2} = {734,771 275 6,77 8, V15165 Y910, V1112, Y1314}
es®) © {V+— Yt Vo Vi V4 = V== V= = V= =} (9.3)
€8(—24) 1 Vb= Yt V== V= Vb = Vmms V= = V= — }

This Wick rotation exchanges the temporal 7,4 and a spatial v15. The resulting wi® = v34 and
wl® = ~1516 have real eigenvalues, while w; = 7315 and w = 7416 have imaginary eigenvalues.
An explicit description of a continuous Wick rotation within eg is given by defining a

psuedo-similarity transformation acting on eg Clifford vector, bivector, and spinor generators,!

0 . _ _
Sp=e2775  yo = A =87aS, Y = V=SS, T Vg = S0

with 0 < 6 < . This corresponds to a Wick rotation of time by t > tg = eft. For 6 = 5
this gives Euclidean time, tg = it, and

Sg = % (I4+imums) = 9 =ins s = Y =i U Up=Spl
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Some Cartan generators change under Wick rotation,

Se{134,71516}SE = {iV315,97416}

so root coordinates, for a’ and o, differ by these i’s, and the Lorentzian and Euclidean
spinorial root vectors differ by \IJfE =5 E\IJQL. This Wick rotation allows us to transform
between the Euclidean eg triality eigenspaces, (6.1),

es(s) ~ [1411 + 64‘_9:/2} L+ [so(s, 6) + u(1)w}0 + [1411 + 643_;/2} .
(9.4)
es(—24) ~ [14”,1 + 64?@2} Lt [30(4, 10) + u(l)w]o + [1411 + 645_—1/2} N
and the Lorentzian spaces of the eg five-gradings, (6.2).

In the spinor representation space of a compact or non-compact spin group, root vectors
corresponding to fermions have complex conjugate root vectors called “conjugate fermions”,
which have complex conjugate roots — the conjugate root coordinates having opposite signs
for the compact Cartan generators, such as ;2 spin, and the same signs for non-compact
Cartan generators, such as 34 boost. For spinors of non-compact spin groups there can
also be “mirror fermions”, for which the mirror root coordinates have the same signs for the
compact Cartan generators, and opposite signs for non-compact Cartan generators. In the
five-graded decompositions, (6.2),

68(8) = 1421 + 64S+

+12 T [80(7,7)+so(1,1>wR} +64°, +14Y; = s0(8,8) +128°F

es(an) = 147, + 6475, + [50(3,11) + s0(1, 1) | + 6457, + 142, = s0(4,12) + 128+

the 64°7 J, Spinors of so(7,7) or so(3,11) are one generation of Standard Model fermions, and

the 6477,
[so(4,10) + u(1),] are invariant subalgebras, mix the Standard Model fermions, 64°7 Jp» and
+

j_l/za
For the mixed Cartan, (9.3), the Standard Model fermion root vectors, such as e} = ¥,

are their mirrors. The triality automorphisms, 0, for which [so(8,6) + u(1),,] and

mirror fermions, 64 in an interesting way.

(for some j) and their conjugate antifermions, e}, = U

7
ep™ = U and ep™ = WM = U are in 64i+1/2, and all are in the 128°% of s0(8,8) or

so(4,12), mixed by ©. If we carry out the Wick rotation, 4 <> i7y15, to go from the Euclidean

are in 645_*1/27 while their mirrors,

triality-eigenspace decomposition to the Lorentzian five-grading decomposition, then we see
that the triality automorphism mixes between real and imaginary fermions and their mirrors,

. / 1 3 ; .
\I/J \Ifj [_2 %7’ \I{j
m m \/g - 1 m
\Ilj \Iﬂj 2t 73 \Ilj

The 64‘“3__1/2 is inhabited by the real, \pg&, and imaginary, \I/E», parts of the complex fermion

root vectors, W;. And the 6477 /o is inhabited by the real and imaginary parts of the complex
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mirror fermion root vectors. The triality automorphism mixes these real and imaginary parts

of fermions and their mirrors,

v =4 (\Ifj + \Ifj) e vk 1 _@ wE
o= L (qzj - fo;f) o B 1 vl
= g (v ) e ey — -4 wy!
gl = 1 (\1/;?1 \1/;“*) s v P -3 ] 7"

a rotation by 120° in 64 independent planes in the 1285 of so(8,8) or so(4,12). This triality
automorphism acts between three sets of complex state vectors,

Ul = Wl i) = U,
WHT = 1R Ll Bpmiy Egml — Ly, 3 pm
as a cyclic permutation, O : \IIJI — \I;]U > \IIJU L ‘IIJI Using this description, mirror fermion
root vectors can be expressed as

m II 117
v :%(\yj - ') (9.5)

The triality automorphism mixing is similar for the vectorial root vectors, w € 144,
which are spanned by 7,15 and v, 16 bivector generators in so(8,8) or so(4,12). The vectorial

w™ w'™ @Z—% w™

Note that we have chosen the simplest possible triality automorphism, ©, compatible

root vectors mix as

with a Wick rotation from a five-grading, (6.2), to triality eigenspaces. The corresponding
elementary particle assignments and the triality relationship to their mirrors are shown in
Table 10 and Figure 2. Different choices of u(1),, within so(8,8) or so(4,12) correspond to
different triality automorphisms that can give more complicated mixing between the 64°7 /o
fermions and mirrors, and between the 144, vectors. This suggests the three sets of 64 triality-
related generators may correspond to the three generations of fermions in the Standard Model
of particle physics.

We have identified a canonical triality automorphism of eg(g) or eg(_g4) with the adjoint
action of a u(1) generator, w = y41¢, in a so(8, 8) or so(4, 12) subalgebra. It is reasonable to
ask what this Lie algebra generator is in our triality decomposition, 9.1. The answer is

UJ:%(%-FQT‘*‘QT)

the normalized Lie algebra element corresponding to the sum of three unit division algebra
elements, vector, negative chiral spinor, and positive chiral spinor. The canonical triality

automorphism is the exponentiation of the adjoint action of this generator, t = ¢=>7/3Adw
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Table 10. The 240 roots of quaternionic and split real eg, suggestively labeled as elementary particles,
matching triality eigenspaces. The triality invariant eigenspace includes the spin connection, wi\%,
weak and weaker bosons, W and W', gluons, g, various X bosons, and frame-Higgs, e?/tvcb. The +1
triality eigenspace includes frame-w roots, eﬁ//tvw and we¢, and a full Standard Model generation of
fermions with spin. The —1 triality eigenspace includes their mirrors.
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Figure 2. The 240 roots of eg, suggestively labeled as elementary particles, with mirrors related by
triality.
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10 Exceptional Unification

The suggested assignments of elementary particle labels to roots of eg, e7, and eg correspond
to deeper underlying theories of Exceptional Unification. Each deserves a long description; we
only discuss them briefly here. One thing all have in common is a unification of bosons (gauge
field 1-forms) and fermions (spinor Grassmann number fields) in a superconnection valued in
an exceptional Lie algebra, usually corresponding to a two-grading. This is sensible within the
context of Lie Group Cosmology [34], with Grassmann number fields understood as 1-forms
along spinorial directions within the Lie group. The supercurvature gives the usual curvature
2-form of the connection 1-form plus an exterior-Dirac derivative of the fermions, which can
be used with a generalized-Hodge star to build a generalized Yang-Mills action that includes
fermions. The exceptional Lie brackets produce the correct interactions between gauge fields
and spinorial fermions, which is encouraging. Beyond these commonalities, Exceptional Uni-
fication models include the gauge fields of the SO(10) Grand Unified Theory: the electroweak
W and Z and ~, and gluons, g, as well as the “weaker” W’ and Z’ gauge bosons, Pati-Salam
50(6) gauge bosons, X5, Georgi-Glashow su(5) gauge bosons, X““, and other GUT gauge
bosons, X. The most minimal model is based on eg, a subalgebra of e7 and of eg.

The particle assignment within eg, shown in Table 7, largely ignores triality and corre-
sponds to the SO(10) Grand Unified Theory with one generation of fermions and antifermions.
The five-dimensional Cartan subalgebra of so(10) corresponds to charges (U, V, z,vy, z), with
U and V' combining to produce su(2) weak charge, W, and su(2) weaker charge, W', while
(z,y,2) combine to give strong su(3) color charges and u(1) baryon minus lepton number
charge, B, (7.2). These further combine to give hypercharge, Y, and electric charge, . The
sixth fundamental Cartan subalgebra element within eg is scaled helicity, H, corresponding
to a u(l) gauge field. One generation of fermions, without spin, is embedded in eg, with
left-chiral fermions and antifermions in a 164 spinor of so(10), and right-chiral fermions and
antifermions in a 16,_.

The particle assignment within ey, shown in Table 8, relates to the work of Dixon, Furey,
and Hughes, with C ® H ® O fermions [4, 8, 9]. While it is possible to fit three linearly-
independent generations of Standard Model fermions into ey, related by triality, one cannot
do it with both the left and right-chiral partners and the antiparticle partners — one must
choose either, and is thus forced to use a complex form of ey to fit three generations, which
is problematic for the gauge fields. Alternatively, as shown in Table 8, one can include

one generation of left-chiral fermions and antifermions, with spin, all in the same triality
s+

+1/2
fermions and antifermions to be in [2 ® 16°7 /2], and call it a day, with a one-generation ez

eigenspace, [2 ® 1657, ]. There are then two choices. One could consider the right-chiral
model. Or, using the triality-rotation of the left-chiral generation within [2 ® 32,4], one
could consider this a three-generation model, but again only with left-chiral fermions and
antifermions. In either case the gravitational frame is missing from e7, and it is not clear
what to make of the ® € 10, — though it includes a needed Higgs field. The ® appears
to be a scalar or possibly Grassmann field, useful for SO(10) and Standard Model symmetry
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breaking, but understanding its nature and a consistent E7 Theory awaits future work.

The particle assignment within eg, shown in Table 9 and Figure 1, matches the particle
assignment in “An Exceptionally Simple Theory of Everything” [12]. Each generation of
particles matches to an @ ® O or to an Q' ® O, depending on whether the (wr,ws, U, V)
corresponds to an so(8) or so(4,4), and each linearly-independent generation is related to
the others by triality. The (p, z,y, 2) so(8) charges include a particle or antiparticle charge,
p, which mixes with B under triality. This so(8) can act on 8’s of the same signature as
those of the first so(8) for the compact real form, or 8’s of opposite signature for the split
real form. The main downside of this embedding of the three generation Standard Model
in eg is that it is necessarily Euclidean, and must be part of some larger theory to describe
our Lorentzian reality. Also, the natural two-grading of eg does not match this assignment
of fermions. Several variations of this embedding of three linearly-independent generations of
fermions within different real forms of eg are possible, but all have these drawbacks.

A different particle assignment within quaternionic or split real es, matching its natural
two-grading and its triality eigenspaces, is shown in Table 10 and Figure 2. Technically, the
blocks of triality eigenspaces are correct for this table of roots only when the compact w; and w
Cartan generators are used, and the triality eigenspaces are inhabited by mixtures of particles
and their mirrors when using the non-compact wiR and w® Cartan generators. This produces
a nice result: triality automorphisms of non-compact eg can rotate three full generations of
fermions between standard fermions and their mirrors. Early criticism of E8 Theory held
that these mirror fermions (also called an “anti-generation”) imply the theory cannot work
[33], but this is not our view. In our model, the mirror fermions are replaced by the second
and third generations, related to the first generation by triality. Of course, this implies the
three generations of fermions are not linearly-independent, and we do expect there to be
generational mixing. Triality also mixes the frame-Higgs root vectors that have a temporal
component, such as {e;po, erdy, e;w, e;w™}. This may introduce multi-fingered time, with
these fields interacting differently with the three generations of fermions. This new description
of E8 Theory, using triality eigenspaces, has many promising features. All three generations
of fermions live in the odd part of eg’s natural two-grading. The gravitational spin connection,
frame-Higgs, and SO(10) GUT gauge fields largely live in the triality invariant eigenspace.
And the spin and gauge charges of the three generations of fermions, from {ws, U, V, z,y, z},
are the same, producing identical Standard Model quantum numbers for all three generations
of fermions. Further development of this model seems warranted.
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11 Division Algebra Automorphisms and g

The division algebras, and their split algebras, are each invariant under transformation by
elements of their automorphism group, ® € Gp [4]. These group transformations leave mul-
tiplication invariant, ®(a)®(b) = ®(ab). The complex numbers are invariant under complex
conjugation. The quaternions are invariant under SO(3) rotations of their imaginary ele-
ments. The octonions are not invariant under SO(7) rotations of their imaginary elements,
but under a subgroup, Go, that preserves octonionic non-associativity. The automorphism
groups of the split algebras are similar,

Gc = Zo Gor = Zs
G = SO(3) G = SO(1,2)
Go = Ga(_14) Go = Gy

Since automorphism group elements leave division algebra multiplication invariant, these
groups are subgroups of the corresponding triality group.

For the quaternions, there is an inner triality automorphism, Ady, corresponding to a 120-
degree rotation around the axis formed by averaging the three unit imaginary quaternions.
This rotation cycles the three imaginary unit quaternions,

t=—12(eo+e1+ex+es) 3 = e tert™ = es tegt™ = e3 test™ = e

If we instead interpret ¢ as an octonion, we see that Ad; also preserves octonionic multiplica-
tion. If we represent an octonion as an 8-dimensional vector, and use the standard octonionic

multiplication table, Ad; acts on the octonions as a matrix,

1

Ad; ~ —1/2 +1/2 4+1/2 41/2
_1/2 _1/2 _1/2 +1/2
—1/2 +1/3 —1/9 —1/2
—ifs =12 +1f2 —1f2)

If we use the same ¢t in the split-octonions, we get the automorphism:

1

Ad] ~ —1/y —1/3 —1/3 —1/
+1l/2 —1/2 —1/3 41/9
+1l/2 +1/2 —1/2 —1/2
+1/2 —1/2 +1/2 —1/5 |

This same ¢ does not give an automorphism in the split-quaternions. However, if we have

eheh = —ef, we can have an inner triality automorphism from ¢’ = —1(e{, — v/3€}), which

rotates 120° in the ef, — €4 plane.
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12 Discussion

In this work we have explored the deep relationship between division algebras, Clifford alge-
bras, generalized reflections, triality automorphisms, triality Lie algebras, the magic square of
Lie algebras, exceptional Lie algebras, root systems, triality eigenspaces, Vinberg ©-algebras,
and connections with particle physics. From any of these specific subjects, the others can
be better understood, so a reader may make their choice of whichever mathematical starting
point is more familiar. Although it is expected that current researchers will merely pull useful
computational tools from this paper, it is hoped that they will also use this paper to better
understand and appreciate the other ways of working with this material for model building.

The true heart of this subject is triality — a real, cyclic, trilinear function of three ele-
ments of a vector space — which can be used to define the division algebras and their related
split composition algebras. These division algebras lend themselves to the explicit matrix rep-
resentation of certain Clifford algebras, which have a direct geometric interpretation. With
this geometric point of view, we can describe reflections through vectors and, using triality,
generalized reflections through spinors. These generalized reflections can be combined to de-
fine triality automorphisms, cycling vectors and spinors or three division algebra elements.
These vectors and spinors combine with the triality algebras of division algebras to produce
the triality Lie algebras, understood as generalizations of su(3). Within these triality Lie
algebras, the relationships between vectors, chiral spinors, generalized reflections, and triality
automorphisms are described using division algebra products or more explicitly using repre-
sentative Clifford algebra matrices. We encounter the surprising fact that real Lie algebra
automorphisms can include explicit ¢’s, provided the automorphisms commute with the com-
plex conjugation used to define the real form of the Lie algebra. The Cartan-Weyl description
of these Lie algebras, and their root systems, can be used to visually appreciate their structure
and automorphisms. Although useful, and often visually appealing, the root system descrip-
tion of Lie algebras and their automorphisms elides the signs of structure constants and maps
between root vectors. These signs can often be guessed or obtained algorithmically, but are
obtained directly by the methods presented in this work. The triality Lie algebras combine
in pairs to produce the magic square Lie algebras, which are also invariant under generalized
reflections and triality automorphisms. Ultimately, building from division algebras, all ex-
ceptional Lie algebras and their automorphisms can be understood and described explicitly
using these methods. With an explicit description of triality automorphisms in hand, triality
eigenspaces are described, and used to define Vinberg ©-algebras and 3-symmetric spaces. A
canonical triality automorphism for any magic square Lie algebra described using a triality
decomposition is generated by the Lie algebra element

T=Js(n+0Qr +@Qf)

the normalized Lie algebra element corresponding to the sum of three unit division algebra
elements, vector, negative chiral spinor, and positive chiral spinor. As an inner automor-
phism, the canonical triality automorphism is the exponentiation of the adjoint action of this
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generator, t = e~ >"/3AdT  These tools can be used for model building, and possibly to describe
the three generations of fermions in the Standard Model.

The relationship to particle physics largely motivates this work, with triality at its center.
The strongest objection to E8 Theory has been the mathematical fact that real forms of eg
necessarily include mirror fermions [33]. While this condemnation is widely accepted by
the particle physics community, it aggressively ignores the possibility that mirror fermion
degrees of freedom may be inhabited by second and third generation fermions via triality
— a possibly wrong idea proposed and explored in our work here. Although the complete
details of describing three fermion generations using triality remain unclear, if triality is an
interesting area of exploration for physics, which it almost certainly is, then the explicit
tools and descriptions provided in this paper are the keys to the castle. It is hoped that
other researchers will use this work to further their own explorations within this rich area of
mathematical physics.
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