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Everything as a principal bundle connection

w = datyw "y € CI(3,1) e =daf(e)ty, € CI'(3,1) [et
| 1 eV
W = dz*W ™o, € su(2) [ ] [ eL] L
) - F B €r e%
B = dz"Byi € u(1) v
. L R-
g = dz*g 45x, € su(3) [ur,ug,ub]

)

A=swt+iedp+W+B+g+(vetet+u+d)
+Wutptet+s)+(wr+7+t+0)

F=dA+  |A A

DN | =



Review of some representation theory
Cartan subalgebra: C = (C*T, C Lie(G)
Built from a maximal commuting set of R generators,
T, T, =TT, -T,7,=0 VvV 1<ab<R
Root vectors, Vﬁ, are eigenvectors of C' in the Lie bracket,

a

Roots, o, ;, are the eigenvalue coefficients. The pattern of roots in R
dimensions corresponds to the Lie algebra,

[V,87 ny] :‘/;5 N aﬂ—|—a7:a5

Weight vectors and weights are eigenvectors and eigenvalue
coefficients of C' acting on some representation space,

Weight vectors are particles, weights are their quantum numbers.



Gluon and quark weights

3 1__ ;.42 4__ ;.5
| | g +¢13 g —wg® g —1g
g=9'Ty=g" Ny =2 | 9+ig" —g*+5-¢° g°—ig’
4.4 ;.5 6 8
KR +ig’ - 59
Cartan subalgebra: C = ¢°T; + ¢®T; (the diagonal)
Roots and root vectors:
00 o
: 1\ 3 \/§ 8
GVl :’((—5)9 +(7>9)Vggb Voo = |0 01
0 0 O

for the 995 gluon. Weights and weight vectors:

CV, =i ((1)9 + (2\1/5)98) V.,  V,=1,0,0]

for a red quark, q", and for their duals acted on by —C, the anti-quarks.



Strong G2
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ale | woo ]2
aler| 010 [ 1
ale| 0,01 |o|-%
vla|| moo [-i-2
vle| oo | ]2
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Exceptional Lie brackets

The 14 Lie algebra elements of the smallest exceptional Lie group, G2:

g2 =su(3) +3+ 3
Tatge g2

)

The structure of G2 implies a Lie bracket equivalent to a fundamental

action,

9,q] = [g7T 4, d°Tp] = gq =

L 43
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corresponding to the strong interactions, such as
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Gravitational SO(3,1)

.3 A
|:ZwL/R wL/R:|
Wr/r = v .3
/R~ "Wr/R
S
e el
€L/R =
BT gey el
A
I= [fL] frr= fé/R
fR / _fL/R

0
o
w

—_
~—

€ & & &
<> o<E>

o

®

Q]

Q)

> > > >|BB B B B O O O O

WSO HRAI>W<n>




n.LL L1=3m -.OL L1_3 n—bR R4=3 .bR R2_“3
|

© = @ = O & » e
S = > S g

1T.vb L1=3 hu L1_3 JTWn R4=3 .bR Rz_“qu

O @D O . D .

S

.wa L1_3 ﬂnwu L1_3 nT.Wn R4=3 ..OR R2m3

O @D O . D

= i~ = =]

SR PR L

WPVum 3 5 V#Vw =1 .

I \B) \B

Pati-Salam model plus gravity

(SO(3,1)+4 x4+ SU((2); +SU(2)g) + (U(1) + SU(3))



Electroweak SU(2) and U(1)
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Graviweak SO(7,1)

H, = (jw+ je¢p+ W + By)

€ 50(3,1) +4 x 4+ (su(2) + su(2))
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Graviweak F4

A triality rotation, T', of D4

D=
&
:U w

D= D=
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R S
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] Li oo ol | B | |[fef]
N __ N + A
TTTwR—TTwL—TBl = wh

Roots invariant under this T':
{W+7 W_7 eg¢—|—7 6§¢0, 6;,/¢_, ezg/¢1}

Rotations to triality-equivalent vector and
negative chiral spinor representation spaces:

TS =V® TVS=8% TS =85
Three generations, related by triality:
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F4 root system



F4 and G2 together

<r graviweak interactions

F4 . (w3, iw3 W3 B3 ,
(zwp, 2w W2, BY) | three generations
r . o
strong interactions
G2 (By, g, ¢%) o onel
| anti-particles
B8 : (b, lw?, W B%w, By ghg") {everything

Breakdown of E8 to the standard model and gravity:
e8 = f4+ 92+ 26x7
= 50(7,1) + su(3) + (¥ +V4+8% ) x (14+14+3+3) + 3x (3+3) + 2
A= (w+ ;e0+W+B)) +9+3x¥ 4P+ By +w
Two new quantum numbers and some non-standard particles:

r T b
{w (B}+B,) B* 1,,,9"" z,,.,5 fo/b



E8 root system

v v v
<
ol
A AAAKA AAA A
A A A A a—iNTTA A A A A
AT A XX ALY
L ¢ 4
v v v V'v"V.__,'vV v 4

E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 periodic table

Vel b1 & &
Yo | G| G| G
T e -1|U 31U 51U 3
ﬂf _________________ e A
T b.i b b
g St 1,8, | St .
w 6 ¢ eL -1 dL 3 L 3 |dL 3
Z= . i
L Ve [ Le! L
Vir Cr . Cr . Cr .
™ Ler 0|Up 351Uz 3 i Ur 3
/1 [ '
— Tol bl bel by
on Sr .1 ,Sr d Se ,
€r -2 dR T3 dR “3|p 73
P
3
B,) (W) (9

"ES8 is perhaps the most beautiful structure in all of mathematics, but it's
very complex.” — Hermann Nicolai



E8 connection

A=H +Hy+ ¥+ Y, +¥ € 8

Hy=;w+ie¢p+ W+ B, € so(7,1)
w € so(3,1)
ep=(e;+eytegtey)x(o, td ) € 4x(2+2)
W + B, € su(2)+ su(2)

Hy=w+By,+z®+g € so0(7,1)7
w + B, € u(l)+u(l)
32(1’:(321+9£II+32111)X(‘I)T/g/b‘i‘q)?:/g/l;) € 3x(3+3)
g € su(3)

U, =vetet+u+d e S8t x §8F

Vy=vptptcts e VExVS

Yip=vr+7+t+0 € 5% x5



E8 curvature

F=dA+AA=F +F,+D(¥;+ Y +Tp;) € 8

Fi=3(R—}teed?) + }(T¢p—eDg) + (Fp +Fy) € so(7,1)
R = dw + jww ¢ s0(3,1)
T¢—eD¢ = (de+;[w,e])p—e(dp+[Bi+W,¢]) € 4x(2+2)
Fp +Fy=(dB;+B;By)+(dW+WW) € su(2)+su(2)

Fy=(Fu+Fp +2®2®) + ((Dz)® —2D®) + F, € s0(7,1)?
Fy+Fp =dw+dB, € u(l)+u(l)
(Dz)®—2D® = (dz+[w+B,y,z])® —z(d®+[g, P 3 x (3+3)
Fg=dg+gg € su(3)

DY = (d+ jw+ 1ed) U+ WV, + B ¥+ ¥(w+ By +2d) + ¥y g



Action for everything
Modified BF action, using l:3 = B+ 153

S = /<BF+<I> H,,H,,B))

— [(BDY+ BE + B ooy + BB

= / (BDY + ¢ ——¢*(R— 5¢°) + {F'+F')

Cosmological constant from the Higgs VEV: A = $¢?

tee R =4A

Implies frame VEV is de Sitter: R =

Vacuum expectation value of the curvature vanishes: F =0



Gravitational part of the action

1
0Bg — B = = (R — geed’)y Y = MYV

So= o | (FoFo) = ifg [ (R~ jeed®) (R~ lecd®))

(RRy) = d((wdw + %cgcgu_z)w <+ Chern-Simons
%<ggg§7> = —e < volume element
<§ eR 7> = —eR + curvature scalar




Fermionic part of the action
Choosing the anti-Grassmann 3-form to be 153 = g\i!? gives the

massive Dirac action in curved spacetime:

s,= [ (8E) = [ (DY)

= [(ewe(aw+ 1,9+ wim,))

—/<g\if€((c_z+ sw+ 1€+ W+ B)¥ +¥(w+ By + 22 +g)))

/dix el (¥ () (8% + 0/ 4w ¥ + W, ¥ + By,
+Yw, + VB, + Yz, + \I.jgi) + v ¢\Ij>

v

The ¥ ¢ V¥ is the standard Higgs mass term.
The V~+#W¥ g, P term... | don't understand yet — promising for CKM.



E.S.T.0.E. summary

Everything in an E8 principal bundle connection,
A = e8

Periodic table of interactions (Feynman vertices) from curvature,
1
F=dA+ ) [1_47 1_4]
described by the E8 root polytope. Three generations through triality,
Te=pu Tu=T T'tT=e
Pati-Salam SU (2); x SU(2)z x SU(4)GUT and MM gravity together,
S = /<BE + Z—GQGQG’YWL B'xB')
No (or few) free parameters — masses from Higgs VEV's,

3 3
g1 — 5 g, =1 g3 =1 A:41¢2 ¢oa¢1aq’---

Everything is pure geometry, and it's very beautiful!



E.S.T.0.E. discussion

e Quantization
o Coupling constants run. Large A compatible with UV fixed
point.
o Just a connection — amenable to LQG, spin foams, etc.
» McKay correspondence — finite groups, braids?
e Understand triality-generation relationship better
o Possible collapse or mixing to graviweak SL(2, C).

o The role of x® and symmetry breaking.

o Getting the CKMPMNS matrix would be nice.
e Why is the action what it is?

o Pulling e out and putting it into F'xF and ]g seems weird.

= |s the four dimensional base manifold_emergent?
o Natural explanation for QM as a bonus?

What this theory will mean, if it all works:
e Naturally combines standard model with gravity — it's a T.o.E.
e Our universe is very pretty!

http://deferentialaeometryv.ora Garrett Lisi
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Geometry of Yang-Mills theory

Start with a Lie group manifold (torsor), G, coordinatized by yP.
Two sets of invariant vector fields (symmetries, Killing vector fields):

EL(y)dg=Tig(y)  €%(y)dg = g(y) T,

Lie derivative: | ﬁ, £ g] =C,. Cgé% :

Lie bracket: Ty, Tl = C, “T¢ Stive=d
Killing form (Minkowski metric): g,p = CACDCBDC ANV
Maurer-Cartan form (frame): T = dyp(fff)ATA

Entire space of a principal bundle: EF ~ M x G
Ehresmann principal bundle connection over patches of E:

s B ¥ N E G, G
E(z,y) =dz* A" (x) E5(y) + dyPOp il
H
Gauge field connection over M: m@
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BRST gauge fixing

6L = Ounder gauge transformation: §A = -VC = —dC — |A, C]
Account for gauge part of A by introducing Grassmann valued ghosts,

C ¢ Lie(@), anti-ghosts, B, partners, )\, and BRST transformation:

bA = -VC 8¢ = —;[C,C]
0B = |B,C] 6B = A
ip = 0

This satisfies 0L = 0 and 00 = 0.
Choose a BRST potential, ¥ = ( BA), to get new Lagrangian:
L'=L+8¥ =L+ (dA,) +(BVC)

BRST partners act as Lagrange multipliers; effective Lagrangian:

L = L[B', A'] + (BV'C)
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