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A connection with everything
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Review of some representation theory
Cartan subalgebra: C = (C*T, C Lie(G)
Built from a maximal commuting set of R generators,
T, T, =T.7,-T,7,=0 V 1<a,b<R

Root vectors, V;, are eigenvectors of C' in the Lie bracket,

Roots, o, are the eigenvalue coefficients. The pattern of roots in R
dimensions corresponds to the Lie algebra,

[VB, ny] :‘/5 <~ Oéﬁ—l—a»y:a(;

Weight vectors and weights are eigenvectors and eigenvalue
coefficients of C' acting on some representation space,

Weight vectors are particles, weights are their quantum numbers.



Gluon and quark weights
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Cartan subalgebra: C = ¢g°T; + g%Ty  (the diagonal)
Roots and root vectors:
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for the g95 gluon. Weights and weight vectors:

CV, =i ((1)9 +(2\1[) 8) V.,  V,=][L10,0

for a red quark, ¢”, and for their duals acted on by —C7, the anti-quarks.



Strong G2
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Exceptional Lie brackets

The 14 Lie algebra elements of the smallest exceptional Lie group, G2:

g2 = su(3) +3 + 3

g taqgt+qe g2

Structure of G2 implies Lie bracket equivalent to fundamental action,
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corresponding to the strong interactions, such as
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G2 in SO(7) .
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G2 in SO(7) ..
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G2 in SO(7) ...
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G2 in SO(7) ....
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G2 in SO(7) ....x
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Pati-Salam model plus gravity
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Gravitational SO(3,1)

3 A
Wrr Yo/r
Y .3
L/R Wir
- AJV A
e, Feg
Vo V/A
eq €
_:F S T
g
L/R

V
A%

@

)
w
=

[\
&
[NCTT

&€ & & &
<> <E>

Q)

®

D

®

| DN = | N =
D=

DN =

> > >0 BB B|O O 0 0

oMM oS N<_N>n<n>

|M|>—*OO

DN =




Electroweak SU(2) and U(1)
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Graviweak SO(7,1)

Hy = (Gw+ je¢+ W+ By)
€ 50(3,1) +4 x 4+ (su(2) + su(2))

= CI?(7,1) = s0(7,1) = d4

85+ — Hl (Ve + 6)
-1 i 1173 n 1 1 e
swr+sWe W —1€RP1  1€RP+ V,r
W b, W0 degs lendy | | o
_iequO i€L¢+ %WR‘i‘ %Bf B;r VeRr
| rerd- qerd B JWR— B2 Ler

D4 Qlw?i %w?]’%W?’Bf
O g/v +1] 0|00
® w0 |10
Ol w= | o |0 |£1|0
O B ||0|0|0£1
De;/v¢+ S ES I EE
DGQ/V(M S ESIRAN:
olen/ o || 4| 13|44
A [ESYESAEFIES
H g/vﬁbo Tr|tr|—1|3
De;\/vfbo e AN
062/v¢1 RS AN
A ESAE AN S
al vV £ 0|0
Al e |l £3 0 [=10
al vV o | £H 0]}
al eV |l o |+ 0|}




Graviweak F4

A triality rotation, T', of D4
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Roots invariant under this 1T':
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Rotations to triality-equivalent vector and
negative chiral spinor representation spaces:
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Three generations, related by triality:
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F4 root system



F4 and G2 together

4 . . .
raviweak interactions
F4 : (13, 1w, W3, B3) $ 8 .
L R 1 | three generations

[ strong interactions
G2 (By, g, g%) {0 0°

| anti-particles

E8 : (

N =

W3, Jwh, WP, BS,w, By, g%, %) { everything

Breakdown of E8 to the standard model and gravity:
e8 = f4+ g2+ 26%7
= 50(7,1) + su(3) + (84, +8, +8¢_ ) x (14+1+34+3) + 3x(3+3) + 2

A= (jw+ je¢+W+B)+g+3x¥+2d+By+w
Two new quantum numbers and some non-standard particles:

{w (B;+B,) Bli $1/2/3(I)T/g/b 5’71/2/3(I)F/§/b}



E8 root system..

v v Yy v V V"'VVV v ¥V v v
v
o " Yuy vy ¥y, vym'¥ ® o
- v v v *v 0 v
o, 8 g e
A n A - A A A A
& & A A A A
* A AACAAT T PR R 4
v B : -
A YA n
v v vy Vvevw?Y vy v v
v
v v Yy v V¥ v A\ \ 4
<&
isi|
A A

E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 root system ..
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E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 root system ...
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E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 root system ....
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E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 root system ....x
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E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 root system ....x.
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E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 root system ....x.x

E.S.T.o.E.:

Each E8 vertex corresponds to an elementary particle field.



E8 root system ....x.x.
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E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 root system ....x.x..
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E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 root system ....x.x...
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E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 root system ....x.x....
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E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 root system ....x.x....x
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E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 root system ....x.Xx....X.
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E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 root system ....x.X....X..
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E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 root system ....x.X....X..x

E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 root system ....x.X....X..X.
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E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 root system ....x.X....X..X..

E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 root system ....x.X....X..X...
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E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 root system ....x.X....X..X...X
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E.S.T.o.E.: Each E8 vertex corresponds to an elementary particle field.



E8 periodic table
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"E8 is perhaps the most beautiful structure in all of mathematics, but it's
very complex.” — Hermann Nicolai



E8 connection

A=H +Hy+ ¥V + ¥, +¥;; € €8

H=jw+ieo+ W+ B € so(7,1)
W € so(3,1
ep=(e;+esteste) x(d +9 ) € 4x(2+2)
W + B, € su(2)+ su(2)
Hy=w+By+zP+g € so(8)
w + B, € u(l) +u(l)
2d = (2, + 2y +a3) X (279043790 € 3 x (3+43)
g e su(3)
V;=vetetutd € 8y X 8gy
Vip=vutptcts € 8yx38y
Vyp=ve+7+t+0b € 8g X8



E8 curvature

:0_11_4.4‘1_4/_4.:El+52+1_7(‘1.’1+‘1.’n+‘1.’111) c e8

Fi=3(R—iee?) +i(T¢p—eDg) + (Fp + Fy) € s0(7,1)
R=dw+ jww € s0(3,1)
T¢—eD¢ = (de+;lw,e])p —e(dp+[B1+W,¢]) € 4x(2+2)

(dW +WW) e su(2)+su(2)

)+
+2®82®) + ((Dz)® —2D®) + F, € s0(8)

Fy+Fp =dw+dB, € u(l)+u(l)
(Dz)®—2zD®= (dz+[w+By,z]) @~z (d®+[g,®])e 3 x (3+3)
Fg=dg+gg € su(3)

DY = (d+ ;w+ ;€)Y + WV, + B ¥, —V(w+ By +39) — ¥y g



Action for everything
Modified BF action, using B = B +

S: <§ ._|_(,I\J)(I:IDI:127§)>

N / (BDY +¢ 167TG¢2 (B~ _¢2) * %E*E>

Cosmological constant from the Higgs VEV: A
Implies frame VEV is de Sitter: R = %ee R =4A

Vacuum expectation value of the curvature vanishes



Gravitational part of the action

S¢ = / (BoEq + Z_GQGEG7> Fo=;(R— ceed?) € 50(3,1)

1
6Bg — Bg = —= (B — eed’)r T = NV V3 Vs

So= o [ (EeEen) = ik [ (B jeed) (B~ feet’))

(RRy) = d{(wdw + ?%a_m_)u_))’ﬁ <+ Chern-Simons
%<§§§§’Y> = —¢€ < volume element
<e_z eR 7> = —¢eR < curvature scalar




Fermionic part of the action
Choosing the anti-Grassmann 3-form to be 153 = Q\PE gives the

massive Dirac action in curved spacetime

s,= [ (8E) = [ (8DY¥)
= / (eWe(d¥ +H ¥ — VH,))

= [(e¥e((d+ Jo+ leo+ W+ BT~ B+ By + 28 +9)))
v

/dia: e (U (e,)' (8, + iwi“”ny\I_f + W;¥ + By,
+ Qw; + By, + V2,8 + Vg,) + U V)

The ¥ ¢ ¥ is the standard Higgs mass term.
The ¥+#W¥z,®term... | don't understand yet — promising for CKM.



E8 Theory summary
Everything in an E8 principal bundle connection,
A < e8
Periodic table of interactions (Feynman vertices) from curvature,
F=dA+;[A, A
described by the E8 root polytope. Three generations through triality,
Te=pu Twu=T T'r=e
Pati-Salam SU(2); x SU(2), x SU(4)GUT and MM gravity together,

S [(BE+BoBoy+ BB
No free parameters — masses from Higgs VEV's,

3 3
g1 — 5 g, =1 g3=1 A:ZC/ﬁQ Gy P71, P ...

Everything is pure geometry, and it's very beautiful.



E8 Theory discussion

e Quantization
o Coupling constants run.
= Large A compatible with UV fixed point.
o Just a connection — amenable to LQG, spin foams, etc.
o Understand triality-generation relationship better
o Possible collapse or mixing to graviweak SL(2, C).

o The role of w 4+ x ®and symmetry breaking.

o Getting the CKMPMNS matrix would be nice.
e Why is the action what it is?

o Pulling e out and putting it into F'xF and Jg seems weird.
= Why e ¢ simple?
= Four dimensional base manifold emergent?
What this theory will mean, if it all works:
e Combines standard model with gravity — with LQG, it's a T.o.E.
e Our universe is very pretty.

http://deferentialgeometry.org Garrett Lisi



http://deferentialgeometry.org/

BRST extended connection

Start with E'8 principal bundle connection and its curvature,
A=H+Y F=(dH+HH+YY)+(dY+HY +YH)

Action such that W part is pure gauge,
S = /<§E + %EGEGV_'_ B'xB')

BRST: Replace ¥ part with ghosts, V¥, in extended connection,
A=H+V F = (dH+HH) + (d¥ + [H,¥]) = Fy + DY

Effective action for gauge fields, ghosts, and anti-ghosts:

S= [(BE+7CB:Bey+ BB




Geometry of Yang-Mills theory

Start with a Lie group manifold (torsor), GG, coordinatized by yP”.
Two sets of invariant vector fields (symmetries, Killing vector fields).

L) dg =Tygy)  ER(y)dg = g(y) T,

: s ISR ¢R] C¢R
Lie derivative: [{}, 7] = CABO§C
Lie bracket: T,,Tgl =C B To
Killing form (Minkowski metric): g,p = C CD C BDC T
Maurer-Cartan form (frame): T =dyP(N)T,

Entire space of a principal bundle: E ~ M x G
Ehresmann principal bundle connection over patches of E:

- N ~ E G, G
E(a,y) = da' A, P(z) €L(y) + dy"d, 5
H
Gauge field connection over M: m‘/i/

A(z) = 07 €T = da' A P(z) T |
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The Coleman-Mandula theorem

Let G be a connected symmetry group of the S matrix, and
let the following five conditions hold: (1) G contains a
subgroup locally isomorphic to the Poincaré group. (2)...
Then, we show that G is necessarily locally isomorphic to the
direct product of an internal symmetry group and the
Poincaré group.

E8 Theory does not allow a subgroup locally isomorphic to the Poincare
group. The S matrix only exists as an approximation, in which the
theorem is satisfied.
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