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Abstract

This biennial Review summarizes much of particle physics. Using data from previous editions, plus 2633 new
measurements from 689 papers, we list, evaluate, and average measured properties of gauge bosons, leptons, quarks,
mesons, and baryons. We also summarize searches for hypothetical particles such as Higgs bosons, heavy neutrinos,
and supersymmetric particles. All the particle properties and search limits are listed in Summary Tables. We also
give numerous tables, figures, formulae, and reviews of topics such as the Standard Model, particle detectors,
probability, and statistics. Among the 110 reviews are many that are new or heavily revised including those on
CKM quark-mixing matrix, Vud & Vus, Vcb & Vub, top quark, muon anomalous magnetic moment, extra dimensions,
particle detectors, cosmic background radiation, dark matter, cosmological parameters, and big bang cosmology.

A booklet is available containing the Summary Tables and abbreviated versions of some of the other sections of
this full Review. All tables, listings, and reviews (and errata) are also available on the Particle Data Group website:
http://pdg.lbl.gov.
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HIGHLIGHTS OF THE 2006 EDITION OF THE REVIEW OF PARTICLE PHYSICS

• 689 new papers with 2633 new measurements.

• Complete rearrangement of the neutrino list-
ings, including a neutrino mixing section that
now contains measurements of the mixing an-
gles and mass differences in the three-neutrino
framework.

• Latest from B-meson physics: 186 papers with
780 measurements: CP violation, mixing,
polarization in B decays, determination of Vcb,
and Vub etc.

• Latest high precision KL branching ratios and
CP violation amplitudes.

• Major improvements in K�3 form factors data
and review.

• Many new results in the sections on strongly-
decaying mesons: 140 papers with 717 mea-
surements.

COLOR VERSIONS OF MANY FIGURES AVAILABLE AT END OF BOOK.

• 110 reviews (most are revised or new).

• New review on the “CKM quark-mixing ma-
trix”.

• New reviews on “Determination of Vcb, Vub,”
and “Vud, Vus, Cabibbo angle and CKM
unitarity.”

• New review on muon anomalous magnetic
moment (g-2).

• New review of extra-dimensions.

• Updated astroparticle physics reviews includ-
ing WMAP3 results.

• Major update of the top quark review.

• Revised “Quark Model” review with new
section on lattice QCD.

• New and revised sections in Particle Detec-
tors review, especially on photodetectors and
collider superconducting magnets.
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INTRODUCTION

1. Overview

The Review of Particle Physics and the abbreviated
version, the Particle Physics Booklet, are reviews of the
field of Particle Physics. This complete Review includes a
compilation/evaluation of data on particle properties, called
the “Particle Listings.” These Listings include 2,633 new
measurements from 689 papers, in addition to the 21,926
measurements from 6,415 papers that first appeared in
previous editions [1].

Both books include Summary Tables with our best values
and limits for particle properties such as masses, widths or
lifetimes, and branching fractions, as well as an extensive
summary of searches for hypothetical particles. In addition,
we give a long section of “Reviews, Tables, and Plots” on a
wide variety of theoretical and experimental topics, a quick
reference for the practicing particle physicist.

The Review and the Booklet are published in even-
numbered years. This edition is an updating through
January 2006 (and, in some areas, well into 2006). As
described in the section “Using Particle Physics Databases”
following this introduction, the content of this Review is
available on the World-Wide Web, and is updated between
printed editions (http://pdg.lbl.gov/).

The Summary Tables give our best values of the
properties of the particles we consider to be well established,
a summary of search limits for hypothetical particles, and a
summary of experimental tests of conservation laws.

The Particle Listings contain all the data used to get the
values given in the Summary Tables. Other measurements
considered recent enough or important enough to mention,
but which for one reason or another are not used to get
the best values, appear separately just beneath the data we
do use for the Summary Tables. The Particle Listings also
give information on unconfirmed particles and on particle
searches, as well as short “reviews” on subjects of particular
interest or controversy.

The Particle Listings were once an archive of all
published data on particle properties. This is no longer
possible because of the large quantity of data. We refer
interested readers to earlier editions for data now considered
to be obsolete.

We organize the particles into six categories:
Gauge and Higgs bosons
Leptons
Quarks
Mesons
Baryons
Searches for monopoles, supersymmetry,

compositeness, extra dimensions, etc.
The last category only includes searches for particles that
do not belong to the previous groups; searches for heavy
charged leptons and massive neutrinos, by contrast, are with
the leptons.

In Sec. 2 of this Introduction, we list the main areas of
responsibility of the authors, and also list our large number
of consultants, without whom we would not have been
able to produce this Review. In Sec. 4, we mention briefly
the naming scheme for hadrons. In Sec. 5, we discuss our
procedures for choosing among measurements of particle
properties and for obtaining best values of the properties

from the measurements.
The accuracy and usefulness of this Review depend in

large part on interaction between its users and the authors.
We appreciate comments, criticisms, and suggestions
for improvements of any kind. Please send them to the
appropriate author, according to the list of responsibilities
in Sec. 2 below, or to the LBNL addresses below.

To order a copy of the Review or the Particle Physics
Booklet from North and South America, Australia, and the
Far East, send email to PDG@LBL.GOV

or via the web at:
(http://pdg.lbl.gov/pdgmail)

or write to:
Particle Data Group, MS 50R6008
Lawrence Berkeley National Laboratory
Berkeley, CA 94720-8166, USA

From all other areas, see
(http://weblib.cern.ch/publreq.php)

or write to
CERN Scientific Information Service
CH-1211 Geneva 23
Switzerland

2. Particle Listings responsibilities

* Asterisk indicates the people to contact with questions or
comments about Particle Listings sections.

Gauge and Higgs bosons

γ C. Grab, D.E. Groom∗
Gluons R.M. Barnett,∗ A.V. Manohar
Graviton D.E. Groom∗
W, Z C. Caso,∗ A. Gurtu∗
Higgs bosons K. Hikasa, M.L. Mangano∗
Heavy bosons M. Tanabashi, T. Watari∗
Axions H. Murayama, G. Raffelt∗

Leptons

Neutrinos M. Goodman, R. Miquel,∗ K. Nakamura,
K.A. Olive, A. Piepke, P. Vogel

e, µ J. Beringer,∗ C. Grab
τ K.G. Hayes, K. Mönig∗

Quarks

Quarks R.M. Barnett,∗ A.V. Manohar

Top quark, b′ J.L. Feng,∗ K. Hagiwara

Free quark J. Beringer∗

Mesons
π, η J. Beringer,∗ C. Grab

Unstable mesons C. Amsler, M. Doser,∗ S. Eidelman,
T. Gutsche, J.J. Hernández-Rey, A. Masoni,
S. Navas, C. Patrignani, N.A. Törnqvist

K (stable) G. D’Ambrosio, T.G. Trippe∗
D (stable) D. Asner, C.G. Wohl∗
B (stable) Y. Kwon, G. Punzi, J.G. Smith, W.-M. Yao∗

Baryons

Stable baryons C. Grab, C.G. Wohl∗
Unstable baryons D.M. Manley, C.G. Wohl,∗ R.L. Workman
Charmed baryons P.R. Burchat, C.G. Wohl∗
Bottom baryons Y. Kwon, J.G. Smith, G. Punzi, W.-M. Yao∗
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Miscellaneous searches
Monopole D.E. Groom∗
Supersymmetry A. De Gouvea, M.L. Mangano,∗

K.A. Olive, L. Pape
Technicolor M. Tanabashi, J. Terning∗
Compositeness M. Tanabashi, J. Terning∗
Extra Dimensions T. Gherghetta∗, C. Kolda

WIMPs and Other J.L. Feng,∗ K. Hikasa

3. Consultants

The Particle Data Group benefits greatly from the
assistance of some 700 physicists who are asked to verify
every piece of data entered into this Review. Of special value
is the advice of the PDG Advisory Committee which meets
annually and thoroughly reviews all aspects of our operation.
The members of the 2006 committee are:

H. Aihara (Tokyo)
G. Brooijmans (Columbia)
R. Voss (CERN), Chair
M. Whalley (Durham)
P. Zerwas (DESY)

We have especially relied on the expertise of the following
people for advice on particular topics:

• M.N. Achasov (BINP, Novosibirsk)
• S.I. Alekhin (COMPAS Group, IHEP, Protvino)
• F. Ambrosino (Naples Univ.)
• M. Antonelli (INFN, Frascati)
• R. Bailey (CERN)
• J.-L. Basdevant (University of Paris)
• D. Bernard (Ecole Polytechnique, France)
• S. Bethke (MPI, Munich)
• S. Bianco (INFN, Frascati)
• I.I. Bigi (Notre Dame University)
• S. Bilenky (Joint Inst. for Nuclear Research, Dubna)
• M. Billing (Cornell University)
• G.C. Blazey (Northern Illinois University)
• A.E. Bondar (BINP, Novosibirsk)
• T. Browder (University of Hawaii)
• O. Bruening (CERN)
• D. Bryman (TRIUMF)
• G. Buchalla (Munich U.)
• M. Chanowitz (LBNL)
• V. Cirigliano (Caltech)
• F. Close (Oxford University)
• E.D. Commins (University of California, Berkeley)
• A. Correa dos Reis (Rio de Janeiro, CBPF)
• J. Cumalat (Colorado U.)
• P. Denes (LBNL)
• L. Di Ciaccio (LAPP, Annecy)
• R. Dixon (FNAL)
• A. Donnachie (University of Manchester)
• R.J. Donahue (LBNL)
• V.P. Druzhinin (BINP, Novosibirsk)
• G. Eigen (Bergen University)
• J. Elias (FNAL)
• M. Erdmann (RWTH Aachen)
• R. Faccini (University of Rome, Italy)
• A. Fasso (SLAC)
• M. Fidecaro (CERN)

• W. Fischer (Brookhaven National Lab)
• P. Franzini (Rome U. & Frascati)
• S.J. Freedman (University of California, Berkeley)
• H. Fritzsch (Ludwig-Maximilians University, Munich)
• M.A. Furman (LBNL)
• P. Gambino (INFN, Turin)
• T. Gershon (U. of Warwick)
• R. Godang (University of Mississippi)
• M.C. Gonzalez-Garcia (SUNY Stony Brook and IFIC

Valencia)
• E.M. Gullikson (LBNL)
• R. Hagstrom (Argonne National Lab)
• J. Hardy (Texas A&M U.)
• F. Harris (University of Hawaii)
• S. Heinemeyer (CERN)
• B. Holstein (University of Massachusetts)
• G. Isidori (INFN, Frascati)
• P. Janot (CERN)
• J. Jowett (CERN)
• A. Juste (FNAL)
• R.W. Kadel (LBNL)
• S.G. Karshenboim (VNIIM, St-Petersburg)
• R.W. Kenney (LBNL)
• S. Kettell (Brookhaven National Lab)
• J. Konigsberg (University of Florida)
• R. Van Kooten(Indiana University)
• S. Kretzer (BNL)
• A. Kronfeld (FNAL)
• S.-I. Kurokawa (KEK)
• A.S. Kuzmin (BINP, Novosibirsk)
• H. Lacker (LAL-Orsay)
• G. Landsberg (Brown University)
• U. Langenegger (Heidelberg University)
• L. Lellouch (Marseille, CPT)
• K. Lesko (LBNL)
• E.B. Levichev (BINP, Novosibirsk)
• W. Lewis (Los Alamos National Lab)
• A. Limosani (KEK)
• E. Lisi (INFN Bari)
• F. Di Lodovico (University of Lodon)
• I.B. Logashenko (BINP, Novosibirsk)
• O. Long (University of California, Santa Barbara)
• E. Lorenz (MPI Munich)
• V. Luth (SLAC)
• G.R. Lynch (LBNL)
• H. Mahlke-Krüger (Cornell Univeristy, Ithaca)
• S. Malvezzi (INFN Milan)
• B. Meadows (U. of Cinncinnati)
• P.J. Mohr (NIST)
• D. Morgan (Rutherford Appleton Lab)
• B.M.K. Nefkens (University of California, Los Angeles)
• M. Neubert (Cornell University)
• A. Nyffeler (ETH Zuerich)
• S. Olsen (University of Hawaii)
• F. Parodi (University of Genova)
• M. Paulini (Carnegie Mellon University)
• M.R. Pennington (University of Durham)
• A. Pich (Valencia U., IFIC)
• K. Pitts (University of Illinois, Urbana)
• P. Raimondi (INFN, Frascati)
• J. Richman (University of California, Santa Barbara)
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• T. Rizzo (SLAC)
• B.L. Roberts (Boston University)
• J.L. Rosner (University of Chicago)
• P. Roudeau (LAL, Orsay)
• A. Ryd (Cornell U.)
• G. Savard (Argonne Natl. Lab. and U. Chicago)
• G. Schierholz (DESY)
• J.T. Seeman (SLAC)
• S. Sharpe (University of Washington)
• Yu.M. Shatunov (BINP, Novosibirsk)
• B.A. Shwartz (BINP, Novosibirsk)
• P. Skands (FNAL)
• J. Smith (University of Colorado)
• M. Sozzi (Pisa Univ.)
• A. Stocchi (Orsay, LAL)
• S.L. Stone (Syracuse University)
• S.I. Striganov (COMPAS Group, IHEP, Protvino)
• M. Suzuki (LBNL)
• B.N. Taylor (NIST)
• E. Thomson (University of Pennsylvania)
• K.Yu. Todyshev (BINP, Novosibirsk)
• T. Iijima (KEK)
• J.F. de Troconiz (Autonomous University of Madrid)
• G. Unal (LAL, Orsay)
• N. Uraltsev (St. Petersburg, INP)
• R. Voss (CERN)
• A.J. Weinstein (California Institute of Technology)
• C. Weiser (CERN)
• F. Willeke (DESY)
• S. Willenbrock (University of Illinois)
• S. Willocq (University of Massachusetts, Amherst)
• J.E. Wiss (University of Illinois)
• C.Z. Yuan (IHEP, Beijing)
• A.M. Zaitsev (IHEP, Protvino)
• D. Zeppenfeld (University of Karlsruhe, Germany)
• P. Zerwas (DESY)
• C. Zhang (IHEP, Beijing)
• K. Zuber (Oxford University)

4. Naming scheme for hadrons

We introduced in the 1986 edition [2] a new naming
scheme for the hadrons. Changes from older terminology
affected mainly the heavier mesons made of u, d, and s
quarks. Otherwise, the only important change to known
hadrons was that the F± became the D±

s . None of the
lightest pseudoscalar or vector mesons changed names, nor
did the cc or bb mesons (we do, however, now use χc for the
cc χ states), nor did any of the established baryons. The
Summary Tables give both the new and old names whenever
a change has occurred.

The scheme is described in “Naming Scheme for
Hadrons” (p. 108) of this Review.

We give here our conventions on type-setting style.
Particle symbols are italic (or slanted) characters: e−, p,
Λ, π0, KL, D+

s , b. Charge is indicated by a superscript:
B−, ∆++. Charge is not normally indicated for p, n, or
the quarks, and is optional for neutral isosinglets: η or η0.
Antiparticles and particles are distinguished by charge for
charged leptons and mesons: τ+, K−. Otherwise, distinct

antiparticles are indicated by a bar (overline): νµ, t, p, K
0
,

and Σ
+

(the antiparticle of the Σ−).

5. Procedures

5.1. Selection and treatment of data : The Particle
Listings contain all relevant data known to us that are
published in journals. With very few exceptions, we do not
include results from preprints or conference reports. Nor do
we include data that are of historical importance only (the
Listings are not an archival record). We search every volume
of 20 journals through our cutoff date for relevant data. We
also include later published papers that are sent to us by the
authors (or others).

In the Particle Listings, we clearly separate measure-
ments that are used to calculate or estimate values given
in the Summary Tables from measurements that are not
used. We give explanatory comments in many such cases.
Among the reasons a measurement might be excluded are
the following:

• It is superseded by or included in later results.
• No error is given.
• It involves assumptions we question.
• It has a poor signal-to-noise ratio, low statistical

significance, or is otherwise of poorer quality than other
data available.

• It is clearly inconsistent with other results that appear
to be more reliable. Usually we then state the criterion,
which sometimes is quite subjective, for selecting “more
reliable” data for averaging. See Sec. 5.4.

• It is not independent of other results.
• It is not the best limit (see below).
• It is quoted from a preprint or a conference report.

In some cases, none of the measurements is entirely
reliable and no average is calculated. For example, the
masses of many of the baryon resonances, obtained from
partial-wave analyses, are quoted as estimated ranges
thought to probably include the true values, rather than as
averages with errors. This is discussed in the Baryon Particle
Listings.

For upper limits, we normally quote in the Summary
Tables the strongest limit. We do not average or combine
upper limits except in a very few cases where they may be
re-expressed as measured numbers with Gaussian errors.

As is customary, we assume that particle and antiparticle
share the same spin, mass, and mean life. The Tests of
Conservation Laws table, following the Summary Tables,
lists tests of CPT as well as other conservation laws.

We use the following indicators in the Particle Listings
to tell how we get values from the tabulated measurements:

• OUR AVERAGE—From a weighted average of selected
data.

• OUR FIT—From a constrained or overdetermined multi-
parameter fit of selected data.

• OUR EVALUATION—Not from a direct measurement, but
evaluated from measurements of related quantities.

• OUR ESTIMATE—Based on the observed range of the
data. Not from a formal statistical procedure.

• OUR LIMIT—For special cases where the limit is evaluated
by us from measured ratios or other data. Not from a
direct measurement.

An experimentalist who sees indications of a particle will
of course want to know what has been seen in that region
in the past. Hence we include in the Particle Listings all
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reported states that, in our opinion, have sufficient statistical
merit and that have not been disproved by more reliable
data. However, we promote to the Summary Tables only
those states that we feel are well established. This judgment
is, of course, somewhat subjective and no precise criteria can
be given. For more detailed discussions, see the minireviews
in the Particle Listings.

5.2. Averages and fits : We divide this discussion
on obtaining averages and errors into three sections:
(1) treatment of errors; (2) unconstrained averaging;
(3) constrained fits.

5.2.1. Treatment of errors: In what follows, the “error”
δx means that the range x ± δx is intended to be a 68.3%
confidence interval about the central value x. We treat
this error as if it were Gaussian. Thus when the error is
Gaussian, δx is the usual one standard deviation (1σ). Many
experimenters now give statistical and systematic errors
separately, in which case we usually quote both errors, with
the statistical error first. For averages and fits, we then add
the the two errors in quadrature and use this combined error
for δx.

When experimenters quote asymmetric errors (δx)+

and (δx)− for a measurement x, the error that we use
for that measurement in making an average or a fit with
other measurements is a continuous function of these three
quantities. When the resultant average or fit x is less than
x−(δx)−, we use (δx)−; when it is greater than x+(δx)+, we
use (δx)+. In between, the error we use is a linear function
of x. Since the errors we use are functions of the result, we
iterate to get the final result. Asymmetric output errors are
determined from the input errors assuming a linear relation
between the input and output quantities.

In fitting or averaging, we usually do not include
correlations between different measurements, but we try
to select data in such a way as to reduce correlations.
Correlated errors are, however, treated explicitly when there
are a number of results of the form Ai ± σi ± ∆ that have
identical systematic errors ∆. In this case, one can first
average the Ai±σi and then combine the resulting statistical
error with ∆. One obtains, however, the same result by
averaging Ai ± (σ2

i + ∆2
i )

1/2, where ∆i = σi∆[
∑

(1/σ2
j )]

1/2.
This procedure has the advantage that, with the modified
systematic errors ∆i, each measurement may be treated
as independent and averaged in the usual way with other
data. Therefore, when appropriate, we adopt this procedure.
We tabulate ∆ and invoke an automated procedure that
computes ∆i before averaging and we include a note saying
that there are common systematic errors.

Another common case of correlated errors occurs when
experimenters measure two quantities and then quote the
two and their difference, e.g., m1, m2, and ∆ = m2 − m1.
We cannot enter all of m1, m2 and ∆ into a constrained fit
because they are not independent. In some cases, it is a good
approximation to ignore the quantity with the largest error
and put the other two into the fit. However, in some cases
correlations are such that the errors on m1, m2 and ∆ are
comparable and none of the three values can be ignored. In
this case, we put all three values into the fit and invoke an
automated procedure to increase the errors prior to fitting
such that the three quantities can be treated as independent
measurements in the constrained fit. We include a note
saying that this has been done.

5.2.2. Unconstrained averaging: To average data, we use
a standard weighted least-squares procedure and in some
cases, discussed below, increase the errors with a “scale
factor.” We begin by assuming that measurements of a given
quantity are uncorrelated, and calculate a weighted average
and error as

x ± δx =

∑
iwi xi∑
i wi

± (
∑

iwi )−1/2 , (1)

where
wi = 1/(δxi)

2 .

Here xi and δxi are the value and error reported by the
ith experiment, and the sums run over the N experiments.
We then calculate χ2 =

∑
wi(x − xi)

2 and compare it
with N − 1, which is the expectation value of χ2 if the
measurements are from a Gaussian distribution.

If χ2/(N − 1) is less than or equal to 1, and there are no
known problems with the data, we accept the results.

If χ2/(N − 1) is very large, we may choose not to use the
average at all. Alternatively, we may quote the calculated
average, but then make an educated guess of the error, a
conservative estimate designed to take into account known
problems with the data.

Finally, if χ2/(N − 1) is greater than 1, but not greatly
so, we still average the data, but then also do the following:

(a) We increase our quoted error, δx in Eq. (1), by a
scale factor S defined as

S =
[
χ2/(N − 1)

]1/2
. (2)

Our reasoning is as follows. The large value of the χ2 is
likely to be due to underestimation of errors in at least one
of the experiments. Not knowing which of the errors are
underestimated, we assume they are all underestimated by
the same factor S. If we scale up all the input errors by this
factor, the χ2 becomes N − 1, and of course the output error
δx scales up by the same factor. See Ref. 3.

When combining data with widely varying errors, we
modify this procedure slightly. We evaluate S using only the
experiments with smaller errors. Our cutoff or ceiling on δxi

is arbitrarily chosen to be

δ0 = 3N1/2 δx ,

where δx is the unscaled error of the mean of all the
experiments. Our reasoning is that although the low-
precision experiments have little influence on the values x
and δx, they can make significant contributions to the χ2,
and the contribution of the high-precision experiments thus
tends to be obscured. Note that if each experiment has the
same error δxi, then δx is δxi/N

1/2, so each δxi is well
below the cutoff. (More often, however, we simply exclude
measurements with relatively large errors from averages and
fits: new, precise data chase out old, imprecise data.)

Our scaling procedure has the property that if there
are two values with comparable errors separated by much
more than their stated errors (with or without a number of
other values of lower accuracy), the scaled-up error δ x is
approximately half the interval between the two discrepant
values.

We emphasize that our scaling procedure for errors in
no way affects central values. And if you wish to recover the
unscaled error δx, simply divide the quoted error by S.
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(b) If the number M of experiments with an error smaller
than δ0 is at least three, and if χ2/(M − 1) is greater than
1.25, we show in the Particle Listings an ideogram of the
data. Figure 1 is an example. Sometimes one or two data
points lie apart from the main body; other times the data
split into two or more groups. We extract no numbers from
these ideograms; they are simply visual aids, which the
reader may use as he or she sees fit.

WEIGHTED AVERAGE
0.006 ± 0.018 (Error scaled by 1.3)

FRANZINI 65 HBC 0.2
BALDO-... 65 HLBC
AUBERT 65 HLBC 0.1
FELDMAN 67B OSPK 0.3
JAMES 68 HBC 0.9
LITTENBERG 69 OSPK 0.3
BENNETT 69 CNTR 1.1
CHO 70 DBC 1.6
WEBBER 71 HBC 7.4
MANN 72 HBC 3.3
GRAHAM 72 OSPK 0.4
BURGUN 72 HBC 0.2
MALLARY 73 OSPK 4.4
HART 73 OSPK 0.3
FACKLER 73 OSPK 0.1
NIEBERGALL 74 ASPK 1.3
SMITH 75B WIRE 0.3

χ2

      22.0
(Confidence Level = 0.107)

−0.4 −0.2 0 0.2 0.4 0.6

Figure 1: A typical ideogram. The arrow at the top
shows the position of the weighted average, while the
width of the shaded pattern shows the error in the
average after scaling by the factor S. The column
on the right gives the χ2 contribution of each of the
experiments. Note that the next-to-last experiment,
denoted by the incomplete error flag (⊥), is not used
in the calculation of S (see the text).

Each measurement in an ideogram is represented by
a Gaussian with a central value xi, error δxi, and area
proportional to 1/δxi. The choice of 1/δxi for the area is
somewhat arbitrary. With this choice, the center of gravity
of the ideogram corresponds to an average that uses weights
1/δxi rather than the (1/δxi)

2 actually used in the averages.
This may be appropriate when some of the experiments
have seriously underestimated systematic errors. However,
since for this choice of area the height of the Gaussian for
each measurement is proportional to (1/δ xi)

2, the peak
position of the ideogram will often favor the high-precision
measurements at least as much as does the least-squares
average. See our 1986 edition [2] for a detailed discussion of
the use of ideograms.

5.2.3. Constrained fits: In some cases, such as branching
ratios or masses and mass differences, a constrained fit may
be needed to obtain the best values of a set of parameters.
For example, most branching ratios and rate measurements
are analyzed by making a simultaneous least-squares fit to
all the data and extracting the partial decay fractions Pi,
the partial widths Γi, the full width Γ (or mean life), and the
associated error matrix.

Assume, for example, that a state has m partial decay
fractions Pi, where

∑
Pi = 1. These have been measured

in Nr different ratios Rr, where, e.g., R1 = P1/P2, R2

= P1/P3, etc. [We can handle any ratio R of the form∑
αi Pi/

∑
βi Pi, where αi and βi are constants, usually 1 or

0. The forms R = PiPj and R = (PiPj)
1/2 are also allowed.]

Further assume that each ratio R has been measured by Nk

experiments (we designate each experiment with a subscript
k, e.g., R1k). We then find the best values of the fractions Pi

by minimizing the χ2 as a function of the m− 1 independent
parameters:

χ2 =
Nr∑
r=1

Nk∑
k=1

(
Rrk − Rr

δRrk

)2

, (3)

where the Rrk are the measured values and Rr are the fitted
values of the branching ratios.

In addition to the fitted values P i, we calculate an error
matrix 〈δP i δP j〉. We tabulate the diagonal elements of

δ P i = 〈δ P i δ P i〉1/2 (except that some errors are scaled
as discussed below). In the Particle Listings, we give the
complete correlation matrix; we also calculate the fitted
value of each ratio, for comparison with the input data,
and list it above the relevant input, along with a simple
unconstrained average of the same input.

Three comments on the example above:
(1) There was no connection assumed between mea-

surements of the full width and the branching ratios. But
often we also have information on partial widths Γi as well
as the total width Γ. In this case we must introduce Γ
as a parameter in the fit, along with the Pi, and we give
correlation matrices for the widths in the Particle Listings.

(2) We try to pick those ratios and widths that are as
independent and as close to the original data as possible.
When one experiment measures all the branching fractions
and constrains their sum to be one, we leave one of them
(usually the least well-determined one) out of the fit to make
the set of input data more nearly independent. We now do
allow for correlations between input data.

(3) We calculate scale factors for both the Rr and
Pi when the measurements for any R give a larger-than-
expected contribution to the χ2. According to Eq. (3), the
double sum for χ2 is first summed over experiments k = 1
to Nk, leaving a single sum over ratios χ2 =

∑
χ2

r . One
is tempted to define a scale factor for the ratio r as S2

r =
χ2

r/〈χ2
r〉. However, since 〈χ2

r〉 is not a fixed quantity (it is
somewhere between Nk and Nk−1), we do not know how to
evaluate this expression. Instead we define

S2
r =

1

Nk

Nk∑
k=1

(
Rrk − Rr

)2

〈(Rrk − Rr)2〉
. (4)

With this definition the expected value of S2
r is one. We can

show that

〈(Rrk − Rr)
2〉 = (δRrk)

2 − (δRr)
2 , (5)

where δRr is the fitted error for ratio r.
The fit is redone using errors for the branching ratios

that are scaled by the larger of Sr and unity, from which new

and often larger errors δP
′
i are obtained. The scale factors

we finally list in such cases are defined by Si = δP
′
i/δP i.

However, in line with our policy of not letting S affect the
central values, we give the values of P i obtained from the
original (unscaled) fit.
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There is one special case in which the errors that are
obtained by the preceding procedure may be changed. When
a fitted branching ratio (or rate) P i turns out to be less than

three standard deviations (δP
′
i ) from zero, a new smaller

error (δP
′′
i )− is calculated on the low side by requiring

the area under the Gaussian between P i − (δ P
′′
i )− and P i

to be 68.3% of the area between zero and P i. A similar
correction is made for branching fractions that are within
three standard deviations of one. This keeps the quoted
errors from overlapping the boundary of the physical region.

5.3. Rounding : While the results shown in the Particle
Listings are usually exactly those published by the exper-
iments, the numbers that appear in the Summary Tables
(means, averages and limits) are subject to a set of rounding
rules.

The basic rule states that if the three highest order
digits of the error lie between 100 and 354, we round to
two significant digits. If they lie between 355 and 949, we
round to one significant digit. Finally, if they lie between
950 and 999, we round up to 1000 and keep two significant
digits. In all cases, the central value is given with a precision
that matches that of the error. So, for example, the result
(coming from an average) 0.827 ± 0.119 would appear as
0.83 ± 0.12, while 0.827 ± 0.367 would turn into 0.8 ± 0.4.

Rounding is not performed if a result in a Summary Table
comes from a single measurement, without any averaging.
In that case, the number of digits published in the original
paper is kept, unless we feel it inappropriate. Note that,
even for a single measurement, when we combine statistical
and systematic errors in quadrature, rounding rules apply
to the result of the combination. It should be noted also
that most of the limits in the Summary Tables come from a
single source (the best limit) and, therefore, are not subject
to rounding.

Finally, we should point out that in several instances,
when a group of results come from a single fit to a set of
data, we have chosen to keep two significant digits for all the
results. This happens, for instance, for several properties of
the W and Z bosons and the τ lepton.

5.4. Discussion : The problem of averaging data
containing discrepant values is nicely discussed by Taylor in
Ref. 4. He considers a number of algorithms that attempt
to incorporate inconsistent data into a meaningful average.
However, it is difficult to develop a procedure that handles
simultaneously in a reasonable way two basic types of
situations: (a) data that lie apart from the main body of the
data are incorrect (contain unreported errors); and (b) the
opposite—it is the main body of data that is incorrect.
Unfortunately, as Taylor shows, case (b) is not infrequent.
He concludes that the choice of procedure is less significant
than the initial choice of data to include or exclude.

We place much emphasis on this choice of data. Often we
solicit the help of outside experts (consultants). Sometimes,
however, it is simply impossible to determine which of
a set of discrepant measurements are correct. Our scale-
factor technique is an attempt to address this ignorance by
increasing the error. In effect, we are saying that present
experiments do not allow a precise determination of this
quantity because of unresolvable discrepancies, and one
must await further measurements. The reader is warned of
this situation by the size of the scale factor, and if he or
she desires can go back to the literature (via the Particle

Listings) and redo the average with a different choice of data.
Our situation is less severe than most of the cases Taylor

considers, such as estimates of the fundamental constants
like �, etc. Most of the errors in his case are dominated by
systematic effects. For our data, statistical errors are often
at least as large as systematic errors, and statistical errors
are usually easier to estimate. A notable exception occurs in
partial-wave analyses, where different techniques applied to
the same data yield different results. In this case, as stated
earlier, we often do not make an average but just quote a
range of values.

A brief history of early Particle Data Group averages
is given in Ref. 3. Figure 2 shows some histories of our
values of a few particle properties. Sometimes large changes
occur. These usually reflect the introduction of significant
new data or the discarding of older data. Older data are
discarded in favor of newer data when it is felt that the newer
data have smaller systematic errors, or have more checks
on systematic errors, or have made corrections unknown
at the time of the older experiments, or simply have much
smaller errors. Sometimes, the scale factor becomes large
near the time at which a large jump takes place, reflecting
the uncertainty introduced by the new and inconsistent data.
By and large, however, a full scan of our history plots shows
a dull progression toward greater precision at central values
quite consistent with the first data points shown.

We conclude that the reliability of the combination of
experimental data and our averaging procedures is usually
good, but it is important to be aware that fluctuations
outside of the quoted errors can and do occur.
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Figure 2: A historical perspective of values of a few particle properties tabulated in this Review as a function of date of
publication of the Review. A full error bar indicates the quoted error; a thick-lined portion indicates the same but without
the “scale factor.”
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ONLINE PARTICLE PHYSICS INFORMATION

Revised September 2005 by P. Kreitz (SLAC) with the substantial
assistance in the Physics Education Section from L. Wolf (SLAC).

This annotated list provides a highly selective set of online
resources that are useful to the particle physics community. It
describes the scope, size, and organization of the resources so that
efficient choices can be made amongst many sites which may appear
similar. A resource is excluded if it provides information primarily
of interest to only one institution. Because this list must be fixed
in print, it is important to consult the updated version of this
compilation which includes newly added resources and hypertext links
to more complete information at:

http://www.slac.stanford.edu/library/pdg/

Accelerator physics resources have not been included but will be
referenced in the next edition of this work.

My thanks to Betty Armstrong and Piotr Zyla, Particle Data
Group, Travis Brooks and Kim Sutton, SLAC Library, and the many
particle physics Web site and database maintainers who have all given
me their generous assistance. Please send comments and corrections
by e-mail to pkreitz@slac.stanford.edu.

1. Particles & Properties Data:

• REVIEW OF PARTICLE PHYSICS (RPP): A biennial compre-
hensive review summarizing much of the known data about the
field of particle physics produced by the international Particle
Data Group (PDG). Includes a compilation/evaluation of data on
particle properties, summary tables with best values and limits for
particle properties, extensive summaries of searches for hypotheti-
cal particles, and a long section of reviews, tables, and plots on a
wide variety of theoretical and experimental topics of interest to
particle and astrophysicists. The linked table of contents provides
access to particle listings, reviews, summary tables, errata, indices,
etc. The current printed version is S. Eidelman, et al., Physics
Letters B592, 1 (2004). On the web there is a partial update for
the 2006 edition at:

http://pdg.lbl.gov/

• PARTICLE PHYSICS BOOKLET: A pocket-sized 300-page
booklet containing the Summary Tables and abbreviated versions
of some of the other sections of the full Review of Particle Physics.
This is extracted from the most recent edition of the full Review of
Particle Physics. Contains images in an easy-to-read print useful
for classroom studies. The next edition will be Summer 2006.
Until the new edition is published and available via the Web,
students, teachers, and researchers should use the full Review of
Particle Physics:

http://pdg.lbl.gov/

• COMPUTER-READABLE FILES: Currently available from the
PDG: Tables of masses, widths, and PDG Monte Carlo particle
numbers and cross-section data, including hadronic total and
elastic cross sections vs laboratory momenta, and total center-of
mass energy. The PDG Monte Carlo particle numbering scheme
has been updated for the recent edition of the RPP and are also
available as a MobileDB database. Palm Pilot products include
physical constants, astrophysical constants and particle properties.
These files are is updated in even-numbered years coinciding with
the production of the Review of Particle Physics:

http://pdg.lbl.gov/2005/html/computer read.html

• PARTICLE PHYSICS DATA SYSTEM: This site contains an
indexed bibliography of particle physics (1895–1995), a database
of computerized numerical data extracted from experimental
publications, and an index of papers (1895–present) that contain
experimental data or data analyses. The Web interface permits
simple searching for compilations of integrated cross-section data.
The search interface for numerical data on observables in reactions
(ReacData or RD), is under construction. Maintained by the
COMPAS group at IHEP:

http://wwwppds.ihep.su:8001/ppds.html

• HEPDATA: REACTION DATA DATABASE: A part of the
HEPDATA databases at University of Durham/RAL, this
database is compiled by the Durham Database Group (UK) with
help from the COMPAS Group (Russia) for the PDG. Contains
numerical values of HEP reaction data such as total and differential
cross sections, fragmentation functions, structure functions, and
polarization measurements from a wide range of experiments.
Updated at regular intervals. Provides data reviews which contain
precompiled reviewed data such as ‘Structure Functions in
DIS’, ‘Single Photon Production in Hadronic Interactions’, and
‘Drell-Yan Cross Sections’:

http://durpdg.dur.ac.uk/HEPDATA/REAC

• NIST PHYSICS LABORATORY: This unit of the National
Institute of Standards and Technology provides measurement
services and research for electronic, optical, and radiation
technologies. Three sub-pages, on Physical Reference Data,
on Constants, Units & Uncertainty, and on Measurements &
Calibrations, are extremely useful. Additional links to other
physical properties and data of tangential interest to particle
physics are also available from this page:

http://physics.nist.gov/

2. Collaborations & Experiments:

• EXPERIMENTS Database: Contains more than 2,400 past,
present, and future experiments in elementary particle physics.
Lists both accelerator and non-accelerator experiments. Includes
official experiment name and number, location, spokespersons
and collaboration lists. Simple searches by: participant, title,
experiment number, institution, date approved, accelerator, or
detector, return a result that fully describes the experiment,
including a complete list of authors, title, description of the
experiment’s goals and methods, and a link to the experiment’s
Web page if available. Publication lists distinguish articles in
refereed journals, theses, technical or instrumentation papers, and
those which make the Topcite at 50+ subsequent citations or more:

http://www.slac.stanford.edu/spires/experiments/

• HIGH ENERGY PHYSICS EXPERIMENTS: A HEPiC page
of links to experimental collaboration Web pages. Experiments
are arranged alphabetically by name or number under 18 major
laboratories or in a miscellaneous group of ‘Others’:

http://www.hep.net/experiments/all sites.html

• COSMIC RAY/GAMMA RAY/NEUTRINO AND SIMILAR
EXPERIMENTS: This is an extensive collection of experimental
Web sites organized by focus of study and also by location.
Additional sections link to educational materials, organizations
and related Web sites, etc. Maintained at the Max Planck Institute
for Nuclear Physics by Konrad Bernlöhr:

www.mpi-hd.mpg.de/hfm/CosmicRay/CosmicRaySites.html

3. Conferences:

• CONFERENCES: Database of more than 13,700 past, present and
future conferences, schools, and meetings of interest to high-energy
physics and related fields. Covers 1973 to the future. Each year
lists more than 500 events. Search or browse by title, acronym,
date, location. Includes information about published proceedings,
links to submitted papers from the SPIRES-HEP database, and
links to the conference Web site when available. Links to a form
with which one can submit a new conference or edit an existing
one:
http://www.slac.stanford.edu/spires/conferences/

additions.shtml

to submit a new conference. Can also search for any conferences
occurring by day, month, quarter, or year:
http://www.slac.stanford.edu/spires/conferences/

• CONFERENCES AND CONFERENCES: Lists 150+ current
meetings in many fields of physics. Provides post-conference
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information such as proceedings, etc., in a second list at the
end of the subject categories of conferences. Browse through
an ASCII list of all conferences or specialized lists arranged by
topic: particles/nuclei, quantum, condensed matter, mathematical,
interdisciplinary physics, and related fields. Includes links to the
conference Web page and the contact. Provides a useful set of
links to universities, laboratories and institutions which host major
conferences and/or schools:
http://www.physics.umd.edu/robot/confer/confmenu.html

• CERN & HEP EVENTS: A list of current and upcoming
conferences, schools, workshops, etc., of interest to high-energy
physicists. Organized by year and then by date. Covers from 1993
to 2010. Includes about 27,000 events. To post an event to this
list use the Web form at:

http://cdsweb.cern.ch/events/

• EUROPHYSICS MEETINGS LIST: Maintained by the European
Physical Society, this lists in chronological order all the current and
future meetings, workshops, schools, etc., organized or sponsored
by EPS or organized in conjunction with an EPS-sponsored group.
Provides a PDF form to electronically submit a notice of a new
conference or to print and mail to EPS:

http://www.eps.org/ephconf.html

• PHYSICSWEB EVENTS: Part of the Institute of Physics (IOP)
Web site, this site contains approximately a hundred entries for
the current year’s meetings, workshops, exhibitions and schools.
Fills a gap by covering smaller conferences and workshops around
the world. Searchable by type of event, e.g., school, workshop, or
by date or free text words. Provides a Web form and email address
for adding a conference and for signing up to receive email notices
of new events added:

http://physicsweb.org/events/

4. Current Notices & Announcement Services:

• See also the conference and event sites above for links to email
notification services or event submission forms.

• CURRENT SCIENCE NEWS: Lists news sites from around
the world. A few sites are by subscription and so are labelled
as available to Stanford only but most are free and publically
accessible. Commercial sites often provide headlines and a brief
abstract as a free service and require subscription or payment for
a complete article:

http://www.slac.stanford.edu/library/

eresources/news.html

• E-PRINT ARCHIVES LISTSERV NOTICES: The Cornell-based
E-Print Archives provides daily notices of preprints in the fields of
physics, mathematics, nonlinear sciences, computer science, and
quantitative biology which have been submitted to the archives as
full text electronic documents. Use the Web-accessible listings:

http://arXiv.org/

or subscribe:
http://arXiv.org/help/subscribe

• HEPJOBS DATABASE: Maintained by Fermilab and SLAC
libraries, this database lists jobs in the fields of core interest to the
particle physics and astroparticle physics communities. Use this
page to post a job or to receive email notices of new job listings:

http://www.slac.stanford.edu/spires/jobs/

• INTERACTIONS.ORG: Provides an email newsletter covering par-
ticle physics news and resources from particle physics laboratories
worldwide. Subscribe to Interactions.org Newswire:

http://www.interactions.org/cms/?pid=1000502

• NASA ASTROPHYSICS DATA SYSTEM: This page provides
access to the tables of contents of the most recent issues of selected
journals in the field. It permits the user to select which titles are
shown and eliminates the ones the user has already read:

http://adsabs.harvard.edu/custom toc.html

• PREPRINTS IN PARTICLES AND FIELDS (PPF): A weekly
listing averaging 250 new preprints in particle physics and related
fields. Contains bibliographic listings for and, in the Web version,
full text links to, the new preprints received by and cataloged into
the SPIRES High-Energy Physics (HEP) database. Includes that
week’s titles from the e-print archives as well as preprints and
articles received from other sources. Directions for subscribing to
an email version can be found on the page listing the most recent
week’s preprints:
http://www.slac.stanford.edu/library/documents/

newppf.html

• PSIGATE PHYSICS GATEWAY: IoP News and Jobs: Newsfeeds
containing the latest jobs and news from the Institute of Physics’
(IoP) PhysicsWeb with news headlines from Optics.org, Fibers.org
and Nanotechweb.org:

http://www.psigate.ac.uk/newsite/awareness iop.html

Note: Use the library pages in Section 5.3 below to find additional
announcement lists for recently received preprints, books, and
proceedings. Use the online journal links in Section 7 below for journal
table of contents.

5. Directories:

5.1. Directories—Research Institutions:
• HEP and Astrophysics INSTITUTIONS: SPIRES database of

over 6,500 high-energy physics and astroparticle physics institutes,
laboratories, and university departments in which research on
particle physics is performed. Covers six continents and over a
hundred countries. Provides an alphabetical list by country or
an interface that is searchable by name, acronym, location, etc.
Includes address, phone and fax numbers, e-mail address, and
Web links where available. Has links to the recent HEP papers
from each institution. Maintained by SLAC, DESY and Fermilab
libraries.

For the list of institutions by country:
http://www.slac.stanford.edu/spires/

institutions/online institutions.shtml

To search the Institutions database:
http://www.slac.stanford.edu/spires/institutions/

• HEP INSTITUTES: Contains almost a thousand institutional
addresses used in the CERN Library catalog. Includes, where
available, the following: phone and fax numbers; e-mail addresses;
and Web links. Provides free text searching and result sorting by
organization, country, or town:

http://cdsweb.cern.ch/?c=HEP%20Institutes

• MISCELLANEOUS SITES OF COSMIC-RAY AND ASTROPAR-
TICLE RESEARCH: A listing by continent or region alphabetical
listing of institutions involved in astroparticle physics and cosmic-
ray research. Part of a lengthy website covering Cosmic Ray,
Gamma Ray, Neutrino and Similar Experiments:

http://www.mpi-hd.mpg.de/hfm/CosmicRay/

CosmicRaySites.html

• TOP 500 HEP AND ASTROPHYSICS INSTITUTIONS BY
COUNTRY: Lists the 500 major HEP-related organizations and
universities that have published the most papers in the past five
years, as identified from the SPIRES HEP Database. Provides
active links to the home pages and full INSTITUTIONS database
records. Listed by country, and then alphabetically by institution:

http://www.slac.stanford.edu/spires/inst/

major.shtml
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5.2. Directories—People:
• HEPNAMES: Searchable worldwide database of over 42,000 people

associated with particle physics, astroparticle physics, synchrotron
radiation, and related fields. Provides e-mail addresses, country
in which the person is currently working, and a SPIRES HEP
database search for their papers. If the person has supplied the
following information, it lists the countries in which they did their
undergraduate and graduate work, their url, and their graduate
students. It also provides listings of Nobel Laureates, country
statistics, Lab Directors, etc.:

http://www.slac.stanford.edu/spires/hepnames/

• HEP VIRTUAL PHONEBOOK: A list of links to phonebooks
and directories of high-energy physics sites and collaborations
around the world organized by site. Often provides links to more
specialized phone or e-mail listings, such as a department within a
university, visiting scientists, or postdocs. Some phonebooks may
require passwords or other authentication to access. Maintained
by HEPiC, and many linked phonebooks are still active, however
this web site was last updated in 2002:

http://www.hep.net/sites/directories.html

• US-HEPFOLK DIRECTORY: A searchable directory and census
of U.S. particle physicists updated annually. Contains more
than 4,000 U.S. physicists. Searchable by first or last name, by
affiliation, and/or by email address. Includes data on the most
recent survey results and historical data back to 1995:

http://hepfolk.lbl.gov

5.3. Directories—Libraries:
• Argonne National Laboratory (ANL) Library:

http://www.library.anl.gov/

• Brookhaven National Laboratory (BNL) Library:
http://inform.bnl.gov/RESLIB/reslib.html

• (CERN) European Organization for Nuclear Research Library:
http://library.cern.ch/

• Deutsches Elektronen-Synchrotron (DESY) Library:
http://www.desy.de/html/infodienste/bibliothek.html

• Fermi National Accelerator Laboratory (Fermilab) Library:
http://lss.fnal.gov/ird/index.html

• Idaho National Engineering and Environmental Laboratory
(INEEL) Library:

http://www.inel.gov/library/

• (KEK) National Laboratory for High Energy Physics Library:
http://www-lib.kek.jp/top-e.html

• Lawrence Berkeley National Laboratory (LBNL) Library:
http://www-library.lbl.gov/teid/

tmLib/aboutus/LibDefault.htm

• Lawrence Livermore National Laboratory (LLNL) Library:
http://www.llnl.gov/library/

• Los Alamos National Laboratory (LANL) Library:
http://lib-www.lanl.gov/

• Oak Ridge National Laboratory (ORNL) Library:
http://www.ornl.gov/Library/library-home.html

• Pacific Northwest National Laboratory (PNL) Library:
http://libraryweb.pnl.gov

• Sandia National Laboratory Library:
http://www.sandia.gov/news-center/resources/tech-

library/index.html

• Stanford Linear Accelerator Center (SLAC) Library:
http://www.slac.stanford.edu/library

• Thomas Jefferson National Accelerator Facility (JLab) Library:
http://www.jlab.org/IR/library/index.html

5.4. Directories—Publishers:
• DIRECTORY OF PUBLISHERS AND VENDORS: Outstanding

and comprehensive directory of publishers and vendors used by
libraries. Organized by publisher name, by subject (e.g. Science,
Mathematics, and Technology), and by location. Also provides an
email directory.
http://acqweb.library.vanderbilt.edu/acqweb/pubr.html

5.5. Directories—Scholarly Societies:
• American Association for the Advancement of Science:

http://www.aaas.org/

• American Association of Physics Teachers:
http://www.aapt.org/

• American Astronomical Society:
http://www.aas.org

• American Institute of Physics:
http://www.aip.org/

• American Mathematical Society:
http://www.ams.org/

• American Physical Society:
http://www.aps.org

• American Physical Society: Scholarly Societies: Use this list to
find national and international scientific and professional societies:

http://www.aps.org/resources/society.html

• European Physical Society:
http://www.eps.org/publications.html

• IEEE Nuclear and Plasma Sciences Society:
http://ewh.ieee.org/soc/nps/aboutnpss.htm

• Institute of Physics:
http://www.iop.org/

• International Union of Pure and Applied Physics:
http://www.iupap.org/

• Japan Society of Applied Physics:
http://www.jsap.or.jp/english/

• Physical Society of Japan:
http://wwwsoc.nii.ac.jp/jps/

• Physical Society of the Republic of China:
http://psroc.phys.ntu.edu.tw/english/index.html

• SCHOLARLY SOCIETIES PROJECT: Directory of more than
4,000 scholarly and technical societies with links to their Web
sites. Permits searching by subject, country, language, founding
dates, and more. Includes acronyms and indicates when a Web site
contains both its native language and an English-language version
and when it has a permanent URL. Provides direct links to society
meeting and conference announcement lists, standards, and full
text journals. Maintained by the University of Waterloo:
http://www.scholarly-societies.org/

6. E-Prints/Pre-Prints, Papers, & Reports:

• CERN ARTICLES & PREPRINTS: The CERN document server
contains records of more than 600,000 CERN and non-CERN
articles, preprints, theses. Includes records for CERN Yellow
Reports, internal and technical notes, and official CERN committee
documents. Provides access to full text of the documents for about
50 percent of the entries and to the references when available:
http://cdsweb.cern.ch/?c=Articles+%26+Preprints&as=0

• ECONF: Electronic Conference Proceedings Archive: This site
offers a fully electronic, Web-accessible archive for the proceedings
of scientific conferences in High-Energy Physics and related
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fields. Conference editors can use the site tools to prepare and
post an electronic version of their proceedings. Librarians and
other indexers can download metadata from each proceedings.
Researchers can browse an entire proceedings via a table of
contents or search for papers through a link to the SPIRES HEP
Database which indexes the EConf contents:

http://www.slac.stanford.edu/econf/

• HEP DATABASE (SPIRES): Contains over 630,000 bibliographic
records for particle physics articles, including journal papers,
preprints, e-prints, technical reports, conference papers and theses.
Comprehensively indexed with multiple links to full text as well as
links to author and institutional information. Covers 1974 to the
present with substantial older materials added. Updated daily with
links to electronic texts, Durham Reaction Data, Review of Particle
Physics, etc. Searchable by citation, by all authors and authors’
affiliations, title, topic, report number, citation (footnotes), e-print
archive number, date, journal, etc. A joint project of the SLAC
and DESY libraries with the collaboration of Fermilab, Durham
University (UK), KEK, Kyoto University, and many other research
institutions and scholarly societies:

http://www.slac.stanford.edu/spires/hep/

• JACoW: This Joint Accelerator Conference Website is organized
by the editorial boards of the Asian, European and American
Particle Accelerator Conferences and the CYCLOTRONS, DIPAC,
ICALEPCS and LINAC conferences. It contains the full text of all
the papers of these accelerator conferences. Search by conference
name, author, title, keyword or full text of the paper:

http://www.JACoW.org/

• KISS (KEK INFORMATION SERVICE SYSTEM) FOR
PREPRINTS: KEK Library preprint and technical report
database. Contains bibliographic records of preprints and technical
reports held in the KEK library with links to the full text images of
more than 100,000 papers scanned from their worldwide collection
of preprints. Particularly useful for older scanned preprints:

http://www-lib.kek.jp/KISS/kiss prepri.html

• arXiv.org E-PRINT ARCHIVE: The arXiv.org is an automated
electronic repository of full text papers in physics, mathematics,
computer, and nonlinear sciences and cosmology and quantitative
biology. Papers, called pre-prints or e(electronic)-prints, are
usually sent by their authors to arXiv in advance of submission to
a journal for publication. Primarily covers 1991 to the present but
authors are encouraged to post older papers retroactively. Permits
searching by author, title, and keyword in abstract. Allows limiting
by subfield archive or by date:

http://arXiv.org

• NASA ASTROPHYSICS DATA SYSTEM: The ADS Abstract
Service provides a search interface for four bibliographic databases
covering: Astronomy and Astrophysics, Instrumentation, Physics
and Geophysics, and arXiv Preprints. Contains abstracts from
articles and monographs as well as conference proceedings:

http://adsabs.harvard.edu/ads abstracts.html

• PARTICLE PHYSICS DATA SYSTEM—PPDS: A search in-
terface to the bibliography of the print publication A Guide to
Experimental Elementary Particle Physics Literature (LBL-90).
This bibliography covers the published literature of theoretical
and experimental particle physics from 1895 to 1995. The url is
sometimes difficult to reach:

http://wwwppds.ihep.su:8001/ppds.html

• DIRECTORY OF MATHEMATICS PREPRINT AND E-PRINT
SERVERS: Provides the current home page and email contacts for
mathematical preprint and e-print servers throughout the world:

http://www.ams.org/global-preprints/

7. Particle Physics Journals & Reviews:

7.1. Online Journals and Tables of Contents:
Please note, some of these journals, publishers, and reviews may limit
access to subscribers. If you encounter access problems, check with
your institution’s library.
• ADVANCES IN THEORETICAL AND MATHEMATICAL

PHYSICS (ATMP): Bi-monthly electronic and hard copy publi-
cation. Table of contents has links to arXiv.org since this is the
first e-journal to be an overlay to arXiv.org, where papers for this
journal are submitted:

http://www.intlpress.com/journals/ATMP/archive/

• AMERICAN JOURNAL OF PHYSICS: A monthly publication of
the American Association of Physics Teachers on instructional and
cultural aspects of physical science:

http://ojps.aip.org/ajp

• APPLIED PHYSICS LETTERS: Weekly publication of short (3
pages maximum) articles:

http://ojps.aip.org/aplo/

• ASTROPHYSICAL JOURNAL: Published three times a month
by the American Astronomical Society (AAS). See also AAS entry
under Journal Publishers (below):

http://www.journals.uchicago.edu/ApJ/

• CLASSICAL AND QUANTUM GRAVITY: Published 24 times
a year by the Institute of Physics (IOP) covering the fields of
gravitation and spacetime theory:

http://www.iop.org/Journals/cq

• EUROPEAN PHYSICAL JOURNAL A: HADRONS AND
NUCLEI: This monthly journal merges Il Nuovo Cimento A and
Zeitschrift fur Physik A and covers physics and astronomy:

http://www.springerlink.com/

openurl.asp?genre=journal&issn=1434-6001

• EUROPEAN PHYSICAL JOURNAL C: PARTICLES AND
FIELDS: This twice monthly journal is the successor to Zeitschrift
fur Physik C, covering physics and astronomy:

http://www.springerlink.com/openurl.asp?genre=

journal&issn=1434-6044

• INTERNATIONAL JOURNAL OF MODERN PHYSICS C:
PHYSICS AND COMPUTERS: Includes both review and research
articles. Published ten times per year:

http://ejournals.wspc.com.sg/ijmpc/ijmpc.shtml

• INTERNATIONAL JOURNAL OF MODERN PHYSICS D:
GRAVITATION, ASTROPHYSICS AND COSMOLOGY: Includes
both review and research articles. Published ten times per year:

http://ejournals.wspc.com.sg/ijmpd/ijmpd.shtml

• INTERNATIONAL JOURNAL OF MODERN PHYSICS E:
NUCLEAR PHYSICS: Includes both review and research articles.
Bi-monthly:

http://ejournals.wspc.com.sg/ijmpe/ijmpe.shtml

• JAPANESE JOURNAL OF APPLIED PHYSICS: Part 1 is
monthly and covers papers, short notes, and review papers. Part
2 is semi-monthly and publishes letters including a special Express
Letters section:

http://www.ipap.jp/jjap/index.htm

• JOURNAL OF COSMOLOGY AND ASTROPARTICLE
PHYSICS: An electronic peer-reviewed journal created by
the International School for Advanced Studies (SISSA) and the
Institute of Physics. Authors are encouraged to submit media files
to enhance the online versions of articles:

http://jcap.sissa.it/

• JOURNAL OF HIGH ENERGY PHYSICS: Electronic and print
available. Like ATMP, this is a refereed journal written, run,
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and distributed by electronic means. It accepts email submission
notices and ’fetches’ the submitted paper from the arXiv.org
E-print archives:

http://jhep.sissa.it/

• JOURNAL OF PHYSICS G: NUCLEAR AND PARTICLE
PHYSICS: Monthly, published by IOP:

http://www.iop.org/EJ/journal/0954-3899

• JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN: JPSJ
ONLINE: Monthly, online since 1996:

http://jpsj.ipap.jp/

• MODERN PHYSICS LETTERS A: Published 40 times a year,
this contains research papers in gravitation, cosmology, nuclear
physics, and particles and fields. Brief Review section for short
reports on new findings and developments:

http://www.wspc.com.sg/journals/mpla/mpla.html

• NEW JOURNAL OF PHYSICS: Co-owned by the Institute of
Physics and the Deutsche Physikalische Gesellschaft, this journal
is funded by article charges from authors of published papers and
by scholarly societies, NJP is available in a free, electronic form:

http://www.iop.org/EJ/njp

• NUCLEAR INSTRUMENTS AND METHODS IN PHYSICS
RESEARCH A: ACCELERATORS, SPECTROMETERS, DE-
TECTORS, AND ASSOCIATED EQUIPMENT: This journal was
formerly part of Nuclear Instruments and Methods in Physics
Research. Published approximately 36 times per year, this journal
covers instrumentation and large scale facilities:
http://www.sciencedirect.com/science/journal/01689002

• NUCLEAR PHYSICS A: NUCLEAR AND HADRONIC
PHYSICS:
http://www.sciencedirect.com/science/journal/03759474

• NUCLEAR PHYSICS B: PARTICLE PHYSICS, FIELD THE-
ORY, STATISTICAL SYSTEMS, AND MATHEMATICAL
PHYSICS:
http://www.sciencedirect.com/science/journal/05503213

• NUCLEAR PHYSICS B: PROCEEDINGS SUPPLEMENTS:
Publishes proceedings of international conferences and topical
meetings in high-energy physics and related areas:
http://www.sciencedirect.com/science/journal/09205632

• PHYSICAL REVIEW D: PARTICLES, FIELDS, GRAVITATION,
AND COSMOLOGY: Published 24 times a year:

http://prd.aps.org/

• PHYSICAL REVIEW SPECIAL TOPICS – ACCELERATORS
AND BEAMS: A peer-reviewed electronic journal freely available
from the American Physical Society:

http://prst-ab.aps.org/

• PHYSICS LETTERS B: Nuclear and Particle Physics: Published
weekly:

http://www.sciencedirect.com/science/

journal/03702693

• PHYSICS—USPEKHI: English edition of Uspekhi Fizicheskikh
Nauk:

http://ufn.ioc.ac.ru/

• PROGRESS IN PARTICLE AND NUCLEAR PHYSICS: Pub-
lished four times a year. Many, but not all, articles are at a
level suitable for the general nuclear and particle physicist: item
http://www.sciencedirect.com/science/journal/01466410

• PROGRESS OF THEORETICAL PHYSICS: Published monthly
covering all fields of theoretical physics. A supplement is published
roughly quarterly containing either long original or review papers
or collections of papers on specific topics:

http://ptp.ipap.jp/journal/

7.2. Journals – Directories:
• DESY Library Electronic Journals: A comprehensive collection

of up-to-date links to electronic journals of interest to particle
physics. Provides a further link to tables of contents services.
Use the drop down menu of subjects to browse over 350 titles.
Each title includes links to the publisher if available. Some access
may be limited by your local library’s licensing and subscription
agreements:

http://www-library.desy.de/eljnl.html

7.3. Journals – Publishers & Repositories:
• NASA ASTROPHYSICS DATA SYSTEM: Provides free electronic

access to back issues of the Astrophysical Journal, Astrophysical
Journal Letters, and the Astrophysical Journal Supplement Series
and to many other titles. Often a journal allows the ADS to
provide free, full text access after a delay of some period of time
which can be several years:

http://adswww.harvard.edu/

• AIP JOURNAL CENTER: The American Institute of Physics’
top-level page for their electronic journals may be found at:

http://www.aip.org/ojs/service.html

• AMERICAN PHYSICAL SOCIETY: The top-level page for the
APS research journals. From this page one can access their
Physical Review Online Archive (PROLA) search engine which is
free to users:

http://publish.aps.org/

• ELSEVIER SCIENCE: This Web site lists all Elsevier journal
titles alphabetically and also enables browsing by subject field.
First select Physical Sciences and then on the next page you
must select either physics or astronomy (no longer both) and then
subsequently select a sub-field of physics or astronomy:

http://www.elsevier.com/wps/find/journal

browse.cws home

• EUROPEAN PHYSICAL SOCIETY: This is the top-level page
listing the society’s journals:

http://www.eps.org/publications.html

• INSTITUTE OF PHYSICS (IOP): Journals: Information: A list
of the IOP journals organized by subject. A page organized by
title is also available linked to this page:

http://www.iop.org/EJ/S/3/418/main/-list=subject

• SPRINGER PUBLISHING: Physics & Astronomy: From this link,
one can reach a subdiscipline in physics or astronomy:

http://www.springeronline.com/sgw/cda/

frontpage/0,11855,4-10100-0-0-0,00.html

7.4. Review Publications:
• LIVING REVIEWS IN RELATIVITY: A peer-refereed, solely

online physics journal publishing invited reviews covering all areas
of relativity. Provided as a free service to the scientific community.
Published in yearly volumes, although articles appear throughout
the year. Hyperlinks are kept checked and active and reviews are
updated frequently:

http://relativity.livingreviews.org/

• NET ADVANCE OF PHYSICS: A free electronic service providing
review articles and tutorials in an encyclopedic format. Covers all
areas of physics. Includes e-prints, book announcements, full text
of electronic books, and other resources with hypertext links when
available. Welcomes contributions of original review articles:

http://web.mit.edu/redingtn/www/netadv/welcome.html

• PHYSICS REPORTS: A review section for Physics Letters A and
Physics Letters B. Each report deals with one subject. The reviews
are specialized in nature, more extensive than a literature survey
but normally less than book length:
http://www.sciencedirect.com/science/journal/03701573
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• REPORTS ON PROGRESS IN PHYSICS: Covers all areas of
physics and is published monthly. All papers are free for 30 days
from the date of online publication:

http://stacks.iop.org/RoPP

• REVIEWS OF MODERN PHYSICS: Published quarterly, it
includes traditional scholarly reviews and shorter colloquium
papers intended to describe recent research of interest to a broad
audience of physicists:

http://rmp.aps.org/

8. Particle Physics Education Sites:

Please note, each site in this section containing student activities now
lists the (U.S. educational system) school grade level(s) that best
fit that site. Also listed are the National Science Education Content
Standards for teaching science which are relevant to the classroom
activities provided at that site. Further explanation of the National
Science Educational Content Standards can be found at:

For Grades 5 - 8:
http://www.nap.edu/readingroom/books/

nses/html/6d.html

For Grades 9 - 12:
http://www.nap.edu/readingroom/books/

nses/html/6e.html

8.1. Particle Physics Education:
General Sites:

• ARGONNE NATIONAL LABORATORY K-12 PROGRAMS:
Includes links to a variety of information and programs such
as ArthmAttack, NEWTON, and the Rube Goldberg Machine
Contest.

http://www.dep.anl.gov/p k-12/

• CONTEMPORARY PHYSICS EDUCATION PROJECT (CPEP):
Provides charts, brochures, Web links, and classroom activities.
Online interactive courses include: Fundamental Particles and
Interactions; Plasma Physics and Fusion; and Nuclear Science.

http://www.cpepweb.org/

• DEPARTMENT OF ENERGY (DOE) ONLINE k-12 INSTRUC-
TIONAL RESOURCES: The U.S. Department of Energy (DOE)
brings together a collection of online resources and lesson plans
from the education sites of DOE-funded national laboratories
such as Stanford Linear Accelerator Center, Lawrence Berkeley,
Jefferson Lab, and Brookhaven. In the area of atomic and particle
physics, see Jefferson Lab’s All About Atoms slide show and
clickable interactive table of elements which enables you to find
out an element’s properties, history, and uses.

Grades: K-12; A variety of lesson plans are available in all scientific
disciplines, conforming to National Science Education Content
Standards.

http://www-ed.fnal.gov/doe/

• FERMILAB EDUCATION OFFICE: Outstanding collection of
resources from the ”grandmother” of all physics lab educational
programs. Sections are organized for students and educators by
grade level and for general visitors. See in particular the Phriendly
Physics Bibliography.

http://www-ed.fnal.gov/

• PARTICLE PHYSICS EDUCATION SITES: This rich site
maintained by the Particle Data Group provides links to many
other educational sites. Organizes the links by subject, level, and
type of educational experience.

Grades 9-12; National Science Education Content Standards: Varies
according to site.

http://particleadventure.org/particleadventure/

other/othersites.html

• PHYSICAL SCIENCE: EDUCATIONAL HOTLISTS: Created by
the outstanding Franklin Institute Science Museum, these hotlists
contain a pre-screened list of resources for science educators,
students, and enthusiasts. The criteria for inclusion is that a
site stimulates creative thinking and learning about science. The
excellent Physical Science list contains useful links for physics,
physicists, optics, material science, applied design and engineering,
sites for museums, ’doing science,’ and inventors and engineers.
Teacher resources include The Physical Science Activity Manual
which contains 34 hands-on activities for the classroom. Included
are Newtonian Physics for grades 9-12 and activities such as
Floating Objects which may be appropriate for grades 5-8. The
Project Labs offer student-centered experiments in the areas of
general science, physical science, and the natural, biological and
environmental sciences.

Grades K-12; National Science Education Content Standards:
Varies according to site visited from the listing.

http://sln.fi.edu/tfi/hotlists/hotlists.html

• PHYSLINK.COM: EDUCATION: This site provides sub-lists of
online resources in the following areas: History of Physics and
Astronomy; Essays on the interface between science, art, religion
and philosophy; Astronomy; Graduate School and Student Advice;
Software (reviews); References and Learning Sites for Educators;
Youth Science; and New Theories.

http://www.physlink.com/Education/Index.cfm

8.2. Particle Physics Education:
Background Knowledge:

• ALBERT EINSTEIN ONLINE: A meta-Einstein site with links
to dozens of resources by and about this scientist. Organized into
Overviews; Moments (recollections of Einstein by others); Physics;
Writings; Quotes; Pictures; and Miscellaneous.

http://www.westegg.com/einstein/

• ANTIMATTER: MIRROR OF THE UNIVERSE: Find out what
antimatter is, where it is made, the history behind its discovery,
and how it is a part of our lives. This award-winning site, sponsored
by the European Organisation for Nuclear Research, (CERN),
explains to big kids and little kids alike the truth (and fiction)
about antimatter. Features colorful photos and illustrations, a
Kids Corner, and CERN physicists answering your questions on
antimatter.

Grades 8-12+; National Science Education Content Standards: A,
B, D, G

http://livefromcern.web.cern.ch/livefromcern/

antimatter/index.html

• BIG BANG SCIENCE–EXPLORING THE ORIGINS OF
MATTER: In clear, concise, yet elegant language, this Web
site, produced by the Particle Physics and Astronomy Research
Council of the UK (PPARC), explains what physicists are looking
for with their giant instruments called accelerators and particle
detectors. Includes a brief history on how scientists came to define
what is fundamental in the universe. Big Bang Science focuses
on CERN particle detectors and on United Kingdom scientists’
contribution to the search for the fundamental building blocks of
matter. In addition to information on the how and why of particle
physics, this site also shows particle physics as an international
collaborative endeavor.

Grades 9-12; National Science Education Content Standards B, D,
E, G

http://hepwww.rl.ac.uk/pub/bigbang/part1.html
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• LIFE, THE UNIVERSE, AND THE ELECTRON: Sponsored by
the Institute of Physics (IOP) and the Science Museum, London,
this interactive online exhibit celebrates the centenary of the
discovery of the electron. Sections explain many aspects of the
nature, history, and usefulness of electrons. Clear explanations and
beautiful photography.

Grades 9-12; National Science Education Content Standards: A, B,
D

http://www.sciencemuseum.org.uk/on-line/

electron/index.asp

• SLAC VIRTUAL VISITOR’S CENTER: This Stanford Linear
Accelerator Center Web site explains basic particle physics, linear
and synchrotron accelerators, electron gamma showers, cosmic
rays,and the experiments conducted at SLAC, including real-world
applications. Intended for the general public as well as teachers
and students.

Grades 9-12; National Science Education Content Standards: A, B,
D, E, G

http://www2.slac.stanford.edu/vvc/Default.htm

• STEPHEN HAWKING’S UNIVERSE: Developed to accompany
the Public Broadcast Station (PBS)’s television series hosted by
Stephen Hawking, this web site provides a suite of interesting
materials. Sections include: TV Schedule/Programs; Strange Stuff
Explained; Universes; Cosmological Stars; Unsolved Mysteries;
Things to Do in the Dark; Teacher’s Guide; About Stephen
Hawking and Ask the Experts.

http://www.pbs.org/wnet/hawking/html/home.html

• THE WORLD OF BEAMS: A site to visit if you wish to know a
little or a lot about laser beams, particle beams, and other kinds of
beams. Includes interactive tutorials, such as: What are Beams?,
Working with Beams, and Beam Research and Technology. A
good resource for physical science units involving energy, structure
and properties of matter, and motion and forces for Grades 8-12.
The information here is also helpful if you plan to tour any of the
national laboratories listed in the ”Libraries” section of this guide.

Grades 8-12; National Science Education Content Standards: A, B,
E

http://bc1.lbl.gov/CBP pages/educational/WoB/home.htm

8.3. Particle Physics Education:
Particle Physics Lessons and Activities:

• BNL/BSA ONLINE CLASSROOM: The objective of this site,
developed by Brookhaven National Laboratory, is to use technology
to bring the scientific research of BNL to students and teachers.
BNL has created a series of nine units comprising an online,
interactive classroom and provided a Multi User Object-Oriented
(MOO) virtual classroom that enables group interactivity.
Students can test their knowledge of physics by playing the
delightfully interactive RHIC Adventure (Secrets of the Nucleus)
that focuses on the science of the Relativistic Heavy Ion Collider.
Games can be modified to match student knowledge levels from
grades 8-12. Lesson plans are available on nuclear physics for high
school and on solar neutrinos for K-8. Try The Mystery of the Sun
for grades K-8 or Dippin’ Dots Neutrinos for grades 9-12. Each
lesson includes National Science Education Content Standards.

Grades K-12 (mostly 9-12); National Science Education Content
Standards 5-8 and 9-12: A, B, D, E, G

http://onlineclassroom.bnl.org/

• CENTER FOR PARTICLE ASTROPHYSICS ON-LINE DEMOS:
A good source for do-it-yourself demonstrations about physics and
astronomy aimed at middle school students (modifiable for other
levels). Demonstrations include: Air-Powered Rockets, Desktop
Stars, Lunar Topography, Ping Pong Ball Launcher, Potato Power,

and Solar System. Each includes an introduction, teacher and
student worksheets, and a list of materials needed. Site has not
been updated with new materials, but existing lesson plans are
nevertheless well-written and relevant. Parents might be interested
in doing some of these projects with their children.

Grades 7-8+; National Science Education Content Standards: A,
B, D, E

http://cfpa.berkeley.edu/Education/DEMOS/DEMOS.html

• CONTEMPORARY PHYSICS EDUCATION PROJECT (CPEP):
This site is especially designed to help teachers bring four areas
of physics to their students in an accessible and engaging format.
Provides charts, brochures, Web links, and classroom activities.
Online interactive courses include: Fundamental Particles and
Interactions (includes lesson plans), Plasma Physics and Fusion,
and Nuclear Science (includes lesson plans and simple experiments).

Grade Level: 9-12; Some of the experiments may be of interest to
grades 5-8; National Science Education Content Standards 9-12: A,
B, D, E

http://www.cpepweb.org/

• FERMILAB EDUCATION OFFICE: Outstanding collection of
resources from the ”grandmother” of all physics lab educational
programs. Thoughtful unit and lesson plans in both physics
and the environment (Fermilab is located on a rare, protected
prairie in Illinois). Sections are organized by grade level. Note in
particular pedagogical resources for teachers, LInC Online, and
the Lederman Science Center. Offers online guided tours and and
science adventures.

Grades K-12; National Science Education Content Standards: A,
B, C, D, E, F. Many lesson plans designed to meet Illinois State
Standards

http://www-ed.fnal.gov/

• GLAST CLASSROOM MATERIALS: The Gamma Ray Large
Area Space Telescope (GLAST) project and the National
Aeronautics and Space Administration (NASA)’s Education and
Public Outreach Office have developed this colorful, in depth,
and engaging Web site teaching about the origin and structure
of the universe and the fundamental relationship between energy
and matter. Includes lesson plans and a teacher resource booklet
which are available in PDF format, HTML, or can be ordered
in print. Lesson plans are hands-on, student-group oriented and
require common household objects. Activities such as: Three
Mysteries, Alien Bandstand, Live! From 2-Alpha, and Starmarket
build critical thinking and analytical skills as well as address at
least one of the physical science standards. Full color posters and
other educational materials also available. Provides links to other
educational Web sites with classroom resources.

Grades 9-12; National Science Education Content Standards A, B,
D, E

http://glast.sonoma.edu/teachers/teachers.html

• JEFFERSON LAB SCIENCE EDUCATION: This well-organized,
visually attractive Web site from the Thomas Jefferson National
Accelerator Facility, supports science and math education in K-12
classrooms. Features hands-on physics activities, math games,
and puzzles. Check out the All About Atoms slide show and
the interactive Table of Elements. Includes a-question-and-answer
page on Atoms, Elements and Molecules and one on Electricity
and Magnetism. Science videos are available on loan.

Grades K-12; Lessons follow Virginia State and National Science
Education Content Standards

http://education.jlab.org/

• THE PARTICLE ADVENTURE: One of the most popular Web
sites for learning the fundamentals of matter and force. Created
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by the Particle Data Group of Lawrence Berkeley National
Laboratory. An award winning, interactive tour of the atom,
with visits to quarks, neutrinos, antimatter, extra dimensions,
dark matter, accelerators and particle detectors. Simple elegant
graphics and translations into eleven languages. May be used by
teachers or by students alone or in groups.

Grades 9-12; National Science Education Content Standards A, B,
D

http://ParticleAdventure.org

• QUARKNET: QuarkNet brings the excitement of particle physics
research to high school teachers and their students. Teachers join
research groups at sixty universities and labs across the country.
These research groups are part of particle physics experiments at
CERN, Fermilab, or SLAC. Students learn fundamental physics
as they participate in inquiry-oriented investigations and analyze
live, online data. QuarkNet is supported in part by the National
Science Foundation and the U.S. Department of Energy.

Grades 9-12; National Science Education Content Standards: A, B,
E

http://QuarkNet.fnal.gov

8.4. Particle Physics Education:
Astronomy Lessons and Experiments:

• CENTER FOR PARTICLE ASTROPHYSICS ON-LINE DEMOS:
A good source for do-it-yourself demonstrations about physics and
astronomy aimed at middle school students (modifiable for other
levels). Demonstrations include: Air-Powered Rockets, Desktop
Stars, Lunar Topography, Ping Pong Ball Launcher, Potato Power,
and Solar System. Each includes an introduction, teacher and
student worksheets, and a list of materials needed. Site has not
been updated with new materials, but existing lesson plans are
nevertheless well-written and relevant. Parents might be interested
in doing some of these projects with their children.

Grades 7-8+; National Science Education Content Standards: A,
B, D, E

http://cfpa.berkeley.edu/Education/DEMOS/DEMOS.html

• HANDS-ON UNIVERSE: Enables students in middle and high
schools to investigate the night sky without having to stay out
late. Created by a collaboration of teachers and students including
the Lawrence Hall of Science at the U.C., Berkeley, it uses
high quality astronomical images to explore central concepts in
math, science, and technology. Students analyze real images with
image processing software similar to that used by professional
astronomers. Lesson plans and activities are specifically tied to
National Science Education Content Standards A and D, Science
as Inquiry, and Earth and Space Science. Schools or districts much
purchase the software, teacher and student booklets and materials.
PDF color versions of the booklets are available from the Web, as
well as a number of lesson plans and materials that do not require
the purchased software.

Grades 5-8 and 9-12; National Science Education Content Standards
A, D

http://www.handsonuniverse.org

• IMAGINE THE UNIVERSE: Created by the Laboratory for
High-Energy Astrophysics at NASA/Goddard Space Flight Center,
this site features astronomy and astrophysics lesson plans for
age 14 and up, teacher’s guides, classroom posters, and links
to other classroom resources. Activities are linked to National
Standards for Science and Math. Lessons include: What is Your
Cosmic Connection to the Elements, Life Cycle of Stars, and
Gamma-Ray Bursts? Also included in the Teacher’s Corner are
links to math-science lesson plans for grades 6-12. The Multimedia
Theatre Archive provides more than a dozen movies with free
downloadable viewing software.

Grades 9-12; National Science Education Content Standards: A, B,
D, G

http://imagine.gsfc.nasa.gov

• Also note: STARCHILD: Interlinked with Imagine the Universe,
above, this site is a lively, age appropriate site for grade school
level astronomy lessons.

http://starchild.gsfc.nasa.gov/docs/

StarChild/StarChild.html

• SPACE TODAY ONLINE: This news magazine covers space from
Earth to the edge of the universe. It provides news, history,
encyclopedia-like explanations of terms, activities, people and
events, historical summaries, etc. and an outstanding collection of
images covering all aspects of space.

http://www.spacetoday.org/STO.html

• WINDOWS TO THE UNIVERSE: Provides a rich array of
material for exploring earth and space, physics, geology, and
chemistry in K-12 classrooms. Includes numerous, thorough lesson
plans on topics ranging from the solar system to atmosphere and
weather to physics and chemistry. Student-centered activities such
as Building a Magnetometer or Create Your Own Cloud are simple,
yet highly engaging. Content standards are detailed for most
lesson plans. The People section of this vast but well-organized
site traces the history of human scientific inquiry from Archimedes
to Stephen Hawking. Three reading levels.

Grades K-12; National Science Education Content Standards A, B,
D, E, G

http://www.windows.ucar.edu/

8.5. Particle Physics Education:
Ask-a-Scientist Sites:

• ASK A SCIENTIST SERVICE: Questions are answered by
volunteer scientists throughout the world. Service provided by the
Newton BBS through Argonne National Lab. Submission form
permits very specific age information to be included with the
question so that the answer can be targeted to the questioner’s
level of knowledge.

http://www.newton.dep.anl.gov/

• ASK THE EXPERTS: Submit questions via a form to scientists
at PhysLink.com. Questions are answered free. Submission
form warns that they won’t answer questions from homework
assignments or help design something for a science fair or
competition. Has links to commonly asked questions and to a list
of the most active scientists who provide answers.
http://www.physlink.com/Education/AskExperts/Index.cfm

• HOW THINGS WORK: The author of the popular book, How
Things Work: the Physics of Everyday Life, has created a site that
functions as a virtual ’radio call-in program’. Submit questions
about how something works or consult the sixty plus pages of most
recent questions which are searchable by date, topic, or keyword.

http://howthingswork.virginia.edu/

• MAD SCIENTIST’S NETWORK: ASK A QUESTION: Scientists
at this Web site respond to hundreds of questions a week. Be sure
to check out their extensive archive of answered questions and use
their Science Fair Links for ideas for projects. Also note questions
they decline to answer.

http://www.madsci.org/submit.html
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8.6. Particle Physics Education:
Experiments, Demos, & Fun

• ALL ABOUT LIGHT: From Fermilab, this offers a delightful
collection of pages giving classical, relativistic and quantum
explanations of light. Advanced placement high school level or
above.

Grades 11-12+
http://www.fnal.gov/pub/inquiring/more/light/index.html

• CANTEACH: PHYSICAL SCIENCE: Canadian elementary
teachers have put together a list of investigations and hands-on
physics experiments for elementary level. These well-written
physical science lesson plans feature such activities as Making a
Pinhole Camera, Air Takes Space, Acid and Basic Test, Growing
Crystals, Potential and Kinetic Energy, and Evaporation Painting.

Grades K-4; National Science Education Standards A, B, E
http://www.canteach.ca/elementary/physical.html

• THE EDIBLE/INEDIBLE EXPERIMENTS ARCHIVE: Part of
the Mad Scientist’s Network, this Web site covers astronomy,
mathematics, and physics. Each experiment uses common
materials and identifies whether the experiment is edible, inedible,
partially drinkable, or not all that edible (!).

Grades K-8
http://www.madsci.org/experiments/

• HELPING YOUR CHILD LEARN SCIENCE: A wonderful
introduction and set of tools for parents of elementary-age children
compiled by the U.S. Department of Education. Provides ideas,
home experiments, community-based science activities, and more.

Grades K-4
http://www.ed.gov/pubs/parents/Science/index.html

• INSULTINGLY STUPID MOVIE PHYSICS: An entertaining and
educational site to learn how many movie special effects violate
the laws of physics. Includes a rating system for movie reviews.
Heavy on text, with few graphics. Equations are included. A good
way to emphasize, at the high school level, the immutability of the
laws of physics in the real world. Provides instructions on how to
use movie physics in the classroom and a bibliography.

Grades 9-12;
http://www.intuitor.com/moviephysics

• PHYSICS/PHYS/SCI DEMOS: This Web site provides over
fifty physics demonstrations on the topics of density, motion,
force, angular measurement, waves and sound, electricity and
magnetism, optics and nuclear physics. Some of the demos feature
photographs. Most of the demos are original, although a few were
taken from the T.V. program, Newton’s Apple. The high school
teacher who created this site has won both a Presidential Award
for Excellence in Mathematics and Science Teaching and the 2003
Classroom Connect Internet Educator of the Year Award. hfill

Grades to 5-8 and 9-12; National Science Education Content
Standards 5-8 and 9-12: A, B, E

http://www.darylscience.com/DemoPhys.html

8.7. Particle Physics Education:
Physics History and Diversity Sites:

• AIP CENTER FOR HISTORY OF PHYSICS: This site, produced
by the American Institute of Physics, aims to preserve and make
known the history of modern physics and allied fields including
astronomy, geophysics, and optics. Of interest to teachers and
students is the Exhibit Hall, with award-winning exhibits including
photos and facts about Marie Curie, Einstein, the discovery of the
electron, and the invention of the transistor.

Grades 7-12; National Science Education Content Standard: G
http://www.aip.org/history

• A CENTURY OF PHYSICS: This is the top-level page for
a timeline from the American Physical Society providing a
comprehensive history of major physical science developments with
a selection of other events from society, art, politics and literature.
Links on this page provide a physical timeline, an index, a search
system and reproductions of the posters and images.

Grades 7-12; National Science Education Content Standard: G
http://timeline.aps.org/APS/

• CONTRIBUTIONS OF 20TH CENTURY WOMEN TO
PHYSICS: A great resource for that history of science pa-
per, this archive features descriptions of important contributions to
science made by 83 women in the 20th century. Provides historical
essays and links to additional documentation such as primary
source materials.

Grades 7-12+; National Science Education Content Standard G
http://cwp.library.ucla.edu

• EDUCATION AND OUTREACH COMMITTEE ON THE
STATUS OF WOMEN IN PHYSICS: Interested in inspiring a
young woman to pursue physics? This American Physical Society
site features Physics in Your Future, which conveys the exciting
possibilities of a career in physics to middle and high school girls.
Copies of this four-color booklet are available at no charge to
students and their parents, educators, guidance counselors, and
groups who work with young women. Also available in PDF. The
popular, full color, Celebrate Women in Physics poster, is also
available at no charge.

Grades 7-12; National Science Education Content Standard G
http://www.aps.org/educ/cswp/

• LIFE, THE UNIVERSE, AND THE ELECTRON: Sponsored by
the Institute of Physics (IOP) and the Science Museum, London,
this interactive online exhibit celebrates the centenary of the
discovery of the electron. Sections explain many aspects of the
nature, history, and usefulness of electrons. Clear explanations and
beautiful photography.

Grades 9-12; National Science Education Content Standards: A, B,
D.

http://www.sciencemuseum.org.uk/on-line/

electron/index.asp

• NOBEL LAUREATES IN PHYSICS 1901-PRESENT: Maintained
by SLAC, this site provides very comprehensive information on
physics laureates. Links to the Nobel Foundation’s pages on each
laureate. Also lists the location(s) of the laureate’s prize-winning
work, where, if appropriate, the laureate is currently working, and
where she or he was working when the work was done. Links to
books, related Web sites, and to the HEP Database for in-depth
bibliography. An interesting Quick Facts section provides great
trivia about some of the prize winners.

Grades 7-12; National Science Education Content Standard: G
http://www.slac.stanford.edu/library/nobel/index.html

• PHYSLINK.COM HISTORY OF PHYSICS AND ASTRONOMY:
This site, which is a compendium of other history of physics,
astronomy and science sites, organizes that historical world into:
general guides, histories of physics, of astronomy and space
exploration, and of mathematics, online archives, museums and
exhibits, and famous scientists. Serves as a guide to some of the
most well known people and events in the physical sciences.

Grades 7-12; National Science Education Content Standard: G
http://www.physlink.com/Education/History.cfm
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8.8. Particle Physics Education: Art in Physics:
Note: This modest collection of physics art links is provided for high
school art, photography and literature teachers who may be interested
in the intersections between science and technology and art and
literature, or who wish to take an interdisciplinary approach to the
curriculum in collaborating with their science department colleagues.
• DESY IN A SPECIAL LIGHT: Six luminescent pages of particle

physics technology photographed at the Deutsches Electronen
Synchrotronen Laboratory (DESY) by Peter Ginter, German
photographer, in 1997.

http://www.peterginter.de/01technology/desy 01.html

• HIDDEN CATHEDRALS–SCIENCE OR ART?: This page
provides roughly seventeen dramatic color images of the inner
workings of particle detectors at the European Organisation for
Nuclear Research (CERN) which is the world’s largest particle
physics center.
http://public.web.cern.ch/Public/Content/Chapters/

AboutCERN/HowStudyPrtcles/ScienceOrArt/ScienceOrArt-
en.html

• PHYSICS ICONS: A video by Chip Dalby, SLAC Sci/Arts Media
Group, showing particle physics as delicate, experiential art. This
meditation on the shifting nature of physics iconography was
featured in the New York Museum of Modern Art’s P.S.1 exhibit,
Signatures of the Invisible.
http://www-project.slac.stanford.edu/streaming-media/

Sub-Movies.html

• PRESS PHOTO PRIZE FOR CERN: This article describes the
photos done by Peter Ginter for CERN. The photos won a third
prize from the World Press Photo of the Year competition in 1998.

http://bulletin.cern.ch/9911/art4/Text E.html

• ESSAYS AND BOOKS ON ART IN PHYSICS AND SCIENCE:

“Art and Physics–a Beautiful Friendship”
http://bulletin.cern.ch/9949/art1/Text E.html

“Art and Physics” by Leonard Shlain
http://www.artandphysics.com/h main.html

“Physics Meets Art and Literature”
http://physicsweb.org/article/world/15/11/7

“Signatures of the Invisible”
http://www.ps1.org/cut/press/signatures.html

9. Software Directories:

• CERNLIB: CERN PROGRAM LIBRARY: A large collection of
general purpose libraries and modules offered in both source code
and object code forms from the CERN central computing division.
Provides programs applicable to a wide range of physics research
problems such as general mathematics, data analysis, detectors
simulation, data-handling, etc. Also includes links to commercial,
free, and other software:

http://wwwasd.web.cern.ch/wwwasd/index.html

• FREEHEP: A collection of software and information about
software useful in high-energy physics. Searching can be done by
title, subject, date acquired, date updated, or by browsing an
alphabetical list of all packages:

http://www.slac.stanford.edu/find/fhmain.html

• FERMITOOLS: Fermilab’s software tools program provides a
repository of Fermilab-developed software packages of value to
the HEP community. Permits searching for packages by title or
subject category:

http://fermitools.fnal.gov/

• HEPIC: SOFTWARE & TOOLS USED IN HEP RESEARCH: A
meta-level site with links to other sites of HEP-related software
and computing tools:

http://www.hep.net/resources/software.html

• GRID PHYSICS NETWORK: The GriPhyN Project is developing
grid technologies for scientific and engineering projects that collect
and analyze distributed, petabyte-scale datasets. Provides links
to project information such as documents, education, workspace,
virtual data toolkits, Chimera and Sphinx, as well as people,
activities and news and related projects:

http://www.griphyn.org/index.php

• PARTICLE PHYSICS DATA GRID: The Web site for the U.S.
collaboration of federal laboratories and universities to build a
worldwide distributed computing model for current and future
particle and nuclear physics experiments:

http://www.ppdg.net/

10. Specialized Subject Pages:

10.1. Subject Pages
• CAMBRIDGE RELATIVITY: PUBLIC HOME PAGE: These

pages focus on the non-technical learner and explain aspects of
relativity such as: cosmology, black holes, cosmic strings, inflation,
and quantum gravity. Provides links to movies, research-level
home pages and to Stephen Hawking’s Web site:

http://www.damtp.cam.ac.uk/user/gr/public/

• THE OFFICIAL STRING THEORY WEB SITE: Outstanding
compilation of information about string theory includes: basics,
mathematics, experiments, cosmology, black holes, people
(including interviews with string theorists), history, theater, links
to other Web sites and a discussion forum:

http://superstringtheory.com/

• RELATIVITY: BOOKMARKS: Presents over 100 links collected
into subject or other logical divisions. Unfortunately, the site
owner explains in a note that he has not been able to verify the
links for awhile. However, it still represents one of the best initial
collections on the subject:

http://physics.syr.edu/research/relativity/

RELATIVITY.html

• RELATIVITY ON THE WORLD WIDE WEB: An excellent set
of pages offering links and written information about relativity.
Organized into: popular science sites; visualization sites; Web
tutorials; observational and experimental evidence and rebuttals;
course work (divided into undergraduate and graduate levels);
software; research frontiers; and further reading:

http://math.ucr.edu/home/baez/relativity.html

• SUPERSTRINGS: An online introduction to superstring theory
for the advanced student. Includes further links:

http://www.sukidog.com/jpierre/strings/

• THE ULTIMATE NEUTRINO PAGE: This page provides a
gateway to an extremely useful compilation of experimental data
and results:

http://cupp.oulu.fi/neutrino/
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�� �3 � ��0 ���% �
�
�/� -��� -��%/�

���� � > !�  
�� �3 � ��0 ���% �
�
�/� �����
 -��%/�

���� � > ���  
�� �3 � ��0 ���% �
�
�/� -��� -��%/�

��

 �
 4������
 3������� ��� ���#,-����� �� �
-��<#��9 <#��2

�#, �#,�
�� ��% �������� ���������/�

����	� ���� �	� ���������	� ���� �	� ���������	� ���� �	� ���������	� ���� �	� �����
���� ����� ����	� �������� ������� ����� ����	� �������� ������� ����� ����	� �������� ������� ����� ����	� �������� ���

=
 ����%��% 4
��
�2>#��� �?��� �� �#�
% �#�/ �������� $�� �
%#�
%
��#-����� �� ,#� �,���
� ,���
� ��
 ���������
% �. )����#� %���/
=
 4������
 3������� �� �
 �#�� ������ ������� � 7��
 %���#�����
�?��� �
���
�/

=
 �
�� ��,�� ��� �
 ���2���
 �� �
#������
�� %�#��
 �
�� %
��. $��
��@���� 
,������ �� > !.�× ��0/ .
��� ��3 � ��0�/
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B� ��� �#,,��. =���
C

D
� � <#�����. �� E�� � . . .�F �� ��� ����� �
 
���� �� �
 <#�����. ��

�
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�����
% �. �
 E����
 ������F �� %
:�
% �� � �
√

χ0/�� − ��� $
�

� �� �
 �#,�
� �� ,
��#�
,
��� #�
% �� ����#������ �
 <#�����./ D
 %�
��� $
� � > �� $�� ���
� ��%����
� ��� �
 ,
��#�
,
��� ��
 ��������2
�
��/ D
� � > �.��� $
 ���� ��$ �� �
 4������
 3������� �� �%
����, ��
�
 ,
��#�
,
���/ "�� ,��
 ���#� �� �

 �
 B����%#�����/

+ %
��. ,�,
��#, � �� ��)
� ��� 
�� %
��. ,�%
/ "�� � �2��%. %
��.� �

�� �
 ,�,
��#, �� 
�� %
��. -��%#�� �� �
 �
�� ���,
 �� �
 %
��.���
-������
/ "�� � �2��2,��
2��%. %
��.� � �� �
 ����
�� ,�,
��#, ��. �� �

-��%#��� ��� �)
 �� ��� ���,
/

G�H =
��
����� )��#
/ + ,��� �� ����
 �� � �
$ �
� ,�. ��� �
 -�
��#%
%/

G�H � ��%����
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�� �.-
 �� �
-��� ��� µ� ��% τ�� ��� �#, �)
� �
,/

G	 H =�� �
-�
�
��� �
 $�%� ��� �
 %
��. �� �
 � ����� ���� � ����
%
-������
 $�� ,�,
��#, �
��$ %
�
��������.� -< ��� �
�/

G� H =
  2����� ,��� ����
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�
 ����
�-��%� �� � 6�
��2D���
� �
������

-���,
�
�/ B� ��
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�. �� �
� ���)
 �
 �
�� -��� �� �
 -���2
���� �� �
 -��
 ��� �
 
�
��.2�<#��
% -���
� �� �
  2����� -��-������/

G�H =�� -������ $�%� ��9
� ���� ����#��  %
��.� ���� ν ν ��% ��. ��
�
-������
 #�%
�
��
% ,�%
�/

G� H =�� ����� �� ��� �

� ����
��
% ��� �
 τ ,���/

G� H 5
�
 � ≡ ��� ��*��
0
�1�0��/

G�H =
 )��#
 �� ��� �
 �#, �� �
 ����
 ����
� �� -������
*����-������

����
� ��%����
%/

G� H �

 �
  4������
 3������� ��� �
 γ 
�
��. ����
 #�
% �� ��� ,
��#�
2
,
��/

G H "�� �γ γ � �	� ± ��  
�/

G! H =
 ��,��� ���#,
 �� ��)�����
 %
��.�/



��������

������ ����	
��	��

����������������������������

���� � � �
�

���� � � ����.��		
	�� ± 
.





���× 
−� �
���� � � 
.�
		�	� ± 
.






� ���∣
∣��� − ��−

∣
∣�� < �× 
−�� �� � 	
�∣

∣��� � ��−
∣
∣/� < �× 
−�

�������� ������ µ � .

�	�����	 ± 
.










�� µ�

���� − ��−� � ������	� � �−
.� ± �.�× 
−��
 !���"�� #�$�!� ������ � � �
.
� ± 
.
��× 
−�� � ��
���� !�%� τ > �.�× 
�� &"� �� � 	
� 
��

µµµµ � � �
�

���� � � 
.����	��� ± 
.







�
 �

���� � � 
�.�����	 ± 
.




	 ���

���� !�%� τ � ��.	�
� ± 
.



��× 
−� �
τ µ��τ µ− � .



� ± 
.



�

�τ � ���.��� �

�������� ������ µ � .

��	�
� ± 
.








� �'h���µ

��µ� − �µ−� � ������	� � �−�.� ± .��× 
−�

 !���"�� #�$�!� ������ � � ��.� ± �.��× 
−�� � ��

(���& $�"�����"�(���& $�"�����"�(���& $�"�����"�(���& $�"�����"� 
��

ρ � 
.��
	 ± 
.




η � 
.

 ± 
.
�� �) � �*
�

δ � 
.��	� ± 
.

�

ξ�µ � .

� ± 
.

� 
��

ξ�µδ�ρ > 
.		���� �� � 	
� 
��

ξ′ � .

 ± 
.
�

ξ′′ � 
.� ± 
.�

α�+ � �
 ± ��× 
−�
α′�+ � �
 ± ��× 
−�
β�+ � �� ± ��× 
−�
β′�+ � � ± ��× 
−�
η � 
.
� ± 
.
�

µ ����� ��� ����	� �����	���� �� ��� ����� ������

�

µ− ��� ! "#��$µ− ��� ! "#��$µ− ��� ! "#��$µ− ��� ! "#��$ %����&�� '(� )(* ���+����� ����� '"�,)�*

�−ν� νµ ≈ �--. /�

�−ν� νµ γ 
�� '�.0±-.0* . /�

�−ν� νµ �
 �− 
�� '�.0±-.0*× �-−/ /�

��$��� ,���!& ���-�" ��	 � .��!����� ��#����$��� ,���!& ���-�" ��	 � .��!����� ��#����$��� ,���!& ���-�" ��	 � .��!����� ��#����$��� ,���!& ���-�" ��	 � .��!����� ��#��

�−ν� νµ �	 

 � < �.� . �-. /�

�−γ �	 < �.� × �-−�� �-. /�

�− � �− �	 < �.- × �-−�� �-. /�

�−�γ �	 < 1.� × �-−�� �-. /�

ττττ � � �
�

���� � � ���.		-.��−-.�� ���
��τ� − �τ−��������	� < �.
× 
−�� �� � 	
�

���� !�%� τ � ��	
.� ± .
�× 
−�/ �
�τ � ��. µ�

�������� ������ �����!& > −
.
�� ��# < 
.
�� �� � 	��

/���τ � � −
.�� �� 
.��× 
−�� � ��� �� � 	��

0���τ � � −
.�� �� 
.

�× 
−�� � ��� �� � 	��

1��2 #�$�!� ������1��2 #�$�!� ������1��2 #�$�!� ������1��2 #�$�!� ������

/����τ � < 
.�
× 
−�1 � ��� �� � 	��

0����τ � < .× 
−�1 � ��� �� � 	��

1��2 �����!��� �������� #�$�!� ������1��2 �����!��� �������� #�$�!� ������1��2 �����!��� �������� #�$�!� ������1��2 �����!��� �������� #�$�!� ������

/��α�
τ � < .× 
−�� �� � 	��

0��α�
τ � < �.�× 
−�� �� � 	��

(���& $�"�����"�(���& $�"�����"�(���& $�"�����"�(���& $�"�����"�

)�� �3� τ 4�"���!� �������� %�" � ���� �����"���� τ 5#���& $�"�����"�*

ρτ �� �" µ� � 
.��� ± 
.

�

ρτ ��� � 
.��� ± 
.



ρτ �µ� � 
.��� ± 
.
�


ξτ �� �" µ� � 
.	�� ± 
.
�


ξτ ��� � 
.		� ± 
.
�


ξτ �µ� � .
�
 ± 
.
�	

ητ �� �" µ� � 
.
� ± 
.
�


ητ �µ� � 
.
	� ± 
.
��

�δξ�τ �� �" µ� � 
.��� ± 
.
�

�δξ�τ ��� � 
.��� ± 
.
��

�δξ�τ �µ� � 
.��� ± 
.
��

ξτ �π� � 
.		� ± 
.
��

ξτ �ρ� � 
.		� ± 
.

�

ξτ �
�� � .

 ± 
.
��

ξτ ��!! 3�#"���� ��#��� � 
.		� ± 
.

�

τ ����� ��� ����	� �����	���� �� ��� ����� ������ 2�±3 ������ ���
π± �� ±� 2�3 ������ ��� � �� µ� 24�������3 ������ ��� γ5� ���)�� π-5��

$���� ������) �

τ− ��� ! "#��$τ− ��� ! "#��$τ− ��� ! "#��$τ− ��� ! "#��$ %����&�� '(� )(* ���+����� ����� '"�,)�*

��#�� 6��3 ��� �3�"��# $�"���!���#�� 6��3 ��� �3�"��# $�"���!���#�� 6��3 ��� �3�"��# $�"���!���#�� 6��3 ��� �3�"��# $�"���!�
$�"���!�− ≥ 
 ����"�!� ≥ 
� -ντ

�75$"���8�
'�/.��±-.-�* . $6��0 9

$�"���!�− ≥ 
 ����"�!� ≥ 
� -�ντ '�0.��±-.-�* . $6��0 9

µ−νµ ντ 
� � '�1.��±-.-/* . ��/

µ−νµ ντ γ 
�� ' �.� ±-.0 * × �-−� ��/

�−ν� ντ 
� � '�1.�0±-.-/* . ���

�−ν� ντ γ 
�� ' �.1/±-.��* . ���

�− ≥ 
�-� ντ '��.�0±-.-1* . $6��� ���

�−ντ '��./�±-.-�* . $6��� ���

π− ντ 
� � '�-.�-±-.-1* . $6��� ���

�−ντ 
� � ' �.��±-.��* × �-−� ��-

�− ≥  ����"�!�ντ '�1.-/±-.��* . $6��� 9
�− ≥ π- ντ ��:*�

-� '��./�±-.��* . $6��� 9
�−π- ντ '�/.�/±-.�-* . $6��� �1�

π−π- ντ 
� � '�/./-±-.�-* . $6��� �1�

π−π- ���5ρ���
�ντ ' �.- ±�.� * × �-−� �1�

�−π- ντ 
� � ' 0./�±-.�1* × �-−� ��0

�− ≥ �π- ντ '�-.��±-.�0* . $6��/ 9
�−�π- ντ ' �.01±-.��* . $6��� ���

�−�π- ντ ��:*�
-� ' �.��±-.��* . $6��� ���

π− �π-ντ ��:*�
-� 
� � ' �.�/±-.��* . $6��� ���

π− �π-ντ ��:*�
-��

���!�"
< � × �-−� �76�/. ���

π− �π-ντ ��:*�
-��

.����"
< 1 × �-−� �76�/. ���

�−�π-ντ ��:*�
-� 
� � ' /.� ±�.� * × �-−0 1��

�− ≥ �π- ντ ' �.��±-.-1* . $6��� 9
�− ≥ �π- ντ ��:* �

-� ' �.�/±-.-1* . $6��� 9
�−�π- ντ ' �.�1±-.-�* . $6��� ���

π− �π-ντ ��:*�
-� 
� � ' �.-0±-.-�* . $6��� ���

�−�π-ντ ��:*�
-�

η�

� � ' 0.� ±�.� * × �-−0 1��

�−�π- ντ ��:*�
-� ' �.� ±-.0 * × �-−� �--

�−�π- ντ ��:*�
-�η� 
� � ' �.- ±-.0 * × �-−� �--

�− ≥ 
π- ≥ 
�- ≥ 
γ ντ ' �./1±-.-0* . $6��� ��-

�− ≥  �π- �" �- �" γ� ντ ' �.1�±-.��* × �-−� 9

��#�� 6��3 �-;���#�� 6��3 �-;���#�� 6��3 �-;���#�� 6��3 �-;�
�-� �$�"���!���

− ντ ' �.�1±-.�0* × �-−� $6��� 9

�−�- ντ ' �.-/±-.-0* . $6��� ���

π−�- ντ 
� � ' �.- ±-.0 * × �-−� $6��� ���

π−�-

����5�∗��	��−�ντ

< �.1 × �-−� �76�/. ���

�−�-ντ 
� � ' �./�±-.��* × �-−� 1�1

�−�- ≥ 
π- ντ ' �.-1±-.�0* × �-−� 1�1

�−�-π- ντ ' /.� ±-.0 * × �-−� 1�0

π−�-π- ντ 
� � ' �.� ±-.0 * × �-−� 1�0

�-ρ− ντ ' �.� ±-./ * × �-−� ���

�−�-π- ντ 
� � ' �./0±-.�-* × �-−� ��/



��������

������ ����	
� �	��

π−�- ≥ π- ντ ' �.� ±�.- * × �-−� 9
π−�-π-π- ντ ' �.� ±�.0 * × �-−0 1��

�−�-π-π- ντ < �.� × �-−0 �76�/. ���

π−�-�-ντ ' �.�-±-.��* × �-−� $6��� ���

π−�-� �
-
� ντ 
� � ' �.0 ±-./ * × �-−0 ���

π−�-� �
-
�ντ 
� � ' �.��±-.�-* × �-−� $6��� ���

π−�-�-π- ντ ' �.� ±�.� * × �-−0 ��0

π−�-� �
-
� π- ντ < �.- × �-−0 �76�/. ��0

π−�-� �
-
�π- ντ ' �.� ±�.� * × �-−0 ��0

�-� �−�− ≥ 
 ����"�!� ντ < �.1 × �-−� �76�/. 1�-

�-� �−�−ντ ' �.� ±�.- * × �-−0 1�-

��#�� 6��3 �3"�� �3�"��# $�"���!����#�� 6��3 �3"�� �3�"��# $�"���!����#�� 6��3 �3"�� �3�"��# $�"���!����#�� 6��3 �3"�� �3�"��# $�"���!��

�−�− � ≥ 
 ����"�!� ≥ 
� -�ντ '�/.��±-.-�* . $6��0 ���

�− �−� ≥ 
 ����"�!� ντ
��:* �-� → ππ−�
�7�5$"���8�

'�0./�±-.-�* . $6��0 ���

�−�− �ντ ' �.�1±-.-�* . $6��� ���

�−�− �ντ ��:*�
-� ' �./�±-.-�* . $6��� ���

�−�− �ντ ��:*�
-�ω� ' �.01±-.-�* . $6��� ���

π−ππ− ντ ' �.��±-.-�* . $6��� ���

π−ππ− ντ ��:*�
-� ' �.-�±-.-�* . $6��� ���

π−ππ− ντ ��:*�
-��

���5�:��! .����"
< �.0 . �76�/. ���

π−ππ− ντ ��:*�
-�ω� 
� � ' �.��±-.-�* . $6��� ���

�−�− � ≥  ����"�!� ντ ' /.�0±-.-�* . $6��� 9
�−�− � ≥ π- ντ ��:* �

-� ' /.-�±-.-�* . $6��� 9
�−�− �π- ντ ' 0.1�±-.-1* . $6��� ��0

�−�− �π- ντ ��:*�
-� ' 0.//±-.-�* . $6��� ��0

�−�− �π- ντ ��:* �
-� ω� ' �.1�±-.-�* . $6��� ��0

π−ππ−π- ντ ' 0./�±-.-1* . $6��� ��0

π−ππ−π- ντ ��:*�
-� ' 0.0�±-.-�* . $6��� ��0

π−ππ−π- ντ ��:*�
-�ω� 
� � ' �.��±-.-�* . $6��� ��0

�−�− � ≥ �π- ντ ��:*
�-�

' /.�0±-.�0* × �-−� $6��� 9

�−�− ��π- ντ ' /.-�±-.�0* × �-−� $6��� 1�1

�−�− ��π- ντ ��:*�
-� ' 0.��±-.�0* × �-−� $6��� 1�1

�−�− ��π- ντ ��:*�
-�ω�η� 
� � ' � ±0 * × �-−0 1�1

�−�− ��π- ντ 
� � ' �.� ±-./ * × �-−0 10�

�−��− ≥ 
 ����"�!� ντ ' �.1�±-.�/* × �-−� $6��� 1�0

�−�π− ντ ��:*�
-� ' 0.��±-.��* × �-−� $6��0 1�0

�−�π−π- ντ ��:*�
-� ' �./ ±�.� * × �-−0 1��

�−ππ− ≥ 
 ����"�!� ντ ' /.� ±-.0 * × �-−� $6��/ 1�0

�−ππ− ≥

π- ντ ��:*�

-�
' 0.� ±-.0 * × �-−� $6��/ 1�0

�−ππ−ντ ' �.� ±-.0 * × �-−� $6��� 1�0

�−ππ−ντ ��:*�
-� 
� � ' �.��±-.�/* × �-−� $6��� 1�0

�−ρ- ντ →
�−ππ−ντ

' �.� ±-.� * × �-−� 9

�−ππ−π- ντ ' �.��±-.�0* × �-−� 1��

�−ππ−π- ντ ��:*�
-� ' 1.� ±�.� * × �-−0 1��

�−ππ−π- ντ ��:*�
-�η� 
� � ' 1.� ±�.� * × �-−0 1��

�−ππ−π- ντ ��:*�
-�ω� ' �.1 ±-.� * × �-−0 1��

�−π�− ≥ 
 ����* ντ < � × �-−0 �76�/. ��/

�−�π− ≥ 
 ����* ντ ' �./�±-.�-* × �-−� $6��0 ��/

�−�π− ντ 
� � ' �./�±-.�-* × �-−� $6��0 ��/

�−�π−π- ντ 
� � ' �.� ±�.- * × �-−/ $6��� ���

�−��− ≥ 
 ����* ντ < �.� × �-−� �76�/. 01�

�−��−ντ < �.1 × �-−/ �76�-. 01�

�−��−π- ντ < 0.� × �-−� �76�-. �0�

π−�π− ≥ 
 ����* ντ < �./ × �-−� �76�/. 1�0

�− �− �ν� ντ ' �.� ±�./ * × �-−/ ���

µ− �− �νµ ντ < �.� × �-−/ �76�-. ��/

��#�� 6��3 <.� �3�"��# $�"���!����#�� 6��3 <.� �3�"��# $�"���!����#�� 6��3 <.� �3�"��# $�"���!����#�� 6��3 <.� �3�"��# $�"���!��

��−�� ≥ 
 ����"�!� ντ
��:* �-� → π−π�
�7�5$"���8�

' �.-�±-.-0* × �-−� $6��� 1�0

��−��ντ ��:*�
-� 
� � ' �.��±-.�/* × �-−0 $6��� 1�0

��−��π- ντ ��:*�
-� 
� � ' �.1�±-.�1* × �-−0 10�

��−���π-ντ < �.� × �-−0 �76�-. ��1

�����!!������ ��3�" �!!�6�# ��#�������!!������ ��3�" �!!�6�# ��#�������!!������ ��3�" �!!�6�# ��#�������!!������ ��3�" �!!�6�# ��#��
��π �− ντ ' 1.� ±-./ * × �-−� $6��� �--

��−�� ≥ 
 ����"�!� ντ
�7�5$"���8�

< �.- × �-−1 �76�-. ���

��−��ντ < 0.� × �-−1 �76�-. ���

��−��π- ντ < �./ × �-−1 �76�-. ���

− ���−�ντ ' �.�/±-.-1* . $6��� 9

�∗��	��− ≥ 
 ����"�!� ≥

�-�ντ

' �.0�±-.��* . $6��0 ��/

�∗��	��−ντ ' �.��±-.-/* . ��/

�∗��	��-�− ≥ 
 ����"�!� ντ ' �.� ±�.0 * × �-−� /0�

�∗��	��-�−ντ ' �.� ±-.0 * × �-−� /0�

�∗��	��-π− ≥ 
 ����"�!� ντ ' �.� ±�.1 * × �-−� �/�

�∗��	��-π− ντ ' �.� ±-./ * × �-−� �/�

��∗��	��π �− ντ →
π−�-π- ντ

' �.- ±-.0 * × �-−� 9

�����
�
−ντ ' 0.1 ±�.� * × �-−� 0��

����

�
−ντ ' �.1 ±�.� * × �-−� $6��1 ��/

�∗��
�−ντ ' �./ �.0
−�.- *× �-−� ���

�∗
-���
�

−ντ < / × �-−0 �76�/. ���

�∗
����
�

−ντ < � × �-−� �76�/. ��1

ηπ− ντ < �.0 × �-−0 �76�/. 1��

ηπ−π- ντ 
� � ' �.11±-.�0* × �-−� 11�

ηπ−π-π- ντ ' �./ ±-./ * × �-−0 10�

η�−ντ 
� � ' �.1 ±-.� * × �-−0 1�-

η�∗��	��−ντ ' �.� ±-.� * × �-−0 /��

η�−π- ντ ' �.� ±-.� * × �-−0 ��/

η�-π−ντ ' �.� ±-.1 * × �-−0 ���

ηππ−π− ≥ 
 ����"�!� ντ < � × �-−� �76�-. 100

ηπ−ππ−ντ ' �.� ±-./ * × �-−0 100

η
����
�
− ντ → ηπ− ρ- ντ < �.� × �-−0 �76�-. 9

ηηπ− ντ < �.� × �-−0 �76�/. ��1

ηηπ−π- ντ < �.- × �-−0 �76�/. //�

η′�	���π− ντ < 1.0 × �-−/ �76�-. ��-

η′�	���π−π- ντ < �.- × �-−/ �76�-. /��

φπ− ντ < �.- × �-−0 �76�-. /�/

φ�− ντ < �.1 × �-−/ �76�-. 00/

�������π
−ντ ' 0.� ±-.� * × �-−0 0-�

�������π
−ντ →

ηπ−ππ−ντ

' �.� ±-.0 * × �-−0 9

π��

�−ντ → �ρπ�− ντ →
��π�− ντ

< �.- × �-−0 �76�-. 9

π��

�−ντ →
��ππ��−���� π�− ντ →
��π�− ντ

< �.� × �-−0 �76�-. 9

�−ω ≥ 
 ����"�!� ντ ' �.��±-.-�* . $6��� 1-�

�−ωντ 
� � ' �.��±-.-�* . $6��� 1-�

�−ωντ ' 0.� ±-.� * × �-−0 ��-

�−ωπ- ντ 
� � ' 0.� ±-.0 * × �-−� ��0

�−ω�π- ντ ' �.0 ±-./ * × �-−0 �00

��−�ωντ ' �.�-±-.��* × �-−0 �0�

��$��� ,���!& ���-�" ��	 �� ��$��� ���-�" ������$��� ,���!& ���-�" ��	 �� ��$��� ���-�" ������$��� ,���!& ���-�" ��	 �� ��$��� ���-�" ������$��� ,���!& ���-�" ��	 �� ��$��� ���-�" ����

�" =�"&�� ���-�" ��� .��!����� ��#���" =�"&�� ���-�" ��� .��!����� ��#���" =�"&�� ���-�" ��� .��!����� ��#���" =�"&�� ���-�" ��� .��!����� ��#��

� ����� ��8��� ������ �&����&�� '���� τ− → �π−π−*� %�����&�	
������ ���	�9 �	 ����� ��8��� ���&�: �&����&�� ��� ��� ��8��� ������
�&����&�� '���� τ− → �−ππ−*� � ����� ���:�� ������ �&����&���

�−γ �	 < �.� × �-−1 �76�-. ���

µ−γ �	 < �.� × �-−� �76�-. ��/

�−π- �	 < �.� × �-−1 �76�-. ���

µ−π- �	 < 0.� × �-−1 �76�-. ��-

�−�-� �	 < �.� × �-−1 �76�-. ���

µ−�-� �	 < �./ × �-−1 �76�-. ��/

�−η �	 < �.0 × �-−1 �76�-. �-0

µ−η �	 < �./ × �-−1 �76�-. �--

�−ρ- �	 < �.- × �-−� �76�-. 1��

µ−ρ- �	 < �.� × �-−� �76�-. 1�/

�−�∗��	��- �	 < /.� × �-−� �76�-. ��/

µ−�∗��	��- �	 < 1./ × �-−� �76�-. ��-

�−�∗��	��- �	 < 1.0 × �-−� �76�-. ��/

µ−�∗��	��- �	 < 1./ × �-−� �76�-. ��-

�−η′�	��� �	 < �.- × �-−� �76�-. ��-

µ−η′�	��� �	 < 0.1 × �-−1 �76�-. ��/

�−φ �	 < �.� × �-−� �76�-. /��

µ−φ �	 < 1.- × �-−� �76�-. /�-

�− � �− �	 < �.- × �-−1 �76�-. ���

�−µµ− �	 < �.- × �-−1 �76�-. ���

�µ−µ−
�	 < �.� × �-−1 �76�-. ���

µ− � �− �	 < �.� × �-−1 �76�-. ��/

µ �− �− �	 < �.� × �-−1 �76�-. ��/

µ−µµ− �	 < �.� × �-−1 �76�-. �1�

�−ππ− �	 < �.� × �-−1 �76�-. �11

�π−π− � < �.1 × �-−1 �76�-. �11

µ−ππ− �	 < �.� × �-−1 �76�-. ���



��������

������ ����	
� �	��

µπ−π−
� < 1 × �-−� �76�-. ���

�−π�− �	 < �.� × �-−1 �76�-. ���

�−π−� �	 < �.1 × �-−1 �76�-. ���

�π−�− � < �.� × �-−1 �76�-. ���

�−�-� �
-
� �	 < �.� × �-−� �76�-. 1��

�−��− �	 < �.0 × �-−1 �76�-. 1��

��−�− � < �./ × �-−1 �76�-. 1��

µ−π�− �	 < �.� × �-−1 �76�-. �--

µ−π−� �	 < �.� × �-−1 �76�-. �--

µπ−�−
� < �.� × �-−1 �76�-. �--

µ−�-� �
-
� �	 < �.0 × �-−� �76�-. ���

µ−��− �	 < �./ × �-−1 �76�-. ���

µ�−�− � < 0.� × �-−1 �76�-. ���

�−π-π- �	 < �./ × �-−� �76�-. �1�

µ−π-π- �	 < �.0 × �-−/ �76�-. ��1

�−ηη �	 < �./ × �-−/ �76�-. 1--

µ−ηη �	 < �.- × �-−/ �76�-. �/0

�−π- η �	 < �.0 × �-−/ �76�-. 1��

µ−π- η �	 < �.� × �-−/ �76�-. 1�0

�γ �9� < �./ × �-−� �76�-. �0�

�π- �9� < �./ × �-−/ �76�-. ���

��π- �9� < �.� × �-−/ �76�-. �-0

�η �9� < �.� × �-−� �76�-. 01/

�π- η �9� < �.1 × �-−/ �76�-. ��-

�π− �9� < 1.� × �-−� �76�-. /��

�π− �9� < �.0 × �-−1 �76�-. /��

�− !��3� -���� �	 < �.1 × �-−� �76�/. 9
µ− !��3� -���� �	 < / × �-−� �76�/. 9

����� �	�
��� ����� ���
�	������� �	�
��� ����� ���
�	������� �	�
��� ����� ���
�	������� �	�
��� ����� ���
�	��

�± 9 �3�"��# !�$����± 9 �3�"��# !�$����± 9 �3�"��# !�$����± 9 �3�"��# !�$���

���� � > 

.� >��� �� � 	�� 
�� (���& �� ν� *

�± 9 ���-!� �3�"��# 3��.& !�$����± 9 ���-!� �3�"��# 3��.& !�$����± 9 ���-!� �3�"��# 3��.& !�$����± 9 ���-!� �3�"��# 3��.& !�$���

���� � > 
�.� >��� �� � 	��

����
��� �
���
��������
��� �
���
��������
��� �
���
��������
��� �
���
����

)�� �3� ���� �� 7?���"��� $"�$�"���� !�������8 �� �3� 4�"���!� ��������*

���� � < � �� ��"����� #���&�

���� !�%������� τ�� > �

 ����� �� � 	
� �"�����"�

���� !�%������� τ�� > �× 
� ���� ���!�"�

���� !�%������� τ�� > �.� ����� �� � 	
� �����!�"���"�

�������� ������ µ < 
.	× 
−�- µ� � �� � 	
� �"�����"�

�����
 �� ����
��� ����������
 �� ����
��� ����������
 �� ����
��� ����������
 �� ����
��� �����

?��-�" � � �.		� ± 
.
� �)���#�"# ��#�! <�� �� � 4 #����

?��-�" � � �.	� ± 
.
� �(�"��� �����"����� �% ��.���-!� �

6�#�3�

����
��� ����������
��� ����������
��� ����������
��� ������

@3� %�!!�6��� .�!��� �"� �-�����# �3"���3 #��� ���!&��� -���# ��

�3� �5����"��� ��:��� ��3��� #���"�-�# �� �3� "�.��6 7?���"���

����� ��:���� ��# A�.�" �3����8 -& =* B�&��" �� �3�� ������*

������θ��� � 
.��-.-�−-.-0
C���� � ��.
-.0−-.��× 
−/ ���

@3� "����� -�!�6 %�" ������θ��� ��# C�
�
�� ��""��$��# �� �3� $"�5

D������� ���� �3� �$$"�$"���� �:�� �% �3� 	
� �� ������"� �� �3�
������θ���5C�

�
�� $!���*

������θ��� > 
.	�

C���� � .	 �� �.
× 
−� ��� 
� �

������θ��� < 
.	� �� � 	
�

����� ����
�� ������ ���
�	�� ��
����� ����
�� ������ ���
�	�� ��
����� ����
�� ������ ���
�	�� ��
����� ����
�� ������ ���
�	�� ��


,�" �:����# !�$����� ��� ���$��������� ������ -�!�6*

)��-!� ?���"�! E��.& ��$��� ���� ������)��-!� ?���"�! E��.& ��$��� ���� ������)��-!� ?���"�! E��.& ��$��� ���� ������)��-!� ?���"�! E��.& ��$��� ���� ������

���� � > ��.
 >��� �� � 	�� �(�"���

���� � > �	.� >��� �� � 	�� ���D�"����

?���"�! E��.& ��$��� ���� ������?���"�! E��.& ��$��� ���� ������?���"�! E��.& ��$��� ���� ������?���"�! E��.& ��$��� ���� ������

���� � > 	
.� >��� �� � 	��

�(�"�� ν� ���$!��� �� �� µ� τ F �����".���.� �����τ��

���� � > �
.� >��� �� � 	��

���D�"��� ν� ���$!��� �� �� µ� τ F �����".���.� �����τ��

?G@ )

0� �3�� )����"& @�-!�H

13�� � I������& 3�� 7�) � . . .�8 �� ��� "��3�� �3� �""�" �� �3� I������& 3��

-��� ��!�"��# -& �3� 7���!� %����"8 )� #�<��# �� ) �
√

χ�/�� − �� 63�"�
� �� �3� ���-�" �% �����"������ ���# �� ��!��!����� �3� I������&* 1� #�
�3�� 63�� ) > � 63��3 �%��� ��#������ �3�� �3� �����"������ �"� ��������5
����* 13�� ) > .��� 6� �!�� �3�6 �� �3� 4�"���!� �������� �� �#���"�� �%
�3� �����"������* ,�" ��"� �-��� )� ��� �3� 0��"�#������*

+ #���& �������� � �� ��.�� %�" ���3 #���& ��#�* ,�" � �5-�#& #���&� �
�� �3� �������� �% ���3 #���& $"�#��� �� �3� "��� %"��� �% �3� #���&���
$�"���!�* ,�" � �5�"5��"�5-�#& #���&� � �� �3� !�"���� �������� ��& �% �3�
$"�#���� ��� 3�.� �� �3�� %"���*

J
K @3�� �� �3� -��� !���� %�" �3� ��#� �− → ν γ* @3� -��� !���� %�" 7�!���"��
#���$$��"����8 �� �.�× 
�0 &"*

J�K )�� �3� 7?��� �� ���� (���& 4�"�����"�8 �� �3� µ 4�"���!� �������� %�"
#�<������� ��# #����!�*

J� K �µ �� �3� !������#���! $�!�"�L����� �% �3� ���� %"�� $��� #���&* 0�
����#�"# �−� �3��"&� �µ �  ��# ρ � δ � ���*

J� K @3�� ��!& ���!�#�� �.���� 6��3 �3� γ ���"�&> 
 ���* )���� �3� �−ν� νµ

��# �−ν� νµ γ ��#�� ������ -� �!��"!& ��$�"���#� 6� "���"# �3� !����"
��#� �� � ��-��� �% �3� %�"��"*

J�K )�� �3� "�!�.��� 4�"���!� �������� %�" �3� ���"�& !����� ���# �� �3�� ���5
��"�����*

J� K + ���� �% �##���.� .�* ��!��$!�����.� !�$��� %���!& ���-�" �����".�����*

J� K =���� ��#� %�" �3� τ *

J�K �± ���� !���� #�$��#� �� #���& �����$�����F ��� �3� ,�!! ��������*

J� K @3� ���� �% C���� �� ��� 2��6� �� �3�� ����* @3� "���� I����# �� %�"
�3� �-��!��� .�!��*
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��� ��� ��� ��� ���	�
� ��� �
� ������� �� �������� ��	

����
�	�
� ����� �� � �������������� 	��
������ ����� 	�� �
�� �� � ���� µ ≈ � ���� ��� �� ��� ���	�
� ��� �
� ���
�
	������ ��� �� ��� �� ������ ��
 ��� ���	�
�  � ���
�	��� ��� !� ��� ���� ��� �� ��"�
��� �
�� ��� ���#$ �	�
�
��� �������� �� ��������� ������

���� � %�� & ' �
� %

�
�
(&

�� � ' !.) �� *.+ ��� ��� ,��
�� ' �
� 	 �� ' (�

�
��-�� ' +.* �� +..

���� � %�� & ' �
� %

�
�
(&

�� � ' * �� / ��� ��� ,��
�� ' −�
� 	 �� ' −�

�
��-�� ' !/ �� ��

� ' %��(�� &-� ' �.) �� ).) ���

���� � %�� & ' +%�
�
(&

�� � ' 0) ± �) ��� ��� ,��
�� ' −�
� 	 ��
������ ' −!

%�� 1 %�� ( �� &-�&
/
%�� − ��& ' *+ �� )+

���� � %�� & ' +%�
�
(&

�� � ' !.�) ± +.+0 ��� ,��
�� ' �
� 	 ,��
� ' (!

���� � %�� & ' +%�
�
(&

,��
�� ' −�
� 	 2����� ' −!

�� � ' 3.�+ ± +.+/ ��� %�� ��&

�� � ' 3./+ ± +.+/ ��� %!� ��&

���� � %�� & ' +%�
�
(&

,��
�� ' �
� 	 ��� ' (!

�� � ' !/3.�± *.* ��� ��� %��
��� ���
#����� �� ��� �#���&

�� � ' !/�.*���.�
− �.� ��� %������
� ����� �����
� ��� 4�&

�

� 	
�� ��	
�� 	
�� ��	
�� 	
�� ��	
�� 	
�� ��	
� �������� ��� ��� ���������  �!� ���"�	�


 � %� ' �� � � �& 1

 � 1

�ν� ��$����� �	
�� � #.$±�.$� % 1
τ ντ � 1

γ � %�'���& ��� < &.# × ��−� #&% 1

5� ' !  ��� ��	�
�� �	

��� %�& ����5� ' !  ��� ��	�
�� �	

��� %�& ����5� ' !  ��� ��	�
�� �	

��� %�& ����5� ' !  ��� ��	�
�� �	

��� %�& ����

� � %�'���& � �� � < ��.� % #&% 1

�
′ ���� ������	
��� ����� �������� ����
′ ���� ������	
��� ����� �������� ����
′ ���� ������	
��� ����� �������� ����
′ ���� ������	
��� ����� �������� ���

�� � > !0+ ���� ,6 ' 0)7 %��� �	�������� �′&
�� � > !00 ���� ,6 ' 0)7 %��� ��	�
����	

��� ����$&

�� � > !�8 ���� ,6 ' 0)7 %��� ���
�����	

��� ����$&

�� � > 3..+ ���� ,6 ' 0)7 %	� 	−� ��� ����$&

���� ���� ������������ ���� ������������ ���� ������������ ���� ��������

9�� ��
��� ���� !0// ��#� ��� ������#� 
�	���

:;�<�

=�> ��� 
���� ��-�� ��� ��-�� �
� �?�
����� �
�� ���� ��� ���� ���
	��� ���
�� $����
$� ��� ������� �� � ��� � ��� �
� ���  ����	�
����
�#�
$ ��� 
����� 	���
 ����#� ��#���������� @����� ��� ����
��	
�
���
� �
� �#�� 	������� ���� ��� � �	�
� ��	�� �� ��������$ �����
��� ���	�
� �� � �������� �
�� �A%*& �������� �� ���
�� ����

=�> 2��� �� �	������ ��� �� ���	
����� 	��� ���� �
�� ��#��
��
B	��C ��� B	��CC� C���	���� ��� ��� ��� 
����� 	��	������ 
�	�� �
��
B	��CC� ��� ��#��
�� <����
� ��� @�
���� �
�	� 
���
� � ��� �� ��
!/�.) ± !.* ± !.0 ���� ��� ��� ���� ���� ��� D	�
�� �� ��� D	�
�
E�
����� 6����� �� ��� �	��	��

=� > � ���� 	 �
 µ ����$ ����� ��� ��� 	� �#�
 �����

=� > 9	�� ������ 	��#�
����$ ��� 
 �����$ �����������

=	> ��� ����� � ��
 F%� → γ �&-F%� → 
 �&�

=� > ��� ����� � ��
 F%� → � �&-F%� → 
 �&�



��������

����� �����	
����

����� �����	
�� ���
������� �����	
�� ���
������� �����	
�� ���
������� �����	
�� ���
��
�� � � � � � ���� � � � � � ���� � � � � � ���� � � � � � ��

��� � � � �π� �� ρ� ��� �� � ���−���	
√

� ���

��� � �  �η� η′� �� �′� ω� φ� � � � ′�� ����� � � �� � ���� ��

π±π±π±π± �	 �
� � � �−�−�

���� � � ���.���� ± .�� ��� �� � ��
�

���� ���� τ � �
.��� ± .��× �−� � �� � ��
�

�τ � �.���  

π± → �±ν γ ��� ��!"���π± → �±ν γ ��� ��!"���π± → �±ν γ ��� ��!"���π± → �±ν γ ��� ��!"��� ���

� � .�� ± .�
� � .��� ± .� �� � ��
�

� � .����.���
−�.���

π− �	
�� �� ����� �	������� 	� ��� �	
�� ���	��

�	� 
��� ������ �	 �������� ����� �� �	� ���������
� ��� ��� ���	�����
 ���� �����	�� !"���#� $������	 %�&  ���� '���� �� !(�	�)� �


*���� +���� ,	�	� !��)  ������� ����)�

�

π� -./01 "*-. π� -./01 "*-. π� -./01 "*-. π� -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

µ�νµ ��� !��.��66�±�.����7) 8 9�

µ�νµ γ ��� ! �.�� ±�.�: )× ��−7 9�

��ν� ��� ! �.�9� ±�.��7 )× ��−7 6�

��ν� γ ��� ! �.;� ±�.�9 )× ��−6 6�

��ν� π� ! �.�9; ±�.��; )× ��−� 7

��ν� �
� �− ! 9.� ±�.: )× ��−� 6�

��ν� ν ν < : × ��−; ��8 6�

#�$"�� �� ��% �& '�� ��� �� #�$"�� �& '�� ��� (����"��)  �*��#�$"�� �� ��% �& '�� ��� �� #�$"�� �& '�� ��� (����"��)  �*��#�$"�� �� ��% �& '�� ��� �� #�$"�� �& '�� ��� (����"��)  �*��#�$"�� �� ��% �& '�� ��� �� #�$"�� �& '�� ��� (����"��)  �*��

µ�ν� 	 �
� < �.: × ��−9 ��8 9�

µ�ν� 	� �
� < �.� × ��−9 ��8 9�

µ− �� ��ν 	� < �.; × ��−; ��8 9�

π�π�π�π� �	 �
�� � � �−�−��

���� � � ���.���� ± .� ��� �� � ����

�π± − �π� � �.���� ± .� ���
���� ���� τ � ��.� ± .��× �−�6 � �� � ���

�τ � 
�.� � 

�	� 
��� ������ �	 �������� ����� �� �	� ���������
� ��� ��� ���	�����
 ���� �����	�� !�� !(�	�) �
 *���� +���� ,	�	� !��)  ������� ����)�

 ��� ���	�3 �

π� -./01 "*-. π� -./01 "*-. π� -./01 "*-. π� -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)


γ !��.6��±�.�9�) 8  <��� ;6

�� �− γ ! �.���±�.�9�) 8  <��� ;6

γ $���"����& ! �.�� ±�.�� )× ��−� ;6

�� �� �− �− ! 9.�7 ±�.9� )× ��−: ;6

�� �− ! ;.� ±�.: )× ��−� ;6

�γ < � × ��−� /+<��8 ;6

ν ν ��� < �.6 × ��−6 /+<��8 ;6

ν� ν� < �.6 × ��−; /+<��8 ;6

νµ νµ < �.; × ��−; /+<��8 ;6

ντ ντ < �.� × ��−; /+<��8 ;6

γ ν ν < ; × ��−7 /+<��8 ;6

+,��)� !��-&)�"��� �� � �� #�$"�� �� ��% �& '�� �� � (����"��)  �*��+,��)� !��-&)�"��� �� � �� #�$"�� �� ��% �& '�� �� � (����"��)  �*��+,��)� !��-&)�"��� �� � �� #�$"�� �� ��% �& '�� �� � (����"��)  �*��+,��)� !��-&)�"��� �� � �� #�$"�� �� ��% �& '�� �� � (����"��)  �*��

�γ � < 9.� × ��−� /+<��8 ;6

µ� �− 	� < 9.� × ��−��/+<��8 �;

µ− �� 	� < 9.7 × ��−� /+<��8 �;

µ� �− � µ− �� 	� < �.6� × ��−� /+<��8 �;

ηηηη �	 �
�� � � ��−��

���� � � ���.�� ± .�� ��� � � �� � ����

�&�� .�*", / � �.� ± .� 0�� �� �

�1���!�����(��) *�!�% $��� �"����1���!�����(��) *�!�% $��� �"����1���!�����(��) *�!�% $��� �"����1���!�����(��) *�!�% $��� �"���

π�π−π� #��"1��)," ��%  �"�% � �.� ± .���× �−�
π�π−π� ��2"��" ��%  �"�% � �.�� ± .���× �−�
π�π−π� 3&�*���" ��%  �"�% � �−.�� ± .���× �−�
π�π−γ #��"1��)," ��%  �"�% � �.� ± .��× �−�
π�π−γ β ��1.�(�� � −.
 ± .� �� � ����

4���"5 $��" $��� �"��4���"5 $��" $��� �"��4���"5 $��" $��� �"��4���"5 $��" $��� �"��

π�π�π� α � −.�� ± .� �� � ����

 ��� ���	�3 �

η -./01 "*-. η -./01 "*-. η -./01 "*-. η -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

6�&"���  �*��6�&"���  �*��6�&"���  �*��6�&"���  �*��
��&"���  �*�� !6�.� ±�.: ) 8  <��9 7

γ �� � !9�.9�±�.�;) 8  <��� �67

�π� !9�.:�±�.��) 8  <��� �6�

π� 
γ ! 7.7 ±�.; ) × ��−7  <��� �:6

π�π� γ γ < �.� × ��−9 /+<��8 �9�

�",�� ��&"���  �*�� < �.� 8 /+<��8 7

+,��)�*  �*��+,��)�*  �*��+,��)�*  �*��+,��)�*  �*��

!,��)�*  �*�� !��.� ±�.: ) 8  <��9 7
π�π−π� !��.6 ±�.7 ) 8  <��9 �67

π�π−γ ! 7.;�±�.��) 8  <��� �9;

�� �− γ ! ;.� ±�.� ) × ��−9  <��7 �67

µ�µ− γ ! 9.� ±�.7 ) × ��−7 �:9

�� �− < 6.6 × ��−: /+<��8 �67

µ�µ− ! :.� ±�.� ) × ��−; �:9

�� �− �� �− < ;.� × ��−: /+<��8 �67

π�π− �� �− ! 7.� �:.9
−�.: )× ��−7  <��� �9:

π�π−
γ < �.� × ��−9 �9;

π�π−π� γ < : × ��−7 /+<��8 �67

π�µ�µ− γ < 9 × ��−; /+<��8 ���

+,��)� !��-&)�"��� �� �� 8���"% ����+,��)� !��-&)�"��� �� �� 8���"% ����+,��)� !��-&)�"��� �� �� 8���"% ����+,��)� !��-&)�"��� �� �� 8���"% ����
+,��)� !��-&)�"��� × 8���"% ����� ��+,��)� !��-&)�"��� × 8���"% ����� ��+,��)� !��-&)�"��� × 8���"% ����� ��+,��)� !��-&)�"��� × 8���"% ����� ��

#�$"�� �� ��% �& '�� �� � (����"��)  �*��#�$"�� �� ��% �& '�� �� � (����"��)  �*��#�$"�� �� ��% �& '�� �� � (����"��)  �*��#�$"�� �� ��% �& '�� �� � (����"��)  �*��

π� γ � < � × ��−: /+<��8 �:6

π�π− ���� < �.9 × ��−: /+<��8 �9;

π�π� ���� < 7.9 × ��−7 /+<��8 �9�

π�π� γ � < : × ��−7 /+<��8 �9�

π�π�π� γ � < ; × ��−: /+<��8 �6�

�γ � < 7 × ��−: /+<��8 �67

�π� ���� < ;.� × ��−6 /+<��8 7�

π� �� �− � ��� < 7 × ��−: /+<��8 �:6

π�µ�µ− � ��� < : × ��−; /+<��8 ���

µ� �− � µ− �� 	� < ; × ��−; /+<��8 �;7

���������������������������� �� �

�� σ�� σ�� σ�� σ
�	 �
�� � � �� � ��

���� � � ��7�
� ���

�&�� .�*", / � ��7�� ���

�!;��) -./01 "*-. �!;��) -./01 "*-. �!;��) -./01 "*-. �!;��) -./01 "*-. �����	� !2� 32) � !"�53�)

ππ 
	����� 7
γ γ ���� 7



��������

����� �����	
����

ρ�����ρ�����ρ�����ρ����� ��� �	 �
�� � � ����−−�

���� � � ���.� ± .� ���
�&�� .�*", / � ���.� ± �. ���
/�� � �.
 ± .�� 0��

 ��� ���	�3 �

ρ!66�) -./01 "*-. ρ!66�) -./01 "*-. ρ!66�) -./01 "*-. ρ!66�) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

ππ ∼ ��� 8 9;9

ρ����± *�!�%�ρ����± *�!�%�ρ����± *�!�%�ρ����± *�!�%�
π± γ ! 7.: ±�.: )× ��−7  <��� 96:

π± η < ; × ��−9 /+<�78 �:9

π±π�π−π� < �.� × ��−9 /+<�78 �:7

ρ����� *�!�%�ρ����� *�!�%�ρ����� *�!�%�ρ����� *�!�%�

π�π−γ ! �.� ±�.; )× ��−9 9;�

π� γ ! ;.� ±�.� )× ��−7 96;

ηγ ! �.�:±�.9� )× ��−7  <��� ��7

π�π� γ ! 7.: ±�.� )× ��−: 9;9

µ�µ− ��� ! 7.::±�.�� )× ��−: 969

�� �− ��� ! 7.6�±�.�� )× ��−: 9��

π�π−π� ! �.����.:7
−�.9;±�.97) × ��−7 9�9

π�π−π�π− ! �.� ±�.� )× ��−: �:�

π�π−π�π� < 7 × ��−: /+<��8 �:6

ω�����ω�����ω�����ω����� �	 �
�� � � −��−−�

���� � � ��
.�� ± .�
 ��� �� � ����

�&�� .�*", / � �.�� ± .� ���
/�� � .� ± .
 0��

 ��� ���	�3 �

ω!6��) -./01 "*-. ω!6��) -./01 "*-. ω!6��) -./01 "*-. ω!6��) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

π�π−π� !��.� ±�.6 ) 8  <��� 9�6

π� γ ! �.����.�6
−�.�9) 8  <��� 9��

π�π− ! �.6�±�.�6) 8  <��7 9;;

��&"���� ��2!�&*��)π� γ � ! �.; �6.7
−�.� )× ��−9 7

ηγ ! 7.� ±�.: ) × ��−7 ���

π� �� �− ! 6.6 ±�.� ) × ��−7  <��� 9��

π�µ�µ− ! �.; ±�.9 ) × ��−: 97�

�� �− ! 6.��±�.��) × ��−:  <��� 9��

π�π−π�π� < � 8 /+<��8 �;�

π�π−γ < 9.; × ��−9 /+<�:8 9;;

π�π−π�π− < � × ��−9 /+<��8 �:;

π�π� γ ! ;.6 ±�.� ) × ��−: 9;6

ηπ� γ < 9.9 × ��−: /+<��8 �;9

µ�µ− ! �.� ±9.� ) × ��−: 966

�γ < �.� × ��−7 /+<�:8 9��

+,��)� !��-&)�"��� �� � (����"��)  �*��+,��)� !��-&)�"��� �� � (����"��)  �*��+,��)� !��-&)�"��� �� � (����"��)  �*��+,��)� !��-&)�"��� �� � (����"��)  �*��

ηπ� � < � × ��−9 /+<��8 �;9

�π� � < 9 × ��−7 /+<��8 99�

η′��	��η′��	��η′��	��η′��	�� �	 �
�� � � ��−��

���� � � ���.�� ± .�� ���
�&�� .�*", / � .
� ± .�� ��� �� � ����

 ��� ���	�3 �

η′!�:�) -./01 "*-. η′!�:�) -./01 "*-. η′!�:�) -./01 "*-. η′!�:�) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

π�π−η !77.: ±�.7 ) 8  <��� �9�

ρ� γ ���!�&*��) ���1�������"
π� π− γ�

!��.7 ±�.� ) 8  <��� �;:

π�π� η !��.� ±�.� ) 8  <��� �9�

ωγ ! 9.�9±�.9�) 8 �:�

γ γ ! �.��±�.�7) 8  <��9 76�

�π� ! �.::±�.�;) × ��−9 79�

µ�µ− γ ! �.�7±�.�;) × ��−7 7;6

π�π−π� < : 8 /+<��8 7��

π� ρ� < 7 8 /+<��8 ���

π�π�π−π− < � 8 /+<��8 96�

π�π�π−π− ��&"���� < � 8 /+<�:8 7
π�π�π−π−π� < � 8 /+<��8 ���

�π < � 8 /+<��8 ���

π�π− �� �− < ; × ��−9 /+<��8 7:�

γ �� �− < � × ��−7 /+<��8 76�

π� γ γ < � × ��−7 /+<��8 7;�

�π� < : × ��−7 /+<��8 9��

�� �− < �.� × ��−6 /+<��8 76�

+,��)� !��-&)�"��� �� �� 8���"% ����+,��)� !��-&)�"��� �� �� 8���"% ����+,��)� !��-&)�"��� �� �� 8���"% ����+,��)� !��-&)�"��� �� �� 8���"% ����

#�$"�� �� ��% �& '�� �� � (����"��)  �*��#�$"�� �� ��% �& '�� �� � (����"��)  �*��#�$"�� �� ��% �& '�� �� � (����"��)  �*��#�$"�� �� ��% �& '�� �� � (����"��)  �*��

π�π− ���� < � 8 /+<��8 7:�

π�π� ���� < � × ��−7 /+<��8 7:�

π� �� �− � ��� < �.7 × ��−9 /+<��8 7;�

η�� �− � ��� < �.7 × ��−9 /+<��8 9��

�γ � < �.� × ��−7 /+<��8 76�

µ�µ−π� � ��� < ;.� × ��−: /+<��8 77:

µ�µ− η � ��� < �.: × ��−: /+<��8 �67

�µ 	� < 7.6 × ��−7 /+<��8 769

���������������������������� ��� �	 �
�� � � �� � ��

���� � � �� ± � ���
�&�� .�*", / � � "� � ���

�!���) -./01 "*-. �!���) -./01 "*-. �!���) -./01 "*-. �!���) -./01 "*-. �����	� !2� 32) � !"�53�)

ππ 
	����� 76�

� � ���� †
γ γ ���� 7��

���������������������������� ��� �	 �
�� � � �−� � ��

���� � � ���.� ± �.
 ��� �� � ����

�&�� .�*", / � � "� � ���

��!���) -./01 "*-. ��!���) -./01 "*-. ��!���) -./01 "*-. ��!���) -./01 "*-. �����	� !2� 32) � !"�53�)

ηπ 
	����� 9��

� � ���� †
γ γ ���� 7��

φ�
����φ�
����φ�
����φ�
���� �	 �
�� � � −��−−�

���� � � ���.�� ± .�� ���
�&�� .�*", / � �.
� ± .� ��� �� � ����



��������

����� �����	
����

 ��� ���	�3 �

φ!����) -./01 "*-. φ!����) -./01 "*-. φ!����) -./01 "*-. φ!����) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

���− !7�.� ±�.; ) 8  <��� ��6

��
	�

�
� !97.� ±�.: ) 8  <��� ���

ρπ � π�π−π� !�:.9 ±�.7 ) 8  <��� 7
ηγ ! �.9��±�.��7) 8  <��� 9;9
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−�.� )× ��−: �6�

ωγ < : 8 /+<�78 ���
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 � ��

���� � � �
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π����π ���� 97�

ρρ ���� 96�

π�π− ���� �7�

ππ ���� �7�

� �∗���
�� !�!� ���� 7�;

ηρ ���� :7:

�����
�π �	� ���� 997

� � ���� 6�7

�� �− ���� �;�

π�ω ���� ;67



��������

����� �����	
����

���
�
�����
�
�����
�
�����
�
��
��� �	 �
�� � � �� � ��

���� � � ���� ± � ��� �� � ��
�

�&�� .�*", / � ��� ± � ��� �� � ����

�!�6��) -./01 "*-. �!�6��) -./01 "*-. �!�6��) -./01 "*-. �!�6��) -./01 "*-. �����	� !2� 32) � !"�53�)

� � ���� 6�9

ηη ���� ;;�

ππ ���� �7�

π�
����π�
����π�
����π�
���� �	 �
�� � � �−�−��

���� � � ���
 ± �� ��� �� � 
���

�&�� .�*", / � 
� ± �� ���

π!����) -./01 "*-. π!����) -./01 "*-. π!����) -./01 "*-. π!����) -./01 "*-. �����	� !2� 32) � !"�53�)

π�π−π− ���� �6�

�����π
− ���� 7

������π
− ���� ;9�

�������π
− ���� 9;�

������π
− �	� ���� �7�

ρπ− �	� ���� 69�

ηηπ− ���� ;;�

������η ���� 76�

������π
− ���� �7�

ηη′�����π− ���� 96;

�∗
�������

− ���� †
�∗���
��− �	� ���� :6�

φ��
�	��φ��
�	��φ��
�	��φ��
�	�� �	 �
�� � � −��−−�

���� � � ���� ± � ���
�&�� .�*", / � �����

−�9 ��� �� � ��
�

φ9!��:�) -./01 "*-. φ9!��:�) -./01 "*-. φ9!��:�) -./01 "*-. φ9!��:�) -./01 "*-. �����	� !2� 32) � !"�53�)

� � ���� 6�:

� �∗���
�� !�!� ���� ;��

���
�	�����
�	�����
�	�����
�	�� �	 �
�� � � ��
 � ��

���� � � ���� ± �
 ��� �� � ����

�&�� .�*", / � ��
 ± �� ���

�!��:�) -./01 "*-. �!��:�) -./01 "*-. �!��:�) -./01 "*-. �!��:�) -./01 "*-. �����	� !2� 32) � !"�53�)

�∗���
��∗���
� ���� 9�6

π�π− ���� �;�

�π ���� ��:

ηη ���� ��9

� � ���� �96

γ γ ���� �6�

�����
�������
�������
�������
�� �	 �
�� � � ��
 � ��

���� � � 
���;�
−�� ���

�&�� .�*", / � 

 ± � ���

�!����) -./01 "*-. �!����) -./01 "*-. �!����) -./01 "*-. �!����) -./01 "*-. �����	� !2� 32) � !"�53�)

φφ ���� †

�������������������������������� �	 �
�� � � �−�� � ��

���� � � 
� ± � ���
�&�� .�*", / � ��� ± �� ���

�7!��7�) -./01 "*-. �7!��7�) -./01 "*-. �7!��7�) -./01 "*-. �7!��7�) -./01 "*-. �����	� !2� 32) � !"�53�)

� � ���� �6�

π�π−π� ���� �66

ρπ ���� �77

����
��π ���� :�9

ωπ−π� ���� ���

ωρ ���� ;��

ηπ� ���� ���

η′�����π ���� 6;7

�����	�������	�������	�������	�� �	 �
�� � � ��� � ��

���� � � 

� ± � ��� �� � ����

�&�� .�*", / � 

� ± �� ��� �� � ����

7!��:�) -./01 "*-. 7!��:�) -./01 "*-. 7!��:�) -./01 "*-. 7!��:�) -./01 "*-. �����	� !2� 32) � !"�53�)

ωω �	� ���� ;7�

ππ !�6.�±�.:) 8 ���9

� � ! ;.��9.7
−�.�)× ��−9 ��7

ηη ! �.�±�.�)× ��−9 �:�

�π� < �.� 8 �;6

�����
�π ���� :6�

�������������������������������� �	 �
�� � � ��
 � ��

���� � � 

�� ± 
� ���
�&�� .�*", / � ��� ± � ���

�!�9��) -./01 "*-. �!�9��) -./01 "*-. �!�9��) -./01 "*-. �!�9��) -./01 "*-. �����	� !2� 32) � !"�53�)

φφ ���� :��

� � ���� ��96

γ γ ���� ��7�

�������������������������������� �	 �
�� � � ��
 � ��

���� � � 
��� ± � ���
�&�� .�*", / � ������

−6� ���

�!�97�) -./01 "*-. �!�97�) -./01 "*-. �!�97�) -./01 "*-. �!�97�) -./01 "*-. �����	� !2� 32) � !"�53�)

φφ ���� :69

����������
������������
������������
������������
��
��� ±����������� ±����������� ±����������� ±��������

�� � �� � �� � �� � �� � � �� �− � � �� �� �����% ��� �∗<�

�
±�±

�
±�± � �
� � � �

� �
−�

���� � � ���.��� ± .�� ��� �� � �� � 
���

���� ���� τ � ��.
��� ± .
��× �−� � �� � 
��

�τ � �.���  

���$� $��� �"�� ����$� $��� �"�� ����$� $��� �"�� ����$� $��� �"�� � �� �

���� 8��"�!�� #��"��)� ��� =&�*��"�! !��Æ!���"� �� ��"����"�(� $��� �1
"���5�"��� ����"�* "� ππ �!�""����)�

�� → π�π�π− � −.
��� ± .�� �� � ����

�− → π−π−π� � −.
�� ± .� �� � 
���

�± → π±π�π− ��� − �−� 	 ��� � �−� � ��.�± 
.��×�−7
�± → π±π�π� � .�
� ± .�
�± → π±π�π� ��� − �−� 	 ��� � �−� � �.
 ± .���>

�± *�!�% ��� ��!"����± *�!�% ��� ��!"����± *�!�% ��� ��!"����± *�!�% ��� ��!"��� �� ! �

?��& ��) µ1� &��(������"%

λ���
�
µ9� � λ���

�
�9� � �
.�� ± .��× �−�

λ���
�
µ9� � ��.�� ± .�
�× �−�



��������

����� �����	
����

6�" ���& ��) µ1� &��(������"%

λ���
�
�9� � �
.�� ± .��× �−�

λ���
�
µ9� � �
.�� ± .���× �−�

λ���
�
µ9� � ��.�� ± .���× �−�

��9 ��� ��!"�� =&�*��"�! @"

λ<� ��
±
�9� ������ !��A� � �
.�� ± .���× �−�

λ′′���±
�9� =&�*��"�! !��A� � �.�� ± .��× �−�

��
�9

∣∣��	��
∣∣ � �−.���.�

−�.6�× �−�
��

�9

∣
∣�" 	��

∣
∣ � �−�.
 ± 
.��× �−�

��
µ9

∣
∣��	��

∣
∣ � �.
 ± .��× �−�

��
µ9

∣
∣�" 	��

∣
∣ � �−.� ± .��× �−�

�� → ��ν� γ
∣
∣� � �

∣
∣ � .��� ± .�

�� → µ�νµ γ
∣
∣� � �

∣
∣ � .��� ± .��

�� → ��ν� γ
∣
∣� − �

∣
∣ < .��

�� → µ�νµ γ
∣
∣� − �

∣
∣ � −.
� "� .�� +# � �>

+,��)� B�*�&�+,��)� B�*�&�+,��)� B�*�&�+,��)� B�*�&�
〈
�
〉
� .�� ± .�� � 

�� (����"��� $��� �"����� (����"��� $��� �"����� (����"��� $��� �"����� (����"��� $��� �"���

C��±
πµµ� � −.
 ± .�


� (����"��� $��� �"���� (����"��� $��� �"���� (����"��� $��� �"���� (����"��� $��� �"���

�� → π�µ�νµ �T � �−�.� ± 
.��× �−9
�� → µ�νµ γ �T � �−.� ± �.��× �−�
�� → π�µ�νµ D �ξ� � −.� ± .�

#− �	
�� �� ����� �	������� 	� ��� �	
�� ���	��

 ��� ���	�3 �

#� -./01 "*-. #� -./01 "*-. #� -./01 "*-. #� -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

#�$"���! ��* �� ���$"���!  �*��#�$"���! ��* �� ���$"���!  �*��#�$"���! ��* �� ���$"���!  �*��#�$"���! ��* �� ���$"���!  �*��
��ν� ! �.:: ±�.�6 )× ��−: �76

µ�νµ !;9.77 ±�.�7 ) 8  <��� �9;

π� �� ν� ! 7.�� ±�.�6 ) 8  <��9 ���

+����* ��
�9�

π�µ�νµ ! 9.9� ±�.�; ) 8  <��� ��:

+����* ��
µ9�

π�π� �� ν� ! �.� ±�.7 )× ��−: ��;

π�π− �� ν� ! 7.�� ±�.�� )× ��−: ��9

π�π−µ� νµ ! �.7 ±�.� )× ��−: �:�

π�π�π� �� ν� < 9.: × ��−; /+<��8 �9:

E�*����!  �*��E�*����!  �*��E�*����!  �*��E�*����!  �*��
π�π� !��.�� ±�.�� ) 8  <��� ��:

π�π�π� ! �.6:6±�.��7) 8  <��� �99

π�π�π− ! :.:��±�.�9�) 8  <��� ��:

#�$"���! ��* �� ���$"���!  �*�� .�", $,�"���#�$"���! ��* �� ���$"���!  �*�� .�", $,�"���#�$"���! ��* �� ���$"���!  �*�� .�", $,�"���#�$"���! ��* �� ���$"���!  �*�� .�", $,�"���

µ�νµ γ �$ % � ! ;.� ±�.� )× ��−9 �9;

µ�νµ γ ��4�� ���� < 9.� × ��−: /+<��8 7

µ�νµ γ ��4�D6F� ���� < �.6 × ��−: /+<��8 7

µ�νµ γ ��4− � �4−D6F� ���� < �.; × ��−7 /+<��8 7

��ν� γ ��4�� ���� ! �.:� ±�.�9 )× ��−: 7
��ν� γ ��4−� ���� < �.; × ��−7 /+<��8 7
π� �� ν� γ �$ % � ! �.;� ±�.�� )× ��−7 ���

π� �� ν� γ ��4� ���� < :.9 × ��−: /+<��8 ���

π�µ�νµ γ �$ % � ! �.7 ±�.� )× ��−: ��:

π�π� �� ν� γ < : × ��−; /+<��8 ��;

E�*����!  �*�� .�", $,�"���E�*����!  �*�� .�", $,�"���E�*����!  �*�� .�", $,�"���E�*����!  �*�� .�", $,�"���

π�π� γ �$ % � ! �.6: ±�.�: )× ��−7 ��:

π�π� γ �4;� �% ��� ! 7.7 ±�.6 )× ��−; ��:

π�π�π� γ �$ % � ! 6.; �:.;
−9.� )× ��−; �99

π�π�π− γ �$ % � ! �.�7 ±�.9� )× ��−7 ��:

π� γ γ �% � ! �.�� ±�.9� )× ��−; ��6

π� �γ �% � < �.� × ��−7 /+<��8 ��6

#�$"���!  �*�� .�", �� $����#�$"���!  �*�� .�", �� $����#�$"���!  �*�� .�", �� $����#�$"���!  �*�� .�", �� $����

��ν� ν ν < ; × ��−: /+<��8 �76

µ�νµ ν ν < ;.� × ��−; /+<��8 �9;

��ν� �
� �− ! �.7� ±�.�� )× ��−� �76

µ�νµ �� �− ! 6.�; ±�.9� )× ��−� �9;

��ν� µ�µ− ! �.6 ±�.: )× ��−� ��9

µ�νµ µ�µ− < 7.� × ��−6 /+<��8 ��:

#�$"�� �� ��% �& '�� �� �� #�$"�� �& '�� ���� C� � C� ����#�$"�� �� ��% �& '�� �� �� #�$"�� �& '�� ���� C� � C� ����#�$"�� �� ��% �& '�� �� �� #�$"�� �& '�� ���� C� � C� ����#�$"�� �� ��% �& '�� �� �� #�$"�� �& '�� ���� C� � C� ����

(����"��)  �*��� �� C� � � .��0 ��&"��� !&����" ����  �*��(����"��)  �*��� �� C� � � .��0 ��&"��� !&����" ����  �*��(����"��)  �*��� �� C� � � .��0 ��&"��� !&����" ����  �*��(����"��)  �*��� �� C� � � .��0 ��&"��� !&����" ����  �*��

π�π� �− ν� �& < �.� × ��−� /+<��8 ��9

π�π�µ− νµ �& < 9.� × ��−; /+<�:8 �:�

π� �� �− �' ! �.�� ±�.�9 )× ��−6 ��6

π�µ�µ− �' ! �.� ±�.7 )× ��−�  <��6 �6�

π� ν ν �' ! �.: ��.9
−�.� )× ��−�� ��6

π�π� ν ν �' < 7.9 × ��−: /+<��8 ��:

µ−ν �� �� 	� < �.� × ��−� /+<��8 �9;

µ�ν� 	� �
� < 7 × ��−9 /+<��8 �9;

π�µ� �− 	� < �.9 × ��−��/+<��8 ��7

π�µ− �� 	� < :.� × ��−��/+<��8 ��7

π−µ� �� 	 < :.� × ��−��/+<��8 ��7

π− �� �� 	 < ;.7 × ��−��/+<��8 ��6

π−µ�µ� 	 �
� < 9.� × ��−� /+<��8 �6�

µ�ν� 	 �
� < 9.9 × ��−9 /+<��8 �9;

π� �� ν� 	 < 9 × ��−9 /+<��8 ���

π� γ ���� < �.9 × ��−� /+<��8 ��6

�
�� �

�
�� � � �
� � � �

� �
−�

�> �� � �> �	

���� � � ���.��� ± .

 ���
�#� − �#± � �.��
 ± .
� ��� �� � ��
�

���� �=&��� +,��)� B�*�&����� �=&��� +,��)� B�*�&����� �=&��� +,��)� B�*�&����� �=&��� +,��)� B�*�&�
〈
��

〉
� −.�� ± .� � �

�1(����"��� $��� �"��� �� ��1��  �2��)�1(����"��� $��� �"��� �� ��1��  �2��)�1(����"��� $��� �"��� �� ��1��  �2��)�1(����"��� $��� �"��� �� ��1��  �2��) �! �

?�%  �"�% �" �� ��1��  �2��) � ��.� ± �.��× �−9

���1(����"��� $��� �"������1(����"��� $��� �"������1(����"��� $��� �"������1(����"��� $��� �"��� �! �

B� δ � �
.� ± 
.��× �−7
D δ � �−.
 ± 
.�× �−:
B��%�� �e9 $��� �"�� � �.� ± 
.��× �−9
B��2−�� ��9 $��� �"�� � �−.� ± 
.��× �−9∣
∣�#� − �

#�

∣
∣ 	 �#���� < �−��� +# � �> �

�

�/#� − /#��	�#���� � �� ± ��× �−��
F��"� �� C� � C�F��"� �� C� � C�F��"� �� C� � C�F��"� �� C� � C�

B��2��� ��9 $��� �"�� � �−.� ± �.��× �−9

�
�
�

�
�
��
�
�

�
�
�

� �
� � � �
� �

−�

���� ���� τ � �.����± .��×�−�� � �� � ���� ?��& 1

��) ���

���� ���� τ � �.���� ± .�� × �−�� � �� � ��
� 6�"

���& ��) ���

�τ � 
.���
 ! ?��& ��) ���

��1(����"��� $��� �"�����1(����"��� $��� �"�����1(����"��� $��� �"�����1(����"��� $��� �"��� ����

D �η�−�� � −.
 ± .�
D �η���� � �−.� ± �.��× �−�
∣
∣η���

∣
∣ �

∣
∣����

� → �π��	����
	 → �π��

∣
∣ < .��� +# � �>

�� ��%  �"�% � �� π�π− �� �− � �−� ± ��>



��������

����� �����	
����

�

#�
�
-./01 "*-. #�

�
-./01 "*-. #�

�
-./01 "*-. #�

�
-./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

E�*����!  �*��E�*����!  �*��E�*����!  �*��E�*����!  �*��
π�π� !9�.;�±�.�:) 8 ���

π�π− !;�.��±�.�:) 8 ��;

π�π−π� ! 9.: ��.�
−�.� )× ��−6 �99

��*�� .�", $,�"��� �� �� $������*�� .�", $,�"��� �� �� $������*�� .�", $,�"��� �� �� $������*�� .�", $,�"��� �� �� $����

π�π−γ �$ ( � ! �.6�±�.�:) × ��−9 ��;

π�π− �� �− ! 7.;�±�.9�) × ��−: ��;

π� γ γ �( � ! 7.� ±�.� ) × ��−� �9�

γ γ ! �.�7±�.�6) × ��−; �7�

�� ���$"���!  �*���� ���$"���!  �*���� ���$"���!  �*���� ���$"���!  �*��

π± �∓ν� ��� � ! 6.�7±�.��) × ��−7 ���

�� (����"��) ���� ��* C� � � .��0 ��&"��� !&����" ����  �*���� (����"��) ���� ��* C� � � .��0 ��&"��� !&����" ����  �*���� (����"��) ���� ��* C� � � .��0 ��&"��� !&����" ����  �*���� (����"��) ���� ��* C� � � .��0 ��&"��� !&����" ����  �*��

�π� �� < �.� × ��−6 ��8 �9�

µ�µ− �' < 9.� × ��−6 ��8 ��:

�� �− �' < �.7 × ��−6 ��8 �7�

π� �� �− �' �( � ! 9.� ��.:
−�.� )× ��−� �9�

π�µ�µ−
�' ! �.� ��.:

−�.� )× ��−� �66

�
�
�

�
�
��
�
�

�
�
�

� �
� � � �
� �

−�

�#�
− �#�

� �.�
�
 ± .��× ��� Gh �−� �� � ��
� ?��& ��) ���

� ��.��� ± .��× �−�� ��� ?��& ��) ���

� �.�
� ± .��� × ��� Gh �−� �� � ��
� 6�" ���& ��)

���

���� ���� τ � ��.��� ± .
��× �−� �
�τ � ��.��  

���$� $��� �"�� ����$� $��� �"�� ����$� $��� �"�� ����$� $��� �"�� � �� �

���� 8��"�!�� #��"��)� ��� =&�*��"�! !��Æ!���"��

��
	 → π�π−π� � .��� ± .� �� � ����

�	 *�!�% ��� ��!"����	 *�!�% ��� ��!"����	 *�!�% ��� ��!"����	 *�!�% ��� ��!"���
�! �

#����� $��� �"��5�"��� ���& ��) µ1� &��(������"%

λ���
�
µ9� � λ���

�
�9� � �
.�� ± .��× �−�

λ���
�
µ9� � ��.�� ± .���× �−�

3&�*��"�! $��� �"��5�"��� ���& ��) µ1� &��(������"%

λ′����
µ9� � λ′����

�9� � �
.�
 ± .���× �−� �� � ����

λ′′����
µ9� � λ′′����

�9� � �.��± .��×�−� �� � ����

λ���
�
µ9� � ��.�� ± .���× �−�

8��� $��� �"��5�"��� ���& ��) µ1� &��(������"%

Mµ
V ��

�
µ9� � M �

V ��
�
�9� � ��� ± � ��� �� � ����

Mµ
S ��

�
µ9� � ���� ± �

��
�9

∣
∣��	��

∣
∣ � ��.���.7

−�.;�× �−�
��

�9

∣
∣�" 	��

∣
∣ � ���7

−:�× �−�
��

µ9

∣
∣�" 	��

∣
∣ � ��
 ± �
�× �−�

�	 → �� �−γ� α
#∗ � −.�� ± .�

�	 → µ�µ−γ� α
#∗ � −.��� ± .
�

�	 → �� �− �� �−� α�=
#∗ � −.�� ± .



�	 → π�π− �� �−� ��	�� � −.��� ± .

 H���
�	 → π� 
γ� �� � −.�� ± .�
 �� � 
���

��1(����"��� $��� �"�����1(����"��� $��� �"�����1(����"��� $��� �"�����1(����"��� $��� �"��� ����

�	 � �.��
 ± .��>∣
∣η��

∣
∣ � �
.

� ± .��× �−9

∣∣η�−
∣∣ � �
.
�� ± .��× �−9

∣
∣ε

∣
∣ � �
.
�
 ± .��× �−9

∣
∣η��	η�−

∣
∣ � .��� ± .� ���� �� � ����

B��ε′	ε� � ��.�� ± .
��× �−9 ���� �� � ����

?��& ��) ���

φ�− � ���.�
 ± .��◦ �� � ��
�

φ�� � ���.� ± .��◦ �� � ��
�

φε�φ > � ���.�� ± .��◦ �� � ����

6�" ���& ��) ���

φ�− � ���.� ± .��◦ �� � ����

φ�� � ���.� ± .��◦ �� � ��
�

φε � ���.� ± .��◦ �� � ����

�� ��%  �"�% � �� ��
	 → π�π− �� �− � ���.� ± �.��>

β�� ��� ��
	 → �� �− �� �− � −.�� ± .�

γ�� ��� ��
	 → �� �− �� �− � .� ± .�� �� � ����

� ��� ��
	 → π�π−π� � .�
 ± .�

� ��� ��
	 → π�π−π� � .� ± .�

∣
∣η�−γ

∣
∣ � �
.�� ± .��× �−9

φ�−γ � ��� ± ��◦
∣∣ε

′
�−γ

∣∣	ε < .�� +# � �>

�1(����"��� $��� �"����1(����"��� $��� �"����1(����"��� $��� �"����1(����"��� $��� �"���

D �ξ� �� ��
µ9 � −.� ± .
�

��� ��(�����!� "��"���� ��(�����!� "��"���� ��(�����!� "��"���� ��(�����!� "��"�

φ�� − φ�− � �.
 ± .��◦
B���9η�− � �

9η���− δ�
� � �−� ± ���× �−;

C� � −C� �� ��

9 *�!�%C� � −C� �� ��

9 *�!�%C� � −C� �� ��

9 *�!�%C� � −C� �� ��

9 *�!�%

B� � � −.
 ± .�
D � � .�
 ± .
�

 ��� ���	�3 �

#�
	
-./01 "*-. #�

	
-./01 "*-. #�

	
-./01 "*-. #�

	
-./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

�� ���$"���!  �*���� ���$"���!  �*���� ���$"���!  �*���� ���$"���!  �*��
π± �∓ν� ��� � !7�.:9 ±�.�: ) 8  <��� ���

+����* ��
�9�

π±µ∓νµ ��� � !�6.�� ±�.�6 ) 8 ��;

+����* ��
µ9�

�πµ�"� �ν ! �.�: ±�.�� )× ��−6 ���

π�π± �∓ν ��� � ! :.�� ±�.�� )× ��−: ��6

E�*����!  �*��� ��!�&*��) +,��)� !��-&)�"���×8���"% �����"��) �����  �*��E�*����!  �*��� ��!�&*��) +,��)� !��-&)�"���×8���"% �����"��) �����  �*��E�*����!  �*��� ��!�&*��) +,��)� !��-&)�"���×8���"% �����"��) �����  �*��E�*����!  �*��� ��!�&*��) +,��)� !��-&)�"���×8���"% �����"��) �����  �*��
�π� !��.:; ±�.�7 ) 8  <��� �9�

π�π−π� !��.:; ±�.�: ) 8 �99

π�π− ��� ! �.�6;±�.���)× ��−9 ��;

π�π� ��� ! �.;� ±�.�7 )× ��−7  <��� ���

�� ���$"���!  �*�� .�", $,�"����� ���$"���!  �*�� .�", $,�"����� ���$"���!  �*�� .�", $,�"����� ���$"���!  �*�� .�", $,�"���

π± �∓ν� γ �$ �� �� � ! 9.6� ±�.�� )× ��−9 ���

π±µ∓νµ γ ! :.;7 ±�.�9 )× ��−7 ��;

E�*����!  �*�� .�", $,�"��� �� �� $����E�*����!  �*�� .�", $,�"��� �� �� $����E�*����!  �*�� .�", $,�"��� �� �� $����E�*����!  �*�� .�", $,�"��� �� �� $����

π�π� γ < :.; × ��−; ���

π�π−γ �$ �� � ! 7.�6 ±�.�: )× ��−: ��;

π� 
γ ��� � ! �.7� ±�.�� )× ��−;  <��� �9�

π� γ �� �− ! �.9 ±�.7 )× ��−� �9�

I",��  �*�� .�", $,�"��� �� �� $����I",��  �*�� .�", $,�"��� �� �� $����I",��  �*�� .�", $,�"��� �� �� $����I",��  �*�� .�", $,�"��� �� �� $����


γ ! :.7� ±�.�: )× ��−7  <��� �7�

�γ < �.7 × ��−6 /+<��8 �7�

�� �− γ !��.� ±�.: )× ��−;  <��: �7�

µ�µ− γ ! 9.:� ±�.�� )× ��−6  <��9 ��:

�� �− γ γ ��� � ! :.�: ±�.99 )× ��−6 �7�

µ�µ− γ γ ��� � ! �.� ��.�
−�.; )× ��−� ��:

+,��)� !��-&)�"��� × 8���"% ���� �� #�$"�� �� ��% �& '�� �� �+,��)� !��-&)�"��� × 8���"% ���� �� #�$"�� �� ��% �& '�� �� �+,��)� !��-&)�"��� × 8���"% ���� �� #�$"�� �� ��% �& '�� �� �+,��)� !��-&)�"��� × 8���"% ���� �� #�$"�� �� ��% �& '�� �� �
(����"��)  �*��� �� C� � � .��0 ��&"��� !&����" ����  �*��(����"��)  �*��� �� C� � � .��0 ��&"��� !&����" ����  �*��(����"��)  �*��� �� C� � � .��0 ��&"��� !&����" ����  �*��(����"��)  �*��� �� C� � � .��0 ��&"��� !&����" ����  �*��

µ�µ− �' ! ;.�6 ±�.�� )× ��−� ��:

�� �− �' ! � �;
−7 )× ��−�� �7�

π�π− �� �− �' ��� � ! 9.�� ±�.�� )× ��−6 ��;

π�π� �� �− �' < ;.; × ��−� /+<��8 ���

µ�µ− �� �− �' ! �.;� ±�.�6 )× ��−� ��:

�� �− �� �− �' ! 9.:; ±�.�� )× ��−� �7�



�	�	�	�	

����� �����	
����

π�µ�µ−
����' ���� < 9.� × ��−��/+<��8 �66

π� �� �− ����' ���� < �.� × ��−��/+<��8 �9�

π� ν ν ����' ���� < :.� × ��−6 /+<��8 �9�

�±µ∓ 	� ��� � < 7.6 × ��−��/+<��8 �9�

�± �±µ∓µ∓ 	� ��� � < 7.�� × ��−��/+<��8 ��:

π�µ± �∓ 	� ��� � < ;.� × ��−� /+<��8 ��6

�
∗������
∗������
∗������
∗����� � �
� � � �

� ��
−�

�∗���
�±  ��� � � ���.�� ± .
� ���
�∗���
��  ��� � � ���. ± .
� ��� �� � ����
�∗���
�± �&�� .�*", / � �.� ± .� ���
�∗���
�� �&�� .�*", / � �.� ± .� ��� �� � ����

�

#∗!���) -./01 "*-. #∗!���) -./01 "*-. #∗!���) -./01 "*-. #∗!���) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

� π ∼ ��� 8 ���

��γ ! �.9�±�.��)× ��−9 9�6

�±γ ! �.� ±�.� )× ��−7 9��

� ππ < 6 × ��−7 �:8 ��9

���
�������
�������
�������
���� � �
� � � �
� ��
��

���� � � �
�
 ± � ��� ���

�&�� .�*", / � � ± 
 ��� ���

#�!��6�) -./01 "*-. #�!��6�) -./01 "*-. #�!��6�) -./01 "*-. #�!��6�) -./01 "*-. �����	� !2� 32) � !"�53�)

� ρ !7� ±; ) 8 7:

�∗
������π !�� ±7 ) 8 †

�∗���
�π !�; ±: ) 8 9��

� ω !��.�±�.�) 8 †
� ������� ! 9.�±�.�) 8 †
γ�� ���� :9�

���
�������
�������
�������
���� � �
� � � �
� ��
��

���� � � ��
 ± � ���
�&�� .�*", / � ��� ± �� ��� �� � ����

#�!�7��) -./01 "*-. #�!�7��) -./01 "*-. #�!�7��) -./01 "*-. #�!�7��) -./01 "*-. �����	� !2� 32) � !"�53�)

�∗���
�π !�7 ±; ) 8 7��

� ρ ! 9.�±9.�) 8 ���

� ������� ! �.�±�.�) 8 †
� ω ! �.�±�.�) 8 ��7

�∗
������π �	� ���� †

γ�� ���� ;�9

�
∗�
�
���
∗�
�
���
∗�
�
���
∗�
�
�� � �
� � � �

� ��
−�

���� � � ���� ± �� ��� �� � ����
�&�� .�*", / � 
�
 ± 
� ��� �� � ����

�

#∗!�7��) -./01 "*-. #∗!�7��) -./01 "*-. #∗!�7��) -./01 "*-. #∗!�7��) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

�∗���
�π > 7� 8 �:8 7��

� π ! ;.;±�.9) 8 ;��

� ρ < 6 8 �:8 9�:

γ�� ���� ;��

�
∗
��
�����
∗
��
�����
∗
��
�����
∗
��
����

���� � �
� � � �
� �
��

���� � � ���� ± � ���
�&�� .�*", / � 
� ± 
� ���

#∗
�!�79�) -./01 "*-. #∗
�!�79�) -./01 "*-. #∗
�!�79�) -./01 "*-. #∗
�!�79�) -./01 "*-. �����	� !2� 32) � !"�53�)

� π !�9±��) 8 ;�9

�
∗
��
�����
∗
��
�����
∗
��
�����
∗
��
���� � �
� � � �

� �

��

�∗
������

±  ��� � � ��
�.� ± �.� ��� �� � ����
�∗
������

�  ��� � � ���
.� ± �.� ���
�∗
������

± �&�� .�*", / � ��.� ± 
.� ��� �� � ����
�∗
������

� �&�� .�*", / � �� ± � ��� �� � ����

 ��� ���	�3 �

#∗
�!�79�) -./01 "*-. #∗
�!�79�) -./01 "*-. #∗
�!�79�) -./01 "*-. #∗
�!�79�) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

� π !7�.�±�.�) 8 ;��

�∗���
�π !�7.6±�.:) 8 7��

�∗���
�ππ !�9.7±�.�) 8 96�

� ρ ! �.6±�.�) 8  <��� 9��

� ω ! �.�±�.�) 8 9��

��γ ! �.7±�.:)× ��−9  <��� ;�6

� η ! �.:�9.7
−�.�)× ��−9  <��9 7�6

� ωπ < 6.� × ��−7 /+<�:8 ���

��γ < � × ��−7 /+<��8 ;�;

�
∗�
�����
∗�
�����
∗�
�����
∗�
���� � �
� � � �

� ��
−�

���� � � ���� ± 
� ��� �� � ����

�&�� .�*", / � �

 ± �� ��� �� � ��
�

#∗!�;��) -./01 "*-. #∗!�;��) -./01 "*-. #∗!�;��) -./01 "*-. #∗!�;��) -./01 "*-. �����	� !2� 32) � !"�53�)

� π !9�.6±�.:) 8 6��

� ρ !9�.7�7.6
−�.�) 8 :6�

�∗���
�π !��.���.�
−7.6) 8 ;��

���
�������
�������
�������
���� ���� � �
� � � �
� �


−�

���� � � ���� ± � ���
�&�� .�*", / � ��� ± �� ���

#�!�66�) -./01 "*-. #�!�66�) -./01 "*-. #�!�66�) -./01 "*-. #�!�66�) -./01 "*-. �����	� !2� 32) � !"�53�)

� ππ 6�7

�∗
������π 
	����� ���

�∗���
�π ���� ;:7

� ����
�� ���� :9

� φ ���� 77�

� ω ���� ;�6

�
∗
��
�����
∗
��
�����
∗
��
�����
∗
��
���� � �
� � � �

� ��
−�

���� � � ���� ± � ��� �� � ����

�&�� .�*", / � ��� ± 
� ��� �� � ����

�

#∗
9
!�6��) -./01 "*-. #∗
9
!�6��) -./01 "*-. #∗
9
!�6��) -./01 "*-. #∗

9
!�6��) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

� ρ !9� ± � ) 8 ;�9

�∗���
�π !�� ± : ) 8 ;:;

� π !��.�± �.�) 8 ��9

� η !9� ±�9 ) 8 6��

�∗
������π < �; 8 �:8 ���

���
�������
�������
�������
���� ���� � �
� � � �
� �


−�

���� � � ���� ± �� ���
�&�� .�*", / � 
�� ± �� ���

#�!����) -./01 "*-. #�!����) -./01 "*-. #�!����) -./01 "*-. #�!����) -./01 "*-. �����	� !2� 32) � !"�53�)

�∗
������π ���� 9�6

�∗���
�π ���� ;��

� ����
�� ���� ��:

� ω ���� ;9�



��������

����� �����	
����

�
∗
�����	��
∗
�����	��
∗
�����	��
∗
�����	� � �
� � � �

� ��
��

���� � � 
�� ± � ��� �� � ����

�&�� .�*", / � ��� ± � ���

#∗
7
!��7:) -./01 "*-. #∗
7
!��7:) -./01 "*-. #∗
7
!��7:) -./01 "*-. #∗

7
!��7:) -./01 "*-. �����	� !2� 32) � !"�53�)

� π !�.�±�.�) 8 �:�

�∗���
�ππ !� ±: ) 8 ���

�∗���
�πππ !6 ±: ) 8 6;�

ρ� π !:.6±9.�) 8 67�

ω� π !:.�±9.�) 8 69�

φ� π !�.�±�.7) 8 :�7

φ�∗���
� !�.7±�.6) 8 9;9

���������
�����������
�����������
�����������
��
��� ±����� ±����� ±����� ±��

�� � �� � �� � ��� �� � � �� �− � � �� �� �����% ��� �∗<�

�
±�±

�
±�± � �
� � � �

� �
−�

���� � � ����.� ± .� ��� �� � ����

���� ���� τ � ��� ± ��× �−�: �
�τ � ���.� µ 

�1=&��0 *�!�%��1=&��0 *�!�%��1=&��0 *�!�%��1=&��0 *�!�%�

/�� → ����%",��)�	/�� → ��%",��)� � .�� ± .� ����

/�� → �∗�
�����%",��)�	/�� → ��%",��)� � .
�� ± .��
��1(����"��� *�!�%1��"� ��%  �"������1(����"��� *�!�%1��"� ��%  �"������1(����"��� *�!�%1��"� ��%  �"������1(����"��� *�!�%1��"� ��%  �"����

��� ��
�
� π±� � −.�� ± .��

��� ��
�
� �±� � .� ± .�

��� ��
��−π±� � .� ± .�

��� ��
±�∗�� � .� ± .��

��� �φπ±� � −.� ± .��
��� �π

�π−π±� � −.
 ± .�
��� ��

�
� �±π�π−� � −.� ± .�

�1(����"��� *�!�%1��"� ��%  �"�%�1(����"��� *�!�%1��"� ��%  �"�%�1(����"��� *�!�%1��"� ��%  �"�%�1(����"��� *�!�%1��"� ��%  �"�%

�" ��
�
� �±π�π−� � .
 ± .�

�� → �∗���
�� ��ν
 ��� ��!"����� → �∗���
�� ��ν
 ��� ��!"����� → �∗���
�� ��ν
 ��� ��!"����� → �∗���
�� ��ν
 ��� ��!"���

�� � �.�
 ± .� �� � ����

�� � .�� ± .�
�9 � . ± .�
/		/" � �.�� ± .�
/�	/− � .

 ± .� �� � ����

"	�� 
��� �	
�� !	���� ��� ��� ��������	��� �	
��) ��� ��#	�#�  ���?

��� # ���	� �� �	� ��#�� � #�
�
�	
��� �	� � #� �	
��� $���� ����

�� ��  #�
�

��� �� ������
� �
 ������������ ������� /����	?��	��

�
 
	���� /����	?���������
 �	
�� �� ��#��
�� ��� �������	� ���
� 2!#�

�
) < 2!#�)�

 ��� ���	�3 �

�� -./01 "*-. �� -./01 "*-. �� -./01 "*-. �� -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

D�!�&��(�  �*��D�!�&��(�  �*��D�!�&��(�  �*��D�!�&��(�  �*��
����%",��) !�6.� ±�.� ) 8 7
�− ��%",��) !�6.: ±�.7 ) 8 7
����%",��) � ����%",��) !;� ±� ) 8 7
����%",��) ! :.: ±�.; ) 8 7
�∗���
�� ��%",��) !�9 ±: ) 8 7
�∗���
�� ��%",��) < ;.; 8 /+<��8 7
η ��%",��) ���� < �9 8 /+<��8 7
φ ��%",��) < �.� 8 /+<��8 7

φ�� ��%",��) < �.; 8 /+<��8 7

#�$"���! ��* �� ���$"���!  �*��#�$"���! ��* �� ���$"���!  �*��#�$"���! ��* �� ���$"���!  �*��#�$"���! ��* �� ���$"���!  �*��

�� ν� < �.7 × ��−: /+<��8 �9:

µ�νµ ! 7.7 ±�.6 ) × ��−7 �9�

�� �� ν� ! �.; ±�.: ) 8 �;�

��µ� νµ ! �.: ±�.� ) 8 �;:

�−π� ��ν� ! 7.: ��.�
−�.� ) 8  <��� �;9

�∗���
�� ��ν� �
�∗���
�� → �−π�

! 9.67±�.��) 8 6��

�−π� ��ν� ����������" < 6 × ��−9 /+<��8 �;9

�−π�µ�νµ ! 7.� ±�.: ) 8 �:�

�∗���
��µ�νµ �

�∗���
�� → �−π�
! 9.6 ±�.9 ) 8 6�6

�−π�µ�νµ ����������" ! �.� ±�.; ) × ��−9 �:�

��∗���
�π �� ��ν� < �.� 8 /+<��8 6��

�� ππ�� �� ν� ���1�
∗���
� < � × ��−9 /+<��8 �7;

�−π�π�µ�νµ < �.6 × ��−9 /+<��8 ��:

π� �� ν� ! 7.7 ±�.6 ) × ��−9 �9�

�����	�� 	� �	�� 	� ��� �	��	���� �	
�� ���� ���	����� �#� ���
�
�����
 �	#� � ����	
�� 	� �������� �����
?������� �	
���

�∗���
�� ��ν� ! :.;�±�.9�) 8  <��� 6��

�∗���
��µ�νµ ! :.: ±�.: ) 8  <��� 6�6

����
��
�µ� νµ < 7 8 /+<�:8 7�9

�∗
������

�µ� νµ < �.: × ��−7 9��

�∗
������

�µ� νµ < �.� 8 /+<�:8 9��

�∗������µ� νµ < �.; × ��−9 ��:

ρ� ��ν� ! �.� ±�.7 ) × ��−9 667

ρ�µ�νµ ! 9.7 ±�.� ) × ��−9 66�

ω ��ν� ! �.; ��.6
−�.; )× ��−9 66�

φ�� ν� < �.�� 8 /+<��8 ;:6

φµ� νµ < 9.6� 8 /+<��8 ;:�

η��ν
 < 6 × ��−9 /+<��8 �:7

η′�����µ�νµ < �.� 8 /+<��8 ;�7

E�*����!  �*�� .�", � � �� � � �E�*����!  �*�� .�", � � �� � � �E�*����!  �*�� .�", � � �� � � �E�*����!  �*�� .�", � � �� � � �
��

� π� ! �.76±�.�;) 8  <��� �;�

�−π�π� ���� ! �.:�±�.97) 8  <��� �7:

�∗���
��π� �
�∗���
�� → �−π�

��� � ! �.99±�.��) 8 6�7

�∗
������

�π� �

�∗
������

� → �−π�
��� � ! �.7�±�.�7) 8 9��

�∗������π� �
�∗������ → �−π�

��� � ! 7.� ±�.� ) × ��−9 :�

�−π�π� ����������" ��� � ! �.� ±�.6 ) 8 �7:

��
� π�π� ���� ! 6.� ±�.: ) 8  <��� �7:

��
� ρ� ! 7.� ±�.� ) 8 ;66

�∗���
��π� �
�∗���
�� → ��

� π�
! �.9 ±�.; ) 8 6�7

��
� π�π� ����������" ! � ±6 ) × ��−9 �7:

�−π�π�π� ���� ! :.: ±�.6 ) 8  <��� ��;

�∗���
�� ρ� "�"���
�∗���
�� → �−π�

! �.9 ±�.� ) 8 7��

������
�π� �

������
� → �−π�π�

! �.� ±�.6 ) 8 9��

�−ρ�π� "�"�� ! �.; ±�.; ) 8 ;�9

�−ρ�π� �1'�*% ! � ±; ) × ��−9 ;�9

�∗���
��π�π� "�"���
�∗���
�� → �−π�

! 7.� ±�.; ) 8 ;��

�∗���
��π�π� �1'�*%�
�∗���
�� → �−π�

! �.6 ±�.� ) 8 ;��

�∗���
�−π�π� �1'�*%�
�∗���
�− → �−π�

! ; ±9 ) × ��−9 ;��

�−π�π�π� ����������" ���� ! �.� ±�.6 ) 8 ��;

��
� π�π�π− ���� ! 9.��±�.��) 8  <��� ��7

��
� ����
��

� �

����
��
� → π�π�π−

! �.� ±�.9 ) 8 9��

������
�π� �

������
� → ��

� π�π−
! �.� ±�.6 ) 8 9��

�∗���
�−π�π� �1'�*%�
�∗���
�− → ��

� π−
! �.9 ±�.; ) 8 ;��

��
� ρ�π� "�"�� ! �.�;±�.97) 8 /+<��8 ;��

��
� ρ�π��1'�*% ! �.� ±�.� ) × ��−9 ;��

��
� π�π�π− ����������" ! 9.6 ±�.� ) × ��−9 ��7



��������

����� �����	
 ����

�−�π�π− ���� ! :.� ±�.; ) × ��−9  <��� 66�

�∗���
��π�π�π− �
�∗���
�� → �−π�

! �.� ±�.7 ) × ��−9 ;7:

�∗���
�� ρ�π� �
�∗���
�� → �−π�

! �.9 ±�.7 ) × ��−9 �9�

�−ρ�π�π� ! �.6:±�.��) × ��−9 :�7

�−�π�π− ����������" ! 7.� ±9.� ) × ��−7 66�

��
��
� ! 7.6 ±�.� ) × ��−9 :7:

���−��
� π� ! �.7 ±�.; ) × ��−7 79:

�����	�� 	� �	�� 	� ��� �	��	���� �	
�� ���� ���	����� �#� ���
�
�����
 �	#� � ����	
�� 	� �������� �����
?������� �	
���

��
� ����
��

� ! 9.; ±�.; ) 8 9��

��
� �����
�

� < �.: × ��−9 /+<��8 ���

�∗���
�� ρ� "�"�� ���� ! �.� ±�.7 ) 8 7��

�∗���
�� ρ��1.�(� ���� ! �.7 ±�.: ) 8 7��

�∗���
�� ρ��1.�(� < � × ��−9 /+<��8 7��

�∗���
�� ρ��1.�(� ! � ±6 ) × ��−9 7��

�∗���
�� ρ��1.�(� ���)�"&1
*����

< 6 × ��−9 /+<��8 7��

����
��
�π� < 6 × ��−9 /+<��8 7�6

������
�π� ! 7.9 ±�.: ) 8  <��� 9��

�∗���
��π�π� "�"�� ! :.� ±�.� ) 8 ;��

�∗���
��π�π� �1'�*% ���� ! 9.; ±�.� ) 8 ;��

�∗���
�−π�π� "�"�� @ ;��

�∗���
�−π�π� �1'�*% ! �.� ��.�
−�.� ) 8  <��� ;��

�∗���
�� ����
��� ! �.7 ±�.� ) × ��−9 †

8����!  �*��8����!  �*��8����!  �*��8����!  �*��
π�π� ! �.��±�.��) × ��−9 ��:

π�π�π− ! 9.9�±�.��) × ��−9 ���

ρ�π� ! �.�6±�.��) × ��−9 6;;

π� �π�π−��−�#� ! �.�;±�.��) × ��−9 ���

σπ� � σ → π�π− ! �.:9±�.9�) × ��−9 7
������π

� �
������ → π�π−

! �.� ±�.: ) × ��−7 ;;�

�������π
� �

������� → π�π−
! � ±; ) × ��−: 7

����
��π
� �

����
�� → π�π−
! 7.� ±�.9 ) × ��−7 7�:

π� 
π� ! 7.� ±�.7 ) × ��−9 ���

π�π�π−π� ! �.��±�.��) 8 ��9

ηπ� � η → π�π−π� ! 6.� ±�.6 ) × ��−7 �7�

ωπ� � ω → π�π−π� < 9 × ��−7 /+<��8 6;9

�π�
π− ! �.;�±�.�6) × ��−9  <��� �7:

�����	�� 	� �	�� 	� ��� �	��	���� �	
�� ���� ���	����� �#� ���
�
�����
 �	#� � ����	
�� 	� �������� �����
?������� �	
���

ηπ� ! 9.:�±�.9�) × ��−9 �7�

ωπ� < 9.7 × ��−7 /+<��8 6;9

ηρ� < 6 × ��−9 /+<��8 ;::

η′�����π� ! :.9 ±�.� ) × ��−9 ;��

η′�����ρ� < ; × ��−9 /+<��8 97�

E�*����!  �*�� .�", � � � $���E�*����!  �*�� .�", � � � $���E�*����!  �*�� .�", � � � $���E�*����!  �*�� .�", � � � $���

����
� ! �.�;±�.��) × ��−9 6��

���−π� ���� ! �.��±�.�7) 8  <��� 677

φπ� � φ → ���− ! 9.� ±�.7 ) × ��−9 ;76

���∗���
�� �
�∗���
�� → �−π�

! 9.��±�.9:) × ��−9 ;�9

���∗
������

� �

�∗
������

� → �−π�
! 9.6 ±�.7 ) × ��−9 7

��
� ��

� π� @ 67�

�∗���
����
� �

�∗���
�� → ��
� π�

! :.9 ±�.9 ) × ��−9 ;��

���−π�π� @ ;��

φπ�π� � φ → ���− ! �.� ±�.: ) 8 ;��

φρ� � φ → ���− < 6 × ��−9 /+<��8 �:�

���−π�π� ���1φ ! �.: ��.6
−�.; ) 8 ;��

����
� π�π− ! �.6:±�.��) × ��−9 ;6�

��
� �−π�π� ! �.9�±�.�9) × ��−9 ;6�

�∗���
���∗���
�� �
�∗� → ��

� π�� �∗� → �−π�
! :.� ±�.7 ) × ��−9 ���

��
� �−π�π� ����1�∗��∗�� < 7 × ��−9 /+<��8 ;6�

���−π�π�π− ! �.9 ±�.� ) × ��−7 ;��

�����	�� 	� ��� �	��	���� �	
�� ���� ���	����� �#� ���
� �����

�	#� � ����	
�� 	� �������� �����
?������� �	
���

φπ� ! ;.: ±�.6 ) × ��−9 ;76

φπ�π� ! �.9 ±�.� ) 8 ;��

φρ� < �.: 8 /+<��8 �:�

�∗���
����
� ! �.; ±�.6 ) 8 ;��

�∗���
���∗���
�� ! �.; ±�.� ) 8 ���

4�&'�% +�'�''�1�&$$�����*  �*��4�&'�% +�'�''�1�&$$�����*  �*��4�&'�% +�'�''�1�&$$�����*  �*��4�&'�% +�'�''�1�&$$�����*  �*��

��π� < 7.� × ��−7 /+<��8 �;7

��π�π− ! ;.7 ±�.� ) × ��−7 �7:

��ρ� ! �.: ±�.6 ) × ��−7 ;6�

�∗���
��π� � �∗���
�� →
��π−

! 9.� ±�.; ) × ��−7 6�7

�� ������� ������ →
π�π−

! :.6 ±9.: ) × ��−: 7

�∗
������

�π� � �∗
������

� →
��π−

! :.� ±9.: ) × ��−: 7

�����− ! �.� ±�.� ) × ��−: ::�

C� � � .��0 ��&"��� !&����" ����  �*��� ��C� � � .��0 ��&"��� !&����" ����  �*��� ��C� � � .��0 ��&"��� !&����" ����  �*��� ��C� � � .��0 ��&"��� !&����" ����  �*��� ��

#�$"�� �� ��% �& '�� �� � �� #�$"�� �& '�� ��� (����"��)  �*��#�$"�� �� ��% �& '�� �� � �� #�$"�� �& '�� ��� (����"��)  �*��#�$"�� �� ��% �& '�� �� � �� #�$"�� �& '�� ��� (����"��)  �*��#�$"�� �� ��% �& '�� �� � �� #�$"�� �& '�� ��� (����"��)  �*��

π� �� �− �' < 6.7 × ��−; /+<��8 ���

π�φ � φ → �� �− ���� ! �.6 �9.;
−�.� )× ��−; 7

π�µ�µ− �' < �.� × ��−; /+<��8 ��6

ρ�µ�µ− �' < :.; × ��−7 /+<��8 6:6

�� �� �− ���� < ;.� × ��−; /+<��8 �;�

��µ�µ− ���� < �.� × ��−; /+<��8 �:;

π� �±µ∓
	� ��� � < 9.7 × ��−: /+<��8 ��;

�� �±µ∓ 	� ��� � < ;.� × ��−: /+<��8 �;;

π− �� �� 	 < 9.; × ��−; /+<��8 ���

π−µ�µ� 	 < 7.� × ��−; /+<��8 ��6

π− ��µ� 	 < :.� × ��−: /+<��8 ��;

ρ−µ�µ� 	 < :.; × ��−7 /+<��8 6:6

�− �� �� 	 < 7.: × ��−; /+<��8 �;�

�−µ�µ� 	 < �.9 × ��−: /+<��8 �:;

�− ��µ� 	 < �.9 × ��−7 /+<��8 �;;

�∗���
�−µ�µ� 	 < �.: × ��−7 /+<��8 6�9

�
���

�
��� � �
� � � �

� �
−�

���� � � ����.� ± .� ��� �� � ����

��± − ��� � �.�� ± .� ��� �� � ����

���� ���� τ � ���.� ± �.��× �−�: �
�τ � �

.� µ ∣

∣�
��
�

− �
��
�

∣
∣ < �× ��� Gh �−�� +# � ��> ��� �

�/
��
�

7 /
��
�

�	/ � 
 � ��.� ± �.�× �−7
/��� �−ν
 �(�� ����	/��− ��ν
� < .�� +# � �>

/
(
��π− �(�� ���

)
	/

(
�−π�

)
< �.× �−7� +# � ��>

/
(
��

� π�π− ����� → ���
)
	/

(
��

� π�π−)
/�	/�

< .��� +# � ��>

��1(����"��� *�!�%1��"� ��%  �"������1(����"��� *�!�%1��"� ��%  �"������1(����"��� *�!�%1��"� ��%  �"������1(����"��� *�!�%1��"� ��%  �"����

��� ��
��−� � .�� ± .�

��� ��
�
� ��

� � � −.
� ± .��
��� �π

�π−� � .�� ± .�

��� �π

�π�� � . ± .�
��� �π

�π−π�� � .���.��
−�.��

��� ��
�
� φ� � −.� ± .�

��� ��
�
� π�� � .� ± .��

��� ��
±π∓� � .� ± .�

��� ��
∓π±π�� � −.� ± .�

��� ��
±π∓π�� � . ± .�

��� ��
�
� π�π−� � −.���.��;

−�.�;�

��� ��
±π∓π�π−� � −.
 ± .�

��� ��
��−π�π−� � −.� ± .�

�1(����"��� *�!�%1��"� ��%  �"�%�1(����"��� *�!�%1��"� ��%  �"�%�1(����"��� *�!�%1��"� ��%  �"�%�1(����"��� *�!�%1��"� ��%  �"�%

�" ��
��−π�π−� � .� ± .�

���1(����"��� *�!�%1��"� ��%  �"�%���1(����"��� *�!�%1��"� ��%  �"�%���1(����"��� *�!�%1��"� ��%  �"�%���1(����"��� *�!�%1��"� ��%  �"�%

���" ��
∓π±� � .� ± .�



��������

����� �����	
 ����

"	�� 
��� �	
�� !	���� ��� ��� ��������	��� �	
��) ��� ��#	�#�  ���?

��� # ���	� �� �	� ��#�� � #�
�
�	
��� �	� � #� �	
��� $���� ����

�� ��  #�
�

��� �� ������
� �
 ������������ ������� /����	?��	��

�
 
	���� /����	?���������
 �	
�� �� ��#��
�� ��� �������	� ���
� 2!#�

�
) < 2!#�)�

 ��� ���	�3 �

�� -./01 "*-. �� -./01 "*-. �� -./01 "*-. �� -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

F�$���)�!��  �*��F�$���)�!��  �*��F�$���)�!��  �*��F�$���)�!��  �*��
1$���)� ��� � !�� ± ; ) 8 7

1$���)� !;6 ± ; ) 8 7
�1$���)� �!! � !�9.� ± �.: ) 8 7

�1$���)� ! �.� � �.9
− �.6 ) × ��−9 7

D�!�&��(�  �*��D�!�&��(�  �*��D�!�&��(�  �*��D�!�&��(�  �*��
����%",��) �$$ � ! ;.6� ± �.�� ) 8 7
µ���%",��) ! ;.: ± �.6 ) 8 7
�− ��%",��) !:9 ± 7 ) 8  <��9 7
����%",��) � ����%",��) !7� ± : ) 8 7

����%",��) ! 9.7 � �.;
− �.7 ) 8 7

�∗���
�� ��%",��) ! � ± 7 ) 8 7
�∗���
�� ��%",��) ! �.� ± �.9 ) 8 7
η ��%",��) ���� < �9 8 /+<��8 7
φ ��%",��) ! �.6 ± �.� ) 8 7

�� ���$"���!  �*���� ���$"���!  �*���� ���$"���!  �*���� ���$"���!  �*��

�− ��ν� ! 9.:� ± �.�� ) 8 �;6

�−µ�νµ ! 9.�� ± �.�; ) 8 �;9

�∗���
�− �� ν� ! �.�6 ± �.�; ) 8 6��

�∗���
�−µ� νµ ! �.�: ± �.�: ) 8 6�7

�−π�π−µ� νµ < �.� × ��−9/+<��8 ���

��∗���
�π �−µ� νµ < �.7 × ��−9/+<��8 ;��

π− ��ν� ! �.�� ± �.�� )× ��−9 ��6

π−µ�νµ ! �.7 ± �.7 )× ��−9 ��7

ρ− �� ν� ! �.� ± �.7 )× ��−9 66�

E�*����!  �*�� .�", ��� �E�*����!  �*�� .�", ��� �E�*����!  �*�� .�", ��� �E�*����!  �*�� .�", ��� �
�−π� ! 9.�� ± �.�6 ) 8  <��� �;�

��
� π� ! �.�7 ± �.�� ) 8 �;�

��
� π�π− ���� ! �.�� ± �.�� ) 8 �7�

��
� ρ� ! 6.: � �.;

− �.� ) × ��−9 ;67

��
� ω � ω → π�π− ! �.� ± �.; )× ��−7 ;6�

��
� �������

������ → π�π−
! �.9; � �.9�

− �.�� ) × ��−9 :7�

��
� ����
���

����
�� → π�π−
! �.9 � �.�

− �.6 ) × ��−7 �;�

��
� ��������

������� → π�π−
! �.: ± �.; )× ��−9 †

�∗���
�−π� �
�∗���
�− → ��

� π−
! �.�� ± �.�7 ) 8 6��

�∗���
��π− �
�∗���
�� → ��

� π�
�%% � !�� ���

− 7 ) × ��−: 6��

�∗
������

−π� �

�∗
������

− → ��
� π−

! �.� � �.;
− �.7 ) × ��−9 96�

�∗
������

−π� �

�∗
������

− → ��
� π−

! 9.� � �.�
− �.� ) × ��−7 9;6

�∗�����−π� �
�∗�����− → ��

� π−
! ; ± : )× ��−7 7;

��
� π�π− ����������" ! �.; � :.�

− �.; ) × ��−7 �7�

�−π�π� ���� !�7.� ± �.: ) 8  <��� �77

�−ρ� !��.� ± �.6 ) 8 ;6:

�−ρ����� �
ρ����� → π�π�

! �.� ± �.6 )× ��−9 †

�∗���
�−π� �
�∗���
�− → �−π�

! �.�: � �.9;
− �.�� ) 8 6��

�∗���
��π� �
�∗���
�� → �−π�

! �.�� ± �.�7 ) 8 6��

�∗
������

−π� �

�∗
������

− → �−π�
! 7.; ± �.� )× ��−9 96�

�∗
������

�π� �

�∗
������

� → �−π�
! :.� � 7.;

− �.: ) × ��−9 96�

�∗�����−π� �
�∗�����− → �−π�

! �.� ± �.6 )× ��−9 7;

�−π�π� ����������" ! �.�9 � �.:7
− �.�� ) 8 �77

��
� π�π� @ �79

�∗���
��π� �
�∗���
�� → ��

� π�
! ;.9 � �.�

− �.: ) × ��−9 6��

��
� π�π� ����������" ! 7.� ± �.� )× ��−9 �79

�−π�π�π− ���� ! 6.6� ± �.�� ) 8  <��9 ���

�−π� ρ� "�"�� ! ;.7 ± �.7 ) 8 ;��

�−π� ρ��1'�*% ! 7.� ± �.� )× ��−9 ;��

�∗���
�� ρ� �
�∗���
�� → �−π�

! �.�� ± �.�� ) 8 7�;

�− ����
��
� �

����
��
� → π�π�π−

! 9.; ± �.; ) 8 9�6

�∗���
��π�π− "�"���
�∗���
�� → �−π�

! �.: ± �.7 ) 8 ;�:

�∗���
��π�π−�1'�*%�
�∗���
�� → �−π�

! �.6 ± �.� )× ��−9 ;�:

����
��
−π� �

����
��
− → �−π�π−

���� ! �.� ± �.9 )× ��−9 7�7

�−π�π�π− ����������" ! �.�� ± �.�: ) 8 ���

��
� π�π−π� ���� ! :.9 ± �.; ) 8 ���

��
� η � η → π�π−π� ! �.; ± �.7 )× ��−7 66�

��
� ω � ω → π�π−π� ! �.� ± �.� )× ��−9 ;6�

�∗���
�−ρ� �
�∗���
�− → ��

� π−
! �.� ± �.� ) 8 7�;

����
��
−π� �

����
��
− → ��

� π−π�
���� ! �.� ± �.; )× ��−9 7�7

�∗���
��π�π−�1'�*%�
�∗���
�� → ��

� π�
! �.7 ± �.: )× ��−9 ;�:

��
� π�π−π� ����������" ! �.� ± �.� ) 8 ���

�−π�π�π−π� ! 7.� ± �.7 ) 8 66�

�∗���
��π�π−π� �
�∗���
�� → �−π�

! �.� ± �.; ) 8 ;79

�−π�ω � ω → π�π−π� ! �.6 ± �.: ) 8 ;�:

�∗���
��ω �
�∗���
�� → �−π��
ω → π�π−π�

! ;.: ± �.7 )× ��−9 7��

��
� ηπ� ! :.� ± �.� )× ��−9 6��

��
� ������� ������ → ηπ� ! ;.� ± �.� )× ��−9 7

�∗���
�� η � �∗���
�� →
��

� π�
! �.: ± �.: )× ��−9 7

��
� 
π

�
π− ! �.6: ± �.9� )× ��−9 6;�

��
� ρ�π�π− � ���∗���
�− ! �.� ± �.6 )× ��−9 7

�∗���
�−π�π�π− �
�∗���
�− → ��

� π−�
�� ρ�

! : ± � )× ��−7 ;7�

�∗���
�−ρ�π� �
�∗���
�− → ��

� π−
! �.6 ± �.6 )× ��−9 �9�

��
� 
π

�
π−����������" < �.9 × ��−9/+<��8 6;�

�−�π�
π− ! �.� ± �.: )× ��−7 6�9

�����	�� 	� ��� 	� ��� �	��	���� �	
�� ���� ���	����� �#� ���
�
�����
 �	#� � ����	
�� 	� �������� �����
?������� �	
��� !"	
��

�	� ����� ����� �� 	��� ����� ������ �
 #∗!���)ρ ����	
�� 	��� ����
���	��)

��
� η ! 9.� ± �.; )× ��−9 66�

��
� ω ! �.�� ± �.�� ) 8 ;6�

��
� η′����� ! �.� ± �.7 )× ��−9 :;:

�− ����
��
� ! 6.: ± �.� ) 8 9�6

������
��
� < �.� 8 /+<��8 9��

�− �����
�
� < � × ��−9/+<��8 ��6

�∗���
��π�π− "�"�� ! �.9 ± �.: ) 8 ;�:

�∗���
��π�π−�1'�*% ! �.7; ± �.9� ) 8 ;�:

�∗���
�� ρ� ! �.:� ± �.99 ) 8 7�6

�∗���
�� ρ� "����(���� ! �.; ± �.: ) 8 7�6

�∗���
�� ρ��1.�(� ! �.� ± �.; ) 8 7�6

�∗���
�� ρ��1.�(� ���)� < 9 × ��−9/+<��8 7�6

�∗���
�� ρ��1.�(� < 9 × ��−9/+<��8 7�6

�∗���
�� ρ��1.�(� ! �.� ± �.; ) 8 7�6

�∗���
�−ρ� ! ;.7 ± �.: ) 8 7�6

�∗���
�−ρ� ���)�"&*���� ! 9.� ± �.� ) 8 7�6

�∗���
�−ρ� "����(���� ! 9.7 ± �.� ) 8 7�6

�∗���
�−ρ��1.�(� < �.: 8 /+<��8 7�6

����
��
−π� ���� ! �.�� ± �.9� ) 8 7�7

������
−π� < �.� 8 /+<��8 9�;



��������

����� �����	
����

������
�π� < 9.6 8 /+<��8 9�6

�∗���
��π�π−π� ! �.� ± �.� ) 8 ;79

�−π�ω ! 9.� ± �.; ) 8 ;�:

�∗���
��ω ! �.� ± �.7 ) 8 7��

�−π� η′����� ! 6.� ± �.� )× ��−9 76�

�∗���
�� η′����� < �.� × ��−9/+<��8 ���

E�*����!  �*�� .�", ",��� � <�E�*����!  �*�� .�", ",��� � <�E�*����!  �*�� .�", ",��� � <�E�*����!  �*�� .�", ",��� � <�
��

� ���− ! 7.:� ± �.97 )× ��−9 :77

��
� ������

� � ��� → ���− ! 9.� ± �.7 )× ��−9 7

�− ������
� � ��� → ����

� ! ;.� ± �.� )× ��−7 7

��������
− � �−� → �−��

� < �.� × ��−7/+<�:8 7

��
� ������� �� → ���− < �.� × ��−7/+<�:8 7

��
� φ � φ → ���− ! �.�� ± �.�; )× ��−9 :��

��
� ������� �� → ���− ! �.6 ± �.� )× ��−7 7

���
� ! �.9 ± �.9 )× ��−7 :9�

���−�−π� ! �.�� ± �.9� )× ��−7 797

���−�∗���
�� �
�∗���
�� → �−π�

! 7.� ± �.6 )× ��−: †

�−π�φ � φ → ���− ! 9.� ± �.; )× ��−: 7��

φ�∗���
�� �
φ → ���−�
�∗���
�� → �−π�

! �.�� ± �.�� )× ��−7 †

���−�−π�����������" ! 9.� ± �.7 )× ��−: 797

��
� ��

� �±π∓ ! ;.� ± �.9 )× ��−7 7�6

8����!  �*��8����!  �*��8����!  �*��8����!  �*��
π�π− ! �.9;7± �.�9�)× ��−9 ���

π�π� ! 6.� ± �.� )× ��−7 ���

π�π−π� ! �.9� ± �.�; ) 8 ��6

ρ�π− !��.� ± �.; )× ��−9 6;7

ρ�π� ! 9.� ± �.7 )× ��−9 6;7

ρ−π� ! 7.: ± �.7 )× ��−9 6;7

������π
� � ������ →

π�π−
< 9.7 × ��−;/+<�:8 7

�����π
� � ����� →

π�π−
< �.6 × ��−:/+<�:8 7

�π�π−��−�#�π� < �.: × ��−7/+<�:8 ��6

�π� < 9.: × ��−7/+<��8 ���


π�
π− ! 6.9� ± �.�6 )× ��−9 �6�

π�π−
π� ! �.� ± �.� )× ��−9 ���

ηπ� ����� ! :.; ± �.7 )× ��−7 �7;

ωπ� ����� < �.; × ��−7/+<��8 6;�


π�
π−π� ! 7.� ± �.: )× ��−9 �77

ηπ�π− ����� < �.� × ��−9/+<��8 ��6

ωπ�π− ����� ! �.; ± �.: )× ��−9 69�

�π��π− ! 7.� ± �.� )× ��−7 6�:

E�*����!  �*�� .�", � � � $���E�*����!  �*�� .�", � � � $���E�*����!  �*�� .�", � � � $���E�*����!  �*�� .�", � � � $���

���− ! 9.�7 ± �.�� )× ��−9 6��


��
� ! 9.6 ± �.6 )× ��−7 6��

��
� �−π� ! 9.7 ± �.: )× ��−9  <��� 69�

�∗���
����
� �

�∗���
�� → �−π�
< ; × ��−7/+<��8 ;��

�∗���
���− � �∗���
�� →
��

� π�
! �.� ± �.9 )× ��−9 ;��

��
� �−π� ����������" ! �.� ± �.� )× ��−9 69�

��
� ��π− ! �.; ± �.: )× ��−9 69�

�∗���
����
� � �

∗���
�� →
��π−

< 9 × ��−7/+<��8 ;��

�∗���
�−�� � �∗���
�− →
��

� π−
! 6 ± 7 )× ��−7 ;��

��
� ��π− ����������" ! �.� � �.�

− �.� ) × ��−9 69�

���−π� ! �.9 ± �.7 )× ��−9 679

��
� ��

� π� < :.� × ��−7 67�

���−π�π− ����� ! �.9� ± �.�9 )× ��−9 ;6;

φπ�π− �1'�*%� φ →
���−

! �.9 ± �.9 )× ��−: ;�7

φρ� � φ → ���− ! ;.6 ± �.; )× ��−7 �:�

���−ρ� �1'�*% ! : ± 6 )× ��−: 9��

������π
�π− � �� → ���− ! 9.: ± �.� )× ��−7 7

�∗���
���∓π±�1'�*%�
�∗� → �±π∓

����� ! �.: ± �.: )× ��−7 :9�

�∗���
���∗���
�� � �∗� →
�±π∓

! 6 ± : )× ��−: �6�

����
��
±�∓ �

����
��
± → �±π�π−

! 6.; ± �.6 )× ��−7 7

������
±�∓ �

������
± → �±π�π−

! :.� ± �.� )× ��−7 7

��
� ��

� π�π− ! �.�; ± �.�7 )× ��−9 ;69

��
� �−π�π�π− < �.: × ��−7/+<��8 :�:

���−π�π−π� ! 9.� ± �.� )× ��−9 ;��

�����	�� 	� �	�� 	� ��� �	��	���� �	
�� ���� ���	����� �#� ���
�
�����
 �	#� � ����	
�� 	� �������� �����
?������� �	
���

�∗���
����
� < � × ��−7/+<��8 ;��

�∗���
���− ! 9.6 ± �.� )× ��−9 ;��

�∗���
����
� < 7 × ��−7/+<��8 ;��

�∗���
�−�� ! �.� ± �.� )× ��−9 ;��

φπ� ! 6.7 ± �.: )× ��−7 ;77

φη ! �.7 ± �.7 )× ��−7 7��

φω < �.� × ��−9/+<��8 �96

B�*��"�(�  �*��B�*��"�(�  �*��B�*��"�(�  �*��B�*��"�(�  �*��
ρ� γ < �.7 × ��−7/+<��8 66�

ωγ < �.7 × ��−7/+<��8 6;�

φγ ! �.7 � �.6
− �.; ) × ��−: ;:7

�∗���
�� γ < 6.; × ��−7/+<��8 6��

4�&'�% +�'�''� �&$$�����* ��� �  �*�� ��4�&'�% +�'�''� �&$$�����* ��� �  �*�� ��4�&'�% +�'�''� �&$$�����* ��� �  �*�� ��4�&'�% +�'�''� �&$$�����* ��� �  �*�� ��
C� � 
 ���'�**�� (��  �2��) ��!"�  �*��C� � 
 ���'�**�� (��  �2��) ��!"�  �*��C� � 
 ���'�**�� (��  �2��) ��!"�  �*��C� � 
 ���'�**�� (��  �2��) ��!"�  �*��

�� �−ν
 �(�� ��� �)* < �.� × ��−7/+<��8 7
�����∗���
�� �− ν� �(��

���
�)* < ; × ��−:/+<��8 7

��π− �� ! �.79 ± �.�7 )× ��−7 �;�

��π− �(�� ��� �)* < �.: × ��−:/+<�:8 �;�

��
� π�π− ��� �� → ��� �)* < �.� × ��−7/+<�:8 7

�∗���
��π− �
�∗���
�� → ��

� π�
�� !�� ���

− 7 ) × ��−: 6��

��π−π� �� ! 9.�� � �.9�
− �.�6 ) × ��−7 �77

��π−π�π− �� ! �.7� � �.��
− �.�� ) × ��−7 ���

��π−π�π− �(�� ��� �)* < 7 × ��−7/+<��8 ���

µ− ��%",��) �(�� ��� �)* < 7 × ��−7/+<��8 7

C� � � .��0 ��&"��� !&����" ����  �*���C� � � .��0 ��&"��� !&����" ����  �*���C� � � .��0 ��&"��� !&����" ����  �*���C� � � .��0 ��&"��� !&����" ����  �*���

#�$"�� �� ��% �& '�� �� � (����"��)  �*��� ��#�$"�� �� ��% �& '�� �� � (����"��)  �*��� ��#�$"�� �� ��% �& '�� �� � (����"��)  �*��� ��#�$"�� �� ��% �& '�� �� � (����"��)  �*��� ��

#�$"�� �& '�� ��� (����"��)  �*��#�$"�� �& '�� ��� (����"��)  �*��#�$"�� �& '�� ��� (����"��)  �*��#�$"�� �& '�� ��� (����"��)  �*��

γ γ �' < �.; × ��−:/+<��8 �9�

�� �− �' < �.� × ��−;/+<��8 �9�

µ�µ− �' < �.9 × ��−;/+<��8 ��;

π� �� �− �' < 7.: × ��−:/+<��8 ��6

π�µ�µ− �' < �.� × ��−7/+<��8 ��:

η�� �− �' < �.� × ��−7/+<��8 �:�

ηµ�µ− �' < :.9 × ��−7/+<��8 �9�

π�π− �� �− �' < 9.69 × ��−7/+<��8 ���

ρ� �� �− �' < �.� × ��−7/+<��8 66�

π�π−µ�µ− �' < 9.� × ��−:/+<��8 ��7

ρ�µ�µ− �' < �.� × ��−:/+<��8 6:7

ω �� �− �' < �.� × ��−7/+<��8 6;�

ωµ�µ− �' < �.9 × ��−7/+<��8 6:�

�−�� �� �− �' < 9.�: × ��−7/+<��8 6��

φ�� �− �' < :.� × ��−:/+<��8 ;:7

�−��µ�µ− �' < 9.9 × ��−:/+<��8 6��

φµ�µ− �' < 9.� × ��−:/+<��8 ;9�

�� �� �− ���� < �.� × ��−7/+<��8 �;;

��µ�µ− ���� < �.; × ��−7/+<��8 �:�

�−π� �� �− �' < 9.�: × ��−7/+<��8 �;�

�∗���
�� �� �− ���� < 7.6 × ��−:/+<��8 6��

�−π�µ�µ− �' < 9.:� × ��−7/+<��8 ���

�∗���
��µ�µ− ���� < �.7 × ��−:/+<��8 6��

π�π−π�µ�µ−
�' < �.� × ��−7/+<��8 �;9

µ± �∓ 	� ��� � < �.� × ��−6/+<��8 ���

π� �±µ∓ 	� ��� � < �.; × ��−:/+<��8 ��7

η�±µ∓ 	� ��� � < �.� × ��−7/+<��8 �7�

π�π− �±µ∓ 	� ��� � < �.: × ��−:/+<��8 ���

ρ� �±µ∓ 	� ��� � < 7.� × ��−:/+<��8 6;6

ω �±µ∓ 	� ��� � < �.� × ��−7/+<��8 6;7

�−�� �±µ∓ 	� ��� � < �.� × ��−7/+<��8 6:7

φ�±µ∓
	� ��� � < 9.7 × ��−:/+<��8 ;7�

�� �±µ∓ 	� ��� � < �.� × ��−7/+<��8 �;�

�−π� �±µ∓ 	� ��� � < :.:9 × ��−7/+<��8 �7�

�∗���
�� �±µ∓ 	� ��� � < �.9 × ��−:/+<��8 6�7

π−π− �� ��� !�!� 	 < �.�� × ��−7/+<��8 ���



	�	�	�	�

����� �����	
����

π−π−µ�µ�� !�!� 	 < �.� × ��−:/+<��8 ��7

�−π− �� ��� !�!� 	 < �.�; × ��−7/+<��8 �;�

�−π−µ�µ�� !�!� 	 < 9.� × ��−7/+<��8 ���

�−�− �� ��� !�!� 	 < �.:� × ��−7/+<��8 6��

�−�−µ�µ�� !�!� 	 < �.7 × ��−:/+<��8 6��

π−π− ��µ�� !�!� 	 < 6.� × ��−:/+<��8 ���

�−π− ��µ�� !�!� 	 < �.�� × ��−7/+<��8 �7�

�−�− ��µ�� !�!� 	 < :.6 × ��−:/+<��8 6:7
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� � ���* !��@� �"����

���� � � 
�.� ± .� ��� �� � ����

��∗� − ��� � ��
.�
 ± .� ���
�&�� .�*", / < 
.� ���� +# � �>

�∗!���6)� �	
�� �� ����� �	������� 	� �	
�� ���	��

�∗!���6)� -./01 "*-. �∗!���6)� -./01 "*-. �∗!���6)� -./01 "*-. �∗!���6)� -./01 "*-. �����	� !2� 32) � !"�53�)

��π� !;�.�±�.�) 8 79

��γ !9�.�±�.�) 8 �96

�
∗���
��±�
∗���
��±�
∗���
��±�
∗���
��± � �
� � � �

� ��
−�
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� � ���* !��@� �"����
���� � � 
�. ± .� ��� �� � ����

��∗!����)� − ��� � ��.�� ± .� ��� �� � ����

��∗!����)� − ��� � ���.�
� ± .� ��� �� � ����

�&�� .�*", / � �� ± 

 0��
�∗!����)− �	
�� �� ����� �	������� 	� ��� �	
�� ���	��

�∗!����)± -./01 "*-. �∗!����)± -./01 "*-. �∗!����)± -./01 "*-. �∗!����)± -./01 "*-. �����	� !2� 32) � !"�53�)

��π� !;6.6±�.:) 8 9�

��π� !9�.6±�.:) 8 9�

��γ ! �.;±�.7) 8 �9;
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���������
�

��������
���������
� � �
� � � �
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� � ���* !��@� �"����
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�

.� ± �.� ��� �� � ��
�
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�

− ��∗� � ���.� ± .�
�&�� .�*", / � 
.� ± �.� ���

��!�7��)
� �	
�� �� ����� �	������� 	� �	
�� ���	��

��!�7��)
� -./01 "*-. ��!�7��)
� -./01 "*-. ��!�7��)
� -./01 "*-. ��!�7��)
� -./01 "*-. �����	� !2� 32) � !"�53�)
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�
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�

− �
�� � ���.� ± .�

�&�� .�*", / � �� ± � ��� �� � ����
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�� ���	��
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∗
�������

±
�

∗
�������
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��� ± � ��� �� � ����
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�� �� ����� �	������� 	� �	
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!�7;�)± -./01 "*-. �����	� !2� 32) � !"�53�)

��π� ���� :�6

�∗�π� ���� 9��

��π�π− �	� ���� 7:;

�∗�π�π− �	� ���� 9��
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��������� ������� ���
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�� � � � ±���� � � � ±���� � � � ±���� � � � ±��
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� � � �� �� �����% ��� �∗
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�
±
�

�
±
�

�
±
�

�
±
�

��	 �±��	 �±��	 �±��	 �± � �
� � � �−�

���� � � ����.
 ± .� ��� �� � ����

�
�±
�

− ��± � ��.�� ± .� ��� �� � ����

���� ���� τ � �� ± ��× �−�: � �� � ����

�τ � ���.� µ 

�1(����"��� *�!�%1��"� ��%  �"�%�1(����"��� *�!�%1��"� ��%  �"�%�1(����"��� *�!�%1��"� ��%  �"�%�1(����"��� *�!�%1��"� ��%  �"�%

�" ��
�
� �±π�π−� � −.� ± .�

��
� ��� ��!"�����
� ��� ��!"�����
� ��� ��!"�����
� ��� ��!"���

�� � �.�
 ± .
� �� � ��
�

�� � �.�
 ± .
�
/		/" � .�
 ± .��

A����� 	�������� �	��
� ��� �������� �����	�� �	� �	
�� ����  ���	����

�� ��� 4�� ���� �����
� �� ��� 
��� �	
�� 	� ��� ���	����� �−
�
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��
�� ����� �	������� 	� ��� �	
�� ���	��

 ��� ���	�3 �

��
�

-./01 "*-. ��
�

-./01 "*-. ��
�

-./01 "*-. ��
�

-./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

D�!�&��(�  �*��D�!�&��(�  �*��D�!�&��(�  �*��D�!�&��(�  �*��

�− ��%",��) !�9 ��7
−�� ) 8 7

����%",��) � ����%",��) !9� ±�� ) 8 7

�� ��%",��) !�� ���
−�7 ) 8 7

����1� �� ��%",��) !;7 ±�6 ) 8 7

�� ��%",��) ! � � ;
− : ) 8 7

φ ��%",��) !�� ��:
−�� ) 8 7

#�$"���! ��* �� ���$"���!  �*��#�$"���! ��* �� ���$"���!  �*��#�$"���! ��* �� ���$"���!  �*��#�$"���! ��* �� ���$"���!  �*��

µ�νµ ! ;.� ± �.� )× ��−9  <��7 ���

τ� ντ ! ;.7 ± �.: ) 8 ���

φ�� ν
 �


� ! �.7 ± �.7 ) 8  <��� 6��

η��ν
 � η′�������ν
 �


� ! 7.� ± �.� ) 8 7
η��ν
 �


� ! 9.� ± �.; ) 8 ���

η′�������ν
 �


� ! �.��± �.9:) 8 6:�

E�*����!  �*�� .�", � � � $���E�*����!  �*�� .�", � � � $���E�*����!  �*�� .�", � � � $���E�*����!  �*�� .�", � � � $���

���� ! 7.7 ± �.� ) 8 �:�

���−π� ���� ! :.� ± �.� ) 8  <��� ��:

φπ� ����� ! 7.7 ± �.; ) 8  <��� 6��

φπ� � φ → ���− ! �.�;± �.��) 8  <��� 6��

���∗���
�� � �∗� →
�−π�

! �.: ± �.: ) 8 7�;

������π
� � �� → ���− ! :.6 ± �.: )× ��−9 69�

���∗
������

� � �∗
� →

�−π�
! 7.� ± �.: )× ��−9 ���

����π� @ ���

�∗���
���� ����� ! :.9 ± �.9 ) 8 ;�9

���−π�π� @ 67�

φπ�π� ����� !�� ± : ) 8 ;�;



	
	
	
	


����� �����	
����

φρ� ����� ! �.� � �.�
− �.7 ) 8 7��

φπ�π� �1'�*% ����� < 9.� 8 /+<��8 ;�;

���−π�π� ���1φ < �� 8 /+<��8 67�

����π�π− ! 9.� ± �.� ) 8 677

���−π�π� ! :.9 ± �.7 ) 8 677

�∗���
���∗���
�� ����� ! 6.� ± �.6 ) 8 7�;

���−π�π� ����1�∗��∗�� < 9.: 8 /+<��8 677

���−π�π�π− ! �.9 ± �.� )× ��−9 ;69

φπ�π�π− ����� ! �.��± �.��) 8 ;7�

���−ρ�π����1φ < �.: × ��−7 /+<��8 �7�

φρ�π� ����� ! �.�7± �.99) 8 ���

φ����
��
� ����� ! �.� ± �.6 ) 8 †

���−π�π�π− ����������" ! � ± 6 )× ��−7 ;69

��
� ��

� π�π�π− ! �.6 ± �.9 )× ��−9 ;;�

E�*����!  �*�� .�",�&" � <�E�*����!  �*�� .�",�&" � <�E�*����!  �*�� .�",�&" � <�E�*����!  �*�� .�",�&" � <�
π�π�π− ! �.��± �.�9) 8  <��� �:�

π� �π�π−��−�#� �( � ! �.�;± �.��) 8 �:�

����
��π
� � �� → π�π− ! �.� ± �.6 )× ��−9 ::�

ρ������π� � ρ� → π�π− ! � ± 6 )× ��−7 7��

π�π�π−π� < �: 8 /+<��8 �9:

ηπ� ����� ! �.��± �.9:) 8 ���

ωπ� ����� ! 9.7 ± �.� )× ��−9 ���

�π�
π− ! 6.; ± �.; )× ��−9 ���

π�π�π−π�π� @ ���

ηρ� ����� !�9.� ± �.; ) 8 6�7

ηπ�π� �1'�*% ����� < : 8 /+<��8 ��:

�π�
π−π� ! 7.� ± 9.� ) 8 �:;

η′�����π� ����� ! 7.6 ± �.6 ) 8 679

�π�
π−
π� @ ��9

η′�����ρ� ����� !��.� ± �.7 ) 8 7;7

η′�����π�π� �1'�*% ����� < �.� 8 /+<��8 6��

��*�� .�", ��� �� ",��� � <���*�� .�", ��� �� ",��� � <���*�� .�", ��� �� ",��� � <���*�� .�", ��� �� ",��� � <�
��π� < � × ��−9 /+<��8 ��;

��π�π− ! ;.; ± �.7 )× ��−9 ���

��ρ� ! �.; ± �.6 )× ��−9 677

��ρ������ � ρ� → π�π− ! 6.� ± �.� )× ��−7 7
�∗���
��π� � �∗� →

��π−
! �.7 ± �.7 )× ��−9 66:

�∗������π� � �∗� →
��π−

! �.� ± �.7 )× ��−9 7

�∗������π� � �∗� →
��π−

! : ± 7 )× ��−7 7

��π�π−����������" ! �.� ± �.7 )× ��−9 ���

�����− ! 7.; ± �.� )× ��−7 ;�6

φ�� ����� < ; × ��−7 /+<��8 ;�;

4�&'�% +�'�''�1�&$$�����*  �*��4�&'�% +�'�''�1�&$$�����*  �*��4�&'�% +�'�''�1�&$$�����*  �*��4�&'�% +�'�''�1�&$$�����*  �*��

����π− ! �.6 ± �.� )× ��−7 ��:

C� � � .��0 ��&"��� !&����" ����  �*���C� � � .��0 ��&"��� !&����" ����  �*���C� � � .��0 ��&"��� !&����" ����  �*���C� � � .��0 ��&"��� !&����" ����  �*���

#�$"�� �� ��% �& '�� ���� ��#�$"�� �� ��% �& '�� ���� ��#�$"�� �� ��% �& '�� ���� ��#�$"�� �� ��% �& '�� ���� ��

#�$"�� �& '�� ��� (����"��)  �*��#�$"�� �& '�� ��� (����"��)  �*��#�$"�� �& '�� ��� (����"��)  �*��#�$"�� �& '�� ��� (����"��)  �*��

π� �� �− ���� < �.6 × ��−7 /+<��8 �6�

π�µ�µ− ���� < �.; × ��−: /+<��8 �;�

�� �� �− �' < �.; × ��−9 /+<��8 ���

��µ�µ− �' < 9.; × ��−: /+<��8 ���

�∗���
��µ�µ− �' < �.7 × ��−9 /+<��8 6;:

π� �±µ∓ 	� ��� � < ;.� × ��−7 /+<��8 �6;

�� �±µ∓ 	� ��� � < ;.9 × ��−7 /+<��8 ���

π− �� �� 	 < ;.� × ��−7 /+<��8 �6�

π−µ�µ� 	 < �.� × ��−: /+<��8 �;�

π− ��µ� 	 < 6.9 × ��−7 /+<��8 �6;

�− �� �� 	 < ;.9 × ��−7 /+<��8 ���

�−µ�µ� 	 < �.9 × ��−: /+<��8 ���

�− ��µ� 	 < ;.� × ��−7 /+<��8 ���

�∗���
�−µ�µ� 	 < �.7 × ��−9 /+<��8 6;:
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� -./01 "*-. ���!�:9;)
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±
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�� � ±���� � ±���� � ±���� � ±��

#� � ��� #� � ��� #� � � �� #− � ��� �� �����% ��� #∗<�

��������� ��������������������� ��������������������� ��������������������� ������������

���%  ���&�� ��"� �� # *�!�%� ��(��(� �* �2"&��� �� #

,�*����� 8��(��&��% .� ��'�"�����% ��!�&*�* �&!, �* �2"&���

�� ",� #± ��!"���� '&" '�!�&�� �� ",��� � $��"��!� .� ,�(�
!���"�* ".� ��. ��!"����� K#±	#� ?* �2"&��L ��� $����

���&�"� ��* K#±	#�	#�
�	�1'��%�� ?* �2"&��L ��� ���&�"�

�" ,�),�� ����)���� ���" ��!�&��(� *�!�% '���!,��) ���!"����

��* χ� �" ,�), ����)% ��� ��&�* �� ",� ?* �2"&�� ��!"�����

#�1#�  �2��) *�"� ��� ��&�* �� ",� #� ��!"���� .,��� #�
� 1

#�
�  �2��) *�"� ��* #1#  �2��) *�"� ��� � #�	#�

� �* �2"&��

��� ��&�* �� ",� #�
� ��!"���� ��1(����"��� *�"� ��� ��&�* ��

",� #±� #�� ��* #± #� ?* �2"&�� ��!"����� �1'��%��� ���

��&�* ���� ",� ��* �� ",� M��%�� ��!"����

F,� ��)���5�"��� �� ",� # ��!"���� �� ��. �� �����.�� .,���

'&���"� ��*�!�"� $��"�!�� ��!"���� ��* '��!0�"� ��*�!�"� ��1

(��.��

• #±

 ����  ��� ����� '���!,��) ���!"���� �� (����"���

• #�

 ����  ��� ����� '���!,��) ���!"����

$�����5�"��� �� #� *�!�%� #�1#�  �2��)� �� (����"���

• #± #� ?* �2"&���

'���!,��) ���!"����� �� (����"���

• #±	#�	#�
�	�1'��%�� ?* �2"&���

 ��� ����� $��*&!"��� ���!"����� '���!,��) ���!"����

χ� �" ,�), ����)%����  ���&�� ��"�

• #∗

 ���

• #�
�

 ����  ��� ����� '���!,��) ���!"����

$�����5�"��� �� #�
� *�!�%� #

�
� 1#

�
�  �2��)

• #±
�

 ����  ��� ����� '���!,��) ���!"����

?" ��* �� M��%�� #��"��)��

• %�

 ����  ��� ����� '���!,��) ���!"����

• �1'��%�� ?* �2"&��

 ��� ����� '���!,��) ���!"����

�
±�±

�
±�± � �
� � � �

� �
−�

� � 
 � � ���* !��@� �"���� 3&��"& �& '��� �,�.� ��� =&��01 �*��
$��*�!"�����

���� �+± � �
��. ± .� ���
���� ���� τ

+± � ��.��� ± .���× �−�� �
�τ � ���.� µ 

�� (����"����� (����"����� (����"����� (����"���

��� �#
� → 
/ψ������� � −.
� ± .��

��� �#
� → 
/ψ����π�� � .� ± .�

��� �#
� → 
/ψ�∗���
��� � .�� ± .��

��� �#
� → ψ�
����� � −.
� ± .
�

��� �#
� → ψ�
���∗���
��� � −.� ± .
�

��� �#
� → χ���

�� � . ± .�
��� �#

� → χ���
∗���
��� � −.� ± .�

��� �#
� → ��π�� � −.� ± .�

��� �#
� → �CP !��)π

�� � .�� ± .
�
��� �#

� → �CP !−�)π�� � .�� ± .
�
��� �#

� → ����� � .� ± .�
�B�#

� → ����� � .�
 ± .�
δB�#

� → ����� � �� ± � *�)����
��� �#

� → 9�−π� :� ��� � .���.�
−�.;

��� �#
� → 9�−π� :

� �∗���
��� � −.
 ± .�
��� �#

� → 9�−π� :� π�� � .���.9�
−�.�;

��� �#
� → 9π�π−π� :� ��� � −.
 ± .��

��� �#
� → ���!��)�

�� � .

 ± .�� �� � ����

��� �#
� → ���!−�)�

�� � −.� ± .�
��� �#

� → �∗�π�� � −.�� ± .��
��� �#

� → �D∗
CP !��)�

�π�� � −.
 ± .�
��� �#

� → �D∗
CP !−�)�

�π�� � −.� ± .�
��� �#

� → �∗���� � −.� ± .�
�∗B�#

� → �∗���� � .�� ± .��
δ∗B�#

� → �∗���� � −�� ± � *�)����
��� �#

� → �∗�
CP !��)�

�� � −.�� ± .��
��� �#

� → �∗
CP !−�)�

�� � .�� ± .��
��� �#

� → �CP !��)�
∗���
��� � −.� ± .
�

��� �#
� → �CP !−�)�∗���
��� � −.� ± .�

��� �#
� → ��

� π�� � −.
 ± .� �� � ����

��� �#
� → ��π�� � .� ± .�

��� �#
� → ��η′� � .
 ± .
�

��� �#
� → η��� � −.
� ± .��

��� �#
� → η�∗���
��� � .�� ± .��

��� �#
� → ω��� � −.
 ± .��

��� �#
� → �∗�π�� � .� ± .�

��� �#
� → ��π−π�� � −.� ± .�

��� �#
� → �������

�� � .���.�7
−�.��

��� �#
� → ρ���� � .�
 ± .��

��� �#
� → �∗

������
�π�� � −.� ± .�

��� �#
� → �∗���
��π�� � .� ± .
�

��� �#
� → ρ��∗���
��� � .
 ± .��

��� �#
� → ����� � .�� ± .��

��� �#
� → ����

� ��
� � � −.� ± .��

��� �#
� → ���−��� � .
 ± .�

��� �#
� → φ��� � .� ± .�

��� �#
� → φ�∗���
��� � .� ± .��

��� �#
� → η��γ� � −.�� ± .��

��� �#
� → π�π�� � −.
 ± .�

��� �#
� → π�π−π�� � −.� ± .�

��� �#
� → ρ�π�� � −.� ± .��

��� �#
� → ����
��π

�� � . ± .
�
��� �#

� → ρ�π�� � .�� ± .�

��� �#

� → ρ�ρ�� � −.� ± .��
��� �#

� → ωπ�� � .� ± .

 �� � ����

��� �#
� → ωρ�� � .� ± .
�

��� �#
� → ηπ�� � −.� ± .�

��� �#
� → η′π�� � .�� ± .��

��� �#
� → ηρ�� � .
 ± .��

��� �#
� → &&π�� � −.�� ± .



��� �#
� → &&��� � −.� ± .��

γ�#� → � !∗)��� � ��� ± 
�◦
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����� �����	
����

+− �	
�� �� ����� �	������� 	� ��� �	
�� ���	�� "	
�� ����� 
	 �	�
�
������ ��� ����� ���� 	� ��� + �� �����
 �� ��� +±3+� 0-"BC'AD.
�����	��

'�� �������� �����	�� �����
 ���	� ����� :�8 +�+� �
 :�8 +�+−
��	
����	� � ��� ,!7�)� >� �#� �������
 �	 ����� 	�
�� �����������
�� �	 
�� �� �������� ����� �����
 ,!7�) ��	
����	� ���	 �	 :�E:�

�
 ����� �����
 �� �� � �∗� �
 ψ �������� ���	� �	 ������� #����
�����#�� ���� �	��
 =��� 	�� #����� �
 ���� ������ �����4������

B�
�����	� �� ���
 �	 ��
����  ��������� 	�  ���#�	�� �����	�� 0��
���	��� ���������� �#� ���� �	������
 �	� ���	���� �������� ���?
��	�� �	 ��� 4�� ���� �	 ��� ��� 	� ��� ��������� �������� �����	��
�� �(���
 ��� 	� ��� 4�� �����

�	� �������#� �������� �����	��� �-�- + → �± �������� ��� #����
������ �� ��������������� �	� �������� �����	��� '��� �� �� ������
��� 	���

 ��� ���	�3 �

+� -./01 "*-. +� -./01 "*-. +� -./01 "*-. +� -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

�� ���$"���! ��* ��$"���!  �*���� ���$"���! ��* ��$"���!  �*���� ���$"���! ��* ��$"���!  �*���� ���$"���! ��* ��$"���!  �*��
��ν
 ��%",��) ���� � ! ��.� ± �.7 ) 8 7

�� ��ν
 ���� � ! �.�: ± �.�� ) 8 �9��

�∗�
��� ��ν
 ���� � ! ;.: ± �.: ) 8 ��:�

���
�
�
� ��ν
 ! :.; ± �.; )× ��−9 ���7

�∗
��
���

� ��ν
 < � × ��−9 /+<��8 ��;;

�−π� ��ν
 ! :.9 ± �.� )× ��−9 �9�;

�∗−π� ��ν
 ! ;.7 ± �.: )× ��−9 ��:7

π� ��ν
 ! 6.7 ± �.� )× ��−: �;9�

η��ν
 ! � ± 7 )× ��−: �;��

ω��ν
 ���� � ! �.9 ± �.; )× ��−7 �:��

ρ� ��ν
 ���� � ! �.�7 ± �.�9 )× ��−7 �:�9

&&��ν� < :.� × ��−9 /+<��8 �7;6

��ν� < �.: × ��−: /+<��8 �;7�

µ�νµ < ;.; × ��−; /+<��8 �;9�

τ� ντ < �.; × ��−7 /+<��8 �97�

��ν� γ < �.� × ��−7 /+<��8 �;7�

µ�νµ γ < :.� × ��−: /+<��8 �;9�

D�!�&��(�  �*��D�!�&��(�  �*��D�!�&��(�  �*��D�!�&��(�  �*��
��' ! �.� ± �.� ) 8 7
��' ! 6� ± : ) 8 7
��' ! 9.� ± �.� ) 8 7
�−' ! �.� ± �.� ) 8 7

��
� ' ! �7 � :

− 7 ) 8 7

�−
� ' < �.� 8 /+<��8 7

%�� ' ! �.� � �.7
− �.� ) 8 7

%−� ' ! 9.: � �.:
− �.� ) 8 7

� ' ! �� ± ; ) 8 7

� ' ! 99 � ;
− 7 ) 8 7

� � ' !�9� ���
− � ) 8 7

�� �∗� �� ��  �*���� �∗� �� ��  �*���� �∗� �� ��  �*���� �∗� �� ��  �*��

��π� ! 7.�� ± �.�� )× ��−9 �9��

���!��)π
� ����� ! 7.� ± �.� )× ��−9 7

���!−�)π
� ����� ! 9.; ± �.� )× ��−9 7

�� ρ� ! �.97 ± �.�� ) 8 ��96

���� ! 7.�� ± �.�7 )× ��−7 ����

���!��)�
� ����� ! 9.6 ± �.; )× ��−7 7

���!−�)�
� ����� ! 9.: ± �.: )× ��−7 7

9�−π� :� π� ���� � ! �.6 ± �.: )× ��−: 7
9π�π−π� :� �− ! :.: ± �.� )× ��−; 7
���∗���
�� ! ;.9 ± �.� )× ��−7 ���9

�CP !−�)�∗���
�� ����� ! �.� ± �.� )× ��−7 7

�CP !��)�
∗���
�� ����� ! ;.� ± �.: )× ��−7 7

������ ! :.: ± �.; )× ��−7 ����

�����∗���
�� ! 6.: ± �.6 )× ��−7 ��6�

��π�π�π− ! �.� ± �.7 ) 8 ����

��π�π�π− ����������" ! : ± 7 )× ��−9 ����

��π� ρ� ! 7.� ± 9.� )× ��−9 ���6

�� ����
��
� ! 7 ± 7 )× ��−9 ���9

��ωπ� ! 7.� ± �.� )× ��−9 ���;

�∗�
��−π�π� ! �.9: ± �.�� )× ��−9 ��76

�−π�π� ! �.�� ± �.�; )× ��−9 ����

���� < :.� × ��−; /+<��8 ��6�

�∗�
���π� ! 7.; ± �.7 )× ��−9 ��:;

�∗�
���ωπ� ! 7.: ± �.� )× ��−9 ��7�

�∗�
��� ρ� ! �.� ± �.6 )× ��−9 ����

�∗�
����� ! 9.6 ± �.7 )× ��−7 ���6

�∗�
����∗���
�� ! �.� ± �.7 )× ��−7 ��:;

�∗�
������� < �.�; × ��−9 /+<��8 ��9�

�∗�
������∗���
�� ! �.: ± �.7 )× ��−9 ����

�∗�
���π�π�π− ! �.�9 ± �.�� ) 8 ��9;

�∗�
��� ����
��� ! �.� ± �.: ) 8 ��;9

�∗�
���π−π�π�π� ! �.� ± �.7 ) 8 ����

�∗� �π�
π− ! :.6 ± �.� )× ��−9 ���;

�∗�
���π� < �.6 × ��−7 /+<��8 ��::

�∗�
����� < �.� × ��−; /+<��8 ���:

�∗�
��−π�π�π� ! �.: ± �.6 ) 8 ��9:

�∗�
��−π�π�π�π− ! �.; ± �.7 )× ��−9 ���6

�∗
��
�
�

�π� ! �.: ± �.; )× ��−9  <��9 ����

���
�
�
�π�×M���

� →
��π�π−�

! �.� � �.:
− �.; )× ��−7 ����

�∗
��
��
�

�π�

× M��∗
��
��
�

� → �−π��

! 9.7 ± �.� )× ��−7 7

�∗
��
���

�π�

× M��∗
��
���

� → �−π��

! ;.� ± �.� )× ��−7 7

���
�
��
�π�

× M����
�
��
� → �∗−π��

! ;.� ± �.: )× ��−7 7

�∗
��
��
�

�π�

× M��∗
��
��
�

� → �∗−π��

! �.� ± �.: )× ��−7 7

� ′
��
�
��

�π�

× M�� ′
��
�
��

� → �∗−π��

! :.� ± �.� )× ��−7 7

���
�
�
�π�×M���

� →
�∗�π�π−�

< ; × ��−; /+<��8 ����

�∗
��
�
�

� ρ� < �.7 × ��−9 /+<��8 ���:

�∗
��
���

�π� < �.9 × ��−9 /+<��8 ��;9

�∗
��
���

�π�×M��∗�
� →

�∗�π�π−�
< �.� × ��−: /+<��8 ��;9

�∗
��
���

� ρ� < 7.6 × ��−9 /+<��8 ��6;

����
� ! �.�� ± �.�6 ) 8 ���:

����
����
���×

M�����
����
� → ��

� π��

! 6.7 � �.9
− �.� )× ��−7 �;�:

����
����
���×

M�����
����
� → �∗�

� γ�

< 6.; × ��−7 /+<��8 �;�:

����
����
��∗�
���×

M�����
����
� → ��

� π��

! � ± 6 )× ��−7 7

�sJ �
����
���×

M��sJ �
����
� → �∗�

� π��

! �.7 � �.;
− �.: )× ��−9  <��9 7

�sJ �
����
���×

M��sJ �
����
� → ��

�
γ�

! 7.6 � �.7
− �.� )× ��−7 7

�sJ �
����
���×

M��sJ �
����
� →

��
�

π�π−�

< �.� × ��−7 /+<��8 7

�sJ �
����
���×

M��sJ �
����
� → ��

� π��

< �.6 × ��−7 /+<��8 7

�sJ �
����
���×

M��sJ �
����
� → �∗�

� γ�

< �.� × ��−7 /+<��8 7

�sJ �
����
��∗�
���×

M��sJ �
����
� → �∗�

� π��

! 6.; � 9.;
− �.� )× ��−9 7

�sJ �
����
��∗�
���×

M��sJ �
����
� → ��

� γ�

! �.7 � �.6
− �.; )× ��−9 7

���sJ �
����
�×

M��sJ �
����
� →

�∗�
������

< � × ��−7 /+<��8 �776

�∗�
����sJ �
����
�×

M��sJ �
����
� →

�∗�
������

< 6 × ��−7 /+<��8 �99�

���sJ �
����
�×

M��sJ �
����
� → �����

< � × ��−7 /+<��8 �7�;

�∗�
����sJ �
����
�×

M��sJ �
����
� → �����

< : × ��−7 /+<��8 �9�:

���∗�
� ! 6.� ± �.; )× ��−9 �697

�∗�
�����
�

! �� ± 7 )× ��−9 �696

�∗�
����∗�
� ! �.� ± �.6 ) 8 �;:�

�
!∗)�
� �∗∗� ! �.6 ± �.� ) 8 7

�∗�
����∗�
��� < �.� 8 /+<��8 �6�9



	�	�	�	�

����� �����	
����

���∗�
��� �
�∗�
�����

< �.9 8 /+<��8 �6��

���∗�
��� ! 7.; ± �.� )× ��−7 �6��

���� ! 7.� ± �.� )× ��−7 ��;;

������ < �.� × ��−9 /+<��8 �:6�

�∗�
������� < ;.� × ��−9 /+<��8 �76:

���∗�
����� ! :.� ± �.� )× ��−9 �76;

�∗�
����∗�
����� ! 6.� ± �.; )× ��−9 �9;�

������ ! �.96 ± �.9� )× ��−9  <��: �:66

�∗�
������� < 9.� × ��−9 /+<��8 7
���∗�
����� ! 7.6 ± �.� )× ��−9 �7��

�∗�
����∗�
����� ! :.9 ± �.; )× ��−9 �9;�

�−���� < 7 × ��−7 /+<��8 �:6�

�−�∗�
����� < 6 × ��−7 /+<��8 �76:

�∗�
��−���� ! �.: ± �.7 )× ��−9 �76:

�∗�
��−�∗�
����� < �.� × ��−9 /+<��8 �9;9

����∗ �����∗ �� ! 9.: ± �.; ) 8 7
��

� π� < �.6 × ��−7 /+<��8 ��6�

�∗�
� π� < �.6 × ��−7 /+<��8 ���:

��
� η < 7 × ��−7 /+<��8 ��9:

�∗�
� η < ; × ��−7 /+<��8 ��6�

��
� ρ� < 9.� × ��−7 /+<��8 ���6

�∗�
� ρ� < 7 × ��−7 /+<��8 ��9�

��
� ω < 7 × ��−7 /+<��8 ���:

�∗�
� ω < ; × ��−7 /+<��8 ��9;

��
� ����
��

� < �.� × ��−9 /+<��8 ��6�

�∗�
� ����
��

� < �.9 × ��−9 /+<��8 ���:

��
� φ < �.� × ��−; /+<��8 ��7�

�∗�
� φ < �.� × ��−: /+<��8 ��6�

��
� �� < � × ��−7 /+<��8 ��7�

�∗�
� �� < � × ��−7 /+<��8 ���:

��
� �∗���
�� < 7 × ��−7 /+<��8 ��6�

�∗�
� �∗���
�� < 7 × ��−7 /+<��8 ����

�−
�

π��� < 6 × ��−7 /+<��8 ����

�∗−
�

π��� < �.� × ��−7 /+<��8 ��;7

�−
�

π��∗���
�� < : × ��−9 /+<��8 ��9�

�∗−
� π��∗���
�� < 6 × ��−9 /+<��8 ��6;

+,�� ���&  �*��+,�� ���&  �*��+,�� ���&  �*��+,�� ���&  �*��
η� �

� ! �.� ± �.9 )× ��−7 �6:9

η′� �
� ! 9.7 ± �.� )× ��−7 7


/ψ������ ! �.���± �.�9:)× ��−9 �;�9


/ψ������π�π− ! �.�6 ± �.�� )× ��−9  <��� �;��

�� �����
�× M��� ���� →


/ψπ�π−�
< 9.7 × ��−; /+<��8 �7��

' ����
��� < 9.� × ��−7 /+<��8 ��7�

' ����
���× M�' →

/ψπ�π−�

! �.�7 ± �.�� )× ��−: ��7�

' ����
���

× M�' ����
� → �����
< ;.� × ��−: /+<��8 ��7�

' ����
���

× M�' ����
� → ���−�
< 7.� × ��−: /+<��8 ��7�

' ����
���

× M�' ����
� → ����π��
< ;.� × ��−: /+<��8 ��7�

' ����
���

× M�' ����
� → 
/ψ����η�
< 6.6 × ��−; /+<��8 ��7�

' ����
����× M�' ����
�� →

/ψ����π�π��

����� < �.� × ��−: /+<��8 7

( ��
�����× M�( � →

/ψπ�π−�

< �.� × ��−: /+<�:8 7


/ψ�����∗���
�� ! �.7� ± �.�� )× ��−9 �:6�


/ψ����� ��
��� ! �.� ± �.: )× ��−9 �9��


/ψ����� ����� < : × ��−7 /+<��8 �9��


/ψ����η�� ! �.�� ± �.99 )× ��−7 �:��


/ψ����φ�� ! :.� ± �.6 )× ��−:  <��� ���6


/ψ����π� ! 7.� ± �.; )× ��−:  <��: �6�6


/ψ����ρ� < 6.6 × ��−7 /+<��8 �;��


/ψ��������
��
� < �.� × ��−9 /+<��8 �7�7


/ψ����&% ! �.�� ± �.9� )× ��−: :;6


/ψ����)�& < �.� × ��−: /+<��8 7

/ψ������ < �.� × ��−7 /+<��8 �6�


/ψ������π� < �.: × ��−: /+<��8 ;;:

ψ�
���� ! ;.7� ± �.9: )× ��−7 ���7

ψ�
���∗���
�� ! ;.6 ± �.7 )× ��−7  <��9 ���:

ψ�
����π�π− ! �.� ± �.� )× ��−9 ��6�

ψ������� ! 7.� ± �.9 )× ��−7 ����

ψ�������

× M�ψ����� → �����
! 9.7 ± �.� )× ��−7 ����

ψ�������

× M�ψ����� → ���−���
! �.7 ± �.� )× ��−7 ����

χ��π�×M�χ�� → π�π−� < 9 × ��−6 /+<��8 7

χ�������
� ! �.; � �.:

− �.7 )× ��−7 �76�

χ���
∗���
�� < �.�; × ��−9 /+<��8 7

χ���
� < �.� × ��−: /+<��8 7

χ���
∗���
�� < �.� × ��−: /+<��8 7

χ�������
� ! :.9 ± �.6 )× ��−7  <��6 �7��

χ�������
∗���
�� ! 9.; ± �.� )× ��−7 ��;:

� �� �∗  �*��� �� �∗  �*��� �� �∗  �*��� �� �∗  �*��
��π� ! �.7� ± �.�6 )× ��−:  <��7 �;�7

��π� ! �.�� ± �.�� )× ��−: �;�:

η′�� ! 6.�: ± �.9: )× ��−: �:��

η′�∗���
�� < �.7 × ��−: /+<��8 �76�

η�� ! �.; ± �.; )× ��−;  <��9 �:��

η�∗���
�� ! �.; ± �.7 )× ��−: �:97

ω�� ! :.� ± �.6 )× ��−; �::6

ω�∗���
�� < 6.7 × ��−; /+<��8 �:�9

��� �� < 9.� × ��−; /+<��8 7

����
� < �.: × ��−; /+<��8 7

�∗���
��π� ! �.�; ± �.�� )× ��−:  <��� �:;�

�∗���
��π� ! ;.� ± �.7 )× ��−; �:;�

��π−π� ! :.; ± �.� )× ��−:  <��; �;��

��π−π�����������" ! 9.� � �.�
− �.� )× ��−; �;��

�� ������× M��� →
π�π−�

! �.� ± �.� )× ��−; �:�7

����
��
��� < �.9 × ��−; /+<��8 7

� ∗������
���×

M�� ∗������
� → π�π−�

< �.�6 × ��−: /+<��8 7

ρ��������×
M�ρ������ → π�π−�

< �.�6 × ��−: /+<��8 7

�������
�× M������� →

π�π−�
< 7.7 × ��−; /+<��8 �9�6

� ′����
���
�×

M�� ′����
�� → π�π−�
< 9.7 × ��−; /+<��8 �9��

��ρ� ! :.� � �.6
− �.� )× ��−; �::�

�∗
������

�π� ! 9.� ± �.: )× ��−: �77�

�∗
������

�π� < ;.� × ��−; /+<��8 �77:

�∗������π� < 7.: × ��−: /+<��8 �77�

�∗������π� < �.� × ��−: /+<��8 �9:�

�−π�π� < �.� × ��−; /+<��8 �;��

�−π�π�����������" < :.; × ��−: /+<��8 �;��

������
�π� < �.; × ��−9 /+<��8 �7:�

��π�π� < ;.; × ��−: /+<��8 �;��

��ρ� < 7.� × ��−: /+<��8 �::�

�∗���
��π�π− < �.� × ��−9 /+<��8 �::;

�∗���
��ρ� ! �.� ± �.7 )× ��−: �:�7

�∗���
�� ρ� ! �.� ± �.� )× ��−; �:�7

�∗���
���∗���
�� < 6.� × ��−: /+<��8 �7�7

������
�ρ� < 6.� × ��−7 /+<��8 �9�6

�∗
������

�ρ� < �.: × ��−9 /+<��8 �9��

���� ! �.�� ± �.9� )× ��−; �:�9

����π� < �.7 × ��−: /+<��8 �:6�

����
� ��

� ! �.�: ± �.�9 )× ��−: �:��

��
� ��

� π� < 9.� × ��−; /+<��8 �:66

���−π� < ;.9 × ��−; /+<��8 �:6�

���−π� ����������" < 6.: × ��−: /+<��8 �:6�

����π− < �.9 × ��−; /+<��8 �:6�

����π− ����������" < �.6� × ��−: /+<��8 �:6�

���∗���
�� < :.9 × ��−; /+<��8 �:7�

���−�� ! 9.�� ± �.�� )× ��−: �:��

��φ ! �.� ± �.� )× ��−;  <��9 �:�;

�������
�× M������� →

���−�
< �.� × ��−; /+<��8 �:�7

�����
��
�×

M������
� → ���−�
< �.� × ��−; /+<��8 �77�

� ′����
���
�×

M�� ′����
�� → ���−�
< 7.� × ��−; /+<��8 �9��

φ�������× M�φ����� →
���−�

< � × ��−6 /+<��8 �977



								

����� �����	
����

���−������������" ! �.7� � �.9�
− �.;� )× ��−: �:��

�∗���
�����− < �.; × ��−9 /+<��8 �7;;

�∗���
��φ ! �.; ± 9.� )× ��−;  <��� �7;�

������
�φ < �.� × ��−9 /+<��8 �99�

�∗
������

�φ < 9.7 × ��−9 /+<��8 �99�

��φφ ! �.; � �.�
− �.� )× ��−; �9�;

�∗���
��γ ! 7.�9 ± �.�; )× ��−: �:;7

����
��
�γ ! 7.9 ± �.9 )× ��−: �7�;

η��γ ! �.7 ± �.� )× ��−; �:��

φ�� γ ! 9.7 ± �.� )× ��−; �:�;

��π−π�γ ! �.:� ± �.�� )× ��−: �;��

�∗���
��π� γ ! �.� � �.6
− �.; )× ��−: �:;�

��ρ� γ < �.� × ��−: /+<��8 �::�

��π−π�γ ����������" < �.� × ��−; /+<��8 �;��

������
�γ < �.: × ��−: �7:9

�∗
������

�γ ! �.7 ± �.7 )× ��−: �776

�∗������γ < �.� × ��−9 /+<��8 �9;�

�∗
9�����

�γ < 9.� × ��−: /+<��8 �97�

�∗
7�
���

�γ < �.� × ��−9 /+<��8 ��79

#�)," &�N�(���*  ����  �*��#�)," &�N�(���*  ����  �*��#�)," &�N�(���*  ����  �*��#�)," &�N�(���*  ����  �*��

ρ�γ < �.� × ��−; /+<��8 �:�9

π�π� ! :.: ± �.; )× ��−; �;9;

π�π�π− ! �.;� ± �.�: )× ��−: �;9�

ρ�π� ! �.6 ± �.� )× ��−; �:��

π� ������× M������� →
π�π−�

< 9.� × ��−; /+<��8 �:76

π� ����
�� ! �.� ± �.: )× ��−; �7�9

ρ������π� < �.9 × ��−; /+<��8 �79;

�������π
�×M�������� →

π�π−�
< 9.� × ��−; /+<��8 �7;�

�����π
�×M������ →

π�π−�
< 7.� × ��−; /+<��8 7

π�π−π� ����������" < 7.; × ��−; /+<��8 �;9�

π�π�π� < �.� × ��−7 /+<��8 �;9�

ρ�π� ! �.�� ± �.�� )× ��−: �:��

π�π−π�π� < 7.� × ��−9 /+<��8 �;��

ρ�ρ� ! �.; ± �.; )× ��−: �:�9

����
��
�π� < �.6 × ��−9 /+<��8 �7�7

����
��
�π� < �.� × ��−7 /+<��8 �7�7

ωπ� ! :.� ± �.� )× ��−;  <��� �:��

ωρ� ! �.9 ± �.7 )× ��−: �:��

ηπ� ! 7.� ± �.: )× ��−; �;��

η′π� ! 7.� ± �.� )× ��−; �::�

η′ρ� < �.� × ��−: /+<��8 �7��

ηρ� ! �.7 ± �.� )× ��−; �::9

φπ� < 7.� × ��−6 /+<��8 �:9�

φρ� < �.; × ��−: �7��

���π� < :.� × ��−; /+<��8 7

π�π�π�π−π− < �.; × ��−7 /+<��8 �;��

ρ� ����
��
� < ;.� × ��−7 /+<��8 �799

ρ� �����
�
� < 6.� × ��−7 /+<��8 �7��

π�π�π�π−π−π� < ;.9 × ��−9 /+<��8 �:��

����
��
� ����
��

� < �.9 8 /+<��8 �99:

+,��)�* $��"�!�� ��±�  �*��+,��)�* $��"�!�� ��±�  �*��+,��)�* $��"�!�� ��±�  �*��+,��)�* $��"�!�� ��±�  �*��

�± < #± 	� π±

��π� ! �.; � �.6
− �.; )× ��−: �;9;

ω�� ! �.9� � �.�6
− �.�7 )× ��−: �:��

��' � ��� ����� < 7.� × ��−: /+<��8 7

M��%��  �*��M��%��  �*��M��%��  �*��M��%��  �*��

&&π� ! 9.� � �.�
− �.6 )× ��−; �79�

&&π�����������" < :.9 × ��−: /+<��8 �79�

&&π�π�π− < :.� × ��−7 /+<��8 �9;�

&&�� ! :.; ± �.� )× ��−;  <��7 �97�

*�������&×
M�*������� → &���

����� < �.� × ��−� /+<��8 7

�. �


��
�× M��. �


� →

&&�
����� < 7.� × ��−6 /+<��8 ��9:

&%���
� < �.: × ��−; /+<��8 �9��

&&������������" < �.� × ��−: /+<��8 �97�

&&�∗���
�� ! �.�9 � �.9�
− �.99 )× ��−: ���:

&% < 7.� × ��−6 /+<��8 �79�

&%γ ! �.� ± �.; )× ��−; �79�

&) γ < 7.; × ��−; /+<��8 �7�9

&%π�π− < �.� × ��−7 /+<��8 �9;6

%%π� < �.� × ��−; /+<��8 �9:�

%%�� ! �.� � �.�
− �.� )× ��−; ��:�

+� & < 9.� × ��−7 /+<��8 �7��

+��& < �.: × ��−7 /+<��8 �7��

�� && < �.: × ��−: /+<��8 ��;�

�∗�
��� && < �.: × ��−: /+<��8 �6�;

%−
� &π� ! �.� ± �.6 )× ��−7 ����

%−� &π�π� ! �.� ± �.; )× ��−9 ��9:

%−
� &π�π�π− ! �.9 ± �.6 )× ��−9 ����

%−
� &π�π�π−π� < �.97 8 /+<��8 ����

) � �
����
� & < � × ��−: /+<��8 ��9�

) � �
�
�
� & < 7.; × ��−: /+<��8 ���7

) � �
����
� &π� ! 7.7 ± �.� )× ��−7 ���;

) � �
����
� &π−π� ! 7.7 ± �.6 )× ��−7 ��7:

) � �
����
−−&π�π� ! �.� ± �.� )× ��−7 ��7:

%� �
����
−/%� �
�
��

− &π� < �.� × ��−7 /+<��8 7

#�$"�� �� ��% �& '�� �� � �� #�$"�� �& '�� ��� (����"��)  �*��� ��#�$"�� �� ��% �& '�� �� � �� #�$"�� �& '�� ��� (����"��)  �*��� ��#�$"�� �� ��% �& '�� �� � �� #�$"�� �& '�� ��� (����"��)  �*��� ��#�$"�� �� ��% �& '�� �� � �� #�$"�� �& '�� ��� (����"��)  �*��� ��
C# � � .��0 ��&"��� !&����" �#��  �*��C# � � .��0 ��&"��� !&����" �#��  �*��C# � � .��0 ��&"��� !&����" �#��  �*��C# � � .��0 ��&"��� !&����" �#��  �*��

π� �� �− +' < 9.� × ��−9 /+<��8 �;9�

π�µ�µ−
+' < �.� × ��−9 /+<��8 �;99

π� ν ν +' < �.� × ��−7 /+<��8 �;9�

�� �� �− +' ! �.� � �.�
− �.� )× ��−6  <��7 �;�;

��µ�µ− +' ! 9.7 � �.�
− �.7 )× ��−6  <��6 �;��

�� �� �− +' ���� � ! :.9 ± �.� )× ��−6 �;�;

��ν ν +' < :.� × ��−: /+<��8 �;�;

�∗���
�� �� �− +' < 7.; × ��−; /+<��8 �:;7

�∗���
��µ�µ− +' < �.� × ��−; /+<��8 �:;�

�∗���
�� �� �− +' ���� � < �.� × ��−; /+<��8 �:;7

π� ��µ− 	� < ;.7 × ��−9 /+<��8 �;96

π� �−µ� 	� < ;.7 × ��−9 /+<��8 �;96

�� ��µ− 	� < � × ��−6 /+<��8 �;�:

�� �−µ� 	� < ;.7 × ��−9 /+<��8 �;�:

�∗���
�� �±µ∓ 	� < 6.� × ��−; /+<��8 �:;9

π− �� �� 	 < �.; × ��−; /+<��8 �;9�

π−µ�µ� 	 < �.7 × ��−; /+<��8 �;99

π− ��µ� 	 < �.9 × ��−; /+<��8 �;96

ρ− �� �� 	 < �.; × ��−; /+<��8 �:�9

ρ−µ�µ� 	 < :.� × ��−; /+<��8 �:6�

ρ− ��µ� 	 < 9.9 × ��−; /+<��8 �:��

�− �� �� 	 < �.� × ��−; /+<��8 �;�;

�−µ�µ� 	 < �.� × ��−; /+<��8 �;��

�− ��µ� 	 < �.� × ��−; /+<��8 �;�:

�∗���
�− �� �� 	 < �.� × ��−; /+<��8 �:;7

�∗���
�−µ�µ� 	 < �.9 × ��−; /+<��8 �:;�

�∗���
�− ��µ� 	 < 7.7 × ��−; /+<��8 �:;9

�
���

�
��� � �
� � � �

� �
−�

� � 
 � � ���* !��@� �"���� 3&��"& �& '��� �,�.� ��� =&��01 �*��
$��*�!"�����

���� �
+� � �
��.� ± .� ���

�+� − �+± � .�� ± .
� ��� �� � ����

���� ���� τ +� � ��.�� ± .��× �−�� �
�τ � ���.� µ 

τ +�	τ +� � �.�� ± .� �*���!"  ���&�� ��"��

#�1#�  �2��) $��� �"���#�1#�  �2��) $��� �"���#�1#�  �2��) $��� �"���#�1#�  �2��) $��� �"���

χ
 � .��� ± .�
C�

+� � �
+�
�

− �
+�
�

� �.�� ± .��× ��� Gh �−�

� ��.��� ± .���× �−�� ���
�
 � C�+�	/+� � .��� ± .�
B�

(
λ�� /

∣
∣λ��

∣
∣) B��5� � .� ± .�

B��5� � . ± .�

D �5� � −.
 ± .�� �� � ����



	�	�	�	�

����� �����	
����

�� (����"��� $��� �"����� (����"��� $��� �"����� (����"��� $��� �"����� (����"��� $��� �"���

B��ε
+��	���

∣∣ε
+�

∣∣�� � �−�.� ± 
.��× �−9
�"/�� � .� ± .��
��� �#

� → �∗�
����−� � .� ± .�
��� �#

� → �∗���
��φ� � .� ± .�
��� �#

� → ��π−� � −.��� ± .

��� �#

� → ��
� π�� � .�� ± .
�

��� �#
� → η�∗���
��� � .
 ± .��

��� �#
� → ρ��−� � .
� ± .��

��� �#
� → ��π−π�� ���1�������" � .� ± .��

��� �#
� → �∗���
��π−� � −.� ± .��

��� �#
� → ρ�π−� � −.�� ± .�

��� �#
� → ρ−π�� � −.�� ± .�

��� �#
� → �∗�����γ� � −.� ± .��

��∗!����)−�� �#� → �∗�
��−��� � .
 ± .��
��∗!����)−�� �#� → �∗�
��−��� � −.�� ±

.�
 �� � ��
�
��∗!����)��− �#� → �∗�
����−� � −.�� ±

.
� �� � ����
��∗!����)��− �#� → �∗�
����−� � −.�� ± .
�
∣
∣λ

∣
∣ �#� → �∗��∗−� � .
� ± .��

D �λ� �#� → �∗��∗−� � −.
 ± .� �� � ��
�
�� �#

� → �∗��∗−� � .� ± .��
�� �#

� → �∗��∗−� � −.�� ± .
�
�− �#� → �∗��∗−� � −.
 ± �.
�− �#� → �∗��∗−� � −�.� ± �.�
����− �#� → ���−� � .� ± .�
����− �#� → ���−� � −.� ± .�
�./ψ!��)π� �#

� → 
/ψ����π�� � .�� ± .
�
�./ψ!��)π� �#

� → 
/ψ����π�� � −.� ± .� �� � ����

�
ω #�

�

�#� → ω��
� � � −.� ± .�

�
ω #�

�

�#� → ω��
� � � .� ± .�

�η′!�:�)# �#� → η′�������
� � � −.� ± .
 �� � 
���

�η′!�:�)# �#� → η′�������
� � � .�� ± .�� �� � ����

�
�!���)#�

�

�#� → �������
�
� � � .�� ± .
�

�
�!���)#�

�

�#� → �������
�
� � � .� ± .�

�#� #� #�
�#� → �� �� �� � � −.�� ± .
�

�#� #� #�
�#� → �� �� �� � � −.���.�

−�.6 �� � 
���

�
#�#− #�

�

�#� → ���−��
� � � .� ± .�

�
#�#− #�

�

�#� → ���−��
� � � −.�� ± .��

�
φ#�

�

�#� → φ��
� � � −.� ± .��

�
φ#�

�

�#� → φ��
� � � .�� ± .
�

�
#�
�

π�
�#� → ��

� π�� � .� ± .��
�

#�
�

π�
�#� → ��

� π�� � .�� ± .
�
�

#�
�

π� γ
�#� → ��

� π� γ� � −.� ± .� �� � ����

�
#�
�

π� γ
�#� → ��

� π� γ� � −.���.;
−�.: �� � ����

�#∗!���)� γ �#
� → �∗���
�� γ� � −.� ± .
�

�#∗!���)� γ �#
� → �∗���
�� γ� � −.�� ± .��

�ππ �#
� → π�π−� � −.�� ± .
� �� � 
���

�ππ �#
� → π�π−� � −.�� ± .�� �� � ����

�π�π��#
� → π�π�� � −.� ± .�

�ρπ �#
� → ρ�π−� � .� ± .��

�ρπ �#
� → ρ�π−� � −.� ± .
� �� � ����

C�ρπ �#
� → ρ�π−� � .�� ± .��

C�ρπ �#
� → ρ�π−� � −.� ± .

 �� � ����

�ρρ �#
� → ρ� ρ−� � −.
 ± .��

�ρρ �#
� → ρ� ρ−� � −.

 ± .

∣

∣λ
∣
∣ �#� → � � ��� � .��� ± .
�∣

∣λ
∣
∣ �#� → 
/ψ�∗���
��� < .
�� +# � ��>

!�� 
β �#� → 
/ψ�∗���
��� � �.���.6
−�.� �� � ����

��� � �−�/
 �#� → �∗−π�� � −.
� ± .�� �� � ����
��− − ���/
 �#� → �∗−π�� � −.� ± .��
��� � �−�/
 �#� → �−π�� � −.�� ± .�
��− − ���/
 �#� → �−π�� � −.� ± .�
����
β� � .�
� ± .��
����
β�= ��#

� → φ��� � .� ± .
�
����
β�= ��#

� → ���−��
� � � .�� ± .
�∣

∣����
β � γ�
∣
∣ > .��� +# � �>

α � ��� ± ��◦
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+� -./01 "*-. +� -./01 "*-. +� -./01 "*-. +� -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

��ν
 ��%",��) ���� � ! ��.7 ± �.7 ) 8 7
�− ��ν
 ���� � ! �.��± �.��) 8 �9��

�∗�
��− ��ν
 ���� � ! :.9:± �.��) 8 ��:6

��π� ��ν
 ! 9.� ± �.� )× ��−9 �9��

�∗�π� ��ν
 ! ;.: ± �.: )× ��−9 ��:;

ρ− ��ν
 ���� � ! �.9 ± �.7 )× ��−7 �:�9

π− ��ν
 ���� � ! �.9;± �.�:)× ��−7 �;9�

D�!�&��(�  �*��D�!�&��(�  �*��D�!�&��(�  �*��D�!�&��(�  �*��
�± ��%",��) ! 6� ± � ) 8 7
��' ! ;.9 ± �.� ) 8 7
��' ! :� ± 7 ) 8 7
��' < :.� 8 /+<��8 7
�−' ! 7� ± : ) 8 7

��
� ' ! ��.� � 7.7

− 9.� ) 8 7

�−
� ' < �.6 8 /+<��8 7

%�� ' < 9.� 8 /+<��8 7

%−
� ' ! 7.� � �.:

− �.� ) 8 7

� ' !��7 ± � ) 8 7
� ' ! �7 ± : ) 8 7

� � ' !��� ���
−�� ) 8 7

�� �∗� �� ��  �*���� �∗� �� ��  �*���� �∗� �� ��  �*���� �∗� �� ��  �*��

�−π� ! 9.7 ± �.� )× ��−9  <7�� �9�;

�− ρ� ! 6.: ± �.� )× ��−9 ��9:

�−��π� ! 7.� ± �.� )× ��−7 ��:�

�−�∗���
�� ! 7.: ± �.6 )× ��−7 ����

�−ωπ� ! �.� ± �.; )× ��−9 ���7

�−�� ! �.� ± �.; )× ��−7 ��6�

�−���� < 9.� × ��−7 /+<��8 ����

�−���∗���
�� ! �.� ± �.� )× ��−7 ��6�

��π�π− ! �.� ± �.; )× ��−7 �9��

�∗�
��−π� ! �.6;± �.��)× ��−9 ��::

�−π�π�π− ! �.� ± �.: )× ��−9 ���6

��−π�π�π− � ����������" ! 9.� ± �.� )× ��−9 ���6

�−π�ρ� ! �.� ± �.� )× ��−9 ���;

�− ����
��
� ! ;.� ± 9.9 )× ��−9 ����

�∗�
��−π�π� ! �.: ± �.: ) 8 ��7�

�∗�
��− ρ� ! ;.� ± �.� )× ��−9 ����

�∗�
��−�� ! �.�7± �.��)× ��−7 ���;

�∗�
��−��π� ! 9.� ± �.� )× ��−7 ���:

�∗�
��−�∗���
�� ! 9.9 ± �.; )× ��−7 ��::

�∗�
��−���� < 7.6 × ��−7 /+<��8 ��9�

�∗�
��−���∗���
�� ! �.��± �.99)× ��−9 ���6

�∗�
��−π�π�π− ! 6.� ± �.� )× ��−9  <��9 ��9:

��∗�
��−π�π�π− � ���1
�������"

! �.� ± �.: )× ��−9 ��9:

�∗�
��−π�ρ� ! :.6 ± 9.� )× ��−9 ��:�

�∗�
��− ����
��
� ! �.9�± �.�6) 8 ��;�

�∗�
��−π�π�π−π� ! �.6;± �.�6) 8 ����

�∗− �π�
π− ! 7.6 ± �.� )× ��−9 ���:

�∗�
��− &&π� ! ;.: ± �.; )× ��−7 �6��

�∗�
��− &, ! �.: ± �.7 )× ��−9 �6�:

�∗�
��−ωπ� ! �.� ± �.: )× ��−9 ��7�

���
�
�
−π�×M��−

� →
�−π�π−�

! �.� � �.9
− 9.: )× ��−: 7

���
�
�
−π�×M��−

� →
�∗−π�π−�

< 9.9 × ��−: /+<��8 7



	�	�	�	�

����� �����	
����

�∗
��
���

−π� < �.� × ��−9 /+<��8 ��;7

D∗
��
���

−π�×M��D∗
��

− →
�∗−π�π−�

< �.7 × ��−: /+<��8 7

�∗
��
���

− ρ� < 7.� × ��−9 /+<��8 ��66

�−�� ! �.� ± �.; )× ��−7 ��;7

�−��
� ! ;.: ± �.� )× ��−9 ���9

�∗�
��−��
� ! �.� ± �.; )× ��−9 �69:

�−�∗�
� ! �.; ± 9.7 )× ��−9 �69�

�∗�
��−�∗�
� ! �.6�± �.�;) 8 �;7�

����
����
��−×

M�����
����
� → ��

�
π��

! 7.9 ± �.: )× ��−: ���6

����
����
�π−×

M�����
����
� → ��

� π��

< �.: × ��−: /+<��8 ����

�sJ �
����
��−×

M��sJ �
����
� → ��

� π��

< �.7 × ��−; /+<��8 7

�sJ �
����
�π−×

M��sJ �
����
� → ��

�
π��

< 7.� × ��−; /+<��8 7

�−
� ��

�
< �.� × ��−7 /+<��8 �6:�

�∗−
� ��

�
< �.9 × ��−7 /+<��8 �;67

�∗−
� �∗�

� < �.7 × ��−7 /+<��8 �:�7

����
����
��−×

M�����
����
� → ��

� π��

! �.6 � 7.�
− 9.7 )× ��−7  <��7 �;��

����
����
��−×

M�����
����
� → �∗�

� γ�

< �.: × ��−7 /+<��8 7

����
����
��∗�
��−×

M�����
����
� → ��

� π��

! �.: ± �.; )× ��−9 �:��

�sJ �
����
��−×

M��sJ �
����
� → �∗�

� π��

! �.� � �.;
− �.: )× ��−9 7

�sJ �
����
��−×

M��sJ �
����
� → ��

� γ�

! ;.; � �.�
− �.: )× ��−7 7

�sJ �
����
��−×

M��sJ �
����
� → �∗�

� γ�

< ;.� × ��−7 /+<��8 7

�sJ �
����
��−×

M��sJ �
����
� →

��
� π�π−�

< �.� × ��−7 /+<��8 7

�sJ �
����
��−×

M��sJ �
����
� → ��

� π��

< 9.; × ��−7 /+<��8 7

�sJ �
����
��∗�
��×

M��sJ �
����
� → �∗�

� π��

! :.: � �.:
− �.� )× ��−9 7

�sJ �
����
��∗�
��×

M��sJ �
����
� → ��

� γ�

! �.9 � �.�
− �.6 )× ��−9 7

�−�sJ�
����
�×

M��sJ �
����
� →

�∗�
������

< : × ��−7 /+<��8 �777

�∗�
��−�sJ�
����
�×

M��sJ �
����
� →

�∗�
������

< 6 × ��−7 /+<��8 �99;

�−�sJ�
����
�×

M��sJ �
����
� → �����

< � × ��−7 /+<��8 �7�9

�∗�
��−�sJ�
����
�×

M��sJ �
����
� → �����

< � × ��−7 /+<��8 �9��

��
� π− ! �.� ± �.6 )× ��−: ��6�

�∗�
� π− < 7.� × ��−: /+<��8 ���:

��
� ρ− < ; × ��−7 /+<��8 ���6

�∗�
� ρ− < ; × ��−7 /+<��8 ��9�

��
� ����
��

− < �.� × ��−9 /+<��8 ����

�∗�
�

����
��
− < �.� × ��−9 /+<��8 ���:

�−
� �� ! 9.� ± �.� )× ��−: ��7�

�∗−
� �� < �.: × ��−: /+<��8 ���:

�−
� �∗���
�� < � × ��−7 /+<��8 ��6�

�∗−
� �∗���
�� < � × ��−7 /+<��8 ����

�−
� π��� < 7 × ��−9 /+<��8 ����

�∗−
�

π��� < �.; × ��−9 /+<��8 ��;7

�−
�

π��∗���
�� < 9.� × ��−9 /+<��8 ��9�

�∗−
�

π��∗���
�� < �.6 × ��−9 /+<��8 ��6;

���� ! :.� ± �.7 )× ��−: ����

����π− ! �.� ± �.6 )× ��−: ��;�

���∗���
�� ! :.9 ± �.� )× ��−: ���9

�∗
��
���

−��×
M��∗

��
���
− → ��π−�

! �.� ± �.: )× ��−: ��9�

����π− ���1�������" < 9.6 × ��−: /+<��8 7
��π� ! �.��± �.��)× ��−7 �9��

�� ρ� ! �.� ± �.� )× ��−7 ��96

�� η ! �.� ± �.: )× ��−7  <��; ��67

�� η′ ! �.�:± �.�9)× ��−7  <��� ����

��ω ! �.: ± �.; )× ��−7  <��: ��9:

����π− < �.� × ��−: /+<��8 ��;�

���∗���
�� < �.� × ��−: /+<��8 ���9

�∗�γ < �.: × ��−: /+<��8 ��:�

�∗�
���π� ! �.6 ± �.: )× ��−7 ��:;

�∗�
��� ρ� < :.� × ��−7 /+<��8 ����

�∗�
��� η ! �.; ± �.; )× ��−7 ����

�∗�
��� η′ ! �.�9± �.9:)× ��−7 ��7�

�∗�
���π�π− ! ;.� ± �.� )× ��−7 ��7�

�∗�
����� < ;.; × ��−: /+<��8 ���6

�∗�
����∗���
�� < ;.� × ��−: /+<��8 ��:6

�∗�
����∗���
�� < 7.� × ��−: /+<��8 ��:6

�∗�
���π�π�π−π− ! �.6 ± �.: )× ��−9 ����

�∗�
����∗�
��− ! �.9 ± �.� )× ��−7 �6��

�∗�
���ω ! 7.� ± �.� )× ��−7 ����

�∗�
����− < ;.9 × ��−7 /+<��8 �6��

�∗�
��−�� �
�∗�
����−

! �.9 ± �.: )× ��−7 �6��

�∗�
����∗�
��� < �.6 8 /+<��8 �6�:

�−���� ! �.6 ± �.7 )× ��−9 �:67

�−�∗�
����� ! 7.; ± �.� )× ��−9 �76�

�∗�
��−���� ! 9.� � �.;
− �.: )× ��−9 �76�

�∗�
��−�∗�
����� ! �.��± �.��) 8 �9;;

�−���� < �.6 × ��−9 /+<��8 �:;�

�∗�
��−���� �
�−�∗�
�����

! ;.: ± �.; )× ��−9 �769

�∗�
��−�∗�
����� ! �.� ± �.� )× ��−9 �9;�

������ < �.7 × ��−9 /+<��8 �:6:

���∗�
����� �
�∗�
�������

< 9.6 × ��−9 /+<��8 �76�

�∗�
����∗�
����� < ;.; × ��−9 /+<��8 �9;:

����∗ �����∗ �� ! 7.9 ± �.6 ) 8 7

+,�� ���&  �*��+,�� ���&  �*��+,�� ���&  �*��+,�� ���&  �*��
η� �

� ! �.� ± �.� )× ��−7 �6:9

η� �
∗���
�� ! �.; ± �.6 )× ��−9 �;7�


/ψ������ ! �.6�± �.99)× ��−7 �;�9


/ψ������π− ! �.� ± �.; )× ��−9 �;:�


/ψ�����∗���
�� ! �.99± �.�;)× ��−9 �:6�


/ψ����η��
� ! � ± 7 )× ��−: �:��


/ψ����φ�� ! �.7 ± �.; )× ��−: ���7


/ψ����� ��
��� ! �.9 ± �.: )× ��−9 �9��


/ψ����π� ! �.� ± �.7 )× ��−: �6��


/ψ����η < �.6 × ��−: /+<��8 �;6�


/ψ����π�π− ! 7.; ± �.� )× ��−: �6�;


/ψ����ρ� ! �.; ± �.6 )× ��−: �;��


/ψ����ω < �.6 × ��−7 /+<��8 �;��


/ψ����φ < �.� × ��−; /+<��8 �:��


/ψ����η′����� < ;.9 × ��−: /+<��8 �:7;


/ψ������π�π− ! �.� ± �.7 )× ��−9 �;��


/ψ������ρ� ! :.7 ± 9.� )× ��−7 �9��


/ψ�����∗���
��π− ! � ± 7 )× ��−7 �:�7


/ψ�����∗���
��π�π− ! ;.; ± �.� )× ��−7 �776

' ����
�−�� < : × ��−7 /+<��8 7
' ����
�−��×
M�' ����
�− →

/ψ����π−π��

����� < :.7 × ��−; /+<��8 7

' ����
���× M�' →

/ψπ�π−�

< �.�9 × ��−: /+<��8 ��7�


/ψ����&& < �.9 × ��−6 /+<��8 �;�


/ψ����γ < �.; × ��−; /+<��8 �69�


/ψ������ < �.9 × ��−: /+<��8 �66

ψ�
���� ! ;.� ± �.; )× ��−7 ���9

ψ�
����π− < � × ��−9 /+<��8 ��9�

ψ�
���∗���
�� ! 6.� ± �.� )× ��−7 ���;

χ�������
� < :.� × ��−7 /+<��8 �766

χ���
∗���
�� < 6.6 × ��−7 /+<��8 7

χ���
� < �.; × ��−: /+<��8 7

χ���
∗���
�� < 9.; × ��−: /+<��8 7

χ�������
� ! 9.� ± �.7 )× ��−7 �7��

χ�������
∗���
�� ! 9.� ± �.; )× ��−7 ��;:



	�	�	�	�

����� �����	
����

� �� �∗  �*��� �� �∗  �*��� �� �∗  �*��� �� �∗  �*��
��π− ! �.��± �.��)× ��−: �;�:

��π� ! �.�:± �.��)× ��−: �;�7

η′�� ! ;.� ± �.7 )× ��−: �:��

η′�∗���
�� < 6.; × ��−; /+<��8 �76�

η�∗���
�� ! �.66± �.�9)× ��−: �:97

η�� < �.� × ��−; /+<��8 �:�6

ω�� ! :.: � �.�
− �.� )× ��−; �::6

����
� < 6.� × ��−; /+<��8 7

�−� �� < �.� × ��−; /+<��8 7

��
� ' � ��� ����� < :.9 × ��−: /+<��8 7

ω�∗���
�� < ;.� × ��−; /+<��8 �:�9

���− < 9.6 × ��−6 /+<��8 �:�9

���� ! �.�9� �.9�
− �.9:)× ��−; �:��

��
� ��

� ��
� ! ;.� � �.�

− �.� )× ��−;  <��9 �:��

��π−π� ! 9.6 ± �.: )× ��−: �;��

��ρ− ! �.: ± �.� )× ��−;  <��6 �::�

���π−π� � ���1�������" < �.7 × ��−; /+<��8 7
�∗�

! π� ����� ! ;.� ± �.; )× ��−; 7

��π�π− ! 7.9�± �.��)× ��−: �;��

��ρ� < 9.� × ��−: /+<��8 �::�

�� ������ ! :.: ± �.� )× ��−; �:�7

�∗���
��π− ! �.��± �.�:)× ��−: �:;�

�∗�
! π− ����� ! :.� ± �.; )× ��−; 7

�∗���
��π� < 9.: × ��−; /+<��8 �:;9

�∗
������

�π− < �.� × ��−: /+<��8 �77:

���−π� < �.� × ��−: /+<��8 �:6�

���−π� < �.� × ��−: /+<��8 �:6�

�����− ! �.76± �.�9)× ��−: �:��

��φ ! �.; � �.9
− �.� )× ��−; �:�;

�−π�π�π− ����� < �.9 × ��−7 /+<��8 �;��

�∗���
��π�π− < �.7 × ��−9 /+<��8 �::6

�∗���
�� ρ� < 9.7 × ��−: /+<��8 �:�7

�∗���
�� ������ < �.6 × ��−7 /+<��8 �7;�

������
�π− < �.� × ��−9 /+<��8 �7:�

�− ����
��
� ����� < �.9 × ��−7 /+<��8 �76�

�∗���
�����− < ;.� × ��−7 /+<��8 �7;;

�∗���
��φ ! �.: ± �.� )× ��−; �7;�

�∗���
���∗���
�� < �.� × ��−: /+<��8 �7�:

�∗���
���∗���
�� < 9.6 × ��−: /+<��8 �7�:

�∗���
���∗���
�− < �.7� × ��−7 /+<��8 �7�:

������
�ρ� < 9.� × ��−9 /+<��8 �9��

������
�φ < :.� × ��−9 /+<��8 �99�

�∗
������

�φ ���� �99;

�∗
������

�ρ� < �.� × ��−9 /+<��8 �9��

�∗
������

�φ ���� �999

�∗���
�� γ ! 7.��± �.��)× ��−: �:;7

η�� γ ! �.6 � 9.;
− 9.� )× ��−; �:�6

��φγ < �.9 × ��−; /+<��8 �:�;

��π− γ ! 7.; ± �.7 )× ��−; �;�:

�∗�����γ < �.9 × ��−7 /+<��8 �7:�

��π− γ ����������" < �.; × ��−; /+<��8 �;�:

��π�π− γ ! �.7 ± �.: )× ��−: �;��

����
��
�γ < :.� × ��−: �7�;

������
�γ < �.: × ��−: �7:9

�∗
������

�γ ! �.�7± �.�7)× ��−: �776

�∗������γ < �.� × ��−9 /+<��8 �9;�

�∗
9�����

�γ < �.9 × ��−: /+<��8 �97�

�∗
7�
���

�γ < 7.9 × ��−9 /+<��8 ��77

#�)," &�N�(���*  ����  �*��#�)," &�N�(���*  ����  �*��#�)," &�N�(���*  ����  �*��#�)," &�N�(���*  ����  �*��

ρ� γ < 7 × ��−6 /+<��8 �:�9

ωγ < � × ��−6 /+<��8 �:��

φγ < �.: × ��−6 /+<��8 �:7�

π�π− ! 7.; ± �.7 )× ��−; �;9;

π�π� ! �.: ± �.: )× ��−;  <��6 �;9;

ηπ� < �.: × ��−; /+<��8 �;��

ηη < �.� × ��−; /+<��8 �:��

η′π� < 9.6 × ��−; /+<��8 �::�

η′ η′ < �.� × ��−: /+<��8 �7;�

η′ η < 7.; × ��−; /+<��8 �:��

η′ρ� < 7.9 × ��−; /+<��8 �7��

ηρ� < �.: × ��−; /+<��8 �::9

ωη < �.� × ��−; /+<��8 �::�

ωη′ < �.� × ��−; /+<��8 �7��

ωρ� < 9.9 × ��−; /+<��8 �:��

ωω < �.� × ��−: /+<��8 �:��

φπ� < �.� × ��−; /+<��8 �:9�

φη < �.� × ��−; /+<��8 �:��

φη′ < 7.: × ��−; /+<��8 �776

φρ� < �.9 × ��−: /+<��8 �7��

φω < �.� × ��−: /+<��8 �76�

φφ < �.: × ��−; /+<��8 �79:

�∓� π± < :.� × ��−; /+<��8 7

π�π−π� < 6.� × ��−7 /+<��8 �;9�

ρ�π� ! �.� ± �.� )× ��−;  <��9 �:��

ρ∓π± ��� � ! �.��± �.�:)× ��−: �:��

π�π−π�π− < �.9 × ��−7 /+<��8 �;��

ρ� ρ� < �.� × ��−; /+<��8 �:�9

����
��
∓π± ��� � < 7.� × ��−7 /+<��8 �7�7

�����
�
∓π± ��� � < 9.� × ��−7 /+<��8 �769

π�π−π�π� < 9.� × ��−9 /+<��8 �;��

ρ�ρ− ! �.: ± �.7 )× ��−: �:�9

����
��
�π� < �.� × ��−9 /+<��8 �7�7

ωπ� < �.� × ��−; /+<��8 �:��

π�π�π−π−π� < �.� × ��−9 /+<��8 �;��

����
��
�ρ− < 9.7 × ��−9 /+<��8 �799

����
��
�ρ� < �.7 × ��−9 /+<��8 �799

π�π�π�π−π−π− < 9.� × ��−9 /+<��8 �:��

����
��
�����
��

− < �.� × ��−9 /+<��8 �99;

π�π�π�π−π−π−π� < �.� 8 /+<��8 �:6�

M��%��  �*��M��%��  �*��M��%��  �*��M��%��  �*��

&& < �.6 × ��−6 /+<��8 �7;6

&&π�π− < �.: × ��−7 /+<��8 �7�;

&&�� ! �.� � �.;
− �.7 )× ��−; �976

*������&×
M�*������ → &��

� �
����� < �.9 × ��−6 /+<��8 �9��

&&�∗���
�� < 6.; × ��−; /+<��8 ���:

&%π− ! �.; ± �.: )× ��−; �7��

&%�− < �.� × ��−6 /+<��8 �9��

&)�π− < 9.� × ��−; /+<��8 �9�9

%% < ;.� × ��−6 /+<��8 �9��

+�+� < �.: × ��−9 /+<��8 �99:

+��+−− < �.� × ��−7 /+<��8 �99:

�� && ! �.��± �.��)× ��−7 ��;9

�∗�
��� && ! �.� ± �.7 )× ��−7 �6��

)−−
� +�� < �.� × ��−9 /+<��8 ��9�

%−
�
&π�π− ! �.9 ± �.7 )× ��−9 ��97

%−
� & ! �.� ± �.� )× ��−: ����

%−� &π� < :.� × ��−7 /+<��8 ����

%−
�
&π�π−π� < :.�6 × ��−9 /+<��8 ����

%−� &π�π−π�π− < �.67 × ��−9 /+<��8 ����

) � �
�
�
−−&π� ! �.; ± �.6 )× ��−7 ��;�

) � �
�
�
� &π− < �.�� × ��−7 /+<��8 ��;�

) � �
����
� &π− ! �� ± � )× ��−:  <��6 ���:

) � �
����
−−&π� ! �.� ± �.� )× ��−7 ���:

%� �
����
− 	 %� �
�
��

−& < �.� × ��−7 /+<��8 7

#�$"�� �� ��% �& '�� �� � (����"��)  �*��� ��#�$"�� �� ��% �& '�� �� � (����"��)  �*��� ��#�$"�� �� ��% �& '�� �� � (����"��)  �*��� ��#�$"�� �� ��% �& '�� �� � (����"��)  �*��� ��

C# � � .��0 ��&"��� !&����" �#��  �*��C# � � .��0 ��&"��� !&����" �#��  �*��C# � � .��0 ��&"��� !&����" �#��  �*��C# � � .��0 ��&"��� !&����" �#��  �*��

γ γ +' < ;.� × ��−6 /+<��8 �;7�

�� �− +' < ;.� × ��−� /+<��8 �;7�

µ�µ− +' < 9.� × ��−� /+<��8 �;9�

�� �� �− +' < :.7 × ��−6 /+<��8 �;�;

��µ�µ− +' ! �.� � �.9
− �.� )× ��−6  <��; �;��

�� �� �− +' ���� � < ;.� × ��−6 /+<��8 �;�;

�∗���
�� �� �− +' < �.7 × ��−; /+<��8 �:;7

�∗���
��µ�µ− +' ! �.��� �.9�
− �.9�)× ��−; �:;�

�∗���
�� ν ν +' < �.� × ��−9 /+<��8 �:;7

�∗���
�� �� �− +' ���� � ! �.�6± �.9�)× ��−; �:;7

�±µ∓
	� ��� � < �.6 × ��−6 /+<��8 �;9�

�� �±µ∓ 	� < 7.� × ��−; /+<��8 �;�:

�∗���
�� �±µ∓ 	� < 9.7 × ��−; /+<��8 �:;9

�± τ∓ 	� ��� � < �.� × ��−7 /+<��8 �97�

µ± τ∓ 	� ��� � < 9.� × ��−: /+<��8 �99�

��(���'�� +' < �.� × ��−7 /+<��8 7
ν ν γ +' < 7.6 × ��−: /+<��8 �;7�



	�	�	�	�

����� �����	
����

�
±��� ������ !"�
±��� ������ !"�
±��� ������ !"�
±��� ������ !"

�� (����"����� (����"����� (����"����� (����"���

��� �# → �∗���
�γ� � −.� ± .
�
��� �# → � γ� � . ± .�
��� �� → '� �� �−� � −.

 ± .
�

'�� �������� �����	� ����������� �� �	� � 
��(���� 	� + ���	�� �
��� ,!7�)� '�� #���� F�	��
 ����� ��� ,!,!7�) → + +) < ���8�

�	� �������#� �������� �����	��� �-�- + → �± �������� ��� #����
������ �� ��������������� �	� �������� �����	��� '��� �� �� ������
��� 	���

+ �	
�� �� ����� �	������� 	� ��� �	
�� ���	�� D����	�� ��
����
��� ��& 
��� #����( �
 
	 �	� �����
� ��(����

 ��� ���	�3 �

+ -./01 "*-. + -./01 "*-. + -./01 "*-. + -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

�� ���$"���! ��* ��$"���!  �*���� ���$"���! ��* ��$"���!  �*���� ���$"���! ��* ��$"���!  �*���� ���$"���! ��* ��$"���!  �*��
# → �� ν� ��%",��) ����� ! ��.6� ± �.�� ) 8 7

# → &�� ν� ��%",��) < :.� × ��−7 /+<��8 7
# → µ� νµ ��%",��) ����� ! ��.6� ± �.�� ) 8 7

# → ��ν
 ��%",��) ���� ���� ! ��.6� ± �.�� ) 8 7
# → �− ��ν
 ��%",��) ���� � ! �.� ± �.� ) 8 7
# → �� ��ν
 ��%",��) ���� � ! 6.� ± �.: ) 8 7
# → �∗− ��ν
 ��%",��) ����� ! ;.6 ± �.9 )× ��−9 7
# → �∗∗ ��ν
 ���� ���� ! �.6 ± �.6 ) 8 7

# →
���
�
��

�ν
 ��%1
",��)

! 9.� ± �.9 )× ��−9  <��7 7

# → � π��ν
 ��%1
",��) �
�∗π�� ν
 ��%",��)

! �.; ± �.: ) 8  <��: 7

# → � π��ν
 ��%",��) ! �.: ± �.; ) 8 7
# → �∗π�� ν
 ��%",��) ! �.� ± �.7 ) 8 7
# →

�∗
��
����

�ν
 ��%1
",��)

! 7.7 ± �.; )× ��−9 7

# → �∗−π� ��ν
 ��%1
",��)

! �.�� ± �.97 ) 8 7

# → �−
�

��ν
 ��%",��) ���� � < 6 × ��−9 /+<��8 7

# → �−
�

��ν
�
� ��%1

",��)
���� � < : × ��−9 /+<��8 7

# → �−
�

��ν
�
���%1

",��)
���� � < 6 × ��−9 /+<��8 7

# → ��ν
 !,�� ! ��.;� ± �.�6 ) 8 7
# → '� ��ν
 ! �.99 ± �.�� )× ��−9 7
# → �� ��ν
 ��%",��) ���� � ! ;.� ± �.; ) 8 7
# → �− ��ν
 ��%",��) ���� � ! �� ± 7 )× ��−9 7
# → �� 	�� ��ν
 ��%1
",��)

���� � ! 7.; ± �.: ) 8 7

�� �∗� �� ��  �*���� �∗� �� ��  �*���� �∗� �� ��  �*���� �∗� �� ��  �*��

# → �± ��%",��) ! ��.� ± �.7 ) 8 7
# → �� 	�� ��%",��) ! ;7.� ± 9.� ) 8  <��� 7
# → �∗�
��± ��%",��) ! ��.: ± �.: ) 8 7
# → �∗�
�����%",��) ! �;.� ± �.6 ) 8 7
# → �±

� ��%",��) ��� � ! �.; ± �.� ) 8 7

# → �∗±
� ��%",��) ! ;.: ± �.� ) 8 7

# → �∗±
� � !∗) ! 9.7 ± �.6 ) 8 7

# → � !∗)� !∗)�� �

� !∗)� !∗)�±
��� ��� � ! 6.� � �.6

− �.6 ) 8 7

� → � � � ! �� ± 7 ) 8 7
# → ��

!∗)� !∗) ��� ��� � ! 7.� ± �.; ) 8 7
# → �∗�∗�
��± ��� � < :.� × ��−9 /+<��8 �6��

# → ��∗�
��± �
�∗�±

��� � < :.: × ��−9 /+<��8 7

# → ��± ��� � < 9.� × ��−9 /+<��8 ��;;

# → ��
!∗)±� !∗)' �,π±� ��� ��� � ! � � :

− 7 ) 8 7

# → �∗�
��γ < �.� × ��−9 /+<��8 ��:6

# → ��
� π− � �∗�

� π− �
��

� ρ− � �∗�
� ρ− � ��

� π� �

�∗�
� π� � ��

� η � �∗�
� η �

��
� ρ� � �∗�

� ρ� � ��
� ω �

�∗�
� ω

��� � < 7 × ��−7 /+<��8 7

# → ����
����
� ��%",��) < �.: × ��−9 /+<��8 7

+,�� ���&  �*��+,�� ���&  �*��+,�� ���&  �*��+,�� ���&  �*��
# → 
/ψ������%",��) ! �.��7± �.�9�) 8  <��� 7

# → 
/ψ�����*���!"�
��%",��)

! 6.� ± �.7 )× ��−9  <��� 7

# → ψ�
����%",��) ! 9.�6 ± �.�� )× ��−9 7
# → χ��������%",��) ! 9.�; ± �.�6 )× ��−9 7

# → χ�������*���!"� ��%1
",��)

! 9.�� ± �.�: )× ��−9 7

# → χ��������%",��) ! �.9 ± �.7 )× ��−9  <��� 7
# → χ�������*���!"� ��%1
",��)

! �.;: ± �.9� )× ��−9 7

# → η� ������%",��) < � × ��−9 /+<��8 7
# → � ( �����×
M�( ����� → ω
/ψ�

����� ! 6.� ± 9.7 )× ��−: ���9

� �� �∗  �*��� �� �∗  �*��� �� �∗  �*��� �� �∗  �*��
# → �± ��%",��) ��� � ! 6�.� ± �.: ) 8 7

# → �� ��%",��) ! ;; ± : ) 8 7
# → �− ��%",��) ! �9 ± 7 ) 8 7

# → �� 	�� ��%",��) ��� � ! ;7 ± 7 ) 8 7
# → �∗���
�± ��%",��) ! �� ± ; ) 8 7
# →

�∗���
�� 	�∗���
�� ��%1
",��)

��� � ! �7.; ± �.; ) 8 7

# → �∗���
�γ ! 7.� ± �.; )× ��−: �:;7

# → η� γ ! �.: � �.�
− �.; )× ��−; �:��

# → ������γ < �.�6 × ��−7 /+<��8 �7:9

# → �∗
������γ ! �.6 � �.;

− �.: )× ��−: �776

# → �������γ < �.� × ��−9 /+<��8 �97�

# → �∗
9�����γ < 9.6 × ��−: /+<��8 �97�

# → �∗
7�
���γ < �.� × ��−9 /+<��8 ��77

# → � η′����� ! �.9 ± �.� )× ��−: �:��

# → �∗���
�η′����� < �.� × ��−: /+<��8 �76�

# → � η < :.� × ��−; /+<��8 �:��

# → �∗���
�η ! �.� ± �.: )× ��−: �:97

# → � φφ ! �.9 ± �.� )× ��−; �9�;

# → � → � γ ! 9.79 ± �.�� )× ��−7 7
# → � → � )�&�� < ;.� 8 /+<��8 7

# → η��%",��) < 7.7 × ��−7 /+<��8 7
# → η′ ��%",��) ! 7.� ± �.� )× ��−7 7

#�)," &�N�(���*  ����  �*��#�)," &�N�(���*  ����  �*��#�)," &�N�(���*  ����  �*��#�)," &�N�(���*  ����  �*��

# → ργ < �.� × ��−; /+<��8 �:�9

# → ρ	ωγ < �.� × ��−; /+<��8 7
# → π± ��%",��) ��� ���� !9:� ± 6 ) 8 7
# → π� ��%",��) !�9: ±�� ) 8 7
# → η ��%",��) ! �6.; ± �.; ) 8 7
# → ρ� ��%",��) ! �� ± : ) 8 7
# → ω ��%",��) < �� 8 /+<��8 7
# → φ ��%",��) ! 9.7� ± �.�9 ) 8 7

# → φ�∗���
� < �.� × ��−: /+<��8 �7;�

M��%��  �*��M��%��  �*��M��%��  �*��M��%��  �*��

# → %�
�
	 %−

�
��%",��) ! ;.7 ± �.� ) 8 7

# → %−
�
�� ��%",��) < 9.� × ��−9 /+<��8 7

# → %−� &��%",��) ! 9.; ± �.6 ) 8 7

# → %−
� &�� ν� < �.: × ��−9 /+<��8 ����

# → )−−
� ��%",��) ! 7.� ± �.7 )× ��−9 7

# → )−
� ��%",��) < �.; × ��−9 /+<��8 7

# → )�
� ��%",��) ! 7.; ± �.7 )× ��−9 7

# → )�
� - �- � & �� ,� < �.: × ��−9 /+<��8 ��9�

# → . �
� ��%",��)

× M�. �
� → .−π��

! �.�9 ± �.9� )× ��−7  <��� 7

# → .�
� ��%",��)

× M�.�
� → .−π�π��

! 7.: � �.9
− �.� )× ��−7 7

# → &	& ��%",��) ��� � ! �.� ± �.7 ) 8 7
# → &	& �*���!"� ��%",��) ��� � ! :.: ± �.: ) 8 7
# → %	%��%",��) ��� � ! 7.� ± �.: ) 8 7
# → .− 	.� ��%",��) ��� � ! �.6 ± �.; )× ��−9 7
# → '��%��� ��%",��) ! ;.� ± �.; ) 8 7
# → && ��%",��) ! �.76 ± �.�9 ) 8 7
# → %&	%& ��%",��) ��� � ! �.: ± �.7 ) 8 7
# → %%��%",��) < : × ��−9 /+<��8 7



��������

����� �����	
����

#�$"�� �� ��% �& '�� �� � (����"��)  �*�� ��#�$"�� �� ��% �& '�� �� � (����"��)  �*�� ��#�$"�� �� ��% �& '�� �� � (����"��)  �*�� ��#�$"�� �� ��% �& '�� �� � (����"��)  �*�� ��
C# � � .��0 ��&"��� !&����" �#��  �*��C# � � .��0 ��&"��� !&����" �#��  �*��C# � � .��0 ��&"��� !&����" �#��  �*��C# � � .��0 ��&"��� !&����" �#��  �*��

# → � �� �− +' ! 7.6 ± �.9 )× ��−; 7
# → � µ�µ− +' ! 7.9 ± �.� )× ��−; 7
# → � �� �− +' ���� � ! 7.: ± �.� )× ��−; 7

# → � �� �− +' ! ;.� � �.7
− �.� )× ��−6  <��� �;�6

# → �∗���
��� �− +' ! �.�7 � �.96
− �.9� )× ��−; �:;7

# → � µ�µ− +' ! 7.6 � �.�
− �.� )× ��−6 �;��

# → �∗���
�µ�µ− +' ! �.�� � �.97
− �.�� )× ��−; �:;�

# → � �� �− +' ! :.7 ± �.� )× ��−6 �;�6

# → �∗���
��� �− +' ! �.�: ± �.�� )× ��−; �:;7

# → �±µ∓ � 	� ��� � < �.� × ��−: /+<��8 7
# → π�±µ∓ 	� < �.; × ��−; /+<��8 �;96

# → ρ�±µ∓ 	� < 9.� × ��−; /+<��8 �:��

# → � �±µ∓ 	� < �.; × ��−; /+<��8 �;�;

# → �∗���
��±µ∓ 	� < ;.� × ��−; /+<��8 �:;9

�
±������

�
���#��$�� ������ !"�

±������
�
���#��$�� ������ !"�

±������
�
���#��$�� ������ !"�

±������
�
���#��$�� ������ !"

F,���  ���&�� ��"� ��� ��� �� �* �2"&�� �� '�""� $��"�!��� �" ,�),
����)% �#;8� F�(�"���� �&&���

���� ���� τ � ��.��� ± .��× �−�� �
���� ���� τ � ��.�
 ± .�� × �−�� � +,��)�* �1,�*���

�* �2"&��

���� ���� τ � ��.�� ± .��� × �−�� � 6�&"��� �1,�*��� �*1

 �2"&��

τ �����
 �−�
�	�	τ ������ �−�
�	� � �.� ± .��∣∣Cτ �

∣∣	τ
�,� � −.� ± .��

'�� �������� �����	� ����������� �� �	� � 
��(���� 	� + ���	��
�
 ���	�� � �������� �	#� ��� ,!7�)� *��� ��� ������� ������ �������
!+.%� '�#��	��  �� ) �� ���
 �� ��� �������� �����	� #������ B�
��� �	��	����� �� ����� ��� ��� ��	
����	� �����	�� �� ��� ��� �
��� +.% �
 � ��� '�#��	��

�	� �������#� �������� �����	��� �-�- + → �± �������� ��� #����
������ �� ��������������� �	� �������� �����	��� '��� �� �� ������
��� 	���

'�� �	
�� ���	� �� �����
 �	�  � ������ ����� � �	
�� �� ����� �����
�	�������� D����	�� ��
���� ��� ��& 
��� #����( �
 
	 �	� �����
�
��(����

 ��� ���	�3 �

� -./01 "*-. � -./01 "*-. � -./01 "*-. � -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

8BI4O+FDI6 �B?+FDI6�8BI4O+FDI6 �B?+FDI6�8BI4O+FDI6 �B?+FDI6�8BI4O+FDI6 �B?+FDI6�

'�� ��	
����	� �����	�� �	� ��&�� 
������ �?�
�	�� � ���� ������
�#� ���� �������
 ��	� ��� ���� #���� 	� ��� ��#��� ��(��� ����?
����� �
 �������� �����	�� �� ���� �
���	� �� ��� G�#� ��#	� 0#������
H�	�� !G�0H) � 
�������
 �� ��� �	�� I+�?+� "�(���J �� ��� +� %������
+�������� 5���� �����

,!� → +�) < ,!� → +�)

,!� → +�) � ,!� → +�) �,!� → +�
�
) � ,!� → � ?���	�) < ��� 8�

'�� �	���	� �	� ��	
����	� �����	�� #���� �� ��� ��������� !
 � 

+� �

 !� → +�)� ,�!� → +�))� >� ��� 	�� 	�� �������� �����	� �	���	�

����� ,!� → +�)�

#� ! 9�.� ± �.� ) 8 7
#� ! 9�.� ± �.� ) 8 7
#�

� ! ��.9 ± �.7 ) 8 7

� 1'��%�� ! ��.� ± �.� ) 8 7
#� @ 7

4;+?P �I4;�4;+?P �I4;�4;+?P �I4;�4;+?P �I4;�

�� ���$"���! ��* ��$"���!  �*���� ���$"���! ��* ��$"���!  �*���� ���$"���! ��* ��$"���!  �*���� ���$"���! ��* ��$"���!  �*��

ν ��%",��) ! �9.� ± �.: ) 8 7
��ν
 ��%",��) ���� � ! ��.;�± �.��) 8 7
��ν� ��%",��) ! ��.�;± �.9:) 8 7

µ�νµ ��%",��) ! ��.�:� �.��
− �.�:) 8 7

�− ��ν
 ��%",��) ���� � ! �.� ± �.7 ) 8  <��� 7
�−π� ��ν
 ��%",��) ! 7.� ± �.� )× ��−9 7
�−π− ��ν
 ��%",��) ! �.; ± �.; )× ��−9 7

�� ��ν
 ��%",��) ���� � ! ;.��± �.9:) 8 7
��π− ��ν
 ��%",��) ! �.�6± �.�6) 8 7
��π� ��ν
 ��%",��) ! �.9 ± �.; )× ��−9 7

�∗− ��ν
 ��%",��) ���� � ! �.6:± �.��) 8 7

�∗−π� ��ν
 ��%",��) ! 7.� ± �.� )× ��−9 7
�∗−π− ��ν
 ��%",��) ! ; ± 6 )× ��−7 7

��
� ��ν
 ��%",��) ×
M���

� → �∗�π−�
���� ���� ! �.; ± �.� )× ��−9 7

�−
�

��ν
 ��%",��) ×
M��−

�
→ ��π−�

���� ���� ! 6.� ± �.� )× ��−9 7

�∗
��
���

� ��ν
 ��%",��)

× M��∗
��
���

� →
�∗−π��

< �.7 × ��−9 /+<��8 7

�∗
��
���

− ��ν
 ��%",��)

× M��∗
��
���

− →
��π−�

! 7.� � �.:
− �.� )× ��−9 7

�∗
��
���

� ��ν
 ��%",��)

× M��∗
��
���

� →
�−π��

!�;� ±�� ) 8 7

!,�� ���� �ν
 ���� � ! �.6 ± �.: )× ��−9 7
τ� ντ ��%",��) ! �.7�± �.�;) 8 7

�∗− τ ντ ��%",��) ! � ± 7 )× ��−9 7
� → �−ν
 ��%",��) ���� � ! �.��± �.��) 8 7

� → ��ν ��%",��) ! �.; � �.7
− �.: ) 8 7

+,�� �*  ���� ��* '��%��  �*��+,�� �*  ���� ��* '��%��  �*��+,�� �*  ���� ��* '��%��  �*��+,�� �*  ���� ��* '��%��  �*��

�� ��%",��) ! ;�.� ± 9.� ) 8 7

���±
� ��%",��) ��� � ! �.� � 9.�

− �.� ) 8 7

�∓�±
� ��%",��) ��� � ! 7.� � �.9

− �.� ) 8 7

���� ��%",��) ��� � ! :.� � �.�
− �.� ) 8 7

���± ��%",��) ��� � ! �.6 � �.�
− �.; ) 8 7

�±�∓ ��%",��) ��� � < � × ��−9 /+<��8 7
�− ��%",��) ! ��.7 ± �.� ) 8 7
�∗�
��� ��%",��) ! �6.9 ± �.� ) 8 7
���
�
�

� ��%",��) ! :.� ± �.: ) 8 7

�∗�
��∓�±
� ��%",��) ��� � ! 9.9 � �.;

− �.9 ) 8 7

���∗�
��± ��%",��) ��� � ! 9.� � �.�
− �.� ) 8 7

�∗�
��±�∓ ��%",��) ��� � ! �.: � �.�
− �.� ) 8 7

�∗�
��±�∗�
��∓ ��%",��) ��� � ! �.� ± �.7 ) 8 7

�� ��%",��) ! �� ���
−�� ) 8 7

�∗
��
���

� ��%",��) ! 7.6 ± �.6 ) 8 7

�−
� ��%",��) ! �:.� ± �.; ) 8 7

��
� ��%",��) ! ��.� ± 9.� ) 8 7

%�� ��%",��) ! �.6 ± �.� ) 8 7

� 	� ��%",��) ����� !��;.� ± 9.� ) 8 7

+,�� ���&  �*��+,�� ���&  �*��+,�� ���&  �*��+,�� ���&  �*��

/ψ������%",��) ! �.�;± �.��) 8 7
ψ�
����%",��) ! 7.� ± �.7 )× ��−9 7
χ��������%",��) ! �.7 ± �.7 ) 8 7

� �� �∗  �*��� �� �∗  �*��� �� �∗  �*��� �� �∗  �*��
� γ ! 9.� ± �.� )× ��−7 7
� ν ν < ;.7 × ��−7 /+<��8 7
�± ��%",��) ! 67 ± ; ) 8 7
��

� ��%",��) ! ��.� ± �.� ) 8 7

8���  �*��8���  �*��8���  �*��8���  �*��
π± ��%",��) !9�6 ±�� ) 8 7
π� ��%",��) ����� !�6� ±;� ) 8 7
φ��%",��) ! �.��± �.�9) 8 7

M��%��  �*��M��%��  �*��M��%��  �*��M��%��  �*��

&	&��%",��) ! �9.� ± �.� ) 8 7

I",��  �*��I",��  �*��I",��  �*��I",��  �*��
!,��)�* ��%",��) ����� !7�6 ± 6 ) 8 7

,�*���� ,�*���− ! �.6 � �.�
− �.6 )× ��−: 7

!,�� ���� ! 6 ±�� )× ��−9 7

M��%��  �*��M��%��  �*��M��%��  �*��M��%��  �*��

%	%��%",��) ! :.� ± �.; ) 8 7
� 1'��%�� ��%",��) ! ��.� ± �.� ) 8 7



�
�
�
�


����� �����	
����

C# � � .��0 ��&"��� !&����" �#��  �*��C# � � .��0 ��&"��� !&����" �#��  �*��C# � � .��0 ��&"��� !&����" �#��  �*��C# � � .��0 ��&"��� !&����" �#��  �*��

µ�µ− ��%",��) +' < 9.� × ��−7 /+<��8 7

�
∗�∗

�
∗�∗ � �
� � � �

� ��
−�

� � 
 � � ���* !��@� �"���� 3&��"& �& '��� �,�.� ��� =&��01 �*��
$��*�!"�����

���� �+∗ � ��
�. ± .� ���
�+∗ − �+ � ��.�� ± .�� ���

+∗ -./01 "*-. +∗ -./01 "*-. +∗ -./01 "*-. +∗ -./01 "*-. �����	� !2� 32) � !"�53�)

# γ 
	����� 7:

�
��
�� ����������
���
��
�� ����������
���
��
�� ����������
���
��
�� ����������
��
��� ±�� ��∓����� ±�� ��∓����� ±�� ��∓����� ±�� ��∓��

#�
� � ��� #�

� � � �� �� �����% ��� #∗
� <�

�
�
�

�
�
��
�
�

�
�
�

� �
� � � �−�

� � 
 � � ���* !��@� �"���� 3&��"& �& '��� �,�.� ��� =&��01 �*��
$��*�!"�����

���� �
+�
�

� ����.� ± �.� ��� �� � ����

���� ���� τ � ��.��� ± .���× �−�� �
�τ � ��� µ 

#�
� 1#

�
�  �2��) $��� �"���#�

� 1#
�
�  �2��) $��� �"���#�

� 1#
�
�  �2��) $��� �"���#�

� 1#
�
�  �2��) $��� �"���

C�
+�
�

� �
+�
� �

7 �
+�
� �

> ��.�× ��� Gh �−�� +# � ��>

> ��.�× �−�� ���� +# � ��>
�� � C�

+�
�

	/
+�
�

> ��.�� +# � ��>

χ� > .������ +# � ��>

'���� �������� �����	�� �� ���� ���� ,!� → +�
�
)� ��� +.% +�

�
��	?


����	� �����	�� '�� 4��� �	�� ���� �#����
 ����� ,!� → +�
�
) <

!��.6 ± �.7)8 �
 ��� ���� ����� ,!� → +�
�
) < ��8�

'�� �������� �����	� ,!+�
�
→ �−

�

� ν
�������) �� �	�  ���� ��?

�������� ����� ��� ������
 ��	
��� �������� �����	� ,!� → +�
�
) ×

,!+�
�

→ �−
�


� ν
 �������) �� ���
 �	 
�������� ,!� → +�
�
)� �


�������
 �� ��� �	�� 	� I+�−+� "�(���J

�	� �������#� �������� �����	��� �-�- + → �± �������� ��� #����
������ �� ��������������� �	� �������� �����	��� '��� �� �� ������
��� 	���

�

+�
�
-./01 "*-. +�

�
-./01 "*-. +�

�
-./01 "*-. +�

�
-./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

�−
� ��%",��) !�7 ±9� ) 8 7

�−
�

��ν
 ��%",��) ���� � ! 6.� ± �.7) 8 7

�−
�

π� < �9 8 �9��

��
!∗)���

!∗)− !�9 ���
−�9 ) 8 7


/ψ����φ ! �.9 ± 9.9)× ��−7 �:��


/ψ����π� < �.� × ��−9 ��8 �6�6


/ψ����η < 9.� × ��−9 ��8 �697

ψ�
��φ ���� ����

π�π− < �.6 × ��−7 ��8 �;��

π�π� < �.� × ��−7 ��8 �;��

ηπ� < �.� × ��−9 ��8 �;:7

ηη < �.: × ��−9 ��8 �;�6

ρ� ρ� < 9.�� × ��−7 ��8 �:;�

φρ� < ;.�6 × ��−7 ��8 �:�6

φφ ! �.7 ± �.�)× ��−: �7�9

π��− < �.� × ��−7 ��8 �;:�

���− < :.� × ��−: ��8 �;9�

�∗���
�� ρ� < 6.;6 × ��−7 ��8 �::�

�∗���
���∗���
�� < �.;�� × ��−9 ��8 �:9�

φ�∗���
�� < �.��9 × ��−9 ��8 �:�6

&& < :.� × ��−: ��8 �:�7

γ γ +' < �.7� × ��−7 ��8 �;�7

φγ < �.� × ��−7 ��8 �:�6

#�$"�� �� ��% �& '�� �� � (����"��)  �*�� ��#�$"�� �� ��% �& '�� �� � (����"��)  �*�� ��#�$"�� �� ��% �& '�� �� � (����"��)  �*�� ��#�$"�� �� ��% �& '�� �� � (����"��)  �*�� ��
C# � � .��0 ��&"��� !&����" �#��  �*��C# � � .��0 ��&"��� !&����" �#��  �*��C# � � .��0 ��&"��� !&����" �#��  �*��C# � � .��0 ��&"��� !&����" �#��  �*��

µ�µ− +' < �.: × ��−6 ��8 �;��

�� �− +' < :.7 × ��−: ��8 �;�7

�±µ∓ 	� ��� � < ;.� × ��−; ��8 �;�9

φ��
�µ�µ− +' < 7.6 × ��−: ��8 �:��

φν ν +' < :.7 × ��−9 ��8 �:�6

�
��
�� ���������
���
��
�� ���������
���
��
�� ���������
���
��
�� ���������
��
�����±�������±�������±�������±��

#�
� � ��� #−

� � � �� �� �����% ��� #∗
� <�

�
±
�

�
±
�

�
±
�

�
±
�

� �
� � � �−�
�� 
� � ���* !��@� �"����

3&��"& �& '��� �,�.� ��� =&��01 �*�� $��*�!�"�����

���� � � �.
�� ± .� H��
���� ���� τ � �.����.��

−�.�;�× �−�� �
+−

�
�	
�� �� ����� �	������� 	� ��� �	
�� ���	��

�

+�
�

-./01 "*-. × ,!� → +� )+�
�

-./01 "*-. × ,!� → +� )+�
�

-./01 "*-. × ,!� → +� )+�
�

-./01 "*-. × ,!� → +� ) �����	� !2� 32) /	�4
���� ��#�� !"�53�)

'�� �	��	���� F�������� �� �	� ���� �������� ���	�K ����� ��� �����	�
2� 32 × ,!� → +� )�


/ψ������ν
 ��%",��) !:.���.7
−�.�)× ��−: 7


/ψ����π� < �.� × ��−: ��8 �966


/ψ����π�π�π− < :.6 × ��−7 ��8 �9:6


/ψ��������
�� < �.� × ��−9 ��8 ��66

�∗�
����� < ;.� × ��−9 ��8 �767

�� ���
���� ���
���� ���
���� ���
��

η��
��η��
��η��
��η��
�� �	 �
�� � � ��−��

���� � � 
��.� ± �.
 ��� �� � ����

�&�� .�*", / � 
�.� ± �.� ��� �� � 
��

�

η� !��) -./01 "*-. η� !��) -./01 "*-. η� !��) -./01 "*-. η� !��) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

4�!�%� ��(��(��) ,�*����! �������!��4�!�%� ��(��(��) ,�*����! �������!��4�!�%� ��(��(��) ,�*����! �������!��4�!�%� ��(��(��) ,�*����! �������!��
η′�����ππ ! 7.� ±�.6 ) 8 �9��

ρρ ! �.� ±�.6 ) 8 ��69

�∗���
���−π�� !�!� ! �.� ±�.6 ) 8 ��6;

�∗���
��∗���
� ! �.� ±9.7 ) × ��−9 ���7

�∗��∗�π�π− ! �.: ±�.� ) 8 ��6�

φ���− ! �.� ±�.7 ) × ��−9 ����

φφ ! �.6 ±�.� ) × ��−9 ���6

φ
�π�π−� < 7.6 × ��−9 ��8 ��7�

������π < � 8 ��8 �9�7

�����
�π < � 8 ��8 ���7

�∗���
��� !�!� < �.�� 8 ��8 �9��

����
��η < �.� 8 ��8 ��79

ωω < 9.� × ��−9 ��8 ��;�

ωφ < �.6 × ��−9 ��8 ���9

����
������
�� ! �.� ��.7
−�.: ) 8 66�

4�!�%� ��"� �"�'�� ,�*����4�!�%� ��"� �"�'�� ,�*����4�!�%� ��"� �"�'�� ,�*����4�!�%� ��"� �"�'�� ,�*����

� � π ! 6.� ±�.� ) 8 �96�

ηππ ! 7.� ±�.� ) 8 �7�6

π�π−���− ! �.: ±�.; ) 8 �979

���−
�π�π−� !�� ±7 ) × ��−9 ��:�


����−� ! �.: ±�.6 ) × ��−9 ��:9


�π�π−� ! �.��±�.9�) 8 �7:6

��π�π−� ! �.� ±�.6 ) 8 �7�:

&& ! �.9 ±�.7 ) × ��−9 ��:�

� � η < 9.� 8 ��8 ��;9

π�π−&& < �.� 8 ��8 ���:

%% < � × ��−9 ��8 ���

B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�

γ γ ! �.� ±�.� ) × ��−7 �7��



��������

����� �����	
����

+,��)� !��-&)�"��� ���� 8���"% ����+,��)� !��-&)�"��� ���� 8���"% ����+,��)� !��-&)�"��� ���� 8���"% ����+,��)� !��-&)�"��� ���� 8���"% ����
#�$"�� �� ��% �& '�� ��� (����"��)  �*��#�$"�� �� ��% �& '�� ��� (����"��)  �*��#�$"�� �� ��% �& '�� ��� (����"��)  �*��#�$"�� �� ��% �& '�� ��� (����"��)  �*��

π�π− ���� < �.6 × ��−7 ��8 �7�7

π�π� ���� < :.; × ��−7 ��8 �7�7

���− ���� < 6.; × ��−7 ��8 �7�;

��
� ��

� ���� < 7.� × ��−7 ��8 �7�:

�/ψ�
���/ψ�
���/ψ�
���/ψ�
�� �	 �
�� � � −��−−�

���� � � ���.��� ± .�� ���
�&�� .�*", / � ��.� ± 
.� 0��
/� � � �.�� ± .�� ± .
 0��

 ��� ���	�3 �

./ψ!��) -./01 "*-. ./ψ!��) -./01 "*-. ./ψ!��) -./01 "*-. ./ψ!��) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

,�*���� !�6.6 ±�.: ) 8 7
(��"&��γ → ,�*���� !�9.:�±�.9�) 8 7

�� �− ! :.�7±�.�;) 8 �:7�

µ�µ− ! :.�9±�.�;) 8 �:7:

4�!�%� ��(��(��) ,�*����! �������!��4�!�%� ��(��(��) ,�*����! �������!��4�!�%� ��(��(��) ,�*����! �������!��4�!�%� ��(��(��) ,�*����! �������!��

ρπ ! �.;�±�.�:) 8  <��7 �77�

ρ�π� ! :.; ±�.6 ) × ��−9 �77�

�����
�ρ ! �.��±�.��) 8 ���9

ωπ�π�π−π− ! �.: ±9.7 ) × ��−9 �9��

ωπ�π�π� ! 7.� ±�.6 ) × ��−9 �7��

ωπ�π− ! 6.� ±�.� ) × ��−9 �79:

ω ����
�� ! 7.9 ±�.; ) × ��−9 ��7�

�∗���
���∗
������

�� !�!� ! ;.6 ±�.; ) × ��−9 ����

ω�∗���
��� !�!� ! :.9 ±�.� ) × ��−9 ���6

���∗���
�−� !�!� ! :.� ±�.7 ) × ��−9 �969

���∗���
��� !�!� ! 7.� ±�.7 ) × ��−9 �969

������
±�∓ ! 9.� ±�.7 ) × ��−9 ��6�

ωπ�π� ! 9.7 ±�.� ) × ��−9 �79;

����
���
±π∓ ��� � ! 9.� ±�.: ) × ��−9 �9��

ω�±��
� π∓ ��� � ! �.� ±�.6 ) × ��−9 ����

����
���
�π� ! �.9 ±�.; ) × ��−9 �9��

φ�∗���
��� !�!� ! �.�7±�.��) × ��−9 �;�

ω� � ! �.� ±�.7 ) × ��−9 ��;�

ω ������� → ω� � ! 7.� ±�.� ) × ��−7 �6�

φ
�π�π−� ! �.;;±�.�9) × ��−9 �9��

+��
�
���&π− ! �.; ±�.: ) × ��−9 ��9�

ωη ! �.67±�.��) × ��−9  <��; �9�7

φ� � ! �.�9±�.�7) × ��−9  <��: ��6�

φ ������� → φ� � ! 9.; ±�.; ) × ��−7 �6:

&&ω ! �.9�±�.�:) × ��−9  <��9 6;�

+��
�
���+��
�
�−− ! �.��±�.��) × ��−9 �9�

) ������−) ������� ��� !�!�� ��� � ! �.�9±�.�9) × ��−9 ;�6

&&η′����� ! � ±7 ) × ��−7  <��6 :�;

φ � ′����
�� ! � ±7 ) × ��−7  <��6 �6�

φπ�π− ! �.7 ±�.: ) × ��−7  <��6 �9;:

φ�±��
� π∓ ��� � ! 6.� ±�.� ) × ��−7 ���7

ω �����
� ! ;.� ±�.7 ) × ��−7 ��;�

φη ! 6.7 ±�.� ) × ��−7  <��: �9��

. �����−.� ! :.� ±�.: ) × ��−7 ;��

&�−) ������� ! :.� ±9.� ) × ��−7 ;7;

ωπ� ! 7.: ±�.: ) × ��−7  <��7 �77;

φη′����� ! 7.� ±�.6 ) × ��−7  <��� ����

φ ������ ! 9.� ±�.� ) × ��−7  <��� ����

. ������. � ! 9.� ±�.7 ) × ��−: ;��

) ������−)� ��� !�!�� ��� � ! 9.� ±�.: ) × ��−7 �::

φ ����
��� ! �.; ±�.: ) × ��−7  <��� ��9�

ρη ! �.�9±�.�9) × ��−7 �9�;

ωη′����� ! �.��±�.��) × ��−7 ��6�

ω ������ ! �.7 ±�.: ) × ��−7 ��6�

ρη′����� ! �.�:±�.��) × ��−7 ����

&&φ ! 7.: ±�.: ) × ��−: :�6

�����
�
±π∓ ��� � < 7.9 × ��−9 /+<��8 ��;9

� �∗
������� !�!� < 7.� × ��−9 /+<��8 ��:�

����
��
±�∓ < 9.� × ��−9 /+<��8 ��9�

�∗
������

��∗
������

� < �.� × ��−9 /+<��8 ;�7

�∗���
���∗���
�� < : × ��−7 /+<��8 ��;;

φ ����
�� < 9.6 × ��−7 /+<��8 ��9;

&&ρ < 9.� × ��−7 /+<��8 667

φη����� → φηππ < �.: × ��−7 /+<��8 �7;

ω � ′����
�� < �.� × ��−7 /+<��8 ���9

) �������% < � × ��−7 /+<��8 ���

+��
�
��& < � × ��−7 /+<��8 ����

*�����*����� →
��

� &�−,� !�!�
< �.� × ��−: /+<��8 7

*������−, → ��
� &�−, < �.� × ��−: /+<��8 7

*�������
� & → ��

� &��, < �.; × ��−: /+<��8 7

*�������, → ��
� &��, < :.; × ��−: /+<��8 7

*�������
� & → ��

� &�−, < �.� × ��−: /+<��8 7

)�% < � × ��−: /+<��8 ��9�

φπ� < ;.7 × ��−; /+<��8 �966

4�!�%� ��"� �"�'�� ,�*����4�!�%� ��"� �"�'�� ,�*����4�!�%� ��"� �"�'�� ,�*����4�!�%� ��"� �"�'�� ,�*����


�π�π−�π� ! 9.96±�.�;) 8 �7�;

��π�π−�π� ! �.� ±�.; ) 8 �799

π�π−π� ! �.��±�.�7) 8  <��6 �:99

π�π−π����− ! �.��±�.9�) 8 �9;�

��π�π−�π� ! �.� ±9.� ) × ��−9 �97:

π�π−���− ! ;.� ±�.6 ) × ��−9 �7�6

� � π ! ;.� ±�.� ) × ��−9 �77�

&&π�π− ! ;.� ±�.: ) × ��−9  <��9 ���6


�π�π−� ! 9.::±�.�9) × ��−9 �:�6

��π�π−� ! 7.9 ±�.7 ) × ��−9 �7;;


�π�π−π�� ! �.;�±�.��) 8 �7;�


�π�π−�η ! �.�;±�.��) × ��−9 �77;

��π�π−�η ! 6.� ±�.: ) × ��−7 �96�

,,π�π− ! 7 ±7 ) × ��−9 ���;

)�)� ! �.9�±�.��) × ��−9 ���


�π�π−����− ! 7.6 ±�.6 ) × ��−9  <��9 �9��

&&π�π−π� ���� � ! �.9 ±�.� ) × ��−9  <��� ��99

&& ! �.�6±�.��) × ��−9 ��9�

&&η ! �.��±�.��) × ��−9 �7�

&,π− ! �.��±�.��) × ��−9 ��67

,, ! �.� ±�.7 ) × ��−9 ��9�

. . ! �.� ±�.7 ) × ��−9  <��� ���

%% ! �.:7±�.��) × ��−9  <��� ��67

&&π� ! �.��±�.��) × ��−9 ��6;

%)−π� ��� !�!�� ��� � ! �.�;±�.��) × ��−9 �:�

&�−% ! �.� ±�.; ) × ��−7 �6;


����−� ! 6.� ±�.7 ) × ��−7 ��9�

&�−)� ! �.� ±�.� ) × ��−7 ���

���− ! �.96±�.9�) × ��−7 �7;�

��
� ��

	 ! �.7;±�.�;) × ��−7  <��6 �7;;

%%π� ! �.� ±�.; ) × ��−7 ���

π�π− ! �.76±�.�9) × ��−7 �:7�

%)� !�!� < �.: × ��−7 /+<��8 ��97

��
� ��

� < � × ��−; /+<�:8 �7;;

B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�

γ η� ���� ! �.9 ±�.7 ) 8 ��7

γπ�π−
π� ! �.9 ±9.� ) × ��−9 �:��

γ ηππ ! ;.� ±�.� ) × ��−9 �7��

γ η����/�����→ γ� � π ��� ! �.� ±�.; ) × ��−9  <��; ���9

γ η����/�����→ γ γ ρ� ! 6.� ±�.� ) × ��−;  <��� ���9

γ η����/�����→ γ ηπ�π− ! 9.� ±�.: ) × ��−7 7
γ η����/�����→ γ γφ < �.� × ��−: /+<�:8 7
γ ρρ ! 7.: ±�.� ) × ��−9 �97�

γ η������ → γπ�π− ! ;.� ±�.7 ) × ��−7 7
γ η′����� ! 7.6�±�.�6) × ��−9  <��� �7��

γ 
π�
π− ! �.� ±�.: ) × ��−9  <��� �:�6

γ ����
������
�� ! �.: ±�.6 ) × ��−7 �6�

γ ����
������
������ ����1
���"�

! �.� ±�.� ) × ��−7 7

γ���−π�π− ! �.� ±�.; ) × ��−9 �7�6

γ �7�
�� ! �.6 ±�.6 ) × ��−9 ��;

γωω ! �.:�±�.99) × ��−9 �99;

γ η����/�����→ γ ρ� ρ� ! �.6 ±�.7 ) × ��−9  <��9 ���9

γ ����
�� ! �.9�±�.�7) × ��−9 ���;

γ ������� → γ� � ! �.: ��.�
−�.� )× ��−7  <��� ��6:

γ η ! �.� ±�.� ) × ��−7  <��6 �:��

γ �����
� → γ� � π ! 6.� ±�.9 ) × ��−7 ����

γ ����
��� ! ;.� ±�.� ) × ��−7 ���9

γ ������� → γ ηπ�π− ! 7.: ±�.� ) × ��−7 7

γ � ′����
�� ! 7.: ��.6
−�.7 )× ��−7 ��69

γ ������� →
γ�∗���
��∗���
�

! 6.� ±�.� ) × ��−7 7

γ�∗���
��∗���
� ! 7.� ±�.9 ) × ��−9 ��;;

γφφ ! 7.� ±�.� ) × ��−7  <��� ��;;



��������

����� �����	
����

γ && ! 9.� ±�.� ) × ��−7 ��9�

γ η�


�� ! �.� ±�.; ) × ��−7 6:�

γ η����� → γ ρ�ρ� ! �.9 ±�.� ) × ��−7 ��7�

γ' ������ ! �.� ±�.; ) × ��−7 ���;

γ �� � π�
.��<�−� ! 6 ±7 ) × ��−7  <��� �77�

γπ� ! 9.9 ��.;
−�.7 )× ��−: �:7;

γ &&π�π− < 6.� × ��−7 /+<��8 ���6

γ γ < : × ��−7 /+<��8 �:7�

γ%% < �.9 × ��−7 /+<��8 ��67

�γ < :.: × ��−: /+<��8 �:7�

γ �. �


� > �.:� × ��−9 /+<����8 67:

γ �. �


� → γππ ! � ±7 ) × ��−: 7
γ �. �


� → γ� � ! �.� ±9.� ) × ��−: 7
γ �. �


� → γ && ! �.: ±�.� ) × ��−: 7
γ ������ >! :.6 ±�.� ) × ��−7 ����

γ �� �− ! �.� ±�.7 ) × ��−9 �:7�

#�$"�� �� ��% �& '�� �� � (����"��)  �*��#�$"�� �� ��% �& '�� �� � (����"��)  �*��#�$"�� �� ��% �& '�� �� � (����"��)  �*��#�$"�� �� ��% �& '�� �� � (����"��)  �*��

�±µ∓ 	� < �.� × ��−; /+<��8 �:76

�± τ∓ 	� < �.9 × ��−; /+<��8 ��9�

µ± τ∓ 	� < �.� × ��−; /+<��8 ��9:

χ���
	�χ���
	�χ���
	�χ���
	� �	 �
�� � � �� � ��

���� � � ����.�� ± .�� ��� �� � ��
�

�&�� .�*", / � �.� ± .� ���
 ��� ���	�3 �

χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

E�*����! *�!�%�E�*����! *�!�%�E�*����! *�!�%�E�*����! *�!�%�

�π�π−� !�.7�±�.�9) 8 �;6�

������������ → 
π�
π− !6.� ±�.9 )× ��−7 7
π�π−���− !�.� ±�.7 ) 8  <��; �:��

������������ →
π�π−���−

!�.6 ��.�
−�.� )× ��−7 7

���������

� →
π�π−���−

!�.7 ��.�
−�.6 )× ��−7 7

�������������� →
π�π−���−

< �.� × ��−7 /+<��8 7

������������� →
π�π−���−

< �.� × ��−7 /+<��8 7

�������������� →
π�π−���−

!6.� �9.�
−�.: )× ��−7 7

������������� →
π�π−���−

< �.7 × ��−7 /+<��8 7

������������ →
π�π−���−

< ; × ��−: /+<��8 7

������������� →
π�π−���−

< 6 × ��−: /+<��8 7

ρ�π�π− !�.; ±�.: ) 8 �;�6

��π�π−� !�.��±�.��) 8 �;99

���∗���
��π−� !�!� !�.� ±�.7 ) 8 �:�9

����
��
��−� !�!� →

π�π−���−
!;.6 ±�.� )× ��−9 7

������
��−� !�!� →

π�π−���−
< �.� × ��−9 /+<��8 7

�∗���
���∗���
�� !�.� ±�.; )× ��−9 �7:;

K∗
� �����

��∗
������

� →
π�π−���−

!�.�:��.9�
−�.9�)× ��−9 7

K∗
� �����

��∗
������

�� !�!� →
π�π−���−

!�.: ��.�
−�.; )× ��−7 7

���− !:.7 ±�.; )× ��−9 �;97

ππ !6.� ±�.; )× ��−9 �6��

ηη !�.� ±�.: )× ��−9 �;�6

ωω !�.9 ±�.6 )× ��−9 �:�6

���−��
� ��

� !�.: ±�.: )× ��−9 �99�

���−���− !�.� ±�.7 )× ��−9 �999

��
� ��

� !�.� ±�.6 )× ��−9  <��� �;99

��
� ��

� π�π− !;.� ±�.� )× ��−9 �:6�

��
� ��

� && < �.� × ��−7 /+<��8 ��7

π�π−&& !�.� ±�.6 )× ��−9  <��7 �9��

φφ !� ±: )× ��−7 �96�

&& !�.�7±�.�6)× ��−7 �7�;

%% !7.7 ±�.: )× ��−7 ����

%%π�π− < 7.� × ��−9 /+<��8 ��:9

.−.� < �.�9 × ��−9 /+<��8 ����

��
� ��π−� !�!� < 6 × ��−7 /+<��8 �;��

B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�

γ 
/ψ���� !�.9�±�.��) 8 9�9

γ γ !�.6;±�.99)× ��−7 �6�6

χ���
	�χ���
	�χ���
	�χ���
	� �	 �
�� � � ��� � ��

���� � � ���.�� ± .� ��� �� � ����

�&�� .�*", / � .�� ± .� ���
 ��� ���	�3 �

χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

E�*����! *�!�%�E�*����! *�!�%�E�*����! *�!�%�E�*����! *�!�%�
��π�π−� ! :.�±�.7)× ��−9  <��� �;�9


�π�π−� ! 6.;±�.;)× ��−9 �6��

π�π−���− ! 7.:±�.�)× ��−9 �;9�

ρ�π�π− ! 9.�±9.:)× ��−9 �;:6

���∗���
��π−� !�!� ! 9.�±�.�)× ��−9 �:66

�∗���
���∗���
�� ! �.;±�.7)× ��−9 �:��

��
� ��π−� !�!� ! �.9±�.6)× ��−9 �;;�

π�π−��
� ��

� ! 6.6±9.9)× ��−7 �;9�

π�π−&& ! 7.�±�.�)× ��−7 �9��

���−���− ! 9.�±�.6)× ��−7 �9�9

&& ! ;.6±�.:)× ��−: �7�7

%% ! �.7±�.�)× ��−7 �9::

%%π�π− < �.: × ��−9 /+<��8 ���9

��
� ��

� && < 7.: × ��−7 /+<��8 �;�

.−.� < 9.7 × ��−7 /+<��8 ��:;

π�π− � ���− < �.� × ��−9 7
��

� ��
� < 6 × ��−: /+<��8 �;�9

B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�

γ 
/ψ���� !9:.;±�.�) 8 9��

χ���
	�χ���
	�χ���
	�χ���
	� �	 �
�� � � ��
 � ��

���� � � ����.
 ± .� ���
�&�� .�*", / � 
.� ± .�
 ���

 ��� ���	�3 �

χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

E�*����! *�!�%�E�*����! *�!�%�E�*����! *�!�%�E�*����! *�!�%�

�π�π−� ! �.�9±�.�:) 8 �6:�

π�π−���− ! �.� ±�.: ) × ��−9  <��; �;:;

��π�π−� ! �.; ±�.� ) × ��−9 �6�6

ρ�π�π− ! 6 ±7 ) × ��−9 �;��

���∗���
��π−� !�!� ! 7.� ±�.� ) × ��−9 �;��

�∗���
���∗���
�� ! 9.� ±�.� ) × ��−9 �:9�

φφ ! �.� ±�.6 ) × ��−9 �7:6

ωω ! �.� ±�.6 ) × ��−9 �:�6

ππ ! �.�7±�.�:) × ��−9 �669

ηη < �.� × ��−9 /+<��8 �;��

π�π−��
� ��

� ! �.; ±�.; ) × ��−9 �;::

���−���− ! �.7�±�.9:) × ��−9 �7��

π�π−&& ! �.9�±�.97) × ��−9 �7��

���− ! 6.6 ±�.7 ) × ��−7 �6��

��
� ��

� ! ;.6 ±�.� ) × ��−7 �6�6

��
� ��

� && < 6.� × ��−7 /+<��8 ���6

&& ! ;.; ±�.: ) × ��−: �:��

%% ! �.6 ±�.9 ) × ��−7 �9�:

%%π�π− < 9.: × ��−9 /+<��8 ��::


/ψ����π�π−π� < �.: 8 /+<��8 ��:

��
� ��π−� !�!� < �.� × ��−9 /+<��8 �;�:

.−.� < 9.6 × ��−7 /+<��8 ����

B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�

γ 
/ψ���� !��.� ±�.� ) 8 79�

γ γ ! �.:�±�.��) × ��−7 �66�



��������

����� �����	
 ����

η�����η�����η�����η����� �	 �
�� � � ��−��

3&��"& �& '��� ��� =&��0  �*�� $��*�!"�����

���� � � ���� ± � ��� �� � ����

�&�� .�*", / � �� ± � ���

η� !��) -./01 "*-. η� !��) -./01 "*-. η� !��) -./01 "*-. η� !��) -./01 "*-. �����	� !2� 32) � !"�53�)

� � π ���� �6��

γ γ ���� ����

ψ����ψ����ψ����ψ���� �	 �
�� � � −��−−�

���� � � ����.�� ± .�� ��� �� � ����

�&�� .�*", / � ��� ± �� 0��
/� � � 
.�� ± .� 0��

 ��� ���	�3 �

ψ!��) -./01 "*-. ψ!��) -./01 "*-. ψ!��) -./01 "*-. ψ!��) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

,�*���� !�6.�:±�.�9) 8 7
(��"&��γ → ,�*���� ! �.69±�.�7) 8  <��: 7

�� �− ! 6.9:±�.��) × ��−9 ��79

µ�µ− ! 6.9 ±�.� ) × ��−9 ��7�

τ� τ− ! �.� ±�.6 ) × ��−9 7��

4�!�%� ��"� 
/ψ������* ��%",��)4�!�%� ��"� 
/ψ������* ��%",��)4�!�%� ��"� 
/ψ������* ��%",��)4�!�%� ��"� 
/ψ������* ��%",��)


/ψ������%",��) !:;.� ±�.� ) 8 7

/ψ������&"���� !�9.� ±�.7 ) 8 7

/ψ����π�π− !9�.� ±�.; ) 8 766


/ψ����π�π� !�;.7;±�.9:) 8 7��


/ψ����η ! 9.��±�.��) 8 ���


/ψ����π� ! �.�;±�.�9) × ��−9  <��9 :��

E�*����! *�!�%�E�*����! *�!�%�E�*����! *�!�%�E�*����! *�!�%�

��π�π−�π� ! 9.: ±�.; ) × ��−9 �67;


�π�π−�π� ! �.;;±�.��) × ��−9 �6��

ρ�����
� ! �.; ±�.� ) × ��−7 �:��

&& ! �.;:±�.��) × ��−7  <��7 �:�;

+��+−− ! �.��±�.9:) × ��−7 �96�

%% ! �.: ±�.6 ) × ��−7  <9�� �7;6

)�)− ! �.; ±�.� ) × ��−7 �7��

)�)� ! �.� ±�.6 ) × ��−7  <��� �7�:

) �������) ������− ! �.� ±�.7 ) × ��−7 ����

.−.� ! �.: ±�.6 ) × ��−7  <9�� ���:

. �. � ! �.� ±�.� ) × ��−7 ����

. ������. ������ < �.� × ��−: /+<��8 ���:

/−/� < 6.9 × ��−: /+<��8 667

π� && ! �.99±�.�6) × ��−7 �:79

η&& ! ;.� ±�.� ) × ��−: �969

ω&& ! ;.� ±�.� ) × ��−: ��76

φ&& < �.7 × ��−: /+<��8 ����

π�π−&& ! ;.� ±�.7 ) × ��−7 �7��


�π�π−π�� ! 7.: ±�.7 ) × ��−9 �66;

ηπ�π− < �.; × ��−7 /+<��8 �6��

ηπ�π−π� ! �.: ±�.6 ) × ��−7 �66�

η′π�π−π� ! 7.: ±�.� ) × ��−7 7
ωπ�π− ! ;.; ±�.6 ) × ��−7  <��6 �67�

�±� π∓ ! 9.; ±�.; ) × ��−7 �;9:

���π� ! �.7 ±�.; ) × ��−7 7

ω ����
�� ! �.� ±�.; ) × ��−7 �:�:

π�π−���− ! 6.� ±�.: ) × ��−7 �6�;

ρ����− ! �.� ±�.7 ) × ��−7 �;�;

�∗���
���∗
������

� ! �.� ±�.: ) × ��−7 �7��

���−
�π�π−� ! �.� ±�.� ) × ��−9 �;:7

����
��
±�∓ ! �.��±�.��) × ��−9 �:��

��
� ��

� π�π− ! �.� ±�.7 ) × ��−7 �6�7

ρ� && ! :.� ±�.� ) × ��−: ��:�

���∗���
��π−� !�!� ! ;.6 ±�.: ) × ��−7 �;67


�π�π−� ! �.7 ±�.; ) × ��−7  <��� ���6

ρ�π�π− ! �.� ±�.; ) × ��−7  <��7 �6:�

���−π�π−π� ! �.�7±�.��) × ��−9 �;�7

ω ������� → ω���− ! :.� ±�.� ) × ��−: 7
�∗���
���−π�π� � !�!� ! �.; ±�.� ) × ��−7 7
�∗���
���−π�π− � !�!� ! �.; ±�.� ) × ��−7 7
�∗���
���−ρ� � !�!� ! 6.9 ±�.; ) × ��−7 7
�∗���
���−ρ� � !�!� ! ;.� ±�.� ) × ��−7 7

η���− < �.9 × ��−7 /+<��8 �;;7

ω���− ! �.�:±�.�:) × ��−7  <��� �;�7

��π�π−� ! 9.: ±�.� ) × ��−7  <��� �667

&&π�π−π� ! 6.9 ±�.6 ) × ��−7 �79:

���− ! �.� ±�.6 ) × ��−7 �66;

��
� ��

	 ! :.� ±�.6 ) × ��−: �66:

π�π−π� ! �.;�±�.�;) × ��−7  <��7 ��9�

ρ�
���π → π�π−π� ! �.� ��.�
−�.7 )× ��−7 7

ρ����π → π�π−π� ! 9.� ±�.� ) × ��−:  <��� 7
π�π− ! � ±: ) × ��−: ��9�

������
±�∓ < 9.� × ��−7 /+<��8 �:9�

���−π� < �.�; × ��−: /+<��8 �6:7

���∗���
�−� !�!� ! �.6 ��.�
−�.6 )× ��−: �;��

�∗���
����� !�!� ! �.��±�.��) × ��−7 �;�6

φπ�π− ! �.�9±�.��) × ��−7  <��6 �;��

φ ������ → π�π− ! ;.� ±�.� ) × ��−: 7

����−� ! ;.� ±�.7 ) × ��−: �7��

φ���− ! 6.� ±�.; ) × ��−: �:7;


����−�π� ! �.��±�.��) × ��−7 �77�

φη ! �.� ��.�
−�.� )× ��−: �;:7

φη′ ! 9.� ±�.; ) × ��−: �:::

ωη′ ! 9.� ��.:
−�.� )× ��−: �;�9

ωπ� ! �.� ±�.; ) × ��−: �6:6

ρη′ ! �.� ��.6
−�.� )× ��−: �;�:

ρη ! �.� ±�.; ) × ��−:  <��� �6�6

ωη < �.� × ��−: /+<��8 �6�:

φπ� < 7 × ��−; /+<��8 �;��

&&���− ! �.6 ±�.6 ) × ��−: ����

%%π�π− ! �.� ±�.; ) × ��−7 �97;

%&�� ! �.��±�.�7) × ��−7 �9�6

%&��π�π− ! �.� ±�.7 ) × ��−7 ��;6

φ � ′����
�� ! 7.7 ±�.; ) × ��−: �9��

*�����*����� → ��
� &�−,�

!�!�
< �.� × ��−; /+<��8 7

*������−, → ��
� &�−, < �.� × ��−: /+<��8 7

*�������
� & → ��

� &��, < 6.� × ��−; /+<��8 7

*�������, → ��
� &��, < �.; × ��−: /+<��8 7

*�������
� & → ��

� &�−, < ;.� × ��−; /+<��8 7

��
� ��

� < 7.; × ��−; �66:

B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�

γχ������ ! �.� ±�.7 ) 8 �;�

γχ������ ! �.6 ±�.7 ) 8 �6�

γχ������ ! �.� ±�.7 ) 8 ���

γ η� ���� ! �.; ±�.7 ) × ��−9 ;9�

γ η� �
�� < �.� × ��−9 /+<��8 76

γ η′����� ! �.: ±�.7 ) × ��−7 �6��

γ ����
�� ! �.� ±�.7 ) × ��−7 �;��

γ ������� → γππ ! 9.� ±�.9 ) × ��−: 7
γ ������� → γ� � ! ;.� ±�.; ) × ��−: 7
γ γ < �.9 × ��−7 /+<��8 ��79

γ η < � × ��−: /+<��8 ����

γ η����� → γ� � π < �.� × ��−7 /+<��8 �:;�

ψ������ψ������ψ������ψ������ �	 �
�� � � −��−−�

���� � � ����.� ± 
.� ���
�&�� .�*", / � 
�. ± 
.� ��� �� � ����

/�� � .
�

��.��6
−�.��7 0�� �� � ����

B� 

���	� �	 ��� 
	����� 
��� �	
� �	 � �� ψ!966�) �� �	��

�	 
��� ���	 ��� 4�� ����� �	������� ��� ./ψ !,0B �:� 0-0" �;)�
0-0" �; �
 GA0$H �;� ������
 �	� #��	�� 
��� �	
�� ���� �����
�
�	�� �
 �	��
  ����������� �����4��� ����� �	� ��� 
��� �	 φη 	���

!0-0" �;)�



�	�	�	�	

����� �����	
����

 ��� ���	�3 �

ψ!966�) -./01 "*-. ψ!966�) -./01 "*-. ψ!966�) -./01 "*-. ψ!966�) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

�� 
	����� ���

���� ���� ���

���− ���� �76


/ψπ�π− !�.�9±�.��)× ��−9 ::�


/ψπ�π� !�.� ±9.� )× ��−7 :;�


/ψη !� ±7 )× ��−7 9:6


/ψπ� < �.� × ��−7 /+<��8 ;��

�� �− !�.�:±�.�7)× ��−:  <��� ���;

��
� ��

	 < �.� × ��−7 /+<��8 ����


�π�π−� < �.�� × ��−9 /+<��8 ��;�


�π�π−�π� < �.�; × ��−9 /+<��8 ��7�

ηπ�π− < �.�7 × ��−9 /+<��8 ��9:

ωπ�π− < ;.� × ��−7 /+<��8 �6�9

η�π < �.97 × ��−9 /+<��8 ���9

η′ �π < �.77 × ��−9 /+<��8 �69�

���−π�π− < �.� × ��−7 /+<��8 �66�

φπ�π− < 7.� × ��−7 /+<��8 �69;

φ ������ < 7.: × ��−7 /+<��8 �:��

���−π�π−π� < �.9; × ��−9 /+<��8 �67�

η���− < 7.� × ��−7 /+<��8 �6��

ω���− < 9.7 × ��−7 /+<��8 �;;9


����−� < ;.� × ��−7 /+<��8 �::�

φ���− < 6.: × ��−7 /+<��8 �:�;


����−�π� < �.� × ��−7 /+<��8 �7��

&&π�π− < :.� × ��−7 /+<��8 �:79

&&π�π−π� < �.�: × ��−9 /+<��8 �7��

η&& < :.7 × ��−7 /+<��8 �7��

ω&& < �.� × ��−7 /+<��8 �9��

&&���− < 9.� × ��−7 /+<��8 ���7

φ&& < �.9 × ��−7 /+<��8 ��6;

%% < �.� × ��−7 /+<��8 �:��

%%π�π− < �.: × ��−7 /+<��8 �7�9

%&�� < �.� × ��−7 /+<��8 �9�:

%&��π�π− < ;.9 × ��−7 /+<��8 ��9�

φη !9.� ±�.6 )× ��−7 �6��

π�π−π� �	� ���� ��69

ρπ �	� ���� ���9

ωπ� �	� ���� ����

φπ� �	� ���� �67:

ρη �	� ���� �6;�

ωη �	� ���� �6;�

ρη′ �	� ���� �;69

ωη′ �	� ���� �;6�

φη′ �	� ���� �;�:

�∗��� �	� ���� �679

�∗��− �	� ���� �677

��π �	� ���� �;��


 ������
 ������
 ������
 ������ �	 �
�� � � J�JJ��

3&��"& �& '��� ��" ��"�'���,�*�

���� � � ����.
 ± .� ��� �� � ����

�� !9�6�)± − �./ψ � ��� ± � ���
�� !9�6�)± − �ψ!��)

�&�� .�*", / < 
.� ���� +# � �>

� !9�6�) -./01 "*-. � !9�6�) -./01 "*-. � !9�6�) -./01 "*-. � !9�6�) -./01 "*-. �����	� !2� 32) � !"�53�)

π�π− 
/ψ���� ���� ;7�

���� �	� ���� :��

���− �	� ���� :��

����π� �	� ���� ��6

χ����	�χ����	�χ����	�χ����	� �	 �
�� � � ��
 � ��

���� � � ��
� ± � ���
�&�� .�*", / � 
� ± � ���

ψ������ψ������ψ������ψ������ �!!! � �	 �
�� � � −��−−�

���� � � ��� ± � ���
�&�� .�*", / � � ± � ���
/�� � .�� ± .� 0��

�

ψ!7�7�) -./01 "*-. ψ!7�7�) -./01 "*-. ψ!7�7�) -./01 "*-. ψ!7�7�) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

�� �− !�.�6±�.�;)× ��−: ����

���� ���� 66;

�∗�
������ !�!� ���� :6;

�∗�
����∗�
��� ���� ��6


/ψπ�π− < 7 × ��−9 ��8 6�7


/ψπ�π� < � × ��−9 ��8 6�6


/ψη < 6 × ��−9 ��8 ;6:


/ψπ� < � × ��−9 ��8 ��9


/ψπ�π−π� < � × ��−9 ��8 67;

χ�� γ < �.� 8 ��8 7�7

χ�� γ < �.6 8 ��8 7:7

χ��π�π−π� < �.� 8 ��8 9�;

χ��π�π−π� < 9.� 8 ��8 �99

φπ�π− < 9 × ��−9 ��8 ����

ψ��
���ψ��
���ψ��
���ψ��
��� �!!! � �	 �
�� � � −��−−�

���� � � ���� ± � ���
�&�� .�*", / � �� ± � ���
/�� � .�� ± .� 0��

�

ψ!7�;�) -./01 "*-. ψ!7�;�) -./01 "*-. ψ!7�;�) -./01 "*-. ψ!7�;�) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

�� �− !�.�±�.�)× ��−; ��6;


/ψπ�π− < 9 × ��−9 ��8 ���


/ψπ�π� < 9 × ��−9 ��8 ���


/ψ���− < � × ��−9 ��8 9�7


/ψη < � × ��−9 ��8 6�;


/ψπ� < � × ��−9 ��8 ��7


/ψη′ < : × ��−9 ��8 9�:


/ψπ�π−π� < � × ��−9 ��8 �76

ψ�
��π�π− < 7 × ��−9 ��8 9:9

χ�� γ < 6 × ��−9 ��8 :�9

χ�� γ < �.9 8 ��8 ::7

χ��π�π−π� < � × ��−9 ��8 7:�

χ��π�π−π� < � × ��−9 ��8 9��

φπ�π− < � × ��−9 ��8 ��7�

ψ���
	�ψ���
	�ψ���
	�ψ���
	� �!!! � �	 �
�� � � −��−−�

���� � � ��
� ± � ���
�&�� .�*", / � �
 ± 
 ���
/�� � .�� ± .� 0��

ψ!77�:) -./01 "*-. ψ!77�:) -./01 "*-. ψ!77�:) -./01 "*-. ψ!77�:) -./01 "*-. �����	� !2� 32) � !"�53�)

,�*���� 
	����� 7
�� �− !�.7±9.�)× ��−; ����



��������

����� �����	
����

�����
�������
�������
�������
��

��
����
����
����
�� �	 �
�� � � −��−−�

���� � � ���.� ± .
� ��� �� � ����

�&�� .�*", / � ��.
 ± �.
� 0��
/�� � �.�� ± .�� 0��

�

,!��) -./01 "*-. ,!��) -./01 "*-. ,!��) -./01 "*-. ,!��) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

τ� τ− !�.;6��.�7
−�.�;) 8 79�7

�� �− !�.9�±�.��) 8 769�

µ�µ− !�.7�±�.�:) 8 76��

E�*����! *�!�%�E�*����! *�!�%�E�*����! *�!�%�E�*����! *�!�%�

η′����� ��%",��) !�.� ±�.7 ) 8 7

/ψ���� ��%",��) !;.: ±�.6 )× ��−7 7��9

χc� ��%",��) < : × ��−9 ��8 7
χc� ��%",��) !�.9 ±�.6 )× ��−7 7
χc� ��%",��) !9.7 ±�.� )× ��−7 7
ψ�
�� ��%",��) !�.6 ±�.� )× ��−7 7
ρπ < � × ��−7 ��8 7;�6

π�π− < : × ��−7 ��8 76��

���− < : × ��−7 ��8 76�7

&& < : × ��−7 ��8 7;9;

π�π�π− < �.�7 × ��−: ��8 76�:

B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�

γπ�π− !;.9 ±�.� )× ��−: 76��

γπ�π� !�.6 ±�.6 )× ��−: 76��

���− .�", 
<�#�#− <�
H��

!�.�7±�.�9)× ��−: 7

γ && .�", 
<�� � <� H�� < ; × ��−; ��8 7

γ 
��
�− !6.� ±�.: )× ��−7 76��

γ �����− !:.7 ±�.� )× ��−7 76�9

γ �����− !6.7 ±9.: )× ��−7 7;6�

γπ�π−���− !�.� ±�.� )× ��−7 7;�;

γ 
π�
π− !�.: ±�.� )× ��−7 76��

γ �π��π− !�.: ±�.� )× ��−7 76�9

γ 
π�
π−���− !�.7 ±�.� )× ��−7 7;:�

γπ�π−&& !�.: ±�.; )× ��−7 7;�7

γ 
π�
π−&& !7 ±; )× ��−: 7:;9

γ 
��
�− !�.� ±�.� )× ��−: 7;��

γ η′����� < �.; × ��−: ��8 7;��

γ η < �.� × ��−: ��8 76�7

γ ������ < 9 × ��−: ��8 7;6�

γ � ′����
�� !9.6 ��.�
−�.� )× ��−: 7;�6

γ ����
�� !�.��±�.��)× ��−7 7;77

γ η����� < �.� × ��−: ��8 7;�:

γ ������� < �.� × ��−7 ��8 7:67

γ �7�
�� < :.9 × ��−: ��8 7:�9

γ ���

� → γ���− < � × ��−7 ��8 776:

γ �. �


� → γ���− < � × ��−6 ��8 77;�

γ �. �


� → γπ�π− < ; × ��−6 ��8 7
γ �. �


� → γ && < �.� × ��−; ��8 7
γ η�


�� → γφφ < 9 × ��−9 ��8 77;�

γ' < 9 × ��−: ��8 7
�' � $��&*��!���� .�", �< �.
 H���

γ' ' < � × ��−9 ��8 7
�' ' � (�!"��� .�", �< �.� H���

χ���
	�χ���
	�χ���
	�χ���
	� �$$$ � �	 �
�� � � �� � ��

 ���*� !��@� �"����

���� � � ����.�� ± .�
 ± .�� ���
�

χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

γ$���� <; 8 ��8 9��

χ���
	�χ���
	�χ���
	�χ���
	� �$$$ � �	 �
�� � � ��� � ��

 ���*� !��@� �"����

���� � � ���
.�� ± .
� ± .�� ���

χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. �����	� !2� 32) � !"�53�)

γ$���� !9:±�) 8 7�9

χ���
	�χ���
	�χ���
	�χ���
	�
�$$$ � �	 �
�� � � ��
 � ��


 ���*� !��@� �"����

���� � � ���
.
� ± .
� ± .�� ���

χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. �����	� !2� 32) � !"�53�)

γ$���� !��±7) 8 77�

�������������������� �	 �
�� � � −��−−�

���� � � �.
�
� ± .�� H��
�&�� .�*", / � ��.�� ± 
.�� 0��
/�� � .��
 ± .�� 0��

 ��� ���	�3 �

,!��) -./01 "*-. ,!��) -./01 "*-. ,!��) -./01 "*-. ,!��) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

$����π�π− !��.� ±�.; ) 8 76:

$����π�π� ! �.� ±�.� ) 8 7��

τ� τ− ! �.6 ±�.; ) 8 7;�;

µ�µ− ! �.�9±�.�6) 8  <��� :���

�� �− ! �.��±�.�;) 8 :���

$����π� < �.� × ��−9 /+<��8 :9�

$����η < � × ��−9 /+<��8 ��6


/ψ���� ��%",��) < ; × ��−9 /+<��8 7:99

B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�

γχ������ ! ;.� ±�.7 ) 8 �9�

γχ������ ! 6.�:±�.9:) 8 ���

γχ������ ! 9.� ±�.7 ) 8 �;�

γ ������� < :.� × ��−7 /+<��8 7�;7

γ � ′����
�� < :.9 × ��−7 /+<��8 7��;

γ ����
�� < �.7� × ��−7 /+<��8 7�9�

γ η����� < :.� × ��−7 /+<��8 ;�6

χ����	�χ����	�χ����	�χ����	� �$$$ � �	 �
�� � � �� � ��

 ���*� !��@� �"����

���� � � �.
�
� ± .� ± .� H��

χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. �����	� !2� 32) � !"�53�)

γ$�
�� !7.;±�.�) 8 ��6

γ$���� !� ±; )× ��−9 679

χ����	�χ����	�χ����	�χ����	� �$$$ � �	 �
�� � � ��� � ��

 ���*� !��@� �"����

���� � � �.
���� ± .

 ± .� H��
�χ��!��) − �χ��!��) � 
�.� ± �. ���

�

χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. �����	� !2� 32)  ��� ���	� !"�53�)

ω$���� ! �.;9��.9�
−�.97) 8 �9:

γ$�
�� !�� ±7 ) 8 ��: �9�

γ$���� ! �.: ±�.9 ) 8 ��9 6;7

ππχ������ ! �.; ±9.� )× ��−9 �9�

χ����	�χ����	�χ����	�χ����	� �$$$ � �	 �
�� � � ��
 � ��

 ���*� !��@� �"����

���� � � �.
���� ± .

 ± .� H��
�χ��!��) − �χ��!��) � ��.� ± .� ���



��������

����� �����	
 ����

χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. χ��!��) -./01 "*-. �����	� !2� 32) � !"�53�)

ω$���� ! �.����.97
−�.9�) 8 ��7

γ$�
�� !�;.� ±�.7 ) 8 �7�

γ$���� ! 6.� ±�.� ) 8 666

ππχ������ ! ;.� ±�.� )× ��−9 ���

�������������������� �	 �
�� � � −��−−�

���� � � �.���
 ± .� H��
�&�� .�*", / � 
.�
 ± �.�� 0��
/�� � .��� ± .� 0��

 ��� ���	�3 �

,!9�) -./01 "*-. ,!9�) -./01 "*-. ,!9�) -./01 "*-. ,!9�) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

$�
����%",��) !��.; ±�.� ) 8 ��;

$�
��π�π− ! �.� ±�.; ) 8  <��� �66

$�
��π�π� ! �.��±�.9�) 8 ���

$�
��γ γ ! :.� ±�.6 ) 8 9�6

$����π�π− ! 7.7�±�.��) 8 ��9

$����π�π� ! �.�;±�.��) 8 ��;

$����η < �.� × ��−9 /+<��8 ;66

µ�µ− ! �.��±�.��) 8  <��� :�66

�� �− ���� :�6�

B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�B�*��"�(� *�!�%�

γχ���
�� !�9.� ±�.; ) 8  <9�7 �;

γχ���
�� !��.; ±�.� ) 8  <��7 ��

γχ���
�� ! :.� ±�.; ) 8  <��7 ���

γχ������ ! 9.� ±�.� ) × ��−9 7�7

γ η��
�� < ;.� × ��−7 /+<��8 7
γ η����� < 7.9 × ��−7 /+<��8 ����

��������������������
�� �
������� �
������� �
������� �
�����

�	 �
�� � � −��−−�

���� � � �.���� ± .�
 H��
�&�� .�*", / � 
.� ± 
.� ���
/�� � .
�
 ± .
� 0�� �� � ����

�

,!7�) -./01 "*-. ,!7�) -./01 "*-. ,!7�) -./01 "*-. ,!7�) -./01 "*-. �����	� !2� 32) /	�4
���� ��#�� !"�53�)

## > �; 8 �:8 99�

#�#− !:�.; ±�.� ) 8 99:

��
� ��%",��) � !�!� !��.� ±9.� ) 8 7

#�#� !7�.7 ±�.� ) 8 99�

���1## < 7 8 �:8 7
�� �− ! �.:6±�.��) × ��−: :���


/ψ������%",��) < �.� × ��−7 �:8 7
�∗� ��%",��) � !�!� < 6.7 8 ��8 :���

φ��%",��) < �.9 × ��−9 ��8 :�7�

$������%",��) < 7 × ��−9 ��8 ��:9

$����π�π− < �.� × ��−7 ��8 ���;

$�
��π�π− < 9.� × ��−7 ��8 7;�

��
�������
�������
�������
����� �	 �
�� � � −��−−�

���� � � �.��� ± .� H�� �� � ����

�&�� .�*", / � �� ± �� ���
/�� � .�� ± .� 0�� �� � ����

,!���;�) -./01 "*-. ,!���;�) -./01 "*-. ,!���;�) -./01 "*-. ,!���;�) -./01 "*-. �����	� !2� 32) � !"�53�)

�� �− ! �.�± �.6)× ��−; :79�

�� ��%",��) � !�!� !7: ±�� ) 8 7

��

������

������

������

���� �	 �
�� � � −��−−�

���� � � ��.�� ± .� H��
�&�� .�*", / � �� ± �� ���
/�� � .�� ± .� 0��

,!�����) -./01 "*-. ,!�����) -./01 "*-. ,!�����) -./01 "*-. ,!�����) -./01 "*-. �����	� !2� 32) � !"�53�)

�� �− !�.;±�.:)× ��−; ::��

6IF;�

D� ",�� �&  ��% F�'���

Q,�� � =&��"�"% ,�� K�� � . . .�L "� �"� ��),"� ",� ����� �� ",� =&��"�"% ,��

'��� �����)�* '% ",� K�!��� ��!"��L �� *�@��* �� � �
√

χ�/�- − ��� .,���
- �� ",� �& '�� ��  ���&�� ��"� &��* �� !��!&��"��) ",� =&��"�"%� Q�
*� ",�� .,�� � > �� .,�!, ��"�� ��*�!�"�� ",�" ",�  ���&�� ��"� ��� ��!��1
���"��"� Q,�� � > �.
�� .� ���� �,�. �� ",� 8��"�!�� #��"��)� �� �*��)�� ��
",�  ���&�� ��"�� ���  ��� �'�&" �� ��� ",� D�"��*&!"����

? *�!�%  � ��"& & �� )�(�� ��� ��!, *�!�%  �*�� ��� � 
1'�*% *�!�%� & ��
",�  � ��"& �� ��!, *�!�% $��*&!" �� ",� ���" ��� � �� ",� *�!�%��)
$��"�!��� ��� � �1��1 ���1'�*% *�!�%� & �� ",� ���)��"  � ��"& ��% �� ",�
$��*&!"� !�� ,�(� �� ",�� ��� ��

9�: ��� ",� K6�"� �� π± → �±ν γ ��* �± → �±ν γ ��� ��!"���L �� ",�
π± 8��"�!�� #��"��)� ��� *�@��"���� ��* *�"�����

9�: ����&�� ��"� �� /���ν� �	/�µ
� νµ� ��.�%� ��!�&*� *�!�%� .�", γ<�� ��*

 ���&�� ��"� �� /��� ν� γ� ��* /�µ� νµ γ� ��(�� ��!�&*� ��.1����)% γ<��
F,�������� ���!� �� !���� ��$���"��� �� $����'��� .� !����*�� ",�  �*��
.�", γ<� "� '� �&'���!"���� �� ",�  �*�� .�",�&" ",� � ��* ��" 9/��� ν� �
� /�µ� νµ�:	/�	�� � �>�

9� : ��� ",� π± 8��"�!�� #��"��)� ��� ",� ����)% �� �"� &��* �� ",��  ���&��1
 ��"� ��.1����)% γ<� ��� ��" ��!�&*�*�

9� : 4���(�* ��� �� ����%��� �� ��&"����1��!����"��� �2$��� ��"��

9�: ?�"��$,%��!�� ��* !�� ���)�!�� ��)& ��"� )�(� �� �"� �� ��*�� �−�9� ���
",� π� 8��"�!�� #��"��)��

9� : 4&� "� � ��.  ���&�� ��" �� ",� �(���)�� ",�� �� ��� ��� ���)�� ",��
",�  ��� .� )�(� �� �&� 

 �*�"���� ���.� ± .�
 ����

9� : 4&� "� �� �(��) �� ��*  ���&�� ��" ��� ",� �(���)�� ",�� �� ��� 0��
���)�� ",�� ",� .�*", .� )�(� �� �&� 

 �*�"���� �.�� ± .�� 0��� ���
",� /�
γ� *�"� '��!0 �� ",� 4�"� #��"��)��

9�: � $���"% ���'�*� ",�� "� �!!&� �� � ���)��1$,�"�� $��!����

90 : ��� ",� K6�"� �� �!����  �����L �� ",� ������� 8��"�!�� #��"��)� � F,�
��"��$��"�"��� �� ",�� ��"�% �� � $��"�!�� �� !��"��(�������

9� : ��� ",� K6�"� �� ρ����L �� ",� ρ���� 8��"�!�� #��"��)� �

91 : F,� ωρ ��"�������!� �� ",�� *&� "� ωρ  �2��) ���%� ��* �� �2$�!"�* "�
'� � ���� D� �µ &��(������"% ,��*�� /�ρ� → µ�µ−� � /�ρ� → �� �−�
× �������

92 : ��� ",� K6�"� �� �!����  �����L �� ",� ������� 8��"�!�� #��"��)� �

9�: ��� ",� K6�"� �� ����
��L �� ",� ����
�� 8��"�!�� #��"��)� �
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• χ��.5�/ 12.1 2 2/

• χ��.5�/ 12.0 2 2/

• χ��.5�/ 12.5 2 2/

• �.7/ 1−.0 −−/

• �.9/ 1−.0 −−/

• �.014�1/ 1−.0 −−/

• �.00151/ 1−.0 −−/

&*&��� ;(&-�-(�,�
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�� ���� ��� �	��� ��� ��	���� ���
��� ������ ������� 	�� ��� ��	��� �� 
	����� �� ��� ������� ���� ��� 
	����� ���� ��
��  ���	� ��	��� 	�� ��!����� �� ��� �	�� "	���� #���	�� �	
��� $�� �� ����Æ!���� �	�	 �� ��!���	�� �����%���	����� ��� ����� ������� ��
��� ����� �	
�� 	�� ��� ���	
������ 	� 
	������ ��� �	��� ���� �	���� 	�� �� 
	����� ��	� ��!	� �������� &�� �� '� 	�� ( �����	�!��� ���
%	���	� �	�� �� ����!	��� 
� ��� ���
�� ��� ,�� � ����� � �� ��� ��
��	� 	���	� �������� ��� �� �� . . .�� � �� ��� ����%��� 	�� � �� ��� ���	�
	���	� ��������� &�� ) 	�� * �����	�!��� ��� ���
�� �� �� ,�� �

� ��� ++++

	 ��� ++++
��,  �� ��� ++++

��,-.�� ��� ++++

��,-�-� ��� ++++

��,/-�� ��� ++++

��,/�-� ��� ++++

��,/0�� 
�� ++++

��,���� ��� +++

��,�,�� ��� +++

��,�.�� ��� ++++

��,1��� ��� ++

��,11�� 
�� ++

��.���� 
�� ++

��.�0�� ��� ++

��.�1�� ��� +

��.,��� ��� +

��.,1�� ��� ++++

��..��� ��� ++

��...�� ��� ++++

��..-�� ��� ++++

��./��� ��,�� +++

��.���� �,�� ++

��,.�.� ��� ++++

��,/��� ��� +++

��,/.�� ��� ++++

��,���� ��� ++++

��,�-�� ��� +

��,1��� ��� ++

��,1�-� 
�� ++++

��,1,�� ��� ++++

��,1.�� ��� +++

��,1��� ��� +++

��,1 �� ��� +

��,1-�� 
�� ++++

��.���� 
�� ++

��.,-�� ��� +

��..��� ��� +

��.���� ��� ++

��.�-�� ��� +

��.�1�� 
�� +

��. ��� ��� ++

��. .�� ��,�� ++++

��.�-�� ��,�� ++

��.1-�� �,�� ++

��,- ��� +

� ��� ++++

��, �-� ��� ++++

��,-.�� ��� ++++

��,/��� ��� +++

��,/��� ��� ++++

��,/1�� ��� ++++

��,0��� ��� +++

��,0,�� ��� +++

��,0.�� 
�� ++++

��,0��� ��� ++++

��,01�� ��� ++++

��.���� +

��.�.�� 
�� +

��.,��� ��� ++++

��.,,�� 
�� +++

��.�.-� ��� +

��.�-�� ��� +++

��.-0-� ++

�� ��� ++++

� � ��� ++++
�− ��� ++++

� �,�0-� ��� ++++

� �, 0�� +

� �,-/�� ++

� �,-0�� ��� +

� �,/.�� ��� ++

� �,//�� ��� +++

� �,/��� ��� ++++

� �,/1�� ++

� �,�-�� ��� +++

� �,���� ��� +

� �,��-� ��� ++++

� �,0 �� ��� +

� �,00�� ��� ++

� �,1,-� 
�� ++++

� �,1 �� ��� +++

� �.���� ��� +

� �.���� 
�� ++++

� �.���� 
�� +

� �.�0�� ��� ++

� �.,��� ��� +

� �..-�� +++

� �. --� ++

� �./.�� ++

� ������ +

� ��,��� +

� � ��� ++++

�− ��� ++++
� �,-��� ��� ++++

� �,/.�� +

� �,/1�� +++

� �,0.�� ��� +++

� �,1-�� +++

� �.���� +++

� �.,.�� +

� �..-�� ++

� �.���� ++

� �.-��� +

�− ++++
��..-��− +++

��.�0��− ++

��. ���− ++

��
�

++++

���.-1��
� +++

���./.-�
� +++

���.�/-�
� +

���.00��
� ++

�� �. --� ++++

�� �.-.�� +++

�� �.-.�� +++

��

�
+++

� �
�

+++

� ′�
�

+++

� ′�
�

+++

���./ -� +++

���.�1�� +++

���.0,-� +++

��
�

+++

��

cc +

��
�

+++

� �
�
� �−

�
+

++++ 23�����!� �� !���	��� 	�� %��%������ 	�� 	� ��	�� �	���� ���� �3%������

+++ 23�����!� �	��� ���� ���� ������ �� !���	��� 
�� ������� !��4��	���� �� �����	
�� 	��5��
��	���� ���
���� 
�	�!��� ��	!������ ��!� 	�� ��� ���� �����������

++ 2�����!� �� �3�����!� �� ���� �	���

+ 2�����!� �� �3�����!� �� %����



��������

������ ������� 	�
��

� �������� �������� �������� �������
�� � 	
 � � ����� � 	
 � � ����� � 	
 � � ����� � 	
 � � ���

�� �� � ���� �� �� � ���

���� � ��� � � �
� �
�
�
��

���� � � 	.

������ ± 
.








	� �

���� � � ���.���
� ± 
.



� ��� ���
∣
∣�� − ��

∣
∣��� < 	.
× 	
−�� �� � �
� ���

∣
∣ ��
��

∣
∣��

��
��

� � 
.����������	 ± 
.









�
∣
∣	� � 	�

∣
∣�
 < 	.
× 	
−�� �� � �
� ���

∣
∣	� � 	�

∣
∣�
 < 	.
× 	
−�� ���

�������� ������ µ � �.������� 	 ± 
.






�� µ�
�µ� � µ��

/
µ� � �−�. ± �.��× 	
−�

!"���#�� $�%�"� ������ � < 
. �× 	
−�� 
 ��

!"���#�� %�"�#�&�'�"��( α � �	�.
 ± 
.�× 	
−� )��

�������� %�"�#�&�'�"��( β � �	.� ± 
. �× 	
−� )��

�*�#�� #�$��� � 
.�� ± 
.

� )�

���� "�)� τ > 	.� × 	
�	 (��#�� �� � �
� �� → ��+���'"�

��$��

���� "�)� τ > 	
�� �� 	
�� (��#� ��� ���$� $�%��$����


�� �� ����� �� ������� ������ �� ��� �		� ������� �����  �!� �"��"��"��"�#
�$%�& '�� � ���� ��!��(�

)� �*������ +��� ��'�� ��+��� ��,������ ��� ��� �� ��+��� �� τ-.	 # (���
τ �� �� ����� +��� ��'� ��� .	 �� �� ,������/ '������� '�� �� +��� ��

0�������� 1�� � ������# � ��� 
 �������� *����� ��� ������� *������
��'���+���

������� +��� ��'� �
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,���"�%��� � �����,���"�%��� � �����,���"�%��� � �����,���"�%��� � �����
� → 
�π > �"� �
&# > �$�� ��& 	�: �"	

� → µ�π > ��� �
&# > �%� ��& 	�: �"�

� → ν π > ��� �
&# > �" ��& 	�: �"	

� → 
�η > ��� 	�: ��	

� → µ�η > ��$ 	�: �	%

� → ν η > �"� 	�: ���

� → 
�ρ > ��% �
&# > %" ��& 	�: ��	

� → µ�ρ > ��� �
&# > ��� ��& 	�: ���

� → ν ρ > �	 �
&# > �$� ��& 	�: ��	

� → 
�ω > ��% 	�: ���

� → µ�ω > ��% 	�: ��"

� → ν ω > ��� 	�: ���

� → 
�� > �% �
&# > �"� ��& 	�: ��	

� → 
���
� > ��� 	�: ��%

� → 
���
� > "� 	�: ��%

� → µ�� > �$ �
&# > ��� ��& 	�: ��	

� → µ���
� > �"� 	�: ��$

� → µ���
� > �� 	�: ��$

� → ν� > �$ �
&# > $%� ��& 	�: ��	

� → ν��
� > "� 	�: ���

� → 
��∗������ > �� 	�: �"

� → ν�∗����� > %� �
&# > "� ��& 	�: �"

,���"�%��� � ������,���"�%��� � ������,���"�%��� � ������,���"�%��� � ������

� → 
�π�π− > �� 	�: ���

� → 
�π�π� > ��% 	�: ��	

� → 
�π−π� > "� 	�: ��	

� → µ�π�π− > ��� 	�: ��"

� → µ�π�π� > ��� 	�: ��%

� → µ�π−π� > %� 	�: ��%

� → 
���π− > �� 	�: ��	

��%��� � �������%��� � �������%��� � �������%��� � �����

� → 
−π� > $" 	�: �"	

� → µ−π� > �	 	�: �"�

� → 
−ρ� > $� 	�: �"�

� → µ−ρ� > % 	�: ���

� → 
−�� > �� 	�: ���

� → µ−�� > "% 	�: ���

��%��� � ��������%��� � ��������%��� � ��������%��� � ������

� → 
−π�π� > �� 	�: ���

� → 
−π�π� > �	 	�: ��	

� → µ−π�π� > �% 	�: ��"

� → µ−π�π� > �� 	�: ��%

� → 
−π��� > %" 	�: ���

� → µ−π��� > ��" 	�: �%	

,���"�%��� � %*�������,���"�%��� � %*�������,���"�%��� � %*�������,���"�%��� � %*�������

� → 
�γ > $%� 	�: �$	

� → µ�γ > �%� 	�: �$�

� → ν γ > �� 	�: �%�

� → 
�γ γ > ��� 	�: �$	

� → ν γ γ > ��	 	�: �%�

-*#�� ��# ��#�� "�%����-*#�� ��# ��#�� "�%����-*#�� ��# ��#�� "�%����-*#�� ��# ��#�� "�%����

� → 
� 
� 
− > %	� 	�: �$	

� → 
�µ�µ− > �"	 	�: �"%

� → 
�ν ν > �% 	�: �$	

� → 
� 
−ν > �"% 	�: �%�

� → µ� 
− ν > �� 	�: �$�

� → µ�µ− ν > %	 	�: �"�

� → µ� 
� 
− > "�	 	�: �$�

� → µ�µ�µ− > $%" 	�: ��	

� → µ�ν ν > �� 	�: �$�

� → 
−µ�µ� > $ 	�: �"%

� → �ν > �.���" 	�: �%�

.��"���+� ��$��.��"���+� ��$��.��"���+� ��$��.��"���+� ��$��
� → 
� ��(�*��� > �.$ �
# �& 	�: /
� → µ���(�*��� > �� �
# �& 	�: /
� → 
�π� ��(�*��� > �.$ �
# �& 	�: /

0� � � $����"��� ��$��0� � � $����"��� ��$��0� � � $����"��� ��$��0� � � $����"��� ��$��

)� '����(��/ ��� ��'���+� ��+��� *�� ���� ��������

�� → π�π� > �.% 	�: /
�� → π�π� > � 	�: /
�� → π�π− > �.% 	�: /
�� → π�π� > �.� 	�: /
�� → 
� 
� > ".� 	�: /
�� → 
�µ� > �.$ 	�: /
�� → µ�µ� > �.% 	�: /
�� → 
�ν > �.� 	�: /
�� → µ�ν > �.$ 	�: /
�� → ν� ν� > �.�����	 	�: /
�� → ��+���'"� >�.�× ��−" 	�: /
�� → ��+���'"� > �.����" 	�: /

� 1!�,2 �31!4� 1!�,2 �31!4� 1!�,2 �31!4� 1!�,2 �31!4

������� +��� ��'� �

� �2345 67�2
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� → 
−γ > %× ��" 	�: �$	

� → µ−γ > "× ��� 	�: �$�

� → 
−π� > �× ��" 	�: �"	

� → µ−π� > "× ��� 	�: �"�

� → 
−η > �× ��� 	�: ��	

� → µ−η > �× ��� 	�: �	%

� → 
−��
� > 	�� 	�: ��%

� → µ−��
� > �× ��� 	�: ��$

� → 
−��
� > 	× ��� 	�: ��%

� → µ−��
� > %× ��� 	�: ��$

� → 
−γ γ > �× ��� 	�: �$	

� → µ−γ γ > �× ��� 	�: �$�

� → 
−ω > ��� 	�: ���



��������

������ ������� 	�
��

���� � ��� � � �
� �
�
�
��

���� � � 	.

���	  ± 
.








 �

���� � � ���.  � ± 
.



� ��� ���

�
 − �� � 	.�����	� ± 
.





 ���

� 
.

	������� ± 
.








 �

���� "�)� τ � �� .� ± 
.� �

τ � �.  × 	
� 5�

�������� ������ µ � −	.�	�
��� ± 
.





 µ�
!"���#�� $�%�"� ������ � < 
.�× 	
−�" 
 ��� �� � �
�

����6�7��#� �*�#�� #�$���
〈
��


〉
� −
.			 ± 
.

��

)�� �4 � 	8��

!"���#�� %�"�#�&�'�"��( α � �		. ± 	. �× 	
−� )��

�������� %�"�#�&�'�"��( β � ��.� ± �.
�× 	
−� )��

�*�#�� 	 � �−
.� ± 	.	�× 	
−�� 


���� ��6����""����� ���� > �.× 	
% �� �� � �
� �)#�� ��

���� ��6����""����� ���� > 	.�×	
� �� �� � �
� ��� �'���$ ��

1���( %�#�����#�1���( %�#�����#�1���( %�#�����#�1���( %�#�����#� � �

� 
−ν� λ ≡ �� � �� � −	.�� ± 
.

�� �4 � �8
�

" � � −
.		�� ± 
.

	� �4 � �8��

" � � 
.��	 ± 
.

� �4 � 	8	�

" � � −
.	
� ± 
.

�

" φ�� � �	�
.
 ± 
.
��◦ �� �

" � � �−� ± �× 	
−�

�
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�
−ν� ��� : �

�
−ν� γ ��� < $.	× ��−� 	�: �

�*�#�� �����#+����� ��� +��"����� ��$��*�#�� �����#+����� ��� +��"����� ��$��*�#�� �����#+����� ��� +��"����� ��$��*�#�� �����#+����� ��� +��"����� ��$�

�ν� ν� � < � × ��−�% $�: �

������� ���������� ���������� ���������� ��� � ��� � � �
� �
�
�
��

9#���6:����# ���� � 	��
 �� 	��
 �≈ 	��
� ���

9#���6:����# )�"" ;�$�* � �

 �� � 
 �≈ �

� ���

�,��+ � 
.	 <��/ �π==λ� � �	.
 �'

>��%�"� %�������� � 	� 
 �� 	��
 �≈ 	� � ���

−�.��%�"� %�������� � 	
 �� ��
 �≈ 	�
� ���
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� π �."" �� �.%" �	�

� ππ ��<�� : ��%

�π ��<�� : ��%

� ρ <� : †
� �ππ ��=��6(�!� "<�� : /

�γ �.��"<�.��� : ���

�γ � *�"����(�	�� �.��"<�.��� : ���

�γ �.��	<�.��� : ���

�γ � *�"����(�	�� �.��	<�.��� : ���

������� ���������� ���������� ���������� ��� � ��� � � �
� �
�
�
−�

9#���6:����# ���� � 	 	 �� 	 � �≈ 	 �
� ���

9#���6:����# )�"" ;�$�* � 	

 �� 	� �≈ 		 � ���

�,��+ � 
.�� <��/ �π==λ� � ��. �'

>��%�"� %�������� � 	 
 �� 	 	 �≈ 	 	
� ���

−�.��%�"� %�������� � 	
 �� 	�
 �≈ 		
� ���

���"��& �2345 67�2
���"��& �2345 67�2
���"��& �2345 67�2
���"��& �2345 67�2
 1������� �;	 -;& � �6�9-�&

� π �."" �� �.$" �"%

� η ��.� ±�.�&× ��−� �""

� ππ ��<"� : ���

�π �"<�" : ���

� ρ �"<�" : †
� �ππ ��=��6(�!� <� : /

�γ �.�$<�."$ : �%�

�γ � *�"����(�	�� �.���<�.��� : �%�

�γ � *�"����(���� �.��<�."� : �%�

�γ �.��<�."� : �%�

�γ � *�"����(�	�� �.��<�.�� : �%�

�γ � *�"����(���� �.�"<�.�" : �%�

������� ���������� ���������� ���������� ��� � ��� � � �
� �
�
�
−�

9#���6:����# ���� � 	 � �� 	 � �≈ 	 � � ���

9#���6:����# )�"" ;�$�* � 	� �� 	� �≈ 	 
� ���

�,��+ � 
.� <��/ �π==λ� � ��. �'

>��%�"� %�������� � 	��
 �� 	 �
 �≈ 	 	
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� � <�� : �"�

�π ���� ���
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� �������� �������� �������� �������
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 ��������−
 ��������−
 ��������−
 �����

� � � ���� �− � ���

 � � � � � ��� � � �
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�
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� �� ��� (�� �����#�$� � �� �*� 7��#5 ��$�" %#�$������8

���� � � 	�	�.�� ± 
.�
 ���

��− − �
��

� .�� ± 
.�� ���

���� "�)� τ � ��.�
 ± 
.
��× 	
−�� �

τ � �.�	 ��

�������� ������ µ � −	.� 
 ± 
.
	� µ�

1���( %�#�����#�1���( %�#�����#�1���( %�#�����#�1���( %�#�����#�

�π� α � −
.�		 ± 
.
�� �4 � �8	�

" φ � ��	 ± 	��◦
" γ � 
.� �	 �

" 0 � ��	����−�	�
◦ �	 �

�γ α � −
.�� ± 
.	�

��γ α � −
.� ± 
.
�

�� 
− ν� ���
�����
� � 	.����.��−�.��
�� 
− ν� ���
�����
� � �.
 ± 	.�

�

�� �2345 67�2
�� �2345 67�2
�� �2345 67�2
�� �2345 67�2
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�π� �		."��±�.���& : ��"

�γ � �.�% ±�.�% &× ��−� ���

��γ � �.�� ±�.�� &× ��−� ��%

�� 
− ν� � �.% ±�.� &× ��−� ��	

��µ− νµ � �.	 ��.�
−�.$ &× ��−$ $�

0� � 0� ���� +��"����� ��$�� �#0� � 0� ���� +��"����� ��$�� �#0� � 0� ���� +��"����� ��$�� �#0� � 0� ���� +��"����� ��$�� �#

0� � � )�#'�$$�� ���� ��$��0� � � )�#'�$$�� ���� ��$��0� � � )�#'�$$�� ���� ��$��0� � � )�#'�$$�� ���� ��$��

�− 
� ν� �� < 	 × ��−� 	�: ���

�−µ� νµ �� < 	 × ��−� 	�: �	

�π−
�� < � × ��−$ 	�: �		

�
−ν� �� < �.� × ��−� ���

�µ−νµ �� < �.� × ��−� ��	

−−−− � ��� � � �
� �
�
�
��

� �� ��� (�� �����#�$� � �� �*� 7��#5 ��$�" %#�$������8

���� � � 	��	.�	 ± 
.	� ���

���� "�)� τ � �	.�� ± 
.
	 �× 	
−�� �

τ � �.�	 ��

�������� ������ µ � −
. 
� ± 
.

� µ�

1���( %�#�����#�1���( %�#�����#�1���( %�#�����#�1���( %�#�����#�

�π− α � −
.� � ± 
.
	� �4 � 	8��

Cα��−�α−��� − α����α����D � C ��� D � �
 ± ��× 	
−�
" φ � �−�.	 ± 
.��◦
" γ � 
.�� �	 �

" 0 � �	� .� ± 	. �◦ �	 �

�
− ν� ����� � −
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 � �
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�−γ � �.�% ±�.�� &× ��−� ���

�
− ν� � ".$� ±�.�� &× ��−� �	�

�µ−νµ � �." ��."
−�.� &× ��−� �$�

�� 
−ν� � �.% ±�.% &× ��−" ���

��µ−νµ < � × ��−� 	�: %�
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�µ− νµ �� < �." : 	�: ���

�π−π− �� < � × ��−� 	�: ���
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−�� �

τ � �.�	 ��

�τ
�− − τ

��� � τ
�− � −
.
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.
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�������� ������ µ � −�.
� ± 
.
 µ�

1���( %�#�����#�1���( %�#�����#�1���( %�#�����#�1���( %�#�����#�

��− α � 
.
	� ± 
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��
�
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� �π− ���.$±�.%& : �	�

�−π� � �.$±�.�& : �	�

�−π�π− � �.���.�−�.�&× ��−� �	�

� �	 �
��π− � $.��".�−�.�&× ��−� �%
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���� � � ���.� ± 
.	� ���

���� "�)� τ � ��

 ± �× 	
−�" � �4 � 	8�

τ �  �.� µ�

1���( ��(����#( %�#�����#�1���( ��(����#( %�#�����#�1���( ��(����#( %�#�����#�1���( ��(����#( %�#�����#�

�π� α � −
.�	 ± 
.	 

��π� α � −
.� ± 
.��

���ν� α � −
.� ± 
.
�

Cα���� � � α��−
� �D � Cα���� � − α��−

� �D �� ��� → �π�� �−
�

→
�π− � −
.
� ± 
.�	

Cα���
�
� � α��−

� �D � Cα���� � − α��−
� �D �� ��� → �
�ν� � �−

�
→

�
− ν� � 
.

 ± 
.
�

������ ��� ,������/ '�������� �' �� ��
�

��� +������� ������!� �� ��

� −π� +���# ,�� ���� ��� �� +����>����*������ +������+���� �' ���

,������/ '�������� ?� �@*���� �( (� ����!� �� ��� !���� �' .���
�

→
� −π�& �� � ���� �� �� ,�/�����/ �' �� ,������/>����� +������+����
�� �� A�����/�� ?�� ��� ,������/ '������� �� �!�������� (��� �����+����#
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E�$#���� ��$�� ;��* � �F � � −	 G��" ������E�$#���� ��$�� ;��* � �F � � −	 G��" ������E�$#���� ��$�� ;��* � �F � � −	 G��" ������E�$#���� ��$�� ;��* � �F � � −	 G��" ������
��� � �.� ± �.$ & : �%�

��−π� ��� � ".� ± �.� & : ���

��∗������ �
� � �.$ ± �." & : $�"

��	�������− � �.$ ± �.� &× ��−� %��

��	 �
�π� �
� � �.� ± �.$ & : $�%

��−π����#������� � �.� ± �.� & : ���

���π� � �.� ± �.� & : ���

��� η � �.� ± �.� & : "$�

���π�π− � �.$ ± �.% & : %"�

��−π�π� � �.� ± �.� & : %"	

��∗�����−π� �
� � �.� ± �." & : "��

� ��−π������������� π
� � �.$ ± �.� & : %"	

��	�����∗����� ���� ��	

��−π�π�π− � �.� ± �.� &× ��−� $%�

��−π�π�π� � � ± � &× ��−� $%�
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E�$#���� ��$�� ;��* � �F � � 
 G��" ������E�$#���� ��$�� ;��* � �F � � 
 G��" ������E�$#���� ��$�� ;��* � �F � � 
 G��" ������E�$#���� ��$�� ;��* � �F � � 
 G��" ������

�π�π− � �." ± �.� &× ��−� 	�%

� �����
� �
� � �.� ± �.	 &× ��−� $��

�π�π�π−π− � �.� ± �.� &× ��−� �"�

����− � %.% ± �." &× ��−� $�$

�φ �
� � �.� ± �.% &× ��−� "	�

����−���6φ � �." ± �.% &× ��−� $�$

E�$#���� ��$�� ;��* � *(%�#��F � � −	 G��" ������E�$#���� ��$�� ;��* � *(%�#��F � � −	 G��" ������E�$#���� ��$�� ;��* � *(%�#��F � � −	 G��" ������E�$#���� ��$�� ;��* � *(%�#��F � � −	 G��" ������

�π� � �.��± �.��& : �$�

�π�π� � �.$ ± �.� & : ���

�ρ� < " : 3A=	": $�"

�π�π�π− � �.$ ± �.% & : ��%

� �	�� ��π�π− � �∗� →
�π�

� % ± � &× ��−� $��

� �	�� �−π�π� � �∗− →
�π−

� "." ± �.% &× ��−� $��

�π� ρ� � �.� ± �." & : "��

� �	�� ��ρ� � �∗� → �π� � �.% ± �.� &× ��−� �$�

�π�π�π− ���#������� < � × ��−� 3A=	�: ��%

�π�π�π−π� ����" � �.� ± �.� & : %"%

�π� η �
� � �.� ± �.$ & : $	�

� �	�� ��η �
� � �." ± �.� &× ��−� "%�

�π�ω �
� � �.� ± �." & : "�%

�π�π�π−π� � �� η �# ω < % × ��−� 3A=	�: %"%

����� � $." ± �.� &× ��−� ���

� �	�
���� � � ∗� → ��� � �.	 ± �.% &× ��−� ��$

��π� � �.��± �.��& : ��"

��π� � �.��± �.��& : ��%

��η � "." ± �.� &× ��−� %��

��π�π− � �.$ ± �.� & : ���

��ρ� < �.� : 3A=	": "%"

�−π�π� � �.	 ± �.� & : %		

��π�π� � �.� ± �.� & : ���

��π�π�π− � �.� ± �.� &× ��−� %$�

��π�π−π� C %$%

��ω �
� � �.% ± �.� & : "$	

�����− � �.� ± �.� &× ��−� ��	

��φ �
� � �.� ± �.� &× ��−� �	"

� �	�
���� � � ∗� →
���−

� �.� ± �.� &× ��−� ��$

�����−���#������� < % × ��−� 3A=	�: ��	

� ��� � �.	 ± �.� &× ��−� $"�

�−��π� � �.	 ± �.% &× ��−� "$$

� �	 �
���� �
� � �.$ ± �.� &× ��−� �%�

E�$#���� ��$�� ;��* � *(%�#��F � � 
 G��" ������E�$#���� ��$�� ;��* � *(%�#��F � � 
 G��" ������E�$#���� ��$�� ;��* � *(%�#��F � � 
 G��" ������E�$#���� ��$�� ;��* � *(%�#��F � � 
 G��" ������

��� � %." ± �.$ &× ��−� %��

���� � ".� ± �.� &× ��−� %�"

����π− � �.% ± �.% &× ��−� $%�

���∗������ �
� � �.� ± �.� &× ��−� �%�

�−��π� < �.� × ��−� 3A=	�: $$�

1��'"( ��'�''�6��%%#����$ ��$��1��'"( ��'�''�6��%%#����$ ��$��1��'"( ��'�''�6��%%#����$ ��$��1��'"( ��'�''�6��%%#����$ ��$��

���π− < �.� × ��−� 3A=	�: ���

4���"�%����� ��$��4���"�%����� ��$��4���"�%����� ��$��4���"�%����� ��$��

���ν� �!� � �.� ± �.$ & : �%�

�
� ν� � �.� ± �.$ & : �%�

�µ�νµ � �.� ± �.% & : �$%

.��"���+� ��$��.��"���+� ��$��.��"���+� ��$��.��"���+� ��$��

���(�*��� � �." ± �.% & : /
�
���(�*��� � �.� ± �.	 & : /
� ��(�*��� �"� ±�$ & : /

� ��(�*��� ��� �� ��� ±�	 & : /
� ��(�*��� �"� ±�$ & : /

� ��(�*��� ��� �� ��	 ±�% & : /
� ��(�*��� ��" ±�� & : 
=��� /
�± ��(�*��� ��� ��� ± " & : /
�%#���� ��� ± � & : /

0� � 	 ;��5 ����#�" ��##��� ���� ��$��� �#0� � 	 ;��5 ����#�" ��##��� ���� ��$��� �#0� � 	 ;��5 ����#�" ��##��� ���� ��$��� �#0� � 	 ;��5 ����#�" ��##��� ���� ��$��� �#
��%��� ���'�# ��� +��"����� ��$����%��� ���'�# ��� +��"����� ��$����%��� ���'�# ��� +��"����� ��$����%��� ���'�# ��� +��"����� ��$��

�µ�µ− "� < �.� × ��−� 3A=	�: 	�%

�−µ�µ� � < %.� × ��−� 3A=	�: ���

��������
���������
���������
���������
� � ��� � � 
���

−�

-*� �%��6%�#��( )�""�;� )#�� �*� )��� �*�� �� ���  �π $���(�� ;��*

"���"� �+��"�'"� %*��� �%���� �#� $�������8 -*�� ������� �*�� �� �
	��� )�# �*� �� ���  �8

���� � � � � .� ± 
. ��� �4 � 	8	�

� − �
��
�

� �
�.� ± 
. ��� �4 � 	8	�

@�"" ;�$�* A � �.��.�−�.� ���

��
�

ππ ��� ��� ��,+��� �� ���""&π C �� ������ D��� ,����� C ��� ��

���� �����/ ������ ����(�� �� �� �@����� ��
�
�!��/ ��� +���E ��� ��
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��
�

π�π− ���≈ $% : ���

�� ���  �
��π− �� ± % : ��

�� ���  �
�π� �� ± % : ��

��� π�π−�6'�$( �� ± �� : ���

��
� π� �# � ��� ���� �$�

��� γ ��� ���� �	�

����	���
�����	���
�����	���
�����	���
� � ��� � � 
���

−�

�� *�� ��� '��� �����#�$� ��
− �� �*� 7��#56��$�" %#�$������8

���� � � ���.	 ± 
. ��� �4 � 	8 �

� − �
��
�

� ��	.� ± 
. ��� �4 � 	8�

@�"" ;�$�* A < 	.� ���� �� � �
�

��
�

ππ ��� ��� ��,+��� ����""&π ��� �� ���� �����/ ������ ����(�� ��

�� �@����� ��
�
�!��/ ��� +����

�
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��� π�π− ��� ≈ $%: ���

�� ���  �
��π− <" 	�: ���

�� ���  �
�π� <" 	�: ���

��� π�π−�6'�$( ���/� ���

��� π� �# � ��� ���� �	�

��� γ ��� ���� ��	

�� �������� �������� �������� ������ � ��� � � 	���
��

�� *�� ��� '��� �����#�$� ��
� �� �*� 7��#56��$�" %#�$������8

�� ���  �
������ � � �� �.
� ± 
.	� ���

�� ���  �
� ���� � � �� �.� ± 
.� ���

�� ���  �
� ���� � � �� �.� ± 
.	� ���

�
���

�

− �
��
�

� 	�.  ± 
.		 ���

�
��

�

− �
��
�

� 	.� ± 
.� ���

�
��

�

− �
��
�

� 	�.�
 ± 
.		 ���

�
���

�

− �
��

�

� 
.�� ± 
.		 ��� �4 � 	8	�

�
��

�

− �
��

�

� −
.� ± 
.� ���

�� ���  �
��)�"" ;�$�* A � �.�� ± 
.�
 ���

�� ���  �
� )�"" ;�$�* A < �. ���� �� � �
�

�� ���  �
� )�"" ;�$�* A � �.� ± 
.� ��� �4 � 	8��

��
�

π �� �� ���� �����/ ����� ����(�� �� � �� �!��/ ��� +����
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��� π ≈ ��� : 	�




�
�
�
�

������ ������� 	�
��

�� �������� �������� �������� ������ � ��� � � 	���
��

�� *�� ��� '��� �����#�$� ��
� �� �*� 7��#56��$�" %#�$������8

�� �� �
�
������ � � � 	�.� ± 
. ��� �4 � 	8��

�� �� �
�
� ���� � � � 	�. ± �.� ���

�� �� �
�
� ���� � � � 	�.
 ± 
. ���

�����"��&
�� − �

��
�

� ��	.� ± 
. ��� �4 � 	8 �

�
����"��&

� − �
��
�

� ��	.
 ± �.� ���

�
����"��&

� − �
��
�

� ��	. ± 
. ��� �4 � 	8	�

�
����"��&

�� − �
����"��&

� � 
.� ± 
. ��� �4 � 	8��

�� �� �
�
�� )�"" ;�$�* A � 	�.� ± 	.� ���

�� �� �
�
� )�"" ;�$�* A < 	� ���� �� � �
�

�� �� �
�
� )�"" ;�$�* A � 	.	 ± �.	 ���

��
�

π �� �� ���� �����/ ����� ����(�� �� � �� �!��/ ��� +����
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�

π ≈ ��� : ���

�� ��
����� ��
����� ��
����� ��
��� � ��� � � 	�BB�

�� ���

�
�� ���� � � ��
	��−$

�� ���

�
� ���� � � �������− "

�� ���

�
� ���� � � ��
���−%

��������&
�� − �

��
�

�  	���−$
��������&

� − �
��
�

�  
 ���− "

��������&
� − �

��
�

�  	 ��−%
�� ���

�

�� )�"" ;�$�* A � � ���−�%
�� ���

�

� )�"" ;�$�* A � ��$�−��
�� ���

�
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��� π ���� ���

�

�
�

�
�

�
�

�
� ��� � � �

� �
�
�
��

�� *�� ��� '��� �����#�$� ��
� �� �*� 7��#56��$�" %#�$������8

���� � � ���.� ± 
.� ���

���� "�)� τ � ���� ± ��× 	
−�" � �4 � 	8��

τ � 	�� µ�
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H� �'��"��� '#���*��� )#������� *�+� '��� �����#�$8H� �'��"��� '#���*��� )#������� *�+� '��� �����#�$8H� �'��"��� '#���*��� )#������� *�+� '��� �����#�$8H� �'��"��� '#���*��� )#������� *�+� '��� �����#�$8

-*� )�""�;��� �#� '#���*��� �� !"� #�"���+� �� �−π�π�8-*� )�""�;��� �#� '#���*��� �� !"� #�"���+� �� �−π�π�8-*� )�""�;��� �#� '#���*��� �� !"� #�"���+� �� �−π�π�8-*� )�""�;��� �#� '#���*��� �� !"� #�"���+� �� �−π�π�8

��'�''�6)�+�#�$ �� � −�� $���(���'�''�6)�+�#�$ �� � −�� $���(���'�''�6)�+�#�$ �� � −�� $���(���'�''�6)�+�#�$ �� � −�� $���(�

���
� ��

� �$� �.��%±�.��� %$%

���π� C �"�

� �	�� ���� �
%$� �.� ±�." %�$

��−π�π� �$� �.���±�.��� %�%

��∗������π� �
%$� <�.� 	�: $��

� �	�� ���−π� �
%$� <�.� 	�: $%�

���−π� �$� �.	� ±�.�� ���

���∗������ �
%$� �.�� ±�.�" $"�

���−π�π� �$� �.�	 ±�.�$ %�"

� �π� �$� �."" ±�.�$ �%%

�−π�π� �$� �21F�2� 4
 � �"�

� �	 �
��π� �
%$� <�.� 	�: %"�

� �π�π� �$� �.�� ±�.$� �"$

� �π�π�π− �$� �.%� ±�."� ���

� � 
�ν� �$� �.� ��.%
−�.	 ���

�−��π� �$� �.�% ±�.�� �		

��'�''�6��%%#����$ $���(���'�''�6��%%#����$ $���(���'�''�6��%%#����$ $���(���'�''�6��%%#����$ $���(�

��−π� �$� �.�� ±�.�� 	��

��∗������ �
%$� �.�� ±�.�� ���

�����− �$� �.�" ±�.�% "��

��φ �
%$� <�.�� 	�: "�	

� �	�
���� � � �	�
�� →
���−

�$� <�.�" 	�: "��

 �
�

 �
�

 �
�

 �
�

� ��� � � �
� �
�
�
��

�� *�� ��� '��� �����#�$� ��
� �� �*� 7��#56��$�" %#�$������8

���� � � ���	.
 ± 
.� ���

�
��
�

− �
��
�

� �.	 ± 
. ���

���� "�)� τ � �		����−���× 	
−�" �

τ � ��. µ�

1���( ��(����#( %�#�����#�1���( ��(����#( %�#�����#�1���( ��(����#( %�#�����#�1���( ��(����#( %�#�����#�

�−π� α � −
. ± 
.�

�� �,������ ,������/ '�������� �!� ,��� +�������� 
�!���� +������>
+���� �' ������ �' '�������� +�� ,� '���� �� �� A�����/� ��� '����(�
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��−�−π� ���� $%$

��−�∗������ ���� ���

��−�−π��� �∗������ ���� $%$

���
� ���� 	�$

���π�π− ���� %�%

��−π�π�π− ���� %��

�−π� ���� �%"

�−π�π�π− ���� ��%

�−�� ���� "��

�− 
� ν� ���� ���

�− �� ��(�*��� ���� /

 ′�
�

 ′�
�

 ′�
�

 ′�
�

� ��� � � �
� �
�
�
��

�� *�� ��� '��� �����#�$� ��
� �� �*� 7��#56��$�" %#�$������8

���� � � � � .� ± �.	 ���
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� ′�
�

− �
��
�

� 	
�.� ± �.
 ���
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�
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�� *�� ��� '��� �����#�$� ��
� �� �*� 7��#56��$�" %#�$������8
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�
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 ± �.� ���
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�� *�� ��� '��� �����#�$� ��
� �� �*� 7��#56��$�" %#�$������8

�� ��� �
� ���� � � ��. ± 	.� ��� �4 � 	8�

�� ��� �
� ���� � � ��.	 ± 	.� ���

�����$�"&
� − �

��
�
� 	� . ± 	.� ��� �4 � 	8��

�
����$�"&

� − �
��
�

� 	��.� ± 	.	 ���

�� ��� �
� )�"" ;�$�* A < �.	 ���� �� � �
�

�� ��� �
� )�"" ;�$�* A <  . ���� �� � �
�
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� �
� π� ���� ���
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� π− ���� ��%
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�
−�

�� *�� ��� '��� �����#�$� ��
− �� �*� 7��#56��$�" %#�$������8

�� ����
�
� ���� � ����.� ± �.� ���

�� ����
�
� ���� � ���	.� ± �.� ���

�����%	�&
� − �

��
�
� �	�.� ± �.� ���

�
����%	�&

� − �
��
�

� ���.
 ± �.� ���

�� ����
�
� ;�$�* < 	 ���� �� � �
�

�� ����
�
� ;�$�* < 	� ���� �� � �
�

�� ��%	�& �2345 67�2
�� ��%	�& �2345 67�2
�� ��%	�& �2345 67�2
�� ��%	�& �2345 67�2
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� ′
� π ���� �"	

���
������
������
������
��� � ��� � � �
� �
�
�
−�

�� *�� ��� '��� �����#�$� ��
− �� �*� 7��#56��$�" %#�$������8

�� ���	 �
� ���� � � ��	. ± 	.� ���

�� ���	 �
� ���� � � ��	�.� ± �.	 ���

�������"&
� − �

��
�

� ���. ± 	.� ���

�������"&
� − �

��
�

� ���.� ± �.	 ���

�� ���	 �
� )�"" ;�$�* A < �. ���� �� � �
�

�� ���	 �
� )�"" ;�$�* A < . ���� �� � �
�

)� �� ππ +���� ��� ���������� (�� ,���/ �������� !�� �� ��$�"&π�

�� ����"& �2345 67�2
�� ����"& �2345 67�2
�� ����"& �2345 67�2
�� ����"& �2345 67�2
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��
�

π�π− ���� �	$

� �
� π�π− ���� �	�

��
�

��
�

��
�

��
�

� ��� � � 
���
��

�� *�� ��� '��� �����#�$� ��
� �� �*� 7��#56��$�" %#�$������8

���� � � ���. ± �. ��� �4 � 	8��

���� "�)� τ � �� ± 	��× 	
−�" �

τ � �	 µ�

�� �,������ ,������/ '�������� �!� ,��� +��������

��
�
�2345 67�2
��

�
�2345 67�2
��

�
�2345 67�2
��

�
�2345 67�2
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���−�−π� ���� $	�

� ��−π� ���� 	��

�−�−π�π� ���� ���

�− 
� ν� ���� ���

�−π� ���� ���

�−π�π� ���� %	�

�−π−π�π� ���� %"�

������ ������������� ������������� ������������� �������
�	 � −���	 � −���	 � −���	 � −��

��� � �� #� � �
� � � � #� �−

�
� � � #

��
�
��
�
��
�
��
�

� ��� � � 
���
��

� ��� � ��� (�� �����#�$� 
���
�� �� �*� 7��#5 ��$�" %#�$������8

���� � �  �� ± � ��� �4 � 	8��

���� "�)� τ � �	.��
 ± 
.
���× 	
−�� �

τ � �� µ�

)��� ,������/ '�������� ��� �������� �� �!���/� �!�� (��G�� �������/
�>,������ (��/��� ,� ���� *��������� ����� �� & ����� ��� �/>����/�
��&# ,������/ ������# ��� ��������� �Æ��������� )�� ����� (�� �� A2�
�>,����� *��������� '������� .�� → � >,�����& ��� ��� �!������� '�� ���
!���� .�� → � >,�����& = ���.� ± �.�&:�

)� ,������/ '�������� .�� >,����� → ��− ν� ������/& ��� .��
�
�

→
��
�

�− ν� ������/& ��� ��� *��� +������+���� ,������ �� ���������/

+������� *������� �' ���� (�� .�� → � >,�����& (��� ���� �� �����+���
.�� → � >,�����&# �� ������,�� �� �� ���� ����������� ��� ����� �'
�>1��!���� H��������

1�� �������!� ,������/ '��������# �'�'% ( → )± ������/# �� !�����
������� ��� +����*��������# ��� ,������/ '��������� )�� ��� ,� /������
��� ����

�

��
�
�2345 67�2
��

�
�2345 67�2
��

�
�2345 67�2
��

�
�2345 67�2
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�/ψ�	��� ��.%±�.�&× ��−� �%��

��� π− ���� ���"

��� ���	�
�
− ���� ��""

��� �−ν� ��(�*��� �*� �	.�±�.�& : /

��� �−ν� �".���.	−�.�& : ���%

��� π�π− �−ν� �".$±�.�& : ���%

�$− �+� < �.� × ��−" 	�: �%��

�π− < ".� × ��−" 	�: �%��

��− < ".� × ��−" 	�: �%��

�γ < �.� × ��−� 	�: �%��

������� ��������� ���� �� ��� ���������� ��������� ���� �� ��� ���������� ��������� ���� �� ��� ���������� ��������� ���� �� ��� ���

���� "�)� τ � �	.�
� ± 
.
���× 	
−�� �

)��� ,������/ '�������� ��� �������� �� �!���/� �!�� (��G�� �������/
�>,������ (��/��� ,� ���� *��������� ����� �� & ����� ��� �/>����/�
��&# ,������/ ������# ��� ��������� �Æ��������� )�� ����� (�� �� A2�
�>,����� *��������� '������� .�� → � >,�����& ��� ��� �!������� '�� ���
!���� .�� → � >,�����& = ���.� ± �.�&:�

)� ,������/ '�������� .�� >,����� → ��− ν� ������/& ��� .��
�
�

→
��
�

�− ν� ������/& ��� ��� *��� +������+���� ,������ �� ���������/

+������� *������� �' ���� (�� .�� → � >,�����& (��� ���� �� �����+���
.�� → � >,�����&# �� ������,�� �� �� ���� ����������� ��� ����� �'
�>1��!���� H��������

1�� �������!� ,������/ '��������# �'�'% ( → )± ������/# �� !�����
������� ��� +����*��������# ��� ,������/ '��������� )�� ��� ,� /������
��� ����

�>,����� 4�6FI)J 2 �2345 67�2
�>,����� 4�6FI)J 2 �2345 67�2
�>,����� 4�6FI)J 2 �2345 67�2
�>,����� 4�6FI)J 2 �2345 67�2


��� #�� #�� #��&��� #�� #�� #��&��� #��#�� #��&��� #��#�� #��& 1������� �;	 -;& � �6�9-�&

�µ−ν ��(�*��� � �.	� �.�
− �.�& : /

� �ν� ��(�*��� � �.%± �.�& : /
���(�*��� �"	 ±�� & : /
��−ν� ��(�*��� � �.�± �.%& : /
�����(�*��� ��� ± � & : /
�− �−ν� ��(�*��� � "."± �.$&× ��−� /




�
�
�
�

������ ������� 	�
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H3-!4

-*�� 4����#( -�'"� ��"( ���"�$�� ����'"��*�$ '�#(���8 -*� I�#���"� ��������
���"�$� �+�$���� )�# ��*�# '�#(���8 -*� ������� ;�$�*�� ��$ '#���*��� )#�������
)�# �*� #��������� �� �*�� -�'"� �#� 9#���6:����# %�#�����#�� '�� %�"� %��������
�#� �"�� ��+�� )�# ���� �) �*� � ��$ � #���������8

@�# ���� �) �*� #���������� �*� %�#�����#� ���� )#�� +�#���� %�#���"6;�+�
���"(��� �) ��#� �# "��� �*� ���� ���� �) $���� ��$ �� �� ��� �%%#�%#���� ��
�#��� �*� #���"�� �) �*� ���"(��� �� ��$�%��$��� �# �� �+�#��� �*�� �����*�#8
@�#�*�#��#�� �*� �(�������� �##�#� �� �*� #���"�� �#� ��� ;�"" ��$�#����$8
-*��� ;� ����""( ��"( ��+� #����� )�# �*� %�#�����#�8 :� �*�� �"�� ��+� � '���
����� )�# �*� ���� ��� %�#� �) �*� ���� �) �*� #��������� ��$ )�# �*� ;�$�*8
-*� �" 
 "� � ��� � %
�"���
� ��$ �*� �" 
 "� � ��� � %
�"���
� ��
�*� I�#���"� �������� #�+��; �*� %�#���"6;�+� ���"(���8

:*�� � 7������( *�� J�4 � . . .�K �� ��� #��*�� �*� �##�# �� �*� 7������( *��

'��� ��"�#��$ '( �*� J���"� )����#K 4� $�G��$ �� 4 �
√

χ�/�� − 	�� ;*�#� �

�� �*� ���'�# �) �����#������ ���$ �� ��"��"����� �*� 7������(8 :� $� �*��
;*�� 4 > 	� ;*��* �)��� ��$������ �*�� �*� �����#������ �#� ������������8
:*�� 4 > 	.� � ;� �"�� �*�; �� �*� I�#���"� �������� �� �$���#�� �) �*�
�����#������8 @�# ��#� �'��� 4� ��� �*� .��#�$������8

, $���( �������� � �� ��+�� )�# ���* $���( ��$�8 @�# � �6'�$( $���(� � ��
�*� �������� �) ���* $���( %#�$��� �� �*� #��� )#��� �) �*� $���(��� %�#���"�8
@�# � �6�#6��#�6'�$( $���(� � �� �*� "�#���� �������� ��( �) �*� %#�$���� ���
*�+� �� �*�� )#���8 @�# ��( #��������� �*� �"�!��& ���� �� ���$ �� ��"��"�����
�8 , $����# �J†K� �� �*�� ��"��� ��$������ �*�� �*� ��$� �� )�#'�$$�� ;*��
�*� ������" ������ �) #��������� �#� ���$� '�� �� �� )��� �""�;�$ $�� �� �*�
���&�#� ;�$�*� �) �*� #���������8

C�D -*� ������ �) �*� � ��$ � �#� ���� %#�����"( 5��;� �� � ����G�$
������ ���� ������8 -*� ���+�#���� )����# �� ���� 	 � � ��	.���
��±

.



�
 ���� �� "��� ;�"" 5��;� �*�� �#� �*� ������ �� �8

C#D -*��� �;� #���"�� �#� ��� ��$�%��$���� ��$ '��* ��� �*� ��#� %#�����
�����#����� �)

∣
∣	����

∣
∣��	�����8

C D -*� "���� �� )#�� ����#�"��(6�)6�����# �?%�#������� �� ������� 	
 � 	� �
	� 8 4�� �"�� �*� �*�#�� �) �*� ����#��8

C� D -*� G#�� "���� �� )�# � → ��(�*��� �# K$���%%��#����K ��$�� �) � '���$
%#����8 -*� �����$ ���#(� � #���* #���� �) "������ ������� �*� $�������
$���( ��$�� �#� ����� �*��� ��+��������$8 @�# ����%#����� �*� '���
"����� ��)�##�$ )#�� �*� �'��#+����� �) ������ #�( �L� �� τ � > 	
%

(#� �*� ������6#�( ���#��� ����� '�� �*�� "���� $�%��$� �� � ���'�# �)
�����%�����8 -*� '��� $�#��� �'��#+����� �) ���#�$ ����%#����� ��+��
τ ��9�� → 
−γ� > �× 	
" (#8

C
D -*�#� �� ���� ����#�+�#�( �'��� ;*��*�# ���"��# %*(���� ��$ ��$�"
$�%��$���� ���%"����� �*� ���"(��� )�# '���$ ����#��� �)#�� ;*��* �*�
'��� "���� ������8 -*� G#�� "���� *�#� �� )#�� #�����# �?%�#������ ;��*
)#�� ����#���8

C� D -*� %�#�����#� ��� �� � ��$ ��� )�# ����"�%����� ��$�� �#� $�G��$ '(
�  Cγλ��� � ��γ"� � !������(�

� σλν 	ν D�	 � ��$ φ�� �� $�G��$ '(

����� �
∣∣�����

∣∣
	φ�� 8 4�� �*� JH��� �� 9�#(�� 1���( I�#�����#�K
�� �*� ����#�� I�#���"� ��������8

C� D -���6#�+�#��" ��+�#����� #�7��#�� �*�� �� '� 
◦ �# 	�
◦8
C$D -*�� "���� �� )�# γ ���#���� '��;��� � ��$ 	

 5��8

C! D -*� $���( %�#�����#� γ ��$ 0 �#� ��"��"���$ )#�� α ��$ φ �����

γ �
√
	−α� ���φ � ���0 � − 	

α

√
	−α� ���φ 8

4�� �*� JH��� �� 9�#(�� 1���( I�#�����#�K �� �*� ����#�� I�#���"� ����6
����8

C' D 4�� �*� �������� )�# �*� %��� �������� #���� ���$ �� �*�� �����#�����8

C( D -*� �##�# ��+�� *�#� �� ��"( �� �$�����$ �����8 .� �� "�#��# �*�� �*� �##�#
�� �*� ;���*��$ �+�#��� �) �*� %�'"��*�$ +�"���8

C& D , �*��#�����" +�"�� ����� M!18

C�D 4�� �*� ���� �� J��� 9#���*��� @#�������K �� �*� ��� I�#���"� ��������8

C�D -*�� '#���*��� )#������ ���"�$�� �"" �*� $���( ��$�� �) �*� G��"6�����
#��������8

C"D ,� � ��$������ �� 
 �# � µ ��$�� ��� � ��� �+�# �*��� ��$��8

C�D -*� +�"�� �� )�# �*� ��� �) �*� �*�#�� ������ �# %�#���"������%�#���"�
������ ��$�����$8

C	D ,������� ����%�� �����#+������ �� �*�� �*� ��*�# �*�#$ �� ��� π�π�8

C� D , ���� �*�� �*� ����%�� �� ��$��$ 
� �� �*�� �*� %�#���"� �� ��$��$ � ��� 8

C�D H� �'��"��� '#���*��� )#������� *�+� '��� �����#�$8 -*� +�"�� *�#� ��
�*� '#���*��� �� !" #�"���+� �� �−π�π�8

C D H�� � %�#� �����#�����8 4�� ���� �� *��$ �) ��� 1���( ��$��8

C�D E�#� $− ����� π− �# �−8



��������

�������� ������	
����

�������� ����������� ����������� ����������� ���

��	�
�������	�
�������	�
�������	�
�����

�
������������
������������
������������
�����������

����	�����������	�����������	�����������	�������

���
�����	�������
�����	�������
�����	�������
�����	����

����� ����	���	�� ��������� ����	���	�� ��������� ����	���	�� ��������� ����	���	�� ����

�������	 �
�
�
�� ���	����������	 �
�
�
�� ���	����������	 �
�
�
�� ���	����������	 �
�
�
�� ���	���

�������� ��	�
������ ����	��� ��������� ����� ��� ��� ���� ����
�
���� ��� ���� �������� ��	�
������ ������ ������� 
�������

���� �������
�� ��	�
������ ����	��� ��� ������

< �.�× ��−�� ��−��
−��−� ��
 �.�× ��−� < β < �.�

������������	 �����	�� ���	���������������	 �����	�� ���	���������������	 �����	�� ���	���������������	 �����	�� ���	���

������ �
� ����� �� ���  ������ !�	�
������
�� !�����
�  �����

"����	����� �������� �# χ̃�
�
$�
 γ̃# �� �������� ��	�
������
�� 	�
�����%

&#��	�
��� �� �����
��% '#(��� ��� ����	���� �� ˜� ��� ˜�) ��� �����

*��
+� �
� ������� �� �� ������
��� �� ���� ��� ��̃�

, ��̃�
� -# ������

��
 ���	���� 
���
 �� ��� ˜�� �������

!�� ��� .�
����� �������� ��
 � /��� ����� ������� �� ��	�
������
��

χ̃�� 0 ����
������ $�����
�� �� γ̃) ˜��) ��� ˜��
� #

 ��� �
χ̃�

�

> -1 2�3) 4� , 567 8��� ���β) ��� 9��) ��� ��:

 ��� �
χ̃�

�

> 1&.- 2�3) 4� , 567

8�<���β <-�) ��� ��) ��� �χ̃�

�

− �
χ̃�

�

:

 ��� �
χ̃�

�

> 55.5 2�3) 4� , 567

8�<���β <-�) ��� ��) ��� �χ̃�

�

− �
χ̃�

�

:

χ̃±
� 0 ���
����� $�����
�� �� ˜�± ��� ˜�±

� #

 ��� �
χ̃±
�

> 5- 2�3) 4� , 567

8���β < -�) �
χ̃±
�

− �
χ̃�

�

> ' 2�3) ��� ��:

�̃ 0 �����
 �����
�� $������
��#

 ��� � > ;' 2�3) 4� , 567 8��� ��̃�
<�

χ̃�

�

:

µ̃ 0 �����
 ���� $�����#

 ��� � > 5- 2�3) 4� , 567

8� ≤ ���β ≤ -�) �µ̃�
<�

χ̃�

�

> �� 2�3:

τ̃ 0 �����
 ��� $����#

 ��� � > =�.5 2�3) 4� , 567

8�τ̃�
− �

χ̃�

�

>�6 2�3) ��� θτ :

�̃ 0 �����
 *��
+ $�*��
+#

����� ������ ������� ��� �>���� �� ������� ������) ��������
�������� � ���� ���� �� ��� 	�
�����
� µ ��� ���β� ���
������ �
� ?��+�� �������� �� ����� 	�
�����
� ��
 ���� ��
	�
�����
 �	���� ������ ������ 2@� 
�������� ���?��� �����
��� ������ ��� ��� ����� ���	�����

 ��� � > &6� 2�3) 4� , 567 8���β , &) µ <�) 	 , �:

˜� 0 �����
 ������ $�������#

 ��� � > =5 2�3) 4� , 567 8�
˜��

− �
χ̃�

�

>= 2�3) ��� θ� :

˜� 0 �����
 ��	 $���	#

 ��� � > 56.; 2�3) 4� , 567

8˜� → 
 χ̃�
�
) ��� θ� ) �˜�

− �
χ̃�

�

>�� 2�3:

�̃ 0 ������

��� ������ �����
���� ��
� 
���
 �� ��� ��������� 
�����
$��̃ � 6 2�3#) ��� ������� ��� �>���� �� ������� ������) ����
����� �������� � ���� ���� �� ��� 	�
�����
� µ ��� ���β�
��� ������ �
� ?��+�� �������� �� ����� 	�
�����
� ��
 ����
�� 	�
�����
 �	���� ������ ������ 2@� 
�������� ���?���
������� ������ ��� ��� ����� ���	����)

 ��� � > �56 2�3) 4� , 567 8��� ��̃:

 ��� � > '�� 2�3) 4� , 567 8��̃ , ��̃ :

��	���	
�
���	���	
�
���	���	
�
���	���	
�
�

!��
���� ��
 � ����
������ �������ρ �����
��� ��� ���� �� �� �
����

���� &1� �� -=� 2�3) ��	������ �� ����?�� ����� ��������� !�����

������ ����� �� ��� ����
������ �������ω�

����� ��� ����
� �
��
�������������� ��� ����
� �
��
�������������� ��� ����
� �
��
�������������� ��� ����
� �
��
���������

���	��� �
����	��� �
����	��� �
����	��� �
�

!���� ������ A ��
 4������ ����
�������!���� ������ A ��
 4������ ����
�������!���� ������ A ��
 4������ ����
�������!���� ������ A ��
 4������ ����
�������

$��� ��?��� ����������� ����
������� ?��� ���
 ��
�����#$��� ��?��� ����������� ����
������� ?��� ���
 ��
�����#$��� ��?��� ����������� ����
������� ?��� ���
 ��
�����#$��� ��?��� ����������� ����
������� ?��� ���
 ��
�����#

�� ��� ���
������ ��� ��� ��
�

± ��

���
ψ� γµ ψ�ψ� γ µ ψ�

$?��� ��B-π ��� �*��� �� �#) ���� ?� ����� A ≡ A±��� C�
 ���
���� ���������� ��� ��
 ����
 ��
��) ��� ��� /��� �� ��� ��������
�� !��
���� ��
 D��
+ ��� ��	��� 4��	��������� �� ��� ���� ���
��� ��� ��� �
������ ����
���
��

A���$� � � �# > =.' ��3) 4� , 567

A−
��$� � � �# > ��.' ��3) 4� , 567

A���$� �µµ# > =.6 ��3) 4� , 567

A−
��$� � µµ# > 1.' ��3) 4� , 567

A���$� � τ τ# > 6.- ��3) 4� , 567

A−
��$� � τ τ# > 1.6 ��3) 4� , 567

A���$����# > 5.� ��3) 4� , 567

A−
��$����# > ;.= ��3) 4� , 567

A���$� � ��# > &'.' ��3) 4� , 567

A−
��$� � ��# > �&.6 ��3) 4� , 567

A���$� � � �# > ��.� ��3) 4� , 567

A−��$� � � �# > &1.- ��3) 4� , 567

A���$� � 
 
# > �.� ��3) 4� , 567

A−��$� � 
 
# > &.� ��3) 4� , 567

A���$� � ��# > 6.1 ��3) 4� , 567

A−
��$� � ��# > -.5 ��3) 4� , 567

A���$µµ��# > &.5 ��3) 4� , 567

A−
��$µµ��# > -.& ��3) 4� , 567

A$�ν �ν# > '.�� ��3) 4� , 5�7

A$� ν ��# > &.=� ��3) 4� , 567

A���$����# > &.; ��3) 4� , 567

A−
��$����# > &.- ��3) 4� , 567

A���$ν ν ��# > 6.� ��3) 4� , 567

A−
��$ν ν ��# > 6.- ��3) 4� , 567



��������

�������� ������	
����

E������ ��	����E������ ��	����E������ ��	����E������ ��	����

��� ������ �
�� �∗� �∗− �� ��� ��	��� �� λ $?��
� λ �� ���
��∗ �
�������� ���	����#� ��� λ���	������ ������ ������ ���
��
���	�����

�∗± 0 ������� �����
��

 ��� � > ��'.& 2�3) 4� , 567 $�
�� �∗ �∗#
 ��� � > &66 2�3) 4� , 567 $�
�� � �∗#
 ��� � > '�� 2�3) 4� , 567 $�� λγ , �#

µ∗± 0 ������� ����

 ��� � > ��'.& 2�3) 4� , 567 $�
�� µ∗µ∗#
 ��� � > �5� 2�3) 4� , 567 $�
�� µµ∗#

τ∗± 0 ������� ���

 ��� � > ��'.& 2�3) 4� , 567 $�
�� τ∗ τ∗#
 ��� � > �=6 2�3) 4� , 567 $�
�� τ τ∗#

ν∗ 0 ������� ����
���

 ��� � > ��&.1 2�3) 4� , 567 $�
�� ν∗ ν∗#
 ��� � > �5� 2�3) 4� , 567 $�
�� ν ν∗#

�∗ 0 ������� *��
+

 ��� � > -6.1 2�3) 4� , 567 $�
�� �∗�∗#
 ��� � $�
�� �∗F#

4���
 !����� ��� G���� .�
������4���
 !����� ��� G���� .�
������4���
 !����� ��� G���� .�
������4���
 !����� ��� G���� .�
������

4���
 !����� D��
+� $��#

 ��� � > =- 2�3) 4� , 567 $!����� ��#

4���
 G���� 4��
��� ��	���� $��#

 ��� � > =1 2�3) 4� , 567 $!����� ��#

4���
 G���� /���
���� $ν�#

 ��� � > ��� 2�3) 4� , 5�7 $ν� → ν � #

�����  ������
�������  ������
�������  ������
�������  ������
��

.����� 
���
 �� ��� E��
� H��������� ������� �� ��� ���� ����� ��
 �
���������� �� ��� ��������	������� �� ����� ������) ��� ��
���

�����
������

4����
����� �� ��� ����������� �
���� �����4����
����� �� ��� ����������� �
���� �����4����
����� �� ��� ����������� �
���� �����4����
����� �� ��� ����������� �
���� �����

�� > �.� ��3) 4� , 567 $����= �	�
���
�% �� → �� �−) γ γ#

�	 > �.� ��3) 4� , 567 $�� �− → � γ% &���� ����������#

�	 > '<���� ��3 $���
�	���� ��� ���������% &���� ����������%

������ ��	��� �� ������*�� ��� �����	�����#

4����
����� �� ��� 
����� �� ��� ���
� ����������)4����
����� �� ��� 
����� �� ��� ���
� ����������)4����
����� �� ��� 
����� �� ��� ���
� ����������)4����
����� �� ��� 
����� �� ��� ���
� ����������)

��
 ��� ���� �� �?����� ���������� �� �*��� 
������
 ��� ���� �� �?����� ���������� �� �*��� 
������
 ��� ���� �� �?����� ���������� �� �*��� 
������
 ��� ���� �� �?����� ���������� �� �*��� 
����

� < 5�<11� �� $���
�	������% ������ ��	��� �� ������*�� ���

�����	�����#

� < �.&& ��) 4� , 567 $��
��� ����� �� /�?���I� ��?% �����

�� E��
� H��������� 
���?#



��������

����� �� ������	
���� �
�

TESTS OF CONSERVATION LAWS

Updated June 2006 by L. Wolfenstein and T.G. Trippe.

In keeping with the current interest in tests of conservation

laws, we collect together a Table of experimental limits on

all weak and electromagnetic decays, mass differences, and

moments, and on a few reactions, whose observation would

violate conservation laws. The Table is given only in the full

Review of Particle Physics, not in the Particle Physics Booklet.

For the benefit of Booklet readers, we include the best limits

from the Table in the following text. Limits in this text are for

CL=90% unless otherwise specified. The Table is in two parts:

“Discrete Space-Time Symmetries,” i.e., C, P , T , CP , and

CPT ; and “Number Conservation Laws,” i.e., lepton, baryon,

hadronic flavor, and charge conservation. The references for

these data can be found in the the Particle Listings in the

Review. A discussion of these tests follows.

CPT INVARIANCE

General principles of relativistic field theory require invari-

ance under the combined transformation CPT . The simplest

tests of CPT invariance are the equality of the masses and

lifetimes of a particle and its antiparticle. The best test comes

from the limit on the mass difference between K0 and K
0
. Any

such difference contributes to the CP -violating parameter ε.

Assuming CPT invariance, φε, the phase of ε should be very

close to 44◦. (See the review “CP Violation in KL decay” in

this edition.) In contrast, if the entire source of CP violation

in K0 decays were a K0 − K
0

mass difference, φε would be

44◦ + 90◦.
Assuming that there is no other source of CPT violation

than this mass difference, it is possible to deduce that[1]

m
K

0 − mK0 ≈
2(mK0

L
− mK0

S
) |η| ( 2

3
φ+− + 1

3
φ00 − φSW)

sin φSW
,

where φSW = (43.51 ± 0.05)◦, the superweak angle. Using our

best values of the CP -violation parameters, we get |(m
K

0 −
mK0)/mK0 | ≤ 10−18 at CL=95%. Limits can also be placed on

specific CPT -violating decay amplitudes. Given the small value

of (1−|η00/η+−|), the value of φ00 −φ+− provides a measure of

CPT violation in K0
L → 2π decay. Results from CERN[1] and

Fermilab[2] indicate no CPT -violating effect.

CP AND T INVARIANCE

Given CPT invariance, CP violation and T violation

are equivalent. The original evidence for CP violation came

from the measurement of |η+−| = |A(K0
L → π+π−)/A(K0

S

→ π+π−)| = (2.236 ± 0.007) × 10−3. This could be explained

in terms of K0–K
0

mixing, which also leads to the asymmetry

[Γ(K0
L → π−e+ν)−Γ(K0

L → π+e−ν)]/[sum] = (0.332±0.006)%.

Evidence for CP violation in the kaon decay amplitude comes

from the measurement of (1 − |η00/η+−|)/3 = Re(ε′/ε) =

(1.66 ± 0.26) × 10−3. In the Standard Model much larger CP -

violating effects are expected. The first of these, which is associ-

ated with B–B mixing, is the parameter sin(2β) now measured

quite accurately to be 0.725 ± 0.037. A number of other CP -

violating observables are being measured in B decays; direct

evidence for CP violation in the B decay amplitude comes from

the asymmetry [Γ(B
0 → K−π+) − Γ(B0 → K+π−)]/[sum] =

−0.113 ± 0.020. Direct tests of T violation are much more dif-

ficult; a measurement by CPLEAR of the difference between

the oscillation probabilities of K0 to K0 and K0 to K0 is

related to T violation [3]. Other searches for CP or T viola-

tion involve effects that are expected to be unobservable in the

Standard Model. The most sensitive are probably the searches

for an electric dipole moment of the neutron, measured to be

< 6× 10−26 e cm, and the electron (0.07± 0.07)× 10−26 e cm.

A nonzero value requires both P and T violation.

CONSERVATION OF LEPTON NUMBERS

Present experimental evidence and the standard electroweak

theory are consistent with the absolute conservation of three

separate lepton numbers: electron number Le, muon number

Lµ, and tau number Lτ , except for the effect of neutrino mixing

associated with neutrino masses. Searches for violations are of

the following types:

a) ∆L = 2 for one type of charged lepton. The best

limit comes from the search for neutrinoless double beta decay

(Z, A) → (Z + 2, A) + e− + e−. The best laboratory limit is

t1/2 > 1.9 × 1025 yr (CL=90%) for 76Ge.

b) Conversion of one charged-lepton type to another.

For purely leptonic processes, the best limits are on µ → eγ

and µ → 3e, measured as Γ(µ → eγ)/Γ(µ →all) < 1.2 × 10−11

and Γ(µ → 3e)/Γ(µ → all) < 1.0 × 10−12. For semileptonic

processes, the best limit comes from the coherent conver-

sion process in a muonic atom, µ−+ (Z, A) → e− + (Z, A),

measured as Γ(µ−Ti → e−Ti)/Γ(µ−Ti → all) < 4 × 10−12.

Of special interest is the case in which the hadronic fla-

vor also changes, as in KL → eµ and K+ → π+e−µ+,

measured as Γ(KL → eµ)/Γ(KL → all) < 4.7 × 10−12 and

Γ(K+ → π+e−µ+)/Γ(K+ → all) < 1.3 × 10−11. Limits on

the conversion of τ into e or µ are found in τ decay

and are much less stringent than those for µ → e con-

version, e.g., Γ(τ → µγ)/Γ(τ → all) < 6.8 × 10−8 and

Γ(τ → eγ)/Γ(τ → all) < 1.1 × 10−7.

c) Conversion of one type of charged lepton into

another type of charged antilepton. The case most studied

is µ− + (Z, A) → e+ + (Z − 2, A), the strongest limit being

Γ(µ−Ti → e+Ca)/Γ(µ−Ti → all) < 3.6 × 10−11.

d) Neutrino oscillations. If neutrinos have mass, then it

is expected even in the standard electroweak theory that the

lepton numbers are not separately conserved, as a consequence

of lepton mixing analogous to Cabibbo quark mixing. However,

if the only source of lepton-number violation is the mixing of

low-mass neutrinos then processes such as µ → eγ are expected

to have extremely small unobservable probabilities. For small

neutrino masses, the lepton-number violation would be observed

first in neutrino oscillations, which have been the subject of

extensive experimental searches. Strong evidence for neutrino

mixing has come from atmospheric and solar neutrinos. The

SNO experiment has detected the total flux of neutrinos from

the sun measured via neutral current interactions and found it
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greater than the flux of νe. This confirms previous indications

of a deficit of νe and can be explained by oscillations with

∆(m2) = (8.0+0.4
−0.3) × 10−5 eV2. Evidence for such oscillations

for reactor ν has been found by the KAMLAND detector. In

addition, underground detectors observing neutrinos produced

by cosmic rays in the atmosphere have found a factor of

2 deficiency of upward going νµ compared to downward. This

provides compelling evidence for νµ disappearance, for which the

most probable explanation is νµ → ντ oscillations with nearly

maximal mixing and ∆(m2) of the order 0.0019–0.0030 eV2.

CONSERVATION OF HADRONIC FLAVORS

In strong and electromagnetic interactions, hadronic fla-

vor is conserved, i.e. the conversion of a quark of one flavor

(d, u, s, c, b, t) into a quark of another flavor is forbidden. In

the Standard Model, the weak interactions violate these conser-

vation laws in a manner described by the Cabibbo-Kobayashi-

Maskawa mixing (see the section “Cabibbo-Kobayashi-Maskawa

Mixing Matrix”). The way in which these conservation laws are

violated is tested as follows:

(a) ∆S = ∆Q rule. In the strangeness-changing semilep-

tonic decay of strange particles, the strangeness change equals

the change in charge of the hadrons. Tests come from limits on

decay rates such as Γ(Σ+ → ne+ν)/Γ(Σ+ → all) < 5 × 10−6,

and from a detailed analysis of KL → πeν, which yields the

parameter x, measured to be (Rex, Im x) = (−0.002 ± 0.006,

0.0012 ± 0.0021). Corresponding rules are ∆C = ∆Q and ∆B

= ∆Q.

(b) Change of flavor by two units. In the Standard

Model this occurs only in second-order weak interactions. The

classic example is ∆S = 2 via K0 − K
0

mixing, which is

directly measured by m(KL)−m(KS) = (3.483±0.006)×10−12

MeV. There is now evidence for B0 − B
0

mixing (∆B = 2),

with the corresponding mass difference between the eigenstates

(mB0
H
− mB0

L
) = (0.776 ± 0.008)ΓB0 = (3.337 ± 0.033) × 10−10

MeV, and for B0
s–B

0
s mixing, with (mB0

sH
–mB0

sL
) > 19.9 ΓB0

s
or

> 9×10−9 MeV (CL=95%). For D0−D
0

mixing mD0
H
−mD0

L
<

5× 10−11 MeV. All results are consistent with the second-order

calculations in the Standard Model.

(c) Flavor-changing neutral currents. In the Standard

Model the neutral-current interactions do not change flavor.

The low rate Γ(KL → µ+µ−)/Γ(KL → all) = (6.87 ± 0.11) ×
10−9 puts limits on such interactions; the nonzero value for this

rate is attributed to a combination of the weak and electromag-

netic interactions. The best test should come from K+ → π+νν,

which occurs in the Standard Model only as a second-order

weak process with a branching fraction of (0.4 to 1.2)×10−10.

Recent results, including observation of two events, yields

Γ(K+ → π+νν)/Γ(K+ → all) = (1.5+1.3
−1.9)×10−10[4]. Limits for

charm-changing or bottom-changing neutral currents are much

less stringent: Γ(D0 → µ+µ−)/Γ(D0 → all) < 1.3 × 10−6 and

Γ(B0 → µ+µ−)/Γ(B0 → all) < 3.9 × 10−8. One cannot isolate

flavor-changing neutral current (FCNC) effects in non leptonic

decays. For example, the FCNC transition s → d + (u + u) is

equivalent to the charged-current transition s → u + (u + d).

Tests for FCNC are therefore limited to hadron decays into

lepton pairs. Such decays are expected only in second-order in

the electroweak coupling in the Standard Model.
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�−�� � � ���
��η′����� → �γ�������	 <
.�× 
�−)� � � ���
��η′����� → µ!µ−π��������	 -�. <�.�× 
�−�� � � ���
��η′����� → µ!µ− η�������	 -�. <
.�× 
�−�� � � ���

����
� �� ��������������
� �� ��������������
� �� ��������������
� �� ����������

� �	������ ����	�  � ��� ��.�$ ± �.�$� × 
�−%� � � 
µ �	������ ����	�  � ��� ��.$ ± �.)�× 
�−
� � � 
/���τ � −�.%% �� �.)� × 
�−
� � � � � �

���

��η → π!π−�������	 <
.�× 
�−�� � � ���
��η → π�π��������	 <).�× 
�−)� � � ���
��η → )π��������	 <�.�× 
�−$� � � ���
��η′����� → π!π−�������	 <%× 
�−%� � � ���
��η′����� → π�π��������	 <�× 
�−)� � � ���
��η� �
�� → π!π−�������	 <�.$× 
�−)� � � ���
��η� �
�� → π�π��������	 <�.�× 
�−)� � � ���
��η� �
�� → �!�−�������	 <$.�× 
�−)� � � ���
��η� �
�� → ��

�
��
�
�������	 <).%× 
�−)� � � ���

� �	������ ����	�  � ��� <�.�)× 
�−%� � � 
	 �	������ ����	�  � ��� <�.��× 
�−%� � � � � � ���

 �	������ ����	�  � ��� <
.�× 
�−
� � � � � � ���

0�	��� ��#��*��� ������� 	� ��� ��� ����� �� �#� ��� ���1����� 	���	� *#�	� ������
��� ����� �� ±
 �������� ���������,



��������

����� �� ������	
���� �
�


��� �������� ��  ����������
��� �������� ��  ����������
��� �������� ��  ����������
��� �������� ��  ����������

������ �� �� µ� τ � �� �� ��	 � 
�
���� 	����
 ���
��� ��	
 �����

��������
 ����
 �
 ���� �
��� �� ���
 �
�
��� ��������
�

µ ����� ���� �����

���������� �! ��	���2����� ��� �	 ��

�	��� �" µ ����� �!  � ���( 

�−% ± ��× 
�−�

α′�� �� ± )� × 
�−�
β′�� �
 ± �� × 
�−�

�T �� �! → π�µ! νµ �−
.$ ± %.��× 
�−�
�T �� �! → µ! νµγ �−�.� ± 
.��× 
�−%
3 �ξ� �� �! → π�µ! νµ ����� �"�� 

���������� µ ��	,�

−�.��� ± �.���

���  ���� � �� �����  �&��� ��.� ± 
.��× 
�−�
3 �ξ� �� ��µ� ����� �"�� ���������� µ ��	,� −�.��$ ± �.�%�
� ��

�
�
�±π!π−� �� �± �.�% ± �.�$

� ��
!�−π!π−� �� ��� �� �.�
 ± �.�$

� ��
�
�
�±π!π−� �� �±

�
−�.�) ± �.�$

	 → ��− ν� ����� ���� �����

φ�� � �#��� �" �� ��	����� �� �� -�. �
��.�� ± �.�$�◦
����	� �����	����� ���Æ����� � �−) ± ��× 
�−)

����	� �����	����� ���Æ����� � "�� �− →
	�− ν�

�.

 ± �.
�

�� ������������ ������������ ������������ ����������

/����
τ
� <�.��× 
�−
$ � � � � � ���

3 ���τ � <
.
× 
�−
$ � � � � � ���
��η → π!π−�������	 <
.�× 
�−�� � � ���
��η → π�π��������	 <).�× 
�−)� � � ���
��η → )π��������	 <�.�× 
�−$� � � ���
��η′����� → π!π−�������	 <%× 
�−%� � � ���
��η′����� → π�π��������	 <�× 
�−)� � � ���
�± → π±π!π− ���� ��4�������������� ��.�� ± �.
%��
�± → π±π�π� ���� ��4�������������� ��.� ± �.���
�± → π±π� γ ���� ��4�������������� ��.� ± �.���
�± → π±π!π− ��! − �−� � ��! !

�−�
�
.� ± %.��× 
�−)

�± → π±π�π� ��! − �−� � ��! ! �−� ��.�% ± �.
���

5��±
πµµ

� �
����

πµµ�−���−
πµµ�

����

πµµ�!���
−
πµµ�

−�.�% ± �.
%

�� � - ���
�
�

→ π− �! ν� � � ���
�
�

→
π! �− ν� � . � +06

�% ± 
�� × 
�−�

3 �η!−�� � 3 �7���� → π!π−π�� ���

���	������ � 7���
�

→ π!π−π���

−�.��% ± �.���

3 �η���� � 3 ����
�
�

→
π�π�π�������

�
→ π�π�π���

�−�.
 ± 
.��× 
�−%

∣
∣η���

∣
∣ �

∣
∣����

�
→ �π�������

�
→ �π��

∣
∣ <�.�
�� � � ���

�� ���  ���� � �� ��
�

→ π!π− �! �− �−
 ± )��
����

�
→ �π��������	 <
.%× 
�−$� � � ���

	����� ���Æ����� � "�� ��
�
→ π!π−π� �.��
% ± �.����

'(������� ���Æ����� � "�� ��
�
→ π!π−π� �.��) ± �.���

∣
∣ε
′
!−γ

∣
∣�ε "�� ��

�
→ π!π− γ <�.�� � � ���

����
�

→ π�µ!µ−�������	 -�. <�.�× 
�−
�� � � ���
����

�
→ π� �! �−�������	 -�. <%.�× 
�−
�� � � ���

����
�

→ π� ν ν�������	 -�. <�.�× 
�−$� � � ���
��� ��

�
�

π±� �� �± −�.�
� ± �.�
$
��� ��

�
�
�±� �� �± �.�$ ± �.��

��� ��
!�−π±� �� �± �.��$ ± �.���

��� ��
±�∗�� �� �± �.��� ± �.�
$

�CP �φπ±� �� �± −�.��
 ± �.�
�
��� �π

!π−π±� �� �± −�.�% ± �.�)
��� ��

�
�
�±π!π−� �� �± −�.�) ± �.�$

��� ��
!�−� �� ��� �� �.�
) ± �.�
�

��� ��
�
�
��
�
� �� ��� �� −�.%� ± �.
�

��� �π
!π−� �� ��� �� �.�
� ± �.�
%

��� �π
�π�� �� ��� �� �.�� ± �.��

��� �π
!π−π�� �� ��� �� �.�
!�.
�−�.��

��� ��
�
�

φ� �� ��� �� −�.�� ± �.��

��� ��
�
�

π�� �� ��� �� �.��
 ± �.�
�
��� ��

±π∓� �� ��� �� �.�� ± �.�)
��� ��

∓π±π�� �� ��� �� −�.�� ± �.��
��� ��

±π∓π�� �� ��� �� �.�� ± �.��
��� ��

�
�

π!π−� �� ��� �� −�.���!�.�%�−�.��

��� ��

±π∓π!π−� �� ��� �� −�.�% ± �.�)
��� ��

!�−π!π−� �� ��� �� −�.�� ± �.�$
��� ��

! → �/ψ�
���!� −�.�%) ± �.�
)
��� ��

! → �/ψ�
��π!� �.�� ± �.��
��� ��

! → �/ψ�∗���%�!� �.�)� ± �.���
��� ��

! → ψ�%���!� −�.�%� ± �.�%)
��� ��

! → ψ�%���∗���%�!� −�.�� ± �.%

��� ��

! → χ�
�
!� �.�� ± �.��

��� ��
! → χ�
�

∗���%�!� −�.� ± �.�
��� ��

! → ��π!� −�.��� ± �.���
��� ��

! → �CP �!
�π
!� �.��� ± �.�%)

��� ��
! → �CP �−
�π!� �.�
$ ± �.�%�

��� ��
! → ���!� �.�$ ± �.�)

��� ��
! → -�−π!.� �!� �.�!�.�−�.�

��� ��
! → -�−π!.

�
�∗���%�!� −�.% ± �.�

��� ��
! → -�−π!.� π!� �.��!�.��−�.%�

��� ��
! → -π!π−π� .��!� −�.�% ± �.
�

��� ��
! → ����!
��

!� �.%% ± �.
) �+ � 
,)�
��� ��

! → ����−
��!� −�.�� ± �.
�
��� ��

! → �∗�π!� −�.�
) ± �.�
�
��� ��

! → �D∗
CP �!
�

��π!� −�.�% ± �.��
��� ��

! → �D∗
CP �−
��

�π!� −�.�� ± �.��
��� ��

! → �∗��!� −�.�� ± �.��
��� ��

! → �∗�
CP �!
�

�!� −�.
� ± �.
�
��� ��

! → �∗
CP �−
��

!� �.
� ± �.�

��� ��

! → �CP �!
��
∗���%�!� −�.�� ± �.%


��� ��
! → �CP �−
��∗���%�!� −�.� ± �.)

��� ��
! → ��

�
π!� −�.�% ± �.�$ �+ � 
,��

��� ��
! → �!π�� �.�) ± �.�)

��� ��
! → �! η′� �.�%� ± �.�%�

��� ��
! → η�!� −�.%� ± �.
)

��� ��
! → η�∗���%�!� �.
� ± �.
)

��� ��
! → ω�!� −�.�% ± �.
�

��� ��
! → �∗�π!� �.�$ ± �.
�

��� ��
! → �!π−π!� −�.�
 ± �.�)

��� ��
! → ��������

!� �.��!�.
)−�.


��� ��

! → ρ��!� �.�% ± �.
�
��� ��

! → �∗
��
)���

�π!� −�.�� ± �.�)
��� ��

! → �∗���%�!π�� �.�) ± �.%�
��� ��

! → ρ��∗���%�!� �.%� ± �.�

��� ��

! → ���!� �.
� ± �.��
��� ��

! → �!��
�
��
�
� −�.�) ± �.



��� ��
! → �!�−�!� �.�% ± �.��

��� ��
! → φ�!� �.�
 ± �.�$

��� ��
! → φ�∗���%�!� �.�� ± �.



��� ��
! → η�! γ� −�.
� ± �.



��� ��
! → π!π�� −�.�% ± �.�$

��� ��
! → π!π−π!� −�.�
 ± �.��

��� ��
! → ρ�π!� −�.�$ ± �.
�

��� ��
! → �%�
%$��π

!� �.�� ± �.%�
��� ��

! → ρ!π�� �.
� ± �.
%
��� ��

! → ρ! ρ�� −�.�� ± �.
�
��� ��

! → ωπ!� �.
� ± �.%% �+ � 
,��
��� ��

! → ωρ!� �.�� ± �.%�
��� ��

! → ηπ!� −�.�� ± �.
�
��� ��

! → η′π!� �.
) ± �.
�
��� ��

! → ηρ!� �.�% ± �.
�
��� ��

! → ��π!� −�.
� ± �.%%
��� ��

! → ���!� −�.�� ± �.


/��ε

�����
!
∣
∣ε
��

∣
∣%� �−
.� ± %.��× 
�−�

�/�� �.��� ± �.�
�
��� ��

� → �∗�%�
��!�−� �.�� ± �.�$

0�	��� ��#��*��� ������� 	� ��� ��� ����� �� �#� ��� ���1����� 	���	� *#�	� ������ ��� �����
�� ±
 �������� ���������,



��������

����� �� ������	
���� �
�

��� ��
� → �∗���%��φ� �.�
 ± �.�$

��� ��
� → �!π−� −�.

� ± �.�%�

��� ��
� → ��

�
π�� �.
� ± �.%�

��� ��
� → η�∗���%��� �.�% ± �.



��� ��
� → ρ!�−� �.%� ± �.
�

��� ��
� → �!π−π�� ������������ �.�$ ± �.



��� ��
� → �∗���%�!π−� −�.�� ± �.
)

��� ��
� → ρ!π−� −�.
� ± �.��

��� ��
� → ρ−π!� −�.�� ± �.��

��� ��
� → �∗�
)���γ� −�.�� ± �.
�

�
�∗�%�
��−�� ��

� → �∗�%�
��−�!� �.%� ± �.
�
�
�∗�%�
��−�� ��

� → �∗�%�
��−�!� −�.�� ± �.�% �+ � 
,%�
�
�∗�%�
����− ��� → �∗�%�
��!�−� −�.
$ ± �.%� �+ � 
,��

�
�∗�%�
����− ��� → �∗�%�
��!�−� −�.�) ± �.%$
�
�∗��∗− ��� → �∗!�∗−� �.%$ ± �.
$

�
�∗��∗− ��� → �∗!�∗−� −�.% ± �.) �+ � 
,%�
�! ��

� → �∗!�∗−� �.�� ± �.
$
�! ��

� → �∗!�∗−� −�.$� ± �.%�
�− ��� → �∗!�∗−� −�.% ± 
.�
�− ��� → �∗!�∗−� −
.� ± 
.�
�
���− ��� → �!�−� �.
 ± �.)

�
���− ��� → �!�−� −�.� ± �.�
�
�/ψ�
��π�

��� → �/ψ�
��π�� �.
� ± �.%)
�
�/ψ�
��π�

��� → �/ψ�
��π�� −�.) ± �.) �+ � 
,
�
�

ω��
�

��� → ω��
�
� −�.� ± �.�

�
ω��

�

��� → ω��
�
� �.� ± �.$

�
η′������ ��� → η′�������

�
� −�.�) ± �.%� �+ � %,��

�
η′������ ��� → η′�������

�
� �.)� ± �.
$ �+ � 
,��

�
��������

�
�

��� → ��������
�
�
� �.�� ± �.%�

�
��������

�
�

��� → ��������
�
�
� �.� ± �.)

��� �� ��
��� → �� �� �� � −�.)
 ± �.%


��� �� ��
��� → �� �� �� � −�.�!�.�−�.$ �+ � %,)�

�
���−��

�

��� → �!�−��
�
� �.�� ± �.
�

�
���−��

�

��� → �!�−��
�
� −�.)� ± �.
�

�
φ��

�

��� → φ��
�
� −�.�) ± �.
$

�
φ��

�

��� → φ��
�
� �.�� ± �.%


�
��
�

π�
��� → ��

�
π�� �.�� ± �.
)

�
��
�

π�
��� → ��

�
π�� �.�) ± �.%�

�
��
�

π� γ
��� → ��

�
π� γ� −�.� ± �.) �+ � 
,��

�
��
�

π� γ
��� → ��

�
π� γ� −�.�!�.�−�.� �+ � 
,��

�
�∗���%��γ

��� → �∗���%�� γ� −�.)� ± �.%�
�
�∗���%�� γ

��� → �∗���%�� γ� −�.�� ± �.��
�ππ ��

� → π!π−� −�.�� ± �.%� �+ � %,��
�ππ ��

� → π!π−� −�.)� ± �.
� �+ � 
,��
�

π�π�
��� → π�π�� −�.� ± �.)

�ρπ ��
� → ρ!π−� �.�� ± �.
�

�ρπ ��
� → ρ!π−� −�.�) ± �.%� �+ � 
,��

5�ρπ ��
� → ρ!π−� �.�� ± �.
�

5�ρπ ��
� → ρ!π−� −�.�$ ± �.%% �+ � 
,��

�ρρ ��
� → ρ! ρ−� −�.�% ± �.
$

�ρρ ��
� → ρ! ρ−� −�.%% ± �.%%

∣
∣λ

∣
∣ ��� → �/ψ�∗���%��� <�.%�� � � ���

�+! ! +−�/% ��� → �∗−π!� −�.�%� ± �.�
$ �+ � 
,��
�+− − +!�/% ��� → �∗−π!� −�.��
 ± �.�
�
�+! ! +−�/% ��� → �−π!� −�.�)� ± �.���
�+− − +!�/% ��� → �−π!� −�.�
 ± �.�)
��� �� → �∗���%�γ� −�.�
� ± �.�%�
��� �� → � γ� �.�� ± �.�)
��� �� → �� �! �−� −�.%% ± �.%�
��η� �
�� → π!π−�������	 <�.$× 
�−)� � � ���
��η� �
�� → π�π��������	 <�.�× 
�−)� � � ���

��η� �
�� → �!�−�������	 <$.�× 
�−)� � � ���
��η� �
�� → ��

�
��
�
�������	 <).%× 
�−)� � � ���

[
α−�
� ! α!�
�

]
�

[
α−�
� − α!�
�

]
�.�
% ± �.�%


-α��−�α−�
�−α����α��
�.

-α��−�α−�
�!α����α��
�.
�� ± $� × 
�−)

-α��− → 
�−�!α��! → 
�!�.�% �.�� ± �.�)
-α�
!

�
� ! α�
−

�
�. � -α�
!

�
� − α�
−

�
�. ��


!
�

→ 
π!� 
−
�

→ 
π−
−�.�$ ± �.�


-α�
!
�
� ! α�
−

�
�. � -α�
!

�
� − α�
−

�
�. ��


!
�

→ 
�! ν� � 

−
�

→ 
�− ν�

�.�� ± �.�)

�� �����
��� ���������� �����
��� ���������� �����
��� ���������� �����
��� ��������

/��ε� �
.��) ± �.�
�� × 
�−�
�#���� ���  ���� �� ���� ������

�� � *���#��� ������� �" ���µ� ���
�����

��.��% ± �.�����

���µ� � -��π
−µ! νµ�

− ��π!µ− νµ�.��( 

��.��) ± �.�%���

����� � -��π
− �! ν� �

− ��π! �− ν� �.��( 

��.��) ± �.��$��

���� ����� "�� ��
�
→ %π �����

∣
∣η��

∣
∣ �

∣
∣7���

�
→ %π�� �

7���
�

→ %π��
∣
∣

�%.%%� ± �.��$� × 
�−�

∣
∣η!−

∣
∣ �

∣
∣7���

�
→ π!π−� �

7���
�

→ π!π−�∣∣
�%.%�� ± �.��$� × 
�−�

∣
∣ε

∣
∣ � �%

∣
∣η!−

∣
∣ !

∣
∣η��

∣
∣��� �%.%�% ± �.��$� × 
�−�

∣
∣η���η!−

∣
∣ -�. �.���� ± �.���� �+ � 
,��

/��ε′�ε� � �
−∣
∣η���η!−

∣
∣��� -�. �
.�� ± �.%�� × 
�−� �+ � 
,��

7��( ��� ��

φ!−� �#��� �" η!− �)�.�% ± �.���◦ �+ � 
,%�
φ��� �#��� �" η�� �)�.�� ± �.���◦ �+ � 
,%�
φε � �%φ!− ! φ����� �)�.�
 ± �.���◦ �+ � 
,
�

8�� ���( ��� ��

φ!−� �#��� �" η!− �)�.) ± �.$�◦ �+ � 
,��
φ��� �#��� �" η�� �)�.$ ± �.��◦ �+ � 
,%�
φε � �%φ!− ! φ����� �)�.� ± �.$�◦ �+ � 
,��

�� ���  ���� � �� ��
�
→ π!π− �! �− �
�.$ ± 
.���

β�� "�� ��
�
→ �! �− �! �− −�.
� ± �.�$

γ�� "�� ��
�
→ �! �− �! �− �.�
 ± �.

 �+ � 
,��

���� ����� "�� ��
�
→ π!π− γ �����

∣
∣η!−γ

∣
∣ �

∣
∣7���

�
→ π!π− γ � ��

���	�������7���
�

→ π!π− γ�
∣
∣

�%.�� ± �.�$� × 
�−�

φ!−γ � �#��� �" η!−γ �)) ± )�◦
����

�
→ π!π−�������	 �
.�$� ± �.���� × 
�−�

����
�
→ π�π��������	 ��.�� ± �.�)� × 
�−) �+ � 
,
�

��� ��
� → �!π−� −�.

� ± �.�%�

9��� ����� "�� �� → �/ψ��
�

����%β� �.$%� ± �.��$

��� ������������� ������������� ������������� ����������

��
�� − �

�−� � �������� −�.��% ± �.��$
��

��
− �

�−� � �������� <�× 
�−�� � � ���
∣
∣�
��

! �
�−

∣
∣/� <)× 
�−�

��
��

− �
�− � � �������� �−�.� ± %.
�× 
�−
%

�τ
µ�

− τ
µ−� � τ ������� �% ± �� × 
�−�

��
µ�

− �
µ− � � �������� �−%.� ± 
.��× 
�−�

��
π�

− �
π−� � �������� �% ± �� × 
�−)

�τ
π�

− τ
π−� � τ ������� �� ± $� × 
�−)

��
�� − �

�−� � �������� �−�.� ± 
.��× 
�−)
�τ
�� − τ

�−� � τ ������� ��.

 ± �.���� �+ � 
,%�
�± → µ± νµ ���� ��4�������������� �−�.� ± �.)��
�± → π±π� ���� ��4�������������� -� . ��.� ± 
.%��
δ �� �� − ��  �&���

���	 ���� �" δ �%.� ± %.$�× 
�−)
� ������� ���� �" δ �−�.% ± %.��× 
�−�

0�	��� ��#��*��� ������� 	� ��� ��� ����� �� �#� ��� ���1����� 	���	� *#�	� ������ ��� �����
�� ±
 �������� ���������,



��������

����� �� ������	
���� �
�

/����� �e� ���� ���� ��.) ± %.��× 
�−�
/��&−�� ��� ���� ���� �−�.� ± %.��× 
�−�
∣
∣�
�� − �

��

∣
∣ � �������� -� . <
�−
�� � � ���

��
�� − �

������������ �� ± �� × 
�−
�
�#��� ��4������ φ�� − φ!− ��.% ± �.)�◦
/��%� η!− ! 


�η���−
δ�
% �−� ± ��� × 
�−�

��� ��
∓π±� �� �� → �−π!� �� →

�!π−
�.��� ± �.���

∣
∣��−��

∣
∣��� -�. <
.�× 
�−�� � � ���

�
∣
∣ ��
��

∣
∣:
�p
��
��
��
��

�−� ± ��× 
�−


∣∣�� ! ��

∣∣/� -�. <
.�× 
�−�� � � ���
�µ� ! µ��

/
µ� �−%.� ± %.��× 
�−�

��	 − �	 �� �	 �� ± �� × 
�−�
��
 − �



�

/
�
 �−�.
 ± 
.
�× 
�−� �+ � 
,��

�τ
 − τ


� � τ
 −�.��
 ± �.���

�τ
�� − τ

�−� � τ
�� �−�.� ± 
.%�× 
�−�

�µ
�� ! µ

�−�
/

µ
�� �.�
) ± �.�
�

��
�− − �

��� � ��− �
.
 ± %.$�× 
�−)
�τ
�− − τ

��� � τ
�− �.�% ± �.
�

�µ
�− ! µ

��� �
∣
∣µ
�−

∣
∣ !�.�
 ± �.��

��
�− − �

��� � ��− �−
 ± ��× 
�−�
�τ
�− − τ

��� � τ
�− −�.��% ± �.�)�

����� �� ������ 
�������	�� �������� �� ������ 
�������	�� �������� �� ������ 
�������	�� �������� �� ������ 
�������	�� ���

���
�� ������ �	�������
�� ������ �	�������
�� ������ �	�������
�� ������ �	����

�
���� ������ ����
 ����
������ �
��� �
����
 ����
������

�� 
��� �� �� � �µ� �τ �

�� → �±µ∓�������	 -! . <
.$× 
�−�� � � ���
�� → �± τ∓�������	 -! . <�.�× 
�−�� � � ���
�� → µ± τ∓�������	 -! . <
.%× 
�−�� � � ���
	� �� �� µ− → �− ����������

σ�µ− �%+ → �− �%+� �
σ�µ− �%+ → νµ

�%9∗�
<$× 
�−

� � � ���

σ�µ−;� → �−;�� �
σ�µ−;� → ����(���

<).�× 
�−
%� � � ���

σ�µ−9< → �−9<� �
σ�µ−9< → ����(���

<).�× 
�−

� � � ���

	� �� ��  (���( → ���� (���( 
���������� "� � #� � #$

<�.����� � � ���

��µ− → �− ν� νµ�������	 -�. <
.%× 
�−%� � � ���
��µ− → �− γ�������	 <
.%× 
�−

� � � ���
��µ− → �− �! �−�������	 <
.�× 
�−
%� � � ���
��µ− → �− %γ�������	 <$.%× 
�−

� � � ���
��τ− → �− γ�������	 <
.
× 
�−$� � � ���
��τ− → µ− γ�������	 <�.�× 
�−�� � � ���
��τ− → �−π��������	 <
.�× 
�−$� � � ���
��τ− → µ−π��������	 <).
× 
�−$� � � ���
��τ− → �−��

�
�������	 <�.
× 
�−$� � � ���

��τ− → µ−��
�
�������	 <�.�× 
�−$� � � ���

��τ− → �− η�������	 <%.)× 
�−$� � � ���
��τ− → µ− η�������	 <
.�× 
�−$� � � ���
��τ− → �− ρ��������	 <%.�× 
�−�� � � ���
��τ− → µ− ρ��������	 <�.�× 
�−�� � � ���
��τ− → �−�∗���%���������	 <�.
× 
�−�� � � ���
��τ− → µ−�∗���%���������	 <$.�× 
�−�� � � ���
��τ− → �−�∗���%���������	 <$.)× 
�−�� � � ���
��τ− → µ−�∗���%���������	 <$.�× 
�−�� � � ���
��τ− → �− η′������������	 <
.�× 
�−�� � � ���
��τ− → µ− η′������������	 <).$× 
�−$� � � ���
��τ− → �−φ�������	 <�.�× 
�−�� � � ���
��τ− → µ−φ�������	 <$.�× 
�−�� � � ���
��τ− → �− �! �−�������	 <%.�× 
�−$� � � ���
��τ− → �−µ!µ−�������	 <%.�× 
�−$� � � ���
��τ− → �!µ−µ−�������	 <
.�× 
�−$� � � ���

��τ− → µ− �! �−�������	 <
.�× 
�−$� � � ���
��τ− → µ! �− �−�������	 <
.
× 
�−$� � � ���
��τ− → µ−µ!µ−�������	 <
.�× 
�−$� � � ���
��τ− → �−π!π−�������	 <
.%× 
�−$� � � ���
��τ− → µ−π!π−�������	 <%.�× 
�−$� � � ���
��τ− → �−π!�−�������	 <�.%× 
�−$� � � ���
��τ− → �−π−�!�������	 <
.$× 
�−$� � � ���
��τ− → �−��

�
��
�
�������	 <%.%× 
�−�� � � ���

��τ− → �−�!�−�������	 <
.)× 
�−$� � � ���
��τ− → µ−π!�−�������	 <%.�× 
�−$� � � ���
��τ− → µ−π−�!�������	 <�.%× 
�−$� � � ���
��τ− → µ−��

�
��
�
�������	 <�.)× 
�−�� � � ���

��τ− → µ−�!�−�������	 <%.�× 
�−$� � � ���
��τ− → �−π�π��������	 <�.�× 
�−�� � � ���
��τ− → µ−π�π��������	 <
.)× 
�−�� � � ���
��τ− → �− ηη�������	 <�.�× 
�−�� � � ���
��τ− → µ− ηη�������	 <�.�× 
�−�� � � ���
��τ− → �−π� η�������	 <%.)× 
�−�� � � ���
��τ− → µ−π� η�������	 <%.%× 
�−�� � � ���
��τ− → �− 	��#� <�����������	 <%.$× 
�−�� � � ���
��τ− → µ− 	��#� <�����������	 <�× 
�−�� � � ���
�=9;>8 ?763�@ 806A=/ B3>�7;3>8 38 8=0;/38>+�=9;>8 ?763�@ 806A=/ B3>�7;3>8 38 8=0;/38>+�=9;>8 ?763�@ 806A=/ B3>�7;3>8 38 8=0;/38>+�=9;>8 ?763�@ 806A=/ B3>�7;3>8 38 8=0;/38>+

+�	�� 8�(������
���%�%θ
%� �.��!�.��−�.�)
5 %

%

��.�!�.)−�.��× 
�−� �B%

7� ���#���� 8�(������

���%�%θ%�� >�.�%

5 %
�%

-%. 
.� �� �.�× 
�−� �B%
��π! → µ! ν� �������	 -&. <�.�× 
�−�� � � ���
��π! → µ− �! �! ν�������	 <
.�× 
�−�� � � ���
��π� → µ! �−�������	 <�.�× 
�−
�� � � ���
��π� → µ− �!�������	 <�.)× 
�−�� � � ���
��π� → µ! �− ! µ− �!�������	 <
.$%× 
�−�� � � ���
��η → µ! �− ! µ− �!�������	 <�× 
�−�� � � ���
��η′����� → �µ�������	 <).$× 
�−)� � � ���
���! → µ− ν �! �!�������	 <%.�× 
�−�� � � ���
���! → µ! ν� �������	 -&. <)× 
�−�� � � ���
���! → π!µ! �−�������	 <
.�× 
�−

� � � ���
���! → π!µ− �!�������	 <�.%× 
�−
�� � � ���
����

�
→ �±µ∓�������	 -! . <).$× 
�−
%� � � ���

����
�

→ �± �±µ∓µ∓�������	 -! . <).
%× 
�−

� � � ���
����

�
→ π�µ± �∓�������	 -! . <�.%× 
�−�� � � ���

���! → π! �±µ∓�������	 -! . <�.)× 
�−�� � � ���
���! → �! �±µ∓�������	 -! . <�.�× 
�−�� � � ���
���� → µ± �∓�������	 -! . <�.
× 
�−$� � � ���
���� → π� �±µ∓�������	 -! . <�.�× 
�−�� � � ���
���� → η�± µ∓�������	 -! . <
.�× 
�−)� � � ���
���� → π!π− �±µ∓�������	 -! . <
.�× 
�−�� � � ���
���� → ρ� �±µ∓�������	 -! . <).�× 
�−�� � � ���
���� → ω�±µ∓�������	 -! . <
.%× 
�−)� � � ���
���� → �−�! �±µ∓�������	 -! . <
.�× 
�−)� � � ���
���� → φ�±µ∓�������	 -! . <�.)× 
�−�� � � ���
���� → �� �±µ∓�������	 -! . <
.�× 
�−)� � � ���
���� → �−π! �±µ∓�������	 -! . <�.��× 
�−)� � � ���
���� → �∗���%�� �±µ∓�������	 -! . <�.�× 
�−�� � � ���
���!

�
→ π! �±µ∓�������	 -! . <�.
× 
�−)� � � ���

���!
�

→ �! �±µ∓�������	 -! . <�.�× 
�−)� � � ���
���! → π! �!µ−�������	 <�.)× 
�−�� � � ���
���! → π! �−µ!�������	 <�.)× 
�−�� � � ���
���! → �! �!µ−�������	 <�× 
�−$� � � ���
���! → �! �−µ!�������	 <�.)× 
�−�� � � ���
���! → �∗���%�! �±µ∓�������	 <$.�× 
�−�� � � ���
���� → �±µ∓�������	 -! . <
.$× 
�−$� � � ���
���� → �� �±µ∓�������	 <).�× 
�−�� � � ���
���� → �∗���%�� �±µ∓�������	 <�.)× 
�−�� � � ���
���� → �± τ∓�������	 -! . <
.
× 
�−)� � � ���
���� → µ± τ∓�������	 -! . <�.�× 
�−�� � � ���
��� → �±µ∓ ��������	 -! . <%.%× 
�−�� � � ���
��� → π�±µ∓�������	 <
.�× 
�−�� � � ���
��� → ρ�±µ∓�������	 <�.%× 
�−�� � � ���
��� → � �±µ∓�������	 <
.�× 
�−�� � � ���

0�	��� ��#��*��� ������� 	� ��� ��� ����� �� �#� ��� ���1����� 	���	� *#�	� ������ ��� �����
�� ±
 �������� ���������,



��������

����� �� ������	
���� �
�

��� → �∗���%��±µ∓�������	 <�.%× 
�−�� � � ���
����

�
→ �±µ∓�������	 -! . <�.
× 
�−�� � � ���

�
(
�± τ∓)

������	 <�.�× 
�−�� � � ���
�
(
µ± τ∓)

������	 <%.�× 
�−�� � � ���
���/ψ�
�� → �±µ∓�������	 <
.
× 
�−�� � � ���
���/ψ�
�� → �± τ∓�������	 <�.�× 
�−�� � � ���
���/ψ�
�� → µ± τ∓�������	 <%.�× 
�−�� � � ���


�
�� ���
�� �	����
�
�� ���
�� �	����
�
�� ���
�� �	����
�
�� ���
�� �	����

��������� �� ����� �
���� ����
 ����
������ ���� �����
� ���������

�� �
���� ������ ����
 ����
�������

�� → ���������	 <
.�× 
�−�� � � ���
�� → �µ�������	 <
.�× 
�−�� � � ���
	� �� �� µ− → �! ����������

σ�µ− �%+ → �!�%+�∗� �
σ�µ− �%+ → νµ

�%9∗�
<�× 
�−
�� � � ���

σ�µ− 
%$3 → �!
%$+<∗� �
σ�µ− 
%$3 → ����#����

<�× 
�−
�� � � ���

σ�µ−;� → �!�� �

σ�µ−;� → ����(���

<�.�× 
�−

� � � ���

��τ− → �!π−π−�������	 <%.$× 
�−$� � � ���
��τ− → µ!π−π−�������	 <$× 
�−�� � � ���
��τ− → �!π−�−�������	 <
.�× 
�−$� � � ���
��τ− → �!�−�−�������	 <
.�× 
�−$� � � ���
��τ− → µ!π−�−�������	 <%.%× 
�−$� � � ���
��τ− → µ!�−�−�������	 <).�× 
�−$� � � ���
��τ− → � γ�������	 <�.�× 
�−�� � � ���
��τ− → �π��������	 <
.�× 
�−�� � � ���
��τ− → � %π��������	 <�.�× 
�−�� � � ���
��τ− → � η�������	 <�.�× 
�−�� � � ���
��τ− → �π� η�������	 <%.$× 
�−�� � � ���
��τ− → 
π−�������	 <$.%× 
�−�� � � ���
��τ− → 
π−�������	 <
.)× 
�−$� � � ���
'���
� $�C� → $�+� ! % �− � >
.�× 
�%� ��� � � ���

��π! → µ! ν� �������	 -&. <
.�× 
�−�� � � ���
���! → π−µ! �!�������	 <�.�× 
�−
�� � � ���
���! → π− �! �!�������	 <�.)× 
�−
�� � � ���
���! → π−µ!µ!�������	 -&. <�.�× 
�−�� � � ���
���! → µ! ν� �������	 -&. <�.�× 
�−�� � � ���
���! → π� �! ν� �������	 <�× 
�−�� � � ���
���! → π− �! �!�������	 <�.�× 
�−�� � � ���
���! → π−µ!µ!�������	 <).�× 
�−�� � � ���
���! → π− �!µ!�������	 <�.�× 
�−�� � � ���
���! → ρ−µ!µ!�������	 <�.�× 
�−)� � � ���
���! → �− �! �!�������	 <).�× 
�−�� � � ���
���! → �−µ!µ!�������	 <
.�× 
�−�� � � ���
���! → �− �!µ!�������	 <
.�× 
�−)� � � ���
���! → �∗���%�−µ!µ!�������	 <�.�× 
�−)� � � ���
���� → π−π− �! �!! �,�,�������	 <
.
%× 
�−)� � � ���
���� → π−π−µ!µ!! �,�,�������	 <%.�× 
�−�� � � ���
���� → �−π− �! �!! �,�,�������	 <%.��× 
�−)� � � ���
���� → �−π−µ!µ!! �,�,�������	 <�.�× 
�−)� � � ���
���� → �−�− �! �!! �,�,�������	 <
.�%× 
�−)� � � ���
���� → �−�−µ!µ!! �,�,�������	 <�.)× 
�−�� � � ���
���� → π−π− �!µ!! �,�,�������	 <$.�× 
�−�� � � ���
���� → �−π− �!µ!! �,�,�������	 <%.
�× 
�−)� � � ���
���� → �−�− �!µ!! �,�,�������	 <�.$× 
�−�� � � ���
���!

�
→ π− �! �!�������	 <�.�× 
�−)� � � ���

���!
�

→ π−µ!µ!�������	 <%.�× 
�−�� � � ���
���!

�
→ π− �!µ!�������	 <$.�× 
�−)� � � ���

���!
�

→ �− �! �!�������	 <�.�× 
�−)� � � ���
���!

�
→ �−µ!µ!�������	 <
.�× 
�−�� � � ���

���!
�

→ �− �!µ!�������	 <�.�× 
�−)� � � ���
���!

�
→ �∗���%�−µ!µ!�������	 <
.)× 
�−�� � � ���

���! → π− �! �!�������	 <
.�× 
�−�� � � ���
���! → π−µ!µ!�������	 <
.)× 
�−�� � � ���
���! → π− �!µ!�������	 <
.�× 
�−�� � � ���
���! → ρ− �! �!�������	 <%.�× 
�−�� � � ���

���! → ρ−µ!µ!�������	 <�.�× 
�−�� � � ���
���! → ρ− �!µ!�������	 <�.�× 
�−�� � � ���
���! → �− �! �!�������	 <
.�× 
�−�� � � ���
���! → �−µ!µ!�������	 <
.�× 
�−�� � � ���
���! → �− �!µ!�������	 <%.�× 
�−�� � � ���
���! → �∗���%�− �! �!�������	 <%.�× 
�−�� � � ���
���! → �∗���%�−µ!µ!�������	 <�.�× 
�−�� � � ���
���! → �∗���%�− �!µ!�������	 <).)× 
�−�� � � ���
���− → �µ− µ−�������	 <)× 
�−�� � � ���
��
!

�
→ �−µ!µ!�������	 <$.�× 
�−)� � � ���

������ �	���������� �	���������� �	���������� �	����

�� → ���������	 <
.�× 
�−�� � � ���
�� → �µ�������	 <
.�× 
�−�� � � ���
��τ− → � γ�������	 <�.�× 
�−�� � � ���
��τ− → �π��������	 <
.�× 
�−�� � � ���
��τ− → � %π��������	 <�.�× 
�−�� � � ���
��τ− → � η�������	 <�.�× 
�−�� � � ���
��τ− → �π� η�������	 <%.$× 
�−�� � � ���
��τ− → 
π−�������	 <$.%× 
�−�� � � ���
��τ− → 
π−�������	 <
.)× 
�−$� � � ���
�  ��� 	�"� >
.�× 
�%� ������ � � ���
7 "�* �&� �	�� �" ������ �� <�(�� ��(���� ����� "�		�*, ?�� 	� ��� ��  ��� ��#�� �(�	���
����� �#����	�� ��� �#� A����� +(  ��� ;�<	�,

τ�( → �!π� > 
�� �	�� > 
��� ���×
��� ������
� � ���

τ�( → µ!π� > 
�� �	�� > )$� ��� × 
��� ������
� � ���

τ�( → �!�� > 
$ �	�� > 
�� ��� × 
��� ������
� � ���

τ�( → µ!�� > %� �	�� > 
%� ��� × 
��� ������
� � ���

	� �� �� 		 ����		������ �"��� 	� >�.��× 
�� �� � � ���
	� �� �� 		 ����		������ �<�(�� 	� -�. >
.%× 
�� �� � � ���

����
��� ������ ������
��� ������ ������
��� ������ ������
��� ������ ��

� → ν� γ ��� ������#�����	 	� ��� -	. >).�× 
�%� ��� � � ���
��	 → �ν� ν� �������	 <�× 
�−%$� � � ���

�� � �� �	���� � �� �	���� � �� �	���� � �� �	��

���������� �����
	 �� �
���	��	
 �
�� ���
��������

���! → π!π! �− ν� �������	 <
.%× 
�−�� � � ���
���! → π!π!µ− νµ�������	 <�.�× 
�−�� � � ���

/��&!�� ��� ���� ���� �−�.� ± �.
�× 
�−�

) � 7��� → π− �! ν��7��� → π− �! ν� � 7�5��−5*��7�5��5*�
���	 ���� �" ) −�.��% ± �.���
� ������� ���� �" ) �.��
% ± �.��%


�
(
�! → 	 �! ν

)
��

(
�− → 	 �− ν

)
<�.�)�

���! → 	�! ν� �������	 <�× 
�−�� � � ���
���! → 	µ! νµ�������	 <�.�× 
�−�� � � ���
���� → �− �! ν� �������	 <�× 
�−)� � � ���
���� → �−µ! νµ�������	 <�× 
�−)� � � ���

�� � � ����������� � � ����������� � � ����������� � � ���������

�����
	 �� �
���	��	
 �
�� ���
��������

���� → �π−�������	 <�× 
�−�� � � ���
���� → ��− ν� �������	 <
.�× 
�−�
���� → �µ− νµ�������	 <
.�× 
�−�
���− → 	π−�������	 <
.�× 
�−�� � � ���
���− → 	�− ν� �������	 <�.%× 
�−�� � � ���
���− → 	µ− νµ�������	 <
.�× 
�−%� � � ���
���− → �π−π−�������	 <)× 
�−)� � � ���
���− → �π− �− ν� �������	 <)× 
�−)� � � ���
���− → �π−µ− νµ�������	 <)× 
�−)� � � ���
���− → 
π−�������	 <%.�× 
�−�� � � ���

0�	��� ��#��*��� ������� 	� ��� ��� ����� �� �#� ��� ���1����� 	���	� *#�	� ������ ��� �����
�� ±
 �������� ���������,



��������

����� �� ������	
���� �
�

�� � � ��� �������� � � ��� �������� � � ��� �������� � � ��� ������

�����
	 �� �
���	��	
 �
�� ���
�������� 
��� �� ����

�
��
�

− �
��
�

��.�%�% ± �.�����× 
�
� Dh �−
 �+
� 
,%�

�
��
�

− �
��
�

��.)�� ± �.���� × 
�−
% 6�B

�� � � ��� �������� � � ��� �������� � � ��� �������� � � ��� ������

�����
	 �� �
���	��	
 �
�� ���
�������� 
��� �� ����

∣
∣�
��
�

− �
��
�

∣
∣ -+. <$× 
�
� Dh �−
� � � ���

��
��
�

: �
��
�

��� � %, �
.) ± 
.��× 
�−)

���� → �! �− ν� ���� �
���������	 <
.�× 
�−)� � � ���

���� → �!���∗���%�! �− ν� ����

����������	

<�× 
�−�� � � ���

���� → �!π− ���� ����������	 <
.�× 
�−�� � � ���
���� → ��

�
π!π− ��� �� → ����������	 <
.�× 
�−)� � � ���

���� → �!π−π!π− ���� ����������	 <)× 
�−)� � � ���
���� → µ− ����#��� ���� ����������	 <)× 
�−)� � � ���

�� � � ��� �������� � � ��� �������� � � ��� �������� � � ��� ������

�����
	 �� �
���	��	
 �
�� ���
�������� 
��� �� ����

χ� �.
�� ± �.���
5�

�� � �
��
�

− �
��
�

��.��$ ± �.���� × 
�
% Dh �−


)� � 5������� �.$$� ± �.���
5�

��
�

� �
��
� �

: �
��
� �

>
).)× 
�
% Dh �−
� � � ���

)� � 5���
�

��
��
�

>
�.�� � � ���

χ� >�.)��$�� � � ���

�� � � ���� ��	
��� �	����
 ����������� � � ���� ��	
��� �	����
 ����������� � � ���� ��	
��� �	����
 ����������� � � ���� ��	
��� �	����
 ���������

�����
	 �� ����
��	
 
�
����
�� ���
��������

���! → π! �! �−�������	 �%.�� ± �.
�� × 
�−$
���! → π!µ!µ−�������	 ��.
 ± 
.)�× 
�−� �+ � %,$�
���! → π! ν ν�������	 �
.�!
.�−�.��× 
�−
�

���! → π!π� ν ν�������	 <).�× 
�−�� � � ���
����

�
→ µ!µ−�������	 <�.%× 
�−$� � � ���

����
�

→ �! �−�������	 <
.)× 
�−$� � � ���
����

�
→ π� �! �−�������	 -�. ��.�!
.�−
.%�× 
�−�

����
�

→ π�µ!µ−�������	 �%.�!
.�−
.%�× 
�−�

����
�

→ µ!µ−�������	 ��.�$ ± �.

� × 
�−�
����

�
→ �! �−�������	 ��!�−)�× 
�−
%

����
�

→ π!π− �! �−�������	 -�. ��.

 ± �.
�� × 
�−$
����

�
→ π�π� �! �−�������	 <�.�× 
�−�� � � ���

����
�

→ µ!µ− �! �−�������	 �%.�� ± �.%$� × 
�−�
����

�
→ �! �− �! �−�������	 ��.�� ± �.%
� × 
�−�

����
�
→ π�µ!µ−�������	 <�.�× 
�−
�� � � ���

����
�

→ π� �! �−�������	 <%.�× 
�−
�� � � ���
����

�
→ π� ν ν�������	 <�.�× 
�−$� � � ���

���! → ��! �−�������	 <$× 
�−�
���! → �µ!µ−�������	 ��!�−��× 
�−�

�� � � ���� ��	
��� �	����
 ����������� � � ���� ��	
��� �	����
 ����������� � � ���� ��	
��� �	����
 ����������� � � ���� ��	
��� �	����
 ���������

�����
	 �� ����
��	
 
�
����
�� ���
��������

���! → π! �! �−�������	 <$.)× 
�−�� � � ���
���! → π!µ!µ−�������	 <�.�× 
�−�� � � ���
���! → ρ!µ!µ−�������	 <�.�× 
�−)� � � ���
���� → γ γ�������	 <%.�× 
�−�� � � ���
���� → �! �−�������	 <
.%× 
�−�� � � ���
���� → µ!µ−�������	 <
.�× 
�−�� � � ���
���� → π� �! �−�������	 <).�× 
�−�� � � ���
���� → π�µ!µ−�������	 <
.�× 
�−)� � � ���
���� → η�! �−�������	 <
.
× 
�−)� � � ���
���� → ηµ! µ−�������	 <�.�× 
�−)� � � ���
���� → π!π− �! �−�������	 <�.$�× 
�−)� � � ���
���� → ρ� �! �−�������	 <
.�× 
�−)� � � ���
���� → π!π−µ!µ−�������	 <�.�× 
�−�� � � ���
���� → ρ�µ!µ−�������	 <%.%× 
�−�� � � ���
���� → ω�! �−�������	 <
.�× 
�−)� � � ���
���� → ωµ!µ−�������	 <�.�× 
�−)� � � ���
���� → �−�! �! �−�������	 <�.
�× 
�−)� � � ���
���� → φ�! �−�������	 <�.%× 
�−�� � � ���
���� → �−�!µ!µ−�������	 <�.�× 
�−�� � � ���
���� → φµ!µ−�������	 <�.
× 
�−�� � � ���
���� → �−π! �! �−�������	 <�.��× 
�−)� � � ���
���� → �−π!µ!µ−�������	 <�.��× 
�−)� � � ���
���� → π!π−π�µ!µ−�������	 <�.
× 
�−)� � � ���
���!

�
→ �! �! �−�������	 <
.�× 
�−�� � � ���

���!
�

→ �!µ!µ−�������	 <�.�× 
�−�� � � ���
���!

�
→ �∗���%�!µ!µ−�������	 <
.)× 
�−�� � � ���

��
!
�

→ �µ!µ−�������	 <�.)× 
�−)� � � ���

�� � � ���� ��	
��� �	����
 ����������� � � ���� ��	
��� �	����
 ����������� � � ���� ��	
��� �	����
 ����������� � � ���� ��	
��� �	����
 ���������

�����
	 �� ����
��	
 
�
����
�� ���
��������

���! → π! �! �−�������	 <�.�× 
�−�� � � ���
���! → π!µ!µ−�������	 <�.
× 
�−�� � � ���
���! → π! ν ν�������	 <
.�× 
�−)� � � ���
���! → �! �! �−�������	 ��.�!%.%−
.��× 
�−$ �+ � 
,)�
���! → �!µ!µ−�������	 ��.)!
.�−
.)�× 
�−$ �+ � 
,$�
���! → �! �! �−�������	 -- . ��.� ± 
.
�× 
�−$
���! → �! ν ν�������	 <�.%× 
�−�� � � ���
���! → �∗���%�! �! �−�������	 <).�× 
�−�� � � ���
���! → �∗���%�!µ!µ−�������	 <%.%× 
�−�� � � ���
���! → �∗���%�! �! �−�������	 -- . <%.%× 
�−�� � � ���
���� → γ γ�������	 <�.%× 
�−$� � � ���
���� → �! �−�������	 <�.
× 
�−�� � � ���
���� → µ!µ−�������	 <�.�× 
�−�� � � ���
���� → �� �! �−�������	 <�.)× 
�−$� � � ���
���� → ��µ!µ−�������	 �%.�!
.�−
.��× 
�−$ �+ � 
,��
���� → �� �! �−�������	 -- . <�.�× 
�−$� � � ���
���� → �∗���%�� �! �−�������	 <%.)× 
�−�� � � ���
���� → �∗���%��µ!µ−�������	 �
.%%!�.��−�.�%�× 
�−�
���� → �∗���%�� ν ν�������	 <
.�× 
�−�� � � ���
���� → �∗���%�� �! �−�������	 -- . �
.
$ ± �.��� × 
�−�
���� → ������<	��������	 <%.%× 
�−)� � � ���
���� → ν ν γ�������	 <).$× 
�−�� � � ���
��� → � �! �−�������	 �).$ ± 
.��× 
�−�
��� → � µ!µ−�������	 �).� ± 
.%�× 
�−�
��� → � �! �−�������	 -- . �).� ± 
.��× 
�−�
��� → � �! �−�������	 ��.�!
.)−
.%�× 
�−$ �+ � 
,
�
��� → �∗���%��! �−�������	 �
.%)!�.�$−�.�%�× 
�−�

��� → � µ!µ−�������	 �).$!
.
−
.��× 
�−$

��� → �∗���%�µ!µ−�������	 �
.
�!�.�)−�.%��× 
�−�
��� → � �! �−�������	 ��.) ± �.��× 
�−$
��� → �∗���%� �! �−�������	 �
.�� ± �.%�� × 
�−�
��� → µ!µ− ����#����������	 <�.%× 
�−)� � � ���
����

�
→ γ γ�������	 <
.)�× 
�−)� � � ���

����
�
→ µ!µ−�������	 <
.�× 
�−$� � � ���

0�	��� ��#��*��� ������� 	� ��� ��� ����� �� �#� ��� ���1����� 	���	� *#�	� ������ ��� �����
�� ±
 �������� ���������,



��������

����� �� ������	
���� �
�

����
�
→ �! �−�������	 <�.)× 
�−�� � � ���

����
�
→ φ�
�%��µ!µ−�������	 <).$× 
�−�� � � ���

����
�
→ φν ν�������	 <�.)× 
�−�� � � ���

�� � � ���� ��	
��� �	����
 ����������� � � ���� ��	
��� �	����
 ����������� � � ���� ��	
��� �	����
 ����������� � � ���� ��	
��� �	����
 ���������

�����
	 �� ����
��	
 
�
����
�� ���
��������

��' →  � ���.����������	 -�. <
�.$× 
�−%� � � ���

��
��

�� � !" �#$$%&' 
%()*+

� *� % ,#%��!�'  %" -�� � . . .. �/ !�" &!0 �1 � * *&&/& /� � * ,#%��!�'  %"

(**� *�)%&0*2 (' � * -"3%)* 4%3�/&. �1 2*5�*2 %" � �
√

χ%/�� − �1 6 *&* �
!" � * �#$(*& /4 $*%"#&*$*��" #"*2 !� 3%)3#)%�!�0 � * ,#%��!�'7 �* 2/ � !"
6 *� � > �1 6 !3 /4�*� !�2!3%�*" � %� � * $*%"#&*$*��" %&* !�3/�"!"�*��7
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1. PHYSICAL CONSTANTS
Table 1.1. Reviewed 2005 by P.J. Mohr and B.N. Taylor (NIST). Based mainly on the “CODATA Recommended Values of the Fundamental
Physical Constants: 2002” by P.J. Mohr and B.N. Taylor, Rev. Mod. Phys. 77, 1 (2005). The last group of constants (beginning with the Fermi
coupling constant) comes from the Particle Data Group. The figures in parentheses after the values give the 1-standard-deviation uncertainties
in the last digits; the corresponding fractional uncertainties in parts per 109 (ppb) are given in the last column. This set of constants (aside
from the last group) is recommended for international use by CODATA (the Committee on Data for Science and Technology). The full 2002
CODATA set of constants may be found at http://physics.nist.gov/constants

Quantity Symbol, equation Value Uncertainty (ppb)

speed of light in vacuum c 299 792 458 m s−1 exact∗
Planck constant h 6.626 0693(11)×10−34 J s 170
Planck constant, reduced � ≡ h/2π 1.054 571 68(18)×10−34 J s 170

= 6.582 119 15(56)×10−22 MeV s 85
electron charge magnitude e 1.602 176 53(14)×10−19 C = 4.803 204 41(41)×10−10 esu 85, 85
conversion constant �c 197.326 968(17) MeV fm 85
conversion constant (�c)2 0.389 379 323(67) GeV2 mbarn 170

electron mass me 0.510 998 918(44) MeV/c2 = 9.109 3826(16)×10−31 kg 86, 170
proton mass mp 938.272 029(80) MeV/c2 = 1.672 621 71(29)×10−27 kg 86, 170

= 1.007 276 466 88(13) u = 1836.152 672 61(85) me 0.13, 0.46
deuteron mass md 1875.612 82(16) MeV/c2 86
unified atomic mass unit (u) (mass 12C atom)/12 = (1 g)/(NA mol) 931.494 043(80) MeV/c2 = 1.660 538 86(28)×10−27 kg 86, 170

permittivity of free space ε0 = 1/µ0c
2 8.854 187 817 . . . ×10−12 F m−1 exact

permeability of free space µ0 4π × 10−7 N A−2 = 12.566 370 614 . . . ×10−7 N A−2 exact

fine-structure constant α = e2/4πε0�c 7.297 352 568(24)×10−3 = 1/137.035 999 11(46)† 3.3, 3.3
classical electron radius re = e2/4πε0mec

2 2.817 940 325(28)×10−15 m 10
(e− Compton wavelength)/2π −λe = �/mec = reα

−1 3.861 592 678(26)×10−13 m 6.7
Bohr radius (mnucleus = ∞) a∞ = 4πε0�

2/mee
2 = reα

−2 0.529 177 2108(18)×10−10 m 3.3
wavelength of 1 eV/c particle hc/(1 eV) 1.239 841 91(11)×10−6 m 85
Rydberg energy hcR∞ = mee

4/2(4πε0)2�
2 = mec

2α2/2 13.605 6923(12) eV 85
Thomson cross section σT = 8πr2

e/3 0.665 245 873(13) barn 20

Bohr magneton µB = e�/2me 5.788 381 804(39)×10−11 MeV T−1 6.7
nuclear magneton µN = e�/2mp 3.152 451 259(21)×10−14 MeV T−1 6.7
electron cyclotron freq./field ωe

cycl/B = e/me 1.758 820 12(15)×1011 rad s−1 T−1 86
proton cyclotron freq./field ωp

cycl/B = e/mp 9.578 833 76(82)×107 rad s−1 T−1 86

gravitational constant‡ GN 6.6742(10)×10−11 m3 kg−1 s−2 1.5 × 105

= 6.7087(10)×10−39
�c (GeV/c2)−2 1.5 × 105

standard gravitational accel. gn 9.806 65 m s−2 exact

Avogadro constant NA 6.022 1415(10)×1023 mol−1 170
Boltzmann constant k 1.380 6505(24)×10−23 J K−1 1800

= 8.617 343(15)×10−5 eV K−1 1800
molar volume, ideal gas at STP NAk(273.15 K)/(101 325 Pa) 22.413 996(39)×10−3 m3 mol−1 1700
Wien displacement law constant b = λmaxT 2.897 7685(51)×10−3 m K 1700
Stefan-Boltzmann constant σ = π2k4/60�

3c2 5.670 400(40)×10−8 W m−2 K−4 7000

Fermi coupling constant∗∗ GF /(�c)3 1.166 37(1)×10−5 GeV−2 9000

weak-mixing angle sin2
̂θ(MZ) (MS) 0.23122(15)†† 6.5 × 105

W± boson mass mW 80.403(29) GeV/c2 3.6 × 105

Z0 boson mass mZ 91.1876(21) GeV/c2 2.3 × 104

strong coupling constant αs(mZ) 0.1176(20) 1.7 × 107

π = 3.141 592 653 589 793 238 e = 2.718 281 828 459 045 235 γ = 0.577 215 664 901 532 861

1 in ≡ 0.0254 m

1 Å ≡ 0.1 nm

1 barn ≡ 10−28 m2

1 G ≡ 10−4 T

1 dyne ≡ 10−5 N

1 erg ≡ 10−7 J

1 eV = 1.602 176 53(14)× 10−19 J

1 eV/c2 = 1.782 661 81(15)× 10−36 kg

2.997 924 58 × 109 esu = 1 C

kT at 300 K = [38.681 684(68)]−1 eV
0 ◦C ≡ 273.15 K

1 atmosphere ≡ 760 Torr ≡ 101 325 Pa

∗ The meter is the length of the path traveled by light in vacuum during a time interval of 1/299 792 458 of a second.
† At Q2 = 0. At Q2 ≈ m2

W the value is ∼ 1/128.
‡ Absolute lab measurements of GN have been made only on scales of about 1 cm to 1 m.
∗∗ See the discussion in Sec. 10, “Electroweak model and constraints on new physics.”
†† The corresponding sin2 θ for the effective angle is 0.23152(14).
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2. ASTROPHYSICAL CONSTANTS AND PARAMETERS
Table 2.1. Revised May 2006 by M.A. Dobbs (McGill U), D.E. Groom (LBNL), and D. Scott (UBC). The figures in parentheses after some
values give the one-standard deviation uncertainties in the last digit(s). Physical constants are from Ref. 1. While every effort has been made to
obtain the most accurate current values of the listed quantities, the table does not represent a critical review or adjustment of the constants,
and is not intended as a primary reference. The values and uncertainties for the cosmological parameters depend on the exact data sets, priors,
and basis parameters used in the fit. Many of the parameters reported in this table are derived parameters or have non-Gaussian likelihoods.
Their error bars may be highly correlated with other parameters and care must be taken when extrapolating to higher significance levels. In
most cases we report the best fit of a spatially-flat ΛCDM cosmology with a power-law initial spectrum to WMAP3 data alone [2]. For more
information see Ref. 3 and the original papers.

Quantity Symbol, equation Value Reference, footnote

speed of light c 299 792 458 m s−1 defined[4]
Newtonian gravitational constant GN 6.6742(10)× 10−11 m3 kg−1 s−2 [1, 5]
astronomical unit (mean Earth-Sun distance) AU 149 597 870 660(20) m [6, 7]
tropical year (equinox to equinox) (2005.0) yr 31 556 925.2 s [6]
sidereal year (fixed star to fixed star) (2005.0) 31 558 149.8 s [6]
mean sidereal day (2005.0) 23h 56m 04.s090 53 [6]
Jansky Jy 10−26 W m−2 Hz−1

Planck mass
√

�c/GN 1.22090(9)× 1019 GeV/c2 [1]
= 2.17645(16)× 10−8 kg

Planck length
√

�GN/c3 1.61624(12)× 10−35 m [1]
Hubble length c/H0 ∼ 1.2 × 1026 m [8]
parsec (1 AU/1 arc sec) pc 3.085 677 580 7(4)× 1016 m = 3.262. . . ly [9]
light year (deprecated unit) ly 0.306 6 . . . pc = 0.946 1 . . .× 1016 m
Schwarzschild radius of the Sun 2GNM�/c2 2.953 250 08 km [10]
Solar mass M� 1.988 44(30)× 1030 kg [11]
Solar equatorial radius R� 6.961 × 108 m [6]
Solar luminosity L� (3.846 ± 0.008)× 1026 W [12]
Schwarzschild radius of the Earth 2GNM⊕/c2 8.870 056 22 mm [13]
Earth mass M⊕ 5.972 3(9)× 1024 kg [14]
Earth mean equatorial radius R⊕ 6.378 140× 106 m [6]

luminosity conversion L 3.02 × 1028 × 10−0.4 Mbol W [15]
(Mbol = absolute bolometric magnitude

= bolometric magnitude at 10 pc)
flux conversion F 2.52 × 10−8 × 10−0.4 mbol W m−2 from above

(mbol = apparent bolometric magnitude)

Solar velocity around center of Galaxy Θ◦ 220(20) km s−1 [16]
Solar distance from Galactic center R◦ 8.0(5) kpc [17]

local disk density ρ disk 3–12 ×10−24 g cm−3 ≈ 2–7 GeV/c2 cm−3 [18]
local halo density ρ halo 2–13 ×10−25 g cm−3 ≈ 0.1–0.7 GeV/c2cm−3 [19]
present day CBR temperature T0 2.725 ± 0.001 K [20]
present day CBR dipole amplitude 3.346 ± 0.017 mK [21]
Solar velocity with respect to CBR 369 ± 2 km/s [21,22]

towards (�, b) = (263.86◦ ± 0.04◦, 48.24◦ ± 0.10◦)
local group velocity with respect to CBR vLG 627 ± 22 kms−1 [23]

towards (�, b) = (276◦ ± 3◦, 30◦ ± 3◦)
entropy density/Boltzmann constant s/k 2 889.2 (T/2.725)3 cm−3 [15]
number density of CMB photons nγ (410.5 ± 0.5) cm−3 [24]
present day Hubble expansion rate H0 100 h km s−1 Mpc−1

= h × (9.778 13 Gyr)−1 [25]
present day normalized Hubble expansion rate‡ h 0.73+0.04

−0.03 [2]
scale factor for cosmological constant c2/3H2

0 2.853 × 1051 h−2 m2

critical density of the Universe ρc = 3H2
0/8πGN 2.775 366 27× 1011 h2 M�Mpc−3

= 1.878 37(28)× 10−29 h2 g cm−3

= 1.053 69(16)× 10−5 h2 (GeV/c2) cm−3 derived
pressureless matter density of the Universe‡ Ωm = ρm/ρc 0.127+0.007

−0.009 h−2 ⇒ 0.24+0.03
−0.04 [2]

baryon density of the Universe‡ Ωb = ρb/ρc 0.0223+0.0007
−0.0009 h−2 ⇒ 0.042+0.003

−0.005 [2]
dark matter density of the Universe‡ Ωdm = Ωm − Ωb 0.105+0.007

−0.010 h−2 ⇒ 0.20+0.02
−0.04

radiation density of the Universe‡ Ωγ = ργ/ρc (2.471±0.004)×10−5 h−2 ⇒ (4.6±0.5)×10−5 [26]
neutrino density of the Universe‡ Ων < 0.007 h−2 ⇒ < 0.014 (95% CL) [27]
dark energy density‡ ΩΛ 0.76+0.04

−0.06 [28]



2. Astrophysical constants 99

Quantity Symbol, equation Value Reference, footnote

total energy density‡ Ωtot = Ωm + . . . + ΩΛ 1.003+0.013
−0.017 [2]

baryon-to-photon ratio‡ η = nb/nγ 4.7 × 10−10 < η < 6.5 × 10−10 (95% CL) [29]
number density of baryons‡ nb (1.9 × 10−7 < nb < 2.7 × 10−7) cm−3 (95% CL) from η
dark energy equation of state parameter‡ w −0.97+0.07

−0.09 [2, 30]
fluctuation amplitude at 8h−1 Mpc scale‡ σ8 0.74+0.05

−0.06 [2]
scalar spectral index from power-law fit to data‡ ns 0.951+0.015

−0.019 [2]
running spectral index slope at k0 = 0.05 Mpc−1 ‡ dns/d lnk −0.055+0.029

−0.035 [2,31]
tensor-to-scalar field perturbations ratio
at k0 = 0.002 Mpc−1 ‡ r = T/S < 0.55 at 95% C.L. [2]

reionization optical depth‡ τ 0.09 ± 0.03 [2]
age of the Universe‡ t0 13.7+0.1

−0.2 Gyr [2]

‡ See caption for caveats.
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3. INTERNATIONAL SYSTEM OF UNITS (SI)
See “The International System of Units (SI),” NIST Special Publication 330, B.N. Taylor, ed. (USGPO, Washington, DC, 1991); and “Guide for
the Use of the International System of Units (SI),” NIST Special Publication 811, 1995 edition, B.N. Taylor (USGPO, Washington, DC, 1995).

Physical
quantity

Name
of unit Symbol

Base units

length meter m

mass kilogram kg

time second s

electric current ampere A

thermodynamic
temperature

kelvin K

amount of substance mole mol

luminous intensity candela cd

Derived units with special names

plane angle radian rad

solid angle steradian sr

frequency hertz Hz

energy joule J

force newton N

pressure pascal Pa

power watt W

electric charge coulomb C

electric potential volt V

electric resistance ohm Ω

electric conductance siemens S

electric capacitance farad F

magnetic flux weber Wb

inductance henry H

magnetic flux density tesla T

luminous flux lumen lm

illuminance lux lx

celsius temperature degree celsius ◦C
activity (of a

radioactive source)∗
becquerel Bq

absorbed dose (of
ionizing radiation)∗

gray Gy

dose equivalent∗ sievert Sv

SI prefixes

1024 yotta (Y)

1021 zetta (Z)

1018 exa (E)

1015 peta (P)

1012 tera (T)

109 giga (G)

106 mega (M)

103 kilo (k)

102 hecto (h)

10 deca (da)

10−1 deci (d)

10−2 centi (c)

10−3 milli (m)

10−6 micro (µ)

10−9 nano (n)

10−12 pico (p)

10−15 femto (f)

10−18 atto (a)

10−21 zepto (z)

10−24 yocto (y)

∗See our section 29, on “Radioactivity and radiation protection,” p. 293.
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5. ELECTRONIC STRUCTURE OF THE ELEMENTS

Table 5.1. Reviewed 2005 by C.G. Wohl (LBNL). The electronic configurations and the ionization energies are from the NIST database,
“Ground Levels and Ionization Energies for the Neutral Atoms,” W.C. Martin, A. Musgrove, S. Kotochigova, and J.E. Sansonetti (2003),
http://physics.nist.gov (select “Physical Reference Data”). The electron configuration for, say, iron indicates an argon electronic core (see
argon) plus six 3d electrons and two 4s electrons. The ionization energy is the least energy necessary to remove to infinity one electron from an
atom of the element.

Ground Ionization
Electron configuration state energy

Element (3d5 = five 3d electrons, etc.) 2S+1LJ (eV)

1 H Hydrogen 1s 2S1/2 13.5984
2 He Helium 1s2 1S0 24.5874

3 Li Lithium (He)2s 2S1/2 5.3917
4 Be Beryllium (He)2s2 1S0 9.3227
5 B Boron (He)2s2 2p 2P1/2 8.2980
6 C Carbon (He)2s2 2p2 3P0 11.2603
7 N Nitrogen (He)2s2 2p3 4S3/2 14.5341
8 O Oxygen (He)2s2 2p4 3P2 13.6181
9 F Fluorine (He)2s2 2p5 2P3/2 17.4228

10 Ne Neon (He)2s2 2p6 1S0 21.5645

11 Na Sodium (Ne)3s 2S1/2 5.1391
12 Mg Magnesium (Ne)3s2 1S0 7.6462
13 Al Aluminum (Ne)3s2 3p 2P1/2 5.9858
14 Si Silicon (Ne)3s2 3p2 3P0 8.1517
15 P Phosphorus (Ne)3s2 3p3 4S3/2 10.4867
16 S Sulfur (Ne)3s2 3p4 3P2 10.3600
17 Cl Chlorine (Ne)3s2 3p5 2P3/2 12.9676
18 Ar Argon (Ne)3s2 3p6 1S0 15.7596

19 K Potassium (Ar) 4s 2S1/2 4.3407
20 Ca Calcium (Ar) 4s2 1S0 6.1132

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
21 Sc Scandium (Ar)3d 4s2 T

r
a
n
s
i
t
i
o
n

2D3/2 6.5615
22 Ti Titanium (Ar)3d2 4s2

e
l
e
m
e
n
t
s

3F2 6.8281
23 V Vanadium (Ar)3d3 4s2 4F3/2 6.7462
24 Cr Chromium (Ar)3d5 4s 7S3 6.7665
25 Mn Manganese (Ar) 3d5 4s2 6S5/2 7.4340
26 Fe Iron (Ar)3d6 4s2 5D4 7.9024
27 Co Cobalt (Ar) 3d7 4s2 4F9/2 7.8810
28 Ni Nickel (Ar) 3d8 4s2 3F4 7.6398
29 Cu Copper (Ar) 3d104s 2S1/2 7.7264
30 Zn Zinc (Ar) 3d104s2 1S0 9.3942

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
31 Ga Gallium (Ar)3d104s2 4p 2P1/2 5.9993
32 Ge Germanium (Ar)3d104s2 4p2 3P0 7.8994
33 As Arsenic (Ar) 3d104s2 4p3 4S3/2 9.7886
34 Se Selenium (Ar)3d104s2 4p4 3P2 9.7524
35 Br Bromine (Ar) 3d104s2 4p5 2P3/2 11.8138
36 Kr Krypton (Ar)3d104s2 4p6 1S0 13.9996

37 Rb Rubidium (Kr) 5s 2S1/2 4.1771
38 Sr Strontium (Kr) 5s2 1S0 5.6949

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
39 Y Yttrium (Kr)4d 5s2 T

r
a
n
s
i
t
i
o
n

2D3/2 6.2173
40 Zr Zirconium (Kr)4d2 5s2

e
l
e
m
e
n
t
s

3F2 6.6339
41 Nb Niobium (Kr)4d4 5s 6D1/2 6.7589
42 Mo Molybdenum (Kr)4d5 5s 7S3 7.0924
43 Tc Technetium (Kr)4d5 5s2 6S5/2 7.28
44 Ru Ruthenium (Kr)4d7 5s 5F5 7.3605
45 Rh Rhodium (Kr)4d8 5s 4F9/2 7.4589
46 Pd Palladium (Kr)4d10 1S0 8.3369
47 Ag Silver (Kr)4d105s 2S1/2 7.5762
48 Cd Cadmium (Kr)4d105s2 1S0 8.9938
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49 In Indium (Kr)4d105s2 5p 2P1/2 5.7864
50 Sn Tin (Kr)4d105s2 5p2 3P0 7.3439
51 Sb Antimony (Kr)4d105s2 5p3 4S3/2 8.6084
52 Te Tellurium (Kr)4d105s2 5p4 3P2 9.0096
53 I Iodine (Kr)4d105s2 5p5 2P3/2 10.4513
54 Xe Xenon (Kr)4d105s2 5p6 1S0 12.1298

55 Cs Cesium (Xe) 6s 2S1/2 3.8939
56 Ba Barium (Xe) 6s2 1S0 5.2117

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
57 La Lanthanum (Xe) 5d 6s2 2D3/2 5.5769
58 Ce Cerium (Xe)4f 5d 6s2 1G4 5.5387
59 Pr Praseodymium (Xe)4f3 6s2 L

a
n
t
h
a
n
i
d
e
s

4I9/2 5.473
60 Nd Neodymium (Xe)4f4 6s2 5I4 5.5250
61 Pm Promethium (Xe)4f5 6s2 6H5/2 5.582
62 Sm Samarium (Xe)4f6 6s2 7F0 5.6437
63 Eu Europium (Xe)4f7 6s2 8S7/2 5.6704
64 Gd Gadolinium (Xe)4f7 5d 6s2 9D2 6.1498
65 Tb Terbium (Xe)4f9 6s2 6H15/2 5.8638
66 Dy Dysprosium (Xe)4f10 6s2 5I8 5.9389
67 Ho Holmium (Xe)4f11 6s2 4I15/2 6.0215
68 Er Erbium (Xe)4f12 6s2 3H6 6.1077
69 Tm Thulium (Xe)4f13 6s2 2F7/2 6.1843
70 Yb Ytterbium (Xe)4f14 6s2 1S0 6.2542
71 Lu Lutetium (Xe)4f145d 6s2 2D3/2 5.4259

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
72 Hf Hafnium (Xe)4f145d2 6s2 T

r
a
n
s
i
t
i
o
n

3F2 6.8251
73 Ta Tantalum (Xe)4f145d3 6s2

e
l
e
m
e
n
t
s

4F3/2 7.5496
74 W Tungsten (Xe)4f145d4 6s2 5D0 7.8640
75 Re Rhenium (Xe)4f145d5 6s2 6S5/2 7.8335
76 Os Osmium (Xe)4f145d6 6s2 5D4 8.4382
77 Ir Iridium (Xe)4f145d7 6s2 4F9/2 8.9670
78 Pt Platinum (Xe)4f145d9 6s 3D3 8.9588
79 Au Gold (Xe)4f145d106s 2S1/2 9.2255
80 Hg Mercury (Xe)4f145d106s2 1S0 10.4375

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
81 Tl Thallium (Xe)4f145d106s2 6p 2P1/2 6.1082
82 Pb Lead (Xe)4f145d106s2 6p2 3P0 7.4167
83 Bi Bismuth (Xe)4f145d106s2 6p3 4S3/2 7.2855
84 Po Polonium (Xe)4f145d106s2 6p4 3P2 8.414
85 At Astatine (Xe)4f145d106s2 6p5 2P3/2

86 Rn Radon (Xe)4f145d106s2 6p6 1S0 10.7485

87 Fr Francium (Rn) 7s 2S1/2 4.0727
88 Ra Radium (Rn) 7s2 1S0 5.2784

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
89 Ac Actinium (Rn) 6d 7s2 2D3/2 5.17
90 Th Thorium (Rn) 6d2 7s2 3F2 6.3067
91 Pa Protactinium (Rn)5f2 6d 7s2 A

c
t
i
n
i
d
e
s

4K11/2
∗ 5.89

92 U Uranium (Rn)5f3 6d 7s2 5L6
∗ 6.1941

93 Np Neptunium (Rn)5f4 6d 7s2 6L11/2
∗ 6.2657

94 Pu Plutonium (Rn)5f6 7s2 7F0 6.0260
95 Am Americium (Rn)5f7 7s2 8S7/2 5.9738
96 Cm Curium (Rn)5f7 6d 7s2 9D2 5.9914
97 Bk Berkelium (Rn)5f9 7s2 6H15/2 6.1979
98 Cf Californium (Rn)5f10 7s2 5I8 6.2817
99 Es Einsteinium (Rn)5f11 7s2 4I15/2 6.42

100 Fm Fermium (Rn)5f12 7s2 3H6 6.50
101 Md Mendelevium (Rn)5f13 7s2 2F7/2 6.58
102 No Nobelium (Rn)5f14 7s2 1S0 6.65
103 Lr Lawrencium (Rn)5f14 7s2 7p? 2P1/2? 4.9?

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
104 Rf Rutherfordium (Rn)5f146d2 7s2? 3F2? 6.0?

∗ The usual LS coupling scheme does not apply for these three elements. See the introductory
note to the NIST table from which this table is taken.
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6. ATOMIC AND NUCLEAR PROPERTIES OF MATERIALS

Table 6.1. Revised May 2002 by D.E. Groom (LBNL). Gases are evaluated at 20◦C and 1 atm (in parentheses) or at STP [square brackets].
Densities and refractive indices without parentheses or brackets are for solids or liquids, or are for cryogenic liquids at the indicated boiling
point (BP) at 1 atm. Refractive indices are evaluated at the sodium D line. Data for compounds and mixtures are from Refs. 1 and 2. Futher
materials and properties are given in Ref. 3 and at http://pdg.lbl.gov/AtomicNuclearProperties.

Material Z A 〈Z/A〉 Nuclear a

collision
length λT

{g/cm2}

Nuclear a

interaction
length λI

{g/cm2}

dE/dx|min
b{

MeV
g/cm2

} Radiation length c

X0

{g/cm2} {cm}

Density
{g/cm3}
({g/�}
for gas)

Liquid
boiling
point at
1 atm(K)

Refractive
index n

((n − 1)×106

for gas)

H2 gas 1 1.00794 0.99212 43.3 50.8 (4.103) 61.28 d (731000) (0.0838)[0.0899] [139.2]
H2 liquid 1 1.00794 0.99212 43.3 50.8 4.034 61.28 d 866 0.0708 20.39 1.112
D2 1 2.0140 0.49652 45.7 54.7 (2.052) 122.4 724 0.169[0.179] 23.65 1.128 [138]
He 2 4.002602 0.49968 49.9 65.1 (1.937) 94.32 756 0.1249[0.1786] 4.224 1.024 [34.9]
Li 3 6.941 0.43221 54.6 73.4 1.639 82.76 155 0.534 —
Be 4 9.012182 0.44384 55.8 75.2 1.594 65.19 35.28 1.848 —

C 6 12.011 0.49954 60.2 86.3 1.745 42.70 18.8 2.265 e —
N2 7 14.00674 0.49976 61.4 87.8 (1.825) 37.99 47.1 0.8073[1.250] 77.36 1.205 [298]
O2 8 15.9994 0.50002 63.2 91.0 (1.801) 34.24 30.0 1.141[1.428] 90.18 1.22 [296]
F2 9 18.9984032 0.47372 65.5 95.3 (1.675) 32.93 21.85 1.507[1.696] 85.24 [195]
Ne 10 20.1797 0.49555 66.1 96.6 (1.724) 28.94 24.0 1.204[0.9005] 27.09 1.092 [67.1]
Al 13 26.981539 0.48181 70.6 106.4 1.615 24.01 8.9 2.70 —
Si 14 28.0855 0.49848 70.6 106.0 1.664 21.82 9.36 2.33 3.95
Ar 18 39.948 0.45059 76.4 117.2 (1.519) 19.55 14.0 1.396[1.782] 87.28 1.233 [283]
Ti 22 47.867 0.45948 79.9 124.9 1.476 16.17 3.56 4.54 —

Fe 26 55.845 0.46556 82.8 131.9 1.451 13.84 1.76 7.87 —
Cu 29 63.546 0.45636 85.6 134.9 1.403 12.86 1.43 8.96 —
Ge 32 72.61 0.44071 88.3 140.5 1.371 12.25 2.30 5.323 —
Sn 50 118.710 0.42120 100.2 163 1.264 8.82 1.21 7.31 —
Xe 54 131.29 0.41130 102.8 169 (1.255) 8.48 2.87 2.953[5.858] 165.1 [701]
W 74 183.84 0.40250 110.3 185 1.145 6.76 0.35 19.3 —
Pt 78 195.08 0.39984 113.3 189.7 1.129 6.54 0.305 21.45 —
Pb 82 207.2 0.39575 116.2 194 1.123 6.37 0.56 11.35 —
U 92 238.0289 0.38651 117.0 199 1.082 6.00 ≈0.32 ≈18.95 —

Air, (20◦C, 1 atm.), [STP] 0.49919 62.0 90.0 (1.815) 36.66 [30420] (1.205)[1.2931] 78.8 (273) [293]
H2O 0.55509 60.1 83.6 1.991 36.08 36.1 1.00 373.15 1.33
CO2 gas 0.49989 62.4 89.7 (1.819) 36.2 [18310] [1.977] [410]
CO2 solid (dry ice) 0.49989 62.4 89.7 1.787 36.2 23.2 1.563 sublimes —
Shielding concrete f 0.50274 67.4 99.9 1.711 26.7 10.7 2.5 —
SiO2 (fused quartz) 0.49926 66.5 97.4 1.699 27.05 12.3 2.20 g 1.458
Dimethyl ether, (CH3)2O 0.54778 59.4 82.9 — 38.89 — — 248.7 —

Methane, CH4 0.62333 54.8 73.4 (2.417) 46.22 [64850] 0.4224[0.717] 111.7 [444]
Ethane, C2H6 0.59861 55.8 75.7 (2.304) 45.47 [34035] 0.509(1.356) h 184.5 (1.038) h

Propane, C3H8 0.58962 56.2 76.5 (2.262) 45.20 — (1.879) 231.1 —
Isobutane, (CH3)2CHCH3 0.58496 56.4 77.0 (2.239) 45.07 [16930] [2.67] 261.42 [1900]
Octane, liquid, CH3(CH2)6CH3 0.57778 56.7 77.7 2.123 44.86 63.8 0.703 398.8 1.397
Paraffin wax, CH3(CH2)n≈23CH3 0.57275 56.9 78.2 2.087 44.71 48.1 0.93 —

Nylon, type 6 i 0.54790 58.5 81.5 1.974 41.84 36.7 1.14 —
Polycarbonate (Lexan) j 0.52697 59.5 83.9 1.886 41.46 34.6 1.20 —
Polyethylene terephthlate (Mylar) k 0.52037 60.2 85.7 1.848 39.95 28.7 1.39 —
Polyethylene l 0.57034 57.0 78.4 2.076 44.64 ≈47.9 0.92–0.95 —
Polyimide film (Kapton) m 0.51264 60.3 85.8 1.820 40.56 28.6 1.42 —
Lucite, Plexiglas n 0.53937 59.3 83.0 1.929 40.49 ≈34.4 1.16–1.20 ≈1.49
Polystyrene, scintillator o 0.53768 58.5 81.9 1.936 43.72 42.4 1.032 1.581
Polytetrafluoroethylene (Teflon) p 0.47992 64.2 93.0 1.671 34.84 15.8 2.20 —
Polyvinyltolulene, scintillator q 0.54155 58.3 81.5 1.956 43.83 42.5 1.032 —

Aluminum oxide (Al2O3) 0.49038 67.0 98.9 1.647 27.94 7.04 3.97 1.761
Barium fluoride (BaF2) 0.42207 92.0 145 1.303 9.91 2.05 4.89 1.56
Bismuth germanate (BGO) r 0.42065 98.2 157 1.251 7.97 1.12 7.1 2.15
Cesium iodide (CsI) 0.41569 102 167 1.243 8.39 1.85 4.53 1.80
Lithium fluoride (LiF) 0.46262 62.2 88.2 1.614 39.25 14.91 2.632 1.392
Sodium fluoride (NaF) 0.47632 66.9 98.3 1.69 29.87 11.68 2.558 1.336
Sodium iodide (NaI) 0.42697 94.6 151 1.305 9.49 2.59 3.67 1.775

Silica Aerogel s 0.50093 66.3 96.9 1.740 27.25 136@ρ=0.2 0.04–0.6 1.0+0.21ρ
NEMA G10 plate t 62.6 90.2 1.87 33.0 19.4 1.7 —
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Material Dielectric
constant (κ = ε/ε0)

() is (κ–1)×106

for gas

Young’s
modulus
[106 psi]

Coeff. of
thermal

expansion
[10−6cm/cm-◦C]

Specific
heat

[cal/g-◦C]

Electrical
resistivity

[µΩcm(@◦C)]

Thermal
conductivity

[cal/cm-◦C-sec]

H2 (253.9) — — — — —
He (64) — — — — —
Li — — 56 0.86 8.55(0◦) 0.17
Be — 37 12.4 0.436 5.885(0◦) 0.38

C — 0.7 0.6–4.3 0.165 1375(0◦) 0.057
N2 (548.5) — — — — —
O2 (495) — — — — —
Ne (127) — — — — —
Al — 10 23.9 0.215 2.65(20◦) 0.53
Si 11.9 16 2.8–7.3 0.162 — 0.20
Ar (517) — — — — —
Ti — 16.8 8.5 0.126 50(0◦) —

Fe — 28.5 11.7 0.11 9.71(20◦) 0.18
Cu — 16 16.5 0.092 1.67(20◦) 0.94
Ge 16.0 — 5.75 0.073 — 0.14
Sn — 6 20 0.052 11.5(20◦) 0.16
Xe — — — — — —
W — 50 4.4 0.032 5.5(20◦) 0.48
Pt — 21 8.9 0.032 9.83(0◦) 0.17
Pb — 2.6 29.3 0.038 20.65(20◦) 0.083
U — — 36.1 0.028 29(20◦) 0.064

1. R.M. Sternheimer, M.J. Berger, and S.M. Seltzer, Atomic Data and Nuclear Data Tables 30, 261–271 (1984).
2. S.M. Seltzer and M.J. Berger, Int. J. Appl. Radiat. 33, 1189–1218 (1982).
3. D.E. Groom, N.V. Mokhov, and S.I. Striganov, “Muon stopping-power and range tables,” Atomic Data and Nuclear Data Tables 78,

183–356 (2001).
4. S.M. Seltzer and M.J. Berger, Int. J. Appl. Radiat. 35, 665 (1984) & http://physics.nist.gov/PhysRefData/Star/Text/contents.html.

a. σT , λT and λI are energy dependent. Values quoted apply to high energy range, where energy dependence is weak. Mean free path between
collisions (λT ) or inelastic interactions (λI ), calculated from λ−1 = NA

∑
wj σj /Aj , where N is Avogadro’s number and wj is the weight

fraction of the jth element in the element, compound, or mixture. σtotal at 80–240 GeV for neutrons (≈ σ for protons) from Murthy et al.,
Nucl. Phys. B92, 269 (1975). This scales approximately as A0.77. σinelastic = σtotal − σelastic − σquasielastic; for neutrons at 60–375 GeV
from Roberts et al., Nucl. Phys. B159, 56 (1979). For protons and other particles, see Carroll et al., Phys. Lett. 80B, 319 (1979); note that
σI(p) ≈ σI(n). σI scales approximately as A0.71.

b. For minimum-ionizing muons (results are very slightly different for other particles). Minimum dE/dx from Ref. 3, using density effect
correction coefficients from Ref. 1. For electrons and positrons see Ref. 4. Ionization energy loss is discussed in Sec. 27.

c. From Y.S. Tsai, Rev. Mod. Phys. 46, 815 (1974); X0 data for all elements up to uranium are given. Corrections for molecular binding
applied for H2 and D2. For atomic H, X0 = 63.05 g/cm2.

d. For molecular hydrogen (deuterium). For atomic H, X0 = 63.047 g cm−2.

e. For pure graphite; industrial graphite density may vary 2.1–2.3 g/cm3.

f. Standard shielding blocks, typical composition O2 52%, Si 32.5%, Ca 6%, Na 1.5%, Fe 2%, Al 4%, plus reinforcing iron bars. The
attenuation length, � = 115 ± 5 g/cm2, is also valid for earth (typical ρ = 2.15), from CERN–LRL–RHEL Shielding exp., UCRL–17841
(1968).

g. For typical fused quartz. The specific gravity of crystalline quartz is 2.64.

h. Solid ethane density at −60◦C; gaseous refractive index at 0◦C, 546 mm pressure.

i. Nylon, Type 6, (NH(CH2)5CO)n
j. Polycarbonate (Lexan), (C16H14O3)n
k. Polyethylene terephthlate, monomer, C5H4O2

l. Polyethylene, monomer CH2 =CH2

m. Polymide film (Kapton), (C22H10N2O5)n
n. Polymethylmethacralate, monomer CH2 =C(CH3)CO2CH3

o. Polystyrene, monomer C6H5CH=CH2

p. Teflon, monomer CF2 =CF2

q. Polyvinyltolulene, monomer 2-CH3C6H4CH=CH2

r. Bismuth germanate (BGO), (Bi2O3)2(GeO2)3
s. 97% SiO2 + 3% H2O by weight; see A. R. Buzykaev et al., Nucl. Instrum. Methods A433, 396 (1999). Aerogel in the density range

0.04–0.06 g/cm3 has been used in Čerenkov counters, but aerogel with higher and lower densities has been produced. ρ = density in g/cm3.

t. G10-plate, typically 60% SiO2 and 40% epoxy.
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7. ELECTROMAGNETIC RELATIONS
Revised September 2005 by H.G. Spieler (LBNL).

Quantity Gaussian CGS SI

Conversion factors:
Charge: 2.997 924 58 × 109 esu = 1 C = 1 A s
Potential: (1/299.792 458) statvolt (ergs/esu) = 1 V = 1 J C−1

Magnetic field: 104 gauss = 104 dyne/esu = 1 T = 1 N A−1m−1

F = q (E +
v
c
×B) F = q (E + v×B)

∇.D = 4πρ ∇.D = ρ

∇ ×H− 1
c

∂D
∂t

=
4π

c
J ∇ ×H− ∂D

∂t
= J

∇.B = 0 ∇.B = 0

∇ ×E +
1
c

∂B
∂t

= 0 ∇ ×E +
∂B
∂t

= 0

Constitutive relations: D = E + 4πP, H = B − 4πM D = ε0E + P, H = B/µ0 −M

Linear media: D = εE, H = B/µ D = εE, H = B/µ

1 ε0 = 8.854 187 . . .× 10−12 F m−1

1 µ0 = 4π × 10−7 N A−2

E = −∇V − 1
c

∂A
∂t

E = −∇V − ∂A
∂t

B = ∇ ×A B = ∇ ×A

V =
∑

charges

qi

ri
=

∫
ρ (r′)
|r − r′| d3x′ V =

1
4πε0

∑
charges

qi

ri
=

1
4πε0

∫
ρ (r′)
|r − r′| d3x′

A =
1
c

∮
I d�

|r − r′| =
1
c

∫
J(r′)
|r − r′| d3x′ A =

µ0

4π

∮
I d�

|r − r′| =
µ0

4π

∫
J(r′)
|r − r′| d3x′

E′
‖ = E‖ E′

‖ = E‖

E′
⊥ = γ(E⊥ +

1
c
v ×B) E′

⊥ = γ(E⊥ + v ×B)

B′
‖ = B‖ B′

‖ = B‖

B′
⊥ = γ(B⊥ − 1

c
v ×E) B′

⊥ = γ(B⊥ − 1
c2

v ×E)

1
4πε0

= c2 × 10−7 N A−2 = 8.987 55 . . . × 109 m F−1 ;
µ0

4π
= 10−7 N A−2 ; c =

1√
µ0ε0

= 2.997 924 58 × 108 m s−1
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7.1. Impedances (SI units)

ρ = resistivity at room temperature in 10−8 Ω m:
∼ 1.7 for Cu ∼ 5.5 for W
∼ 2.4 for Au ∼ 73 for SS 304
∼ 2.8 for Al ∼ 100 for Nichrome
(Al alloys may have double the Al value.)

For alternating currents, instantaneous current I, voltage V ,
angular frequency ω:

V = V0 ejωt = ZI . (7.1)

Impedance of self-inductance L: Z = jωL .

Impedance of capacitance C: Z = 1/jωC .

Impedance of free space: Z =
√

µ0/ε0 = 376.7 Ω .

High-frequency surface impedance of a good conductor:

Z =
(1 + j) ρ

δ
, where δ = skin depth ; (7.2)

δ =
√

ρ

πνµ
≈ 6.6 cm√

ν (Hz)
for Cu . (7.3)

7.2. Capacitors, inductors, and transmission Lines

The capacitance between two parallel plates of area A spaced by the
distance d and enclosing a medium with the dielectric constant ε is

C = KεA/d , (7.4)

where the correction factor K depends on the extent of the fringing
field. If the dielectric fills the capacitor volume without extending
beyond the electrodes. the correction factor K ≈ 0.8 for capacitors of
typical geometry.
The inductance at high frequencies of a straight wire whose length 

is much greater than the wire diameter d is

L ≈ 2.0
[
nH
cm

]
· 


(
ln

(
4


d

)
− 1

)
. (7.5)

For very short wires, representative of vias in a printed circuit board,
the inductance is

L(in nH) ≈ 
/d . (7.6)

A transmission line is a pair of conductors with inductance L and
capacitance C. The characteristic impedance Z =

√
L/C and the

phase velocity vp = 1/
√

LC = 1/
√

µε, which decreases with the
inverse square root of the dielectric constant of the medium. Typical
coaxial and ribbon cables have a propagation delay of about 5 ns/cm.
The impedance of a coaxial cable with outer diameter D and inner
diameter d is

Z = 60 Ω · 1√
εr

ln
D

d
, (7.7)

where the relative dielectric constant εr = ε/ε0. A pair of parallel
wires of diameter d and spacing a > 2.5 d has the impedance

Z = 120 Ω · 1√
εr

ln
2a

d
. (7.8)

This yields the impedance of a wire at a spacing h above a ground
plane,

Z = 60 Ω · 1√
εr

ln
4h

d
. (7.9)

A common configuration utilizes a thin rectangular conductor above
a ground plane with an intermediate dielectric (microstrip). Detailed
calculations for this and other transmission line configurations are
given by Gunston.*

* M.A.R. Gunston. Microwave Transmission Line Data, Noble Pub-
lishing Corp., Atlanta (1997) ISBN 1-884932-57-6, TK6565.T73G85.

7.3. Synchrotron radiation (CGS units)

For a particle of charge e, velocity v = βc, and energy E = γmc2,
traveling in a circular orbit of radius R, the classical energy loss per
revolution δE is

δE =
4π

3
e2

R
β3 γ4 . (7.10)

For high-energy electrons or positrons (β ≈ 1), this becomes

δE (in MeV) ≈ 0.0885 [E(in GeV)]4/R(in m) . (7.11)

For γ � 1, the energy radiated per revolution into the photon energy
interval d(�ω) is

dI =
8π

9
α γ F (ω/ωc) d(�ω) , (7.12)

where α = e2/�c is the fine-structure constant and

ωc =
3γ3c

2R
(7.13)

is the critical frequency. The normalized function F (y) is

F (y) =
9
8π

√
3 y

∫ ∞

y
K5/3 (x) dx , (7.14)

where K5/3 (x) is a modified Bessel function of the third kind. For
electrons or positrons,

�ωc (in keV) ≈ 2.22 [E(in GeV)]3/R(in m) . (7.15)

Fig. 7.1 shows F (y) over the important range of y.
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Figure 7.1: The normalized synchrotron radiation spectrum F (y).

For γ � 1 and ω � ωc ,

dI

d(�ω)
≈ 3.3α (ωR/c)1/3 , (7.16)

whereas for
γ � 1 and ω � 3ωc ,

dI

d(�ω)
≈

√
3π

2
α γ

(
ω

ωc

)1/2

e−ω/ωc

[
1 +

55
72

ωc

ω
+ . . .

]
. (7.17)

The radiation is confined to angles � 1/γ relative to the instantaneous
direction of motion. For γ � 1, where Eq. (7.12) applies, the mean
number of photons emitted per revolution is

Nγ =
5π√

3
αγ , (7.18)

and the mean energy per photon is

〈�ω〉 =
8

15
√

3
�ωc . (7.19)

When 〈�ω〉�O(E), quantum corrections are important.

See J.D. Jackson, Classical Electrodynamics, 3rd edition (John Wiley
& Sons, New York, 1998) for more formulae and details. (Note that
earlier editions had ωc twice as large as Eq. (7.13).
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8. NAMING SCHEME FOR HADRONS

Revised 2004 by M. Roos (University of Finland) and C.G. Wohl
(LBNL).

8.1. Introduction

We introduced in the 1986 edition [1] a new naming scheme for the
hadrons. Changes from older terminology affected mainly the heavier
mesons made of the light (u, d, and s) quarks. Old and new names
were listed alongside until 1994. Names also change from edition to
edition because some characteristic like mass or spin changes. The
Summary Tables give both the new and old names whenever a change
occurred.

8.2. “Neutral-flavor” mesons (S=C =B =T =0)

Table 8.1 shows the names for mesons having the strangeness
and all heavy-flavor quantum numbers equal to zero. The scheme is
designed for all ordinary non-exotic mesons, but it will work for many
exotic types too, if needed.

Table 8.1: Symbols for mesons with the strangeness and all
heavy-flavor quantum numbers equal to zero.

JPC =

⎧⎪⎨
⎪⎩

0−+ 1+− 1−− 0++

2−+ 3+− 2−− 1++
...

...
...

...

qq content 2S+1LJ = 1(L even)J 1(L odd)J 3(L even)J 3(L odd)J

ud, uu − dd, du (I = 1) π b ρ a

dd + uu

and/or ss

}
(I = 0) η, η′ h, h′ ω, φ f, f ′

cc ηc hc ψ† χc

bb ηb hb Υ χb
tt ηt ht θ χt

†The J/ψ remains the J/ψ.

First, we assign names to those states with quantum numbers
compatible with being qq states. The rows of the Table give the
possible qq content. The columns give the possible parity/charge-
conjugation states,

PC = −+, +−, −−, and ++ ;

these combinations correspond one-to-one with the angular-momentum
state 2S+1LJ of the qq system being

1(L even)J , 1(L odd)J , 3(L even)J , or 3(L odd)J .

Here S, L, and J are the spin, orbital, and total angular momenta of
the qq system. The quantum numbers are related by

P = (−1)L+1, C = (−1)L+S , and G parity = (−1)L+S+I ,

where of course the C quantum number is only relevant to neutral
mesons.

The entries in the Table give the meson names. The spin J is added
as a subscript except for pseudoscalar and vector mesons, and the
mass is added in parentheses for mesons that decay strongly. However,
for the lightest meson resonances, we omit the mass.

Measurements of the mass, quark content (where relevant), and
quantum numbers I, J , P , and C (or G) of a meson thus fix its
symbol. Conversely, these properties may be inferred unambiguously
from the symbol.

If the main symbol cannot be assigned because the quantum
numbers are unknown, X is used. Sometimes it is not known whether
a meson is mainly the isospin-0 mix of uu and dd or is mainly ss.
A prime (or pair ω, φ) may be used to distinguish two such mixing
states.

We follow custom and use spectroscopic names such as Υ (1S) as the
primary name for most of those ψ, Υ , and χ states whose spectroscopic
identity is known. We use the form Υ (9460) as an alternative, and as
the primary name when the spectroscopic identity is not known.

Names are assigned for tt mesons, although the top quark is
evidently so heavy that it is expected to decay too rapidly for bound
states to form.

Gluonium states or other mesons that are not qq states are, if
the quantum numbers are not exotic, to be named just as are the
qq mesons. Such states will probably be difficult to distinguish from
qq states and will likely mix with them, and we make no attempt to
distinguish those “mostly gluonium” from those “mostly qq.”

An “exotic” meson with JPC quantum numbers that a qq
system cannot have, namely JPC = 0−−, 0+−, 1−+, 2+−, 3−+, · · · ,
would use the same symbol as does an ordinary meson with all
the same quantum numbers as the exotic meson except for the
C parity. But then the J subscript may still distinguish it; for
example, an isospin-0 1−+ meson could be denoted ω1.

8.3. Mesons with nonzero S, C, B, and/or T

Since the strangeness or a heavy flavor of these mesons is nonzero,
none of them are eigenstates of charge conjugation, and in each of
them one of the quarks is heavier than the other. The rules are:

1. The main symbol is an upper-case italic letter indicating the
heavier quark as follows:

s → K c → D b → B t → T .

We use the convention that the flavor and the charge of a quark
have the same sign. Thus the strangeness of the s quark is
negative, the charm of the c quark is positive, and the bottom
of the b quark is negative. In addition, I3 of the u and d
quarks are positive and negative, respectively. The effect of this
convention is as follows: Any flavor carried by a charged meson
has the same sign as its charge. Thus the K+, D+, and B+ have
positive strangeness, charm, and bottom, respectively, and all
have positive I3. The D+

s has positive charm and strangeness.
Furthermore, the ∆(flavor) = ∆Q rule, best known for the kaons,
applies to every flavor.

2. If the lighter quark is not a u or a d quark, its identity is given
by a subscript. The D+

s is an example.

3. If the spin-parity is in the “normal” series, JP = 0+, 1−, 2+, · · ·,
a superscript “∗” is added.

4. The spin is added as a subscript except for pseudoscalar or vector
mesons.

8.4. Ordinary (3-quark) baryons

The symbols N , ∆, Λ, Σ, Ξ, and Ω used for more than 30 years
for the baryons made of light quarks (u, d, and s quarks) tell the
isospin and quark content, and the same information is conveyed by
the symbols used for the baryons containing one or more heavy quarks
(c and b quarks). The rules are:

1. Baryons with three u and/or d quarks are N ’s (isospin 1/2) or
∆’s (isospin 3/2).

2. Baryons with two u and/or d quarks are Λ’s (isospin 0) or Σ’s
(isospin 1). If the third quark is a c, b, or t quark, its identity is
given by a subscript.

3. Baryons with one u or d quark are Ξ’s (isospin 1/2). One or two
subscripts are used if one or both of the remaining quarks are
heavy: thus Ξc, Ξcc, Ξb, etc.∗

4. Baryons with no u or d quarks are Ω’s (isospin 0), and subscripts
indicate any heavy-quark content.

5. A baryon that decays strongly has its mass as part of its name.
Thus p, Σ−, Ω−, Λ+

c , etc., but ∆(1232)0, Σ(1385)−, Ξc(2645)+,
etc.

In short, the number of u plus d quarks together with the isospin
determine the main symbol, and subscripts indicate any content of
heavy quarks. A Σ always has isospin 1, an Ω always has isospin 0,
etc.
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8.5. Exotic baryons

In 2003, several experiments reported finding a strangeness S = +1,
charge Q = +1 baryon, and one experiment reported finding an
S = −2, Q = −2 baryon; see the “Exotic Baryons” section of the Data
Listings. Baryons with such quantum numbers cannot be made from
three quarks, and thus they are exotic. The S = +1 baryon, which
once would have been called a Z, was quickly dubbed the Θ(1540)+,
and we propose to name the S = −2 baryon the Φ(1860).

Footnote and Reference:
∗ Sometimes a prime is necessary to distinguish two Ξc’s in the

same SU(n) multiplet. See the “Note on Charmed Baryons” in
the Charmed Baryon Listings.

1. Particle Data Group: M. Aguilar-Benitez et al., Phys. Lett. 170B
(1986).
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9. QUANTUM CHROMODYNAMICS AND ITS COUPLING

9.1. The QCD Lagrangian

Revised September 2005 by I. Hinchliffe (LBNL).

Quantum Chromodynamics (QCD), the gauge field theory which
describes the strong interactions of colored quarks and gluons, is one
of the components of the SU(3)×SU(2)×U(1) Standard Model. A
quark of specific flavor (such as a charm quark) comes in 3 colors;
gluons come in eight colors; hadrons are color-singlet combinations
of quarks, anti-quarks, and gluons. The Lagrangian describing the
interactions of quarks and gluons is (up to gauge-fixing terms)

LQCD = −1
4
F

(a)
µν F (a)µν + i

∑
q

ψi
q γµ (Dµ)ij ψj

q

−
∑
q

mq ψi
q ψqi , (9.1)

F
(a)
µν = ∂µ Aa

ν − ∂ν Aa
µ − gs fabc Ab

µ Ac
ν , (9.2)

(Dµ)ij = δij ∂µ + igs

∑
a

λa
i,j

2
Aa

µ , (9.3)

where gs is the QCD coupling constant, and the fabc are the structure
constants of the SU(3) algebra (the λ matrices and values for fabc can
be found in “SU(3) Isoscalar Factors and Representation Matrices,”
Sec. 36 of this Review). The ψi

q(x) are the 4-component Dirac spinors
associated with each quark field of (3) color i and flavor q, and the
Aa

µ(x) are the (8) Yang-Mills (gluon) fields. A complete list of the
Feynman rules which derive from this Lagrangian, together with some
useful color-algebra identities, can be found in Ref. 1.

The principle of “asymptotic freedom” determines that the
renormalized QCD coupling is small only at high energies, and it
is only in this domain that high-precision tests—similar to those
in QED—can be performed using perturbation theory. Nonetheless,
there has been in recent years much progress in understanding and
quantifying the predictions of QCD in the nonperturbative domain, for
example, in soft hadronic processes and on the lattice [2]. This short
review will concentrate on QCD at short distances (large momentum
transfers), where perturbation theory is the standard tool. It will
discuss the processes that are used to determine the coupling constant
of QCD. Other recent reviews of the coupling constant measurements
may be consulted for a different perspective [3–6].

9.2. The QCD coupling and renormalization scheme

The renormalization scale dependence of the effective QCD coupling
αs = g2

s/4π is controlled by the β-function:

µ
∂αs

∂µ
= 2β(αs) = −β0

2π
α2

s − β1

4π2
α3

s − β2

64π3
α4

s − · · · , (9.4a)

β0 = 11 − 2
3
nf , (9.4b)

β1 = 51 − 19
3

nf , (9.4c)

β2 = 2857 − 5033
9

nf +
325
27

n2
f , (9.4d)

where nf is the number of quarks with mass less than the energy scale
µ. The expression for the next term in this series (β3) can be found
in Ref. 8. In solving this differential equation for αs, a constant of
integration is introduced. This constant is the fundamental constant
of QCD that must be determined from experiment in addition to
the quark masses. The most sensible choice for this constant is the
value of αs at a fixed-reference scale µ0. It has become standard to
choose µ0 = MZ . The value at other values of µ can be obtained

from log(µ2/µ2
0) =

∫ αs(µ)
αs(µ0)

dα

β(α)
. It is also convenient to introduce

the dimensional parameter Λ, since this provides a parameterization
of the µ dependence of αs. The definition of Λ is arbitrary. One way
to define it (adopted here) is to write a solution of Eq. (9.4) as an
expansion in inverse powers of ln (µ2):

αs(µ) =
4π

β0 ln (µ2/Λ2)

[
1 − 2β1

β2
0

ln
[
ln (µ2/Λ2)

]
ln (µ2/Λ2)

+
4β2

1

β4
0 ln2(µ2/Λ2)

×
((

ln
[
ln (µ2/Λ2)

]
− 1

2

)2
+

β2β0

8β2
1

− 5
4

)]
. (9.5)

This solution illustrates the asymptotic freedom property: αs → 0 as
µ → ∞ and shows that QCD becomes strongly coupled at µ ∼ Λ.

Consider a “typical” QCD cross section which, when calculated
perturbatively [7], starts at O(αs):

σ = A1 αs + A2 α2
s + · · · . (9.6)

The coefficients A1, A2 come from calculating the appropriate Feynman
diagrams. In performing such calculations, various divergences arise,
and these must be regulated in a consistent way. This requires a
particular renormalization scheme (RS). The most commonly used one
is the modified minimal subtraction (MS) scheme [9]. This involves
continuing momentum integrals from 4 to 4–2ε dimensions, and
then subtracting off the resulting 1/ε poles and also (ln 4π − γE),
which is an artifact of continuing the dimension. (Here γE is the
Euler-Mascheroni constant.) To preserve the dimensionless nature of
the coupling, a mass scale µ must also be introduced: g → µεg. The
finite coefficients Ai (i ≥ 2) thus obtained depend implicitly on the
renormalization convention used and explicitly on the scale µ.

The first two coefficients (β0, β1) in Eq. (9.4) are independent of
the choice of RS. In contrast, the coefficients of terms proportional to
αn

s for n > 3 are RS-dependent. The form given above for β2 is in the
MS scheme.

The fundamental theorem of RS dependence is straightforward.
Physical quantities, such as the cross section calculated to all orders
in perturbation theory, do not depend on the RS. It follows that a
truncated series does exhibit RS dependence. In practice, QCD cross
sections are known to leading order (LO), or to next-to-leading order
(NLO), or in some cases, to next-to-next-to-leading order (NNLO);
and it is only the latter two cases, which have reduced RS dependence,
that are useful for precision tests. At NLO the RS dependence is
completely given by one condition which can be taken to be the value
of the renormalization scale µ. At NNLO this is not sufficient, and
µ is no longer equivalent to a choice of scheme; both must now be
specified. One, therefore, has to address the question of what is the
“best” choice for µ within a given scheme, usually MS. There is no
definite answer to this question—higher-order corrections do not “fix”
the scale, rather they render the theoretical predictions less sensitive
to its variation.

One should expect that choosing a scale µ characteristic of the
typical energy scale (E) in the process would be most appropriate. In
general, a poor choice of scale generates terms of order ln (E/µ) in
the Ai’s. Various methods have been proposed including choosing the
scale for which the next-to-leading-order correction vanishes (“Fastest
Apparent Convergence [10]”); the scale for which the next-to-leading-
order prediction is stationary [11], (i.e., the value of µ where
dσ/dµ = 0); or the scale dictated by the effective charge scheme [12]
or by the BLM scheme [13]. By comparing the values of αs that
different reasonable schemes give, an estimate of theoretical errors can
be obtained. It has also been suggested to replace the perturbation
series by its Padé approximant [14]. Results obtained using this
method have, in certain cases, a reduced scale dependence [15,16].
One can also attempt to determine the scale from data by allowing
it to vary and using a fit to determine it. This method can allow a
determination of the error due to the scale choice and can give more
confidence in the end result [17]. In many of the cases discussed
below this scale uncertainty is the dominant error.

An important corollary is that if the higher-order corrections are
naturally small, then the additional uncertainties introduced by the µ
dependence are likely to be small. There are some processes, however,
for which the choice of scheme can influence the extracted value of
αs(MZ). There is no resolution to this problem other than to try to
calculate even more terms in the perturbation series. It is important
to note that, since the perturbation series is an asymptotic expansion,
there is a limit to the precision with which any theoretical quantity can
be calculated. In some processes, the highest-order perturbative terms
may be comparable in size to nonperturbative corrections (sometimes
called higher-twist or renormalon effects, for a discussion see Ref. 18);
an estimate of these terms and their uncertainties is required if a value
of αs is to be extracted.
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Cases occur where there is more than one large scale, say µ1 and
µ2. In these cases, terms appear of the form log(µ1/µ2). If the ratio
µ1/µ2 is large, these logarithms can render naive perturbation theory
unreliable and a modified perturbation expansion that takes these
terms into account must be used. A few examples are discussed below.

In the cases where the higher-order corrections to a process are
known and are large, some caution should be exercised when quoting
the value of αs. In what follows, we will attempt to indicate the size
of the theoretical uncertainties on the extracted value of αs. There
are two simple ways to determine this error. First, we can estimate it
by comparing the value of αs(µ) obtained by fitting data using the
QCD formula to highest known order in αs, and then comparing it
with the value obtained using the next-to-highest-order formula (µ is
chosen as the typical energy scale in the process). The corresponding
Λ’s are then obtained by evolving αs(µ) to µ = MZ using Eq. (9.4) to
the same order in αs as the fit. Alternatively, we can vary the value
of µ over a reasonable range, extracting a value of Λ for each choice of
µ. This method is by its nature imprecise, since “reasonable” involves
a subjective judgment. In either case, if the perturbation series is well
behaved, the resulting error on αs(MZ) will be small.

In the above discussion we have ignored quark-mass effects, i.e., we
have assumed an idealized situation where quarks of mass greater than
µ are neglected completely. In this picture, the β-function coefficients
change by discrete amounts as flavor thresholds (a quark of mass M)
are crossed when integrating the differential equation for αs. Now
imagine an experiment at energy scale µ; for example, this could be
e+e− → hadrons at center-of-mass energy µ. If µ � M , the mass
M is negligible and the process is well described by QCD with nf

massless flavors and its parameter α(nf ) up to terms of order M2/µ2.
Conversely if µ � M , the heavy quark plays no role and the process is
well described by QCD with nf − 1 massless flavors and its parameter
α(nf−1) up to terms of order µ2/M2. If µ ∼ M , the effects of the
quark mass are process-dependent and cannot be absorbed into the
running coupling. The values of α(nf ) and α(nf−1) are related so
that a physical quantity calculated in both “theories” gives the same
result [19]. This implies, for µ = M

α(nf )(M) = α(nf−1)(M) − 11
72π2

α3
(nf−1)(M) + O

(
α4

(nf−1)

)
(9.7)

which is almost identical to the naive result α(nf )(M) = α(nf−1)(M).
Here M is the mass of the value of the running quark mass defined
in the MS scheme (see the note on “Quark Masses” in the Particle
Listings for more details), i.e., where MMS(M) = M .

It also follows that, for a relationship such as Eq. (9.5) to remain
valid for all values of µ, Λ must also change as flavor thresholds are
crossed, the value corresponds to an effective number of massless
quarks: Λ → Λ(nf ) [19,20]. The formulae are given in the 1998
edition of this review.

Experiments such as those from deep-inelastic scattering involve a
range of energies. After fitting to their measurements to QCD, the
resulting fit can be expressed as a value of αs(MZ).

Determinations of αs result from fits to data using NLO and
NNLO: LO fits are not useful and their values will not be used in
the following. Care must be exercised when comparing results from
NLO and NNLO. In order to compare the values of αs from various
experiments, they must be evolved using the renormalization group
to a common scale. For convenience, this is taken to be the mass
of the Z boson. The extrapolation is performed using same order
in perturbation theory as was used in the analysis. This evolution
uses third-order perturbation theory and can introduce additional
errors particularly if extrapolation from very small scales is used. The
variation in the charm and bottom quark masses (Mb = 4.3± 0.2 GeV
and Mc = 1.3 ± 0.3 GeV are used [21]) can also introduce errors.
These result in a fixed value of αs(2 GeV) giving an uncertainty in
αs(MZ) = ±0.001 if only perturbative evolution is used. There could
be additional errors from nonperturbative effects that enter at low
energy.

9.3. QCD in deep-inelastic scattering

The original and still one of the most powerful quantitative tests of
perturbative QCD is the breaking of Bjorken scaling in deep-inelastic
lepton-hadron scattering. The review ‘Structure Functions,” (Sec. 16
of this Review) describes the basic formalism and reviews the data. αs

is obtained together with the structure functions. The global fit from
MRST04 [13] of (Sec. 16) gives αs(MZ) = 0.1205 ± 0.004 from NLO
and αs(MZ) = 0.1167 ± 0.004 from NNLO. Other fits are consistent
with these values but cannot be averaged as they use overlapping data
sets. The good agreement between the NLO and NNLO fits indicates
that the theoretical uncertainties are under control.

Nonsinglet structure functions offer in principle the most precise test
of the theory and cleanest way to extract αs, since the Q2 evolution
is independent of the gluon distribution, which is much more poorly
constrained. The CCFR collaboration fit to the Gross-Llewellyn Smith
sum rule [23] whose value at leading order is determined by baryon
number and which is known to order α3

s [24,25] (̇NNLO); estimates of
the order α4

s term are available [26].

∫ 1

0
dx

(
F

νp
3 (x, Q2) + F

νp
3 (x, Q2)

)
=

3
[
1 − αs

π
(1 + 3.58

αs

π
+ 19.0

(αs

π
)2

)
− ∆HT

]
, (9.8)

where the higher-twist contribution ∆HT is estimated to be
(0.09 ± 0.045)/Q2 in [24,27] and to be somewhat smaller by [28].
The CCFR collaboration [29], combines their data with that
from other experiments [30] and gives αs (

√
3 GeV) = 0.28 ±

0.035 (expt.) ± 0.05 (sys) +0.035
−0.03 (theory). The error from higher-

twist terms (assumed to be ∆HT = 0.05 ± 0.05) dominates the
theoretical error. If the higher twist result of [28] is used, the central
value increases to 0.31 in agreement with the fit of [31]. This value
corresponds to αs(MZ) = 0.118 ± 0.011. Fits of the Q2 evolution [32]
of xF3 using the CCFR data using NNLO and estimates of NNNLO
QCD and higher twist terms enables the effect of these terms to be
studied.

The spin-dependent structure functions, measured in polarized
lepton-nucleon scattering, can also be used to determine αs. Note that
these experiments measure asymmetries and rely on measurements of
unpolarized data to extract the spin-dependent structure functions.
Here the values of Q2 ∼ 2.5 GeV2 are small, particularly for the E143
data [33], and higher-twist corrections are important. A fit [34] by
an experimental group using the measured spin dependent structure
functions for several experiments [33,35] as well as their own data has
been made. When data from HERMES [36] and SMC are included [37]
αs(MZ) = 0.120 ± 0.009 is obtained: this is used in the final average.

αs can also be determined from the Bjorken spin sum rule [38];
a fit gives αs(MZ) = 0.118+0.010

−0.024 [39]; consistent with an earlier
determination [40], the larger error being due to the extrapolation
into the (unmeasured) small x region. Theoretically, the sum rule
is preferable as the perturbative QCD result is known to higher
order and these terms are important at the low Q2 involved. It has
been shown that the theoretical errors associated with the choice of
scale are considerably reduced by the use of Padé approximants [15],
which results in αs(1.7 GeV) = 0.328 ± 0.03 (expt.) ± 0.025 (theory)
corresponding to αs(MZ) = 0.116 +0.003

−0.005 (expt.)± 0.003 (theory). No
error is included from the extrapolation into the region of x that is
unmeasured. Should data become available at smaller values of x so
that this extrapolation could be more tightly constrained. This result
is not used in the final average.

9.4. QCD in decays of the τ lepton

The semi-leptonic branching ratio of the tau (τ → ντ + hadrons,
Rτ ) is an inclusive quantity. It is related to the contribution of
hadrons to the imaginary part of the W self energy

(
Π(s)

)
. It is

sensitive to a range of energies since it involves an integral

Rτ ∼
∫ m2

τ

0

ds

m2
τ
(1 − s

m2
τ
)2

(
(1 + 2s/m2

τ )ImΠ(1) + ImΠ(0)
)

(9.9)
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Figure 9.1: Summary of the value of αs(MZ) from various
processes. The values shown indicate the process and the
measured value of αs extrapolated to µ = MZ . The error shown
is the total error including theoretical uncertainties. The average
quoted in this report which comes from these measurements is
also shown. See text for discussion of errors.

where ImΠ(1) denotes the vector part and ImΠ(0) the scalar
part. Since the scale involved is low, one must take into account
nonperturbative (higher-twist) contributions which are suppressed by
powers of the τ mass.

Rτ =3.058
[
1 + δEW +

αs(mτ )
π

+ 5.2
(αs(mτ )

π

)2
+ 26.4

(αs(mτ )
π

)3

+ a
m2

m2
τ

+ b
mψψ

m4
τ

+ c
ψψψψ

m6
τ

+ · · ·
]

. (9.10)

δEW = 0.0010 is the electroweak correction. Here a, b, and c are
dimensionless constants and m is a light quark mass. The term of
order 1/m2

τ is a kinematical effect due to the light quark masses
and is consequently very small. The nonperturbative terms are
estimated using sum rules [41]. In total, they are estimated to be
−0.014 ± 0.005 [42,43]. This estimate relies on there being no term

of order Λ2/m2
τ

(
note that

αs(mτ )
π

∼ (
0.5 GeV

mτ
)2

)
. The a, b, and

c can be determined from the data [44] by fitting to moments of the
Π(s) and separately to the final states accessed by the vector and
axial parts of the W coupling. The values so extracted [45,46] are
consistent with the theoretical estimates. If the nonperturbative terms
are omitted from the fit, the extracted value of αs(mτ ) decreases by
∼ 0.02.

For αs(mτ ) = 0.35 the perturbative series for Rτ is Rτ ∼
3.058(1 + 0.112 + 0.064 + 0.036). The size (estimated error) of the
nonperturbative term is 20% (7%) of the size of the order α3

s term.
The perturbation series is not very well convergent; if the order α3

s
term is omitted, the extracted value of αs(mτ ) increases by 0.05. The
order α4

s term has been estimated [47] and attempts made to resum
the entire series [48,49]. These estimates can be used to obtain an
estimate of the errors due to these unknown terms [50,51]. Another
approach to estimating this α4

s term gives a contribution that is
slightly larger than the α3

s term [52].
Rτ can be extracted from the semi-leptonic branching ratio from

the relation Rτ = 1/(B(τ → eνν) − 1.97256); where B(τ → eνν) is
measured directly or extracted from the lifetime, the muon mass, and
the muon lifetime assuming universality of lepton couplings. Using

the average lifetime of 290.6 ± 1.1 fs and a τ mass of 1776.99 ± 0.29
MeV from the PDG fit gives Rτ = 3.645 ± 0.020. The direct
measurement of B(τ → eνν) can be combined with B(τ → µνν) to
give B(τ → eνν) = 0.1785 ± 0.0005 which gives Rτ = 3.629 ± 0.015.
Averaging these yields αs(mτ ) = 0.338± 0.004 using the experimental
error alone. We assign a theoretical error equal to 40% of the
contribution from the order α3 term and all of the nonperturbative
contributions. This then gives αs(mτ ) = 0.34 ± 0.03 for the final
result. This corresponds to αs(MZ) = 0.120 ± 0.003. This result
is consistent with that obtained by using the moments [53] of the
integrand and is used in the average below.

9.5. QCD in high-energy hadron collisions

There are many ways in which perturbative QCD can be tested in
high-energy hadron colliders. The quantitative tests are only useful
if the process in question has been calculated beyond leading order
in QCD perturbation theory. The production of hadronic jets with
large transverse momentum in hadron-hadron collisions provides a
direct probe of the scattering of quarks and gluons: qq → qq, qg → qg,
gg → gg, etc. Higher–order QCD calculations of the jet rates [54] and
shapes are in impressive agreement with data [55]. This agreement
has led to the proposal that these data could be used to provide a
determination of αs [56]. A set of structure functions is assumed
and jet data are fitted over a very large range of transverse momenta
to the QCD prediction for the underlying scattering process that
depends on αs. The evolution of the coupling over this energy range
(40 to 250 GeV) is therefore tested in the analysis. CDF obtains
αs(MZ) = 0.1178±0.0001 (stat.)±0.0085 (syst.) [57]. Estimation of
the theoretical errors is not straightforward. The structure functions
used depend implicitly on αs and an iteration procedure must be used
to obtain a consistent result; different sets of structure functions yield
different correlations between the two values of αs. CDF includes
a scale error of 4% and a structure function error of 5% in the
determination of αs. Ref. 56 estimates the error from unknown higher
order QCD corrections to be ±0.005. Combining these then gives
αs(MZ) = 0.118 ± 0.011 which is used in the final average. For
additional comments on comparisons between these data and theory
see Ref. 4. Data are also available on the angular distribution of jets;
these are also in agreement with QCD expectations [58,59].

QCD corrections to Drell-Yan type cross sections (i.e., the
production in hadron collisions by quark-antiquark annihilation of
lepton pairs of invariant mass Q from virtual photons, or of real W or
Z bosons), are known [60]. These O(αs) QCD corrections are sizable
at small values of Q. The correction to W and Z production, as
measured in pp collisions at

√
s = 0.63 TeV and

√
s = 1.8, 1.96 TeV, is

of order 30%. The NNLO corrections to this process are known [61].

The production of W and Z bosons and photons at large transverse
momentum can also be used to test QCD. The leading-order QCD
subprocesses are qq → V g and qg → V q (V = W, Z, γ). If the parton
distributions are taken from other processes and a value of αs assumed,
then an absolute prediction is obtained. Conversely, the data can be
used to extract information on quark and gluon distributions and on
the value of αs. The next-to-leading-order QCD corrections are known
for photons [62,63], and for W/Z production [64], and so a precision
test is possible. Data exist on photon production from the CDF and
DØ collaborations [65,66] and from fixed target experiments [67].
Detailed comparisons with QCD predictions [68] may indicate an
excess of the data over the theoretical prediction at low value of
transverse momenta, although other authors [69] find smaller excesses.

The UA2 collaboration [70] extracted a value of αs(MW ) =
0.123 ± 0.018 (stat.) ± 0.017 (syst.) from the measured ratio RW =
σ(W + 1jet)
σ(W + 0jet)

. The result depends on the algorithm used to define

a jet, and the dominant systematic errors due to fragmentation
and corrections for underlying events (the former causes jet energy
to be lost, the latter causes it to be increased) are connected to
the algorithm. There is also dependence on the parton distribution
functions, and hence, αs appears explicitly in the formula for RW ,
and implicitly in the distribution functions. The UA2 result is not
used in the final average. Data from CDF and DØ on the W pt
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distribution [71] are in agreement with QCD but are not able to
determine αs with sufficient precision to have any weight in a global
average.

In the region of low pt, the fixed order perturbation theory is not
applicable; one must sum terms of order αn

s lnn(pt/MW ) [72]. Data
from DØ [73] on the pt distribution of Z bosons agree well with these
predictions.

The production rates of b quarks in pp have been used to determine
αs [74]. The next-to-leading-order QCD production processes [75]
have been used. By selecting events where the b quarks are back-to-
back in azimuth, the next-to-leading-order calculation can be used to
compare rates to the measured value and a value of αs extracted.
The errors are dominated by the measurement errors, the choice
of µ and the scale at which the structure functions are evaluated,
and uncertainties in the choice of structure functions. The last were
estimated by varying the structure functions used. The result is
αs(MZ) = 0.113+0.009

−0.013, which is not included in the final average, as
the measured bb cross section is not in very good agreement with
perturbative QCD [76] and it is therefore difficult to interpret this
result. Recent improvments in the theoretical undestanding [77] and
measurements from CDF [78] now show good agreement between the
measured cross-sections and the QCD predictions but there is no
extraction of αs using these.

9.6. QCD in heavy-quarkonium decay

Under the assumption that the hadronic and leptonic decay widths
of heavy QQ resonances can be factorized into a nonperturbative
part—dependent on the confining potential—and a calculable pertur-
bative part, the ratios of partial decay widths allow measurements of
αs at the heavy-quark mass scale. The most precise data come from
the decay widths of the 1−− J/ψ(1S) and Υ resonances. The total
decay width of the Υ is predicted by perturbative QCD [79,80]

Rµ(Υ ) =
Γ(Υ → hadrons)
Γ(Υ → µ+µ−)

=
10(π2 − 9)α3

s(Mb)
9πα2

em

×
[
1 +

αs

π

(
−14.05 +

3β0

2

(
1.161 + ln

(2Mb

MΥ

)))]
.(9.11)

Data are available for the Υ , Υ ′, Υ ′′, and J/ψ. The result
is very sensitive to αs and the data are sufficiently precise
(Rµ(Υ ) = 37.28 ± 0.75) [81] that the theoretical errors will dominate.
There are theoretical corrections to this formula due to the relativistic
nature of the QQ system which have been calculated [80] to order
v2/c2. These corrections are more severe for the J/ψ. There are
also nonperturbative corrections arising from annihilation from
higher Fock states (“color octet” contribution) which can only be
estimated [82]; again these are more severe for the J/ψ. The Υ gives
αs(Mb) = 0.183 ± 0.01, where the error includes that from the ”color
octet” term and the choice of scale which together dominate. The ratio

of widths
Υ → γgg

Υ → ggg
has been measured by the CLEO collaboration

and can be used to determine αs(Mb) = 0.189 ± 0.01 ± 0.01. The
error is dominated by theoretical uncertainties associated with the
scale choice; the uncertainty due to the ”color octet” piece is
not present in this case [83]. The theoretical uncertainties due
to the production of photons in fragmentation [84] are small [85].
Higher order QCD calculations of the photon energy distribution are
available [86]; this distribution could now be used to further test
the theory. The width Γ(Υ → e+e−) can also be used to determine

αs by using moments of the quantity Rb(s) =
σ(e+e− → bb)

σ(e+e− → µ+µ−)

defined by Mn =
∫ ∞
0

Rb(s)
sn+1

[87]. At large values of n, Mn is

dominated by Γ(Υ → e+e−). Higher order corrections are available
and the method gives αs(Mb) = 0.220 ± 0.027 [88]. The dominant
error is theoretical and is dominated by the choice of scale and by
uncertainties in Coulomb corrections that have been resummed in

Ref. 89. These various Υ decay measurements can be combined and
give αs(Mb) = 0.185 ± 0.01 corresponding to αs(MZ) = 0.109 ± 0.004
which is used in the final average [83]. The mass of charmonium
can also be used for determination of αs after taking into account
effects of analytic continuation (π2-terms summation), and Coulomb
summation [90].

9.7. Perturbative QCD in e+e− collisions

The total cross section for e+e− → hadrons is obtained (at low
values of

√
s) by multiplying the muon-pair cross section by the factor

R = 3Σqe
2
q . The higher-order QCD corrections to this quantity have

been calculated, and the results can be expressed in terms of the
factor:

R = R(0)
[
1 +

αs

π
+ C2

(αs

π

)2
+ C3

(αs

π

)3
+ · · ·

]
, (9.12)

where C2 = 1.411 and C3 = −12.8 [91].

R(0) can be obtained from the formula for dσ/dΩ for e+e− → ff
by integrating over Ω. The formula is given in Sec. 39.2 of this Review.
This result is only correct in the zero-quark-mass limit. The O(αs)
corrections are also known for massive quarks [92]. The principal
advantage of determining αs from R in e+e− annihilation is that there
is no dependence on fragmentation models, jet algorithms, etc.

A measurement by CLEO [93] at
√

s = 10.52 GeV yields
αs(10.52 GeV) = 0.20 ± 0.01 ± 0.06, which corresponds to αs(MZ) =
0.130 ± 0.005 ± 0.03. A comparison of the theoretical prediction
of Eq. (9.12) (corrected for the b-quark mass), with all the
available data at values of

√
s between 20 and 65 GeV, gives [94]

αs(35 GeV) = 0.146±0.030 . The size of the order α3
s term is of order

40% of that of the order α2
s and 3% of the order αs. If the order α3

s term
is not included, a fit to the data yields αs (35 GeV) = 0.142 ± 0.030,
indicating that the theoretical uncertainty is smaller than the
experimental error.

Measurements of the ratio of hadronic to leptonic width of the Z
at LEP and SLC, Γh/Γµ probe the same quantity as R. Using the
average of Γh/Γµ = 20.767±0.025 gives αs(MZ) = 0.1226±0.0038 [95].
In performing this extraction it is necessary to include the electroweak
corrections to the Z width. As these must be calculated beyond leading
order, they depend on the top top-quark and Higgs masses. The latter
is not yet meausured an is inferred from global fits to the electroweak
data. There are additional theoretical errors arising from the choice
of QCD scale. While this method has small theoretical uncertainties
from QCD itself, it relies sensitively on the electroweak couplings of
the Z to quarks [96]. The presence of new physics which changes
these couplings via electroweak radiative corrections would invalidate
the value of αs(MZ). An illustration of the sensitivity can be obtained
by comparing this value with the one obtained from the global fits [95]
of the various precision measurements at LEP/SLC and the W and
top masses: αs(MZ) = 0.1186± 0.0027. The difference between these
two values may be accounted for by systematic uncertainties as large
as ±0.003 [95], therefore αs(MZ) = 0.1186 ± 0.0042 will be used in
the final average.

An alternative method of determining αs in e+e− annihilation is
from measuring quantities that are sensitive to the relative rates of
two-, three-, and four-jet events. A review should be consulted for
more details [97] of the issues mentioned briefly here. In addition to
simply counting jets, there are many possible choices of such “shape
variables”: thrust [98], energy-energy correlations [99], average jet
mass, etc. All of these are infrared safe, which means they can be
reliably calculated in perturbation theory. The starting point for all
these quantities is the multijet cross section. For example, at order
αs, for the process e+e− → qqg: [100]

1
σ

d2σ

dx1dx2
=

2αs

3π

x2
1 + x2

2

(1 − x1)(1 − x2)
, (9.13)

xi =
2Ei√

s
(9.14)
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where xi are the center-of-mass energy fractions of the final-state
(massless) quarks. A distribution in a “three-jet” variable, such as
those listed above, is obtained by integrating this differential cross
section over an appropriate phase space region for a fixed value of
the variable. The order α2

s corrections to this process have been
computed, as well as the 4-jet final states such as e+e− → qqgg [101].

There are many methods used by the e+e− experimental groups
to determine αs from the event topology. The jet-counting algorithm,
originally introduced by the JADE collaboration [102], has been used
by many other groups. Here, particles of momenta pi and pj are
combined into a pseudo-particle of momentum pi + pj if the invariant
mass of the pair is less than y0

√
s. The process is iterated until all

pairs of particles or pseudoparticles have a mass-measure that exceeds
y0
√

s; the remaining number is then defined to be the jet multiplicity.
The remaining number is then defined to be the number of jets in
the event, and can be compared to the QCD prediction. The Durham
algorithm is slightly different: in combining a pair of partons, it uses
M2 = 2min(E2

i , E2
j )(1 − cos θij) for partons of energies Ei and Ej

separated by angle θij [103].

There are theoretical ambiguities in the way this process is carried
out. Quarks and gluons are massless, whereas the observed hadrons
are not, so that the massive jets that result from this scheme cannot
be compared directly to the jets of perturbative QCD. Different
recombination schemes have been tried, for example combining
3-momenta and then rescaling the energy of the cluster so that
it remains massless. These schemes result in the same data giving
slightly different values [104,105] of αs. These differences can be
used to determine a systematic error. In addition, since what is
observed are hadrons rather than quarks and gluons, a model is
needed to describe the evolution of a partonic final state into one
involving hadrons, so that detector corrections can be applied. The
QCD matrix elements are combined with a parton-fragmentation
model. This model can then be used to correct the data for a direct
comparison with the parton calculation. The different hadronization
models that are used [106–109] model the dynamics that are controlled
by nonperturbative QCD effects which we cannot yet calculate. The
fragmentation parameters of these Monte Carlos are tuned to get
agreement with the observed data. The differences between these
models contribute to the systematic errors. The systematic errors
from recombination schemes and fragmentation effects dominate over
the statistical and other errors of the LEP/SLD experiments.

The scale M at which αs(M) is to be evaluated is not clear.
The invariant mass of a typical jet (or

√
sy0) is probably a more

appropriate choice than the e+e− center-of-mass energy. While there
is no justification for doing so, if the value is allowed to float in the
fit to the data, the fit improves and the data tend to prefer values
of order

√
s/10 GeV for some variables [105,110]; the exact value

depends on the variable that is fitted.

The perturbative QCD formulae can break down in special
kinematical configurations. For example, the thrust (T ) distribution
contains terms of the type αs ln2(1 − T ). The higher orders in the
perturbation expansion contain terms of order αn

s lnm(1 − T ). For
T ∼ 1 (the region populated by 2-jet events), the perturbation
expansion is unreliable. The terms with n ≤ m can be summed to all
orders in αs [111]. If the jet recombination methods are used higher-
order terms involve αn

s lnm(y0), these too can be resummed [112] The
resummed results give better agreement with the data at large values
of T . Some caution should be exercised in using these resummed
results because of the possibility of overcounting; the showering
Monte Carlos that are used for the fragmentation corrections also
generate some of these leading-log corrections. Different schemes for
combining the order α2

s and the resummations are available [113].
These different schemes result in shifts in αs of order ±0.002. The use
of the resummed results improves the agreement between the data and
the theory; for more details see Ref. 114. An average of results at the
Z resonance from SLD [105], OPAL [115], L3 [116], ALEPH [117],
and DELPHI [118], using the combined α2

s and resummation fitting
to a large set of shape variables, gives αs(MZ) = 0.122 ± 0.007. The
errors in the values of αs(MZ) from these shape variables are totally

dominated by the theoretical uncertainties associated with the choice
of scale, and the effects of hadronization Monte Carlos on the different
quantities fitted.

Estimates are available for the nonperturbative corrections to the
mean value of 1−T [119]. These are of order 1/E and involve a single
parameter to be determined from experiment. These corrections can
then be used as an alternative to those modeled by the fragmentation
Monte Carlos. The DELPHI collaboration has fitted its data using
an additional parameter to take into account these 1/E effects [120]
and quotes for the MS scheme αs = 0.1217 ± 0.0046 and a significant
1/E term. This term vanishes in the RGI/ECH scheme and the
data are well described by pure perturbation theory with consistent
αs = 0.1201± 0.0020.

Studies have been carried out at energies between ∼130 GeV
[121] and ∼200 GeV [122]. These can be combined to give
αs(130 GeV) = 0.114 ± 0.008 and αs(189 GeV) = 0.1104 ± 0.005.
The dominant errors are theoretical and systematic and, most of
these are in common at the two energies. These data and those at
the Z resonance and below provide clear confirmation of the expected
decrease in αs as the energy is increased.

The LEP QCD working group [123] uses all LEP data Z mass
and higher energies to perform a global fit using a large number of
shape variables. It determines αs(MZ) = 0.1202 ± 0.0003 (stat) ±
0.0049 (syst), (result quoted in Ref. 6) the error being dominated by
theoretical uncertainties which are the most difficult to quantify.

Similar studies on event shapes have been undertaken at lower
energies at TRISTAN, PEP/PETRA, and CLEO. A combined result
from various shape parameters by the TOPAZ collaboration gives
αs(58 GeV) = 0.125 ± 0.009, using the fixed order QCD result,
and αs(58 GeV) = 0.132 ± 0.008 (corresponding to αs(MZ) =
0.123 ± 0.007), using the same method as in the SLD and LEP
average [124]. The measurements of event shapes at PEP/PETRA are
summarized in earlier editions of this note. A recent reevaluation of the
JADE data [125] obtained using resummed QCD results with modern
models of jet fragmentation and by averaging over several shape
variables gives αs(22 GeV) = 0.151 ± 0.004 (expt) +0.014

−0.012 (theory)
which is used in the final average. These results also attempt to
constrain the non-perurbative parameters and show a remarkable
agreement with QCD even at low energies [126]. An analysis by the
TPC group [127] gives αs(29 GeV) = 0.160 ± 0.012, using the same
method as TOPAZ.

The CLEO collaboration fits to the order α2
s results for the

two jet fraction at
√

s = 10.53 GeV, and obtains αs(10.53 GeV) =
0.164±0.004 (expt.)±0.014 (theory) [128]. The dominant systematic
error arises from the choice of scale (µ), and is determined from the
range of αs that results from fit with µ = 10.53 GeV, and a fit where
µ is allowed to vary to get the lowest χ2. The latter results in µ = 1.2
GeV. Since the quoted result corresponds to αs(1.2 GeV) = 0.35, it is
by no means clear that the perturbative QCD expression is reliable
and the resulting error should, therefore, be treated with caution. A
fit to many different variables as is done in the LEP/SLC analyses
would give added confidence to the quoted error.

All these measurements are consistent with the LEP average quoted
above which has the smallest statistical error; the systematic errors
being mostly theoretical are likely to be strongly correlated between
the measurements. The value of αs(MZ) = 0.1202 ± 0.005 is used in
the final average.

The four jet final states can be used to measure the color factors
of QCD, related to the relate strength of the couplings of quarks and
gluons to each other. While these factors are not free parameters,
the agreement between the measurements and expectations provides
more evidence for the validity of QCD. The results are summarized in
Ref. 129.
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9.8. Scaling violations in fragmentation functions

Measurements of the fragmentation function di(z, E), (the
probability that a hadron of type i be produced with energy zE in
e+e− collisions at

√
s = 2E) can be used to determine αs. (Detailed

definitions and a discussion of the properties of fragmentation
functions can be found in Sec. 17 of this Review). As in the case of
scaling violations in structure functions, perturbative QCD predicts
only the E dependence. Hence, measurements at different energies are
needed to extract a value of αs. Because the QCD evolution mixes
the fragmentation functions for each quark flavor with the gluon
fragmentation function, it is necessary to determine each of these
before αs can be extracted.

The ALEPH collaboration has used data from energies rang-
ing from

√
s = 22 GeV to

√
s = 91 GeV. A flavor tag is

used to discriminate between different quark species, and the
longitudinal and transverse cross sections are used to extract
the gluon fragmentation function [130]. The result obtained
is αs(MZ) = 0.126 ± 0.007 (expt.) ± 0.006 (theory) [131]. The
theory error is due mainly to the choice of scale. The OPAL
collaboration [132] has also extracted the separate fragmentation
functions. DELPHI [133] has also performed a similar analy-
sis using data from other experiments at lower energy with
the result αs(MZ) = 0.124 ± 0.007 (expt.) ± 0.009 (theory). The
larger theoretical error is due to the larger range of scales that
were used in the fit. These results can be combined to give
αs(MZ) = 0.125 ± 0.005 (expt.) ± 0.008 (theory).

A global analysis [134] uses data on the production of π, K, p, and
p from SLC [135], DELPHI [136], OPAL [137], ALEPH [138], and
lower-energy data from the TPC collaboration [139]. A flavor tag
and a three-jet analysis is used to disentangle the quark and gluon
fragmentation functions. The value αs(MZ) = 0.1172+0.0055+0.0017

−0.0069−0.0025
is obtained. The second error is a theoretical one arising from the
choice of scale. The fragmentation functions resulting from this fit are
consistent with a recent fit of [140].

It is unclear how to combine the measurements discussed in the two
previous paragraphs as much of the data used are common to both. If
the theoretical errors dominate then a simple average is appropriate
as the methods are different. For want of a better solution, the naive
average of αs(MZ) = 0.1201 ± 0.006 is used in the average value
quoted below.

9.9. Photon structure functions

e+e− can also be used to study photon-photon interactions, which
can be used to measure the structure function of a photon [141], by
selecting events of the type e+e− → e+e− + hadrons which proceeds
via two photon scattering. If events are selected where one of the
photons is almost on mass shell and the other has a large invariant
mass Q, then the latter probes the photon structure function at scale
Q; the process is analogous to deep inelastic scattering where a highly
virtual photon is used to probe the proton structure. This process
was included in earlier versions of this Review which can be consulted
for details on older measurements [142–145]. A review of the data
can be found in [146]. Data are available from LEP [147–151] and
from TRISTAN [152,153] which extend the range of Q2 to of order
300 GeV2 and x as low as 2 × 10−3and show Q2 dependence of the
structure function that is consistent with QCD expectations. There is
evidence for a hadronic (non-perturbative) component to the photon
structure function that complicates attempts to extract a value of αs

from the data.
Ref. 154 uses data from PETRA, TRISTAN, and LEP to perform

a combined fit. The higher data from LEP extend to higher Q2

(< 780 GeV2) and enable a measurement: αs(mZ) = 0.1198 ± 0.0054
which now is competitive with other results.

Experiments at HERA can also probe the photon structure function
by looking at jet production in γp collisions; this is analogous to the
jet production in hadron-hadron collisions which is sensitive to hadron
structure functions. The data [155] are consistent with theoretical
models [156].

9.10. Jet rates in ep collisions

At lowest order in αs, the ep scattering process produces a final
state of (1+1) jets, one from the proton fragment and the other from
the quark knocked out by the process e + quark → e + quark. At
next order in αs, a gluon can be radiated, and hence a (2+1) jet final
state produced. By comparing the rates for these (1+1) and (2+1) jet
processes, a value of αs can be obtained. A NLO QCD calculation
is available [157]. The basic methodology is similar to that used in
the jet counting experiments in e+e− annihilation discussed above.
Unlike those measurements, the ones in ep scattering are not at a fixed
value of Q2. In addition to the systematic errors associated with the
jet definitions, there are additional ones since the structure functions
enter into the rate calculations. A summary of the measurements
from HERA can be found in Ref. 158, which clearly demonstrates the
evidence for the evolution of αs(Q2) with Q2. Results from H1 [159]
αs(MZ) = 0.1175 ± 0.002 (expt.) ± 0.0053 (theor.) and ZEUS [160]
αs(MZ) = 0.1179 ± 0.0040 (expt.) ± 0.005 (theor.) can be combined
to give αs(MZ) = 0.1178 ± 0.0033 (expt.) ± 0.006 (theor.). which
is used in the final average. The theoretical errors arise from scale
choice, structure functions, and jet definitions.

Photoproduction of two or more jets via processes such as
γ + g → qq can also be observed at HERA. The process is similar
to jet production in hadron-hadron collisions. Agreement with
perturbative QCD is excellent and ZEUS [161] quotes αs(MZ) =
0.1224± 0.0020 (expt) ± 0.0050 (theory) which is used in the average
below.

9.11. QCD in diffractive events

In approximately 10% of the deep-inelastic scattering events at
HERA a rapidity gap is observed [162]; that is events are seen
where there are almost no hadrons produced in the direction of the
incident proton. This was unexpected; QCD based models of the
final state predicted that the rapidity interval between the quark that
is hit by the electron and the proton remnant should be populated
approximately evenly by the hadrons. Similar phenomena have been
observed at the Tevatron in W and jet production. For a review see
Ref. 163.

9.12. Lattice QCD

Lattice gauge theory can be used to calculate, using non-
perturbative methods, a physical quantity that can be measured
experimentally. The value of this quantity can then be used to
determine the QCD coupling that enters in the calculation. The main
theoretical differance between this approach and those discussed above
is that, in the previous cases, precise calculations are restricted to high
energy phenomena where perturbation theory can be applied due to the
smallness of αs in the appropriate energy regime. Lattice calculations
enable reliable calculations to be done without this restriction. It is
important to emphasize that this is exactly the same methodology
used in the cases discussed above. The main quantitative difference is
that the experimental measurements involved, such as the masses of Υ
states, are so precise that their uncertainties have almost no impact on
the final comparisons. A discussion of the uncertainties that enter into
the QCD tests and determination of αs is therefore almost exclusively
a discussion of the techniques used in the calculations. In addition to
αs, other physical quantities such as the masses of the light quarks
can be obtained. For a review of the methodology, see Ref. 164 [165].
For example, the energy levels of a QQ system can be determined
and then used to extract αs. The masses of the QQ states depend
only on the quark mass and on αs. Until a few years ago, calculations
have not been performed for three light quark flavors. Results for
zero (nf = 0, quenched approximation) and two light flavors were
extrapolated to nf = 3. This major limitation has now been removed
and a qualitative improvement in the calculations has occurred. Using
the mass differences of Υ and Υ ′ and Υ ′′ and χb, Mason et al. [167]
extract a value of αs(MZ) = 0.1170 ± 0.0012. Many other quantities
such as the pion decay constant, and the masses of the Bs meson and
Ω baryon are used and the overall consistency is excellent.
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There have also been investigations of the running of αs [173].
These show remarkable agreement with the two loop perturbative
result of Eq. (9.5).

There are several sources of error in these estimates of αs(MZ).
The experimental error associated with the measurements of the
particle masses is negligible. The limited statistics of the Monte-Carlo
calculation which can be improved only with more computational
resources is one dominant error. The conversion from the lattice
coupling constant to the MS constant is obtained using a perturbative
expansion where one coupling expanded as a power series in the
other. The series is known to third order and this leads to the
second largest uncertainty [166]. Extra degrees of freedom introduced
by calculating (using staggered fermions) on a lattice have to be
removed: see Ref. 174 for a discussion of this point and the possible
uncertainties related to it. The use of Wilson fermions involves a
differant systematic. Results from Ref. 175 using this method with
two light quark flavors are αs(MZ) = 0.112 ± 0.003, which illustrates
the tendency for results using Wilson fermions to be systematically
lower than those from staggered fermions.

In this review, we will use only the new result [166] of αs(MZ) =
0.1170 ± 0.0012, which is consistent with the value αs(MZ) =
0.121 ± 0.003 used in the last version of this review [167].

In addition to the strong coupling constant other quantities can
be determined including the light quark masses [168]. Of particular
interest are the decay constants of charmed and bottom mesons. These
are required, for example, to facilitate the extraction of CKM elements
from measurements of charm and bottom decay rates [169,170]. Some
of these quantities such as the D-meson decay constant have been
found to be in excellent agreement with experiment [171].
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Figure 9.2: Summary of the values of αs(µ) at the values of
µ where they are measured. The lines show the central values
and the ±1σ limits of our average. The figure clearly shows the
decrease in αs(µ) with increasing µ. The data are, in increasing
order of µ, τ width, Υ decays, deep inelastic scattering, e+e−
event shapes at 22 GeV from the JADE data, shapes at
TRISTAN at 58 GeV, Z width, and e+e− event shapes at 135
and 189 GeV.

9.13. Conclusions

The need for brevity has meant that many other important topics
in QCD phenomenology have had to be omitted from this review. One
should mention in particular the study of exclusive processes (form
factors, elastic scattering, . . .), the behavior of quarks and gluons in
nuclei, the spin properties of the theory, and QCD effects in hadron
spectroscopy.

We have focused on those high-energy processes which currently
offer the most quantitative tests of perturbative QCD. Figure 9.1
shows the values of αs(MZ) deduced from the various experiments.
Figure 9.2 shows the values and the values of Q where they are
measured. This figure clearly shows the experimental evidence for the
variation of αs(Q) with Q.

An average of the values in Fig. 9.1 gives αs(MZ) = 0.1176, with a
total χ2 of 9 for eleven fitted points, showing good consistency among
the data. The error on this average, assuming that all of the errors
in the contributing results are uncorrelated, is ±0.0009, and may be
an underestimate. Almost all of the values used in the average are
dominated by systematic, usually theoretical, errors. Only some of
these, notably from the choice of scale, are correlated. The error on the
lattice gauge theory result is the smallest and then there are several
results with comparable small errors: these are the ones from τ decay,
deep inelastic scattering, Υ decay and the Z0 width. Omitting the
lattice-QCD result from the average changes it to αs(MZ) = 0.1185
or 1σ. All of the results that dominate the average are from NNLO.
The NLO results have little weight, there are no LO results used.
Almost all of the results have errors that are dominated by theoretical
issues, either from unknown higher order perturbative corrections or
estimates of non-perturbative contributions. It is therefore prudent be
conservative and quote our average value as αs(MZ) = 0.1176± 0.002.
Note that the average has moved by less than 1σ from the last version
of this review. Future experiments can be expected to improve the
measurements of αs somewhat.

The value of αs at any scale corresponding to our average can be ob-
tained from http://www-theory.lbl.gov/∼ianh/alpha/alpha.html
which uses Eq. (9.5) to interpolate.
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37. J. Blümlein and H. Böttcher, Nucl. Phys. B636, 225 (2002).
38. J.D. Bjorken, Phys. Rev. 148, 1467 (1966).
39. G. Altarelli et al., Nucl. Phys. B496, 337 (1997).
40. J. Ellis and M. Karliner, Phys. Lett. B341, 397 (1995).
41. M.A. Shifman et al., Nucl. Phys. B147, 385 (1979).
42. S. Narison and A. Pich, Phys. Lett. B211, 183 (1988);

E. Braaten et al., Nucl. Phys. B373, 581 (1992).
43. M. Neubert, Nucl. Phys. B463, 511 (1996).
44. F. Le Diberder and A. Pich, Phys. Lett. B289, 165 (1992).
45. R. Barate et al., Z. Phys. C76, 1 (1997); Z. Phys. C76, 15

(1997);
K. Ackerstaff et al., Eur. Phys. J. C7, 571 (1999).

46. T. Coan et al., Phys. Lett. B356, 580 (1995).
47. A.L. Kataev and V.V. Starshenko, Mod. Phys. Lett. A10, 235

(1995).
48. F. Le Diberder and A. Pich, Phys. Lett. B286, 147 (1992).
49. C.J. Maxwell and D.J. Tong, Nucl. Phys. B481, 681 (1996).
50. G. Altarelli, Nucl. Phys. B40, 59 (1995);

G. Altarelli et al., Z. Phys. C68, 257 (1995).
51. S. Narison, Nucl. Phys. B40, 47 (1995).
52. S. Narison, hep-ph/0508259.
53. S. Menke, hep-ex/0106011.
54. S.D. Ellis et al., Phys. Rev. Lett. 64, 2121 (1990);

F. Aversa et al., Phys. Rev. Lett. 65, 401 (1990);
W.T. Giele et al., Phys. Rev. Lett. 73, 2019 (1994);
S. Frixione et al., Nucl. Phys. B467, 399 (1996).

55. F. Abe et al., Phys. Rev. Lett. 77, 438 (1996);
B. Abbott et al., Phys. Rev. Lett. 86, 1707 (2001).

56. W.T. Giele et al., Phys. Rev. D53, 120 (1996).
57. T. Affolder et al., Phys. Rev. Lett. 88, 042001 (2002).
58. UA1 Collaboration: G. Arnison et al., Phys. Lett. B177, 244

(1986).

59. F. Abe et al., Phys. Rev. Lett. 77, 533 (1996);
ibid.,erratum Phys. Rev. Lett. 78, 4307 (1997);
B. Abbott, Phys. Rev. Lett. 80, 666 (1998);
S. Abachi et al., Phys. Rev. D53, 6000 (1996).

60. G. Altarelli et al., Nucl. Phys. B143, 521 (1978).
61. R. Hamberg et al., Nucl. Phys. B359, 343 (1991).
62. P. Aurenche et al., Phys. Rev. D42, 1440 (1990);

P. Aurenche et al., Phys. Lett. 140B, 87 (1984);
P. Aurenche et al., Nucl. Phys. B297, 661 (1988).

63. H. Baer et al., Phys. Lett. B234, 127 (1990).
64. H. Baer and M.H. Reno, Phys. Rev. D43, 2892 (1991);

P.B. Arnold and M.H. Reno, Nucl. Phys. B319, 37 (1989).
65. F. Abe et al., Phys. Rev. Lett. 73, 2662 (1994).
66. B. Abbott et al., Phys. Rev. Lett. 84, 2786 (2001);

V.M. Abazov et al., Phys. Rev. Lett. 87, 251805 (2001).
67. G. Alverson et al., Phys. Rev. D48, 5 (1993).
68. L. Apanasevich et al., Phys. Rev. D59, 074007 (1999); Phys.

Rev. Lett. 81, 2642 (1998).
69. W. Vogelsang and A. Vogt, Nucl. Phys. B453, 334 (1995);

P. Aurenche et al., Eur. Phys. J. C9, 107 (1999).
70. J. Alitti et al., Phys. Lett. B263, 563 (1991).
71. S. Abachi et al., Phys. Rev. Lett. 75, 3226 (1995);

J. Womersley, private communication;
J. Huston, in the Proceedings to the 29th International
Conference on High-Energy Physics (ICHEP98), Vancouver,
Canada (23–29 Jul 1998) hep-ph/9901352.

72. R.K. Ellis and S. Veseli, Nucl. Phys. B511, 649 (1998);
C.T. Davies et al., Nucl. Phys. B256, 413 (1985);
G. Parisi and R. Petronzio, Nucl. Phys. B154, 427 (1979);
J.C. Collins et al., Nucl. Phys. B250, 199 (1985).

73. DØ Collaboration: B. Abbott et al., Phys. Rev. D61, 032004
(2000);
T. Affolder et al., FERMILAB-PUB-99/220.

74. C. Albajar et al., Phys. Lett. B369, 46 (1996).
75. M.L. Mangano et al., Nucl. Phys. B373, 295 (1992).
76. D. Acosta et al., Phys. Rev. D65, 052005 (2002).
77. M. Cacciari et al., JHEP 0407, 033 (2004).
78. D. Acosta et al. Phys. Rev. D 71, 032001 (2005).
79. R. Barbieri et al., Phys. Lett. 95B, 93 (1980);

P.B. Mackenzie and G.P. Lepage, Phys. Rev. Lett. 47, 1244
(1981).

80. G.T. Bodwin et al., Phys. Rev. D51, 1125 (1995).
81. The Review of Particle Physics,D.E. Groom et al., Eur. Phys.

J. C15, 1 (2000) and 2001 off-year partial update for the
2002 edition available on the PDG WWW pages (URL:
http://pdg.lbl.gov/).

82. M. Gremm and A. Kapustin, Phys. Lett. B407, 323 (1997).
83. I. Hinchliffe and A.V. Manohar, Ann. Rev. Nucl. Part. Sci. 50,

643 (2000).
84. S. Catani and F. Hautmann, Nucl. Phys. B (Proc. Supp.),

vol. 39BC, 359 (1995).
85. B. Nemati et al., Phys. Rev. D55, 5273 (1997).
86. M. Kramer, Phys. Rev. D60, 111503 (1999).
87. M. Voloshin, Int. J. Mod. Phys. A10, 2865 (1995).
88. M. Jamin and A. Pich, Nucl. Phys. B507, 334 (1997).
89. J.H. Kuhn et al., Nucl. Phys. B534, 356 (1998).
90. A.H. Hoang and M. Jamin, Phys. Lett. B594, 127 (2004).
91. S.G. Gorishny et al., Phys. Lett. B259, 144 (1991);

L.R. Surguladze and M.A. Samuel, Phys. Rev. Lett. 66, 560
(1991).

92. K.G. Chetyrkin and J.H. Kuhn, Phys. Lett. B308, 127 (1993).
93. R. Ammar et al., Phys. Rev. D57, 1350 (1998).
94. D. Haidt, in Directions in High Energy Physics, vol. 14, p. 201,

ed. P. Langacker (World Scientific, 1995).
95. LEP electoweak working group, presented at the International

Europhysics Conference on High Energy Physics, EPS05, Lisboa
Portugal (July 2005);
D. Abbaneo, et al., LEPEWWG/2003-01.

96. A. Blondel and C. Verzegrassi, Phys. Lett. B311, 346 (1993);
G. Altarelli et al., Nucl. Phys. B405, 3 (1993).



118 9. Quantum chromodynamics

97. G. Dissertori et al., “Quantum Chromodynamics: High Energy
Experiments and Theory” (Oxford University Press, 2003).

98. E. Farhi, Phys. Rev. Lett. 39, 1587 (1977).
99. C.L. Basham et al., Phys. Rev. D17, 2298 (1978).

100. J. Ellis et al., Nucl. Phys. B111, 253 (1976);
ibid.,erratum Nucl. Phys. B130, 516 (1977);
P. Hoyer et al., Nucl. Phys. B161, 349 (1979).

101. R.K. Ellis et al., Phys. Rev. Lett. 45, 1226 (1980);
Z. Kunszt and P. Nason, ETH-89-0836 (1989).

102. S. Bethke et al., Phys. Lett. B213, 235 (1988), Erratum ibid.,
B523, 681 (1988).

103. S. Bethke et al., Nucl. Phys. B370, 310 (1992).
104. M.Z. Akrawy et al., Z. Phys. C49, 375 (1991).
105. K. Abe et al., Phys. Rev. Lett. 71, 2578 (1993); Phys. Rev.

D51, 962 (1995).
106. B. Andersson et al., Phys. Reports 97, 33 (1983).
107. A. Ali et al., Nucl. Phys. B168, 409 (1980);

A. Ali and F. Barreiro, Phys. Lett. 118B, 155 (1982).
108. B.R. Webber, Nucl. Phys. B238, 492 (1984);

G. Marchesini et al., Phys. Comm. 67, 465 (1992).
109. T. Sjostrand and M. Bengtsson, Comp. Phys. Comm. 43, 367

(1987);
T. Sjostrand, CERN-TH-7112/93 (1993).

110. O. Adriani et al., Phys. Lett. B284, 471 (1992);
M. Akrawy et al., Z. Phys. C47, 505 (1990);
B. Adeva et al., Phys. Lett. B248, 473 (1990);
D. Decamp et al., Phys. Lett. B255, 623 (1991).

111. S. Catani et al., Phys. Lett. B263, 491 (1991).
112. S. Catani et al., Phys. Lett. B269, 432 (1991); G. Dissertori

and M. Schmelling, Phys. Lett. B 361, 167 (1995);
S. Catani et al., Phys. Lett. B272, 368 (1991);
N. Brown and J. Stirling, Z. Phys. C53, 629 (1992).

113. S. Catani et al., Phys. Lett. B269, 432 (1991); Phys. Lett.
B295, 269 (1992); Nucl. Phys. B607, 3 (1993); Phys. Lett.
B269, 432 (1991).

114. M. Dasgupta and G. P. Salam, J. Phys. G30, R143 (2004).
115. P.D. Acton et al., Z. Phys. C55, 1 (1992); Z. Phys. C58, 386

(1993).
116. O. Adriani et al., Phys. Lett. B284, 471 (1992).
117. D. Decamp et al., Phys. Lett. B255, 623 (1992); Phys. Lett.

B257, 479 (1992).
118. P. Abreu et al., Z. Phys. C59, 21 (1993); Phys. Lett. B456, 322

(1999);
M. Acciarri et al., Phys. Lett. B404, 390 (1997).

119. Y.L. Dokshitzer and B.R. Webber Phys. Lett. B352, 451
(1995);
Y.L. Dokshitzer et al., Nucl. Phys. B511, 396 (1997);
Y.L. Dokshitzer et al., JHEP 9801, 011 (1998).

120. J. Abdallah et al., [DELPHI Collaboration], Eur. Phys. J. C29,
285 (2003).

121. D. Buskulic et al., Z. Phys. C73, 409 (1997); Z. Phys. C73, 229
(1997).

122. H. Stenzel et al. [ALEPH Collaboration], CERN-OPEN-99-
303(1999);
DELPHI Collaboration: Eur. Phys. J. C14, 557 (2000);
M. Acciarri et al. [L3 Collaboration], Phys. Lett. B489, 65
(2000);
OPAL Collaboration, PN-403 (1999); all submitted to Inter-
national Conference on Lepton Photon Interactions, Stanford,
USA (Aug. 1999);
M. Acciarri et al. OPAL Collaboration], Phys. Lett. B371, 137
(1996); Z. Phys. C72, 191 (1996);
K. Ackerstaff et al., Z. Phys. C75, 193 (1997);
ALEPH Collaboration: ALEPH 98-025 (1998).

123. http://lepqcd.web.cern.ch/LEPQCD/annihilations/

Welcome.html.
124. Y. Ohnishi et al., Phys. Lett. B313, 475 (1993).
125. P.A. Movilla Fernandez et al., Eur. Phys. J. C1, 461 (1998),

hep-ex/020501; S. Kluth et al., hep-ex/0305023; J. Schieck
et al., hep-ex/0408122;
O. Biebel et al., Phys. Lett. B459, 326 (1999).

126. S. Kluth et al., [JADE Collaboration], hep-ex/0305023.
127. D.A. Bauer et al., SLAC-PUB-6518.
128. L. Gibbons et al., CLNS 95-1323 (1995).
129. S. Kluth, Nucl. Phys. Proc. Suppl. 133, 36 (2004).
130. P. Nason and B.R. Webber, Nucl. Phys. B421, 473 (1994).
131. D. Buskulic et al., Phys. Lett. B357, 487 (1995);

ibid.,erratum Phys. Lett. B364, 247 (1995).
132. R. Akers et al., Z. Phys. C68, 203 (1995).
133. P. Abreu et al., Phys. Lett. B398, 194 (1997).
134. B.A. Kniehl et al., Phys. Rev. Lett. 85, 5288 (2000).
135. K. Abe et al., [SLD Collab.], Phys. Rev. D59, 052001 (1999).
136. P. Abreu et al., [DELPHI Collab.], Eur. Phys. J. C5, 585

(1998).
137. G. Abbiendi et al., [OPAL Collab.], Eur. Phys. J. C11, 217

(1999).
138. D. Buskulic et al., [ALEPH Collab.], Z. Phys. C66, 355 (1995);

R. Barate et al., Eur. Phys. J. C17, 1 (2000).
139. H. Aihara, et al., LBL-23737 (1988) (Unpublished).
140. L. Bourhis et al., Eur. Phys. J. C19, 89 (2001).
141. E. Witten, Nucl. Phys. B120, 189 (1977).
142. C. Berger et al., Nucl. Phys. B281, 365 (1987).
143. H. Aihara et al., Z. Phys. C34, 1 (1987).
144. M. Althoff et al., Z. Phys. C31, 527 (1986).
145. W. Bartel et al., Z. Phys. C24, 231 (1984).
146. M. Erdmann, International Conference on Lepton Photon Inter-

actions, Rome Italy (Aug. 2001) R. Nisius, hep-ex/0210059.
147. K. Ackerstaff et al., Phys. Lett. B412, 225 (1997); Phys. Lett.

B411, 387 (1997).
148. G. Abbiendi et al., [OPAL Collaboration], Eur. Phys. J. C18,

15 (2000).
149. R. Barate et al., Phys. Lett. B458, 152 (1999).
150. M. Acciarri et al., Phys. Lett. B436, 403 (1998); Phys. Lett.

B483, 373 (2000).
151. P. Abreu et al., Z. Phys. C69, 223 (1996).
152. K. Muramatsu et al., Phys. Lett. B332, 477 (1994).
153. S.K. Sahu et al., Phys. Lett. B346, 208 (1995).
154. S. Albino et al., Phys. Rev. Lett. 89, 122004 (2002).
155. C. Adloff et al., Eur. Phys. J. C13, 397 (2000);

J. Breitweg et al., Eur. Phys. J. C11, 35 (1999).
156. S. Frixione, Nucl. Phys. B507, 295 (1997);

B.W. Harris and J.F. Owens, Phys. Rev. D56, 4007 (1997);
M. Klasen and G. Kramer, Z. Phys. C72, 107 (1996).

157. D. Graudenz, Phys. Rev. D49, 3921 (1994);
J.G. Korner et al., Int. J. Mod. Phys. A4, 1781, (1989);
S. Catani and M. Seymour, Nucl. Phys. B485, 291 (1997);
M. Dasgupta and B.R. Webber, Eur. Phys. J. C1, 539 (1998);
E. Mirkes and D. Zeppenfeld, Phys. Lett. B380, 205 (1996).

158. C. Glasman, at DIS2005 Madison, Wisconsin (2005).
159. T. Klugg (H1 collaboration) at DIS2005, Madison, Wisconsin

(2005) C. Adloff et al., Eur. Phys. J. C19, 289 (2001).
160. ZEUS Collaboration: DESY-05-019, hep-ex/0502007.
161. ZEUS Collaboration: S. Chekanov et al., Phys. Lett. B558, 41

(2003);
E. Tassi at DIS2001 Conference, Bologna (April 2001).

162. M. Derrick et al., Phys. Lett. B, 369 (1996);
T. Ahmed et al., Nucl. Phys. B435, 3 (1995).

163. D.M. Janson et al., hep-ex/9905537.
164. P. Weisz, Nucl. Phys. (Proc. Supp.) B47, 71 (1996).
165. P. E. L. Rakow, Nucl. Phys. (Proc. Supp.) B140, 34 (2005).
166. Q. Mason et al., Phys. Rev. Lett. 95, 052002 (2005).
167. C. T. H. Davies et al., Phys. Rev. Lett. 92, 022001 (2004).
168. C. Aubin et al., Phys. Rev. D70, 031504 (2004).
169. C. Aubin et al., Phys. Rev. Lett. 94, 011601 (2005).
170. A. Gray et al., [HPQCD Collaboration], hep-lat/0507015.
171. C. Aubin et al., hep-lat/0506030.
172. A.X. El-Khadra et al., Phys. Rev. Lett. 69, 729 (1992);

A.X. El-Khadra et al., FNAL 94-091/T (1994);
A.X. El-Khadra et al., hep-ph/9608220.

173. G. de Divitiis et al., Nucl. Phys. B437, 447 (1995).
174. S. Durr, hep-lat/0509026.
175. M. Gockeler et al., hep-ph/0502212.



10. Electroweak model and constraints on new physics 119

10. ELECTROWEAK MODEL AND CONSTRAINTS ON NEW PHYSICS

Revised September 2005 by J. Erler (U. Mexico) and P. Langacker
(Univ. of Pennsylvania).

10.1 Introduction
10.2 Renormalization and radiative corrections
10.3 Cross-section and asymmetry formulae
10.4 Precision flavor physics
10.5 W and Z decays
10.6 Experimental results
10.7 Constraints on new physics

10.1. Introduction

The standard electroweak model (SM) is based on the gauge
group [1] SU(2) × U(1), with gauge bosons W i

µ, i = 1, 2, 3, and Bµ

for the SU(2) and U(1) factors, respectively, and the corresponding
gauge coupling constants g and g′. The left-handed fermion fields

ψi =
(

νi

�−i

)
and

(
ui
d′i

)
of the ith fermion family transform as doublets

under SU(2), where d′i ≡
∑

j Vij dj , and V is the Cabibbo-Kobayashi-
Maskawa mixing matrix. (Constraints on V and tests of universality
are discussed in Ref. 2 and in the Section on the Cabibbo-Kobayashi-
Maskawa mixing matrix. The extension of the formalism to allow an
analogous leptonic mixing matrix is discussed in “Neutrino Mass”
in the Particle Listings.) The right-handed fields are SU(2) singlets.
In the minimal model there are three fermion families and a single

complex Higgs doublet φ ≡
(

φ+

φ0

)
.

After spontaneous symmetry breaking the Lagrangian for the
fermion fields is

LF =
∑

i

ψi

(
i �∂ − mi − gmiH

2MW

)
ψi

− g

2
√

2

∑
i

ψi γµ (1 − γ5)(T+ W+
µ + T− W−

µ ) ψi

− e
∑

i

qi ψi γµ ψi Aµ

− g

2 cos θW

∑
i

ψi γµ(gi
V − gi

Aγ5) ψi Zµ . (10.1)

θW ≡ tan−1(g′/g) is the weak angle; e = g sin θW is the positron
electric charge; and A ≡ B cos θW + W 3 sin θW is the (massless)
photon field. W± ≡ (W 1∓ iW 2)/

√
2 and Z ≡ −B sin θW +W 3 cos θW

are the massive charged and neutral weak boson fields, respectively.
T+ and T− are the weak isospin raising and lowering operators. The
vector and axial-vector couplings are

gi
V ≡t3L(i) − 2qi sin2 θW , (10.2a)

gi
A ≡t3L(i) , (10.2b)

where t3L(i) is the weak isospin of fermion i (+1/2 for ui and νi;
−1/2 for di and ei) and qi is the charge of ψi in units of e.

The second term in LF represents the charged-current weak
interaction [3,4]. For example, the coupling of a W to an electron
and a neutrino is

− e

2
√

2 sin θW

[
W−

µ e γµ(1 − γ5)ν + W+
µ ν γµ (1 − γ5)e

]
. (10.3)

For momenta small compared to MW , this term gives rise to the
effective four-fermion interaction with the Fermi constant given (at tree
level, i.e., lowest order in perturbation theory) by GF /

√
2 = g2/8M2

W .
CP violation is incorporated in the SM by a single observable phase
in Vij . The third term in LF describes electromagnetic interactions
(QED), and the last is the weak neutral-current interaction.

In Eq. (10.1), mi is the mass of the ith fermion ψi. For the
quarks these are the current masses. For the light quarks, as
described in “The Note on Quark Masses” in the Particle Listings,
m̂u ≈ 1.5–4 MeV, m̂d ≈ 4–8 MeV, and m̂s ≈ 80–130 MeV. These
are running MS masses evaluated at the scale µ = 2 GeV. (In this
Section we denote quantities defined in the MS scheme by a caret;

the exception is the strong coupling constant, αs, which will always
correspond to the MS definition and where the caret will be dropped.)
For the heavier quarks we use QCD sum rule constraints [5] and
recalculate their masses in each call of our fits to account for their
direct αs dependence. We find, m̂c(µ = m̂c) = 1.290+0.040

−0.045 GeV and
m̂b(µ = m̂b) = 4.207 ± 0.031 GeV, with a correlation of 29%. The
top quark “pole” mass, mt = 172.7 ± 2.9 GeV, is an average [6] of
published CDF [7] and DØ [8] results from run I and of preliminary
results from run II. We are working, however, with MS masses in
all expressions to minimize theoretical uncertainties, and therefore
convert this result to the top quark MS mass,

m̂t(µ = m̂t) = mt[1 − 4
3

αs

π
+ O(α2

s)],

using the three-loop formula from Ref. 9. This introduces an additional
uncertainty which we estimate to 0.6 GeV (the size of the three-loop
term). We are assuming that the kinematic mass extracted from the
collider events corresponds within this uncertainty to the pole mass.
Using the BLM optimized [10] version of the two-loop perturbative
QCD formula [11] (as we did in previous editions of this Review) gives
virtually identical results. Thus, we will use mt = 172.7±2.9±0.6 GeV
≈ 172.7 ± 3.0 GeV (together with MH = 117 GeV) for the numerical
values quoted in Sec. 10.2–Sec. 10.4. In the presence of right-handed
neutrinos, Eq. (10.1) gives rise also to Dirac neutrino masses. The
possibility of Majorana masses is discussed in “Neutrino mass” in the
Particle Listings.

H is the physical neutral Higgs scalar which is the only remaining
part of φ after spontaneous symmetry breaking. The Yukawa coupling
of H to ψi, which is flavor diagonal in the minimal model, is
gmi/2MW . In non-minimal models there are additional charged and
neutral scalar Higgs particles [12].

10.2. Renormalization and radiative corrections

The SM has three parameters (not counting the Higgs boson mass,
MH , and the fermion masses and mixings). A particularly useful set
is:
(a) The fine structure constant α = 1/137.03599911(46), determined

from the e± anomalous magnetic moment, the quantum Hall
effect, and other measurements [13]. In most electroweak
renormalization schemes, it is convenient to define a running α
dependent on the energy scale of the process, with α−1 ∼ 137
appropriate at very low energy. (The running has also been
observed directly [14]. ) For scales above a few hundred MeV
this introduces an uncertainty due to the low-energy hadronic
contribution to vacuum polarization. In the modified minimal
subtraction (MS) scheme [15] (used for this Review), and
with αs(MZ) = 0.120 for the QCD coupling at MZ , we have
α̂(mτ )−1 = 133.445 ± 0.017 and α̂(MZ)−1 = 127.918 ± 0.018.
The latter corresponds to a quark sector contribution (without
the top) to the conventional (on-shell) QED coupling, α(MZ) =

α

1 − ∆α(MZ)
, of ∆α

(5)
had(MZ) ≈ 0.02791± 0.00013. These values

are updated from Ref. 16 with a reduced uncertainty by a factor
of 1/3 because they account for the latest results from τ decays
(moving ∆α

(5)
had(MZ) up by somewhat less than one standard

deviation) and a reanalysis of the CMD 2 collaboration results
after correcting a radiative correction [17]. See Ref. 18 for a
discussion in the context of the anomalous magnetic moment
of the muon. The correlation of the latter with α̂(MZ), as well
as the non-linear αs dependence of α̂(MZ) and the resulting
correlation with the input variable αs, are fully taken into account
in the fits. This is done by using as actual input (fit constraint)
instead of ∆α

(5)
had(MZ) the analogous low-energy contribution by

the three light quarks, ∆α
(3)
had(1.8 GeV) = 0.00577± 0.00010, and

by calculating the perturbative and heavy quark contributions
to α̂(MZ) in each call of the fits according to Ref. 16. The
uncertainty is from e+e− annihilation data below 1.8 GeV
and τ decay data, from isospin breaking effects (affecting the
interpretation of the τ data); from uncalculated higher order
perturbative and non-perturbative QCD corrections; and from
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the MS quark masses. Such a short distance mass definition
(unlike the pole mass) is free from non-perturbative and
renormalon uncertainties. Various recent evaluations of ∆α

(5)
had

are summarized in Table 10.1, where the relation between the
on-shell and MS definitions is given by

∆α̂(MZ) − ∆α(MZ) =
α

π

(
100
27

− 1
6
− 7

4
ln

M2
Z

M2
W

)
≈ 0.0072

to leading order, where the first term is from fermions and
the other two are from W± loops which are usually excluded
from the on-shell definition. Most of the older results relied on
e+e− → hadrons cross-section measurements up to energies of
40 GeV, which were somewhat higher than the QCD prediction,
suggested stronger running, and were less precise. The most
recent results typically assume the validity of perturbative QCD
(PQCD) at scales of 1.8 GeV and above, and are in reasonable
agreement with each other. (Evaluations in the on-shell scheme
utilize resonance data from BES [38] as further input.) There is,
however, some discrepancy between analyzes based on e+e− →
hadrons cross-section data and those based on τ decay spectral
functions [18–20]. The latter imply lower central values for the
extracted MH of O(10 GeV). The discrepancy originates from
the kinematic region

√
s � 0.6 GeV. However, at least some of it

appears to be experimental. The e+e− → π+π− cross-sections
measured by the SND collaboration [39] are significantly larger
than the older results by the CMD collaboration [40]. The data
from SND are also about one standard deviation higher than those
by CMD 2 [17] but in perfect agreement with information from τ
decays. As an alternative to cross-section scans, one can use the
high statistics radiative return events [41] at e+e− accelerators
operating at resonances such as the Φ or the Υ (4S). The method
is systematics dominated. The π+π− radiative return results
from the Φ obtained by the KLOE collaboration [42] for energies
above the ρ peak are significantly lower compared to SND, while
CMD 2 lies in between. Results for three and four pion final
states are in better agreement. Further improvement of this
dominant theoretical uncertainty in the interpretation of precision
data will require better measurements of the cross-section for
e+e− → hadrons below the charmonium resonances, as well as in
the threshold region of the heavy quarks (to improve the precision
in m̂c(m̂c) and m̂b(m̂b)).

(b) The Fermi constant, GF = 1.16637(1)× 10−5 GeV−2, determined
from the muon lifetime formula [43,44],

τ−1
µ =

G2
F m5

µ

192π3
F

(
m2

e

m2
µ

)(
1 +

3
5

m2
µ

M2
W

)

×
[
1 +

(
25
8

− π2

2

)
α(mµ)

π
+ C2

α2(mµ)
π2

]
, (10.4a)

where

F (x) = 1 − 8x + 8x3 − x4 − 12x2 ln x , (10.4b)

C2 =
156815
5184

− 518
81

π2 − 895
36

ζ(3)+
67
720

π4 +
53
6

π2 ln(2) , (10.4c)

and

α(mµ)−1 = α−1 − 2
3π

ln
(mµ

me

)
+

1
6π

≈ 136 . (10.4d)

The O(α2) corrections to µ decay have been completed in Ref. 44.
The remaining uncertainty in GF is from the experimental input.

(c) The Z-boson mass, MZ = 91.1876 ± 0.0021 GeV, determined
from the Z-lineshape scan at LEP 1 [45].

With these inputs, sin2 θW and the W -boson mass, MW , can
be calculated when values for mt and MH are given; conversely
(as is done at present), MH can be constrained by sin2 θW and
MW . The value of sin2 θW is extracted from Z-pole observables and
neutral-current processes [45–48], and depends on the renormalization
prescription. There are a number of popular schemes [49–56] leading
to values which differ by small factors depending on mt and MH . The
notation for these schemes is shown in Table 10.2. Discussion of the
schemes follows the table.

Table 10.1: Recent evaluations of the on-shell ∆α
(5)
had(MZ).

For better comparison we adjusted central values and errors to
correspond to a common and fixed value of αs(MZ) = 0.120.
References quoting results without the top quark decoupled
are converted to the five flavor definition. Ref. [31] uses
ΛQCD = 380 ± 60 MeV; for the conversion we assumed
αs(MZ) = 0.118 ± 0.003.

Reference Result Comment

Martin, Zeppenfeld [21] 0.02744± 0.00036 PQCD for
√

s > 3 GeV
Eidelman, Jegerlehner [22] 0.02803± 0.00065 PQCD for

√
s > 40 GeV

Geshkenbein, Morgunov [23] 0.02780± 0.00006 O(αs) resonance model
Burkhardt, Pietrzyk [24] 0.0280 ± 0.0007 PQCD for

√
s > 40 GeV

Swartz [25] 0.02754± 0.00046 use of fitting function
Alemany et al. [26] 0.02816± 0.00062 incl. τ decay data
Krasnikov, Rodenberg [27] 0.02737± 0.00039 PQCD for

√
s > 2.3 GeV

Davier & Höcker [28] 0.02784± 0.00022 PQCD for
√

s > 1.8 GeV
Kühn & Steinhauser [29] 0.02778± 0.00016 complete O(α2

s)
Erler [16] 0.02779± 0.00020 conv. from MS scheme
Davier & Höcker [30] 0.02770± 0.00015 use of QCD sum rules
Groote et al. [31] 0.02787± 0.00032 use of QCD sum rules
Martin et al. [32] 0.02741± 0.00019 includes new BES data
Burkhardt, Pietrzyk [33] 0.02763± 0.00036 PQCD for

√
s > 12 GeV

de Troconiz, Yndurain [34] 0.02754± 0.00010 PQCD for s > 2 GeV2

Jegerlehner [35] 0.02765± 0.00013 conv. from MOM scheme
Hagiwara et al. [36] 0.02757± 0.00023 PQCD for

√
s > 11.09 GeV

Burkhardt, Pietrzyk [37] 0.02760± 0.00035 incl. KLOE data

Table 10.2: Notations used to indicate
the various schemes discussed in the text.
Each definition of sin θW leads to values
that differ by small factors depending on
mt and MH . Approximate values are also
given for illustration.

Scheme Notation and Value

On-shell sW = sin θW ≈ 0.2231
NOV sMZ

= sin θW ≈ 0.2311
MS ŝZ = sin θW ≈ 0.2312
MS ND ŝND = sin θW ≈ 0.2314
Effective angle sf = sin θW ≈ 0.2315

(i) The on-shell scheme [49] promotes the tree-level formula sin2 θW =
1 − M2

W /M2
Z to a definition of the renormalized sin2 θW to all

orders in perturbation theory, i.e., sin2 θW → s2
W ≡ 1−M2

W /M2
Z :

MW =
A0

sW (1 − ∆r)1/2
, (10.5a)

MZ =
MW

cW
, (10.5b)

where cW ≡ cos θW , A0 = (πα/
√

2GF )1/2 = 37.2805(2) GeV,
and ∆r includes the radiative corrections relating α, α(MZ),
GF , MW , and MZ . One finds ∆r ∼ ∆r0 − ρt/ tan2 θW , where
∆r0 = 1 − α/α̂(MZ) = 0.06654(14) is due to the running
of α, and ρt = 3GF m2

t /8
√

2π2 = 0.00935(mt/172.7 GeV)2

represents the dominant (quadratic) mt dependence. There are
additional contributions to ∆r from bosonic loops, including
those which depend logarithmically on MH . One has ∆r =
0.03630∓ 0.0011 ± 0.00014, where the second uncertainty is from
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α(MZ). Thus the value of s2
W extracted from MZ includes an

uncertainty (∓0.00036) from the currently allowed range of mt.
This scheme is simple conceptually. However, the relatively large
(∼ 3%) correction from ρt causes large spurious contributions in
higher orders.

(ii) A more precisely determined quantity s2
MZ

[50] can be obtained
from MZ by removing the (mt, MH) dependent term from
∆r [51], i.e.,

s2
MZ

c2MZ
≡ πα(MZ)√

2 GF M2
Z

. (10.6)

Using α(MZ)−1 = 128.91± 0.02 yields s2
MZ

= 0.23108∓ 0.00005.

The small uncertainty in s2
MZ

compared to other schemes is
because most of the mt dependence has been removed by
definition. However, the mt uncertainty reemerges when other
quantities (e.g., MW or other Z-pole observables) are predicted
in terms of MZ .

Both s2
W and s2

MZ
depend not only on the gauge couplings

but also on the spontaneous-symmetry breaking, and both
definitions are awkward in the presence of any extension of the
SM which perturbs the value of MZ (or MW ). Other definitions
are motivated by the tree-level coupling constant definition
θW = tan−1(g′/g).

(iii) In particular, the modified minimal subtraction (MS) scheme
introduces the quantity sin2 θ̂W (µ) ≡ ĝ ′2(µ)/

[
ĝ 2(µ) + ĝ ′2(µ)

]
,

where the couplings ĝ and ĝ′ are defined by modified minimal
subtraction and the scale µ is conveniently chosen to be MZ for
many electroweak processes. The value of ŝ 2

Z = sin2 θ̂W (MZ)
extracted from MZ is less sensitive than s2

W to mt (by a factor
of tan2 θW ), and is less sensitive to most types of new physics
than s2

W or s2
MZ

. It is also very useful for comparing with
the predictions of grand unification. There are actually several
variant definitions of sin2 θ̂W (MZ), differing according to whether
or how finite α ln(mt/MZ) terms are decoupled (subtracted from
the couplings). One cannot entirely decouple the α ln(mt/MZ)
terms from all electroweak quantities because mt � mb breaks
SU(2) symmetry. The scheme that will be adopted here decouples
the α ln(mt/MZ) terms from the γ–Z mixing [15,52], essentially
eliminating any ln(mt/MZ) dependence in the formulae for
asymmetries at the Z-pole when written in terms of ŝ 2

Z . (A
similar definition is used for α̂.) The various definitions are
related by

ŝ 2
Z = c (mt, MH)s2

W = c (mt, MH) s2
MZ

, (10.7)

where c = 1.0359 ± 0.0012 and c = 1.0010 ∓ 0.0004. The
quadratic mt dependence is given by c ∼ 1 + ρt/ tan2 θW and
c ∼ 1 − ρt/(1 − tan2 θW ), respectively. The expressions for MW
and MZ in the MS scheme are

MW =
A0

ŝZ(1 − ∆r̂W )1/2
, (10.8a)

MZ =
MW

ρ̂1/2ĉZ
, (10.8b)

and one predicts ∆r̂W = 0.06969± 0.00004± 0.00014. ∆r̂W has
no quadratic mt dependence, because shifts in MW are absorbed
into the observed GF , so that the error in ∆r̂W is dominated by
∆r0 = 1−α/α̂(MZ) which induces the second quoted uncertainty.
The quadratic mt dependence has been shifted into ρ̂ ∼ 1 + ρt,
where including bosonic loops, ρ̂ = 1.01043± 0.00034. Quadratic
MH effects are deferred to two-loop order, while the leading
logarithmic MH effects are dominant only for large MH values
which are currently disfavored by the precision data. As an
illustration, the shift in MW due to a large MH (for fixed MZ) is
given by

∆HMW = −11
96

α

π

MW

c2W − s2
W

ln
M2

H

M2
W

+ O(α2). (10.9)

(iv) A variant MS quantity ŝ 2
ND (used in the 1992 edition of this

Review) does not decouple the α ln(mt/MZ) terms [53]. It is
related to ŝ 2

Z by

ŝ 2
Z = ŝ 2

ND/
(
1 +

α̂

π
d
)

, (10.10a)

d =
1
3

(
1
ŝ 2 − 8

3

) [
(1 +

αs

π
) ln

mt

MZ
− 15αs

8π

]
, (10.10b)

Thus, ŝ 2
Z − ŝ 2

ND ∼ −0.0002 for mt = 172.7 GeV.

(v) Yet another definition, the effective angle [54–56] s2
f for the Z

vector coupling to fermion f , is described in Sec. 10.3.
Experiments are at a level of precision that complete O(α) radiative

corrections must be applied. For neutral-current and Z-pole processes,
these corrections are conveniently divided into two classes:

1. QED diagrams involving the emission of real photons or the
exchange of virtual photons in loops, but not including vacuum
polarization diagrams. These graphs often yield finite and gauge-
invariant contributions to observable processes. However, they
are dependent on energies, experimental cuts, etc., and must be
calculated individually for each experiment.

2. Electroweak corrections, including γγ, γZ, ZZ, and WW vacuum
polarization diagrams, as well as vertex corrections, box graphs,
etc., involving virtual W ’s and Z’s. Many of these corrections
are absorbed into the renormalized Fermi constant defined in
Eq. (10.4). Others modify the tree-level expressions for Z-pole
observables and neutral-current amplitudes in several ways [46].
One-loop corrections are included for all processes. In addition,
certain two-loop corrections are also important. In particular,
two-loop corrections involving the top quark modify ρt in ρ̂, ∆r,
and elsewhere by

ρt → ρt[1 + R(MH , mt)ρt/3] . (10.11)

R(MH , mt) is best described as an expansion in M2
Z/m2

t . The
unsuppressed terms were first obtained in Ref. 57, and are
known analytically [58]. Contributions suppressed by M2

Z/m2
t

were first studied in Ref. 59 with the help of small and
large Higgs mass expansions, which can be interpolated. These
contributions are about as large as the leading ones in Refs. 57
and 58. The complete two-loop calculation of ∆r (without
further approximation) has been performed in Refs. 60,61 for
fermionic and purely bosonic diagrams, respectively. Similarly,
the electroweak two-loop calculation for the relation between s2

�
and s2

W is complete [62] except for the purely bosonic contribution.
For MH above its lower direct limit, −17 < R ≤ −13.

Mixed QCD-electroweak contributions to gauge boson self-
energies of order ααsm

2
t [63] and αα2

sm
2
t [64] increase the

predicted value of mt by 6%. This is, however, almost entirely an
artifact of using the pole mass definition for mt. The equivalent
corrections when using the MS definition m̂t(m̂t) increase mt

by less than 0.5%. The subleading ααs corrections [65] are
also included. Further three-loop corrections of order αα2

s [66],
α3m6

t [67,68], and α2αsm
4
t (for MH = 0) [67], are rather

small. The same is true for α3M4
H [69] corrections unless MH

approaches 1 TeV.
The leading electroweak two-loop terms for the Z → bb̄-vertex

of O(α2m4
t ) have been obtained in Refs. 57,58, and the mixed

QCD-electroweak contributions in Refs. 70,71. The O(ααs)-
vertex corrections involving massless quarks [72] add coherently,
resulting in a sizable effect and shift the extracted αs(MZ) by
≈ +0.0007.

Throughout this Review we utilize electroweak radiative corrections
from the program GAPP [73], which works entirely in the MS scheme,
and which is independent of the package ZFITTER [56].
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10.3. Cross-section and asymmetry formulae

It is convenient to write the four-fermion interactions relevant to
ν-hadron, ν-e, and parity violating e-hadron neutral-current processes
in a form that is valid in an arbitrary gauge theory (assuming massless
left-handed neutrinos). One has

−L νHadron =
GF√

2
ν γµ (1 − γ5)ν

×
∑

i

[
εL(i) qi γµ(1 − γ5)qi + εR(i) qi γµ(1 + γ5)qi

]
, (10.12)

−L νe =
GF√

2
νµ γµ(1 − γ5)νµ e γµ(gνe

V − gνe
A γ5)e (10.13)

(for νe-e or νe-e, the charged-current contribution must be included),
and

−L eHadron = −GF√
2

×
∑

i

[
C1i e γµ γ5 e qi γµ qi + C2i e γµ e qi γµ γ5 qi

]
. (10.14)

(One must add the parity-conserving QED contribution.)
The SM expressions for εL,R(i), gνe

V,A, and Cij are given in
Table 10.3. Note, that gνe

V,A and the other quantities are coefficients
of effective four-Fermi operators, which differ from the quantities
defined in Eq. (10.2) in the radiative corrections and in the presence
of possible physics beyond the SM.

A precise determination of the on-shell s2
W , which depends only

very weakly on mt and MH , is obtained from deep inelastic neutrino
scattering from (approximately) isoscalar targets [74]. The ratio
Rν ≡ σNC

νN /σCC
νN of neutral- to charged-current cross-sections has

been measured to 1% accuracy by the CDHS [75] and CHARM [76]
collaborations at CERN. The CCFR [77] collaboration at Fermilab
has obtained an even more precise result and the NOMAD [78]
collaboration anticipates a 0.3% measurement, so it is important
to obtain theoretical expressions for Rν and Rν ≡ σNC

νN /σCC
νN to

comparable accuracy. Fortunately, most of the uncertainties from
the strong interactions and neutrino spectra cancel in the ratio. The
largest theoretical uncertainty is associated with the c-threshold, which
mainly affects σCC . Using the slow rescaling prescription [79] the
central value of sin2 θW from CCFR varies as 0.0111(mc [GeV]−1.31),
where mc is the effective mass which is numerically close to the MS

mass m̂c(m̂c), but their exact relation is unknown at higher orders.
For mc = 1.31 ± 0.24 GeV (determined from ν-induced dimuon
production [80]) this contributes ±0.003 to the total uncertainty
∆ sin2 θW ∼ ±0.004. (The experimental uncertainty is also ±0.003.)
This uncertainty largely cancels, however, in the Paschos-Wolfenstein
ratio [81],

R− =
σNC

νN − σNC
ν̄N

σCC
νN − σCC

ν̄N

. (10.15)

It was measured by the NuTeV collaboration [82] for the first time,
and required a high-intensity and high-energy anti-neutrino beam.

A simple zeroth-order approximation is

Rν = g2
L + g2

Rr , (10.16a)

Rν = g2
L +

g2
R

r
, (10.16b)

R− = g2
L − g2

R , (10.16c)

where

g2
L ≡ εL(u)2 + εL(d)2 ≈ 1

2
− sin2 θW +

5
9

sin4 θW , (10.17a)

g2
R ≡ εR(u)2 + εR(d)2 ≈ 5

9
sin4 θW , (10.17b)

and r ≡ σCC
νN /σCC

νN is the ratio of ν and ν charged-current cross-
sections, which can be measured directly. (In the simple parton model,
ignoring hadron energy cuts, r ≈ ( 1

3
+ ε)/(1 + 1

3
ε), where ε ∼ 0.125

Table 10.3: Standard Model expressions for the neutral-current
parameters for ν-hadron, ν-e, and e-hadron processes. At tree
level, ρ = κ = 1, λ = 0. If radiative corrections are included,
ρNC
νN = 1.0081, κ̂νN (〈Q2〉 = −12 GeV2) = 0.9978, κ̂νN (〈Q2〉 =

−35 GeV2) = 0.9964, λuL = −0.0031, λdL = −0.0025, and
λdR = 2 λuR = 7.5 × 10−5. For ν-e scattering, ρνe = 1.0127 and
κ̂νe = 0.9965 (at 〈Q2〉 = 0.). For atomic parity violation and the
SLAC polarized electron experiment, ρ′eq = 0.9876, ρeq = 1.0006,
κ̂′eq = 1.0026, κ̂eq = 1.0299, λ1d = −2 λ1u = 3.6 × 10−5,
λ2u = −0.0121 and λ2d = 0.0026. The dominant mt dependence
is given by ρ ∼ 1 + ρt, while κ̂ ∼ 1 (MS) or κ ∼ 1 + ρt/ tan2 θW
(on-shell).

Quantity Standard Model Expression

εL(u) ρNC
νN

(
1
2
− 2

3
κ̂νN ŝ2

Z

)
+ λuL

εL(d) ρNC
νN

(
− 1

2
+ 1

3
κ̂νN ŝ2

Z

)
+ λdL

εR(u) ρNC
νN

(
− 2

3
κ̂νN ŝ2

Z

)
+ λuR

εR(d) ρNC
νN

(
1
3
κ̂νN ŝ2

Z

)
+ λdR

gνe
V ρνe

(
− 1

2
+ 2κ̂νe ŝ2

Z

)
gνe
A ρνe

(
− 1

2

)
C1u ρ′eq

(
− 1

2
+ 4

3
κ̂′eq ŝ2

Z

)
+ λ1u

C1d ρ′eq
(

1
2
− 2

3
κ̂′eq ŝ2

Z

)
+ λ1d

C2u ρeq

(
− 1

2
+ 2κ̂eq ŝ2

Z

)
+ λ2u

C2d ρeq

(
1
2
− 2κ̂eq ŝ2

Z

)
+ λ2d

is the ratio of the fraction of the nucleon’s momentum carried by
anti-quarks to that carried by quarks.) In practice, Eq. (10.16)
must be corrected for quark mixing, quark sea effects, c-quark
threshold effects, non-isoscalarity, W–Z propagator differences, the
finite muon mass, QED and electroweak radiative corrections. Details
of the neutrino spectra, experimental cuts, x and Q2 dependence of
structure functions, and longitudinal structure functions enter only
at the level of these corrections and therefore lead to very small
uncertainties. The CCFR group quotes s2

W = 0.2236 ± 0.0041 for
(mt, MH) = (175, 150) GeV with very little sensitivity to (mt, MH).

The NuTeV collaboration finds s2
W = 0.2277 ± 0.0016 (for the

same reference values) which is 3.0 σ higher than the SM prediction.
The discrepancy is in the left-handed coupling, g2

L = 0.3000 ± 0.0014,
which is 2.7 σ low, while g2

R = 0.0308 ± 0.0011 is 0.6 σ high. Within
the SM, we can identify four categories of effects that could cause or
contribute to this effect [83]. (i) An asymmetric strange sea [84] by
itself is an unlikely explanation, but if this asymmetry takes a positive
value it would reduce the discrepancy. A preliminary analysis of
dimuon data [85] in the relevant kinematic regime, however, indicates
a negative strange asymmetry [86]. On the other hand, Ref. 87 finds
the opposite sign, at least in its best fit solution. The two analyzes are
not directly comparable, however, since the NuTeV Collaboration [85]
used a next-to-leading order fit, but with only a subset of the data. In
addition, NuTeV does not constrain its parton distribution functions
(PDFs) to yield vanishing net strangeness for the proton. Ref. 87
is a leading-order fit to world data including the net strangeness
constraint. (ii) Another possibility is that the PDFs violate isospin
symmetry at levels much stronger than generally expected [88]. A
minimum χ2 set of PDFs generalized in this sense [89] shows a
reduction in the NuTeV discrepancy in s2

W by 0.0015. But isospin
symmetry violating PDFs are currently not well constrained and
within uncertainties the NuTeV anomaly could be accounted for in
full or conversely made larger [89]. (iii) Nuclear physics effects by
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themselves appear too small to explain the NuTeV anomaly [90]. In
particular, while nuclear shadowing corrections are likely to affect
the interpretation of the NuTeV result [91] at some level, the NuTeV
Collaboration argues that their data are dominated by values of Q2 at
which nuclear shadowing is expected to be relatively small. The model
of Ref. 92 indicates that nuclear shadowing effects differ for CC and
NC cross-sections as well as ν and ν̄ (both would affect the extraction
of s2

W ), but also that Rν is affected more than Rν , while the anomaly
is in the latter. Overall, the model predicts a shift in s2

W by about
0.001 with a sign corresponding to a reduction of the discrepancy.
(iv) The extracted s2

W may also shift at the level of the quoted
uncertainty when analyzed using the most recent set of QED and
electroweak radiative corrections [93,94], as well as QCD corrections
to the structure functions [95]. However, their precise impact can
be estimated only after the NuTeV data have been analyzed with
a new set of PDFs including these new radiative corrections while
simultaneously allowing isospin breaking and asymmetric strange seas.
A step in this direction was taken in Ref. 96 in which QED induced
isospin violations were shown to reduce the NuTeV discrepancy by
10–20%. Remaining one- and two-loop radiative corrections have
been estimated [94] to induce uncertainties in the extracted s2

W of
±0.0004 and ±0.0003, respectively. In view of these developments and
caveats, we consider the NuTeV result and the other neutrino deep
inelastic scattering (DIS) data as preliminary until a re-analysis using
PDFs including all experimental and theoretical information has been
completed. It is well conceivable that various effects add up to bring
the NuTeV result in line with the SM prediction. It is likely that
the overall uncertainties in g2

L and g2
R will increase, but at the same

time the older neutrino DIS results may become more precise when
analyzed with better PDFs than were available at the time.

The cross-section in the laboratory system for νµe → νµe or
νµe → νµe elastic scattering is

dσνµ,νµ

dy
=

G2
F meEν

2π

×
[
(gνe

V ± gνe
A )2+(gνe

V ∓ gνe
A )2(1 − y)2

−(gνe2
V − gνe2

A )
y me

Eν

]
, (10.18)

where the upper (lower) sign refers to νµ(νµ), and y ≡ Te/Eν (which
runs from 0 to (1 + me/2Eν)−1) is the ratio of the kinetic energy of
the recoil electron to the incident ν or ν energy. For Eν � me this
yields a total cross-section

σ =
G2

F me Eν

2π

[
(gνe

V ± gνe
A )2 +

1
3
(gνe

V ∓ gνe
A )2

]
. (10.19)

The most accurate leptonic measurements [97–100] of sin2 θW are
from the ratio R ≡ σνµe/σνµe in which many of the systematic
uncertainties cancel. Radiative corrections (other than mt effects)
are small compared to the precision of present experiments and
have negligible effect on the extracted sin2 θW . The most precise
experiment (CHARM II) [99] determined not only sin2 θW but gνe

V,A
as well. The cross-sections for νe-e and νe-e may be obtained from
Eq. (10.18) by replacing gνe

V,A by gνe
V,A + 1, where the 1 is due to the

charged-current contribution [100,101].

The SLAC polarized-electron experiment [102] measured the
parity-violating asymmetry

A =
σR − σL

σR + σL
, (10.20)

where σR,L is the cross-section for the deep-inelastic scattering of
a right- or left-handed electron: eR,LN → eX. In the quark parton
model

A

Q2 = a1 + a2
1 − (1 − y)2

1 + (1 − y)2
, (10.21)

where Q2 > 0 is the momentum transfer and y is the fractional energy
transfer from the electron to the hadrons. For the deuteron or other
isoscalar targets, one has, neglecting the s-quark and anti-quarks,

a1 =
3GF

5
√

2πα

(
C1u − 1

2
C1d

)
≈ 3GF

5
√

2πα

(
−3

4
+

5
3

sin2 θW

)
,

(10.22a)

a2 =
3GF

5
√

2πα

(
C2u − 1

2
C2d

)
≈ 9GF

5
√

2πα

(
sin2 θW − 1

4

)
. (10.22b)

In another polarized-electron scattering experiment on deuterons, but
in the quasi-elastic kinematic regime, the SAMPLE experiment [103]
at MIT-Bates extracted the combination C2u − C2d at Q2 values
of 0.1 GeV2 and 0.038 GeV2. What was actually determined were
nucleon form factors from which the quoted results were obtained
by the removal of a multi-quark radiative correction. Other linear
combinations of the Ciq have been determined in polarized-lepton
scattering at CERN in µ-C DIS, at Mainz in e-Be (quasi-elastic), and
at Bates in e-C (elastic). See the review articles in Refs. [47,102] for
more details.

There are now precise experiments measuring atomic parity
violation (APV) [104] in cesium [105,106] (at the 0.4% level [105])
, thallium [107], lead [108], and bismuth [109]. The uncertainties
associated with atomic wave functions are quite small for cesium [110],
and have been reduced recently to about 0.4%. In the past, the semi-
empirical value of the tensor polarizability added another source of
theoretical uncertainty [111]. The ratio of the off-diagonal hyperfine
amplitude to the polarizability has now been measured directly by the
Boulder group [112]. Combined with the precisely known hyperfine
amplitude [113] one finds excellent agreement with the earlier results,
reducing the overall theory uncertainty to only 0.5% (while slightly
increasing the experimental error). An earlier 2.3 σ deviation from
the SM (see the year 2000 edition of this Review) is now seen at
the 1 σ level, after the contributions from the Breit interaction have
been reevaluated [114], and after the subsequent inclusion of other
large and previously underestimated effects [115] (e.g., from QED
radiative corrections), and an update of the SM calculation [116]
resulted in a vanishing net effect. The theoretical uncertainties are 3%
for thallium [117] but larger for the other atoms. For heavy atoms one
determines the “weak charge”

QW = −2 [C1u (2Z + N) + C1d(Z + 2N)]

≈ Z(1 − 4 sin2 θW ) − N . (10.23)

The recent Boulder experiment in cesium also observed the parity-
violating weak corrections to the nuclear electromagnetic vertex (the
anapole moment [118]) .

In the future it could be possible to reduce the theoretical wave func-
tion uncertainties by taking the ratios of parity violation in different
isotopes [104,119]. There would still be some residual uncertainties
from differences in the neutron charge radii, however [120].

The forward-backward asymmetry for e+e− → �+�−, � = µ or τ , is
defined as

AFB ≡ σF − σB

σF + σB
, (10.24)

where σF (σB) is the cross-section for �− to travel forward (backward)
with respect to the e− direction. AFB and R, the total cross-section
relative to pure QED, are given by

R = F1 , (10.25)

AFB = 3F2/4F1 , (10.26)

where

F1 = 1 − 2χ0 ge
V g�

V cos δR + χ2
0

(
ge2
V + ge2

A

)(
g�2
V + g�2

A

)
, (10.27a)

F2 = −2χ0 ge
A g�

A cos δR + 4χ2
0 ge

A g�
A ge

V g�
V , (10.27b)

tan δR =
MZΓZ

M2
Z − s

, (10.28)
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χ0 =
GF

2
√

2πα

sM2
Z[

(M2
Z − s)2 + M2

ZΓ2
Z

]1/2
, (10.29)

and
√

s is the CM energy. Eq. (10.27) is valid at tree level. If the data
are radiatively corrected for QED effects (as described above), then
the remaining electroweak corrections can be incorporated [121,122]
(in an approximation adequate for existing PEP, PETRA, and
TRISTAN data, which are well below the Z-pole) by replacing χ0

by χ(s) ≡ (1 + ρt)χ0(s)α/α(s), where α(s) is the running QED
coupling, and evaluating gV in the MS scheme. Reviews and formulae
for e+e− → hadrons may be found in Ref. 123.

At LEP and SLC, there were high-precision measurements of various
Z-pole observables [45,124–130], as summarized in Table 10.5. These
include the Z-mass and total width, ΓZ , and partial widths Γ(ff) for
Z → ff where fermion f = e, µ, τ , hadrons, b, or c. It is convenient
to use the variables MZ , ΓZ , R�i ≡ Γ(had)/Γ(�+i �−i ) (�i = e, µ, τ),
σhad ≡ 12πΓ(e+e−)Γ(had)/M2

Z Γ2
Z , Rb ≡ Γ(bb)/Γ(had), and Rc ≡

Γ(cc)/Γ(had), most of which are weakly correlated experimentally.
(Γ(had) is the partial width into hadrons.) The three values for
R�i are not inconsistent with lepton universality (although Rτ

is somewhat low), but we use the general analysis in which the
three observables are treated as independent. Similar remarks apply
to A

0,�i
FB below (A0,τ

FB is somewhat high). O(α3) QED corrections
introduce a large anti-correlation (−30%) between ΓZ and σhad.
The anti-correlation between Rb and Rc is −18% [45]. The R�i
are insensitive to mt except for the Z → bb vertex and final state
corrections and the implicit dependence through sin2 θW . Thus, they
are especially useful for constraining αs. The width for invisible
decays [45], Γ(inv) = ΓZ − 3Γ(�+�−) − Γ(had) = 499.0 ± 1.5 MeV,
can be used to determine the number of neutrino flavors much
lighter than MZ/2, Nν = Γ(inv)/Γtheory(νν) = 2.984 ± 0.009 for
(mt, MH) = (172.7, 117) GeV.

There were also measurements of various Z-pole asymmetries.
These include the polarization or left-right asymmetry

ALR ≡ σL − σR

σL + σR
, (10.30)

where σL(σR) is the cross-section for a left-(right-)handed incident
electron. ALR was measured precisely by the SLD collaboration at
the SLC [125], and has the advantages of being extremely sensitive to
sin2 θW and that systematic uncertainties largely cancel. In addition,
the SLD collaboration extracted the final-state couplings Ab, Ac [45],
As [126], Aτ , and Aµ [127] from left-right forward-backward
asymmetries, using

AFB
LR (f) =

σ
f
LF − σ

f
LB − σ

f
RF + σ

f
RB

σ
f
LF + σ

f
LB + σ

f
RF + σ

f
RB

=
3
4
Af , (10.31)

where, for example, σLF is the cross-section for a left-handed incident
electron to produce a fermion f traveling in the forward hemisphere.
Similarly, Aτ was measured at LEP [45] through the negative total τ
polarization, Pτ , and Ae was extracted from the angular distribution
of Pτ . An equation such as (10.31) assumes that initial state QED
corrections, photon exchange, γ–Z interference, the tiny electroweak
boxes, and corrections for

√
s �= MZ are removed from the data,

leaving the pure electroweak asymmetries. This allows the use of
effective tree-level expressions,

ALR = AePe , (10.32)

AFB =
3
4
Af

Ae + Pe

1 + PeAe
, (10.33)

where

Af ≡ 2gf
V gf

A

g
f2
V + g

f2
A

, (10.34)

and

g
f
V = √

ρf (t(f)
3L − 2qfκf sin2 θW ) , (10.34b)

g
f
A = √

ρf t
(f)
3L . (10.34c)

Pe is the initial e− polarization, so that the second equality in
Eq. (10.31) is reproduced for Pe = 1, and the Z-pole forward-
backward asymmetries at LEP (Pe = 0) are given by A

(0,f)
FB = 3

4AeAf

where f = e, µ, τ , b, c, s [128], and q, and where A
(0,q)
FB refers to the

hadronic charge asymmetry. Corrections for t-channel exchange and
s/t-channel interference cause A

(0,e)
FB to be strongly anti-correlated

with Re (−37%). The correlation between A
(0,b)
FB and A

(0,c)
FB amounts

to 15%. The initial state coupling, Ae, was also determined through
the left-right charge asymmetry [129] and in polarized Bhabba
scattering at the SLC [127]. The forward-backward asymmetry, AFB,
for e+e− final states in pp̄ collisions has been measured by CDF [131]
and a value for s2

� has been extracted. By varying the invariant mass
and the scattering angle (and assuming the electron couplings), the
effective Z couplings to light quarks, gu,d

V,A, resulted, as well, but with
large uncertainties and mutual correlations. A similar analysis has
also been reported by the H1 Collaboration at HERA [132].

The electroweak radiative corrections have been absorbed into
corrections ρf − 1 and κf − 1, which depend on the fermion f and on
the renormalization scheme. In the on-shell scheme, the quadratic mt

dependence is given by ρf ∼ 1 + ρt, κf ∼ 1 + ρt/ tan2 θW , while in MS,
ρ̂f ∼ κ̂f ∼ 1, for f �= b (ρ̂b ∼ 1− 4

3ρt, κ̂b ∼ 1 + 2
3ρt). In the MS scheme

the normalization is changed according to GF M2
Z/2

√
2π → α̂/4ŝ 2

Z ĉ 2
Z .

(If one continues to normalize amplitudes by GF M2
Z/2

√
2π, as in the

1996 edition of this Review, then ρ̂f contains an additional factor
of ρ̂.) In practice, additional bosonic and fermionic loops, vertex
corrections, leading higher order contributions, etc., must be included.
For example, in the MS scheme one has ρ̂� = 0.9981, κ̂� = 1.0013,
ρ̂b = 0.9870, and κ̂b = 1.0067. It is convenient to define an effective
angle s2

f ≡ sin2 θWf ≡ κ̂f ŝ 2
Z = κfs2

W , in terms of which gf
V and gf

A

are given by √
ρf times their tree-level formulae. Because g�

V is very

small, not only A0
LR = Ae, A

(0,�)
FB , and Pτ , but also A

(0,b)
FB , A

(0,c)
FB ,

A
(0,s)
FB , and the hadronic asymmetries are mainly sensitive to s2

� . One
finds that κ̂f (f �= b) is almost independent of (mt, MH), so that one
can write

s2
� ∼ ŝ 2

Z + 0.00029 . (10.35)

Thus, the asymmetries determine values of s2
� and ŝ 2

Z almost
independent of mt, while the κ’s for the other schemes are mt

dependent.
LEP 2 [45,130,133] ran at several energies above the Z-pole up to

∼ 209 GeV. Measurements were made of a number of observables,
including the cross-sections for e+e− → f f̄ for f = q, µ−, τ−; the
differential cross-sections and AFB for µ and τ ; R and AFB for b and
c; W branching ratios; and WW , WWγ, ZZ, single W , and single Z
cross-sections. They are in agreement with the SM predictions, with
the exceptions of the total hadronic cross-section (1.7 σ high), Rb
(2.1 σ low), and AFB(b) (1.6 σ low). Also, the SM Higgs boson was
excluded below a mass of 114.4 GeV at the 95% CL [134].

The Z-boson properties are extracted assuming the SM expressions
for the γ–Z interference terms. These have also been tested
experimentally by performing more general fits [130,135] to the
LEP 1 and LEP 2 data. Assuming family universality this approach
introduces three additional parameters relative to the standard
fit [45], describing the γ–Z interference contribution to the total
hadronic and leptonic cross-sections, jtot

had and jtot
� , and to the leptonic

forward-backward asymmetry, jfb
� . For example,

jtot
had ∼ g�

V ghad
V = 0.277 ± 0.065 , (10.36)

which is in good agreement with the SM expectation [45] of
0.21 ± 0.01. Similarly, LEP data up to CM energies of 206 GeV are
used to constrain the γ–Z interference terms for the heavy quarks.
The results for jtot

b , jfb
b , jtot

c , and jfb
c were found in perfect agreement

with the SM. These are valuable tests of the SM; but it should be
cautioned that new physics is not expected to be described by this
set of parameters, since (i) they do not account for extra interactions
beyond the standard weak neutral-current, and (ii) the photonic
amplitude remains fixed to its SM value.
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Figure 10.1: Scale dependence of the weak mixing angle defined
in the MS scheme [137]. The minimum of the curve corresponds
to Q = MW , below which we switch to an effective theory with
the W± bosons integrated out, and where the β-function for the
weak mixing angle changes sign. At the location of the W -boson
mass and each fermion mass, there are also discontinuities arising
from scheme dependent matching terms which are necessary to
ensure that the various effective field theories within a given
loop order describe the same physics. However, in the MS scheme
these are very small numerically and barely visible in the figure
provided one decouples quarks at Q = m̂q(m̂q). The width of the
curve reflects the SM uncertainty which is strongly dominated
by the experimental error on ŝ 2

Z . The theory uncertainty from
strong interaction effects is at the level of ±7 × 10−5 [137]. See
full-color version on color pages at end of book.

Strong constraints on anomalous triple and quartic gauge couplings
have been obtained at LEP 2 and at the Tevatron, as are described in
the Particle Listings.

The parity violating left-right asymmetry, APV , in fixed target
polarized Møller scattering, e−e− → e−e−, is defined as in
Eq. (10.30) but with the opposite sign. It has been measured at
low Q2 = 0.026 GeV2 in the SLAC E158 experiment [136], with
the result APV = −1.31 ± 0.14(stat.) ± 0.10(syst.) × 10−7. Expressed
in terms of the weak mixing angle in the MS scheme, this yields
ŝ 2(Q2) = 0.2403 ± 0.0013, and established the running of the weak
mixing (see Fig. 10.1) at the level of 6.4 standard deviations. In a
similar experiment and at about the same Q2, Qweak at Jefferson
Lab [138] will be able to measure sin2 θW in polarized ep scattering
with a relative precision of 0.3%. These experiments will provide the
most precise determinations of the weak mixing angle off the Z-peak
and will be sensitive to various types of physics beyond the SM.

10.4. W and Z decays

The partial decay width for gauge bosons to decay into massless
fermions f1f2 (the numerical values include the small electroweak
radiative corrections and final state mass effects) is

Γ(W+ → e+νe) =
GF M3

W

6
√

2π
≈ 226.29± 0.16 MeV , (10.44a)

Γ(W+ → uidj) =
CGF M3

W

6
√

2π
|Vij |2 ≈ (706.24± 0.49) |Vij |2 MeV ,

(10.44b)

Γ(Z → ψiψi) =
CGF M3

Z

6
√

2π

[
gi2
V + gi2

A

]
(10.44c)

≈

⎧⎪⎨⎪⎩
300.18± 0.14 MeV (uu), 167.21± 0.05 MeV (νν),
382.97± 0.14 MeV (dd), 83.99± 0.03 MeV (e+e−),
375.95∓ 0.10 MeV (bb).

For leptons C = 1, while for quarks C = 3
(
1 + αs(MV )/π +

1.409α2
s/π2 − 12.77α3

s/π3
)
, where the 3 is due to color and the

factor in parentheses represents the universal part of the QCD
corrections [139] for massless quarks [140]. We also included
the leading O(α4

s) contribution to hadronic Z decays [141]. The
Z → ff widths contain a number of additional corrections: universal
(non-singlet) top quark mass contributions [142]; fermion mass
effects and further QCD corrections proportional to m̂2

q(M
2
Z) [143]

which are different for vector and axial-vector partial widths; and
singlet contributions starting from two-loop order which are large,
strongly top quark mass dependent, family universal, and flavor
non-universal [144]. All QCD effects are known and included up to
three-loop order. The QED factor 1 + 3αq2

f/4π, as well as two-loop
order ααs and α2 self-energy corrections [145] are also included.
Working in the on-shell scheme, i.e., expressing the widths in terms
of GF M3

W,Z , incorporates the largest radiative corrections from
the running QED coupling [49,146]. Electroweak corrections to
the Z-widths are then incorporated by replacing g i2

V,A by g i2
V,A.

Hence, in the on-shell scheme the Z-widths are proportional to
ρi ∼ 1 + ρt. The MS normalization accounts also for the leading
electroweak corrections [54]. There is additional (negative) quadratic
mt dependence in the Z → bb vertex corrections [147] which causes
Γ(bb) to decrease with mt. The dominant effect is to multiply Γ(bb)

by the vertex correction 1 + δρbb, where δρbb ∼ 10−2(− 1
2

m2
t

M2
Z

+ 1
5
). In

practice, the corrections are included in ρb and κb, as discussed before.
For 3 fermion families the total widths are predicted to be

ΓZ ≈ 2.4956± 0.0007 GeV , (10.45)
ΓW ≈ 2.0910± 0.0015 GeV . (10.46)

We have assumed αs(MZ) = 0.1200. An uncertainty in αs of ±0.0017
introduces an additional uncertainty of 0.05% in the hadronic
widths, corresponding to ±0.8 MeV in ΓZ . These predictions are to be
compared with the experimental results ΓZ = 2.4952±0.0023 GeV [45]
and ΓW = 2.138 ± 0.044 GeV (see the Particle Listings for more
details).

10.5. Precision flavor physics

In addition to cross-sections, asymmetries, parity violation, W and
Z decays, there are a large number of experiments and observables
testing the flavor structure of the SM. These are addressed elsewhere
in this Review, and generally not included in this Section. However,
we identify three precision observables with sensitivity to similar types
of new physics as the other processes discussed here. The branching
fraction of the flavor changing transition b → sγ is of comparatively
low precision, but since it is a loop-level process (in the SM) its
sensitivity to new physics (and SM parameters, such as heavy quark
masses) is enhanced. The τ -lepton lifetime and leptonic branching
ratios are primarily sensitive to αs and not affected significantly by
many types of new physics. However, having an independent and
reliable low-energy measurement of αs in a global analysis allows the
comparison with the Z-lineshape determination of αs which shifts
easily in the presence of new physics contributions. By far the most
precise observable discussed here is the anomalous magnetic moment
of the muon (the electron magnetic moment is measured to even
greater precision, but its new physics sensitivity is suppressed by terms
proportional to m2

e/M
2
Z). Its combined experimental and theoretical

uncertainty is comparable to typical new physics contributions.
The CLEO [148], Belle [149], and BaBar [150] collaborations

reported precise measurements of the process b → sγ. We extrapolated
these results to the full photon spectrum which is defined according
to the recommendation in Ref. 151. The results for the branching
fractions are then given by,

CLEO : 3.34 × 10−4[1 ± 0.134± 0.076± 0.038 ± 0.048± 0.006],
Belle : 3.59 × 10−4[1 ± 0.091+0.081

−0.084 ± 0.025± 0.020 ± 0.006],

BaBar : 4.01 × 10−4[1 ± 0.080± 0.091± 0.079 ± 0.026± 0.006],
BaBar : 3.57 × 10−4[1 ± 0.055+0.168

−0.122 ± 0.000± 0.026 ± 0.000],

where the first two errors are the statistical and systematic
uncertainties (taken uncorrelated). In the case of CLEO, a 3.8%
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component from the model error of the signal efficiency is moved
from the systematic error to the model (third) error. The fourth
error accounts for the extrapolation from the finite photon energy
cutoff [151–153] (2.0 GeV, 1.815 GeV, and 1.9 GeV, respectively, for
CLEO, Belle, and BaBar) to the full theoretical branching ratio. For
this we use the results of Ref. 151 for mb = 4.70 GeV which is in good
agreement with the more recent Ref. 153. The uncertainty reflects the
difference due to choosing mb = 4.80 GeV, instead. The last error is
from the correction (0.962 ± 0.006) for the b → dγ component which
is common to all inclusive measurements, but absent for the exclusive
BaBar measurement in the last line. The last three errors are taken
as 100% correlated, resulting in the correlation matrix in Table 10.4.
It is advantageous [154] to normalize the result with respect to the
semi-leptonic branching fraction, B(b → Xeν) = 0.1087 ± 0.0017,
yielding,

R =
B(b → sγ)
B(b → Xeν)

= (3.34 ± 0.28 ± 0.37) × 10−3. (10.47)

In the fits we use the variable lnR = −5.70 ± 0.14 to assure an
approximately Gaussian error [155]. The second uncertainty in
Eq. (10.47) is an 11% theory uncertainty (excluding parametric
errors such as from αs) in the SM prediction which is based on the
next-to-leading order calculations of Refs. 154,156.

Table 10.4: Correlation matrix for measurements of the b → sγ
transition.

CLEO 1.000 0.092 0.176 0.048

Belle 0.092 1.000 0.136 0.026

BaBar (inclusive) 0.176 0.136 1.000 0.029

BaBar (exclusive) 0.048 0.026 0.029 1.000

The extraction of αs from the τ lifetime and leptonic branching
ratios is standing out from other determinations, because of a variety of
independent reasons: (i) the τ -scale is low, so that upon extrapolation
to the Z-scale (where it can be compared to the theoretically clean
Z-lineshape determinations) the αs error shrinks by about an order of
magnitude; (ii) yet, this scale is high enough that perturbation theory
and the operator product expansion (OPE) can be applied; (iii) these
observables are fully inclusive and thus free of fragmentation and
hadronization effects that would have to be modeled or measured; (iv)
OPE breaking effects are most problematic near the branch cut but
there they are suppressed by a double zero at s = m2

τ ; (v) there are
enough data [19] to constrain non-perturbative effects both within and
breaking the OPE; (vi) a complete three-loop order QCD calculation is
available; (vii) large effects associated with the QCD β-function can be
resummed [157] (in what has become known as contour improvement)
and these have been computed to even four-loop precision [158].
The largest uncertainty is from the missing perturbative four and
higher loop coefficients (appearing in the Adler-D function). The
corresponding effects are highly non-linear so that this uncertainty is
itself αs dependent, updated in each call of the fits, and leading to an
asymmetric error. The second largest uncertainty is from the missing
perturbative five and higher loop coefficients of the QCD β-function;
this induces an uncertainty in the contour improvement which is fully
correlated with the renormalization group extrapolation from the
τ to the Z-scale. The third largest error is from the experimental
uncertainty in the lifetime, ττ = 290.89 ± 0.58 fs, which is from the
two leptonic branching ratios and the direct ττ . Because of the poor
convergence of perturbation theory for strange quark final states, we
used for these the experimentally measured branching ratio. Included
are also various smaller uncertainties from other sources. In total
we obtain a 2% determination of αs(MZ) = 0.1225+0.0025

−0.0022 which
updates the result of Ref. 5. For more details, see Ref. 19 where even
1–1.5% uncertainties are advocated (mainly by means of additional
assumptions regarding the perturbative four-loop error).

The world average of the muon anomalous magnetic moment∗,

aexp
µ =

gµ − 2
2

= (1165920.80± 0.63)× 10−9 , (10.48)

is dominated by the 1999, 2000, and 2001 data runs of the E821
collaboration at BNL [159]. The QED contribution has been calculated
to four loops [160] (fully analytically to three loops [161,162]) , and the
leading logarithms are included to five loops [163,164]. The estimated
SM electroweak contribution [165–167], aEW

µ = (1.52 ± 0.03) × 10−9,
which includes leading two-loop [166] and three-loop [167] corrections,
is at the level of the current uncertainty. The limiting factor in
the interpretation of the result is the uncertainty from the two-loop
hadronic contribution [20], ahad

µ = (69.54 ± 0.64) × 10−9, which has
been obtained using e+e− → hadrons cross-section data (including
the KLOE data from radiative returns from the Φ resonance [42]
and the very recent SND data [39]) . The latter are dominated by
the (reanalyzed) CMD 2 data [17]. This value suggests a 2.3 σ
discrepancy between Eq. (10.48) and the SM prediction. In an
alternative analysis, the authors of Ref. 18 used τ decay data and
isospin symmetry (CVC) to obtain ahad

µ = (71.10± 0.58)× 10−9. This
result implies no conflict (0.7 σ) with Eq. (10.48). Thus, there is also
a discrepancy between the 2π and 4π spectral functions obtained
from the two methods. For example, if one uses the e+e− data and
CVC to predict the branching ratio for τ− → ντπ−π0 decays one
obtains 24.52 ± 0.31% [20] (this does not include the SND data)
while the average of the measured branching ratios by DELPHI [168],
ALEPH, CLEO, L3, and OPAL [18] yields 25.43 ± 0.09%, which
is 2.8 σ higher. It is important to understand the origin of this
difference, but four observations point to the conclusion that at
least some of it is experimental: (i) Including the SND data in
the e+e− data set (which are consistent with the implications of
the τ decay data), this discrepancy decreases to about 2.4 σ (in
particular, the KLOE and SND results differ both qualitatively
and quantitatively), and would decrease further if the older data
are discarded. (ii) The τ− → ντ2π−π+π0 spectral function also
disagrees with the corresponding e+e− data at the 4 σ level, which
translates to a 23% effect [20] and seems too large to arise from
isospin violation. (iii) Isospin violating corrections have been studied
in detail in Ref. 169 and found to be largely under control. The
largest effect is due to higher-order electroweak corrections [43] but
introduces a negligible uncertainty [170]. (iv) Ref. 171 shows on
the basis of a QCD sum rule that the spectral functions derived
from τ decay data are consistent with values of αs(MZ)� 0.120,
in agreement with what we find from the global fit in Sec. 10.6,
while the spectral functions from e+e− annihilation are consistent
only for somewhat lower (disfavored) values. Nevertheless, ahad

µ has
been evaluated in Refs. 36,172 excluding the τ decay data with
results which are generally in good agreement with each other and
other e+e− based analyzes. It is argued [172] that CVC breaking
effects (e.g., through a relatively large mass difference between the
ρ± and ρ0 vector mesons) may be larger than expected. (This may
also be relevant in the context of the NuTeV discrepancy discussed
above [172]. ) Experimentally [19], this mass difference is indeed
larger than expected, but then one would also expect a significant
width difference which is contrary to observation [19]. Fortunately,
due to the suppression at large s (from where the conflicts originate)
these problems are less pronounced as far as ahad

µ is concerned. In the
following we view all differences in spectral functions as fluctuations
and average the results. An additional uncertainty is induced by

∗ In what follows, we summarize the most important aspects of
gµ − 2, and give some details about the evaluation in our fits. For
more details see the dedicated contribution by A. Höcker and W. Mar-
ciano in this Review. There are some small numerical differences (at the
level of 0.1 standard deviation), which are well understood and mostly
arise because internal consistency of the fits requires the calculation
of all observables from analytical expressions and common inputs and
fit parameters, so that an independent evaluation is necessary for this
Section. Note, that in the spirit of a global analysis based on all avail-
able information we have chosen here to average in the τ -decay data,
as well.
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the hadronic three-loop light-by-light scattering contribution. We
use the most recent value [173], aLBLS

µ = (+1.36 ± 0.25) × 10−9,
which is higher than previous evaluations [174,175]. The sign
of this effect is opposite [174] to the one quoted in the 2002
edition of this Review, and has subsequently been confirmed by
two other groups [175]. Other hadronic effects at three-loop order
contribute [176], ahad

µ

[(
α
π

)3
]

= (−1.00 ± 0.06) × 10−9. Correlations
with the two-loop hadronic contribution and with ∆α(MZ) (see
Sec. 10.2) were considered in Ref. 162, which also contains analytic
results for the perturbative QCD contribution. The SM prediction is

atheory
µ = (1165919.52± 0.52)× 10−9 , (10.49)

where the error is from the hadronic uncertainties excluding parametric
ones such as from αs and the heavy quark masses. We estimate its
correlation with ∆α(MZ) as 24%. The small overall discrepancy
between the experimental and theoretical values could be due to
fluctuations or underestimates of the theoretical uncertainties. On the
other hand, gµ − 2 is also affected by many types of new physics,
such as supersymmetric models with large tan β and moderately light
superparticle masses [177]. Thus, the deviation could also arise from
physics beyond the SM.

Table 10.5: Principal Z-pole and other observables, compared with
the SM best fit predictions (see text). The LEP averages of the
ALEPH, DELPHI, L3, and OPAL results include common systematic
errors and correlations [45]. The heavy flavor results of LEP and SLD
are based on common inputs and correlated, as well [45]. The first
s2
� (A

(0,q)
FB ) is the effective angle extracted from the hadronic charge

asymmetry, which has some (neglected) correlation with A
(0,b)
FB ; the

second s2
� (A

(0,q)
FB ) is from the lepton asymmetry from CDF [131]. The

values of Γ(�+�−), Γ(had), and Γ(inv) are not independent of ΓZ , the
R�, and σhad. The first MW value is from UA2, CDF, and DØ [178],
and based on the two-parameter analysis of Ref. 179; the second one
is from LEP 2 [180]. The first MW and MZ are correlated, but
the effect is negligible due to the tiny MZ error. The three values of
Ae are (i) from ALR for hadronic final states [125]; (ii) from ALR
for leptonic final states and from polarized Bhabba scattering [127];
and (iii) from the angular distribution of the τ polarization. The two
Aτ values are from SLD and the total τ polarization, respectively.
g2
L and g2

R are from NuTeV [82] and have a very small (−1.7%)
residual anti-correlation. The older deep-inelastic scattering (DIS)
results from CDHS [75], CHARM [76], and CCFR [77] are included,
as well, but not shown in the Table. The world averages for gνe

V,A
are dominated by the CHARM II [99] results, gνe

V = −0.035 ± 0.017
and gνe

A = −0.503 ± 0.017. APV is the parity violating asymmetry
in Møller scattering. The errors in QW , DIS, b → sγ, and gµ − 2
are the total (experimental plus theoretical) uncertainties. The ττ

value is the τ lifetime world average computed by combining the
direct measurements with values derived from the leptonic branching
ratios [5]; the theory uncertainty is included in the SM prediction. In
all other SM predictions, the uncertainty is from MZ , MH , mt, mb,
mc, α̂(MZ), and αs, and their correlations have been accounted for.
The SM errors in ΓZ , Γ(had), R�, and σhad are largely dominated by
the uncertainty in αs.

Quantity Value Standard Model Pull

mt [GeV] 172.7 ± 2.9 ± 0.6 172.7 ± 2.8 0.0
MW [GeV] 80.450± 0.058 80.376± 0.017 1.3

80.392± 0.039 0.4
MZ [GeV] 91.1876± 0.0021 91.1874± 0.0021 0.1
ΓZ [GeV] 2.4952± 0.0023 2.4968± 0.0011 −0.7
Γ(had) [GeV] 1.7444± 0.0020 1.7434± 0.0010 —
Γ(inv) [MeV] 499.0 ± 1.5 501.65± 0.11 —
Γ(�+�−) [MeV] 83.984± 0.086 83.996± 0.021 —
σhad [nb] 41.541± 0.037 41.467± 0.009 2.0
Re 20.804± 0.050 20.756± 0.011 1.0
Rµ 20.785± 0.033 20.756± 0.011 0.9
Rτ 20.764± 0.045 20.801± 0.011 −0.8
Rb 0.21629± 0.00066 0.21578± 0.00010 0.8
Rc 0.1721± 0.0030 0.17230± 0.00004 −0.1

A
(0,e)
FB 0.0145± 0.0025 0.01622± 0.00025 −0.7

A
(0,µ)
FB 0.0169± 0.0013 0.5

A
(0,τ)
FB 0.0188± 0.0017 1.5

A
(0,b)
FB 0.0992± 0.0016 0.1031± 0.0008 −2.4

A
(0,c)
FB 0.0707± 0.0035 0.0737± 0.0006 −0.8

A
(0,s)
FB 0.0976± 0.0114 0.1032± 0.0008 −0.5

s̄2
� (A

(0,q)
FB ) 0.2324± 0.0012 0.23152± 0.00014 0.7

0.2238± 0.0050 −1.5
Ae 0.15138± 0.00216 0.1471± 0.0011 2.0

0.1544± 0.0060 1.2
0.1498± 0.0049 0.6

Aµ 0.142± 0.015 −0.3
Aτ 0.136± 0.015 −0.7

0.1439± 0.0043 −0.7
Ab 0.923± 0.020 0.9347± 0.0001 −0.6
Ac 0.670± 0.027 0.6678± 0.0005 0.1
As 0.895± 0.091 0.9356± 0.0001 −0.4
g2
L 0.30005± 0.00137 0.30378± 0.00021 −2.7

g2
R 0.03076± 0.00110 0.03006± 0.00003 0.6

gνe
V −0.040 ± 0.015 −0.0396± 0.0003 0.0

gνe
A −0.507 ± 0.014 −0.5064± 0.0001 0.0

APV −1.31 ± 0.17 −1.53± 0.02 1.3
QW (Cs) −72.62± 0.46 −73.17± 0.03 1.2
QW (Tl) −116.6± 3.7 −116.78± 0.05 0.1
Γ(b→sγ)

Γ(b→Xeν)
3.35+0.50

−0.44 × 10−3 (3.22 ± 0.09)× 10−3 0.3
1
2 (gµ − 2 − α

π ) 4511.07± 0.82 4509.82± 0.10 1.5
ττ [fs] 290.89± 0.58 291.87± 1.76 −0.4

10.6. Experimental results

The values of the principal Z-pole observables are listed in
Table 10.5, along with the SM predictions for MZ = 91.1874 ±
0.0021 GeV, MH = 89+38

−28 GeV, mt = 172.7 ± 2.8 GeV, αs(MZ) =

0.1216± 0.0017, and α̂(MZ)−1 = 127.904± 0.019 (∆α
(5)
had ≈ 0.02802±

0.00015). The predictions result from a global least-square (χ2) fit
to all data using the minimization package MINUIT [181] and the
electroweak library GAPP [73]. In most cases, we treat all input
errors (the uncertainties of the values) as Gaussian. The reason is not
that we assume that theoretical and systematic errors are intrinsically
bell-shaped (which they are not) but because in most cases the input
errors are combinations of many different (including statistical) error
sources, which should yield approximately Gaussian combined errors
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by the large number theorem. Thus, it suffices if either the statistical
components dominate or there are many components of similar size.
An exception is the theory dominated error on the τ lifetime, which
we recalculate in each χ2-function call since it depends itself on αs

yielding an asymmetric (and thus non-Gaussian) error bar. Sizes and
shapes of the output errors (the uncertainties of the predictions and
the SM fit parameters) are fully determined by the fit, and 1σ errors
are defined to correspond to ∆χ2 = χ2 − χ2

min = 1, and do not
necessarily correspond to the 68.3% probability range or the 39.3%
probability contour (for 2 parameters).

Table 10.6: Principal SM fit result including mutual correlations.

MZ [GeV] 91.1874± 0.0021 1.00 −0.02 0.00 0.00 −0.01 0.00 0.08

mt[GeV] 172.7± 2.8 −0.02 1.00 0.00 0.00 −0.03 −0.02 0.61

m̂b(m̂b)[GeV] 4.207 ± 0.031 0.00 0.00 1.00 0.29 −0.03 0.01 0.05

m̂c(m̂c)[GeV] 1.290+0.040
−0.045 0.00 0.00 0.29 1.00 0.09 0.03 0.14

αs(MZ) 0.1216± 0.0017 −0.01 −0.03 −0.03 0.09 1.00 −0.01 −0.02

∆α
(3)
had(1.8 GeV) 0.00581± 0.00010 0.00 −0.02 0.01 0.03 −0.01 1.00 −0.18

MH [GeV] 89+38
−28 GeV 0.08 0.61 0.05 0.14 −0.02 −0.18 1.00

The values and predictions of mt [6–8]; MW [178–180]; deep
inelastic [82], νµ-e [97–99], and polarized Møller scattering [136];
the QW for cesium [105,106] and thallium [107]; the b → sγ
observable [148–150]; the muon anomalous magnetic moment [159];
and the τ lifetime are also listed in Table 10.5. The values of MW
and mt differ from those in the Particle Listings because they include
recent preliminary results. The agreement is excellent. Despite the
discrepancies discussed in the following, the goodness of the fit to
all data is very good with a χ2/d.o.f. = 47.5/42. The probability of
a larger χ2 is 26%. Only g2

L from NuTeV and A
(0,b)
FB from LEP are

currently showing large (2.7 σ and 2.4 σ) deviations. In addition, the
hadronic peak cross-section, σhad (LEP), and the A0

LR (SLD) from
hadronic final states differ by 2.0 σ. The final result for gµ − 2 from
BNL has moved up, and so has the SM prediction due to the higher
value of the light-by-light contribution [173], so that the small net
deviation (1.5 σ, see Sec. 10.5) is basically unchanged compared to
the 2004 edition of this Review. Observables like Rb = Γ(bb)/Γ(had),
Rc = Γ(cc)/Γ(had), and the combined value for MW which showed
significant deviations in the past, are now in reasonable agreement. In
particular, Rb, whose measured value deviated by as much as 3.7 σ
from the SM prediction, is now in agreement.

Ab can be extracted from A
(0,b)
FB when Ae = 0.1501± 0.0016 is taken

from a fit to leptonic asymmetries (using lepton universality). The
result, Ab = 0.881± 0.017, is 3.1 σ below the SM prediction†, and also
1.6 σ below Ab = 0.923 ± 0.020 obtained from AFB

LR (b) at SLD. Thus,

it appears that at least some of the problem in A
(0,b)
FB is experimental.

Note, however, that the uncertainty in A
(0,b)
FB is strongly statistics

dominated. The combined value, Ab = 0.899±0.013 deviates by 2.8 σ.
It would be extremely difficult to account for this 3.9% deviation by
new physics radiative corrections since about a 20% correction to κ̂b
would be necessary to account for the central value of Ab. If this
deviation is due to new physics, it is most likely of tree-level type
affecting preferentially the third generation. Examples include the
decay of a scalar neutrino resonance [182], mixing of the b quark
with heavy exotics [183], and a heavy Z ′ with family-nonuniversal
couplings [184]. It is difficult, however, to simultaneously account
for Rb, which has been measured on the Z-peak and off-peak [185]

† Alternatively, one can use A� = 0.1481 ± 0.0027, which is from
LEP alone and in excellent agreement with the SM, and obtain
Ab = 0.893 ± 0.022 which is 1.9 σ low. This illustrates that some
of the discrepancy is related to the one in ALR.

at LEP 1. An average of Rb measurements at LEP 2 at energies
between 133 and 207 GeV is 2.1 σ below the SM prediction, while
A

(b)
FB(LEP 2) is 1.6 σ low [133].

The left-right asymmetry, A0
LR = 0.15138 ± 0.00216 [125],

based on all hadronic data from 1992–1998 differs 2.0 σ from
the SM expectation of 0.1471 ± 0.0011. The combined value of
A� = 0.1513 ± 0.0021 from SLD (using lepton-family universality and
including correlations) is also 2.0 σ above the SM prediction; but there
is now experimental agreement between this SLD value and the LEP
value, A� = 0.1481± 0.0027, obtained from a fit to A

(0,�)
FB , Ae(Pτ ), and

Aτ (Pτ ), again assuming universality.

The observables in Table 10.5, as well as some other less
precise observables, are used in the global fits described below. The
correlations on the LEP lineshape and τ polarization, the LEP/SLD
heavy flavor observables, the SLD lepton asymmetries, and the deep
inelastic and ν-e scattering observables, are included. The theoretical
correlations between ∆α

(5)
had and gµ − 2, and between the charm and

bottom quark masses, are also accounted for.
The data allow a simultaneous determination of MH , mt, sin2 θW ,

and the strong coupling αs(MZ). (m̂c, m̂b, and ∆α
(5)
had are also

allowed to float in the fits, subject to the theoretical constraints [5,16]
described in Sec. 10.1–Sec. 10.2. These are correlated with αs.) αs

is determined mainly from R�, ΓZ , σhad, and ττ and is only weakly
correlated with the other variables (except for a 9% correlation with
m̂c). The global fit to all data, including the CDF/DØ average,
mt = 172.7 ± 3.0 GeV, yields

MH = 89+38
−28 GeV ,

mt = 172.7 ± 2.8 GeV ,

ŝ 2
Z = 0.23122± 0.00015 ,

αs(MZ) = 0.1216± 0.0017 . (10.50)

The complete fit result including the correlation matrix is given in
Table 10.6.

In the on-shell scheme one has s2
W = 0.22306± 0.00033, the larger

error due to the stronger sensitivity to mt, while the corresponding
effective angle is related by Eq. (10.35), i.e., s2

� = 0.23152 ± 0.00014.
The mt pole mass corresponds to m̂t(m̂t) = 162.7 ± 2.7 GeV.
In all fits, the errors include full statistical, systematic, and
theoretical uncertainties. The ŝ 2

Z (s2
� ) error reflects the error on

s2
� = 0.23152±0.00016 from a fit to the Z-pole asymmetries (including

the CDF lepton asymmetry [131]) .
As described at the beginning of Sec. 10.2 and the last paragraph

of Sec. 10.5, there is some spread in the experimental e+e− spectral
functions and also some stress when these are compared with
τ -decay spectral functions. These are below or above the 2σ level
(depending on what is actually compared) but not larger than
the deviations of some other quantities entering our analyzes. The
number and size or these deviations are well consistent with what
one would expect to happen as a result of random fluctuations. It is
nevertheless instructive to study the effect of doubling the uncertainty
in ∆α

(3)
had(1.8 GeV) = 0.00577 ± 0.00010 (see the beginning of

Sec. 10.2) on the extracted Higgs mass. The result, MH = 87+39
−29 GeV,

demonstrates that the uncertainty in ∆αhad is currently of only
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secondary importance. Note also, that the uncertainty of ±0.0001 in
∆α

(3)
had(1.8 GeV) corresponds to a shift of ∓6 GeV in MH or less than

one fifth of its total uncertainty.

Table 10.7: Values of ŝ 2
Z , s2

W , αs, and MH [in GeV] for various
(combinations of) observables. Unless indicated otherwise, the
top quark mass, mt = 172.7 ± 3.0 GeV, is used as an additional
constraint in the fits. The (†) symbol indicates a fixed parameter.

Data ŝ 2
Z s2

W αs(MZ) MH

All data 0.23122(15) 0.22306(33) 0.1216(17) 89+38
−28

All indirect (no mt) 0.23122(16) 0.22307(41) 0.1216(17) 87+107
−43

Z pole (no mt) 0.23121(17) 0.22310(59) 0.1198(28) 89+112
−44

LEP 1 (no mt) 0.23152(21) 0.22375(67) 0.1213(30) 168+232
−91

SLD + MZ 0.23067(29) 0.22203(56) 0.1216 (†) 28+26
−16

A
(b,c)
FB + MZ 0.23193(28) 0.22480(76) 0.1216 (†) 349+250

−148

MW + MZ 0.23089(38) 0.22241(74) 0.1216 (†) 47+52
−31

MZ 0.23134(11) 0.22334(36) 0.1216 (†) 117 (†)
polarized Møller 0.2330(14) 0.2251(14) 0.1216 (†) 117 (†)
DIS (isoscalar) 0.2355(16) 0.2275(16) 0.1216 (†) 117 (†)
QW (APV) 0.2290(19) 0.2210(19) 0.1216 (†) 117 (†)
elastic νµ(νµ)e 0.2310(77) 0.2230(77) 0.1216 (†) 117 (†)
SLAC eD 0.222(18) 0.213(19) 0.1216 (†) 117 (†)
elastic νµ(νµ)p 0.211(33) 0.203(33) 0.1216 (†) 117 (†)

The weak mixing angle can be determined from Z-pole observables,
MW , and from a variety of neutral-current processes spanning a very
wide Q2 range. The results (for the older low-energy neutral-current
data see [46,47]) shown in Table 10.7 are in reasonable agreement
with each other, indicating the quantitative success of the SM.
The largest discrepancy is the value ŝ 2

Z = 0.2355 ± 0.0016 from
DIS which is 2.7 σ above the value 0.23122 ± 0.00015 from the
global fit to all data. Similarly, ŝ 2

Z = 0.23193 ± 0.00028 from the
forward-backward asymmetries into bottom and charm quarks, and
ŝ 2

Z = 0.23067 ± 0.00029 from the SLD asymmetries (both when
combined with MZ) are 2.5 σ high and 1.9 σ low, respectively.

The extracted Z-pole value of αs(MZ) is based on a formula with
negligible theoretical uncertainty (±0.0005 in αs(MZ)) if one assumes
the exact validity of the SM. One should keep in mind, however, that
this value, αs = 0.1198 ± 0.0028, is very sensitive to such types of
new physics as non-universal vertex corrections. In contrast, the value
derived from τ decays, αs(MZ) = 0.1225+0.0025

−0.0022, is theory dominated
but less sensitive to new physics. The two values are in remarkable
agreement with each other. They are also in perfect agreement with
other recent values, such as from jet-event shapes at LEP [186]
(0.1202± 0.0050) and HERA [187] (0.1186± 0.0051), but the τ decay
result is somewhat higher than the value, 0.1170 ± 0.0012, from the
most recent unquenched lattice calculation of Ref. 188. For more
details and other determinations, see our Section 9 on “Quantum
Chromodynamics” in this Review.

The data indicate a preference for a small Higgs mass. There is
a strong correlation between the quadratic mt and logarithmic MH
terms in ρ̂ in all of the indirect data except for the Z → bb vertex.
Therefore, observables (other than Rb) which favor mt values higher
than the Tevatron range favor lower values of MH . This effect is
enhanced by Rb, which has little direct MH dependence but favors
the lower end of the Tevatron mt range. MW has additional MH
dependence through ∆r̂W which is not coupled to m2

t effects. The
strongest individual pulls toward smaller MH are from MW and A0

LR,

while A
(0,b)
FB and the NuTeV results favor high values. The difference

in χ2 for the global fit is ∆χ2 = χ2(MH = 1000 GeV) − χ2
min = 60.

Hence, the data favor a small value of MH , as in supersymmetric
extensions of the SM. The central value of the global fit result,
MH = 89+38

−28 GeV, is below the direct lower bound, MH ≥ 114.4 GeV
(95% CL) [134].

The 90% central confidence range from all precision data is

46 GeV ≤ MH ≤ 154 GeV .

Including the results of the direct searches as an extra contribution to
the likelihood function drives the 95% upper limit to MH ≤ 189 GeV.
As two further refinements, we account for (i) theoretical uncertainties
from uncalculated higher order contributions by allowing the T
parameter (see next subsection) subject to the constraint T = 0±0.02,
(ii) the MH dependence of the correlation matrix which gives slightly
more weight to lower Higgs masses [189]. The resulting limits at 95
(90, 99)% CL are

MH ≤ 194 (176, 235) GeV ,

respectively. The extraction of MH from the precision data depends
strongly on the value used for α(MZ). Upper limits, however, are
more robust due to two compensating effects: the older results
indicated more QED running and were less precise, yielding MH
distributions which were broader with centers shifted to smaller values.
The hadronic contribution to α(MZ) is correlated with gµ − 2 (see
Sec. 10.5). The measurement of the latter is higher than the SM
prediction, and its inclusion in the fit favors a larger α(MZ) and a
lower MH (by 3 GeV).

One can also carry out a fit to the indirect data alone, i.e.,
without including the constraint, mt = 172.7 ± 3.0 GeV, obtained
by CDF and DØ. (The indirect prediction is for the MS mass,
m̂t(m̂t) = 162.4+9.6

−7.2 GeV, which is in the end converted to the pole
mass). One obtains mt = 172.3+10.2

− 7.6 GeV, with almost no change
in the sin2 θW and αs values, in perfect agreement with the direct
CDF/DØ average. The relations between MH and mt for various
observables are shown in Fig. 10.2.
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Figure 10.2: One-standard-deviation (39.35%) uncertainties in
MH as a function of mt for various inputs, and the 90% CL
region (∆χ2 = 4.605) allowed by all data. αs(MZ) = 0.120 is
assumed except for the fits including the Z-lineshape data. The
95% direct lower limit from LEP 2 is also shown. See full-color
version on color pages at end of book.

Using α(MZ) and ŝ 2
Z as inputs, one can predict αs(MZ) assuming

grand unification. One predicts [190] αs(MZ) = 0.130 ± 0.001 ± 0.01
for the simplest theories based on the minimal supersymmetric
extension of the SM, where the first (second) uncertainty is from the
inputs (thresholds). This is slightly larger, but consistent with the
experimental αs(MZ) = 0.1216± 0.0017 from the Z-lineshape and the
τ lifetime, as well as with other determinations. Non-supersymmetric



130 10. Electroweak model and constraints on new physics

unified theories predict the low value αs(MZ) = 0.073± 0.001± 0.001.
See also the note on “Low-Energy Supersymmetry” in the Particle
Listings.

One can also determine the radiative correction parameters ∆r:
from the global fit one obtains ∆r = 0.0355 ± 0.0010 and ∆r̂W =
0.06959±0.00029. MW measurements [178–180] (when combined with
MZ) are equivalent to measurements of ∆r = 0.0335 ± 0.0020, which
is 1.2 σ below the result from all indirect data, ∆r = 0.0362± 0.0012.
Fig. 10.3 shows the 1 σ contours in the MW −mt plane from the direct
and indirect determinations, as well as the combined 90% CL region.
The indirect determination uses MZ from LEP 1 as input, which is
defined assuming an s dependent decay width. MW then corresponds
to the s dependent width definition, as well, and can be directly
compared with the results from the Tevatron and LEP 2 which have
been obtained using the same definition. The difference to a constant
width definition is formally only of O(α2), but is strongly enhanced
since the decay channels add up coherently. It is about 34 MeV for
MZ and 27 MeV for MW . The residual difference between working
consistently with one or the other definition is about 3 MeV, i.e., of
typical size for non-enhanced O(α2) corrections [60–62].
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Figure 10.3: One-standard-deviation (39.35%) region in MW as
a function of mt for the direct and indirect data, and the 90% CL
region (∆χ2 = 4.605) allowed by all data. The SM prediction as
a function of MH is also indicated. The widths of the MH bands
reflect the theoretical uncertainty from α(MZ). See full-color
version on color pages at end of book.

Most of the parameters relevant to ν-hadron, ν-e, e-hadron, and
e+e− processes are determined uniquely and precisely from the data
in “model-independent” fits (i.e., fits which allow for an arbitrary
electroweak gauge theory). The values for the parameters defined in
Eqs. (10.12)–(10.14) are given in Table 10.8 along with the predictions
of the SM. The agreement is reasonable, except for the values of
g2
L and εL(u, d), which reflect the discrepancy in the NuTeV results.

(The ν-hadron results without the new NuTeV data can be found in
the 1998 edition of this Review.). The off Z-pole e+e− results are
difficult to present in a model-independent way because Z-propagator
effects are non-negligible at TRISTAN, PETRA, PEP, and LEP 2
energies. However, assuming e-µ-τ universality, the low-energy lepton
asymmetries imply [123] 4(ge

A)2 = 0.99± 0.05, in good agreement with
the SM prediction  1.

10.7. Constraints on new physics

The Z-pole, W -mass, and neutral-current data can be used to
search for and set limits on deviations from the SM. In particular,
the combination of these indirect data with the direct CDF and DØ
average for mt allows one to set stringent limits on new physics. We
will mainly discuss the effects of exotic particles (with heavy masses
Mnew � MZ in an expansion in MZ/Mnew) on the gauge boson
self-energies. (Brief remarks are made on new physics which is not
of this type.) Most of the effects on precision measurements can be

Table 10.8: Values of the model-independent neutral-current
parameters, compared with the SM predictions. There is a
second gνe

V,A solution, given approximately by gνe
V ↔ gνe

A , which
is eliminated by e+e− data under the assumption that the
neutral current is dominated by the exchange of a single Z. The
εL, as well as the εR, are strongly correlated and non-Gaussian,
so that for implementations we recommend the parametrization
using g2

i and θi = tan−1[εi(u)/εi(d)], i = L or R. In the SM
predictions, the uncertainty is from MZ , MH , mt, mb, mc,
α̂(MZ), and αs.

Experimental
Quantity Value SM Correlation

εL(u) 0.326 ±0.013 0.3459(1)
εL(d) −0.441 ±0.010 −0.4291(1) non-
εR(u) −0.175 +0.013

−0.004 −0.1550(1) Gaussian
εR(d) −0.022 +0.072

−0.047 0.0776

g2
L 0.3005±0.0012 0.3038(2) −0.11 −0.21 −0.01

g2
R 0.0311±0.0010 0.0301 −0.02 −0.03

θL 2.51 ±0.033 2.4631(1) 0.26
θR 4.59 +0.41

−0.28 5.1765

gνe
V −0.040 ±0.015 −0.0396(3) −0.05

gνe
A −0.507 ±0.014 −0.5064(1)

C1u + C1d 0.147 ±0.004 0.1529(1) 0.95 −0.75 −0.10
C1u − C1d −0.604 ±0.066 −0.5297(4) −0.79 −0.10
C2u + C2d 0.72 ±0.89 −0.0095 −0.11
C2u − C2d −0.071 ±0.044 −0.0621(6)

described by three gauge self-energy parameters S, T , and U . We will
define these, as well as related parameters, such as ρ0, εi, and ε̂i,
to arise from new physics only. I.e., they are equal to zero (ρ0 = 1)
exactly in the SM, and do not include any contributions from mt or
MH , which are treated separately. Our treatment differs from most of
the original papers.

Many extensions of the SM are described by the ρ0 parameter,

ρ0 ≡ M2
W /(M2

Z ĉ 2
Z ρ̂) , (10.51)

which describes new sources of SU(2) breaking that cannot be
accounted for by the SM Higgs doublet or mt effects. In the
presence of ρ0 �= 1, Eq. (10.51) generalizes Eq. (10.8b) while
Eq. (10.8a) remains unchanged. Provided that the new physics
which yields ρ0 �= 1 is a small perturbation which does not
significantly affect the radiative corrections, ρ0 can be regarded as
a phenomenological parameter which multiplies GF in Eqs. (10.12)–
(10.14), (10.29), and ΓZ in Eq. (10.44). There are enough data to
determine ρ0, MH , mt, and αs, simultaneously. From the global fit,

ρ0 = 1.0002+0.0007
−0.0004 , (10.52)

114.4 GeV ≤ MH ≤ 191 GeV , (10.53)
mt = 173.1± 2.9 GeV , (10.54)

αs(MZ) = 0.1215± 0.0017 , (10.55)

where the lower limit on MH is the direct search bound. (If the direct
limit is ignored one obtains MH = 66+85

−30 GeV and ρ0 = 0.9996+0.0010
−0.0007.)

The error bar in Eq. (10.52) is highly asymmetric: at the 2 σ level one
has ρ0 = 1.0002+0.0024

−0.0009 and MH ≤ 654 GeV. Clearly, in the presence of
ρ0 upper limits on MH become much weaker. The result in Eq. (10.52)
is in remarkable agreement with the SM expectation, ρ0 = 1. It can
be used to constrain higher-dimensional Higgs representations to have
vacuum expectation values of less than a few percent of those of the
doublets. Indeed, the relation between MW and MZ is modified if
there are Higgs multiplets with weak isospin > 1/2 with significant
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vacuum expectation values. In order to calculate to higher orders in
such theories one must define a set of four fundamental renormalized
parameters which one may conveniently choose to be α, GF , MZ , and
MW , since MW and MZ are directly measurable. Then ŝ 2

Z and ρ0

can be considered dependent parameters.
Eq. (10.52) can also be used to constrain other types of new

physics. For example, non-degenerate multiplets of heavy fermions or
scalars break the vector part of weak SU(2) and lead to a decrease in
the value of MZ/MW . A non-degenerate SU(2) doublet

(f1
f2

)
yields a

positive contribution to ρ0 [191] of

CGF

8
√

2π2
∆m2 , (10.56)

where

∆m2 ≡ m2
1 + m2

2 − 4m2
1m

2
2

m2
1 − m2

2

ln
m1

m2
≥ (m1 − m2)2 , (10.57)

and C = 1 (3) for color singlets (triplets). Thus, in the presence of
such multiplets, one has

3GF

8
√

2π2

∑
i

Ci

3
∆m2

i = ρ0 − 1 , (10.58)

where the sum includes fourth-family quark or lepton doublets,
(t′
b′
)

or
(E0

E−
)
, and scalar doublets such as

(t̃
b̃

)
in Supersymmetry (in the

absence of L − R mixing). This implies∑
i

Ci

3
∆m2

i ≤ (90 GeV)2 (10.59)

at 95% CL. The corresponding constraints on non-degenerate squark
and slepton doublets are even stronger,

∑
i Ci∆m2

i /3 ≤ (64 GeV)2.
This is due to the supersymmetric Higgs mass bound, mh0 < 150 GeV,
and the very strong correlation between mh0 and ρ0 (84%).

Non-degenerate multiplets usually imply ρ0 > 1. Similarly, heavy
Z ′ bosons decrease the prediction for MZ due to mixing and
generally lead to ρ0 > 1 [192]. On the other hand, additional Higgs
doublets which participate in spontaneous symmetry breaking [193],
heavy lepton doublets involving Majorana neutrinos [194], and the
vacuum expectation values of Higgs triplets or higher-dimensional
representations can contribute to ρ0 with either sign. Allowing for the
presence of heavy degenerate chiral multiplets (the S parameter, to
be discussed below) affects the determination of ρ0 from the data, at
present leading to a smaller value (for fixed MH).

A number of authors [195–200] have considered the general effects
on neutral-current and Z and W -boson observables of various types of
heavy (i.e., Mnew � MZ) physics which contribute to the W and Z
self-energies but which do not have any direct coupling to the ordinary
fermions. In addition to non-degenerate multiplets, which break the
vector part of weak SU(2), these include heavy degenerate multiplets
of chiral fermions which break the axial generators. The effects of one
degenerate chiral doublet are small, but in Technicolor theories there
may be many chiral doublets and therefore significant effects [195].

Such effects can be described by just three parameters, S, T , and U
at the (electroweak) one-loop level. (Three additional parameters are
needed if the new physics scale is comparable to MZ [201]. Further
generalizations, including effects relevant to LEP 2, are described
in Ref. 202.) T is proportional to the difference between the W
and Z self-energies at Q2 = 0 (i.e., vector SU(2)-breaking), while S
(S+U) is associated with the difference between the Z (W ) self-energy
at Q2 = M2

Z,W and Q2 = 0 (axial SU(2)-breaking). Denoting the
contributions of new physics to the various self-energies by Πnew

ij , we
have

α̂(MZ)T ≡ Πnew
WW (0)
M2

W

− Πnew
ZZ (0)
M2

Z

, (10.60a)

α̂(MZ)
4ŝ 2

Z ĉ 2
Z

S ≡ Πnew
ZZ (M2

Z) − Πnew
ZZ (0)

M2
Z

− ĉ 2
Z − ŝ 2

Z

ĉ Z ŝ Z

Πnew
Zγ (M2

Z)

M2
Z

− Πnew
γγ (M2

Z)

M2
Z

, (10.60b)

α̂(MZ)
4ŝ 2

Z

(S + U) ≡ Πnew
WW (M2

W ) − Πnew
WW (0)

M2
W

− ĉ Z

ŝ Z

Πnew
Zγ (M2

Z)

M2
Z

− Πnew
γγ (M2

Z)

M2
Z

. (10.60c)

S, T , and U are defined with a factor proportional to α̂ removed, so
that they are expected to be of order unity in the presence of new
physics. In the MS scheme as defined in Ref. 52, the last two terms in
Eq. (10.60b) and Eq. (10.60c) can be omitted (as was done in some
earlier editions of this Review). These three parameters are related to
other parameters (Si, hi, ε̂i) defined in Refs. [52,196,197] by

T = hV = ε̂1/α ,

S = hAZ = SZ = 4ŝ 2
Z ε̂3/α ,

U = hAW − hAZ = SW − SZ = −4ŝ 2
Z ε̂2/α . (10.61)

A heavy non-degenerate multiplet of fermions or scalars contributes
positively to T as

ρ0 − 1 =
1

1 − αT
− 1  αT , (10.62)

where ρ0 is given in Eq. (10.58). The effects of non-standard Higgs
representations cannot be separated from heavy non-degenerate
multiplets unless the new physics has other consequences, such as
vertex corrections. Most of the original papers defined T to include
the effects of loops only. However, we will redefine T to include all
new sources of SU(2) breaking, including non-standard Higgs, so that
T and ρ0 are equivalent by Eq. (10.62).

A multiplet of heavy degenerate chiral fermions yields

S = C
∑

i

(
t3L(i) − t3R(i)

)2
/3π , (10.63)

where t3L,R(i) is the third component of weak isospin of the
left-(right-)handed component of fermion i and C is the number
of colors. For example, a heavy degenerate ordinary or mirror
family would contribute 2/3π to S. In Technicolor models with
QCD-like dynamics, one expects [195] S ∼ 0.45 for an iso-doublet
of techni-fermions, assuming NTC = 4 techni-colors, while S ∼ 1.62
for a full techni-generation with NTC = 4; T is harder to estimate
because it is model dependent. In these examples one has S ≥ 0.
However, the QCD-like models are excluded on other grounds (flavor
changing neutral-currents, and too-light quarks and pseudo-Goldstone
bosons [203]) . In particular, these estimates do not apply to models
of walking Technicolor [203], for which S can be smaller or even
negative [204]. Other situations in which S < 0, such as loops
involving scalars or Majorana particles, are also possible [205]. The
simplest origin of S < 0 would probably be an additional heavy Z ′
boson [192], which could mimic S < 0. Supersymmetric extensions
of the SM generally give very small effects. See Refs. 155,206 and
the Section on Supersymmetry in this Review for a complete set of
references.

Most simple types of new physics yield U = 0, although there
are counter-examples, such as the effects of anomalous triple gauge
vertices [197].

The SM expressions for observables are replaced by

M2
Z = M2

Z0
1 − αT

1 − GF M2
Z0S/2

√
2π

,

M2
W = M2

W0
1

1 − GF M2
W0(S + U)/2

√
2π

, (10.64)

where MZ0 and MW0 are the SM expressions (as functions of mt and
MH) in the MS scheme. Furthermore,

ΓZ =
1

1 − αT
M3

ZβZ ,

ΓW = M3
W βW ,

Ai =
1

1 − αT
Ai0 , (10.65)
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where βZ and βW are the SM expressions for the reduced widths
ΓZ0/M

3
Z0 and ΓW0/M

3
W0, MZ and MW are the physical masses, and

Ai (Ai0) is a neutral-current amplitude (in the SM).

The data allow a simultaneous determination of ŝ 2
Z (from the

Z-pole asymmetries), S (from MZ), U (from MW ), T (mainly from
ΓZ), αs (from R�, σhad, and ττ ), and mt (from CDF and DØ), with
little correlation among the SM parameters:

S = −0.13 ± 0.10 (−0.08) ,

T = −0.13 ± 0.11 (+0.09) ,

U = 0.20 ± 0.12 (+0.01) , (10.66)

and ŝ 2
Z = 0.23124 ± 0.00016, αs(MZ) = 0.1223 ± 0.0018, mt =

172.6 ± 2.9 GeV, where the uncertainties are from the inputs. The
central values assume MH = 117 GeV, and in parentheses we show
the change for MH = 300 GeV. As can be seen, the SM parameters
(U) can be determined with no (little) MH dependence. On the other
hand, S, T , and MH cannot be obtained simultaneously, because the
Higgs boson loops themselves are resembled approximately by oblique
effects. Eqs. (10.66) show that negative (positive) contributions to the
S (T ) parameter can weaken or entirely remove the strong constraints
on MH from the SM fits. Specific models in which a large MH is
compensated by new physics are reviewed in Ref. 207. The parameters
in Eqs. (10.66), which by definition are due to new physics only, all
deviate by more than one standard deviation from the SM values of
zero. However, these deviations are correlated. Fixing U = 0 (as is
done in Fig. 10.4) will also move S and T to values compatible with
zero within errors,

S = −0.07± 0.09 (−0.07) ,

T = −0.03± 0.09 (+0.09) . (10.67)

Using Eq. (10.62) the value of ρ0 corresponding to T is 0.9990 ±
0.0009 (+0.0007), while the one corresponding to Eq. (10.67) is
0.9997 ± 0.0007 (+0.0007). The values of the ε̂ parameters defined in
Eq. (10.61) are

ε̂3 = −0.0011± 0.0008 (−0.0006) ,

ε̂1 = −0.0010± 0.0009 (+0.0007) ,

ε̂2 = −0.0017± 0.0010 (−0.0001) . (10.68)

Unlike the original definition, we defined the quantities in Eqs. (10.68)
to vanish identically in the absence of new physics and to correspond
directly to the parameters S, T , and U in Eqs. (10.66). There is
a strong correlation (84%) between the S and T parameters. The
allowed region in S − T is shown in Fig. 10.4. From Eqs. (10.66)
one obtains S ≤ 0.03 (−0.04) and T ≤ 0.06 (0.14) at 95% CL for
MH = 117 GeV (300 GeV). If one fixes MH = 600 GeV and requires
the constraint S ≥ 0 (as is appropriate in QCD-like Technicolor
models) then S ≤ 0.09 (Bayesian) or S ≤ 0.06 (frequentist). This
rules out simple Technicolor models with many techni-doublets and
QCD-like dynamics.

An extra generation of ordinary fermions is excluded at the
99.999% CL on the basis of the S parameter alone, corresponding
to NF = 2.81 ± 0.24 for the number of families. This result assumes
that there are no new contributions to T or U and therefore that
any new families are degenerate. In principle this restriction can be
relaxed by allowing T to vary as well, since T > 0 is expected from a
non-degenerate extra family. However, the data currently favor T < 0,
thus strengthening the exclusion limits. A more detailed analysis
is required if the extra neutrino (or the extra down-type quark) is
close to its direct mass limit [208]. This can drive S to small or
even negative values but at the expense of too-large contributions
to T . These results are in agreement with a fit to the number of
light neutrinos, Nν = 2.986 ± 0.007 (which favors a larger value for
αs(MZ) = 0.1231 ± 0.0020 mainly from R� and ττ ). However, the S
parameter fits are valid even for a very heavy fourth family neutrino.
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Figure 10.4: 1 σ constraints (39.35 %) on S and T from various
inputs combined with MZ . S and T represent the contributions
of new physics only. (Uncertainties from mt are included in the
errors.) The contours assume MH = 117 GeV except for the
central and upper 90% CL contours allowed by all data, which
are for MH = 340 GeV and 1000 GeV, respectively. Data sets
not involving MW are insensitive to U . Due to higher order
effects, however, U = 0 has to be assumed in all fits. αs is
constrained using the τ lifetime as additional input in all fits. See
full-color version on color pages at end of book.

There is no simple parametrization that is powerful enough to
describe the effects of every type of new physics on every possible
observable. The S, T , and U formalism describes many types of heavy
physics which affect only the gauge self-energies, and it can be applied
to all precision observables. However, new physics which couples
directly to ordinary fermions, such as heavy Z ′ bosons [192] or mixing
with exotic fermions [209] cannot be fully parametrized in the S, T ,
and U framework. It is convenient to treat these types of new physics
by parameterizations that are specialized to that particular class of
theories (e.g., extra Z ′ bosons), or to consider specific models (which
might contain, e.g., Z ′ bosons and exotic fermions with correlated
parameters). Constraints on various types of new physics are reviewed
in Refs. [47,116,210,211].

Fits to Supersymmetric models are described in Refs. 155 and 212.
Models involving strong dynamics (such as (extended) Technicolor)
for electroweak breaking are considered in Ref. 213. The effects of
compactified extra spatial dimensions at the TeV scale are reviewed in
Ref. 214, and constraints on Little Higgs models in Ref. 215. Limits
on new four-Fermi operators and on leptoquarks using LEP 2 and
lower energy data are given in Ref. 130.

An alternate formalism [216] defines parameters, ε1, ε2, ε3, εb

in terms of the specific observables MW /MZ , Γ��, A
(0,�)
FB , and Rb.

The definitions coincide with those for ε̂i in Eqs. (10.60) and (10.61)
for physics which affects gauge self-energies only, but the ε’s now
parametrize arbitrary types of new physics. However, the ε’s are
not related to other observables unless additional model dependent
assumptions are made. Another approach [217–219] parametrizes new
physics in terms of gauge-invariant sets of operators. It is especially
powerful in studying the effects of new physics on non-Abelian
gauge vertices. The most general approach introduces deviation
vectors [210]. Each type of new physics defines a deviation vector,
the components of which are the deviations of each observable from
its SM prediction, normalized to the experimental uncertainty. The
length (direction) of the vector represents the strength (type) of new
physics.

One of the best motivated kinds of physics beyond the SM
besides Supersymmetry are extra Z ′ bosons [220]. They do not spoil
the observed approximate gauge coupling unification, and appear
copiously in many Grand Unified Theories (GUTs), most Superstring
models [221], as well as in dynamical symmetry breaking [213,222]
and Little Higgs models [215]. For example, the SO(10) GUT
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Table 10.9: 95% CL lower mass limits (in GeV) from low energy
and Z pole data on various extra Z ′ gauge bosons, appearing
in models of unification and string theory. (More general
parametrizations are described in [224]) . ρ0 free indicates a
completely arbitrary Higgs sector, while ρ0 = 1 restricts to Higgs
doublets and singlets with still unspecified charges. The CDF
bounds from searches for p̄p → e+e−, µ+µ− [225] and the LEP 2
e+e− → f f̄ [133] bounds are listed in the last two columns,
respectively. (The CDF bounds would be weakend if there are
open supersymmetric or exotic decay channels [226]. )

Z’ ρ0 free ρ0 = 1 CDF (direct) LEP 2

Zχ 551 545 720 673
Zψ 151 146 690 481
Zη 379 365 715 434
ZLR 570 564 630 804
ZSM 822 809 845 1787
Zstring 582 578 − −

contains an extra U(1) as can be seen from its maximal subgroup,
SU(5) × U(1)χ. Similarly, the E6 GUT contains the subgroup
SO(10) × U(1)ψ. The Zψ possesses only axial-vector couplings to
the ordinary fermions, and its mass is generally less constrained.
The Zη boson is the linear combination

√
3/8Zχ − √

5/8Zψ.
The ZLR boson occurs in left-right models with gauge group
SU(3)C × SU(2)L × SU(2)R × U(1)B–L ⊂ SO(10). The sequential
ZSM boson is defined to have the same couplings to fermions as
the SM Z-boson. Such a boson is not expected in the context of
gauge theories unless it has different couplings to exotic fermions than
the ordinary Z. However, it serves as a useful reference case when
comparing constraints from various sources. It could also play the role
of an excited state of the ordinary Z in models with extra dimensions
at the weak scale [214]. Finally, we consider a Superstring motivated
Zstring boson appearing in a specific model [223]. The potential Z ′
boson is in general a superposition of the SM Z and the new boson
associated with the extra U(1). The mixing angle θ satisfies,

tan2 θ =
M2

Z0
1
− M2

Z

M2
Z′ − M2

Z0
1

,

where MZ0
1

is the SM value for MZ in the absence of mixing. Note,
that MZ < MZ0

1
, and that the SM Z couplings are changed by the

mixing. If the Higgs U(1)′ quantum numbers are known, there will be
an extra constraint,

θ = C
g2

g1

M2
Z

M2
Z′

, (10.69)

where g1,2 are the U(1) and U(1)′ gauge couplings with g2 =√
5
3 sin θW

√
λ g1 and g1 =

√
g2 + g′2. λ ∼ 1 (which we assume) if the

GUT group breaks directly to SU(3) × SU(2) × U(1) × U(1)′. C is a
function of vacuum expectation values. For minimal Higgs sectors it
can be found in Ref. 192. Table 10.9 shows the 95% CL lower mass
limits obtained from a somewhat earlier data set [227] for ρ0 free and
ρ0 = 1, respectively. In cases of specific minimal Higgs sectors where
C is known, the Z ′ mass limits are generally pushed into the TeV
region. The limits on |θ| are typically < few ×10−3. For more details
see [227,228] and the Section on “The Z ′ Searches” in this Review.
Also listed in Table 10.9 are the direct lower limits on Z ′ production
from CDF [225] and LEP 2 bounds [45]. The final LEP 1 value
for σhad, some previous values for QW (Cs), NuTeV, and A0,b

FB (for
family-nonuniversal couplings [229]) modify the results and might
even suggest the possible existence of a Z ′ [184,230].
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41. S. Binner, J.H. Kühn, and K. Melnikov, Phys. Lett. B459, 279

(1999).
42. KLOE: A. Aloisio et al., Phys. Lett. B606, 12 (2005).
43. W.J. Marciano and A. Sirlin, Phys. Rev. Lett. 61, 1815 (1988).
44. T. van Ritbergen and R.G. Stuart, Phys. Rev. Lett. 82, 488

(1999).
45. ALEPH, DELPHI, L3, OPAL, SLD, LEP Electroweak Working

Group, SLD Electroweak and Heavy Flavour Groups: S. Schael
et al., hep-ex/0509008.

46. Earlier analyses include U. Amaldi et al., Phys. Rev. D36, 1385
(1987);
G. Costa et al., Nucl. Phys. B297, 244 (1988);
Deep inelastic scattering is considered by G.L. Fogli and
D. Haidt, Z. Phys. C40, 379 (1988);
P. Langacker and M. Luo, Phys. Rev. D44, 817 (1991);
For more recent analyses, see Ref. 47.

47. P. Langacker, p. 883 of Ref. 4;
J. Erler and P. Langacker, Phys. Rev. D52, 441 (1995).

48. J. Erler and M.J. Ramsey-Musolf, Prog. Part. Nucl. Phys. 54,
351 (2005);
Neutrino scattering is reviewed by J.M. Conrad et al. in Ref. 3;
Nonstandard neutrino interactions are surveyed in Z. Berezhiani
and A. Rossi, Phys. Lett. B535, 207 (2002);
S. Davidson, C. Peña-Garay, N. Rius, and A. Santamaria, JHEP
0303, 011 (2003).

49. A. Sirlin, Phys. Rev. D22, 971 (1980);
A. Sirlin, Phys. Rev. D29, 89 (1984);
D.C. Kennedy et al., Nucl. Phys. B321, 83 (1989);
D.C. Kennedy and B.W. Lynn, Nucl. Phys. B322, 1 (1989);
D.Yu. Bardin et al., Z. Phys. C44, 493 (1989);
W. Hollik, Fortsch. Phys. 38, 165 (1990);
For reviews, see the articles by W. Hollik, pp. 37 and 117, and
W. Marciano, p. 170 in Ref. 4. Extensive references to other
papers are given in Ref. 46.

50. V.A. Novikov, L.B. Okun, and M.I. Vysotsky, Nucl. Phys.
B397, 35 (1993).

51. W. Hollik in Ref. 49 and references therein.
52. W.J. Marciano and J.L. Rosner, Phys. Rev. Lett. 65, 2963

(1990).
53. G. Degrassi, S. Fanchiotti, and A. Sirlin, Nucl. Phys. B351, 49

(1991).
54. G. Degrassi and A. Sirlin, Nucl. Phys. B352, 342 (1991).
55. P. Gambino and A. Sirlin, Phys. Rev. D49, 1160 (1994).
56. ZFITTER: D. Bardin et al., Comput. Phys. Commun. 133,

229 (2001) and references therein;
ZFITTER: A.B. Arbuzov et al., hep-ph/0507146.

57. R. Barbieri et al., Phys. Lett. B288, 95 (1992) and ibid. 312,
511(E) (1993);
R. Barbieri et al., Nucl. Phys. B409, 105 (1993).

58. J. Fleischer, O.V. Tarasov, and F. Jegerlehner, Phys. Lett.
B319, 249 (1993).

59. G. Degrassi, P. Gambino, and A. Vicini, Phys. Lett. B383, 219
(1996);
G. Degrassi, P. Gambino, and A. Sirlin, Phys. Lett. B394, 188
(1997).

60. A. Freitas, W. Hollik, W. Walter, and G. Weiglein, Phys. Lett.
B495, 338 (2000) and ibid. 570, 260(E) (2003);
M. Awramik and M. Czakon, Phys. Lett. B568, 48 (2003).

61. A. Freitas, W. Hollik, W. Walter, and G. Weiglein, Nucl. Phys.
B632, 189 (2002) and ibid. 666, 305(E) (2003);
M. Awramik and M. Czakon, Phys. Rev. Lett. 89, 241801
(2002);
A. Onishchenko and O. Veretin, Phys. Lett. B551, 111 (2003).

62. M. Awramik, M. Czakon, A. Freitas and G. Weiglein, Phys.
Rev. Lett. 93, 201805 (2004);
W. Hollik, U. Meier and S. Uccirati, Nucl. Phys. B731, 213
(2005).

63. A. Djouadi and C. Verzegnassi, Phys. Lett. B195, 265 (1987);
A. Djouadi, Nuovo Cimento 100A, 357 (1988).
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11. THE CKM QUARK-MIXING MATRIX

Written January 2006 by A. Ceccucci (CERN), Z. Ligeti (LBNL), and
Y. Sakai (KEK).

11.1. Introduction

The masses and mixings of quarks have a common origin in the
Standard Model (SM). They arise from the Yukawa interactions with
the Higgs condensate,

LY = −Y d
ij QI

Li φ dI
Rj − Y u

ij QI
Li ε φ∗uI

Rj + h.c., (11.1)

where Y u,d are 3 × 3 complex matrices, φ is the Higgs field, i, j
are generation labels, and ε is the 2 × 2 antisymmetric tensor. QI

L

are left handed quark doublets, and dI
R and uI

R are right handed
down- and up-type quark singlets, respectively, in the weak-eigenstate
basis. When φ acquires a vacuum expectation value, 〈φ〉 = (0, v/

√
2),

Eq. (11.1) yields mass terms for the quarks. The physical states are
obtained by diagonalizing Y u,d by four unitary matrices, V

u,d
L,R, as

M
f
diag = V

f
L Y f V

f†
R (v/

√
2), f = u, d. As a result, the charged current

W± interactions couple to the physical uLj and dLk quarks with
couplings given by

VCKM ≡ V u
L V

d†
L =

⎛
⎝Vud Vus Vub

Vcd Vcs Vcb
Vtd Vts Vtb

⎞
⎠ . (11.2)

This Cabibbo-Kobayashi-Maskawa (CKM) matrix [1,2] is a 3 × 3
unitary matrix. It can be parameterized by three mixing angles and
a CP -violating phase. Of the many possible parameterizations, a
standard choice is [3]

V =

⎛
⎝ c12c13 s12c13 s13e−iδ

−s12c23−c12s23s13eiδ c12c23−s12s23s13eiδ s23c13

s12s23−c12c23s13eiδ −c12s23−s12c23s13eiδ c23c13

⎞
⎠ ,

(11.3)
where sij = sin θij , cij = cos θij , and δ is the KM phase [2] responsible
for all CP -violating phenomena in flavor changing processes in the
SM. The angles θij can be chosen to lie in the first quadrant, so
sij , cij ≥ 0.

It is known experimentally that s13 � s23 � s12 � 1, and
it is convenient to exhibit this hierarchy using the Wolfenstein
parameterization. We define [4–6]

s12 = λ =
|Vus|√

|Vud|2 + |Vus|2
, s23 = Aλ2 = λ

∣∣∣∣ Vcb

Vus

∣∣∣∣ ,
s13e

iδ = V ∗
ub = Aλ3(ρ + iη) =

Aλ3(ρ̄ + iη̄)
√

1 − A2λ4
√

1 − λ2[1 − A2λ4(ρ̄ + iη̄)]
.(11.4)

These ensure that ρ̄ + iη̄ = −(VudV
∗
ub)/(VcdV ∗

cb) is phase-convention
independent and the CKM matrix written in terms of λ, A, ρ̄ and
η̄ is unitary to all orders in λ. The definitions of ρ̄, η̄ reproduce all
approximate results in the literature. E.g., ρ̄ = ρ(1 − λ2/2 + . . .) and
we can write VCKM to O(λ4) either in terms of ρ̄, η̄ or, traditionally,

V =

⎛
⎝ 1 − λ2/2 λ Aλ3(ρ − iη)

−λ 1 − λ2/2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1

⎞
⎠ + O(λ4) . (11.5)

The CKM matrix elements are fundamental parameters of the
SM, so their precise determination is important. The unitarity of
the CKM matrix imposes

∑
i VijV

∗
ik = δjk and

∑
j VijV

∗
kj = δik.

The six vanishing combinations can be represented as triangles in a
complex plane, of which the ones obtained by taking scalar products
of neighboring rows or columns are nearly degenerate. The areas
of all triangles are the same, half of the Jarlskog invariant, J [7],
which is a phase-convention independent measure of CP violation,
Im

[
VijVklV

∗
il V

∗
kj

]
= J

∑
m,n εikmεjln.

The most commonly used unitarity triangle arises from

Vud V ∗
ub + Vcd V ∗

cb + Vtd V ∗
tb = 0 , (11.6)

Figure 11.1: Sketch of the unitarity triangle.

by dividing each side by the best-known one, VcdV
∗
cb (see Fig. 1). Its

vertices are exactly (0, 0), (1, 0) and, due to the definition in Eq. (11.4),
(ρ̄, η̄). An important goal of flavor physics is to overconstrain the CKM
elements, and many measurements can be conveniently displayed and
compared in the ρ̄, η̄ plane.

Processes dominated by loop contributions in the SM are sensitive
to new physics and can be used to extract CKM elements only if the
SM is assumed. In we describe such measurements assuming the SM,
and discuss implications for new physics in

11.2. Magnitudes of CKM elements

11.2.1. |Vud| :
The most precise determination of |Vud| comes from the study

of superallowed 0+ → 0+ nuclear beta decays, which are pure
vector transitions. Taking the average of the nine most precise
determinations [8,9] yields [10]

|Vud| = 0.97377± 0.00027. (11.7)

The error is dominated by theoretical uncertainties stemming from
nuclear Coulomb distortions and radiative corrections. A recent
measurement of 46V performed using an atomic Penning trap
method [9] deviates by 2.7 standard deviations from the average and
may indicate a need to remeasure superallowed 0+ → 0+ transitions
with modern atomic physics techniques. A precise determination of
|Vud| is also obtained from the measurement of the neutron lifetime.
The theoretical uncertainties are very small but the determination is
limited by the knowledge of the ratio of the axial-vector and vector
couplings, gA = GA/GV [10]. The PIBETA experiment [11] has
improved the measurement of the π+ → π0e+ν branching ratio to
0.6%, and quote |Vud| = 0.9728± 0.0030, in agreement with the more
precise results listed above. The interest in this measurement is that
the determination of |Vud| is very clean theoretically, because it is a
pure vector transition and is free from nuclear structure uncertainties.

11.2.2. |Vus| :
The magnitude of Vus has been extracted traditionally from

semileptonic kaon decays. Significant progress on the experimental
side has taken place during the last two years. After a high statistics
measurement of B(K+ → π0e+ν) [12], a suite of measurements
of neutral kaon branching ratios [13–15], form factors [16], and
lifetime [17] followed. An early value of f+(0) = 0.961 ± 0.008 [18] is
still broadly accepted [10,19]. It yields from the kaon semileptonic
decay rate

|Vus| = 0.2257± 0.0021. (11.8)

A word of caution is in order, since other calculations of f+(0) [20,21]
differ by as much as 2%, with uncertainties around 1%.

Other determinations of |Vus| involve leptonic kaon decays,
hyperon decays, and τ decays. The calculation of the ratio of the
kaon and pion decay constants enables one to extract |Vus/Vud|
from K → µν(γ) and π → µν(γ), where (γ) indicates that
radiative decays are included [22]. The KLOE measurement of the
K+ → µ+ν(γ) branching ratio [23], combined with the unquenched
lattice QCD calculation, fK/fπ = 1.198 ± 0.003+0.016

−0.005 [24], leads
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to |Vus| = 0.2245+0.0012
−0.0031, where the accuracy is limited by the

knowledge of the ratio of the decay constants. Hereafter, the first
error is statistical and the second is systematic, unless mentioned
otherwise. The determination from hyperon decays was recently
updated [25]. These authors focus on the analysis of the vector
form factor, protected from first order SU(3) breaking effects by the
Ademollo-Gatto theorem [26], and treat the ratio between the axial
and vector form factors g1/f1 as experimental input, thus avoiding
first order SU(3) breaking effects in the axial-vector contribution.
They find |Vus| = 0.2250 ± 0.0027, although this does not include an
estimate of the theoretical uncertainty due to second order SU(3)
breaking, contrary to Eq. (11.8). Concerning hadronic τ decays to
strange particles, the latest determinations based on OPAL or ALEPH
data also yields consistent results [27] with accuracy around 0.003.

11.2.3. |Vcd| :
The magnitude of Vcd can be extracted from semileptonic charm

decays if theoretical knowledge of the form factors is available.
Recently, the first three-flavor unquenched lattice QCD calculations
for D → Kν and D → πν have been published [28]. Using
these estimates and the isospin-averaged charm semileptonic width
measured by CLEO-c, one obtains |Vcd| = 0.213 ± 0.008 ± 0.021 [29],
where the first uncertainty is experimental and the second is from the
theoretical error of the form factor.

This determination is not yet as precise as the one based on
neutrino and antineutrino interactions. The difference of the ratio of
double-muon to single-muon production by neutrino and antineutrino
beams is proportional to the charm cross section off valence d-quarks,
and therefore to |Vcd|2 times the average semileptonic branching ratio
of charm mesons, Bµ. The method was used first by CDHS [30]
and then by CCFR [31,32] and CHARM II [33]. Averaging these
results is complicated, not only because it requires assumptions
about the scale of the QCD corrections, but also because Bµ is
an effective quantity, which depends on the specific neutrino beam
characteristics. Given that no new experimental input is available,
we quote the average provided in the previous edition of this review,
Bµ|Vcd|2 = (0.463 ± 0.034) × 10−2 [3]. Analysis cuts make these
experiments insensitive to neutrino energies smaller than 30 GeV.
Thus, Bµ should be computed using only neutrino interactions with
visible energy larger than 30GeV. A recent appraisal [34] based on
charm production fractions measured in neutrino interactions [35,36]
gives Bµ = 0.088 ± 0.006. Data from the CHORUS experiment [37]
are now sufficiently precise to extract Bµ directly, by comparing the
number of charm decays with a muon to the total number of charmed
hadrons found in the nuclear emulsions. Requiring the visible energy
to be larger than 30GeV, CHORUS finds Bµ = 0.085± 0.009± 0.006.
To extract |Vcd|, we use the average of these two determinations,
Bµ = 0.0873± 0.0052, and obtain

|Vcd| = 0.230± 0.011. (11.9)

11.2.4. |Vcs| :
The determination of |Vcs| from neutrino and antineutrino

scattering suffers from the uncertainty of the s-quark sea content.
Measurements sensitive to |Vcs| from on-shell W± decays were
performed at LEP-2. The branching ratios of the W depend on the
six CKM matrix elements involving quarks with masses smaller than
MW . The W branching ratio to each lepton flavor is 1/B(W → ν̄�) =
3
[
1 +

∑
u,c,d,s,b |Vij |2 (1 + αs(mW )/π)

]
. The measurement assuming

lepton universality, B(W → ν̄�) = (10.83±0.07±0.07)% [38], implies∑
u,c,d,s,b |Vij |2 = 2.002± 0.027. This is a precise test of unitarity, but

only flavor-tagged measurements determine |Vcs|. DELPHI measured
tagged W+ → cs̄ decays, obtaining |Vcs| = 0.94+0.32

−0.26 ± 0.13 [39].
The direct determination of |Vcs| is possible from semileptonic D

or leptonic Ds decays, relying on the calculations of hadronic matrix
elements. The measurement in D+

s → +ν requires the lattice QCD
calculation of the decay constant, fDs , while in semileptonic D decays
one needs the form factors which depend on the invariant mass of the
lepton pair, q2. Unquenched lattice QCD calculations have predicted
the normalization and the shape of the form factor in D → Kν

and D → πν [28]. Using these theoretical results and the isospin
averaged semileptonic widths one obtains [29]

|Vcs| = 0.957± 0.017 ± 0.093, (11.10)

where the first error is experimental and the second one, which is
dominant, is from the theoretical error of the form factor.

11.2.5. |Vcb| :
This matrix element can be determined from exclusive and

inclusive semileptonic decays of B mesons to charm. The inclusive
determinations use the semileptonic decay rate measurement together
with the leptonic energy and the hadronic invariant-mass spectra.
The theoretical foundation of the calculation is the operator product
expansion (OPE) [40,41]. It expresses the total rate and moments
of differential energy and invariant-mass spectra as expansions in
αs and inverse powers of the heavy quark mass. The dependence
on mb, mc, and the parameters that occur at subleading order is
different for different moments, and a large number of measured
moments overconstrains all the parameters and tests the consistency
of the determination. The precise extraction of |Vcb| requires using a
“threshold” quark mass definition [42,43]. Inclusive measurements
have been performed using B mesons from Z0 decays at LEP and at
e+e− machines operated at the Υ (4S). At LEP the large boost of
B mesons from Z0 allows one to determine the moments throughout
phase space, which is not possible otherwise, but the large statistics
available at the B factories leads to more precise determinations. An
average of the measurements and a compilation of the references are
provided by Kowalewski and Mannel [44]: |Vcb| = (41.7±0.7)×10−3.

Exclusive determinations are based on semileptonic B decays to
D and D∗. In the mb,c � ΛQCD limit, all form factors are given by
a single Isgur-Wise function [45], which depends on the product of
the four-velocities, w = v · v′, of the initial and final state hadrons.
Heavy quark symmetry determines the normalization of the rate
at w = 1, the maximum momentum transfer to the leptons, and
|Vcb| is obtained from an extrapolation to w = 1. The exclusive
determination, |Vcb| = (40.9± 1.8)× 10−3 [44], is less precise than the
inclusive one, because the theoretical uncertainty in the form factor
and the experimental uncertainty in the rate near w = 1 are both
about 3%. The |Vcb| review quotes the average as [44]

|Vcb| = (41.6 ± 0.6)× 10−3. (11.11)

11.2.6. |Vub| :
The determination of |Vub| from inclusive B → Xuν̄ decay suffers

from large B → Xcν̄ backgrounds. In most regions of phase space
where the charm background is kinematically forbidden the hadronic
physics enters via unknown nonperturbative functions, so-called
shape functions. (In contrast, the nonperturbative physics for |Vcb|
is encoded in a few parameters.) At leading order in ΛQCD/mb
there is only one shape function, which can be extracted from the
photon energy spectrum in B → Xsγ [46,47] and applied to several
spectra in B → Xuν̄. The subleading shape functions are modeled
in the current calculations. Phase space cuts for which the rate
does not depend on the shape function are also possible [48]. The
measurements of both hadronic and leptonic system are important
for effective choice of phase space. A different approach is to extend
the measurements deeper into the B → Xcν̄ region to reduce the
theoretical uncertainties. Analyses of the electron-energy endpoint
from CLEO [49], BABAR [50] and Belle [51] quote B → Xueν̄ partial
rates for |�pe| ≥ 2.0GeV and 1.9GeV, which are well below the charm
endpoint. The large and pure B–B samples at the B factories permit
the selection of B → Xuν̄ decays in events where the other B is
fully reconstructed [52]. With this full-reconstruction tag method
the four-momenta of both the leptonic and the hadronic systems can
be measured. It also gives access to a wider kinematic region due to
improved signal purity.

To extract |Vub| from an exclusive channel, the form factors have
to be known. Experimentally, better signal-to-background ratios
are offset by smaller yields. The B → πν̄ branching ratio is now
known to 8%. The first unquenched lattice QCD calculations of the
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B → πν̄ form factor for q2 > 16 GeV2 appeared recently [53,54].
Light-cone QCD sum rules are applicable for q2 < 14 GeV2 [55]
and yield somewhat smaller |Vub|, (3.3+0.6

−0.4) × 10−3. The theoretical
uncertainties in extracting |Vub| from inclusive and exclusive decays
are different. A combination of the determinations is quoted by the
Vcb and Vub minireview as [44],

|Vub| = (4.31 ± 0.30)× 10−3, (11.12)

which is dominated by the inclusive measurement. In the previous
edition of the RPP [56] the average was reported as |Vub| =
(3.67 ± 0.47) × 10−3, with an uncertainty around 13%. The new
average is 17% larger, somewhat above the range favored by the
measurement of sin 2β discussed below. Given the rapid theoretical
and experimental progress, it will be interesting how the determination
of |Vub| develops.

11.2.7. |Vtd| and |Vts| :
The CKM elements |Vtd| and |Vts| cannot be measured from

tree-level decays of the top quark, so one has to rely on determinations
from B–B oscillations mediated by box diagrams or loop-mediated
rare K and B decays. Theoretical uncertainties in hadronic effects
limit the accuracy of the current determinations. These can be
reduced by taking ratios of processes that are equal in the flavor
SU(3) limit to determine |Vtd/Vts|.

The mass difference of the two neutral B meson mass eigenstates is
very well measured, ∆md = 0.507 ± 0.004ps−1 [57]. It is dominated
by box diagrams with top quarks. Using the unquenched lattice
QCD calculation of the Bd decay constant and bag parameter,

fBd

√
B̂Bd

= 244 ± 11 ± 24MeV [58,59], and assuming |Vtb| = 1, one
finds [60]

|Vtd| = (7.4 ± 0.8) × 10−3, (11.13)

where the uncertainty is dominated by that of fBd

√
B̂Bd

. Several
uncertainties are reduced in the lattice calculation of the ratio
ξ = (fBs

√
BBs)/(fBd

√
BBd

) = 1.21 ± 0.04+0.04
−0.01, and therefore the

constraint on |Vtd/Vts| from ∆md and ∆ms would be more reliable
theoretically. So far only a lower bound is available, ∆ms > 16.6 ps−1

at 95% CL [57], which implies |Vtd/Vts| < 0.22 at 95% CL.
After completion of this review, new DØ and CDF analyses
appeared, obtaining 17 ps−1 < ∆ms < 21 ps−1 at 90% CL [61], and
∆ms = (17.31+0.33

−0.18 ± 0.07) ps−1 [62], respectively. These provide
a new theoretically clean and significantly improved constraint,
|Vtd/Vts| = 0.208+0.008

+0.006 [62].

The inclusive rate B(B → Xsγ) = (3.55 ± 0.26) × 10−4 for
Eγ > 1.6 GeV [57] is sensitive to VtbV

∗
ts via t-quark penguins.

However, a large contribution to the rate comes from the b → cc̄s four-
quark operators mixing into the electromagnetic dipole operator. Since
any CKM determination from loop processes necessarily assumes the
SM, using VcbV

∗
cs ≈ −VtbV

∗
ts, we obtain |Vts| = (40.6±2.7)×10−3 [63].

The corresponding exclusive decays suffer from larger theoretical
uncertainties due to unknown hadronic form factors, although the
experimental accuracy is better. Recently, Belle observed exclusive
B → (ρ/ω)γ signals [64] in b → dγ decays. The theoretically cleanest
determination of |Vtd/Vts| in exclusive radiative B decays will
come from B(B0 → ρ0γ)/B(B0 → K∗0γ), because the poorly known
spectator interaction contribution is expected to be smaller in this ratio
than that in charged B decay (W -exchange vs. weak annihilation).
For now, we average the neutral and charged modes, assuming isospin
symmetry, which gives B(B → ργ)/B(B → K∗γ) = 0.017 ± 0.006 [57].
This ratio is |Vtd/Vts|2/ξ2

γ , where ξγ contains the hadronic physics,
and is unity in the SU(3) limit. Using ξγ = 1.2 ± 0.2 [65], implies
|Vtd/Vts| = 0.16 ± 0.04, where we combined the experimental and
theoretical errors in quadrature.

A theoretically clean determination of |VtdV ∗
ts| is possible from

K+ → π+νν̄ decay [66]. Experimentally, only three events have
been observed [67], and the rate is consistent with the SM with
large uncertainties. Much more data are needed for a precision
measurement.

11.2.8. |Vtb| :
The direct determination of |Vtb| from top decays uses the

ratio of branching fractions R = B(t → Wb)/B(t → Wq) =
|Vtb|2/(

∑
q |Vtq |2) = |Vtb|2, where q = b, s, d. The CDF and DØ

measurements performed on data collected during Run II of the
Tevatron give R = 1.12+0.27

−0.23 [68] and R = 1.03+0.19
−0.17 [69], respectively.

Both measurements result in the 95% CL lower limit

|Vtb| > 0.78 . (11.14)

An attempt at constraining |Vtb| from the precision electroweak
data was made in [70]. The result, mostly driven by the top-loop
contributions to Γ(Z → bb̄), gives |Vtb| = 0.77+0.18

−0.24.

11.3. Phases of CKM elements

As can be seen from Fig. 11.1, the angles of the unitarity triangle
are

β = φ1 = arg
(
−VcdV

∗
cb

VtdV ∗
tb

)
,

α = φ2 = arg
(
− VtdV ∗

tb

VudV
∗
ub

)
,

γ = φ3 = arg
(
−VudV

∗
ub

VcdV
∗
cb

)
. (11.15)

Since CP violation involves phases of CKM elements, many
measurements of CP -violating observables can be used to constraint
these angles and the ρ̄, η̄ parameters.

11.3.1. ε and ε′ :
The measurement of CP violation in K0–K0 mixing, |ε| =

(2.233± 0.015)× 10−3 [71], provides important information about the
CKM matrix. In the SM [72]

|ε| =
G2

F f2
KmKm2

W

12
√

2π2∆mK
B̂K

{
ηcS(xc)Im[(VcsV

∗
cd)2]

+ ηtS(xt)Im[(VtsV
∗
td)2] + 2ηctS(xc, xt)Im(VcsV

∗
cdVtsV

∗
td)

}
,(11.16)

where S is an Inami-Lim function [73], xq = m2
q/m2

W , and ηi

are perturbative QCD corrections. The constraint from ε in the
ρ̄, η̄ plane are bounded by hyperbolas approximately. The dominant
uncertainties are due to the bag parameter, for which we use
B̂K = 0.79 ± 0.04 ± 0.09 from lattice QCD [74], and the parametric
uncertainty proportional to σ(A4) [i.e., σ(|Vcb|4)].

The measurement of ε′ provides a qualitative test of the CKM
mechanism because its nonzero experimental average, Re(ε′/ε) =
(1.67 ± 0.23) × 10−3 [71], demonstrated the existence of direct CP
violation, a prediction of the KM ansatz. While Re(ε′/ε) ∝ Im(VtdV ∗

ts),
this quantity cannot easily be used to extract CKM parameters,
because the electromagnetic penguin contributions tend to cancel the
gluonic penguins for large mt [75], thereby significantly increasing
the hadronic uncertainties. Most estimates [76,77] are in agreement
with the observed value, indicating a positive value for η̄. Progress
in lattice QCD, in particular finite-volume calculations [78,79], may
eventually provide a determination of the K → ππ matrix elements.

11.3.2. β / φ1 :

11.3.2.1. Charmonium modes:
CP violation measurements in B meson decays provide direct

information on the angles of the unitarity triangle, shown in
Fig. 11.1. These overconstraining measurements serve to improve the
determination of the CKM elements or to reveal effects beyond the
SM.

The time-dependent CP asymmetry of neutral B decays to a final
state f common to B0 and B0 is given by [80,81]

Af =
Γ(B0(t) → f) − Γ(B0(t) → f)
Γ(B0(t) → f) + Γ(B0(t) → f)

= Sf sin(∆m t) − Cf cos(∆m t),

(11.17)
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where

Sf =
2 Imλf

1 + |λf |2
, Cf =

1 − |λf |2
1 + |λf |2

, λf =
q

p

Āf

Af
. (11.18)

Here q/p describes B0–B0 mixing and, to a good approximation
in the SM, q/p = V ∗

tbVtd/VtbV
∗
td = e−2iβ+O(λ4) in the usual phase

convention. Af (Āf ) is the amplitude of B0 → f (B0 → f) decay. If
f is a CP eigenstate and amplitudes with one CKM phase dominate
a decay, then |Af | = |Āf |, Cf = 0 and Sf = sin(argλf ) = ηf sin 2φ,
where ηf is the CP eigenvalue of f and 2φ is the phase difference
between the B0 → f and B0 → B0 → f decay paths. A contribution
of another amplitude to the decay with a different CKM phase makes
the value of Sf sensitive to relative strong interaction phases between
the decay amplitudes (it also makes Cf �= 0 possible).

The b → cc̄s decays to CP eigenstates (B0 → charmonium K0
S,L)

are the theoretically cleanest examples, measuring Sf = −ηf sin 2β.
The b → sqq̄ penguin amplitudes have dominantly the same weak
phase as the b → cc̄s tree amplitude. Since only λ2-suppressed penguin
amplitudes introduce a new CP -violating phase, amplitudes with a
single weak phase dominate these decays, and we expect ||Ā/A| − 1| <
0.01. The e+e− asymmetric-energy B-factory experiments BABAR [82]
and Belle [83] provide precise measurements. The world average is [57]

sin 2β = 0.687 ± 0.032 . (11.19)

This measurement has a four-fold ambiguity in β, which can be
resolved by a global fit mentioned below. Experimentally, the two-fold
ambiguity β → π/2 − β (but not β → π + β) can be resolved by
a time-dependent angular analysis of B0 → J/ψK∗0 [84,85] or a
time-dependent Dalitz plot analysis of B0 → D0h0 (h0 = π0, η, ω)
with D0 → K0

Sπ+π− [86]. The latter gives the better sensitivity and
disfavors the solutions with cos 2β < 0 at the 97% CL, consistent with
the global CKM fit result.

The b → cc̄d mediated transitions, such as B0 → J/ψπ0 and
B0 → D(∗)+D(∗)−, also measure approximately sin 2β. However, the
dominant component of b → d penguin amplitude has different CKM
phase (V ∗

tbVtd) than the tree amplitude (V ∗
cbVcd), and their magnitudes

are of the same order in λ. Therefore, the effect of penguins could
be large, resulting in Sf �= −ηf sin 2β and Cf �= 0. These decay
modes have also been measured by BABAR and Belle. The world
averages [57], SJ/ψπ0 = −0.69 ± 0.25, SD+D− = −0.29 ± 0.63, and
SD∗+D∗− = −0.75 ± 0.23, are consistent with sin 2β obtained from
B0 → charmonium K0 decays, and the Cf ’s are also consistent with
zero, although the uncertainties are sizable.

11.3.2.2. Penguin dominated modes:
The b → sq̄q penguin dominated decays have the same CKM phase

as the b → cc̄s tree level decays, up to corrections suppressed by
λ2, since V ∗

tbVts = −V ∗
cbVcs[1 + O(λ2)]. Therefore, decays such as

B0 → φK0 and η′K0 provide sin 2β measurements in the SM. If new
physics contributes to the b → s loop diagrams and has a different
weak phase, it would give rise to Sf �= −ηf sin 2β and possibly Cf �= 0.
Therefore, the main interest in these modes is not simply to measure
sin 2β, but to search for new physics. Measurements of many other
decay modes in this category, such as B → π0K0

S , K0
SK0

SK0
S , etc.,

have also been performed by BABAR and Belle. The results and their
uncertainties are summarized in Fig. 12.3 and Table 12.1 of Ref. [81].

11.3.3. α / φ2 :
Since α is the angle between V ∗

tbVtd and V ∗
ubVud, only time-

dependent CP asymmetries in b → uūd dominated modes can directly
measure sin 2α, in contrast to sin 2β, where several different transitions
can be used. Since b → d penguin amplitudes have a different CKM
phase than b → uūd tree amplitudes, and their magnitudes are of the
same order in λ, the penguin contribution can be sizable and makes
the α determination complicated. To date, α has been measured in
B → ππ, ρπ and ρρ decay modes, among which B → ρρ has the best
precision.

11.3.3.1. B → ππ:
It is now experimentally well established that there is a sizable

contribution of b → d penguin amplitudes in B → ππ decays. Then
Sπ+π− in the time-dependent B0 → π+π− analysis no longer measures
sin 2α, but

Sπ+π− =
√

1 − C2
π+π− sin(2α + 2∆α), (11.20)

where 2∆α is the phase difference between e2iγĀπ+π− and Aπ+π− .
The value of ∆α, hence α, can be extracted using the isospin relations
among the amplitudes of B0 → π+π−, B0 → π0π0, and B+ → π+π0

decays [87],
1√
2

Aπ+π− + Aπ0π0 − Aπ+π0 = 0, (11.21)

and a similar one for the Āππ ’s. This method utilizes the fact that a
pair of pions in B → ππ decay must be in a zero angular momentum
state, and then, because of Bose statistics, they must have even
isospin. Consequently, π0π± is in a pure isospin-2 state, while the
penguin amplitudes only contribute to the isospin-0 final state. The
latter does not hold for the electroweak penguin amplitudes, but their
effect is expected to be small. The isospin analysis uses the world
averages [57] Sπ+π− = −0.50 ± 0.12, Cπ+π− = −0.37 ± 0.10, the
branching fractions of all three modes, and the direct CP asymmetry
Cπ0π0 = −0.28+0.39

−0.40. This analysis leads to 16 mirror solutions for
0 ≤ α < 2π. Because of this, and the sizable experimental error of the
B0 → π0π0 rate and CP asymmetry, only a loose constraint on α can
be obtained at present, 0◦ < α < 17◦ and 73◦ < α < 180◦ at 68% CL.

11.3.3.2. B → ρρ:
The decay B0 → ρ+ρ− contains two vector mesons in the final state,

which in general is a mixture of CP -even and CP -odd components.
Therefore, it was thought that extracting α from this mode would be
complicated.

However, the longitudinal polarization fractions (fL) in B+ → ρ+ρ0

and B0 → ρ+ρ− decays were measured to be close to unity [88],
which implies that the final states are almost purely CP -even.
Furthermore, B(B0 → ρ0ρ0) < 1.1 × 10−6 at 90% CL [89] is
much smaller than B(B0 → ρ+ρ−) = (26.4+6.1

−6.4) × 10−6 and
B(B+ → ρ+ρ0) = (26.2+3.6

−3.7) × 10−6, which implies that the effect of
the penguin diagrams is small. The isospin analysis using the world
averages [57], Sρ+ρ− = −0.22 ± 0.22 and Cρ+ρ− = −0.02 ± 0.17,
and the above-mentioned branching fractions of B → ρρ modes gives
α = (96 ± 13)◦ [90] with a mirror solution at 3π/2 − α. A possible
small violation of Eq. (11.21)) due to the finite width of the ρ [91] is
neglected.

11.3.3.3. B → ρπ:
The final state in B0 → ρ+π− decay is not a CP eigenstate, but this

decay proceeds via the same quark level diagrams as B0 → π+π− and
both B0 and B0 can decay to ρ+π−. Consequently, mixing induced
CP violations can occur in four decay amplitudes, B0 → ρ±π∓ and
B0 → ρ±π∓. The measurements of CP violation parameters for these
decays, where B0 → π+π−π0 decays are treated as quasi-two-body
decays, have been made both by BABAR [92] and the Belle [93].
However, the isospin analysis is rather complicated and no significant
model independent constraint on α has been obtained yet.

The time-dependent Dalitz plot analysis of B0 → π+π−π0 decays
permits the extraction of α with a single discrete ambiguity, α → α+π,
since one knows the variation of the strong phases in the interference
regions of the ρ+π−, ρ−π+, and ρ0π0 amplitudes in the Dalitz
plot [94]. The BABAR measurement gives α = (113+27

−17 ± 6)◦ [95].
Although this constraint is moderate so far, it favors one of the mirror
solutions in B → ρ+ρ−.

Combining the above-mentioned three decay modes [90], α is
constrained as

α = (99+13
−8 )◦. (11.22)

A different statistical approach [96] gives similar constraint from the
combination of these measurements.
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11.3.4. γ / φ3 :
By virtue of Eq. (11.15), γ does not depend on CKM elements

involving the top quark, so it can be measured in tree level B decays.
This is an important distinction from the measurements of α and
β, and implies that the direct measurements of γ are unlikely to be
affected by physics beyond the SM.

11.3.4.1. B± → DK±:
The interference of B− → D0K− (b → cūs) and B− → D0K−

(b → uc̄s) transitions can be studied in final states accessible in both
D0 and D0 decays [80]. In principle, it is possible to extract the B
and D decay amplitudes, the relative strong phases, and the weak
phase γ from the data.

A practical complication is that the precision depends sensitively
on the ratio of the interfering amplitudes

rB =
∣∣∣A(B− → D0K−)/A(B− → D0K−)

∣∣∣ , (11.23)

which is around 0.1− 0.2. The original GLW method [97,98] considers
D decays to CP eigenstate final states, such as B± → D

(∗)
CP (→

π+π−)K±(∗). To alleviate the smallness of rB and make the
interfering amplitudes (which are products of the B and D decay
amplitudes) comparable in magnitude, the ADS method [99] considers
final states where Cabibbo-allowed D0 and doubly Cabibbo-suppressed
D0 decays interfere. Extensive measurements have been made by the
B factories using both methods [100], but the constraints on γ are
fairly weak so far.

It was realized that both D0 and D0 have large branching
fractions to certain three-body final states, such as KSπ+π−, and
the analysis can be optimized by studying the Dalitz plot dependence
of the interferences [101,102]. The best present determination of
γ comes from this method. Belle [103] and BABAR [104] obtained
γ = 68+14

−15 ± 13 ± 11◦ and γ = 67 ± 28 ± 13 ± 11◦, respectively, where
the last uncertainty is due to the D decay modeling. The error is
sensitive to the central value of the amplitude ratio rB (and r∗B for
the D∗K mode), for which Belle found somewhat larger central values
than BABAR. The same values of r

(∗)
B enter the ADS analyses, and the

data can be combined to fit for r
(∗)
B and γ. The possibility of D0–D0

mixing has been neglected in all measurements, but its effect on γ
is far below the present experimental accuracy [105], unless D0–D0

mixing is due to CP -violating new physics, in which case it could be
included in the analysis [106].

Combining the GLW, ADS, and Dalitz analyses [90], γ is
constrained as

γ = (63+15
−12)

◦. (11.24)

The likelihood function of γ is not Gaussian, and the 95% CL range is
40◦ < γ < 110◦. Similar results are found in [96]. New results [107]
reported after the completion of this review indicate a decrease of r

(∗)
B ,

which leads to an increased error on γ.

11.3.4.2. B → D(∗)±π∓:
The interference of b → u and b → c transitions can be studied

in B0 → D(∗)+π− (b → cūd) and B0 → B0 → D(∗)+π− (b̄ → ūcd̄)
decays and their CP conjugates, since both B0 and B0 decay to
D(∗)±π∓ (or D±ρ∓, etc.). Since there are only tree and no penguin
contributions to these decays, in principle, it is possible to extract
from the four observable time-dependent rates the magnitudes of the
two hadronic amplitudes, their relative strong phase, and the weak
phase between the two decay paths, which is 2β + γ.

A complication is that the ratio of the interfering amplitudes
is very small, rDπ = A(B0 → D+π−)/A(B0 → D+π−) = O(0.01)
(and similarly for rD∗π and rDρ), and therefore it has not been
possible to measure it. To obtain 2β + γ, SU(3) flavor symmetry and
dynamical assumptions have been used to relate A(B0 → D−π+) to
A(B0 → D−

s π+), so this measurement is not model independent at
present. The amplitude ratio is larger in the analogous Bs decays
to D±

s K∓, where it will be possible to measure it and model
independently extract γ − 2βs at LHCb, as proposed in Ref. [108].
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Figure 11.2: Constraints on the ρ̄, η̄ plane. The shaded areas
have 95% CL. See full-color version on color pages at end of
book.

Combining the D±π∓ D∗±π∓ and D±ρ∓ measurements [109] gives
sin(2β + γ) = 0.8+0.18

−0.24, consistent with the previously discussed results
for β and γ.

11.4. Global fit in the Standard Model

Using the independently measured CKM elements mentioned
in the previous sections, the unitarity of the CKM matrix can
be checked. We obtain |Vud|2 + |Vus|2 + |Vub|2 = 0.9992 ± 0.0011
(1st row), |Vcd|2 + |Vcs|2 + |Vcb|2 = 0.968 ± 0.181 (2nd row), and
|Vud|2 + |Vcd|2 + |Vtd|2 = 1.001 ± 0.005 (1st column), respectively.
For the second row, a more stringent check is obtained from the
measurement of

∑
u,c,d,s,b |Vij |2 in Sec.11.2.4 minus the sum in the

first row above: |Vcd|2 + |Vcs|2 + |Vcb|2 = 1.003± 0.027. These provide
strong tests of the unitarity of the CKM matrix. The sum of the
three angles of the unitarity triangle, α + β + γ = (184+20

−15)
◦, is also

consistent with the SM expectation.
The CKM matrix elements can be most precisely determined by

a global fit that uses all available measurements and imposes the
SM constraints (i.e., three generation unitarity). There are several
approaches to combining the experimental data. CKMfitter [90,6]
and Ref. [110] (which develops [111,112] further) use frequentist
statistics with different presentations of the theoretical errors, while
UTfit [96,113] uses a Bayesian approach. These approaches provide
similar results [114].

The constraints implied by the unitarity of the three generation
CKM matrix significantly reduce the allowed range of some of the
CKM elements. The fit for the Wolfenstein parameters defined in
Eq. (11.4) gives

λ = 0.2272 ± 0.0010 , A = 0.818+0.007
−0.017 ,

ρ̄ = 0.221+0.064
−0.028 , η̄ = 0.340+0.017

−0.045 , (11.25)

These values are obtained using the method of Refs. [6,90], while
using the prescription of Refs. [96,113] gives λ = 0.2262 ± 0.0014,
A = 0.815 ± 0.013, ρ̄ = 0.235 ± 0.031, and η̄ = 0.349 ± 0.020. The
allowed ranges of the magnitudes of all nine CKM elements are

VCKM =

⎛
⎝ 0.97383+0.00024

−0.00023 0.2272+0.0010
−0.0010 (3.96+0.09

−0.09) × 10−3

0.2271+0.0010
−0.0010 0.97296+0.00024

−0.00024 (42.21+0.10
−0.80) × 10−3

(8.14+0.32
−0.64) × 10−3 (41.61+0.12

−0.78) × 10−3 0.999100+0.000034
−0.000004

⎞
⎠ ,

(11.26)
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and the Jarlskog invariant is J = (3.08+0.16
−0.18) × 10−5.

Fig. 11.2 illustrates the constraints on the ρ̄, η̄ plane from various
measurements and the global fit result. The shaded 95% CL regions
all overlap consistently around the global fit region, though the
consistency of |Vub/Vcb| and sin 2β is not very good, as mentioned
previously.

11.5. Implications beyond the SM

If the constraints of the SM are lifted, K, B and D decays and
mixings are described by many more parameters than just the four
CKM parameters and the W , Z and quark masses. The most general
effective Lagrangian at lowest order contains around a hundred flavor
changing operators, and the observable effects of interactions at the
weak-scale or above are encoded in their coefficients. For example,
∆md, Γ(B → ργ), and Γ(B → Xd

+−) are all proportional to
|VtdV ∗

tb|2 in the SM, however, they may receive unrelated contributions
from new physics. Similar to the measurements of sin 2β from tree-
and loop-dominated modes, such overconstraining measurements
of the magnitudes and phases of CKM elements provide excellent
sensitivity to new physics. Another very clean test of the SM can come
from future measurements of B(K0

L → π0νν̄) and B(K+ → π+νν̄).
These loop induced decays are sensitive to new physics and will
allow a determination of β independent of its value measured in B
decays [115].

Not all CP -violating measurements can be interpreted as constraints
on the ρ̄, η̄ plane. Besides the angles in Eq. (11.15), it is also useful to
define βs = arg(−VtsV

∗
tb/VcsV

∗
cb), which is the small, λ2-suppressed,

angle of a “squashed” unitarity triangle obtained by taking the
scalar product of the second and third columns. It is the phase
between Bs mixing and b → cc̄s decays, and sin 2βs can be measured
via time-dependent CP violation in Bs → J/ψφ, similar to sin 2β
in B → J/ψK0. Checking if βs agrees with its SM prediction,
sin 2βs = 0.036 ± 0.003 [116,90], is an equally important test of the
theory.

In the kaon sector, both CP -violating observables ε and ε′ are tiny,
so models in which all sources of CP violation are small were viable
before the B-factory measurements. Since the measurement of sin 2β
we know that CP violation can be an O(1) effect, and it is only
flavor mixing that is suppressed between the three quark generations.
Thus, many models with spontaneous CP violation are excluded.
Model independent statements for the constraints imposed by the
CKM measurements on new physics are hard to make, because most
models that allow for new flavor physics contain a large number of
new parameters. For example, the flavor sector of the MSSM contains
69 CP -conserving parameters and 41 CP -violating phases (i.e., 40
new ones) [117].

In a large class of models the unitarity of the CKM matrix is
maintained, and the dominant new physics effect is a contribution to
the B0–B0 mixing amplitude [118], which can be parameterized as
M12 = MSM

12 (1 + hde
iσd). While the constraints on hd and σd are

significant (before the measurements of γ and α they were not), new
physics with a generic weak phase may still contribute to M12 at
order 20% of the SM. Measurements unimportant for the SM CKM
fit, such as the CP asymmetry in semileptonic decays, play a role
in constraining such extensions of the SM [116]. Similar results for
the constraints on new physics in K0 and B0

s mixing are discussed in
Refs. [113,119].

The CKM elements are fundamental parameters, so they should be
measured as precisely as possible. The overconstraining measurements
of CP asymmetries, mixing, semileptonic, and rare decays have
started to severely constrain the magnitudes and phases of possible
new physics contributions to flavor changing interactions. When new
particles are observed at the LHC, it will be important to know the
flavor parameters as precisely as possible to understand the underlying
physics.
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12. CP VIOLATION IN MESON DECAYS

Revised November 2005 by D. Kirkby (UC Irvine) and Y. Nir
(Weizmann Inst.).

The CP transformation combines charge conjugation C with
parity P . Under C, particles and antiparticles are interchanged,
by conjugating all internal quantum numbers, e.g., Q → −Q for
electromagnetic charge. Under P , the handedness of space is reversed,
�x → −�x. Thus, for example, a left-handed electron e−L is transformed
under CP into a right-handed positron, e+

R.

If CP were an exact symmetry, the laws of Nature would be the
same for matter and for antimatter. We observe that most phenomena
are C- and P -symmetric, and therefore, also CP -symmetric. In
particular, these symmetries are respected by the gravitational,
electromagnetic, and strong interactions. The weak interactions, on
the other hand, violate C and P in the strongest possible way. For
example, the charged W bosons couple to left-handed electrons, e−L ,
and to their CP -conjugate right-handed positrons, e+

R, but to neither
their C-conjugate left-handed positrons, e+

L , nor their P -conjugate
right-handed electrons, e−R. While weak interactions violate C and P
separately, CP is still preserved in most weak interaction processes.
The CP symmetry is, however, violated in certain rare processes, as
discovered in neutral K decays in 1964 [1], and recently observed
in neutral B decays [2,3]. A KL meson decays more often to
π−e+νe than to π+e−νe, thus allowing electrons and positrons to be
unambiguously distinguished, but the decay-rate asymmetry is only
at the 0.003 level. The CP -violating effects observed in B decays are
larger: the CP asymmetry in B0/B

0 meson decays to CP eigenstates
like J/ψKS is about 0.70. These effects are related to K0 − K

0

and B0 − B
0 mixing, but CP violation arising solely from decay

amplitudes has also been observed, first in K → ππ decays [4,5,6] and
more recently in B → Kπ decays [7,8]. CP violation has not yet
been observed in neutral D or Bs mesons, or in the lepton sector.

In addition to parity and to continuous Lorentz transformations,
there is one other spacetime operation that could be a symmetry of
the interactions: time reversal T , t → −t. Violations of T symmetry
have been observed in neutral K decays [9], and are expected as
a corollary of CP violation if the combined CPT transformation is
a fundamental symmetry of Nature [10]. All observations indicate
that CPT is indeed a symmetry of Nature. Furthermore, one cannot
build a Lorentz-invariant quantum field theory with a Hermitian
Hamiltonian that violates CPT . (At several points in our discussion,
we avoid assumptions about CPT , in order to identify cases where
evidence for CP violation relies on assumptions about CPT .)

Within the Standard Model, CP symmetry is broken by complex
phases in the Yukawa couplings (that is, the couplings of the Higgs
scalar to quarks). When all manipulations to remove unphysical
phases in this model are exhausted, one finds that there is a single
CP -violating parameter [11]. In the basis of mass eigenstates, this
single phase appears in the 3 × 3 unitary matrix that gives the
W -boson couplings to an up-type antiquark and a down-type quark.
(If the Standard Model is supplemented with Majorana mass terms
for the neutrinos, the analogous mixing matrix for leptons has three
CP -violating phases.) The beautifully consistent and economical
Standard-Model description of CP violation in terms of Yukawa
couplings, known as the Kobayashi-Maskawa (KM) mechanism [11],
agrees with all measurements to date. In particular, one can account
within this framework for the three most accurately measured CP -
violating observables, ε and ε′ in neutral K decays, and SψK in neutral
B decays. This agreement implies that the matrix of three-generation
quark mixing is, very likely, the dominant source of CP violation in
meson decays.

The small number of observations, and the theoretical uncertainties
involved in their interpretation, however, leave room for additional
sources of CP violation from new physics. Indeed, almost all extensions
of the Standard Model imply that there are such additional sources.
Moreover, CP violation is a necessary condition for baryogenesis, the
process of dynamically generating the matter-antimatter asymmetry
of the Universe [12]. Despite the phenomenological success of the KM
mechanism, it fails (by several orders of magnitude) to accommodate
the observed asymmetry [13]. This discrepancy strongly suggests

that Nature provides additional sources of CP violation beyond the
KM mechanism. (Recent evidence for neutrino masses implies that
CP can be violated also in the lepton sector. This situation makes
leptogenesis [14], a scenario where CP -violating phases in the Yukawa
couplings of the neutrinos play a crucial role in the generation of the
baryon asymmetry, a very attractive possibility.) The expectation of
new sources motivates the large ongoing experimental effort to find
deviations from the predictions of the KM mechanism.

CP violation can be experimentally searched for in a variety of
processes, such as meson decays, electric dipole moments of neutrons,
electrons and nuclei, and neutrino oscillations. Meson decays probe
flavor-changing CP violation. The search for electric dipole moments
may find (or constrain) sources of CP violation that, unlike the KM
phase, are not related to flavor changing couplings. Future searches
for CP violation in neutrino oscillations might provide further input
on leptogenesis.

The present measurements of CP asymmetries provide some of
the strongest constraints on the weak couplings of quarks. Future
measurements of CP violation in K, D, B, and Bs meson decays
will provide additional constraints on the flavor parameters of the
Standard Model, and can probe new physics. In this review, we give
the formalism and basic physics that are relevant to present and near
future measurements of CP violation in meson decays.

Before going into details, we list here the independent CP violating
observables where a signal has been established. Experiments have
measured to date nine independent CP violating observables. The list
of measured observables in B decays is somewhat conservative. We
only include observables where the combined significance of Babar and
Belle measurements, taking an inflated error in case of inconsistencies,
is above 3σ. The list is:

1. Indirect CP violation in K → ππ decays [1] and in K → π�ν
decays is given by

εK = (2.28 ± 0.02)× 10−3 eiπ/4. (12.1)

2. Direct CP violation in K → ππ decays [4,5,6] is given by

ε′/ε = (1.72 ± 0.18) × 10−3. (12.2)

3. CP violation in the interference of mixing and decay in the
B → ψKS and other, related modes is given by [2,3]:

SψKS
= +0.69± 0.03. (12.3)

4. CP violation in the interference of mixing and decay in the
B → K+K−KS mode is given by [15,16]

SK+K−KS
= −0.45 ± 0.13. (12.4)

5. CP violation in the interference of mixing and decay in the
B → D∗+D∗− mode is given by [17,18]

SD∗+D∗− = −0.75 ± 0.23. (12.5)

6. CP violation in the interference of mixing and decay in the
B → η′K0 modes is given by [19,20,21]

Sη′KS
= +0.50 ± 0.09(0.13). (12.6)

7. CP violation in the interference of mixing and decay in the
B → f0KS mode is given by [22,20]

Sf0KS
= −0.75 ± 0.24. (12.7)

8. Direct CP violation in the B0 → K−π+ mode is given by [7,8]

AK∓π± = −0.115± 0.018. (12.8)

9. Direct CP violation in the B → ρπ mode is given by [23,24]

A−+
ρπ = −0.48 ± 0.14. (12.9)
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12.1. Formalism

The phenomenology of CP violation is superficially different in K,
D, B, and Bs decays. This is primarily because each of these systems
is governed by a different balance between decay rates, oscillations,
and lifetime splitting. However, the underlying mechanisms of CP
violation are identical for all pseudoscalar mesons.

In this section we present a general formalism for, and classification
of, CP violation in the decay of a pseudoscalar meson M that
might be a charged or neutral K, D, B, or Bs meson. Subsequent
sections describe the CP -violating phenomenology, approximations,
and alternate formalisms that are specific to each system.

12.1.1. Charged- and neutral-meson decays : We define decay
amplitudes of M (which could be charged or neutral) and its CP
conjugate M to a multi-particle final state f and its CP conjugate f
as

Af = 〈f |H|M〉 , Af = 〈f |H|M〉 ,

Af = 〈f |H|M〉 , Af = 〈f |H|M〉 , (12.10)

where H is the Hamiltonian governing weak interactions. The action
of CP on these states introduces phases ξM and ξf that depend on
their flavor content, according to

CP |M〉 = e+iξM |M〉 , CP |f〉 = e+iξf |f〉 , (12.11)
with

CP |M〉 = e−iξM |M〉 , CP |f〉 = e−iξf |f〉 (12.12)

so that (CP )2 = 1. The phases ξM and ξf are arbitrary and
unphysical because of the flavor symmetry of the strong interaction.
If CP is conserved by the dynamics, [CP,H] = 0, then Af and Af
have the same magnitude and an arbitrary unphysical relative phase

Af = ei(ξf−ξM ) Af . (12.13)

12.1.2. Neutral-meson mixing : A state that is initially a
superposition of M0 and M

0, say

|ψ(0)〉 = a(0)|M0〉 + b(0)|M0〉 , (12.14)

will evolve in time acquiring components that describe all possible
decay final states {f1, f2, . . .}, that is,

|ψ(t)〉 = a(t)|M0〉 + b(t)|M0〉 + c1(t)|f1〉 + c2(t)|f2〉 + · · · . (12.15)

If we are interested in computing only the values of a(t) and b(t)
(and not the values of all ci(t)), and if the times t in which we are
interested are much larger than the typical strong interaction scale,
then we can use a much simplified formalism [25]. The simplified
time evolution is determined by a 2 × 2 effective Hamiltonian H that
is not Hermitian, since otherwise the mesons would only oscillate and
not decay. Any complex matrix, such as H, can be written in terms
of Hermitian matrices M and Γ as

H = M − i

2
Γ . (12.16)

M and Γ are associated with (M0, M
0) ↔ (M0, M

0) transitions via
off-shell (dispersive), and on-shell (absorptive) intermediate states,
respectively. Diagonal elements of M and Γ are associated with
the flavor-conserving transitions M0 → M0 and M

0 → M
0, while

off-diagonal elements are associated with flavor-changing transitions
M0 ↔ M

0.
The eigenvectors of H have well-defined masses and decay widths.

To specify the components of the strong interaction eigenstates, M0

and M
0, in the light (ML) and heavy (MH) mass eigenstates, we

introduce three complex parameters: p, q, and, for the case that both
CP and CPT are violated in mixing, z:

|ML〉 ∝ p
√

1 − z |M0〉 + q
√

1 + z |M0〉
|MH〉 ∝ p

√
1 + z |M0〉 − q

√
1 − z |M0〉 , (12.17)

with the normalization |q|2 + |p|2 = 1 when z = 0. (Another possible
choice, which is in standard usage for K mesons, defines the mass
eigenstates according to their lifetimes: KS for the short-lived and
KL for the long-lived state. The KL is experimentally found to be the
heavier state.)

The real and imaginary parts of the eigenvalues ωL,H corresponding
to |ML,H〉 represent their masses and decay-widths, respectively. The
mass and width splittings are

∆m ≡ mH − mL = Re(ωH − ωL) ,

∆Γ ≡ ΓH − ΓL = −2 Im(ωH − ωL) . (12.18)

Note that here ∆m is positive by definition, while the sign of ∆Γ is
to be experimentally determined. The sign of ∆Γ has not yet been
established for D, B, and Bs mesons, while ∆Γ < 0 is established for
K mesons. The Standard Model predicts ∆Γ < 0 for B and Bs mesons
(for this reason, ∆Γ = ΓL − ΓH , which is still a signed quantity, is
often used in the B and Bs literature and is the convention used in
the PDG experimental summaries). For D mesons, non-perturbative
contributions are expected to dominate and, consequently, it is difficult
to make a definitive prediction for the size and sign of ∆Γ.

Solving the eigenvalue problem for H yields

(
q

p

)2

=
M∗

12 − (i/2)Γ∗
12

M12 − (i/2)Γ12
(12.19)

and
z ≡ δm − (i/2)δΓ

∆m − (i/2)∆Γ
, (12.20)

where
δm ≡ M11 −M22 , δΓ ≡ Γ11 − Γ22 (12.21)

are the differences in effective mass and decay-rate expectation values
for the strong interaction states M0 and M

0.
If either CP or CPT is a symmetry of H (independently of whether

T is conserved or violated), then the values of δm and δΓ are both
zero, and hence z = 0. We also find that

ωH − ωL = 2

√(
M12 − i

2
Γ12

) (
M∗

12 − i

2
Γ∗

12

)
. (12.22)

If either CP or T is a symmetry of H (independently of whether CPT
is conserved or violated), then Γ12/M12 is real, leading to

(
q

p

)2

= e2iξM ⇒
∣∣∣∣ qp

∣∣∣∣ = 1 , (12.23)

where ξM is the arbitrary unphysical phase introduced in Eq. (12.12).
If, and only if, CP is a symmetry of H (independently of CPT and
T ), then both of the above conditions hold, with the result that the
mass eigenstates are orthogonal

〈MH |ML〉 = |p|2 − |q|2 = 0 . (12.24)

12.1.3. CP -violating observables : All CP -violating observables
in M and M decays to final states f and f can be expressed in
terms of phase-convention-independent combinations of Af , Af , Af ,
and Af , together with, for neutral-meson decays only, q/p. CP

violation in charged-meson decays depends only on the combination
|Af/Af |, while CP violation in neutral-meson decays is complicated

by M0 ↔ M
0 oscillations, and depends, additionally, on |q/p| and on

λf ≡ (q/p)(Af/Af ).
The decay-rates of the two neutral K mass eigenstates, KS and

KL, are different enough (ΓS/ΓL ∼ 500) that one can, in most cases,
actually study their decays independently. For neutral D, B, and
Bs mesons, however, values of ∆Γ/Γ (where Γ ≡ (ΓH + ΓL)/2) are
relatively small, and so both mass eigenstates must be considered
in their evolution. We denote the state of an initially pure |M0〉 or
|M0〉 after an elapsed proper time t as |M0

phys(t)〉 or |M0
phys(t)〉,
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respectively. Using the effective Hamiltonian approximation, but not
assuming CPT is a good symmetry, we obtain

|M0
phys(t)〉 = (g+(t) + z g−(t)) |M0〉 −

√
1 − z2 q

p
g−(t)|M0〉,

|M0
phys(t)〉 = (g+(t) − z g−(t)) |M0〉 −

√
1 − z2 p

q
g−(t)|M0〉 ,

(12.25)

where

g±(t) ≡ 1
2

⎛
⎝e

−imH t−1
2

ΓH t ± e
−imLt−1

2
ΓLt

⎞
⎠ (12.26)

and z = 0 if either CPT or CP is conserved.
Defining x ≡ ∆m/Γ and y ≡ ∆Γ/(2Γ), and assuming z = 0, one

obtains the following time-dependent decay rates:

dΓ
[
M0

phys(t) → f
]
/dt

e−ΓtNf
=

(
|Af |2 + |(q/p)Af |2

)
cosh(yΓt) +

(
|Af |2 − |(q/p)Af |2

)
cos(xΓt)

+ 2Re((q/p)A∗
fAf ) sinh(yΓt) − 2 Im((q/p)A∗

fAf ) sin(xΓt) ,

(12.27)

dΓ
[
M

0
phys(t) → f

]
/dt

e−ΓtNf
=

(
|(p/q)Af |2 + |Af |2

)
cosh(yΓt) −

(
|(p/q)Af |2 − |Af |2

)
cos(xΓt)

+ 2Re((p/q)AfA
∗
f ) sinh(yΓt) − 2 Im((p/q)AfA

∗
f ) sin(xΓt) ,

(12.28)

where Nf is a common, time-independent, normalization factor. Decay
rates to the CP -conjugate final state f are obtained analogously,
with Nf = Nf and the substitutions Af → Af and Af → Af in
Eqs. (12.27,12.28). Terms proportional to |Af |2 or |Af |2 are associated
with decays that occur without any net M ↔ M oscillation, while
terms proportional to |(q/p)Af |2 or |(p/q)Af |2 are associated with
decays following a net oscillation. The sinh(yΓt) and sin(xΓt) terms of
Eqs. (12.27,12.28) are associated with the interference between these
two cases. Note that, in multi-body decays, amplitudes are functions
of phase-space variables. Interference may be present in some regions
but not others, and is strongly influenced by resonant substructure.

When neutral pseudoscalar mesons are produced coherently in
pairs from the decay of a vector resonance, V → M0M

0 (for
example, Υ (4S) → B0B

0 or φ → K0K0), the time-dependence of
their subsequent decays to final states f1 and f2 has a similar form to
Eqs. (12.27,12.28):

dΓ
[
Vphys(t1, t2) → f1f2

]
/dt

e−Γ|∆t|Nf1f2

=

(
|a+|2 + |a−|2

)
cosh(yΓ∆t) +

(
|a+|2 − |a−|2

)
cos(xΓ∆t)

− 2Re(a∗+a−) sinh(yΓ∆t) + 2 Im(a∗+a−) sin(xΓ∆t) ,

(12.29)

where ∆t ≡ t2 − t1 is the difference in the production times, t1
and t2, of f1 and f2, respectively, and the dependence on the
average decay time and on decay angles has been integrated out.
The coefficients in Eq. (12.29) are determined by the amplitudes for
no net oscillation from t1 → t2, Af1

Af2
and Af1

Af2
, and for a net

oscillation, (q/p)Af1
Af2

and (p/q)Af1
Af2

, via

a+ ≡ Af1
Af2

− Af1
Af2

, (12.30)

a− ≡ −
√

1 − z2

(
q

p
Af1

Af2
− p

q
Af1

Af2

)
+ z

(
Af1

Af2
+ Af1

Af2

)
.

Assuming CPT conservation, z = 0, and identifying ∆t → t and
f2 → f , we find that Eqs. (12.29) and (12.30) reduce to Eq. (12.27)

with Af1
= 0, Af1

= 1, or to Eq. (12.28) with Af1
= 0, Af1

= 1.
Indeed, such a situation plays an important role in experiments. Final
states f1 with Af1

= 0 or Af1
= 0 are called tagging states, because

they identify the decaying pseudoscalar meson as, respectively, M
0 or

M0. Before one of M0 or M
0 decays, they evolve in phase, so that

there is always one M0 and one M
0 present. A tagging decay of one

meson sets the clock for the time evolution of the other: it starts at t1
as purely M0 or M

0, with time evolution that depends only on t2 − t1.

When f1 is a state that both M0 and M
0 can decay into, then

Eq. (12.29) contains interference terms proportional to Af1
Af1


= 0
that are not present in Eqs. (12.27,12.28). Even when f1 is dominantly
produced by M0 decays rather than M

0 decays, or vice versa, Af1
Af1

can be non-zero owing to doubly-CKM-suppressed decays (with
amplitudes suppressed by at least two powers of λ relative to the
dominant amplitude, in the language of Section 12.3), and these terms
should be considered for precision studies of CP violation in coherent
V → M0M

0 decays [26].

12.1.4. Classification of CP -violating effects : We distinguish
three types of CP -violating effects in meson decays:

I. CP violation in decay is defined by

|Af/Af | 
= 1 . (12.31)

In charged meson decays, where mixing effects are absent,
this is the only possible source of CP asymmetries:

Af± ≡ Γ(M− → f−) − Γ(M+ → f+)
Γ(M− → f−) + Γ(M+ → f+)

=
|Af−/Af+ |2 − 1

|Af−/Af+ |2 + 1
. (12.32)

II. CP (and T ) violation in mixing is defined by

|q/p| 
= 1 . (12.33)

In charged-current semileptonic neutral meson decays
M, M → �±X (taking |A�+X | = |A�−X | and A�−X =
A�+X = 0, as is the case in the Standard Model, to lowest
order in GF , and in most of its reasonable extensions), this is
the only source of CP violation, and can be measured via the
asymmetry of “wrong-sign” decays induced by oscillations:

ASL(t) ≡
dΓ/dt

[
M

0
phys(t) → �+X

] − dΓ/dt
[
M0

phys(t) → �−X
]

dΓ/dt
[
M

0
phys(t) → �+X

]
+ dΓ/dt

[
M0

phys(t) → �−X
]

=
1 − |q/p|4
1 + |q/p|4 . (12.34)

Note that this asymmetry of time-dependent decay rates is
actually time-independent.

III. CP violation in interference between a decay without mixing,
M0 → f , and a decay with mixing, M0 → M

0 → f (such an
effect occurs only in decays to final states that are common to
M0 and M

0, including all CP eigenstates), is defined by

Im(λf ) 
= 0 , (12.35)

with

λf ≡ q

p

Af

Af
. (12.36)

This form of CP violation can be observed, for example,
using the asymmetry of neutral meson decays into final CP
eigenstates fCP

AfCP
(t) ≡

dΓ/dt
[
M

0
phys(t) → fCP

] − dΓ/dt
[
M0

phys(t) → fCP

]
dΓ/dt

[
M

0
phys(t) → fCP

]
+ dΓ/dt

[
M0

phys(t) → fCP

] .

(12.37)
If ∆Γ = 0 and |q/p| = 1, as expected to a good approximation
for B mesons, but not for K mesons, then AfCP

has a
particularly simple form (see Eq. (12.72), below). If, in
addition, the decay amplitudes fulfill |AfCP

| = |AfCP
|,

the interference between decays with and without mixing
is the only source of the asymmetry and AfCP

(t) =
Im(λfCP

) sin(xΓt).
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Examples of these three types of CP violation will be given in
Sections 12.4, 12.5, and 12.6.

12.2. Theoretical Interpretation:
General Considerations

Consider the M → f decay amplitude Af , and the CP conjugate
process, M → f , with decay amplitude Af . There are two types
of phases that may appear in these decay amplitudes. Complex
parameters in any Lagrangian term that contributes to the amplitude
will appear in complex conjugate form in the CP -conjugate amplitude.
Thus, their phases appear in Af and Af with opposite signs. In the
Standard Model, these phases occur only in the couplings of the W±
bosons, and hence, are often called “weak phases”. The weak phase
of any single term is convention-dependent. However, the difference
between the weak phases in two different terms in Af is convention-
independent. A second type of phase can appear in scattering or
decay amplitudes, even when the Lagrangian is real. Their origin
is the possible contribution from intermediate on-shell states in the
decay process. Since these phases are generated by CP -invariant
interactions, they are the same in Af and Af . Usually the dominant
rescattering is due to strong interactions; hence the designation
“strong phases” for the phase shifts so induced. Again, only the
relative strong phases between different terms in the amplitude are
physically meaningful.

The ‘weak’ and ‘strong’ phases discussed here appear in addition
to the ‘spurious’ CP -transformation phases of Eq. (12.13). Those
spurious phases are due to an arbitrary choice of phase convention,
and do not originate from any dynamics or induce any CP violation.
For simplicity, we set them to zero from here on.

It is useful to write each contribution ai to Af in three parts: its
magnitude |ai|, its weak phase φi, and its strong phase δi. If, for
example, there are two such contributions, Af = a1 + a2, we have

Af = |a1|ei(δ1+φ1) + |a2|ei(δ2+φ2),

Af = |a1|ei(δ1−φ1) + |a2|ei(δ2−φ2). (12.38)

Similarly, for neutral meson decays, it is useful to write

M12 = |M12|eiφM , Γ12 = |Γ12|eiφΓ . (12.39)

Each of the phases appearing in Eqs. (12.38,12.39) is convention-
dependent, but combinations such as δ1 − δ2, φ1 − φ2, φM − φΓ, and
φM + φ1 − φ1 (where φ1 is a weak phase contributing to Af ) are
physical.

It is now straightforward to evaluate the various asymmetries in
terms of the theoretical parameters introduced here. We will do so
with approximations that are often relevant to the most interesting
measured asymmetries.

1. The CP asymmetry in charged meson decays [Eq. (12.32)] is
given by

Af± = − 2|a1a2| sin(δ2 − δ1) sin(φ2 − φ1)
|a1|2 + |a2|2 + 2|a1a2| cos(δ2 − δ1) cos(φ2 − φ1)

. (12.40)

The quantity of most interest to theory is the weak phase difference
φ2 − φ1. Its extraction from the asymmetry requires, however, that
the amplitude ratio |a2/a1| and the strong phase difference δ2 − δ1

are known. Both quantities depend on non-perturbative hadronic
parameters that are difficult to calculate.

2. In the approximation that |Γ12/M12| � 1 (valid for B and Bs

mesons), the CP asymmetry in semileptonic neutral-meson decays
[Eq. (12.34)] is given by

ASL = −
∣∣∣∣ Γ12

M12

∣∣∣∣ sin(φM − φΓ). (12.41)

The quantity of most interest to theory is the weak phase φM − φΓ.
Its extraction from the asymmetry requires, however, that |Γ12/M12|

is known. This quantity depends on long distance physics that is
difficult to calculate.

3. In the approximations that only a single weak phase contributes
to decay, Af = |af |ei(δf+φf ), and that |Γ12/M12| = 0, we obtain
|λf | = 1, and the CP asymmetries in decays to a final CP eigenstate
f [Eq. (12.37)] with eigenvalue ηf = ±1 are given by

AfCP
(t) = Im(λf ) sin(∆mt) with Im(λf ) = ηf sin(φM + 2φf ).

(12.42)
Note that the phase so measured is purely a weak phase, and no
hadronic parameters are involved in the extraction of its value from
Im(λf ) .

The discussion above allows us to introduce another classification
of CP -violating effects:

1. Indirect CP violation is consistent with taking φM 
= 0 and
setting all other CP violating phases to zero. CP violation in
mixing (type II) belongs to this class.

2. Direct CP violation cannot be accounted for by just φM 
= 0. CP
violation in decay (type I) belongs to this class.

As concerns type III CP violation, observing ηf1
Im(λf1

) 
=
ηf2

Im(λf2
) (for the same decaying meson and two different final

CP eigenstates f1 and f2) would establish direct CP violation. The
significance of this classification is related to theory. In superweak
models [27], CP violation appears only in diagrams that contribute
to M12, hence they predict that there is no direct CP violation. In
most models and, in particular, in the Standard Model, CP violation
is both direct and indirect. The experimental observation of ε′ 
= 0
(see Section 12.4) excluded the superweak scenario.

12.3. Theoretical Interpretation:
The KM Mechanism

Of all the Standard Model quark parameters, only the Kobayashi-
Maskawa (KM) phase is CP violating. Having a single source of CP
violation, the Standard Model is very predictive for CP asymmetries:
some vanish, and those that do not are correlated.

To be precise, CP could be violated also by strong interactions.
The experimental upper bound on the electric dipole moment of the
neutron implies, however, that θQCD, the non-perturbative parameter
that determines the strength of this type of CP violation, is tiny,
if not zero. (The smallness of θQCD constitutes a theoretical puzzle,
known as ‘the strong CP problem.’) In particular, it is irrelevant to
our discussion of meson decays.

The charged current interactions (that is, the W± interactions) for
quarks are given by

−LW± =
g√
2

uLi γµ (VCKM)ij dLj W+
µ + h.c. (12.43)

Here i, j = 1, 2, 3 are generation numbers. The Cabibbo-Kobayashi-
Maskawa (CKM) mixing matrix for quarks is a 3 × 3 unitary matrix
[28]. Ordering the quarks by their masses, i.e. (u1, u2, u3) → (u, c, t)
and (d1, d2, d3) → (d, s, b), the elements of VCKM are written as
follows:

VCKM =

⎛
⎝Vud Vus Vub

Vcd Vcs Vcb
Vtd Vts Vtb

⎞
⎠ . (12.44)

While a general 3 × 3 unitary matrix depends on three real angles
and six phases, the freedom to redefine the phases of the quark mass
eigenstates can be used to remove five of the phases, leaving a single
physical phase, the Kobayashi-Maskawa phase, that is responsible for
all CP violation in meson decays in the Standard Model.

The fact that one can parametrize VCKM by three real and only
one imaginary physical parameters can be made manifest by choosing
an explicit parametrization. The Wolfenstein parametrization [29,30]
is particularly useful:

VCKM =⎛
⎜⎜⎜⎝

1 − 1

2
λ2 − 1

8
λ4 λ Aλ3(ρ − iη)

−λ +
1

2
A2λ5[1 − 2(ρ + iη)] 1 − 1

2
λ2 − 1

8
λ4(1 + 4A2) Aλ2

Aλ3[1 − (1 − 1

2
λ2)(ρ + iη)] −Aλ2 +

1

2
Aλ4[1 − 2(ρ + iη)] 1 − 1

2
A2λ4

⎞
⎟⎟⎟⎠ .

(12.45)
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Here λ = |Vus| = 0.22 (not to be confused with λf ) plays the role
of an expansion parameter, and η represents the CP violating phase.
Terms of O(λ6) were neglected.

The unitarity of the CKM matrix leads to various relations among
the matrix elements; e.g.,

VudV ∗
ub + VcdV

∗
cb + VtdV ∗

tb = 0 . (12.46)

This relation requires the sum of three complex quantities to vanish
and so can be geometrically represented in the complex plane as a
triangle (see Fig. 12.1). The angles of this triangle,

α ≡ ϕ2 ≡ arg
(
− VtdV ∗

tb

VudV
∗
ub

)
,

β ≡ ϕ1 ≡ arg
(
−VcdV

∗
cb

VtdV ∗
tb

)
,

γ ≡ ϕ3 ≡ arg
(
−VudV

∗
ub

VcdV
∗
cb

)
, (12.47)

are physical quantities and can, in principle, be independently
measured by CP asymmetries in B decays. The notations (α, β, γ)
and (ϕ1, ϕ2, ϕ3) are both in common usage.

VtdVtb*

VcdVcb*

α=ϕ2 β=ϕ1

γ=ϕ3

VudVub*

Figure 12.1: Graphical representation of the unitarity con-
straint VudV ∗

ub + VcdV
∗
cb + VtdV ∗

tb = 0 as a triangle in the complex
plane. See full-color version on color pages at end of book.

All unitarity triangles that correspond to relations, such as
Eq. (12.46) between two different columns or two different rows of
the CKM matrix have the same area, commonly denoted by J/2 [31].
If CP is violated, J is different from zero and can be taken as the
single CP -violating parameter. In the Wolfenstein parametrization of
Eq. (12.45), J � λ6A2η.

12.4. K Decays

CP violation was discovered in K → ππ decays in 1964 [1]. The
same mode provided the first evidence for direct CP violation [4–6].

The decay amplitudes actually measured in neutral K decays
refer to the mass eigenstates KL and KS , rather than to the K
and K states referred to in Eq. (12.10). The final π+π− and π0π0

states are CP -even. In the CP limit, KS(KL) would be CP -even
(odd) and therefore would (would not) decay to two pions. We define
CP -violating amplitude ratios for two-pion final states,

η00 ≡ 〈π0π0|H|KL〉
〈π0π0|H|KS〉

, η+− ≡ 〈π+π−|H|KL〉
〈π+π−|H|KS〉

. (12.48)

Another important observable is the asymmetry of time-integrated
semileptonic decay rates:

δL ≡ Γ(KL → �+ν�π
−) − Γ(KL → �−ν�π

+)
Γ(KL → �+ν�π

−) + Γ(KL → �−ν�π
+)

. (12.49)

CP violation has been observed as an appearance of KL decays to
two-pion final states [32],

|η00| = (2.276 ± 0.014)× 10−3 |η+−| = (2.286 ± 0.014)× 10−3

(12.50)

|η00/η+−| = 0.9950± 0.0008 , (12.51)

where the phase φij of the amplitude ratio ηij has been determined
both assuming CPT invariance:

φ00 = (43.49 ± 0.06)◦

φ+− = (43.51 ± 0.05)◦

φ00 − φ+− = (−0.022 ± 0.020)◦ (12.52)

and without assuming CPT invariance:

φ00 = (43.7 ± 0.8)◦

φ+− = (43.4 ± 0.7)◦

φ00 − φ+− = (0.2 ± 0.4)◦ . (12.53)

CP violation has also been observed in semileptonic KL decays [32]

δL = (3.27 ± 0.12)× 10−3 , (12.54)

where δL is a weighted average of muon and electron measurements, as
well as in KL decays to π+π−γ and π+π−e+e− [32]. CP violation
in K → 3π decays has not yet been observed [32,33].

Historically, CP violation in neutral K decays has been described
in terms of parameters ε and ε′. The observables η00, η+−, and δL are
related to these parameters, and to those of Section 12.1, by

η00 =
1 − λπ0π0

1 + λπ0π0
= ε − 2ε′ ,

η+− =
1 − λπ+π−
1 + λπ+π−

= ε + ε′ ,

δL =
1 − |q/p|2
1 + |q/p|2 =

2Re(ε)
1 + |ε|2 , (12.55)

where, in the last line, we have assumed that
∣∣∣A�+ν�π

−
∣∣∣ =∣∣∣A�−ν�π

+

∣∣∣ and
∣∣∣A�−ν�π

+

∣∣∣ =
∣∣∣A�+ν�π

−
∣∣∣ = 0. (The convention-

dependent parameter ε̃ ≡ (1 − q/p)/(1 + q/p), sometimes used in the
literature, is, in general, different from ε but yields a similar expression,
δL = 2Re(ε̃)/(1 + |ε̃|2).) A fit to the K → ππ data yields [32]

|ε| = (2.284 ± 0.014)× 10−3 ,

Re(ε′/ε) = (1.67 ± 0.26) × 10−3 . (12.56)

In discussing two-pion final states, it is useful to express the
amplitudes Aπ0π0 and Aπ+π− in terms of their isospin components
via

Aπ0π0 =

√
1
3
|A0| ei(δ0+φ0) −

√
2
3
|A2| ei(δ2+φ2),

Aπ+π− =

√
2
3
|A0| ei(δ0+φ0) +

√
1
3
|A2| ei(δ2+φ2) , (12.57)

where we parameterize the amplitude AI(AI) for K0(K0) decay into
two pions with total isospin I = 0 or 2 as

AI ≡ 〈(ππ)I |H|K0〉 = |AI | ei(δI+φI ) ,

AI ≡ 〈(ππ)I |H|K0〉 = |AI | ei(δI−φI ) . (12.58)

The smallness of |η00| and |η+−| allows us to approximate

ε � 1
2
(1 − λ(ππ)I=0

), ε′ � 1
6

(
λπ0π0 − λπ+π−

)
. (12.59)

The parameter ε represents indirect CP violation, while ε′ parame-
terizes direct CP violation: Re(ε′) measures CP violation in decay
(type I), Re(ε) measures CP violation in mixing (type II), and Im(ε)
and Im(ε′) measure the interference between decays with and without
mixing (type III).
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The following expressions for ε and ε′ are useful for theoretical
evaluations:

ε � eiπ/4
√

2
Im(M12)

∆m
, ε′ =

i√
2

∣∣∣∣A2

A0

∣∣∣∣ ei(δ2−δ0) sin(φ2 − φ0). (12.60)

The expression for ε is only valid in a phase convention where φ2 = 0,
corresponding to a real VudV

∗
us, and in the approximation that also

φ0 = 0. The phase of ε, arg(ε) ≈ arctan(−2∆m/∆Γ), is independent
of the electroweak model and is experimentally determined to be
about π/4. The calculation of ε benefits from the fact that Im(M12)
is dominated by short distance physics. Consequently, the main source
of uncertainty in theoretical interpretations of ε are the values of
matrix elements, such as 〈K0 |(sd)V −A(sd)V −A|K0〉. The expression
for ε′ is valid to first order in |A2/A0| ∼ 1/20. The phase of ε′ is
experimentally determined, π/2+ δ2− δ0 ≈ π/4, and is independent of
the electroweak model. Note that, accidentally, ε′/ε is real to a good
approximation.

A future measurement of much interest is that of CP violation
in the rare K → πνν decays. The signal for CP violation is simply
observing the KL → π0νν decay. The effect here is that of interference
between decays with and without mixing (type III) [34]:

Γ(KL → π0νν)
Γ(K+ → π+νν)

=
1
2

[
1 + |λπνν |2 − 2Re(λπνν)

]
� 1 −Re(λπνν),

(12.61)
where in the last equation we neglect CP violation in decay and
in mixing (expected, model-independently, to be of order 10−5 and
10−3, respectively). Such a measurement would be experimentally
very challenging and theoretically very rewarding [35]. Similar to the
CP asymmetry in B → J/ψKS , the CP violation in K → πνν decay
is predicted to be large (that is, the ratio in Eq. (12.61) is neither
CKM- nor loop-suppressed) and can be very cleanly interpreted.

Within the Standard Model, the KL → π0νν decay is dominated
by an intermediate top quark contribution and, consequently, can be
interpreted in terms of CKM parameters [36]. (For the charged mode,
K+ → π+νν, the contribution from an intermediate charm quark
is not negligible, and constitutes a source of hadronic uncertainty.)
In particular, B(KL → π0νν) provides a theoretically clean way to
determine the Wolfenstein parameter η [37]:

B(KL → π0νν) = κLX2(m2
t /m2

W )A4η2, (12.62)

where κL = 1.80 × 10−10 incorporates the value of the four-fermion
matrix element which is deduced, using isospin relations, from
B(K+ → π0e+ν), and X(m2

t /m2
W ) is a known function of the top

mass.

12.5. D Decays

Unlike the case of neutral K, B, and Bs mixing, D0–D0 mixing
has not yet been observed [38]. Long-distance contributions make it
difficult to calculate the Standard Model prediction for the D0–D0

mixing parameters. Therefore, the goal of the search for D0–D0

mixing is not to constrain the CKM parameters, but rather to probe
new physics. Here CP violation plays an important role. Within the
Standard Model, the CP -violating effects are predicted to be negligibly
small, since the mixing and the relevant decays are described, to
an excellent approximation, by physics of the first two generations.
Observation of CP violation in D0–D0 mixing (at a level much higher
than O(10−3)) will constitute an unambiguous signal of new physics.
At present, the most sensitive searches involve the D → K+K− and
D → K±π∓ modes.

The neutral D mesons decay via a singly-Cabibbo-suppressed
transition to the CP eigenstate K+K−. Since the decay proceeds via
a Standard-Model tree diagram, it is very likely unaffected by new
physics and, furthermore, dominated by a single weak phase. It is
safe then to assume that direct CP violation plays no role here. In
addition, given the experimental bounds [39], x ≡ ∆m/Γ ∼< 0.03 and
y ≡ ∆Γ/(2Γ) = 0.0045±0.0065, we can expand the decay rates to first

order in these parameters. Using Eq. (12.27) with these assumptions
and approximations yields, for xt, yt ∼< Γ−1,

Γ[D0
phys(t) → K+K−]

= e−Γt |AKK |2 [
1 − |q/p| (y cosφD − x sin φD)Γt

]
,

Γ[D0
phys(t) → K+K−]

= e−Γt |AKK |2 [1 − |p/q| (y cosφD + x sin φD)Γt] ,

(12.63)

where φD is defined via λK+K− = − |q/p| eiφD . (In the limit of
CP conservation, choosing φD = 0 is equivalent to defining the
mass eigenstates by their CP eigenvalue: |D∓〉 = p|D0〉 ± q|D0〉,
with D−(D+) being the CP -odd (CP -even) state; that is, the state
that does not (does) decay into K+K−.) Given the small values of
x and y, the time dependences of the rates in Eq. (12.63) can be
recast into purely exponential forms, but with modified decay-rate
parameters [40]:

ΓD0→K+K− = Γ × [1 + |q/p| (y cosφD − x sin φD)] ,

ΓD0→K+K− = Γ × [1 + |p/q| (y cosφD + x sin φD)] . (12.64)

One can define CP -conserving and CP -violating combinations of these
two observables (normalized to the true width Γ):

Y ≡ ΓD0→K+K− + ΓD0→K+K−
2Γ

− 1

=
|q/p| + |p/q|

2
y cosφD − |q/p| − |p/q|

2
x sin φD ,

∆Y ≡ ΓD0→K+K− − ΓD0→K+K−
2Γ

=
|q/p| + |p/q|

2
x sin φD − |q/p| − |p/q|

2
y cosφD .

(12.65)

In the limit of CP conservation (and, in particular, within the
Standard Model), Y = y and ∆Y = 0.

The K±π∓ states are not CP eigenstates, but they are still
common final states for D0 and D0 decays. Since D0(D0) → K−π+

is a Cabibbo-favored (doubly-Cabibbo-suppressed) process, these
processes are particularly sensitive to x and/or y = O(λ2). Taking
into account that

∣∣λK−π+

∣∣ ,
∣∣∣λ−1

K+π−
∣∣∣ � 1 and x, y � 1, assuming

that there is no direct CP violation (again, these are Standard Model
tree level decays dominated by a single weak phase), and expanding
the time-dependent rates for xt, yt ∼< Γ−1, one obtains

Γ[D0
phys(t) → K+π−]

Γ[D0
phys(t) → K+π−]

= r2
d + rd

∣∣∣∣ qp
∣∣∣∣ (y′ cosφD − x′ sin φD)Γt +

∣∣∣∣qp
∣∣∣∣2 y2 + x2

4
(Γt)2 ,

Γ[D0
phys(t) → K−π+]

Γ[D0
phys(t) → K−π+]

= r2
d + rd

∣∣∣∣pq
∣∣∣∣ (y′ cosφD + x′ sin φD)Γt +

∣∣∣∣pq
∣∣∣∣2 y2 + x2

4
(Γt)2 ,

(12.66)

where
y′ ≡ y cos δ − x sin δ ,

x′ ≡ x cos δ + y sin δ . (12.67)

The weak phase φD is the same as that of Eq. (12.63) (a
consequence of the absence of direct CP violation), δ is a strong
phase difference for these processes, and rd = O(tan2 θc) is the
amplitude ratio, rd =

∣∣AK−π+/AK−π+

∣∣ =
∣∣AK+π−/AK+π−

∣∣, that
is, λK−π+ = rd(q/p)e−i(δ−φD) and λ−1

K+π− = rd(p/q)e−i(δ+φD). By
fitting to the six coefficients of the various time-dependences, one can
extract rd, |q/p|, (x2 + y2), y′ cosφD , and x′ sin φD. In particular,



152 12. CP violation in meson decays

finding CP violation, that is, |q/p| 
= 1 and/or sin φD 
= 0, would
constitute evidence for new physics.

More details on theoretical and experimental aspects of D0 − D
0

mixing can be found in [38]. Note that BABAR use RD ≡ r2
d and

rm ≡ |q/p|. Belle use Rm ≡ |q/p|, yCP ≡ Y , and AΓ ≡ −∆Y .

12.6. B and Bs Decays

The upper bound on the CP asymmetry in semileptonic B

decays [41] implies that CP violation in B0 − B
0 mixing is a small

effect (we use ASL/2 ≈ 1 − |q/p|, see Eq. (12.34)):

ASL = (−3.0 ± 7.8) × 10−3 =⇒ |q/p| = 1.0015± 0.0039. (12.68)

The Standard Model prediction is

ASL = O
(

m2
c

m2
t

sin β

)
∼< 0.001. (12.69)

In models where Γ12/M12 is approximately real, such as the Standard
Model, an upper bound on ∆Γ/∆m ≈ Re(Γ12/M12) provides yet
another upper bound on the deviation of |q/p| from one. This
constraint does not hold if Γ12/M12 is approximately imaginary. (An
alternative parameterization uses q/p = (1 − ε̃B)/(1 + ε̃B), leading to
ASL � 4Re(ε̃B).)

The small deviation (less than one percent) of |q/p| from 1 implies
that, at the present level of experimental precision, CP violation in B
mixing is a negligible effect. Thus, for the purpose of analyzing CP
asymmetries in hadronic B decays, we can use

λf = e
−iφM(B)(Af/Af ) , (12.70)

where φM(B) refers to the phase of M12 appearing in Eq. (12.39) that

is appropriate for B0 − B
0 oscillations. Within the Standard Model,

the corresponding phase factor is given by

e
−iφM(B) = (V ∗

tbVtd)/(VtbV
∗
td) . (12.71)

Some of the most interesting decays involve final states that are
common to B0 and B

0 [42,43]. It is convenient to rewrite Eq. (12.37)
for B decays as [44,45,46]

Af (t) = Sf sin(∆mt) − Cf cos(∆mt),

Sf ≡ 2 Im(λf )

1 +
∣∣λf

∣∣2 , Cf ≡ 1 − ∣∣λf

∣∣2
1 +

∣∣λf

∣∣2 , (12.72)

where we assume that ∆Γ = 0 and |q/p| = 1. An alternative notation
in use is Af ≡ −Cf , but this Af should not be confused with the Af
of Eq. (12.10).

A large class of interesting processes proceed via quark transitions
of the form b → qqq′ with q′ = s or d. For q = c or u, there are
contributions from both tree (t) and penguin (pqu , where qu = u, c, t
is the quark in the loop) diagrams (see Fig. 12.2) which carry different
weak phases:

Af =
(
V ∗

qbVqq′
)

tf +
∑

qu=u,c,t

(
V ∗

qubVquq′
)

p
qu
f . (12.73)

(The distinction between tree and penguin contributions is a heuristic
one; the separation by the operator that enters is more precise. For a
detailed discussion of the more complete operator product approach,
which also includes higher order QCD corrections, see, for example,
ref. [47]. ) Using CKM unitarity, these decay amplitudes can always
be written in terms of just two CKM combinations. For example, for
f = ππ, which proceeds via b → uud transition, we can write

Aππ = (V ∗
ubVud)Tππ + (V ∗

tbVtd)P t
ππ , (12.74)

where Tππ = tππ + pu
ππ − pc

ππ and P t
ππ = pt

ππ − pc
ππ . CP -violating

phases in Eq. (12.74) appear only in the CKM elements, so that

Aππ

Aππ
=

(
VubV

∗
ud

)
Tππ +

(
VtbV

∗
td

)
P t

ππ(
V ∗

ubVud

)
Tππ +

(
V ∗

tbVtd

)
P t

ππ
. (12.75)

For f = J/ψK, which proceeds via b → ccs transition, we can write

AψK = (V ∗
cbVcs) TψK + (V ∗

ubVus) Pu
ψK , (12.76)

where TψK = tψK + pc
ψK − pt

ψK and Pu
ψK = pu

ψK − pt
ψK . A subtlety

arises in this decay that is related to the fact that B0 decays into
a final J/ψK0 state while B

0 decays into a final J/ψK0 state. A
common final state, e.g., J/ψKS , is reached only via K0 −K0 mixing.
Consequently, the phase factor (defined in Eq. (12.39)) corresponding
to neutral K mixing, e

−iφM(K) = (V ∗
cdVcs)/(VcdV

∗
cs), plays a role:

AψKS

AψKS

= −
(
VcbV

∗
cs

)
TψK +

(
VubV

∗
us

)
Pu

ψK(
V ∗

cbVcs

)
TψK +

(
V ∗

ubVus

)
Pu

ψK

× V ∗
cdVcs

VcdV ∗
cs

. (12.77)

For q = s or d, there are only penguin contributions to Af , that
is, tf = 0 in Eq. (12.73). (The tree b → uuq′ transition followed by
uu → qq rescattering is included below in the Pu terms.) Again, CKM
unitarity allows us to write Af in terms of two CKM combinations.
For example, for f = φKS , which proceeds via b → sss transition, we
can write

AφKS

AφKS

= −
(
VcbV

∗
cs

)
P c

φK +
(
VubV

∗
us

)
Pu

φK(
V ∗

cbVcs

)
P c

φK +
(
V ∗

ubVus

)
Pu

φK

× V ∗
cdVcs

VcdV
∗
cs

, (12.78)

where P c
φK = pc

φK − pt
φK and Pu

φK = pu
φK − pt

φK .

d or s

b q

q′�

q

V
∗
qb

Vqq′�

B0
or

Bs f

(a) tf

d or s

b q′�

q

q

V∗qub Vquq′�

qu
B0
or

Bs f

(b) pf
qu

Figure 12.2: Feynman diagrams for (a) tree and (b) penguin
amplitudes contributing to B0 → f or Bs → f via a b → qqq′
quark-level process.
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Since the amplitude Af involves two different weak phases, the
corresponding decays can exhibit both CP violation in the interference
of decays with and without mixing, Sf 
= 0, and CP violation in
decays, Cf 
= 0. (At the present level of experimental precision,
the contribution to Cf from CP violation in mixing is negligible,
see Eq. (12.68).) If the contribution from a second weak phase is
suppressed, then the interpretation of Sf in terms of Lagrangian
CP -violating parameters is clean, while Cf is small. If such a second
contribution is not suppressed, Sf depends on hadronic parameters
and, if the relevant strong phase is large, Cf is large.

A summary of b → qqq′ modes with q′ = s or d is given in
Table 12.1. The b → ddq transitions lead to final states that are
similar to the b → uuq transitions and have similar phase dependence.
Final states that consist of two vector-mesons (ψφ and φφ) are not CP
eigenstates, and angular analysis is needed to separate the CP -even
from the CP -odd contributions.

Table 12.1: Summary of b → qqq′ modes with q′ = s or d.
The second and third columns give examples of final hadronic
states. The fourth column gives the CKM dependence of the
amplitude Af , using the notation of Eqs. (12.74,12.76,12.78),
with the dominant term first and the sub-dominant second.
The suppression factor of the second term compared to the
first is given in the last column. “Loop” refers to a penguin
versus tree suppression factor (it is mode-dependent and roughly
O(0.2 − 0.3)) and λ = 0.22 is the expansion parameter of
Eq. (12.45).

b → qqq′ B0 → f Bs → f CKM dependence of Af Suppression

b̄ → c̄cs̄ ψKS ψφ (V ∗
cbVcs)T + (V ∗

ubVus)P
u loop × λ2

b̄ → s̄ss̄ φKS φφ (V ∗
cbVcs)P c + (V ∗

ubVus)Pu λ2

b̄ → ūus̄ π0KS K+K− (V ∗
cbVcs)P

c + (V ∗
ubVus)T λ2/loop

b̄ → c̄cd̄ D+D− ψKS (V ∗
cbVcd)T + (V ∗

tbVtd)P t loop
b̄ → s̄sd̄ φπ φKS (V ∗

tbVtd)P t + (V ∗
cbVcd)P c ∼< 1

b̄ → ūud̄ π+π− π0KS (V ∗
ubVud)T + (V ∗

tbVtd)P t loop

The cleanliness of the theoretical interpretation of Sf can be
assessed from the information in the last column of Table 12.1. In case
of small uncertainties, the expression for Sf in terms of CKM phases
can be deduced from the fourth column of Table 12.1 in combination
with Eq. (12.71) (and, for b → qqs decays, the example in Eq. (12.77)).
Here we consider several interesting examples.

For B → J/ψKS and other b → ccs processes, we can neglect the
Pu contribution to Af , in the Standard Model, to an approximation
that is better than one percent:

λψKS
= −e−2iβ ⇒ SψKS

= sin 2β, CψKS
= 0 . (12.79)

(Below the percent level, several effects have to be taken into
account [48]. ) In the presence of new physics, Af is still likely
to be dominated by the T term, but the mixing amplitude might
be modified. We learn that, model independently, Cf ≈ 0 while
Sf cleanly determines the mixing phase (φM − 2 arg(VcbV

∗
cd)). The

experimental measurement [49], SψK = 0.685 ± 0.032, gave the
first precision test of the Kobayashi-Maskawa mechanism, and its
consistency with the predictions for sin 2β makes it very likely that
this mechanism is indeed the dominant source of CP violation in
meson decays.

For B → φKS and other b → sss processes (as well as some
b → uus processes), we can neglect the sub-dominant contributions, in
the Standard Model, to an approximation that is good to order of a
few percent:

λφKS
= −e−2iβ ⇒ SφKS

= sin 2β, CφKS
= 0 . (12.80)

In the presence of new physics, both Af and M12 can get contributions
that are comparable in size to those of the Standard Model and

carry new weak phases. Such a situation gives several interesting
consequences for penguin-dominated b → qqs decays (q = u, d, s) to a
final state f :

1. The value of −ηfSf may be different from SψKS
by more than a

few percent, where ηf is the CP eigenvalue of the final state.
2. The values of ηfSf for different final states f may be different

from each other by more than a few percent (for example,
SφKS


= Sη′KS
).

3. The value of Cf may be different from zero by more than a few
percent.

While a clear interpretation of such signals in terms of Lagrangian
parameters will be difficult because, under these circumstances,
hadronic parameters do play a role, any of the above three options
will clearly signal new physics. Fig. 12.3 summarizes the present
experimental results: none of the possible signatures listed above is
unambiguously established, but there is definitely still room for new
physics.

Figure 12.3: Summary of the results [49] of time-dependent
analyses of b → qqs decays, which are potentially sensitive
to new physics. Sub-dominant corrections are expected to be
smallest for the modes shown in green (darker). Results for
final states including K0 mesons combine CP -conjugate KS
and KL measurements. The final state K+K−K0 is not a CP
eigenstate; the mixture of CP -even and CP -odd components
is taken into account in obtaining an effective value for ηfSf .
Correlations between Cf and Sf are expected to be small and
are not shown. See full-color version on color pages at end of
book.

For B → ππ and other b → uud processes, the penguin-to-tree
ratio can be estimated using SU(3) relations and experimental data
on related B → Kπ decays. The result is that the suppression is of
order 0.2 − 0.3 and so cannot be neglected. The expressions for Sππ

and Cππ to leading order in RPT ≡ (|VtbVtd|P t
ππ)/(|VubVud|Tππ) are:

λππ = e2iα
[
(1 − RPT e−iα)/(1 − RPT e+iα)

]
⇒

Sππ ≈ sin 2α + 2Re(RPT ) cos 2α sin α, Cππ ≈ 2 Im(RPT ) sin α.
(12.81)

Note that RPT is mode-dependent and, in particular, could be
different for π+π− and π0π0. If strong phases can be neglected then
RPT is real, resulting in Cππ = 0. The size of Cππ is an indicator of
how large the strong phase is. The present experimental range is [49]
Cππ = −0.37± 0.10. As concerns Sππ, it is clear from Eq. (12.81) that
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the relative size or strong phase of the penguin contribution must be
known to extract α. This is the problem of penguin pollution.

The cleanest solution involves isospin relations among the B → ππ
amplitudes [50]:

1√
2
Aπ+π− + Aπ0π0 = Aπ+π0 . (12.82)

The method exploits the fact that the penguin contribution to P t
ππ

is pure ∆I =
1
2

(this is not true for the electroweak penguins which,

however, are expected to be small), while the tree contribution to

Tππ contains pieces which are both ∆I =
1
2

and ∆I =
3
2
. A simple

geometric construction then allows one to find RPT and extract
α cleanly from Sπ+π− . The key experimental difficulty is that one
must measure accurately the separate rates for B0, B

0 → π0π0.
It has been noted that an upper bound on the average rate
allows one to put a useful upper bound on the deviation of
Sπ+π− from sin 2α [51,52,53]. Parametrizing the asymmetry by

Sπ+π−/
√

1 − (Cπ+π−)2 = sin(2α + 2δ+−), the bound reads

cos 2δ+− ≥ 1√
1 − (Cπ+π−)2

[
1 − 2B00

B+0
+

(B+− − 2B+0 + 2B00)2

4B+−B+0

]
,

(12.83)
where Bij are the averages over CP -conjugate branching ratios; e.g.,

B00 =
1
2
[B(B0 → π0π0) + B(B0 → π0π0)].

CP asymmetries in B → ρπ and B → ρρ can also be used to
determine α. In particular, the B → ρρ measurements are presently
very significant in constraining α. The extraction proceeds via isospin
analysis similar to that of B → ππ. There are, however, several
important differences. First, due to the finite width of the ρ mesons,
a final (ρρ)I=1 state is possible [54]. The effect is, however, small,
of order (Γρ/mρ)2 ∼ 0.04. Second, due to the presence of three
helicity states for the two vector mesons, angular analysis is needed
to separate the CP-even and CP-odd components. The theoretical
expectation is, however, that the CP-odd component is small. This
expectation is supported by experiments which find that the ρ+ρ−
and ρ±ρ0 modes are dominantly longitudinally polarized. Third, an
important advantage of the ρρ modes is that the penguin contribution
is expected to be small due to different hadronic dynamics. This
expectation is confirmed by the smallness of the upper bound on
B(B0 → ρ0ρ0). Thus, Sρ+ρ− is not far from sin 2α. Finally, both
Sρ0ρ0 and Cρ0ρ0 are experimentally accessible, which may allow a
precision determination of α. The consistency between the range of
α determined by the B → ππ, ρπ, ρρ measurements and the range
allowed by CKM fits (excluding these direct determinations) provides
further support to the Kobayashi-Maskawa mechanism.

An interesting class of decay modes is that of the tree level decays
B± → D(∗)0K±. These decays provide golden methods for a clean
determination of the angle γ [55,56,57,58]. The method uses the
decays B+ → D0K+, which proceeds via the quark transition b → ucs,
and B+ → D

0
K+, which proceeds via the quark transition b → cus,

with the D0 and D
0 decaying into a common final state. The decays

into common final states, such (π0KS)DK+, involve interference
effects between the two amplitudes, with sensitivity to the relative
phase, δ + γ (δ is the relevant strong phase). The CP-conjugate
processes are sensitive to δ − γ. Measurements of branching ratios
and CP asymmetries allow an extraction of γ and δ from amplitude
triangle relations. The extraction suffers from discrete ambiguities
but involves no hadronic uncertainties. However, the smallness of the
CKM-suppressed b → u transitions makes it difficult at present to
use the simplest methods [55,56,57] to determine γ. These difficulties
are overcome by performing a Dalitz plot analysis for multi-body
D decays [58]. The consistency between the range of γ determined
by the B → DK measurements and the range allowed by CKM fits
(excluding these direct determinations) provides further support to
the Kobayashi-Maskawa mechanism.

For Bs decays, one has to replace Eq. (12.71) with e
−iφM(Bs) =

(V ∗
tbVts)/(VtbV

∗
ts). Note that one expects ∆Γ/Γ = O(0.1), and

therefore, y should not be put to zero in Eqs. (12.27,12.28), but
|q/p| = 1 is expected to hold to an even better approximation than for
B mesons. The CP asymmetry in Bs → J/ψφ will determine (with
angular analysis to disentangle the CP -even and CP -odd components
of the final state) sin 2βs, where

βs ≡ arg
(
− VtsV

∗
tb

VcsV ∗
cb

)
. (12.84)

12.7. Summary and Outlook

CP violation has been experimentally established in neutral K and
B meson decays:

1. All three types of CP violation have been observed in K → ππ
decays:

Re(ε′) =
1
6

(∣∣∣∣∣Aπ0π0

Aπ0π0

∣∣∣∣∣ −
∣∣∣∣∣Aπ+π−
Aπ+π−

∣∣∣∣∣
)

= (2.5 ± 0.4) × 10−6(I)

Re(ε) =
1
2

(
1 −

∣∣∣∣ qp
∣∣∣∣
)

= (1.657± 0.021)× 10−3 (II)

Im(ε) = − 1
2
Im(λ(ππ)I=0

) = (1.572 ± 0.022)× 10−3 (III)

(12.85)

2. Direct CP violation has been observed in B → K+π− decays [59],
and CP violation in interference of decays with and without
mixing has been observed in B → J/ψKS decays [49] (and
related modes):

AK+π− =
|AK−π+/AK+π− |2 − 1
|AK−π+/AK+π− |2 + 1

= −0.115± 0.018(I)

SψK = Im(λψK ) = 0.685± 0.032 (III)
(12.86)

Searches for additional types of CP violation are ongoing in B, D,
and K decays, and current limits are consistent with Standard Model
expectations.

Based on Standard Model predictions, further observation of direct
CP violation in B decays seems promising for the near future,
followed later by CP violation observed in Bs decays and in the
process K → πνν. Observables that are subject to clean theoretical
interpretation, such as SψKS

and B(KL → π0νν), are of particular
value for constraining the values of the CKM parameters and probing
the flavor sector of extensions to the Standard Model. Other probes
of CP violation now being pursued experimentally include the electric
dipole moments of the neutron and electron, and the decays of tau
leptons. Additional processes that are likely to play an important role
in future CP studies include top-quark production and decay, and
neutrino oscillations.

All measurements of CP violation to date are consistent with
the predictions of the Kobayashi-Maskawa mechanism of the
Standard Model. However, a dynamically-generated matter-antimatter
asymmetry of the universe requires additional sources of CP violation,
and such sources are naturally generated by extensions to the
Standard Model. New sources might eventually reveal themselves as
small deviations from the predictions of the KM mechanism in meson
decay rates, or else might not be observable in meson decays at all,
but observable with future probes such as neutrino oscillations or
electric dipole moments. We cannot guarantee that new sources of
CP violation will ever be found experimentally, but the fundamental
nature of CP violation demands a vigorous effort.

A number of excellent reviews of CP violation are available [60–66],
where the interested reader may find a detailed discussion of the
various topics that are briefly reviewed here.
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13. NEUTRINO MASS, MIXING, AND FLAVOR CHANGE

Revised September 2005 by B. Kayser (Fermilab).

There is now convincing evidence that atmospheric, solar, and
reactor neutrinos change from one flavor to another. There is also very
strong evidence that accelerator neutrinos do this as well. Barring
exotic possibilities, neutrino flavor change implies that neutrinos have
masses and that leptons mix. In this review, we discuss the physics
of flavor change and the evidence for it, summarize what has been
learned so far about neutrino masses and leptonic mixing, consider
the relation between neutrinos and their antiparticles, and discuss the
open questions about neutrinos to be answered by future experiments.

I. The physics of flavor change: If neutrinos have masses, then
there is a spectrum of three or more neutrino mass eigenstates,
ν1, ν2, ν3, . . ., that are the analogues of the charged-lepton mass
eigenstates, e, µ, and τ . If leptons mix, the weak interaction coupling
the W boson to a charged lepton and a neutrino can couple any
charged-lepton mass eigenstate �α to any neutrino mass eigenstate νi.
Here, α = e, µ, or τ , and �e is the electron, etc.. Leptonic W+ decay
can yield a particular �+α in association with any νi. The amplitude for
this decay to produce the specific combination �+α + νi is U∗

αi, where
U is the unitary leptonic mixing matrix [1]. Thus, the neutrino state
created in the decay W+ → �+α + ν is the state

|να〉 =
∑

i

U∗
αi|νi〉 . (13.1)

This superposition of neutrino mass eigenstates, produced in
association with the charged lepton of “flavor” α, is the state we refer
to as the neutrino of flavor α.

While there are only three (known) charged lepton mass eigenstates,
the experimental results suggest that perhaps there are more than
three neutrino mass eigenstates. If, for example, there are four νi,
then one linear combination of them,

|νs〉 =
∑

i

U∗
si|νi〉 , (13.2)

does not have a charged-lepton partner, and consequently does not
couple to the Standard Model W boson. Indeed, since the decays
Z → να να of the Standard Model Z boson have been found to yield
only three distinct neutrinos να of definite flavor [2], νs does not
couple to the Z boson either. Such a neutrino, which does not have
any Standard Model weak couplings, is referred to as a “sterile”
neutrino.

To understand neutrino flavor change, or “oscillation,” in vacuum,
let us consider how a neutrino born as the να of Eq. (13.1) evolves in
time. First, we apply Schrödinger’s equation to the νi component of
να in the rest frame of that component. This tells us that

|νi(τi)〉 = e−imiτi |νi(0)〉 , (13.3)

where mi is the mass of νi, and τi is time in the νi frame. In
terms of the time t and position L in the laboratory frame, the
Lorentz-invariant phase factor in Eq. (13.3) may be written

e−imiτi = e−i(Eit−piL) . (13.4)

Here, Ei and pi are respectively the energy and momentum of νi

in the laboratory frame. In practice, our neutrino will be extremely
relativistic, so we will be interested in evaluating the phase factor of
Eq. (13.4) with t ≈ L, where it becomes exp[−i(Ei − pi)L].

Imagine now that our να has been produced with a definite
momentum p, so that all of its mass-eigenstate components have this

common momentum. Then the νi component has Ei =
√

p2 + m2
i ≈

p + m2
i /2p, assuming that all neutrino masses mi are small compared

to the neutrino momentum. The phase factor of Eq. (13.4) is then
approximately

e−i(m2
i /2p)L . (13.5)

From this expression and Eq. (13.1), it follows that after a neutrino
born as a να has propagated a distance L, its state vector has become

|να(L)〉 ≈
∑

i

U∗
αie

−i(m2
i /2E)L|νi〉 . (13.6)

Here, E � p is the average energy of the various mass eigenstate
components of the neutrino. Using the unitarity of U to invert
Eq. (13.1), and inserting the result in Eq. (13.6), we find that

|να(L)〉 ≈
∑
β

[∑
i

U∗
αie

−i(m2
i /2E)LUβi

]
|νβ〉 . (13.7)

We see that our να, in traveling the distance L, has turned into
a superposition of all the flavors. The probability that it has flavor
β, P (να → νβ), is obviously |〈νβ |να(L)〉|2. From Eq. (13.7) and the
unitarity of U , we easily find that

P (να → νβ) = δαβ

−4
∑
i>j

�(U∗
αiUβiUαjU

∗
βj) sin2[1.27 ∆m2

ij(L/E)]

+2
∑
i>j

�(U∗
αiUβiUαjU

∗
βj) sin[2.54 ∆m2

ij(L/E)] . (13.8)

Here, ∆m2
ij ≡ m2

i − m2
j is in eV2, L is in km, and E is in GeV. We

have used the fact that when the previously omitted factors of � and
c are included,

∆m2
ij(L/4E) � 1.27 ∆m2

ij(eV
2)

L(km)
E(GeV)

. (13.9)

The quantum mechanics of neutrino oscillation leading to the result
Eq. (13.8) is somewhat subtle. To do justice to the physics requires a
more refined treatment [3] than the one we have given. Sophisticated
treatments continue to yield new insights [4].

Assuming that CPT invariance holds,

P (να → νβ) = P (νβ → να) . (13.10)

But, from Eq. (13.8) we see that

P (νβ → να; U) = P (να → νβ ; U∗) . (13.11)

Thus, when CPT holds,

P (να → νβ ; U) = P (να → νβ ; U∗) . (13.12)

That is, the probability for oscillation of an anti-neutrino is the same
as that for a neutrino, except that the mixing matrix U is replaced
by its complex conjugate. Thus, if U is not real, the neutrino and
anti-neutrino oscillation probabilities can differ by having opposite
values of the last term in Eq. (13.8). When CPT holds, any difference
between these probabilities indicates a violation of CP invariance.

As we shall see, the squared-mass splittings ∆m2
ij called for by

the various reported signals of oscillation are quite different from one
another. It may be that one splitting, ∆M2, is much bigger than all
the others. If that is the case, then for an oscillation experiment with
L/E such that ∆M2L/E = O(1), Eq. (13.8) simplifies considerably,
becoming

P ( ν
(–)

α → ν
(–)

β) � Sαβ sin2[1.27 ∆M2(L/E)] (13.13)

for β 	= α, and

P ( ν
(–)

α → ν
(–)

α) � 1 − 4 Tα(1 − Tα) sin2[1.27 ∆M2(L/E)] . (13.14)

Here,

Sαβ ≡ 4

∣∣∣∣∣∣
∑
i Up

U∗
αiUβi

∣∣∣∣∣∣
2

(13.15)

and
Tα ≡

∑
i Up

|Uαi|2 , (13.16)

where “i Up” denotes a sum over only those neutrino mass eigenstates
that lie above ∆M2 or, alternatively, only those that lie below it.
The unitarity of U guarantees that summing over either of these two
clusters will yield the same results for Sαβ and for Tα(1 − Tα).
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The situation described by Eqs. (13.13)–(13.16) may be called
“quasi-two-neutrino oscillation.” It has also been called “one mass
scale dominance” [5]. It corresponds to an experiment whose L/E is
such that the experiment can “see” only the big splitting ∆M2. To
this experiment, all the neutrinos above ∆M2 appear to be a single
neutrino, as do all those below ∆M2.

The relations of Eqs. (13.13)–(13.16) also apply to the special case
where, to a good approximation, only two mass eigenstates, and two
corresponding flavor eigenstates (or two linear combinations of flavor
eigenstates), are relevant. One encounters this case when, for example,
only two mass eigenstates couple significantly to the charged lepton
with which the neutrino being studied is produced. When only two
mass eigenstates count, there is only a single splitting, ∆m2, and,
omitting irrelevant phase factors, the unitary mixing matrix U takes
the form

ν1 ν2

U = να

νβ

[
cos θ sin θ

− sin θ cos θ

]
.

(13.17)

Here, the symbols above and to the left of the matrix label the columns
and rows, and θ is referred to as the mixing angle. From Eqs. (13.15)
and (13.16), we now have Sαβ = sin2 2θ and 4 Tα(1− Tα) = sin2 2θ, so
that Eqs. (13.13) and (13.14) become, respectively,

P ( ν
(–)

α → ν
(–)

β) = sin2 2θ sin2[1.27 ∆m2(L/E)] (13.18)

with β 	= α, and

P ( ν
(–)

α → ν
(–)

α) = 1 − sin2 2θ sin2[1.27 ∆m2(L/E)] . (13.19)

Many experiments have been analyzed using these two expressions.
Some of these experiments actually have been concerned with
quasi-two-neutrino oscillation, rather than a genuinely two-neutrino
situation. For these experiments, “sin2 2θ” and “∆m2” have the
significance that follows from Eqs. (13.13)–(13.16).

When neutrinos travel through matter (e.g.in the Sun, Earth, or
a supernova), their coherent forward scattering from particles they
encounter along the way can significantly modify their propagation [6].
As a result, the probability for changing flavor can be rather different
than it is in vacuum [7]. Flavor change that occurs in matter,
and that grows out of the interplay between flavor-nonchanging
neutrino-matter interactions and neutrino mass and mixing, is known
as the Mikheyev-Smirnov-Wolfenstein (MSW) effect.

To a good approximation, one can describe neutrino propagation
through matter via a Schrödinger-like equation. This equation governs
the evolution of a neutrino state vector with several components, one
for each flavor. The effective Hamiltonian in the equation, a matrix
H in neutrino flavor space, differs from its vacuum counterpart by
the addition of interaction energies arising from the coherent forward
neutrino scattering. For example, the νe–νe element of H includes the
interaction energy

V =
√

2GF Ne , (13.20)

arising from W -exchange-induced νe forward scattering from ambient
electrons. Here, GF is the Fermi constant, and Ne is the number of
electrons per unit volume. In addition, the νe–νe, νµ–νµ, and ντ–ντ

elements of H all contain a common interaction energy growing out
of Z-exchange-induced forward scattering. However, when one is not
considering the possibility of transitions to sterile neutrino flavors, this
common interaction energy merely adds to H a multiple of the identity
matrix, and such an addition has no effect on flavor transitions.

The effect of matter is illustrated by the propagation of solar
neutrinos through solar matter. When combined with information
on atmospheric neutrino oscillation, the experimental bounds on
short-distance (L <∼ 1 km) oscillation of reactor νe [8] tell us that, if
there are no sterile neutrinos, then only two neutrino mass eigenstates,
ν1 and ν2, are significantly involved in the evolution of the solar
neutrinos. Correspondingly, only two flavors are involved: the νe

flavor with which every solar neutrino is born, and the effective flavor
νx — some linear combination of νµ and ντ — which it may become.
The Hamiltonian H is then a 2× 2 matrix in νe–νx space. Apart from

an irrelevant multiple of the identity, for a distance r from the center
of the Sun, H is given by

H = HV + HM (r)

=
∆m2�
4E

[− cos 2θ� sin 2θ�
sin 2θ� cos 2θ�

]
+

[
V (r) 0

0 0

]
. (13.21)

Here, the first matrix HV is the Hamiltonian in vacuum, and the
second matrix HM (r) is the modification due to matter. In HV , θ� is
the solar mixing angle defined by the two-neutrino mixing matrix of
Eq. (13.17) with θ = θ�, να = νe, and νβ = νx. The splitting ∆m2� is
m2

2 −m2
1, and for the present purpose we define ν2 to be the heavier of

the two mass eigenstates, so that ∆m2� is positive. In HM (r), V (r) is
the interaction energy of Eq. (13.20) with the electron density Ne(r)
evaluated at distance r from the Sun’s center.

From Eqs. (13.18–13.19) (with θ = θ�), we see that two-neutrino
oscillation in vacuum cannot distinguish between a mixing angle θ�
and an angle θ′� = π/2 − θ�. But these two mixing angles represent
physically different situations. Suppose, for example, that θ� < π/4.
Then, from Eq. (13.17) we see that if the mixing angle is θ�, the lighter
mass eigenstate (defined to be ν1) is more νe than νx, while if it is
θ′�, then this mass eigenstate is more νx than νe. While oscillation in
vacuum cannot discriminate between these two possibilities, neutrino
propagation through solar matter can do so. The neutrino interaction
energy V of Eq. (13.20) is of definite, positive sign [9]. Thus, the
νe–νe element of the solar H, −(∆m2�/4E) cos 2θ� + V (r), has a
different size when the mixing angle is θ′� = π/2 − θ� than it does
when this angle is θ�. As a result, the flavor content of the neutrinos
coming from the Sun can be different in the two cases [10].

Solar and long-baseline reactor neutrino data establish that the
behavior of solar neutrinos is governed by a Large-Mixing-Angle
(LMA) MSW effect (see Sec. II). Let us estimate the probability
P (νe → νe) that a solar neutrino which undergoes the LMA-MSW
effect in the Sun still has its original νe flavor when it arrives
at the Earth. We focus on the neutrinos produced by 8B decay,
which are at the high-energy end of the solar neutrino spectrum. At
r � 0, where the solar neutrinos are created, the electron density
Ne � 6 × 1025/cm3 [11] yields for the interaction energy V of
Eq. (13.20) the value 0.75 × 10−5 eV2/MeV. Thus, for ∆m2� in the
favored region, around 8 × 10−5 eV2, and E a typical 8B neutrino
energy (∼ 6-7 MeV), HM dominates over HV . This means that,
in first approximation, H(r � 0) is diagonal. Thus, a 8B neutrino
is born not only in a νe flavor eigenstate, but also, again in first
approximation, in an eigenstate of the Hamiltonian H(r � 0). Since
V > 0, the neutrino will be in the heavier of the two eigenstates.
Now, under the conditions where the LMA-MSW effect occurs, the
propagation of a neutrino from r � 0 to the outer edge of the Sun is
adiabatic. That is, Ne(r) changes sufficiently slowly that we may solve
Schrödinger’s equation for one r at a time, and then patch together the
solutions. This means that our neutrino propagates outward through
the Sun as one of the r-dependent eigenstates of the r-dependent
H(r). Since the eigenvalues of H(r) do not cross at any r, and our
neutrino is born in the heavier of the two r = 0 eigenstates, it emerges
from the Sun in the heavier of the two HV eigenstates. The latter is
the mass eigenstate we have called ν2, given according to Eq. (13.17)
by

ν2 = νe sin θ� + νx cos θ� . (13.22)

Since this is an eigenstate of the vacuum Hamiltonian, the neutrino
remains in it all the way to the surface of the Earth. The probability
of observing the neutrino as a νe on Earth is then just the probability
that ν2 is a νe. That is [cf. Eq. (13.22)] [12],

P (νe → νe) = sin2 θ� . (13.23)

We note that for θ� < π/4, this νe survival probability is less than 1/2.
In contrast, when matter effects are negligible, the energy-averaged
survival probability in two-neutrino oscillation cannot be less than 1/2
for any mixing angle [see Eq. (13.19)] [13].

II. The evidence for flavor metamorphosis: The persuasiveness
of the evidence that neutrinos actually do change flavor in nature is
summarized in Table 13.1. We discuss the different pieces of evidence.
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Table 13.1: The persuasiveness of the evidence for neutrino
flavor change. The symbol L denotes the distance travelled by
the neutrinos. LSND is the Liquid Scintillator Neutrino Detector
experiment.

Neutrinos Evidence for Flavor Change

Atmospheric Compelling
Accelerator (L = 250 km) Very Strong
Solar Compelling
Reactor (L ∼ 180 km) Compelling
From Stopped µ+ Decay (LSND) Unconfirmed

The atmospheric neutrinos are produced in the Earth’s atmosphere
by cosmic rays, and then detected in an underground detector. The
flux of cosmic rays that lead to neutrinos with energies above a few
GeV is isotropic, so that these neutrinos are produced at the same
rate all around the Earth. This can easily be shown to imply that
at any underground site, the downward- and upward-going fluxes of
multi-GeV neutrinos of a given flavor must be equal. That is, unless
some mechanism changes the flux of neutrinos of the given flavor as
they propagate, the flux coming down from zenith angle θZ must
equal that coming up from angle π − θZ [14].

The underground Super-Kamiokande (SK) detector finds that for
multi-GeV atmospheric muon neutrinos, the θZ event distribution
looks nothing like the expected θZ ⇔ π − θZ symmetric distribution.
For cos θZ

>∼ 0.3, the observed νµ flux coming up from zenith angle
π − θZ is only about half that coming down from angle θZ [15].
Thus, some mechanism does change the νµ flux as the neutrinos travel
to the detector. The most attractive candidate for this mechanism
is the oscillation νµ → νX of the muon neutrinos into neutrinos νX
of another flavor. Since the upward-going muon neutrinos come from
the atmosphere on the opposite side of the Earth from the detector,
they travel much farther than the downward-going ones to reach the
detector. Thus, they have more time to oscillate away into the other
flavor, which explains why Flux Up < Flux Down. The null results
of short-baseline reactor neutrino experiments [8] imply limits on
P (νe → νµ), which, assuming CPT invariance, are also limits on
P (νµ → νe). From the latter, we know that νX is not a νe, except
possibly a small fraction of the time. Thus, νX is a ντ , a sterile
neutrino νs, or sometimes one and sometimes the other. All of the
voluminous, detailed SK atmospheric neutrino data are very well
described by the hypothesis that the oscillation is purely νµ → ντ , and
that it is a quasi-two-neutrino oscillation with a splitting ∆m2

atm and
a mixing angle θatm that, at 90% CL, are in the ranges [16]

1.9 × 10−3 eV2 < ∆m2
atm < 3.0 × 10−3 eV2 , (13.24)

and
sin2 2θatm > 0.90 . (13.25)

Other experiments yield results consistent with these [17,18]. We
note that the constraint (13.24) implies that at least one mass
eigenstate νi has a mass exceeding 40 meV. From several pieces of
evidence, the 90% CL upper limit on the fraction of νX that is sterile
is 19% [19].

From Eq. (13.14), we see that the quasi-two-neutrino atmospheric
νµ → ντ oscillation with dominant splitting ∆M2 = ∆m2

atm should
lead to a minimum in the survival probability P (νµ → νµ) when
1.27∆m2

atm(L/E) = π/2. For ∆m2
atm in the range of Eq. (13.24),

this minimum is predicted to occur when L/E � 500 km/GeV. The
Super-Kamiokande experiment has confirmed that a dip in the νµ

survival probability does occur at this L/E [16,20].
The oscillation interpretation of the atmospheric neutrino data

has received support from the KEK to Kamioka (K2K) long-
baseline experiment. This experiment produced a νµ beam using an
accelerator, measured the beam intensity with a complex of near
detectors, and then measured the νµ flux still in the beam 250 km
away using the SK detector. The L/E of this experiment was such
that one expected to see an oscillation dominated by the atmospheric

squared-mass splitting ∆m2
atm. From its near detector measurements,

K2K would have seen 155.9 ± 0.3 +13.6
−15.6 events in the distant SK

detector if there had been no oscillation. However, it actually saw
only 112 events in SK [20]. In addition, the spectrum of νµ events
observed in SK was distorted relative to the no-oscillation spectrum.
The anomalously small number of events and spectral distortion seen
by SK are consistent with a neutrino oscillation interpretation, with
parameters ∆m2

atm and sin2 2θatm compatible with those that fit the
atmospheric neutrino data [20].

The neutrinos created in the Sun have been detected on Earth by
several experiments, as discussed by K. Nakamura in this Review.
The nuclear processes that power the Sun make only νe, not νµ

or ντ . For years, solar neutrino experiments had been finding that
the solar νe flux arriving at the Earth is below the one expected
from neutrino production calculations. Now, thanks especially to the
Sudbury Neutrino Observatory (SNO), we have compelling evidence
that the missing νe have simply changed into neutrinos of other
flavors.

SNO has studied the flux of high-energy solar neutrinos from 8B
decay. This experiment detects these neutrinos via the reactions

ν + d → e− + p + p , (13.26)

ν + d → ν + p + n , (13.27)

and
ν + e− → ν + e− . (13.28)

The first of these reactions, charged-current deuteron breakup, can be
initiated only by a νe. Thus, it measures the flux φ(νe) of νe from
8B decay in the Sun. The second reaction, neutral-current deuteron
breakup, can be initiated with equal cross sections by neutrinos of
all active flavors. Thus, it measures φ(νe) + φ(νµ,τ ), where φ(νµ,τ ) is
the flux of νµ and/or ντ from the Sun. Finally, the third reaction,
neutrino electron elastic scattering, can be triggered by a neutrino of
any active flavor, but σ(νµ,τ e → νµ,τ e) � σ(νe e → νe e)/6.5. Thus,
this reaction measures φ(νe) + φ(νµ,τ )/6.5.

Recently, SNO has reported the results of measurements made with
increased sensitivity to the neutral-current deuteron breakup, and
with an enhanced ability to statistically separate the neutral-current
breakups from the charged-current ones [21]. These improvements
were achieved by adding salt to the heavy-water-filled SNO detector.
From its observed rates for the two deuteron breakup reactions, SNO
finds that [21]

φ(νe)
φ(νe) + φ(νµ,τ )

= 0.340 ± 0.023 (stat) +0.029
−0.031 (syst) . (13.29)

Clearly, φ(νµ,τ ) is not zero. This non-vanishing νµ,τ flux from the Sun
is “smoking-gun” evidence that some of the νe produced in the solar
core do indeed change flavor.

Corroborating information comes from the detection reaction
νe− → νe−, studied by both SNO and SK [22].

Change of neutrino flavor, whether in matter or vacuum, does not
change the total neutrino flux. Thus, unless some of the solar νe

are changing into sterile neutrinos, the total active high-energy flux
measured by the neutral-current reaction (13.27) should agree with
the predicted total 8B solar neutrino flux based on calculations of
neutrino production in the Sun. This predicted total is (5.69± 0.91)×
106 cm−2s−1 [23]. By comparison, the total active flux measured
by reaction (13.27) is [4.94 ± 0.21 (stat)+0.38

−0.34 (syst)] × 106 cm−2s−1,
in good agreement. This agreement provides evidence that neutrino
production in the Sun is correctly understood, further strengthens the
evidence that neutrinos really do change flavor, and strengthens the
evidence that the previously-reported deficits of solar νe flux are due
to this change of flavor.

The strongly favored explanation of solar neutrino flavor change is
the LMA-MSW effect. As pointed out after Eq. (13.23), a νe survival
probability below 1/2, which is indicated by Eq. (13.29), requires
that solar matter effects play a significant role [24]. The LMA-MSW
interpretation of solar neutrino behavior implies that a substantial
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fraction of reactor νe that travel more than a hundred kilometers
should disappear into anti-neutrinos of other flavors. The KamLAND
experiment, which studies reactor νe that typically travel ∼ 180 km
to reach the detector, finds that, indeed, the νe flux at the detector
is only 0.658 ± 0.044 (stat) ± 0.047 (syst) of what it would be if no
νe were vanishing [25]. In addition, KamLAND observes the energy
spectrum of the νe that do reach the detector to be distorted, relative
to the spectrum expected in the absence of oscillation. Plotting the
ratio of the observed spectrum to the no-oscillation spectrum versus
1/E, the KamLAND Collaboration finds evidence for the oscillatory
L/E dependence that, as illustrated by Eq. (13.19), is a signature
feature of neutrino oscillation [25].

The KamLAND data establish that the “solar” mixing angle θ� is
indeed large. In addition, KamLAND helps to confirm the LMA-MSW
explanation of solar neutrino behavior since both the KamLAND
result and all the solar neutrino data [26] can be described by the
same neutrino parameters, in the LMA-MSW region. A global fit
to both the solar and KamLAND data constrains these parameters,
the solar ∆m2� and θ� defined after Eq. (13.21), to lie in the region
shown in Fig. 13.1 [21]. That θatm, Eq. (13.25), and θ�, Fig. 13.1,
are both large, in striking contrast to all quark mixing angles, is very
interesting.

Figure 13.1: The region allowed for the neutrino parameters
∆m2� and θ� by the solar and KamLAND data. The best-
fit point, indicated by the star, is ∆m2� = (8.0+0.6

−0.4) ×
10−5 eV2 and θ� = (33.9+2.4

−2.2)
◦. [21] See full-color version on

color pages at end of book.

While the total active solar neutrino flux measured by SNO via
neutral-current deuteron breakup is compatible with the theoretically
predicted total 8B neutrino production by the Sun, we have seen that
the uncertainties in these quantities are not negligible. It remains
possible that some of the solar νe that change their flavor become
sterile. Taking into account both the solar and KamLAND data, but
not assuming the total 8B solar neutrino flux to be known from theory,
it has been found that, at 3σ, the sterile fraction of the non-νe solar
neutrino flux at Earth is less than 35% [27].

The neutrinos studied by the LSND experiment [28] come from
the decay µ+ → e+νeνµ of muons at rest. While this decay does not
produce νe, an excess of νe over expected background is reported
by the experiment. This excess is interpreted as due to oscillation of

some of the νµ produced by µ+ decay into νe. The related KArlsruhe
Rutherford Medium Energy Neutrino (KARMEN) experiment [29]
sees no indication for such an oscillation. However, the LSND and
KARMEN experiments are not identical; at LSND the neutrino
travels a distance L ≈ 30 m before detection, while at KARMEN it
travels L ≈ 18 m. The KARMEN results exclude a portion of the
neutrino parameter region favored by LSND, but not all of it. A joint
analysis [30] of the results of both experiments finds that a splitting
0.2 <∼ ∆m2

LSND
<∼ 1 eV2 and mixing 0.003 <∼ sin2 2θLSND

<∼ 0.03, or
a splitting ∆m2

LSND � 7 eV2 and mixing sin2 2θLSND � 0.004, might
explain both experiments.

The regions of neutrino parameter space favored or excluded by
various neutrino oscillation experiments are shown in Fig. 13.2.
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Figure 13.2: The regions of squared-mass splitting and mixing
angle favored or excluded by various experiments. This figure
was contributed by H. Murayama (University of California,
Berkeley). References to the data used in the figure can be
found at http://hitoshi.berkeley.edu/neutrino/ref2006.html. See
full-color version on color pages at end of book.

III. Neutrino spectra and mixings: If there are only three
neutrino mass eigenstates, ν1, ν2 and ν3, then there are only three
mass splittings ∆m2

ij , and they obviously satisfy

∆m2
32 + ∆m2

21 + ∆m2
13 = 0 . (13.30)

However, as we have seen, the ∆m2 values required to explain the
flavor changes of the atmospheric, solar, and LSND neutrinos are of
three different orders of magnitude. Thus, they cannot possibly obey
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the constraint of Eq. (13.30). If all of the reported changes of flavor
are genuine, then nature must contain at least four neutrino mass
eigenstates [31]. As explained in Sec. I, one linear combination of
these mass eigenstates would have to be sterile.

If the LSND oscillation is not confirmed, then nature may well
contain only three neutrino mass eigenstates. The neutrino spectrum
then contains two mass eigenstates separated by the splitting ∆m2�
needed to explain the solar and KamLAND data, and a third eigenstate
separated from the first two by the larger splitting ∆m2

atm called for
by the atmospheric and K2K data. Current experiments do not tell us
whether the solar pair — the two eigenstates separated by ∆m2� — is
at the bottom or the top of the spectrum. These two possibilities are
usually referred to, respectively, as a normal and an inverted spectrum.
The study of flavor changes of accelerator-generated neutrinos and
anti-neutrinos that pass through matter can discriminate between
these two spectra (see Sec. V). If the solar pair is at the bottom,
then the spectrum is of the form shown in Fig. 13.3. There we
include the approximate flavor content of each mass eigenstate, the
flavor-α fraction of eigenstate νi being simply |〈να|νi〉|2 = |Uαi|2. The
flavor content shown assumes that the atmospheric mixing angle of
Eq. (13.25) is maximal (which gives the best fit to the atmospheric
data [20]) , and takes into account the now-established LMA-MSW
explanation of solar neutrino behavior. For simplicity, it neglects the
small, as-yet-unknown νe fraction of ν3 (see below).

Figure 13.3: A three-neutrino squared-mass spectrum that
accounts for the observed flavor changes of solar, reactor,
atmospheric, and long-baseline accelerator neutrinos. The νe

fraction of each mass eigenstate is crosshatched, the νµ fraction
is indicated by right-leaning hatching, and the ντ fraction by
left-leaning hatching.

When there are only three neutrino mass eigenstates, and the
corresponding three familiar neutrinos of definite flavor, the leptonic
mixing matrix U can be written as

ν1 ν2 ν3

U =
νe

νµ

ντ

⎡
⎣ c12c13 s12c13 s13e

−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c13

⎤
⎦

× diag(eiα1/2, ei α2/2, 1) . (13.31)

Here, ν1 and ν2 are the members of the solar pair, with m2 > m1,
and ν3 is the isolated neutrino, which may be heavier or lighter than
the solar pair. Inside the matrix, cij ≡ cos θij and sij ≡ sin θij , where
the three θij ’s are mixing angles. The quantities δ, α1, and α2 are
CP -violating phases. The phases α1 and α2, known as Majorana
phases, have physical consequences only if neutrinos are Majorana
particles, identical to their antiparticles. Then these phases influence
neutrinoless double beta decay [see Sec. IV] and other processes [32].
However, as we see from Eq. (13.8), α1 and α2 do not affect neutrino
oscillation, regardless of whether neutrinos are Majorana particles.
Apart from the phases α1, α2, which have no quark analogues,
the parametrization of the leptonic mixing matrix in Eq. (13.31)
is identical to that [33] advocated for the quark mixing matrix by
Gilman, Kleinknecht, and Renk in their article in this Review.

From bounds on the short-distance oscillation of reactor νe [8] and
other data, at 2 σ, |Ue3|2 <∼ 0.032 [34]. (Thus, the νe fraction of ν3

would have been too small to see in Fig. 13.3; this is the reason it was
neglected.) From Eq. (13.31), we see that the bound on |Ue3|2 implies
that s2

13
<∼ 0.032. From Eq. (13.31), we also see that the CP-violating

phase δ, which is the sole phase in the U matrix that can produce CP
violation in neutrino oscillation, enters U only in combination with
s13. Thus, the size of CP violation in oscillation will depend on s13.

Given that s13 is small, Eqs. (13.31), (13.14), and (13.16) imply that
the atmospheric mixing angle θatm extracted from νµ disappearance
measurements is approximately θ23, while Eqs. (13.31) and (13.17)
(with να = νe and θ = θ�) imply that θ� � θ12.

If the LSND oscillation is confirmed, then, as already noted, there
must be at least four mass eigenstates. It is found that if there are
exactly four, a statistically satisfactory fit to all the neutrino data
is not possible. However, if there are at least four neutrino mass
eigenstates, there is no strong reason to believe that there are exactly
four. The presence of more states may improve the quality of the fit.
For example, it has been found that a “3+2” spectrum fits all the
short-baseline data significantly better than a 3+1 spectrum [35].

IV. The neutrino-anti-neutrino relation: Unlike quarks and
charged leptons, neutrinos may be their own antiparticles. Whether
they are depends on the nature of the physics that gives them mass.

In the Standard Model (SM), neutrinos are assumed to be massless.
Now that we know they do have masses, it is straightforward to
extend the SM to accommodate these masses in the same way that
this model accommodates quark and charged lepton masses. When a
neutrino ν is assumed to be massless, the SM does not contain the
chirally right-handed neutrino field νR, but only the left-handed field
νL that couples to the W and Z bosons. To accommodate the ν mass
in the same manner as quark masses are accommodated, we add νR
to the Model. Then we may construct the “Dirac mass term”

LD = −mD νL νR + h.c. , (13.32)

in which mD is a constant. This term, which mimics the mass
terms of quarks and charged leptons, conserves the lepton number
L that distinguishes neutrinos and negatively-charged leptons on the
one hand from anti-neutrinos and positively-charged leptons on the
other. Since everything else in the SM also conserves L, we then
have an L-conserving world. In such a world, each neutrino mass
eigenstate νi differs from its antiparticle νi, the difference being that
L(νi) = −L(νi). When νi 	= νi, we refer to the νi − νi complex as a
“Dirac neutrino.”

Once νR has been added to our description of neutrinos, a
“Majorana mass term,”

LM = −mR νc
R νR + h.c. , (13.33)

can be constructed out of νR and its charge conjugate, νc
R. In this

term, mR is another constant. Since both νR and νc
R absorb ν and

create ν, LM mixes ν and ν. Thus, a Majorana mass term does not
conserve L. There is then no conserved lepton number to distinguish
a neutrino mass eigenstate νi from its antiparticle. Hence, when
Majorana mass terms are present, νi = νi. That is, for a given helicity
h, νi(h) = νi(h). We then refer to νi as a “Majorana neutrino.”

Suppose the right-handed neutrinos required by Dirac mass terms
have been added to the SM. If we insist that this extended SM conserve
L, then, of course, Majorana mass terms are forbidden. However, if we
do not impose L conservation, but require only the general principles
of gauge invariance and renormalizability, then Majorana mass terms
like that of Eq. (13.33) are expected to be present. As a result, L is
violated, and neutrinos are Majorana particles [36].

In the see-saw mechanism [37], which is the most popular
explanation of why neutrinos — although massive — are nevertheless
so light, both Dirac and Majorana mass terms are present. Hence, the
neutrinos are Majorana particles. However, while half of them are the
familiar light neutrinos, the other half are extremely heavy Majorana
particles referred to as the Ni, with masses possibly as large as the
GUT scale. The Ni may have played a crucial role in baryogenesis in
the early universe, as we shall discuss in Sec. V.
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How can the theoretical expectation that L is violated and neutrinos
are Majorana particles be confirmed experimentally? The interactions
of neutrinos are well described by the SM, and the SM interactions
conserve L. If we may neglect any non-SM L-violating interactions,
then the only sources of L violation are the neutrino Majorana
mass terms. This means that all L-violating effects disappear in the
limit of vanishing neutrino masses. Thus, any experimental approach
to confirming the violation of L, and the consequent Majorana
character of neutrinos, must be able to see an L violation that is
going to be very small because of the smallness of the neutrino
masses that drive it. One approach that shows great promise is
the search for neutrinoless double beta decay (0νββ). This is the
process (A, Z) → (A, Z + 2) + 2e−, in which a nucleus containing A
nucleons, Z of which are protons, decays to a nucleus containing Z +2
protons by emitting two electrons. This process manifestly violates L
conservation, so we expect it to be suppressed. However, if (A, Z) is
a nucleus that is stable against single β (and α and γ) decay, then it
can decay only via the process we are seeking, and the L-conserving
two-neutrino process (A, Z) → (A, Z + 2) + 2e− + 2νe. The latter
decay mode is suppressed by the small phase space associated with the
four light particles in the final state, so we have a chance to observe
the neutrinoless mode, (A, Z) → (A, Z + 2) + 2e−.

Figure 13.4: The dominant mechanism for 0νββ. The diagram
does not exist unless νi = νi.

While 0νββ can in principle receive contributions from a variety
of mechanisms (R-parity-violating supersymmetric couplings, for
example), it is easy to show explicitly that the observation of 0νββ
at any non-vanishing rate would imply that nature contains at least
one Majorana neutrino mass term [38]. Now, quarks and charged
leptons cannot have Majorana mass terms, because such terms mix
fermion and antifermion, and q ↔ q or � ↔ � would not conserve
electric charge. Thus, the discovery of 0νββ would demonstrate that
the physics of neutrino masses is unlike that of the masses of all other
fermions.

The dominant mechanism for 0νββ is expected to be the one
depicted in Fig. 13.4. There, a pair of virtual W bosons are emitted by
the parent nucleus, and then these W bosons exchange one or another
of the light neutrino mass eigenstates νi to produce the outgoing
electrons. The 0νββ amplitude is then a sum over the contributions of
the different νi. It is assumed that the interactions at the two leptonic
W vertices are those of the SM.

Since the exchanged νi is created together with an e−, the left-
handed SM current that creates it gives it the helicity we associate, in
common parlance, with an “anti-neutrino.” That is, the νi is almost
totally right-handed, but has a small left-handed-helicity component,
whose amplitude is of order mi/E, where E is the νi energy. At the
vertex where this νi is absorbed, the absorbing left-handed SM current
can absorb only its small left-handed-helicity component without
further suppression. Consequently, the νi-exchange contribution to
the 0νββ amplitude is proportional to mi. From Fig. 13.4, we see that
this contribution is also proportional to U2

ei. Thus, summing over the
contributions of all the νi, we conclude that the amplitude for 0νββ is
proportional to the quantity∣∣∣∣∣

∑
i

mi U2
ei

∣∣∣∣∣ ≡ | < mββ > | , (13.34)

commonly referred to as the “effective Majorana mass for neutrinoless
double beta decay” [39].

That the 0νββ amplitude arising from the diagram in Fig. 13.4
is proportional to neutrino mass is no surprise, and illustrates our
earlier general discussion. The diagram in Fig. 13.4 is manifestly
L-nonconserving. But we are assuming that the interactions in
this diagram are L-conserving. Thus, the L-nonconservation in the
diagram as a whole must be coming from underlying Majorana
neutrino mass terms. Hence, if all the neutrino masses vanish, the
L-nonconservation will vanish as well.

To how small an | < mββ > | should a 0νββ search be sensitive? In
answering this question, it makes sense to assume there are only three
neutrino mass eigenstates — if there are more, | < mββ > | might be
larger. Suppose that there are just three mass eigenstates, and that
the solar pair, ν1 and ν2, is at the top of the spectrum, so that we
have an inverted spectrum. If the various νi are not much heavier
than demanded by the observed splittings ∆m2

atm and ∆m2�, then in
| < mββ > |, Eq. (13.34), the contribution of ν3 may be neglected,
because both m3 and |U2

e3| = s2
13 are small. From Eqs. (13.34) and

(13.31), approximating c13 by unity, we then have that

| < mββ > | � m0

√
1 − sin2 2θ� sin2

(
∆α

2

)
. (13.35)

Here, m0 is the average mass of the members of the solar pair,
whose splitting will be invisible in a practical 0νββ experiment, and
∆α ≡ α2 − α1 is a CP-violating phase. Although ∆α is completely
unknown, we see from Eq. (13.35) that

| < mββ > | ≥ m0 cos 2θ� . (13.36)

Now, in an inverted spectrum, m0 ≥
√

∆m2
atm. At 90% CL,√

∆m2
atm > 40 meV [16], while at 95% CL, cos 2θ� > 0.28 [25].

Thus, if neutrinos are Majorana particles, and the spectrum is as
we have assumed, a 0νββ experiment sensitive to | < mββ > | >∼ 10
meV would have an excellent chance of observing a signal. If the
spectrum is inverted, but the νi masses are larger than the ∆m2

atm-
and ∆m2�-demanded minimum values we have assumed above, then
once again | < mββ > | is larger than 10 meV [40], and an experiment
sensitive to 10 meV still has an excellent chance of seeing a signal.

If the solar pair is at the bottom of the spectrum, rather than
at the top, then | < mββ > | is not as tightly constrained, and can
be anywhere from the present bound of 0.3–1.0 eV down to invisibly
small [40,41]. For a discussion of the present bounds, see the article
by Vogel and Piepke in this Review [42].

V. Questions to be answered: The strong evidence for neutrino
flavor metamorphosis — hence neutrino mass — opens many questions
about the neutrinos. These questions, which hopefully will be
answered by future experiments, include the following:

i) How many neutrino species are there? Do sterile neutrinos exist?
This question is being addressed by the MiniBooNE experiment [43],

whose purpose is to confirm or refute LSND. MiniBooNE expects
to have a result at the end of 2005. If this result is positive, the
implications will be far-reaching. We will have learned that either
there are more than three neutrino species and at least one of these
species is sterile, or else there is an even more amazing departure from
what has been our picture of the neutrino world.
ii) What are the masses of the mass eigenstates νi?

The sizes of the squared-mass splittings ∆m2�, ∆m2
atm, and, if

present, one or more large splittings ∆m2
LSND, can be determined

more precisely than they are currently known through future neutrino
oscillation measurements. Importantly, if there are only three νi, then
one can find out whether the solar pair, ν1,2, is at the bottom of the
spectrum or at its top by exploiting matter effects in long-baseline
neutrino and anti-neutrino oscillations. These matter effects will
determine the sign one wishes to learn — that of {m2

3− [(m2
2 +m2

1)/2]}
— relative to a sign that is already known — that of the interaction
energy of Eq. (13.20). Grand unified theories favor a spectrum with
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the closely-spaced solar pair at the bottom [44]. The neutrino
spectrum would then resemble the spectra of the quarks, to which
grand unified theories relate the neutrinos.

While flavor-change experiments can determine a spectral pattern
such as the one in Fig. 13.3, they cannot tell us the distance of the
entire pattern from the zero of squared-mass. One might discover
that distance via study of the β energy spectrum in tritium β decay,
if the mass of some νi with appreciable coupling to an electron
is large enough to be within reach of a feasible experiment. One
might also gain some information on the distance from zero by
measuring |< mββ > |, the effective Majorana mass for neutrinoless
double beta decay [40–42] (see Vogel and Piepke in this Review).
Finally, one might obtain information on this distance from cosmology
or astrophysics. Indeed, from current cosmological data and some
cosmological assumptions, it is already concluded that [45]

∑
i

mi < (0.4 − 1.0) eV . (13.37)

Here, the sum runs over the masses of all the light neutrino mass
eigenstates νi that may exist and that were in thermal equilibrium
in the early universe. The range quoted in Eq. (13.37) reflects the
dependence of this upper bound on the underlying cosmological
assumptions and on which data are used [45].

If there are just three νi, and their spectrum is either the one
shown in Fig. 13.3 or its inverted version, then Eq. (13.37) implies
that the mass of the heaviest νi, Mass [Heaviest νi], cannot exceed
(0.2 – 0.4) eV. Moreover, Mass [Heaviest νi] obviously cannot be less

than
√

∆m2
atm, which in turn is not less than 0.04 eV, as previously

noted. Thus, if the cosmological assumptions behind Eq. (13.37) are
correct, then

0.04 eV < Mass [Heaviest νi] < (0.2 − 0.4) eV . (13.38)

iii) Are the neutrino mass eigenstates Majorana particles?
The confirmed observation of neutrinoless double beta decay

would establish that the answer is “yes.” If there are only three νi,
knowledge that the spectrum is inverted and a definitive upper bound
on | < mββ > | that is well below 0.01 eV would establish that it is
“no” [see discussion after Eq. (13.36)] [40,41].
iv) What are the mixing angles in the leptonic mixing matrix U?

The solar mixing angle θ� is already rather well determined.
The atmospheric mixing angle θatm is constrained by the

most stringent analysis to lie, at 90% CL, in the region where
sin2 2θatm > 0.92 [20]. This region is still fairly large: 37◦ to 53◦.
A more precise value of sin2 2θatm, and, in particular, its deviation
from unity, can be sought in precision long-baseline νµ disappearance
experiments. If sin2 2θatm 	= 1, so that θatm 	= 45◦, one can determine
whether it lies below or above 45◦ by a reactor νe experiment [46,47].
Once we know whether the neutrino spectrum is normal or inverted,
this determination will tell us whether the heaviest mass eigenstate
is more ντ than νµ, as naively expected, or more νµ than ντ [cf.
Eq. (13.31)].

A knowledge of the small mixing angle θ13 is important not only
to help complete our picture of leptonic mixing, but also because, as
Eq. (13.31) made clear, all CP-violating effects of the phase δ are
proportional to sin θ13. Thus, a knowledge of the order of magnitude
of θ13 would help guide the design of experiments to probe CP
violation. From Eq. (13.31), we recall that sin2 θ13 is the νe fraction
of ν3. The ν3 is the isolated neutrino that lies at one end of the
atmospheric squared-mass gap ∆m2

atm, so an experiment seeking to
measure θ13 should have an L/E that makes it sensitive to ∆m2

atm,
and should involve νe. Possibilities include a sensitive search for the
disappearance of reactor νe while they travel a distance L ∼ 1 km,
and an accelerator neutrino search for νµ → νe or νe → νµ with a
beamline L > several hundred km.

If LSND is confirmed, then (barring the still more revolutionary)
the matrix U is at least 4 × 4, and contains many more than
three angles. A rich program, including short baseline experiments

with multiple detectors, will be needed to learn about both the
squared-mass spectrum and the mixing matrix.

Given the large sizes of θatm and θ�, we already know that leptonic
mixing is very different from its quark counterpart, where all the
mixing angles are small. This difference, and the striking contrast
between the tiny neutrino masses and the very much larger quark
masses, suggest that the physics underlying neutrino masses and
mixing may be very different from the physics behind quark masses
and mixing.
v) Does the behavior of neutrinos violate CP?
From Eqs. (13.8), (13.12), and (13.31), we see that if the

CP-violating phase δ and the small mixing angle θ13 are both non-
vanishing, there will be CP-violating differences between neutrino and
anti-neutrino oscillation probabilities. Observation of these differences
would establish that CP violation is not a peculiarity of quarks.

The CP-violating difference P (να → νβ) − P (να → νβ) between
“neutrino” and “ anti-neutrino” oscillation probabilities is independent
of whether the mass eigenstates νi are Majorana or Dirac particles.
To study νµ → νe with a super-intense but conventionally-generated
neutrino beam, for example, one would create the beam via the
process π+ → µ+ νi, and detect it via νi +target → e−+ . . .. To study
νµ → νe, one would create the beam via π− → µ− νi, and detect it
via νi + target → e+ + . . .. Whether νi = νi or not, the amplitudes for
the latter two processes are proportional to Uµi and U∗

ei, respectively.
In contrast, the amplitudes for their νµ → νe counterparts are
proportional to U∗

µi and Uei. As this illustrates, Eq. (13.12) relates
“neutrino” and “anti-neutrino” oscillation probabilities even when the
neutrino mass eigenstates are their own antiparticles.

The baryon asymmetry of the universe could not have developed
without some violation of CP during the universe’s early history. The
one known source of CP violation — the complex phase in the quark
mixing matrix — could not have produced sufficiently large effects.
Thus, perhaps leptonic CP violation is responsible for the baryon
asymmetry. The see-saw mechanism predicts very heavy Majorana
neutral leptons Ni (see Sec. IV), which would have been produced in
the Big Bang. Perhaps CP violation in the leptonic decays of an Ni

led to the inequality

Γ(Ni → �+ + . . .) 	= Γ(Ni → �− + . . .) , (13.39)

which would have resulted in unequal numbers of �+ and �− in the
early universe [48]. This leptogenesis could have been followed by
nonperturbative SM processes that would have converted the lepton
asymmetry, in part, into the observed baryon asymmetry [49].

While the connection between the CP violation that would have
led to leptogenesis, and that which we hope to observe in neutrino
oscillation, is model-dependent, it is not likely that we have either
of these without the other [50]. This makes the search for CP
violation in neutrino oscillation very interesting indeed. Depending
on the rough size of θ13, this CP violation may be observable with a
very intense conventional neutrino beam, or may require a “neutrino
factory,” whose neutrinos come from the decay of stored muons or
radioactive nuclei. The detailed study of CP violation may require a
neutrino factory in any case.
vi) Will we encounter the completely unexpected?

The study of neutrinos has been characterized by surprises. It would
be surprising if further surprises were not in store. The possibilities
include new, non-Standard-Model interactions, unexpectedly large
magnetic and electric dipole moments, unexpectedly short lifetimes,
and violations of CPT invariance, Lorentz invariance, or the
equivalence principle.

The questions we have discussed, and other questions about the
world of neutrinos, will be the focus of a major experimental program
in the years to come.
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14. QUARK MODEL

Revised December 2005 by C. Amsler (University of Zürich),
T. DeGrand (University of Colorado, Boulder) and B. Krusche
(University of Basel).

14.1. Quantum numbers of the quarks

Quarks are strongly interacting fermions with spin 1/2 and, by
convention, positive parity. Then antiquarks have negative parity.
Quarks have the additive baryon number 1/3, antiquarks -1/3.
Table 14.1 gives the other additive quantum numbers (flavors) for
the three generations of quarks. They are related to the charge
Q (in units of the elementary charge e) through the generalized
Gell-Mann-Nishijima formula

Q = Iz +
B + S + C + B + T

2
, (14.1)

where B is the baryon number. The convention is that the flavor of a
quark (Iz , S, C, B, or T) has the same sign as its charge Q. With this
convention, any flavor carried by a charged meson has the same sign
as its charge, e.g. the strangeness of the K+ is +1, the bottomness of
the B+ is +1, and the charm and strangeness of the D−

s are each −1.
Antiquarks have the opposite flavor signs.

Table 14.1: Additive quantum numbers of the quarks.

Property

∖
Quark d u s c b t

Q – electric charge − 1
3

+ 2
3

− 1
3

+ 2
3

− 1
3

+ 2
3

I – isospin 1
2

1
2

0 0 0 0

Iz – isospin z-component − 1
2

+ 1
2

0 0 0 0

S – strangeness 0 0 −1 0 0 0

C – charm 0 0 0 +1 0 0

B – bottomness 0 0 0 0 −1 0

T – topness 0 0 0 0 0 +1

14.2. Mesons

Mesons have baryon number B = 0. In the quark model they are
qq ′ bound states of quarks q and antiquarks q ′ (the flavors of q and q′
may be different). If the orbital angular momentum of the qq ′ state
is �, then the parity P is (−1)�+1. The meson spin J is given by the
usual relation |� − s| < J < |� + s| where s is 0 (antiparallel quark
spins) or 1 (parallel quark spins). The charge conjugation, or C-parity
C = (−1)�+s, is defined only for the qq̄ states made of quarks and
their own antiquarks. The C-parity can be generalized to the G-parity
G = (−1)I+�+s for mesons made of quarks and their own antiquarks
(isospin Iz = 0) and for the charged ud̄ and dū states (isospin I = 1).

The mesons are classified in JPC multiplets. The � = 0 states
are the pseudoscalars (0−+) and the vectors (1−−). The orbital
excitations � = 1 are the scalars (0++), the axial vectors (1++) and
(1+−), and the tensors (2++). Assignments for many of the known
mesons are given in Tables 14.2 and 14.3. Radial excitations are
denoted by the principal quantum number n. The very short lifetime
of the t quark makes it likely that bound state hadrons containing t
quarks and/or antiquarks do not exist.

States in the natural spin-parity series P = (−1)J must, according
to the above, have s = 1 and hence CP = +1. Thus mesons with
natural spin-parity and CP = −1 (0+−, 1−+, 2+−, 3−+, etc) are
forbidden in the qq̄ ′ model. The JPC = 0−− state is forbidden as
well. Mesons with such exotic quantum numbers may exist, but would
lie outside the qq̄ ′ model (see section below on exotic mesons).

Following SU(3) the nine possible qq̄ ′ combinations containing the
light u, d, and s quarks are grouped into an octet and a singlet of
light quark mesons:

3 ⊗ 3 = 8⊕ 1 . (14.2)

A fourth quark such as charm c can be included by extending SU(3)
to SU(4). However, SU(4) is badly broken owing to the much heavier
c quark. Nevertheless, in an SU(4) classification the sixteen mesons
are grouped into a 15-plet and a singlet:

4 ⊗ 4 = 15⊕ 1 . (14.3)

The weight diagrams for the ground-state pseudoscalar (0−+) and
vector (1−−) mesons are depicted in Fig. 14.1. The light quark mesons
are members of nonets building the middle plane in Fig. 14.1(a) and
(b).

Isoscalar states with the same JPC will mix but mixing between the
two light quark isoscalar mesons and the much heavier charmonium
or bottomonium states are generally assumed to be negligible. In the
following we shall use the generic names a for the I = 1, K for the
I = 1/2, f and f ′ for the I = 0 members of the light quark nonets.
Thus the physical isoscalars are mixtures of the SU(3) wave function
ψ8 and ψ1:

f ′ = ψ8 cos θ − ψ1 sin θ , (14.4)

f = ψ8 sin θ + ψ1 cos θ , (14.5)

where θ is the nonet mixing angle and

ψ8 =
1√
6
(uū + dd̄ − 2ss̄) , (14.6)

ψ1 =
1√
3
(uū + dd̄ + ss̄) . (14.7)

The mixing angle has to be determined experimentally.
These mixing relations are often rewritten to exhibit the uū + dd̄

and ss̄ components which decouple for the “ideal” mixing angle θi

such that tan θi = 1/
√

2 (or θi=35.3◦). Defining α = θ + 54.7◦, one
obtains the physical isoscalar in the flavor basis

f ′ =
1√
2
(uū + dd̄) cosα − ss̄ sin α , (14.8)

and its orthogonal partner f (replace α by α – 90◦). Thus for ideal
mixing (αi = 90◦) the f ′ becomes pure ss̄ and the f pure uū + dd̄.
The mixing angle θ can be derived from the mass relation

tan θ =
4mK − ma − 3mf ′

2
√

2(ma − mK)
, (14.9)

which also determines its sign or, alternatively, from

tan2 θ =
4mK − ma − 3mf ′
−4mK + ma + 3mf

. (14.10)

Eliminating θ from these equations leads to the sum rule [1]

(mf +mf ′)(4mK −ma)− 3mfmf ′ = 8m2
K − 8mKma +3m2

a. (14.11)

This relation is verified for the ground-state vector mesons. We
identify the φ(1020) with the f ′ and the ω(783) with the f . Thus

φ(1020) = ψ8 cos θV − ψ1 sin θV , (14.12)

ω(782) = ψ8 sin θV + ψ1 cos θV , (14.13)

with the vector mixing angle θV = 35◦ from Eq. (14.9), very close
to ideal mixing. Thus φ(1020) is nearly pure ss̄. For ideal mixing
Eq. (14.9) and Eq. (14.10) lead to the relations

mK =
mf + mf ′

2
, ma = mf , (14.14)
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Table 14.2: Suggested qq quark-model assignments for some of the observed light mesons. Mesons in bold face are included in the Meson
Summary Table. The wave functions f and f ′ are given in the text. The singlet-octet mixing angles from the quadratic and linear mass
formulae are also given for the well established nonets. The classification of the 0++ mesons is tentative and the mixing angle uncertain
due to large uncertainties in some of the masses. Also, the f0(1710) and f0(1370) are expected to mix with the f0(1500). The latter is
not in this table as it is hard to accommodate in the scalar nonet. The light scalars a0(980), f0(980) and f0(600) are often considered as
meson-meson resonances or four-quark states and are therefore not included in the table. See the “Note on Non-qq Mesons” at the end of
the Meson Listings.

n 2s+1�J JPC I = 1 I = 1
2

I = 0 I = 0 θquad θlin

ud, ud, 1√
2
(dd − uu) us, ds; ds, −us f ′ f [◦] [◦]

1 1S0 0−+ π K η η′(958) −11.5 −24.6

1 3S1 1−− ρ(770) K∗(892) φ(1020) ω(782) 38.7 36.0

1 1P1 1+− b1(1235) K1B
† h1(1380) h1(1170)

1 3P0 0++ a0(1450) K∗
0(1430) f0(1710) f0(1370)

1 3P1 1++ a1(1260) K1A
† f1(1420) f1(1285)

1 3P2 2++ a2(1320) K∗
2(1430) f ′

2(1525) f2(1270) 29.6 28.0

1 1D2 2−+ π2(1670) K2(1770)† η2(1870) η2(1645)

1 3D1 1−− ρ(1700) K∗(1680)‡ ω(1650)

1 3D2 2−− K2(1820)‡

1 3D3 3−− ρ3(1690) K∗
3(1780) φ3(1850) ω3(1670) 32.0 31.0

1 3F4 4++ a4(2040) K∗
4(2045) f4(2050)

1 3G5 5−− ρ5(2350)

1 3H6 6++ a6(2450) f6(2510)

2 1S0 0−+ π(1300) K(1460) η(1475) η(1295)

2 3S1 1−− ρ(1450) K∗(1410)‡ φ(1680) ω(1420)

† The 1+± and 2−± isospin 1
2

states mix. In particular, the K1A and K1B are nearly equal (45◦) mixtures of the K1(1270) and K1(1400).
‡ The K∗(1410) could be replaced by the K∗(1680) as the 2 3S1 state.

Table 14.3: qq quark-model assignments for the observed heavy mesons. Mesons in bold face are included in the Meson Summary Table.

n 2s+1�J JPC I = 0 I = 0 I = 1
2

I = 0 I = 1
2

I = 0 I = 0
cc bb cu, cd; cu, cd cs; cs bu, bd; bu, bd bs; bs bc; bc

1 1S0 0−+ ηc(1S) ηb(1S) D D±
s B B0

s B±
c

1 3S1 1−− J/ψ(1S) Υ (1S) D∗ D∗±
s B∗ B∗

s

1 1P1 1+− hc(1P ) D1(2420) Ds1(2536)±

1 3P0 0++ χc0(1P ) χb0(1P ) D∗
s0(2317)±†

1 3P1 1++ χc1(1P ) χb1(1P ) Ds1(2460)±†

1 3P2 2++ χc2(1P ) χb2(1P ) D∗
2(2460) Ds2(2573)±

1 3D1 1−− ψ(3770)

2 1S0 0−+ ηc(2S)

2 3S1 1−− ψ(2S) Υ (2S)

2 3P0,1,2 0++, 1++, 2++ χb0,1,2(2P )

† The masses of these states are considerably smaller than most theoretical predictions. They have also been considered as four-quark states
(See the “Note on Non-qq Mesons” at the end of the Meson Listings). The Ds1(2460)± and Ds1(2536)± are mixtures of the 1+± states.
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Figure 14.1: SU(4) weight diagram showing the 16-plets for
the pseudoscalar (a) and vector mesons (b) made of the u, d, s
and c quarks as a function of isospin I, charm C and hypercharge
Y = S+B − C

3
. The nonets of light mesons occupy the central

planes to which the cc̄ states have been added.

which are satisfied for the vector mesons. However, for the pseu-
doscalar (and scalar mesons) Eq. (14.11) is satisfied only approxi-
mately. Then Eq. (14.9) and Eq. (14.10) lead to somewhat different
values for the mixing angle. Identifying the η with the f ′ one gets

η = ψ8 cos θP − ψ1 sin θP , (14.15)

η′ = ψ8 sin θP + ψ1 cos θP . (14.16)

Following chiral perturbation theory the meson masses in the mass
formulae (Eq. (14.9) and Eq. (14.10)) should be replaced by their
squares. Table 14.2 lists the mixing angle θlin from Eq. (14.10) and
the corresponding θquad obtained by replacing the meson masses by
their squares throughout.

The pseudoscalar mixing angle θP can also be measured by
comparing the partial widths for radiative J/ψ decay into a vector
and a pseudoscalar [2], radiative φ(1020) decay into η and η′ [3], or
p̄p annihilation at rest into a pair of vector and pseudoscalar or into
two pseudoscalars [4,5]. One obtains a mixing angle between –10◦
and –20◦.

The nonet mixing angles can be measured in γγ collisions, e.g. for
the 0−+, 0++ and 2++ nonets. In the quark model the amplitude
for the coupling of neutral mesons to two photons is proportional to∑

i Q2
i , where Qi is the charge of the i-th quark. The 2γ partial width

of an isoscalar meson with mass m is then given in terms of the mixing
angle α by

Γ2γ = C(5 cosα −
√

2 sin α)2m3 , (14.17)

for f ′ and f (α → α – 90◦). The coupling C may depend on the
meson mass. It is often assumed to be a constant in the nonet. For
the isovector a one then finds Γ2γ = 9 C m3. Thus the members of
an ideally mixed nonet couple to 2γ with partial widths in the ratios
f : f ′ : a = 25 : 2 : 9. For tensor mesons one finds from the ratios of
the measured 2γ partial widths for the f2(1270) and f ′

2(1525) mesons
a mixing angle αT of (81± 1)◦, or θT = (27 ± 1)◦, in accord with the
linear mass formula. For the pseudoscalars one finds from the ratios
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2
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Figure 14.2: SU(3) couplings as a function of mixing angle α
for isoscalar decays, up to a common multiplicative factor C and
for θP = −17.3◦ (from Ref. 4).

of partial widths Γ(η′ → 2γ)/Γ(η → 2γ) a mixing angle θP = (–18 ±
2)◦ while the ratio Γ(η′ → 2γ)/Γ(π0 → 2γ) leads to ∼ –24 ◦. SU(3)
breaking effects for pseudoscalars are discussed in Ref. 6.

Table 14.4: SU(3) couplings γ2 for quarkonium decays as a
function of nonet mixing angle α, up to a common multiplicative
factor C (φ ≡ 54.7◦ + θP ).

Isospin Decay channel γ2

0 ππ 3 cos2 α

KK (cosα −√
2 sinα)2

ηη (cosα cos2 φ −√
2 sin α sin2 φ)2

ηη′ 1
2

sin2 2φ (cos α +
√

2 sin α)2

1 ηπ 2 cos2 φ

η′π 2 sin2 φ

KK 1

1
2

Kπ
3
2

Kη (sin φ − cosφ√
2

)2

Kη′ (cosφ +
sin φ√

2
)2

The partial width for the decay of a scalar or a tensor meson into a
pair of pseudoscalar mesons is model dependent. Following Ref. 7,

Γ = C × γ2 × |F (q)|2 × q . (14.18)

C is a nonet constant, q the momentum of the decay products, F (q)
a form factor and γ2 the SU(3) coupling. The model-dependent form
factor may be written as

|F (q)|2 = q2� × exp(− q2

8β2
), (14.19)

where � is the relative angular momentum between the decay products.
The decay of a qq̄ meson into a pair of mesons involves the creation
of a qq̄ pair from the vacuum and SU(3) symmetry assumes that the
matrix elements for the creation of ss̄, uū and dd̄ pairs are equal.
The couplings γ2 are given in Table 14.4 and their dependence upon
the mixing angle α is shown in Fig. 14.2 for isoscalar decays. The
generalization to unequal ss̄, uū and dd̄ couplings is given in Ref. 7.
An excellent fit to the tensor meson decay widths is obtained assuming
SU(3) symmetry, with β � 0.5 GeV/c, θV � 26 ◦ and θP � -17 ◦ [7].
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14.3. Exotic mesons

The existence of a light nonet composed of four quarks with masses
below 1 GeV was suggested a long time ago [8]. Coupling two
triplets of light quarks u, d and s one obtains nine states, of which
the six symmetric (uu, dd, ss, ud + du, us + su, ds + sd) form
the six dimensional representation 6, while the three antisymmetric
(ud− du, us− su, ds− sd) form the three dimensional representation
3 of SU(3):

3 ⊗ 3 = 6⊕ 3̄ . (14.20)

Combining with spin and color and requiring antisymmetry, one finds
that the most deeply bound diquark (and hence the lightest) is the
one in the 3 and spin singlet state. The combination of the diquark
with an antidiquark in the 3 representation then gives a light nonet
of four-quark scalar states. Letting the number of strange quarks
determine the mass splitting one obtains a mass inverted spectrum
with a light isosinglet (udūd̄), a medium heavy isodoublet (e.g. uds̄d̄)
and a heavy isotriplet (e.g. dsūs̄) + isosinglet (e.g. usūs̄). It is then
tempting to identify the lightest state with the f0(600), and the
heaviest states with the a0(980), and f0(980). Then the meson with
strangeness κ(800) would lie in between.

QCD predicts the existence of isoscalar mesons which contain only
gluons, the glueballs. The ground state glueball is predicted by lattice
gauge theories to be 0++, the first excited state 2++. Errors on
the mass predictions are large. As an example for the glueball mass
spectrum we show in Figure 14.3 a recent calculation from the lattice
[9]( see also [10]) . This group predicts a mass of 1710 MeV for the
ground state, with an error of about 100 MeV. Earlier work by other
groups produced masses at 1650 MeV [11] and 1550 MeV [12]( see
also Ref. 13). The first excited state has a mass of about 2.4 GeV and
the lightest glueball with exotic quantum numbers (2+−) has a mass
of about 4 GeV.
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Figure 14.3: Predicted glueball mass spectrum from the
lattice (from Ref. 9). See full-color version on color pages at end
of book.

These lattice calculations assumed that the quark masses are
infinite and neglect qq̄ loops. However, one expects that glueballs will
mix with nearby qq̄ states of the same quantum numbers [7,14]. For
example, the two isoscalar 0++ mesons will mix with the pure ground
state glueball to generate the observed physical states f0(1370),
f0(1500), and f0(1710). Experimental evidence is mounting that the
f0(1500) has considerable affinity for glue and that the f0(1370) and
f0(1710) have large uū + dd̄ and ss̄ components, respectively. The

f0(1710) has also been proposed as a candidate scalar glueball [11](
see the “Note on Non-qq Mesons” at the end of the Meson Listings
and Ref. 15).

Mesons made of qq̄ pairs bound by excited gluons g, the hybrid
states qq̄g, are also predicted. They should lie in the 1.9 GeV mass
region, according to gluon flux tube models [16]. Lattice QCD also
predicts the lightest hybrid, an exotic 1−+, at a mass of 1.9 GeV
[17]. However, the bag model predicts four nonets, among them an
exotic 1−+ around or above 1.4 GeV [18,19]. There are so far two
candidates for exotic states with quantum numbers 1−+, the π1(1400)
and π1(1600), which could be hybrids or four-quark states ( see the
“Note on Non-qq Mesons” at the end of the Meson Listings and
Ref. 15).

14.4. Baryons: qqq states

Baryons are fermions with baryon number B = 1, i.e. in the most
general case they are composed of three quarks plus any number
of quark - antiquark pairs. Although recently some experimental
evidence for (qqqqq̄) pentaquark states has been claimed (see review
on Possible exotic baryon resonance), so far all established baryons are
3-quark (qqq) configurations. The color part of their state functions
is an SU(3) singlet, a completely antisymmetric state of the three
colors. Since the quarks are fermions, the state function must be
antisymmetric under interchange of any two equal-mass quarks (up
and down quarks in the limit of isospin symmetry). Thus it can be
written as

| qqq 〉A = | color 〉A × | space, spin, flavor 〉S , (14.21)

where the subscripts S and A indicate symmetry or antisymmetry
under interchange of any two equal-mass quarks. Note the contrast
with the state function for the three nucleons in 3H or 3He:

|NNN 〉A = | space, spin, isospin 〉A . (14.22)

This difference has major implications for internal structure, magnetic
moments, etc. (For a nice discussion, see Ref. 20.)

The “ordinary” baryons are made up of u, d, and s quarks. The
three flavors imply an approximate flavor SU(3), which requires that
baryons made of these quarks belong to the multiplets on the right
side of

3⊗ 3 ⊗ 3 = 10S ⊕ 8M ⊕ 8M ⊕ 1A (14.23)

(see Sec. 37, on “SU(n) Multiplets and Young Diagrams”). Here the
subscripts indicate symmetric, mixed-symmetry, or antisymmetric
states under interchange of any two quarks. The 1 is a uds state (Λ1)
and the octet contains a similar state (Λ8). If these have the same
spin and parity they can mix. The mechanism is the same as for the
mesons (see above). In the ground state multiplet, the SU(3) flavor
singlet Λ1 is forbidden by Fermi statistics. Section 36, on “SU(3)
Isoscalar Factors and Representation Matrices”, shows how relative
decay rates in, say, 10 → 8 ⊗ 8 decays may be calculated.

The addition of the c quark to the light quarks extends the flavor
symmetry to SU(4). However, due to the large mass of the c quark,
this symmetry is much more strongly broken than the SU(3) of the
three light quarks. Figures 14.4(a) and 14.4(b) show the SU(4) baryon
multiplets that have as their bottom levels an SU(3) octet, such
as the octet that includes the nucleon, or an SU(3) decuplet, such
as the decuplet that includes the ∆(1232). All particles in a given
SU(4) multiplet have the same spin and parity. The charmed baryons
are discussed in more detail in the “Note on Charmed Baryons” in
the Particle Listings. The addition of a b quark extends the flavor
symmetry to SU(5), the existence of baryons with t-quarks is very
unlikely due to the short lifetime of the top.

For the “ordinary” baryons (no c or b quark), flavor and spin may
be combined in an approximate flavor-spin SU(6) in which the six
basic states are d ↑, d ↓, · · ·, s ↓ (↑, ↓ = spin up, down). Then the
baryons belong to the multiplets on the right side of

6 ⊗ 6⊗ 6 = 56S ⊕ 70M ⊕ 70M ⊕ 20A . (14.24)

These SU(6) multiplets decompose into flavor SU(3) multiplets as
follows:

56 = 410⊕ 28 (14.25a)
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Figure 14.4: SU(4) multiplets of baryons made of u, d, s, and
c quarks. (a) The 20-plet with an SU(3) octet. (b) The 20-plet
with an SU(3) decuplet.

70 = 210⊕ 48 ⊕ 28⊕ 21 (14.25b)

20 = 28 ⊕ 41 , (14.25c)

where the superscript (2S + 1) gives the net spin S of the quarks
for each particle in the SU(3) multiplet. The JP = 1/2+ octet
containing the nucleon and the JP = 3/2+ decuplet containing the
∆(1232) together make up the “ground-state” 56-plet in which the
orbital angular momenta between the quark pairs are zero (so that
the spatial part of the state function is trivially symmetric). The
70 and 20 require some excitation of the spatial part of the state
function in order to make the overall state function symmetric. States
with nonzero orbital angular momenta are classified in SU(6)⊗O(3)
supermultiplets.

It is useful to classify the baryons into bands that have the same
number N of quanta of excitation. Each band consists of a number of
supermultiplets, specified by (D, LP

N ), where D is the dimensionality
of the SU(6) representation, L is the total quark orbital angular
momentum, and P is the total parity. Supermultiplets contained
in bands up to N = 12 are given in Ref. 22. The N = 0 band,
which contains the nucleon and ∆(1232), consists only of the (56,0+

0 )
supermultiplet. The N = 1 band consists only of the (70,1−1 ) multiplet
and contains the negative-parity baryons with masses below about 1.9
GeV. The N = 2 band contains five supermultiplets: (56,0+

2 ), (70,0+
2 ),

(56,2+
2 ), (70,2+

2 ), and (20,1+
2 ).

The wave functions of the non-strange baryons in the harmonic
oscillator basis are often labeled by |X2S+1LπJP 〉, where S, L, J, P
are as above, X = N or ∆, and π = S, M or A denotes the symmetry
of the spatial wave function. The possible states for the bands with
N=0,1,2 are given in Table 14.5.

In Table 14.6, quark-model assignments are given for many of the
established baryons whose SU(6)⊗O(3) compositions are relatively
unmixed. One must, however, keep in mind that apart from the
mixing of the Λ singlet and octet states also states with same Jπ

Table 14.5: N and ∆ states in the N=0,1,2 harmonic oscillator
bands. Lπ denotes angular momentum and parity, S the three-
quark spin and ’sym’=A,S,M the symmetry of the spatial wave
function.

N sym Lπ S N(I = 1/2) ∆(I = 3/2)

2 A 1+ 1/2 1/2+ 3/2+

2 M 2+ 3/2 1/2+ 3/2+ 5/2+ 7/2+

2 M 2+ 1/2 3/2+ 5/2+ 3/2+ 5/2+

2 M 0+ 3/2 3/2+

2 M 0+ 1/2 1/2+ 1/2+

2 S 2+ 3/2 1/2+ 3/2+ 5/2+ 7/2+

2 S 2+ 1/2 3/2+ 5/2+

2 S 0+ 3/2 3/2+

2 S 0+ 1/2 1/2+

1 M 1− 3/2 1/2− 3/2− 5/2−

1 M 1− 1/2 1/2− 3/2− 1/2− 3/2−

0 S 0+ 3/2 3/2+

0 S 0+ 1/2 1/2+

Table 14.6: Quark-model assignments for some of the known
baryons in terms of a flavor-spin SU(6) basis. Only the dominant
representation is listed. Assignments for several states, especially
for the Λ(1810), Λ(2350), Ξ(1820), and Ξ(2030), are merely
educated guesses. For assignments of the charmed baryons, see
the “Note on Charmed Baryons” in the Particle Listings.

JP (D, LP
N ) S Octet members Singlets

1/2+ (56,0+
0 ) 1/2 N(939) Λ(1116) Σ(1193) Ξ(1318)

1/2+ (56,0+
2 ) 1/2 N(1440) Λ(1600) Σ(1660) Ξ(?)

1/2− (70,1−1 ) 1/2 N(1535) Λ(1670) Σ(1620) Ξ(?) Λ(1405)
3/2− (70,1−1 ) 1/2 N(1520) Λ(1690) Σ(1670) Ξ(1820) Λ(1520)
1/2− (70,1−1 ) 3/2 N(1650) Λ(1800) Σ(1750) Ξ(?)
3/2− (70,1−1 ) 3/2 N(1700) Λ(?) Σ(?) Ξ(?)
5/2− (70,1−1 ) 3/2 N(1675) Λ(1830) Σ(1775) Ξ(?)
1/2+ (70,0+

2 ) 1/2 N(1710) Λ(1810) Σ(1880) Ξ(?) Λ(?)
3/2+ (56,2+

2 ) 1/2 N(1720) Λ(1890) Σ(?) Ξ(?)
5/2+ (56,2+

2 ) 1/2 N(1680) Λ(1820) Σ(1915) Ξ(2030)
7/2− (70,3−3 ) 1/2 N(2190) Λ(?) Σ(?) Ξ(?) Λ(2100)
9/2− (70,3−3 ) 3/2 N(2250) Λ(?) Σ(?) Ξ(?)
9/2+ (56,4+

4 ) 1/2 N(2220) Λ(2350) Σ(?) Ξ(?)

Decuplet members

3/2+ (56,0+
0 ) 3/2 ∆(1232) Σ(1385) Ξ(1530) Ω(1672)

3/2+ (56,0+
2 ) 3/2 ∆(1600) Σ(?) Ξ(?) Ω(?)

1/2− (70,1−1 ) 1/2 ∆(1620) Σ(?) Ξ(?) Ω(?)
3/2− (70,1−1 ) 1/2 ∆(1700) Σ(?) Ξ(?) Ω(?)
5/2+ (56,2+

2 ) 3/2 ∆(1905) Σ(?) Ξ(?) Ω(?)
7/2+ (56,2+

2 ) 3/2 ∆(1950) Σ(2030) Ξ(?) Ω(?)
11/2+ (56,4+

4 ) 3/2 ∆(2420) Σ(?) Ξ(?) Ω(?)

but different L, S combinations can mix. In the quark model with
one-gluon exchange motivated interactions the size of the mixing is
determined by the relative strength of the tensor term with respect
to the contact term (see below). The mixing is more important for
the decay patterns of the states than for their positions. An example
are the lowest lying (70, 1−1 ) states with Jπ=1/2− and 3/2−. The
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physical states are:

|S11(1535)〉 = cos(ΘS)|N2PM1/2−〉 − sin(ΘS)|N4PM1/2−〉 (14.26)

|D13(1520)〉 = cos(ΘD)|N2PM3/2−〉− sin(Θ)D |N4PM3/2−〉 (14.27)

and the orthogonal combinations for S11(1650) and D13(1700). The
mixing is large for the Jπ=1/2− states (ΘS ≈ -32o) but small for the
Jπ=3/2− states (ΘD ≈ +6o) [23], [26].

All baryons of the ground state multiplets are known. Many
of their properties (masses, magnetic moments etc.) are in good
agreement with the most basic versions of the quark model, including
harmonic (or linear) confinement and a spin-spin interaction, which is
responsible for the octet - decuplet mass shifts.
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Figure 14.5: Excitation spectrum of the nucleon. Compared
are the positions of the excited states identified in experiment,
to those predicted by a modern quark model calculation. Left
hand side: isospin I = 1/2 N -states, right hand side: isospin
I = 3/2 ∆-states. Experimental: (colums labeled ’exp’), three
and four star states are indicated by full lines (two-star dashed
lines, one-star dotted lines). At the very left and right of the
figure the spectroscopic notation of these states is given. Quark
model [24]: (columns labeled ’QM’), all states for the N=1,2
bands, low lying states for the N=3,4,5 bands. Full lines: at
least tentative assignment to observed states, dashed lines: so
far no observed counterparts. Many of the assignments between
predicted and observed states are highly tentative.

The situation for the excited states is much less clear. There are
two main problems which are illustrated in Fig. 14.5, where the
experimentally observed excitation spectrum of the nucleon (N and
∆ resonances) is compared to the results of a typical quark model
calculation [24]. Many more states are predicted than observed but
on the other hand states with certain quantum numbers appear in
the spectrum at excitation energies much lower than predicted. Up
to an excitation energy of 2.4 GeV about 45 N states are predicted,
but only 12 are established (four or three star; see Note on N and
∆ resonances for the rating of the status of resonances) and 7 are
tentative (two or one star). Even for the N=1,2 bands up to now only
half of the predicted states have been observed. This has been known
for a long time as the ‘missing resonance’ problem [23]. On the other
hand, the lowest states from the N=2 band, the P11(1440) and the
P33(1600), appear lower than the negative parity states from the N=1
band and much lower than predicted by most models. Also negative
parity ∆ states from the N=3 band (S31(1900), D33(1940), D35(1930))
are too low in energy. Part of the problem could be experimental.
Among the negative parity ∆ states only the D35 has three stars and
the uncertainty in the position of the P33(1600) is large (1550 - 1700
MeV). For the missing resonance problem selection rules could play a
role [23]. The states are broad and overlapping and most studies of

baryon resonances have been done with pion induced reactions, so that
there is bias in the data base against resonances, which couple only
weakly to the Nπ channel. Quark model predictions for the couplings
to other hadronic channels and to photons are given in Ref. 24. A
large experimental effort is ongoing at several electron accelerators to
study the baryon resonance spectrum with real and virtual photon
induced meson production reactions. This includes the search for as
yet unobserved states as well as detailed studies of the properties
of the low lying states (decay patterns, electromagnetic couplings,
magnetic moments etc.) (see Ref. 25 for recent reviews).

In quark models the number of excited states is determined by the
effective degrees of freedom while their ordering and decay properties
are related to the residual quark - quark interaction. A recent overview
of quark models for baryons is given in Ref. 26. The effective degrees
of freedom in the standard nonrelativistic quark model are three
equivalent valence quarks with one-gluon exchange motivated, flavor
independent color magnetic interactions. A different class of models
uses interactions which give rise to a quark - diquark clustering of
the baryons (for a review see Ref. 27). If there is a tightly bound
diquark, only two degrees of freedom are available at low energies and
thus fewer states are predicted. Furthermore, selection rules in the
decay pattern may arise from the quantum numbers of the diquark.
More states are predicted by collective models of the baryon like the
algebraic approach in Ref. 28. In this approach, the quantum numbers
of the valence quarks are distributed over a Y-shaped string-like
configuration and additional states arise e.g. from vibrations of the
strings. More states are also predicted in the framework of flux-tube
models (see [29]) , which are motivated by lattice QCD. In addition
to the quark degrees of freedom, flux-tubes responsible for the
confinement of the quarks are considered as degrees of freedom. These
models include hybrid baryons containing explicit excitations of the
gluon fields. However, since all half integral Jπ quantum numbers
are possible for ordinary baryons, such ‘exotics’ will be very hard to
identify and probably always mix with ordinary states. So far, the
experimentally observed number of states is still far lower even than
predicted by the quark - diquark models.

14.5. Dynamics

Many specific quark models exist, but most contain a similar basic
set of dynamical ingredients. These include:

i) A confining interaction, which is generally spin-independent (e.g.
harmonic oscillator or linear confinement).

ii) Different types of spin-dependent interactions e.g.:
a) color magnetic flavor independent interaction modeled after the
effects of gluon exchange in QCD (see e.g. Ref. 31). For example,
in the S-wave states, there is a spin-spin hyperfine interaction of
the form

HHF = −αSM
∑
i>j

(−→σ λa)i(−→σ λa)j , (14.28)

where M is a constant with units of energy, λa (a = 1, · · · , 8, )
is the set of SU(3) unitary spin matrices, defined in Sec. 36,
on “SU(3) Isoscalar Factors and Representation Matrices,” and
the sum runs over constituent quarks or antiquarks. Spin-orbit
interactions, although allowed, seem to be small in general, but a
tensor term is responsible for the mixing of states with the same
Jπ but different L, S combinations.
b) flavor dependent short range quark forces from instanton
effects (see e.g. Ref. 32). This interaction acts only on scalar,
isoscalar pairs of quarks in a relative s-wave state:

〈q2; S, L, T |W |q2; S, L, T 〉 = −4gδS,0δL,0δI,0W (14.29)

where W is the radial matrix element of the contact interaction.
c) flavor dependent spin-spin forces arising from one-boson
exchange. The interaction term is of the form:

HHF ∝
∑
i<j

V (−→r ij)λF
i · λF

j
−→σ i · −→σ j (14.30)
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where the λF
i are in flavor space (see e.g. Ref. 33).

iii) A strange quark mass somewhat larger than the up and down
quark masses, in order to split the SU(3) multiplets.

iv) In the case of isoscalar mesons, an interaction for mixing qq
configurations of different flavors (e.g., uu ↔ dd ↔ ss), in a
manner which is generally chosen to be flavor independent.

These four ingredients provide the basic mechanisms that determine
the hadron spectrum in the standard quark model. However, a
radically different view of the meson and baryon excitation spectrum
is being derived in the framework of chiral coupled channel dynamics
[30]. Here, the conjecture is that in the u, d, s sector only the ground
state baryon-octet 1/2+, baryon-decuplet 3/2+ and the Goldstone
boson 0− and vector meson 1− states are genuine qqq or qq̄ states. It
is then attempted to generate all excited states by coupled channel
dynamics.

14.6. Lattice Calculations of Hadronic Spectroscopy

Lattice calculations predict the spectrum of bound states in QCD
from first principles, beginning with the Lagrangian of full QCD
or of various approximations to it. This is typically done using the
Euclidean path integral formulation of quantum field theory, where
the analog of a partition function for a field theory containing some
generic fields φ(x), with action S(φ), is

Z =
∫

[dφ] exp(−S(φ)). (14.31)

The expectation value of any observable O is

〈O〉 =
1
Z

∫
[dφ]O(φ) exp(−S(φ)). (14.32)

The theory is regulated by introducing a space-time lattice, with
lattice spacing a. This converts the functional integral Eq. (14.31)
into an ordinary integral (of very large dimensionality). The integral
is replaced by a Monte Carlo sampling over an ensemble of
configurations of field variables, using an algorithm which insures that
a field configuration is present in the ensemble with a probability
proportional to exp(−S(φj)). Then ensemble averages become sample
averages,

〈O〉 =
1
N

N∑
j=1

O(φj). (14.33)

This is all quite similar to the kind of Monte Carlo simulation done
by experiments, except that the ensembles of field configurations are
created sequentially, as a so-called “Markov chain.”

In QCD, the field variables correspond to gauge fields and quark
fields. In a lattice calculation, the lattice spacing (which serves as
an ultraviolet cutoff) and the (current) quark masses are inputs;
hadron masses and other observables are predicted as a function of
those masses. The lattice spacing is unphysical, and it is necessary
to extrapolate to the limit of zero lattice spacing. Lattice predictions
are for dimensionless ratios of dimensionful parameters (like mass
ratios) and predictions of dimensionful quantities require using one
experimental input to set the scale. Interpolation or extrapolation of
lattice results in the light quark masses involves formulas of chiral
perturbation theory.

For conventional hadronic states, lattice calculations use the quark
model to construct operators which are taken as interpolating fields.
This does not mean that the hadronic states have minimal quark
content: the operators create multi-quark states with particular
quantum numbers, but they are connected by quark propagators
which include all effects of relativity and could include the effects of
virtual quark-antiquark pairs in the vacuum.

Constituent gluons do not appear naturally in lattice calculations;
instead, gauge fields appear as link variables, which allow color to
be parallel transported across the lattice in a gauge covariant way.
Calculations of glueballs on the lattice use interpolating fields of
the form Oj ∼ exp i

∮
�A · �dl integrated about some path. The fields

look like closed tubes of chromoelectric and chromomagnetic flux.

Calculations of exotics are done with interpolating fields involving
quark and antiquark creation operators joined by flux tubes.

Calculations with heavy quarks typically use Non-Relativistic QCD
(NRQCD) or Heavy Quark Effective Theory (HQET), systematic
expansions of the QCD Lagrangian in powers of the heavy quark
velocity or the inverse heavy quark mass. Terms in the Lagrangian
have obvious quark model analogs but are derived directly from
QCD. The heavy quark potential is a derived quantity, measured in
simulations.

Lattice calculations are as specialized as the experiments which
produce the data in this book and it is not easy to give a blanket
answer to the question “how well can lattice calculations predict” any
specific quantity. However, let us try:

The cleanest lattice predictions come from measurements of
processes in which there is only one particle in the simulation volume.
These quantities include masses of hadrons, simple decay constants,
like pseudoscalar meson decay constants, and semileptonic form factors
(such as the ones appropriate to B → Dlν, Klν, πlν). The cleanest
predictions for masses are for states which have narrow decay widths
and are far below any thresholds to open channels, since the effects
of final state interactions are not yet under complete control on the
lattice. “Difficult” states for the quark model (such as exotics) are
also difficult for the lattice because of the lack of simple operators
which couple well to them. Technical issues presently prevent lattice
practitioners from directly computing matrix elements for weak decays
with more than one strongly interacting particle in the final state.

Good-quality modern lattice calculations will present multi-part
error budgets with their predictions. Users are advised to read them
carefully! A small part of the uncertainty is statistical, from sample
size. Typically, the quoted statistical uncertainty includes uncertainty
from a fit: it is rare that a simulation measures one global quantity
which is the desired observable. Simulations with light dynamical
quarks are typically done at mass values heavier than the experimental
ones, and it is necessary to extrapolate in the quark mass. They are
always done at nonzero lattice spacing, and so it will be necessary to
extrapolate to zero lattice spacing. Some theoretical input is needed to
do this. Much of the uncertainty in these extrapolations is systematic,
from the choice of fitting function. Other systematics include the
number of dynamical flavors of quarks actually simulated, and
technical issues with how these dynamical quarks are included. The
particular choice of a fiducial mass (to normalize other predictions) is
not standardized; there are many possible choices, each with its own
set of strengths and weaknesses, and determining it usually requires
a second lattice simulation from that used to calculate the quantity
under consideration.

0

0.5

1

1.5

mh [GeV]

π

K

ρ

K*
φ

N

Λ

Ξ

Σ ∆

Σ∗

Ξ∗

Ω

input:  mπ, mρ, mφ

Figure 14.6: Comparison of quenched results with experiment,
from Ref. [34] as presented by Ref. [35].

Of course, there is much more to lattice calculations besides
spectroscopy; please refer to the mini-review on Quark Masses in the
Quarks section of the Listings for more lattice-based phenomenology.
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We conclude with a few “representative” pictures of spectroscopy
from recent state-of-the-art simulations. They illustrate (better than
any discussion) the size of lattice uncertainties.

A systematic of major historical interest is the “quenched
approximation,” in which virtual quark-antiquark pairs are simply
left out of the simulation. This was done because the addition of
these virtual pairs presented an expensive computational problem.
Recent advances in algorithms and computer hardware have rendered
it obsolete. A recent quenched simulation [34] of the light hadron
spectrum is shown in Fig. 14.6. Note the qualitative quark model
features of the lattice result: the equal spacing of the decuplet and
the vector meson multiplet. The lattice error bars are small enough
to reveal systematic errors in the quenched approximation: note
especially, that the kaon and φ masses cannot be simultaneously
correctly determined, and the nucleon/rho meson mass ratio is too
low. No generally-accepted methodology has ever allowed one to
correct for quenching effects, short of redoing all calculations with
dynamical quarks.

Figure 14.7: Comparison of quenched results with results
from simulations with 2+1 flavors of staggered fermions, from
Ref. [36].

Fig. 14.7, from Ref. [36], shows a comparison of quenched
spectroscopy with results from a simulation with a strange quark
at roughly its physical value and two flavors of light dynamical
quarks with masses at roughly one fifth of the strange quark’s
mass. The authors focus on quantities for which lattice predictions
should work well, as we described above. The left panel shows these
authors’ compilation of quenched results; the right panel, results with
dynamical fermions, after a chiral extrapolation.
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Figure 14.8: The Υ spectrum of radial and orbital levels
from Ref. [37]. Closed and open symbols are from coarse
and fine lattices respectively. Squares and triangles denote
unquenched and quenched results respectively. Lines represent
experiment. See full-color version on color pages at end of book.

Fig. 14.8 shows Upsilon (bb̄) spectroscopy from Ref. [37]. The
calculation uses a discretization of nonrelativistic QCD for its heavy

quarks, and includes three flavors of light dynamical staggered
fermions. Quenched data are also shown for comparison.
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15. GRAND UNIFIED THEORIES

Revised October 2005 by S. Raby (Ohio State University).

15.1. Grand Unification

15.1.1. Standard Model: An Introduction :
In spite of all the successes of the Standard Model [SM], it is

unlikely to be the final theory. It leaves many unanswered questions.
Why the local gauge interactions SU(3)C ×SU(2)L×U(1)Y , and why 3
families of quarks and leptons? Moreover, why does one family consist
of the states [Q, uc, dc; L, ec] transforming as [(3, 2, 1/3), (3̄, 1,−4/3),
(3̄, 1, 2/3); (1, 2,−1), (1, 1, 2)], where Q = (u, d), and L = (ν, e) are
SU(2)L doublets, and uc, dc, ec are charge conjugate SU(2)L singlet
fields with the U(1)Y quantum numbers given? [We use the convention
that electric charge QEM = T3L + Y/2 and all fields are left-handed.]
Note the SM gauge interactions of quarks and leptons are completely
fixed by their gauge charges. Thus, if we understood the origin of
this charge quantization, we would also understand why there are no
fractionally charged hadrons. Finally, what is the origin of quark and
lepton masses, or the apparent hierarchy of family masses and quark
mixing angles? Perhaps if we understood this, we would also know
the origin of CP violation, the solution to the strong CP problem, the
origin of the cosmological matter-antimatter asymmetry, or the nature
of dark matter.

The SM has 19 arbitrary parameters; their values are chosen to
fit the data. Three arbitrary gauge couplings: g3, g, g′ (where g,
g′ are the SU(2)L, U(1)Y couplings, respectively) or equivalently,
αs = (g2

3/4π), αEM = (e2/4π) (e = g sin θW ), and sin2 θW =
(g′)2/(g2+(g′)2). In addition, there are 13 parameters associated with
the 9 charged fermion masses and the four mixing angles in the CKM
matrix. The remaining 3 parameters are v, λ [the Higgs VEV (vacuum
expectation value) and quartic coupling] (or equivalently, MZ , m0

h),
and the QCD θ parameter. In addition, data from neutrino oscillation
experiments provide convincing evidence for neutrino masses. With 3
light Majorana neutrinos, there are at least 9 additional parameters
in the neutrino sector; 3 masses, 3 mixing angles and 3 phases. In
summary, the SM has too many arbitrary parameters, and leaves open
too many unresolved questions to be considered complete. These are
the problems which grand unified theories hope to address.

15.1.2. Charge Quantization :
In the Standard Model, quarks and leptons are on an equal

footing; both fundamental particles without substructure. It is
now clear that they may be two faces of the same coin; unified,
for example, by extending QCD (or SU(3)C ) to include leptons
as the fourth color, SU(4)C [1]. The complete Pati-Salam gauge
group is SU(4)C × SU(2)L × SU(2)R, with the states of one
family [(Q, L), (Qc, Lc)] transforming as [(4, 2, 1), (4̄, 1, 2̄)], where
Qc = (dc, uc), Lc = (ec, νc) are doublets under SU(2)R. Electric
charge is now given by the relation QEM = T3L + T3R + 1/2(B – L),
and SU(4)C contains the subgroup SU(3)C × (B – L) where B (L) is
baryon (lepton) number. Note νc has no SM quantum numbers and
is thus completely “sterile.” It is introduced to complete the SU(2)R
lepton doublet. This additional state is desirable when considering
neutrino masses.

Although quarks and leptons are unified with the states of one
family forming two irreducible representations of the gauge group,
there are still 3 independent gauge couplings (two if one also imposes
parity, i.e., L ↔ R symmetry). As a result, the three low-energy
gauge couplings are still independent arbitrary parameters. This
difficulty is resolved by embedding the SM gauge group into the simple
unified gauge group, Georgi-Glashow SU(5), with one universal gauge
coupling αG defined at the grand unification scale MG [2]. Quarks
and leptons still sit in two irreducible representations, as before, with
a 10 = [Q, uc, ec] and 5̄ = [dc, L]. Nevertheless, the three low energy
gauge couplings are now determined in terms of two independent
parameters : αG and MG. Hence, there is one prediction.

In order to break the electroweak symmetry at the weak scale and
give mass to quarks and leptons, Higgs doublets are needed which
can sit in either a 5H or 5̄H. The additional 3 states are color triplet
Higgs scalars. The couplings of these color triplets violate baryon
and lepton number, and nucleons decay via the exchange of a single

color triplet Higgs scalar. Hence, in order not to violently disagree
with the non-observation of nucleon decay, their mass must be greater
than ∼ 1010– 11 GeV. Moreover, in supersymmetric GUTs, in order to
cancel anomalies, as well as give mass to both up and down quarks,
both Higgs multiplets 5H, 5̄H are required. As we shall discuss later,
nucleon decay now constrains the color triplet Higgs states in a SUSY
GUT to have mass significantly greater than MG.

Complete unification is possible with the symmetry group SO(10),
with one universal gauge coupling αG, and one family of quarks
and leptons sitting in the 16-dimensional-spinor representation
16 = [10 + 5̄ + 1] [3]. The SU(5) singlet 1 is identified with νc. In
Table 15.1 we present the states of one family of quarks and leptons,
as they appear in the 16. It is an amazing and perhaps even profound
fact that all the states of a single family of quarks and leptons can be
represented digitally as a set of 5 zeros and/or ones or equivalently as

the tensor product of 5 “spin” 1/2 states with ± = |± 1
2

> and with the

condition that we have an even number of |− > spins. The first three
“spins” correspond to SU(3)C color quantum numbers, while the last
two are SU(2)L weak quantum numbers. In fact, an SU(3)C rotation
just raises one color index and lowers another, thereby changing colors
{r, b, y}. Similarly an SU(2)L rotation raises one weak index and
lowers another, thereby flipping the weak isospin from up to down
or vice versa. In this representation, weak hypercharge Y is given by
the simple relation Y = 2/3(

∑
color spins) – (

∑
weak spins). SU(5)

rotations [not in the Standard Model] then raise (or lower) a color
index, while at the same time lowering (or raising) a weak index.
It is easy to see that such rotations can mix the states {Q, uc, ec}
and {dc, L} among themselves, and νc is a singlet. The new SO(10)
rotations [not in SU(5)] are then given by either raising or lowering
any two spins. For example, by lowering the two weak indices, νc

rotates into ec, etc.

Table 15.1: The quantum numbers of the 16 dimensional
representation of SO(10).

State Y Color Weak

νc 0 + + + + +

ec 2 + + + −−
ur 1/3 − + + +−
dr 1/3 − + + −+

ub 1/3 + − + +−
db 1/3 + − + −+

uy 1/3 + + − +−
dy 1/3 + + − −+

uc
r −4/3 + − − + +

uc
b −4/3 − + − + +

uc
y −4/3 − − + + +

dc
r 2/3 + − − −−

dc
b 2/3 − + − −−

dc
y 2/3 − − + −−

ν −1 − − − +−
e −1 − − − −+

SO(10) has two inequivalent maximal breaking patterns: SO(10) →
SU(5) × U(1)X and SO(10) → SU(4)C × SU(2)L × SU(2)R. In the
first case, we obtain Georgi-Glashow SU(5) if QEM is given in
terms of SU(5) generators alone, or so-called flipped SU(5) [4] if
QEM is partly in U(1)X . In the latter case, we have the Pati-Salam
symmetry. If SO(10) breaks directly to the SM at MG, then we
retain the prediction for gauge coupling unification. However, more
possibilities for breaking (hence more breaking scales and more
parameters) are available in SO(10). Nevertheless with one breaking
pattern SO(10) → SU(5) → SM, where the last breaking scale is MG,
the predictions from gauge coupling unification are preserved. The
Higgs multiplets in minimal SO(10) are contained in the fundamental
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10H = [5H, 5̄H] representation. Note, only in SO(10) does the
gauge symmetry distinguish quark and lepton multiplets from Higgs
multiplets.

Finally, larger symmetry groups have been considered. For
example, E(6) has a fundamental representation 27, which under
SO(10) transforms as a [16 + 10 + 1]. The breaking pattern
E(6) → SU(3)C × SU(3)L × SU(3)R is also possible. With the
additional permutation symmetry Z(3) interchanging the three
SU(3)s, we obtain so-called “trinification [5], ” with a universal
gauge coupling. The latter breaking pattern has been used in
phenomenological analyses of the heterotic string [6]. However, in
larger symmetry groups, such as E(6), SU(6), etc., there are now
many more states which have not been observed and must be removed
from the effective low-energy theory. In particular, three families of
27s in E(6) contain three Higgs type multiplets transforming as 10s
of SO(10). This makes these larger symmetry groups unattractive
starting points for model building.

15.1.3. String Theory and Orbifold GUTs :

Orbifold compactification of the heterotic string [7–9], and recent
field theoretic constructions known as orbifold GUTs [10], contain
grand unified symmetries realized in 5 and 6 dimensions. However,
upon compactifying all but four of these extra dimensions, only the
MSSM is recovered as a symmetry of the effective four dimensional
field theory.1 These theories can retain many of the nice features of
four dimensional SUSY GUTs, such as charge quantization, gauge
coupling unification and sometimes even Yukawa unification; while
at the same time resolving some of the difficulties of 4d GUTs,
in particular problems with unwieldy Higgs sectors necessary for
spontaneously breaking the GUT symmetry, problems with doublet-
triplet Higgs splitting or rapid proton decay. We will comment further
on the corrections to the four dimensional GUT picture due to orbifold
GUTs in the following sections.

15.1.4. Gauge coupling unification :

The biggest paradox of grand unification is to understand how
it is possible to have a universal gauge coupling gG in a grand
unified theory [GUT], and yet have three unequal gauge couplings
at the weak scale with g3 > g > g′. The solution is given in terms
of the concept of an effective field theory [EFT] [16]. The GUT
symmetry is spontaneously broken at the scale MG, and all particles
not in the SM obtain mass of order MG. When calculating Green’s
functions with external energies E � MG, we can neglect the mass
of all particles in the loop and hence all particles contribute to
the renormalization group running of the universal gauge coupling.
However, for E � MG, one can consider an effective field theory
including only the states with mass < E � MG. The gauge symmetry
of the EFT is SU(3)C ×SU(2)L×U(1)Y , and the three gauge couplings
renormalize independently. The states of the EFT include only those
of the SM; 12 gauge bosons, 3 families of quarks and leptons, and one

1 Also, in recent years there has been a great deal of progress in con-
structing three and four family models in Type IIA string theory with
intersecting D6 branes [11]. Although these models can incorporate
SU(5) or a Pati-Salam symmetry group in four dimensions, they typi-
cally have problems with gauge coupling unification. In the former case
this is due to charged exotics which affect the RG running, while in the
latter case the SU(4)×SU(2)L×SU(2)R symmetry never unifies. Note,
heterotic string theory models also exist whose low energy effective 4d
field theory is a SUSY GUT [12]. These models have all the virtues
and problems of 4d GUTs. Finally, many heterotic string models have
been constructed with the standard model gauge symmetry in 4d and
no intermediate GUT symmetry in less than 10d. Recently some min-
imal 3 family supersymmetric models have been constructed [13,14].
These theories may retain some of the symmetry relations of GUTs,
however the unification scale would typically be the string scale, of or-
der 5 × 1017 GeV, which is inconsistent with low energy data. A way
out of this problem was discovered in the context of the strongly cou-
pled heterotic string, defined in an effective 11 dimensions [15]. In this
case the 4d Planck scale (which controls the value of the string scale)
now unifies with the GUT scale.

or more Higgs doublets. At MG, the two effective theories [the GUT
itself is most likely the EFT of a more fundamental theory defined at
a higher scale] must give identical results; hence we have the boundary
conditions g3 = g2 = g1 ≡ gG, where at any scale µ < MG, we have
g2 ≡ g and g1 =

√
5/3 g′. Then using two low-energy couplings, such

as αs(MZ), αEM (MZ), the two independent parameters αG, MG
can be fixed. The third gauge coupling, sin2 θW in this case, is
then predicted. This was the procedure up until about 1991 [17,18].
Subsequently, the uncertainties in sin2 θW were reduced tenfold. Since
then, αEM (MZ), sin2 θW have been used as input to predict αG, MG,
and αs(MZ) [19].

We emphasize that the above boundary condition is only valid when
using one-loop-renormalization group [RG] running. With precision
electroweak data, however, it is necessary to use two-loop-RG running.
Hence, one must include one-loop-threshold corrections to gauge
coupling boundary conditions at both the weak and GUT scales. In
this case, it is always possible to define the GUT scale as the point
where α1(MG) = α2(MG) ≡ α̃G and α3(MG) = α̃G (1 + ε3). The
threshold correction ε3 is a logarithmic function of all states with
mass of order MG and α̃G = αG + ∆, where αG is the GUT coupling
constant above MG, and ∆ is a one-loop-threshold correction. To
the extent that gauge coupling unification is perturbative, the GUT
threshold corrections are small and calculable. This presumes that the
GUT scale is sufficiently below the Planck scale or any other strong
coupling extension of the GUT, such as a strongly coupled string
theory.

Supersymmetric grand unified theories [SUSY GUTs] are an
extension of non-SUSY GUTs [20]. The key difference between SUSY
GUTs and non-SUSY GUTs is the low-energy effective theory. The
low-energy effective field theory in a SUSY GUT is assumed to satisfy
N = 1 supersymmetry down to scales of order the weak scale, in
addition to the SM gauge symmetry. Hence, the spectrum includes all
the SM states, plus their supersymmetric partners. It also includes
one pair (or more) of Higgs doublets; one to give mass to up-type
quarks, and the other to down-type quarks and charged leptons.
Two doublets with opposite hypercharge Y are also needed to cancel
fermionic triangle anomalies. Finally, it is important to recognize
that a low-energy SUSY-breaking scale (the scale at which the SUSY
partners of SM particles obtain mass) is necessary to solve the gauge
hierarchy problem.

Simple non-SUSY SU(5) is ruled out, initially by the increased
accuracy in the measurement of sin2 θW , and by early bounds on the
proton lifetime (see below) [18]. However, by now LEP data [19]
has conclusively shown that SUSY GUTs is the new Standard Model;
by which we mean the theory used to guide the search for new
physics beyond the present SM (see Fig. 15.1). SUSY extensions of
the SM have the property that their effects decouple as the effective
SUSY-breaking scale is increased. Any theory beyond the SM must
have this property simply because the SM works so well. However,
the SUSY-breaking scale cannot be increased with impunity, since this
would reintroduce a gauge hierarchy problem. Unfortunately there is
no clear-cut answer to the question, “When is the SUSY-breaking
scale too high?” A conservative bound would suggest that the third
generation squarks and sleptons must be lighter than about 1 TeV, in
order that the one-loop corrections to the Higgs mass from Yukawa
interactions remain of order the Higgs mass bound itself.

At present, gauge coupling unification within SUSY GUTs works
extremely well. Exact unification at MG, with two-loop-RG running
from MG to MZ , and one-loop-threshold corrections at the weak
scale, fits to within 3 σ of the present precise low-energy data. A
small threshold correction at MG (ε3 ∼ −3 to − 4%) is sufficient to
fit the low-energy data precisely [22–24]. 2 This may be compared
to non-SUSY GUTs, where the fit misses by ∼ 12 σ, and a precise

2 This result implicitly assumes universal GUT boundary conditions
for soft SUSY-breaking parameters at MG. In the simplest case, we
have a universal gaugino mass M1/2, a universal mass for squarks and
sleptons m16, and a universal Higgs mass m10, as motivated by SO(10).
In some cases, threshold corrections to gauge coupling unification can
be exchanged for threshold corrections to soft SUSY parameters. See
for example, Ref. 25 and references therein.
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Figure 15.1: Gauge coupling unification in non-SUSY GUTs
on the left vs. SUSY GUTs on the right using the LEP data
as of 1991. Note, the difference in the running for SUSY is the
inclusion of supersymmetric partners of standard model particles
at scales of order a TeV (Fig. taken from Ref. 21). Given the
present accurate measurements of the three low energy couplings,
in particular αs(MZ), GUT scale threshold corrections are now
needed to precisely fit the low energy data. The dark blob in the
plot on the right represents these model dependent corrections.

fit requires new weak-scale states in incomplete GUT multiplets, or
multiple GUT-breaking scales.3

Following the analysis of Ref. 24 let us try to understand the need
for the GUT threshold correction and its order of magnitude. The
renormalization group equations relate the low energy gauge coupling
constants αi(MZ), i = 1, 2, 3 to the value of the unification scale ΛU
and the GUT coupling αU by the expression

1
αi(MZ)

=
1

αU
+

bi

2π
log

(
ΛU

MZ

)
+ δi (15.1)

where ΛU is the GUT scale evaluated at one loop and the threshold
corrections, δi, are given by δi = δ

(2)
i +δ

(l)
i +δ

(g)
i with δ

(2)
i representing

two loop running effects, δ
(l)
i the light threshold corrections at the

SUSY breaking scale and δ
(g)
i = δ

(h)
i + δ

(b)
i representing GUT scale

threshold corrections. Note, in this analysis, the two loop RG running
is treated on the same footing as weak and GUT scale threshold
corrections. One then obtains the prediction

(α3(MZ) − αLO
3 (MZ))/αLO

3 (MZ) = −αLO
3 (MZ) δs (15.2)

where αLO
3 (MZ) is the leading order one loop RG result and

δs =
1
7
(5δ1 − 12δ2 + 7δ3) is the net threshold correction. [A similar

formula applies at the GUT scale with the GUT threshold correction,
ε3, given by ε3 = −α̃G δ

(g)
s .] Given the experimental inputs [28]:

α−1
em(MZ) = 127.906± 0.019

sin2θW (MZ) = 0.2312± 0.0002
α3(MZ) = 0.1187± 0.0020 (15.3)

and taking into account the light threshold corrections, assuming an
ensemble of 10 SUSY spectra [24]( corresponding to the Snowmass
benchmark points), we have

αLO
3 (MZ) ≈ 0.118 (15.4)

3 Non-SUSY GUTs with a more complicated breaking pattern can
still fit the data. For example, non-SUSY SO(10) → SU(4)C×SU(2)L×
SU(2)R →SM, with the second breaking scale of order an intermediate
scale, determined by light neutrino masses using the see-saw mecha-
nism, can fit the low-energy data for gauge couplings [26], and at the
same time survive nucleon decay bounds [27], discussed in the following
section.

and

δ
(2)
s ≈ −0.82

δ
(l)
s ≈ −0.50 +

19
28π

log
MSUSY

MZ
.

For MSUSY = 1 TeV, we have δ
(2)
s + δ

(l)
s ≈ −0.80. Since the one

loop result αLO
3 (MZ) is very close to the experimental value, we need

δs ≈ 0 or equivalently, δ
(g)
s ≈ 0.80. This corresponds, at the GUT

scale, to ε3 ≈ −3%.4

In four dimensional SUSY GUTs, the threshold correction ε3
receives a positive contribution from Higgs doublets and triplets.5

Thus a larger, negative contribution must come from the GUT
breaking sector of the theory. This is certainly possible in specific
SO(10) [29] or SU(5) [30] models, but it is clearly a significant
constraint on the 4d GUT sector of the theory. In five or six
dimensional orbifold GUTs, on the other hand, the “GUT scale”
threshold correction comes from the Kaluza-Klein modes between the
compactification scale, Mc, and the effective cutoff scale M∗.6 Thus,
in orbifold GUTs, gauge coupling unification at two loops is only
consistent with the low energy data with a fixed value for Mc and
M∗.7 Typically, one finds Mc < MG = 3 × 1016 GeV, where MG is
the 4d GUT scale. Since the grand unified gauge bosons, responsible
for nucleon decay, get mass at the compactification scale, the result
Mc < MG for orbifold GUTs has significant consequences for nucleon
decay.

A few final comments are in order. We do not consider the scenario
of split supersymmetry [33] in this review. In this scenario squarks and
sleptons have mass at a scale m̃ � MZ , while gauginos and Higgsinos
have mass of order the weak scale. Gauge coupling unification occurs
at a scale of order 1016 GeV, provided that the scale m̃ lies in the range
103 − 1011 GeV [34]. A serious complaint concerning the split SUSY
scenario is that it does not provide a solution to the gauge hierarchy
problem. Moreover, it is only consistent with grand unification if
it also postulates an “intermediate” scale, m̃, for scalar masses. In
addition, it is in conflict with b − τ Yukawa unification, unless tanβ is
fine-tuned to be close to 1 [34]. 8

We have also neglected to discuss non-supersymmetric GUTs in
four dimensions which still survive once one allows for several scales

4 In order to fit the low energy data for gauge coupling constants
we require a relative shift in α3(MG) of order 3% due to GUT scale
threshold corrections. If these GUT scale corrections were not present,
however, weak scale threshold corrections of order 9% (due to the larger
value of α3 at MZ) would be needed to resolve the discrepancy with the
data for exact gauge coupling unification at MG. Leaving out the fact
that any consistent GUT necessarily contributes threshold corrections
at the GUT scale, it is much more difficult to find the necessary larger
corrections at the weak scale. For example, we need MSUSY ≈ 40 TeV
for the necessary GUT scale threshold correction to vanish.

5 Note, the Higgs contribution is given by ε3 = 3α̃G
5π log |M̃t γ

MG
| where

M̃t is the effective color triplet Higgs mass (setting the scale for dimen-
sion 5 baryon and lepton number violating operators) and γ = λb/λt at
MG. Since M̃t is necessarily greater than MG, the Higgs contribution
to ε3 is positive.

6 In string theory, the cutoff scale is the string scale.
7 It is interesting to note that a ratio M∗/Mc ∼ 100, needed for

gauge coupling unification to work in orbifold GUTs is typically the
maximum value for this ratio consistent with perturbativity [31]. In
addition, in orbifold GUTs brane-localized gauge kinetic terms may
destroy the successes of gauge coupling unification. However, for values
of M∗/Mc = M∗πR � 1 the unified bulk gauge kinetic terms can
dominate over the brane-localized terms [32].

8 b − τ Yukawa unification only works for m̃ < 104 for tanβ ≥ 1.5.
This is because the effective theory between the gaugino mass scale
and m̃ includes only one Higgs doublet, as in the standard model. In
this case, the large top quark Yukawa coupling tends to increase the
ratio λb/λτ as one runs down in energy below m̃ . This is opposite to
what happens in MSSM where the large top quark Yukawa coupling
decreases the ratio λb/λτ [35].
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of GUT symmetry breaking [26]. Finally, it has been shown that
non-supersymmetric GUTs in warped 5 dimensional orbifolds can
be consistent with gauge coupling unification, assuming that the
right-handed top quark and the Higgs doublets are composite-like
objects with a compositeness scale of order a TeV [36].

15.1.5. Nucleon Decay :

Baryon number is necessarily violated in any GUT [37]. In SU(5),
nucleons decay via the exchange of gauge bosons with GUT scale
masses, resulting in dimension-6 baryon-number-violating operators
suppressed by (1/M2

G). The nucleon lifetime is calculable and given
by τN ∝ M4

G/(α2
G m5

p). The dominant decay mode of the proton
(and the baryon-violating decay mode of the neutron), via gauge
exchange, is p → e+ π0 (n → e+ π−). In any simple gauge symmetry,
with one universal GUT coupling and scale (αG, MG), the nucleon
lifetime from gauge exchange is calculable. Hence, the GUT scale
may be directly observed via the extremely rare decay of the
nucleon. Experimental searches for nucleon decay began with the
Kolar Gold Mine, Homestake, Soudan, NUSEX, Frejus, HPW, and
IMB detectors [17]. The present experimental bounds come from
Super-Kamiokande and Soudan II. We discuss these results shortly.
Non-SUSY GUTs are also ruled out by the non-observation of nucleon
decay [18]. In SUSY GUTs, the GUT scale is of order 3× 1016 GeV,
as compared to the GUT scale in non-SUSY GUTs, which is of order
1015 GeV. Hence, the dimension-6 baryon-violating operators are
significantly suppressed in SUSY GUTs [20] with τp ∼ 1034– 38 yrs.

However, in SUSY GUTs, there are additional sources for baryon-
number violation—dimension-4 and -5 operators [38]. Although
the notation does not change, when discussing SUSY GUTs,
all fields are implicitly bosonic superfields, and the operators
considered are the so-called F terms, which contain two fermionic
components, and the rest scalars or products of scalars. Within
the context of SU(5), the dimension-4 and -5 operators have the
form (10 5̄ 5̄) ⊃ (uc dc dc) + (Q L dc) + (ec L L), and (10 10 10 5̄)
⊃ (Q Q Q L)+(uc uc dc ec) + B and L conserving terms, respectively.
The dimension-4 operators are renormalizable with dimensionless
couplings; similar to Yukawa couplings. On the other hand, the
dimension-5 operators have a dimensionful coupling of order (1/MG).

The dimension-4 operators violate baryon number or lepton
number, respectively, but not both. The nucleon lifetime is extremely
short if both types of dimension-4 operators are present in the low-
energy theory. However, both types can be eliminated by requiring
R parity. In SU(5), the Higgs doublets reside in a 5H, 5̄H, and
R parity distinguishes the 5̄ (quarks and leptons) from 5̄H (Higgs).
R parity [39] (or more precisely, its cousin, family reflection
symmetry) (see Dimopoulos and Georgi [20] and DRW [40]) takes
F → −F, H → H with F = {10, 5̄}, H = {5̄H, 5H}. This forbids
the dimension-4 operator (10 5̄ 5̄), but allows the Yukawa couplings of
the form (10 5̄ 5̄H) and (10 10 5H). It also forbids the dimension-3,
lepton-number-violating operator (5̄ 5H) ⊃ (L Hu), with a coefficient
with dimensions of mass which, like the µ parameter, could be of
order the weak scale and the dimension-5, baryon-number-violating
operator (10 10 10 5̄H) ⊃ (Q Q Q Hd) + · · ·.

Note, in the MSSM, it is possible to retain R-parity-violating
operators at low energy, as long as they violate either baryon number
or lepton number only, but not both. Such schemes are natural if
one assumes a low-energy symmetry, such as lepton number, baryon
number, or a baryon parity [41]. However, these symmetries cannot
be embedded in a GUT. Thus, in a SUSY GUT, only R parity can
prevent unwanted dimension four operators. Hence, by naturalness
arguments, R parity must be a symmetry in the effective low-energy
theory of any SUSY GUT. This does not mean to say that R parity is
guaranteed to be satisfied in any GUT.

Note also, R parity distinguishes Higgs multiplets from ordinary
families. In SU(5), Higgs and quark/lepton multiplets have identical
quantum numbers; while in E(6), Higgs and families are unified
within the fundamental 27 representation. Only in SO(10) are Higgs
and ordinary families distinguished by their gauge quantum numbers.
Moreover, the Z(4) center of SO(10) distinguishes 10s from 16s, and
can be associated with R parity [42].

In SU(5), dimension-5 baryon-number-violating operators may be
forbidden at tree level by additional symmetries. These symmetries
are typically broken, however, by the VEVs responsible for the color
triplet Higgs masses. Consequently, these dimension-5 operators are
generically generated via color triplet Higgsino exchange. Hence, the
color triplet partners of Higgs doublets must necessarily obtain mass
of order the GUT scale. The dominant decay modes from dimension-5
operators are p → K+ ν (n → K0 ν). This is due to a simple
symmetry argument; the operators (Qi Qj Qk Ll), (uc

i uc
j dc

k ec
l )

(where i, j, k, l = 1, 2, 3 are family indices, and color and weak indices
are implicit) must be invariant under SU(3)C and SU(2)L. As a result,
their color and weak doublet indices must be anti-symmetrized.
However, since these operators are given by bosonic superfields, they
must be totally symmetric under interchange of all indices. Thus, the
first operator vanishes for i = j = k, and the second vanishes for i = j.
Hence, a second or third generation member must exist in the final
state [40].

Recent Super-Kamiokande bounds on the proton lifetime severely
constrain these dimension-6 and dimension-5 operators with
τ(p→e+π0) > 5.0×1033 yrs (79.3 ktyr exposure), τ(n→e+π−) > 5×1033

yrs (61 ktyr), and τ(p→K+ν) > 1.6 × 1033 yrs (79.3 ktyr),
τ(n→K0ν) > 1.7 × 1032 yrs (61 ktyr) at (90% CL) based on the
listed exposures [43]. These constraints are now sufficient to rule out
minimal SUSY SU(5) [44]. 9 Non-minimal Higgs sectors in SU(5) or
SO(10) theories still survive [23,30]. The upper bound on the proton
lifetime from these theories is approximately a factor of 5 above
the experimental bounds. They are, however, being pushed to their
theoretical limits. Hence, if SUSY GUTs are correct, nucleon decay
should be seen soon.

Is there a way out of this conclusion? Orbifold GUTs and string
theories, see Sect. 15.1.3, contain grand unified symmetries realized
in higher dimensions. In the process of compactification and GUT
symmetry breaking, color triplet Higgs states are removed (projected
out of the massless sector of the theory). In addition, the same
projections typically rearrange the quark and lepton states so that the
massless states which survive emanate from different GUT multiplets.
In these models, proton decay due to dimension 5 operators can be
severely suppressed or eliminated completely. However, proton decay
due to dimension 6 operators may be enhanced, since the gauge
bosons mediating proton decay obtain mass at the compactification
scale, Mc, which is less than the 4d GUT scale (see the discussion
at the end of Section 15.1.4), or suppressed, if the states of one
family come from different irreducible representations. Which effect
dominates is a model dependent issue. In some complete 5d orbifold
GUT models [47,24] the lifetime for the decay τ(p → e+π0) can be
near the excluded bound of 5 × 1033 years with, however, large model
dependent and/or theoretical uncertainties. In other cases, the modes
p → K+ν̄ and p → K0µ+ may be dominant [24]. To summarize,
in either 4d or orbifold string/field theories, nucleon decay remains
a premier signature for SUSY GUTs. Moreover, the observation of
nucleon decay may distinguish extra-dimensional orbifold GUTs from
four dimensional ones.

Before concluding the topic of baryon-number violation, consider
the status of ∆B = 2 neutron- anti-neutron oscillations. Generically,
the leading operator for this process is the dimension-9 six-quark
operator G(∆B=2) (uc dc dc uc dc dc), with dimensionful coefficient
G(∆B=2) ∼ 1/M5. The present experimental bound τn–n ≥ 0.86×108

sec. at 90% CL [48] probes only up to the scale M ≤ 106 GeV. For
M ∼ MG, n –n oscillations appear to be unobservable for any GUT
(for a recent discussion see Ref. 49).

9 This conclusion relies on the mild assumption that the three-by-
three matrices diagonalizing squark and slepton mass matrices are not
so different from their fermionic partners. It has been shown that if
this caveat is violated, then dimension five proton decay in minimal
SUSY SU(5) may not be ruled out [45].
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15.1.6. Yukawa coupling unification :

15.1.6.1. 3rd generation, b–τ or t–b–τ unification:
If quarks and leptons are two sides of the same coin, related by

a new grand unified gauge symmetry, then that same symmetry
relates the Yukawa couplings (and hence the masses) of quarks and
leptons. In SU(5), there are two independent renormalizable Yukawa
interactions given by λt (10 10 5H) + λ (10 5̄ 5̄H). These contain the
SM interactions λt (Q uc Hu) + λ (Q dc Hd + ec L Hd). Hence,
at the GUT scale, we have the tree-level relation, λb = λτ ≡ λ [35].
In SO(10), there is only one independent renormalizable Yukawa
interaction given by λ (16 16 10H), which gives the tree-level relation,
λt = λb = λτ ≡ λ [50,51]. Note, in the discussion above, we assume
the minimal Higgs content, with Higgs in 5, 5̄ for SU(5) and 10 for
SO(10). With Higgs in higher-dimensional representations, there are
more possible Yukawa couplings. [58–60]

In order to make contact with the data, one now renormalizes
the top, bottom, and τ Yukawa couplings, using two-loop-RG
equations, from MG to MZ . One then obtains the running quark
masses mt(MZ) = λt(MZ) vu, mb(MZ) = λb(MZ) vd, and
mτ (MZ) = λτ (MZ) vd, where < H0

u >≡ vu = sinβ v/
√

2,
< H0

d >≡ vd = cosβ v/
√

2, vu/vd ≡ tan β, and v ∼ 246 GeV is fixed
by the Fermi constant, Gµ.

Including one-loop-threshold corrections at MZ , and additional
RG running, one finds the top, bottom, and τ -pole masses. In
SUSY, b – τ unification has two possible solutions, with tanβ ∼ 1
or 40 – 50. The small tanβ solution is now disfavored by the LEP
limit, tanβ > 2.4 [52]. 10 The large tan β limit overlaps the SO(10)
symmetry relation.

When tanβ is large, there are significant weak-scale threshold
corrections to down quark and charged lepton masses, from either
gluino and/or chargino loops [54]. Yukawa unification (consistent
with low energy data) is only possible in a restricted region of SUSY
parameter space with important consequences for SUSY searches [55].

15.1.6.2. Three families:
Simple Yukawa unification is not possible for the first two

generations, of quarks and leptons. Consider the SU(5) GUT scale
relation λb = λτ . If extended to the first two generations, one would
have λs = λµ, λd = λe, which gives λs/λd = λµ/λe. The last relation
is a renormalization group invariant, and is thus satisfied at any scale.
In particular, at the weak scale, one obtains ms/md = mµ/me, which
is in serious disagreement with the data, namely ms/md ∼ 20 and
mµ/me ∼ 200. An elegant solution to this problem was given by
Georgi and Jarlskog [56]. Of course, a three-family model must also
give the observed CKM mixing in the quark sector. Note, although
there are typically many more parameters in the GUT theory above
MG, it is possible to obtain effective low-energy theories with many
fewer parameters making strong predictions for quark and lepton
masses.

It is important to note that grand unification alone is not sufficient
to obtain predictive theories of fermion masses and mixing angles.
Other ingredients are needed. In one approach additional global
family symmetries are introduced (non-abelian family symmetries can
significantly reduce the number of arbitrary parameters in the Yukawa
matrices). These family symmetries constrain the set of effective
higher dimensional fermion mass operators. In addition, sequential
breaking of the family symmetry is correlated with the hierarchy of
fermion masses. Three-family models exist which fit all the data,
including neutrino masses and mixing [57]. In a completely separate
approach for SO(10) models, the Standard Model Higgs bosons are
contained in the higher dimensional Higgs representations including
the 10, 126 and/or 120. Such theories have been shown to make
predictions for neutrino masses and mixing angles [58–60].

10 However, this bound disappears if one takes MSUSY = 2 TeV and
mt = 180 GeV [53].

15.1.7. Neutrino Masses :
Atmospheric and solar neutrino oscillations require neutrino

masses. Adding three “sterile” neutrinos νc with the Yukawa coupling
λν (νc L Hu), one easily obtains three massive Dirac neutrinos
with mass mν = λν vu. 11 However, in order to obtain a tau
neutrino with mass of order 0.1 eV, one needs λντ /λτ ≤ 10−10.
The see-saw mechanism, on the other hand, can naturally explain
such small neutrino masses [61,62]. Since νc has no SM quantum
numbers, there is no symmetry (other than global lepton number)
which prevents the mass term 1

2
νc M νc. Moreover, one might

expect M ∼ MG. Heavy “sterile” neutrinos can be integrated out of
the theory, defining an effective low-energy theory with only light
active Majorana neutrinos, with the effective dimension-5 operator
1
2

(L Hu) λT
ν M−1 λν (L Hu). This then leads to a 3 × 3 Majorana

neutrino mass matrix m = mT
ν M−1 mν .

Atmospheric neutrino oscillations require neutrino masses with
∆m2

ν ∼ 3 × 10−3 eV2 with maximal mixing, in the simplest
two-neutrino scenario. With hierarchical neutrino masses, mντ =√

∆m2
ν ∼ 0.055 eV. Moreover, via the “see-saw” mechanism,

mντ = mt(mt)2/(3M). Hence, one finds M ∼ 2 × 1014 GeV;
remarkably close to the GUT scale. Note we have related the
neutrino-Yukawa coupling to the top-quark-Yukawa coupling λντ = λt

at MG, as given in SO(10) or SU(4) × SU(2)L × SU(2)R. However, at
low energies they are no longer equal, and we have estimated this RG
effect by λντ (MZ) ≈ λt(MZ)/

√
3.

15.1.8. Selected Topics :

15.1.8.1. Magnetic Monopoles:
In the broken phase of a GUT, there are typically localized

classical solutions carrying magnetic charge under an unbroken U(1)
symmetry [63]. These magnetic monopoles with mass of order
MG/αG are produced during the GUT phase transition in the early
universe. The flux of magnetic monopoles is experimentally found
to be less than ∼ 10−16 cm−2 s−1 sr−1 [64]. Many more are
predicted however, hence the GUT monopole problem. In fact, one
of the original motivations for an inflationary universe is to solve the
monopole problem by invoking an epoch of rapid inflation after the
GUT phase transition [65]. This would have the effect of diluting
the monopole density as long as the reheat temperature is sufficiently
below MG. Other possible solutions to the monopole problem include:
sweeping them away by domain walls [66], U(1) electromagnetic
symmetry breaking at high temperature [67] or GUT symmetry
non-restoration [68]. Parenthetically, it was also shown that GUT
monopoles can catalyze nucleon decay [69]. A significantly lower
bound on the monopole flux can then be obtained by considering
X-ray emission from radio pulsars due to monopole capture and the
subsequent nucleon decay catalysis [70].

15.1.8.2. Baryogenesis via Leptogenesis:
Baryon-number-violating operators in SU(5) or SO(10) preserve the

global symmetry B –L. Hence, the value of the cosmological B –L
density is an initial condition of the theory, and is typically assumed
to be zero. On the other hand, anomalies of the electroweak symmetry
violate B + L while also preserving B – L. Hence, thermal fluctuations
in the early universe, via so-called sphaleron processes, can drive
B + L to zero, washing out any net baryon number generated in the
early universe at GUT temperatures [71].

One way out of this dilemma is to generate a net B –L dynamically
in the early universe. We have just seen that neutrino oscillations
suggest a new scale of physics of order 1014 GeV. This scale is
associated with heavy Majorana neutrinos with mass M . If in the
early universe, the decay of the heavy neutrinos is out of equilibrium
and violates both lepton number and CP , then a net lepton number
may be generated. This lepton number will then be partially converted
into baryon number via electroweak processes [72].

11 Note, these “sterile” neutrinos are quite naturally identified with
the right-handed neutrinos necessarily contained in complete families
of SO(10) or Pati-Salam.
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15.1.8.3. GUT symmetry breaking:

The grand unification symmetry is necessarily broken spontaneously.
Scalar potentials (or superpotentials) exist whose vacua spontaneously
break SU(5) and SO(10). These potentials are ad hoc (just like the
Higgs potential in the SM), and, therefore it is hoped that they may
be replaced with better motivated sectors. Gauge coupling unification
now tests GUT-breaking sectors, since it is one of the two dominant
corrections to the GUT threshold correction ε3. The other dominant
correction comes from the Higgs sector and doublet-triplet splitting.
This latter contribution is always positive ε3 ∝ ln(MT /MG) (where
MT is an effective color triplet Higgs mass), while the low-energy
data requires ε3 < 0. Hence, the GUT-breaking sector must provide a
significant (of order −8%) contribution to ε3 to be consistent with the
Super-K bound on the proton lifetime [23,29,30,57].

In string theory (and GUTs in extra-dimensions), GUT breaking
may occur due to boundary conditions in the compactified dimen-
sions [7,10]. This is still ad hoc. The major benefits are that it does
not require complicated GUT-breaking sectors.

15.1.8.4. Doublet-triplet splitting:

The Minimal Supersymmetric Standard Model has a µ problem:
why is the coefficient of the bilinear Higgs term in the superpotential
µ (Hu Hd) of order the weak scale when, since it violates no
low-energy symmetry, it could be as large as MG? In a SUSY GUT,
the µ problem is replaced by the problem of doublet-triplet splitting—
giving mass of order MG to the color triplet Higgs, and mass µ to
the Higgs doublets. Several mechanisms for natural doublet-triplet
splitting have been suggested, such as the sliding singlet, missing
partner or missing VEV [73], and pseudo-Nambu-Goldstone boson
mechanisms. Particular examples of the missing partner mechanism
for SU(5) [30], the missing VEV mechanism for SO(10) [23,57], and
the pseudo-Nambu-Goldstone boson mechanism for SU(6) [74], have
been shown to be consistent with gauge coupling unification and
proton decay. There are also several mechanisms for explaining why µ
is of order the SUSY-breaking scale [75]. Finally, for a recent review
of the µ problem and some suggested solutions in SUSY GUTs and
string theory, see Refs. [76,9] and references therein.

Once again, in string theory (and orbifold GUTs), the act of
breaking the GUT symmetry via orbifolding projects certain states
out of the theory. It has been shown that it is possible to remove the
color triplet Higgs while retaining the Higgs doublets in this process.
Hence the doublet-triplet splitting problem is finessed. As discussed
earlier (see Section 15.1.5), this has the effect of eliminating the
contribution of dimension 5 operators to nucleon decay.

15.2. Conclusion

Grand unification of the strong and electroweak interactions
requires that the three low energy gauge couplings unify (up to small
threshold corrections) at a unique scale, MG. Supersymmetric grand
unified theories provide, by far, the most predictive and economical
framework allowing for perturbative unification.

The three pillars of SUSY GUTs are:

• gauge coupling unification at MG ∼ 3 × 1016 GeV;

• low-energy supersymmetry [with a large SUSY desert], and

• nucleon decay.

The first prediction has already been verified (see Fig. 15.1).
Perhaps the next two will soon be seen. Whether or not Yukawa
couplings unify is more model dependent. Nevertheless, the “digital”
16-dimensional representation of quarks and leptons in SO(10) is very
compelling, and may yet lead to an understanding of fermion masses
and mixing angles.

In any event, the experimental verification of the first three pillars
of SUSY GUTs would forever change our view of Nature. Moreover,
the concomitant evidence for a vast SUSY desert would expose a
huge lever arm for discovery. For then it would become clear that
experiments probing the TeV scale could reveal physics at the GUT
scale and perhaps beyond. Of course, some questions will still remain:
Why do we have three families of quarks and leptons? How is the

grand unified symmetry and possible family symmetries chosen by
Nature? At what scale might stringy physics become relevant? Etc.
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16. STRUCTURE FUNCTIONS

Written Summer 2001 by B. Foster (University of Oxford), A.D.
Martin (University of Durham), M.G. Vincter (Carleton University).
Updated Summer 2005.

16.1. Deep inelastic scattering

High energy lepton-nucleon scattering (deep inelastic scattering)
plays a key role in determining the partonic structure of the proton.
The process �N → �′X is illustrated in Fig. 16.1. The filled circle in
this figure represents the internal structure of the proton which can be
expressed in terms of structure functions.

k

k

q

P, M W

Figure 16.1: Kinematic quantities for the description of
deep inelastic scattering. The quantities k and k′ are the
four-momenta of the incoming and outgoing leptons, P is the
four-momentum of a nucleon with mass M , and W is the mass
of the recoiling system X . The exchanged particle is a γ, W±,
or Z; it transfers four-momentum q = k − k′ to the nucleon.

Invariant quantities:

ν =
q · P
M

= E − E′ is the lepton’s energy loss in the nucleon rest
frame (in earlier literature sometimes ν = q · P ). Here,
E and E′ are the initial and final lepton energies in the
nucleon rest frame.

Q2 = −q2 = 2(EE′ −−→
k · −→k ′)−m2

� −m2
�′ where m�(m�′) is the initial

(final) lepton mass. If EE′ sin2(θ/2) � m2
� , m2

�′ , then

≈ 4EE′ sin2(θ/2), where θ is the lepton’s scattering angle with
respect to the lepton beam direction.

x =
Q2

2Mν
where, in the parton model, x is the fraction of the nucleon’s

momentum carried by the struck quark.

y =
q · P
k · P =

ν

E
is the fraction of the lepton’s energy lost in the nucleon

rest frame.

W 2 = (P + q)2 = M2 + 2Mν − Q2 is the mass squared of the system
X recoiling against the scattered lepton.

s = (k + P )2 =
Q2

xy
+ M2 + m2

� is the center-of-mass energy squared

of the lepton-nucleon system.

The process in Fig. 16.1 is called deep (Q2 >> M2) inelastic
(W 2 >> M2) scattering (DIS). In what follows, the masses of the
initial and scattered leptons, m� and m′

�, are neglected.

16.1.1. DIS cross sections :

d2σ

dx dy
= x (s − M2)

d2σ

dx dQ2 =
2π Mν

E′
d2σ

dΩNrest dE′ . (16.1)

In lowest-order perturbation theory, the cross section for the scattering
of polarized leptons on polarized nucleons can be expressed in terms
of the products of leptonic and hadronic tensors associated with the
coupling of the exchanged bosons at the upper and lower vertices
in Fig. 16.1 (see Refs. 1–4)

d2σ

dxdy
=

2πyα2

Q4

∑
j

ηj Lµν
j W j

µν . (16.2)

For neutral-current processes, the summation is over j = γ, Z and
γZ representing photon and Z exchange and the interference between

them, whereas for charged-current interactions there is only W
exchange, j = W . (For transverse nucleon polarization, there is a
dependence on the azimuthal angle of the scattered lepton.) Lµν is
the lepton tensor associated with the coupling of the exchange boson
to the leptons. For incoming leptons of charge e = ±1 and helicity
λ = ±1,

Lγ
µν = 2

(
kµk′ν + k′µkν − k · k′gµν − iλεµναβkαk′β

)
,

LγZ
µν =(ge

V + eλge
A) Lγ

µν , LZ
µν = (ge

V + eλge
A)2 Lγ

µν ,

LW
µν =(1 + eλ)2 Lγ

µν , (16.3)

where ge
V = − 1

2
+ 2 sin2 θW , ge

A = − 1
2

.

Although here the helicity formalism is adopted, an alternative
approach is to express the tensors in Eq. (16.3) in terms of the
polarization of the lepton.

The factors ηj in Eq. (16.2) denote the ratios of the corresponding
propagators and couplings to the photon propagator and coupling
squared

ηγ = 1 ; ηγZ =

(
GF M2

Z

2
√

2πα

) (
Q2

Q2 + M2
Z

)
;

ηZ = η2
γZ ; ηW = 1

2

(
GF M2

W

4πα

Q2

Q2 + M2
W

)2

. (16.4)

The hadronic tensor, which describes the interaction of the appropriate
electroweak currents with the target nucleon, is given by

Wµν =
1
4π

∫
d4z eiq·z

〈
P, S

∣∣∣[J†
µ(z), Jν(0)

]∣∣∣ P, S
〉

, (16.5)

where S denotes the nucleon-spin 4-vector, with S2 = −M2 and
S · P = 0.

16.2. Structure functions of the proton

The structure functions are defined in terms of the hadronic tensor
(see Refs. 1–3)

Wµν =
(
−gµν +

qµqν

q2

)
F1(x, Q2) +

P̂µP̂ν

P · q F2(x, Q2)

− iεµναβ
qαPβ

2P · q F3(x, Q2)

+ iεµναβ
qα

P · q
[
Sβg1(x, Q2) +

(
Sβ − S · q

P · q Pβ
)

g2(x, Q2)
]

+
1

P · q
[

1
2

(
P̂µŜν + ŜµP̂ν

)
− S · q

P · q P̂µP̂ν

]
g3(x, Q2)

+
S · q
P · q

[
P̂µP̂ν

P · q g4(x, Q2) +
(
−gµν +

qµqν

q2

)
g5(x, Q2)

]
(16.6)

where

P̂µ = Pµ − P · q
q2

qµ, Ŝµ = Sµ − S · q
q2

qµ . (16.7)

In Ref. [2], the definition of Wµν with µ ↔ ν is adopted, which
changes the sign of the εµναβ terms in Eq. (16.6), although the
formulae given here below are unchanged. Ref. [1] tabulates the
relation between the structure functions defined in Eq. (16.6) and
other choices available in the literature.

The cross sections for neutral- and charged-current deep inelastic
scattering on unpolarized nucleons can be written in terms of the
structure functions in the generic form

d2σi

dxdy
=

4πα2

xyQ2
ηi

{(
1 − y − x2y2M2

Q2

)
F i

2

+ y2xF i
1 ∓

(
y − y2

2

)
xF i

3

}
, (16.8)
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where i = NC, CC corresponds to neutral-current (eN → eX) or
charged-current (eN → νX or νN → eX) processes, respectively.
For incoming neutrinos, LW

µν of Eq. (16.3) is still true, but with e, λ
corresponding to the outgoing charged lepton. In the last term of
Eq. (16.8), the − sign is taken for an incoming e+ or ν and the +
sign for an incoming e− or ν. The factor ηNC = 1 for unpolarized e±
beams, whereas∗

ηCC = (1 ± λ)2ηW (16.9)

with ± for �±; and where λ is the helicity of the incoming lepton and
ηW is defined in Eq. (16.4); for incoming neutrinos ηCC = 4ηW . The
CC structure functions, which derive exclusively from W exchange,
are

FCC
1 = FW

1 , FCC
2 = FW

2 , xFCC
3 = xFW

3 . (16.10)

The NC structure functions F
γ
2 , F

γZ
2 , FZ

2 are, for e±N → e±X , given
by Ref. [5],

FNC
2 = F γ

2 − (ge
V ± λge

A)ηγZF γZ
2 + (ge 2

V + ge 2
A ± 2λge

V ge
A) ηZFZ

2
(16.11)

and similarly for FNC
1 , whereas

xFNC
3 = −(ge

A ± λge
V )ηγZxF γZ

3 + [2ge
V ge

A ± λ(ge 2
V + ge 2

A )]ηZxFZ
3 .

(16.12)
The polarized cross-section difference

∆σ = σ(λn = −1, λ�) − σ(λn = 1, λ�) , (16.13)

where λ�, λn are the helicities (±1) of the incoming lepton and
nucleon, respectively, may be expressed in terms of the five structure
functions g1,...5(x, Q2) of Eq. (16.6). Thus,

d2∆σi

dxdy
=

8πα2

xyQ2
ηi

{
−λ�y

(
2 − y − 2x2y2 M2

Q2

)
xgi

1 + λ�4x3y2 M2

Q2
gi
2

+ 2x2y
M2

Q2

(
1 − y − x2y2 M2

Q2

)
gi
3

−
(

1 + 2x2y
M2

Q2

) [(
1 − y − x2y2 M2

Q2

)
gi
4 + xy2gi

5

]}
(16.14)

with i = NC or CC as before. The Eq. (16.13) corresponds to the
difference of antiparallel minus parallel spins of the incoming particles
for e− or ν initiated reactions, but parallel minus antiparallel for
e+ or ν initiated processes. For longitudinal nucleon polarization,
the contributions of g2 and g3 are suppressed by powers of M2/Q2.
These structure functions give an unsuppressed contribution to the
cross section for transverse polarization [1], but in this case the
cross-section difference vanishes as M/Q → 0.

Because the same tensor structure occurs in the spin-dependent
and spin-independent parts of the hadronic tensor of Eq. (16.6)
in the M2/Q2 → 0 limit, the differential cross-section difference
of Eq. (16.14) may be obtained from the differential cross section
Eq. (16.8) by replacing

F1 → −g5 , F2 → −g4 , F3 → 2g1 , (16.15)

and multiplying by two, since the total cross section is the average over
the initial-state polarizations. In this limit, Eq. (16.8) and Eq. (16.14)
may be written in the form

d2σi

dxdy
=

2πα2

xyQ2 ηi
[
Y+F i

2 ∓ Y−xF i
3 − y2F i

L

]
,

d2∆σi

dxdy
=

4πα2

xyQ2
ηi

[
−Y+gi

4 ∓ Y−2xgi
1 + y2gi

L

]
, (16.16)

with i = NC or CC, where Y± = 1 ± (1 − y)2 and

F i
L = F i

2 − 2xF i
1 , gi

L = gi
4 − 2xgi

5 . (16.17)

In the naive quark-parton model, the analogy with the Callan-Gross
relations [6] F i

L = 0, are the Dicus relations [7] gi
L = 0. Therefore,

there are only two independent polarized structure functions: g1

(parity conserving) and g5 (parity violating), in analogy with the
unpolarized structure functions F1 and F3.

16.2.1. Structure functions in the quark-parton model :
In the quark-parton model [8,9], contributions to the structure

functions F i and gi can be expressed in terms of the quark distribution
functions q(x, Q2) of the proton, where q = u, u, d, d etc. The quantity
q(x, Q2)dx is the number of quarks (or antiquarks) of designated flavor
that carry a momentum fraction between x and x + dx of the proton’s
momentum in a frame in which the proton momentum is large.

For the neutral-current processes ep → eX ,[
F

γ
2 , F

γZ
2 , FZ

2

]
= x

∑
q

[
e2
q , 2eqg

q
V , g

q 2
V + g

q 2
A

]
(q + q) ,

[
F γ

3 , F γZ
3 , FZ

3

]
=

∑
q

[
0, 2eqg

q
A, 2gq

V gq
A

]
(q − q) ,

[
g
γ
1 , g

γZ
1 , gZ

1

]
= 1

2

∑
q

[
e2
q , 2eqg

q
V , g

q 2
V + g

q 2
A

]
(∆q + ∆q) ,

[
gγ
5 , gγZ

5 , gZ
5

]
=

∑
q

[
0, eqg

q
A, gq

V gq
A

]
(∆q − ∆q) , (16.18)

where gq
V = ± 1

2
− 2eq sin2 θW and gq

A = ± 1
2
, with ± according to

whether q is a u− or d−type quark respectively. The quantity ∆q is
the difference q↑ −q↓ of the distributions with the quark spin parallel
and antiparallel to the proton spin.

For the charged-current processes e−p → νX and νp → e+X , the
structure functions are:

FW−
2 = 2x(u + d + s + c . . .) ,

FW−
3 = 2(u − d − s + c . . .) ,

gW−
1 = (∆u + ∆d + ∆s + ∆c . . .) ,

gW−
5 = (−∆u + ∆d + ∆s − ∆c . . .) , (16.19)

where only the active flavors are to be kept and where CKM
mixing has been neglected. For e+p → νX and νp → e−X , the
structure functions FW+

, gW+
are obtained by the flavor interchanges

d ↔ u, s ↔ c in the expressions for FW−
, gW−

. The structure
functions for scattering on a neutron are obtained from those of
the proton by the interchange u ↔ d. For both the neutral- and
charged-current processes, the quark-parton model predicts 2xF i

1 = F i
2

and gi
4 = 2xgi

5.
Neglecting masses, the structure functions g2 and g3 contribute

only to scattering from transversely polarized nucleons (for which
S · q = 0), and have no simple interpretation in terms of the
quark-parton model. They arise from off-diagonal matrix elements
〈P, λ′|[J†

µ(z), Jν(0)]|P, λ〉, where the proton helicities satisfy λ′ �= λ.
In fact, the leading-twist contributions to both g2 and g3 are both
twist-2 and twist-3, which contribute at the same order of Q2. The
Wandzura-Wilczek relation [10] expresses the twist-2 part of g2 in
terms of g1 as

gi
2(x) = −gi

1(x) +
∫ 1

x

dy

y
gi
1(y) . (16.20)

However, the twist-3 component of g2 is unknown. Similarly, there is
a relation expressing the twist-2 part of g3 in terms of g4. A complete
set of relations, including M2/Q2 effects, can be found in Ref. [11].

16.2.2. Structure functions and QCD :
One of the most striking predictions of the quark-parton model is

that the structure functions Fi, gi scale, i.e., Fi(x, Q2) → Fi(x) in the
Bjorken limit that Q2 and ν → ∞ with x fixed [12]. This property
is related to the assumption that the transverse momentum of the
partons in the infinite-momentum frame of the proton is small. In
QCD, however, the radiation of hard gluons from the quarks violates
this assumption, leading to logarithmic scaling violations, which are
particularly large at small x, see Fig. 16.2. The radiation of gluons
produces the evolution of the structure functions. As Q2 increases,
more and more gluons are radiated, which in turn split into qq pairs.
This process leads both to the softening of the initial quark momentum
distributions and to the growth of the gluon density and the qq sea as
x decreases.
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Figure 16.2: The proton structure function F
p
2 given at two

Q2 values (3.5 GeV2 and 90 GeV2), which exhibit scaling
at the ‘pivot’ point x ∼ 0.14. See the caption in Fig. 16.6
for the references of the data. Also shown is the MRST2004
parameterization [13] given at the same scales.

In QCD, the above process is described in terms of scale-dependent
parton distributions fa(x, µ2), where a = g or q and, typically, µ is
the scale of the probe Q. For Q2 � M2, the structure functions are
of the form

Fi =
∑
a

Ca
i ⊗ fa, (16.21)

where ⊗ denotes the convolution integral

C ⊗ f =
∫ 1

x

dy

y
C(y) f

(
x

y

)
, (16.22)

and where the coefficient functions Ca
i are given as a power series

in αs. The parton distribution fa corresponds, at a given x, to the
density of parton a in the proton integrated over transverse momentum
kt up to µ. Its evolution in µ is described in QCD by a DGLAP
equation (see Refs. 14–17) which has the schematic form

∂fa

∂ ln µ2
∼ αs(µ2)

2π

∑
b

(Pab ⊗ fb) , (16.23)

where the Pab, which describe the parton splitting b → a, are also
given as a power series in αs. Although perturbative QCD can predict,
via Eq. (16.23), the evolution of the parton distribution functions
from a particular scale, µ0, these DGLAP equations cannot predict
them a priori at any particular µ0. Thus they must be measured at a
starting point µ0 before the predictions of QCD can be compared to
the data at other scales, µ. In general, all observables involving a hard
hadronic interaction (such as structure functions) can be expressed
as a convolution of calculable, process-dependent coefficient functions
and these universal parton distributions, e.g. Eq. (16.21).

It is often convenient to write the evolution equations in terms of
the gluon, non-singlet (qNS) and singlet (qS) quark distributions, such
that

qNS = qi − qi (or qi − qj), qS =
∑

i

(qi + qi) . (16.24)

The non-singlet distributions have non-zero values of flavor quantum
numbers, such as isospin and baryon number. The DGLAP evolution

equations then take the form

∂qNS

∂ ln µ2
=

αs(µ2)
2π

Pqq ⊗ qNS ,

∂

∂ ln µ2

(
qS

g

)
=

αs(µ2)
2π

(
Pqq 2nf Pqg

Pgq Pgg

)
⊗

(
qS

g

)
,(16.25)

where P are splitting functions that describe the probability of a
given parton splitting into two others, and nf is the number of
(active) quark flavors. The leading-order Altarelli-Parisi [16] splitting
functions are

Pqq = 4
3

[
1 + x2

(1 − x)

]
+

= 4
3

[
1 + x2

(1 − x)+

]
+ 2δ(1 − x) , (16.26)

Pqg = 1
2

[
x2 + (1 − x)2

]
, (16.27)

Pgq = 4
3

[
1 + (1 − x)2

x

]
, (16.28)

Pgg = 6
[
1 − x

x
+ x(1 − x) +

x

(1 − x)+

]

+
[
11
2

− nf

3

]
δ(1 − x), (16.29)

where the notation [F (x)]+ defines a distribution such that for any
sufficiently regular test function, f(x),

∫ 1

0
dxf(x)[F (x)]+ =

∫ 1

0
dx (f(x) − f(1))F (x) . (16.30)

In general, the splitting functions can be expressed as a power
series in αs. The series contains both terms proportional to lnµ2

and to ln 1/x. The leading-order DGLAP evolution sums up the
(αs ln µ2)n contributions, while at next-to-leading order (NLO) the
sum over the αs(αs ln µ2)n−1 terms is included [18,19]. In fact, the
NNLO contributions to the splitting functions and the DIS coefficient
functions are now also all known [20,21,22].

In the kinematic region of very small x, it is essential to sum
leading terms in ln 1/x, independent of the value of lnµ2. At leading
order, LLx, this is done by the BFKL equation for the unintegrated
distributions (see Refs. [23,24]) . The leading-order (αs ln(1/x))n

terms result in a power-like growth, x−ω with ω = (12αsln2)/π,
at asymptotic values of ln 1/x. More recently, the next-to-leading
ln 1/x (NLLx) contributions have become available [25,26]. They are
so large (and negative) that the result appears to be perturbatively
unstable. Methods, based on a combination of collinear and small x
resummations, have been developed which reorganize the perturbative
series into a more stable hierarchy [27,28,29]. These studies show
that the asymptotic properties of the small x resummations are not
significant at today’s energies (which sample x � 10−4), and that in
this domain NNLO DGLAP is a good approximation. Indeed, as yet,
there is no firm evidence for any deviation from standard DGLAP
evolution in the data for Q2 � 2 GeV2. Nor is there any convincing
indication that we have entered the ‘non-linear’ regime where the
gluon density is so high that gluon-gluon recombination effects become
significant.

The precision of the contemporary experimental data demands that
NNLO (or at least NLO) DGLAP evolution be used in comparisons
between QCD theory and experiment. At higher orders, it is
necessary to specify, and to use consistently, both a renormalization
and a factorization scheme. Whereas the renormalization scheme
used is almost universally the modified minimal subtraction (MS)
scheme [30,31], there are two popular choices for factorization scheme,
in which the form of the correction for each structure function is
different. The two most-used factorization schemes are: DIS [32],
in which there are no higher-order corrections to the F2 structure
function, and MS [33]. They differ in how the non-divergent pieces
are assimilated in the parton distribution functions.

It is usually assumed that the quarks are massless. The effects of
the c and b-quark masses have been studied up to NNLO, for example,
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in Refs. 34–39. An approach using a variable flavor number is now
generally adopted, in which evolution with nf = 3 is matched to that
with nf = 4 at the charm threshold, with an analogous matching at
the bottom threshold.

The discussion above relates to the Q2 behavior of leading-twist
(twist-2) contributions to the structure functions. Higher-twist terms,
which involve their own non-perturbative input, exist. These die off
as powers of Q; specifically twist-n terms are damped by 1/Qn−2.
The higher-twist terms appear to be numerically unimportant for Q2

above a few GeV2, except for x close to 1.

16.3. Determination of parton distributions

The parton distribution functions (PDFs) can be determined
from data for deep inelastic lepton-nucleon scattering and for related
hard-scattering processes initiated by nucleons. Table 16.1 given below
(based on Ref. [40]) highlights some processes and their primary
sensitivity to PDFs.

Table 16.1: Lepton-nucleon and related hard-scattering pro-
cesses and their primary sensitivity to the parton distributions
that are probed.

Main PDFs
Process Subprocess Probed

�±N → �±X γ∗q → q g(x � 0.01), q, q
�+(�−)N → ν(ν)X W ∗q → q′

ν(ν)N → �−(�+)X W ∗q → q′

ν N → µ+µ−X W ∗s → c → µ+ s

�N → �QX γ∗Q → Q Q = c, b

γ∗g → QQ g(x � 0.01)
pp → γX qg → γq g

pN → µ+µ−X qq → γ∗ q

pp, pn → µ+µ−X uu, dd → γ∗ u − d

ud, du → γ∗

ep, en → eπX γ∗q → q

pp → W → �±X ud → W u, d, u/d

pp → jet +X gg, qg, qq → 2j q, g(0.01 � x � 0.5)

The kinematic ranges of fixed-target and collider experiments
are complementary (as is shown in Fig. 16.3), which enables the
determination of PDFs over a wide range in x and Q2. Recent
determinations of the unpolarized PDF’s from NLO global analyses
are given in Ref. [13,41], and at NNLO in Ref. [13] (see also
Ref. [42]) . Recent studies of the uncertainties in the PDFs and
observables can be found in Refs. [43,44] and Refs. [45,46] (see
also Ref. [47]) . The result of one analysis is shown in Fig. 16.4 at
a scale µ2 = 10 GeV2. The polarized PDFs are obtained through
NLO global analyses of measurements of the g1 structure function in
inclusive polarized deep inelastic scattering (for recent examples see
Refs. 48–50). The inclusive data do not provide enough observables
to determine all polarized PDFs. These polarized PDFs may be fully
accessed via flavor tagging in semi-inclusive deep inelastic scattering.
Fig. 16.5 shows several global analyses at a scale of 2.5 GeV2 along
with the data from semi-inclusive DIS.

Comprehensive sets of PDFs available as program-callable functions
can be obtained from several sources e.g., Refs. [53,54]. As a result
of a Les Houches Accord, a PDF package (LHAPDF) exists [55]
which facilitates the inclusion of recent PDFs in Monte Carlo/Matrix
Element programs in a very compact and efficient format.
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Figure 16.3: Kinematic domains in x and Q2 probed by
fixed-target and collider experiments, shown together with
the important constraints they make on the various parton
distributions. See full-color version on color pages at end of book.
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MRST2004 parameterization [13] at a scale µ2 = 10 GeV2.

16.4. DIS determinations of αs

Table 16.2 shows the values of αS(M2
Z) found in recent fits to DIS

and related data in which the coupling is left as a free parameter.
There have been several other studies of αs at NNLO, and beyond,

using subsets of DIS data (see, for example, Refs. 59–61). Moreover,
there exist global NLO analyses of polarized DIS data which give
αs(M2

Z) = 0.120 ± 0.009 [62] and 0.114 ± 0.009 [50].

16.5. The hadronic structure of the photon

Besides the direct interactions of the photon, it is possible for it to
fluctuate into a hadronic state via the process γ → qq. While in this
state, the partonic content of the photon may be resolved, for example,
through the process e+e− → e+e−γ∗γ → e+e−X where the virtual
photon emitted by the DIS lepton probes the hadronic structure of
the quasi-real photon emitted by the other lepton. The perturbative
LO contributions, γ → qq followed by γ∗q → q, are subject to QCD
corrections due to the coupling of quarks to gluons.
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Table 16.2: The values of αS(M2
Z) found in NLO and NNLO

fits to DIS and related data. CTEQ [56] and MRST04 [13] are
global fits. H1 [57] fit only a subset of the F

ep
2 data, while

Alekhin [42] also includes F ed
2 and ZEUS [58] in addition include

their charged current and jet data. The experimental errors
quoted correspond to different choices of the effective increase
∆χ2 from the best fit value of χ2.

∆χ2 αS(M2
Z) ± expt ± theory ± model

NLO
CTEQ 37 0.1169± 0.0045
ZEUS 50 0.1183± 0.0028 ± 0.0008
MRST04 20 0.1205± 0.002 ± 0.003
H1 1 0.115 ± 0.0017± 0.005 +0.0009

−0.0005

Alekhin 1 0.1171± 0.0015± 0.0033

NNLO
MRST04 20 0.1167± 0.002 ± 0.003
Alekhin 1 0.1143± 0.0014± 0.0009

Often the equivalent-photon approximation is used to express the
differential cross section for deep inelastic electron–photon scattering
in terms of the structure functions of the transverse quasi-real photon
times a flux factor NT

γ (for these incoming quasi-real photons of
transverse polarization)

d2σ

dxdQ2
= NT

γ
2πα2

xQ4

[(
1 + (1 − y)2

)
F

γ
2 (x, Q2) − y2F

γ
L(x, Q2)

]
,

where we have used F
γ
2 = 2xF

γ
T + F

γ
L . Complete formulae are given,

for example, in the comprehensive review of Ref. [63].
The hadronic photon structure function, F γ

2 , evolves with increasing
Q2 from the ‘hadron-like’ behavior, calculable via the vector-meson-
dominance model, to the dominating ‘point-like’ behaviour, calculable
in perturbative QCD. Due to the point-like coupling, the logarithmic
evolution of F

γ
2 with Q2 has a positive slope for all values of x, see

Fig. 16.13. The ‘loss’ of quarks at large x due to gluon radiation
is over-compensated by the ‘creation’ of quarks via the point-like
γ → qq̄ coupling. The logarithmic evolution was first predicted in the
quark–parton model (γ∗γ → qq̄) [64,65] and then in QCD in the limit
of large Q2 [66]. The evolution is now known to NLO [67,68,69].
Recent NLO data analyses to determine the parton densities of the
photon can be found in Refs. [70,71,72].

∗ The value of ηCC deduced from Ref. [1] is found to be a factor of
two too small; ηCC of Eq. (16.9) agrees with Refs. [2,3].
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NOTE: THE FIGURES IN THIS SECTION ARE INTENDED TO SHOW THE REPRESENTATIVE DATA.

THEY ARE NOT MEANT TO BE COMPLETE COMPILATIONS OF ALL THE WORLD’S RELIABLE DATA.
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Figure 16.6: The proton structure function F
p
2 measured in electromagnetic scattering of positrons on protons (collider experiments

ZEUS and H1), in the kinematic domain of the HERA data, for x > 0.00006 (cf. Fig. 16.9 for data at smaller x and Q2), and for electrons
(SLAC) and muons (BCDMS, E665, NMC) on a fixed target. Statistical and systematic errors added in quadrature are shown. The data
are plotted as a function of Q2 in bins of fixed x. Some points have been slightly offset in Q2 for clarity. The ZEUS binning in x is used in
this plot; all other data are rebinned to the x values of the ZEUS data. For the purpose of plotting, F

p
2 has been multiplied by 2ix , where

ix is the number of the x bin, ranging from ix = 1 (x = 0.85) to ix = 28 (x = 0.000063). References: H1—C. Adloff et al., Eur. Phys. J.
C21, 33 (2001); C. Adloff et al., Eur. Phys. J. (accepted for publication) hep-ex/0304003; ZEUS—S. Chekanov et al., Eur. Phys. J. C21,
443 (2001); BCDMS—A.C. Benvenuti et al., Phys. Lett. B223, 485 (1989) (as given in [54]) ; E665—M.R. Adams et al., Phys. Rev.
D54, 3006 (1996); NMC—M. Arneodo et al., Nucl. Phys. B483, 3 (97); SLAC—L.W. Whitlow et al., Phys. Lett. B282, 475 (1992).
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Figure 16.7: The deuteron structure function F d
2 measured in electromagnetic scattering of electrons (SLAC) and muons (BCDMS,

E665, NMC) on a fixed target, shown as a function of Q2 for bins of fixed x. Statistical and systematic errors added in quadrature are
shown. For the purpose of plotting, F

p
2 has been multiplied by 2ix , where ix is the number of the x bin, ranging from 1 (x = 0.85) to 29

(x = 0.0009). References: BCDMS—A.C. Benvenuti et al., Phys. Lett. B237, 592 (1990). E665, NMC, SLAC—same references as
Fig. 16.6.
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Figure 16.8: The deuteron structure function F2 measured in deep inelastic scattering of muons on a fixed target (NMC) is compared to
the structure function F2 from neutrino-iron scattering (CCFR) using F

µ
2 = (5/18)F ν

2 − x(s + s)/6, where heavy target effects have been
taken into account. The data are shown versus Q2, for bins of fixed x. The NMC data have been rebinned to CCFR x values. Statistical
and systematic errors added in quadrature are shown. For the purpose of plotting, a constant c(x) = 0.05ix is added to F2 where ix is
the number of the x bin, ranging from 0 (x = 0.65) to 10 (x = 0.015). References: NMC—M. Arneodo et al., Nucl. Phys. B483, 3 (97);
CCFR/NuTeV—U.K. Yang et al., Phys. Rev. Lett. 86, 2741 (2001).
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Figure 16.9: a) The proton structure function F
p
2 mostly at small x and Q2, measured in electromagnetic scattering of positrons (H1, ZEUS),

electrons (SLAC), and muons (BCDMS, NMC) on protons. Lines are ZEUS and H1 parameterizations for lower (Regge) and higher (QCD) Q2.
Some points are only within 10% of the stated Q2. Some points have been slightly offset in x for clarity. References: ZEUS—J. Breitweg et al.,
Phys. Lett. B407, 432 (1997); J. Breitweg et al., Eur. Phys. J. C7, 609 (1999); J. Breitweg et al., Phys. Lett. B487, 53 (2000) (both data and
ZEUS Regge parameterization); S. Chekanov et al., Eur. Phys. J. C21, 443 (2001); H1—C. Adloff et al., Nucl. Phys. B497, 3 (1997); C. Adloff
et al., Eur. Phys. J. C21, 33 (2001) (both data and H1 QCD parameterization) ; BCDMS, NMC, SLAC—same references as Fig. 16.6.

b) The charm structure function F cc
2 (x), i.e. that part of the inclusive structure function F

p
2 arising from the production of charm quarks,

measured in electromagnetic scattering of positrons on protons (H1, ZEUS) and muons on iron (EMC). The H1 points have been slightly offset
in x for clarity. For the purpose of plotting, a constant c(Q) = 0.03i2Q is added to F cc

2 where iQ is the number of the Q2 bin, ranging from 1
(Q2 = 1.8 GeV2) to 8 (Q2 = 130 GeV2). References: ZEUS—J. Breitweg et al., Eur. Phys. J. C12, 35 (2000); H1—C. Adloff et al., Z. Phys.
C72, 593 (1996); C. Adloff et al., Phys. Lett. B528, 199 (2002); EMC—J.J. Aubert et al., Nucl. Phys. B213, 31 (1983).

Statistical and systematic errors added in quadrature are shown for both plots. The data are given as a function of x in bins of Q2.
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Figure 16.10: The structure function xF
γZ
3 measured in electroweak scattering of a) electrons on protons (H1 and ZEUS) and b) muons

on carbon (BCDMS). The ZEUS points have been slightly offset in x for clarity. References: H1—C. Adloff et al., Eur. Phys. J. (accepted for
publication) hep-ex/0304003; ZEUS–S. Chekanov et al., Eur. Phys. J. C28, 175 (2003); BCDMS—A. Argento et al., Phys. Lett. B140, 142
(1984).
c) The structure function xF3 of the nucleon measured in ν-Fe scattering. The data are plotted as a function of Q2 in bins of fixed x. For
the purpose of plotting, a constant c(x) = 0.12(ix − 1) is added to xF3, where ix is the number of the x bin as shown in the plot. References:
CCFR–W.G. Seligman et al., Phys. Rev. Lett. 79, 1213 (1997).

Statistical and systematic errors added in quadrature are shown for all plots.
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Figure 16.11: Top panel: The longitudinal structure function FL as a function of x in bins of fixed Q2 measured on the proton (except
for the SLAC data which also contain deuterium data). BCDMS, NMC, and SLAC results are from measurements of R (the ratio of
longitudinal to transverse photon absorption cross sections) which are converted to FL by using the BDCMS parameterization of F2

(A.C. Benvenuti et al., Phys. Lett. B223, 485 (1989)). It is assumed that the Q2 dependence of the fix-target data is small within a given
Q2 bin. References: H1—C. Adloff et al., Eur. Phys. J. C21, 33 (2001); BCDMS—A. Benvenuti et al., Phys. Lett. B223, 485 (1989);
NMC—M. Arneodo et al., Nucl. Phys. B483, 3 (1997); SLAC— L.W. Whitlow et al., Phys. Lett. B250, 193 (1990) and numerical values
from the thesis of L.W. Whitlow (SLAC-357).

Bottom panel: Higher Q2 values of the longitudinal structure function FL as a function of Q2 given at the measured x for e+/e−-proton
scattering. Points have been slightly offset in Q2 for clarity. References: H1—C. Adloff et al., Eur. Phys. J. (accepted for publication)
hep-ex/0304003.

The H1 results shown in both plots require the assumption of the validity of the QCD form for the F2 structure function in order to
extract FL. Statistical and systematic errors added in quadrature are shown for both plots.
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Figure 16.12: The spin-dependent structure function xg1(x) of the proton, deuteron, and neutron (from 3He target) measured in deep
inelastic scattering of polarized electrons/positrons: E142 (Q2 ∼ 0.3 − 10 GeV2), E143 (Q2 ∼ 0.3 − 10 GeV2), E154 (Q2 ∼ 1 − 17 GeV2),
E155 (Q2 ∼ 1 − 40 GeV2), HERMES (Q2 ∼ 0.8 − 20 GeV2) and muons: EMC (Q2 ∼ 1.5 − 100 GeV2), SMC (Q2 ∼ 0.01 − 100 GeV2),
shown at the measured Q2 (except for EMC data given Q2 = 10.7 GeV2 and E155 data given at Q2 = 5 GeV2). Note that gn

1 (x) may
also be extracted by taking the difference between gd

1(x) and gp
1(x), but these values have been omitted in the bottom plot for clarity.

Statistical and systematic errors added in quadrature are shown. References: EMC—J. Ashman et al., Nucl. Phys. B328, 1 (1989);
E142—P.L. Anthony et al., Phys. Rev. D54, 6620 (1996); E143—K. Abe et al., Phys. Rev. D58, 112003 (1998); SMC—B. Adeva
et al., Phys. Rev. D58, 112001 (1998), B. Adeva et al., Phys. Rev. D60, 072004 (1999) and Erratum-Phys. Rev. D62, 079902 (2000);
HERMES—A. Airapetian et al., Phys. Lett. B442, 484 (1998) and K. Ackerstaff et al., Phys. Lett. B404, 383 (1997); E154—K. Abe
et al., Phys. Rev. Lett. 79, 26 (1997); E155—P.L. Anthony et al., Phys. Lett. B463, 339 (1999) and P.L. Anthony et al., Phys. Lett.
B493, 19 (2000).
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Figure 16.13: The hadronic structure function of the photon F γ
2 divided by the fine structure constant α measured in e+e− scattering,

shown as a function of Q2 for bins of x. Data points have been shifted to the nearest corresponding x bin as given in the plot. Some
points have been offset in Q2 for clarity. Statistical and systematic errors added in quadrature are shown. For the purpose of plotting,
a constant c(x) = 1.5ix is added to F γ

2 /α where ix is the number of the x bin, ranging from 1 (x = 0.0055) to 8 (x = 0.9). References:
ALEPH–R. Barate et al., Phys. Lett. B458, 152 (1999); DELPHI–P. Abreu et al., Z. Phys. C69, 223 (1995); L3–M. Acciarri et al.,
Phys. Lett. B436, 403 (1998); M. Acciarri et al., Phys. Lett. B447, 147 (1999); M. Acciarri et al., Phys. Lett. B483, 373 (2000);
OPAL–A. Ackerstaff et al., Phys. Lett. B411, 387 (1997); A. Ackerstaff et al., Z. Phys. C74, 33 (1997); G. Abbiendi et al., Eur. Phys. J.
C18, 15 (2000); G. Abbiendi et al., Phys. Lett. B533, 207 (2002) (note that there is some non-trivial statistical correlation between these
last two papers); AMY–S.K. Sahu et al., Phys. Lett. B346, 208 (1995); T. Kojima et al., Phys. Lett. B400, 395 (1997); JADE–W. Bartel
et al., Z. Phys. C24, 231 (1984); PLUTO–C. Berger et al., Phys. Lett. 142B, 111 (1984); C. Berger et al., Nucl. Phys. B281, 365
(1987); TASSO–M. Althoff et al., Z. Phys. C31, 527 (1986); TOPAZ–K. Muramatsu et al., Phys. Lett. B332, 477 (1994); TPC/Two
Gamma–H. Aihara et al., Z. Phys. C34, 1 (1987).
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17. FRAGMENTATION FUNCTIONS IN e+e− ANNIHILATION
Revised August 2005 by O. Biebel (Ludwig-Maximilians-Universität,

Munich, Germany), D. Milstead (Fysikum, Stockholms Universitet,
Sweden), P. Nason (INFN, Sez. di Milano, Milan, Italy), and
B.R. Webber (Cavendish Laboratory, Cambridge, UK). An extended
version of the 2001 review can be found in Ref. [1]

17.1. Concept of fragmentation

17.1.1. Introduction :
Fragmentation functions are dimensionless functions that describe

the final-state single-particle energy distributions in hard scattering
processes, like e+e− annihilation or deep inelastic lepton-nucleon
scattering, or high transverse momentum hadrons in photon-hadron
and hadron-hadron collisions. The total e+e− fragmentation function
for hadrons of type h in annihilation at c.m. energy

√
s, via an

intermediate vector boson V = γ/Z0, is defined as

Fh(x, s) =
1

σtot

dσ

dx
(e+e− → V → hX) (17.1)

where x = 2Eh/
√

s ≤ 1 is the scaled hadron energy (in practice,
the approximation x = xp = 2ph/

√
s is often used). Its integral with

respect to x gives the average multiplicity of those hadrons:

〈nh(s)〉 =
∫ 1

0
dxFh(x, s) . (17.2)

Neglecting contributions suppressed by inverse powers of s, the
fragmentation function (17.1) can be represented as a sum of
contributions from the different parton types i = u, u, d, d, . . . , g:

Fh(x, s) =
∑

i

∫ 1

x

dz

z
Ci(s; z, αS)Dh

i (x/z, s) . (17.3)

where Dh
i are the parton fragmentation functions. At lowest order

in αS the coefficient function Cg for gluons is zero, while for quarks
Ci = gi(s)δ(1− z) where gi(s) is the appropriate electroweak coupling.
In particular, gi(s) is proportional to the charge-squared of parton
i at s � M2

Z , when weak effects can be neglected. In higher orders
the coefficient functions and parton fragmentation functions are
factorization-scheme dependent.

Parton fragmentation functions are analogous to the parton
distributions in deep inelastic scattering (see sections on QCD and
Structure Functions, 9 and 16 of this Review). In both cases, the
simplest parton-model approach would predict a scale-independent x
distribution. Furthermore we obtain similar violations of this scaling
behaviour when QCD corrections are taken into account.

Fragmentation functions in lepton-hadron scattering and e+e−
annihilation are complementary. Since e+e− annihilation results in a
neutral off mass-shell photon or Z0, fragmentation arising from a pure
quark-antiquark system can be studied. Lepton-hadron scattering is a
more complicated environment with which it is possible to study the
influence on fragmentation functions from initial state QCD radiation,
the partonic and spin structure of the hadron target, and the target
remnant system.1

In lepton-hadron scattering, calling p the four momentum of the
incoming hadron, and q the four momentum of the exchanged virtual
boson, one can construct two independent kinematic invariants.
One usually introduces Q2 = −q2 and defines xBj = Q2/(2p · q).
Thus, there is a freedom in the choice of scale used to define a
fragmentation function. For e+e−, the c.m. energy provides a natural
choice of scale as twice the energy of each produced quark. For
lepton-hadron interactions, fragmentation scales such as Q =

√
−q2,

or the invariant mass of the exchanged boson and target nucleon

system W =
√

(p + q)2 =
√

m2
h + 2p · q − Q2 (where mh is the

incoming hadron mass) are typically used. Both W and Q can
vary by several orders of magnitudes for a given c.m. energy thus

1 For a comprehensive review of the measurements and models of
fragmentation in lepton-hadron scattering see [2].

allowing the study of fragmentation in different environments by a
single experiment, e.g. in photoproduction the exchanged photon
is quasi-real (Q2 ∼ 0) leading to processes akin to hadron-hadron
scattering. In deep inelastic scattering (DIS)(Q2 � 1 GeV2), using
the Quark Parton Model (QPM), the hadronic fragments of the
struck quark can be directly compared with quark fragmentation in
e+e−. Results from lepton-hadron experiments quoted in this report
primarily concern fragmentation in the DIS regime. Studies made
by lepton-hadron experiments of fragmentation with photoproduction
data containing high transverse momentum jets or particles are also
reported, when these are directly comparable to DIS and e+e− results.

After the lepton-hadron interaction, the transverse momentum of
the scattered lepton is balanced by the hadronic system. To remove
the transverse momentum imbalance many fragmentation studies
have been performed in frames in which the target hadron and the
exchanged boson are collinear. Two frames of reference are typically
used which fulfill this condition.

The so-called hadronic c.m. frame (HCMS) is defined as the
rest system of the exchanged boson and incoming hadron, with the
z∗-axis defined along the direction of the exchanged boson. The
+z∗ direction defines the so-called current region. Fragmentation
measurements performed in the HCMS often use the Feynman-x
variable xF = 2p∗z/W , where p∗z is the longitudinal momentum of the
particle in the HCMS. Since W is the invariant mass of the hadronic
final state, xF ranges between −1 and 1.

The Breit system [3] is connected to the HCMS by a longitudinal
boost such that the time component of q becomes 0, so that
q = (0, 0, 0,−Q). In this frame the target has three momentum
�p = (0, 0, Q/(2xBj)), as can be easily verified using the definition of
xBj. In the quark parton model, the struck parton has momentum
xBj · p, and thus its longitudinal momentum is Q/2, which becomes
−Q/2 after the collision. As compared with the HCMS, the current
region of the Breit frame is more closely matched to the partonic
scattering process, and is thus appropriate for direct comparisons of
fragmentation functions in DIS with those from e+e− annihilation.
The variable xp = 2p∗/Q is used at HERA for measurements
of fragmentation functions in the Breit frame, ensuring directly
comparable DIS and e+e− results.

17.2. Scaling violation

The evolution of the parton fragmentation function Di(x, t) with
increasing scale t = s, like that of the parton distribution function
fi(x, t) with t = s (see Sec. 39 of this Review), is governed by the
DGLAP equation [4]

t
∂

∂t
Di(x, t) =

∑
j

∫ 1

x

dz

z

αS

2π
Pji(z, αS)Dj(x/z, t) . (17.4)

In analogy to DIS, in some cases an evolution equation for the
fragmentation function F itself (Eq. (17.3)) can be derived from
Eq. (17.4) [5]. Notice that the splitting function is now Pji rather
than Pij since here Dj represents the fragmentation of the final
parton. The splitting functions again have perturbative expansions of
the form

Pji(z, αS) = P
(0)
ji (z) +

αS

2π
P

(1)
ji (z) + · · · (17.5)

where the lowest-order functions P
(0)
ji (z) are the same as those in deep

inelastic scattering but the higher-order terms [6,7] 2 are different.
The effect of evolution is, however, the same in both cases: as the scale
increases, one observes a scaling violation in which the x distribution
is shifted towards lower values. This can be seen from Fig. 17.1.

2 There are misprints in the formulae in the published article [6].
The correct expressions can be found in the preprint version or in
Ref. [8].
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Figure 17.1: The e+e− fragmentation function for all
charged particles is shown [9–25] (a) for different c.m. energies,√

s, versus x and (b) for various ranges of x versus
√

s. For
the purpose of plotting (a), the distributions were scaled by
c(
√

s) = 10i where i is ranging from i = 0 (
√

s = 12 GeV) to
i = 13 (

√
s = 202 GeV).

The coefficient functions Ci in Eq. (17.3) and the splitting functions
Pji contain singularities at z = 0 and 1, which have important effects
on fragmentation at small and large values of x, respectively. For
details see e.g. Ref. [1].

Quantitative results of studies of scaling violation in e+e−
fragmentation are reported in [26–30] The values of αS obtained are
consistent with the world average (see review on QCD in Sec. 9 of this
Review).
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Figure 17.2: (a) The distribution 1/N · dN/dxF for all
charged particles in DIS lepton-hadron experiments at different
values of W , and measured in the HCMS [31–34]. (b) Scaling
violations of the fragmentation function for all charged particles
in the current region of the Breit frame of DIS [35] and in e+e−
interactions [17,24,27]. The data are shown as a function of

√
s

for e+e− results, and as a function of Q for the DIS results, each
within the same indicated intervals of the scaled momentum xp.
The data for the three lowest intervals of xp are multiplied by
factors 10, 5, and 3, respectively for clarity.

Scaling violations in DIS are shown in Fig. 17.2 for both HCMS and
Breit frame. In Fig. 17.2(a) the distribution in terms of xF = 2pz/W
shows for values of xF > 0.15 a steeper slope in ep data than for the
µp data, indicating the scaling violations. At smaller values of xF
in the current jet region, the multiplicity of particles substantially
increases with W owing to the increased phase space available for the
fragmentation process. The EMC data access both the current region
and the region of the fragmenting target remnant system. At higher
values of |xF |, owing to the extended nature of the remnant, the
multiplicity in the target region far exceeds that in the current region.
Owing to acceptance reasons, the remnant hemisphere of the HCMS
is only accessible by the lower energy fixed target experiments

Using hadrons from the current hemisphere in the Breit frame,
measurements of fragmentation functions and the production

properties of particles in ep scattering have been made by [35–39].
Fig. 17.2(b) compares results from ep scattering and e+e− experiments,
the latter results are halved as they cover both event hemispheres.
The agreement between the DIS and e+e− results is fairly good.
However, processes in DIS which are not present in e+e− annihilation,
such as boson-gluon fusion and initial state QCD radiation, can
depopulate the current region. These effects become most prominent
at low values of Q and xp. When compared with e+e− annihilation
data at

√
s = 5.2, 6.5 GeV [40], which are not shown here, the

DIS particle rates tend to lie below those from e+e− annihilation.
NLO QCD calculations [41], convoluted with fragmentation functions
derived from e+e− data, have been tested against the HERA scaling
violations data and provide a good description of the data in the
kinematic regions in which the calculations are predictive [35,39,42].

17.3. Fragmentation functions for small particle
momenta

As in the case of the parton distribution functions, the most
common strategy for solving the evolution equations Eq. (17.4) is to
take moments (Mellin transforms) with respect to x:

D̃(j, s) =
∫ 1

0
dx xj−1 D(x, s) . (17.6)

The behaviour of D̃(j, s) away from j = 1 determines the form of
small-x fragmentation functions. Keeping the first three terms in a
Taylor expansion around j = 1 gives a simple Gaussian function of j
which transforms by inverse Mellin transformation into a Gaussian in
the variable ξ ≡ ln(1/x):

xD(x, s) ∝ exp
[
− 1

2σ2 (ξ − ξp)2
]

, (17.7)

where the peak position is

ξp =
1

4bαS(s)
� 1

4
ln

( s

Λ2

)
(17.8)

with b = (33 − 2nf )/12π for nf quark flavours and the width of the
distribution of ξ is (CA = 3)

σ =

(
1

24b

√
2π

CAα3
S(s)

)1
2 ∝

[
ln

( s

Λ2

)]3
4 . (17.9)

Again, one can compute next-to-leading corrections to these
predictions. In the method of [43], the corrections are included
in an analytical form known as the ‘modified leading logarithmic
approximation’ (MLLA). Alternatively they can be used to compute
the higher moment corrections to the Gaussian form Eq. (17.7) [44].
Fig. 17.33 shows the ξ distribution for charged particles produced in
the current region of the Breit frame in DIS interactions, and in e+e−
annihilation. As expected from Eq. (17.7), Eq. (17.8), and Eq. (17.9),
the distributions have a Gaussian shape, with the peak position and
area becoming progressively larger with c.m. energy (e+e−) and Q2

(DIS).
The predicted energy dependence Eq. (17.8) of the peak in the ξ

distribution is a striking illustration of soft gluon coherence, which
is the origin of the suppression of hadron production at small x. Of
course, a decrease at very small x is expected on purely kinematical
grounds, but this would occur at particle energies proportional to their
masses, i.e. at x ∝ m/

√
s and hence ξ ∼ 1

2 ln s. Thus if the suppression
were purely kinematic the peak position ξp would vary twice as
rapidly with energy, which is ruled out by the data (see Fig. 17.4).
The e+e− and DIS data agree well with each other, demonstrating
the universality of hadronization. The MLLA prediction describes
the data. Measurements of the higher moments of the ξ distribution
in e+e− [24,48–50] and DIS [39] have also been made and show
consistency with each other.
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17.3.1. Longitudinal Fragmentation :
In the process e+e− → V → hX , the joint distribution in the

energy fraction x and the angle θ between the observed hadron h and
the incoming electron beam has the general form

1
σtot

d2σ

dx d cos θ
=

3
8
(1 + cos2 θ)FT (x) +

3
4

sin2 θ FL(x) +
3
4

cos θ FA(x) ,

(17.10)
where FT , FL and FA are respectively the transverse, longitudinal

3 Dominant systematic errors used for the results of [39] are ac-
cording to this reference 10% for xp < 0.3 and increase up to 30% for
large xp.

0.0005
0.001
0.002

0.005
0.01
0.02

0.05
0.1
0.2

0.5
1
2

5
10
20

50
100
200

500

F
T

,L
(x

)

√s=91 GeV

LEP FT

LEP FL

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x

F
A

(x
)

-0.8
-0.4

0
0.4
0.8

LEP FA

Figure 17.5: Transverse (FT ), longitudinal (FL), and
asymmetric (FA) fragmentation functions are shown [12,26,59].
Data points with relative errors greater than 100% are omitted.

and asymmetric fragmentation functions. All these functions also
depend on the c.m. energy

√
s. Eq. (17.10) is the most general

form of the inclusive single particle production from the decay of a
massive vector boson [5]. As their names imply, FT and FL represent
the contributions from virtual bosons polarized transversely or
longitudinally with respect to the direction of motion of the hadron h.
FA is a parity-violating contribution which comes from the interference
between vector and axial vector contributions. Integrating over all
angles, we obtain the total fragmentation function, F = FT + FL.
Each of these functions can be represented as a convolution of
the parton fragmentation functions Di with appropriate coefficient
functions C

T,L,A
i as in Eq. (17.3). This representation works in the

high energy limit. As x ·√s/2 approaches hadronic scales � mρ, power
suppressed effects can no longer be neglected, and the fragmentation
function formalism no longer accounts correctly for the separation of
FT , FL, and FA. In Fig. 17.5, FT , FL, and FA measured at

√
s = 91

GeV are shown.

17.4. Gluon fragmentation

The gluon fragmentation function Dg(x) can be extracted from
the longitudinal fragmentation function defined in Eq. (17.10). Since
the coefficient functions CL

i for quarks and gluons are comparable in
O(αS), FL can be expressed in terms of FT and Dg which allows one
to obtain Dg from the measured FL and FT , see e.g. [1] for details.
At NLO, i.e. O(α2

S) coefficient functions Ci, quark fragmentation is
dominant in FL over a large part of the kinematic range, see e.g. [60].
This leaves some sensitivity of FL to Dg but further constraints
will be needed, for instance from hadro-production in deep-inelastic
scattering.

Dg can also be deduced from the fragmentation of three-jet events
in which the gluon jet is identified, for example by tagging the other
two jets with heavy quark decays. To leading order the measured



198 17. Fragmentation functions in e+e− annihilation and DIS

distributions of x = Ehad/Ejet for particles in gluon jets can be
identified directly with the gluon fragmentation functions Dg(x). The
experimentally measured gluon fragmentation functions are shown in
Fig. 17.6.
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Figure 17.6: Comparison of the charged-particle and
the flavour-dependent e+e− fragmentation functions ob-
tained at

√
s = 91 GeV. The data [10,12,14,15,19,21]

[22,28,59,61] are shown for the inclusive, light (up, down,
strange) quarks, charm quark, bottom quark, and the gluon
versus x. For the purpose of plotting, the distributions were
scaled by c(flavour) = 10i where i is ranging from i = 0 (Gluon)
to i = 4 (all flavours).

17.5. Spin-dependent fragmentation

Measurements of hadron production in polarized lepton-hadron
scattering are used principally in the determination of polarized
parton densities from DIS interactions with longitudinally polarized
targets [62–64]. Since flavour-dependent fragmentation functions
derived from the e+e− → hX can give significantly different
flavour contributions [65–69] experiments use string fragmentation in
JETSET [70], which is tuned to describe their own identified particle
data, and those measured by other low energy DIS experiments.

Polarized scattering presents the possibility to measure the spin
transfer from the struck quark to the final hadron, and thus develop
spin-dependent fragmentation functions [71,72]. These are useful in
the study of the quark transversity distribution [73], which describes
the probability of finding a transversely polarized quark with its
spin aligned or anti-aligned with the spin of a transversely polarized
nucleon. The transversity function is chiral-odd and therefore not
accessible through measurements of inclusive lepton-hadron scattering.
Semi-inclusive DIS in which another chiral-odd observable may be
involved provides a valuable tool to probe transversity. The Collins
fragmentation function [74] relates the transverse polarization of
the quark to that of the final hadron. It is chiral-odd and naive
T-odd, leading to a characteristic single spin asymmetry in the
azimuthal angular distribution of the produced hadron in the
hadron scattering plane. A number of experiments have measured
this asymmetry [75,76]. However, these studies were unable to
distinguish between processes due to transversity in conjunction
with the Collins fragmentation with other processes requiring non-
polarized fragmentation functions, such as the Sivers mechanism [77].
However, the HERMES and COMPASS collaborations have now made
first measurements of the Collins and Sivers asymmetries using a
transversely polarized target [76,78].

17.6. Fragmentation models

Although the scaling violation can be calculated perturbatively, the
actual form of the parton fragmentation functions is non-perturbative.
Perturbative evolution gives rise to a shower of quarks and gluons
(partons). Phenomenological schemes are then used to model the
carry-over of parton momenta and flavour to the hadrons. Two
of the very popular models are the string fragmentation [79,80],
implemented in the JETSET [70] and UCLA [81] Monte Carlo event
generation programs, and the cluster fragmentation of the HERWIG
Monte Carlo event generator [82].

17.6.1. String fragmentation : The string-fragmentation scheme
considers the colour field between the partons, i.e., quarks and gluons,
to be the fragmenting entity rather than the partons themselves.
The string can be viewed as a colour flux tube formed by gluon
self-interaction as two coloured partons move apart. Energetic gluon
emission is regarded as energy-momentum carrying “kinks” on the
string. When the energy stored in the string is sufficient, a qq pair may
be created from the vacuum. Thus the string breaks up repeatedly
into colour singlet systems as long as the invariant mass of the string
pieces exceeds the on-shell mass of a hadron. The qq pairs are created
according to the probability of a tunnelling process exp(−πm2

q,⊥/κ)
which depends on the transverse mass squared m2

q,⊥ ≡ m2
q + p2

q,⊥
and the string tension κ ≈ 1 GeV/fm. The transverse momentum
pq,⊥ is locally compensated between quark and antiquark. Due to
the dependence on the parton mass mq and/or hadron mass, mh,
the production of strange and, in particular, heavy-quark hadrons is
suppressed. The light-cone momentum fraction z = (E+p‖)h/(E+p)q,
where p‖ is the momentum of the formed hadron h along the direction
of the quark q, is given by the string-fragmentation function

f(z) ∼ 1
z
(1 − z)a exp

(
−

bm2
h,⊥
z

)
(17.11)

where a and b are free parameters. These parameters need to be
adjusted to bring the fragmentation into accordance with measured
data, e.g., a = 0.11 and b = 0.52 GeV−2 as determined in Ref. [83]
(for an overview on tuned parameters see Ref. [84]) .

17.6.2. Cluster fragmentation : Assuming a local compensation
of colour based on the pre-confinement property of perturbative
QCD [85], the remaining gluons at the end of the parton shower
evolution are split non-perturbatively into quark-antiquark pairs.
Colour singlet clusters of typical mass of a couple of GeV are then
formed from quark and antiquark of colour-connected splittings.
These clusters decay directly into two hadrons unless they are either
too heavy (relative to an adjustable parameter CLMAX, default value
3.35 GeV), when they decay into two clusters, or too light, in
which case a cluster decays into a single hadron, requiring a small
rearrangement of energy and momentum with neighbouring clusters.
The decay of a cluster into two hadrons is assumed to be isotropic
in the rest frame of the cluster except if a perturbative-formed quark
is involved. A decay channel is chosen based on the phase-space
probability, the density of states, and the spin degeneracy of the
hadrons. Cluster fragmentation has a compact description with
few parameters, due to the phase-space dominance in the hadron
formation.

17.7. Fragmentation into identified particles

A great wealth of measurements of e+e− fragmentation into
identified particles exists. A collection of references to find data on
the fragmentation into identified particles is given for Table 40.1.
As representatives of all the data, Fig. 17.7 shows fragmentation
functions as the scaled momentum spectra of charged particles at
several c.m. energies. Heavy flavour particles are dealt with separately
in Sect. 17.8.

The measured fragmentation functions are solutions to the
DGLAP equation (17.4) but need to be parametrized at some initial
scale t0 (usually 2 GeV2 for light quarks and gluons). A general
parametrization is [87]

Dp→h(x, t0) = Nxα(1 − x)β
(
1 +

γ

x

)
(17.12)
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Figure 17.7: Scaled momentum spectra of (a) π±, (b) K±,
and (c) p/p at

√
s = 10, 29, and 91 GeV are shown [22,25,55,86].

where the normalization N , and the parameters α, β, and γ in general
depend on the energy scale t0 and also on the type of the parton, p,
and the hadron, h. Frequently the term involving γ is left out [65–68].
The parameters of Eq. (17.12), listed in [65–68], were obtained by
fitting data on various hadron types for different combinations of
partons and hadrons in p → h in the range

√
s ≈ 5 - 200 GeV.

Many studies have been made of identified particles produced in
lepton-hadron scattering, although fewer particle species have been
measured than in e+e− collisions. References [88–93] and [94–97]
are representative of the data from fixed target and ep collider
experiments.

Fig. 17.8(a) compares lower energy fixed target and HERA data
on strangeness production showing that the HERA spectra have
substantially increased multiplicities, albeit with insufficient statistical
precision to study scaling violations. The fixed target data show
that the Λ rate substantially exceeds the Λ rate in the remnant
region, owing to the conserved baryon number from the baryon target.
Fig. 17.8(b) shows neutral and charged pion fragmentation functions
1/N · dn/dz, where z is defined as the ratio of the pion energy to
that of the exchanged boson, both measured in the laboratory frame.
Results are shown from HERMES and the EMC experiments, where
HERMES data have been evolved with NLO QCD to 〈Q2〉 = 25 GeV2

in order to be consistent with the EMC. Each of the experiments uses
various kinematic cuts to ensure that the measured particles lie in the
region which is expected to be associated with the struck quark. In
the DIS kinematic regime accessed at these experiments, and over the
range in z shown in Fig. 17.8, the z and xF variables have similar
values [31]. The precision data on identified particles can be used in
the study of the quark flavour content of the proton.

Data on identified particle production are also useful in studying
the universality of jet fragmentation in e+e− and DIS. The strangeness
suppression factor γs, as derived principally from tuning the Lund
string model [80] within JETSET [70] is typically found to be around
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Figure 17.8: (a) 1/N ·dn/dxF for identified strange particles
in DIS at various values of W [88,91,94]. (b) 1/N ·dn/dz for
measurements of pions from fixed target DIS experiment [89]
[92,93].

0.3 in e+e− experiments [45], although values closer to 0.2 [98] have
also been obtained. The converse is true for DIS experiments, with the
tendency from HERA [94,96] and recent fixed target measurements [88]
of light strange particle production, to support a stronger suppression
(γs ≈ 0.2), although values close to 0.3 have also been obtained [99].

However, when comparing the description of QCD-based models
for lepton-hadron interactions and e+e− collisions, it is important to
note that the overall description by event generators of inclusively
produced hadronic final states is more precise in e+e− collisions
than lepton-hadron interactions [100]. Predictions of particle rates
in lepton-hadron scattering are affected by uncertainties in the
modelling of the parton composition of the proton and photon,
the extended target remnant, and initial and final state QCD
radiation. Furthermore, the tuning of event generators for e+e−
collisions is typically based on a larger set of parameters and use
more observables [45] than are used when optimising models for
lepton-hadron data [101].

17.8. Heavy quark fragmentation

It was recognized very early [102] that a heavy flavoured meson
should retain a large fraction of the momentum of the primordial
heavy quark, and therefore its fragmentation function should be much
harder than that of a light hadron. In the limit of a very heavy quark,
one expects the fragmentation function for a heavy quark to go into
any heavy hadron to be peaked near 1.

When the heavy quark is produced at a momentum much larger
than its mass, one expects important perturbative effects, enhanced
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by powers of the logarithm of the transverse momentum over
the heavy quark mass, to intervene and modify the shape of the
fragmentation function. In leading logarithmic order (i.e., including
all powers of αS log mQ/pT ) the total (i.e., summed over all hadron
types) perturbative fragmentation function is simply obtained by
solving the leading evolution equation for fragmentation functions,
Eq. (17.4), with the initial condition at a scale µ2 = m2

Q given by
DQ(z, m2

Q) = δ(1 − z) and Di(z, m2
Q) = 0 for i = Q (the notation

Di(z) stands for the probability to produce a heavy quark Q from
parton i with a fraction z of the parton momentum).

Several extensions of the leading logarithmic result have appeared
in the literature. Next-to-leading-log (NLL) order results for the
perturbative heavy quark fragmentation function have been obtained
in Ref. [103]. At large z, phase space for gluon radiation is
suppressed. This exposes large perturbative corrections due to the
incomplete cancellation of real gluon radiation and virtual gluon
exchange (Sudakov effects), which should be resummed in order to get
accurate results. A leading-log (LL) resummation formula has been
obtained in [103,104]. Next-to-leading-log resummation has been
performed in Ref. [105]. Fixed-order calculations of the fragmentation
function at order α2

S in e+e− annihilation have appeared in Ref. [106].
This result does not include terms of order (αS log s/m2)k and
αS(αS log s/m2)k, but it does include correctly all terms up to the
order α2

S, including terms without any logarithmic enhancements.
The result of Ref. [103] for the perturbative initial condition of the
heavy quark fragmentation function has been extended to NNLO
(next-to-next-to-leading order) in Ref. [107]. Other ingredients (i.e.,
NNLO single inclusive production cross sections for light quarks, and
NNLO evolution for fragmentation function) are however still missing
for a full NNLO analysis of heavy flavour fragmentation functions.

Inclusion of non-perturbative effects in the calculation of the heavy
quark fragmentation function is done in practice by convolving the
perturbative result with a phenomenological non-perturbative form.
Among the most popular parametrizations we have the following:

Petersonet al. [108] : Dnp(z) ∝1
z

(
1 − 1

z
− ε

1 − z

)−2

,(17.13)

Kartvelishviliet al. [109] : Dnp(z) ∝zα(1 − z) , (17.14)

Collins&Spiller [110] : Dnp(z) ∝
(

1 − z

z
+

(2 − z)εC
1 − z

)
×

(1 + z2)
(

1 − 1
z
− εC

1 − z

)−2

(17.15)

Colangelo&Nason [111] : Dnp(z) ∝(1 − z)αzβ (17.16)

Bowler [112] : Dnp(z) ∝z
−(1+bm2

h,⊥)

(1 − z)a exp

(
−

bm2
h,⊥
z

)
(17.17)

Braatenet al. [113] : (see Eq. (31), (32) in [113]) (17.18)

where ε, εC , a, bm2
h,⊥, α, and β are non-perturbative parameters,

depending upon the heavy hadron considered. In general, the non-
perturbative parameters entering the non-perturbative forms do
not have an absolute meaning. They are fitted together with some
model of hard radiation, which can be either a shower Monte Carlo, a
leading-log or NLL calculation (which may or may not include Sudakov
resummation), or a fixed order calculation. In [106], for example, the
Peterson [108] ε parameter for charm and bottom production is fitted
from the measured distributions of refs. [114,115] for charm, and
of [116] for bottom. If the leading-logarithmic approximation (LLA) is
used for the perturbative part, one finds εc ≈ 0.05 and εb ≈ 0.006; if a
second order calculation is used one finds εc ≈ 0.035 and εb ≈ 0.0033;
if a NLLO calculation is used instead one finds εc ≈ 0.022 and
εb ≈ 0.0023. The larger values found in the LL approximation are
consistent with what is obtained in the context of parton shower
models [117], as expected. The ε parameter for charm and bottom
scales roughly with the inverse square of the heavy flavour mass. This
behaviour can be justified by several arguments [102,118,119]. It can
be used to relate the non-perturbative parts of the fragmentation
functions of charm and bottom quarks [106,111,120].

17.8.1. Charm quark fragmentation : High statistics data for
charmed mesons production near the Υ resonance (excluding decay
products of B mesons) have been published [121,122]. They include
results for D and D∗, Ds (see also [123,124]) and Λc. Shown in
Fig. 17.9(a) are the CLEO and BELLE inclusive cross-sections times
branching ratio B, s · Bdσ/dxp, for the production of D0 and D∗+.
The variable xp approximates the light-cone momentum fraction z
in Eq. (17.13), but is not identical to it. The two measurements are
fairly consistent with each other.
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Figure 17.9: (a) Efficiency-corrected inclusive cross-section
measurements for the production of D0 and D∗+ in e+e−
measurements at

√
s ≈ 10.6 GeV, excluding B decay prod-

ucts [121,122]. (b) Measured e+e− fragmentation function of
b quarks into B hadrons at

√
s ≈ 91 GeV [125].

The branching ratio B represents D0 → K−π+ for the D0 results
and for the D∗+ the product branching fraction: D∗+ → D0π+,
D0 → K−π+. Older studies are reported in refs. [115,126]. Charmed
meson spectra on the Z peak have been published by OPAL
and ALEPH [83,127]. The relative production fractions of the
various hadron species should be process independent at high
energies according to QCD factorization. Combining results near
the Υ (4S) from refs. [121,122,124,126,128], neglecting the gluon
splitting contribution, which is negligible at these energies, we obtain
f(c → D0) = 0.565±0.032, f(c → D+) = 0.246±0.020, f(c → D+

s ) =
0.080±0.017, f(c → Λ+

c ) = 0.094±0.035, f(c → D∗0) = 0.213±0.024,
f(c → D∗+) = 0.224 ± 0.028, and f(c → D∗+

s ) = 0.061 ± 0.018 in
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good agreement with those reported by LEP and SLD (see App. B of
Ref. [129]) . Here, f is the fraction of produced charm quarks that
hadronize into the respective hadron, eventually including decays of
short-lived resonances.

As is well known, the large (isospin violating) difference in D+ and
D0 production is well understood as a consequence of the fact that
D∗ mesons have a mass that is accidentally very near the sum of the
D and the pion mass. The small isospin violating mass differences
between states of different charge are such that both the D∗+ and
the D∗0 can decay into the D0 with large branching fractions, while
only the D∗+ can decay to a D+, with a relatively small branching.
If we can assume that similar accidents do not happen with higher
resonances, we can conclude that D∗+ and D∗− are produced with
the same rate, and that D0 and D+ not coming from D∗ decays are
also produced with the same rate. The data are at present consistent
with this view within errors, although it would seem to favour a
f(c → D∗+) larger than f(c → D∗0). BELLE [122] publishes a ratio
(D∗+ + D∗0)/(D+ + D0) = 0.527± 0.013 ± 0.024, so that the ratio of
primary to total D is 0.473 ± 0.013 ± 0.024.

Given the high precision of CLEO’s and BELLE’s data, it is
difficult to obtain good fits of the inclusive cross-sections with the
simple parametrizations generally used [108–112], see Ref. [122].
It is however still possible to obtain good fits to the data using
relatively simple forms. In the context of a QCD calculation of the
fragmentation function, including NLO initial condition, evolution
and coefficient functions, and NLL resummation of Sudakov effects in
the initial condition and in the coefficient functions, it was shown in
Ref. [130] that a superposition of the form proposed in Ref. [111] and
a delta function for the description of D∗’s and primary D mesons
yields very good fits to CLEO and BELLE data. In the same work it
is shown, however, that one cannot fit simultaneously CLEO/BELLE
and ALEPH data in a pure perturbative QCD framework. This fact
could be interpreted in terms of power corrections to the coefficient
functions, with a suppression 1/Q2 (compatible with the result of
Ref. [131]) or 1/Q (similar to the form proposed in Ref. [5]) .

Charm quark production has also been extensively studied at
HERA by the H1 and ZEUS collaborations. Measurements have been
made of D∗±, D± and D±

s mesons [132–135] and the Λc baryon [135].
Various fragmentation quantities have been extracted, some of which
are shown in Table 17.1 as measured by H1 and ZEUS, along with
averages of these quantites as obtained from e+e− data.

Table 17.1: Measurements of fragmentation ratios from
ep [134,135] and e+e− experiments [136]. Ru/d is ratio of
neutral to charged D-mesons, γs is the strangeness suppression
factor in charm fragmentation, and P d

v is the fraction of charged
D-mesons produced in a vector state.

Ru/d

H1 1.26 ± 0.20 (stat.)±0.11 (syst.)±0.04 (br. ⊕ theo.)
ZEUS 1.100± 0.078 (stat.)+0.038

−0.061 (syst.) +0.047
−0.049 (br.)

e+e− av. 1.020± 0.069 (stat. ⊕ sys.) +0.045
−0.047 (br.)

γs

H1 0.36 ± 0.10 (stat.) ±0.01 (syst.) ±0.08 (br. ⊕ theo.)
ZEUS 0.257± 0.024 (stat.) +0.013

−0.016 (syst.) +0.078
−0.049 (br.)

e+e− av. 0.259± 0.023 (stat. ⊕ syst.) +0.087
−0.052 (br.)

P d
v

H1 0.693± 0.045 (stat.)±0.004 (syst.) ±0.009 (br.⊕ theo.)
ZEUS 0.566± 0.025 (stat.) +0.007

−0.022 (syst.)+0.022
−0.023 (br.)

e+e− av. 0.614± 0.019 (stat.⊕syst.)+0.023
−0.025 (br.)

17.8.2. Bottom quark fragmentation : Experimental studies of
the fragmentation function for b quarks, shown in Fig. 17.9(b), have
been performed at LEP and SLD [116,125,137]. Commonly used
methods identify the B meson through its semileptonic decay or based
upon tracks emerging from the B secondary vertex. The most recent
studies [125] fit the B spectrum using a Monte Carlo shower model
supplemented with non-perturbative fragmentation functions yielding
consistent results.

The experiments measure primarily the spectrum of B mesons.
This defines a fragmentation function which includes the effect of
the decay of higher mass excitations, like the B∗ and B∗∗. In the
literature there is sometimes ambiguity in what is defined to be the
bottom fragmentation function. Instead of using what is directly
measured (i.e., the B meson spectrum) corrections are applied to
account for B∗ or B∗∗ production in some cases. For a more detailed
discussion see [1].

Heavy flavour production in e+e− collisions is the primary source
of information for the role of fragmentation effects in heavy flavour
production in hadron-hadron and lepton-hadron collisions. The QCD
calculations tend to underestimate the data in certain regions of phase
space. Recently, it was also pointed out [138] that the long-standing
discrepancy between theoretical calculations and the measured B
meson spectrum at the hadron colliders [139] was substantially reduced
if a correct use of available information on heavy flavour production
from e+e− data was made.

Both bottomed and charmed mesons spectra have been measured
recently at the TEVATRON with unprecedented accuracy [140]. The
measured spectra are in good agreement with QCD calculations
(including non-perturbative fragmentation effects inferred from
e+e− data [141]) , no longer supporting the previously reported
discrepancies [139].

The HERA collaborations have produced a number of measurements
of beauty production [133,142]. Compared with LEP data there is at
present insufficient statistical precision to make detailed measurements
of the fragmentation properties of b-quarks in lepton-hadron scattering.
The data which do exist have been tested against QCD-based models
implementing Peterson et al. [108] fragmentation.

17.8.3. Gluon splitting into heavy quarks : Besides degrading
the fragmentation function by gluon radiation, QCD evolution can
also generate soft heavy quarks, increasing in the small x region as
s increases. Several theoretical studies are available on the issue of
how often bb̄ or cc̄ pairs are produced indirectly, via a gluon splitting
mechanism [143–145]. Experimental results from studies on charm
production via gluon splitting and measurements of g → bb̄ are given
in Table 17.2.

Table 17.2: Measured fraction of events containing g → cc
and g → bb subprocesses in Z decays, compared with theoretical
predictions. The central/lower/upper values for the theoretical
predictions are obtained with mc = (1.5 ± 0.3) and mb =
(4.75 ± 0.25)GeV.

ng→cc (%) ng→bb (%)

ALEPH [127] 3.26 ± 0.23 ± 0.42 [146] 0.2777± 0.042± 0.057
DELPHI [147] 0.21 ± 0.11 ± 0.09
L3 [148] 2.45 ± 0.29 ± 0.53
OPAL [149] 3.20 ± 0.21 ± 0.38
SLD [150] 0.307± 0.071 ± 0.066

Theory [144]

Λ
(5)

MS
= 150 MeV 1.35+0.48

−0.30 0.20 ± 0.02

Λ
(5)

MS
= 300 MeV 1.85+0.69

−0.44 0.26 ± 0.03
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In Ref. [144] an explicit calculation of these quantities has been
performed. Using these results, charm and bottom multiplicities as
reported in Table 17.2 for different values of the masses and of Λ

(5)

MS
were computed in Ref. [151]. The averaged experimental result for
charm, taking correlations into account, (2.96 ± 0.38)% [152] is 1–2
standard deviations above the theoretical prediction, preferring lower
values of the quark mass and/or a larger value of Λ

(5)

MS
. However,

higher-order corrections may well be substantial at the charm quark
mass scale. Better agreement is achieved for bottom.

As reported in Ref. [144], Monte Carlo models are in qualitative
agreement with these results, although the spread of the values they
obtain is somewhat larger than the theoretical error estimated by
the direct calculation. In particular, for charm one finds that while
HERWIG [82] and JETSET [70] agree quite well with the theoretical
calculation, ARIADNE [153] is higher by roughly a factor of 2, and
thus is in better agreement with data. For bottom, agreement between
theory, models and data is adequate. For a detailed discussion see
Ref. [154].

The discrepancy with the charm prediction may be due to
experimental cuts forcing the final state configuration to be more 3-jet
like, which increases the charm multiplicity. Calculations that take
this possibility into account are given in Ref. [145].
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18. EXPERIMENTAL TESTS OF GRAVITATIONAL THEORY

Revised August 2005 by T. Damour (IHES, Bures-sur-Yvette, France).

Einstein’s General Relativity, the current “standard” theory of
gravitation, describes gravity as a universal deformation of the
Minkowski metric:

gµν(xλ) = ηµν +hµν(xλ) , where ηµν = diag(−1, +1, +1, +1) . (18.1)

Alternatively, it can be defined as the unique, consistent, local
theory of a massless spin-2 field hµν , whose source must then be the
total, conserved energy-momentum tensor [1]. General Relativity is
classically defined by two postulates. One postulate states that the
Lagrangian density describing the propagation and self-interaction of
the gravitational field is

LEin[gµν ] =
c4

16πGN

√
ggµνRµν(g) , (18.2)

Rµν(g) = ∂αΓα
µν − ∂νΓα

µα + Γβ
αβΓα

µν − Γβ
ανΓα

µβ , (18.3)

Γλ
µν = 1

2
gλσ(∂µgνσ + ∂νgµσ − ∂σgµν) , (18.4)

where GN is Newton’s constant, g = − det(gµν), and gµν is the matrix
inverse of gµν . A second postulate states that gµν couples universally,
and minimally, to all the fields of the Standard Model by replacing
everywhere the Minkowski metric ηµν . Schematically (suppressing
matrix indices and labels for the various gauge fields and fermions and
for the Higgs doublet),

LSM[ψ, Aµ, H, gµν ] = − 1
4

∑√
ggµαgνβF a

µνF a
αβ

−
∑√

g ψ γµDµψ

− 1
2

√
ggµνDµHDνH −√

g V (H)

−
∑

λ
√

g ψ Hψ , (18.5)

where γµγν + γνγµ = 2gµν , and where the covariant derivative
Dµ contains, besides the usual gauge field terms, a (spin depen-
dent) gravitational contribution Γµ(x) [2]. From the total action
Stot[gµν , ψ, Aµ, H ] = c−1

∫
d4x(LEin + LSM) follow Einstein’s field

equations,

Rµν − 1
2
Rgµν =

8πGN

c4
Tµν . (18.6)

Here R = gµνRµν , Tµν = gµαgνβT αβ , and T µν = (2/
√

g)δLSM/δgµν

is the (symmetric) energy-momentum tensor of the Standard
Model matter. The theory is invariant under arbitrary coordinate
transformations: x′µ = fµ(xν). To solve the field equations Eq. (18.6)
one needs to fix this coordinate gauge freedom. E.g. the “harmonic
gauge” (which is the analogue of the Lorentz gauge, ∂µAµ = 0, in
electromagnetism) corresponds to imposing the condition ∂ν(

√
ggµν) =

0.
In this Review, we only consider the classical limit of gravitation (i.e.

classical matter and classical gravity). Considering quantum matter
in a classical gravitational background already poses interesting
challenges, notably the possibility that the zero-point fluctuations of
the matter fields generate a nonvanishing vacuum energy density ρvac,
corresponding to a term −√

g ρvac in LSM [3]. This is equivalent to
adding a “cosmological constant” term +Λ gµν on the left-hand side
of Einstein’s equations Eq. (18.6), with Λ = 8πGN ρvac/c4. Recent
cosmological observations (see the following Reviews) suggest a positive
value of Λ corresponding to ρvac ≈ (2.3 × 10−3eV)4. Such a small
value has a negligible effect on the tests discussed below. Quantizing
the gravitational field itself poses a very difficult challenge because
of the perturbative non-renormalizability of Einstein’s Lagrangian.
Superstring theory offers a promising avenue toward solving this
challenge.

18.1. Experimental tests of the coupling
between matter and gravity

The universality of the coupling between gµν and the Standard
Model matter postulated in Eq. (18.5) (“Equivalence Principle”) has
many observable consequences. First, it predicts that the outcome
of a local non-gravitational experiment, referred to local standards,
does not depend on where, when, and in which locally inertial
frame, the experiment is performed. This means, for instance, that
local experiments should neither feel the cosmological evolution of
the universe (constancy of the “constants”), nor exhibit preferred
directions in spacetime (isotropy of space, local Lorentz invariance).
These predictions are consistent with many experiments and
observations. The best limit on a possible time variation of the basic
coupling constants concerns the fine-structure constant αem and has
been obtained by analyzing a natural fission reactor phenomenon
which took place at Oklo, Gabon, two billion years ago [4]. A
conservative estimate of the (95% C.L.) Oklo limit on the variability
of αem is (see second reference in [4])

−0.9 × 10−7 <
αOklo

em − αnow
em

αem
< 1.2 × 10−7 , (18.7)

which corresponds to the following limit on the average time derivative
of αem

−6.7 × 10−17yr−1 < α̇em/αem < 5.0 × 10−17yr−1 . (18.8)

Direct laboratory limits on the time variation of αem [5] are
less stringent than Eq. (18.8). Recently, Ref. 13 claimed to have
measured a cosmological change of αem of magnitude ∆αem/αem =
(−0.72 ± 0.18) × 10−5 around redshifts z � 0.5 − 3.5. When analyzed
within various dilaton-like theoretical models of αem variability [7,8,9]
such a large cosmological variation of αem appears incompatible with
the combined set of other experimental limits, notably the Oklo bound
quoted above, a comparable “rhenium” geological bound [10], and
the limits on possible violations of the universality of free fall quoted
below. See [11,12] for discussions of systematic errors in astronomical
measurements of αem and [13] for a general review of the issue of
“variable constants”.

The highest precision tests of the isotropy of space have been
performed by looking for possible quadrupolar shifts of nuclear energy
levels [14]. The (null) results can be interpreted as testing the fact
that the various pieces in the matter Lagrangian Eq. (18.5) are indeed
coupled to one and the same external metric gµν to the 10−27 level.
For astrophysical constraints on possible Planck-scale violations of
Lorentz invariance see [15,16].

The universal coupling to gµν postulated in Eq. (18.5) implies that
two (electrically neutral) test bodies dropped at the same location
and with the same velocity in an external gravitational field fall in
the same way, independently of their masses and compositions. The
universality of the acceleration of free fall has been verified at the
10−12 level both for laboratory bodies [17],

(∆a/a)BeCu = (−1.9 ± 2.5) × 10−12 , (18.9)

and for the gravitational accelerations of the Moon and the Earth
toward the Sun [18],

(∆a/a)MoonEarth = (−3.2 ± 4.6) × 10−13 . (18.10)

See also Ref. 19 for a ±0.94 × 10−12 limit on the fractional difference
in free-fall acceleration toward the Sun of earth-core-like and moon-
mantle-like laboratory bodies and Ref. 20 for short-range tests of the
universality of free-fall.

Finally, Eq. (18.5) also implies that two identically constructed
clocks located at two different positions in a static external Newtonian
potential U(x) =

∑
GNm/r exhibit, when intercompared by means

of electromagnetic signals, the (apparent) difference in clock rate,

τ1
τ2

=
ν2

ν1
= 1 +

1
c2

[U(x1) − U(x2)] + O

(
1
c4

)
, (18.11)
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independently of their nature and constitution. This universal
gravitational redshift of clock rates has been verified at the 10−4

level by comparing a hydrogen-maser clock flying on a rocket up to
an altitude ∼ 10, 000 km to a similar clock on the ground [21]. For
more details and references on experimental gravity see, e.g., Refs. 22
and 23.

18.2. Tests of the dynamics of the gravitational field
in the weak field regime

The effect on matter of one-graviton exchange, i.e. the interaction
Lagrangian obtained when solving Einstein’s field equations Eq. (18.6)
written in, say, the harmonic gauge at first order in hµν ,

hµν = −16πGN

c4
(Tµν − 1

2
Tηµν) + O(h2) + O(hT ) , (18.12)

reads −(8πGN/c4)T µν −1(Tµν − 1
2
Tηµν). For a system of N moving

point masses, with free Lagrangian L(1) =
N∑

A=1

− mAc2
√

1 − v2
A/c2,

this interaction, expanded to order v2/c2, reads (with rAB ≡ |xA−xB |,
nAB ≡ (xA − xB)/rAB)

L(2) = 1
2

∑
A �=B

GN mA mB

rAB

[
1 +

3
2c2

(v2
A + v2

B) − 7
2c2

(vA · vB)

− 1
2c2

(nAB · vA)(nAB · vB) + O

(
1
c4

) ]
. (18.13)

The two-body interactions Eq. (18.13) exhibit v2/c2 corrections to
Newton’s 1/r potential induced by spin-2 exchange. Consistency at
the “post-Newtonian” level v2/c2 ∼ GN m/rc2 requires that one
also considers the three-body interactions induced by some of the
three-graviton vertices and other nonlinearities (terms O(h2) and
O(hT ) in Eq. (18.12)),

L(3) = −1
2

∑
B �=A �=C

G2
N mA mB mC

rAB rAC c2
+ O

(
1
c4

)
. (18.14)

All currently performed gravitational experiments in the solar
system, including perihelion advances of planetary orbits, the bending
and delay of electromagnetic signals passing near the Sun, and very
accurate ranging data to the Moon obtained by laser echoes, are
compatible with the post-Newtonian results Eqs. (18.12)–(18.14).

Similarly to what is done in discussions of precision electroweak
experiments (see Section 10 in this Review), it is useful to quantify the
significance of precision gravitational experiments by parameterizing
plausible deviations from General Relativity. The addition of a
mass-term in Einstein’s field equations leads to a score of theoretical
difficulties [24] which have not yet received any consensual solution.
We shall therefore not consider here the ill-defined “mass of the
graviton” as a possible deviation parameter from General Relativity
(see, however, the phenomenological limits quoted in the Section
“Gauge and Higgs Bosons” of this Review). Deviations from Einstein’s
pure spin-2 theory are then defined by adding new, bosonic light
or massless, macroscopically coupled fields. The possibility of new
gravitational-strength couplings leading (on small, and possibly large,
scales) to deviations from Einsteinian (and Newtonian) gravity is
suggested by String Theory [25], and by Brane World ideas [26]. For
compilations of experimental constraints on Yukawa-type additional
interactions see Refs. [17,27,28] and the Section “Extra Dimensions”
in this Review. Recent experiments have set limits on non-Newtonian
forces below 0.1 mm [29].

Here, we shall focus on the parametrization of long-range deviations
from relativistic gravity obtained by adding a massless scalar field ϕ
coupled to the trace of the energy-momentum tensor T = gµνT µν [30].
The most general such theory contains an arbitrary function a(ϕ) of
the scalar field, and can be defined by the Lagrangian

Ltot[gµν , ϕ, ψ, Aµ, H ] =
c4

16πG

√
g(R(g) − 2gµν∂µϕ∂νϕ)

+LSM[ψ, Aµ, H, g̃µν ] , (18.15)

where G is a “bare” Newton constant, and where the Standard
Model matter is coupled not to the “Einstein” (pure spin-2) metric
gµν , but to the conformally related (“Jordan-Fierz”) metric g̃µν =
exp(2a(ϕ))gµν . The scalar field equation gϕ = −(4πG/c4)α(ϕ)T
displays α(ϕ) ≡ ∂a(ϕ)/∂ϕ as the basic (field-dependent) coupling
between ϕ and matter [31]. The one-parameter (ω) Jordan-Fierz-
Brans-Dicke theory [30] is the special case a(ϕ) = α0ϕ leading to a
field-independent coupling α(ϕ) = α0 (with α0

2 = 1/(2ω + 3)).

In the weak field, slow motion, limit appropriate to describing
gravitational experiments in the solar system, the addition of ϕ
modifies Einstein’s predictions only through the appearance of two
“post-Einstein” dimensionless parameters: γ = −2α2

0/(1 + α2
0) and

β = + 1
2
β0α

2
0/(1 + α2

0)
2, where α0 ≡ α(ϕ0), β0 ≡ ∂α(ϕ0)/∂ϕ0, ϕ0

denoting the vacuum expectation value of ϕ. These parameters show
up also naturally (in the form γPPN = 1 + γ, βPPN = 1 + β) in
phenomenological discussions of possible deviations from General
Relativity [32,22]. The parameter γ measures the admixture of spin 0
to Einstein’s graviton, and contributes an extra term + γ(vA−vB)2/c2

in the square brackets of the two-body Lagrangian Eq. (18.13). The
parameter β modifies the three-body interaction Eq. (18.14) by a
factor 1 + 2β. Moreover, the combination η ≡ 4β − γ parameterizes
the lowest order effect of the self-gravity of orbiting masses by
modifying the Newtonian interaction energy terms in Eq. (18.13) into
GABmAmB/rAB , with a body-dependent gravitational “constant”
GAB = GN [1 + η(Egrav

A /mAc2 + E
grav
B /mBc2) + O(1/c4)], where

GN = G exp[2a(ϕ0)](1+α2
0) and where E

grav
A denotes the gravitational

binding energy of body A.

The best current limits on the post-Einstein parameters γ and β
are (at the 68% confidence level): (i) γ = (2.1 ± 2.3) × 10−5 deduced
from the additional Doppler shift experienced by radio-wave beams
connecting the Earth to the Cassini spacecraft when they passed near
the Sun [33], and (ii) 4β − γ = −0.0007 ± 0.0010 [18] from Lunar
Laser Ranging measurements of a possible polarization of the Moon
toward the Sun [34]. More stringent limits on γ are obtained in
models (e.g., string-inspired ones [35]) where scalar couplings violate
the Equivalence Principle.

18.3. Tests of the dynamics of the gravitational field
in the radiative and/or strong field regimes

The discovery of pulsars (i.e. rotating neutron stars emitting a
beam of radio noise) in gravitationally bound orbits [36,37] has
opened up an entirely new testing ground for relativistic gravity,
giving us an experimental handle on the regime of radiative and/or
strong gravitational fields. In these systems, the finite velocity of
propagation of the gravitational interaction between the pulsar
and its companion generates damping-like terms at order (v/c)5

in the equations of motion [38]. These damping forces are the
local counterparts of the gravitational radiation emitted at infinity
by the system (“gravitational radiation reaction”). They cause the
binary orbit to shrink and its orbital period Pb to decrease. The
remarkable stability of the pulsar clock has allowed Taylor and
collaborators to measure the corresponding very small orbital period
decay Ṗb ≡ dPb/dt ∼ −(v/c)5 ∼ −10−12 [37,39,40], thereby giving us
a direct experimental confirmation of the propagation properties of the
gravitational field, and, in particular, an experimental confirmation
that the speed of propagation of gravity is equal to the velocity of light
to better than a part in a thousand [41]. In addition, the surface
gravitational potential of a neutron star h00(R) � 2Gm/c2R � 0.4
being a factor ∼ 108 higher than the surface potential of the Earth,
and a mere factor 2.5 below the black hole limit (h00 = 1), pulsar data
are sensitive probes of the strong-gravitational-field regime.

Binary pulsar timing data record the times of arrival of successive
electromagnetic pulses emitted by a pulsar orbiting around the
center of mass of a binary system. After correcting for the Earth
motion around the Sun and for the dispersion due to propagation
in the interstellar plasma, the time of arrival of the Nth pulse tN
can be described by a generic, parameterized “timing formula” [42]
whose functional form is common to the whole class of tensor-scalar
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gravitation theories:

tN − t0 = F [TN (νp, ν̇p, ν̈p) ; {pK} ; {pPK}] . (18.16)

Here, TN is the pulsar proper time corresponding to the Nth
turn given by N/2π = νpTN + 1

2
ν̇pT

2
N + 1

6
ν̈pT

3
N (with νp ≡ 1/Pp

the spin frequency of the pulsar, etc.), {pK} = {Pb, T0, e, ω0, x}
is the set of “Keplerian” parameters (notably, orbital period Pb,
eccentricity e and projected semi-major axis x = a sin i/c), and
{pPK} = {k, γtiming, Ṗb, r, s, δθ, ė, ẋ} denotes the set of (separately
measurable) “post-Keplerian” parameters. Most important among
these are: the fractional periastron advance per orbit k ≡ ω̇Pb/2π,
a dimensionful time-dilation parameter γtiming, the orbital period
derivative Ṗb, and the “range” and “shape” parameters of the
gravitational time delay caused by the companion, r and s.

Without assuming any specific theory of gravity, one can
phenomenologically analyze the data from any binary pulsar by
least-squares fitting the observed sequence of pulse arrival times to
the timing formula Eq. (18.16). This fit yields the “measured” values
of the parameters {νp, ν̇p, ν̈p}, {pK}, {pPK}. Now, each specific
relativistic theory of gravity predicts that, for instance, k, γtiming, Ṗb,
r and s (to quote parameters that have been successfully measured
from some binary pulsar data) are some theory-dependent functions
of the Keplerian parameters and of the (unknown) masses m1, m2 of
the pulsar and its companion. For instance, in General Relativity, one
finds (with M ≡ m1 + m2, n ≡ 2π/Pb)

kGR(m1, m2) =3(1 − e2)−1(GNMn/c3)2/3 ,

γGR
timing(m1, m2) =en−1(GNMn/c3)2/3m2(m1 + 2m2)/M2 ,

ṖGR
b (m1, m2) = − (192π/5)(1− e2)−7/2

(
1 + 73

24
e2 + 37

96
e4

)
× (GNMn/c3)5/3m1m2/M

2 ,

r(m1, m2) =GNm2/c3 ,

s(m1, m2) =nx(GNMn/c3)−1/3M/m2 . (18.17)

In tensor-scalar theories, each of the functions ktheory(m1, m2),
γtheory
timing(m1, m2), Ṗ theory

b (m1, m2), etc is modified by quasi-static
strong field effects (associated with the self-gravities of the pulsar
and its companion), while the particular function Ṗ theory

b (m1, m2)
is further modified by radiative effects (associated with the spin 0
propagator) [31,43].

Let us summarize the current experimental situation (see [44]
for a more extensive review). In the first discovered binary pulsar
PSR1913 + 16 [36,37], it has been possible to measure with accuracy
the three post-Keplerian parameters k, γtiming and Ṗb. The three
equations kmeasured = ktheory(m1, m2), γmeasured

timing = γtheory
timing(m1, m2),

Ṗmeasured
b = Ṗ theory

b (m1, m2) determine, for each given theory, three
curves in the two-dimensional mass plane. This yields one (combined
radiative/strong-field) test of the specified theory, according to whether
the three curves meet at one point, as they should. After subtracting
a small (∼ 10−14 level in Ṗ obs

b = (−2.4211 ± 0.0014) × 10−12), but
significant, Newtonian perturbing effect caused by the Galaxy [45],
one finds that General Relativity passes this (k − γtiming − Ṗb)1913+16

test with complete success at the 10−3 level [37,39,40]

[
Ṗ obs

b − Ṗ
galactic
b

ṖGR
b [kobs, γobs

timing]

]
1913+16

=1.0026± 0.0006(obs) ± 0.0021(galactic)

=1.0026± 0.0022 . (18.18)

Here ṖGR
b [kobs, γobs

timing] is the result of inserting in ṖGR
b (m1, m2)

the values of the masses predicted by the two equations kobs =
kGR(m1, m2), γobs

timing = γGR
timing(m1, m2). This experimental evidence

for the reality of gravitational radiation damping forces at the 0.3%
level is illustrated in Fig. 18.1, which shows actual orbital phase data
(after subtraction of a linear drift).

General Relativity prediction
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Figure 18.1: Accumulated shift of the times of periastron
passage in the PSR 1913+16 system, relative to an assumed
orbit with a constant period. The parabolic curve represents the
general relativistic prediction, modified by Galactic effects, for
orbital period decay from gravitational radiation damping forces.
(Figure obtained with permission from Ref. 40.)

The discovery of the binary pulsar PSR1534 + 12 [46] has allowed
one to measure the four post-Keplerian parameters k, γtiming, r and s,
and thereby to obtain two (four observables minus two masses) tests of
strong field gravity, without mixing of radiative effects [47]. General
Relativity passes these tests within the measurement accuracy [47,37].
The most precise of these new, pure, strong-field tests is the one
obtained by combining the measurements of k, γ, and s. Using the
most recent data [48], one finds agreement at the 1% level:[

sobs

sGR[kobs, γobs
timing]

]
1534+12

= 1.000 ± 0.007 . (18.19)

It has also been possible to measure the orbital period change
of PSR1534 + 12. General Relativity passes the corresponding
(k − γtiming − Ṗb)1534+12 test with success at the 15% level [48].

The discovery of the binary pulsar PSR J1141 − 6545 [49]
(whose companion is probably a white dwarf) has recently led to
the measurement of the three post-Keplerian parameters k, γtiming

and Ṗb [50]. As in the PSR 1913 + 16 system this yields one
combined radiative/strong-field test of relativistic gravity. One finds
that General Relativity passes this (k − γtiming − Ṗb)1141−6545 test
with success at the 25% level [50]. Several other binary pulsar
systems, of a nonsymmetric type (nearly circular systems made
of a neutron star and a white dwarf), can also be used to test
relativistic gravity [51,52,53,54]. The constraints on tensor-scalar
theories provided by three binary-pulsar “experiments” have been
analyzed in [43] and shown to exclude a large portion of the parameter
space allowed by solar-system tests. Measurements of the pulse shape
of PSR1913 + 16 [55] have detected a time variation of the pulse
shape compatible with the prediction [56] that the general relativistic
spin-orbit coupling should cause a secular change in the orientation
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of the pulsar beam with respect to the line of sight (“geodetic
precession”).

The tests considered above have examined the gravitational
interaction on scales between a fraction of a millimeter and a few
astronomical units. On the other hand, the general relativistic action
on light and matter of an external gravitational field on a length
scale ∼ 100 kpc has been verified to ∼ 30% in some gravitational
lensing systems (see, e.g., Ref. 57). Some tests on cosmological
scales are also available. In particular, Big Bang Nucleosynthesis (see
Section 20 of this Review) has been used to set significant constraints
on the variability of the gravitational “constant” [58]. For other
cosmological tests of the “constancy of constants” see the review [13].

18.4. Conclusions

All present experimental tests are compatible with the predictions
of the current “standard” theory of gravitation: Einstein’s General
Relativity. The universality of the coupling between matter and
gravity (Equivalence Principle) has been verified at the 10−12 level.
Solar system experiments have tested all the weak-field predictions
of Einstein’s theory at better than the 10−3 level (and down
to the 2 × 10−5 level for the post-Einstein parameter γ). The
propagation properties of relativistic gravity, as well as several of its
strong-field aspects, have been verified at the 10−3 level in binary
pulsar experiments. Recent laboratory experiments have set strong
constraints on sub-millimeter modifications of Newtonian gravity.

Several important new developments in experimental gravitation
are expected in the near future. The approved NASA Gravity Probe B
mission [59]( a space gyroscope experiment; due for launch in December
2003) will directly measure the gravitational spin-orbit and spin-spin
couplings, thereby measuring the parameter γ to better than the 10−5

level. The universality of free-fall acceleration should soon be tested
to much better than the 10−12 level by some satellite experiments:
the approved CNES MICROSCOPE [60] mission (10−15 level), and
the planned (cryogenic) NASA-ESA STEP [61] mission (10−18 level).
The recently constructed kilometer-size laser interferometers (notably
LIGO [62] in the USA and VIRGO [63] and GEO600 [64] in Europe)
should soon directly detect gravitational waves arriving on Earth. As
the sources of these waves are expected to be extremely relativistic
objects with strong internal gravitational fields (e.g., coalescing binary
black holes), their detection will allow one to experimentally probe
gravity in highly dynamical circumstances. Note finally that arrays
of millisecond pulsars are sensitive detectors of (very low frequency)
gravitational waves [65,66].
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19. BIG-BANG COSMOLOGY

Written July 2001 by K.A. Olive (University of Minnesota) and
J.A. Peacock (University of Edinburgh). Revised September 2005.

19.1. Introduction to Standard Big-Bang Model

The observed expansion of the Universe [1,2,3] is a natural (almost
inevitable) result of any homogeneous and isotropic cosmological
model based on general relativity. However, by itself, the Hubble
expansion does not provide sufficient evidence for what we generally
refer to as the Big-Bang model of cosmology. While general relativity
is in principle capable of describing the cosmology of any given
distribution of matter, it is extremely fortunate that our Universe
appears to be homogeneous and isotropic on large scales. Together,
homogeneity and isotropy allow us to extend the Copernican Principle
to the Cosmological Principle, stating that all spatial positions in the
Universe are essentially equivalent.

The formulation of the Big-Bang model began in the 1940s with the
work of George Gamow and his collaborators, Alpher and Herman.
In order to account for the possibility that the abundances of the
elements had a cosmological origin, they proposed that the early
Universe which was once very hot and dense (enough so as to allow
for the nucleosynthetic processing of hydrogen), and has expanded
and cooled to its present state [4,5]. In 1948, Alpher and Herman
predicted that a direct consequence of this model is the presence
of a relic background radiation with a temperature of order a few
K [6,7]. Of course this radiation was observed 16 years later as the
microwave background radiation [8]. Indeed, it was the observation
of the 3 K background radiation that singled out the Big-Bang model
as the prime candidate to describe our Universe. Subsequent work on
Big-Bang nucleosynthesis further confirmed the necessity of our hot
and dense past. (See the review on BBN—Sec. 20 of this Review for
a detailed discussion of BBN.) These relativistic cosmological models
face severe problems with their initial conditions, to which the best
modern solution is inflationary cosmology, discussed in Sec. 19.3.5.
If correct, these ideas would strictly render the term ‘Big Bang’
redundant, since it was first coined by Hoyle to represent a criticism
of the lack of understanding of the initial conditions.

19.1.1. The Robertson-Walker Universe :
The observed homogeneity and isotropy enable us to describe

the overall geometry and evolution of the Universe in terms of two
cosmological parameters accounting for the spatial curvature and
the overall expansion (or contraction) of the Universe. These two
quantities appear in the most general expression for a space-time
metric which has a (3D) maximally symmetric subspace of a 4D
space-time, known as the Robertson-Walker metric:

ds2 = dt2 − R2(t)
[

dr2

1 − kr2
+ r2 (dθ2 + sin2 θ dφ2)

]
. (19.1)

Note that we adopt c = 1 throughout. By rescaling the radial
coordinate, we can choose the curvature constant k to take only the
discrete values +1, −1, or 0 corresponding to closed, open, or spatially
flat geometries. In this case, it is often more convenient to re-express
the metric as

ds2 = dt2 − R2(t)
[
dχ2 + S2

k(χ) (dθ2 + sin2 θ dφ2)
]

, (19.2)

where the function Sk(χ) is (sin χ, χ, sinh χ) for k = (+1, 0,−1). The
coordinate r (in Eq. (19.1)) and the ‘angle’ χ (in Eq. (19.2)) are
both dimensionless; the dimensions are carried by R(t), which is
the cosmological scale factor which determines proper distances in
terms of the comoving coordinates. A common alternative is to define
a dimensionless scale factor, a(t) = R(t)/R0, where R0 ≡ R(t0) is
R at the present epoch. It is also sometimes convenient to define
a dimensionless or conformal time coordinate, η, by dη = dt/R(t).
Along constant spatial sections, the proper time is defined by the time
coordinate, t. Similarly, for dt = dθ = dφ = 0, the proper distance is
given by R(t)χ. For standard texts on cosmological models see e.g.,
Refs. [9–14].

19.1.2. The redshift :
The cosmological redshift is a direct consequence of the Hubble

expansion, determined by R(t). A local observer detecting light from a
distant emitter sees a redshift in frequency. We can define the redshift
as

z ≡ ν1 − ν2

ν2
� v12

c
, (19.3)

where ν1 is the frequency of the emitted light, ν2 is the observed
frequency and v12 is the relative velocity between the emitter and the
observer. While the definition, z = (ν1 − ν2)/ν2 is valid on all distance
scales, relating the redshift to the relative velocity in this simple way
is only true on small scales (i.e., less than cosmological scales) such
that the expansion velocity is non-relativistic. For light signals, we
can use the metric given by Eq. (19.1) and ds2 = 0 to write

v12

c
= Ṙ δr =

Ṙ

R
δt =

δR

R
=

R2 − R1

R1
, (19.4)

where δr(δt) is the radial coordinate (temporal) separation between
the emitter and observer. Thus, we obtain the simple relation between
the redshift and the scale factor

1 + z =
ν1

ν2
=

R2

R1
. (19.5)

This result does not depend on the non-relativistic approximation.

19.1.3. The Friedmann-Lemâıtre equations of motion :
The cosmological equations of motion are derived from Einstein’s

equations
Rµν − 1

2gµνR = 8πGNTµν + Λgµν . (19.6)

Gliner [15] and Zeldovich [16] seem to have pioneered the modern
view, in which the Λ term is taken to the rhs and interpreted as
particle-physics processes yielding an effective energy–momentum
tensor Tµν for the vacuum of Λgµν/8πGN. It is common to assume
that the matter content of the Universe is a perfect fluid, for which

Tµν = −pgµν + (p + ρ)uµuν , (19.7)

where gµν is the space-time metric described by Eq. (19.1), p is
the isotropic pressure, ρ is the energy density and u = (1, 0, 0, 0) is
the velocity vector for the isotropic fluid in co-moving coordinates.
With the perfect fluid source, Einstein’s equations lead to the
Friedmann-Lemâıtre equations

H2 ≡
(

Ṙ

R

)2

=
8π GN ρ

3
− k

R2 +
Λ
3

, (19.8)

and
R̈

R
=

Λ
3
− 4πGN

3
(ρ + 3p) , (19.9)

where H(t) is the Hubble parameter and Λ is the cosmological
constant. The first of these is sometimes called the Friedmann
equation. Energy conservation via T µν

;µ = 0, leads to a third useful
equation [which can also be derived from Eq. (19.8) and Eq. (19.9)]

ρ̇ = −3H (ρ + p) . (19.10)

Eq. (19.10) can also be simply derived as a consequence of the first
law of thermodynamics.

Eq. (19.8) has a simple classical mechanical analog if we neglect
(for the moment) the cosmological term Λ. By interpreting −k/R2

as a “total energy”, then we see that the evolution of the Universe
is governed by a competition between the potential energy, 8πGNρ/3
and the kinetic term (Ṙ/R)2. For Λ = 0, it is clear that the Universe
must be expanding or contracting (except at the turning point prior
to collapse in a closed Universe). The ultimate fate of the Universe
is determined by the curvature constant k. For k = +1, the Universe
will recollapse in a finite time, whereas for k = 0,−1, the Universe
will expand indefinitely. These simple conclusions can be altered when
Λ �= 0 or more generally with some component with (ρ + 3p) < 0.
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19.1.4. Definition of cosmological parameters :
In addition to the Hubble parameter, it is useful to define several

other measurable cosmological parameters. The Friedmann equation
can be used to define a critical density such that k = 0 when Λ = 0,

ρc ≡
3H2

8π GN
= 1.88 × 10−26 h2 kg m−3

= 1.05 × 10−5 h2 GeV cm−3 ,

(19.11)

where the scaled Hubble parameter, h, is defined by

H ≡ 100 h km s−1 Mpc−1

⇒ H−1 = 9.78 h−1 Gyr

= 2998 h−1 Mpc .

(19.12)

The cosmological density parameter Ωtot is defined as the energy
density relative to the critical density,

Ωtot = ρ/ρc . (19.13)

Note that one can now rewrite the Friedmann equation as

k/R2 = H2(Ωtot − 1) , (19.14)

From Eq. (19.14), one can see that when Ωtot > 1, k = +1 and the
Universe is closed, when Ωtot < 1, k = −1 and the Universe is open,
and when Ωtot = 1, k = 0, and the Universe is spatially flat.

It is often necessary to distinguish different contributions to
the density. It is therefore convenient to define present-day density
parameters for pressureless matter (Ωm) and relativistic particles
(Ωr), plus the quantity ΩΛ = Λ/3H2. In more general models, we
may wish to drop the assumption that the vacuum energy density is
constant, and we therefore denote the present-day density parameter
of the vacuum by Ωv. The Friedmann equation then becomes

k/R2
0 = H2

0 (Ωm + Ωr + Ωv − 1) , (19.15)

where the subscript 0 indicates present-day values. Thus, it is the
sum of the densities in matter, relativistic particles and vacuum that
determines the overall sign of the curvature. Note that the quantity
−k/R2

0H
2
0 is sometimes referred to as Ωk. This usage is unfortunate:

it encourages one to think of curvature as a contribution to the energy
density of the Universe, which is not correct.

19.1.5. Standard Model solutions :
Much of the history of the Universe in the standard Big-Bang model

can be easily described by assuming that either matter or radiation
dominates the total energy density. During inflation or perhaps even
today if we are living in an accelerating Universe, domination by a
cosmological constant or some other form of dark energy should be
considered. In the following, we shall delineate the solutions to the
Friedmann equation when a single component dominates the energy
density. Each component is distinguished by an equation of state
parameter w = p/ρ.

19.1.5.1. Solutions for a general equation of state:
Let us first assume a general equation of state parameter for a

single component, w which is constant. In this case, Eq. (19.10) can
be written as ρ̇ = −3(1 + w)ρṘ/R and is easily integrated to yield

ρ ∝ R−3(1+w) . (19.16)

Note that at early times when R is small, the less singular curvature
term k/R2 in the Friedmann equation can be neglected so long as
w > −1/3. Curvature domination occurs at rather late times (if a
cosmological constant term does not dominate sooner). For w �= −1,
one can insert this result into the Friedmann equation Eq. (19.8) and
if one neglects the curvature and cosmological constant terms, it is
easy to integrate the equation to obtain,

R(t) ∝ t2/[3(1+w)] . (19.17)

19.1.5.2. A Radiation-dominated Universe:
In the early hot and dense Universe, it is appropriate to assume an

equation of state corresponding to a gas of radiation (or relativistic
particles) for which w = 1/3. In this case, Eq. (19.16) becomes
ρ ∝ R−4. The “extra” factor of 1/R is due to the cosmological
redshift; not only is the number density of particles in the radiation
background decreasing as R−3 since volume scales as R3, but in
addition, each particle’s energy is decreasing as E ∝ ν ∝ R−1.
Similarly, one can substitute w = 1/3 into Eq. (19.17) to obtain

R(t) ∝ t1/2 ; H = 1/2t . (19.18)

19.1.5.3. A Matter-dominated Universe:
At relatively late times, non-relativistic matter eventually dominates

the energy density over radiation (see Sec. 19.3.8). A pressureless gas
(w = 0) leads to the expected dependence ρ ∝ R−3 from Eq. (19.16)
and, if k = 0, we get

R(t) ∝ t2/3 ; H = 2/3t . (19.19)

19.1.5.4. A Universe dominated by vacuum energy:
If there is a dominant source of vacuum energy, V0, it would

act as a cosmological constant with Λ = 8πGNV0 and equation of
state w = −1. In this case, the solution to the Friedmann equation
is particularly simple and leads to an exponential expansion of the
Universe

R(t) ∝ e
√

Λ/3t . (19.20)

A key parameter is the equation of state of the vacuum,
w ≡ p/ρ: this need not be the w = −1 of Λ, and may not even be
constant [17,18,19]. It is now common to use w to stand for this
vacuum equation of state, rather than of any other constituent of the
Universe, and we use the symbol in this sense hereafter. We generally
assume w to be independent of time, and where results relating to
the vacuum are quoted without an explicit w dependence, we have
adopted w = −1.

The presence of vacuum energy can dramatically alter the fate of
the Universe. For example, if Λ < 0, the Universe will eventually
recollapse independent of the sign of k. For large values of Λ (larger
than the Einstein static value needed to halt any cosmological
expansion or contraction), even a closed Universe will expand forever.
One way to quantify this is the deceleration parameter, q0, defined as

q0 = − RR̈

Ṙ2

∣∣∣∣∣
0

=
1
2
Ωm + Ωr +

(1 + 3w)
2

Ωv . (19.21)

This equation shows us that w < −1/3 for the vacuum may lead
to an accelerating expansion. Astonishingly, it appears that such an
effect has been observed in the Supernova Hubble diagram [20–23]
(see Fig. 19.1 below); current data indicate that vacuum energy is
indeed the largest contributor to the cosmological density budget,
with Ωv = 0.72± 0.05 and Ωm = 0.28± 0.05 if k = 0 is assumed [23].

The nature of this dominant term is presently uncertain, but much
effort is being invested in dynamical models (e.g., rolling scalar fields),
under the catch-all heading of “quintessence.”

19.2. Introduction to Observational Cosmology

19.2.1. Fluxes, luminosities, and distances :
The key quantities for observational cosmology can be deduced

quite directly from the metric.
(1) The proper transverse size of an object seen by us to subtend

an angle dψ is its comoving size dψ Sk(χ) times the scale factor at the
time of emission:

d
 = dψ R0Sk(χ)/(1 + z) . (19.22)

(2) The apparent flux density of an object is deduced by allowing
its photons to flow through a sphere of current radius R0Sk(χ); but
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photon energies and arrival rates are redshifted, and the bandwidth
dν is reduced. The observed photons at frequency ν0 were emitted
at frequency ν0(1 + z), so the flux density is the luminosity at this
frequency, divided by the total area, divided by 1 + z:

Sν(ν0) =
Lν([1 + z]ν0)

4πR2
0S

2
k(χ)(1 + z)

. (19.23)

These relations lead to the following common definitions:

angular-diameter distance: DA = (1 + z)−1R0Sk(χ)
luminosity distance: DL = (1 + z) R0Sk(χ)

(19.24)

These distance-redshift relations are expressed in terms of
observables by using the equation of a null radial geodesic (R(t)dχ =
dt) plus the Friedmann equation:

R0dχ =
1

H(z)
dz =

1
H0

[
(1 − Ωm − Ωv − Ωr)(1 + z)2

+ Ωv(1 + z)3+3w + Ωm(1 + z)3 + Ωr(1 + z)4
]−1/2

dz .

(19.25)
The main scale for the distance here is the Hubble length, 1/H0.

The flux density is the product of the specific intensity Iν and
the solid angle dΩ subtended by the source: Sν = Iν dΩ. Combining
the angular size and flux-density relations thus gives the relativistic
version of surface-brightness conservation:

Iν(ν0) =
Bν([1 + z]ν0)

(1 + z)3
, (19.26)

where Bν is surface brightness (luminosity emitted into unit solid
angle per unit area of source). We can integrate over ν0 to obtain the
corresponding total or bolometric formula:

Itot =
Btot

(1 + z)4
. (19.27)

This cosmology-independent form expresses Liouville’s Theorem:
photon phase-space density is conserved along rays.

19.2.2. Distance data and geometrical tests of cosmology :
In order to confront these theoretical predictions with data, we have

to bridge the divide between two extremes. Nearby objects may have
their distances measured quite easily, but their radial velocities are
dominated by deviations from the ideal Hubble flow, which typically
have a magnitude of several hundred km s−1. On the other hand,
objects at redshifts z >∼ 0.01 will have observed recessional velocities
that differ from their ideal values by <∼ 10%, but absolute distances
are much harder to supply in this case. The traditional solution to
this problem is the construction of the distance ladder: an interlocking
set of methods for obtaining relative distances between various classes
of object, which begins with absolute distances at the 10 to 100 pc
level and terminates with galaxies at significant redshifts. This is
reviewed in the review on Global cosmological parameters—Sec. 21 of
this Review.

By far the most exciting development in this area has been the
use of type Ia Supernovae (SNe), which now allow measurement of
relative distances with 5% precision. In combination with Cepheid
data from the HST key project on the distance scale, SNe results
are the dominant contributor to the best modern value for H0:
72 km s−1Mpc−1 ± 10% [24]. Better still, the analysis of high-z SNe
has allowed the first meaningful test of cosmological geometry to
be carried out: as shown in Fig. 19.1 and Fig. 19.2, a combination
of supernova data and measurements of microwave-background
anisotropies strongly favors a k = 0 model dominated by vacuum
energy. (See the review on Global cosmological parameters—Sec. 21
of this Review for a more comprehensive review of Hubble parameter
determinations.)

Figure 19.1: The type Ia supernova Hubble diagram [20–22].
The first panel shows that for z � 1 the large-scale Hubble
flow is indeed linear and uniform; the second panel shows
an expanded scale, with the linear trend divided out, and
with the redshift range extended to show how the Hubble law
becomes nonlinear. (Ωr = 0 is assumed.) Comparison with the
prediction of Friedmann-Lemâitre models appears to favor a
vacuum-dominated Universe.

19.2.3. Age of the Universe :
The most striking conclusion of relativistic cosmology is that the

Universe has not existed forever. The dynamical result for the age of
the Universe may be written as

H0t0 =
∫ ∞

0

dz

(1 + z)H(z)

=
∫ ∞

0

dz

(1 + z) [(1 + z)2(1 + Ωmz) − z(2 + z)Ωv]1/2
, (19.28)

where we have neglected Ωr and chosen w = −1. Over the range
of interest (0.1 <∼ Ωm <∼ 1, |Ωv| <∼ 1), this exact answer may be
approximated to a few % accuracy by

H0t0 � 2
3 (0.7Ωm + 0.3 − 0.3Ωv)−0.3 . (19.29)

For the special case that Ωm + Ωv = 1, the integral in Eq. (19.28) can
be expressed analytically as

H0t0 =
2

3
√

Ωv
ln

1 +
√

Ωv√
1 − Ωv

(Ωm < 1) . (19.30)

The most accurate means of obtaining ages for astronomical objects
is based on the natural clocks provided by radioactive decay. The use
of these clocks is complicated by a lack of knowledge of the initial
conditions of the decay. In the Solar System, chemical fractionation
of different elements helps pin down a precise age for the pre-Solar
nebula of 4.6 Gyr, but for stars it is necessary to attempt an a
priori calculation of the relative abundances of nuclei that result from
supernova explosions. In this way, a lower limit for the age of stars in
the local part of the Milky Way of about 11 Gyr is obtained [25].

The other major means of obtaining cosmological age estimates
is based on the theory of stellar evolution. In principle, the
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main-sequence turnoff point in the color-magnitude diagram of a
globular cluster should yield a reliable age. However, these have been
controversial owing to theoretical uncertainties in the evolution model,
as well as observational uncertainties in the distance, dust extinction
and metallicity of clusters. The present consensus favors ages for the
oldest clusters of about 12 Gyr [26,27].

These methods are all consistent with the age deduced from
studies of structure formation, using the microwave background and
large-scale structure: t0 = 13.7 ± 0.2 Gyr [28], where the extra
accuracy comes at the price of assuming the Cold Dark Matter model
to be true.

Figure 19.2: Likelihood-based confidence contours [28] over the
plane ΩΛ (i.e. Ωv assuming w = −1) vs Ωm. The SNe Ia results
very nearly constrain Ωv − Ωm, whereas the results of CMB
anisotropies (from the first-year WMAP data) favor a flat model
with Ωv + Ωm � 1. The intersection of these constraints is the
most direct (but far from the only) piece of evidence favoring a
flat model with Ωm � 0.3.

19.2.4. Horizon, isotropy, flatness problems :
For photons, the radial equation of motion is just c dt = R dχ. How

far can a photon get in a given time? The answer is clearly

∆χ =
∫ t2

t1

dt

R(t)
≡ ∆η , (19.31)

i.e., just the interval of conformal time. We can replace dt by dR/Ṙ,
which the Friedmann equation says is ∝ dR/

√
ρR2 at early times.

Thus, this integral converges if ρR2 → ∞ as t1 → 0, otherwise it
diverges. Provided the equation of state is such that ρ changes faster
than R−2, light signals can only propagate a finite distance between
the Big Bang and the present; there is then said to be a particle
horizon. Such a horizon therefore exists in conventional Big-Bang
models, which are dominated by radiation (ρ ∝ R−4) at early times.

At late times, the integral for the horizon is largely determined by
the matter-dominated phase, for which

DH = R0 χ
H
≡ R0

∫ t(z)

0

dt

R(t)
� 6000√

Ωz
h−1 Mpc (z � 1) . (19.32)

The horizon at the time of formation of the microwave background
(‘last scattering’: z � 1100) was thus of order 100 Mpc in size,
subtending an angle of about 1◦. Why then are the large number
of causally disconnected regions we see on the microwave sky all at
the same temperature? The Universe is very nearly isotropic and
homogeneous, even though the initial conditions appear not to permit
such a state to be constructed.

A related problem is that the Ω = 1 Universe is unstable:

Ω(a) − 1 =
Ω − 1

1 − Ω + Ωva2 + Ωma−1 + Ωra−2
, (19.33)

where Ω with no subscript is the total density parameter, and
a(t) = R(t)/R0. This requires Ω(t) to be unity to arbitrary precision
as the initial time tends to zero; a universe of non-zero curvature
today requires very finely tuned initial conditions.

19.3. The Hot Thermal Universe

19.3.1. Thermodynamics of the early Universe :
As alluded to above, we expect that much of the early Universe can

be described by a radiation-dominated equation of state. In addition,
through much of the radiation-dominated period, thermal equilibrium
is established by the rapid rate of particle interactions relative to the
expansion rate of the Universe (see Sec. 19.3.3 below). In equilibrium,
it is straightforward to compute the thermodynamic quantities, ρ, p,
and the entropy density, s. In general, the energy density for a given
particle type i can be written as

ρi =
∫

Ei dnqi , (19.34)

with the density of states given by

dnqi =
gi

2π2

(
exp[(Eqi − µi)/Ti] ± 1

)−1
q2
i dqi , (19.35)

where gi counts the number of degrees of freedom for particle type i,
E2

qi
= m2

i + q2
i , µi is the chemical potential, and the ± corresponds to

either Fermi or Bose statistics. Similarly, we can define the pressure
of a perfect gas as

pi =
1
3

∫
q2
i

Ei
dnqi . (19.36)

The number density of species i is simply

ni =
∫

dnqi , (19.37)

and the entropy density is

si =
ρi + pi − µini

Ti
, (19.38)

In the Standard Model, a chemical potential is often associated
with baryon number, and since the net baryon density relative to
the photon density is known to be very small (of order 10−10),
we can neglect any such chemical potential when computing total
thermodynamic quantities.

For photons, we can compute all of the thermodynamic quantities
rather easily. Taking gi = 2 for the 2 photon polarization states, we
have

ργ =
π2

15
T 4 ; pγ =

1
3
ργ ; sγ =

4ργ

3T
; nγ =

2ζ(3)
π2

T 3 , (19.39)

with 2ζ(3)/π2 � 0.2436. Note that Eq. (19.10) can be converted
into an equation for entropy conservation. Recognizing that ṗ = sṪ ,
Eq. (19.10) becomes

d(sR3)/dt = 0 . (19.40)

For radiation, this corresponds to the relationship between expansion
and cooling, T ∝ R−1 in an adiabatically expanding Universe. Note
also that both s and nγ scale as T 3.

19.3.2. Radiation content of the Early Universe :
At the very high temperatures associated with the early Universe,

massive particles are pair produced, and are part of the thermal
bath. If for a given particle species i we have T � mi, then we can
neglect the mass in Eq. (19.34) to Eq. (19.38), and the thermodynamic
quantities are easily computed as in Eq. (19.39). In general, we can
approximate the energy density (at high temperatures) by including
only those particles with mi � T . In this case, we have

ρ =

(∑
B

gB +
7
8

∑
F

gF

)
π2

30
T 4 ≡ π2

30
N(T )T 4 , (19.41)

where gB(F ) is the number of degrees of freedom of each boson
(fermion) and the sum runs over all boson and fermion states with
m � T . The factor of 7/8 is due to the difference between the Fermi
and Bose integrals. Eq. (19.41) defines the effective number of degrees
of freedom, N(T ), by taking into account new particle degrees of
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Temperature New Particles 4N(T )
T < me γ’s + ν’s 29
me < T < mµ e± 43
mµ < T < mπ µ± 57
mπ < T < T †

c π’s 69
Tc < T < mstrange π’s + u, ū, d, d̄ + gluons 205
ms < T < mcharm s, s̄ 247
mc < T < mτ c, c̄ 289
mτ < T < mbottom τ± 303
mb < T < mW,Z b, b̄ 345
mW,Z < T < mHiggs W±, Z 381
mH < T < mtop H0 385
mt < T t, t̄ 427

†Tc corresponds to the confinement-deconfinement transition between
quarks and hadrons.

freedom as the temperature is raised. This quantity is plotted in
Fig. 19.3 [29].

The value of N(T ) at any given temperature depends on the
particle physics model. In the standard SU(3) × SU(2) × U(1) model,
we can specify N(T ) up to temperatures of O(100) GeV. The change
in N (ignoring mass effects) can be seen in the above table.

At higher temperatures, N(T ) will be model dependent. For
example, in the minimal SU(5) model, one needs to add 24 states to
N(T ) for the X and Y gauge bosons, another 24 from the adjoint
Higgs, and another 6 (in addition to the 4 already counted in W±, Z,
and H) from the 5 of Higgs. Hence for T > mX in minimal SU(5),
N(T ) = 160.75. In a supersymmetric model this would at least
double, with some changes possibly necessary in the table if the
lightest supersymmetric particle has a mass below mt.

0

20

40

60

80

100

1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0

N(T)

Log(T/MeV)

Figure 19.3: The effective numbers of relativistic degrees
of freedom as a function of temperature. The sharp drop
corresponds to the quark-hadron transition. The solid curve
assume a QCD scale of 150 MeV, while the dashed curve assumes
450 MeV.

In the radiation-dominated epoch, Eq. (19.10) can be integrated
(neglecting the T -dependence of N) giving us a relationship between
the age of the Universe and its temperature

t =
(

90
32π3GNN(T )

)1/2

T−2 , (19.42)

Put into a more convenient form

t T 2
MeV = 2.4[N(T )]−1/2 , (19.43)

where t is measured in seconds and TMeV in units of MeV.

19.3.3. Neutrinos and equilibrium : Due to the expansion of
the Universe, certain rates may be too slow to either establish or
maintain equilibrium. Quantitatively, for each particle i, as a minimal
condition for equilibrium, we will require that some rate Γi involving
that type be larger than the expansion rate of the Universe or

Γi > H . (19.44)

Recalling that the age of the Universe is determined by H−1, this
condition is equivalent to requiring that on average, at least one
interaction has occurred over the lifetime of the Universe.

A good example for a process which goes in and out of equilibrium
is the weak interactions of neutrinos. On dimensional grounds, one
can estimate the thermally averaged scattering cross section

〈σv〉 ∼ O(10−2)T 2/m4
W (19.45)

for T <∼ mW. Recalling that the number density of leptons is n ∝ T 3,
we can compare the weak interaction rate, Γ ∼ n〈σv〉, with the
expansion rate,

H =
(

8πGNρ

3

)1/2

=
(

8π3

90
N(T )

)1/2

T 2/MP

∼ 1.66N(T )1/2T 2/MP.

(19.46)

The Planck mass MP = G
−1/2
N = 1.22 × 1019 GeV.

Neutrinos will be in equilibrium when Γwk > H or

T > (500 m4
W/MP)1/3 ∼ 1 MeV . (19.47)

The temperature at which these rates are equal is commonly referred
to as the neutrino decoupling or freeze-out temperature and is defined
by Γ(Td) = H(Td).

At very high temperatures, the Universe is too young for
equilibrium to have been established. For T � mW, we should write
〈σv〉 ∼ O(10−2)/T 2, so that Γ ∼ 10−2T . Thus at temperatures
T >∼ 10−2MP/

√
N , equilibrium will not have been established.

For T < Td, neutrinos drop out of equilibrium. The Universe
becomes transparent to neutrinos and their momenta simply redshift
with the cosmic expansion. The effective neutrino temperature will
simply fall with T ∼ 1/R.

Soon after decoupling, e± pairs in the thermal background begin to
annihilate (when T <∼ me). Because the neutrinos are decoupled, the
energy released due to annihilation heats up the photon background
relative to the neutrinos. The change in the photon temperature can
be easily computed from entropy conservation. The neutrino entropy
must be conserved separately from the entropy of interacting particles.
A straightforward computation yields

Tν = (4/11)1/3 Tγ � 1.9 K . (19.48)

Today, the total entropy density is therefore given by

s =
4
3

π2

30

(
2 +

21
4

(Tν/Tγ)3
)

T 3
γ =

4
3

π2

30

(
2 +

21
11

)
T 3

γ = 7.04 nγ .

(19.49)
Similarly, the total relativistic energy density today is given by

ρr =
π2

30

[
2 +

21
4

(Tν/Tγ)4
]

T 4
γ � 1.68ργ . (19.50)

In practice, a small correction is needed to this, since neutrinos
are not totally decoupled at e± annihilation: the effective number of
massless neutrino species is 3.04, rather than 3 [30].

This expression ignores neutrino rest masses, but current oscillation
data require at least one neutrino eigenstate to have a mass exceeding
0.05 eV. In this minimal case, Ωνh2 = 5 × 10−4, so the neutrino
contribution to the matter budget would be negligibly small (which
is our normal assumption). However, a nearly degenerate pattern
of mass eigenstates could allow larger densities, since oscillation
experiments only measure differences in m2 values. Note that a
0.05-eV neutrino has kTν = mν at z � 297, so the above expression
for the total present relativistic density is really only an extrapolation.
However, neutrinos are almost certainly relativistic at all epochs where
the radiation content of the universe is dynamically significant.
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19.3.4. Field Theory and Phase transitions :
It is very likely that the Universe has undergone one or more phase

transitions during the course of its evolution [31–34]. Our current
vacuum state is described by SU(3)c× U(1)em which in the Standard
Model is a remnant of an unbroken SU(3)c× SU(2)L× U(1)Y gauge
symmetry. Symmetry breaking occurs when a non-singlet gauge field
(the Higgs field in the Standard Model) picks up a non-vanishing
vacuum expectation value, determined by a scalar potential. For
example, a simple (non-gauged) potential describing symmetry
breaking is V (φ) = 1

4λφ4 − 1
2µ2φ2 + V (0). The resulting expectation

value is simply 〈φ〉 = µ/
√

λ.
In the early Universe, finite temperature radiative corrections

typically add terms to the potential of the form φ2T 2. Thus, at very
high temperatures, the symmetry is restored and 〈φ〉 = 0. As the
Universe cools, depending on the details of the potential, symmetry
breaking will occur via a first order phase transition in which the field
tunnels through a potential barrier, or via a second order transition in
which the field evolves smoothly from one state to another (as would
be the case for the above example potential).

The evolution of scalar fields can have a profound impact on the
early Universe. The equation of motion for a scalar field φ can be
derived from the energy-momentum tensor

Tµν = ∂µφ∂νφ − 1
2
gµν∂ρφ∂ρφ − gµνV (φ) . (19.51)

By associating ρ = T00 and p = R−2(t)Tii we have

ρ =
1
2
φ̇2 +

1
2
R−2(t)(∇φ)2 + V (φ)

p =
1
2
φ̇2 − 1

6
R−2(t)(∇φ)2 − V (φ)

(19.52)

and from Eq. (19.10) we can write the equation of motion (by
considering a homogeneous region, we can ignore the gradient terms)

φ̈ + 3Hφ̇ = −∂V/∂φ . (19.53)

19.3.5. Inflation :
In Sec. 19.2.4, we discussed some of the problems associated with

the standard Big-Bang model. However, during a phase transition,
our assumptions of an adiabatically expanding universe are generally
not valid. If, for example, a phase transition occurred in the early
Universe such that the field evolved slowly from the symmetric state
to the global minimum, the Universe may have been dominated by
the vacuum energy density associated with the potential near φ ≈ 0.
During this period of slow evolution, the energy density due to
radiation will fall below the vacuum energy density, ρ � V (0). When
this happens, the expansion rate will be dominated by the constant
V(0) and we obtain the exponentially expanding solution given in
Eq. (19.20). When the field evolves towards the global minimum it will
begin to oscillate about the minimum, energy will be released during
its decay and a hot thermal universe will be restored. If released fast
enough, it will produce radiation at a temperature NTR

4 <∼ V (0). In
this reheating process entropy has been created and the final value of
R T is greater than the initial value of R T . Thus, we see that, during
a phase transition, the relation R T ∼ constant need not hold true.
This is the basis of the inflationary Universe scenario [35–37].

If during the phase transition the value of R T changed by a
factor of O(1029), the cosmological problems discussed above would
be solved. The observed isotropy would be generated by the immense
expansion; one small causal region could get blown up and hence our
entire visible Universe would have been in thermal contact some time
in the past. In addition, the density parameter Ω would have been
driven to 1 (with exponential precision). Density perturbations will
be stretched by the expansion, λ ∼ R(t). Thus it will appear that
λ � H−1 or that the perturbations have left the horizon, where in fact
the size of the causally connected region is now no longer simply H−1.
However, not only does inflation offer an explanation for large scale
perturbations, it also offers a source for the perturbations themselves
through quantum fluctuations.

Early models of inflation were based on a first order phase transition
of a Grand Unified theory [38]. Although these models led to sufficient
exponential expansion, completion of the transition through bubble
percolation did not occur. Later models of inflation [39,40], also
based on Grand Unified symmetry breaking, through second order
transitions were also doomed. While they successfully inflated and
reheated, and in fact produced density perturbations due to quantum
fluctuations during the evolution of the scalar field, they predicted
density perturbations many orders of magnitude too large. Most
models today are based on an unknown symmetry breaking involving
a new scalar field, the inflaton, φ.

19.3.6. Baryogenesis :
The Universe appears to be populated exclusively with matter

rather than antimatter. Indeed antimatter is only detected in
accelerators or in cosmic rays. However, the presence of antimatter
in the latter is understood to be the result of collisions of primary
particles in the interstellar medium. There is in fact strong evidence
against primary forms of antimatter in the Universe. Furthermore, the
density of baryons compared to the density of photons is extremely
small, η ∼ 10−10.

The production of a net baryon asymmetry requires baryon number
violating interactions, C and CP violation and a departure from
thermal equilibrium [41]. The first two of these ingredients are
expected to be contained in grand unified theories as well as in
the non-perturbative sector of the standard model, the third can be
realized in an expanding universe where as we have seen interactions
come in and out of equilibrium.

There are several interesting and viable mechanisms for the
production of the baryon asymmetry. While, we can not review any of
them here in any detail, we mention some of the important scenarios.
In all cases, all three ingredients listed above are incorporated.
One of the first mechanisms was based on the out of equilibrium
decay of a massive particle such as a superheavy GUT gauge of
Higgs boson [42,43]. A novel mechanism involving the decay of flat
directions in supersymmetric models is known as the Affleck-Dine
scenario [44]. Recently, much attention has been focused on the
possibility of generating the baryon asymmetry at the electro-weak
scale using the non-perturbative interactions of sphalerons [45].
Because these interactions conserve the sum of baryon and lepton
number, B + L, it is possible to first generate a lepton asymmetry
(e.g., by the out-of-equilibrium decay of a superheavy right-handed
neutrino), which is converted to a baryon asymmetry at the electro-
weak scale [46]. This mechanism is known as lepto-baryogenesis.

19.3.7. Nucleosynthesis :
An essential element of the standard cosmological model is Big-Bang

nucleosynthesis (BBN), the theory which predicts the abundances of
the light element isotopes D, 3He, 4He, and 7Li. Nucleosynthesis takes
place at a temperature scale of order 1 MeV. The nuclear processes
lead primarily to 4He, with a primordial mass fraction of about 24%.
Lesser amounts of the other light elements are produced: about 10−5

of D and 3He and about 10−10 of 7Li by number relative to H.
The abundances of the light elements depend almost solely on one
key parameter, the baryon-to-photon ratio, η. The nucleosynthesis
predictions can be compared with observational determinations of the
abundances of the light elements. Consistency between theory and
observations leads to a conservative range of

3.4 × 10−10 < η < 6.9 × 10−10 . (19.54)

η is related to the fraction of Ω contained in baryons, Ωb

Ωb = 3.66 × 107η h−2 , (19.55)

or 1010η = 274Ωbh
2. The WMAP result [28] for Ωbh

2 of 0.0224 ±
0.0009 translates into a value of η = 6.15 ± 0.25. This result can be
used to ‘predict’ the light element abundance which can in turn be
compared with observation [47]. The resulting D/H abundance is
in excellent agreement with that found in quasar absorption systems.
It is in reasonable agreement with the helium abundance observed in
extra-galactic HII regions (once systematic uncertainties are accounted
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for) but is in poor agreement with the Li abundance observed in the
atmospheres of halo dwarf stars. (See the review on BBN—Sec. 20 of
this Review for a detailed discussion of BBN or references [48,49]. )

19.3.8. The transition to a matter-dominated Universe :
In the Standard Model, the temperature (or redshift) at which

the Universe undergoes a transition from a radiation dominated to
a matter dominated Universe is determined by the amount of dark
matter. Assuming three nearly massless neutrinos, the energy density
in radiation at temperatures T � 1 MeV, is given by

ρr =
π2

30

[
2 +

21
4

(
4
11

)4/3
]

T 4 . (19.56)

In the absence of non-baryonic dark matter, the matter density can be
written as

ρm = mNη nγ , (19.57)

where mN is the nucleon mass. Recalling that nγ ∝ T 3 [cf.
Eq. (19.39)], we can solve for the temperature or redshift at the
matter-radiation equality when ρr = ρm,

Teq = 0.22 mN η or (1 + zeq) = 0.22 η
mN

T0
, (19.58)

where T0 is the present temperature of the microwave background.
For η = 5 × 10−10, this corresponds to a temperature Teq � 0.1 eV or
(1+zeq) � 425. A transition this late is very problematic for structure
formation (see Sec. 19.4.5).

The redshift of matter domination can be pushed back significantly
if non-baryonic dark matter is present. If instead of Eq. (19.57), we
write

ρm = Ωmρc

(
T

T0

)3

, (19.59)

we find that

Teq = 0.9
Ωmρc

T 3
0

or (1 + zeq) = 2.4 × 104Ωmh2 . (19.60)

19.4. The Universe at late times

19.4.1. The CMB :
One form of the infamous Olbers’ paradox says that, in Euclidean

space, surface brightness is independent of distance. Every line of
sight will terminate on matter that is hot enough to be ionized and so
scatter photons: T >∼ 103 K; the sky should therefore shine as brightly
as the surface of the Sun. The reason the night sky is dark is entirely
due to the expansion, which cools the radiation temperature to 2.73 K.
This gives a Planck function peaking at around 1 mm to produce the
microwave background (CMB).

The CMB spectrum is a very accurate match to a Planck
function [50]. (See the review on CBR–Sec. 23 of this Review.) The
COBE estimate of the temperature is [51]

T = 2.725 ± 0.002 K . (19.61)

The lack of any distortion of the Planck spectrum is a strong physical
constraint. It is very difficult to account for in any expanding universe
other than one that passes through a hot stage. Alternative schemes
for generating the radiation, such as thermalization of starlight by dust
grains, inevitably generate a superposition of temperatures. What is
required in addition to thermal equilibrium is that T ∝ 1/R, so that
radiation from different parts of space appears identical.

Although it is common to speak of the CMB as originating
at “recombination,” a more accurate terminology is the era of
“last scattering,” In practice, this takes place at z � 1100, almost
independently of the main cosmological parameters, at which time
the fractional ionization is very small. This occurred when the age of
the Universe was a few hundred thousand years. (See the review on
CBR–Sec. 23 of this Review for a full discussion of the CMB.)

19.4.2. Matter in the Universe :
One of the main tasks of cosmology is to measure the density of the

Universe, and how this is divided between dark matter and baryons.
The baryons consist partly of stars, with 0.002 <∼ Ω∗ <∼ 0.003 [52]
but mainly inhabit the IGM. One powerful way in which this can be
studied is via the absorption of light from distant luminous objects
such as quasars. Even very small amounts of neutral hydrogen can
absorb rest-frame UV photons (the Gunn-Peterson effect), and should
suppress the continuum by a factor exp(−τ), where

τ �
[

nHI(z)
(1 + z)

√
1 + Ωmz

]
/ 10−4.62 h m−3, (19.62)

and this expression applies while the Universe is matter dominated
(z >∼ 1 in the Ωm = 0.3 Ωv = 0.7 model). It is possible that this
general absorption has now been seen at z = 6.2 [53]. In any case,
the dominant effect on the spectrum is a ‘forest’ of narrow absorption
lines, which produce a mean τ = 1 in the Lyα forest at about z = 3,
and so we have ΩHI � 10−5.5h−1. This is such a small number that
clearly the IGM is very highly ionized at these redshifts.

The Lyα forest is of great importance in pinning down the
abundance of deuterium. Because electrons in deuterium differ in
reduced mass by about 1 part in 4000 compared to Hydrogen, each
absorption system in the Lyα forest is accompanied by an offset
deuterium line. By careful selection of systems with an optimal HI
column density, a measurement of the D/H ratio can be made. This
has now been done in 5 quasars, with relatively consistent results [49].
Combining these determinations with the theory of primordial
nucleosynthesis yields a baryon density of Ωbh

2 = 0.021 ± 0.004 (95%
confidence). (See also the review on BBN—Sec. 20 of this Review.)

Ionized IGM can also be detected in emission when it is
densely clumped, via bremsstrahlung radiation. This generates the
spectacular X-ray emission from rich clusters of galaxies. Studies
of this phenomenon allow us to achieve an accounting of the total
baryonic material in clusters. Within the central � 1 Mpc, the masses
in stars, X-ray emitting gas and total dark matter can be determined
with reasonable accuracy (perhaps 20% rms), and this allows a
minimum baryon fraction to be determined [54,55]:

Mbaryons

Mtotal

>∼ 0.009 + (0.066 ± 0.003)h−3/2 . (19.63)

Because clusters are the largest collapsed structures, it is reasonable to
take this as applying to the Universe as a whole. This equation implies
a minimum baryon fraction of perhaps 12% (for reasonable h), which is
too high for Ωm = 1 if we take Ωbh

2 � 0.02 from nucleosynthesis. This
is therefore one of the more robust arguments in favor of Ωm � 0.3.
(See the review on Global cosmological parameters—Sec. 21 of this
Review.) This argument is also consistent with the inference on Ωm

that can be made from Fig. 19.2.
This method is much more robust than the older classical technique

for weighing the Universe: ‘L × M/L’. The overall light density of
the Universe is reasonably well determined from redshift surveys of
galaxies, so that a good determination of mass M and luminosity L
for a single object suffices to determine Ωm if the mass-to-light ratio
is universal.

Galaxy redshift surveys allow us to deduce the galaxy luminosity
function, φ, which is the comoving number density of galaxies; this
may be described by the Schechter function, which is a power law with
an exponential cutoff:

φ = φ∗
(

L

L∗

)−α

e−L/L∗ dL

L∗ (19.64)

The total luminosity density produced by integrating over the
distribution is

ρL = φ∗L∗Γ(2 − α) , (19.65)

and this tells us the average mass-to-light ratio needed to
close the Universe. Answers vary (principally owing to uncer-
tainties in φ∗). In blue light, the total luminosity density is
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ρL = 2 ± 0.2 × 108 hL�Mpc−3 [56,57]. The critical density is
2.78 × 1011 Ωh2M�Mpc−3, so the critical M/L for closure is

(M/L)crit, B = 1390 h± 10% . (19.66)

Dynamical determinations of mass on the largest accessible scales
consistently yield blue M/L values of at least 300 h, but normally fall
short of the closure value [58]. This was a long-standing argument
against the Ωm = 1 model, but it was never conclusive because the
stellar populations in objects such as rich clusters (where the masses
can be determined) differ systematically from those in other regions.

19.4.3. Gravitational lensing :
A robust method for determining masses in cosmology is to

use gravitational light deflection. Most systems can be treated as
a geometrically thin gravitational lens, where the light bending is
assumed to take place only at a single distance. Simple geometry then
determines a mapping between the coordinates in the intrinsic source
plane and the observed image plane:

α(DLθI) =
DS

DLS
(θI − θS) , (19.67)

where the angles θI, θS and α are in general two-dimensional vectors
on the sky. The distances DLS etc. are given by an extension of the
usual distance-redshift formula:

DLS =
R0Sk(χS − χL)

1 + zS
. (19.68)

This is the angular-diameter distance for objects on the source plane
as perceived by an observer on the lens.

Solutions of this equation divide into weak lensing, where the
mapping between source plane and image plane is one-to-one, and
strong lensing, in which multiple imaging is possible. For circularly-
symmetric lenses, an on-axis source is multiply imaged into a ‘caustic’
ring, whose radius is the Einstein radius:

θE =
(

4GM
DLS

DLDS

)1/2

=
(

M

1011.09M�

)1/2 (
DLDS/DLS

Gpc

)−1/2

arcsec

(19.69)

The observation of ‘arcs’ (segments of near-perfect Einstein rings)
in rich clusters of galaxies has thus given very accurate masses
for the central parts of clusters—generally in good agreement with
other indicators, such as analysis of X-ray emission from the cluster
IGM [59].

19.4.4. Density Fluctuations :
The overall properties of the Universe are very close to being

homogeneous; and yet telescopes reveal a wealth of detail on scales
varying from single galaxies to large-scale structures of size exceeding
100 Mpc. The existence of these structures must be telling us
something important about the initial conditions of the Big Bang, and
about the physical processes that have operated subsequently. This
motivates the study of the density perturbation field, defined as

δ(x) ≡ ρ(x) − 〈ρ〉
〈ρ〉 . (19.70)

A critical feature of the δ field is that it inhabits a universe that
is isotropic and homogeneous in its large-scale properties. This
suggests that the statistical properties of δ should also be statistically
homogeneous—i.e., it is a stationary random process.

It is often convenient to describe δ as a Fourier superposition:

δ(x) =
∑

δke−ik·x . (19.71)

We avoid difficulties with an infinite universe by applying periodic
boundary conditions in a cube of some large volume V . The cross-
terms vanish when we compute the variance in the field, which is just
a sum over modes of the power spectrum

〈δ2〉 =
∑

|δk|2 ≡
∑

P (k) . (19.72)

Note that the statistical nature of the fluctuations must be isotropic,
so we write P (k) rather than P (k). The 〈. . .〉 average here is a volume
average. Cosmological density fields are an example of an ergodic
process, in which the average over a large volume tends to the same
answer as the average over a statistical ensemble.

The statistical properties of discrete objects sampled from the
density field are often described in terms of N -point correlation
functions, which represent the excess probability over random for
finding one particle in each of N boxes in a given configuration. For the
2-point case, the correlation function is readily shown to be identical
to the autocorrelation function of the δ field: ξ(r) = 〈δ(x)δ(x + r)〉.

The power spectrum and correlation function are Fourier conjugates,
and thus are equivalent descriptions of the density field (similarly,
k-space equivalents exist for the higher-order correlations). It is
convenient to take the limit V → ∞ and use k-space integrals,
defining a dimensionless power spectrum as ∆2(k) = d〈δ2〉/d ln k =
V k3P (k)/2π2:

ξ(r) =
∫

∆2(k)
sinkr

kr
d ln k; ∆2(k) =

2
π

k3
∫ ∞

0
ξ(r)

sinkr

kr
r2 dr .

(19.73)
For many years, an adequate approximation to observational data

on galaxies was ξ = (r/r0)−γ , with γ � 1.8 and r0 � 5 h−1 Mpc.
Modern surveys are now able to probe into the large-scale linear
regime where traces of the curved primordial spectrum can be
detected [60,61].

19.4.5. Formation of cosmological structure :
The simplest model for the generation of cosmological structure

is gravitational instability acting on some small initial fluctuations
(for the origin of which a theory such as inflation is required). If the
perturbations are adiabatic (i.e., fractionally perturb number densities
of photons and matter equally), the linear growth law for matter
perturbations is simple:

δ ∝
{

a(t)2 (radiation domination; Ωr = 1)
a(t) (matter domination; Ωm = 1)

(19.74)

For low density universes, the present-day amplitude is suppressed by
a factor g(Ω), where

g(Ω) � 5
2
Ωm

[
Ω4/7

m − Ωv + (1 + Ωm/2)(1 +
1
70

Ωv)
]−1

, (19.75)

is an accurate fit for models with matter plus cosmological constant.
The alternative perturbation mode is isocurvature: only the equation
of state changes, and the total density is initially unperturbed.
These modes perturb the total entropy density, and thus induce
additional large-scale CMB anisotropies [62]. Although the character
of perturbations in the simplest inflationary theories are purely
adiabatic, correlated adiabatic and isocurvature modes are predicted
in many models; the simplest example is the curvaton, which is a
scalar field that decays to yield a perturbed radiation density. If the
matter content already exists at this time, the overall perturbation
field will have a significant isocurvature component. Such a prediction
is inconsistent with current CMB data [63], and most analyses of
CMB and LSS data assume the adiabatic case to hold exactly.

Linear evolution preserves the shape of the power spectrum.
However, a variety of processes mean that growth actually depends on
the matter content:
(1) Pressure opposes gravity effectively for wavelengths below the

horizon length while the Universe is radiation dominated. The
comoving horizon size at zeq is therefore an important scale:

DH(zeq) =
2(
√

2 − 1)
(Ωmzeq)1/2H0

=
16.0

Ωmh2 Mpc (19.76)

(2) At early times, dark matter particles will undergo free streaming
at the speed of light, and so erase all scales up to the horizon—a
process that only ceases when the particles go nonrelativistic. For
light massive neutrinos, this happens at zeq; all structure up to the
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horizon-scale power-spectrum break is in fact erased. Hot(cold)
dark matter models are thus sometimes dubbed large(small)-scale
damping models.

(3) A further important scale arises where photon diffusion can erase
perturbations in the matter–radiation fluid; this process is named
Silk damping.

Figure 19.4: A plot of transfer functions for various models.
For adiabatic models, Tk → 1 at small k, whereas the opposite
is true for isocurvature models. For dark-matter models, the
characteristic wavenumber scales proportional to Ωmh2. The
scaling for baryonic models does not obey this exactly; the
plotted cases correspond to Ωm = 1, h = 0.5.

The overall effect is encapsulated in the transfer function, which
gives the ratio of the late-time amplitude of a mode to its initial value
(see Fig. 19.4). The overall power spectrum is thus the primordial
power-law, times the square of the transfer function:

P (k) ∝ kn T 2
k . (19.77)

The most generic power-law index is n = 1: the ‘Zeldovich’ or
‘scale-invariant’ spectrum. Inflationary models tend to predict a small
‘tilt’: |n− 1| <∼ 0.03 [13,14]. On the assumption that the dark matter
is cold, the power spectrum then depends on 5 parameters: n, h,
Ωb, Ωcdm (≡ Ωm − Ωb) and an overall amplitude. The latter is often
specified as σ8, the linear-theory fractional rms in density when a
spherical filter of radius 8 h−1 Mpc is applied in linear theory. This
scale can be probed directly via weak gravitational lensing, and also
via its effect on the abundance of rich galaxy clusters. The favored
value is approximately [64,65]

σ8 = (0.7 ± 15%) (Ωm/0.3)−0.5 . (19.78)

A direct measure of mass inhomogeneity is valuable, since the galaxies
inevitably are biased with respect to the mass. This means that the
fractional fluctuations in galaxy number, δn/n may differ from the
mass fluctuations, δρ/ρ. It is commonly assumed that the two fields
obey some proportionality on large scales where the fluctuations are
small, δn/n = bδρ/ρ, but even this is not guaranteed [66].

The main shape of the transfer function is a break around the
horizon scale at zeq, which depends just on Ωmh when wavenumbers
are measured in observable units (h Mpc−1). In principle, accurate
data over a wide range of k could determine both Ωh and n, but in
practice there is a strong degeneracy between these. For reasonable
baryon content, weak oscillations in the transfer function may be
visible, giving an alternative means of fixing the baryon content.
Current data [60,61] favor Ωmh � 0.20 and a baryon fraction of about
0.15 for n = 1 (see Fig. 19.5). In order to constrain n itself, it is
necessary to examine data on anisotropies in the CMB.

Figure 19.5: The galaxy power spectrum from the 2dFGRS,
shown in dimensionless form, ∆2(k) ∝ k3P (k). The solid points
with error bars show the power estimate. The window function
correlates the results at different k values, and also distorts
the large-scale shape of the power spectrum An approximate
correction for the latter effect has been applied. The solid and
dashed lines show various CDM models, all assuming n = 1.
For the case with non-negligible baryon content, a big-bang
nucleosynthesis value of Ωbh

2 = 0.02 is assumed, together with
h = 0.7. A good fit is clearly obtained for Ωmh � 0.2. See
full-color version on color pages at end of book.

19.4.6. CMB anisotropies :
The CMB has a clear dipole anisotropy, of magnitude 1.23 × 10−3.

This is interpreted as being due to the Earth’s motion, which is
equivalent to a peculiar velocity for the Milky Way of

vMW � 600 km s−1 towards (
, b) � (270◦, 30◦) . (19.79)

All higher-order multipole moments of the CMB are however much
smaller (of order 10−5), and interpreted as signatures of density
fluctuations at last scattering (� 1100). To analyze these, the sky
is expanded in spherical harmonics as explained in the review on
CBR–Sec. 23 of this Review. The dimensionless power per ln k or
‘bandpower’ for the CMB is defined as

T 2(
) =

(
 + 1)

2π
C� . (19.80)

This function encodes information from the three distinct mechanisms
that cause CMB anisotropies:
(1) Gravitational (Sachs–Wolfe) perturbations. Photons from high-

density regions at last scattering have to climb out of potential
wells, and are thus redshifted.

(2) Intrinsic (adiabatic) perturbations. In high-density regions, the
coupling of matter and radiation can compress the radiation also,
giving a higher temperature.

(3) Velocity (Doppler) perturbations. The plasma has a non-zero
velocity at recombination, which leads to Doppler shifts in
frequency and hence shifts in brightness temperature.

Because the potential fluctuations obey Poisson’s equation, ∇2Φ =
4πGρδ, and the velocity field satisfies the continuity equation
∇ · u = −δ̇, the resulting different powers of k ensure that the
Sachs-Wolfe effect dominates on large scales and adiabatic effects on
small scales.

The relation between angle and comoving distance on the last-
scattering sphere requires the comoving angular-diameter distance
to the last-scattering sphere; because of its high redshift, this is
effectively identical to the horizon size at the present epoch, DH:

DH =
2

ΩmH0
(Ωv = 0)

DH � 2
Ω0.4

m H0
(flat : Ωm + Ωv = 1)

(19.81)
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These relations show how the CMB is strongly sensitive to curvature:
the horizon length at last scattering is ∝ 1/

√
Ωm, so that this

subtends an angle that is virtually independent of Ωm for a flat model.
Observations of a peak in the CMB power spectrum at relatively large
scales (
 � 225) are thus strongly inconsistent with zero-Λ models
with low density: current CMB data require Ωm +Ωv � 1± 0.05. (See
e.g., Fig. 19.2).

In addition to curvature, the CMB encodes information about
several other key cosmological parameters. Within the compass of
simple adiabatic CDM models, there are 9 of these:

ωc, ωb, Ωt, h, τ, ns, nt, r, Q . (19.82)

The symbol ω denotes the physical density, Ωh2: the transfer
function depends only on the densities of CDM (ωc) and baryons
(ωb). Transcribing the power spectrum at last scattering into an
angular power spectrum brings in the total density parameter
(Ωt ≡ Ωm + Ωv = Ωc + Ωb + Ωv) and h: there is an exact geometrical
degeneracy [67] between these that keeps the angular-diameter
distance to last scattering invariant, so that models with substantial
spatial curvature and large vacuum energy cannot be ruled out
without prior knowledge of the Hubble parameter. Alternatively, the
CMB alone cannot measure the Hubble parameter.

The other main parameter degeneracy involves the tensor
contribution to the CMB anisotropies. These are important at large
scales (up to the horizon scales); for smaller scales, only scalar
fluctuations (density perturbations) are important. Each of these
components is characterized by a spectral index, n, and a ratio
between the power spectra of tensors and scalars (r). Finally, the
overall amplitude of the spectrum must be specified (Q), together with
the optical depth to Compton scattering owing to recent reionization
(τ). The tensor degeneracy operates as follows: the main effect of
adding a large tensor contribution is to reduce the contrast between
low 
 and the peak at 
 � 225 (because the tensor spectrum has
no acoustic component). The required height of the peak can be
recovered by increasing ns to increase the small-scale power in the
scalar component; this in turn over-predicts the power at 
 ∼ 1000,
but this effect can be counteracted by raising the baryon density [68].
In order to break this degeneracy, additional data are required.
For example, an excellent fit to the CMB data is obtained with a
scalar-only model with zero curvature and ωb = 0.023, ωc = 0.134,
h = 0.73, ns = 0.97 [28], but this is indistinguishable from a model
where tensors dominate at 
 <∼ 100, but we raise ωb to 0.03 and ns

to 1.2. This baryon density is too high for nucleosynthesis, which
disfavors the high-tensor solution [69].

The reason the tensor component is introduced, and why it is so
important, is that it is the only non-generic prediction of inflation.
Slow-roll models of inflation involve two dimensionless parameters:

ε ≡ M2
P

16π
(V ′/V )2 η ≡ M2

P

8π
(V ′′/V ) , (19.83)

where V is the inflaton potential, and dashes denote derivatives with
respect to the inflation field. In terms of these, the tensor-to-scalar
ratio is r � 12ε, and the spectral indices are ns = 1 − 6ε + 2η
and nt = −2ε. The natural expectation of inflation is that the
quasi-exponential phase ends once the slow-roll parameters become
significantly non-zero, so that both ns �= 1 and a significant tensor
component are expected. These prediction can be avoided in some
models, but it is undeniable that observation of such features would
be a great triumph for inflation. Much future effort in cosmology will
therefore be directed towards the question of whether the Universe
contains anything other than scale-invariant scalar fluctuations.
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20. BIG-BANG NUCLEOSYNTHESIS

Revised October 2005 by B.D. Fields (Univ. of Illinois) and S. Sarkar
(Univ. of Oxford).

Big-bang nucleosynthesis (BBN) offers the deepest reliable probe of
the early universe, being based on well-understood Standard Model
physics [1–4]. Predictions of the abundances of the light elements, D,
3He, 4He, and 7Li, synthesized at the end of the “first three minutes”
are in good overall agreement with the primordial abundances inferred
from observational data, thus validating the standard hot big-bang
cosmology (see [5] for a review). This is particularly impressive
given that these abundances span nine orders of magnitude — from
4He/H ∼ 0.08 down to 7Li/H ∼ 10−10 (ratios by number). Thus BBN
provides powerful constraints on possible deviations from the standard
cosmology [2], and on new physics beyond the Standard Model [3].

20.1. Theory

The synthesis of the light elements is sensitive to physical conditions
in the early radiation-dominated era at temperatures T <∼ 1 MeV,
corresponding to an age t >∼ 1 s. At higher temperatures, weak
interactions were in thermal equilibrium, thus fixing the ratio of
the neutron and proton number densities to be n/p = e−Q/T ,
where Q = 1.293 MeV is the neutron-proton mass difference.
As the temperature dropped, the neutron-proton inter-conversion
rate, Γn↔p ∼ G2

FT 5, fell faster than the Hubble expansion rate,
H ∼ √

g∗GN T 2, where g∗ counts the number of relativistic
particle species determining the energy density in radiation. This
resulted in departure from chemical equilibrium (“freeze-out”) at
Tfr ∼ (g∗GN/G4

F )1/6 � 1 MeV. The neutron fraction at this time,
n/p = e−Q/Tfr � 1/6, is thus sensitive to every known physical
interaction, since Q is determined by both strong and electromagnetic
interactions while Tfr depends on the weak as well as gravitational
interactions. Moreover the sensitivity to the Hubble expansion rate
affords a probe of e.g. the number of relativistic neutrino species [6].
After freeze-out the neutrons were free to β-decay so the neutron
fraction dropped to � 1/7 by the time nuclear reactions began. A
simplified analytic model of freeze-out yields the n/p ratio to an
accuracy of ∼ 1% [7,8].

The rates of these reactions depend on the density of baryons
(strictly speaking, nucleons), which is usually expressed normalized to
the relic blackbody photon density as η ≡ nB/nγ . As we shall see, all
the light-element abundances can be explained with η10 ≡ η × 1010

in the range 4.7–6.5 (95% CL). With nγ fixed by the present CMB
temperature 2.725 K (see Cosmic Microwave Background review),
this can be stated as the allowed range for the baryon mass density
today, ρB = (3.2–4.5) × 10−31 g cm−3, or as the baryonic fraction of
the critical density, ΩB = ρB/ρcrit � η10h

−2/274 = (0.017–0.024)h−2,
where h ≡ H0/100 km s−1 Mpc−1 = 0.72 ± 0.08 is the present Hubble
parameter (see Cosmological Parameters review).

The nucleosynthesis chain begins with the formation of deuterium
in the process p(n, γ)D. However, photo-dissociation by the high
number density of photons delays production of deuterium (and
other complex nuclei) well after T drops below the binding energy
of deuterium, ∆D = 2.23 MeV. The quantity η−1e−∆D/T , i.e. the
number of photons per baryon above the deuterium photo-dissociation
threshold, falls below unity at T � 0.1 MeV; nuclei can then begin to
form without being immediately photo-dissociated again. Only 2-body
reactions such as D(p, γ)3He, 3He(D, p)4He, are important because
the density has become rather low by this time.

Nearly all the surviving neutrons when nucleosynthesis begins end
up bound in the most stable light element 4He. Heavier nuclei do
not form in any significant quantity both because of the absence of
stable nuclei with mass number 5 or 8 (which impedes nucleosynthesis
via n4He, p4He or 4He4He reactions) and the large Coulomb barriers
for reactions such as T(4He, γ)7Li and 3He(4He, γ)7Be. Hence the
primordial mass fraction of 4He, conventionally referred to as Yp, can
be estimated by the simple counting argument

Yp =
2(n/p)
1 + n/p

� 0.25 . (20.1)

There is little sensitivity here to the actual nuclear reaction rates,
which are however important in determining the other “left-over”

abundances: D and 3He at the level of a few times 10−5 by number
relative to H, and 7Li/H at the level of about 10−10 (when η10

is in the range 1–10). These values can be understood in terms of
approximate analytic arguments [8,9]. The experimental parameter
most important in determining Yp is the neutron lifetime, τn, which
normalizes (the inverse of) Γn↔p. (This is not fully determined by GF
alone since neutrons and protons also have strong interactions, the
effects of which cannot be calculated very precisely.) The experimental
uncertainty in τn used to be a source of concern but has recently been
reduced substantially: τn = 885.7 ± 0.8 s (see N Baryons listing).

The elemental abundances, calculated using the (publicly avail-
able [10]) Wagoner code [1,11], are shown in Fig. 20.1 as a function
of η10. The 4He curve includes small corrections due to radiative
processes at zero and finite temperature [12], non-equilibrium
neutrino heating during e± annihilation [13], and finite nucleon
mass effects [14]; the range reflects primarily the 1σ uncertainty
in the neutron lifetime. The spread in the curves for D, 3He and
7Li corresponds to the 1σ uncertainties in nuclear cross sections
estimated by Monte Carlo methods [15–16]. Recently the input
nuclear data have been carefully reassessed [17–21], leading to
improved precision in the abundance predictions. Polynomial fits
to the predicted abundances and the error correlation matrix have
been given [16,22]. The boxes in Fig. 20.1 show the observationally
inferred primordial abundances with their associated statistical and
systematic uncertainties, as discussed below.
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Figure 20.1: The abundances of 4He, D, 3He and 7Li as
predicted by the standard model of big-bang nucleosynthesis.
Boxes indicate the observed light element abundances (smaller
boxes: 2σ statistical errors; larger boxes: ±2σ statistical and
systematic errors). The narrow vertical band indicates the CMB
measure of the cosmic baryon density. See full-color version on
color pages at end of book.
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20.2. Light Element Abundances

BBN theory predicts the universal abundances of D, 3He, 4He, and
7Li, which are essentially determined by t ∼ 180 s. Abundances are
however observed at much later epochs, after stellar nucleosynthesis
has commenced. The ejected remains of this stellar processing can
alter the light element abundances from their primordial values, but
also produce heavy elements such as C, N, O, and Fe (“metals”).
Thus one seeks astrophysical sites with low metal abundances, in order
to measure light element abundances which are closer to primordial.
For all of the light elements, systematic errors are an important and
often dominant limitation to the precision with which primordial
abundances can be inferred.

In recent years, high-resolution spectra have revealed the presence
of D in high-redshift, low-metallicity quasar absorption systems
(QAS), via its isotope-shifted Lyman-α absorption [23–27]. It is
believed that there are no astrophysical sources of deuterium [28],
so any detection provides a lower limit to primordial D/H and thus
an upper limit on η; for example, the local interstellar value of
D/H|p = (1.5 ± 0.1) × 10−5 [29] requires η10 ≤ 9. Recent observations
find an unexpected scatter of a factor of ∼ 2 [30] so interstellar
D may have been depleted by stellar processing. However, for the
high-redshift systems, conventional models of galactic nucleosynthesis
(chemical evolution) do not predict D/H depletion [31].

The observed extragalactic D values are bracketed by the non-
detection of D in a high-redshift system, D/H|p < 6.7 × 10−5 at
1σ [32], and low values in some (damped Lyman-α) systems [24,25].
Averaging the 5 most precise observations of deuterium in QAS gives
D/H = (2.78± 0.15)× 10−5, where the error is statistical only [23,26].
However there remains concern over systematic errors, the dispersion
between the values being much larger than is expected from the
individual measurement errors (χ2 = 16.5 for ν = 4 d.o.f.). Increasing
the error by a factor

√
χ2/ν gives, as shown on Fig. 20.1:

D/H|p = (2.78 ± 0.29) × 10−5. (20.2)

We observe 4He in clouds of ionized hydrogen (H II regions), the
most metal-poor of which are in dwarf galaxies. There is now a large
body of data on 4He and CNO in these systems [33]. These data
confirm that the small stellar contribution to helium is positively
correlated with metal production. Extrapolating to zero metallicity
gives the primordial 4He abundance [34]

Yp = 0.249± 0.009. (20.3)

Here the latter error is a careful (and significantly enlarged) estimate
of the systematic uncertainties; these dominate, and is based on
the scatter in different analyses of the physical properties of the
H II regions [33,34]. Other extrapolations to zero metallicity give
Yp = 0.2443± 0.0015 [33], and Yp = 0.2391 ± 0.0020 [35]. These are
consistent (given the systematic errors) with the above estimate [34],
which appears in Fig. 20.1.

The systems best suited for Li observations are metal-poor stars
in the spheroid (Pop II) of our Galaxy, which have metallicities
going down to at least 10−4 and perhaps 10−5 of the Solar
value [36]. Observations have long shown [37–41] that Li does
not vary significantly in Pop II stars with metallicities <∼ 1/30
of Solar — the “Spite plateau” [37]. Recent precision data
suggest a small but significant correlation between Li and Fe [38]
which can be understood as the result of Li production from
Galactic cosmic rays [39]. Extrapolating to zero metallicity one
arrives at a primordial value Li/H|p = (1.23 ± 0.06) × 10−10 [40].
One systematic error stems from the differences in techniques
to determine the physical parameters (e.g., the temperature)
of the stellar atmosphere in which the Li absorption line is
formed. Alternative analyses, using methods that give systematically
higher temperatures, yield Li/H|p = (2.19 ± 0.28) × 10−10 [41] and
Li/H|p = (2.34 ± 0.32)× 10−10 [42]; the difference with [40] indicates
a systematic uncertainty of a factor of ∼ 2. Moreover it is possible
that the Li in Pop II stars has been partially destroyed, due to mixing
of the outer layers with the hotter interior [43]. Such processes can

be constrained by the absence of significant scatter in Li-Fe [38], and
by observations of the fragile isotope 6Li [39]. Nevertheless, depletion
by a factor as large as ∼ 1.6 remains allowed [40,43]. Including these
systematics, we estimate a primordial Li range, as shown in Fig. 20.1:

Li/H|p = (1.7 ± 0.02+1.1
−0 ) × 10−10. (20.4)

Finally, we turn to 3He. Here, the only observations available are in
the Solar system and (high-metallicity) H II regions in our Galaxy [44].
This makes inference of the primordial abundance difficult, a problem
compounded by the fact that stellar nucleosynthesis models for 3He
are in conflict with observations [45]. Consequently, it is no longer
appropriate to use 3He as a cosmological probe; instead, one might
hope to turn the problem around and constrain stellar astrophysics
using the predicted primordial 3He abundance [46].

20.3. Concordance, Dark Matter, and the CMB

We now use the observed light element abundances to assess the
theory. We first consider standard BBN, which is based on Standard
Model physics alone, so Nν = 3 and the only free parameter is
the baryon-to-photon ratio η. (The implications of BBN for physics
beyond the Standard Model will be considered below, §4). Thus, any
abundance measurement determines η, while additional measurements
overconstrain the theory and thereby provide a consistency check.

First we note that the overlap in the η ranges spanned by the larger
boxes in Fig. 20.1 indicates overall concordance. More quantitatively,
when we account for theoretical uncertainties as well as the statistical
and systematic errors in observations, there is acceptable agreement
among the abundances when

4.7 ≤ η10 ≤ 6.5 (95% CL). (20.5)

However the agreement is much less satisfactory if we use only the
quoted statistical errors in the observations. In particular, as seen in
Fig. 20.1, D and 4He are consistent with each other but favour a value
of η which is higher by ∼ 2σ from that indicated by the 7Li abundance.
Additional studies are required to clarify if this discrepancy is real.

Even so, the overall concordance is remarkable: using well-
established microphysics we have extrapolated back to an age of ∼ 1 s
to correctly predict light element abundances spanning 9 orders of
magnitude. This is a major success for the standard cosmology, and
inspires confidence in extrapolation back to still earlier times.

This concordance provides a measure of the baryon content

0.017 ≤ ΩBh2 ≤ 0.024 (95% CL) , (20.6)

a result that plays a key role in our understanding of the matter
budget of the universe. First we note that ΩB � 1, i.e., baryons
cannot close the universe [47]. Furthermore, the cosmic density
of (optically) luminous matter is Ωlum � 0.0024h−1 [48], so that
ΩB � Ωlum: most baryons are optically dark, probably in the form
of a ∼ 106 K X-ray emitting intergalactic medium [49]. Finally,
given that ΩM ∼ 0.3 (see Dark Matter and Cosmological Parameters
reviews), we infer that most matter in the universe is not only dark
but also takes some non-baryonic (more precisely, non-nucleonic) form.

The BBN prediction for the cosmic baryon density can be tested
through precision observations of CMB temperature fluctuations (see
Cosmic Microwave Background review). One can determine η from
the amplitudes of the acoustic peaks in the CMB angular power
spectrum [50], making it possible to compare two measures of η using
very different physics, at two widely separated epochs. In the standard
cosmology, there is no change in η between BBN and CMB decoupling,
thus, a comparison of ηBBN and ηCMB is a key test. Agreement would
endorse the standard picture while disagreement could point to new
physics during/between the BBN and CMB epochs.

The release of the first-year WMAP results was a landmark
event in this test of BBN. As with other cosmological parameter
determinations from CMB data, the derived ηCMB depends on the
adopted priors [51], in particular the form assumed for the power
spectrum of primordial density fluctuations. If this is taken to be a
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scale-free power-law, the WMAP data implies ΩBh2 = 0.024 ± 0.001
or η10 = 6.58 ± 0.27, while allowing for a “running” spectral index
lowers the value to ΩBh2 = 0.0224± 0.0009 or η10 = 6.14 ± 0.25 [52];
this latter range appears in Fig. 20.1. Other assumptions for the
shape of the power spectrum can lead to baryon densities as low as
ΩBh2 = 0.019 [53]. Thus outstanding uncertainties regarding priors
are a source of systematic error which presently exceeds the statistical
error in the prediction for η.

It is remarkable that the CMB estimate of the baryon density is
consistent with the BBN range quoted in Eq. (20.6), and is in fact in
very good agreement with the value inferred from recent high-redshift
D/H measurements [26] and 4He determinations; together these
observations span diverse environments from redshifts z = 1000 to the
present. However 7Li is at best marginally consistent with the CMB
(and with D) given the error budgets we have quoted. The question
then becomes more pressing as to whether this mismatch comes from
systematic errors in the observed abundances, and/or uncertainties in
stellar astrophysics, or whether there might be new physics at work.
Inhomogeneous nucleosynthesis can alter abundances for a given ηBBN
but will overproduce 7Li [54]. Note that entropy generation by some
non-standard process could have decreased η between the BBN era
and CMB decoupling, however the lack of spectral distortions in
the CMB rules out any significant energy injection upto a redshift
z ∼ 107 [55]. Interestingly, the CMB itself offers the promise of
measuring 4He [56] and possibly 7Li [57] directly at z ∼ 300 − 1000.

Bearing in mind the importance of priors, the promise of precision
determinations of the baryon density using the CMB motivates using
this value as an input to BBN calculations. Within the context of the
Standard Model, BBN then becomes a zero-parameter theory, and
the light element abundances are completely determined to within the
uncertainties in ηCMB and the BBN theoretical errors. Comparison
with the observed abundances then can be used to test the astrophysics
of post-BBN light element evolution [58]. Alternatively, one can
consider possible physics beyond the Standard Model (e.g., which
might change the expansion rate during BBN) and then use all of the
abundances to test such models; this is the subject of our final section.

20.4. Beyond the Standard Model

Given the simple physics underlying BBN, it is remarkable that
it still provides the most effective test for the cosmological viability
of ideas concerning physics beyond the Standard Model. Although
baryogenesis and inflation must have occurred at higher temperatures
in the early universe, we do not as yet have ‘standard models’ for
these so BBN still marks the boundary between the established and
the speculative in big bang cosmology. It might appear possible to
push the boundary back to the quark-hadron transition at T ∼ ΛQCD
or electroweak symmetry breaking at T ∼ 1/

√
GF; however so far

no observable relics of these epochs have been identified, either
theoretically or observationally. Thus although the Standard Model
provides a precise description of physics up to the Fermi scale,
cosmology cannot be traced in detail before the BBN era.

Limits on particle physics beyond the Standard Model come
mainly from the observational bounds on the 4He abundance. This
is proportional to the n/p ratio which is determined when the
weak-interaction rates fall behind the Hubble expansion rate at
Tfr ∼ 1 MeV. The presence of additional neutrino flavors (or of
any other relativistic species) at this time increases g∗, hence the
expansion rate, leading to a larger value of Tfr, n/p, and therefore
Yp [6,59]. In the Standard Model, the number of relativistic particle
species at 1 MeV is g∗ = 5.5 + 7

4Nν , where 5.5 accounts for photons
and e±, and Nν is the number of (nearly massless) neutrino flavors
(see Big Bang Cosmology review). The helium curves in Fig. 20.1
were computed taking Nν = 3; the computed abundance scales as
∆ YBBN � 0.013∆Nν [7]. Clearly the central value for Nν from BBN
will depend on η, which is independently determined (with weaker
sensitivity to Nν) by the adopted D or 7Li abundance. For example,
if the best value for the observed primordial 4He abundance is 0.249,
then, for η10 ∼ 6, the central value for Nν is very close to 3. This
limit depends sensitively on the adopted light element abundances,
particularly YBBN. A maximum likelihood analysis on η and Nν

based on the above 4He and D abundances finds the (correlated) 95%
CL ranges to be 4.9 < η10 < 7.1 and 1.8 < Nν < 4.5 [60]. On the
other hand, using the ‘low’ 4He and 7Li gives [61] η10 ≤ 4.3, and
1.4 ≤ Nν ≤ 4.9. Similar results were obtained in another study [62]
which presented a simpler method FASTBBN [10] to extract such
bounds based on χ2 statistics, given a set of input abundances.
Using the CMB determination of η improves the constraints: with
a ‘low’ 4He, Nν = 3 is barely allowed at 2σ [63] but using the
4He (and D) abundance quoted above gives 5.66 < η10 < 6.58
(ΩBh2 = 0.0226± 0.0017) and Nν = 3.24 ± 1.2 at 95% CL [60].

Just as one can use the measured helium abundance to place limits
on g∗ [59], any changes in the strong, weak, electromagnetic, or
gravitational coupling constants, arising e.g. from the dynamics of
new dimensions, can be similarly constrained [64].

The limits on Nν can be translated into limits on other types
of particles or particle masses that would affect the expansion
rate of the Universe during nucleosynthesis. For example consider
‘sterile’ neutrinos with only right-handed interactions of strength
GR < GF. Such particles would decouple at higher temperature than
(left-handed) neutrinos, so their number density (∝ T 3) relative to
neutrinos would be reduced by any subsequent entropy release, e.g.
due to annihilations of massive particles that become non-relativistic
in between the two decoupling temperatures. Thus (relativistic)
particles with less than full strength weak interactions contribute
less to the energy density than particles that remain in equilibrium
up to the time of nucleosynthesis [65]. If we impose Nν < 4 as an
illustrative constraint, then the three right-handed neutrinos must
have a temperature 3(TνR/TνL)4 < 1. Since the temperature of the
decoupled νR’s is determined by entropy conservation (see Big Bang
Cosmology review), TνR

/TνL
= [(43/4)/g∗(Td)]1/3 < 0.76, where Td

is the decoupling temperature of the νR’s. This requires g∗(Td) > 24
so decoupling must have occurred at Td > 140 MeV. The decoupling
temperature is related to GR through (GR/GF)2 ∼ (Td/3 MeV)−3,
where 3 MeV is the decoupling temperature for νLs. This yields a limit
GR

<∼ 10−2GF. The above argument sets lower limits on the masses
of new Z ′ gauge bosons in superstring models [66] or in extended
technicolor models [67] to which such right-handed neutrinos would
be coupled. Similarly a Dirac magnetic moment for neutrinos, which
would allow the right-handed states to be produced through scattering
and thus increase g∗, can be significantly constrained [68], as can any
new interactions for neutrinos which have a similar effect [69]. Right-
handed states can be populated directly by helicity-flip scattering if
the neutrino mass is large enough and this can be used to used to infer
e.g. a bound of mντ

<∼ 1 MeV taking Nν < 4 [70]. If there is mixing
between active and sterile neutrinos then the effect on BBN is more
complicated [71].

The limit on the expansion rate during BBN can also be translated
into bounds on the mass/lifetime of particles which are non-relativistic
during BBN resulting in an even faster speed-up rate; the subsequent
decays of such particles will typically also change the entropy, leading
to further constraints [72]. Even more stringent constraints come
from requiring that the synthesized light element abundances are not
excessively altered through photodissociations by the electromagnetic
cascades triggered by the decays [73–75], or by the effects of hadrons
in the cascades [76]. Such arguments have been applied to e.g. rule
out a MeV mass ντ which decays during nucleosynthesis [77]; even
if the decays are to non-interacting particles (and light neutrinos),
bounds can be derived from considering their effects on BBN [78].

Such arguments have proved very effective in constraining
supersymmetry. For example if the gravitino is light and contributes
to g∗, the illustrative BBN limit Nν < 4 requires its mass to exceed
∼ 1 eV [79]. In models where supersymmetry breaking is gravity
mediated, the gravitino mass is usually much higher, of order the
electroweak scale; such gravitinos would be unstable and decay after
BBN. The constraints on unstable particles discussed above imply
stringent bounds on the allowed abundance of such particles, which
in turn impose powerful constraints on supersymmetric inflationary
cosmology [74–76]. These can be evaded only if the gravitino
is massive enough to decay before BBN, i.e. m3/2

>∼ 50 TeV [80]
which would be unnatural, or if it is in fact the LSP and thus
stable [74,81]. Similar constraints apply to moduli — very weakly
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coupled fields in string theory which obtain an electroweak-scale mass
from supersymmetry breaking [82].

Finally we mention that BBN places powerful constraints on the
recently suggested possibility that there are new large dimensions in
nature, perhaps enabling the scale of quantum gravity to be as low
as the electroweak scale [83]. Thus Standard Model fields may be
localized on a ‘brane’ while gravity alone propagates in the ‘bulk’. It
has been further noted that the new dimensions may be non-compact,
even infinite [84] and the cosmology of such models has attracted
considerable attention. The expansion rate in the early universe can
be significantly modified so BBN is able to set interesting constraints
on such possibilities [85].
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21. THE COSMOLOGICAL PARAMETERS

Written August 2003, updated May 2006, by O. Lahav (University
College London) and A.R. Liddle (University of Sussex).

21.1. Parametrizing the Universe

Rapid advances in observational cosmology are leading to the
establishment of the first precision cosmological model, with many of
the key cosmological parameters determined to one or two significant
figure accuracy. Particularly prominent are measurements of cosmic
microwave anisotropies, led by the three-year results from the
Wilkinson Microwave Anisotropy Probe (WMAP) [1,2]. However
the most accurate model of the Universe requires consideration of
a wide range of different types of observation, with complementary
probes providing consistency checks, lifting parameter degeneracies,
and enabling the strongest constraints to be placed.

The term ‘cosmological parameters’ is forever increasing in its scope,
and nowadays includes the parametrization of some functions, as well
as simple numbers describing properties of the Universe. The original
usage referred to the parameters describing the global dynamics of
the Universe, such as its expansion rate and curvature. Also now of
great interest is how the matter budget of the Universe is built up
from its constituents: baryons, photons, neutrinos, dark matter, and
dark energy. We need to describe the nature of perturbations in the
Universe, through global statistical descriptions such as the matter
and radiation power spectra. There may also be parameters describing
the physical state of the Universe, such as the ionization fraction as a
function of time during the era since decoupling. Typical comparisons
of cosmological models with observational data now feature between
five and ten parameters.

21.1.1. The global description of the Universe :
Ordinarily, the Universe is taken to be a perturbed Robertson–

Walker space-time with dynamics governed by Einstein’s equations.
This is described in detail by Olive and Peacock in this volume. Using
the density parameters Ωi for the various matter species and ΩΛ for
the cosmological constant, the Friedmann equation can be written

∑
i

Ωi + ΩΛ =
k

R2H2
, (21.1)

where the sum is over all the different species of matter in the
Universe. This equation applies at any epoch, but later in this article
we will use the symbols Ωi and ΩΛ to refer to the present values.
A typical collection would be baryons, photons, neutrinos, and dark
matter (given charge neutrality, the electron density is guaranteed to
be too small to be worth considering separately).

The complete present state of the homogeneous Universe can be
described by giving the present values of all the density parameters
and the present Hubble parameter h. These also allow us to track
the history of the Universe back in time, at least until an epoch
where interactions allow interchanges between the densities of the
different species, which is believed to have last happened at neutrino
decoupling shortly before nucleosynthesis. To probe further back into
the Universe’s history requires assumptions about particle interactions,
and perhaps about the nature of physical laws themselves.

21.1.2. Neutrinos :
The standard neutrino sector has three flavors. For neutrinos of

mass in the range 5 × 10−4 eV to 1 MeV, the density parameter in
neutrinos is predicted to be

Ωνh2 =
∑

mν

93 eV
, (21.2)

where the sum is over all families with mass in that range (higher
masses need a more sophisticated calculation). We use units with c = 1
throughout. Results on atmospheric and solar neutrino oscillations [3]
imply non-zero mass-squared differences between the three neutrino
flavors. These oscillation experiments cannot tell us the absolute
neutrino masses, but within the simple assumption of a mass hierarchy
suggest a lower limit of Ων ≈ 0.001 on the neutrino mass density
parameter.

For a total mass as small as 0.1 eV, this could have a potentially
observable effect on the formation of structure, as neutrino free-
streaming damps the growth of perturbations. Present cosmological
observations have shown no convincing evidence of any effects
from either neutrino masses or an otherwise non-standard neutrino
sector, and impose quite stringent limits, which we summarize in
Section 21.3.4. Consequently, the standard assumption at present
is that the masses are too small to have a significant cosmological
impact, but this may change in the near future.

The cosmological effect of neutrinos can also be modified if the
neutrinos have decay channels, or if there is a large asymmetry in the
lepton sector manifested as a different number density of neutrinos
versus anti-neutrinos. This latter effect would need to be of order
unity to be significant, rather than the 10−9 seen in the baryon sector,
which may be in conflict with nucleosynthesis [4].

21.1.3. Inflation and perturbations :
A complete model of the Universe should include a description of

deviations from homogeneity, at least in a statistical way. Indeed,
some of the most powerful probes of the parameters described above
come from the evolution of perturbations, so their study is naturally
intertwined in the determination of cosmological parameters.

There are many different notations used to describe the perturba-
tions, both in terms of the quantity used to describe the perturbations
and the definition of the statistical measure. We use the dimensionless
power spectrum ∆2 as defined in Olive and Peacock (also denoted
P in some of the literature). If the perturbations obey Gaussian
statistics, the power spectrum provides a complete description of their
properties.

From a theoretical perspective, a useful quantity to describe the
perturbations is the curvature perturbation R, which measures the
spatial curvature of a comoving slicing of the space-time. A case
of particular interest is the Harrison–Zel’dovich spectrum, which
corresponds to a constant spectrum ∆2

R. More generally, one can
approximate the spectrum by a power-law, writing

∆2
R(k) = ∆2

R(k∗)
[

k

k∗

]n−1

, (21.3)

where n is known as the spectral index, always defined so that
n = 1 for the Harrison–Zel’dovich spectrum, and k∗ is an arbitrarily
chosen scale. The initial spectrum, defined at some early epoch of
the Universe’s history, is usually taken to have a simple form such as
this power-law, and we will see that observations require n close to
one, which corresponds to the perturbations in the curvature being
independent of scale. Subsequent evolution will modify the spectrum
from its initial form.

The simplest viable mechanism for generating the observed
perturbations is the inflationary cosmology, which posits a period of
accelerated expansion in the Universe’s early stages [5]. It is a useful
working hypothesis that this is the sole mechanism for generating
perturbations. Commonly, it is further assumed to be the simplest
class of inflationary model, where the dynamics are equivalent to that
of a single scalar field φ slowly rolling on a potential V (φ). One aim of
cosmology is to verify that this simple picture can match observations,
and to determine the properties of V (φ) from the observational data.

Inflation generates perturbations through the amplification of
quantum fluctuations, which are stretched to astrophysical scales
by the rapid expansion. The simplest models generate two types,
density perturbations which come from fluctuations in the scalar field
and its corresponding scalar metric perturbation, and gravitational
waves which are tensor metric fluctuations. The former experience
gravitational instability and lead to structure formation, while the
latter can influence the cosmic microwave background anisotropies.
Defining slow-roll parameters, with primes indicating derivatives with
respect to the scalar field, as

ε =
m2

Pl

16π

(
V ′

V

)2

; η =
m2

Pl

8π

V ′′

V
, (21.4)

which should satisfy ε, |η| � 1, the spectra can be computed using the
slow-roll approximation as

∆2
R(k) � 8

3m4
Pl

V

ε

∣∣∣∣∣
k=aH

;
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∆2
grav(k) � 128

3m4
Pl

V

∣∣∣∣∣
k=aH

. (21.5)

In each case, the expressions on the right-hand side are to be evaluated
when the scale k is equal to the Hubble radius during inflation. The
symbol ‘�’ indicates use of the slow-roll approximation, which is
expected to be accurate to a few percent or better.

From these expressions, we can compute the spectral indices

n � 1 − 6ε + 2η ; ngrav � −2ε . (21.6)

Another useful quantity is the ratio of the two spectra, defined by

r ≡ ∆2
grav(k∗)

∆2
R(k∗)

. (21.7)

The literature contains a number of definitions of r; this convention
matches that of recent versions of CMBFAST [6] and that used by
WMAP [7], while definitions based on the relative effect on the
microwave background anisotropies typically differ by tens of percent.
We have

r � 16ε � −8ngrav , (21.8)

which is known as the consistency equation.

In general one could consider corrections to the power-law
approximation, which we discuss later. However for now we make
the working assumption that the spectra can be approximated by
power laws. The consistency equation shows that r and ngrav are not
independent parameters, and so the simplest inflation models give
initial conditions described by three parameters, usually taken as ∆2

R,
n, and r, all to be evaluated at some scale k∗, usually the ‘statistical
centre’ of the range explored by the data. Alternatively, one could
use the parametrization V , ε, and η, all evaluated at a point on the
putative inflationary potential.

After the perturbations are created in the early Universe, they
undergo a complex evolution up until the time they are observed in
the present Universe. While the perturbations are small, this can
be accurately followed using a linear theory numerical code such as
CMBFAST [6]. This works right up to the present for the cosmic
microwave background, but for density perturbations on small scales
non-linear evolution is important and can be addressed by a variety
of semi-analytical and numerical techniques. However the analysis is
made, the outcome of the evolution is in principle determined by
the cosmological model, and by the parameters describing the initial
perturbations, and hence can be used to determine them.

Of particular interest are cosmic microwave background aniso-
tropies. Both the total intensity and two independent polarization
modes are predicted to have anisotropies. These can be described
by the radiation angular power spectra C� as defined in the article
of Scott and Smoot in this volume, and again provide a complete
description if the density perturbations are Gaussian.

21.1.4. The standard cosmological model :

We now have most of the ingredients in place to describe the
cosmological model. Beyond those of the previous subsections, there
are two parameters which are essential — a measure of the ionization
state of the Universe and the galaxy bias parameter. The Universe is
known to be highly ionized at low redshifts (otherwise radiation from
distant quasars would be heavily absorbed in the ultra-violet), and the
ionized electrons can scatter microwave photons altering the pattern
of observed anisotropies. The most convenient parameter to describe
this is the optical depth to scattering τ (i.e. the probability that a
given photon scatters once); in the approximation of instantaneous
and complete re-ionization, this could equivalently be described by
the redshift of re-ionization zion. The bias parameter, described fully
later, is needed to relate the observed galaxy power spectrum to the
predicted dark matter power spectrum.

The basic set of cosmological parameters is therefore as shown in
Table 21.1. The spatial curvature does not appear in the list, because
it can be determined from the other parameters using Eq. (21.1). The
total present matter density Ωm = Ωdm + Ωb is usually used in place
of the dark matter density.

Table 21.1: The basic set of cosmological parameters. We
give values as obtained using a fit of a ΛCDM cosmology with a
power-law initial spectrum to WMAP3 data alone [2]. Tensors
are assumed zero except in quoting a limit on them. We cannot
stress too much that the exact values and uncertainties depend
on both the precise datasets used and the choice of parameters
allowed to vary, and the effects of varying some assumptions will
be shown later in Table 21.2. Limits on the cosmological constant
depend on whether the Universe is assumed flat, while there is
no established convention for specifying the density perturbation
amplitude. Uncertainties are one-sigma/68% confidence unless
otherwise stated.

Parameter Symbol Value

Hubble parameter h 0.73+0.03
−0.04

Total matter density Ωm Ωmh2 = 0.127+0.007
−0.009

Baryon density Ωb Ωbh2 = 0.0223+0.0007
−0.0009

Cosmological constant ΩΛ See Ref. 2
Radiation density Ωr Ωrh

2 = 2.47 × 10−5

Neutrino density Ων See Sec. 21.1.2
Density perturbation amplitude ∆2

R(k∗) See Ref. 2
Density perturbation spectral index n n = 0.951+0.015

−0.019

Tensor to scalar ratio r r < 0.55 (95% conf)
Ionization optical depth τ τ = 0.088+0.028

−0.034

Bias parameter b See Sec. 21.3.4

Most attention to date has been on parameter estimation, where a
set of parameters is chosen by hand and the aim is to constrain them.
Interest has been growing towards the higher-level inference problem
of model selection, which compares different choices of parameter sets.
Bayesian inference offers an attractive framework for cosmological
model selection, setting a tension between model complexity and
ability to fit the data.

As described in Sec. 21.4, models based on these eleven parameters
are able to give a good fit to the complete set of high-quality data
available at present, and indeed some simplification is possible.
Observations are consistent with spatial flatness, and indeed the
inflation models so far described automatically generate spatial
flatness, so we can set k = 0; the density parameters then must sum
to one, and so one can be eliminated. The neutrino energy density is
often not taken as an independent parameter. Provided the neutrino
sector has the standard interactions the neutrino energy density while
relativistic can be related to the photon density using thermal physics
arguments, and it is currently difficult to see the effect of the neutrino
mass although observations of large-scale structure have already placed
interesting upper limits. This reduces the standard parameter set to
nine. In addition, there is no observational evidence for the existence
of tensor perturbations (though the upper limits are quite weak), and
so r could be set to zero. Presently n is in a somewhat controversial
position regarding whether it needs to be varied in a fit, or can be
set to the Harrison–Zel’dovich value n = 1. Parameter estimation [2]
suggests n = 1 is ruled out at reasonable significance, but Bayesian
model selection techniques [8] suggest the data is not conclusive. With
n set to one, this leaves seven parameters, which is the smallest set
that can usefully be compared to the present cosmological data set.
This model (usually with n kept as a parameter) is referred to by
various names, including ΛCDM, the concordance cosmology, and the
standard cosmological model.

Of these parameters, only Ωr is accurately measured directly. The
radiation density is dominated by the energy in the cosmic microwave
background, and the COBE FIRAS experiment has determined its
temperature to be T = 2.725 ± 0.001 Kelvin [9], corresponding to
Ωr = 2.47× 10−5h−2. It typically does not need to be varied in fitting
other data. If galaxy clustering data is not included in a fit, then the
bias parameter is also unnecessary.

In addition to this minimal set, there is a range of other parameters
which might prove important in future as the dataset further improves,
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but for which there is so far no direct evidence, allowing them to
be set to a specific value. We discuss various speculative options in
the next section. For completeness at this point, we mention one
other interesting parameter, the helium fraction, which is a non-zero
parameter that can affect the microwave anisotropies at a subtle level.
Presently, big-bang nucleosynthesis provides the best measurement of
this parameter, and it is usually fixed in microwave anisotropy studies,
but the data are just reaching a level where allowing its variation may
become mandatory.

21.1.5. Derived parameters :
The parameter list of the previous subsection is sufficient to give

a complete description of cosmological models which agree with
observational data. However, it is not a unique parametrization,
and one could instead use parameters derived from that basic set.
Parameters which can be obtained from the set given above include
the age of the Universe, the present horizon distance, the present
microwave background and neutrino background temperatures, the
epoch of matter–radiation equality, the epochs of recombination and
decoupling, the epoch of transition to an accelerating Universe, the
baryon-to-photon ratio, and the baryon to dark matter density ratio.
The physical densities of the matter components, Ωih

2, are often
more useful than the density parameters. The density perturbation
amplitude can be specified in many different ways other than the
large-scale primordial amplitude, for instance, in terms of its effect
on the cosmic microwave background, or by specifying a short-scale
quantity, a common choice being the present linear-theory mass
dispersion on a scale of 8 h−1Mpc, known as σ8.

Different types of observation are sensitive to different subsets of
the full cosmological parameter set, and some are more naturally
interpreted in terms of some of the derived parameters of this
subsection than on the original base parameter set. In particular,
most types of observation feature degeneracies whereby they are
unable to separate the effects of simultaneously varying several of the
base parameters.

21.2. Extensions to the standard model

This section discusses some ways in which the standard model could
be extended. At present, there is no positive evidence in favor of any
of these possibilities, which are becoming increasingly constrained by
the data, though there always remains the possibility of trace effects
at a level below present observational capability.

21.2.1. More general perturbations :

The standard cosmology assumes adiabatic, Gaussian perturbations.
Adiabaticity means that all types of material in the Universe share a
common perturbation, so that if the space-time is foliated by constant-
density hypersurfaces, then all fluids and fields are homogeneous
on those slices, with the perturbations completely described by the
variation of the spatial curvature of the slices. Gaussianity means
that the initial perturbations obey Gaussian statistics, with the
amplitudes of waves of different wavenumbers being randomly drawn
from a Gaussian distribution of width given by the power spectrum.
Note that gravitational instability generates non-Gaussianity; in this
context, Gaussianity refers to a property of the initial perturbations
before they evolve significantly.

The simplest inflation models, based on one dynamical field, predict
adiabatic fluctuations and a level of non-Gaussianity which is too
small to be detected by any experiment so far conceived. For present
data, the primordial spectra are usually assumed to be power laws.

21.2.1.1. Non-power-law spectra:
For typical inflation models, it is an approximation to take the

spectra as power laws, albeit usually a good one. As data quality
improves, one might expect this approximation to come under
pressure, requiring a more accurate description of the initial spectra,
particularly for the density perturbations. In general, one can write a
Taylor expansion of ln ∆2

R as

ln ∆2
R(k) = ln∆2

R(k∗)+(n∗−1) ln
k

k∗
+

1
2

dn

d ln k

∣∣∣∣∗ ln2 k

k∗
+ · · · , (21.9)

where the coefficients are all evaluated at some scale k∗. The term
dn/d ln k|∗ is often called the running of the spectral index [10]. Once
non-power-law spectra are allowed, it is necessary to specify the scale
k∗ at which the spectral index is defined.

21.2.1.2. Isocurvature perturbations:
An isocurvature perturbation is one which leaves the total density

unperturbed, while perturbing the relative amounts of different
materials. If the Universe contains N fluids, there is one growing
adiabatic mode and N − 1 growing isocurvature modes. These can
be excited, for example, in inflationary models where there are two
or more fields which acquire dynamically-important perturbations. If
one field decays to form normal matter, while the second survives
to become the dark matter, this will generate a cold dark matter
isocurvature perturbation.

In general there are also correlations between the different modes,
and so the full set of perturbations is described by a matrix giving the
spectra and their correlations. Constraining such a general construct
is challenging, though constraints on individual modes are beginning
to become meaningful, with no evidence that any other than the
adiabatic mode must be non-zero.

21.2.1.3. Non-Gaussianity:
Multi-field inflation models can also generate primordial non-

Gaussianity. The extra fields can either be in the same sector of
the underlying theory as the inflation, or completely separate, an
interesting example of the latter being the curvaton model [11].
Current upper limits on non-Gaussianity are becoming stringent, but
there remains much scope to push down those limits and perhaps
reveal trace non-Gaussianity in the data. If non-Gaussianity is
observed, its nature may favor an inflationary origin, or a different one
such as topological defects. A plausible possibility is non-Gaussianity
caused by defects forming in a phase transition which ended inflation.

21.2.2. Dark matter properties :
Dark matter properties are discussed in the article by Drees and

Gerbier in this volume. The simplest assumption concerning the
dark matter is that it has no significant interactions with other
matter, and that its particles have a negligible velocity. Such dark
matter is described as ‘cold,’ and candidates include the lightest
supersymmetric particle, the axion, and primordial black holes. As
far as astrophysicists are concerned, a complete specification of the
relevant cold dark matter properties is given by the density parameter
Ωcdm, though those seeking to directly detect it are as interested in its
interaction properties.

Cold dark matter is the standard assumption and gives an excellent
fit to observations, except possibly on the shortest scales where there
remains some controversy concerning the structure of dwarf galaxies
and possible substructure in galaxy halos. For all the dark matter to
have a large velocity dispersion, so-called hot dark matter, has long
been excluded as it does not permit galaxies to form; for thermal relics
the mass must be above about 1 keV to satisfy this constraint, though
relics produced non-thermally, such as the axion, need not obey this
limit. However, there remains the possibility that further parameters
might need to be introduced to describe dark matter properties
relevant to astrophysical observations. Suggestions which have been
made include a modest velocity dispersion (warm dark matter) and
dark matter self-interactions. There remains the possibility that the
dark matter comprises two separate components, e.g., a cold one and
a hot one, an example being if massive neutrinos have a non-negligible
effect.

21.2.3. Dark energy :
While the standard cosmological model given above features a

cosmological constant, in order to explain observations indicating that
the Universe is presently accelerating, further possibilities exist under
the general heading dark energy.† A particularly attractive possibility

† Unfortunately this is rather a misnomer, as it is the negative pres-
sure of this material, rather than its energy, that is responsible for
giving the acceleration. Furthermore, while generally in physics matter
and energy are interchangeable terms, dark matter and dark energy are
quite distinct concepts.
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(usually called quintessence, though that word is used with various
different meanings in the literature) is that a scalar field is responsible,
with the mechanism mimicking that of early Universe inflation [12].
As described by Olive and Peacock, a fairly model-independent
description of dark energy can be given just using the equation of state
parameter w, with w = −1 corresponding to a cosmological constant.
In general, the function w could itself vary with redshift, though
practical experiments devised so far would be sensitive primarily to
some average value weighted over recent epochs. For high-precision
predictions of microwave background anisotropies, it is better to use
a scalar-field description in order to have a self-consistent evolution of
the ‘sound speed’ associated with the dark energy perturbations.

Present observations are consistent with a cosmological constant,
but it is quite common to see w kept as a free parameter to be
added to the set described in the previous section. Most, but not all,
researchers assume the weak energy condition w ≥ −1. In the future
it may be necessary to use a more sophisticated parametrization of
the dark energy.

21.2.4. Complex ionization history :
The full ionization history of the Universe is given by specifying the

ionization fraction as a function of redshift z. The simplest scenario
takes the ionization to be zero from recombination up to some redshift
zion, at which point the Universe instantaneously re-ionizes completely.
In that case, there is a one-to-one correspondence between τ and
zion (that relation, however, also depending on other cosmological
parameters).

While simple models of the re-ionization process suggest that
rapid ionization is a good approximation, observational evidence is
mixed, with indications of a high optical depth inferred from the
microwave background difficult to reconcile with absorption seen
in some high-redshift quasar systems, and also perhaps with the
temperature of the intergalactic medium at z � 3. Accordingly, a
more complex ionization history may need to be considered, and
perhaps separate histories for hydrogen and helium, which will
necessitate new parameters. Additionally, high-precision microwave
anisotropy experiments may require consideration of the level of
residual ionization left after recombination, which in principle is
computable from the other cosmological parameters.

21.2.5. Varying ‘constants’ :
Variation of the fundamental constants of nature over cosmological

times is another possible enhancement of the standard cosmology.
There is a long history of study of variation of the gravitational
constant G, and more recently attention has been drawn to the
possibility of small fractional variations in the fine-structure constant.
There is presently no observational evidence for the former, which
is tightly constrained by a variety of measurements. Evidence for
the latter has been claimed from studies of spectral line shifts in
quasar spectra at redshifts of order two [13], but this is presently
controversial and in need of further observational study.

More broadly, one can ask whether general relativity is valid at all
epochs under consideration.

21.2.6. Cosmic topology :
The usual hypothesis is that the Universe has the simplest topology

consistent with its geometry, for example that a flat Universe extends
forever. Observations cannot tell us whether that is true, but they
can test the possibility of a non-trivial topology on scales up to
roughly the present Hubble scale. Extra parameters would be needed
to specify both the type and scale of the topology, for example, a
cuboidal topology would need specification of the three principal axis
lengths. At present, there is no direct evidence for cosmic topology,
though the low values of the observed cosmic microwave quadrupole
and octupole have been cited as a possible signature.

21.3. Probes

The goal of the observational cosmologist is to utilize astronomical
objects to derive cosmological parameters. The transformation
from the observables to the key parameters usually involves many
assumptions about the nature of the objects, as well as about the
nature of the dark matter. Below we outline the physical processes
involved in each probe, and the main recent results. The first two
subsections concern probes of the homogeneous Universe, while the
remainder consider constraints from perturbations.

We note three types of uncertainties that enter into any errors on
the cosmological parameters of interest: (i) due to the assumptions
on the cosmological model and its priors (i.e. the number of assumed
cosmological parameters and their allowed range); (ii) due to the
uncertainty in the astrophysics of the objects (e.g. the mass–
temperature relation of galaxy clusters); and (iii) due to instrumental
and observational limitations (e.g. the effect of ‘seeing’ on weak
gravitational lensing measurements).

21.3.1. Direct measures of the Hubble constant :
In 1929 Edwin Hubble discovered the law of expansion of the

Universe by measuring distances to nearby galaxies. The slope of
the relation between the distance and recession velocity is defined to
be the Hubble constant H0. Astronomers argued for decades on the
systematic uncertainties in various methods and derived values over
the wide range, 40 kms−1 Mpc−1 <∼ H0

<∼ 100 kms−1 Mpc−1.
One of the most reliable results on the Hubble constant comes

from the Hubble Space Telescope Key Project [14]. The group
has used the empirical period–luminosity relations for Cepheid
variable stars to obtain distances to 31 galaxies, and calibrated
a number of secondary distance indicators (Type Ia Supernovae,
Tully-Fisher, surface brightness fluctuations and Type II Supernovae)
measured over distances of 400 to 600 Mpc. They estimated
H0 = 72 ± 3 (statistical) ± 7 (systematic) km s−1 Mpc−1.‡ The major
sources of uncertainty in this result are due to the metallicity of
the Cepheids and the distance to the fiducial nearby galaxy (called
the Large Magellanic Cloud) relative to which all Cepheid distances
are measured. Nevertheless, it is remarkable that this result is in
such good agreement with the result derived from the WMAP CMB
measurements (see Table 21.2).

21.3.2. Supernovae as cosmological probes :
The relation between observed flux and the intrinsic luminosity

of an object depends on the luminosity distance dL, which in turn
depends on cosmological parameters. More specifically

dL = (1 + z)re(z) , (21.10)

where re(z) is the coordinate distance. For example, in a flat Universe

re(z) =
∫ z

0
dz′/H(z′) . (21.11)

For a general dark energy equation of state w(z) = pQ(z)/ρQ(z), the
Hubble parameter is, still considering only the flat case,

H2(z)/H2
0 = (1 + z)3Ωm + ΩQ exp[3X(z)] , (21.12)

where
X(z) =

∫ z

0
[1 + w(z′)](1 + z′)−1dz′ , (21.13)

and Ωm and ΩQ are the present density parameters of matter and dark
energy components. If a general equation of state is allowed, then one
has to solve for w(z) (parametrized, for example, as w(z) = w = const.,
or w(z) = w0 + w1z) as well as for ΩQ.

Empirically, the peak luminosity of supernova of Type Ia (SNe
Ia) can be used as an efficient distance indicator (e.g., Ref. 15).
The favorite theoretical explanation for SNe Ia is the thermonuclear
disruption of carbon-oxygen white dwarfs. Although not perfect

‡ Unless stated otherwise, all quoted uncertainties in this article are
one-sigma/68% confidence. It is common for cosmological parameters
to have significantly non-Gaussian error distributions.
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‘standard candles’, it has been demonstrated that by correcting for a
relation between the light curve shape and the luminosity at maximum
brightness, the dispersion of the measured luminosities can be greatly
reduced. There are several possible systematic effects which may
affect the accuracy of the SNe Ia as distance indicators, for example,
evolution with redshift and interstellar extinction in the host galaxy
and in the Milky Way, but there is no indication that any of these
effects are significant for the cosmological constraints.
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Two major studies, the ‘Supernova Cosmology Project’ and the
‘High-z Supernova Search Team’, found evidence for an accelerating
Universe [16], interpreted as due to a cosmological constant, or to
a more general ‘dark energy’ component. Current results from the
Supernova Cosmology Project [17] are shown in Fig. 21.1 (see also
Ref. 18). The SNe Ia data alone can only constrain a combination of
Ωm and ΩΛ. When combined with the CMB data (which indicates
flatness, i.e., Ωm + ΩΛ ≈ 1), the best-fit values are Ωm ≈ 0.3 and
ΩΛ ≈ 0.7. Future experiments will aim to set constraints on the
cosmic equation of state w(z). However, given the integral relation
between the luminosity distance and w(z), it is not straightforward to
recover w(z) (e.g., Ref. 19).

21.3.3. Cosmic microwave background :
The physics of the cosmic microwave background (CMB) is

described in detail by Scott and Smoot in this volume. Before
recombination, the baryons and photons are tightly coupled, and the
perturbations oscillate in the potential wells generated primarily by
the dark matter perturbations. After decoupling, the baryons are free
to collapse into those potential wells. The CMB carries a record of
conditions at the time of decoupling, often called primary anisotropies.
In addition, it is affected by various processes as it propagates towards
us, including the effect of a time-varying gravitational potential (the
integrated Sachs-Wolfe effect), gravitational lensing, and scattering
from ionized gas at low redshift.

The primary anisotropies, the integrated Sachs-Wolfe effect,
and scattering from a homogeneous distribution of ionized gas,

can all be calculated using linear perturbation theory, a widely-
used implementation being the CMBFAST code of Seljak and
Zaldarriaga [6]. Gravitational lensing is also calculated in this code.
Secondary effects such as inhomogeneities in the re-ionization process,
and scattering from gravitationally-collapsed gas (the Sunyaev–
Zel’dovich effect), require more complicated, and more uncertain,
calculations.

The upshot is that the detailed pattern of anisotropies, quantified,
for instance, by the angular power spectrum C�, depends on all of
the cosmological parameters. In a typical cosmology, the anisotropy
power spectrum [usually plotted as 	(	 + 1)C�] features a flat plateau
at large angular scales (small 	), followed by a series of oscillatory
features at higher angular scales, the first and most prominent being
at around one degree (	 � 200). These features, known as acoustic
peaks, represent the oscillations of the photon-baryon fluid around the
time of decoupling. Some features can be closely related to specific
parameters—for instance, the location of the first peak probes the
spatial geometry, while the relative heights of the peaks probes the
baryon density—but many other parameters combine to determine the
overall shape.

The three-year data release from the WMAP satellite [1],
henceforth WMAP3, has provided the most accurate results to date
on the spectrum of CMB fluctuations, with a precision determination
of the temperature power spectrum up to 	 � 900, shown in Fig. 21.2,
and the best measurements of the spectrum of E-polarization
anisotropies and the correlation spectrum between temperature and
polarization (those spectra having first been detected by DASI [20])
. These are consistent with models based on the parameters we have
described, and provide quite accurate determinations of many of
them [2]. In this subsection, we will refer to results from WMAP
alone, with the following section studying some combinations with
other observations. We note that as the parameter fitting is done in a
multi-parameter space, one has to assume a ‘prior’ range for each of
the parameters (e.g., Hubble constant 0.5 < h < 1), and there may be
some dependence on these assumed priors.

Figure 21.2: The angular power spectrum of the cosmic
microwave background temperature from WMAP3. The solid
line shows the prediction from the best-fitting ΛCDM model [2].
The error bars on the data points (which are tiny for most
of them) indicate the observational errors, while the shaded
region indicates the statistical uncertainty from being able to
observe only one microwave sky, known as cosmic variance,
which is the dominant uncertainty on large angular scales. See
full-color version on color pages at end of book. [Figure courtesy
NASA/WMAP Science Team.]

WMAP3 provides an exquisite measurement of the location of the
first acoustic peak, which directly probes the spatial geometry and
yields a total density Ωtot ≡

∑
Ωi + ΩΛ of

Ωtot = 1.003+0.013
−0.017 , (21.14)

consistent with spatial flatness and completely excluding significantly
curved Universes. (This result does however assume a prior on
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the Hubble parameter from other measurements; WMAP3 alone
constrains Ωtot only weakly, and allows significantly closed Universes
if h is small. This result also assumes that the dark energy is a
cosmological constant.) WMAP3 also gives a precision measurement
of the age of the Universe. It gives a baryon density consistent with,
and at much higher precision than, that coming from nucleosynthesis.
It affirms the need for both dark matter and dark energy if the data
are to be explained. It shows no evidence for dynamics of the dark
energy, being consistent with a pure cosmological constant (w = −1).

The density perturbations are consistent with a power-law
primordial spectrum. There are indications that the spectral slope
is less than the Harrison–Zel’dovich value n = 1 [2], though the
result appears less strong using Bayesian techniques [8]. There is no
indication of tensor perturbations, but the upper limit is quite weak.

WMAP3 gives a much lower result for the reionization optical
depth τ than did their first year results [21]. The current best-fit
value τ = 0.088 is in reasonable agreement with models of how early
structure formation induces reionization.

WMAP3 is consistent with other experiments and its dynamic
range can be enhanced by including information from small-angle
CMB experiments including ACBAR, CBI and VSA. However the
WMAP3 dataset on its own is so powerful that these add little
constraining power.

21.3.4. Galaxy clustering :
The power spectrum of density perturbations depends on the nature

of the dark matter. Within the Cold Dark Matter model, the shape
of the power spectrum depends primarily on the primordial power
spectrum and on the combination Ωmh which determines the horizon
scale at matter–radiation equality, with a subdominant dependence
on the baryon density. The matter distribution is most easily probed
by observing the galaxy distribution, but this must be done with care
as the galaxies do not perfectly trace the dark matter distribution.
Rather, they are a ‘biased’ tracer of the dark matter. The need to
allow for such bias is emphasized by the observation that different
types of galaxies show bias with respect to each other. Further, the
observed 3D galaxy distribution is in redshift space, i.e., the observed
redshift is the sum of the Hubble expansion and the line-of-sight
peculiar velocity, leading to linear and non-linear dynamical effects
which also depend on the cosmological parameters. On the largest
length scales, the galaxies are expected to trace the location of the
dark matter, except for a constant multiplier b to the power spectrum,
known as the linear bias parameter. On scales smaller than 20 h−1

Mpc or so, the clustering pattern is ‘squashed’ in the radial direction
due to coherent infall, which depends on the parameter β ≡ Ω0.6

m /b
(on these shorter scales, more complicated forms of biasing are not
excluded by the data). On scales of a few h−1 Mpc, there is an effect
of elongation along the line of sight (colloquially known as the ‘finger
of God’ effect) which depends on the galaxy velocity dispersion σp.

21.3.4.1. The galaxy power spectrum:
The 2-degree Field (2dF) Galaxy Redshift Survey is now complete

and publicly available.∗∗ The power-spectrum analysis of the final
2dFGRS data set of approximately 220,000 galaxies was fitted to a
CDM model [22]. It shows evidence for baryon acoustic oscillations,
with baryon fraction Ωb/Ωm = 0.185 ± 0.046 (1-σ errors). The shape
of the power spectrum is characterized by Ωmh = 0.168 ± 0.016, and
in combination with WMAP data gives Ωm = 0.231 ± 0.021 (see
also Ref. 23). The 2dF power spectrum is compared with the Sloan
Digital Sky Survey (SDSS) †† power spectrum [24] in Fig. 21.3. We
see agreement in the gross features, but also some discrepancies.
Eisenstein et al. [25] reported on detection of baryon acoustic peak
in the large-scale correlation function of the SDSS sample of nearly
47,000 Luminous Red Galaxies. By using the baryon acoustic peak
as a ‘standard ruler’ they found, independent of WMAP, that
Ωm = 0.273± 0.025 for a flat ΛCDM model.

Combination of the 2dF data with the CMB indicates a ‘biasing’
parameter b ∼ 1, in agreement with a 2dF-alone analysis of higher-
order clustering statistics. However, results for biasing also depend on

∗∗ See http://www.mso.anu.edu.au/2dFGRS
†† See http://www.sdss.org
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Figure 21.3: The galaxy power spectrum from the 2dF galaxy
redshift survey [22] compared with that from SDSS [24], each
corrected for its survey geometry. The 2dFGRS power spectrum
(with distances measured in redshift space) is shown by solid
circles with one-sigma errors shown by the shaded area. The
triangles and error bars show the SDSS power spectrum.
The solid curve shows a linear-theory ΛCDM model with
Ωmh = 0.168, Ωb/Ωm = 0.17, h = 0.72, n = 1 and normalization
matched to the 2dFGRS power spectrum. The dotted vertical
lines indicate the range over which the best-fit model was
evaluated. See full-color version on color pages at end of
book. [Figure provided by Shaun Cole and Will Percival; see
Ref. 22.]

the length scale over which a fit is done, and the selection of the objects
by luminosity, spectral type, or color. In particular, on scales smaller
than 10 h−1Mpc, different galaxy types are clustered differently.
This ‘biasing’ introduces a systematic effect on the determination of
cosmological parameters from redshift surveys. Prior knowledge from
simulations of galaxy formation could help, but is model-dependent.
We also note that the present-epoch power spectrum is not sensitive
to dark energy, so it is mainly a probe of the matter density.

21.3.4.2. Limits on neutrino mass from galaxy surveys and other
probes:

Large-scale structure data can put an upper limit on the ratio
Ων/Ωm due to the neutrino ‘free streaming’ effect [26]. By comparing
the 2dF galaxy power spectrum with a four-component model
(baryons, cold dark matter, a cosmological constant, and massive
neutrinos), it was estimated that Ων/Ωm < 0.13 (95% confidence
limit), giving Ων < 0.04 if a concordance prior of Ωm = 0.3 is imposed.
The latter corresponds to an upper limit of about 2 eV on the total
neutrino mass, assuming a prior of h ≈ 0.7 [27]. Potential systematic
effects include biasing of the galaxy distribution and non-linearities of
the power spectrum. A similar upper limit of 2 eV was derived from
CMB anisotropies alone [28]. The above analyses assume that the
primordial power spectrum is adiabatic, scale-invariant and Gaussian.

Additional cosmological data sets bring down this upper
limit [29,30]. An upper limit on the total neutrino mass of
0.17 eV was reported by combining a large number of cosmological
probes [31].

Laboratory limits on absolute neutrino masses from tritium beta
decay and especially from neutrinoless double-beta decay should,
within the next decade, push down towards (or perhaps even beyond)
the 0.1 eV level that has cosmological significance.
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21.3.5. Clusters of galaxies :
A cluster of galaxies is a large collection of galaxies held together by

their mutual gravitational attraction. The largest ones are around 1015

solar masses, and are the largest gravitationally-collapsed structures
in the Universe. Even at the present epoch they are relatively rare,
with only a few percent of galaxies being in clusters. They provide
various ways to study the cosmological parameters; here we discuss
constraints from the measurements of the cluster number density and
the baryon fraction in clusters.

21.3.5.1. Cluster number density:
The first objects of a given kind form at the rare high peaks of the

density distribution, and if the primordial density perturbations are
Gaussian-distributed, their number density is exponentially sensitive
to the size of the perturbations, and hence can strongly constrain it.
Clusters are an ideal application in the present Universe. They are
usually used to constrain the amplitude σ8, as a box of side 8 h−1 Mpc
contains about the right amount of material to form a cluster. The
most useful observations at present are of X-ray emission from hot
gas lying within the cluster, whose temperature is typically a few
keV, and which can be used to estimate the mass of the cluster.
A theoretical prediction for the mass function of clusters can come
either from semi-analytic arguments or from numerical simulations.
At present, the main uncertainty is the relation between the observed
gas temperature and the cluster mass, despite extensive study using
simulations. A recent analysis [32] gives

σ8 = 0.78+0.30
−0.06 (95% confidence) (21.15)

for Ωm = 0.35, with highly non-Gaussian error bars, but different
authors still find a spread of values. Scaling to lower Ωm increases
σ8. This result is somewhat above the values predicted in cosmologies
compatible with WMAP3.

The same approach can be adopted at high redshift (which for
clusters means redshifts approaching one) to attempt to measure σ8

at an earlier epoch. The evolution of σ8 is primarily driven by the
value of the matter density Ωm, with a sub-dominant dependence on
the dark energy density. It is generally recognized that such analyses
favor a low matter density, though there is not complete consensus on
this, and at present this technique for constraining the density is not
competitive with the CMB.

21.3.5.2. Cluster baryon fraction:
If clusters are representative of the mass distribution in the

Universe, the fraction of the mass in baryons to the overall mass
distribution would be fb = Ωb/Ωm. If Ωb, the baryon density
parameter, can be inferred from the primordial nucleosynthesis
abundance of the light elements, the cluster baryon fraction fb can
then be used to constrain Ωm and h (e.g., Ref. 33). The baryons in
clusters are primarily in the form of X-ray-emitting gas that falls
into the cluster, and secondarily in the form of stellar baryonic mass.
Hence, the baryon fraction in clusters is estimated to be

fb =
Ωb

Ωm
� fgas + fgal , (21.16)

where fb = Mb/Mgrav, fgas = Mgas/Mgrav, fgal = Mgal/Mgrav, and
Mgrav is the total gravitating mass.

This can be used to obtain an approximate relation between Ωm

and h:

Ωm =
Ωb

fgas + fgal
� Ωb

0.08h−1.5 + 0.01h−1
. (21.17)

Big Bang Nucleosynthesis gives Ωbh2 ≈ 0.02, allowing the above
relation to be approximated as Ωmh0.5 ≈ 0.25 (e.g., Ref. 34). For
example, Allen et al. [35] derived a density parameter consistent with
Ωm = 0.3 from Chandra observations.

21.3.6. Clustering in the inter-galactic medium :
It is commonly assumed, based on hydrodynamic simulations, that

the neutral hydrogen in the inter-galactic medium (IGM) can be
related to the underlying mass distribution. It is then possible to
estimate the matter power spectrum on scales of a few megaparsecs
from the absorption observed in quasar spectra, the so-called Lyman-
alpha forest. The usual procedure is to measure the power spectrum
of the transmitted flux, and then to infer the mass power spectrum.
Photo-ionization heating by the ultraviolet background radiation and
adiabatic cooling by the expansion of the Universe combine to give a
simple power-law relation between the gas temperature and the baryon
density. It also follows that there is a power-law relation between the
optical depth τ and ρb. Therefore, the observed flux F = exp(−τ) is
strongly correlated with ρb, which itself traces the mass density. The
matter and flux power spectra can be related by

Pm(k) = b2(k) PF (k) , (21.18)

where b(k) is a bias function which is calibrated from simulations.
Croft et al. [36] derived cosmological parameters from Keck Telescope
observations of the Lyman-alpha forest at redshifts z = 2 − 4. Their
derived power spectrum corresponds to that of a CDM model,
which is in good agreement with the 2dF galaxy power spectrum.
A recent study using VLT spectra [37] agrees with the flux power
spectrum of Ref. 36. This method depends on various assumptions.
Seljak et al. [38] pointed out that errors are sensitive to the range
of cosmological parameters explored in the simulations, and the
treatment of the mean transmitted flux.

21.3.7. Gravitational lensing :
Images of background galaxies get distorted due to the gravitational

effect of mass fluctuations along the line of sight. Deep gravitational
potential wells such as galaxy clusters generate ‘strong lensing’, i.e.,
arcs and arclets, while more moderate fluctuations give rise to ‘weak
lensing’. Weak lensing is now widely used to measure the mass power
spectrum in random regions of the sky (see Ref. 39 for recent reviews).
As the signal is weak, the CCD frame of deformed galaxy shapes
(‘shear map’) is analyzed statistically to measure the power spectrum,
higher moments, and cosmological parameters.

The shear measurements are mainly sensitive to the combination
of Ωm and the amplitude σ8. There are various systematic effects
in the interpretation of weak lensing, e.g., due to atmospheric
distortions during observations, the redshift distribution of the
background galaxies, intrinsic correlation of galaxy shapes, and
non-linear modeling uncertainties. Hoekstra et al. [40] derived the
result σ8Ω0.52

m = 0.46+0.05
−0.07 (95% confidence level), assuming a ΛCDM

model. Other recent results are summarized in Ref. 39. For a
Ωm = 0.3, ΩΛ = 0.7 cosmology, different groups derived normalizations
σ8 over a wide range, indicating that the systematic errors are still
larger than some of the quoted error bars.

21.3.8. Peculiar velocities :
Deviations from the Hubble flow directly probe the mass fluctuations

in the Universe, and hence provide a powerful probe of the dark
matter. Peculiar velocities are deduced from the difference between
the redshift and the distance of a galaxy. The observational difficulty
is in accurately measuring distances to galaxies. Even the best
distance indicators (e.g., the Tully–Fisher relation) give an error
of 15% per galaxy, hence limiting the application of the method
at large distances. Peculiar velocities are mainly sensitive to Ωm,
not to ΩΛ or quintessence. Extensive analyses in the early 1990s
(e.g., Ref. 41) suggested a value of Ωm close to unity. A more recent
analysis [42], which takes into account non-linear corrections, gives
σ8Ω0.6

m = 0.49 ± 0.06 and σ8Ω0.6
m = 0.63 ± 0.08 (90% errors) for two

independent data sets. While at present cosmological parameters
derived from peculiar velocities are strongly affected by random and
systematic errors, a new generation of surveys may improve their
accuracy. Three promising approaches are the 6dF near-infrared
survey of 15,000 peculiar velocities‡‡, Supernovae Type Ia and the
kinematic Sunyaev–Zel’dovich effect.

‡‡ See http://www.mso.anu.edu.au/6dFGS/
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21.4. Bringing observations together

Although it contains two ingredients—dark matter and dark
energy—which have not yet been verified by laboratory experiments,
the ΛCDM model is almost universally accepted by cosmologists as the
best description of present data. The basic ingredients are given by
the parameters listed in Sec. 21.1.4, with approximate values of some
of the key parameters being Ωb ≈ 0.04, Ωdm ≈ 0.20, ΩΛ ≈ 0.76, and a
Hubble constant h ≈ 0.73. The spatial geometry is very close to flat
(and often assumed to be precisely flat), and the initial perturbations
Gaussian, adiabatic, and nearly scale-invariant.

Table 21.2: Parameter constraints reproduced from Spergel
et al. [2]. All columns assume the ΛCDM cosmology with
a power-law initial spectrum, no tensors, spatial flatness,
and a cosmological constant as dark energy. Three different
data combinations are shown to highlight the extent to which
this choice matters. The first column is WMAP3 alone, the
second combines this with 2dF, and the third column shows
a combination of all datasets considered in Ref. [2]. This
last data is not in their paper but can be found online
at http://lambda.gsfc.nasa.gov. The parameter A is a
measure of the perturbation amplitude; see Ref. 2 for details.
Uncertainties are shown at one sigma, and caution is needed
in extrapolating them to higher significance levels due to
non-Gaussian likelihoods and assumed priors.

WMAP alone WMAP + 2dF WMAP + all

Ωmh2 0.127+0.007
−0.009 0.126+0.004

−0.006 0.131+0.004
−0.010

Ωbh2 0.0223+0.0007
−0.0009 0.0222+0.0007

−0.0008 0.0220+0.0006
−0.0008

h 0.73+0.03
−0.04 0.73+0.02

−0.03 0.71+0.01
−0.02

n 0.951+0.015
−0.019 0.948+0.013

−0.018 0.938+0.013
−0.018

τ 0.088+0.028
−0.034 0.083+0.027

−0.031 0.069+0.026
−0.029

A 0.68+0.04
−0.06 0.68+0.04

−0.05 0.67+0.04
−0.05

The most powerful single experiment is WMAP3, which on its
own supports all these main tenets. Values for some parameters, as
given in Spergel et al. [2], are reproduced in Table 21.2. This model
presumes a flat Universe, and so ΩΛ is a derived quantity in this
analysis, with best-fit value ΩΛ = 0.76.

These constraints can be somewhat strengthened by adding
additional datasets, as shown in the Table. However WMAP3 on
its own is sufficiently powerful that inclusion of other datasets only
changes things at quite a detailed level. In our view, the most robust
present constraints are those from WMAP3 alone.

The baryon density Ωb is now measured with quite high accuracy
from the CMB and large-scale structure, and is consistent with the
determination from big bang nucleosynthesis; Fields and Sarkar in this
volume quote the range 0.017 ≤ Ωbh2 ≤ 0.024. Given the sensitivity of
the measurement, it is important to note that it has some dependence
on the datasets chosen, as seen in Table 21.2.

While ΩΛ is measured to be non-zero with very high confidence,
there is no evidence of evolution of the dark energy density. The
WMAP team find the limit w < −0.78 at 95% confidence from a
compilation of data including SNe Ia data, with the cosmological
constant case w = −1 giving an excellent fit to the data.

The data provides strong support for the main predictions of the
simplest inflation models: spatial flatness and adiabatic, Gaussian,
nearly scale-invariant density perturbations. But it is disappointing
that there is no sign of primordial gravitational waves, with WMAP3
providing only a weak upper limit r < 0.55 at 95% confidence [2] (this
assumes no running, and weakens significantly if running is allowed).
The spectral index n is placed in an interesting position by WMAP3,
with indications that n < 1 is required by the data. However the

conclusion that n = 1 is ruled out that is suggested by parameter
estimation [2] receives much less compelling support in Bayesian model
selection analyses [8] and in our view it is premature to conclude that
n = 1 is no longer viable.

Tests have been made for various types of non-Gaussianity,
a particular example being a parameter fNL which measures a
quadratic contribution to the perturbations and is constrained to
−54 < fNL < 114 at 95% confidence [2] (this looks weak, but
prominent non-Gaussianity requires the product fNL∆R to be large,
and ∆R is of order 10−5).

Two parameters which are still uncertain are Ωm and σ8, both of
which were revised downwards significantly by WMAP3 to a level
where they do not sit well against local measures of σ8, particularly
those using weak gravitational lensing. However an analysis including
Lyman-alpha data with WMAP3 has found that this brings σ8 up
again [31]. It is clear that we have yet to reach the last word on these
parameters. It is also worth noting that WMAP3 only probes larger
length scales, and the constraint comes from using WMAP to estimate
all the parameters of the model needed to determine σ8. As such,
their constraint depends strongly on the assumed set of cosmological
parameters being sufficient.

One parameter which is surprisingly robust is the age of the
Universe. There is a useful coincidence that for a flat Universe the
position of the first peak is strongly correlated with the age of
the Universe. The WMAP3 result is 13.7+0.1

−0.2 Gyr (assuming a flat
Universe). This is in good agreement with the ages of the oldest
globular clusters [43] and radioactive dating [44].

21.5. Outlook for the future

The concordance model is now well established, and there seems
little room left for any dramatic revision of this paradigm. A
measure of the strength of that statement is how difficult it has
proven to formulate convincing alternatives. For example, one corner
of parameter space that has been explored is the possibility of
abandoning the dark energy, and instead considering a mixed dark
matter model with Ωm = 1 and Ων = 0.2. Such a model fits both the
2dF and WMAP data reasonably well, but only for a Hubble constant
h < 0.5 [27,45]. However, this model is inconsistent with the HST
key project value of h, the results from SNe Ia, cluster number density
evolution, and baryon fraction in clusters.

Should there indeed be no major revision of the current paradigm,
we can expect future developments to take one of two directions.
Either the existing parameter set will continue to prove sufficient
to explain the data, with the parameters subject to ever-tightening
constraints, or it will become necessary to deploy new parameters.
The latter outcome would be very much the more interesting, offering
a route towards understanding new physical processes relevant to
the cosmological evolution. There are many possibilities on offer for
striking discoveries, for example:

• The cosmological effects of a neutrino mass may be unambiguously
detected, shedding light on fundamental neutrino properties;

• Compelling detection of deviations from scale-invariance in the
initial perturbations would indicate dynamical processes during
perturbation generation by, for instance, inflation;

• Detection of primordial non-Gaussianities would indicate that
non-linear processes influence the perturbation generation
mechanism;

• Detection of variation in the dark energy density (i.e., w �= −1)
would provide much-needed experimental input into the question
of the properties of the dark energy.

These provide more than enough motivation for continued efforts to
test the cosmological model and improve its precision.

Over the coming years, there are a wide range of new observations,
which will bring further precision to cosmological studies. Indeed,
there are far too many for us to be able to mention them all here, and
so we will just highlight a few areas.

The cosmic microwave background observations will improve in
several directions. The new frontier is the study of polarization, first
detected in 2002 by DASI and for which power spectrum measurements
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have now been made by WMAP and Boomerang [46]. Dedicated
ground-based polarization experiments, such as CBI, QUaD, and
Clover promise powerful measures of the polarization spectrum in the
next few years, and may be able to separately detect the two modes of
polarization. Another area of development is pushing accurate power
spectrum measurements to smaller angular scales, typically achieved
by interferometry, which should allow measurements of secondary
anisotropy effects, such as the Sunyaev–Zel’dovich effect, whose
detection has already been tentatively claimed by CBI. Finally, we
mention the Planck satellite, due to launch in 2008, which will make
high-precision all-sky maps of temperature and polarization, utilizing
a very wide frequency range for observations to improve understanding
of foreground contaminants, and to compile a large sample of clusters
via the Sunyaev–Zel’dovich effect.

On the supernova side, the most ambitious initiative at present is a
proposed satellite mission JDEM (Joint Dark Energy Mission) funded
by NASA and DoE. There are several candidates for this mission,
including the much-publicized SNAP satellite, but the funding has
yet to be secured. An impressive array of ground-based dark energy
surveys are also already operational or proposed, including the
ESSENCE project, the Dark Energy Survey, LSST and WFMOS.
With large samples, it may be possible to detect evolution of the dark
energy density, thus measuring its equation of state and perhaps even
its variation.

The above future surveys will address fundamental questions of
physics well beyond just testing the ‘concordance’ ΛCDM model and
minor variations. It would be important to distinguish the imprint
of dark energy and dark matter on the geometry from the growth of
perturbations and to test theories of modified gravity as alternatives
for fitting the observations to a Dark Energy component.

The development of the first precision cosmological model is a
major achievement. However, it is important not to lose sight of
the motivation for developing such a model, which is to understand
the underlying physical processes at work governing the Universe’s
evolution. On that side, progress has been much less dramatic. For
instance, there are many proposals for the nature of the dark matter,
but no consensus as to which is correct. The nature of the dark energy
remains a mystery. Even the baryon density, now measured to an
accuracy of a few percent, lacks an underlying theory able to predict
it even within orders of magnitude. Precision cosmology may have
arrived, but at present many key questions remain unanswered.
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22.1. Theory

22.1.1. Evidence for Dark Matter :
The existence of Dark (i.e., non-luminous and non-absorbing)

Matter (DM) is by now well established. The earliest [1], and perhaps
still most convincing, evidence for DM came from the observation
that various luminous objects (stars, gas clouds, globular clusters, or
entire galaxies) move faster than one would expect if they only felt
the gravitational attraction of other visible objects. An important
example is the measurement of galactic rotation curves. The rotational
velocity v of an object on a stable Keplerian orbit with radius r
around a galaxy scales like v(r) ∝ √

M(r)/r, where M(r) is the mass
inside the orbit. If r lies outside the visible part of the galaxy and
mass tracks light, one would expect v(r) ∝ 1/

√
r. Instead, in most

galaxies one finds that v becomes approximately constant out to the
largest values of r where the rotation curve can be measured; in our
own galaxy, v � 220 km/s at the location of our solar system, with
little change out to the largest observable radius. This implies the
existence of a dark halo, with mass density ρ(r) ∝ 1/r2, i.e., M(r) ∝ r;
at some point ρ will have to fall off faster (in order to keep the total
mass of the galaxy finite), but we do not know at what radius this
will happen. This leads to a lower bound on the DM mass density,
ΩDM

>∼ 0.1, where ΩX ≡ ρX/ρcrit, ρcrit being the critical mass density
(i.e., Ωtot = 1 corresponds to a flat Universe).

The observation of clusters of galaxies tends to give somewhat larger
values, ΩDM � 0.2 to 0.3. These observations include measurements
of the peculiar velocities of galaxies in the cluster, which are a measure
of their potential energy if the cluster is virialized; measurements of
the X-ray temperature of hot gas in the cluster, which again correlates
with the gravitational potential felt by the gas; and—most directly—
studies of (weak) gravitational lensing of background galaxies on the
cluster.

The currently most accurate, if somewhat indirect, determination
of ΩDM comes from global fits of cosmological parameters to a variety
of observations; see the Section on Cosmological Parameters for
details. For example, using measurements of the anisotropy of the
cosmic microwave background (CMB) and of the spatial distribution
of galaxies, Ref. 2 finds a density of cold, non–baryonic matter

Ωnbmh2 = 0.111 ± 0.006 , (22.1)

where h is the Hubble constant in units of 100 km/(s·Mpc). Some
part of the baryonic matter density [2],

Ωbh2 = 0.023 ± 0.001 , (22.2)

may well contribute to (baryonic) DM, e.g., MACHOs [3] or cold
molecular gas clouds [4].

The DM density in the “neighborhood” of our solar system is also
of considerable interest. This was first estimated as early as 1922 by
J.H. Jeans, who analyzed the motion of nearby stars transverse to the
galactic plane [1]. He concluded that in our galactic neighborhood
the average density of DM must be roughly equal to that of luminous
matter (stars, gas, dust). Remarkably enough, the most recent
estimates, based on a detailed model of our galaxy, find quite similar
results [5]:

ρlocal
DM � 0.3

GeV
cm3 ; (22.3)

this value is known to within a factor of two or so.

22.1.2. Candidates for Dark Matter :
Analyses of structure formation in the Universe [6] indicate that

most DM should be “cold”, i.e., should have been non-relativistic at
the onset of galaxy formation (when there was a galactic mass inside
the causal horizon). This agrees well with the upper bound [2] on the
contribution of light neutrinos to Eq. (22.1),

Ωνh2 ≤ 0.0076 95% CL (22.4)

Candidates for non-baryonic DM in Eq. (22.1) must satisfy several
conditions: they must be stable on cosmological time scales (otherwise
they would have decayed by now), they must interact very weakly
with electromagnetic radiation (otherwise they wouldn’t qualify as
dark matter), and they must have the right relic density. Candidates
include primordial black holes, axions, and weakly interacting massive
particles (WIMPs).

Primordial black holes must have formed before the era of Big-Bang
nucleosynthesis, since otherwise they would have been counted in
Eq. (22.2) rather than Eq. (22.1). Such an early creation of a large
number of black holes is possible only in certain somewhat contrived
cosmological models [7].

The existence of axions [8] was first postulated to solve the strong
CP problem of QCD; they also occur naturally in superstring theories.
They are pseudo Nambu-Goldstone bosons associated with the
(mostly) spontaneous breaking of a new global “Peccei-Quinn” (PQ)
U(1) symmetry at scale fa; see the Section on Axions in this Review
for further details. Although very light, axions would constitute cold
DM, since they were produced non-thermally. At temperatures well
above the QCD phase transition, the axion is massless, and the axion
field can take any value, parameterized by the “misalignment angle”
θi. At T <∼ 1 GeV the axion develops a mass ma due to instanton
effects. Unless the axion field happens to find itself at the minimum
of its potential (θi = 0), it will begin to oscillate once ma becomes
comparable to the Hubble parameter H . These coherent oscillations
transform the energy originally stored in the axion field into physical
axion quanta. The contribution of this mechanism to the present
axion relic density is [8]

Ωah2 = κa

(
fa/1012 GeV

)1.175
θ2
i , (22.5)

where the numerical factor κa lies roughly between 0.5 and a few.
If θi ∼ O(1), Eq. (22.5) will saturate Eq. (22.1) for fa ∼ 1011 GeV,
comfortably above laboratory and astrophysical constraints [8]; this
would correspond to an axion mass around 0.1 meV. However, if
the post-inflationary reheat temperature TR > fa, cosmic strings will
form during the PQ phase transition at T � fa. Their decay will give
an additional contribution to Ωa, which is often bigger than that in
Eq. (22.5) [9], leading to a smaller preferred value of fa, i.e., larger
ma. On the other hand, values of fa near the Planck scale become
possible if θi is for some reason very small.

Weakly interacting massive particles (WIMPs) χ are particles
with mass roughly between 10 GeV and a few TeV, and with cross
sections of approximately weak strength. Their present relic density
can be calculated reliably if the WIMPs were in thermal and chemical
equilibrium with the hot “soup” of Standard Model (SM) particles
after inflation. In this case their density would become exponentially
(Boltzmann) suppressed at T < mχ. The WIMPs therefore drop out
of thermal equilibrium (“freeze out”) once the rate of reactions that
change SM particles into WIMPs or vice versa, which is proportional
to the product of the WIMP number density and the WIMP pair
annihilation cross section into SM particles σA times velocity, becomes
smaller than the Hubble expansion rate of the Universe. After freeze
out, the co-moving WIMP density remains essentially constant.
Their present relic density is then approximately given by (ignoring
logarithmic corrections) [10]

Ωχh2 � const. · T 3
0

M3
Pl〈σAv〉 � 0.1 pb · c

〈σAv〉 . (22.6)

Here T0 is the current CMB temperature, MPl is the Planck mass, c is
the speed of light, σA is the total annihilation cross section of a pair
of WIMPs into SM particles, v is the relative velocity between the
two WIMPs in their cms system, and 〈. . .〉 denotes thermal averaging.
Freeze out happens at temperature TF � mχ/20 almost independently
of the properties of the WIMP. This means that WIMPs are already
non-relativistic when they decouple from the thermal plasma; it also
implies that Eq. (22.6) is applicable if TR

>∼ mχ/10. Notice that the
0.1 pb in Eq. (22.6) contains factors of T0 and MPl; it is therefore
quite intriguing that it “happens” to come out near the typical size of
weak interaction cross sections.
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The seemingly most obvious WIMP candidate is a heavy neutrino.
However, an SU(2) doublet neutrino will have too small a relic density
if its mass exceeds MZ/2, as required by LEP data. One can suppress
the annihilation cross section, and hence increase the relic density, by
postulating mixing between a heavy SU(2) doublet and some “sterile”
SU(2) × U(1)Y singlet neutrino. However, one also has to require the
neutrino to be stable; it is not obvious why a massive neutrino should
not be allowed to decay.

The currently best motivated WIMP candidate is therefore the
lightest superparticle (LSP) in supersymmetric models [11] with exact
R-parity (which guarantees the stability of the LSP). Searches for
exotic isotopes [12] imply that a stable LSP has to be neutral. This
leaves basically two candidates among the superpartners of ordinary
particles, a sneutrino, and a neutralino. Sneutrinos again have quite
large annihilation cross sections; their masses would have to exceed
several hundred GeV for them to make good DM candidates. This is
uncomfortably heavy for the lightest sparticle, in view of naturalness
arguments. Moreover, the negative outcome of various WIMP searches
(see below) rules out “ordinary” sneutrinos as primary component
of the DM halo of our galaxy. (In models with gauge-mediated
SUSY breaking the lightest “messenger sneutrino” could make a good
WIMP [13]. ) The most widely studied WIMP is therefore the lightest
neutralino. Detailed calculations [14] show that the lightest neutralino
will have the desired thermal relic density Eq. (22.1) in at least four
distinct regions of parameter space. χ could be (mostly) a bino or
photino (the superpartner of the U(1)Y gauge boson and photon,
respectively), if both χ and some sleptons have mass below ∼ 150
GeV, or if mχ is close to the mass of some sfermion (so that its
relic density is reduced through co-annihilation with this sfermion),
or if 2mχ is close to the mass of the CP-odd Higgs boson present in
supersymmetric models [15]. Finally, Eq. (22.1) can also be satisfied
if χ has a large higgsino component.

Although WIMPs are attractive DM candidates because their
thermal relic density naturally has at least the right order of
magnitude, non-thermal production mechanisms have also been
suggested, e.g., LSP production from the decay of some moduli
fields [16], from the decay of the inflaton [17], or from the
decay of “Q−balls” (non-topological solitons) formed in the wake of
Affleck-Dine baryogenesis [18]. Although LSPs from these sources
are typically highly relativistic when produced, they quickly achieve
kinetic (but not chemical) equilibrium if TR exceeds a few MeV [19](
but stays below mχ/20). They therefore also contribute to cold DM.

Primary black holes (as MACHOs), axions, and WIMPs are all
(in principle) detectable with present or near-future technology (see
below). There are also particle physics DM candidates which currently
seem almost impossible to detect. These include the gravitino (the
spin-3/2 superpartner of the graviton) [20], states from the “hidden
sector” thought responsible for supersymmetry breaking [13], and the
axino (the spin-1/2 superpartner of the axion) [21].

22.2. Experimental detection of Dark Matter

22.2.1. The case of baryonic matter in our galaxy :
The search for hidden galactic baryonic matter in the form of

MAssive Compact Halo Objects (MACHOs) has been initiated
following the suggestion that they may represent a large part of the
galactic DM and could be detected through the microlensing effect [3].
The MACHO, EROS, and OGLE collaborations have performed a
program of observation of such objects by monitoring the luminosity of
millions of stars in the Large and Small Magellanic Clouds for several
years. EROS concluded that MACHOs cannot contribute more than
20% to the mass of the galactic halo [22], while MACHO observed
a signal at 0.4 solar mass and put an upper limit of 40%. Overall,
this strengthens the need for non-baryonic DM, also supported by the
arguments developed above.

22.2.2. Axion searches :

Axions can be detected by looking for a → γ conversion in a
strong magnetic field [23]. Such a conversion proceeds through the
loop-induced aγγ coupling, whose strength gaγγ is an important
parameter of axion models. Currently two experiments searching for
axionic DM are taking data. They both employ high quality cavities.
The cavity “Q factor” enhances the conversion rate on resonance,
i.e., for mac2 = �ωres. One then needs to scan the resonance
frequency in order to cover a significant range in ma or, equivalently,
fa. The bigger of the two experiments, situated at the LLNL in
California [24], started taking data in the first half of 1996. It uses
very sophisticated “conventional” electronic amplifiers with very low
noise temperature to enhance the conversion signal. Their published
results [25] exclude axions with mass between 1.9 and 3.3 µeV,
corresponding to fa � 4 · 1013 GeV, as a major component of the dark
halo of our galaxy, if gaγγ is near the upper end of the theoretically
expected range.

The smaller “CARRACK” experiment now under way in Kyoto,
Japan [26] uses Rydberg atoms (atoms excited to a very high state,
n � 230) to detect the microwave photons that would result from
axion conversion. This allows almost noise-free detection of single
photons. Preliminary results of the CARRACK I experiment [27]
exclude axions with mass in a narrow range around 10 µeV as major
component of the galactic dark halo for some plausible range of gaγγ

values. This experiment is being upgraded to CARRACK II, which
intends to probe the range between 2 and 50 µeV with sensitivity to
all plausible axion models, if axions form most of DM [27].

22.2.3. Basics of direct WIMP search :

As stated above, WIMPs should be gravitationally trapped inside
galaxies and should have the adequate density profile to account for
the observed rotational curves. These two constraints determine the
main features of experimental detection of WIMPs, which have been
detailed in the reviews [28].

Their mean velocity inside our galaxy is expected to be similar
to that of stars around the center of the galaxy, i.e., a few hundred
kilometers per second at the location of our solar system. For these
velocities, WIMPs interact with ordinary matter through elastic
scattering on nuclei. With expected WIMP masses in the range 10
GeV to 10 TeV, typical nuclear recoil energies are of order of 1 to 100
keV.

The shape of the nuclear recoil spectrum results from a convolution
of the WIMP velocity distribution, usually taken as a shifted
Maxwellian distribution, with the angular scattering distribution,
which is isotropic to first approximation but forward-peaked for high
nuclear mass (typically higher than Ge mass) due to the nuclear form
factor. Overall, this results in a roughly exponential spectrum. The
higher the WIMP mass, the higher the mean value of the exponential.
This points to the need for low nuclear energy threshold detectors.

On the other hand, expected interaction rates depend on the
product of the WIMP local flux and the interaction cross section.
The first term is fixed by the local density of dark matter, taken as
0.3 GeV/cm3 (see above), the mean WIMP velocity, typically 220
km/s, and the mass of the WIMP. The expected interaction rate
then mainly depends on two unknowns, the mass and cross section of
WIMP (with some uncertainty [5] due to the halo model). This is why
the experimental observable, which is basically the scattering rate as
a function of energy, is usually expressed as a contour in the WIMP
mass—cross section plane.

The cross section depends on the nature of the couplings. For
non-relativistic WIMPs one in general has to distinguish spin–
independent and spin–dependent couplings. The former can involve
scalar and vector WIMP and nucleon currents (vector currents are
absent for Majorana WIMPs, e.g. the neutralino), while the latter
involve axial vector currents (and obviously only exist if χ carries
spin). Due to coherence effects the spin–independent cross section
scales approximately as the square of the mass of the nucleus, so
higher mass nuclei, from Ge to Xe, are preferred for this search. For
spin-dependent coupling, the cross section depends on the nuclear spin
factor; the useful target nuclei are 19F and 127I.
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Cross sections calculated in MSSM models induce rates of at most
1 evt day−1 kg−1 of detector, much lower than the usual radioactive
backgrounds. This indicates the need for underground laboratories to
protect against cosmic ray induced backgrounds, and for the selection
of extremely radiopure materials.

The typical shape of exclusion contours can be anticipated from this
discussion: at low WIMP mass, the sensitivity drops because of the
detector energy threshold, whereas at high masses, the sensitivity also
decreases because, for a fixed mass density, the WIMP flux decreases
∝ 1/mχ. The sensitivity is best for WIMP masses near the mass of
the recoiling nucleus.

22.2.4. Status and prospects of direct WIMP searches :
The first searches have been performed with ultra-pure semicon-

ductors installed in pure lead and copper shields in underground
environments [29]. Combining a priori excellent energy resolutions
and very pure detector material, they produced the first limits
on WIMP searches and until recently had the best performance
(Heidelberg-Moscow, IGEX, COSME-II, HDMS) [29]. Without posi-
tive identification of nuclear recoil events, however, these experiments
could only set limits, e.g., excluding sneutrinos as major component of
the galactic halo. Still, planned experiments using several tens of kgs
to a ton of Germanium (many of which were designed for double-beta
decay search)—GENIUS TF, GEDEON, MAJORANA—are based on
only passive reduction of the external and internal electromagnetic,
and neutron background by using segmented detectors, minimal
detector housing, close electronics, and large liquid nitrogen shields.

To make further progress, active background rejection and signal
identification questions have to be addressed. This has been the focus
of many recent investigations and improvements. Active background
rejection in detectors relies on the relatively small ionization in
nuclear recoils due to their low velocity. This induces a reduction—
quenching—of the ionization/scintillation signal for nuclear recoil
signal events relative to e or γ induced backgrounds. Energies
calibrated with gamma sources are then called “electron equivalent
energies” (eee). This effects has been calculated and measured [29].
It is exploited in cryogenic detectors described later. In scintillation
detectors, it induces in addition a difference in decay times of pulses
induced by e/γ events vs nuclear recoils. Due to the limited resolution
and discrimination power of this technique at low energies, this
effect allows only a statistical background rejection. It has been used
in NaI(Tl) (DAMA, NAIAD, Saclay NaI), in CsI(Tl)(KIMS), Xe
(ZEPLIN) [29]. No observation of nuclear recoils has been reported
by these experiments.

There are two experimental signatures of WIMP detection that
would prove its astrophysical origin. One is the measurement of
the strong daily forward/backward asymmetry of the nuclear recoil
direction, due to the alternate sweeping of the WIMP cloud by the
rotating Earth. Detection of this effect requires gaseous detectors or
anisotropic response scintillators (stilbene). The second is the few
percent annual modulation of the recoil rate due to the Earth speed
adding to or subtracting from the speed of the Sun. This tiny effect
can only be detected with large masses; nuclear recoil identification
should also be performed, as the much larger background may also be
subject to modulation.

The DAMA experiment operating 100 kg of NaI(Tl) in Gran Sasso
has observed, with a statistical significance of 6.3 σ, an annually
modulated signal with the expected phase, over a period of 7 years
with a total exposure of around 100 000 kg·d , in the 2 to 6 keV
(eee) energy interval [30]. This effect is attributed to a WIMP
signal by the authors. If interpreted within the standard halo model
described above, it would require a WIMP with mχ � 50 GeV and
σχp � 7 · 10−6 pb (central values). This interpretation has however
several unaddressed implications. In particular, the expected nuclear
recoil rate from WIMPs should be of the order of 50% of the total
measured rate in the 2–3 keV (eee) bin and 7% in the 4–6 keV (eee)
bin. The rather large WIMP signal should be detectable by the pulse
shape analysis. Moreover, the remaining, presumably e/γ induced,
background would have to rise with energy; no explanation for this is
given by the authors.

Annual modulation has also been searched for by NaI-32 (Zaragoza),
DEMOS (Ge), ELEGANTS (NaI) [29]. No signal has been seen
in these experiments, but their sensitivity is too low to contradict
DAMA.

New limits on the spin independent coupling of WIMPs were
obtained by the CDMS collaboration which has operated Ge
cryogenics detectors at the Soudan mine [31]. They supercede
the earlier results of EDELWEISS also obtained with Ge cryogenics
detectors in the deep underground Fréjus lab [32]. The simultaneous
measurement of the phonon signal and the ionization signal in
such semiconductor detectors permits event by event discrimination
between nuclear and electronic recoils down to 5 to 10 keV recoil
energy. In addition, the advanced rejection technique allowed CDMS
to reject surface detector interactions, which mimic nuclear recoils.
Assuming conventional WIMP halo parameters described above and
spin independent coupling WIMP interactions, the CDMS limit and
DAMA signal are clearly incompatible. Varying the halo parameters,
and/or including spin–dependent interactions compatible with the
neutrino flux limit from the Sun, does not allow reconciliation of
both results without finetuning [33]. The obtained sensitivity of
σχp � few × 10−7 pb tests most optimistic cross sections that can be
accommodated in the MSSM [34].

CDMS also provides the best sensitivity for spin dependent WIMP-
neutron interactions thanks to the 73Ge (29Si) content of natural
Germanium (Silicon) [35].

Other cryogenic experiments like CRESST and ROSEBUD [36]
use the scintillation of CaWO4 as second variable for background
discrimination, while CUORICINO will use TeO2 in the purely
thermal mode. The cryogenic experimental programs of CDMS II,
EDELWEISS II, CRESST II, CUORICINO, and ROSEBUD [36]
intend to increase their sensitivity by a factor 100, by operating from
a few to 40 kg of detectors.

Liquid or two-phase Xenon detectors are coming on line. ZEPLIN
has been operating 6 kg in the Boulby laboratory for about 1 year and
announced a sensitivity close to that of EDELWEISS [37]. With only
1.5 photoelectron/keV (eee), and a three-fold coincidence, searching
for the WIMP signal in the 2–10 keV (eee) region is quite challenging.
In particular, the neutron recoil discrimination calibration results do
not appear to be convincing enough to consider the limits set on
the WIMP signal to be as reliable as the ones set by the cryogenic
experiments cited above. With masses of 7 to 30 kg, ZEPLIN II and
III aim at sensitivities down to 10−8 pb, while XMASS in Japan
has operated a 100 kg detector at the SuperKamiokande site, and
demonstrated the self-shielding effect to lower the background [29].
They intend to ultimately operate 800 kg while XENON in US has
approximately the same program.

On the other hand, the extended version of DAMA, LIBRA, has
started operating 250 kg of NaI(Tl) in Gran Sasso, ANAIS will operate
107 kg of NaI(Tl) in Canfranc laboratory, KIMS, 80 kg of CsI(Tl)in
Yang Yang lab in Korea, and ELEGANTS VI the large shield of 750
kg of NaI(Tl) [29].

There is also continuous work in the development of a low pressure
Time Projection Chamber, the only convincing technique to measure
the direction of nuclear recoils [38]. DRIFT, a 1m3 volume detector
has been operated underground but did not obtain competitive results.
The sub-keV energy threshold gaseous detector MICROMEGAS is
being investigated for WIMP searches [38]. Other exotic techniques
include the superheated droplet detectors SIMPLE, PICASSO, which
has started to obtain interesting limits, and an ultra cold pure 3He
detector (MacHe3) has been operated with a very small sensitive mass
[29].

Sensitivities down to σχp of 10−10 pb, as needed to probe large
regions of MSSM parameter space [34], can be reached with detectors
of typical masses of 1 ton [36], assuming nearly perfect background
discrimination capabilities. Note that the expected WIMP rate is then
5 evts/ton/year for Ge. The ultimate neutron background will only be
identified by its multiple interactions in a finely segmented or multiple
interaction sensitive detector, and/or by operating detectors containing
different target materials within the same set–up. Information on
various neutron backgrounds calculations and measurements can be
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found in [39]. With an intermediate mass of 10 to 30 kg and less
efficient multiple interaction detection, a muon veto seems mandatory.

22.2.5. Status and prospects of indirect WIMP searches :
WIMPs can annihilate and their annihilation products can be

detected; these include neutrinos, gamma rays, positrons, antiprotons,
and antinuclei [40]. These methods are complementary to direct
detection and can explore higher masses and different coupling
scenarios. “Smoking gun” signals for indirect detection are neutrinos
coming from the center of the Sun or Earth, and monoenergetic
photons from the halo.

WIMPs can be slowed down, captured, and trapped in celestial
objects like the Earth or the Sun, thus enhancing their density and
their probability of annihilation. This is a source of muon neutrinos
which can interact in the Earth. Upward going muons can then be
detected in large neutrino telescopes such as MACRO, BAKSAN,
SuperKamiokande, Baikal, AMANDA, ANTARES, NESTOR, and
the future large sensitive area IceCube [40]. The best upper
limits, of � 1000 muons/km2/year, have been set recently by
SuperKamiokande [41]. However, at least in the framework of the
MSSM and with standard halo velocity profiles, only the limits from
the Sun are competitive with direct WIMP search limits. ANTARES
(IceCube) will increase this sensitivity respectively by � one (two)
order(s) of magnitude.

WIMP annihilation in the halo can give a continuous spectrum
of gamma rays and (at one-loop level) also monoenergetic photon
contributions from the γγ and γZ channels. The size of this signal
depends very strongly on the halo model, but is expected to be most
prominent towards the galactic center. Existing limits come from the
EGRET satellite below 10 GeV, and from the WHIPPLE ground
based telescope above 100 GeV [42]. However, only the planned space
mission GLAST will be able to provide competitive SUSY sensitivities
in both the continuous and γ line channels. Also, Atmospheric
Cherenkov Telescopes like MAGIC, VERITAS, and H.E.S.S. should be
able to test some SUSY models, at large WIMP mass, for halo models
showing a significant WIMP enhancement at the galactic center [40].
H.E.S.S. has actually recently observed TeV gamma rays from the
galactic center. The original data [43] would have been compatible
with a WIMP signal if its mass exceeds 12 TeV. Newer data presented
at the 2005 ICRC in Pune, India, show a featureless spectrum, well
described by a power law, extending beyond 20 TeV. Similarly, at the
other end of the mass spectrum, a WIMP mass below 20 MeV would
be required to explain the excess of 511 keV gamma rays from galactic
center observed by INTEGRAL [44]. Astrophysical sources are likely
to be the explanations of these excesses.

Diffuse continuum gammas could also give a signature due to their
isotropic halo origin. The excess of GeV gamma-rays observed by
EGRET [42] and attributed to a possible WIMP signal could however
be due to classical sources.

Antiprotons arise as another WIMP annihilation product in the
halo. The signal is expected to be detectable above background only
at very low energies. The BESS balloon-borne experiment indeed
observed antiprotons below 1 GeV [45]. However, the uncertainties in
the calculation of the expected signal and background energy spectra
are too large to reach a firm conclusion. Precision measurements by
the future experiments BESS, AMS2, and PAMELA may allow one to
disentangle signal and background [40].

A cosmic-ray positron flux excess at around 8 GeV measured by
HEAT [46] has given rise to numerous calculations and conjectures
concerning a possible SUSY interpretation. The need for an ad-hoc
“boost” of expected flux to match the observed one and the failure
to reproduce the energy shape by including a component from WIMP
annihilation are illustrative of the difficulty to assign a Dark Matter
origin to such measurements.

Last but not least, an antideuteron signal [47], as potentially
observable by AMS2 or PAMELA, could constitute a signal for WIMP
annihilation in the halo.

An interesting comparison of respective sensitivities to MSSM
parameter space of future direct and various indirect searches has been
performed with the DARKSUSY tool [48]. Searching for neutrinos

from the Sun tests the spin-dependent WIMP couplings to matter,
whereas direct searches are mostly sensitive to spin-independent
couplings. Moreover, γ line searches are sensitive to higgsino-like
neutralinos, whereas direct detection methods are more sensitive to
gaugino-like neutralinos. However, it should be kept in mind that
interpretations of excess in the halo or in the galactic center as being
due to signals for WIMP annihilation strongly depend on details of
the halo model.

Numerous new experiments are in line to bring accurate measure-
ments to constrain or discover Dark Matter.
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23. COSMIC MICROWAVE BACKGROUND

Revised April 2006 by D. Scott (University of British Columbia) and
G.F. Smoot (UCB/LBNL).

23.1. Introduction

The energy content in radiation from beyond our Galaxy is
dominated by the Cosmic Microwave Background (CMB), discovered
in 1965 [1]. The spectrum of the CMB is well described by a
blackbody function with T = 2.725 K. This spectral form is one of the
main pillars of the hot Big Bang model for the early Universe. The
lack of any observed deviations from a blackbody spectrum constrains
physical processes over cosmic history at redshifts z ∼< 107 (see
previous versions of this mini-review). However, at the moment, all
viable cosmological models predict a very nearly Planckian spectrum,
and so are not stringently limited.

Another observable quantity inherent in the CMB is the variation
in temperature (or intensity) from one part of the microwave sky to
another [2]. Since the first detection of these anisotropies by the
COBE satellite [3], there has been intense activity to map the sky at
increasing levels of sensitivity and angular resolution by ground-based
and balloon-borne measurements. These were joined in 2003 by the
first results from NASA’s Wilkinson Microwave Anisotropy Probe
(WMAP) [4], which were improved upon by analysis of the 3
year WMAP data [5]. These observations have led to a stunning
confirmation of the ‘Standard Model of Cosmology.’ In combination
with other astrophysical data, the CMB anisotropy measurements
place quite precise constraints on a number of cosmological parameters,
and have launched us into an era of precision cosmology.

23.2. Description of CMB Anisotropies

Observations show that the CMB contains anisotropies at the
10−5 level, over a wide range of angular scales. These anisotropies
are usually expressed by using a spherical harmonic expansion of the
CMB sky:

T (θ, φ) =
∑
�m

a�mY�m(θ, φ).

The vast majority of the cosmological information is contained in
the temperature 2 point function, i.e., the variance as a function of
separation θ. Equivalently, the power per unit ln � is �

∑
m |a�m|2 /4π.

23.2.1. The Monopole :
The CMB has a mean temperature of Tγ = 2.725± 0.001 K (1σ) [6],

which can be considered as the monopole component of CMB maps,
a00. Since all mapping experiments involve difference measurements,
they are insensitive to this average level. Monopole measurements
can only be made with absolute temperature devices, such as the
FIRAS instrument on the COBE satellite [6]. Such measurements
of the spectrum are consistent with a blackbody distribution over
more than three decades in frequency. A blackbody of the measured
temperature corresponds to nγ = (2ζ(3)/π2)T 3

γ � 411 cm−3 and
ργ = (π2/15)T 4

γ � 4.64 × 10−34 g cm−3 � 0.260 eVcm−3.

23.2.2. The Dipole :
The largest anisotropy is in the � = 1 (dipole) first spherical

harmonic, with amplitude 3.358 ± 0.017 mK [7]. The dipole is
interpreted to be the result of the Doppler shift caused by the solar
system motion relative to the nearly isotropic blackbody field, as
confirmed by measurements of the radial velocities of local galaxies [8].
The motion of an observer with velocity β = v/c relative to an
isotropic Planckian radiation field of temperature T0 produces a
Doppler-shifted temperature pattern

T (θ) = T0(1 − β2)1/2/(1 − β cos θ)

≈ T0

(
1 + β cos θ + (β2/2) cos 2θ + O(β3)

)
.

At every point in the sky one observes a blackbody spectrum, with
temperature T (θ). The spectrum of the dipole is the differential of a
blackbody spectrum, as confirmed by Ref. 9.

The implied velocity [10,7] for the solar system barycenter
is v = 369 ± 2 kms−1, assuming a value T0 = Tγ , towards
(�, b) = (263.86◦ ± 0.04◦, 48.24◦ ± 0.10◦). Such a solar system motion

implies a velocity for the Galaxy and the Local Group of galaxies
relative to the CMB. The derived value is vLG = 627 ± 22 kms−1

towards (�, b) = (276◦ ± 3◦, 30◦ ± 3◦), where most of the error comes
from uncertainty in the velocity of the solar system relative to the
Local Group.

The dipole is a frame dependent quantity, and one can thus
determine the ‘absolute rest frame’ of the Universe as that in which
the CMB dipole would be zero. Our velocity relative to the Local
Group, as well as the velocity of the Earth around the Sun, and any
velocity of the receiver relative to the Earth, is normally removed for
the purposes of CMB anisotropy study.

23.2.3. Higher-Order Multipoles :
Excess variance in CMB maps at higher multipoles (� ≥ 2) is

interpreted as being the result of perturbations in the density of
the early Universe, manifesting themselves at the epoch of the last
scattering of the CMB photons. In the hot Big Bang picture, the
expansion of the Universe cools the plasma so that by a redshift
z � 1100 (with little dependence on the details of the model) the
hydrogen and helium nuclei can bind electrons into neutral atoms, a
process usually referred to as recombination [11]. Before this epoch,
the CMB photons are tightly coupled to the baryons, while afterwards
they can freely stream towards us.

Theoretical models generally predict that the a�m modes are
Gaussian random fields to high precision, e.g. standard slow-roll
inflation’s non-Gaussion contribution is expected to be one or two
orders of magnitude below current observational limits [12]. Although
non-Gaussianity of various forms is possible in early Universe models,
the signatures found in existing WMAP data are generally considered
to be subtle foreground or instrumental artefacts [13,14]. Tests show
that Gaussianity is an extremely good simplifying approximation
[15,16], with only some relatively weak indications of non-Gaussianity
or statistical anisotropy at large scales.

With the assumption of Gaussian statistics, and if there is no
preferred axis, then it is the variance of the temperature field which
carries the cosmological information, rather than the values of the
individual a�ms; in other words the power spectrum in � fully
characterizes the anisotropies. The power at each � is (2�+ 1)C�/(4π),
where C� ≡ 〈|a�m|2〉, and a statistically isotropic sky means that all
ms are equivalent. We use our estimators of the C�s to constrain their
expectation values, which are the quantities predicted by a theoretical
model. For an idealized full-sky observation, the variance of each
measured C� (i.e., the variance of the variance) is [2/(2� + 1)]C2

� .
This sampling uncertainty (known as ‘cosmic variance’) comes about
because each C� is χ2 distributed with (2� + 1) degrees of freedom for
our observable volume of the Universe. For fractional sky coverage,
fsky, this variance is increased by 1/fsky and the modes become
partially correlated.

It is important to understand that theories predict the expectation
value of the power spectrum, whereas our sky is a single realization.
Hence the cosmic variance is an unavoidable source of uncertainty
when constraining models; it dominates the scatter at lower �s, while
the effects of instrumental noise and resolution dominate at higher �s
[17].

23.2.4. Angular Resolution and Binning :
There is no one-to-one conversion between multipole � and the

angle subtended by a particular wavevector projected onto the sky.
However, a single spherical harmonic Y�m corresponds to angular
variations of θ ∼ π/�. CMB maps contain anisotropy information from
the size of the map (or in practice some fraction of that size) down
to the beam-size of the instrument, σ. One can think of the effect of
a Gaussian beam as rolling off the power spectrum with the function
e−�(�+1)σ2

.
For less than full sky coverage, the � modes become correlated.

Hence, experimental results are usually quoted as a series of ‘band
powers’, defined as estimators of �(� + 1)C�/2π over different ranges
of �. Because of the strong foreground signals in the Galactic Plane,
even ‘all-sky’ surveys, such as COBE and WMAP involve a cut sky.
The amount of binning required to obtain uncorrelated estimates of
power also depends on the map size.
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23.3. Cosmological Parameters

The current ‘Standard Model’ of cosmology contains around 10
free parameters (see The Cosmological Parameters—Sec. 21 of this
Review). The basic framework is the Friedmann-Robertson-Walker
metric (i.e., a universe that is approximately homogeneous and
isotropic on large scales), with density perturbations laid down
at early times and evolving into today’s structures (see Big-Bang
cosmology—Sec. 19 of this Review). These perturbations can be either
‘adiabatic’ (meaning that there is no change to the entropy per particle
for each species, i.e., δρ/ρ for matter is (3/4)δρ/ρ for radiation)
or ‘isocurvature’ (meaning that, for example, matter perturbations
compensate radiation perturbations so that the total energy density
remains unperturbed, i.e., δρ for matter is −δρ for radiation). These
different modes give rise to distinct phases during growth, with those
of the adiabatic scenario being strongly preferred by the data. Models
that generate mainly isocurvature type perturbations (such as most
topological defect scenarios) are no longer considered to be viable.

Within the adiabatic family of models, there is, in principle, a
free function describing how the comoving curvature perturbations,
R, vary with scale. In inflationary models [18], the Taylor series
expansion of lnR(ln k) has terms of steadily decreasing size. For the
simplest models, there are thus 2 parameters describing the initial
conditions for density perturbations: the amplitude and slope of the
power spectrum,

〈|R|2〉 ∝ kn. This can be explicitly defined, for
example, through:

∆2
R ≡ (k3/2π2)

〈
|R|2

〉
,

and using A ≡ ∆2
R(k0) with k0 = 0.002 Mpc−1, say. There are

many other equally valid definitions of the amplitude parameter (see
also Sec. 19 and Sec. 21 of this Review), and we caution that the
relationships between some of them can be cosmology dependent. In
‘slow roll’ inflationary models this normalization is proportional to
the combination V 3/(V ′)2, for the inflationary potential V (φ). The
slope n also involves V ′′, and so the combination of A and n can, in
principle, constrain potentials.

Inflation generates tensor (gravity wave) modes as well as
scalar (density perturbation) modes. This fact introduces another
parameter, measuring the amplitude of a possible tensor component,
or equivalently the ratio of the tensor to scalar contributions. The
tensor amplitude AT ∝ V , and thus one expects a larger gravity wave
contribution in models where inflation happens at higher energies.
The tensor power spectrum also has a slope, often denoted nT, but
since this seems likely to be extremely hard to measure, it is sufficient
for now to focus only on the amplitude of the gravity wave component.
It is most common to define the tensor contribution through r, the
ratio of tensor to scalar perturbation spectra at large scales (say
k = 0.002 Mpc−1); however, there are other definitions, for example
in terms of the ratio of contributions to C2. Different inflationary
potentials will lead to different predictions, e.g. for λφ4 inflation with
50 e-folds, r = 0.32, while other models can have arbitrarily small
values of r. In any case, whatever the specific definition, and whether
they come from inflation or something else, the ‘initial conditions’ give
rise to a minimum of 3 parameters: A, n, and r.

The background cosmology requires an expansion parameter
(the Hubble Constant, H0, often represented through H0 =
100 h kms−1Mpc−1) and several parameters to describe the matter
and energy content of the Universe. These are usually given in terms
of the critical density, i.e., for species ‘x’, Ωx = ρx/ρcrit, where
ρcrit = 3H2

0/8πG. Since physical densities ρx ∝ Ωxh2 ≡ ωx are what
govern the physics of the CMB anisotropies, it is these ωs that are best
constrained by CMB data. In particular CMB observations constrain
ΩBh2 for baryons and ΩMh2 for baryons plus Cold Dark Matter.

The contribution of a cosmological constant Λ (or other form
of Dark Energy) is usually included through a parameter which
quantifies the curvature, ΩK ≡ 1 − Ωtot, where Ωtot = ΩM + ΩΛ. The
radiation content, while in principle a free parameter, is precisely
enough determined by the measurement of Tγ , and makes a negligible
contribution to Ωtot today.

The main effect of astrophysical processes on the C�s comes
through reionization. The Universe became reionized at some redshift
zi, long after recombination, affecting the CMB through the integrated

Figure 23.1: The theoretical CMB anisotropy power spectrum,
using a standard ΛCDM model from CMBFAST. The x-axis is
logarithmic here. The regions, each covering roughly a decade in
�, are labeled as in the text: the ISW Rise; Sachs-Wolfe Plateau;
Acoustic Peaks; and Damping Tail. Also shown is the shape
of the tensor (gravity wave) contribution, with an arbitrary
normalization.

Thomson scattering optical depth:

τ =
∫ zi

0
σTne(z)

dt

dz
dz,

where σT is the Thomson cross-section, ne(z) is the number density
of free electrons (which depends on astrophysics) and dt/dz is fixed
by the background cosmology. In principle, τ can be determined from
the small scale matter power spectrum together with the physics
of structure formation and feedback processes. However, this is a
sufficiently complicated calculation that τ needs to be considered as a
free parameter.

Thus we have 8 basic cosmological parameters: A, n, r, h, ΩBh2,
ΩMh2, Ωtot, and τ . One can add additional parameters to this list,
particularly when using the CMB in combination with other data sets.
The next most relevant ones might be: Ωνh2, the massive neutrino
contribution; w (≡ p/ρ), the equation of state parameter for the
Dark Energy; and dn/d lnk, measuring deviations from a constant
spectral index. To these 11 one could of course add further parameters
describing additional physics, such as details of the reionization
process, features in the initial power spectrum, a sub-dominant
contribution of isocurvature modes, etc.

As well as these underlying parameters, there are other quantities
that can be obtained from them. Such derived parameters include the
actual Ωs of the various components (e.g., ΩM), the variance of density
perturbations at particular scales (e.g., σ8), the age of the Universe
today (t0), the age of the Universe at recombination, reionization, etc.

23.4. Physics of Anisotropies

The cosmological parameters affect the anisotropies through the
well understood physics of the evolution of linear perturbations within
a background FRW cosmology. There are very effective, fast, and
publicly-available software codes for computing the CMB anisotropy,
polarization, and matter power spectra, e.g., CMBFAST [19] and
CAMB [20]. CMBFAST is the most extensively used code; it has been
tested over a wide range of cosmological parameters and is considered
to be accurate to better than the 1% level [21].

A description of the physics underlying the C�s can be separated
into 3 main regions, as shown in Fig. 23.1.
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23.4.1. The Sachs-Wolfe plateau: � ∼< 100 :
The horizon scale (or more precisely, the angle subtended by the

Hubble radius) at last scattering corresponds to � � 100. Anisotropies
at larger scales have not evolved significantly, and hence directly reflect
the ‘initial conditions.’ The combination of gravitational redshift and
intrinsic temperature fluctuations leads to δT/T � (1/3)δφ/c2, where
δφ is the perturbation to the gravitational potential. This is usually
referred to as the ‘Sachs-Wolfe’ effect [22].

Assuming that a nearly scale-invariant spectrum of density
perturbations was laid down at early times (i.e., n � 1, meaning equal
power per decade in k), then �(� + 1)C� � constant at low �s. This
effect is hard to see unless the multipole axis is plotted logarithmically
(as in Fig. 23.1, but not Fig. 23.2).

Time variation of the potentials (i.e., time-dependent metric
perturbations) leads to an upturn in the C�s in the lowest several
multipoles; any deviation from a total equation of state w = 0 has
such an effect. So the dominance of the Dark Energy at low redshift
makes the lowest �s rise above the plateau. This is sometimes called
the ‘integrated Sachs-Wolfe effect’ (or ISW Rise), since it comes from
the line integral of φ̇; it has been confirmed through correlations
between the large-angle anisotropies and large-scale structure [23].
Specific models can also give additional contributions at low �
(e.g., perturbations in the Dark Energy component itself [24]) , but
typically these are buried in the cosmic variance.

In principle, the mechanism that produces primordial perturbations
could generate scalar, vector, and tensor modes. However, the vector
(vorticity) modes decay with the expansion of the Universe. Tensors
also decay when they enter the horizon, and so they contribute only to
angular scales above about 1◦ (see Fig. 23.1). Hence some fraction of
the low � signal could be due to a gravity wave contribution, although
small amounts of tensors are essentially impossible to discriminate
from other effects that might raise the level of the plateau. However,
the tensors can be distinguished using polarization information (see
Sec. 23.6).

23.4.2. The acoustic peaks: 100 ∼< � ∼< 1000 :
On sub-degree scales, the rich structure in the anisotropy spectrum

is the consequence of gravity-driven acoustic oscillations occurring
before the atoms in the Universe became neutral. Perturbations
inside the horizon at last scattering have been able to evolve causally
and produce anisotropy at the last scattering epoch, which reflects
that evolution. The frozen-in phases of these sound waves imprint
a dependence on the cosmological parameters, which gives CMB
anisotropies their great constraining power.

The underlying physics can be understood as follows. Before the
Universe became neutral the proton-electron plasma was tightly
coupled to the photons, and these components behaved as a single
‘photon-baryon fluid’. Perturbations in the gravitational potential,
dominated by the dark matter component, were steadily evolving.
They drove oscillations in the photon-baryon fluid, with photon
pressure providing most of the restoring force and baryons giving some
additional inertia. The perturbations were quite small in amplitude,
O(10−5), and so evolved linearly. That means each Fourier mode
evolved independently and hence can be described by a driven
harmonic oscillator, with frequency determined by the sound speed in
the fluid. Thus the fluid density oscillated, which gives time variations
in temperature, together with a velocity effect which is π/2 out of
phase and has its amplitude reduced by the sound speed.

After the Universe recombined the baryons and radiation decoupled,
and the radiation could travel freely towards us. At that point the
phases of the oscillations were frozen-in, and projected on the sky as
a harmonic series of peaks. The main peak is the mode that went
through 1/4 of a period, reaching maximal compression. The even
peaks are maximal under -densities, which are generally of smaller
amplitude because the rebound has to fight against the baryon inertia.
The troughs, which do not extend to zero power, are partially filled by
the Doppler effect because they are at the velocity maxima.

An additional ingredient comes from geometrical projection. The
scale associated with the peaks is the sound horizon at last scattering,
which can be straightforwardly calculated as a physical length scale.
This length is projected onto the sky, leading to an angular scale that
depends on the background cosmology. Hence the angular position of

the peaks is a sensitive probe of the spatial curvature of the Universe
(i.e., Ωtot), with the peaks lying at higher � in open universes and
lower � in closed geometry.

One last effect arises from reionization at redshift zi. A fraction of
photons (τ) will be isotropically scattered at z < zi, partially erasing
the anisotropies at angular scales smaller than those subtended by the
Hubble radius at zi, which corresponds typically to �s above about a
few 10s, depending on the specific reionization model. The acoustic
peaks are therefore reduced by a factor e−2τ relative to the plateau.

These peaks were a clear theoretical prediction going back to about
1970 [25]. One can think of them as a snapshot of stochastic standing
waves. Since the physics governing them is simple and their structure
rich, then one can see how they encode extractable information about
the cosmological parameters. Their empirical existence started to
become clear around 1994 [26], and the emergence, over the following
decade, of a coherent series of acoustic peaks and troughs is a triumph
of modern cosmology. This picture has received further confirmation
with the recent detection in the power spectrum of galaxies (at
redshifts close to zero) of the imprint of the acoustic oscillations in the
baryon component [27].

23.4.3. The damping tail: � ∼> 1000 :
The recombination process is not instantaneous, giving a thickness

to the last scattering surface. This leads to a damping of the
anisotropies at the highest �s, corresponding to scales smaller
than that subtended by this thickness. One can also think of the
photon-baryon fluid as having imperfect coupling, so that there is
diffusion between the two components, and hence the amplitudes of
the oscillations decrease with time. These effects lead to a damping
of the C�s, sometimes called Silk damping [28], which cuts off the
anisotropies at multipoles above about 2000.

An extra effect at high �s comes from gravitational lensing, caused
mainly by non-linear structures at low redshift. The C�s are convolved
with a smoothing function in a calculable way, partially flattening
the peaks, generating a power-law tail at the highest multipoles, and
complicating the polarization signal [29]. This is an example of a
‘secondary effect’, i.e., the processing of anisotropies due to relatively
nearby structures (see Sec. 23.7.2). Galaxies and clusters of galaxies
give several such effects; all are expected to be of low amplitude
and typically affect only the highest �s, but they will be increasingly
important as experiments push to higher sensitivity and angular
resolution.

23.5. Current Anisotropy Data

There has been a steady improvement in the quality of CMB
data that has led to the development of the present-day cosmological
model. Probably the most robust constraints currently available come
from the combination of the WMAP three year data [16] with smaller
scale results from the ACBAR [30], BOOMERANG [31], CBI [32]
and VSA [33] experiments (together with constraints from other
cosmological data-sets). We plot power spectrum estimates from these
five experiments in Fig. 23.2. Other recent experiments, such as
ARCHEOPS [34], DASI [35] and MAXIMA [36] also give powerful
constraints, which are quite consistent with what we describe below.
There have been some comparisons among data-sets [37], which
indicate very good agreement, both in maps and in derived power
spectra (up to systematic uncertainties in the overall calibration for
some experiments). This makes it clear that systematic effects are
largely under control. However, a fully self-consistent joint analysis of
all the current data sets has not been attempted, one of the reasons
being that it requires a careful treatment of the overlapping sky
coverage.

Fig. 23.2 shows band-powers from the three year WMAP data [7],
together with BOOMERANG [31], VSA [33], CBI [32] and
ACBAR [30] data at higher �. The points are in very good agreement
with a ‘ΛCDM’ type model, as described earlier, with several of the
peaks and troughs quite apparent. For details of how these estimates
were arrived at, the strength of any correlations between band-powers
and other information required to properly interpret them, turn to the
original papers.
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Figure 23.2: Band-power estimates from the WMAP,
BOOMERANG, VSA, CBI, and ACBAR experiments. We
have suppressed some of the low-� and high-� band-powers which
have large error bars. Note also that the widths of the �-bands
varies between experiments. This plot represent only a selection
of available experimental results, with some other data-sets
being of similar quality. The multipole axis here is linear, so the
Sachs-Wolfe plateau is hard to see. However, the acoustic peaks
and damping region are very clearly observed, with no need for
a theoretical curve to guide the eye.

23.6. CMB Polarization

Since Thomson scattering of an anisotropic radiation field also
generates linear polarization, the CMB is predicted to be polarized at
the roughly 5% level [38]. Polarization is a spin 2 field on the sky,
and the algebra of the modes in �-space is strongly analogous to spin-
orbit coupling in quantum mechanics [39]. The linear polarization
pattern can be decomposed in a number of ways, with two quantities
required for each pixel in a map, often given as the Q and U Stokes
parameters. However, the most intuitive and physical decomposition
is a geometrical one, splitting the polarization pattern into a part that
comes from a divergence (often referred to as the ‘E-mode’) and a part
with a curl (called the ‘B-mode’) [40]. More explicitly, the modes are
defined in terms of second derivatives of the polarization amplitude,
with the Hessian for the E-modes having principle axes in the same
sense as the polarization, while the B-mode pattern can be thought
of simply as a 45◦ rotation of the E-mode pattern. Globally one sees
that the E-modes have (−1)� parity (like the spherical harmonics),
while the B-modes have (−1)�+1 parity.

The existence of this linear polarization allows for 6 different
cross power spectra to be determined from data that measure the
full temperature and polarization anisotropy information. Parity
considerations make 2 of these zero, and we are left with 4 potential
observables: CTT

� , CTE
� , CEE

� , and CBB
� . Since scalar perturbations

have no handedness, the B-mode power spectrum can only be
generated by vectors or tensors. Hence, in the context of inflationary
models, the determination of a non-zero B-mode signal is a way to
measure the gravity wave contribution (and thus potentially derive
the energy scale of inflation), even if it is rather weak. However, one
must first eliminate the foreground contributions and other systematic
effects down to very low levels.

The oscillating photon-baryon fluid also results in a series of acoustic
peaks in the polarization C�s. The main ‘EE’ power spectrum has
peaks that are out of phase with those in the ‘TT’ spectrum, because
the polarization anisotropies are sourced by the fluid velocity. The
‘TE’ part of the polarization and temperature patterns comes from
correlations between density and velocity perturbations on the last
scattering surface, which can be both positive and negative, and is of
larger amplitude than the EE signal. There is no polarization ‘Sachs-
Wolfe’ effect, and hence no large-angle plateau. However, scattering
during a recent period of reionization can create a polarization ‘bump’
at large angular scales.

The strongest upper limits on polarization are at the roughly
10 µK level from the POLAR [41] experiment at large angular scales
and the PIQUE [42], COMPASS [43] and CBI [44] experiments
at smaller scales. The first measurement of a polarization signal
came in 2002 from the DASI experiment [45], which provided a
convincing detection, confirming the general paradigm, but of low
enough significance that it lent little constraint to models. As well as
the E-mode signal, DASI also made a statistical detection of the TE
correlation.

In 2003 the WMAP experiment demonstrated that is was able
to measure the TE cross-correlation power spectrum with high
precision [46], and this was improved upon in the 3 year results, which
also included EE measurements [47]. Other recent experimental
results include a weak detection of the EE signal from CAPMAP [48]
and more significant detections from CBI [49], DASI [50] and
BOOMERANG [51]. In addition the TE signal has been detected
in several multipole bands by BOOMERANG [52], and there are
statistical detections by CBI [49] and DASI [50]. Some upper limits
on CBB

� also exist, but are currently not very constraining.

Figure 23.3: Cross power spectrum of the temperature
anisotropies and E-mode polarization signal from WMAP [47],
together with estimates from DASI and BOOMERANG which
extend to higher �. Note that the BOOMERANG bands are
wider in � than those of WMAP, while those of DASI are almost
as wide as the features in the power spectrum. Also note that
the y-axis here is not multiplied by the additional �, which helps
to show both the large and small angular scale features.

The results of WMAP CTE
� [47] are shown in Fig. 23.3, along

with estimates from the DASI and BOOMERANG experiments. The
measured shape of the cross-correlation power spectrum provides
supporting evidence of the adiabatic nature of the perturbations,
as well as directly constraining the thickness of the last scattering
surface. Since the polarization anisotropies are generated in this
scattering surface, the existence of correlations at angles above about
a degree demonstrates that there were super-Hubble fluctuations at
the recombination epoch.

Perhaps the most intriguing result from the polarization measure-
ments is at the largest angular scales (� < 10), where there is an
excess signal compared to that expected from the temperature power
spectrum alone. This is precisely the signal expected from an early
period of reionization, arising from Doppler shifts during the partial
scattering at z < zi. This signal is also confirmed in the WMAP CEE

�
results at � = 2–6. The amplitude of the signal indicates that the first
stars, presumably the source of the ionizing radiation, formed around
z ≈ 10 (somewhat lower than the value suggested by the first year
WMAP results, although the uncertainty is still quite large).
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23.7. Complications

There are a number of issues which complicate the interpretation of
CMB anisotropy data, some of which we sketch out below.

23.7.1. Foregrounds :
The microwave sky contains significant emission from our Galaxy

and from extra-galactic sources [53]. Fortunately, the frequency
dependence of these various sources is in general substantially different
from that of the CMB anisotropy signals. The combination of Galactic
synchrotron, bremsstrahlung and dust emission reaches a minimum
at a wavelength of roughly 3 mm (or about 100 GHz). As one moves
to greater angular resolution, the minimum moves to slightly higher
frequencies, but becomes more sensitive to unresolved (point-like)
sources.

At frequencies around 100 GHz and for portions of the sky away
from the Galactic Plane the foregrounds are typically 1 to 10% of the
CMB anisotropies. By making observations at multiple frequencies,
it is relatively straightforward to separate the various components
and determine the CMB signal to the few per cent level. For greater
sensitivity it is necessary to use the spatial information and statistical
properties of the foregrounds to separate them from the CMB.

The foregrounds for CMB polarization are expected to follow
a similar pattern, but are less well studied, and are intrinsically
more complicated. The three year WMAP data have shown that
the polarized foregrounds dominate at large angular scales, and that
they must be well characterized in order to be discriminated [47].
Whether it is possible to achieve sufficient separation to detect B-mode
CMB polarization is still an open question. However, for the time
being, foreground contamination is not a ‘show-stopper’ for CMB
experiments.

23.7.2. Secondary Anisotropies :
With increasingly precise measurements of the primary anisotropies,

there is growing theoretical and experimental interest in ‘secondary
anisotropies.’ Effects which happen at z � 1000 become more
important as experiments push to higher angular resolution and
sensitivity.

These secondary effects include gravitational lensing, patchy
reionization and the Sunyaev-Zel’dovich (SZ) effect [54]. This is
Compton scattering (γe → γ′e′) of the CMB photons by a hot electron
gas, which creates spectral distortions by transferring energy from
the electrons to the photons. The effect is particularly important
for clusters of galaxies, through which one observes a partially
Comptonized spectrum, resulting in a decrement at radio wavelengths
and an increment in the submillimeter. This can be used to find
and study individual clusters and to obtain estimates of the Hubble
constant. There is also the potential to constrain the equation of state
of the Dark Energy through counts of detected clusters as a function
of redshift [55].

23.7.3. Higher-order Statistics :
Although most of the CMB anisotropy information is contained

in the power spectra, there will also be weak signals present in
higher-order statistics. These statistics can measure any primordial
non-Gaussianity in the perturbations, as well as non-linear growth
of the fluctuations on small scales and other secondary effects (plus
residual foreground contamination). Although there are an infinite
variety of ways in which the CMB could be non-Gaussian, there is a
generic form to consider for the initial conditions, where a quadratic
contribution to the curvature perturbations is parameterized through
a dimensionless number fNL. This weakly non-linear component
can be constrained through measurements of the bispectrum or
Minkowski functionals for example, and the result from WMAP is
−54 < fNL < 114 (95% confidence region) [16].

23.8. Constraints on Cosmologies

The clearest outcome of the newer experimental results is that the
standard cosmological paradigm is in good shape. A large amount
of high precision data on the power spectrum is adequately fit with
fewer than 10 free parameters. The framework is that of Friedmann-
Robertson-Walker models, which have nearly flat geometry, containing
Dark Matter and Dark Energy, and with adiabatic perturbations
having close to scale invariant initial conditions.

Within this framework, bounds can be placed on the values
of the cosmological parameters. Of course, much more stringent
constraints can be placed on models which cover a restricted number
of parameters, e.g. assuming that Ωtot = 1, n = 1 or r = 0. More
generally, the constraints depend upon the adopted priors, even if
they are implicit, for example by restricting the parameter freedom or
the ranges of parameters (particularly where likelihoods peak near the
boundaries), or by using different choices of other data in combination
with the CMB. When the data become even more precise, these
considerations will be less important, but for now we caution that
restrictions on model space and choice of priors need to be kept in
mind when adopting specific parameter values and uncertainties.

There are some combinations of parameters that fit the CMB
anisotropies almost equivalently. For example, there is a nearly exact
geometric degeneracy, where any combination of ΩM and ΩΛ that
gives the same angular diameter distance to last scattering will give
nearly identical C�s. There are also other less exact degeneracies
among the parameters. Such degeneracies can be broken when
using the CMB data in combination with other cosmological data
sets. Particularly useful are complementary constraints from galaxy
clustering, the abundance of galaxy clusters, weak gravitational lensing
measurements, Type Ia supernova distances and the distribution of
Lyman α forest clouds. For an overview of some of these other
cosmological constraints, see The Cosmological Parameters—Sec. 21
of this Review.

The 3 year WMAP alone, together with weak priors (on h and
ΩBh2 for example), and within the context of a 6 parameter family
of models (which fixes Ωtot = 1 and r = 0), yields the following
results [16]: A = 2.26+0.13

−0.16 × 10−9, n = 0.951+0.015
−0.019, h = 0.73+0.03

−0.04,
ΩBh2 = 0.0223+0.0007

−0.0009, ΩMh2 = 0.127+0.007
−0.010 and τ = 0.09 ± 0.03. The

main changes of the 3 year data compared with the first year results
are: a lowering of ΩM (from constraints on the third acoustic peak);
a tightening of the confidence interval and decrease in the estimate
for τ (driven by the large-angle EE measurements); and a subsequent
breaking of the degeneracy between A and τ , which leads to a lowering
of A and some evidence (at the roughly 3σ level) for n < 1. The
WMAP data alone therefore now seem to require a 6 parameter model
space. Other combinations of data, e.g. including BOOMERANG
and other CMB measurements, or using large-scale structure data
or supernova constraints, lead to consistent results to those given
above, sometimes with smaller error bars, and with the precise values
depending on data selection [56,57,16]. Note that for h, the CMB
data alone provide only a very weak constraint, unless spatial flatness
or some other cosmological data are used. For ΩBh2 the precise value
depends sensitively on how much freedom is allowed in the shape of
the primordial power spectrum (see Big-Bang nucleosynthesis—Sec. 20
of this Review). The addition of other cosmological data-sets allows
for constraints to be placed on further parameters.

The best constraint on Ωtot is 1.003+0.013
−0.017. This comes from

including a constraint on h [14], although similar results come from
using Supernova Legacy Survey data [59] or large-scale structure data.

The 95% confidence upper limit on r is 0.55 using WMAP alone,
tightening to r < 0.28 with the addition of the Sloan Digital Sky
Survey data for example [60]. This limits depends on how we restrict
the slope n and whether we allow dn/d ln k 	= 0.

There are also constraints on parameters over and above the basic
8 that we have described. But for such constraints it is necessary
to include additional data in order to break the degeneracies. For
example the addition of the Dark Energy equation of state, w adds
the partial degeneracy of being able to fit a ridge in (w, h) space,
extending to low values of both parameters. This degeneracy is broken
when the CMB is used in combination with independent H0 limits,
or other data. WMAP plus supernova and large-scale structure data
yield w = −1.06+0.13

−0.08, with stronger constraints for flat models.
For the optical depth τ , the best-fit corresponds to a reionization

redshift centered on 11 in the best-fit cosmology and assuming
instantaneous reionization. This redshift is not much higher that that
suggested from studies of absorption in high-z quasar spectra [61].
The excitement here is that we have direct information from
CMB polarization which can be combined with other astrophysical
measurements to understand when the first stars formed and brought
about the end of the cosmic dark ages.
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23.9. Particle Physics Constraints

CMB data are beginning to put limits on parameters which
are directly relevant for particle physics models. For example
there is a limit on the neutrino contribution Ωνh2 < 0.0072 (95%
confidence) from a combination of WMAP, galaxy clustering and
supernovae data [16]. This directly implies a limit on neutrino mass,∑

mν < 0.68 eV, assuming the usual number density of fermions
which decoupled when they were relativistic.

A combination of the WMAP data with other data-sets is
better fit with models which have a running spectral index,
i.e., dn/d lnk 	= 0 [16]. However, the improvement is not significant
at this time. The indication that n < 1, if borne out, would be
quite constraining for inflationary models. Moreover, this gives a real
target that the value of r in simple models may be in the range of
detectability.

One other hint of new physics lies in the fact that the quadrupole
and possibly some of the other low � modes seem anomalously low
compared with the best-fit ΛCDM model [62,7]. This is what might
be expected in a universe which has a large scale cut-off to the power
spectrum, or is topologically non-trivial. However, because of cosmic
variance, possible foregrounds, apparent correlations between modes
(as mentioned in Sec. 23.2), etc., the significance of this feature is still
a matter of debate [13,63].

In addition it is also possible to put limits on other pieces
of physics [64], for example the neutrino chemical potentials,
contribution of warm dark matter, decaying particles, time variation
of the fine-structure constant, or physics beyond general relativity.
Further particle physics constraints will follow as the anisotropy
measurements increase in precision.

Careful measurement of the CMB power spectra and non-
Gaussianity can in principle put constraints on physics at the highest
energies, including ideas of string theory, extra dimensions, colliding
branes, etc. At the moment any calculation of predictions appears to
be far from definitive. However, there is a great deal of activity on
implications of string theory for the early Universe, and hence a very
real chance that there might be observational implications for specific
scenarios.

23.10. Fundamental Lessons

More important than the precise values of parameters is what we
have learned about the general features which describe our observable
Universe. Beyond the basic hot Big Bang picture, the CMB has
taught us that:
• The Universe recombined at z � 1100 and started to become

ionized again at z � 10.
• The geometry of the Universe is close to flat.
• Both Dark Matter and Dark Energy are required.
• Gravitational instability is sufficient to grow all of the observed

large structures in the Universe.
• Topological defects were not important for structure formation.
• There are ‘synchronized’ super-Hubble modes generated in the

early Universe.
• The initial perturbations were adiabatic in nature.
• The perturbations had close to Gaussian (i.e., maximally random)

initial conditions.
It is very tempting to make an analogy between the status of

the cosmological ‘Standard Model’ and that of particle physics. In
cosmology there are about 10 free parameters, each of which is
becoming well determined, and with a great deal of consistency
between different measurements. However, none of these parameters
can be calculated from a fundamental theory, and so hints of the bigger
picture, ‘physics beyond the Standard Model’ are being searched for
with ever more ambitious experiments.

Despite this analogy, there are some basic differences. For one
thing, many of the cosmological parameters change with cosmic epoch,
and so the measured values are simply the ones determined today,
and hence they are not ‘constants’, like particle masses for example
(although they are deterministic, so that if one knows their values at
one epoch, they can be calculated at another). Moreover, the number

of parameters is not as fixed as it is in the particle physics Standard
Model; different researchers will not necessarily agree on what the
free parameters are, and new ones can be added as the quality
of the data improves. In addition, parameters like τ , which come
from astrophysics, are in principle calculable from known physical
processes, although this is currently impractical. On top of all this,
other parameters might be ‘stochastic’ in that they may be fixed only
in our observable patch of the Universe or among certain vacuum
states in the ‘Landscape’ [65].

In a more general sense the cosmological ‘Standard Model’ is
much further from the underlying ‘fundamental theory’ which will
ultimately provide the values of the parameters from first principles.
Nevertheless, any genuinely complete ‘theory of everything’ must
include an explanation for the values of these cosmological parameters
as well as the parameters of the Standard Model of particle physics.

23.11. Future Directions

With all the observational progress in the CMB and the tying down
of cosmological parameters, what can we anticipate for the future?
Of course there will be a steady improvement in the precision and
confidence with which we can determine the appropriate cosmological
model and its parameters. We can anticipate that the addition
of three more years of WMAP data (6 years total) will bring
improvements from the increased statistical accuracy and from
the more detailed treatment of calibration and systematic effects.
Ground-based experiments operating at smaller angular scales will
also improve over the next few years, providing significantly tighter
constraints on the damping tail. In addition, the next CMB satellite
mission, Planck, is scheduled for launch in 2008, and there are even
more ambitious projects currently being discussed.

Despite the increasing improvement in the results, it is also true
that the addition of the latest experiments has not significantly
changed the cosmological model. It is therefore appropriate to ask:
what should we expect to come from Planck and from other more
grandiose future experiments, including those being discussed as part
of the ‘Beyond Einstein’ initiative? Planck certainly has the advantage
of high sensitivity and a full sky survey. A precise measurement of
the third acoustic peak provides a good determination of the matter
density; this can only be done by measurements which are accurate
relative to the first two peaks (which themselves constrain the
curvature and the baryon density). A detailed measurement of the
damping tail region will also significantly improve the determination
of n and any running of the slope. Planck should also be capable
of measuring CEE

� quite well, providing both a strong check on the
cosmological Standard Model and extra constraints that will improve
parameter estimation.

A set of cosmological parameters are now known to roughly 10%
accuracy, and that may seem sufficient for many people. However,
we should certainly demand more of measurements which describe
the entire observable Universe! Hence a lot of activity in the coming
years will continue to focus on determining those parameters with
increasing precision. This necessarily includes testing for consistency
among different predictions of the cosmological Standard Model, and
searching for signals which might require additional physics.

A second area of focus will be the smaller scale anisotropies
and ‘secondary effects.’ There is a great deal of information about
structure formation at z � 1000 encoded in the CMB sky. This
may involve higher-order statistics as well as spectral signatures.
Such investigations can also provide constraints on the Dark Energy
equation of state, for example. Planck, as well as experiments aimed
at the highest �s, should be able to make a lot of progress in this
arena.

A third direction is increasingly sensitive searches for specific
signatures of physics at the highest energies. The most promising
of these may be the primordial gravitational wave signals in CBB

� ,
which could be a probe of the ∼ 1016 GeV energy range. Whether
the amplitude of the effect coming from inflation will be detectable is
unclear, but the prize makes the effort worthwhile, and the indications
that n ≈ 0.95 give some genuine optimism that r may be of order 0.1,
and hence reachable.

Anisotropies in the CMB have proven to be the premier probe of
cosmology and the early Universe. Theoretically the CMB involves
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well-understood physics in the linear regime, and is under very good
calculational control. A substantial and improving set of observational
data now exists. Systematics appear to be well understood and not
a limiting factor. And so for the next few years we can expect an
increasing amount of cosmological information to be gleaned from
CMB anisotropies, with the prospect also of some genuine surprises.
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24. COSMIC RAYS
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24.1. Primary spectra

The cosmic radiation incident at the top of the terrestrial
atmosphere includes all stable charged particles and nuclei with
lifetimes of order 106 years or longer. Technically, “primary” cosmic
rays are those particles accelerated at astrophysical sources and
“secondaries” are those particles produced in interaction of the
primaries with interstellar gas. Thus electrons, protons and helium, as
well as carbon, oxygen, iron, and other nuclei synthesized in stars, are
primaries. Nuclei such as lithium, beryllium, and boron (which are
not abundant end-products of stellar nucleosynthesis) are secondaries.
Antiprotons and positrons are also in large part secondary. Whether
a small fraction of these particles may be primary is a question of
current interest.

Apart from particles associated with solar flares, the cosmic
radiation comes from outside the solar system. The incoming charged
particles are “modulated” by the solar wind, the expanding magnetized
plasma generated by the Sun, which decelerates and partially excludes
the lower energy galactic cosmic rays from the inner solar system.
There is a significant anticorrelation between solar activity (which
has an alternating eleven-year cycle) and the intensity of the cosmic
rays with energies below about 10 GeV. In addition, the lower-energy
cosmic rays are affected by the geomagnetic field, which they must
penetrate to reach the top of the atmosphere. Thus the intensity of
any component of the cosmic radiation in the GeV range depends
both on the location and time.

There are four different ways to describe the spectra of the
components of the cosmic radiation: (1) By particles per unit rigidity.
Propagation (and probably also acceleration) through cosmic magnetic
fields depends on gyroradius or magnetic rigidity, R, which is
gyroradius multiplied by the magnetic field strength:

R =
p c

Z e
= rLB . (24.1)

(2) By particles per energy-per-nucleon. Fragmentation of nuclei
propagating through the interstellar gas depends on energy per
nucleon, since that quantity is approximately conserved when a
nucleus breaks up on interaction with the gas. (3) By nucleons
per energy-per-nucleon. Production of secondary cosmic rays in
the atmosphere depends on the intensity of nucleons per energy-
per-nucleon, approximately independently of whether the incident
nucleons are free protons or bound in nuclei. (4) By particles per
energy-per-nucleus. Air shower experiments that use the atmosphere
as a calorimeter generally measure a quantity that is related to total
energy per particle.

The units of differential intensity I are [cm−2s−1sr−1E−1], where E
represents the units of one of the four variables listed above.

The intensity of primary nucleons in the energy range from several
GeV to somewhat beyond 100 TeV is given approximately by

IN (E) ≈ 1.8 E−α nucleons
cm2 s sr GeV

, (24.2)

where E is the energy-per-nucleon (including rest mass energy) and
α (≡ γ + 1) = 2.7 is the differential spectral index of the cosmic ray
flux and γ is the integral spectral index. About 79% of the primary
nucleons are free protons and about 70% of the rest are nucleons
bound in helium nuclei. The fractions of the primary nuclei are nearly
constant over this energy range (possibly with small but interesting
variations). Fractions of both primary and secondary incident nuclei
are listed in Table 24.1. Figure 24.1 [1] shows the major components
as a function of energy at a particular epoch of the solar cycle.
There has been a series of more precise measurements of the primary
spectrum of protons and helium in the past decade [2–7].
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Figure 24.1: Major components of the primary cosmic radiation
(from Ref. 1).

Table 24.1: Relative abundances F of cosmic-ray nuclei at
10.6 GeV/nucleon normalized to oxygen (≡ 1) [8]. The oxygen
flux at kinetic energy of 10.6 GeV/nucleon is 3.26 × 10−6 cm−2

s−1 sr−1 (GeV/nucleon)−1. Abundances of hydrogen and helium
are from Ref. [5,6].

Z Element F

1 H 540
2 He 26

3–5 Li-B 0.40
6–8 C-O 2.20
9–10 F-Ne 0.30
11–12 Na-Mg 0.22

Z Element F

13–14 Al-Si 0.19
15–16 P-S 0.03
17–18 Cl-Ar 0.01
19–20 K-Ca 0.02
21–25 Sc-Mn 0.05
26–28 Fe-Ni 0.12

Up to energies of at least 1015 eV, the composition and energy
spectra of nuclei are typically interpreted in the context of “diffusion”
or “leaky box” models, in which the sources of the primary cosmic
radiation are located within the galaxy [9]. The ratio of secondary
to primary nuclei is observed to decrease approximately as E−0.5

with increasing energy, a fact interpreted to mean that the lifetime
of cosmic rays in the galaxy decreases with energy. Measurements of
radioactive “clock” isotopes [10,11] in the low energy cosmic radiation
are consistent with a lifetime in the galaxy of about 15 Myr.

The spectrum of electrons and positrons incident at the top of
the atmosphere is steeper than the spectra of protons and nuclei,
as shown in Fig. 24.2. The positron fraction decreases from ∼ 0.2
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below 1 GeV [12–14] to ∼ 0.1 around 2 GeV and to ∼ 0.05 in at the
highest energies for which it is measured (5 − 20 GeV) [15]. This
behavior refers to measurements made during solar cycles of positive
magnetic polarity and at high geomagnetic latitude. Ref. 14 discusses
the dependence of the positron fraction on solar cycle and Ref. 5
studies the geomagnetic effects.
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Figure 24.2: Differential spectrum of electrons plus positrons
multiplied by E3 (data summary from Ref. 9). The dashed line
shows the proton spectrum multiplied by 0.01.

The ratio of antiprotons to protons is ∼ 2× 10−4 [16,17] at around
10–20 GeV, and there is clear evidence [18–20] for the kinematic
suppression at lower energy that is the signature of secondary
antiprotons. The p/p ratio also shows a strong dependence on the
phase and polarity of the solar cycle [21] in the opposite sense to
that of the positron fraction. There is at this time no evidence for a
significant primary component either of positrons or of antiprotons.
No antihelium or antideuteron has been found in the cosmic radiation.
The best current measured upper limit on the ratio antihelium/helium
is approximately 7 × 10−4 [22]. The upper limit on the flux of
antideuterons around 1 GeV/nuleon is approximately 2× 10−4 m2 s sr
GeV/nucleon [23].

24.2. Cosmic rays in the atmosphere

Figure 24.3 shows the vertical fluxes of the major cosmic ray
components in the atmosphere in the energy region where the particles
are most numerous (except for electrons, which are most numerous
near their critical energy, which is about 81 MeV in air). Except for
protons and electrons near the top of the atmosphere, all particles are
produced in interactions of the primary cosmic rays in the air. Muons
and neutrinos are products of the decay of charged mesons, while
electrons and photons originate in decays of neutral mesons.

Most measurements are made at ground level or near the top of the
atmosphere, but there are also measurements of muons and electrons
from airplanes and balloons. Fig. 24.3 includes recent measurements of
negative muons [4,24–26]. Since µ+(µ−) are produced in association
with νµ(νµ), the measurement of muons near the maximum of the
intensity curve for the parent pions serves to calibrate the atmospheric
νµ beam [27]. Because muons typically lose almost two GeV in
passing through the atmosphere, the comparison near the production
altitude is important for the sub-GeV range of νµ(νµ) energies.

The flux of cosmic rays through the atmosphere is described by
a set of coupled cascade equations with boundary conditions at the
top of the atmosphere to match the primary spectrum. Numerical or
Monte Carlo calculations are needed to account accurately for decay
and energy-loss processes, and for the energy-dependences of the cross
sections and of the primary spectral index γ. Approximate analytic
solutions are, however, useful in limited regions of energy [28]. For
example, the vertical intensity of nucleons at depth X (g cm−2) in the
atmosphere is given by

IN (E, X) ≈ IN (E, 0) e−X/Λ , (24.3)

where Λ is the attenuation length of nucleons in air.

The corresponding expression for the vertical intensity of charged
pions with energy Eπ � επ = 115 GeV is
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Figure 24.3: Vertical fluxes of cosmic rays in the atmosphere
with E > 1 GeV estimated from the nucleon flux of Eq. (24.2).
The points show measurements of negative muons with
Eµ > 1 GeV [4,24–26]. See full-color version on color pages at
end of book.

Iπ(Eπ, X) ≈ ZNπ

λN
IN (Eπ, 0) e−X/Λ X Eπ

επ
. (24.4)

This expression has a maximum at t = Λ ≈ 120 g cm−2, which
corresponds to an altitude of 15 kilometers. The quantity ZNπ is the
spectrum-weighted moment of the inclusive distribution of charged
pions in interactions of nucleons with nuclei of the atmosphere. The
intensity of low-energy pions is much less than that of nucleons
because ZNπ ≈ 0.079 is small and because most pions with energy
much less than the critical energy επ decay rather than interact.

24.3. Cosmic rays at the surface

24.3.1. Muons : Muons are the most numerous charged particles
at sea level (see Fig. 24.3). Most muons are produced high in the
atmosphere (typically 15 km) and lose about 2 GeV to ionization
before reaching the ground. Their energy and angular distribution
reflect a convolution of production spectrum, energy loss in the
atmosphere, and decay. For example, 2.4 GeV muons have a decay
length of 15 km, which is reduced to 8.7 km by energy loss. The mean
energy of muons at the ground is ≈ 4 GeV. The energy spectrum is
almost flat below 1 GeV, steepens gradually to reflect the primary
spectrum in the 10–100 GeV range, and steepens further at higher
energies because pions with Eπ > επ ≈ 115 GeV tend to interact in
the atmosphere before they decay. Asymptotically (Eµ � 1 TeV),
the energy spectrum of atmospheric muons is one power steeper
than the primary spectrum. The integral intensity of vertical muons
above 1 GeV/c at sea level is ≈ 70 m−2s−1sr−1 [29,30], with
recent measurements [31–33] tending to give lower normalization by
10-15%. Experimentalists are familiar with this number in the form
I ≈ 1 cm−2 min−1 for horizontal detectors.

The overall angular distribution of muons at the ground is ∝ cos2 θ,
which is characteristic of muons with Eµ ∼ 3 GeV. At lower energy
the angular distribution becomes increasingly steep, while at higher
energy it flattens, approaching a sec θ distribution for Eµ � επ and
θ < 70◦.

Figure 24.4 shows the muon energy spectrum at sea level for
two angles. At large angles low energy muons decay before reaching
the surface and high energy pions decay before they interact, thus
the average muon energy increases. An approximate extrapolation
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Figure 24.4: Spectrum of muons at θ = 0◦ (� [29], � [34],
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formula valid when muon decay is negligible (Eµ > 100/ cosθ GeV)
and the curvature of the Earth can be neglected (θ < 70◦) is

dNµ

dEµ
≈ 0.14 E−2.7

µ

cm2 s sr GeV

×

⎧⎪⎨
⎪⎩

1

1 +
1.1Eµ cos θ

115 GeV

+
0.054

1 +
1.1Eµ cos θ

850 GeV

⎫⎪⎬
⎪⎭ , (24.5)

where the two terms give the contribution of pions and charged kaons.
Eq. (24.5) neglects a small contribution from charm and heavier flavors
which is negligible except at very high energy [38].

The muon charge ratio reflects the excess of π+ over π− in the
forward fragmentation region of proton initiated interactions together
with the fact that there are more protons than neutrons in the primary
spectrum. The charge ratio is between 1.1 and 1.4 from 1 GeV to
100 GeV [29,31,32]. Below 1 GeV there is a systematic dependence
on location due to geomagnetic effects [31,32].

24.3.2. Electromagnetic component : At the ground, this
component consists of electrons, positrons, and photons primarily
from electromagnetic cascades initiated by decay of neutral and
charged mesons. Muon decay is the dominant source of low-energy
electrons at sea level. Decay of neutral pions is more important at high
altitude or when the energy threshold is high. Knock-on electrons also
make a small contribution at low energy [39]. The integral vertical
intensity of electrons plus positrons is very approximately 30, 6, and
0.2 m−2s−1sr−1 above 10, 100, and 1000 MeV respectively [30,40],
but the exact numbers depend sensitively on altitude, and the angular
dependence is complex because of the different altitude dependence
of the different sources of electrons [39–41]. The ratio of photons to
electrons plus positrons is approximately 1.3 above a GeV and 1.7
below the critical energy [41].

24.3.3. Protons : Nucleons above 1 GeV/c at ground level are
degraded remnants of the primary cosmic radiation. The intensity
is approximately represented by Eq. (24.3) with the replacement
t → t/ cos θ for θ < 70◦ and an attenuation length Λ = 123 g cm−2.
At sea level, about 1/3 of the nucleons in the vertical direction
are neutrons (up from ≈ 10% at the top of the atmosphere as the
n/p ratio approaches equilibrium). The integral intensity of vertical
protons above 1 GeV/c at sea level is ≈ 0.9 m−2s−1sr−1 [30,42].

24.4. Cosmic rays underground

Only muons and neutrinos penetrate to significant depths
underground. The muons produce tertiary fluxes of photons, electrons,
and hadrons.

24.4.1. Muons : As discussed in Section 27.6 of this Review, muons
lose energy by ionization and by radiative processes: bremsstrahlung,
direct production of e+e− pairs, and photonuclear interactions. The
total muon energy loss may be expressed as a function of the amount
of matter traversed as

−dEµ

dX
= a + b Eµ , (24.6)

where a is the ionization loss and b is the fractional energy loss by the
three radiation processes. Both are slowly varying functions of energy.
The quantity ε ≡ a/b (≈ 500 GeV in standard rock) defines a critical
energy below which continuous ionization loss is more important than
radiative losses. Table 24.2 shows a and b values for standard rock as
a function of muon energy. The second column of Table 24.2 shows
the muon range in standard rock (A = 22, Z = 11, ρ = 2.65 g cm−3).
These parameters are quite sensitive to the chemical composition of
the rock, which must be evaluated for each experimental location.

Table 24.2: Average muon range R and energy loss parameters
calculated for standard rock [43]. Range is given in km-water-
equivalent, or 105 g cm−2.

Eµ R a bbrems bpair bnucl
∑

bi

GeV km.w.e. MeVg−1 cm2 10−6 g−1 cm2

10 0.05 2.17 0.70 0.70 0.50 1.90
100 0.41 2.44 1.10 1.53 0.41 3.04

1000 2.45 2.68 1.44 2.07 0.41 3.92
10000 6.09 2.93 1.62 2.27 0.46 4.35

The intensity of muons underground can be estimated from the
muon intensity in the atmosphere and their rate of energy loss. To the
extent that the mild energy dependence of a and b can be neglected,
Eq. (24.6) can be integrated to provide the following relation between
the energy Eµ,0 of a muon at production in the atmosphere and its
average energy Eµ after traversing a thickness X of rock (or ice or
water):

Eµ = (Eµ,0 + ε) e−bX − ε . (24.7)
Especially at high energy, however, fluctuations are important and an
accurate calculation requires a simulation that accounts for stochastic
energy-loss processes [44].

There are two depth regimes for Eq. (24.7). For X � b−1 ≈
2.5 km water equivalent, Eµ,0 ≈ Eµ(X) + aX , while for X � b−1

Eµ,0 ≈ (ε + Eµ(X)) exp(bX). Thus at shallow depths the differential
muon energy spectrum is approximately constant for Eµ < aX and
steepens to reflect the surface muon spectrum for Eµ > aX , whereas
for X > 2.5 km.w.e. the differential spectrum underground is again
constant for small muon energies but steepens to reflect the surface
muon spectrum for Eµ > ε ≈ 0.5 TeV. In the deep regime the shape
is independent of depth although the intensity decreases exponentially
with depth. In general the muon spectrum at slant depth X is

dNµ(X)
dEµ

=
dNµ

dEµ,0

dEµ,0

dEµ
=

dNµ

dEµ,0
ebX , (24.8)

where Eµ,0 is the solution of Eq. (24.7) in the approximation neglecting
fluctuations.

Fig. 24.5 shows the vertical muon intensity versus depth. In
constructing this “depth-intensity curve,” each group has taken
account of the angular distribution of the muons in the atmosphere,
the map of the overburden at each detector, and the properties of
the local medium in connecting measurements at various slant depths
and zenith angles to the vertical intensity. Use of data from a range
of angles allows a fixed detector to cover a wide range of depths.
The flat portion of the curve is due to muons produced locally by
charged-current interactions of νµ.
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Figure 24.6: Sub-GeV and multi-GeV neutrino interactions
from SuperKamiokande [50]. The plot shows the spectra of
visible energy in the detector.

24.4.2. Neutrinos : Because neutrinos have small interaction cross
sections, measurements of atmospheric neutrinos require a deep
detector to avoid backgrounds. There are two types of measurements:
contained (or semi-contained) events, in which the vertex is determined
to originate inside the detector, and neutrino-induced muons. The
latter are muons that enter the detector from zenith angles so large
(e.g., nearly horizontal or upward) that they cannot be muons
produced in the atmosphere. In neither case is the neutrino flux
measured directly. What is measured is a convolution of the neutrino
flux and cross section with the properties of the detector (which
includes the surrounding medium in the case of entering muons).

Contained and semi-contained events reflect neutrinos in the
sub-GeV to multi-GeV region where the product of increasing cross
section and decreasing flux is maximum. In the GeV region the
neutrino flux and its angular distribution depend on the geomagnetic
location of the detector and, to a lesser extent, on the phase of the
solar cycle. Naively, we expect νµ/νe = 2 from counting neutrinos of
the two flavors coming from the chain of pion and muon decay. This
ratio is only slightly modified by the details of the decay kinematics,
but the fraction of electron neutrinos gradually decreases above a
GeV as parent muons begin to reach the ground before decaying.
Experimental measurements have to account for the ratio of ν/ν,
which have cross sections different by a factor of 3 in this energy
range. In addition, detectors generally have different efficiencies for
detecting muon neutrinos and electron neutrinos which need to be
accounted for in comparing measurements with expectation. Fig. 24.6
shows the distributions of the visible energy in the Super-Kamiokande
detector [50] for electron-like and muon-like charged current neutrino
interactions. Contrary to expectation, the numbers of the two classes
of events are similar rather than different by a factor of two. The
exposure for the data sample shown here is 50 kiloton-years. The
falloff of the muon-like events at high energy is a consequence of the
poor containment for high energy muons. Corrections for detection
efficiencies and backgrounds are, however, insufficient to account for
the large difference from the expectation.

Two well-understood properties of atmospheric cosmic rays provide
a standard for comparison of the measurements of atmospheric
neutrinos. These are the “sec θ effect” and the “east-west effect”. The
former refers originally to the enhancement of the flux of > 10 GeV
muons (and neutrinos) at large zenith angles because the parent
pions propagate more in the low density upper atmosphere where
decay is enhanced relative to interaction. For neutrinos from muon
decay, the enhancement near the horizontal becomes important for
Eν > 1 GeV and arises mainly from the increased pathlength through
the atmosphere for muon decay in flight. Fig. 24.7 from Ref. 51 shows
a comparison between measurement and expectation for the zenith
angle dependence of multi-GeV electron-like (mostly νe) and muon-like
(mostly νµ) events separately. The νe show an enhancement near the
horizontal and approximate equality for nearly upward (cos θ ≈ −1)
and nearly downward (cos θ ≈ 1) events. There is, however, a very
significant deficit of upward (cos θ < 0) νµ events, which have long
pathlengths comparable to the radius of the Earth. This pattern
has been interpreted as evidence for oscillations involving muon
neutrinos [50]. (See the article on neutrino properties in this Review.)
Including three dimensional effects in the calculation of atmospheric
neutrinos may change somewhat the expected angular distributions of
neutrinos at low energy [52], but it does not change the fundamental
expectation of up-down symmetry, which is the basis of the evidence
for oscillations.

0

200

100

300

–0.8 –0.8–0.4 0 0.4 0.8 –0.4 0 0.4 0.8

multi-GeV e-like multi-GeV µ-like + PC 

cos Θ cos Θ

N
u

m
be

r 
of

 e
ve

n
ts

Figure 24.7: Zenith-angle dependence of multi-GeV neutrino
interactions from SuperKamiokande [51]. The shaded boxes
show the expectation in the absence of any oscillations. The lines
show fits with some assumed oscillation parameters, as described
in Ref. 51.
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The east-west effect [53,54] is the enhancement, especially at low
geomagnetic latitudes, of cosmic rays incident on the atmosphere from
the west as compared to those from the east. This is a consequence
of the fact that the cosmic rays are positively charged nuclei which
are bent systematically in one sense in the geomagnetic field. Not all
trajectories can reach the atmosphere from outside the geomagnetic
field. The standard procedure to see which trajectories are allowed is
to inject antiprotons outward from near the top of the atmosphere in
various directions and see if they escape from the geomagnetic field
without becoming trapped indefinitely or intersecting the surface of
the Earth. Any direction in which an antiproton of a given momentum
can escape is an allowed direction from which a proton of the opposite
momentum can arrive. Since the geomagnetic field is oriented from
south to north in the equatorial region, antiprotons injected toward
the east are bent back towards the Earth. Thus there is a range
of momenta and zenith angles for which positive particles cannot
arrive from the east but can arrive from the west. This east-west
asymmetry of the incident cosmic rays induces a similar asymmetry on
the secondaries, including neutrinos. Since this is an azimuthal effect,
the resulting asymmetry is independent of possible oscillations, which
depend on pathlength (equivalently zenith angle), but not on azimuth.
Fig. 24.8 (from Ref. 55) is a comparison of data and expectation for
this effect, which serves as a consistency check of the measurement
and analysis.
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Figure 24.8: Azimuthal dependence of ∼GeV neutrino interac-
tions from SuperKamiokande [55]. The cardinal points of the
compass are S, E, N, W starting at 0. These are the direction
from which the particles arrive. The lines show the expectation
based on two different calculations, as described in Ref. 55.

Muons that enter the detector from outside after production in
charged-current interactions of neutrinos naturally reflect a higher
energy portion of the neutrino spectrum than contained events because
the muon range increases with energy as well as the cross section.
The relevant energy range is ∼ 10 < Eν < 1000 GeV, depending
somewhat on angle. Neutrinos in this energy range show a sec θ effect
similar to muons (see Eq. (24.5)). This causes the flux of horizontal
neutrino-induced muons to be approximately a factor two higher
than the vertically upward flux. The upper and lower edges of the
horizontal shaded region in Fig. 24.5 correspond to horizontal and
vertical intensities of neutrino-induced muons. Table 24.3 gives the

Table 24.3: Measured fluxes (10−13 cm−2 s−1 sr−1) of neutrino-in-
duced muons as a function of the effective minimum muon energy Eµ.

Eµ > 1 GeV 1 GeV 1 GeV 2 GeV 3 GeV 3 GeV

Ref. CWI [56] Baksan [57] MACRO [58] IMB [59] Kam [60] SuperK [61]
Fµ 2.17±0.21 2.77±0.17 2.29 ± 0.15 2.26±0.11 1.94±0.12 1.74±0.07

measured fluxes of upward-moving neutrino-induced muons averaged
over the lower hemisphere. Generally the definition of minimum
muon energy depends on where it passes through the detector. The
tabulated effective minimum energy estimates the average over various
accepted trajectories.

24.5. Air showers

So far we have discussed inclusive or uncorrelated fluxes of various
components of the cosmic radiation. An air shower is caused by a
single cosmic ray with energy high enough for its cascade to be
detectable at the ground. The shower has a hadronic core, which
acts as a collimated source of electromagnetic subshowers, generated
mostly from π0 → γ γ. The resulting electrons and positrons are
the most numerous particles in the shower. The number of muons,
produced by decays of charged mesons, is an order of magnitude lower.

Air showers spread over a large area on the ground, and arrays
of detectors operated for long times are useful for studying cosmic
rays with primary energy E0 > 100 TeV, where the low flux makes
measurements with small detectors in balloons and satellites difficult.

Greisen [62] gives the following approximate expressions for the
numbers and lateral distributions of particles in showers at ground
level. The total number of muons Nµ with energies above 1 GeV is

Nµ(> 1 GeV) ≈ 0.95 × 105
(
Ne/106

)3/4
, (24.9)

where Ne is the total number of charged particles in the shower (not
just e±). The number of muons per square meter, ρµ, as a function of
the lateral distance r (in meters) from the center of the shower is

ρµ =
1.25 Nµ

2π Γ(1.25)

(
1

320

)1.25

r−0.75
(
1 +

r

320

)−2.5
, (24.10)

where Γ is the gamma function. The number density of charged
particles is

ρe = C1(s, d, C2)x(s−2)(1 + x)(s−4.5)(1 + C2x
d) . (24.11)

Here s, d, and C2 are parameters in terms of which the overall
normalization constant C1(s, d, C2) is given by

C1(s, d, C2) =
Ne

2πr2
1

[ B(s, 4.5 − 2s)

+ C2 B(s + d, 4.5 − d − 2s)]−1 , (24.12)

where B(m, n) is the beta function. The values of the parameters
depend on shower size (Ne), depth in the atmosphere, identity of the
primary nucleus, etc. For showers with Ne ≈ 106 at sea level, Greisen
uses s = 1.25, d = 1, and C2 = 0.088. Finally, x is r/r1, where r1 is
the Molière radius, which depends on the density of the atmosphere
and hence on the altitude at which showers are detected. At sea level
r1 ≈ 78 m. It increases with altitude.

The lateral spread of a shower is determined largely by Coulomb
scattering of the many low-energy electrons and is characterized by
the Mol̀iere radius. The lateral spread of the muons (ρµ) is larger and
depends on the transverse momenta of the muons at production as
well as multiple scattering.

There are large fluctuations in development from shower to shower,
even for showers of the same energy and primary mass—especially
for small showers, which are usually well past maximum development
when observed at the ground. Thus the shower size Ne and primary
energy E0 are only related in an average sense, and even this relation
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depends on depth in the atmosphere. One estimate of the relation
is [63]

E0 ∼ 3.9 × 106 GeV (Ne/106)0.9 (24.13)

for vertical showers with 1014 < E < 1017 eV at 920 g cm−2 (965 m
above sea level). Because of fluctuations, Ne as a function of E0 is not
the inverse of Eq. (24.13). As E0 increases the shower maximum (on
average) moves down into the atmosphere and the relation between
Ne and E0 changes. At the maximum of shower development, there
are approximately 2/3 particles per GeV of primary energy.

Detailed simulations and cross-calibrations between different
types of detectors are necessary to establish the primary energy
spectrum from air-shower experiments [63,64]. Figure 24.9 shows
the “all-particle” spectrum. The differential energy spectrum has
been multiplied by E2.5 in order to display the features of the steep
spectrum that are otherwise difficult to discern. The steepening that
occurs between 1015 and 1016 eV is known as the knee of the spectrum.
The feature around 1019 eV is called the ankle of the spectrum.
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Figure 24.9: The all-particle spectrum: for references see [65].
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Measurements with small air shower experiments in the knee
region differ by as much as a factor of two, indicative of systematic
uncertainties in interpretation of the data. (For a recent review see
Ref. 66.) In establishing the spectrum shown in Fig. 24.9, efforts
have been made to minimize the dependence of the analysis on the
primary composition. Ref. 67 uses an unfolding procedure to obtain
the spectra of the individual components, giving a result for the
all-particle spectrum between 1015 and 1017 eV that lies toward the
upper range of the data shown in Fig. 24.9. In the energy range above
1017 eV, the Fly’s Eye technique [68] is particularly useful because
it can establish the primary energy in a model-independent way by
observing most of the longitudinal development of each shower, from
which E0 is obtained by integrating the energy deposition in the
atmosphere.

If the cosmic ray spectrum below 1018 eV is of galactic origin, the
knee could reflect the fact that some (but not all) cosmic accelerators
have reached their maximum energy. Some types of expanding
supernova remnants, for example, are estimated not to be able to
accelerate particles above energies in the range of 1015 eV total energy
per particle. Effects of propagation and confinement in the galaxy [69]
also need to be considered.

It was previously thought that the most likely explanation for the
dip in the spectrum near 3 × 1018 eV called the ankle is a higher
energy population of particles overtaking a lower energy population,
for example an extragalactic flux beginning to dominate over the
galactic flux. The situation now seems more complicated because of
better evidence for the existence of a break in the spectrum near
5×1017 eV called the second knee [70], just below the ankle structure.
There are clear predictions of a dip structure in the region of the
observed ankle produced by e+/e− energy losses of extragalactic
protons on the 2.7 K cosmic microwave radiation (CMB) [71]. This
dip structure has been claimed to be a more robust signature of both
the protonic and extragalactic nature of the highest energy cosmic
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rays than the GZK cutoff (see below) itself. If this interpretation is
correct, then the most likely explanation of the second knee would be
the termination of the galactic cosmic ray flux. Composition changes
across this energy region would be important correlative evidence for
this view.

If the cosmic ray flux above the second knee is cosmological in
origin, then there should be a rapid change in the spectral index
(called the GZK cutoff) around 5 × 1019 eV, resulting from the
onset of inelastic interactions with the (CMB) [72,73]. While several
experiments have reported events that have been assigned energies
above 1020 eV [74–77], more recent experiments such as HiRes [78]
have failed to confirm this; results are consistent with the expected
cutoff. An implication of a continued spectrum would be that some
sources of the highest energy particles must be relatively nearby.
For example, the attenuation length for protons at 2 · 1020 eV is
30 Mpc [73]. Both cosmic accelerators (bottom up) and massive
cosmological relics (top down ) have been suggested [74–77].

Figure 24.10 gives an expanded view of the high energy end of the
spectrum, showing only the more recent experiments. This figure and
the previous one have shown the differential flux multiplied by a power
of the energy, a procedure that enables one to see structure in the
spectrum more clearly but amplifies small systematic differences in
energy assignments into sizable normalization differences. All existing
experiments are actually consistent in normalization if one takes
quoted systematic errors in the energy scales into account. However,
the continued power law type of flux beyond the GZK cutoff claimed
by the AGASA experiment is contradicted by the HiRes data. New
data from the Pierre Auger experiment [79] are still too preliminary in
energy scale and statistics to impact this debate.
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25. ACCELERATOR PHYSICS OF COLLIDERS

Revised August 2005 by K. Desler and D. A. Edwards (DESY).

25.1. Luminosity

The event rate R in a collider is proportional to the interaction cross
section σint and the factor of proportionality is called the luminosity:

R = L σint . (25.1)

If two bunches containing n1 and n2 particles collide with frequency
f , the luminosity is

L = f
n1n2

4πσxσy
(25.2)

where σx and σy characterize the Gaussian transverse beam profiles
in the horizontal (bend) and vertical directions and to simplify the
expression it is assumed that the bunches are identical in transverse
profile, that the profiles are independent of position along the
bunch, and the particle distributions are not altered during collision.
Whatever the distribution at the source, by the time the beam reaches
high energy, the normal form is a good approximation thanks to the
central limit theorem of probability and the diminished importance of
space charge effects.

The beam size can be expressed in terms of two quantities, one
termed the transverse emittance, ε, and the other, the amplitude
function, β. The transverse emittance is a beam quality concept
reflecting the process of bunch preparation, extending all the way
back to the source for hadrons and, in the case of electrons, mostly
dependent on synchrotron radiation. The amplitude function is a
beam optics quantity and is determined by the accelerator magnet
configuration. When expressed in terms of σ and β the transverse
emittance becomes

ε = πσ2/β . (25.3)

Of particular significance is the value of the amplitude function at
the interaction point, β∗. Clearly one wants β∗ to be as small as
possible; how small depends on the capability of the hardware to make
a near-focus at the interaction point.

Eq. (25.2) can now be recast in terms of emittances and amplitude
functions as

L = f
n1n2

4
√

εx β∗
x εy β∗

y
. (25.4)

Thus, to achieve high luminosity, all one has to do is make high
population bunches of low emittance to collide at high frequency
at locations where the beam optics provides as low values of the
amplitude functions as possible.

25.2. Beam dynamics

Today’s operating HEP colliders are all synchrotrons, and the
organization of this section reflects that circumstance.

A major concern of beam dynamics is stability: conservation of
adequate beam properties over a sufficiently long time scale. Several
time scales are involved, and the approximations used in writing
the equations of motion reflect the time scale under consideration.
For example, when, in Sec. 25.2.1 below, we write the equations
for transverse stability no terms associated with phase stability or
synchrotron radiation appear; the time scale associated with the last
two processes is much longer than that demanded by the need for
transverse stability.

25.2.1. Betatron oscillations :
Present-day high-energy accelerators employ alternating gradient

focussing provided by quadrupole magnetic fields [1], [2]. The
equations of motion of a particle undergoing oscillations with respect
to the design trajectory are

x′′ + Kx(s)x = 0 , y′′ + Ky(s) y = 0 , (25.5)

with
x′ ≡ dx/ds , y′ ≡ dy/ds (25.6)

Kx ≡ B′/(Bρ) + ρ−2 , Ky ≡ −B′/(Bρ) (25.7)

B′ ≡ ∂By/∂x . (25.8)

The independent variable s is path length along the design trajectory.
This motion is called a betatron oscillation because it was initially
studied in the context of that type of accelerator. The functions
Kx and Ky reflect the transverse focussing—primarily due to
quadrupole fields except for the radius of curvature, ρ, term in Kx

for a synchrotron—so each equation of motion resembles that for a
harmonic oscillator but with spring constants that are a function of
position. No terms relating to synchrotron oscillations appear, because
their time scale is much longer and in this approximation play no role.

These equations have the form of Hill’s equation and so the solution
in one plane may be written as

x(s) = A
√

β(s) cos(ψ(s) + δ), (25.9)

where A and δ are constants of integration and the phase advances
according to dψ/ds = 1/β. The dimension of A is the square
root of length, reflecting the fact that the oscillation amplitude is
modulated by the square root of the amplitude function. In addition
to describing the envelope of the oscillation, β also plays the role of
an ‘instantaneous’ −λ. The wavelength of a betatron oscillation may be
some tens of meters, and so typically values of the amplitude function
are of the order of meters rather than on the order of the beam
size. The beam optics arrangement generally has some periodicity
and the amplitude function is chosen to reflect that periodicity. As
noted above, a small value of the amplitude function is desired at
the interaction point, and so the focussing optics is tailored in its
neighborhood to provide a suitable β∗.

The number of betatron oscillations per turn in a synchrotron is
called the tune and is given by

ν =
1
2π

∮
ds

β
. (25.10)

Expressing the integration constant A in the solution above in terms
of x, x′ yields the Courant-Snyder invariant

A2 =γ(s)x(s)2 + 2α(s)x(s)x′(s) + β(s)x′(s)2

where

α ≡− β′/2, γ ≡ 1 + α2

β
. (25.11)

(The Courant-Snyder parameters α, β and γ employ three Greek
letters which have other meanings and the significance at hand must
often be recognized from context.) Because β is a function of position
in the focussing structure, this ellipse changes orientation and aspect
ratio from location to location but the area πA2 remains the same.

As noted above the transverse emittance is a measure of the area
in x, x′ (or y, y′) phase space occupied by an ensemble of particles.
The definition used in Eq. (25.3) is the area that encloses 39% of a
Gaussian beam.

For electron synchrotrons the equilibrium emittance results from
the balance between synchrotron radiation damping and excitation
from quantum fluctuations in the radiation rate. The equilibrium is
reached in a time small compared with the storage time.

For present-day hadron synchrotrons, synchrotron radiation does
not play a similar role in determining the transverse emittance.
Rather the emittance during storage reflects the source properties
and the abuse suffered by the particles throughout acceleration and
storage. Nevertheless it is useful to argue as follows: Though x′ and
x can serve as canonically conjugate variables at constant energy this
definition of the emittance would not be an adiabatic invariant when
the energy changes during the acceleration cycle. However, γ(v/c)x′,
where here γ is the Lorentz factor, is proportional to the transverse
momentum and so qualifies as a variable conjugate to x. So often one
sees a normalized emittance defined according to

εN = γ
v

c
ε, (25.12)

which is an approximate adiabatic invariant, e.g. during acceleration.
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25.2.2. Phase stability : The particles in a circular collider also
undergo synchrotron oscillations. This is usually referred to as motion
in the longitudinal degree-of-freedom because particles arrive at a
particular position along the accelerator earlier or later than an ideal
reference particle. This circumstance results in a finite bunch length,
which is related to an energy spread.

For dynamical variables in longitudinal phase space, let us take ∆E
and ∆t, where these are the energy and time differences from that of
the ideal particle. A positive ∆t means a particle is behind the ideal
particle. The equation of motion is the same as that for a physical
pendulum and therefore is nonlinear. But for small oscillations, it
reduces to a simple harmonic oscillator:

d2∆t

dn2 = −(2πνs)2∆t (25.13)

where the independent variable n is the turn number and νs is
the number of synchrotron oscillations per turn, analogous to the
betatron oscillation tune defined earlier. Implicit in this equation is
the approximation that n is a continuos variable. This approximation
is valid provided νs � 1, which is usually well satisfied in practice.

In the high-energy limit, where v/c ≈ 1,

νs =
[
hη eV cosφs

2πE

]1/2

. (25.14)

There are four as yet undefined quantities in this expression: the
harmonic number h, the slip factor η, the maximum energy eV gain
per turn from the acceleration system, and the synchronous phase φs.
The frequency of the RF system is normally a relatively high multiple,
h, of the orbit frequency. The slip factor relates the fractional change
in the orbit period τ to changes in energy according to

∆τ

τ
= η

∆E

E
. (25.15)

At sufficiently high energy, the slip factor just reflects the relationship
between path length and energy, since the speed is a constant; η is
positive for all the synchrotrons in the “Tables of Collider Parameters”
(Sec. 26).

The synchronous phase is a measure of how far up on the RF wave
the average particle must ride in order to maintain constant energy
to counteract of synchrotron radiation. That is, sinφs is the ratio of
the energy loss per turn to the maximum energy per turn that can
be provided by the acceleration system. For hadron colliders built to
date, sin φs is effectively zero. This is not the case for electron storage
rings; for example, the electron ring of HERA runs at a synchronous
phase of 45◦.

Now if one has a synchrotron oscillation with amplitudes ∆̂t and
∆̂E,

∆t = ∆̂t sin(2πνsn) , ∆E = ∆̂E cos(2πνsn) (25.16)

then the amplitudes are related according to

∆̂E =
2πνsE

ητ
∆̂t . (25.17)

The longitudinal emittance ε� may be defined as the phase space
area bounded by particles with amplitudes ∆̂t and ∆̂E. In general,
the longitudinal emittance for a given amplitude is found by numerical
integration. For sinφs = 0, an analytical expression is as follows:

ε� =
[
2π3EeV h

τ2η

]1/2

(∆̂t)2 (25.18)

Again, a Gaussian is a reasonable representation of the longitudinal
profile of a well-behaved beam bunch; if σ∆t is the standard deviation
of the time distribution, then the bunch length can be characterized
by

� = c σ∆t . (25.19)

In the electron case the longitudinal emittance is determined by
the synchrotron radiation process just as in the transverse degrees
of freedom. For the hadron case the history of acceleration plays
a role and because energy and time are conjugate coordinates, the
longitudinal emittance is a quasi-invariant.

For HEP bunch length is a significant quantity because if the
bunch length becomes larger than β∗ the luminosity is adversely
affected. This is because β grows parabolically as one proceeds
away from the IP and so the beam size increases thus lowering the
contribution to the luminosity from such locations. Further discussion
and modified expressions for the luminosity may be found in Furman
and Zisman [3].

25.2.3. Synchrotron radiation [4] : A relativistic particle under-
going centripetal acceleration radiates at a rate given by the Larmor
formula multiplied by the 4th power of the Lorentz factor:

P =
1

6πε0

e2a2

c3
γ4. (25.20)

Here, a = v2/ρ is the centripetal acceleration of a particle with speed
v undergoing deflection with radius of curvature ρ. In a synchrotron
that has a constant radius of curvature within bending magnets,
the energy lost due to synchrotron radiation per turn is the above
multiplied by the time spent in bending magnets, 2πρ/v. Expressed
in familiar units, this result may be written

W = 8.85 × 10−5E4/ρ MeV per turn (25.21)

for electrons at sufficiently high energy that v ≈ c. The energy
E is in GeV and ρ is in kilometers. The radiation has a broad
energy spectrum which falls off rapidly above the critical energy,
Ec = (3c/2ρ)�γ3. Typically, Ec is in the hard x-ray region.

The characteristic time for synchrotron radiation processes is the
time during which the energy must be replenished by the acceleration
system. If f0 is the orbit frequency, then the characteristic time is
given by

τ0 =
E

f0W
. (25.22)

Oscillations in each of the three degrees of freedom either damp
or antidamp depending on the design of the accelerator. For a
simple separated-function alternating gradient synchrotron, all three
modes damp. The damping time constants are related by Robinson’s
Theorem, which, expressed in terms of τ0, is

1
τx

+
1
τy

+
1
τs

= 2
1
τ0

. (25.23)

Even though all three modes may damp, the emittances do not
tend toward zero. Statistical fluctuations in the radiation rate excite
synchrotron oscillations and radial betatron oscillations. Thus there is
an equilibrium emittance at which the damping and excitation are in
balance. The vertical emittance is non-zero due to horizontal-vertical
coupling.

Polarization can develop from an initially unpolarized beam as
a result of synchrotron radiation. A small fraction ≈ Ec/E of the
radiated power flips the electron spin. Because the lower energy state
is that in which the particle magnetic moment points in the same
direction as the magnetic bend field, the transition rate toward this
alignment is larger than the rate toward the reverse orientation. An
equilibrium polarization of 92% is predicted, and despite a variety of
depolarizing processes, polarization above 80% has been observed at a
number of facilities.

The radiation rate for protons is of course down by a factor of the
fourth power of the mass ratio, and is given by

W = 7.8 × 10−3E4/ρ keV per turn (25.24)

where E is now in TeV and ρ in km. For the LHC, synchrotron
radiation presents a significant load to the cryogenic system, and
impacts magnet design due to gas desorption and secondary electron
emission from the wall of the cold beam tube. The critical energy for
the LHC is 44 eV.
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25.2.4. Beam-beam tune shift [5] : In a bunch-bunch collision
the particles of one bunch see the other bunch as a nonlinear lens.
Therefore the focussing properties of the ring are changed in a way
that depends on the transverse oscillation amplitude. Hence there is a
spread in the frequency of betatron oscillations.

There is an extensive literature on the subject of how large this
tune spread can be. In practice, the limiting value is hard to predict.
It is consistently larger for electrons because of the beneficial effects of
damping from synchrotron radiation.

In order that contributions to the total tune spread arise only at
the detector locations, the beams in a multibunch collider are kept
apart elsewhere in the collider by a variety of techniques. For equal
energy particles of opposite charge circulating in the same vacuum
chamber, electrostatic separators may be used assisted by a crossing
angle if appropriate. For particles of equal energy and of the same
charge, a crossing angle is needed not only for tune spread reasons
but to steer the particles into two separate beam pipes. In HERA,
because of the large ratio of proton to electron energy, separation can
be achieved by bending magnets.

25.2.5. Luminosity lifetime : In electron synchrotrons the
luminosity degrades during the store primarily due to particles leaving
the phase stable region in longitudinal phase space as a result of
quantum fluctuations in the radiation rate and bremsstrahlung.
For hadron colliders the luminosity deteriorates due to emittance
dilution resulting from a variety of processes. In practice, stores are
intentionally terminated when the luminosity drops to the point where
a refill will improve the integrated luminosity, while synchrotron
radiation facilitates a “topping-up” process in electron-positron rings
to provide continuous luminosity.

25.2.6. Luminosity: Achieved and Desired :
Many years ago, the CERN Intersecting Storage Rings set an

enviable luminosity record for proton-proton collisions at 1.3 × 1032

cm−2s−1. Not until the Summer of 2005 was this level matched in a
proton-antiproton collider as the Tevatron approached an integrated
luminosity of 1 fb−1 in its Run II. Thus far, electrons have proved
more amenable; KEKB has reached 1.5 × 1034 cm−2s−1, with the
implication of integrated luminosity in the 100 fb−1yr−1 range.

The luminosity specification for a yet-to-be-built system is a
complicated process, involving considerations of organization, funding,

politics and so forth outside the scope of this paper. In the electron
world, the 1/s dependence of cross sections such as “Higgs-strahlung”
plays an important role. In the complex hadron environment, the
higher luminosity potential of the LHC helped offset the otherwise
totally adverse consequences of the SSC project cancellation. As a
historical observation, it is interesting that although improvement
directions of present and past facilities could not spelled out in
advance, such opportunities have proved to be of critical value to the
advance of HEP.

25.3. Prospects

While this update is in preparation, it is interesting to recall that
exactly 20 years ago, the Tevatron was entering its commissioning
phase as a proton-antiproton collider to provide a c.m.s. energy at
the 2 TeV level. Now, the next major step in discovery reach is
approaching. The LHC is scheduled to begin operation in 2007, with
its proton beams colliding at 14 TeV c.m.s., and at a luminosity
two orders of magnitude above that reached in the Tevatron. LHC
progress may be followed at the website provided by CERN [6].

A concerted international effort is underway aimed toward the
construction of the electron-positron counterpart of the LHC – a linear
collider to operate at the 0.5–1.0 TeV c.m.s. level. A recent decision
of an International Technical Review Panel decided in favor of the
superconducting RF approach for the main linacs [7]. A current goal
is to develop the design report by the end of 2006.
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HIGH-ENERGY COLLIDER PARAMETERS: e+e− Colliders (I)
Updated in early 2006 with numbers received from representatives of the colliders (contact J. Beringer, LBNL). For existing (future) colliders
the latest achieved (design) values are given. Quantities are, where appropriate, r.m.s.; H and V indicate horizontal and vertical directions; s.c.
stands for superconducting. Parameters for the defunct SPEAR, DORIS, PETRA, PEP, SLC, TRISTAN, and VEPP-2M colliders may be found
in our 1996 edition (Phys. Rev. D54, 1 July 1996, Part I).

VEPP-2000
(Novosibirsk)

VEPP-4M
(Novosibirsk)

BEPC
(China)

BEPC-II
(China)

DAΦNE
(Frascati)

Physics start date 2006 1994 1989 2007 1999

Physics end date — — 2005 — 2008

Maximum beam energy (GeV) 1.0 6 2.2 1.89 (2.1 max) 0.700

Luminosity (1030 cm−2s−1) 100 20 12.6 at 1.843 GeV/beam
5 at 1.55 GeV/beam

1000 150
(300 achievable)

Time between collisions (µs) 0.04 0.6 0.8 0.008 0.0027

Crossing angle (µ rad) 0 0 0 1.1 × 104 (2.5 to 3.2)×104

Energy spread (units 10−3) 0.64 1 0.58 at 2.2 GeV 0.52 0.40

Bunch length (cm) 4 5 ≈ 5 1.3 low current: 1
high current: 3

Beam radius (10−6 m) 125 (round) H : 1000
V : 30

H : 890
V : 37

H : 380
V : 5.7

H : 800
V : 4.8

Free space at interaction
point (m)

±1 ±2 ±2.15 ±0.63 ±0.40

Luminosity lifetime (hr) continuous 2 7–12 1.5 0.7

Filling time (min) continuous 15 30 26 0.8 (topping up)

Acceleration period (s) — 150 120 — on energy

Injection energy (GeV) 0.2–1.0 1.8 1.55 1.89 on energy

Transverse emittance
(10−9π rad-m)

H : 250
V : 250

H : 200
V : 20

H : 660
V : 28

H : 144
V : 2.2

H : 300
V : 1

β∗, amplitude function at
interaction point (m)

H : 0.06 − 0.11
V : 0.06 − 0.10

H : 0.75
V : 0.05

H : 1.2
V : 0.05

H : 1.0
V : 0.015

H : 1.7
V : 0.0017

Beam-beam tune shift
per crossing (units 10−4)

H : 750
V : 750

500 350 400 250

RF frequency (MHz) 172 180 199.53 499.8 356

Particles per bunch
(units 1010)

16 15 20 at 2 GeV
11 at 1.55 GeV

4.8 e−: 3.3
e+: 2.4

Bunches per ring
per species

1 2 1 93 120
(incl. 10 bunch gap)

Average beam current
per species (mA)

150 80 40 at 2 GeV
22 at 1.55 GeV

910 e−: 1800
e+: 1300

Circumference or length (km) 0.024 0.366 0.2404 0.23753 0.098

Interaction regions 2 1 2 1 2

Utility insertions 2 1 4 5 2

Magnetic length of dipole (m) 1.2 2 1.6 Outer ring: 1.6
Inner ring: 1.41

1

Length of standard cell (m) 12 7.2 6.6 Outer ring: 6.6
Inner ring: 6.2

12

Phase advance per cell (deg) H : 738
V : 378

65 ≈ 60 60–90
no standard cell

360

Dipoles in ring 8 78 40
+ 4 weak

84
+ 8 weak

8

Quadrupoles in ring 20 150 68 134+2 s.c. 48

Peak magnetic field (T) 2.4 0.6 0.9028
at 2.8 GeV

Outer ring: 0.67712
Inner ring: 0.76636

1.7
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HIGH-ENERGY COLLIDER PARAMETERS: e+e− Colliders (II)
Updated in early 2006 with numbers received from representatives of the colliders (contact J. Beringer, LBNL). For existing (future) colliders
the latest achieved (design) values are given. Quantities are, where appropriate, r.m.s.; H and V indicate horizontal and vertical directions; s.c.
stands for superconducting.

CESR
(Cornell)

CESR-C
(Cornell)

KEKB
(KEK)

PEP-II
(SLAC)

LEP
(CERN)

Physics start date 1979 2002 1999 1999 1989

Physics end date 2002 — — — 2000

e−: 7–12 (9.0 nominal)
Maximum beam energy (GeV) 6 6 e− × e+ : 8 × 3.5 e+: 2.5–4 (3.1 nominal)

(nominal Ecm = 10.5 GeV)
100 - 104.6

Luminosity (1030 cm−2s−1) 1280 at
5.3 GeV/beam

60 at
1.9 GeV/beam

16270 10025 24 at Z0

100 at > 90 GeV

Time between collisions (µs) 0.014 to 0.22 0.014 to 0.22 0.00590 or 0.00786 0.0042 22

Crossing angle (µ rad) ±2000 ±3500 ±11, 000 0 0

Energy spread (units 10−3) 0.6 at
5.3 GeV/beam

0.8 at
1.9 GeV/beam

0.7 e−/e+: 0.61/0.77 0.7→1.5

Bunch length (cm) 1.8 1.2 0.65 e−/e+: 1.1/1.0 1.0

Beam radius (µm) H : 460
V : 4

H : 340
V : 5.7

H : 110
V : 2.4

H : 157
V : 4.7

H : 200 → 300
V : 2.5 → 8

Free space at interaction
point (m)

±2.2 (±0.6
to REC quads)

±2.2 (±0.3
to PM quads)

+0.75/−0.58
(+300/−500) mrad cone

±0.2,
±300 mrad cone

±3.5

Luminosity lifetime (hr) 2–3 2–3 continuous continuous 20 at Z0

10 at > 90 GeV

Filling time (min) 5 (topping up) 4 (topping up) continuous continuous 20 to setup
20 to accumulate

Acceleration period (s) — — — — 600

Injection energy (GeV) 1.8–6 1.5–6 e−/e+ : 8/3.5 2.5–12 22

Transverse emittance
(π rad-nm)

H : 210
V : 1

H : 130
V : 1.0

e−: 24 (H), 0.71 (V )
e+: 18 (H), 0.68 (V )

e−: 48 (H), 1.5 (V )
e+: 24 (H), 1.5 (V )

H : 20–45
V : 0.25 → 1

β∗, amplitude function at
interaction point (m)

H : 1.0
V : 0.018

H : 0.90
V : 0.013

e−: 0.56 (H), 0.0062 (V )
e+: 0.59 (H), 0.0065 (V )

e−: 0.50 (H), 0.012 (V )
e+: 0.50 (H), 0.012 (V )

H : 1.5
V : 0.05

Beam-beam tune shift
per crossing (units 10−4)

H : 250
V : 620

e−: 270 (H), 380 (V )
e+: 180 (H), 260 (V )

e−: 730 (H), 550 (V )
e+: 1170 (H), 960 (V )

e−: 400 (H), 400 (V )
e+: 990 (H), 800 (V )

830

RF frequency (MHz) 500 500 508.887 476 352.2

Particles per bunch
(units 1010)

1.15 1.15 e−/e+: 6.0/8.0 e−/e+: 4.6/7.8 45 in collision
60 in single beam

Bunches per ring
per species

9 trains
of 5 bunches

8 trains
of 5 bunches

1388 1732 4 trains of 1 or 2

Average beam current
per species (mA)

340 62 e−/e+: 1350/1720 e−/e+: 1750/2950 4 at Z0

4→6 at > 90 GeV

Beam polarization (%) — — — — 55 at 45 GeV
5 at 61 GeV

Circumference or length (km) 0.768 0.768 3.016 2.2 26.66

Interaction regions 1 1 1 1 (2 possible) 4

Utility insertions 3 3 3 per ring 5 4

Magnetic length of dipole (m) 1.6–6.6 1.6–6.6 e−/e+ : 5.86/0.915 e−/e+: 5.4/0.45 11.66/pair

Length of standard cell (m) 16 16 e−/e+ : 75.7/76.1 15.2 79

Phase advance per cell (deg) 45–90 (no
standard cell)

45–90 (no
standard cell)

450 e−/e+: 60/90 102/90

Dipoles in ring 86 84 e−/e+ : 116/112 e−/e+: 192/192 3280+24 inj.
+ 64 weak

Quadrupoles in ring 101 + 4 s.c. 101 + 4 s.c. e−/e+ : 452/452 e−/e+: 290/326 520+288
+ 8 s.c.

Peak magnetic field (T) 0.3 normal
0.8 high field

} at 8
GeV

0.3 normal
0.8 high field

} at 8
GeV

e−/e+ : 0.25/0.72 e−/e+: 0.18/0.75 0.135

2.1 wigglers at 1.9 GeV
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HIGH-ENERGY COLLIDER PARAMETERS: ep, pp, pp, and Heavy Ion Colliders
Updated in early 2006 with numbers received from representatives of the colliders (contact J. Beringer, LBNL). For existing (future) colliders
the latest achieved (design) values are given. Quantities are, where appropriate, r.m.s.; H and V indicate horizontal and vertical directions; s.c.
stands for superconducting.

HERA
(DESY)

TEVATRON
(Fermilab)

RHIC
(Brookhaven)

LHC
(CERN)

Physics start date 1992 1987 2001 2000 2004 2002 2007 2008

Physics end date — — — —

Particles collided ep pp pp (pol.) Au Au Cu Cu d Au pp Pb Pb

Maximum beam
energy (TeV)

e: 0.030
p: 0.92

0.980 0.1
46% pol

0.1 TeV/n 0.1 TeV/n 0.1 TeV/n 7.0 2.76 TeV/n

Luminosity
(1030 cm−2s−1)

75 171 10 0.0015 0.020 0.07 1.0 × 104 0.001

Time between
collisions (ns)

96 396 107 213 213 213 24.95 99.8

Crossing angle (µ rad) 0 0 0 300 ≤ 100

Energy spread (units 10−3) e: 0.91
p: 0.2

0.14 0.2 0.5 0.5 0.5 0.113 0.11

Bunch length (cm) e: 0.83
p: 8.5

p: 50
p̄: 45

40 20 20 20 7.55 7.94

Beam radius
(10−6 m)

e: 280(H), 50(V )
p: 265(H), 50(V )

p: 29
p̄: 21

175
(β∗=1 m)

150
(β∗=1m)

145
(β∗=0.9m)

215
(β∗=2m)

16.6 15.9

Free space at
interaction point (m)

±2 ±6.5 16 38 38

Luminosity lifetime (hr) 10 7 (average,
start of store)

10 3 5 6 14.9 10.9 - 3.6
(initial, 1 - 3 exp.)

Filling time (min) e: 60, p: 120 (includes
magnet cycling, accel.)

30 30 15 15 15 8.6
(both beams)

Acceleration period (s) e: 200
p: 1500

86 220 280 290 230 1200

Injection energy (TeV) e: 0.012
p: 0.040

0.15 0.023 0.011
TeV/n

0.011
TeV/n

0.012
TeV/n

0.450 0.1774
TeV/n

Transverse emittance
(10−9π rad-m)

e: 20(H), 3.5(V )
p: 5(H), 5(V )

p: 3
p̄: 1.5

31 23 23 23 0.5 0.5

β∗, ampl. function at
interaction point (m)

e: 0.6(H), 0.26(V )
p: 2.45(H), 0.18(V )

0.28 1–10 1–5 1–5 2–5 0.55 0.5

Beam-beam tune shift
per crossing (units 10−4)

e: 190(H), 450(V )
p: 12(H), 9(V )

p: 50
p̄: 100

45 17 29 d: 27
Au: 21

34 —

RF frequency (MHz) e: 499.7
p: 208.2/52.05

53 accel: 28
store: 28

accel: 28
store: 197

accel: 28
store: 197

accel: 28
store: 197

400.8 400.8

Particles per bunch
(units 1010)

e: 3
p: 7

p: 24
p̄: 6

9 0.11 0.38 d: 11
Au: 0.07

11.5 0.007

Bunches per ring
per species

e: 189
p: 180

36 106 45 37 55 2808 592

Average beam current
per species (mA)

e: 40
p: 90

p: 66
p̄: 16

119 49 60 d: 77
Au: 38

584 6.12

Circumference (km) 6.336 6.28 3.834 26.659

Interaction regions 2 colliding beams 2 high L 6 total, 2 high L 2 high L 1 dedicated
1 fixed target (e beam) +1 +2

Utility insertions 4 4 13/ring 4

Magnetic length
of dipole (m)

e: 9.185
p: 8.82

6.12 9.45 14.3

Length of standard cell (m) e: 23.5
p: 47

59.5 29.7 106.90

Phase advance per cell (deg) e: 60
p: 90

67.8 84 90

Dipoles in ring e: 396
p: 416

774 192 per ring
+ 12 common

1232
main dipoles

Quadrupoles in ring e: 580
p: 280

216 246 per ring 482 2-in-1
24 1-in-1

e: C-shaped s.c. s.c. cos θ s.c.
Magnet type p: s.c., collared, cos θ cold iron 2 in 1

cold iron warm iron cold iron

Peak magnetic field (T) e: 0.274
p: 5

4.4 3.5 8.3

p source accum. rate (hr−1) — 16×1010 — —

Max. no. p in accum. ring — 2.4×1012 — —
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27. PASSAGE OF PARTICLES THROUGH MATTER

Revised April 2006 by H. Bichsel (University of Washington), D.E.
Groom (LBNL), and S.R. Klein (LBNL).

27.1. Notation

Table 27.1: Summary of variables used in this section. The
kinematic variables β and γ have their usual meanings.

Symbol Definition Units or Value

α Fine structure constant 1/137.035 999 11(46)
(e2/4πε0�c)

M Incident particle mass MeV/c2

E Incident particle energy γMc2 MeV
T Kinetic energy MeV

mec
2 Electron mass × c2 0.510 998 918(44) MeV

re Classical electron radius 2.817 940 325(28) fm
e2/4πε0mec

2

NA Avogadro’s number 6.022 1415(10)× 1023 mol−1

ze Charge of incident particle
Z Atomic number of absorber
A Atomic mass of absorber g mol−1

K/A 4πNAr2
emec

2/A 0.307 075 MeV g−1 cm2

for A = 1 g mol−1

I Mean excitation energy eV (Nota bene!)
δ(βγ) Density effect correction to ionization energy loss
�ωp Plasma energy 28.816

√
ρ〈Z/A〉 eV(a)

(
√

4πNer3
e mec

2/α)
Nc Electron density (units of re)−3

wj Weight fraction of the jth element in a compound or mixture
nj ∝ number of jth kind of atoms in a compound or mixture
— 4αr2

eNA/A (716.408 g cm−2)−1 for A = 1 g mol−1

X0 Radiation length g cm−2

Ec Critical energy for electrons MeV
Eµc Critical energy for muons GeV
Es Scale energy

√
4π/α mec

2 21.2052 MeV
RM Molière radius g cm−2

(a) For ρ in g cm−3.
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Fig. 27.1: Stopping power (= 〈−dE/dx〉) for positive muons in copper as a function of βγ = p/Mc over nine orders of magnitude
in momentum (12 orders of magnitude in kinetic energy). Solid curves indicate the total stopping power. Data below the break at
βγ ≈ 0.1 are taken from ICRU 49 [2], and data at higher energies are from Ref. 1. Vertical bands indicate boundaries between
different approximations discussed in the text. The short dotted lines labeled “µ− ” illustrate the “Barkas effect,” the dependence
of stopping power on projectile charge at very low energies [3].

27.2. Electronic energy loss by heavy particles [1–82]

Moderately relativistic charged particles other than electrons lose
energy in matter primarily by ionization and atomic excitation.
The mean rate of energy loss (or stopping power) is given by the
Bethe-Bloch equation,

−dE

dx
= Kz2Z

A

1
β2

[
1
2

ln
2mec

2β2γ2Tmax

I2 − β2 − δ(βγ)
2

]
. (27.1)

Here Tmax is the maximum kinetic energy which can be imparted to a
free electron in a single collision, and the other variables are defined
in Table 27.1. With K as defined in Table 27.1 and A in g mol−1, the
units are MeV g−1cm2.

In this form, the Bethe-Bloch equation describes the energy loss of
pions in a material such as copper to about 1% accuracy for energies
between about 6 MeV and 6 GeV (momenta between about 40 MeV/c
and 6 GeV/c). At lower energies various corrections discussed in
Sec. 27.2.1 must be made. At higher energies, radiative effects begin
to be important. These limits of validity depend on both the effective
atomic number of the absorber and the mass of the slowing particle.

The function as computed for muons on copper is shown by the
solid curve in Fig. 27.1, and for pions on other materials in Fig. 27.3.
A minor dependence on M at the highest energies is introduced
through Tmax, but for all practical purposes in high-energy physics
dE/dx in a given material is a function only of β. Except in hydrogen,
particles of the same velocity have similar rates of energy loss in
different materials; there is a slow decrease in the rate of energy
loss with increasing Z. The qualitative difference in stopping power
behavior at high energies between a gas (He) and the other materials
shown in Fig. 27.3 is due to the density-effect correction, δ(βγ),
discussed below. The stopping power functions are characterized by
broad minima whose position drops from βγ = 3.5 to 3.0 as Z goes
from 7 to 100. The values of minimum ionization as a function of
atomic number are shown in Fig. 27.2.

In practical cases, most relativistic particles (e.g., cosmic-ray
muons) have mean energy loss rates close to the minimum, and are
said to be minimum ionizing particles, or mip’s.

As discussed below, the most probable energy loss in a detector is
considerably below the mean given by the Bethe-Bloch equation.
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Figure 27.3: Mean energy loss rate in liquid (bubble chamber)
hydrogen, gaseous helium, carbon, aluminum, iron, tin, and lead.
Radiative effects, relevant for muons and pions, are not included.
These become significant for muons in iron for βγ >∼ 1000, and at
lower momenta for muons in higher-Z absorbers. See Fig. 27.21.

Eq. (27.1) may be integrated to find the total (or partial)
“continuous slowing-down approximation” (CSDA) range R for a
particle which loses energy only through ionization and atomic
excitation. Since dE/dx depends only on β, R/M is a function
of E/M or pc/M . In practice, range is a useful concept only for
low-energy hadrons (R <∼ λI , where λI is the nuclear interaction
length), and for muons below a few hundred GeV (above which
radiative effects dominate). R/M as a function of βγ = p/Mc is
shown for a variety of materials in Fig. 27.4.

The mass scaling of dE/dx and range is valid for the electronic
losses described by the Bethe-Bloch equation, but not for radiative
losses, relevant only for muons and pions.
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Figure 27.4: Range of heavy charged particles in liquid (bubble
chamber) hydrogen, helium gas, carbon, iron, and lead. For
example: For a K+ whose momentum is 700 MeV/c, βγ = 1.42.
For lead we read R/M ≈ 396, and so the range is 195 g cm−2.

For a particle with mass M and momentum Mβγc, Tmax is given
by

Tmax =
2mec

2 β2γ2

1 + 2γme/M + (me/M)2
. (27.2)

In older references [4,5] the “low-energy” approximation
Tmax = 2mec

2 β2γ2, valid for 2γme/M � 1, is often implicit. For a
pion in copper, the error thus introduced into dE/dx is greater than
6% at 100 GeV.

At energies of order 100 GeV, the maximum 4-momentum transfer
to the electron can exceed 1 GeV/c, where hadronic structure
effects significantly modify the cross sections. This problem has been
investigated by J.D. Jackson [6], who concluded that for hadrons (but
not for large nuclei) corrections to dE/dx are negligible below energies
where radiative effects dominate. While the cross section for rare hard
collisions is modified, the average stopping power, dominated by many
softer collisions, is almost unchanged.

“The determination of the mean excitation energy is the principal
non-trivial task in the evaluation of the Bethe stopping-power
formula” [7]. Recommended values have varied substantially with
time. Estimates based on experimental stopping-power measurements
for protons, deuterons, and alpha particles and on oscillator-
strength distributions and dielectric-response functions were given
in ICRU 49 [2]. See also ICRU 37 [8]. These values, shown in
Fig. 27.5, have since been widely used. Machine-readable versions can
also be found [9]. These values are widely used.
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measurements are shown by symbols with error flags; the
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H2; the black point at 19.2 eV is for H2 gas. The open circles
show more recent determinations by Bichsel [10]. The dotted
curve is from the approximate formula of Barkas [11] used in
early editions of this Review.

27.2.1. Energy loss at low energies : Shell corrections C/Z must
be included in the square brackets of of Eq. (27.1) [2,8,10,11] to
correct for atomic binding having been neglected in calculating some
of the contributions to Eq. (27.1). The Barkas form [11] was used in
generating Fig. 27.1. For copper it contributes about 1% at βγ = 0.3
(kinetic energy 6 MeV for a pion), and the correction decreases very
rapidly with energy.

Eq. (27.1) is based on a first-order Born approximation. Higher-
order corrections, again important only at lower energy, are normally
included by adding the “Bloch correction” z2L2(β) inside the square
brackets (Eq.(2.5) in [2]) .

An additional “Barkas correction” zL1(β) makes the stopping power
for a negative particle somewhat larger than for a positive particle
with the same mass and velocity. In a 1956 paper, Barkas et al. noted
that negative pions had a longer range than positive pions [3]. The
effect has been measured for a number of negative/positive particle
pairs, most recently for antiprotons at the CERN LEAR facility [12].

A detailed discussion of low-energy corrections to the Bethe formula
is given in ICRU Report 49 [2]. When the corrections are properly
included, the accuracy of the Bethe-Bloch treatment is accurate to
about 1% down to β ≈ 0.05, or about 1 MeV for protons.

For 0.01 < β < 0.05, there is no satisfactory theory. For protons,
one usually relies on the phenomenological fitting formulae developed
by Andersen and Ziegler [2,13]. For particles moving more slowly
than ≈ 0.01c (more or less the velocity of the outer atomic electrons),
Lindhard has been quite successful in describing electronic stopping
power, which is proportional to β [14]. Finally, we note that at low
energies, e.g., for protons of less than several hundred eV, non-ionizing
nuclear recoil energy loss dominates the total energy loss [2,14,15].

As shown in ICRU 49 [2] (using data taken from Ref. 13),
the nuclear plus electronic proton stopping power in copper is
113 MeV cm2 g−1 at T = 10 keV, rises to a maximum of
210 MeV cm2 g−1 at 100–150 keV, then falls to 120 MeV cm2 g−1

at 1 MeV. Above 0.5–1.0 MeV the corrected Bethe-Bloch theory is
adequate.

27.2.2. Density effect : As the particle energy increases, its electric
field flattens and extends, so that the distant-collision contribution to
Eq. (27.1) increases as lnβγ. However, real media become polarized,
limiting the field extension and effectively truncating this part of the
logarithmic rise [4–5,16–18]. At very high energies,

δ/2 → ln(�ωp/I) + lnβγ − 1/2 , (27.3)

where δ(βγ)/2 is the density effect correction introduced in Eq. (27.1)
and �ωp is the plasma energy defined in Table 27.1. A comparison
with Eq. (27.1) shows that |dE/dx| then grows as lnβγ rather than
ln β2γ2, and that the mean excitation energy I is replaced by the
plasma energy �ωp. The ionization stopping power as calculated with
and without the density effect correction is shown in Fig. 27.1. Since
the plasma frequency scales as the square root of the electron density,
the correction is much larger for a liquid or solid than for a gas, as is
illustrated by the examples in Fig. 27.3.

The density effect correction is usually computed using Stern-
heimer’s parameterization [16]:

δ(βγ) =

⎧⎪⎪⎨
⎪⎪⎩

2(ln 10)x − C if x ≥ x1;
2(ln 10)x − C + a(x1 − x)k if x0 ≤ x < x1;
0 if x < x0 (nonconductors);
δ0102(x−x0) if x < x0 (conductors)

(27.4)
Here x = log10 η = log10(p/Mc). C (the negative of the C used in
Ref. 16) is obtained by equating the high-energy case of Eq. (27.4) with
the limit given in Eq. (27.3). The other parameters are adjusted to
give a best fit to the results of detailed calculations for momenta below
Mc exp(x1). Parameters for elements and nearly 200 compounds and
mixtures of interest are published in a variety of places, notably in
Ref. 18. A recipe for finding the coefficients for nontabulated materials
is given by Sternheimer and Peierls [20], and is summarized in Ref. 1.

The remaining relativistic rise comes from the β2γ2 growth of Tmax,
which in turn is due to (rare) large energy transfers to a few electrons.
When these events are excluded, the energy deposit in an absorbing
layer approaches a constant value, the Fermi plateau (see Sec. 27.2.4
below). At extreme energies (e.g., > 332 GeV for muons in iron,
and at a considerably higher energy for protons in iron), radiative
effects are more important than ionization losses. These are especially
relevant for high-energy muons, as discussed in Sec. 27.6.

27.2.3. Energetic knock-on electrons (δ rays) : The distribu-
tion of secondary electrons with kinetic energies T 
 I is [4]

d2N

dTdx
=

1
2

Kz2Z

A

1
β2

F (T )
T 2

(27.5)

for I � T ≤ Tmax, where Tmax is given by Eq. (27.2). Here
β is the velocity of the primary particle. The factor F is spin-
dependent, but is about unity for T � Tmax. For spin-0 particles
F (T ) = (1 − β2T/Tmax); forms for spins 1/2 and 1 are also given by
Rossi [4]. For incident electrons, the indistinguishability of projectile
and target means that the range of T extends only to half the kinetic
energy of the incident particle. Additional formulae are given in
Ref. 19. Equation (27.5) is inaccurate for T close to I.

δ rays of even modest energy are rare. For β ≈ 1 particle, for
example, on average only one collision with Te > 1 keV will occur
along a path length of 90 cm of Ar gas [25].

A δ ray with kinetic energy Te and corresponding momentum pe is
produced at an angle θ given by

cos θ = (Te/pe)(pmax/Tmax) , (27.6)

where pmax is the momentum of an electron with the maximum
possible energy transfer Tmax.

27.2.4. Restricted energy loss rates for relativistic ionizing
particles : Further insight can be obtained by examining the mean
energy deposit by an ionizing particle when energy transfers are
restricted to T ≤ Tcut ≤ Tmax. The restricted energy loss rate is

−dE

dx

∣∣∣∣
T<Tcut

= Kz2 Z

A

1
β2

[
1
2

ln
2mec

2β2γ2Tcut

I2

−β2

2

(
1 +

Tcut

Tmax

)
− δ

2

]
. (27.7)
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This form approaches the normal Bethe-Bloch function (Eq. (27.1)) as
Tcut → Tmax. It can be verified that the difference between Eq. (27.1)
and Eq. (27.7) is equal to

∫ Tmax
Tcut

T (d2N/dTdx)dT , where d2N/dTdx

is given by Eq. (27.5).
Since Tcut replaces Tmax in the argument of the logarithmic

term of Eq. (27.1), the βγ term producing the relativistic rise
in the close-collision part of dE/dx is replaced by a constant, and
|dE/dx|T<Tcut

approaches the constant “Fermi plateau.” (The density
effect correction δ eliminates the explicit βγ dependence produced
by the distant-collision contribution.) This behavior is illustrated
in Fig. 27.6, where restricted loss rates for two examples of Tcut

are shown in comparison with the full Bethe-Bloch dE/dx and
the Landau-Vavilov most probable energy loss (to be discussed in
Sec. 27.2.5 below).

27.2.5. Fluctuations in energy loss : For detectors of moderate
thickness x (e.g. scintillators or LAr cells),* the energy loss probability
distribution f(∆; βγ, x) is adequately described by the highly-skewed
Landau (or Landau-Vavilov) distribution [22,23]. The most probable
energy loss is [24]

∆p = ξ

[
ln

2mc2β2γ2

I
+ ln

ξ

I
+ j − β2 − δ(βγ)

]
, (27.8)

where ξ = (K/2)〈Z/A〉(x/β2) MeV for a detector with a thickness
x in g cm−2, and j = 0.200 [24]. † While dE/dx is independent of
thickness, ∆p/x scales as a ln x + b. The density correction δ(βγ) was
not included in Landau’s or Vavilov’s work, but it was later included
by Bichsel [24]. The high-energy behavior of δ(βγ) (Eq. (27.3)), is
such that

∆p −→
βγ>∼100

ξ

[
ln

2mc2ξ

(�ωp)2
+ j

]
. (27.9)

Thus the Landau-Vavilov most probable energy loss, like the restricted
energy loss, reaches a Fermi plateau. The Bethe-Bloch dE/dx and
Landau-Vavilov-Bichsel ∆p/x in silicon are shown as a function of
muon energy in Fig. 27.6. The case x/ρ = 1600 µm was chosen
since it has about the same stopping power as does 3 mm of plastic
scintillator. Folding in experimental resolution displaces the peak of
the distribution, usually toward a higher value.

Landau/Vavilov/Bichsel ∆p/x for :

Bethe-Bloch

Tcut = 10 dE/dx|min
Tcut  =  2 dE/dx|min

Restricted energy loss for :
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Figure 27.6: Bethe-Bloch dE/dx, two examples of restricted
energy loss, and the Landau most probable energy per unit
thickness in silicon. The change of ∆p/x with thickness
x illustrates its a ln x + b dependence. Minimum ionization
(dE/dx|min) is 1.664 MeV g−1 cm2. Radiative losses are
excluded. The incident particles are muons.

The mean of the energy-loss given by the Bethe-Bloch equation,
Eq. (27.1), is ill-defined experimentally and is not useful for describing
energy loss by single particles. (It finds its application in dosimetry,

* G <∼ 0.05–0.1, where G is given by Rossi [Ref. 4, Eq. 2.7.10]. It is
Vavilov’s κ [23].

† Rossi [4], Talman [26], and others give somewhat different values
for j. The most probable loss is not sensitive to its value.

where only bulk deposit is of relevance.) It rises as lnβγ because
Tmax increases as β2γ2. The large single-collision energy transfers
that increasingly extend the long tail are rare, making the mean of an
experimental distribution consisting of a few hundred events subject
to large fluctuations and sensitive to cuts as well as to background.
The most probable energy loss should be used.

For very thick absorbers the distribution is less skewed but never
approaches a Gaussian. In the case of Si illustrated in Fig. 27.6, the
most probable energy loss per unit thickness for x ≈ 35 g cm−2 is
very close to the restricted energy loss with Tcut = 2 dE/dx|min.

The Landau distribution fails to describe energy loss in thin
absorbers such as gas TPC cells [25] and Si detectors [24], as
shown clearly in Fig. 1 of Ref. 25 for an argon-filled TPC cell. Also
see Talman [26]. While ∆p/x may be calculated adequately with
Eq. (27.8), the distributions are significantly wider than the Landau
width w = 4ξ [Ref. 24, Fig. 15]. Examples for thin silicon detectors
are shown in Fig. 27.7.
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27.2.6. Energy loss in mixtures and compounds : A mixture
or compound can be thought of as made up of thin layers of pure
elements in the right proportion (Bragg additivity). In this case,

dE

dx
=

∑
wj

dE

dx

∣∣∣∣
j

, (27.10)

where dE/dx|j is the mean rate of energy loss (in MeV g cm−2)
in the jth element. Eq. (27.1) can be inserted into Eq. (27.10) to
find expressions for 〈Z/A〉, 〈I 〉, and 〈δ〉; for example, 〈Z/A〉 =∑

wjZj/Aj =
∑

njZj/
∑

njAj . However, 〈I 〉 as defined this way is
an underestimate, because in a compound electrons are more tightly
bound than in the free elements, and 〈δ〉 as calculated this way has
little relevance, because it is the electron density which matters. If
possible, one uses the tables given in Refs. 18 and 27, which include ef-
fective excitation energies and interpolation coefficients for calculating
the density effect correction for the chemical elements and nearly 200
mixtures and compounds. If a compound or mixture is not found, then
one uses the recipe for δ given in Ref. 20 (repeated in Ref. 1), and calcu-
lates 〈I〉 according to the discussion in Ref. 7. (Note the “13%” rule!)

27.2.7. Ionization yields : Physicists frequently relate total
energy loss to the number of ion pairs produced near the particle’s
track. This relation becomes complicated for relativistic particles due
to the wandering of energetic knock-on electrons whose ranges exceed
the dimensions of the fiducial volume. For a qualitative appraisal
of the nonlocality of energy deposition in various media by such
modestly energetic knock-on electrons, see Ref. 28. The mean local
energy dissipation per local ion pair produced, W , while essentially
constant for relativistic particles, increases at slow particle speeds [29].
For gases, W can be surprisingly sensitive to trace amounts of
various contaminants [29]. Furthermore, ionization yields in practical
cases may be greatly influenced by such factors as subsequent
recombination [30].

27.3. Multiple scattering through small angles

A charged particle traversing a medium is deflected by many
small-angle scatters. Most of this deflection is due to Coulomb
scattering from nuclei, and hence the effect is called multiple Coulomb
scattering. (However, for hadronic projectiles, the strong interactions
also contribute to multiple scattering.) The Coulomb scattering
distribution is well represented by the theory of Molière [31]. It is
roughly Gaussian for small deflection angles, but at larger angles
(greater than a few θ0, defined below) it behaves like Rutherford
scattering, with larger tails than does a Gaussian distribution.

If we define

θ0 = θ rms
plane =

1√
2

θrms
space . (27.11)

then it is sufficient for many applications to use a Gaussian approxi-
mation for the central 98% of the projected angular distribution, with
a width given by [32,33]

θ0 =
13.6 MeV

βcp
z

√
x/X0

[
1 + 0.038 ln(x/X0)

]
. (27.12)

Here p, βc, and z are the momentum, velocity, and charge number
of the incident particle, and x/X0 is the thickness of the scattering
medium in radiation lengths (defined below). This value of θ0 is from
a fit to Molière distribution [31] for singly charged particles with β = 1
for all Z, and is accurate to 11% or better for 10−3 < x/X0 < 100.

Eq. (27.12) describes scattering from a single material, while the
usual problem involves the multiple scattering of a particle traversing
many different layers and mixtures. Since it is from a fit to a Molière
distribution, it is incorrect to add the individual θ0 contributions in
quadrature; the result is systematically too small. It is much more
accurate to apply Eq. (27.12) once, after finding x and X0 for the
combined scatterer.

Lynch and Dahl have extended this phenomenological approach,
fitting Gaussian distributions to a variable fraction of the Molière
distribution for arbitrary scatterers [33], and achieve accuracies of 2%
or better.

x

splane
yplane

Ψplane

θplane

x /2

Figure 27.9: Quantities used to describe multiple Coulomb
scattering. The particle is incident in the plane of the figure.

The nonprojected (space) and projected (plane) angular distribu-
tions are given approximately by [31]

1
2π θ2

0

exp

⎧⎪⎪⎪⎩−θ2
space

2θ2
0

⎫⎪⎪⎪⎭ dΩ , (27.13)

1√
2π θ0

exp

⎧⎪⎪⎪⎪⎩−
θ2
plane

2θ2
0

⎫⎪⎪⎪⎪⎭ dθplane , (27.14)

where θ is the deflection angle. In this approximation, θ2
space ≈

(θ2
plane,x + θ2

plane,y), where the x and y axes are orthogonal to the
direction of motion, and dΩ ≈ dθplane,x dθplane,y. Deflections into
θplane,x and θplane,y are independent and identically distributed.

Figure 27.9 shows these and other quantities sometimes used to
describe multiple Coulomb scattering. They are

ψ rms
plane =

1√
3

θ rms
plane =

1√
3

θ0 , (27.15)

y rms
plane =

1√
3

x θ rms
plane =

1√
3

x θ0 , (27.16)

s rms
plane =

1
4
√

3
x θ rms

plane =
1

4
√

3
x θ0 . (27.17)

All the quantitative estimates in this section apply only in the
limit of small θ rms

plane and in the absence of large-angle scatters. The
random variables s, ψ, y, and θ in a given plane are distributed in
a correlated fashion (see Sec. 31.1 of this Review for the definition
of the correlation coefficient). Obviously, y ≈ xψ. In addition, y and
θ have the correlation coefficient ρyθ =

√
3/2 ≈ 0.87. For Monte

Carlo generation of a joint (y plane, θplane) distribution, or for other
calculations, it may be most convenient to work with independent
Gaussian random variables (z1, z2) with mean zero and variance one,
and then set

yplane =z1 x θ0(1 − ρ2
yθ)

1/2/
√

3 + z2 ρyθx θ0/
√

3

=z1 x θ0/
√

12 + z2 x θ0/2 ; (27.18)
θplane =z2 θ0 . (27.19)

Note that the second term for y plane equals x θplane/2 and represents
the displacement that would have occurred had the deflection θplane
all occurred at the single point x/2.

For heavy ions the multiple Coulomb scattering has been measured
and compared with various theoretical distributions [34].

27.4. Photon and electron interactions in matter

27.4.1. Radiation length : High-energy electrons predominantly
lose energy in matter by bremsstrahlung, and high-energy photons by
e+e− pair production. The characteristic amount of matter traversed
for these related interactions is called the radiation length X0, usually
measured in g cm−2. It is both (a) the mean distance over which a
high-energy electron loses all but 1/e of its energy by bremsstrahlung,
and (b) 7

9 of the mean free path for pair production by a high-energy
photon [35]. It is also the appropriate scale length for describing
high-energy electromagnetic cascades. X0 has been calculated and
tabulated by Y.S. Tsai [36]:

1
X0

= 4αr2
e
NA

A

{
Z2[Lrad − f(Z)

]
+ Z L′

rad

}
. (27.20)
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For A = 1 g mol−1, 4αr2
eNA/A = (716.408 g cm−2)−1. Lrad and

L′
rad are given in Table 27.2. The function f(Z) is an infinite sum, but

for elements up to uranium can be represented to 4-place accuracy by
f(Z) = a2[(1 + a2)−1 + 0.20206

−0.0369 a2 + 0.0083 a4 − 0.002 a6] , (27.21)

where a = αZ [37].

Table 27.2: Tsai’s Lrad and L′
rad, for use in calculating the

radiation length in an element using Eq. (27.20).

Element Z Lrad L′
rad

H 1 5.31 6.144
He 2 4.79 5.621
Li 3 4.74 5.805
Be 4 4.71 5.924

Others > 4 ln(184.15 Z−1/3) ln(1194 Z−2/3)

Although it is easy to use Eq. (27.20) to calculate X0, the functional
dependence on Z is somewhat hidden. Dahl provides a compact fit to
the data [38]:

X0 =
716.4 g cm−2 A

Z(Z + 1) ln(287/
√

Z)
. (27.22)

Results using this formula agree with Tsai’s values to better than
2.5% for all elements except helium, where the result is about 5% low.

Bremsstrahlung

Lead  (Z = 82)Positrons

Electrons

Ionization

Møller (e−)

Bhabha (e+)

Positron
annihilation

1.0

0.5

0.20

0.15

0.10

0.05

(c
m

2
g−

1 )

E  (MeV)
10 10 100 1000

1 E
−

d
E d
x

(X
0−1

)

Figure 27.10: Fractional energy loss per radiation length in
lead as a function of electron or positron energy. Electron
(positron) scattering is considered as ionization when the energy
loss per collision is below 0.255 MeV, and as Møller (Bhabha)
scattering when it is above. Adapted from Fig. 3.2 from Messel
and Crawford, Electron-Photon Shower Distribution Function
Tables for Lead, Copper, and Air Absorbers, Pergamon Press,
1970. Messel and Crawford use X0(Pb) = 5.82 g/cm2, but
we have modified the figures to reflect the value given in the
Table of Atomic and Nuclear Properties of Materials (X0(Pb) =
6.37 g/cm2).

The radiation length in a mixture or compound may be approxi-
mated by

1/X0 =
∑

wj/Xj , (27.23)

where wj and Xj are the fraction by weight and the radiation length
for the jth element.
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27.4.2. Energy loss by electrons : At low energies electrons and
positrons primarily lose energy by ionization, although other processes
(Møller scattering, Bhabha scattering, e+ annihilation) contribute, as
shown in Fig. 27.10. While ionization loss rates rise logarithmically
with energy, bremsstrahlung losses rise nearly linearly (fractional loss
is nearly independent of energy), and dominates above a few tens of
MeV in most materials

Ionization loss by electrons and positrons differs from loss by
heavy particles because of the kinematics, spin, and the identity of
the incident electron with the electrons which it ionizes. Complete
discussions and tables can be found in Refs. 7, 8, and 27.

At very high energies and except at the high-energy tip of the
bremsstrahlung spectrum, the cross section can be approximated in
the “complete screening case” as [36]

dσ/dk = (1/k)4αr2
e

{
(4
3 − 4

3y + y2)[Z2(Lrad − f(Z)) + Z L′
rad]

+ 1
9 (1 − y)(Z2 + Z)

}
,

(27.24)
where y = k/E is the fraction of the electron’s energy transfered to
the radiated photon. At small y (the “infrared limit”) the term on the
second line ranges from 1.7% (low Z) to 2.5% (high Z) of the total.
If it is ignored and the first line simplified with the definition of X0

given in Eq. (27.20), we have
dσ

dk
=

A

X0NAk

(
4
3 − 4

3y + y2
)

. (27.25)

This cross section (times k) is shown by the top curve in Fig. 27.11.
This formula is accurate except in near y = 1, where screening may

become incomplete, and near y = 0, where the infrared divergence
is removed by the interference of bremsstrahlung amplitudes from
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Figure 27.13: Electron critical energy for the chemical elements,
using Rossi’s definition [4]. The fits shown are for solids and
liquids (solid line) and gases (dashed line). The rms deviation
is 2.2% for the solids and 4.0% for the gases. (Computed with
code supplied by A. Fassó.)

nearby scattering centers (the LPM effect) [39,40] and dielectric
suppression [41,42]. These and other suppression effects in bulk
media are discussed in Sec. 27.4.5.

With decreasing energy (E <∼ 10 GeV) the high-y cross section
drops and the curves become rounded as y → 1. Curves of this familar
shape can be seen in Rossi [4] (Figs. 2.11.2,3); see also the review by
Koch & Motz [43].

Except at these extremes, and still in the complete-screening
approximation, the the number of photons with energies between kmin
and kmax emitted by an electron travelling a distance d � X0 is

Nγ =
d

X0

[
4
3

ln
(

kmax

kmin

)
− 4(kmax − kmin)

3E
+

(kmax − kmin)2

2E2

]
.

(27.26)

27.4.3. Critical energy : An electron loses energy by bremsstrah-
lung at a rate nearly proportional to its energy, while the ionization
loss rate varies only logarithmically with the electron energy. The
critical energy Ec is sometimes defined as the energy at which the
two loss rates are equal [44]. Berger and Seltzer [44] also give the
approximation Ec = (800 MeV)/(Z + 1.2). This formula has been
widely quoted, and has been given in older editions of this Review [45].
Among alternate definitions is that of Rossi [4], who defines the
critical energy as the energy at which the ionization loss per radiation
length is equal to the electron energy. Equivalently, it is the same
as the first definition with the approximation |dE/dx|brems ≈ E/X0.
This form has been found to describe transverse electromagnetic
shower development more accurately (see below). These definitions
are illustrated in the case of copper in Fig. 27.12.

The accuracy of approximate forms for Ec has been limited by the
failure to distinguish between gases and solid or liquids, where there
is a substantial difference in ionization at the relevant energy because
of the density effect. We distinguish these two cases in Fig. 27.13.
Fits were also made with functions of the form a/(Z + b)α, but α
was found to be essentially unity. Since Ec also depends on A, I, and
other factors, such forms are at best approximate.

Photon Energy

1 Mb

1 kb

1 b

10 mb
10 eV 1 keV 1 MeV 1 GeV 100 GeV

(b) Lead (Z = 82)
- experimental σtot

σp.e.

κe

C
ro

ss
 s

ec
tio

n 
 (

ba
rn

s/
at

om
)

C
ro

ss
 s

ec
tio

n 
 (

ba
rn

s/
at

om
)

10 mb

1 b

1 kb

1 Mb

(a) Carbon (Z = 6)

σRayleigh

σg.d.r.

σCompton

σCompton

σRayleigh

κnuc

κnuc

κe

σp.e.

- experimental σtot

Figure 27.14: Photon total cross sections as a function of
energy in carbon and lead, showing the contributions of different
processes:

σp.e. = Atomic photoelectric effect (electron ejection,
photon absorption)

σRayleigh = Rayleigh (coherent) scattering–atom neither
ionized nor excited

σCompton = Incoherent scattering (Compton scattering off an
electron)

κnuc = Pair production, nuclear field
κe = Pair production, electron field

σg.d.r. = Photonuclear interactions, most notably the Giant
Dipole Resonance [46]. In these interactions, the
target nucleus is broken up.

Data from [47]; parameters for σg.d.r. from [48]. Curves for
these and other elements, compounds, and mixtures may be
obtained from
http://physics.nist.gov/PhysRefData. The photon total
cross section is approximately flat for at least two decades
beyond the energy range shown. Original figures courtesy
J.H. Hubbell (NIST).
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LBNL). The data for 1 keV < E < 100 GeV are from http://physics.nist.gov/PhysRefData, through the courtesy of John H.
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27.4.4. Energy loss by photons : Contributions to the photon
cross section in a light element (carbon) and a heavy element
(lead) are shown in Fig. 27.14. At low energies it is seen that
the photoelectric effect dominates, although Compton scattering,
Rayleigh scattering, and photonuclear absorption also contribute.
The photoelectric cross section is characterized by discontinuities
(absorption edges) as thresholds for photoionization of various atomic
levels are reached. Photon attenuation lengths for a variety of elements
are shown in Fig. 27.16, and data for 30 eV< k <100 GeV for all
elements is available from the web pages given in the caption. Here k
is the photon energy.

The increasing domination of pair production as the energy
increases is shown in Fig. 27.17. Using approximations similar to

those used to obtain Eq. (27.25), Tsai’s formula for the differential
cross section [36] reduces to

dσ

dx
=

A

X0NA

[
1 − 4

3x(1 − x)
]

(27.27)

in the complete-screening limit valid at high energies. Here x = E/k
is the fractional energy transfer to the pair-produced electron (or
positron), and k is the incident photon energy. The cross section is
very closely related to that for bremsstrahlung, since the Feynman
diagrams are variants of one another. The cross section is of necessity
symmetric between x and 1 − x, as can be seen by the solid curve in
Fig. 27.15. See the review by Motz, Olsen, & Koch for a more detailed
treatment [49].

Eq. (27.27) may be integrated to find the high-energy limit for the
total e+e− pair-production cross section:

σ = 7
9 (A/X0NA) . (27.28)

Equation Eq. (27.28) is accurate to within a few percent down to
energies as low as 1 GeV, particularly for high-Z materials.

27.4.5. Bremsstrahlung and pair production at very high en-
ergies : At ultrahigh energies, Eqns. 27.24–27.28 will fail because
of quantum mechanical interference between amplitudes from different
scattering centers. Since the longitudinal momentum transfer to a
given center is small (∝ k/E(E − k), in the case of bremsstrahlung),
the interaction is spread over a comparatively long distance called
the formation length (∝ E(E − k)/k) via the uncertainty principle.
In alternate language, the formation length is the distance over
which the highly relativistic electron and the photon “split apart.”
The interference is usually destructive. Calculations of the “Landau-
Pomeranchuk-Migdal” (LPM) effect may be made semi-classically
based on the average multiple scattering, or more rigorously using a
quantum transport approach [39,40].
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Figure 27.17: Probability P that a photon interaction will
result in conversion to an e+e− pair. Except for a few-percent
contribution from photonuclear absorption around 10 or 20
MeV, essentially all other interactions in this energy range result
in Compton scattering off an atomic electron. For a photon
attenuation length λ (Fig. 27.16), the probability that a given
photon will produce an electron pair (without first Compton
scattering) in thickness t of absorber is P [1 − exp(−t/λ)].

In amorphous media, bremsstrahlung is suppressed if the photon
energy k is less than E2/(E + ELPM ) [40], where*

ELPM =
(mec

2)2αX0

4π�cρ
= (7.7 TeV/cm) × X0

ρ
. (27.29)

Since physical distances are involved, X0/ρ, in cm, appears. The
energy-weighted bremsstrahlung spectrum for lead, k dσLPM/dk,
is shown in Fig. 27.11. With appropriate scaling by X0/ρ, other
materials behave similarly.

For photons, pair production is reduced for E(k − E) > k ELPM .
The pair-production cross sections for different photon energies are
shown in Fig. 27.15.

If k � E, several additional mechanisms can also produce
suppression. When the formation length is long, even weak factors
can perturb the interaction. For example, the emitted photon can
coherently forward scatter off of the electrons in the media. Because
of this, for k < ωpE/me ∼ 10−4, bremsstrahlung is suppressed
by a factor (kme/ωpE)2 [42]. Magnetic fields can also suppress
bremsstrahlung.

In crystalline media, the situation is more complicated, with
coherent enhancement or suppression possible. The cross section
depends on the electron and photon energies and the angles between
the particle direction and the crystalline axes [51].

27.5. Electromagnetic cascades

When a high-energy electron or photon is incident on a thick
absorber, it initiates an electromagnetic cascade as pair production
and bremsstrahlung generate more electrons and photons with lower
energy. The longitudinal development is governed by the high-energy
part of the cascade, and therefore scales as the radiation length in the
material. Electron energies eventually fall below the critical energy,
and then dissipate their energy by ionization and excitation rather
than by the generation of more shower particles. In describing shower
behavior, it is therefore convenient to introduce the scale variables

t = x/X0 , y = E/Ec , (27.30)

so that distance is measured in units of radiation length and energy in
units of critical energy.

* This definition differs from that of Ref. 50 by a factor of two.
ELPM scales as the 4th power of the mass of the incident particle, so
that ELPM = (1.4 × 1010 TeV/cm) × X0/ρ for a muon.
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Figure 27.18: An EGS4 simulation of a 30 GeV electron-
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deposition per radiation length, and the curve is a gamma-
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photons with E ≥ 1.5 MeV crossing the planes (scaled down to
have same area as the electron distribution).

Longitudinal profiles from an EGS4 [52] simulation of a 30 GeV
electron-induced cascade in iron are shown in Fig. 27.18. The number
of particles crossing a plane (very close to Rossi’s Π function [4])
is sensitive to the cutoff energy, here chosen as a total energy of
1.5 MeV for both electrons and photons. The electron number falls off
more quickly than energy deposition. This is because, with increasing
depth, a larger fraction of the cascade energy is carried by photons.
Exactly what a calorimeter measures depends on the device, but it
is not likely to be exactly any of the profiles shown. In gas counters
it may be very close to the electron number, but in glass Cherenkov
detectors and other devices with “thick” sensitive regions it is closer
to the energy deposition (total track length). In such detectors the
signal is proportional to the “detectable” track length Td, which is
in general less than the total track length T . Practical devices are
sensitive to electrons with energy above some detection threshold Ed,
and Td = T F (Ed/Ec). An analytic form for F (Ed/Ec) obtained by
Rossi [4] is given by Fabjan [53]; see also Amaldi [54].

The mean longitudinal profile of the energy deposition in an
electromagnetic cascade is reasonably well described by a gamma
distribution [55]:

dE

dt
= E0 b

(bt)a−1e−bt

Γ(a)
(27.31)

The maximum tmax occurs at (a − 1)/b. We have made fits to shower
profiles in elements ranging from carbon to uranium, at energies from
1 GeV to 100 GeV. The energy deposition profiles are well described
by Eq. (27.31) with

tmax = (a − 1)/b = 1.0 × (ln y + Cj) , j = e, γ , (27.32)

where Ce = −0.5 for electron-induced cascades and Cγ = +0.5 for
photon-induced cascades. To use Eq. (27.31), one finds (a − 1)/b from
Eq. (27.32) and Eq. (27.30), then finds a either by assuming b ≈ 0.5
or by finding a more accurate value from Fig. 27.19. The results
are very similar for the electron number profiles, but there is some
dependence on the atomic number of the medium. A similar form for
the electron number maximum was obtained by Rossi in the context
of his “Approximation B,” [4] (see Fabjan’s review in Ref. 53), but
with Ce = −1.0 and Cγ = −0.5; we regard this as superseded by the
EGS4 result.

The “shower length” Xs = X0/b is less conveniently parameterized,
since b depends upon both Z and incident energy, as shown in
Fig. 27.19. As a corollary of this Z dependence, the number of elec-
trons crossing a plane near shower maximum is underestimated using
Rossi’s approximation for carbon and seriously overestimated for ura-
nium. Essentially the same b values are obtained for incident electrons
and photons. For many purposes it is sufficient to take b ≈ 0.5.
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Figure 27.19: Fitted values of the scale factor b for energy
deposition profiles obtained with EGS4 for a variety of elements
for incident electrons with 1 ≤ E0 ≤ 100 GeV. Values obtained
for incident photons are essentially the same.

The gamma function distribution is very flat near the origin, while
the EGS4 cascade (or a real cascade) increases more rapidly. As a
result Eq. (27.31) fails badly for about the first two radiation lengths;
it was necessary to exclude this region in making fits.

Because fluctuations are important, Eq. (27.31) should be used only
in applications where average behavior is adequate. Grindhammer
et al. have developed fast simulation algorithms in which the variance
and correlation of a and b are obtained by fitting Eq. (27.31) to
individually simulated cascades, then generating profiles for cascades
using a and b chosen from the correlated distributions [56].

The transverse development of electromagnetic showers in different
materials scales fairly accurately with the Molière radius RM , given
by [57,58]

RM = X0 Es/Ec , (27.33)

where Es ≈ 21 MeV (Table 27.1), and the Rossi definition of Ec is
used.

In a material containing a weight fraction wj of the element with
critical energy Ecj and radiation length Xj , the Molière radius is
given by

1
RM

=
1

Es

∑ wj Ecj

Xj
. (27.34)

Measurements of the lateral distribution in electromagnetic
cascades are shown in Refs. 57 and 58. On the average, only 10%
of the energy lies outside the cylinder with radius RM . About
99% is contained inside of 3.5RM , but at this radius and beyond
composition effects become important and the scaling with RM fails.
The distributions are characterized by a narrow core, and broaden as
the shower develops. They are often represented as the sum of two
Gaussians, and Grindhammer [56] describes them with the function

f(r) =
2r R2

(r2 + R2)2
, (27.35)

where R is a phenomenological function of x/X0 and lnE.
At high enough energies, the LPM effect (Sec. 27.4.5) reduces the

cross sections for bremsstrahlung and pair production, and hence can
cause significant elongation of electromagnetic cascades [40].

27.6. Muon energy loss at high energy

At sufficiently high energies, radiative processes become more
important than ionization for all charged particles. For muons and
pions in materials such as iron, this “critical energy” occurs at several
hundred GeV. (There is no simple scaling with particle mass, but
for protons the “critical energy” is much, much higher.) Radiative
effects dominate the energy loss of energetic muons found in cosmic
rays or produced at the newest accelerators. These processes are

characterized by small cross sections, hard spectra, large energy
fluctuations, and the associated generation of electromagnetic and (in
the case of photonuclear interactions) hadronic showers [59–67]. As
a consequence, at these energies the treatment of energy loss as a
uniform and continuous process is for many purposes inadequate.

It is convenient to write the average rate of muon energy loss
as [68]

−dE/dx = a(E) + b(E)E . (27.36)

Here a(E) is the ionization energy loss given by Eq. (27.1), and
b(E) is the sum of e+e− pair production, bremsstrahlung, and
photonuclear contributions. To the approximation that these slowly-
varying functions are constant, the mean range x0 of a muon with
initial energy E0 is given by

x0 ≈ (1/b) ln(1 + E0/Eµc) , (27.37)

where Eµc = a/b. Figure 27.20 shows contributions to b(E) for iron.
Since a(E) ≈ 0.002 GeV g−1 cm2, b(E)E dominates the energy loss
above several hundred GeV, where b(E) is nearly constant. The rates
of energy loss for muons in hydrogen, uranium, and iron are shown in
Fig. 27.21 [1].
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The “muon critical energy” Eµc can be defined more exactly as the
energy at which radiative and ionization losses are equal, and can be
found by solving Eµc = a(Eµc)/b(Eµc). This definition corresponds
to the solid-line intersection in Fig. 27.12, and is different from the
Rossi definition we used for electrons. It serves the same function:
below Eµc ionization losses dominate, and above Eµc radiative effects
dominate. The dependence of Eµc on atomic number Z is shown in
Fig. 27.22.
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Figure 27.22: Muon critical energy for the chemical elements,
defined as the energy at which radiative and ionization energy
loss rates are equal [1]. The equality comes at a higher energy
for gases than for solids or liquids with the same atomic number
because of a smaller density effect reduction of the ionization
losses. The fits shown in the figure exclude hydrogen. Alkali
metals fall 3–4% above the fitted function, while most other
solids are within 2% of the function. Among the gases the worst
fit is for radon (2.7% high).

The radiative cross sections are expressed as functions of the
fractional energy loss ν. The bremsstrahlung cross section goes
roughly as 1/ν over most of the range, while for the pair production
case the distribution goes as ν−3 to ν−2 [69]. “Hard” losses are
therefore more probable in bremsstrahlung, and in fact energy losses
due to pair production may very nearly be treated as continuous.
The simulated [67] momentum distribution of an incident 1 TeV/c
muon beam after it crosses 3 m of iron is shown in Fig. 27.23. The
most probable loss is 8 GeV, or 3.4 MeV g−1cm2. The full width
at half maximum is 9 GeV/c, or 0.9%. The radiative tail is almost
entirely due to bremsstrahlung, although most of the events in which
more than 10% of the incident energy lost experienced relatively
hard photonuclear interactions. The latter can exceed detector
resolution [70], necessitating the reconstruction of lost energy.
Tables [1] list the stopping power as 9.82 MeV g−1cm2 for a 1 TeV
muon, so that the mean loss should be 23 GeV (≈ 23 GeV/c), for a
final momentum of 977 GeV/c, far below the peak. This agrees with
the indicated mean calculated from the simulation. Electromagnetic
and hadronic cascades in detector materials can obscure muon tracks
in detector planes and reduce tracking efficiency [71].

27.7. Cherenkov and transition radiation [72,73,82]

A charged particle radiates if its velocity is greater than the
local phase velocity of light (Cherenkov radiation) or if it crosses
suddenly from one medium to another with different optical properties
(transition radiation). Neither process is important for energy loss,
but both are used in high-energy physics detectors.

Cherenkov Radiation. The angle θc of Cherenkov radiation, relative
to the particle’s direction, for a particle with velocity βc in a medium
with index of refraction n is

cos θc = (1/nβ)
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Figure 27.23: The momentum distribution of 1 TeV/c muons
after traversing 3 m of iron as calculated with the MARS15
Monte Carlo code [67] by S.I. Striganov [1].

or tan θc =
√

β2n2 − 1
≈

√
2(1 − 1/nβ) for small θc, e.g. in gases.(27.38)

The threshold velocity βt is 1/n, and γt = 1/(1 − β2
t )1/2. Therefore,

βtγt = 1/(2δ + δ2)1/2, where δ = n − 1. Values of δ for various
commonly used gases are given as a function of pressure and
wavelength in Ref. 74. For values at atmospheric pressure, see
Table 6.1. Data for other commonly used materials are given in
Ref. 75.
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Particle velocity   v = βc

v =
 v g

Figure 27.24: Cherenkov light emission and wavefront angles.
In a dispersive medium, θc + η �= 900.

Practical Cherenkov radiator materials are dispersive. Let ω be the
photon’s frequency, and let k = 2π/λ be its wavenumber. The photons
propage at the group velocity vg = dω/dk = c/[n(ω) + ω(dn/dω)]. In
a non-dispersive medium, this simplies to vg = c/n.

In his classical paper, Tamm [76] showed that for dispersive media
the radiation is concentrated in a thin conical shell whose vertex is at
the moving charge, and whose opening half-angle η is given by

cot η =
[

d

dω
(ω tan θc)

]
ω0

=
[
tan θc + β2ω n(ω)

dn

dω
cot θc

]
ω0

, (27.39)

where ω0 is the central value of the small frequency range under
consideration. (See Fig. 27.24.) This cone has a opening half-angle η,
and, unless the medium is non-dispersive (dn/dω = 0), θc + η �= 900.
The Cherenkov wavefront ‘sideslips’ along with the particle [77].
This effect may have timing implications for ring imaging Cherenkov
counters [78], but it is probably unimportant for most applications.

The number of photons produced per unit path length of a particle
with charge ze and per unit energy interval of the photons is

d2N

dEdx
=

αz2

�c
sin2 θc =

α2z2

re mec2

(
1 − 1

β2n2(E)

)
≈ 370 sin2 θc(E) eV−1cm−1 (z = 1) , (27.40)
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or, equivalently,
d2N

dxdλ
=

2παz2

λ2

(
1 − 1

β2n2(λ)

)
. (27.41)

The index of refraction is a function of photon energy E = �ω, as is
the sensitivity of the transducer used to detect the light. For practical
use, Eq. (27.40) must be multiplied by the the transducer response
function and integrated over the region for which β n(ω) > 1. Further
details are given in the discussion of Cherenkov detectors in the
Particle Detectors section (Sec. 28 of this Review).

When two particles are close together (within <∼ 1 wavelength), the
electromagnetic fields from the particles may add coherently, affecting
the Cherenkov radiation. The radiation from an e+e− pair at close
separation is suppressed compared to two independent leptons [79].

Coherent radio Cherenkov radiation from electromagnetic showers
(containing a net excess of e− over e+) is significant [80], and has
been used to study cosmic ray air showers [81] and to search for νe

induced showers.

Transition radiation. The energy radiated when a particle with
charge ze crosses the boundary between vacuum and a medium with
plasma frequency ωp is

I = αz2γ�ωp/3 , (27.42)

where

�ωp =
√

4πNer3
e mec

2/α =
√

4πNea3∞ 2 × 13.6 eV . (27.43)

Here Ne is the electron density in the medium, re is the classical
electron radius, and a∞ is the Bohr radius. For styrene and similar
materials,

√
4πNea3∞ ≈ 0.8, so that �ωp ≈ 20 eV. The typical emission

angle is 1/γ.
The radiation spectrum is logarithmically divergent at low energies

and decreases rapidly for �ω/γ�ωp > 1. About half the energy is
emitted in the range 0.1 ≤ �ω/γ�ωp ≤ 1. For a particle with γ = 103,
the radiated photons are in the soft x-ray range 2 to 20 keV. The
γ dependence of the emitted energy thus comes from the hardening
of the spectrum rather than from an increased quantum yield. For a
typical radiated photon energy of γ�ωp/4, the quantum yield is

Nγ ≈ 1
2

αz2γ�ωp

3

/γ�ωp

4
≈ 2

3αz2 ≈ 0.5%× z2 . (27.44)

More precisely, the number of photons with energy �ω > �ω0 is
given by [82]

Nγ(�ω > �ω0) =
αz2

π

[(
ln

γ�ωp

�ω0
− 1

)2

+
π2

12

]
, (27.45)

within corrections of order (�ω0/γ�ωp)2. The number of photons
above a fixed energy �ω0 � γ�ωp thus grows as (ln γ)2, but the number
above a fixed fraction of γ�ωp (as in the example above) is constant.
For example, for �ω > γ�ωp/10, Nγ = 2.519 αz2/π = 0.59%× z2.

The yield can be increased by using a stack of plastic foils with
gaps between. However, interference can be important, and the soft
x rays are readily absorbed in the foils. The first problem can be
overcome by choosing thicknesses and spacings large compared to the
“formation length” D = γc/ωp, which in practical situations is tens
of µm. Other practical problems are discussed in Sec. 28.
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28. PARTICLE DETECTORS

Revised 2006 (see the various sections for authors).

In this section we give various parameters for common detector
components. The quoted numbers are usually based on typical devices,
and should be regarded only as rough approximations for new designs.
More detailed discussions of detectors and their underlying physics
can be found in books by Ferbel [1], Grupen [2], Kleinknecht [3],
Knoll [4], and Green [5]. In Table 28.1 are given typical spatial and
temporal resolutions of common detectors.

Table 28.1: Typical spatial and temporal resolutions of
common detectors. Revised September 2003 by R. Kadel
(LBNL).

Resolution Dead
Detector Type Accuracy (rms) Time Time

Bubble chamber 10–150 µm 1 ms 50 msa

Streamer chamber 300 µm 2 µs 100 ms
Proportional chamber 50–300 µmb,c,d 2 ns 200 ns
Drift chamber 50–300 µm 2 nse 100 ns
Scintillator — 100 ps/nf 10 ns
Emulsion 1 µm — —
Liquid Argon Drift [Ref. 6] ∼175–450 µm ∼ 200 ns ∼ 2 µs
Gas Micro Strip [Ref. 7] 30–40 µm < 10 ns —
Resistive Plate chamber [Ref. 8] � 10 µm 1–2 ns —

Silicon strip pitch/(3 to 7)g h h

Silicon pixel 2 µmi h h

a Multiple pulsing time.
b 300 µm is for 1 mm pitch.
c Delay line cathode readout can give ±150 µm parallel to anode

wire.
d wirespacing/

√
12.

e For two chambers.
f n = index of refraction.
g The highest resolution (“7”) is obtained for small-pitch detectors

(� 25 µm) with pulse-height-weighted center finding.
h Limited by the readout electronics [9]. (Time resolution of

≤ 25 ns is planned for the ATLAS SCT.)
i Analog readout of 34 µm pitch, monolithic pixel detectors.

28.1. Photon detectors

Written August 2005 by D. Chakraborty (Northern Illinois U) and
T. Sumiyoshi (Tokyo Metropolitan U).

Most detectors in high-energy, nuclear, and astrophysics rely
on the detection of photons in or near the visible range,
100nm � λ � 1000nm, or E ≈ a few eV. This range covers
scintillation and Cherenkov radiation as well as the light detected in
many astronomical observations.

Generally, photodetection involves generating a detectable electrical
signal proportional to the (usually very small) number of incident
photons. The process involves three distinct steps:
1. Generation of a primary photoelectron or electron-hole (e-h) pair

by an incident photon by the photoelectric or photoconductive
effect,

2. Amplification of the p.e. signal to detectable levels by one or more
multiplicative bombardment steps and/or an avalanche process
(usually), and,

3. Collection of the secondary electrons to form the electrical signal.
The important characteristics of a photodetector include the

following in statistical averages:
1. Quantum efficiency (QE or εQ): the number of primary

photoelectrons generated per incident photon (0 ≤ εQ ≤ 1;
in silicon more than one e-h pair per incident photon can be
generated for λ <∼ 165 nm),

2. Collection efficiency (CE or εC): the overall acceptance factor
other than the generation of photoelectrons (0 ≤ εC ≤ 1),

3. Gain (G): the number of electrons collected for each photoelectron
generated,

4. Dark current or dark noise: the electrical signal when there is no
photon,

5. Energy resolution: electronic noise (ENC or Ne) and statistical
fluctuations in the amplification process compound the Poisson
distribution of nγ photons from a given source:

σ(E)
〈E〉 =

√
fN

nγεQεC
+

(
Ne

GnγεQεC

)2
, (28.1)

where fN , or the excess noise factor (ENF), is the contribution to
the energy distribution variance due to amplification statistics [10],

6. Dynamic range: the maximum signal available from the detector
(this is usually expressed in units of the response to noise-equivalent
power, or NEP, which is the optical input power that produces a
signal-to-noise ratio of 1),

7. Time dependence of the response: this includes the transit time,
which is the time between the arrival of the photon and the
electrical pulse, and the transit time spread, which contributes to
the pulse rise time and width, and

8. Rate capability: inversely proportional to the time needed, after
the arrival of one photon, to get ready to receive the next.
The QE is a strong function of the photon wavelength (λ), and is

usually quoted at maximum, together with a range of λ where the
QE is comparable to its maximum. Spatial uniformity and linearity
with respect to the number of photons are highly desirable in a
photodetector’s response.

Optimization of these factors involves many trade-offs and vary
widely between applications. For example, while a large gain is
desirable, attempts to increase the gain for a given device also
increases the ENF and after-pulsing (“echos” of the main pulse). In
solid-state devices, a higher QE often requires a compromise in the
timing properties. In other types, coverage of large areas by focusing
increases the transit time spread.

Other important considerations also are highly application-specific.
These include the photon flux and wavelength range, the total
area to be covered and the efficiency required, the volume available
to accommodate the detectors, characteristics of the environment
such as chemical composition, temperature, magnetic field, ambient
background, as well as ambient radiation of different types and,
mode of operation (continuous or triggered), bias (high-voltage)
requirements, power consumption, calibration needs, aging, cost, and
so on. Several technologies employing different phenomena for the
three steps described above, and many variants within each, offer a
wide range of solutions to choose from. The salient features of the
main technologies and the common variants are described below.
Some key characteristics are summarized in Table 28.2.

28.1.1. Vacuum photodetectors : Vacuum photodetectors can
be broadly subdivided into three types: photomultiplier tubes,
microchannel plates, and hybrid photodetectors.

28.1.1.1. Photomultiplier tubes: A versatile class of photon detectors,
vacuum photomultiplier tubes (PMT) has been employed by a vast
majority of all particle physics experiments to date [10]. Both
“transmission-” and “reflection-type” PMT’s are widely used. In the
former, the photocathode material is deposited on the inside of a
transparent window through which the photons enter, while in the
latter, the photocathode material rests on a separate surface that
the incident photons strike. The cathode material has a low work
function, chosen for the wavelength band of interest. When a photon
hits the cathode and liberates an electron (the photoelectric effect),
the latter is accelerated and guided by electric fields to impinge on
a secondary-emission electrode, or dynode, which then emits a few
(∼ 5) secondary electrons. The multiplication process is repeated
typically 10 times in series to generate a sufficient number of electrons,
which are collected at the anode for delivery to the external circuit.
The total gain of a PMT depends on the applied high voltage V as
G = AV kn, where k ≈ 0.7–0.8 (depending on the dynode material),



272 28. Particle detectors

n is the number of dynodes in the chain, and A a constant (which
also depends on n). Typically, G is in the range of 105–106. Pulse
risetimes are usually in the few nanosecond range. With e.g. two-level
discrimination the effective time resolution can be much better.

Table 28.2: Representative characteristics of some photodetectors commonly used in
particle physics. The time resolution of the devices listed here vary in the 10–2000 ps range.

Type λ εQ εC Gain Risetime Area 1-p.e noise HV Price
(nm) (ns) (mm2) (Hz) (V) (USD)

PMT∗ 115–1100 0.15–0.25 103–107 0.7–10 102–105 10–104 500–3000 100–5000
MCP∗ 100–650 0.01–0.10 103–107 0.15–0.3 102–104 0.1–200 500–3500 10–6000
HPD∗ 115–850 0.1–0.3 103–104 7 102–105 10–103 ∼2 × 104 ∼600
GPM∗ 115–500 0.15–0.3 103–106 O(0.1) O(10) 10–103 300–2000 O(10)
APD 300–1700 ∼0.7 10–108 O(1) 10–103 1–103 400–1400 O(100)
SiPM 400–550 0.15–0.3 105–106 ∼ 1 1–10 O(106) 30–60 O(10)
VLPC 500–600 ∼0.9 ∼5 × 104 ∼ 10 1 O(104) ∼7 ∼1

∗These devices often come in multi-anode configurations. In such cases, area, noise, and price are
to be considered on a “per readout-channel” basis.

A large variety of PMT’s, including many just recently developed,
covers a wide span of wavelength ranges from infrared (IR) to extreme
ultraviolet (XUV) [11]. They are categorized by the window materials,
photocathode materials, dynode structures, anode configurations, etc.
Common window materials are borosilicate glass for IR to near-UV,
fused quartz and sapphire (Al2O3) for UV, and MgF2 or LiF for XUV.
The choice of photocathode materials include a variety of mostly Cs-
and/or Sb-based compounds such as CsI, CsTe, bi-alkali (SbRbCs,
SbKCs), multi-alkali (SbNa2KCs), GaAs(Cs), GaAsP, etc. Sensitive
wavelengths and peak quantum efficiencies for these materials are
summarized in Table 28.3. Typical dynode structures used in PMT’s
are circular cage, line focusing, box and grid, venetian blind, and fine
mesh. In some cases, limited spatial resolution can be obtained by
using a mosaic of multiple anodes.

PMT’s are vulnerable to magnetic fields—sometimes even the
geomagnetic field causes large orientation-dependent gain changes. A
high-permeability metal shield is often necessary. However, proximity-
focused PMT’s, e.g. the fine-mesh types, can be used even in a high
magnetic field (≥ 1 T) if the electron drift direction is parallel to the
field.

28.1.1.2. Microchannel plates: A typical Microchannel plate (MCP)
photodetector consists of one or more ∼2 mm thick glass plates with
densely packed O(10 µm)-diameter cylindrical holes, or “channels”,
sitting between the transmission-type photocathode and anode planes,
separated by O(1 mm) gaps. Instead of discrete dynodes, the inner
surface of each cylindrical tube serves as a continuous dynode for
the entire cascade of multiplicative bombardments initiated by a
photoelectron. Gain fluctuations can be minimized by operating in
a saturation mode, whence each channel is only capable of a binary
output, but the sum of all channel outputs remains proportional to the
number of photons received so long as the photon flux is low enough
to ensure that the probability of a single channel receiving more
than one photon during a single time gate is negligible. MCP’s are
thin, offer good spatial resolution, have excellent time resolution (∼20
ps), and can tolerate random magnetic fields up to 0.1 T and axial
fields up to ∼ 1 T. However, they suffer from relatively long recovery
time per channel and short lifetime. MCP’s are widely employed as
image-intensifiers, although not so much in HEP or astrophysics.

28.1.1.3. Hybrid photon detectors: Hybrid photon detectors (HPD)
combine the sensitivity of a vacuum PMT with the excellent spatial
and energy resolutions of a Si sensor [19]. A single photoelectron
ejected from the photocathode is accelerated through a potential
difference of ∼20 kV before it impinges on the silicon sensor/anode.
The gain nearly equals the maximum number of e-h pairs that could
be created from the entire kinetic energy of the accelerated electron:
G ≈ eV/w, where e is the electronic charge, V is the applied potential
difference, and w ≈ 3.7 eV is the mean energy required to create an

e-h pair in Si at room temperature. Since the gain is achieved in a
single step, one might expect to have the excellent resolution of a
simple Poisson statistic with large mean, but in fact it is even better,
thanks to the Fano effect discussed in Sec. 28.11.

Low-noise electronics must be used to read out HPD’s if one
intends to take advantage of the low fluctuations in gain, e.g. when
counting small numbers of photons. HPD’s can have the same εQ εC
and window geometries as PMT’s and can be segmented down to ∼50
µm. However, they require rather high biases and will not function
in a magnetic field. The exception is proximity-focused devices (⇒
no (de)magnification) in an axial field. Current applications of HPD’s
include the CMS hadronic calorimeter and the RICH detector in LHCb.

Table 28.3: Properties of photocathode and window materials
commonly used in vacuum photodetectors [11].

Photocathode λ Window Peak εQ (λ/nm)
material (nm) material

CsI 115–200 MgF2 0.15 (135)
CsTe 115–240 MgF2 0.18 (210)
Bi-alkali 300–650 Borosilicate 0.27 (390)

160-650 Quartz 0.27 (390)
Multi-alkali 300–850 Borosilicate 0.20 (360)

160-850 Quartz 0.23 (280)
GaAs(Cs)∗ 160–930 Quartz 0.23 (280)
GaAsP(Cs) 300-750 Borosilicate 0.42 (560)

∗Reflection type photocathode is used.

28.1.2. Gaseous photon detectors : In gaseous photomultipliers
(GPM) a photoelectron in a suitable gas mixture initiates an avalanche
in a high-field region, producing a large number of secondary impact-
ionization electrons. In principle the charge multiplication and
collection processes are identical to those employed in gaseous tracking
detectors such as multiwire proportional chambers, micromesh gaseous
detectors (Micromegas), or gas electron multipliers (GEM). These are
discussed in Sections 28.7 and 28.8.

The devices can be divided into two types depending on the
photocathode material. One type uses solid photocathode materials
much in the same way as PMT’s. Since it is resistant to gas mixtures
typically used in tracking chambers, CsI is a common choice. In the
other type, photoionization occurs on suitable molecules vaporized
and mixed in the drift volume. Most gases have photoionization
work functions in excess of 10 eV, which would limit their sensitivity
to wavelengths far too short. However, vapors of TMAE (tetrakis
dimethyl-amine ethylene) or TEA (tri-ethyl-amine), which have
smaller work functions (5.3 eV for TMAE and 7.5 eV for TEA), are
suited for XUV photon detection [12]. Since devices like GEM’s offer
sub-mm spatial resolution, GPM’s are often used as position-sensitive
photon detectors. They can be made into flat panels to cover large
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areas (O(1 m2)), can operate in high magnetic fields, and are relatively
inexpensive. Many of the ring imaging Cherenkov (RICH) detectors
to date have used GPM’s for the detection of Cherenkov light [13].
Special care must be taken to suppress the photon-feedback process
in GPM’s. It is also important to maintain high purity of the gas as
minute traces of O2 can significantly degrade the detection efficiency.

28.1.3. Solid-state photon detectors : In a phase of rapid
development, solid-state photodetectors are competing with vacuum-
or gas-based devices for many existing applications and making
way for a multitude of new ones. Compared to traditional vacuum-
and gaseous photodetectors, solid-state devices are more compact,
lightweight, rugged, tolerant to magnetic fields, and often cheaper.
They also allow fine pixelization, are easy to integrate into large
systems, and can operate at low electric potentials, while matching or
exceeding most performance criteria. They are particularly well suited
for detection of γ- and X-rays. Except for applications where coverage
of very large areas or dynamic range is required, solid-state detectors
are proving to be the better choice. Some hybrid devices attempt to
combine the best features of different technologies while applications
of nanotechnology are opening up exciting new possibilities.

Silicon photodiodes (PD) are widely used in high-energy physics
as particle detectors and in a great number of applications (including
solar cells!) as light detectors. The structure is discussed in some
detail in Sec. 28.11. In its simplest form, the PD is a reverse-biased
p-n junction. Photons with energies above the indirect bandgap
energy (wavelengths shorter than about 1050 nm, depending on the
temperature) can create e-h pairs (the photoconductive effect), which
are collected on the p and n sides, respectively. Often, as in the PD’s
used for crystal scintillator readout in CLEO, L3, Belle, BaBar, and
GLAST, intrinsic silicon is doped to create a p-i-n structure. The
reverse bias increases the thickness of the depleted region; in the case
of these particular detectors, to full depletion at a depth of about
100 µm. Increasing the depletion depth decreases the capacitance
(and hence electronic noise) and extends the red response. Quantum
efficiency can exceed 90%, but falls toward the red because of the
increasing absorption length of light in silicon. The absorption length
reaches 100 µm at 985 nm. However, since G = 1, amplification is
necessary. Optimal low-noise amplifiers are slow, but, even so, noise
limits the minimum detectable signal in room-temperature devices to
several hundred photons.

Very large arrays containing O(107) of O(10 µm2)-sized photodiodes
pixelizing a plane are widely used to photograph all sorts of things
from everyday subjects at visible wavelengths to crystal structures
with X-rays and astronomical objects from infrared to UV. To limit
the number of readout channels, these are made into charge-coupled
devices (CCD), where pixel-to-pixel signal transfer takes place over
thousands of synchronous cycles with sequential output through shift
registers [14]. Thus, high spatial resolution is achieved at the expense
of speed and timing precision. Custom-made CCD’s have virtually
replaced photographic plates and other imagers for astronomy and
in spacecraft. Typical QE’s exceed 90% over much of the visible
spectrum, and “thick” CCD’s have useful QE up to λ = 1 µm. Active
Pixel Sensor (APS) arrays with a preamplifier on each pixel and
CMOS processing afford higher speeds, but are challenged at longer
wavelengths. Much R&D is underway to overcome the limitations of
both CCD and CMOS imagers.

In avalanche photodiodes (APD), an exponential cascade of impact
ionizations initiated by the initial photogenerated e-h pair under a
large reverse-bias voltage leads to an avalanche breakdown [15]. As a
result, detectable electrical response can be obtained from low-intensity
optical signals down to single photons. Excellent junction uniformity
is critical, and a guard ring is generally used as a protection against
edge breakdown. Well-designed APD’s, such as those used in CMS’
crystal-based electromagnetic calorimeter, have achieved εQ εC ≈ 0.7
with sub-ns response time. The sensitive wavelength window and
gain depend on the semiconductor used. The gain is typically 10–200
in linear and up to 108 in Geiger mode of operation. Stability and
close monitoring of the operating temperature are important for
linear-mode operation, and substantial cooling is often necessary.
Position-sensitive APD’s use time information at multiple anodes to

calculate the hit position.
One of the most promising recent developments in the field is that of

devices consisting of large arrays (O(103)) of tiny APD’s packed over
a small area (O(1 mm2)) and operated in a limited Geiger mode [16].
Of the many names for this class of photodetectors, “SiPM” (for
“Silicon PhotoMultiplier”) seems to be the most common at the
moment. Although each cell only offers a binary output, linearity
with respect to the number of photons is achieved by summing the
cell outputs in the same way as with a MCP in saturation mode (see
above). While SiPM’s have yet to go into commercial production,
prototypes are being studied by the thousands for various purposes
including medical imaging, e.g. positron emission tomography (PET).
These compact, rugged, and economical devices allow auto-calibration
through decent separation of photoelectron peaks and offer gains of
O(106) at a moderate bias voltage (∼50 V). However, the single-
photoelectron noise of a SiPM, being the logical “or” of O(103) Geiger
APD’s, is rather large: O(1 MHz/mm2) at room temperature. Also,
the recovery time for each cell can be several microseconds. SiPM’s
are particularly well-suited for applications where triggered pulses
of 10 or more photoelectrons are expected over a small area, e.g.
fiber-guided scintillation light. Intense R&D is expected to lower the
noise level and improve the device-to-device uniformity, resulting in
coverage of larger areas and wider applications. Attempts are being
made to combine the fabrication of the sensors and the front-end
electronics (ASIC) in the same process with the goal of making SiPMs
and other finely pixelized solid-state photodetectors extremely easy to
use.

Of late, much R&D has been directed to p-i-n diode arrays based on
thin polycrystalline diamond films formed by chemical vapor deposition
(CVD) on a hot substrate (∼1000 K) from a hydrocarbon-containing
gas mixture under low pressure (∼100 mbar). These devices have
maximum sensitivity in the extreme- to moderate-UV region [17].
Many desirable characteristics, including high tolerance to radiation
and temperature fluctuations, low dark noise, blindness to most of
the solar radiation spectrum, and relatively low cost make them ideal
for space-based UV/XUV astronomy, measurement of synchrotron
radiation, and luminosity monitoring at (future) lepton collider(s).

Visible-light photon counters (VLPC) utilize the formation of an
impurity band only 50 meV below the conduction band in As-doped Si
to generate strong (G ≈ 5 × 104) yet sharp response to single photons
with εQ ≈ 0.9 [18]. The smallness of the band gap considerably
reduces the gain dispersion. Only a very small bias (∼7 V) is
needed, but high sensitivity to infrared photons requires cooling below
10 K. The dark noise increases sharply and exponentially with both
temperature and bias. The Run 2 DØ detector uses 86000 VLPC’s
to read the optical signal from its scintillating-fiber tracker and
scintillator-strip preshower detectors.

28.2. Organic scintillators

Revised September 2001 by K.F. Johnson (FSU).

Organic scintillators are broadly classed into three types, crystalline,
liquid, and plastic, all of which utilize the ionization produced by
charged particles (see Sec. 27.2) of this Review) to generate optical
photons, usually in the blue to green wavelength regions [20].
Plastic scintillators are by far the most widely used. Crystal organic
scintillators are practically unused in high-energy physics.

Densities range from 1.03 to 1.20 g cm−3. Typical photon yields
are about 1 photon per 100 eV of energy deposit [21]. A one-cm-thick
scintillator traversed by a minimum-ionizing particle will therefore
yield ≈ 2 × 104 photons. The resulting photoelectron signal will
depend on the collection and transport efficiency of the optical
package and the quantum efficiency of the photodetector.

Plastic scintillators do not respond linearly to the ionization
density. Very dense ionization columns emit less light than expected
on the basis of dE/dx for minimum-ionizing particles. A widely
used semi-empirical model by Birks posits that recombination and
quenching effects between the excited molecules reduce the light
yield [22]. These effects are more pronounced the greater the density
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of the excited molecules. Birks’ formula is

dL

dx
= L0

dE/dx

1 + kB dE/dx
,

where L is the luminescence, L0 is the luminescence at low
specific ionization density, and kB is Birks’ constant, which must be
determined for each scintillator by measurement.

Decay times are in the ns range; rise times are much faster. The
combination of high light yield and fast response time allows the
possibility of sub-ns timing resolution [23]. The fraction of light
emitted during the decay “tail” can depend on the exciting particle.
This allows pulse shape discrimination as a technique to carry out
particle identification. Because of the hydrogen content (carbon to
hydrogen ratio ≈ 1) plastic scintillator is sensitive to proton recoils
from neutrons. Ease of fabrication into desired shapes and low
cost has made plastic scintillators a common detector component.
Recently, plastic scintillators in the form of scintillating fibers have
found widespread use in tracking and calorimetry [24].

28.2.1. Scintillation mechanism :
Scintillation: A charged particle traversing matter leaves behind it a
wake of excited molecules. Certain types of molecules, however, will
release a small fraction (≈ 3%) of this energy as optical photons.
This process, scintillation, is especially marked in those organic
substances which contain aromatic rings, such as polystyrene (PS)
and polyvinyltoluene (PVT). Liquids which scintillate include toluene
and xylene.

Fluorescence: In fluorescence, the initial excitation takes place via
the absorption of a photon, and de-excitation by emission of a
longer wavelength photon. Fluors are used as “waveshifters” to shift
scintillation light to a more convenient wavelength. Occurring in
complex molecules, the absorption and emission are spread out over a
wide band of photon energies, and have some overlap, that is, there
is some fraction of the emitted light which can be re-absorbed [25].
This “self-absorption” is undesirable for detector applications because
it causes a shortened attenuation length. The wavelength difference
between the major absorption and emission peaks is called the Stokes’
shift. It is usually the case that the greater the Stokes’ shift, the
smaller the self absorption—thus, a large Stokes’ shift is a desirable
property for a fluor (aka the “Better red than dead” strategy).

Ionization excitation of base plastic

Forster energy transfer

γ

γ

base plastic

primary fluor
(~1% wt/wt ) 

secondary fluor
(~0.05% wt/wt )

photodetector

emit UV, ~340 nm

absorb blue photon

absorb UV photon

emit blue, ~400 nm
1 m

10−4m

10−8m

Figure 28.1: Cartoon of scintillation “ladder” depicting the
operating mechanism of plastic scintillator. Approximate fluor
concentrations and energy transfer distances for the separate
sub-processes are shown.

Scintillators: The plastic scintillators used in high-energy physics
are binary or ternary solutions of selected fluors in a plastic base
containing aromatic rings. (See the appendix in Ref. 26 for a
comprehensive list of components.) Virtually all plastic scintillators
contain as a base either PVT or PS. PVT-based scintillator can be up
to 50% brighter. The fluors must satisfy additional conditions besides
being fluorescent. They must be sufficiently stable, soluble, chemically
inert, fast, radiation tolerant, and efficient.

Ionization in the plastic base produces UV photons with short
attenuation length (several mm). Longer attenuation lengths are

obtained by dissolving a “primary” fluor in high concentration (1%
by weight) into the base, which is selected to efficiently re-radiate
absorbed energy at wavelengths where the base is more transparent.

The primary fluor has a second important function. The decay time
of the scintillator base material can be quite long—in pure polystyrene
it is 16 ns, for example. The addition of the primary fluor in high
concentration can shorten the decay time by an order of magnitude
and increase the total light yield. At the concentrations used (1% and
greater), the average distance between a fluor molecule and an excited
base unit is around 100 Å, much less than a wavelength of light. At
these distances the predominant mode of energy transfer from base to
fluor is not the radiation of a photon, but a resonant dipole-dipole
interaction, first described by Foerster, which strongly couples the
base and fluor [27]. The strong coupling sharply increases the speed
and the light yield of the plastic scintillators.

Unfortunately, a fluor which fulfills other requirements is usually
not completely adequate with respect to emission wavelength or
attenuation length, so it is necessary to add yet another waveshifter
(the “secondary” fluor), at fractional percent levels, and occasionally
a third (not shown in Fig. 28.1).

External wavelength shifters: Light emitted from a plastic scintillator
may be absorbed in a (nonscintillating) base doped with a wave-
shifting fluor. Such wavelength shifters are widely used to aid light
collection in complex geometries. The wavelength shifter must be
insensitive to ionizing radiation and Cherenkov light. A typical
wavelength shifter uses an acrylic base because of its good optical
qualities, a single fluor to shift the light emerging from the plastic
scintillator to the blue-green, and contains ultra-violet absorbing
additives to deaden response to Cherenkov light.

28.2.2. Caveats and cautions : Plastic scintillators are reliable,
robust, and convenient. However, they possess quirks to which the
experimenter must be alert.

Aging and Handling: Plastic scintillators are subject to aging which
diminishes the light yield. Exposure to solvent vapors, high
temperatures, mechanical flexing, irradiation, or rough handling
will aggravate the process. A particularly fragile region is the surface
which can ‘craze”—develop microcracks—which rapidly destroy the
capability of plastic scintillators to transmit light by total internal
reflection. Crazing is particularly likely where oils, solvents, or
fingerprints have contacted the surface.

Attenuation length: The Stokes’ shift is not the only factor
determining attenuation length. Others are the concentration of
fluors (the higher the concentration of a fluor, the greater will be
its self-absorption); the optical clarity and uniformity of the bulk
material; the quality of the surface; and absorption by additives, such
as stabilizers, which may be present.

Afterglow: Plastic scintillators have a long-lived luminescence which
does not follow a simple exponential decay. Intensities at the 10−4

level of the initial fluorescence can persist for hundreds of ns [20,28].

Atmospheric quenching: Plastic scintillators will decrease their light
yield with increasing partial pressure of oxygen. This can be a 10%
effect in an artificial atmosphere [29]. It is not excluded that other
gases may have similar quenching effects.

Magnetic field: The light yield of plastic scintillators may be changed
by a magnetic field. The effect is very nonlinear and apparently not
all types of plastic scintillators are so affected. Increases of ≈ 3% at
0.45 T have been reported [30]. Data are sketchy and mechanisms
are not understood.

Radiation damage: Irradiation of plastic scintillators creates color
centers which absorb light more strongly in the UV and blue than
at longer wavelengths. This poorly understood effect appears as
a reduction both of light yield and attenuation length. Radiation
damage depends not only on the integrated dose, but on the dose rate,
atmosphere, and temperature, before, during and after irradiation, as
well as the materials properties of the base such as glass transition
temperature, polymer chain length, etc. Annealing also occurs,
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accelerated by the diffusion of atmospheric oxygen and elevated
temperatures. The phenomena are complex, unpredictable, and not
well understood [31]. Since color centers are less intrusive at longer
wavelengths, the most reliable method of mitigating radiation damage
is to shift emissions at every step to the longest practical wavelengths,
e.g., utilize fluors with large Stokes’ shifts (aka the “Better red than
dead” strategy).

28.2.3. Scintillating and wavelength-shifting fibers :
The clad optical fiber is an incarnation of scintillator and

wavelength shifter (WLS) which is particularly useful [32]. Since the
initial demonstration of the scintillating fiber (SCIFI) calorimeter [33],
SCIFI techniques have become mainstream. SCIFI calorimeters are
found, for example, in the g − 2 experiment at Brookhaven [34] and at
KLOE; SCIFI trackers are found at CHORUS and DØ ; WLS readout
is used in both ATLAS and CMS hadron calorimeters [35].

SCIFI calorimeters are fast, dense, radiation hard, and can have
leadglass-like resolution. SCIFI trackers can handle high rates and are
radiation tolerant, but the low photon yield at the end of a long fiber
(see below) forces the use of very sophisticated photodetectors such
as VLPC’s, such as are used in DØ . WLS scintillator readout of a
calorimeter allows a very high level of hermeticity since the solid angle
blocked by the fiber on its way to the photodetector is very small.
The sensitive region of scintillating fibers can be controlled by splicing
them onto clear (non-scintillating/non-WLS) fibers.

A typical configuration would be fibers with a core of polystyrene-
based scintillator or WLS (index of refraction n = 1.59), surrounded
by a cladding of PMMA (n = 1.49) a few microns thick, or, for
added light capture, with another cladding of fluorinated PMMA with
n = 1.42, for an overall diameter of 0.5 to 1 mm. The fiber is drawn
from a boule and great care is taken during production to ensure that
the intersurface between the core and the cladding has the highest
possible uniformity and quality, so that the signal transmission via
total internal reflection has a low loss. The fraction of generated light
which is transported down the optical pipe is denoted the capture
fraction and is about 6% for the single-clad fiber and 10% for the
double-clad fiber.

The number of photons from the fiber available at the photodetector
is always smaller than desired, and increasing the light yield has proven
difficult [36]. A minimum-ionizing particle traversing a high-quality
1 mm diameter fiber perpendicular to its axis will produce fewer
than 2000 photons, of which about 200 are captured. Attenuation
eliminates about 95% of these photons. DØ uses 0.775 mm diameter
scintillating fibers in the tracker and obtains 9 photoelectrons with
the VLPC reaching 85% quantum efficiency.

A scintillating or WLS fiber is often characterized by its
“attenuation length,” over which the signal is attenuated to 1/e of
its original value. Many factors determine the attenuation length,
including the importance of re-absorption of emitted photons by the
polymer base or dissolved fluors, the level of crystallinity of the base
polymer, and the quality of the total internal reflection boundary.
Attenuation lengths of several meters are obtained by high quality
fibers. However, it should be understood that the attenuation length
is not necessarily a measure of fiber quality. Among other things,
it is not constant with distance from the excitation source and it is
wavelength dependent. So-called “cladding light” causes some of the
distance dependence [37], but not all. The wavelength dependence
is usually related to the higher re-absorption of shorter wavelength
photons—once absorbed, re-emitted isotropically and lost with 90%
probability—and to the lower absorption of longer wavelengths by
polystyrene. Experimenters should be aware that measurements of
attenuation length by a phototube with a bialkali photocathode,
whose quantum efficiency drops below 10% at 480 nm, should not
be näıvely compared to measurements utilizing a silicon photodiode,
whose quantum efficiency is still rising at 600 nm.

28.3. Inorganic scintillators:

Revised September 2005 by C.L. Woody (BNL). and R.-Y. Zhu
(California Inst. of Technology).

Inorganic crystals form a class of scintillating materials with much
higher densities than organic plastic scintillators (typically ∼ 4–8
g/cm3) with a variety of different properties for use as scintillation
detectors. Due to their high density and high effective atomic number,
they can be used in applications where high stopping power or
a high conversion efficiency for electrons or photons is required.
These include total absorption electromagnetic calorimeters (see
Sec. 28.13.1), which consist of a totally active absorber (as opposed
to a sampling calorimeter), as well as serving as gamma ray detectors
over a wide range of energies. Many of these crystals also have very
high light output, and can therefore provide excellent energy resolution
down to very low energies (∼ few hundred keV).

Some crystals are intrinsic scintillators in which the luminescence is
produced by a part of the crystal lattice itself. However, other crystals
require the addition of a dopant, typically fluorescent ions such as
thallium (Tl) or cerium (Ce) which is responsible for producing the
scintillation light. However, in both cases, the scintillation mechanism
is the same. Energy is deposited in the crystal by ionization, either
directly by charged particles, or by the conversion of photons into
electrons or positrons which subsequently produce ionization. This
energy is transferred to the luminescent centers which then radiate
scintillation photons. The efficiency η for the conversion of energy
deposit in the crystal to scintillation light can be expressed by the
relation [38]

η = β · S · Q . (28.2)

where β is the efficiency of the energy conversion process, S is the
efficiency of energy transfer to the luminescent center, and Q is the
quantum efficiency of the luminescent center. The value of η ranges
between 0.1 and ∼ 1 depending on the crystal, and is the main
factor in determining the intrinsic light output of the scintillator.
In addition, the scintillation decay time is primarily determined by
the energy transfer and emission process. The decay time of the
scintillator is mainly dominated by the decay time of the luminescent
center. For example, in the case of thallium doped sodium iodide
(NaI(Tl)), the value of η is ∼ 0.5, which results in a light output ∼
40,000 photons per MeV of energy deposit. This high light output is
largely due to the high quantum efficiency of the thallium ion (Q ∼
1), but the decay time is rather slow (τ ∼ 250 ns).

Table 28.4 lists the basic properties of some commonly used
inorganic crystal scintillators. NaI(Tl) is one of the most common
and widely used scintillators, with an emission that is well matched
to a bialkali photomultiplier tube, but it is highly hygroscopic and
difficult to work with, and has a rather low density. CsI(Tl) has
high light yield, an emission that is well matched to solid state
photodiodes, and is mechanically robust (high plasticity and resistance
to cracking). However, it needs careful surface treatment and is
slightly hygroscopic. Compared with CsI(Tl), pure CsI has identical
mechanical properties, but faster emission at shorter wavelengths
and light output approximately an order of magnitude lower. BaF2

has a fast component with a sub-nanosecond decay time, and is the
fastest known scintillator. However, it also has a slow component
with a much longer decay time (∼ 630 ns). Bismuth gemanate
(Bi4Ge3O12 or BGO) has a very high density, and consequently a
short radiation length X0 and Molière radius RM . BGO’s emission
is well-matched to the spectral sensitivity of photodiodes, and it
is easy to handle and not hygroscopic. Lead tungstate (PbWO4 or
PWO) has a very high density, with a very short X0 and RM , but
its intrinsic light yield is rather low. Both cerium doped lutetium
oxyorthosilicate (Lu2SiO5:Ce, or LSO:Ce) [39] and cerium doped
gadolinium orthosilicate (Gd2SiO5:Ce, or GSO:Ce) [40] are dense
crystal scintillators which have a high light yield and a fast decay
time.

Beside the crystals listed in Table 28.4, a number of new crystals are
being developed that may have potential applications in high energy
or nuclear physics. Of particular interest is the family of yttrium
and lutetium perovskites, which include YAP (YAlO3:Ce) and LuAP
(LuAlO3:Ce) and their mixed compositions. These have been shown
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to be linear over a large energy range [41], and have the potential
for providing extremely good intrinsic energy resolution. In addition,
other fluoride crystals such as CeF3 have been shown to provide
excellent energy resolution in calorimeter applications.

Table 28.4 gives the light output of other crystals relative to
NaI(Tl) as measured with a bialkalai photomultiplier tube. However,
the useful signal produced by a scintillator is usually quoted in
terms of the number of photoelectrons per MeV produced by a given
photodetector. The relationship between the number of photons/MeV
produced and photoelectrons/MeV detected involves the factors for
the light collection efficiency L and the quantum efficiency QE of the
photodetector:

Np.e./MeV = L · QE · Nγ/MeV (28.3)

L includes the transmission of scintillation light within the crystal
(i.e., the bulk attenuation length of the material), reflections and
scattering from the surfaces, and the size and shape of the crystal.
These factors can vary considerably depending on the sample, but can
be in the range of ∼50–60%. However, the internal light transmission
depends on the intrinsic properties of the material, as well as the
number and type of impurities and defects that can produce internal
absorption within the crystal, and can be highly affected by factors
such as radiation damage, as discussed below.

The quantum efficiency depends on the type of photodetector
used to detect the scintillation light, which is typically ∼15–20% for
photomultiplier tubes and ∼70% for silicon photodiodes for visible
wavelengths. The quantum efficiency of the detector is usually highly
wavelength dependent, as shown in Fig. 28.2, and should be matched
to the particular crystal of interest to give the highest quantum
yield at the wavelength corresponding to the peak of the scintillation
emission. The comparison of the light output given in Table 28.4 is
for a standard photomultiplier tube with a bialkali photocathode.
Results with different photodetectors can be significantly different.
For example, the response of CsI(Tl) relative to NaI(Tl) with a silicon
photodiode would be 140 rather than 45 due to its higher quantum
efficiency at longer wavelengths. For scintillators which emit in the
UV, a detector with a quartz window should be used.

Table 28.4: Properties of several inorganic crystal scintillators. Most
of the notation is defined in Sec. 6 of this Review.

Parameter: ρ MP X∗
0 R∗

M dE/dx λ∗
I τdecay λmax n� Relative Hygro- d(LY)/dT

output† scopic?
Units: g/cm3 ◦C cm cm MeV/cm cm ns nm %/◦C‡

NaI(Tl) 3.67 651 2.59 4.13 4.8 42.9 230 410 1.85 100 yes ∼0

BGO 7.13 1050 1.12 2.23 9.0 22.8 300 480 2.15 9 no −1.6

BaF2 4.89 1280 2.03 3.10 6.6 30.7 630s 300s 1.50 21s no −2s

0.9f 220f 2.7f ∼0f

CsI(Tl) 4.51 621 1.86 3.57 5.6 39.3 1300 560 1.79 45 slight 0.3

CsI(pure) 4.51 621 1.86 3.57 5.6 39.3 35s 420s 1.95 5.6s slight −0.6

6f 310f 2.3f

PbWO4 8.3 1123 0.89 2.00 10.2 20.7 50s 560s 2.20 0.1s no −1.9

10f 420f 0.6f

LSO(Ce) 7.40 2070 1.14 2.07 9.6 20.9 40 420 1.82 75 no ∼0

GSO(Ce) 6.71 1950 1.38 2.23 8.9 22.2 600s 430 1.85 3s no −0.1

56f 30f

∗ Numerical values calculated using formulae in this review.
� Refractive index at the wavelength of the emission maximum.
† Relative light yield measured with a bi-alkali cathode PMT.
‡ Variation of light yield with temperature evaluated at room
temperature.
f = fast component, s = slow component

One important issue related to the application of a crystal
scintillator is its radiation hardness. Stability of its light output, or
the ability to track and monitor the variation of its light output in a
radiation environment, is required for high resolution and precision
calibration [42]. All known crystal scintillators suffer from radiation
damage. A common damage phenomenon is the appearance of
radiation induced absorption caused by the formation of impurities or
point defect related color centers. This radiation induced absorption
reduces the light attenuation length in the crystal, and hence its
light output. For crystals with high defect density, a severe reduction
of light attenuation length may lead to a distortion of the light
response uniformity, leading to a degradation of energy resolution.
Additional radiation damage effects may include a reduced intrinsic
scintillation light yield (damage to the luminescent centers) and an
increased phosphorescence (afterglow). For crystals to be used in the
construction a high precision calorimeter in a radiation environment,
its scintillation mechanism must not be damaged and its light
attenuation length in the expected radiation environment must be
long enough so that its light response uniformity, and thus its energy
resolution, does not change [43].

Most of the crystals listed in Table 28.4 have been used in high
energy or nuclear physics experiments when the ultimate energy
resolution for electrons and photons is desired. Examples are the
Crystal Ball NaI(Tl) calorimeter at SPEAR, the L3 BGO calorimeter
at LEP, the CLEO CsI(Tl) calorimeter at CESR, the KTeV CsI
calorimeter at the Tevatron, and the BaBar and BELLE CsI(Tl)
calorimeters at PEP-II and KEK. Because of its high density and
low cost, PWO calorimeters are now being constructed by CMS and
ALICE at LHC, by CLAS and PrimEx at CEBAF, and by BTeV at
the Tevatron.
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Figure 28.2: The quantum efficiencies of two photodetectors,
a Hamamatsu R2059 PMT with bi-alkali cathode and a
Hamamatsu S8664 avalanche photodiode (APD), are shown as
a function of wavelength. Also shown in the figure are emission
spectra of three crystal scintillators, BGO, LSO and CsI(Tl), and
the numerical values of the emission weighted quantum efficiency.
The area under each emission spectrum is proportional to
crystal’s light yield.

28.4. Cherenkov detectors

Written September 2003 by B.N. Ratcliff (SLAC).

Although devices using Cherenkov radiation are often thought of
as particle identification (PID) detectors, in practice, they are widely
used over a much broader range of applications; including (1) fast
particle counters; (2) hadronic particle identification; and (3) tracking
detectors performing complete event reconstruction. A few examples
of specific applications from each category include; (1) the polarization
detector of the SLD [44]; (2) the hadronic PID detectors at the
B factory detectors (DIRC in BaBar [8] and the aerogel threshold
Cherenkov in Belle [45]) ; and (3) large water Cherenkov counters such
as Super-Kamiokande [46]. Cherenkov counters contain two main
elements; (1) a radiator through which the charged particle passes,
and (2) a photodetector. As Cherenkov radiation is a weak source of
photons, light collection and detection must be as efficient as possible.
The presence of the refractive index n and the path length of the
particle in the radiator in the Cherenkov relations allows tuning these
quantities for a particular experimental application.

Cherenkov detectors utilize one or more of the properties of
Cherenkov radiation discussed in the Passages of Particles through
Matter section (Sec. 27 of this Review): the prompt emission of a
light pulse; the existence of a velocity threshold for radiation; and the
dependence of the Cherenkov cone half-angle θc and the number of
emitted photons on the velocity of the particle.

The number of photoelectrons (Np.e.) detected in a given device is

Np.e. = L
α2z2

re mec2

∫
ε(E) sin2 θc(E)dE , (28.4)

where L is the path length in the radiator, ε(E) is the efficiency for
collecting the Cherenkov light and transducing it in photoelectrons,
and α2/(re mec

2) = 370 cm−1eV−1.
The quantities ε and θc are functions of the photon energy E.

However, since the typical energy dependent variation of the index of
refraction is modest, a quantity called the Cherenkov detector quality
factor N0 can be defined as

N0 =
α2z2

re mec2

∫
ε dE , (28.5)

so that
Np.e. ≈ LN0〈sin2 θc〉 . (28.6)

We take z = 1, the usual case in high-energy physics, in the following
discussion.

This definition of the quality factor N0 is not universal, nor, indeed,
very useful for situations where the geometrical photon collection
efficiency (εcoll) varies substantially for different tracks. In this case,
separate factors for photon collection and detection (εdet), so that
ε = εcollεdet, are sometimes included on the right hand side of the
equation. A typical value of N0 for a photomultiplier (PMT) detection
system working in the visible and near UV, and collecting most of
the Cherenkov light, is about 100 cm−1. Practical counters, utilizing
a variety of different photodetectors, have values ranging between
about 30 and 180 cm−1. Radiators can be chosen from a variety
of transparent materials (Sec. 27 of this Review and Table 6.1). In
addition to refractive index, the choice requires consideration of factors
such as material density, radiation length, transmission bandwidth,
absorption length, chromatic dispersion, optical workability (for
solids), availability, and cost. Long radiator lengths are required to
obtain sufficient numbers of photons when the momenta of the particle
species to be separated are high. Recently, the gap in refractive
index that has traditionally existed between gases and liquid or solid
materials has been partially closed with transparent silica aerogels
with indices that range between about 1.007 and 1.13.

Cherenkov counters may be classified as either imaging or threshold
types, depending on whether they do or do not make use of Cherenkov
angle (θc) information. Imaging counters may be used to track
particles as well as identify them.

28.4.1.
Threshold counters: : Threshold Cherenkov detectors [47], in
their simplest form, make a yes/no decision based on whether the
particle is above or below the Cherenkov threshold velocity βt = 1/n.
A straightforward enhancement of such detectors uses the number of
observed photoelectrons (or a calibrated pulse height) to discriminate
between species or to set probabilities for each particle species [48].
This strategy can increase the momentum range of particle separation
by a modest amount (to a momentum some 20% above the threshold
momentum of the heavier particle in a typical case).

Careful designs give 〈εcoll〉� 90%. For a photomultiplier with a
typical bialkali cathode,

∫
εdetdE ≈ 0.27, so that

Np.e./L ≈ 90 cm−1 〈sin2 θc〉 (i.e., N0 = 90 cm−1) . (28.7)

Suppose, for example, that n is chosen so that the threshold for species
a is pt; that is, at this momentum species a has velocity βa = 1/n. A
second, lighter, species b with the same momentum has velocity βb, so
cos θc = βa/βb, and

Np.e. L ≈ 90 cm−1 m2
a − m2

b

p2
t + m2

a
. (28.8)

For K/π separation at p = pt = 1(5) GeV/c, Np.e./L ≈ 16(0.8) cm−1

for π’s and (by design) 0 for K’s.
For limited path lengths Np.e. can be small, and a minimum number

is required to trigger external electronics. The overall efficiency of the
device is controlled by Poisson fluctuations, which can be especially
critical for separation of species where one particle type is dominant.
The effective number of photoelectrons is often less than the average
number calculated above due to additional equivalent noise from the
photodetector. It is common to design for at least 10 photoelectrons
for the high velocity particle in order to obtain a robust counter. As
rejection of the particle that is below threshold depends on not seeing
a signal, electronic and other background noise can be important.
Physics sources of light production for the below threshold particle,
such as decay of the above threshold particle or the production of
delta rays in the radiator, often limit the separation attainable, and
need to be carefully considered. Well designed, modern multi-channel
counters, such as the ACC at Belle [45], can attain good particle
separation performance over a substantial momentum range for
essentially the full solid angle of the spectrometer.
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28.4.2. Imaging counters : The most powerful use of the
information available from the Cherenkov process comes from
measuring the ring-correlated angles of emission of the individual
Cherenkov photons. Since low-energy photon detectors can measure
only the position (and, perhaps, a precise detection time) of the
individual Cherenkov photons (not the angles directly), the photons
must be “imaged” onto a detector so that their angles can be
derived [49]. In most cases the optics map the Cherenkov cone
onto (a portion of) a distorted circle at the photodetector. Though
this imaging process is directly analogous to the familiar imaging
techniques used in telescopes and other optical instruments, there is
a somewhat bewildering variety of methods used in a wide variety of
counter types with different names. Some of the imaging methods used
include (1) focusing by a lens; (2) proximity focusing (i.e., focusing
by limiting the emission region of the radiation); and (3) focusing
through an aperture (a pinhole). In addition, the prompt Cherenkov
emission coupled with the speed of modern photon detectors allows
the use of time imaging, a method which is used much less frequently
in conventional imaging technology. Finally, full tracking (and event
reconstruction) can be performed in large water counters by combining
the individual space position and time of each photon together with
the constraint that Cherenkov photons are emitted from each track at
a constant polar angle.

In a simple model of an imaging PID counter, the fractional error
on the particle velocity (δβ) is given by

δβ =
σβ

β
= tan θcσ(θc) , (28.9)

where

σ(θc) =
〈σ(θi)〉√

Np.e.
⊕ C , (28.10)

where 〈σ(θi)〉 is the average single photoelectron resolution, as defined
by the optics, detector resolution and the intrinsic chromaticity
spread of the radiator index of refraction averaged over the photon
detection bandwidth. C combines a number of other contributions to
resolution including,(1) correlated terms such as tracking, alignment,
and multiple scattering, (2) hit ambiguities, (3) background hits from
random sources, and (4) hits coming from other tracks. In many
practical cases, the resolution is limited by these effects.

For a β ≈ 1 particle of momentum (p) well above threshold entering
a radiator with index of refraction (n), the number of σ separation
(Nσ) between particles of mass m1 and m2 is approximately

Nσ ≈ |m2
1 − m2

2|
2p2σ(θc)

√
n2 − 1

. (28.11)

In practical counters, the angular resolution term σ(θc) varies
between about 0.1 and 5 mrad depending on the size, radiator, and
photodetector type of the particular counter. The range of momenta
over which a particular counter can separate particle species extends
from the point at which the number of photons emitted becomes
sufficient for the counter to operate efficiently as a threshold device
(∼20% above the threshold for the lighter species) to the value in
the imaging region given by the equation above. For example, for
σ(θc) = 2mrad, a fused silica radiator(n = 1.474), or a flourocarbon
gas radiator (C5F12, n = 1.0017), would separate π/K’s from the
threshold region starting around 0.15(3) GeV/c through the imaging
region up to about 4.2(18) GeV/c at better than 3σ.

Many different imaging counters have been built during
the last several decades [52]. Among the earliest examples
of this class of counters are the very limited acceptance
Differential Cherenkov detectors, designed for particle selection in
high momentum beam lines. These devices use optical focusing
and/or geometrical masking to select particles having velocities in
a specified region. With careful design, a velocity resolution of
σβ/β ≈ 10−4–10−5 can be obtained [47].

Practical multi-track Ring-Imaging Cherenkov detectors
(generically called RICH counters) are a more recent development.
They have been built in small-aperture and 4π geometries both as

PID counters and as stand-alone detectors with complete tracking
and event reconstruction as discussed more fully below. PID RICH
counters are sometimes further classified by ‘generations’ that differ
based on performance, design, and photodetection techniques.

A typical example of a first generation RICH used at the Z
factory e+e− colliders [50,51] has both liquid (C6F14, n = 1.276)
and gas (C5F12, n = 1.0017) radiators, the former being proximity
imaged using the small radiator thickness while the latter use
mirrors. The phototransducers are a TPC/wire-chamber combination
having charge division or pads. They are made sensitive to photons
by doping the TPC gas (usually, ethane/methane) with ∼ 0.05%
TMAE (tetrakis(dimethylamino)ethylene). Great attention to detail
is required, (1) to avoid absorbing the UV photons to which TMAE
is sensitive, (2) to avoid absorbing the single photoelectrons as they
drift in the long TPC, and (3) to keep the chemically active TMAE
vapor from interacting with materials in the system. In spite of their
unforgiving operational characteristics, these counters attained good
e/π/K/p separation over wide momentum ranges during several years
of operation. In particular, their π/K separation range extends over
momenta from about 0.25 to 20 GeV/c.

Second and third generation counters [52] generally must operate
at much higher particle rates than the first generation detectors,
and utilize different photon detection bandwidths, with higher
readout channel counts, and faster, more forgiving photon detection
technology than the TMAE doped TPCs just described. Radiator
choices have broadened to include materials such as lithium flouride,
fused silica, and aerogel. Vacuum based photodetection systems (e.g.,
photomultiplier tubes (PMT) or hybrid photodiodes (HPD)) have
become increasingly common. They handle very high rates, can be
used in either single or multi anode versions, and allow a wide choice
of radiators. Other fast detection systems that use solid cesium iodide
(CSI) photocathodes or triethylamine (TEA) doping in proportional
chambers are useful with certain radiator types and geometries.

A DIRC (Detector of Internally Reflected Cherenkov light) is
a third generation subtype of a RICH first used in the BaBar
detector [8]. It “inverts” the usual principle for use of light from
the radiator of a RICH by collecting and imaging the total internally
reflected light, rather than the transmitted light. A DIRC utilizes the
optical material of the radiator in two ways, simultaneously; first as
a Cherenkov radiator, and second, as a light pipe for the Cherenkov
light trapped in the radiator by total internal reflection. The DIRC
makes use of the fact that the magnitudes of angles are preserved
during reflection from a flat surface. This fact, coupled with the high
reflection coefficients of the total internal reflection process (> 0.9995
for higly polished SiO2), and the long attenuation length for photons
in high purity fused silica, allows the photons of the ring image to
be transported to a detector outside the path of the particle where
they may be imaged. The BaBar DIRC uses 144 fused silica radiator
bars (1.7 × 3.5 × 490 cm) with the light being focused onto 11 000
conventional PMT’s located about 120 cm from the end of the bars by
the “pinhole” of the bar end. DIRC performance can be understood
using the formula for (Nσ) discussed above. Typically, Np.e. is rather
large (between 15 and 60) and the Cherenkov polar angle is measured
to about 2.5 mrad. The momentum range with good π/K separation
extends up to about 4 GeV/c, matching the B decay momentum
spectrum observed in BaBar.

28.5. Cherenkov tracking calorimeters

Written August 2003 by D. Casper (UC Irvine).

In addition to the specialized applications described in the previous
section, Cherenkov radiation is also exploited in large, ring-imaging
detectors with masses measured in kilotons or greater. Such devices
are not subdetector components, but complete experiments with
triggering, tracking, vertexing, particle identification and calorimetric
capabilities, where the large mass of the transparent dielectric medium
serves as an active target for neutrino interactions (or their secondary
muons) and rare processes like nucleon decay.

For volumes of this scale, absorption and scattering of Cherenkov
light are non-negligible, and a wavelength-dependent factor e−d/L(λ)

(where d is the distance from emission to the sensor and L(λ) is the
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attenuation length of the medium) must be included in the integral
of Eq. (28.4) for the photoelectron yield. The choice of medium is
therefore constrained by the refractive index and transparency in
the region of photodetector sensitivity; highly-purified water is an
inexpensive and effective choice; sea-water, mineral oil, polar ice,
and D2O are also used. Photo-multiplier tubes (PMTs) on either a
volume or surface lattice measure the time of arrival and intensity
of Cherenkov radiation. Hemispherical PMTs are favored for the
widest angular acceptance, and sometimes mounted with reflectors or
wavelength-shifting plates to increase the effective photosensitive area.
Gains and calibration curves are measured with pulsed laser signals
transmitted to each PMT individually via optical fiber or applied to
the detector as a whole through one or more diffusing balls.

Volume instrumentation [53] is only cost-effective at low densities,
with a spacing comparable to the attenuation (absorption and
scattering) length of Cherenkov light in the medium (15–40 m
for Antarctic ice and ∼45 m in the deep ocean). PMTs are
deployed in vertical strings as modular units which include pressure
housings, front-end electronics and calibration hardware. The effective
photocathode coverage of such arrays is less than 1% but still adequate
(using timing information and the Cherenkov angular constraint) to
reconstruct the direction of TeV muons to 1◦ or better. The size of
such “neutrino telescopes” is limited only by cost once the technical
challenges of deployment, power, signal extraction and calibration in
an inaccessible and inhospitable environment are addressed; arrays up
to (1 km)3 in size are under study or development.

Surface instrumentation [54] allows the target volume to be viewed
with higher photocathode density by a number of PMTs which
scales like (volume)2/3. To improve hermeticity and shielding, and to
ensure that an outward-going particle’s Cherenkov cone illuminates
sufficient PMTs for reconstruction, a software-defined fiducial volume
begins some distance (∼ 2 m) inside the photosensor surface. Events
originating within the fiducial volume are classified as fully-contained
if no particles exit the inner detector, or partially-contained otherwise.
An outer (veto) detector, optically separated from the inner volume
and instrumented at reduced density, greatly assists in making this
determination and also simplifies the selection of contained events.
The maximum size of a pure surface array is limited by the attenuation
length (∼ 100 m has been achieved for large volumes using reverse-
osmosis water purification), pressure tolerance of the PMTs (< 80
meters of water, without pressure housings) and structural integrity of
the enclosing cavity, if underground. In practice, these limitations can
be overcome by a segmented design involving multiple modules of the
nominal maximum size; megaton-scale devices are under study.

Cherenkov detectors are excellent electromagnetic calorimeters,
and the number of Cherenkov photons produced by an e/γ is
nearly proportional to its kinetic energy. For massive particles,
the number of photons produced is also related to the energy,
but not linearly. For any type of particle, the visible energy Evis

is defined as the energy of an electron which would produce the
same number of Cherenkov photons. The number of photoelectrons
collected depends on a detector-specific scale factor, with event-by-
event corrections for geometry and attenuation. For typical PMTs,
in water Np.e. ≈ 15 ξ Evis(MeV), where ξ is the effective fractional
photosensor coverage; for other materials, the photoelectron yield
scales with the ratio of sin2 θc over density. At solar neutrino energies,
the visible energy resolution (∼ 30%/

√
ξ Evis(MeV)) is about 20%

worse than photoelectron counting statistics would imply. For higher
energies, multi-photoelectron hits are likely and the charge collected
by each PMT (rather the number of PMTs firing) must be used; this
degrades the energy resolution to approximately 2%/

√
ξ Evis(GeV).

In addition, the absolute energy scale must be determined with sources
of known energy. Using an electron LINAC and/or nuclear sources,
0.5–1.5% has been achieved at solar neutrino energies; for higher
energies, cosmic-ray muons, Michel electrons and π0 from neutrino
interactions allow ∼ 3% absolute energy calibration.

A trigger can be formed by the coincidence of PMTs within
a window comparable to the detector’s light crossing time; the
coincidence level thus corresponds to a visible energy threshold.
Physics analysis is usually not limited by the hardware trigger, but
rather the ability to reconstruct events. The interaction vertex can

be estimated using timing and refined by applying the Cherenkov
angle constraint to identified ring edges. Multi-ring events are more
strongly constrained, and their vertex resolution is 33–50% better than
single rings. Vertex resolution depends on the photosensor density and
detector size, with smaller detectors performing somewhat better than
large ones (∼ 25 cm is typical for existing devices). Angular resolution
is limited by multiple scattering at solar neutrino energies (25–30◦)
and improves to a few degrees around Evis = 1 GeV.

A non-showering (µ, π±, p) track produces a sharp ring with
small contributions from delta rays and other radiated secondaries,
while the more diffuse pattern of a showering (e, γ) particle
is actually the superposition of many individual rings from
charged shower products. Using maximum likelihood techniques
and the Cherenkov angle constraint, these two topologies can be
distinguished with an efficiency which depends on the photosensor
density and detector size [55]. This particle identification
capability has been confirmed by using cosmic-rays and Michel
electrons, as well as charged-particle [56] and neutrino [57]
beams. Large detectors perform somewhat better than smaller
ones with identical photocathode coverage; a misidentification
probability of ∼ 0.4%/ξ in the sub-GeV range is consistent
with the performance of several experiments for 4% < ξ < 40%.
Detection of a delayed coincidence from muon decay offers
another, more indirect, means of particle identification; with
suitable electronics, efficiency approaches 100% for µ+ decays
but is limited by nuclear absorption (22% probability in water)
for µ−.

Reconstruction of multiple Cherenkov rings presents a challenging
pattern recognition problem, which must be attacked by some
combination of heuristics, maximum likelihood fitting, Hough
transforms and/or neural networks. The problem itself is somewhat
ill-defined since, as noted, even a single showering primary produces
many closely-overlapping rings. For π0 → γγ two-ring identification,
performance falls off rapidly with increasing π0 momentum,
and selection criteria must be optimized with respect to the
analysis-dependent cost-function for e ↔ π0 mis-identification. Two
representative cases for ξ = 39% will be illustrated. In an atmospheric
neutrino experiment, where π0 are relatively rare compared to e±,
one can isolate a > 90% pure 500 MeV/c π0 sample with an efficiency
of ∼ 40%. In a νe appearance experiment at Eν ≤ 1 GeV, where e±
are rare compared to π0, a 99% pure 500 MeV/c electron sample can
be identified with an efficiency of ∼ 70%. For constant ξ, a larger
detector (with, perforce, a greater number of pixels to sample the light
distribution) performs somewhat better at multi-ring separation than
a smaller one. For a more detailed discussion of event reconstruction
techniques, see Ref. 46.

Table 28.5: Properties of Cherenkov tracking calorimeters.
LSND was a hybrid scintillation/Cherenkov detector; the
estimated ratio of isotropic to Cherenkov photoelectrons was
about 5:1. MiniBooNE’s light yield also includes a small
scintillation component.

Detector Fiducial mass PMTs ξ p.e./ Dates
(kton) (diameter, cm) MeV

IMB-1 [58] 3.3 H2O 2048 (12.5) 1% 0.25 1982–85
IMB-3 [59] 3.3 H2O 2048 (20 +plate) 4.5% 1.1 1987–90
KAM I [60,61] 0.88/0.78 H2O 1000/948 (50) 20% 3.4 1983–85
KAM II [62] 1.04 H2O 948 (50) 20% 3.4 1986–90
LSND [63] 0.084 oil+scint. 1220 (20) 25% 33 1993–98
SK-1 [64] 22.5 H2O 11146 (50) 39% 6 1997–2001
SK-2 22.5 H2O 5182 (50) 18% 3 2002–
K2K [65] 0.025 H2O 680 (50) 39% 6 1999–
SNO [66] 1.0 D2O 9456 (20+cone) 55% 9 1999–
MiniBooNE 0.445 oil 1280 (20) 10% 3–4 2002–
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Figure 28.3: Pion efficiency measured (or predicted) for
different TRDs as a function of the detector length for a fixed
electron efficiency of 90%. The experimental data are directly
taken or extrapolated from references [77–89,70]( NA34 to
NOMAD).

28.6. Transition radiation detectors (TRD’s)

Revised September 2003 by D. Froidevaux (CERN).

It is clear from the discussion in the section on “Passages of Particles
Through Matter” (Sec. 27 of this Review) that transition radiation
(TR) only becomes useful for particle detectors when the signal can
be observed as x rays emitted along the particle direction for Lorentz
factors γ larger than 1000. In practice, TRD’s are therefore used to
provide electron/pion separation for 0.5 GeV/c <∼ p <∼ 100 GeV/c.
The charged-particle momenta have usually been measured elsewhere
in the detector in the past [67].

Since soft x rays, in the useful energy range between 2 and 20 keV,
are radiated with about 1% probability per boundary crossing,
practical detectors use radiators with several hundred interfaces,
e.g. foils or fibers of low-Z materials such as polypropylene (or, more
rarely, lithium) in a gas. Absorption inside the radiator itself and in
the inactive material of the x-ray detector is important and limits
the usefulness of the softer x rays, but interference effects are even
larger, and saturate the x-ray yield for electron energies above a
few GeV [68,69].

A classical detector is composed of several similar modules, each
consisting of a radiator and an x-ray detector, which is usually a wire
chamber operated with a xenon-rich mixture, in order to efficiently
absorb the x rays. The most prominent and recent examples of
such detectors for large-scale experiments are the TRD detectors of
NOMAD [70], ALICE [71], and PHENIX. Since transition-radiation
photons are mostly emitted at very small angles with respect to the
charged-particle direction, the x-ray detector most often detects the
sum of the ionization loss (dE/dx) of the charged particle in the
gas and energy deposition of the x rays. The discrimination between
electrons and pions can be based on the charges measured in each
detection module, on the number of energy clusters observed above
an optimal threshold (usually in the 5 to 7 keV region), or on more
sophisticated methods analyzing the pulse shape as a function of time.
Once properly calibrated and optimized, most of these methods yield
very similar results.

Development work over the past years for accelerator (ATLAS [72])
and space (AMS [73], PAMELA [74] applications has aimed
at increasing the intrinsic quality of the TRD-performance by
increasing the probability per detection module of observing a signal
from TR-photons produced by electrons. This has been achieved
experimentally by distributing small-diameter straw-tube detectors
uniformly throughout the radiator material. This method has thereby
also cured one of the major drawbacks of more classical TRD’s, that
is, their need to rely on another detector to measure the charged-
particle trajectory. For example, in the ATLAS Transition Radiator
Tracker [75] charged particles cross about 35 straw tubes embedded in
the radiator material. Dedicated R&D work and detailed simulations
have shown that the combination of charged-track measurement and
particle identification in the same detector will provide a very powerful
tool even at the highest LHC luminosity [76].

The major factor in the performance of any TRD is its overall
length. This is illustrated in Fig. 28.3, which shows, for a variety
of detectors, the measured (or predicted) pion efficiency at a fixed
electron efficiency of 90% as a function of the overall detector length.
The experimental data cover too wide a range of particle energies
(from a few GeV to 40 GeV) to allow for a quantitative fit to
a universal curve. Fig. 28.3 shows that an order of magnitude in
rejection power against pions is gained each time the detector length
is increased by ∼ 20 cm.

28.7. Wire chambers

Written October 1999 by A. Cattai and G. Rolandi (CERN).

A wire chamber relies on the detection of a large fraction of the
charge created in a volume filled with an appropriate gas mixture.
A charged particle traversing a gas layer of thickness ∆ produces
electron-ion pairs along its path (see Sec. 27.2). The yield (1/λ) of
ionization encounters for a minimum ionization particle (m.i.p.) (see
Fig. 27.1) is given in Table 28.6.

Encounters/cm t99(mm) Free electrons/cm

He 5 9.2 16
Ne 12 3.8 42
Ar 25 1.8 103
Xe 46 1.0 340
CH4 27 1.7 62
CO2 35 1.3 107
C2H6 43 1.1 113

Table 28.6: For various gases at STP: (a) yield of ionization
encounters (1/λ) for m.i.p. [90], (b) t99: thickness of the gas
layer for 99% efficiency, and (c) the average number of free
electrons produced by a m.i.p. (calculated using data from
Ref. 91).

The probability to have at least one ionization encounter is
1 − exp(−∆/λ) and the thickness of the gas layer for 99% efficiency
is t99 = 4.6λ. Depending on the gas, some 65–80% of the encounters
result in the production of only one electron; the probability that a
cluster has more than five electrons is smaller than 10%. However
the tail of the distribution is very long and the yield of ionization
electrons is 3–4 times that of the ionization encounters. The secondary
ionization happens either in collisions of (primary) ionization electrons
with atoms or through intermediate excited states. The process is
non-linear and gas mixtures may have larger yields than each of their
components. See also the discussion in Sec. 27.7.

Under the influence of electric and magnetic fields the ionization
electrons drift inside the gas with velocity u given by:

u = µ|E| 1
1 + ω2τ2

(
Ê + ωτ(Ê × B̂) + ω2τ2(Ê · B̂)B̂

)
(28.12)

where Ê and B̂ are unit vectors in the directions of the electric and
magnetic fields respectively, µ is the electron mobility in the gas, ω
is the cyclotron frequency eB/mc, and τ = µm/e is the mean time
between collisions of the drifting electrons. The magnitude of the drift
velocity depends on many parameters; typical values are in the range
1–8 cm/µs.

In a quite common geometry, the drift electric field is perpendicular
to the magnetic field. In this case the electrons drift at an angle ψ
with respect to the electric field direction such that tan ψ = ωτ .

The ionization electrons are eventually collected by a thin (typically
10 µm radius) anode wire where a strong electric field—increasing as
1/r—accelerates the electrons enough to produce secondary ionization
and hence an avalanche. A quenching gas (organic molecules with large
photo-absorption cross-section) absorbs the majority of the photons
produced during the avalanche development, keeping the avalanche
region localized. The gain achievable with a wire counter depends
exponentially on the charge density on the wire, on the gas density



28. Particle detectors 281

ρ and—through it—on pressure and temperature: dG/G ≈ −Kdρ/ρ,
where the coefficient K ranges between 5 and 8 in practical cases.
Gains larger than 104 can be obtained in proportional mode.

The electrons produced in the avalanche are collected by the wire
in a few nanoseconds. The positive ions move away from the wire and
generate a signal that can be detected with an amplifier. Depending
on whether the wire is treated as a current source or a voltage source,
the signal is described respectively by:

I(t) = q
d

dt
F (t) ; ∆V (t) =

q

C
F (t) , (28.13)

where q is the positive charge in the avalanche, C is the
capacitance between the anode wire and the cathodes and
F (t) = ln(1 + t/t0)/ ln(1 + tmax/t0). The constant t0 is of the order
of one or few nanoseconds; the constant tmax (several microseconds)
describes the time that it takes ions to reach the cathodes.

A sketch of the first multi-wire proportional chamber (MWPC) [92]
is shown in Fig. 28.4. It consists of a plane of parallel sense wires
with spacing s and length L inserted in a gap of thickness ∆. The
potential distributions and fields in a proportional or drift chamber
can usually be calculated with good accuracy from the exact formula
for the potential around an array of parallel line charges q (coul/m)
along z and located at y = 0, x = 0, ±s, ±2s, . . . ,

V (x, y) = − q

4π ε0
ln

{
4

[
sin2

(πx

s

)
+ sinh2

(πy

s

)]}
. (28.14)
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Figure 28.4: Electric field lines in a (MWPC) with an anode
pitch of 2 mm as calculated with GARFIELD program [93].

With digital readout, the resolution in the direction perpendicular
to the wire is s/

√
12, where s is typically 1–2 mm. Similar resolution

can be achieved with a smaller channel density by measuring the
difference in time between the arrival of electrons at the wire and the
traversal of the particle, albeit with a longer response time. In the
case of drift chambers, the spatial resolution is limited by the diffusion
of ionization electrons during the drift and by the fluctuations of
the ionization process. Depending on the gas mixture, the width
of the diffusing cloud after 1 cm of drift is typically between 50
and 300 µm; small diffusion implies low drift velocity. With drift
lengths up to 5 cm (1 µs), resolutions in the range 100–200 µm
have been achieved in chambers with surface areas of several square
meters [94]. The central detectors in many collider experiments are
drift chambers with the wires parallel to the beam direction. Small
volume chambers (0.1 m3) have been used for vertex measurement
achieving resolutions of 50 µm using high pressure (2–4 bar) and
low diffusion gas mixtures [95]. Large volume chambers (5–40 m3)
with several thousand wires of length of 1–2 meters are operated with
resolution between 100 and 200 µm [96].

The spatial resolution cannot be improved by arbitrarily reducing
the spacing of the wires. In addition to the practical difficulties of
precisely stringing wires at a pitch below 1 mm, there is a fundamental
limitation: the electrostatic force between the wires is balanced by the

mechanical tension, which cannot exceed a critical value. This gives
the following approximate stability condition:

s

L
≥ 1.5 × 10−3V (kV)

√
20 g
T

, (28.15)

where V is the voltage of the sense wire and T is the tension of the
wire in grams-weight equivalent.

A review of the principle of particle detection with drift chambers
can be found in [97]. A compilation of the mobilities, diffusion
coefficients and drift deflection angles as a function of E and B for
several gas mixtures used in proportional chambers can be found
in [98]. A review of micro-strip gas chambers (MSGC) can be found
in [99].

28.8. Micro-pattern Gas Detectors

Written October 2005 by M.T Ronan (LBNL).

New micro-pattern gas detectors (MPGD’s) are replacing
conventional wire chambers in many applications. In these devices
electron gas amplification is obtained in very high fields generated by
modest voltages (300–400 V) across 50–100 µm structures suitable for
large-area applications. Typically gains of 103 to 104 are achieved with
many gases under standard conditions. Two examples of MPGD’s are
gas electron multipliers (GEM’s) [108] and Micromegas [109].

A GEM detector is typically fabricated by etching 50 µm holes
at a 140 µm pitch in a thin (50 µm) metal-clad sheet of insulating
material. A potential difference is maintained between opposite sides
of the sheet, so that electron avalanches occur in the holes. Electrons
more or less follow the field lines as shown in Fig. 28.5.

A Micromegas structure is made by separating a thin (5 µm)
metallic mesh with 50 µm pitch holes from a conducting or resistive
anode plane using small 50–100 µm-tall spacers. Electron and positive
ion drift lines are shown in Fig. 28.6.

Fast electron and ion signals with risetimes of a few nsec and
full widths of 20–100 nsec are obtained from direct charge collection
with no loss due to ballistic deficit effects or the 1/t tails present
in wire chambers. Positive ion feedback is determined by the ratio
of drift and amplification fields, and by transfer fields in the case
of multilayer GEM configurations. Typical drift or conversion fields
of 100–1000 V/cm and amplification fields of 40–70 kV/cm leads to
intrinsic feedback suppression of a few to several parts per mil.

Figure 28.5: Detail of electric field lines (solid) and
equipotentials (dashed) in the region of GEM holes. Electron
transparencies are typically 100%. Most positive ions produced
in the high field region within a hole drift back to the GEM’s
top side. Figure courtesy of F. Sauli.
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Figure 28.6: GARFIELD simulation of the electron (solid)
and positive ion (dashed) drift lines in a Micromegas avalanche
region. Drifting electrons are funneled through the mesh and
spread across the anode surface by diffusion (not included).
Most positive ions produced in the gap near the anode surface
drift back to the Micromegas mesh.

28.9. Resistive-plate chambers

Written November 2005 by H.R. Band (U. Wisconsin) and J. Zhang
(Beijing).

The resistive-plate chamber (RPC) was developed by Santonico
and Cardarelli in the early 1980’s [102] as a low-cost alternative to
large scintillator planes.* Most commonly, an RPC is constructed
from two parallel high-resistivity (109–1013 Ω-cm) glass or phenolic
(Bakelite)/melamine laminate plates with a few-mm gap between them
which is filled with atmospheric-pressure gas. The gas is chosen to
absorb UV photons in order to limit transverse growth of discharges.
The backs of the plates are coated with a lower-resistivity paint
or ink (∼105 Ω/�), and a high potential (7–12 keV) is maintained
between them. The passage of a charged particle initiates an electric
discharge, whose size and duration are limited since the current
reduces the local potential to below that needed to maintain the
discharge. The sensitivity of the detector outside of this region is
unaffected. The signal readout is via capacitive coupling to metallic
strips on both sides of the detector which are separated from the high
voltage coatings by thin insulating sheets. The x and y position of
the discharge can be measured if the strips on opposite sides of the
gap are orthogonal. When operated in streamer mode, the induced
signals on the strips can be quite large (∼300 mV), making sensitive
electronics unnecessary. An example of an RPC structure is shown in
Fig. 28.7.
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Figure 28.7: Schematic cross section of a typical RPC, in this
case the single-gap streamer-mode BaBar RPC.

RPC’s have inherent rate limitations since the time needed to
re-establish the field after a discharge is proportional to the chamber
capacitance and plate resistance. The average charge per streamer is

* It was based on earlier work on a spark counter with one high-
resistivity plate [103].

100–1000 pC. Typically, the efficiency of streamer-mode glass RPC’s
begins to fall above ∼0.4 Hz/cm2. Because of Bakelite’s lower bulk re-
sistivity, Bakelite RPC’s can be efficient at 10–100 Hz/cm2. The need
for higher rate capability led to the development of avalanche-mode
RPC’s, in which the gas and high voltage have been tuned to limit the
growth of the electric discharge, preventing streamer formation. Typi-
cal avalanche-mode RPC’s have a signal charge of about 10 pC and can
be efficient at 1 kHz/cm2. The avalanche discharge produces a much
smaller induced signal on the pickup strips (∼1 mV) than streamers,
and thus requires a more sophisticated and careful electronic design.

Many variations of the initial RPC design have been built for
operation in either mode. Efficiencies of >∼ 92% for single gaps can be
improved by the use of two or more gas gaps with shared pickup strips.
Non-flammable and more environmentally friendly gas mixtures have
been developed. In streamer mode, various mixtures of argon with
isobutane and tetrafluoroethane have been used. For avalanche mode
operation, a gas mixture of tetrafluoroethane (C2H2F4) with 2–5%
isobutane and 0.4–10% sulphur hexafluoride (SF6) is typical. An
example of large-scale RPC use is provided by the muon system being
built for the ATLAS detector, where three layers of pairs of RPC’s
are used to trigger the drift tube arrays between the pairs. The total
area is about 10,000m2. These RPC’s provide a spatial resolution of
1 cm and a time resolution of 1 ns at an efficiency ≥ 99%. Much better
timing resolution (50 ps) has been obtained using thin multiple-gap
RPC’s. Fonte provides useful review [104] of RPC designs.

Operational experience with RPC’s has been mixed. Several
experiments (e.g., L3 and HARP) have reported reliable performance.
However, the severe problems experienced with the BaBar RPC’s have
raised concerns about the long-term reliability of Bakelite RPC’s.

Glass RPC’s have had fewer problems, as seen by the history
of the BELLE chambers. A rapid growth in the noise rate and
leakage current in some of the BELLE glass RPC’s was observed
during commissioning. It was found that water vapor in the input
gas was reacting with fluorine (produced by the disassociation of the
tetrafluoroethane in the streamers) to produce hydrofluoric acid. The
acid etched the glass surfaces, leading to increased noise rates and
lower efficiencies. The use of copper gas piping to insure the dryness
of the input gas stopped the problem. The BELLE RPC’s have now
operated reliably for more than 5 years. Even so, high noise rates
in the outermost endcap layers have significantly reduced efficiencies
there.

Several different failure modes diagnosed in the first-generation
BaBar Bakelite RPC’s caused the average efficiency of the barrel
RPC’s to fall from >∼ 90% to 35% in five years. The linseed oil
which is used in Bakelite RPC’s to coat the inner surface [105]
had not been completely cured. Under warm conditions (32◦ C)
and high voltage, oil collected on the spacers between the gaps or
formed oil-drop bridges between the gaps. This led to large leakage
currents (50–100µA in some chambers) which persisted even when the
temperature was regulated at 20◦ C. In addition, the graphite layer
used to distribute the high voltage over the Bakelite became highly
resistive (100kΩ/� → 10MΩ/�), resulting in lowered efficiency in
some regions and the complete death of whole chambers.

The BaBar problems and the proposed use of Bakelite RPC’s in
the LHC detectors prompted detailed studies of RPC aging and have
led to improved construction techniques and a better understanding
of RPC operational limits. The graphite layer has been improved and
should be stable with integrated currents of <∼ 600mC/cm2. Molded
gas inlets and improved cleanliness during construction have reduced
the noise rate of new chambers. Unlike glass RPC’s, Bakelite RPC’s
have been found to require humid input gases to prevent drying of the
Bakelite (increasing the bulk resistivity) which would decrease the rate
capability. Second-generation BaBar RPC’s incorporating many of the
above improvements have performed reliably for over two years [106].

With many of these problems solved, new-generation RPC’s are
now being or soon will be used in about a dozen cosmic-ray and HEP
detectors. Their comparatively low cost, ease of construction, good
time resolution, high efficiency, and moderate spatial resolution make
them attractive in many situations, particularly those requiring fast
timing and/or large-area coverage.
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28.10. Time-projection chambers

Written November 1997 by M.T Ronan (LBNL); revised August 2005.

Detectors with long drift distances perpendicular to a readout pad
plane provide three-dimensional information, with one being the time
projection. A (typically strong) magnetic field parallel to the drift
direction suppresses transverse diffusion (σ =

√
2Dt) by a factor

D(B)/D(0) =
1

1 + ω2τ2
, (28.16)

where D is the diffusion coefficient, ω = eB/mc is the cyclotron
frequency, and τ is the mean time between collisions. Multiple
measurements of energy deposit along the particle trajectory combined
with the measurement of momentum in the magnetic field allows
excellent particle identification [107], as can be seen in Fig. 28.8.
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Figure 28.8: PEP4/9-TPC energy-deposit measurements (185
samples @8.5 atm Ar-CH4 80–20%) in multihadron events. The
electrons reach a Fermi plateau value of 1.4 times the most
probably energy deposit at minimum ionization. Muons from
pion decays are separated from pions at low momentum; π/K
are separated over all momenta except in the cross-over region.
(Low-momentum protons and deuterons originate from hadron-
nucleus collisions in inner materials such as the beam pipe.)

A typical gas-filled TPC consists of a long uniform drift region
(1–2 m) generated by a central high-voltage membrane and precision
concentric cylindrical field cages within a uniform, parallel magnetic
field [97]. A multiwire proportional plane, Gas Electron Multiplier
(GEM) [108] or Micromegas [109] micropattern device provides
primary electron gas amplification. Details of construction and
electron trajectories for a multiwire proportional anode plane are
shown in Fig. 28.9. Signal shaping and processing using analog
storage devices or FADC’s allows excellent pattern recognition, track
reconstruction, and particle identification within the same detector.

Typical values:

Gas: Ar + (10–20%) CH4 Pressure(P ) = 1–8.5 atm.

E/P = 100–200 V /cm/atm B = 1–2 Tesla

vdrift = 5–7 cm/µs ωτ = 1–8

σx or y = 100–200 µm σz = 0.2–1 mm

σE dep = 2.5–5.5 %
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Figure 28.9: (a) Drifting electrons are collected on the gating
grid until gated open by a triggering event. A shielding grid at
ground potential is used to terminate the drift region. Electrons
drifting through an open gating grid (b) pass through to the
amplification region around the anode wires. Positive ions
generated in the avalanche are detected on segmented cathode
pads to provide precise measurements along the wire. The slow
positive ions are blocked from entering the drift region by closing
the gating grid after the electrons have drifted through.

Truncated mean energy-deposit resolution depends on the number
and size of samples, and gas pressure:

σE dep ∝ N−0.43 × (P�)−0.32 . (28.17)

Here N is the number of samples, � is the sample size, and P is the
pressure. Typical energy-deposit distributions are shown in Fig. 28.8.
Good three-dimensional two-track resolutions of about 1–1.5 cm are
routinely achieved.

E × B distortions arise from nonparallel E and B fields (see
Eq. (28.12)), and from the curved drift of electrons to the anode
wires in the amplification region. Position measurement errors include
contributions from the anode-cathode geometry, the track crossing
angle (α), E × B distortions, and from the drift diffusion of electrons

σ2
x or y = σ2

0 + σ2
D(1 + tan2 α)L/Lmax + σ2

α(tan α − tanψ)2 (28.18)

where σ is the coordinate resolution, σ0 includes the anode-cathode
geometry contribution, ψ is the Lorentz angle, and L is the drift
distance.

Space-charge distortions arise in high-rate environments, especially
for low values of ωτ . However, they are mitigated by an effective
gating grid (Fig. 28.9). Field uniformities of∫

(E⊥/E) dz � 0.5–1 mm , (28.19)

over 10–40 m3 volumes have been obtained. Laser tracks and
calibration events allow mapping of any remnant drift non-uniformities.
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28.11. Silicon semiconductor detectors

Updated September 2005 by H. Spieler (LBNL).

Semiconductor detectors are widely used in modern high-energy
physics experiments. They are the key ingredient of high-resolution
vertex and tracking detectors and are also used as photodetectors in
scintillation calorimeters. The most commonly used material is silicon,
but germanium, gallium-arsenide and diamond are also useful in some
applications. Integrated circuit technology allows the formation of
high-density micron-scale electrodes on large (10–15 cm diameter)
wafers, providing excellent position resolution. Furthermore, the
density of silicon and its small ionization energy result in adequate
signals with active layers only 100–300 µm thick, so the signals are also
fast (typically tens of ns). Semiconductor detectors depend crucially
on low-noise electronics (see Sec. 28.12), so the detection sensitivity
is determined by signal charge and capacitance. For a comprehensive
discussion of semiconductor detectors and electronics see Ref. 110.

Silicon detectors are p-n junction diodes operated at reverse bias.
This forms a sensitive region depleted of mobile charge and sets up
an electric field that sweeps charge liberated by radiation to the
electrodes. Detectors typically use an asymmetric structure, e.g. a
highly doped p electrode and a lightly doped n region, so that the
depletion region extends predominantly into the lightly doped volume.
The thickness of the depleted region is

W =
√

2ε (V + Vbi)/Ne =
√

2ρµε(V + Vbi) , (28.20)

where V = external bias voltage
Vbi = “built-in” voltage (≈ 0.5 V for resistivities typically used

in detectors)
N = doping concentration
e = electronic charge
ε = dielectric constant = 11.9 ε0 ≈ 1 pF/cm
ρ = resistivity (typically 1–10 kΩ cm)
µ = charge carrier mobility

= 1350 cm2 V−1 s−1 for electrons
= 450 cm2 V−1 s−1 for holes

or

W = 0.5 [µm/
√

Ω-cm · V] ×
√

ρ(V + Vbi) for n-type material, and

W = 0.3 [µm/
√

Ω-cm · V] ×
√

ρ(V + Vbi) for p-type material.

The conductive p and n regions together with the depleted volume
form a capacitor with the capacitance per unit area

C = ε/W ≈ 1 [pF/cm] /W . (28.21)

In strip and pixel detectors the capacitance is dominated by
the fringing capacitance. For example, the strip-to-strip fringing
capacitance is ∼ 1–1.5 pF cm−1 of strip length at a strip pitch of
25–50 µm.

Measurements on silicon photodiodes [111] show that for photon
energies below 4 eV one electron-hole (e-h) pair is formed per incident
photon. The mean energy Ei required to produce an e-h pair peaks
at 4.4 eV for a photon energy around 6 eV. It assumes a constant
value, 3.67 eV at room temperature, above ∼ 1.5 keV. It is larger
than the bandgap energy because phonon excitation is required for
momentum conservation. For minimum-ionizing particles, the most
probable charge deposition in a 300 µm thick silicon detector is about
3.5 fC (22000 electrons). Since both electronic and lattice excitations
are involved, the variance in the number of charge carriers N = E/Ei

produced by an absorbed energy E is reduced by the Fano factor
F (about 0.1 in Si). Thus, σN =

√
FN and the energy resolution

σE/E =
√

FEi/E. However, the measured signal fluctuations are
usually dominated by electronic noise or energy loss fluctuations in
the detector. Visible light can be detected with photon energies above
the band gap. In optimized photodiodes quantum efficiencies > 80%
for wavelengths between 400 nm and nearly 1 µm are achievable.
UV-extended photodiodes have useful efficiency down to 200 nm.

Charge collection time decreases with increasing bias voltage, and
can be reduced further by operating the detector with “overbias,”
i.e. a bias voltage exceeding the value required to fully deplete the
device. The collection time is limited by velocity saturation at high
fields (approaching 107 cm/s at E > 104 V/cm); at an average field
of 104 V/cm the collection time is about 15 ps/µm for electrons and
30 ps/µm for holes. In typical fully-depleted detectors 300 µm thick,
electrons are collected within about 10 ns, and holes within about
25 ns.

Position resolution is limited by transverse diffusion during charge
collection (typically 5 µm for 300 µm thickness) and by knock-on
electrons. Resolutions of 2–4 µm (rms) have been obtained in beam
tests. In magnetic fields, the Lorentz drift deflects the electron and
hole trajectories and the detector must be tilted to reduce spatial
spreading (see “Hall effect” in semiconductor textbooks).

Radiation damage occurs through two basic mechanisms:

1. Bulk damage due to displacement of atoms from their lattice
sites. This leads to increased leakage current, carrier trapping,
and build-up of space charge that changes the required operating
voltage. Displacement damage depends on the nonionizing energy
loss and the energy imparted to the recoil atoms, which can
initiate a chain of subsequent displacements, i.e., damage clusters.
Hence, it is critical to consider both particle type and energy.

2. Surface damage due to charge build-up in surface layers, which
leads to increased surface leakage currents. In strip detectors the
inter-strip isolation is affected. The effects of charge build-up are
strongly dependent on the device structure and on fabrication
details. Since the damage is proportional to the absorbed energy
(when ionization dominates), the dose can be specified in rad (or
Gray) independent of particle type.

The increase in reverse bias current due to bulk damage is
∆Ir = αΦ per unit volume, where Φ is the particle fluence and α the
damage coefficient (α ≈ 3×10−17 A/cm for minimum ionizing protons
and pions after long-term annealing; α ≈ 2 × 10−17 A/cm for 1 MeV
neutrons). The reverse bias current depends strongly on temperature

IR(T2)
IR(T1)

=
(

T2

T1

)2

exp
[
− E

2k

(
T1 − T2

T1T2

)]
(28.22)

where E = 1.2 eV, so rather modest cooling can reduce the current
substantially (∼ 6-fold current reduction in cooling from room
temperature to 0◦C).

The space-charge concentration in high-resistivity n-type Si changes
as

N ≈ N0e
−δΦ − βΦ , (28.23)

where N0 is the initial donor concentration, δ ≈ 6 × 10−14 cm2

determines donor removal, and β ≈ 0.03 cm−1 describes acceptor
creation. The acceptor states trap electrons, building up a negative
space charge, which in turn requires an increase in the applied voltage
to sweep signal charge through the detector thickness. This has
the same effect as a change in resistivity, i.e., the required voltage
drops initially with fluence, until the positive and negative space
charge balance and very little voltage is required to collect all signal
charge. At larger fluences the negative space charge dominates, and
the required operating voltage increases (V ∝ N). The safe limit
on operating voltage ultimately limits the detector lifetime. Strip
detectors specifically designed for high voltages have been operated
at bias voltages >500V. Since the effect of radiation damage depends
on the electronic activity of defects, various techniques have been
applied to neutralize the damage sites. For example, additional doping
with oxygen increases the allowable charged hadron fluence roughly
three-fold [112]. The increase in leakage current with fluence, on the
other hand, appears to be unaffected by resistivity and whether the
material is n or p-type.

Strip and pixel detectors have remained functional at fluences
beyond 1015 cm−2 for minimum ionizing protons. At this damage
level, charge loss due to recombination and trapping also becomes
significant and the high signal-to-noise ratio obtainable with low-
capacitance pixel structures extends detector lifetime. The occupancy
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of the defect charge states is strongly temperature dependent;
competing processes can increase or decrease the required operating
voltage. It is critical to choose the operating temperature judiciously
(−10 to 0◦C in typical collider detectors) and limit warm-up
periods during maintenance. For a more detailed summary see
Ref. 113 and and the web-site of the ROSE collaboration at
http://RD48.web.cern.ch/rd48.

Currently, the lifetime of detector systems is still limited by
the detectors; in the electronics use of standard “deep submicron”
CMOS fabrication processes with appropriately designed circuitry has
increased the radiation resistance to fluences > 1015 cm−2 of minimum
ionizing protons or pions. For a comprehensive discussion of radiation
effects see Ref. 114.

28.12. Low-noise electronics

Revised August 2003 by H. Spieler (LBNL).

Many detectors rely critically on low-noise electronics, either to
improve energy resolution or to allow a low detection threshold. A
typical detector front-end is shown in Fig. 28.10.

OUTPUT
DETECTOR

BIAS
RESISTOR

Rb

Cc Rs

Cb

Cd

DETECTOR BIAS

PULSE SHAPERPREAMPLIFIER

Figure 28.10: Typical detector front-end circuit.

The detector is represented by a capacitance Cd, a relevant model
for most detectors. Bias voltage is applied through resistor Rb and the
signal is coupled to the preamplifier through a blocking capacitor Cc.
The series resistance Rs represents the sum of all resistances present
in the input signal path, e.g. the electrode resistance, any input
protection networks, and parasitic resistances in the input transistor.
The preamplifier provides gain and feeds a pulse shaper, which tailors
the overall frequency response to optimize signal-to-noise ratio while
limiting the duration of the signal pulse to accommodate the signal
pulse rate. Even if not explicitly stated, all amplifiers provide some
form of pulse shaping due to their limited frequency response.

The equivalent circuit for the noise analysis (Fig. 28.11) includes
both current and voltage noise sources. The leakage current of a
semiconductor detector, for example, fluctuates due to electron
emission statistics. This “shot noise” ind is represented by a current
noise generator in parallel with the detector. Resistors exhibit noise
due to thermal velocity fluctuations of the charge carriers. This noise
source can be modeled either as a voltage or current generator.
Generally, resistors shunting the input act as noise current sources and
resistors in series with the input act as noise voltage sources (which is
why some in the detector community refer to current and voltage noise
as “parallel” and “series” noise). Since the bias resistor effectively
shunts the input, as the capacitor Cb passes current fluctuations to
ground, it acts as a current generator inb and its noise current has
the same effect as the shot noise current from the detector. Any other
shunt resistances can be incorporated in the same way. Conversely,
the series resistor Rs acts as a voltage generator. The electronic noise
of the amplifier is described fully by a combination of voltage and
current sources at its input, shown as ena and ina.

Shot noise and thermal noise have a “white” frequency distribution,
i.e. the spectral power densities dPn/df ∝ di2n/df ∝ de2

n/df are
constant with the magnitudes

i2nd = 2eId ,

i2nb =
4kT

Rb
,

e2
ns = 4kTRs , (28.24)
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Figure 28.11: Equivalent circuit for noise analysis.

where e is the electronic charge, Id the detector bias current, k the
Boltzmann constant and T the temperature. Typical amplifier noise
parameters ena and ina are of order nV/

√
Hz and pA/

√
Hz. Trapping

and detrapping processes in resistors, dielectrics and semiconductors
can introduce additional fluctuations whose noise power frequently
exhibits a 1/f spectrum. The spectral density of the 1/f noise voltage
is

e2
nf =

Af

f
, (28.25)

where the noise coefficient Af is device specific and of order
10−10–10−12 V2.

A fraction of the noise current flows through the detector
capacitance, resulting in a frequency-dependent noise voltage
in/(ωCd), which is added to the noise voltage in the input circuit.
Since the individual noise contributions are random and uncorrelated,
they add in quadrature. The total noise at the output of the
pulse shaper is obtained by integrating over the full bandwidth of
the system. Superimposed on repetitive detector signal pulses of
constant magnitude, purely random noise produces a Gaussian signal
distribution.

Since radiation detectors typically convert the deposited energy
into charge, the system’s noise level is conveniently expressed as an
equivalent noise charge Qn, which is equal to the detector signal
that yields a signal-to-noise ratio of one. The equivalent noise charge
is commonly expressed in Coulombs, the corresponding number of
electrons, or the equivalent deposited energy (eV). For a capacitive
sensor

Q2
n = i2nFiTS + e2

nFv
C2

TS
+ Fvf AfC2 , (28.26)

where C is the sum of all capacitances shunting the input, Fi, Fv,
and Fvf depend on the shape of the pulse determined by the shaper
and Ts is a characteristic time, for example, the peaking time of a
semi-gaussian pulse or the sampling interval in a correlated double
sampler. The form factors Fi, Fv are easily calculated

Fi =
1

2TS

∫ ∞

−∞
[W (t)]2 dt , Fv =

TS

2

∫ ∞

−∞

[
dW (t)

dt

]2

dt , (28.27)

where for time-invariant pulse-shaping W (t) is simply the system’s
impulse response (the output signal seen on an oscilloscope) with
the peak output signal normalized to unity. For more details see
Refs. [115–116].

A pulse shaper formed by a single differentiator and integrator with
equal time constants has Fi = Fv = 0.9 and Fvf = 4, independent
of the shaping time constant. The overall noise bandwidth, however,
depends on the time constant, i.e. the characteristic time Ts. The
contribution from noise currents increases with shaping time, i.e.,
pulse duration, whereas the voltage noise decreases with increasing
shaping time. Noise with a 1/f spectrum depends only on the ratio
of upper to lower cutoff frequencies (integrator to differentiator time
constants), so for a given shaper topology the 1/f contribution to Qn

is independent of Ts. Furthermore, the contribution of noise voltage
sources to Qn increases with detector capacitance. Pulse shapers
can be designed to reduce the effect of current noise, e.g., mitigate
radiation damage. Increasing pulse symmetry tends to decrease Fi

and increase Fv (e.g., to 0.45 and 1.0 for a shaper with one CR
differentiator and four cascaded integrators). For the circuit shown in
Fig. 28.11,
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Q2
n =

(
2eId + 4kT/Rb + i2na

)
FiTS

+
(
4kTRs + e2

na

)
FvC2

d/TS + FvfAfC2
d .

(28.28)

As the characteristic time TS is changed, the total noise goes
through a minimum, where the current and voltage contributions are
equal. Fig. 28.12 shows a typical example. At short shaping times the
voltage noise dominates, whereas at long shaping times the current
noise takes over. The noise minimum is flattened by the presence
of 1/f noise. Increasing the detector capacitance will increase the
voltage noise and shift the noise minimum to longer shaping times.
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Figure 28.12: Equivalent noise charge vs shaping time.
Changing the voltage or current noise contribution shifts the
noise minimum. Increased voltage noise is shown as an example.

For quick estimates, one can use the following equation, which
assumes an FET amplifier (negligible ina) and a simple CR–RC
shaper with time constants τ (equal to the peaking time):

(Qn/e)2 = 12
[

1
nA · ns

]
Idτ + 6 × 105

[
kΩ
ns

]
τ

Rb

+ 3.6 × 104

[
ns

(pF)2(nV)2/Hz

]
e2
n

C2

τ
.

(28.29)

Noise is improved by reducing the detector capacitance and leakage
current, judiciously selecting all resistances in the input circuit, and
choosing the optimum shaping time constant.

The noise parameters of the amplifier depend primarily on the
input device. In field effect transistors, the noise current contribution
is very small, so reducing the detector leakage current and increasing
the bias resistance will allow long shaping times with correspondingly
lower noise. In bipolar transistors, the base current sets a lower bound
on the noise current, so these devices are best at short shaping times.
In special cases where the noise of a transistor scales with geometry,
i.e., decreasing noise voltage with increasing input capacitance, the
lowest noise is obtained when the input capacitance of the transistor
is equal to the detector capacitance, albeit at the expense of power
dissipation. Capacitive matching is useful with field-effect transistors,
but not bipolar transistors. In bipolar transistors, the minimum
obtainable noise is independent of shaping time, but only at the
optimum collector current IC , which does depend on shaping time.

Q2
n,min = 4kT

C√
βDC

√
FiFv at Ic =

kT

e
C

√
βDC

√
Fv

Fi

1
TS

, (28.30)

where βDC is the DC current gain. For a CR–RC shaper and
βDC = 100,

Qn,min/e ≈ 250
√

C/pF . (28.31)

Practical noise levels range from ∼ 1e for CCDs at long shaping
times to ∼ 104 e in high-capacitance liquid argon calorimeters. Silicon

strip detectors typically operate at ∼ 103 e electrons, whereas pixel
detectors with fast readout provide noise of several hundred electrons.

In timing measurements, the slope-to-noise ratio must be optimized,
rather than the signal-to-noise ratio alone, so the rise time tr of the
pulse is important. The “jitter” σt of the timing distribution is

σt =
σn

(dS/dt)ST

≈ tr
S/N

, (28.32)

where σn is the rms noise and the derivative of the signal dS/dt is
evaluated at the trigger level ST . To increase dS/dt without incurring
excessive noise, the amplifier bandwidth should match the rise-time
of the detector signal. The 10 to 90% rise time of an amplifier with
bandwidth fU is 0.35/fU . For example, an oscilloscope with 350 MHz
bandwidth has a 1 ns rise time. When amplifiers are cascaded, which
is invariably necessary, the individual rise times add in quadrature.

tr ≈
√

t2r1 + t2r2 + ... + t2rn

Increasing signal-to-noise ratio also improves time resolution, so
minimizing the total capacitance at the input is also important.
At high signal-to-noise ratios, the time jitter can be much smaller
than the rise time. The timing distribution may shift with signal
level (“walk”), but this can be corrected by various means, either in
hardware or software [9].

For a more detailed introduction to detector signal processing and
electronics see Ref. 110.

28.13. Calorimeters

28.13.1. Electromagnetic calorimeters :
Written August 2003 by R.-Y. Zhu (California Inst. of Technology).

The development of electromagnetic showers is discussed in the
section on “Passage of Particles Through Matter” (Sec. 27 of this
Review).

Formulae are given which approximately describe average showers,
but since the physics of electromagnetic showers is well understood,
detailed and reliable Monte Carlo simulation is possible. EGS4 [117]
and GEANT [118] have emerged as the standards.

There are homogeneous and sampling electromagnetic calorimeters.
In a homogeneous calorimeter the entire volume is sensitive, i.e.,
contributes signal. Homogeneous electromagnetic calorimeters may
be built with inorganic heavy (high-Z) scintillating crystals such as
BGO, CsI, NaI, and PWO, non-scintillating Cherenkov radiators such
as lead glass and lead fluoride, or ionizing noble liquids. Properties
of commonly used inorganic crystal scintillators can be found in
Table 28.4. A sampling calorimeter consists of an active medium
which generates signal and a passive medium which functions as an
absorber. The active medium may be a scintillator, an ionizing noble
liquid, a gas chamber, or a semiconductor. The passive medium is
usually a material of high density, such as lead, iron, copper, or
depleted uranium.

The energy resolution σE/E of a calorimeter can be parametrized
as a/

√
E⊕b⊕c/E, where ⊕ represents addition in quadrature and E is

in GeV. The stochastic term a represents statistics-related fluctuations
such as intrinsic shower fluctuations, photoelectron statistics, dead
material at the front of the calorimeter, and sampling fluctuations.
For a fixed number of radiation lengths, the stochastic term a for a
sampling calorimeter is expected to be proportional to

√
t/f , where

t is plate thickness and f is sampling fraction [119,120]. While
a is at a few percent level for a homogeneous calorimeter, it is
typically 10% for sampling calorimeters. The main contributions to
the systematic, or constant, term b are detector non-uniformity and
calibration uncertainty. In the case of the hadronic cascades discussed
below, non-compensation also contributes to the constant term. One
additional contribution to the constant term for calorimeters built for
modern high-energy physics experiments, operated in a high-beam
intensity environment, is radiation damage of the active medium.
This can be minimized by developing radiation-hard active media [43]
and by frequent in situ calibration and monitoring [42,120]. With
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effort, the constant term b can be reduced to below one percent. The
term c is due to electronic noise summed over readout channels within
a few Molière radii. The best energy resolution for electromagnetic
shower measurement is obtained in total absorption homogeneous
calorimeters, e.g. calorimeters built with heavy crystal scintillators.
These are used when ultimate performance is pursued.

The position resolution depends on the effective Molière radius
and the transverse granularity of the calorimeter. Like the energy
resolution, it can be factored as a/

√
E ⊕ b, where a is a few to 20 mm

and b can be as small as a fraction of mm for a dense calorimeter
with fine granularity. Electromagnetic calorimeters may also provide
direction measurement for electrons and photons. This is important
for photon-related physics when there are uncertainties in event origin,
since photons do not leave information in the particle tracking system.
Typical photon angular resolution is about 45 mrad/

√
E, which can

be provided by implementing longitudinal segmentation [121] for a
sampling calorimeter or by adding a preshower detector [122] for a
homogeneous calorimeter without longitudinal segmentation.

Novel technologies have been developed for electromagnetic
calorimetry. New heavy crystal scintillators, such as PWO, LSO:Ce,
and GSO:Ce (see Sec. 28.3), have attracted much attention for
homogeneous calorimetry. In some cases, such as PWO, it has received
broad applications in high-energy and nuclear physics experiments.
The “spaghetti” structure has been developed for sampling calorimetry
with scintillating fibers as the sensitive medium. The “accordion”
structure has been developed for sampling calorimetry with ionizing
noble liquid as the sensitive medium. Table 28.7 provides a brief
description of typical electromagnetic calorimeters built recently
for high-energy physics experiments. Also listed in this table are
calorimeter depths in radiation lengths (X0) and the achieved energy
resolution. Whenever possible, the performance of calorimeters in
situ is quoted, which is usually in good agreement with prototype
test beam results as well as EGS or GEANT simulations, provided
that all systematic effects are properly included. Detailed references
on detector design and performance can be found in Appendix C of
reference [120] and Proceedings of the International Conference series
on Calorimetry in Particle Physics.

Table 28.7: Resolution of typical electromagnetic calorimeters.
E is in GeV.

Technology (Experiment) Depth Energy resolution Date

NaI(Tl) (Crystal Ball) 20X0 2.7%/E1/4 1983

Bi4Ge3O12 (BGO) (L3) 22X0 2%/
√

E ⊕ 0.7% 1993

CsI (KTeV) 27X0 2%/
√

E ⊕ 0.45% 1996

CsI(Tl) (BaBar) 16–18X0 2.3%/E1/4 ⊕ 1.4% 1999

CsI(Tl) (BELLE) 16X0 1.7% for Eγ > 3.5 GeV 1998

PbWO4 (PWO) (CMS) 25X0 3%/
√

E ⊕ 0.5% ⊕ 0.2/E 1997

Lead glass (OPAL) 20.5X0 5%/
√

E 1990

Liquid Kr (NA48) 27X0 3.2%/
√

E⊕ 0.42% ⊕ 0.09/E 1998

Scintillator/depleted U 20–30X0 18%/
√

E 1988
(ZEUS)

Scintillator/Pb (CDF) 18X0 13.5%/
√

E 1988

Scintillator fiber/Pb 15X0 5.7%/
√

E ⊕ 0.6% 1995
spaghetti (KLOE)

Liquid Ar/Pb (NA31) 27X0 7.5%/
√

E ⊕ 0.5%⊕ 0.1/E 1988

Liquid Ar/Pb (SLD) 21X0 8%/
√

E 1993

Liquid Ar/Pb (H1) 20–30X0 12%/
√

E ⊕ 1% 1998

Liquid Ar/depl. U (DØ) 20.5X0 16%/
√

E ⊕ 0.3% ⊕ 0.3/E 1993

Liquid Ar/Pb accordion 25X0 10%/
√

E ⊕ 0.4% ⊕ 0.3/E 1996
(ATLAS)

28.13.2. Hadronic calorimeters : [120,123] The length scale
appropriate for hadronic cascades is the nuclear interaction length,
given very roughly by

λI ≈ 35 g cm−2A1/3 . (28.33)

Longitudinal energy deposition profiles are characterized by a sharp
peak near the first interaction point (from the fairly local deposition
of EM energy resulting from π0’s produced in the first interaction),
followed by a more gradual development with a maximum at

x/λI ≡ tmax ≈ 0.2 ln(E/1 GeV) + 0.7 (28.34)

as measured from the front of the detector.
The depth required for containment of a fixed fraction of the

energy also increases logarithmically with incident particle energy.
The thickness of iron required for 95% (99%) containment of cascades
induced by single hadrons is shown in Fig. 28.13 [124]. Two of the
sets of data are from large neutrino experiments, while the third
is from a commonly-used parameterization. Depths as measured in
nuclear interaction lengths presumably scale to other materials. From
the same data it can be concluded that the requirement that 95%
of the energy in 95% of the showers be contained requires 40 to 50
cm (2.4 to 3.0 λI) more material material than for an average 95%
containment. The transverse dimensions of hadronic showers also
scale as λI , although most of the energy is contained in a narrow core.
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Figure 28.13: Required calorimeter thickness for 95% and 99%
hadronic cascade containment in iron, on the basis of data from
two large neutrino detectors and the parameterization of Bock
et al. [124].

The energy deposit in a hadronic cascade consists of a prompt
EM component due to π0 production and a somewhat slower
component mainly due to low-energy hadronic activity. An induction
argument verified by Monte-Carlo simulations has shown that the
fraction of hadronic energy in a cascade is (E/E0)m−1, where
0.80 <∼ m <∼ 0.85 [125]. E0 is about 1 GeV for incident pions, and
the power-law description is approximately valid for incident energy
E greater than a few tens of GeV. In general, the electromagnetic
and hadronic energy depositions are converted to electrical signals
with different efficiencies. The ratio of the conversion efficiencies is
usually called the intrinsic e/h ratio. It follows in the power-law
approximation the ratio of the responses for incident pions and
incident electrons is given by “π/e”= 1 − (1 − h/e)(E/E0)m−1. With
or without the power-law approximation the response for pions is
not a linear function of energy for e/h �= 1. (But in any case, as
the energy increases a larger and larger fraction of the energy is
transferred to π0’s, and “π/e”→ 1.) If e/h = 1.0 the calorimeter is
said to be compensating. If e/h differs from unity by more than 5%
or 10%, detector performance is compromised because of fluctuations
in the π0 content of the cascades. This results in (a) a skewed signal
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distribution and (b) an almost-constant contribution to detector
resolution which is proportional to the degree of noncompensation
|1 − h/e|. The coefficient relating the size of the constant term to
|1 − h/e| is 14% according to FLUKA simulations [125], and 21%
according to Wigmans’ calculations [126]. (Wigmans now prefers a
different approach to the “constant term” [120]. )

The formula for “π/e” given above is valid for a large uniform
calorimeter. Real calorimeters usually have an EM front structure
which is different, and so modifications must be made in modeling the
response.

In most cases e/h is greater than unity, particularly if little hydrogen
is present or if the gate time is short. This is because much of the
low-energy hadronic energy is “hidden” in nuclear binding energy
release, low-energy spallation products, etc. Partial correction for these
losses occurs in a sampling calorimeter with high-Z absorbers, because
a disproportionate fraction of electromagnetic energy is deposited in
the inactive region. For this reason, a fully sensitive detector such as
scintillator or glass cannot be made compensating.

The average electromagnetic energy fraction in a high-energy
cascade is smaller for incident protons than for pions; E0 ≈ 2.6 GeV
rather than ≈ 1 GeV. As a result “π/e”>“p/e” (if e/h > 1) in a
noncompensating calorimeter [125]. This difference has now been
measured [127].

Circa 1990 compensation was thought to be very important in
hadronic calorimeter design. Motivated very much by the work of
Wigmans [126], several calorimeters were built with e/h ≈ 1 ± 0.02.
These include
• ZEUS [128] 2.6 cm thick scintillator sheets sandwiched between

3.3 mm depleted uranium plates; a resolution of 0.35/
√

E was
obtained;

• ZEUS prototype study [129], with 10 mm lead plates and 2.5
mm scintillator sheets; 0.44/

√
E;

• D0 [130], where the sandwich cell consists of a 4–6 mm thick
depleted uranium plate, 2.3 mm LAr, a G-10 signal board, and
another 2.3 mm LAr gap; 45%/

√
E.

Approximately Gaussian signal distributions were observed.
More recently, compensation has not been considered as important,

and, in addition, the new generation of calorimeters for LHC
experiments operate in a different energy regime and can tolerate
poorer resolution in return for simpler, deeper structures. For
example, the ATLAS endcaps consist of iron plates with scintillating
fiber readout [131]. The fraction of the structure consisting of low-Z
active region (scintillator in this case) is much smaller than would
be necessary to achieve compensation. Test beam results with these
modules show a resolution of ≈ 46%/

√
E, and e/h = 1.5–1.6.

28.13.3. Free electron drift velocities in liquid ionization
sensors : Velocities as a function of electric field strength are
given in Refs. 132–135 and are plotted in Fig. 28.14. Recent
precise measurements of the free electron drift velocity in LAr have
been published by W. Walkowiak [136]. These measurements were
motivated by the design of the ATLAS electromagnetic calorimeter and
inconsistencies in the previous literature. Velocities are systematically
higher than those shown in Fig. 28.14.

28.14. Superconducting magnets for collider
detectors

Revised October 2001 by R.D. Kephart (FNAL); revised September
2005 by A. Yamamoto (KEK)

28.14.1. Solenoid Magnets :
In all cases SI unit are assumed, so that the magnetic field, B, is in

Tesla, the stored energy, E, is in joules, the dimensions are in meters,
and µ0 = 4π × 10−7.

The magnetic field (B) in an ideal solenoid with a flux return iron
yoke, in which the magnetic field is < 2 T, is given by

B = µ0 n I (28.35)

where n is the number of turns/meter and I is the current. In an
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Figure 28.14: Electron drift velocity as a function of field
strength for commonly used liquids.

air-core solenoid, the central field is given by

B(0, 0) = µ0 n I
L√

L2 + 4R2
, (28.36)

where L is the coil length and R is the coil radius.
In most cases, momentum analysis is made by measuring the circular

trajectory of the passing particles according to p = mvγ = q rB, where
p is the momentum, m the mass, q the charge, r the bending radius.
The sagitta, s, of the trajectory is given by

s = q B �2l/8p , (28.37)

where � is the path length in the magnetic field. In a practical
momentum measurement in colliding beam detectors, it is more
effective to increase the magnetic volume than the field strength, since

dp/p ∝ p/B �2 , (28.38)

where � corresponds to the solenoid coil radius R.
The energy stored in the magnetic field of any magnet is calculated

by integrating B2 over all space:

E =
1

2µ0

∫
B2dV (28.39)

If the coil thin, (which is the case if it is to superconducting coil), then

E ≈ (B2/2µ0)πR2L . (28.40)

For a detector in which the calorimetry is outside the aperture of the
solenoid, the coil must be thin in terms of radiation and absorption
lengths. This usually means that the coil is superconducting and
that the vacuum vessel encasing it is of minimum real thickness and
fabricated of a material with long radiation length. There are two
major contributors to the thickness of a thin solenoid:
1) The conductor consisting of the current-carrying superconducting

material (usually NbTi/Cu) and the quench protecting stabilizer
(usually aluminum) are wound on the inside of a structural support
cylinder (usually aluminum also). The coil thickness scales as B2R,
so the thickness in radiation lengths (X0) is

tcoil/X0 = (R/σhX0)(B2/2µ0) , (28.41)

where tcoil is the physical thickness of the coil, X0 the average
radiation length of the coil/stabilizer material, and σh is the hoop
stress in the coil [137]. B2/2µ0 is the magnetic pressure. In large
detector solenoids, the aluminum stabilizer and support cylinders
dominate the thickness; the superconductor (NbTI/Cu) contributes
a smaller fraction. The coil package including the cryostat typically
contributes about 2/3 of the total thickness in radiation lengths.

2) Another contribution to the material comes from the outer
cylindrical shell of the vacuum vessel. Since this shell is susceptible
to buckling collapse, its thickness is determined by the diameter,
length and the modulus of the material of which it is fabricated.
The outer vacuum shell represents about 1/3 of the total thickness
in radiation length.
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28.14.2. Properties of collider detector magnets :
The physical dimensions, central field stored energy and

thickness in radiation lengths normal to the beam line of the
superconducting solenoids associated with the major collider are given
in Table 28.8 [139]. Fig. 28.15 shows thickness in radiation lengths
as a function of B2R in various collider detector solenoids.

Table 28.8: Progress of superconducting magnets for particle
physics detectors.

Experiment Laboratory B Radius Length Energy X/X0 E/M
[T] [m] [m] [MJ] [kJ/kg]

TOPAZ* KEK 1.2 1.45 5.4 20 0.70 4.3
CDF Tsukuba/Fermi 1.5 1.5 5.07 30 0.84 5.4
VENUS* KEK 0.75 1.75 5.64 12 0.52 2.8
AMY* KEK 3 1.29 3 40 ‡
CLEO-II Cornell 1.5 1.55 3.8 25 2.5 3.7
ALEPH* Saclay/CERN 1.5 2.75 7.0 130 2.0 5.5
DELPHI* RAL/CERN 1.2 2.8 7.4 109 1.7 4.2
ZEUS INFN/DESY 1.8 1.5 2.85 11 0.9 5.5
H1 RAL/DESY 1.2 2.8 5.75 120 1.8 4.8
BaBar INFN/SLAC 1.5 1.5 3.46 27 ‡ 3.6
D0 Fermi 2.0 0.6 2.73 5.6 0.9 3.7
BELLE KEK 1.5 1.8 4 42 ‡ 5.3
BES-III† IHEP 1.0 1.475 3.5 9.5 ‡ 2.6
ATLAS-CS† ATLAS/CERN 2.0 1.25 5.3 38 0.66 7.0
ATLAS-BT† ATLAS/CERN 1 4.7–9.75 26 1080 (Toroid)
ATLAS-ET† ATLAS/CERN 1 0.825–5.35 5 2 × 250 (Toroid)
CMS† CMS/CERN 4 6 12.5 2600 ‡ 12

∗ No longer in service
† Detector under construction
‡ EM calorimeter is inside solenoid, so small X/X0 is not a goal
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a function of B2R for various detector solenoids. Gray entries
are for magnets not listed in Table 28.8. Open circles are for
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The ratio of stored energy to cold mass (E/M) is a useful
performance measure. It can also be expressed as the ratio of the
stress, σh, to twice the equivalent density, ρ, in the coil [137]:

E

M
=

∫
(B2/2µ0)dV

ρ Vcoil
≈ σh

2ρ
(28.42)

The E/M ratio in the coil is approximately equivalent to H ,* the

* The enthalpy, or heat content, is called H in the thermodynamics
literature. It is not to be confused with the magnetic field
intensity B/µ.

enthalpy of the coil, and it determines the average coil temperature
rise after energy absorption in a quench:

E/M = H(T2) − H(T1) ≈ H(T2) (28.43)

where T2 is the average coil temperature after the full energy
absorption in a quench, and T1 is the initial temperature. E/M ratios

of 5, 10, and 20 kJ/kg correspond to ∼65, ∼80, and ∼100 K,
respectively. The E/M ratios of various detector magnets are shown
in Fig. 28.16 as a function of total stored energy. One would like
the cold mass to be as small as possible to minimize the thickness,
but temperature rise during a quench must also be minimized. An
E/M ratio as large as 12 kJ/kg is designed into the CMS solenoid,
with the possibility that about half of the stored energy can go to an
external dump resistor. Thus the coil temperature can be kept below
80 K if the energy extraction system work well. The limit is set by
the maximum temperature that the coil design can tolerate during a
quench. This maximum local temperature should be <130 K (50 K +
80 K), so that thermal expansion effects in the coil are manageable.
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28.14.3. Toroidal magnets :
Toroidal coils uniquely provide a closed magnetic field without the

necessity of an iron flux-return yoke. Because no field exists at the
collision point and along the beam line, there is, in principle, no
effect on the beam. On the other hand, the field profile generally
has 1/r dependence. The particle momentum may be determined by
measurements of the deflection angle combined with the sagitta. The
deflection (bending) power BL is

BL ≈
∫ R0

Ri

BiRi dR

R sin θ
=

Bi Ri

sin θ
ln(R0/Ri) , (28.44)

where Ri is the inner coil radius, R0 is the outer coil radius, and θ is
the angle between the particle trajectory and the beam line axis . The
momentum resolution given by the deflection may be expressed as

∆p

p
∝ p

BL
≈ p sin θ

BiRi ln(R0/Ri)
. (28.45)

The momentum resolution is better in the forward/backward (smaller
θ) direction. The geometry has been found to be optimal when
R0/Ri ≈ 3–4. In practical designs, the coil is divided into 6–12
lumped coils in order to have reasonable acceptance and accessibility.
This causes the coil design to be much more complex. The mechanical
structure needs to sustain the decentering force between adjacent
coils, and the peak field in the coil is 3–5 times higher than the useful
magnetic field for the momentum analysis [138].

28.15. Measurement of particle momenta in a
uniform magnetic field [140,141]

The trajectory of a particle with momentum p (in GeV/c) and
charge ze in a constant magnetic field −→

B is a helix, with radius
of curvature R and pitch angle λ. The radius of curvature and
momentum component perpendicular to −→

B are related by

p cosλ = 0.3 z B R , (28.46)
where B is in tesla and R is in meters.

The distribution of measurements of the curvature k ≡ 1/R is
approximately Gaussian. The curvature error for a large number of
uniformly spaced measurements on the trajectory of a charged particle
in a uniform magnetic field can be approximated by

(δk)2 = (δkres)2 + (δkms)2 , (28.47)
where δk = curvature error

δkres = curvature error due to finite measurement resolution
δkms = curvature error due to multiple scattering.

If many (≥ 10) uniformly spaced position measurements are made
along a trajectory in a uniform medium,

δkres =
ε

L′ 2

√
720

N + 4
, (28.48)

where N = number of points measured along track
L′ = the projected length of the track onto the bending plane
ε = measurement error for each point, perpendicular to the

trajectory.

If a vertex constraint is applied at the origin of the track, the
coefficient under the radical becomes 320.

For arbitrary spacing of coordinates si measured along the projected
trajectory and with variable measurement errors εi the curvature error
δkres is calculated from:

(δkres)2 =
4
w

Vss

VssVs2s2 − (Vss2)2
, (28.49)

where V are covariances defined as Vsmsn = 〈smsn〉 − 〈sm〉〈sn〉 with
〈sm〉 = w−1 ∑

(si
m/εi

2) and w =
∑

εi
−2.

The contribution due to multiple Coulomb scattering is
approximately

δkms ≈ (0.016)(GeV/c)z
Lpβ cos2 λ

√
L

X0
, (28.50)

where p = momentum (GeV/c)
z = charge of incident particle in units of e

L = the total track length
X0 = radiation length of the scattering medium (in units of

length; the X0 defined elsewhere must be multiplied by
density)

β = the kinematic variable v/c.

More accurate approximations for multiple scattering may be found
in the section on Passage of Particles Through Matter (Sec. 27
of this Review). The contribution to the curvature error is given
approximately by δkms ≈ 8srms

plane/L2, where srms
plane is defined there.
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29. RADIOACTIVITY AND RADIATION PROTECTION

Revised Sept. 1996 by R.S. Donahue (LBNL) and A. Fassó (SLAC);
revised Sept. 2005 by J.C. Liu (SLAC) and S. Roesler (CERN).

29.1. Definitions

The International Commission on Radiation Units and Measure-
ments (ICRU) recommends the use of SI units. Therefore we list SI
units first, followed by cgs (or other common) units in parentheses,
where they differ.

• Unit of activity = becquerel (curie):
1 Bq = 1 disintegration s−1 [= 1/(3.7 × 1010) Ci]

• Unit of absorbed dose in any material = gray (rad):
1 Gy = 1 joule kg−1 (= 104 erg g−1 = 100 rad)

= 6.24 × 1012 MeV kg−1 deposited energy
• Unit of exposure, A measure of photon fluence at a certain point
in space integrated over time, in terms of ion charge of either sign
produced by secondary electrons in a small volume of air about the
point:

= 1 C kg−1 of air (roentgen; 1 R = 1 esu cm−3 in air = 2.58×10−4

C kg−1)
Implicit in the definition is the assumption that the small test volume
is embedded in a sufficiently large uniformly irradiated volume that
the number of secondary electrons entering the volume equals the
number leaving (so-called charged particle equilibrium). This unit is
somewhat historical, but appears on many measuring instruments.
• Unit of equivalent dose (for biological damage) = sievert [= 100
rem (roentgen equivalent for man)]: Equivalent dose HT (Sv) in an
organ T is equal to the absorbed dose in the organ (Gy) times the
radiation weighting factor wR (formerly the quality factor Q, but
wR is defined for the radiation incident on the body). It expresses
long-term risks (primarily cancer and leukemia) from low-level chronic
exposure. It depends upon the type of radiation and other factors, as
follows [1]:

Table 29.1: Radiation weighting factors.

Radiation wR

X- and γ-rays, all energies 1
Electrons and muons, all energies 1
Neutrons < 10 keV 5

10–100 keV 10
> 100 keV to 2 MeV 20
2–20 MeV 10
> 20 MeV 5

Protons (other than recoils) > 2 MeV 5
Alphas, fission fragments, & heavy nuclei 20

The sum of the equivalent doses, weighted by the tissue weighting
factors wT of several organs and tissues of the body that are considered
to be most sensitive [1], is called “effective dose” E:

E =
∑
T

wT × HT (29.1)

29.2. Radiation levels [2]

• Natural annual background, all sources: Most world areas,
whole-body equivalent dose rate ≈ (0.4–4) mSv (40–400 mrem). Can
range up to 50 mSv (5 rem) in certain areas. U.S. average ≈ 3.6 mSv,
including ≈ 2 mSv (≈ 200 mrem) from inhaled natural radioactivity,
mostly radon and radon daughters (Average is for a typical house and
varies by more than an order of magnitude. It can be more than two
orders of magnitude higher in poorly ventilated mines. 0.1–0.2 mSv in
open areas).

• Cosmic ray background in counters (sea level, mostly muons):
∼ 1 min−1 cm−2 sr−1. For more accurate estimates and details, see
the Cosmic Rays section (Sec. 24 of this Review).
• Fluence (per cm2) to deposit one Gy, assuming uniform irradiation:
≈ (charged particles) 6.24×109/(dE/dx), where dE/dx

(MeV g−1 cm2), the energy loss per unit length, may be ob-
tained from Figs. 27.3 and 27.4 in Sec. 27 of this Review, and
pdg.lbl.gov/AtomicNuclearProperties.
≈ 3.5 × 109 cm−2 minimum-ionizing singly-charged particles in

carbon.
≈ (photons) 6.24×109/[Ef/�], for photons of energy E (MeV),

attenuation length � (g cm−2), and fraction f � 1 expressing the
fraction of the photon’s energy deposited in a small volume of
thickness � � but large enough to contain the secondary electrons.
≈ 2 × 1011 photons cm−2 for 1 MeV photons on carbon (f ≈ 1/2).

• Recommended limits to exposure of radiation workers
(whole-body dose):∗

EU/Switzerland: 20 mSv yr−1

U.S.: 50 mSv yr−1 (5 rem yr−1)†

• Lethal dose: The whole-body dose from penetrating ionizing
radiation resulting in 50% mortality in 30 days (assuming no medical
treatment) is 2.5–4.5 Gy (250–450 rad), as measured internally on
body longitudinal center line. Surface dose varies due to variable body
attenuation and may be a strong function of energy.
• Cancer induction by low LET radiation: The cancer induction
probability is about 5% per Sv on average for the entire population. [1]

29.3. Prompt neutrons at accelerators

Neutrons dominate the particle environment outside thick shielding
(> 1 m) for high energy (> a few hundred MeV) electron and hadron
accelerators.

29.3.1. Electron beams : At electron accelerators neutrons are
generated via photonuclear reactions from bremsstrahlung photons.
Neutron yields from semi-infinite targets per unit electron beam power
are plotted in Fig. 29.1 as a function of electron beam energy [3]. In
the photon energy range 10–30 MeV neutron production results from
the giant photonuclear resonance mechanism. Neutrons are produced
roughly isotropically (within a factor of 2) and with a Maxwellian
energy distribution described as:

dN

dEn
=

En

T 2
e−En/T , (29.2)

where T is the nuclear temperature characteristic of the target nucleus,
generally in the range of T = 0.5–1.0 MeV. For higher energy photons
the quasi-deuteron and photopion production mechanisms become
important.

29.3.2. Proton beams : At proton accelerators neutron yields
emitted per incident proton by different target materials are roughly
independent [4] of proton energy between 20 MeV and 1 GeV and are
given by the ratio C:Al:Cu-Fe:Sn:Ta-Pb = 0.3 : 0.6 : 1.0 : 1.5 : 1.7.
Above 1 GeV the neutron yield [5] is proportional to Em, where
0.80 ≤ m ≤ 0.85.

A typical neutron spectrum [6] outside a proton accelerator concrete
shield is shown in Fig. 29.2. The shape of these spectra are generally
characterized as having a thermal-energy peak which is very dependent
on geometry and the presence of hydrogenous material, a low-energy
evaporation peak around 1 − 2 MeV, and a high-energy spallation
shoulder at around 70 − 80 MeV.

The neutron-attenuation length, is shown in Fig. 29.3 for concrete
and mono-energetic broad-beam conditions.

Letaw’s [7] formula for the energy dependence of the inelastic
proton cross-section for E < 2 GeV is:

σ(E) = σasympt

[
1 − 0.62e−E/200 sin(10.9E−0.28)

]
, (29.3)
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Figure 29.1: Neutron yields from semi-infinite targets, per kW
of electron beam power, as a function of electron beam energy,
disregarding target self-shielding.
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Figure 29.2: Calculated neutron spectrum from 205 GeV/c
hadrons (2/3 protons and 1/3 π+) on a thick copper target [6].
Spectra are evaluated at 90◦ to beam and through 80 cm of
normal density concrete or 40 cm of iron.

and for E > 2 GeV:

σasympt = 45A0.7 [1 + 0.016 sin(5.3 − 2.63 ln A)] , (29.4)

where σ is in mb, E is the proton energy in MeV and A is the mass
number.

29.4. Dose conversion factors

Conversion coefficients from fluence to effective dose are given for
anterior-posterior irradiation and various particles in Fig. 29.4 [8].
These factors can be used for converting particle fluence to dose for
personnel protection purposes. For example, the effective dose from
an anterior-posterior irradiation in a field of 1-MeV neutrons with a
fluence of 1 neutron / cm2 is about 290 pSv.
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29.5. Accelerator-induced activity

The dose rate at 1 m due to spallation-induced activity by high
energy hadrons in a 1 g medium atomic weight target can be
estimated [9] from the following expression:

D = D0 Φ ln[(T + t)/t] , (29.5)

where T is the irradiation time, t is the decay time since irradiation,
Φ is the flux of irradiating hadrons (hadrons cm−2 s−1) and D0 has a
value of 5.2 × 10−17 [(Sv hr−1)/(hadron cm−2 s−1)]. This relation is
essentially independent of hadron energy above 200 MeV.

Dose due to accelerator-produced induced activity can also be
estimated with the use of “ω factors” [4]. These factors give the
dose rate per unit star density (inelastic reaction for E > 50 MeV)
after a 30-day irradiation and 1-day decay. The ω factor for steel or
iron is � 3 × 10−12 (Sv cm3/star). This does not include possible
contributions from thermal-neutron activation. Induced activity
in concrete can vary widely depending on concrete composition,
particularly with the concentration of trace quantities such as sodium.
Additional information can be found in Barbier [10].
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29.6. Photon sources

The dose rate in air from a gamma point source of C Curies
emitting one photon of energy 0.07 < E < 4 MeV per disintegration
at a distance of 30 cm is about 6 C E (rem/hr), or 60 C E (mSv/hr),
±20%. In general, the dependence of the dose rate from a point source
on the distance r follows a 1/r2 behaviour

D(r) =
D(r0)
(r/r0)2

. (29.6)

The dose rate in air from a semi-infinite uniform photon source
of specific activity C (µCi/g) and gamma energy E (MeV) is about
1.07CE (rem/hr), or 10.7CE (mSv/hr).

Footnotes:

∗ The ICRP recommendation [1] is 20 mSv yr−1 averaged over
5 years, with the dose in any one year ≤ 50 mSv.

† Many laboratories in the U.S. and elsewhere set lower limits.
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30. COMMONLY USED RADIOACTIVE SOURCES

Table 30.1. Revised November 1993 by E. Browne (LBNL).

Particle Photon
Type of Energy Emission Energy Emission

Nuclide Half-life decay (MeV) prob. (MeV) prob.
22
11Na 2.603 y β+, EC 0.545 90% 0.511 Annih.

1.275 100%
54
25Mn 0.855 y EC 0.835 100%

Cr K x rays 26%
55
26Fe 2.73 y EC Mn K x rays:

0.00590 24.4%
0.00649 2.86%

57
27Co 0.744 y EC 0.014 9%

0.122 86%
0.136 11%
Fe K x rays 58%

60
27Co 5.271 y β− 0.316 100% 1.173 100%

1.333 100%
68
32Ge 0.742 y EC Ga K x rays 44%
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

→ 68
31Ga β+, EC 1.899 90% 0.511 Annih.

1.077 3%
90
38Sr 28.5 y β− 0.546 100%
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

→ 90
39Y β− 2.283 100%

106
44Ru 1.020 y β− 0.039 100%
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

→ 106
45Rh β− 3.541 79% 0.512 21%

0.622 10%
109
48Cd 1.267 y EC 0.063 e− 41% 0.088 3.6%

0.084 e− 45% Ag K x rays 100%
0.087 e− 9%

113
50Sn 0.315 y EC 0.364 e− 29% 0.392 65%

0.388 e− 6% In K x rays 97%
137
55Cs 30.2 y β− 0.514 e− 94% 0.662 85%

1.176 e− 6%

133
56Ba 10.54 y EC 0.045 e− 50% 0.081 34%

0.075 e− 6% 0.356 62%
Cs K x rays 121%

207
83Bi 31.8 y EC 0.481 e− 2% 0.569 98%

0.975 e− 7% 1.063 75%
1.047 e− 2% 1.770 7%

Pb K x rays 78%
228
90Th 1.912 y 6α: 5.341 to 8.785 0.239 44%

3β−: 0.334 to 2.246 0.583 31%
2.614 36%

(→224
88Ra → 220

86Rn → 216
84Po → 212

82Pb → 212
83Bi → 212

84Po)
241
95Am 432.7 y α 5.443 13% 0.060 36%

5.486 85% Np L x rays 38%
241
95Am/Be 432.2 y 6 × 10−5 neutrons (4–8 MeV) and

4 × 10−5γ’s (4.43 MeV) per Am decay
244
96Cm 18.11 y α 5.763 24% Pu L x rays ∼ 9%

5.805 76%
252
98Cf 2.645 y α (97%) 6.076 15%

6.118 82%
Fission (3.1%)

≈ 20 γ’s/fission; 80% < 1 MeV
≈ 4 neutrons/fission; 〈En〉 = 2.14 MeV

“Emission probability” is the probability per decay of a given emission;
because of cascades these may total more than 100%. Only principal
emissions are listed. EC means electron capture, and e− means
monoenergetic internal conversion (Auger) electron. The intensity of
0.511 MeV e+e− annihilation photons depends upon the number of
stopped positrons. Endpoint β± energies are listed. In some cases
when energies are closely spaced, the γ-ray values are approximate
weighted averages. Radiation from short-lived daughter isotopes is
included where relevant.

Half-lives, energies, and intensities are from E. Browne and
R.B. Firestone, Table of Radioactive Isotopes (John Wiley & Sons,
New York, 1986), recent Nuclear Data Sheets, and X-ray and
Gamma-ray Standards for Detector Calibration, IAEA-TECDOC-619
(1991).
Neutron data are from Neutron Sources for Basic Physics and
Applications (Pergamon Press, 1983).
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31. PROBABILITY

Revised May 1996 by D.E. Groom (LBNL) and F. James (CERN),
September 1999 by R. Cousins (UCLA), October 2001 and October
2003 by G. Cowan (RHUL).

31.1. General [1–8]

An abstract definition of probability can be given by considering
a set S, called the sample space, and possible subsets A, B, . . ., the
interpretation of which is left open. The probability P is a real-valued
function defined by the following axioms due to Kolmogorov [9]:

1. For every subset A in S, P (A) ≥ 0.
2. For disjoint subsets (i.e., A ∩ B = ∅), P (A ∪ B) = P (A) + P (B).
3. P (S) = 1.

In addition one defines the conditional probability P (A|B) (read P of
A given B) as

P (A|B) =
P (A ∩ B)

P (B)
. (31.1)

From this definition and using the fact that A ∩ B and B ∩ A are the
same, one obtains Bayes’ theorem,

P (A|B) =
P (B|A)P (A)

P (B)
. (31.2)

From the three axioms of probability and the definition of conditional
probability, one obtains the law of total probability,

P (B) =
∑

i

P (B|Ai)P (Ai) , (31.3)

for any subset B and for disjoint Ai with ∪iAi = S. This can be
combined with Bayes’ theorem Eq. (31.2) to give

P (A|B) =
P (B|A)P (A)∑
i(B|Ai)P (Ai)

, (31.4)

where the subset A could, for example, be one of the Ai.
The most commonly used interpretation of the subsets of the sample

space are outcomes of a repeatable experiment. The probability P (A)
is assigned a value equal to the limiting frequency of occurrence of A.
This interpretation forms the basis of frequentist statistics.

The subsets of the sample space can also be interpreted as
hypotheses, i.e., statements that are either true or false, such as
‘The mass of the W boson lies between 80.3 and 80.5 GeV’. In the
frequency interpretation, such statements are either always or never
true, i.e., the corresponding probabilities would be 0 or 1. Using
subjective probability, however, P (A) is interpreted as the degree of
belief that the hypothesis A is true.

Subjective probability is used in Bayesian (as opposed to
frequentist) statistics. Bayes’ theorem can be written

P (theory|data) ∝ P (data|theory)P (theory) , (31.5)

where ‘theory’ represents some hypothesis and ‘data’ is the outcome of
the experiment. Here P (theory) is the prior probability for the theory,
which reflects the experimenter’s degree of belief before carrying out
the measurement, and P (data|theory) is the probability to have gotten
the data actually obtained, given the theory, which is also called the
likelihood.

Bayesian statistics provides no fundamental rule for obtaining the
prior probability; this is necessarily subjective and may depend on
previous measurements, theoretical prejudices, etc. Once this has
been specified, however, Eq. (31.5) tells how the probability for the
theory must be modified in the light of the new data to give the
posterior probability, P (theory|data). As Eq. (31.5) is stated as a
proportionality, the probability must be normalized by summing (or
integrating) over all possible hypotheses.

31.2. Random variables

A random variable is a numerical characteristic assigned to an
element of the sample space. In the frequency interpretation of
probability, it corresponds to an outcome of a repeatable experiment.
Let x be a possible outcome of an observation. If x can take on any
value from a continuous range, we write f(x; θ)dx as the probability
that the measurement’s outcome lies between x and x + dx. The
function f(x; θ) is called the probability density function (p.d.f.), which
may depend on one or more parameters θ. If x can take on only
discrete values (e.g., the non-negative integers), then f(x; θ) is itself a
probability.

The p.d.f. is always normalized to unit area (unit sum, if discrete).
Both x and θ may have multiple components and are then often
written as vectors. If θ is unknown, we may wish to estimate its
value from a given set of measurements of x; this is a central topic of
statistics (see Sec. 32).

The cumulative distribution function F (a) is the probability that
x ≤ a:

F (a) =
∫ a

−∞
f(x) dx . (31.6)

Here and below, if x is discrete-valued, the integral is replaced by a
sum. The endpoint a is expressly included in the integral or sum. Then
0 ≤ F (x) ≤ 1, F (x) is nondecreasing, and P (a < x ≤ b) = F (b)−F (a).
If x is discrete, F (x) is flat except at allowed values of x, where it has
discontinuous jumps equal to f(x).

Any function of random variables is itself a random variable, with
(in general) a different p.d.f. The expectation value of any function
u(x) is

E[u(x)] =
∫ ∞

−∞
u(x) f(x) dx , (31.7)

assuming the integral is finite. For u(x) and v(x) any two functions of
x, E[u+v] = E[u]+E[v]. For c and k constants, E[cu+k] = cE[u]+k.

The nth moment of a random variable is

αn ≡ E[xn] =
∫ ∞

−∞
xnf(x) dx , (31.8a)

and the nth central moment of x (or moment about the mean, α1) is

mn ≡ E[(x − α1)n] =
∫ ∞

−∞
(x − α1)nf(x) dx . (31.8b)

The most commonly used moments are the mean µ and variance
σ2:

µ ≡ α1 , (31.9a)
σ2 ≡ V [x] ≡ m2 = α2 − µ2 . (31.9b)

The mean is the location of the “center of mass” of the p.d.f., and
the variance is a measure of the square of its width. Note that
V [cx+k] = c2V [x]. It is often convenient to use the standard deviation
of x, σ, defined as the square root of the variance.

Any odd moment about the mean is a measure of the skewness
of the p.d.f. The simplest of these is the dimensionless coefficient of
skewness γ1 = m3/σ3.

The fourth central moment m4 provides a convenient measure of
the tails of a distribution. For the Gaussian distribution (see Sec. 31.4)
one has m4 = 3σ4. The kurtosis is defined as γ2 = m4/σ4 − 3, i.e.,
it is zero for a Gaussian, positive for a leptokurtic distribution with
longer tails, and negative for a platykurtic distribution with tails that
die off more quickly than those of a Gaussian.
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Besides the mean, another useful indicator of the “middle”
of the probability distribution is the median, xmed, defined by
F (xmed) = 1/2, i.e., half the probability lies above and half lies below
xmed. (More rigorously, xmed is a median if P (x ≥ xmed) ≥ 1/2 and
P (x ≤ xmed) ≥ 1/2. If only one value exists it is called ‘the median’.)

Let x and y be two random variables with a joint p.d.f. f(x, y).
The marginal p.d.f. of x (the distribution of x with y unobserved) is

f1(x) =
∫ ∞

−∞
f(x, y) dy , (31.10)

and similarly for the marginal p.d.f. f2(y). The conditional p.d.f. of y
given fixed x (with f1(x) �= 0) is defined by f3(y|x) = f(x, y)/f1(x)
and similarly f4(x|y) = f(x, y)/f2(y). From these we immediately
obtain Bayes’ theorem (see Eqs. (31.2) and (31.4)),

f4(x|y) =
f3(y|x)f1(x)

f2(y)
=

f3(y|x)f1(x)∫
f3(y|x′)f1(x′) dx′

. (31.11)

The mean of x is

µx =
∫ ∞

−∞

∫ ∞

−∞
x f(x, y) dx dy =

∫ ∞

−∞
x f1(x) dx , (31.12)

and similarly for y. The covariance of x and y is

cov[x, y] = E[(x − µx)(y − µy)] = E[xy] − µxµy . (31.13)

A dimensionless measure of the covariance of x and y is given by the
correlation coefficient,

ρxy = cov[x, y]/σxσy , (31.14)

where σx and σy are the standard deviations of x and y. It can be
shown that −1 ≤ ρxy ≤ 1.

Two random variables x and y are independent if and only if

f(x, y) = f1(x)f2(y) . (31.15)

If x and y are independent then ρxy = 0; the converse is not necessarily
true. If x and y are independent, E[u(x)v(y)] = E[u(x)]E[v(y)], and
V [x + y] = V [x] + V [y]; otherwise, V [x + y] = V [x] + V [y] + 2cov[x, y]
and E[uv] does not necessarily factorize.

Consider a set of n continuous random variables x = (x1, . . . , xn)
with joint p.d.f. f(x) and a set of n new variables y = (y1, . . . , yn),
related to x by means of a function y(x) that is one-to-one, i.e., the
inverse x(y) exists. The joint p.d.f. for y is given by

g(y) = f(x(y))|J | , (31.16)

where |J | is the absolute value of the determinant of the square matrix
Jij = ∂xi/∂yj (the Jacobian determinant). If the transformation from
x to y is not one-to-one, the x-space must be broken in to regions
where the function y(x) can be inverted and the contributions to g(y)
from each region summed.

Given a set of functions y = (y1, . . . , ym) with m < n, one can
construct n−m additional independent functions, apply the procedure
above, then integrate the resulting g(y) over the unwanted yi to find
the marginal distribution of those of interest.

To change variables for discrete random variables simply substitute;
no Jacobian is necessary because now f is a probability rather than a
probability density. If f depends on a set of parameters θ, a change
to a different parameter set η(θ) is made by simple substitution; no
Jacobian is used.

31.3. Characteristic functions

The characteristic function φ(u) associated with the p.d.f. f(x) is
essentially its Fourier transform, or the expectation value of eiux:

φ(u) = E
[
eiux

]
=

∫ ∞

−∞
eiuxf(x) dx . (31.17)

Once φ(u) is specified, the p.d.f. f(x) is uniquely determined and vice
versa; knowing one is equivalent to the other. Characteristic functions
are useful in deriving a number of important results about moments
and sums of random variables.

It follows from Eqs. (31.8a) and (31.17) that the nth moment of a
random variable x that follows f(x) is given by

i−n dnφ

dun

∣∣∣∣
u=0

=
∫ ∞

−∞
xnf(x) dx = αn . (31.18)

Thus it is often easy to calculate all the moments of a distribution
defined by φ(u), even when f(x) cannot be written down explicitly.

If the p.d.f.s f1(x) and f2(y) for independent random variables
x and y have characteristic functions φ1(u) and φ2(u), then the
characteristic function of the weighted sum ax + by is φ1(au)φ2(bu).
The addition rules for several important distributions (e.g., that the
sum of two Gaussian distributed variables also follows a Gaussian
distribution) easily follow from this observation.

Let the (partial) characteristic function corresponding to the
conditional p.d.f. f2(x|z) be φ2(u|z), and the p.d.f. of z be f1(z). The
characteristic function after integration over the conditional value is

φ(u) =
∫

φ2(u|z)f1(z) dz . (31.19)

Suppose we can write φ2 in the form

φ2(u|z) = A(u)eig(u)z . (31.20)

Then

φ(u) = A(u)φ1(g(u)) . (31.21)

The semi-invariants κn are defined by

φ(u) = exp

[ ∞∑
n=1

κn

n!
(iu)n

]
= exp

(
iκ1u − 1

2κ2u
2 + . . .

)
. (31.22)

The values κn are related to the moments αn and mn. The first few
relations are

κ1 = α1 (= µ, the mean)
κ2 = m2 = α2 − α2

1 (= σ2, the variance)
κ3 = m3 = α3 − 3α1α2 + 2α2

1 . (31.23)
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Table 31.1. Some common probability density functions, with corresponding characteristic functions and
means and variances. In the Table, Γ(k) is the gamma function, equal to (k − 1)! when k is an integer.

Probability density function Characteristic
Distribution f (variable; parameters) function φ(u) Mean Variance σ2

Uniform f(x; a, b) =

{
1/(b − a) a ≤ x ≤ b

0 otherwise

eibu − eiau

(b − a)iu
a + b

2
(b − a)2

12

Binomial f(r; N, p) =
N !

r!(N − r)!
prqN−r (q + peiu)N Np Npq

r = 0, 1, 2, . . . , N ; 0 ≤ p ≤ 1 ; q = 1 − p

Poisson f(n; ν) =
νne−ν

n!
; n = 0, 1, 2, . . . ; ν > 0 exp[ν(eiu − 1)] ν ν

Normal
(Gaussian)

f(x; µ, σ2) =
1

σ
√

2π
exp(−(x − µ)2/2σ2) exp(iµu − 1

2σ2u2) µ σ2

−∞ < x < ∞ ; −∞ < µ < ∞ ; σ > 0

Multivariate
Gaussian

f(x; µ, V ) =
1

(2π)n/2
√|V | exp

[
iµ · u − 1

2uT V u
]

µ Vjk

× exp
[−1

2 (x − µ)T V −1(x − µ)
]

−∞ < xj < ∞; −∞ < µj < ∞; detV > 0

χ2 f(z; n) =
zn/2−1e−z/2

2n/2Γ(n/2)
; z ≥ 0 (1 − 2iu)−n/2 n 2n

Student’s t f(t; n) =
1√
nπ

Γ[(n + 1)/2]
Γ(n/2)

(
1 +

t2

n

)−(n+1)/2

— 0
for n ≥ 2

n/(n − 2)
for n ≥ 3

−∞ < t < ∞ ; n not required to be integer

Gamma f(x; λ, k) =
xk−1λke−λx

Γ(k)
; 0 < x < ∞ ; (1 − iu/λ)−k k/λ k/λ2

k not required to be integer

31.4. Some probability distributions

Table 31.1 gives a number of common probability density functions
and corresponding characteristic functions, means, and variances.
Further information may be found in Refs. [1– 8] and [10]; Ref. [10] has
particularly detailed tables. Monte Carlo techniques for generating
each of them may be found in our Sec. 33.4. We comment below on
all except the trivial uniform distribution.

31.4.1. Binomial distribution :
A random process with exactly two possible outcomes which occur

with fixed probabilities is called a Bernoulli process. If the probability
of obtaining a certain outcome (a “success”) in each trail is p, then
the probability of obtaining exactly r successes (r = 0, 1, 2, . . . , N) in
N independent trials, without regard to the order of the successes and
failures, is given by the binomial distribution f(r; N, p) in Table 31.1.
If r and s are binomially distributed with parameters (Nr, p) and
(Ns, p), then t = r + s follows a binomial distribution with parameters
(Nr + Ns, p).

31.4.2. Poisson distribution :
The Poisson distribution f(n; ν) gives the probability of finding

exactly n events in a given interval of x (e.g., space and time) when
the events occur independently of one another and of x at an average
rate of ν per the given interval. The variance σ2 equals ν. It is the
limiting case p → 0, N → ∞, Np = ν of the binomial distribution.
The Poisson distribution approaches the Gaussian distribution for
large ν.

31.4.3. Normal or Gaussian distribution :

The normal (or Gaussian) probability density function f(x; µ, σ2)
given in Table 31.1 has mean E[x] = µ and variance V [x] = σ2.
Comparison of the characteristic function φ(u) given in Table 31.1
with Eq. (31.22) shows that all semi-invariants κn beyond κ2 vanish;
this is a unique property of the Gaussian distribution. Some other
properties are:

P (x in range µ ± σ) = 0.6827,

P (x in range µ ± 0.6745σ) = 0.5,

E[|x − µ|] =
√

2/πσ = 0.7979σ,

half-width at half maximum =
√

2 ln 2σ = 1.177σ.

For a Gaussian with µ = 0 and σ2 = 1 (the standard Gaussian),
the cumulative distribution, Eq. (31.6), is related to the error function
erf(y) by

F (x; 0, 1) = 1
2

[
1 + erf(x/

√
2)

]
. (31.24)

The error function and standard Gaussian are tabulated in many
references (e.g., Ref. [10]) and are available in libraries of computer
routines such as CERNLIB. For a mean µ and variance σ2, replace x
by (x − µ)/σ. The probability of x in a given range can be calculated
with Eq. (32.43).

For x and y independent and normally distributed, z = ax + by
follows f(z; aµx + bµy, a2σ2

x + b2σ2
y); that is, the weighted means and

variances add.

The Gaussian derives its importance in large part from the
central limit theorem: If independent random variables x1, . . . , xn are
distributed according to any p.d.f.s with finite means and variances,
then the sum y =

∑n
i=1 xi will have a p.d.f. that approaches a

Gaussian for large n. The mean and variance are given by the sums
of corresponding terms from the individual xi. Therefore the sum of a
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large number of fluctuations xi will be distributed as a Gaussian, even
if the xi themselves are not.

(Note that the product of a large number of random variables is not
Gaussian, but its logarithm is. The p.d.f. of the product is log-normal.
See Ref. [8] for details.)

For a set of n Gaussian random variables x with means µ and
corresponding Fourier variables u, the characteristic function for a
one-dimensional Gaussian is generalized to

φ(u; µ, V ) = exp
[
iµ · u − 1

2uT V u
]

. (31.25)

From Eq. (31.18), the covariance of xi and xj is

E
[
(xi − µi)(xj − µj)

]
= Vij . (31.26)

If the components of x are independent, then Vij = δijσ
2
i , and

Eq. (31.25) is the product of the c.f.s of n Gaussians.
The covariance matrix V can be related to the correlation matrix

defined by Eq. (31.14) (a sort of normalized covariance matrix) as
ρij = Vij/σiσj . Note that by construction ρii = 1, since Vii = σ2

i .
The characteristic function may be inverted to find the correspond-

ing p.d.f.,

f(x; µ, V ) =
1

(2π)n/2
√|V | exp

[
− 1

2 (x − µ)T V −1(x − µ)
]

(31.27)

where the determinant |V | must be greater than 0. For diagonal V
(independent variables), f(x; µ, V ) is the product of the p.d.f.s of n
Gaussian distributions.

For n = 2, f(x; µ, V ) is

f(x1, x2; µ1, µ2, σ1, σ2, ρ) =
1

2πσ1σ2

√
1 − ρ2

× exp
{ −1

2(1 − ρ2)

[
(x1 − µ1)2

σ2
1

− 2ρ(x1 − µ1)(x2 − µ2)
σ1σ2

+
(x2 − µ2)2

σ2
2

]}
. (31.28)

The marginal distribution of any xi is a Gaussian with mean µi and
variance Vii. V is n × n, symmetric, and positive definite. Therefore
for any vector X, the quadratic form XT V −1X = C, where C is
any positive number, traces an n-dimensional ellipsoid as X varies. If
Xi = xi − µi, then C is a random variable obeying the χ2 distribution
with n degrees of freedom, discussed in the following section. The
probability that X corresponding to a set of Gaussian random
variables xi lies outside the ellipsoid characterized by a given value of
C (= χ2) is given by 1 − Fχ2(C; n), where Fχ2 is the cumulative χ2

distribution. This may be read from Fig. 32.1. For example, the “s-
standard-deviation ellipsoid” occurs at C = s2. For the two-variable
case (n = 2), the point X lies outside the one-standard-deviation
ellipsoid with 61% probability. The use of these ellipsoids as indicators
of probable error is described in Sec. 32.3.2.3; the validity of those
indicators assumes that µ and V are correct.

31.4.4. χ2 distribution :
If x1, . . . , xn are independent Gaussian random variables, the

sum z =
∑n

i=1(xi − µi)2/σ2
i follows the χ2 p.d.f. with n degrees of

freedom, which we denote by χ2(n). Under a linear transformation to
n correlated Gaussian variables x′i, the value of z is invariant; then
z = X ′T V −1X ′ as in the previous section. For a set of zi, each of
which follows χ2(ni),

∑
zi follows χ2(

∑
ni). For large n, the χ2 p.d.f.

approaches a Gaussian with mean µ = n and variance σ2 = 2n.
The χ2 p.d.f. is often used in evaluating the level of compatibility

between observed data and a hypothesis for the p.d.f. that the data
might follow. This is discussed further in Sec. 32.2.2 on tests of
goodness-of-fit.

31.4.5. Student’s t distribution :
Suppose that x and x1, . . . , xn are independent and Gaussian

distributed with mean 0 and variance 1. We then define

z =
n∑

i=1

x2
i and t =

x√
z/n

. (31.29)

The variable z thus follows a χ2(n) distribution. Then t is distributed
according to Student’s t distribution with n degrees of freedom,
f(t; n), given in Table 31.1.

The Student’s t distribution resembles a Gaussian with wide tails.
As n → ∞, the distribution approaches a Gaussian. If n = 1, it is
a Cauchy or Breit–Wigner distribution. The mean is finite only for
n > 1 and the variance is finite only for n > 2, so the central limit
theorem is not applicable to sums of random variables following the t
distribution for n = 1 or 2.

As an example, consider the sample mean x =
∑

xi/n and the
sample variance s2 =

∑
(xi − x)2/(n − 1) for normally distributed

xi with unknown mean µ and variance σ2. The sample mean
has a Gaussian distribution with a variance σ2/n, so the variable
(x − µ)/

√
σ2/n is normal with mean 0 and variance 1. Similarly,

(n − 1)s2/σ2 is independent of this and follows χ2(n − 1). The ratio

t =
(x − µ)/

√
σ2/n√

(n − 1)s2/σ2(n − 1)
=

x − µ√
s2/n

(31.30)

is distributed as f(t; n − 1). The unknown variance σ2 cancels, and
t can be used to test the probability that the true mean is some
particular value µ.

In Table 31.1, n in f(t; n) is not required to be an integer. A
Student’s t distribution with non-integral n > 0 is useful in certain
applications.

31.4.6. Gamma distribution :
For a process that generates events as a function of x (e.g.,

space or time) according to a Poisson distribution, the distance in
x from an arbitrary starting point (which may be some particular
event) to the kth event follows a gamma distribution, f(x; λ, k). The
Poisson parameter µ is λ per unit x. The special case k = 1 (i.e.,
f(x; λ, 1) = λe−λx) is called the exponential distribution. A sum of k′
exponential random variables xi is distributed as f(

∑
xi; λ, k′).

The parameter k is not required to be an integer. For λ = 1/2 and
k = n/2, the gamma distribution reduces to the χ2(n) distribution.
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32. STATISTICS

Revised April 1998 by F. James (CERN); February 2000 by R. Cousins
(UCLA); October 2001, October 2003, and August 2005 by G. Cowan
(RHUL).

This chapter gives an overview of statistical methods used in High
Energy Physics. In statistics we are interested in using a given sample
of data to make inferences about a probabilistic model, e.g., to assess
the model’s validity or to determine the values of its parameters.
There are two main approaches to statistical inference, which we may
call frequentist and Bayesian. In frequentist statistics, probability is
interpreted as the frequency of the outcome of a repeatable experiment.
The most important tools in this framework are parameter estimation,
covered in Section 32.1, and statistical tests, discussed in Section 32.2.
Frequentist confidence intervals, which are constructed so as to cover
the true value of a parameter with a specified probability, are treated
in Section 32.3.2. Note that in frequentist statistics one does not
define a probability for a hypothesis or for a parameter.

Frequentist statistics provides the usual tools for reporting
objectively the outcome of an experiment without needing to
incorporate prior beliefs concerning the parameter being measured or
the theory being tested. As such they are used for reporting essentially
all measurements and their statistical uncertainties in High Energy
Physics.

In Bayesian statistics, the interpretation of probability is more
general and includes degree of belief. One can then speak of a
probability density function (p.d.f.) for a parameter, which expresses
one’s state of knowledge about where its true value lies. Bayesian
methods allow for a natural way to input additional information such
as physical boundaries and subjective information; in fact they require
as input the prior p.d.f. for the parameters, i.e., the degree of belief
about the parameters’ values before carrying out the measurement.
Using Bayes’ theorem Eq. (31.4), the prior degree of belief is updated
by the data from the experiment. Bayesian methods for interval
estimation are discussed in Sections 32.3.1 and 32.3.2.5

Bayesian techniques are often used to treat systematic uncertainties,
where the author’s subjective beliefs about, say, the accuracy of the
measuring device may enter. Bayesian statistics also provides a
useful framework for discussing the validity of different theoretical
interpretations of the data. This aspect of a measurement, however,
will usually be treated separately from the reporting of the result.

For many inference problems, the frequentist and Bayesian
approaches give the same numerical answers, even though they are
based on fundamentally different interpretations of probability. For
small data samples, however, and for measurements of a parameter
near a physical boundary, the different approaches may yield different
results, so we are forced to make a choice. For a discussion of Bayesian
vs. non-Bayesian methods, see References written by a statistician[1],
by a physicist[2], or the more detailed comparison in Ref. [3].

Following common usage in physics, the word “error” is often
used in this chapter to mean “uncertainty”. More specifically it can
indicate the size of an interval as in “the standard error” or “error
propagation”, where the term refers to the standard deviation of an
estimator.

32.1. Parameter estimation

Here we review point estimation of parameters. An estimator θ̂
(written with a hat) is a function of the data whose value, the estimate,
is intended as a meaningful guess for the value of the parameter θ.

There is no fundamental rule dictating how an estimator must be
constructed. One tries therefore to choose that estimator which has
the best properties. The most important of these are (a) consistency,
(b) bias, (c) efficiency, and (d) robustness.

(a) An estimator is said to be consistent if the estimate θ̂ converges to
the true value θ as the amount of data increases. This property is so
important that it is possessed by all commonly used estimators.

(b) The bias, b = E[ θ̂ ] − θ, is the difference between the expectation
value of the estimator and the true value of the parameter.
The expectation value is taken over a hypothetical set of similar
experiments in which θ̂ is constructed in the same way. When b = 0

the estimator is said to be unbiased. The bias depends on the chosen
metric, i.e., if θ̂ is an unbiased estimator of θ, then θ̂ 2 is not in general
an unbiased estimator for θ2. If we have an estimate b̂ for the bias
we can subtract it from θ̂ to obtain a new θ̂ ′ = θ̂ − b̂. The estimate
b̂ may, however, be subject to statistical or systematic uncertainties
that are larger than the bias itself, so that the new estimator may not
be better than the original.
(c) Efficiency is the inverse of the ratio of the variance V [ θ̂ ] to
its minimum possible value. Under rather general conditions, the
minimum variance is given by the Rao-Cramér-Frechet bound,

σ2
min =

(
1 +

∂b

∂θ

)2

/I(θ) , (32.1)

where

I(θ) = E

⎡⎣(
∂

∂θ

∑
i

ln f(xi; θ)

)2
⎤⎦ (32.2)

is the Fisher information. The sum is over all data, assumed
independent and distributed according to the p.d.f. f(x; θ), b is the
bias, if any, and the allowed range of x must not depend on θ.

The mean-squared error,

MSE = E[(θ̂ − θ)2] = V [θ̂] + b2 , (32.3)

is a convenient quantity which combines the uncertainties in an
estimate due to bias and variance.

(d) Robustness is the property of being insensitive to departures from
assumptions in the p.d.f. owing to factors such as noise.

For some common estimators the properties above are known
exactly. More generally, it is possible to evaluate them by Monte
Carlo simulation. Note that they will often depend on the unknown θ.

32.1.1. Estimators for mean, variance and median :

Suppose we have a set of N independent measurements xi assumed
to be unbiased measurements of the same unknown quantity µ with a
common, but unknown, variance σ2. Then

µ̂ =
1
N

N∑
i=1

xi (32.4)

σ̂2 =
1

N − 1

N∑
i=1

(xi − µ̂)2 (32.5)

are unbiased estimators of µ and σ2. The variance of µ̂ is σ2/N and
the variance of σ̂2 is

V
[
σ̂2

]
=

1
N

(
m4 − N − 3

N − 1
σ4

)
, (32.6)

where m4 is the 4th central moment of x. For Gaussian distributed xi

this becomes 2σ4/(N −1) for any N ≥ 2, and for large N the standard
deviation of σ̂ (the “error of the error”) is σ/

√
2N . Again if the xi

are Gaussian, µ̂ is an efficient estimator for µ and the estimators µ̂

and σ̂2 are uncorrelated. Otherwise the arithmetic mean (32.4) is not
necessarily the most efficient estimator; this is discussed in more detail
in [4] Sec. 8.7

If σ2 is known, it does not improve the estimate µ̂, as can be
seen from Eq. (32.4); however, if µ is known, substitute it for µ̂ in
Eq. (32.5) and replace N − 1 by N to obtain a somewhat better
estimator of σ2. If the xi have different, known variances σ2

i , then the
weighted average

µ̂ =
1
w

N∑
i=1

wixi (32.7)
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is an unbiased estimator for µ with a smaller variance than an
unweighted average; here wi = 1/σ2

i and w =
∑

i wi. The standard
deviation of µ̂ is 1/

√
w.

As an estimator for the median xmed one can use the value x̂med
such that half the xi are below and half above (the sample median).
If the sample median lies between two observed values, it is set by
convention halfway between them. If the p.d.f. of x has the form
f(x − µ) and µ is both mean and median, then for large N the
variance of the sample median approaches 1/[4Nf2(0)], provided
f(0) > 0. Although estimating the median can often be more difficult
computationally than the mean, the resulting estimator is generally
more robust, as it is insensitive to the exact shape of the tails of a
distribution.

32.1.2. The method of maximum likelihood :
“From a theoretical point of view, the most important general

method of estimation so far known is the method of maximum
likelihood” [5]. We suppose that a set of N independently measured
quantities xi came from a p.d.f. f(x; θ), where θ = (θ1, . . . , θn) is set
of n parameters whose values are unknown. The method of maximum
likelihood takes the estimators θ̂ to be those values of θ that maximize
the likelihood function,

L(θ) =
N∏

i=1

f(xi; θ) . (32.8)

The likelihood function is the joint p.d.f. for the data, evaluated with
the data obtained in the experiment and regarded as a function of the
parameters. Note that the likelihood function is not a p.d.f. for the
parameters θ; in frequentist statistics this is not defined. In Bayesian
statistics one can obtain from the likelihood the posterior p.d.f. for θ,
but this requires multiplying by a prior p.d.f. (see Sec. 32.3.1).

It is usually easier to work with ln L, and since both are maximized
for the same parameter values θ, the maximum likelihood (ML)
estimators can be found by solving the likelihood equations,

∂ ln L

∂θi
= 0 , i = 1, . . . , n . (32.9)

Maximum likelihood estimators are important because they are
approximately unbiased and efficient for large data samples, under
quite general conditions, and the method has a wide range of
applicability.

In evaluating the likelihood function, it is important that any
normalization factors in the p.d.f. that involve θ be included. However,
we will only be interested in the maximum of L and in ratios of L
at different values of the parameters; hence any multiplicative factors
that do not involve the parameters that we want to estimate may be
dropped, including factors that depend on the data but not on θ.

Under a one-to-one change of parameters from θ to η, the
ML estimators θ̂ transform to η(θ̂). That is, the ML solution is
invariant under change of parameter. However, other properties of
ML estimators, in particular the bias, are not invariant under change
of parameter.

The inverse V −1 of the covariance matrix Vij = cov[θ̂i, θ̂j ] for a set
of ML estimators can be estimated by using

(V̂ −1)ij = − ∂2 ln L

∂θi∂θj

∣∣∣∣
θ̂

. (32.10)

For finite samples, however, Eq. (32.10) can result in an underestimate
of the variances. In the large sample limit (or in a linear model with
Gaussian errors), L has a Gaussian form and lnL is (hyper)parabolic.
In this case it can be seen that a numerically equivalent way of
determining s-standard-deviation errors is from the contour given by
the θ′ such that

ln L(θ′) = lnLmax − s2/2 , (32.11)

where lnLmax is the value of lnL at the solution point (compare with
Eq. (32.46)). The extreme limits of this contour on the θi axis give

an approximate s-standard-deviation confidence interval for θi (see
Section 32.3.2.3).

In the case where the size n of the data sample x1, . . . , xn is small,
the unbinned maximum likelihood method, i.e., use of equation (32.8),
is preferred since binning can only result in a loss of information and
hence larger statistical errors for the parameter estimates. The sample
size n can be regarded as fixed or the user can choose to treat it as
a Poisson-distributed variable; this latter option is sometimes called
“extended maximum likelihood” (see, e.g., [6, 7, 8]). If the sample
is large it can be convenient to bin the values in a histogram, so
that one obtains a vector of data n = (n1, . . . , nN ) with expectation
values ν = E[n] and probabilities f(n; ν). Then one may maximize
the likelihood function based on the contents of the bins (so i
labels bins). This is equivalent to maximizing the likelihood ratio
λ(θ) = f(n; ν(θ))/f(n; n), or to minimizing the quantity [9]

−2 lnλ(θ) = 2
N∑

i=1

[
νi(θ) − ni + ni ln

ni

νi(θ)

]
, (32.12)

where in bins where ni = 0, the last term in (32.12) is zero. In the
limit of zero bin width, maximizing (32.12) is equivalent to maximizing
the unbinned likelihood function (32.8).

A benefit of binning is that it allows for a goodness-of-fit test (see
Sec. 32.2.2). The minimum of −2 lnλ as defined by Eq. (32.12) follows
a χ2 distribution in the large sample limit. If there are N bins and
m fitted parameters, then the number of degrees of freedom for the
χ2 distribution is N − m − 1 if the data are treated as multinomially
distributed and N −m if the ni are Poisson variables with νtot =

∑
i νi

fixed. If the ni are Poisson distributed and νtot is also fitted, then
by minimizing Eq. (32.12) one obtains that the area under the
fitted function is equal to the sum of the histogram contents, i.e.,∑

i νi =
∑

i ni. This is not the case for parameter estimation methods
based on a least-squares procedure with traditional weights (see, e.g.,
Ref. [8]).

32.1.3. The method of least squares :

The method of least squares (LS) coincides with the method of
maximum likelihood in the following special case. Consider a set of N
independent measurements yi at known points xi. The measurement
yi is assumed to be Gaussian distributed with mean F (xi; θ) and
known variance σ2

i . The goal is to construct estimators for the
unknown parameters θ. The likelihood function contains the sum of
squares

χ2(θ) = −2 lnL(θ) + constant =
N∑

i=1

(yi − F (xi; θ))2

σ2
i

. (32.13)

The set of parameters θ which maximize L is the same as those which
minimize χ2.

The minimum of Equation (32.13) defines the least-squares
estimators θ̂ for the more general case where the yi are not
Gaussian distributed as long as they are independent. If they are not
independent but rather have a covariance matrix Vij = cov[yi, yj ],
then the LS estimators are determined by the minimum of

χ2(θ) = (y − F (θ))T V −1(y − F (θ)) , (32.14)

where y = (y1, . . . , yN ) is the vector of measurements, F (θ) is the
corresponding vector of predicted values (understood as a column
vector in (32.14)), and the superscript T denotes transposed (i.e.,
row) vector.

In many practical cases one further restricts the problem to the
situation where F (xi; θ) is a linear function of the parameters, i.e.,

F (xi; θ) =
m∑

j=1

θjhj(xi) . (32.15)
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Here the hj(x) are m linearly independent functions, e.g.,
1, x, x2, . . . , xm−1, or Legendre polynomials. We require m < N
and at least m of the xi must be distinct.

Minimizing χ2 in this case with m parameters reduces to solving a
system of m linear equations. Defining Hij = hj(xi) and minimizing
χ2 by setting its derivatives with respect to the θi equal to zero gives
the LS estimators,

θ̂ = (HT V −1H)−1HT V −1y ≡ Dy . (32.16)

The covariance matrix for the estimators Uij = cov[θ̂i, θ̂j ] is given by

U = DV DT = (HT V −1H)−1 , (32.17)

or equivalently, its inverse U−1 can be found from

(U−1)ij =
1
2

∂2χ2

∂θi∂θj

∣∣∣∣
θ=θ̂

=
N∑

k,l=1

hi(xk)(V −1)klhj(xl) . (32.18)

The LS estimators can also be found from the expression

θ̂ = Ug , (32.19)

where the vector g is defined by

gi =
N∑

j,k=1

yjhi(xk)(V −1)jk . (32.20)

For the case of uncorrelated yi, for example, one can use (32.19) with

(U−1)ij =
N∑

k=1

hi(xk)hj(xk)
σ2

k

, (32.21)

gi =
N∑

k=1

ykhi(xk)
σ2

k

. (32.22)

Expanding χ2(θ) about θ̂, one finds that the contour in parameter
space defined by

χ2(θ) = χ2(θ̂) + 1 = χ2
min + 1 (32.23)

has tangent planes located at plus or minus one standard deviation σ
θ̂

from the LS estimates θ̂.
In constructing the quantity χ2(θ), one requires the variances or,

in the case of correlated measurements, the covariance matrix. Often
these quantities are not known a priori and must be estimated from
the data; an important example is where the measured value yi

represents a counted number of events in the bin of a histogram. If,
for example, yi represents a Poisson variable, for which the variance
is equal to the mean, then one can either estimate the variance from
the predicted value, F (xi; θ), or from the observed number itself,
yi. In the first option, the variances become functions of the fitted
parameters, which may lead to calculational difficulties. The second
option can be undefined if yi is zero, and in both cases for small yi the
variance will be poorly estimated. In either case one should constrain
the normalization of the fitted curve to the correct value, e.g., one
should determine the area under the fitted curve directly from the
number of entries in the histogram (see [8] Section 7.4). A further
alternative is to use the method of maximum likelihood; for binned
data this can be done by minimizing Eq. (32.12)

As the minimum value of the χ2 represents the level of agreement
between the measurements and the fitted function, it can be used for
assessing the goodness-of-fit; this is discussed further in Section 32.2.2.

32.1.4. Propagation of errors :
Consider a set of n quantities θ = (θ1, . . . , θn) and a set of

m functions η(θ) = (η1(θ), . . . , ηm(θ)). Suppose we have estimates
θ̂ = (θ̂1, . . . , θ̂n), using, say, maximum likelihood or least squares, and
we also know or have estimated the covariance matrix Vij = cov[θ̂i, θ̂j ].
The goal of error propagation is to determine the covariance matrix
for the functions, Uij = cov[η̂i, η̂j ], where η̂ = η(θ̂ ). In particular, the
diagonal elements Uii = V [η̂i] give the variances. The new covariance
matrix can be found by expanding the functions η(θ) about the
estimates θ̂ to first order in a Taylor series. Using this one finds

Uij ≈
∑
k,l

∂ηi

∂θk

∂ηj

∂θl

∣∣∣∣
θ̂

Vkl . (32.24)

This can be written in matrix notation as U ≈ AV AT where the
matrix of derivatives A is

Aij =
∂ηi

∂θj

∣∣∣∣
θ̂

(32.25)

and AT is its transpose. The approximation is exact if η(θ) is linear
(it holds, for example, in equation (32.17)). If this is not the case the
approximation can break down if, for example, η(θ) is significantly
nonlinear close to θ̂ in a region of a size comparable to the standard
deviations of θ̂.

32.2. Statistical tests

In addition to estimating parameters, one often wants to assess
the validity of certain statements concerning the data’s underlying
distribution. Hypothesis tests provide a rule for accepting or rejecting
hypotheses depending on the outcome of a measurement. In goodness-
of-fit tests one gives the probability to obtain a level of incompatibility
with a certain hypothesis that is greater than or equal to the level
observed with the actual data.

32.2.1. Hypothesis tests :
Consider an experiment whose outcome is characterized by a vector

of data x. A hypothesis is a statement about the distribution of x. It
could, for example, define completely the p.d.f. for the data (a simple
hypothesis) or it could specify only the functional form of the p.d.f.,
with the values of one or more parameters left open (a composite
hypothesis).

A statistical test is a rule that states for which values of x a given
hypothesis (often called the null hypothesis, H0) should be rejected.
This is done by defining a region of x-space called the critical region;
if the outcome if the experiment lands in this region, H0 is rejected.
Equivalently one can say that the hypothesis is accepted if x is
observed in the acceptance region, i.e., the complement of the critical
region. Here ‘accepted’ is understood to mean simply that the test
did not reject H0.

Rejecting H0 if it is true is called an error of the first kind. The
probability for this to occur is called the significance level of the test,
α, which is often chosen to be equal to some pre-specified value. It
can also happen that H0 is false and the true hypothesis is given by
some alternative, H1. If H0 is accepted in such a case, this is called an
error of the second kind. The probability for this to occur, β, depends
on the alternative hypothesis, say, H1, and 1 − β is called the power
of the test to reject H1.

In High Energy Physics the components of x might represent the
measured properties of candidate events, and the acceptance region
is defined by the cuts that one imposes in order to select events
of a certain desired type. That is, H0 could represent the signal
hypothesis, and various alternatives, H1, H2, etc., could represent
background processes.

Often rather than using the full data sample x it is convenient
to define a test statistic, t, which can be a single number or in any
case a vector with fewer components than x. Each hypothesis for the
distribution of x will determine a distribution for t, and the acceptance
region in x-space will correspond to a specific range of values of t.
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In constructing t one attempts to reduce the volume of data without
losing the ability to discriminate between different hypotheses.

In particle physics terminology, the probability to accept the
signal hypothesis, H0, is the selection efficiency, i.e., one minus the
significance level. The efficiencies for the various background processes
are given by one minus the power. Often one tries to construct a test
to minimize the background efficiency for a given signal efficiency.
The Neyman–Pearson lemma states that this is done by defining the
acceptance region such that, for x in that region, the ratio of p.d.f.s
for the hypotheses H0 and H1,

λ(x) =
f(x|H0)
f(x|H1)

, (32.26)

is greater than a given constant, the value of which is chosen to give
the desired signal efficiency. This is equivalent to the statement that
(32.26) represents the test statistic with which one may obtain the
highest purity sample for a given signal efficiency. It can be difficult
in practice, however, to determine λ(x), since this requires knowledge
of the joint p.d.f.s f(x|H0) and f(x|H1). Instead, test statistics based
on neural networks or Fisher discriminants are often used (see [10]).

32.2.2. Goodness-of-fit tests :
Often one wants to quantify the level of agreement between the data

and a hypothesis without explicit reference to alternative hypotheses.
This can be done by defining a goodness-of-fit statistic, t, which is
a function of the data whose value reflects in some way the level
of agreement between the data and the hypothesis. The user must
decide what values of the statistic correspond to better or worse levels
of agreement with the hypothesis in question; for many goodness-of-fit
statistics there is an obvious choice.

The hypothesis in question, say, H0, will determine the p.d.f.
g(t|H0) for the statistic. The goodness-of-fit is quantified by giving
the p-value, defined as the probability to find t in the region of
equal or lesser compatibility with H0 than the level of compatibility
observed with the actual data. For example, if t is defined such that
large values correspond to poor agreement with the hypothesis, then
the p-value would be

p =
∫ ∞

tobs

g(t|H0) dt , (32.27)

where tobs is the value of the statistic obtained in the actual
experiment. The p-value should not be confused with the significance
level of a test or the confidence level of a confidence interval
(Section 32.3), both of which are pre-specified constants.

The p-value is a function of the data and is therefore itself a random
variable. If the hypothesis used to compute the p-value is true, then
for continuous data, p will be uniformly distributed between zero and
one. Note that the p-value is not the probability for the hypothesis;
in frequentist statistics this is not defined. Rather, the p-value is the
probability, under the assumption of a hypothesis H0, of obtaining
data at least as incompatible with H0 as the data actually observed.

When estimating parameters using the method of least squares,
one obtains the minimum value of the quantity χ2 (32.13), which can
be used as a goodness-of-fit statistic. It may also happen that no
parameters are estimated from the data, but that one simply wants
to compare a histogram, e.g., a vector of Poisson distributed numbers
n = (n1, . . . , nN ), with a hypothesis for their expectation values
νi = E[ni]. As the distribution is Poisson with variances σ2

i = νi, the
χ2 (32.13) becomes Pearson’s χ2 statistic,

χ2 =
N∑

i=1

(ni − νi)2

νi
. (32.28)

If the hypothesis ν = (ν1, . . . , νN ) is correct and if the measured
values ni in (32.28) are sufficiently large (in practice, this will be a
good approximation if all ni > 5), then the χ2 statistic will follow the
χ2 p.d.f. with the number of degrees of freedom equal to the number
of measurements N minus the number of fitted parameters. The same
holds for the minimized χ2 from Eq. (32.13) if the yi are Gaussian.
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Figure 32.1: One minus the χ2 cumulative distribution,
1 − F (χ2; n), for n degrees of freedom. This gives the p-value
for the χ2 goodness-of-fit test as well as one minus the coverage
probability for confidence regions (see Sec. 32.3.2.3).

Alternatively one may fit parameters and evaluate goodness-of-fit by
minimizing −2 lnλ from Eq. (32.12). One finds that the distribution
of this statistic approaches the asymptotic limit faster than does
Pearson’s χ2 and thus computing the p-value with the χ2 p.d.f. will in
general be better justified (see [9] and references therein).

Assuming the goodness-of-fit statistic follows a χ2 p.d.f., the p-value
for the hypothesis is then

p =
∫ ∞

χ2
f(z; nd) dz , (32.29)

where f(z; nd) is the χ2 p.d.f. and nd is the appropriate number of
degrees of freedom. Values can be obtained from Fig. 32.1 or from the
CERNLIB routine PROB. If the conditions for using the χ2 p.d.f. do
not hold, the statistic can still be defined as before, but its p.d.f. must
be determined by other means in order to obtain the p-value, e.g.,
using a Monte Carlo calculation.

If one finds a χ2 value much greater than nd and a correspondingly
small p-value, one may be tempted to expect a high degree of
uncertainty for any fitted parameters. Although this may be true
for systematic errors in the parameters, it is not in general the
case for statistical uncertainties. If, for example, the error bars (or
covariance matrix) used in constructing the χ2 are underestimated,
then this will lead to underestimated statistical errors for the fitted
parameters. But in such a case an estimate θ̂ can differ from the
true value θ by an amount much greater than its estimated statistical
error. The standard deviations of estimators that one finds from, say,
equation (32.11) reflect how widely the estimates would be distributed
if one were to repeat the measurement many times, assuming that
the measurement errors used in the χ2 are also correct. They do
not include the systematic error which may result from an incorrect
hypothesis or incorrectly estimated measurement errors in the χ2.

Since the mean of the χ2 distribution is equal to nd, one expects
in a “reasonable” experiment to obtain χ2 ≈ nd. Hence the quantity
χ2/nd is sometimes reported. Since the p.d.f. of χ2/nd depends on
nd, however, one must report nd as well in order to make a meaningful
statement. The p-values obtained for different values of χ2/nd are
shown in Fig. 32.2.

32.3. Confidence intervals and limits

When the goal of an experiment is to determine a parameter θ,
the result is usually expressed by quoting, in addition to the point
estimate, some sort of interval which reflects the statistical precision
of the measurement. In the simplest case this can be given by the
parameter’s estimated value θ̂ plus or minus an estimate of the
standard deviation of θ̂, σ

θ̂
. If, however, the p.d.f. of the estimator
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is not Gaussian or if there are physical boundaries on the possible
values of the parameter, then one usually quotes instead an interval
according to one of the procedures described below.

In reporting an interval or limit, the experimenter may wish to

• communicate as objectively as possible the result of the
experiment;

• provide an interval that is constructed to cover the true value of
the parameter with a specified probability;

• provide the information needed by the consumer of the result to
draw conclusions about the parameter or to make a particular
decision;

• draw conclusions about the parameter that incorporate stated
prior beliefs.

With a sufficiently large data sample, the point estimate and
standard deviation (or for the multiparameter case, the parameter
estimates and covariance matrix) satisfy essentially all of these goals.
For finite data samples, no single method for quoting an interval
will achieve all of them. In particular, drawing conclusions about the
parameter in the framework of Bayesian statistics necessarily requires
subjective input.

In addition to the goals listed above, the choice of method may
be influenced by practical considerations such as ease of producing
an interval from the results of several measurements. Of course the
experimenter is not restricted to quoting a single interval or limit;
one may choose, for example, first to communicate the result with
a confidence interval having certain frequentist properties, and then
in addition to draw conclusions about a parameter using Bayesian
statistics. It is recommended, however, that there be a clear separation
between these two aspects of reporting a result. In the remainder of
this section we assess the extent to which various types of intervals
achieve the goals stated here.

32.3.1. The Bayesian approach :
Suppose the outcome of the experiment is characterized by a vector

of data x, whose probability distribution depends on an unknown
parameter (or parameters) θ that we wish to determine. In Bayesian
statistics, all knowledge about θ is summarized by the posterior p.d.f.
p(θ|x), which gives the degree of belief for θ to take on values in
a certain region given the data x. It is obtained by using Bayes’
theorem,

p(θ|x) =
L(x|θ)π(θ)∫

L(x|θ′)π(θ′) dθ′ , (32.30)

where L(x|θ) is the likelihood function, i.e., the joint p.d.f. for the
data given a certain value of θ, evaluated with the data actually
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Figure 32.2: The ‘reduced’ χ2, equal to χ2/n, for n degrees
of freedom. The curves show as a function of n the χ2/n that
corresponds to a given p-value.

obtained in the experiment, and π(θ) is the prior p.d.f. for θ. Note
that the denominator in (32.30) serves simply to normalize the
posterior p.d.f. to unity.

Bayesian statistics supplies no fundamental rule for determining
π(θ); this reflects the experimenter’s subjective degree of belief about
θ before the measurement was carried out. By itself, therefore, the
posterior p.d.f. is not a good way to report objectively the result of an
observation, since it contains both the result (through the likelihood
function) and the experimenter’s prior beliefs. Without the likelihood
function, someone with different prior beliefs would be unable to
substitute these to determine his or her own posterior p.d.f. This
is an important reason, therefore, to publish wherever possible the
likelihood function or an appropriate summary of it. Often this can be
achieved by reporting the ML estimate and one or several low order
derivatives of L evaluated at the estimate.

In the single parameter case, for example, an interval (called a
Bayesian or credible interval) [θlo, θup] can be determined which
contains a given fraction 1 − α of the probability, i.e.,

1 − α =
∫ θup

θlo

p(θ|x) dθ . (32.31)

Sometimes an upper or lower limit is desired, i.e., θlo can be set to
zero or θup to infinity. In other cases one might choose θlo and θup

such that p(θ|x) is higher everywhere inside the interval than outside;
these are called highest posterior density (HPD) intervals. Note that
HPD intervals are not invariant under a nonlinear transformation of
the parameter.

The main difficulty with Bayesian intervals is in quantifying the
prior beliefs. Sometimes one attempts to construct π(θ) to represent
complete ignorance about the parameters by setting it equal to a
constant. A problem here is that if the prior p.d.f. is flat in θ,
then it is not flat for a nonlinear function of θ, and so a different
parametrization of the problem would lead in general to a different
posterior p.d.f. In fact, one rarely chooses a flat prior as a true
expression of degree of belief about a parameter; rather, it is used as
a recipe to construct an interval, which in the end will have certain
frequentist properties.

If a parameter is constrained to be non-negative, then the prior
p.d.f. can simply be set to zero for negative values. An important
example is the case of a Poisson variable n which counts signal events
with unknown mean s as well as background with mean b, assumed
known. For the signal mean s one often uses the prior

π(s) =
{

0 s < 0
1 s ≥ 0 . (32.32)

As mentioned above, this is regarded as providing an interval whose
frequentist properties can be studied, rather than as representing a
degree of belief. In the absence of a clear discovery, (e.g., if n = 0
or if in any case n is compatible with the expected background),
one usually wishes to place an upper limit on s. Using the likelihood
function for Poisson distributed n,

L(n|s) =
(s + b)n

n!
e−(s+b) , (32.33)

along with the prior (32.32) in (32.30) gives the posterior density for
s. An upper limit sup at confidence level 1 − α can be obtained by
requiring

1 − α =
∫ sup

−∞
p(s|n)ds =

∫ sup
−∞ L(n|s)π(s) ds∫ ∞
−∞ L(n|s)π(s) ds

, (32.34)

where the lower limit of integration is effectively zero because of the
cut-off in π(s). By relating the integrals in Eq. (32.34) to incomplete
gamma functions, the equation reduces to

α = e−sup

∑n
m=0(sup + b)m/m!∑n

m=0 bm/m!
. (32.35)
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This must be solved numerically for the limit sup. For the special
case of b = 0, the sums can be related to the quantile F−1

χ2 of the χ2

distribution (inverse of the cumulative distribution) to give

sup = 1
2F−1

χ2 (1 − α; nd) , (32.36)

where the number of degrees of freedom is nd = 2(n+1). The quantile
of the χ2 distribution can be obtained using the CERNLIB routine
CHISIN. It so happens that for the case of b = 0, the upper limits from
Eq. (32.36) coincide numerically with the values of the frequentist
upper limits discussed in Section 32.3.2.4. Values for 1 − α = 0.9
and 0.95 are given by the values νup in Table 32.3. The frequentist
properties of confidence intervals for the Poisson mean obtained in
this way are discussed in Refs. [2] and [11].

Bayesian statistics provides a framework for incorporating sys-
tematic uncertainties into a result. Suppose, for example, that a
model depends not only on parameters of interest θ but on nuisance
parameters ν, whose values are known with some limited accuracy.
For a single nuisance parameter ν, for example, one might have a p.d.f.
centered about its nominal value with a certain standard deviation
σν . Often a Gaussian p.d.f. provides a reasonable model for one’s
degree of belief about a nuisance parameter; in other cases more
complicated shapes may be appropriate. The likelihood function, prior
and posterior p.d.f.s then all depend on both θ and ν and are related
by Bayes’ theorem as usual. One can obtain the posterior p.d.f. for θ
alone by integrating over the nuisance parameters, i.e.,

p(θ|x) =
∫

p(θ, ν|x) dν . (32.37)

If the prior joint p.d.f. for θ and ν factorizes, then integrating the
posterior p.d.f. over ν is equivalent to replacing the likelihood function
by (see Ref. [12]),

L′(x|θ) =
∫

L(x|θ, ν)π(ν) dν . (32.38)

The function L′(x|θ) can also be used together with frequentist
methods that employ the likelihood function such as ML estimation
of parameters. The results then have a mixed frequentist/Bayesian
character, where the systematic uncertainty due to limited knowledge
of the nuisance parameters is built in. Although this may make it
more difficult to disentangle statistical from systematic effects, such a
hybrid approach may satisfy the objective of reporting the result in a
convenient way.

Even if the subjective Bayesian approach is not used explicitly,
Bayes’ theorem represents the way that people evaluate the impact
of a new result on their beliefs. One of the criteria in choosing a
method for reporting a measurement, therefore, should be the ease
and convenience with which the consumer of the result can carry out
this exercise.

32.3.2. Frequentist confidence intervals :
The unqualified phrase “confidence intervals” refers to frequentist

intervals obtained with a procedure due to Neyman [13], described
below. These are intervals (or in the multiparameter case, regions)
constructed so as to include the true value of the parameter with
a probability greater than or equal to a specified level, called the
coverage probability. In this section we discuss several techniques for
producing intervals that have, at least approximately, this property.

32.3.2.1. The Neyman construction for confidence intervals:
Consider a p.d.f. f(x; θ) where x represents the outcome of the

experiment and θ is the unknown parameter for which we want
to construct a confidence interval. The variable x could (and often
does) represent an estimator for θ. Using f(x; θ) we can find for a
pre-specified probability 1 − α and for every value of θ a set of values
x1(θ, α) and x2(θ, α) such that

P (x1 < x < x2; θ) = 1 − α =
∫ x2

x1

f(x; θ) dx . (32.39)

This is illustrated in Fig. 32.3: a horizontal line segment
[x1(θ, α), x2(θ, α)] is drawn for representative values of θ. The
union of such intervals for all values of θ, designated in the figure as
D(α), is known as the confidence belt. Typically the curves x1(θ, α)
and x2(θ, α) are monotonic functions of θ, which we assume for this
discussion.
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Figure 32.3: Construction of the confidence belt (see text).

Upon performing an experiment to measure x and obtaining a value
x0, one draws a vertical line through x0. The confidence interval for θ
is the set of all values of θ for which the corresponding line segment
[x1(θ, α), x2(θ, α)] is intercepted by this vertical line. Such confidence
intervals are said to have a confidence level (CL) equal to 1 − α.

Now suppose that the true value of θ is θ0, indicated in the figure.
We see from the figure that θ0 lies between θ1(x) and θ2(x) if and
only if x lies between x1(θ0) and x2(θ0). The two events thus have
the same probability, and since this is true for any value θ0, we can
drop the subscript 0 and obtain

1 − α = P (x1(θ) < x < x2(θ)) = P (θ2(x) < θ < θ1(x)) . (32.40)

In this probability statement θ1(x) and θ2(x), i.e., the endpoints of
the interval, are the random variables and θ is an unknown constant.
If the experiment were to be repeated a large number of times, the
interval [θ1, θ2] would vary, covering the fixed value θ in a fraction
1 − α of the experiments.

The condition of coverage Eq. (32.39) does not determine x1 and
x2 uniquely and additional criteria are needed. The most common
criterion is to choose central intervals such that the probabilities
excluded below x1 and above x2 are each α/2. In other cases one
may want to report only an upper or lower limit, in which case the
probability excluded below x1 or above x2 can be set to zero. Another
principle based on likelihood ratio ordering for determining which
values of x should be included in the confidence belt is discussed in
Sec. 32.3.2.2

When the observed random variable x is continuous, the coverage
probability obtained with the Neyman construction is 1−α, regardless
of the true value of the parameter. If x is discrete, however, it is
not possible to find segments [x1(θ, α), x2(θ, α)] that satisfy (32.39)
exactly for all values of θ. By convention one constructs the confidence
belt requiring the probability P (x1 < x < x2) to be greater than or
equal to 1 − α. This gives confidence intervals that include the true
parameter with a probability greater than or equal to 1 − α.
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32.3.2.2. Relationship between intervals and tests:

An equivalent method of constructing confidence intervals is to
consider a test (see Sec. 32.2) of the hypothesis that the parameter’s
true value is θ. One then excludes all values of θ where the hypothesis
would be rejected at a significance level less than α. The remaining
values constitute the confidence interval at confidence level 1 − α.

In this procedure one is still free to choose the test to be used; this
corresponds to the freedom in the Neyman construction as to which
values of the data are included in the confidence belt. One possibility
is use a test statistic based on the likelihood ratio,

λ =
f(x; θ)

f(x; θ̂ )
, (32.41)

where θ̂ is the value of the parameter which, out of all allowed values,
maximizes f(x; θ). This results in the intervals described in [14] by
Feldman and Cousins. The same intervals can be obtained from the
Neyman construction described in the previous section by including in
the confidence belt those values of x which give the greatest values of
λ.

Another technique that can be formulated in the language of
statistical tests has been used to set limits on the Higgs mass from
measurements at LEP [15,16]. For each value of the Higgs mass, a
statistic called CLs is determined from the ratio

CLs =
p-value of signal plus background hypothesis
1 − p-value of hypothesis of background only

. (32.42)

The p-values in (32.42) are themselves based on a goodness-of-fit
statistic which depends in general on the signal being tested, i.e.,
on the hypothesized Higgs mass. Smaller CLs corresponds to a lesser
level of agreement with the signal hypothesis.

In the usual procedure for constructing confidence intervals, one
would exclude the signal hypothesis if the probability to obtain a value
of CLs less than the one actually observed is less than α. The LEP
Higgs group has in fact followed a more conservative approach and
excludes the signal at a confidence level 1 − α if CLs itself (not the
probability to obtain a lower CLs value) is less than α. This results
in a coverage probability that is in general greater than 1 − α. The
interpretation of such intervals is discussed in [15,16].

32.3.2.3. Gaussian distributed measurements:

An important example of constructing a confidence interval is when
the data consists of a single random variable x that follows a Gaussian
distribution; this is often the case when x represents an estimator for
a parameter and one has a sufficiently large data sample. If there is
more than one parameter being estimated, the multivariate Gaussian
is used. For the univariate case with known σ,

1 − α =
1√
2πσ

∫ µ+δ

µ−δ
e−(x−µ)2/2σ2

dx = erf
(

δ√
2 σ

)
(32.43)

is the probability that the measured value x will fall within ±δ of the
true value µ. From the symmetry of the Gaussian with respect to x
and µ, this is also the probability for the interval x ± δ to include
µ. Fig. 32.4 shows a δ = 1.64σ confidence interval unshaded. The
choice δ = σ gives an interval called the standard error which has
1 − α = 68.27% if σ is known. Values of α for other frequently used
choices of δ are given in Table 32.1.

We can set a one-sided (upper or lower) limit by excluding above
x + δ (or below x − δ). The values of α for such limits are half the
values in Table 32.1.

In addition to Eq. (32.43), α and δ are also related by the
cumulative distribution function for the χ2 distribution,

α = 1 − F (χ2; n) , (32.44)

−3 −2 −1 0 1 2 3

f (x; µ,σ)

α /2α /2

(x−µ) /σ

1−α

Figure 32.4: Illustration of a symmetric 90% confidence interval
(unshaded) for a measurement of a single quantity with Gaussian
errors. Integrated probabilities, defined by α, are as shown.

Table 32.1: Area of the tails α outside ±δ from the mean of a
Gaussian distribution.

α δ α δ

0.3173 1σ 0.2 1.28σ

4.55 ×10−2 2σ 0.1 1.64σ

2.7 ×10−3 3σ 0.05 1.96σ

6.3×10−5 4σ 0.01 2.58σ

5.7×10−7 5σ 0.001 3.29σ

2.0×10−9 6σ 10−4 3.89σ

for χ2 = (δ/σ)2 and n = 1 degree of freedom. This can be obtained
from Fig. 32.1 on the n = 1 curve or by using the CERNLIB routine
PROB.

For multivariate measurements of, say, n parameter estimates
θ̂ = (θ̂1, . . . , θ̂n), one requires the full covariance matrix Vij =
cov[θ̂i, θ̂j ], which can be estimated as described in Sections 32.1.2
and 32.1.3. Under fairly general conditions with the methods of
maximum-likelihood or least-squares in the large sample limit, the
estimators will be distributed according to a multivariate Gaussian
centered about the true (unknown) values θ, and furthermore the
likelihood function itself takes on a Gaussian shape.

The standard error ellipse for the pair (θ̂i, θ̂j) is shown in Fig. 32.5,
corresponding to a contour χ2 = χ2

min + 1 or lnL = ln Lmax − 1/2.
The ellipse is centered about the estimated values θ̂, and the tangents
to the ellipse give the standard deviations of the estimators, σi and
σj . The angle of the major axis of the ellipse is given by

tan 2φ =
2ρijσiσj

σ2
i − σ2

j

, (32.45)

where ρij = cov[θ̂i, θ̂j ]/σiσj is the correlation coefficient.
The correlation coefficient can be visualized as the fraction of the

distance σi from the ellipse’s horizontal centerline at which the ellipse
becomes tangent to vertical, i.e. at the distance ρijσi below the
centerline as shown. As ρij goes to +1 or −1, the ellipse thins to a
diagonal line.

It could happen that one of the parameters, say, θj , is known from
previous measurements to a precision much better than σj so that the
current measurement contributes almost nothing to the knowledge of
θj . However, the current measurement of of θi and its dependence
on θj may still be important. In this case, instead of quoting both
parameter estimates and their correlation, one sometimes reports the
value of θi which minimizes χ2 at a fixed value of θj , such as the PDG
best value. This θi value lies along the dotted line between the points
where the ellipse becomes tangent to vertical, and has statistical
error σinner as shown on the figure, where σinner = (1 − ρ2

ij)
1/2σi.

Instead of the correlation ρij , one reports the dependency dθ̂i/dθj

which is the slope of the dotted line. This slope is related to the
correlation coefficient by dθ̂i/dθj = ρij × σi

σj
.
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Figure 32.5: Standard error ellipse for the estimators θ̂i and
θ̂j . In this case the correlation is negative.

Table 32.2: ∆χ2 or 2∆ ln L corresponding to a coverage
probability 1 − α in the large data sample limit, for joint
estimation of m parameters.

(1 − α) (%) m = 1 m = 2 m = 3
68.27 1.00 2.30 3.53
90. 2.71 4.61 6.25
95. 3.84 5.99 7.82
95.45 4.00 6.18 8.03
99. 6.63 9.21 11.34
99.73 9.00 11.83 14.16

As in the single-variable case, because of the symmetry of the
Gaussian function between θ and θ̂, one finds that contours of constant
ln L or χ2 cover the true values with a certain, fixed probability. That
is, the confidence region is determined by

ln L(θ) ≥ ln Lmax − ∆ ln L , (32.46)

or where a χ2 has been defined for use with the method of least
squares,

χ2(θ) ≤ χ2
min + ∆χ2 . (32.47)

Values of ∆χ2 or 2∆ ln L are given in Table 32.2 for several values of
the coverage probability and number of fitted parameters.

For finite data samples, the probability for the regions determined
by Equations (32.46) or (32.47) to cover the true value of θ will
depend on θ, so these are not exact confidence regions according to
our previous definition. Nevertheless, they can still have a coverage
probability only weakly dependent on the true parameter and
approximately as given in Table 32.2. In any case the coverage
probability of the intervals or regions obtained according to this
procedure can in principle be determined as a function of the true
parameter(s), for example, using a Monte Carlo calculation.

One of the practical advantages of intervals that can be constructed
from the log-likelihood function or χ2 is that it is relatively simple to
produce the interval for the combination of several experiments. If N
independent measurements result in log-likelihood functions lnLi(θ),
then the combined log-likelihood function is simply the sum,

ln L(θ) =
N∑

i=1

ln Li(θ) . (32.48)

This can then be used to determine an approximate confidence interval
or region with Equation (32.46), just as with a single experiment.

32.3.2.4. Poisson or binomial data:
Another important class of measurements consists of counting a

certain number of events n. In this section we will assume these
are all events of the desired type, i.e., there is no background. If n
represents the number of events produced in a reaction with cross
section σ, say, in a fixed integrated luminosity L, then it follows a
Poisson distribution with mean ν = σL. If, on the other hand, one
has selected a larger sample of N events and found n of them to have

a particular property, then n follows a binomial distribution where the
parameter p gives the probability for the event to possess the property
in question. This is appropriate, e.g., for estimates of branching ratios
or selection efficiencies based on a given total number of events.

For the case of Poisson distributed n, the upper and lower limits on
the mean value ν can be found from the Neyman procedure to be

νlo = 1
2F−1

χ2 (αlo; 2n) , (32.49a)

νup = 1
2F−1

χ2 (1 − αup; 2(n + 1)) , (32.49b)

where the upper and lower limits are at confidence levels of 1−αlo and
1 − αup, respectively, and F−1

χ2 is the quantile of the χ2 distribution

(inverse of the cumulative distribution). The quantiles F−1
χ2 can

be obtained from standard tables or from the CERNLIB routine
CHISIN. For central confidence intervals at confidence level 1 − α, set
αlo = αup = α/2.

It happens that the upper limit from (32.49a) coincides numerically
with the Bayesian upper limit for a Poisson parameter using a uniform
prior p.d.f. for ν. Values for confidence levels of 90% and 95% are
shown in Table 32.3.

Table 32.3: Lower and upper (one-sided) limits for the mean
ν of a Poisson variable given n observed events in the absence of
background, for confidence levels of 90% and 95%.

1 − α =90% 1 − α =95%

n νlo νup νlo νup

0 – 2.30 – 3.00
1 0.105 3.89 0.051 4.74
2 0.532 5.32 0.355 6.30
3 1.10 6.68 0.818 7.75
4 1.74 7.99 1.37 9.15
5 2.43 9.27 1.97 10.51
6 3.15 10.53 2.61 11.84
7 3.89 11.77 3.29 13.15
8 4.66 12.99 3.98 14.43
9 5.43 14.21 4.70 15.71

10 6.22 15.41 5.43 16.96

For the case of binomially distributed n successes out of N trials
with probability of success p, the upper and lower limits on p are
found to be

plo =
nF−1

F [αlo; 2n, 2(N − n + 1)]

N − n + 1 + nF−1
F [αlo; 2n, 2(N − n + 1)]

, (32.50a)

pup =
(n + 1)F−1

F [1 − αup; 2(n + 1), 2(N − n)]

(N − n) + (n + 1)F−1
F [1 − αup; 2(n + 1), 2(N − n)]

. (32.50b)

Here F−1
F is the quantile of the F distribution (also called the

Fisher–Snedecor distribution; see Ref. [4]).

32.3.2.5. Difficulties with intervals near a boundary:
A number of issues arise in the construction and interpretation

of confidence intervals when the parameter can only take on values
in a restricted range. An important example is where the mean
of a Gaussian variable is constrained on physical grounds to be
non-negative. This arises, for example, when the square of the
neutrino mass is estimated from m̂2 = Ê2 − p̂2, where Ê and p̂
are independent, Gaussian distributed estimates of the energy and
momentum. Although the true m2 is constrained to be positive,
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random errors in Ê and p̂ can easily lead to negative values for the
estimate m̂2.

If one uses the prescription given above for Gaussian distributed
measurements, which says to construct the interval by taking the
estimate plus or minus one standard deviation, then this can give
intervals that are partially or entirely in the unphysical region. In
fact, by following strictly the Neyman construction for the central
confidence interval, one finds that the interval is truncated below zero;
nevertheless an extremely small or even a zero-length interval can
result.

An additional important example is where the experiment consists
of counting a certain number of events, n, which is assumed to
be Poisson distributed. Suppose the expectation value E[n] = ν
is equal to s + b, where s and b are the means for signal and
background processes, and assume further that b is a known constant.
Then ŝ = n − b is an unbiased estimator for s. Depending on true
magnitudes of s and b, the estimate ŝ can easily fall in the negative
region. Similar to the Gaussian case with the positive mean, the
central confidence interval or even the upper limit for s may be of zero
length.

The confidence interval is in fact designed not to cover the
parameter with a probability of at most α, and if a zero-length
interval results, then this is evidently one of those experiments. So
although the construction is behaving as it should, a null interval is
an unsatisfying result to report and several solutions to this type of
problem are possible.

An additional difficulty arises when a parameter estimate is not
significantly far away from the boundary, in which case it is natural
to report a one-sided confidence interval (often an upper limit). It
is straightforward to force the Neyman prescription to produce only
an upper limit by setting x2 = ∞ in Eq. 32.39. Then x1 is uniquely
determined and the upper limit can be obtained. If, however, the
data come out such that the parameter estimate is not so close to
the boundary, one might wish to report a central (i.e., two-sided)
confidence interval. As pointed out by Feldman and Cousins [14],
however, if the decision to report an upper limit or two-sided interval
is made by looking at the data (“flip-flopping”), then the resulting
intervals will not in general cover the parameter with the probability
1 − α.

With the confidence intervals suggested in [14], the prescription
determines whether the interval is one- or two-sided in a way which
preserves the coverage probability. Intervals with this property are
said to be unified. Furthermore, the Feldman–Cousins prescription is
such that null intervals do not occur. For a given choice of 1 − α, if
the parameter estimate is sufficiently close to the boundary, then the
method gives a one-sided limit. In the case of a Poisson variable in the
presence of background, for example, this would occur if the number
of observed events is compatible with the expected background. For
parameter estimates increasingly far away from the boundary, i.e., for
increasing signal significance, the interval makes a smooth transition
from one- to two-sided, and far away from the boundary one obtains a
central interval.

The intervals according to this method for the mean of Poisson
variable in the absence of background are given in Table 32.4. (Note
that α in [14] is defined following Neyman [13] as the coverage
probability; this is opposite the modern convention used here in which
the coverage probability is 1−α.) The values of 1−α given here refer
to the coverage of the true parameter by the whole interval [ν1, ν2].
In Table 32.3 for the one-sided upper and lower limits, however, 1 − α
refers to the probability to have individually νup ≥ ν or νlo ≤ ν.

A potential difficulty with unified intervals arises if, for example,
one constructs such an interval for a Poisson parameter s of some
yet to be discovered signal process with, say, 1 − α = 0.9. If the true
signal parameter is zero, or in any case much less than the expected
background, one will usually obtain a one-sided upper limit on s. In
a certain fraction of the experiments, however, a two-sided interval
for s will result. Since, however, one typically chooses 1 − α to be
only 0.9 or 0.95 when searching for a new effect, the value s = 0
may be excluded from the interval before the existence of the effect
is well established. It must then be communicated carefully that in

Table 32.4: Unified confidence intervals [ν1, ν2] for a the mean
of a Poisson variable given n observed events in the absence of
background, for confidence levels of 90% and 95%.

1 − α =90% 1 − α =95%

n ν1 ν2 ν1 ν2

0 0.00 2.44 0.00 3.09
1 0.11 4.36 0.05 5.14
2 0.53 5.91 0.36 6.72
3 1.10 7.42 0.82 8.25
4 1.47 8.60 1.37 9.76
5 1.84 9.99 1.84 11.26
6 2.21 11.47 2.21 12.75
7 3.56 12.53 2.58 13.81
8 3.96 13.99 2.94 15.29
9 4.36 15.30 4.36 16.77

10 5.50 16.50 4.75 17.82

excluding s = 0 from the interval, one is not necessarily claiming to
have discovered the effect.

The intervals constructed according to the unified procedure in [14]
for a Poisson variable n consisting of signal and background have the
property that for n = 0 observed events, the upper limit decreases
for increasing expected background. This is counter-intuitive, since
it is known that if n = 0 for the experiment in question, then no
background was observed, and therefore one may argue that the
expected background should not be relevant. The extent to which
one should regard this feature as a drawback is a subject of some
controversy (see, e.g., Ref. [18]).

Another possibility is to construct a Bayesian interval as described
in Section 32.3.1. The presence of the boundary can be incorporated
simply by setting the prior density to zero in the unphysical region.
Priors based on invariance principles (rather than subjective degree of
belief) for the Poisson mean are rarely used in high energy physics;
they diverge for the case of zero events observed, and they give upper
limits which undercover when evaluated by the frequentist definition
of coverage [2]. Rather, priors uniform in the Poisson mean have been
used, although as previously mentioned, this is generally not done to
reflect the experimenter’s degree of belief but rather as a procedure
for obtaining an interval with certain frequentist properties. The
resulting upper limits have a coverage probability that depends on the
true value of the Poisson parameter and is everywhere greater than
the stated probability content. Lower limits and two-sided intervals
for the Poisson mean based on flat priors undercover, however, for
some values of the parameter, although to an extent that in practical
cases may not be too severe [2, 11]. Intervals constructed in this way
have the advantage of being easy to derive; if several independent
measurements are to be combined then one simply multiplies the
likelihood functions (cf. Eq. (32.48)).

An additional alternative is presented by the intervals found from
the likelihood function or χ2 using the prescription of Equations (32.46)
or (32.47). As in the case of the Bayesian intervals, the coverage
probability is not, in general, independent of the true parameter.
Furthermore, these intervals can for some parameter values undercover.
The coverage probability can of course be determined with some extra
effort and reported with the result.

Also as in the Bayesian case, intervals derived from the value of the
likelihood function from a combination of independent experiments can
be determined simply by multiplying the likelihood functions. These
intervals are also invariant under transformation of the parameter; this
is not true for Bayesian intervals with a conventional flat prior, because
a uniform distribution in, say, θ will not be uniform if transformed to
θ2. Use of the likelihood function to determine approximate confidence
intervals is discussed further in [17].

In any case it is important always to report sufficient information
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so that the result can be combined with other measurements. Often
this means giving an unbiased estimator and its standard deviation,
even if the estimated value is in the unphysical region.

Regardless of the type of interval reported, the consumer of that
result will almost certainly use it to derive some impression about the
value of the parameter. This will inevitably be done, either explicitly
or intuitively, with Bayes’ theorem,

p(θ|result) ∝ L(result|θ)π(θ) , (32.51)

where the reader supplies his or her own prior beliefs π(θ) about
the parameter, and the ‘result’ is whatever sort of interval or other
information the author has reported. For all of the intervals discussed,
therefore, it is not sufficient to know the result; one must also know
the probability to have obtained this result as a function of the
parameter, i.e., the likelihood. Contours of constant likelihood, for
example, provide this information, and so an interval obtained from
ln L = lnLmax − ∆ ln L already takes one step in this direction.

It can also be useful with a frequentist interval to calculate its
subjective probability content using the posterior p.d.f. based on one
or several reasonable guesses for the prior p.d.f. If it turns out to
be significantly less than the stated confidence level, this warns that
it would be particularly misleading to draw conclusions about the
parameter’s value without further information from the likelihood.
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33. MONTE CARLO TECHNIQUES

Revised July 1995 by S. Youssef (SCRI, Florida State Univer-
sity).Updated February 2000 by R. Cousins (UCLA) in consultation
with F. James (CERN); October 2003 by G. Cowan (RHUL) and
R. Miquel (LBNL), and September 2005 by G. Cowan (RHUL).

Monte Carlo techniques are often the only practical way to
evaluate difficult integrals or to sample random variables governed
by complicated probability density functions. Here we describe an
assortment of methods for sampling some commonly occurring
probability density functions.

33.1. Sampling the uniform distribution

Most Monte Carlo sampling or integration techniques assume a
“random number generator” which generates uniform statistically
independent values on the half open interval [0, 1). There is a
long history of problems with various generators on a finite digital
computer, but recently, the RANLUX generator [1] has emerged with
a solid theoretical basis in chaos theory. Based on the method of
Lüscher, it allows the user to select different quality levels, trading off
quality with speed.

Other generators are also available which pass extensive batteries of
tests for statistical independence and which have periods which are so
long that, for practical purposes, values from these generators can be
considered to be uniform and statistically independent. In particular,
the lagged-Fibonacci based generator introduced by Marsaglia, Zaman,
and Tsang [2] is efficient, has a period of approximately 1043, produces
identical sequences on a wide variety of computers and, passes
the extensive “DIEHARD” battery of tests [3]. Many commonly
available congruential generators fail these tests and often have
sequences (typically with periods less than 232) which can be easily
exhausted on modern computers and should therefore be avoided [4].

33.2. Inverse transform method

If the desired probability density function is f(x) on the range
−∞ < x < ∞, its cumulative distribution function (expressing the
probability that x ≤ a) is given by Eq. (31.6). If a is chosen with
probability density f(a), then the integrated probability up to point
a, F (a), is itself a random variable which will occur with uniform
probability density on [0, 1]. If x can take on any value, and ignoring
the endpoints, we can then find a unique x chosen from the p.d.f. f(s)
for a given u if we set

u = F (x) , (33.1)

provided we can find an inverse of F , defined by

x = F−1(u) . (33.2)

This method is shown in Fig. 33.1a. It is most convenient when one
can calculate by hand the inverse function of the indefinite integral
of f . This is the case for some common functions f(x) such as
exp(x), (1 − x)n, and 1/(1 + x2) (Cauchy or Breit-Wigner), although
it does not necessarily produce the fastest generator. CERNLIB
contains routines to implement this method numerically, working from
functions or histograms.

For a discrete distribution, F (x) will have a discontinuous jump of
size f(xk) at each allowed xk, k = 1, 2, · · ·. Choose u from a uniform
distribution on (0,1) as before. Find xk such that

F (xk−1) < u ≤ F (xk) ≡ Prob (x ≤ xk) =
k∑

i=1

f(xi) ; (33.3)

then xk is the value we seek (note: F (x0) ≡ 0). This algorithm is
illustrated in Fig. 33.1b.
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Figure 33.1: Use of a random number u chosen from a uniform
distribution (0,1) to find a random number x from a distribution
with cumulative distribution function F (x).

33.3. Acceptance-rejection method (Von Neumann)

Very commonly an analytic form for F (x) is unknown or too
complex to work with, so that obtaining an inverse as in Eq. (33.2) is
impractical. We suppose that for any given value of x the probability
density function f(x) can be computed and further that enough is
known about f(x) that we can enclose it entirely inside a shape which
is C times an easily generated distribution h(x) as illustrated in
Fig. 33.2.

C h(x)

C h(x)

f (x)

x

f (x)

(a)
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Figure 33.2: Illustration of the acceptance-rejection method.
Random points are chosen inside the upper bounding figure, and
rejected if the ordinate exceeds f(x). Lower figure illustrates
importance sampling.

Frequently h(x) is uniform or is a normalized sum of uniform
distributions. Note that both f(x) and h(x) must be normalized
to unit area and therefore the proportionality constant C > 1.
To generate f(x), first generate a candidate x according to h(x).
Calculate f(x) and the height of the envelope C h(x); generate u and
test if uC h(x) ≤ f(x). If so, accept x; if not reject x and try again. If
we regard x and uC h(x) as the abscissa and ordinate of a point in a
two-dimensional plot, these points will populate the entire area C h(x)
in a smooth manner; then we accept those which fall under f(x). The
efficiency is the ratio of areas, which must equal 1/C; therefore we
must keep C as close as possible to 1.0. Therefore we try to choose
C h(x) to be as close to f(x) as convenience dictates, as in the lower
part of Fig. 33.2. This practice is called importance sampling, because
we generate more trial values of x in the region where f(x) is most
important.
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33.4. Algorithms

Algorithms for generating random numbers belonging to many
different distributions are given by Press [5], Ahrens and Dieter [6],
Rubinstein [7], Everett and Cashwell [8], Devroye [9], and Walck [10].
For many distributions alternative algorithms exist, varying in
complexity, speed, and accuracy. For time-critical applications, these
algorithms may be coded in-line to remove the significant overhead
often encountered in making function calls. Variables named “u” are
assumed to be independent and uniform on [0,1). (Hence, u must be
verified to be non-zero where relevant.)

In the examples given below, we use the notation for the variables
and parameters given in Table 31.1.

33.4.1. Exponential decay :
This is a common application of the inverse transform method and

uses the fact that if u is uniformly distributed in [0, 1] then (1 − u) is
as well. Consider an exponential p.d.f. f(t) = (1/τ) exp(−t/τ) that is
truncated so as to lie between two values, a and b, and renormalized
to unit area. To generate decay times t according to this p.d.f., first
let α = exp(−a/τ) and β = exp(−b/τ); then generate u and let

t = −τ ln(β + u(α − β)). (33.4)

For (a, b) = (0,∞), we have simply t = −τ ln u. (See also Sec. 33.4.6.)

33.4.2. Isotropic direction in 3D :
Isotropy means the density is proportional to solid angle, the

differential element of which is dΩ = d(cos θ)dφ. Hence cos θ is
uniform (2u1 − 1) and φ is uniform (2πu2). For alternative generation
of sinφ and cosφ, see the next subsection.

33.4.3. Sine and cosine of random angle in 2D :
Generate u1 and u2. Then v1 = 2u1 − 1 is uniform on (−1,1), and

v2 = u2 is uniform on (0,1). Calculate r2 = v2
1 + v2

2 . If r2 > 1, start
over. Otherwise, the sine (S) and cosine (C) of a random angle (i.e.,
uniformly distributed between zero and 2π) are given by

S = 2v1v2/r2 and C = (v2
1 − v2

2)/r2 . (33.5)

33.4.4. Gaussian distribution :
If u1 and u2 are uniform on (0,1), then

z1 = sin 2πu1

√
−2 lnu2 and z2 = cos 2πu1

√
−2 lnu2 (33.6)

are independent and Gaussian distributed with mean 0 and σ = 1.
There are many faster variants of this basic algorithm. For example,

construct v1 = 2u1 − 1 and v2 = 2u2− 1, which are uniform on (−1,1).
Calculate r2 = v2

1 +v2
2, and if r2 > 1 start over. If r2 < 1, it is uniform

on (0,1). Then

z1 = v1

√
−2 ln r2

r2 and z2 = v2

√
−2 ln r2

r2 (33.7)

are independent numbers chosen from a normal distribution with
mean 0 and variance 1. z′i = µ + σzi distributes with mean µ and
variance σ2. A recent implementation of the fast algorithm of Leva
Ref. 11 is in CERNLIB.

For a multivariate Gaussian with an n×n covariance matrix V , one
can start by generating n independent Gaussian variables, {ηj}, with
mean 0 and variance 1 as above. Then the new set {xi} is obtained
as xi = µi +

∑
j Lijηj , where µi is the mean of xi, and Lij are

the components of L, the unique lower triangular matrix that fulfils
V = LLT . The matrix L can be easily computed by the following
recursive relation (Cholesky’s method):

Ljj =

⎛
⎝Vjj −

j−1∑
k=1

L2
jk

⎞
⎠

1/2

, (33.8a)

Lij =
Vij −

∑j−1
k=1 LikLjk

Ljj
, j = 1, ..., n ; i = j + 1, ..., n, (33.8b)

where Vij = ρijσiσj are the components of V . For n = 2 one has

L =
(

σ1 0
ρσ2

√
1 − ρ2 σ2

)
, (33.9)

and therefore the correlated Gaussian variables are generated as
x1 = µ1 + σ1η1, x2 = µ2 + ρσ2η1 +

√
1 − ρ2 σ2η2.

33.4.5. χ2(n) distribution :
For n even, generate n/2 uniform numbers ui; then

y = −2 ln

⎛
⎝n/2∏

i=1

ui

⎞
⎠ is χ2(n) . (33.10)

For n odd, generate (n− 1)/2 uniform numbers ui and one Gaussian z
as in Sec. 33.4.4; then

y = −2 ln

⎛
⎝(n−1)/2∏

i=1

ui

⎞
⎠ + z2 is χ2(n) . (33.11)

For n � 30 the much faster Gaussian approximation for the χ2 may
be preferable: generate z as in Sec. 33.4.4. If z ≥ −√

2n− 1 use
y =

[
z +

√
2n − 1

]2
/2; otherwise reject.

33.4.6. Gamma distribution :
All of the following algorithms are given for λ = 1. For λ �= 1,

divide the resulting random number x by λ.
• If k = 1 (the exponential distribution), accept x = − lnu. (See

also Sec. 33.4.1.)

• If 0 < k < 1, initialize with v1 = (e + k)/e (with e = 2.71828...
being the natural log base). Generate u1, u2. Define v2 = v1u1.

Case 1: v2 ≤ 1. Define x = v
1/k
2 . If u2 ≤ e−x, accept x and

stop, else restart by generating new u1, u2.
Case 2: v2 > 1. Define x = −ln([v1 − v2]/k). If u2 ≤ xk−1,
accept x and stop, else restart by generating new u1, u2.
Note that, for k < 1, the probability density has a pole at
x = 0, so that return values of zero due to underflow must be
accepted or otherwise dealt with.

• Otherwise, if k > 1, initialize with c = 3k − 0.75. Generate
u1 and compute v1 = u1(1 − u1) and v2 = (u1 − 0.5)

√
c/v1. If

x = k + v2 − 1 ≤ 0, go back and generate new u1; otherwise
generate u2 and compute v3 = 64v3

1u2
2. If v3 ≤ 1 − 2v2

2/x or if
ln v3 ≤ 2{[k − 1] ln[x/(k − 1)] − v2}, accept x and stop; otherwise
go back and generate new u1.

33.4.7. Binomial distribution :
Begin with k = 0 and generate u uniform in [0, 1). Compute

Pk = (1 − p)n and store Pk into B. If u ≤ B accept rk = k and
stop. Otherwise, increment k by one; compute the next Pk as
Pk · (p/(1− p)) · (n− k)/(k + 1); add this to B. Again if u ≤ B accept
rk = k and stop, otherwise iterate until a value is accepted. If p > 1/2
it will be more efficient to generate r from f(r; n, q), i.e., with p and q
interchanged, and then set rk = n − r.

33.4.8. Poisson distribution :
Iterate until a successful choice is made: Begin with k = 1 and set

A = 1 to start. Generate u. Replace A with uA; if now A < exp(−µ),
where µ is the Poisson parameter, accept nk = k − 1 and stop.
Otherwise increment k by 1, generate a new u and repeat, always
starting with the value of A left from the previous try. For large
µ(� 10) it may be satisfactory (and much faster) to approximate the
Poisson distribution by a Gaussian distribution (see our Probability
chapter, Sec. 31.4.3). Generate z from a Gaussian with zero mean and
unit standard deviation; then use x = max(0, [µ + z

√
µ + 0.5]) where

[ ] signifies the greatest integer ≤ the expression. [12]
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33.4.9. Student’s t distribution :
For n > 0 degrees of freedom (n not necessarily integer), generate

x from a Gaussian with mean 0 and σ2 = 1 according to the method
of 33.4.4. Next generate y, an independent gamma random variate,
according to 33.4.6 with λ = 1/2 and k = n/2. Then z = x/(

√
y/n) is

distributed as a t with n degrees of freedom.
For the special case n = 1, the Breit-Wigner distribution, generate

u1 and u2; set v1 = 2u1 − 1 and v2 = 2u2 − 1. If v2
1 + v2

2 ≤ 1 accept
z = v1/v2 as a Breit-Wigner distribution with unit area, center at 0.0,
and FWHM 2.0. Otherwise start over. For center M0 and FWHM Γ,
use W = zΓ/2 + M0.
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34. MONTE CARLO PARTICLE NUMBERING SCHEME

Revised June 2006 by L. Garren (Fermilab), I.G. Knowles (Edin-
burgh U.), S. Navas (U. Granada), P. Richardson (Durham U.),
T. Sjöstrand (Lund U.), and T. Trippe (LBNL).

The Monte Carlo particle numbering scheme presented here is
intended to facilitate interfacing between event generators, detector
simulators, and analysis packages used in particle physics. The
numbering scheme was introduced in 1988 [1] and a revised
version [2,3] was adopted in 1998 in order to allow systematic inclusion
of quark model states which are as yet undiscovered and hypothetical
particles such as SUSY particles. The numbering scheme is used in
several event generators, e.g. HERWIG and PYTHIA/JETSET, and
in the /HEPEVT/ [4] standard interface.

The general form is a 7–digit number:

±n nr nL nq1 nq2 nq3 nJ .

This encodes information about the particle’s spin, flavor content, and
internal quantum numbers. The details are as follows:

1. Particles are given positive numbers, antiparticles negative
numbers. The PDG convention for mesons is used, so that K+

and B+ are particles.
2. Quarks and leptons are numbered consecutively starting from 1

and 11 respectively; to do this they are first ordered by family
and within families by weak isospin.

3. In composite quark systems (diquarks, mesons, and baryons)
nq1−3 are quark numbers used to specify the quark content, while
the rightmost digit nJ = 2J + 1 gives the system’s spin (except
for the K0

S and K0
L). The scheme does not cover particles of spin

J > 4.
4. Diquarks have 4-digit numbers with nq1 ≥ nq2 and nq3 = 0.
5. The numbering of mesons is guided by the nonrelativistic (L–S

decoupled) quark model, as listed in Tables 14.2 and 14.3.
a. The numbers specifying the meson’s quark content conform

to the convention nq1 = 0 and nq2 ≥ nq3 . The special case
K0

L is the sole exception to this rule.
b. The quark numbers of flavorless, light (u, d, s) mesons are:

11 for the member of the isotriplet (π0, ρ0, . . .), 22 for the
lighter isosinglet (η, ω, . . .), and 33 for the heavier isosinglet
(η′, φ, . . .). Since isosinglet mesons are often large mixtures
of uu + dd and ss states, 22 and 33 are assigned by mass and
do not necessarily specify the dominant quark composition.

c. The special numbers 310 and 130 are given to the K0
S and

K0
L respectively.

d. The fifth digit nL is reserved to distinguish mesons of the
same total (J) but different spin (S) and orbital (L) angular
momentum quantum numbers. For J > 0 the numbers are:
(L, S) = (J − 1, 1) nL = 0, (J, 0) nL = 1, (J, 1) nL = 2
and (J + 1, 1) nL = 3. For the exceptional case J = 0 the
numbers are (0, 0) nL = 0 and (1, 1) nL = 1 (i.e. nL = L).
See Table 34.1.

Table 34.1: Meson numbering logic. Here qq stands for
nq2 nq3.

L = J − 1, S = 1 L = J , S = 0 L = J , S = 1 L = J + 1, S = 1

J code JPC L code JPC L code JPC L code JPC L

0 — — — 00qq1 0−+ 0 — — — 10qq1 0++ 1
1 00qq3 1−− 0 10qq3 1+− 1 20qq3 1++ 1 30qq3 1−− 2
2 00qq5 2++ 1 10qq5 2−+ 2 20qq5 2−− 2 30qq5 2++ 3
3 00qq7 3−− 2 10qq7 3+− 3 20qq7 3++ 3 30qq7 3−− 4
4 00qq9 4++ 3 10qq9 4−+ 4 20qq9 4−− 4 30qq9 4++ 5

e. If a set of physical mesons correspond to a (non-negligible)
mixture of basis states, differing in their internal quantum
numbers, then the lightest physical state gets the smallest
basis state number. For example the K1(1270) is numbered
10313 (11P1 K1B) and the K1(1400) is numbered 20313
(13P1 K1A).

f. The sixth digit nr is used to label mesons radially excited
above the ground state.

g. Numbers have been assigned for complete nr = 0 S- and
P -wave multiplets, even where states remain to be identified.

h. In some instances assignments within the qq̄ meson model
are only tentative; here best guess assignments are made.

i. Many states appearing in the Meson Listings are not yet
assigned within the qq̄ model. Here nq2−3 and nJ are
assigned according to the state’s likely flavors and spin; all
such unassigned light isoscalar states are given the flavor
code 22. Within these groups nL = 0, 1, 2, . . . is used to
distinguish states of increasing mass. These states are flagged
using n = 9. It is to be expected that these numbers will
evolve as the nature of the states are elucidated. Codes are
assigned to all mesons which are listed in the one-page table
at the end of the Meson Summary Table as long as they have
a prefered or established spin. Additional heavy meson states
expected from heavy quark spectroscopy are also assigned
codes.

6. The numbering of baryons is again guided by the nonrelativistic
quark model, see Table 14.6.

a. The numbers specifying a baryon’s quark content are such
that in general nq1 ≥ nq2 ≥ nq3 .

b. Two states exist for J = 1/2 baryons containing 3 different
types of quarks. In the lighter baryon (Λ, Ξ, Ω, . . .) the light
quarks are in an antisymmetric (J = 0) state while for
the heavier baryon (Σ0, Ξ ′, Ω′, . . .) they are in a symmetric
(J = 1) state. In this situation nq2 and nq3 are reversed for
the lighter state, so that the smaller number corresponds to
the lighter baryon.

c. At present most Monte Carlos do not include excited baryons
and no systematic scheme has been developed to denote
them, though one is foreseen. In the meantime, use of the
PDG 96 [5] numbers for excited baryons is recommended.

d. For pentaquark states n = 9, nrnLnq1nq2 gives the four
quark numbers in order nr ≥ nL ≥ nq1 ≥ nq2 , nq3 gives the
antiquark number, and nJ = 2J + 1, with the assumption
that J = 1/2 for the states currently reported.

7. The gluon, when considered as a gauge boson, has official number
21. In codes for glueballs, however, 9 is used to allow a notation
in close analogy with that of hadrons.

8. The pomeron and odderon trajectories and a generic reggeon
trajectory of states in QCD are assigned codes 990, 9990, and 110
respectively, where the final 0 indicates the indeterminate nature
of the spin, and the other digits reflect the expected “valence”
flavor content. We do not attempt a complete classification of all
reggeon trajectories, since there is currently no need to distinguish
a specific such trajectory from its lowest-lying member.

9. Two-digit numbers in the range 21–30 are provided for the
Standard Model gauge bosons and Higgs.

10. Codes 81–100 are reserved for generator-specific pseudoparticles
and concepts.

11. The search for physics beyond the Standard Model is an active
area, so these codes are also standardized as far as possible.

a. A standard fourth generation of fermions is included by
analogy with the first three.

b. The graviton and the boson content of a two-Higgs-doublet
scenario and of additional SU(2)×U(1) groups are found in
the range 31–40.

c. “One-of-a-kind” exotic particles are assigned numbers in the
range 41–80.

d. Fundamental supersymmetric particles are identified by
adding a nonzero n to the particle number. The superpartner
of a boson or a left-handed fermion has n = 1 while the
superpartner of a right-handed fermion has n = 2. When
mixing occurs, such as between the winos and charged
Higgsinos to give charginos, or between left and right
sfermions, the lighter physical state is given the smaller basis
state number.

e. Technicolor states have n = 3, with technifermions treated
like ordinary fermions. States which are ordinary color
singlets have nr = 0. Color octets have nr = 1. If a state
has non-trivial quantum numbers under the topcolor groups
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SU(3)1 × SU(3)2, the quantum numbers are specified by
tech,ij, where i and j are 1 or 2. nL is then 2i + j. The
coloron, V8, is a heavy gluon color octet and thus is 3100021.

f. Excited (composite) quarks and leptons are identified by
setting n = 4.

g. Within several scenarios of new physics, it is possible to
have colored particles sufficiently long-lived for color-singlet
hadronic states to form around them. In the context of
supersymmetric scenarios, these states are called R-hadrons,
since they carry odd R-parity. R-hadron codes, defined here,
should be viewed as templates for corresponding codes also
in other scenarios, for any long-lived particle that is either
an unflavored color octet or a flavored color triplet. The
R-hadron code is obtained by combining the SUSY particle
code with a code for the light degrees of freedom, with as
many intermediate zeros removed from the former as required
to make place for the latter at the end. (To exemplify, a
sparticle n00000nq̃ combined with quarks q1 and q2 obtains
code n00nq̃nq1nq2nJ .) Specifically, the new-particle spin
decouples in the limit of large masses, so that the final nJ
digit is defined by the spin state of the light-quark system
alone. An appropriate number of nq digits is used to define
the ordinary-quark content. As usual, 9 rather than 21 is
used to denote a gluon/gluino in composite states. The sign
of the hadron agrees with that of the constituent new particle
(a color triplet) where there is a distinct new antiparticle,
and else is defined as for normal hadrons. Particle names are
R with the flavor content as lower index. A non-exhaustive
list of R-hadron codes is given below.

12. Occasionally program authors add their own states. To avoid
confusion, these should be flagged by setting nnr = 99.

13. Concerning the non-99 numbers, it may be noted that only
quarks, excited quarks, squarks, and diquarks have nq3 = 0; only
diquarks, baryons (including pentaquarks), and the odderon have
nq1 �= 0; and only mesons, the reggeon, and the pomeron have
nq1 = 0 and nq2 �= 0. Concerning mesons (not antimesons), if nq1
is odd then it labels a quark and an antiquark if even.

14. Nuclear codes are given as 10-digit numbers ±10LZZZAAAI.
For a (hyper)nucleus consisting of np protons, nn neutrons and
nΛ Λ’s, A = np + nn + nΛ gives the total baryon number, Z = np

the total charge and L = nΛ the total number of strange quarks.
I gives the isomer level, with I = 0 corresponding to the ground
state and I > 0 to excitations, see [9], where states denoted
m, n, p, q translate to I = 1 − 4. As examples, the deuteron
is 1000010020 and 235U is 1000922350. To avoid ambiguities,
nuclear codes should not be applied to a single hadron, like p, n
or Λ0, where quark-contents-based codes already exist.

This text and lists of particle numbers can be found on the
WWW [6]. The StdHep Monte Carlo standardization project [7]
maintains the list of PDG particle numbers, as well as numbering
schemes from most event generators and software to convert between
the different schemes.
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QUARKS
d 1
u 2
s 3
c 4
b 5
t 6
b′ 7
t′ 8

LEPTONS
e− 11
νe 12
µ− 13
νµ 14
τ− 15
ντ 16
τ ′− 17
ντ ′ 18

EXCITED
PARTICLES
d∗ 4000001
u∗ 4000002
e∗ 4000011
ν∗e 4000012

GAUGE AND
HIGGS BOSONS
g (9) 21
γ 22
Z0 23
W+ 24
h0/H0

1 25
Z ′/Z0

2 32
Z ′′/Z0

3 33
W ′/W+

2 34

H0/H0
2 35

A0/H0
3 36

H+ 37

DIQUARKS
(dd)1 1103
(ud)0 2101
(ud)1 2103
(uu)1 2203
(sd)0 3101
(sd)1 3103
(su)0 3201
(su)1 3203
(ss)1 3303
(cd)0 4101
(cd)1 4103
(cu)0 4201
(cu)1 4203
(cs)0 4301
(cs)1 4303
(cc)1 4403
(bd)0 5101
(bd)1 5103
(bu)0 5201
(bu)1 5203
(bs)0 5301
(bs)1 5303
(bc)0 5401
(bc)1 5403
(bb)1 5503

TECHNICOLOR
PARTICLES
π0

tech 3000111

π+
tech 3000211

π′ 0
tech 3000221

η0
tech 3100221

ρ0
tech 3000113

ρ+
tech 3000213

ω0
tech 3000223

V8 3100021
π1

tech,22 3060111

π8
tech,22 3160111

ρtech,11 3130113

ρtech,12 3140113

ρtech,21 3150113

ρtech,22 3160113
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R-HADRONS
R0

g̃g 1000993

R0
g̃dd

1009113

R+
g̃ud

1009213

R0
g̃uu 1009223

R0
g̃ds 1009313

R+
g̃us 1009323

R0
g̃ss 1009333

R−
g̃ddd 1091114

R0
g̃udd 1092114

R+
g̃uud 1092214

R++
g̃uuu 1092224

R−
g̃sdd 1093114

R0
g̃sud 1093214

R+
g̃suu 1093224

R−
g̃ssd 1093314

R0
g̃ssu 1093324

R−
g̃sss 1093334

R+
˜t1d

1000612

R0
˜t1u

1000622

R+
˜t1s

1000632

R0
˜t1c

1000642

R+
˜t1b

1000652

R0
˜t1dd1

1006113

R+
˜t1ud0

1006211

R+
˜t1ud1

1006213

R++
˜t1uu1

1006223

R0
˜t1sd0

1006311

R0
˜t1sd1

1006313

R+
˜t1su0

1006321

R+
˜t1su1

1006323

R0
˜t1ss1

1006333

SUSY
PARTICLES
˜dL 1000001
ũL 1000002
s̃L 1000003
c̃L 1000004
˜b1 1000005a

˜t1 1000006a

ẽ−L 1000011

ν̃eL 1000012
µ̃−

L 1000013

ν̃µL 1000014

τ̃−1 1000015a

ν̃τL 1000016
˜dR 2000001
ũR 2000002
s̃R 2000003
c̃R 2000004
˜b2 2000005a

˜t2 2000006a

ẽ−R 2000011

µ̃−
R 2000013

τ̃−2 2000015a

g̃ 1000021
χ̃0

1 1000022b

χ̃0
2 1000023b

χ̃+
1 1000024b

χ̃0
3 1000025b

χ̃0
4 1000035b

χ̃+
2 1000037b

˜G 1000039

SPECIAL
PARTICLES
G (graviton) 39
R0 41
LQc 42
reggeon 110
pomeron 990
odderon 9990

for MC internal
use 81–100

LIGHT I = 1 MESONS
π0 111
π+ 211
a0(980)0 9000111
a0(980)+ 9000211
π(1300)0 100111
π(1300)+ 100211
a0(1450)0 10111
a0(1450)+ 10211
π(1800)0 9010111
π(1800)+ 9010211
ρ(770)0 113
ρ(770)+ 213
b1(1235)0 10113
b1(1235)+ 10213
a1(1260)0 20113
a1(1260)+ 20213
π1(1400)0 9000113
π1(1400)+ 9000213
ρ(1450)0 100113
ρ(1450)+ 100213
π1(1600)0 9010113
π1(1600)+ 9010213
a1(1640)0 9020113∗

a1(1640)+ 9020213∗

ρ(1700)0 30113
ρ(1700)+ 30213
ρ(1900)0 9030113∗

ρ(1900)+ 9030213∗

ρ(2150)0 9040113∗

ρ(2150)+ 9040213∗

a2(1320)0 115
a2(1320)+ 215
π2(1670)0 10115
π2(1670)+ 10215
a2(1700)0 9000115∗

a2(1700)+ 9000215∗

π2(2100)0 9010115∗

π2(2100)+ 9010215∗

ρ3(1690)0 117
ρ3(1690)+ 217
ρ3(1990)0 9000117
ρ3(1990)+ 9000217
ρ3(2250)0 9010117
ρ3(2250)+ 9010217
a4(2040)0 119
a4(2040)+ 219

LIGHT I = 0 MESONS
(uu, dd, and ss Admixtures)
η 221
η′(958) 331
f0(600) 9000221
f0(980) 9010221
η(1295) 100221
f0(1370) 10221
η(1405) 9020221
η(1475) 100331
f0(1500) 9030221
f0(1710) 10331
η(1760) 9040221∗

f0(2020) 9050221∗

f0(2100) 9060221∗

f0(2200) 9070221∗

η(2225) 9080221∗

ω(782) 223
φ(1020) 333
h1(1170) 10223
f1(1285) 20223
h1(1380) 10333
f1(1420) 20333
ω(1420) 100223
f1(1510) 9000223
h1(1595) 9010223∗

ω(1650) 30223
φ(1680) 100333
f2(1270) 225
f2(1430) 9000225
f ′
2(1525) 335

f2(1565) 9010225
f2(1640) 9020225
η2(1645) 10225
f2(1810) 9030225
η2(1870) 10335
f2(1910) 9040225
f2(1950) 9050225
f2(2010) 9060225
f2(2150) 9070225
f2(2300) 9080225
f2(2340) 9090225
ω3(1670) 227
φ3(1850) 337
f4(2050) 229
fJ(2220) 9000229
f4(2300) 9010229
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STRANGE
MESONS
K0

L 130

K0
S 310

K0 311
K+ 321
K∗

0(800)0 9000311∗

K∗
0(800)+ 9000321∗

K∗
0 (1430)0 10311

K∗
0 (1430)+ 10321

K(1460)0 100311
K(1460)+ 100321
K(1830)0 9010311∗

K(1830)+ 9010321∗

K∗
0 (1950)0 9020311∗

K∗
0 (1950)+ 9020321∗

K∗(892)0 313
K∗(892)+ 323
K1(1270)0 10313
K1(1270)+ 10323
K1(1400)0 20313
K1(1400)+ 20323
K∗(1410)0 100313
K∗(1410)+ 100323
K1(1650)0 9000313∗

K1(1650)+ 9000323∗

K∗(1680)0 30313
K∗(1680)+ 30323
K∗

2 (1430)0 315
K∗

2 (1430)+ 325
K2(1580)0 9000315
K2(1580)+ 9000325
K2(1770)0 10315
K2(1770)+ 10325
K2(1820)0 20315
K2(1820)+ 20325
K∗

2(1980)0 9010315∗

K∗
2(1980)+ 9010325∗

K2(2250)0 9020315∗

K2(2250)+ 9020325∗

K∗
3 (1780)0 317

K∗
3 (1780)+ 327

K3(2320)0 9010317
K3(2320)+ 9010327
K∗

4 (2045)0 319
K∗

4 (2045)+ 329
K4(2500)0 9000319
K4(2500)+ 9000329

CHARMED
MESONS
D+ 411
D0 421
D∗

0(2400)+ 10411
D∗

0(2400)0 10421
D∗(2010)+ 413
D∗(2007)0 423
D1(2420)+ 10413
D1(2420)0 10423
D1(H)+ 20413
D1(2430)0 20423
D∗

2(2460)+ 415
D∗

2(2460)0 425
D+

s 431
D∗

s0(2317)+ 10431
D∗+

s 433
Ds1(2536)+ 10433
Ds1(2460)+ 20433
D∗

s2(2573)+ 435

BOTTOM
MESONS
B0 511
B+ 521
B∗0

0 10511
B∗+

0 10521

B∗0 513
B∗+ 523
B1(L)0 10513
B1(L)+ 10523
B1(H)0 20513
B1(H)+ 20523
B∗0

2 515
B∗+

2 525

B0
s 531

B∗0
s0 10531

B∗0
s 533

Bs1(L)0 10533
Bs1(H)0 20533
B∗0

s2 535
B+

c 541
B∗+

c0 10541

B∗+
c 543

Bc1(L)+ 10543
Bc1(H)+ 20543
B∗+

c2 545

cc MESONS
ηc(1S) 441
χc0(1P ) 10441
ηc(2S) 100441
J/ψ(1S) 443
hc(1P ) 10443
χc1(1P ) 20443
ψ(2S) 100443
ψ(3770) 30443
ψ(4040) 9000443
ψ(4160) 9010443
ψ(4415) 9020443
χc2(1P ) 445
χc2(2P ) 100445∗

bb MESONS
ηb(1S) 551
χb0(1P ) 10551
ηb(2S) 100551
χb0(2P ) 110551
ηb(3S) 200551
χb0(3P ) 210551
Υ (1S) 553
hb(1P ) 10553
χb1(1P ) 20553
Υ1(1D) 30553
Υ (2S) 100553
hb(2P ) 110553
χb1(2P ) 120553
Υ1(2D) 130553
Υ (3S) 200553
hb(3P ) 210553
χb1(3P ) 220553
Υ (4S) 300553
Υ (10860) 9000553
Υ (11020) 9010553
χb2(1P ) 555
ηb2(1D) 10555
Υ2(1D) 20555
χb2(2P ) 100555
ηb2(2D) 110555
Υ2(2D) 120555
χb2(3P ) 200555
Υ3(1D) 557
Υ3(2D) 100557

LIGHT
BARYONS
p 2212
n 2112
∆++ 2224
∆+ 2214
∆0 2114
∆− 1114

STRANGE
BARYONS
Λ 3122
Σ+ 3222
Σ0 3212
Σ− 3112
Σ∗+ 3224d

Σ∗0 3214d

Σ∗− 3114d

Ξ0 3322
Ξ− 3312
Ξ∗0 3324d

Ξ∗− 3314d

Ω− 3334

CHARMED
BARYONS
Λ+

c 4122
Σ++

c 4222
Σ+

c 4212
Σ0

c 4112
Σ∗++

c 4224
Σ∗+

c 4214
Σ∗0

c 4114
Ξ+

c 4232
Ξ0

c 4132
Ξ ′+

c 4322
Ξ ′0

c 4312
Ξ∗+

c 4324
Ξ∗0

c 4314
Ω0

c 4332
Ω∗0

c 4334
Ξ+

cc 4412
Ξ++

cc 4422
Ξ∗+

cc 4414
Ξ∗++

cc 4424
Ω+

cc 4432
Ω∗+

cc 4434
Ω++

ccc 4444

PENTAQUARKS
Θ+ 9221132
Φ−− 9331122

BOTTOM
BARYONS
Λ0

b 5122

Σ−
b 5112

Σ0
b 5212

Σ+
b 5222

Σ∗−
b 5114

Σ∗0
b 5214

Σ∗+
b 5224

Ξ−
b 5132

Ξ0
b 5232

Ξ ′−
b 5312

Ξ ′0
b 5322

Ξ∗−
b 5314

Ξ∗0
b 5324

Ω−
b 5332

Ω∗−
b 5334

Ξ0
bc 5142

Ξ+
bc 5242

Ξ ′0
bc 5412

Ξ ′+
bc 5422

Ξ∗0
bc 5414

Ξ∗+
bc 5424

Ω0
bc 5342

Ω′0
bc 5432

Ω∗0
bc 5434

Ω+
bcc 5442

Ω∗+
bcc 5444

Ξ−
bb 5512

Ξ0
bb 5522

Ξ∗−
bb 5514

Ξ∗0
bb 5524

Ω−
bb 5532

Ω∗−
bb 5534

Ω0
bbc 5542

Ω∗0
bbc 5544

Ω−
bbb 5554

Footnotes to the Tables:
∗) Numbers or names in bold face are new or have changed since the 2004 Review [8].
a) Particulary in the third generation, the left and right sfermion states may mix, as shown.

The lighter mixed state is given the smaller number.
b) The physical χ̃ states are admixtures of the pure γ̃, ˜Z0, ˜W+, ˜H0

1 , ˜H0
2 , and ˜H+ states.

c) In this draft we have only provided one generic leptoquark code. More general classifications
according to spin, weak isospin and flavor content would lead to a host of states, that could be
added as the need arises.

d) Σ∗ and Ξ∗ are alternate names for Σ(1385) and Ξ(1530).



318 35. Clebsch-Gordan coefficients

35. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,

AND d FUNCTIONS

Note: A square-root sign is to be understood over every coefficient, e.g., for −8/15 read −√
8/15.

Y 0
1 =

√
3
4π

cos θ

Y 1
1 = −

√
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8π

sin θ eiφ

Y 0
2 =
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5
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2
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Figure 35.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974). The coefficients
here have been calculated using computer programs written independently by Cohen and at LBNL.
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36. SU(3) ISOSCALAR FACTORS AND REPRESENTATION MATRICES
Written by R.L. Kelly (LBNL).

The most commonly used SU(3) isoscalar factors, corresponding
to the singlet, octet, and decuplet content of 8 ⊗ 8 and 10 ⊗ 8, are
shown at the right. The notation uses particle names to identify the
coefficients, so that the pattern of relative couplings may be seen
at a glance. We illustrate the use of the coefficients below. See J.J
de Swart, Rev. Mod. Phys. 35, 916 (1963) for detailed explanations
and phase conventions.

A
√

is to be understood over every integer in the matrices; the
exponent 1/2 on each matrix is a reminder of this. For example, the
Ξ → ΩK element of the 10 → 10 ⊗ 8 matrix is −√

6/
√

24 = −1/2.

Intramultiplet relative decay strengths may be read directly from
the matrices. For example, in decuplet → octet + octet decays, the
ratio of Ω∗ → ΞK and ∆ → Nπ partial widths is, from the 10 → 8×8
matrix,

Γ (Ω∗ → ΞK)
Γ (∆ → Nπ)

=
12
6

× (phase space factors) . (36.1)

Including isospin Clebsch-Gordan coefficients, we obtain, e.g.,

Γ(Ω∗− → Ξ0K−)
Γ(∆+ → p π0)

=
1/2
2/3

× 12
6

× p.s.f. =
3
2
× p.s.f. (36.2)

Partial widths for 8 → 8 ⊗ 8 involve a linear superposition of 81

(symmetric) and 82 (antisymmetric) couplings. For example,

Γ(Ξ∗ → Ξπ) ∼
(
−

√
9
20

g1 +

√
3
12

g2

)2

. (36.3)

The relations between g1 and g2 (with de Swart’s normalization)
and the standard D and F couplings that appear in the interaction
Lagrangian,

L = −
√

2 D Tr ({B, B}M) +
√

2 F Tr ([B, B] M) , (36.4)

where [B, B] ≡ BB − BB and {B, B} ≡ BB + BB, are

D =
√

30
40

g1 , F =
√

6
24

g2 . (36.5)

Thus, for example,

Γ(Ξ∗ → Ξπ) ∼ (F − D)2 ∼ (1 − 2α)2 , (36.6)

where α ≡ F/(D + F ). (This definition of α is de Swart’s. The
alternative D/(D + F ), due to Gell-Mann, is also used.)

The generators of SU(3) transformations, λa (a = 1, 8), are 3 × 3
matrices that obey the following commutation and anticommutation
relationships:

[λa, λb] ≡ λaλb − λbλa = 2ifabcλc (36.7)

{λa, λb} ≡ λaλb + λbλa =
4
3
δabI + 2dabcλc , (36.8)

where I is the 3 × 3 identity matrix, and δab is the Kronecker delta
symbol. The fabc are odd under the permutation of any pair of
indices, while the dabc are even. The nonzero values are

1 → 8⊗ 8(
Λ

) → (
NK Σπ Λη ΞK

)
=

1√
8

( 2 3 −1 −2 )1/2

81 → 8⊗ 8⎛
⎜⎜⎝

N
Σ
Λ
Ξ

⎞
⎟⎟⎠→

⎛
⎜⎜⎝

Nπ Nη ΣK ΛK
NK Σπ Λπ Ση ΞK

NK Σπ Λη ΞK
ΣK ΛK Ξπ Ξη

⎞
⎟⎟⎠=

1√
20

⎛
⎜⎝

9 −1 −9 −1
−6 0 4 4 −6
2 −12 −4 −2
9 −1 −9 −1

⎞
⎟⎠

1/2

82 → 8⊗ 8⎛
⎜⎜⎝

N
Σ
Λ
Ξ

⎞
⎟⎟⎠→

⎛
⎜⎜⎝

Nπ Nη ΣK ΛK
NK Σπ Λπ Ση ΞK

NK Σπ Λη ΞK
ΣK ΛK Ξπ Ξη

⎞
⎟⎟⎠=

1√
12

⎛
⎜⎝

3 3 3 −3
2 8 0 0 −2

6 0 0 6
3 3 3 −3

⎞
⎟⎠

1/2

10 → 8⊗ 8⎛
⎜⎜⎝

∆
Σ
Ξ
Ω

⎞
⎟⎟⎠→

⎛
⎜⎜⎝

Nπ ΣK
NK Σπ Λπ Ση ΞK

ΣK ΛK Ξπ Ξη
ΞK

⎞
⎟⎟⎠=

1√
12

⎛
⎜⎝

−6 6
−2 2 −3 3 2

3 −3 3 3
12

⎞
⎟⎠

1/2

8 → 10⊗ 8⎛
⎜⎜⎝

N
Σ
Λ
Ξ

⎞
⎟⎟⎠→

⎛
⎜⎜⎝

∆π ΣK
∆K Σπ Ση ΞK

Σπ ΞK
ΣK Ξπ Ξη ΩK

⎞
⎟⎟⎠ =

1√
15

⎛
⎜⎝

−12 3
8 −2 −3 2

−9 6
3 −3 −3 6

⎞
⎟⎠

1/2

10 → 10⊗ 8⎛
⎜⎜⎝

∆
Σ
Ξ
Ω

⎞
⎟⎟⎠→

⎛
⎜⎜⎝

∆π ∆η ΣK
∆K Σπ Ση ΞK
ΣK Ξπ Ξη ΩK

ΞK Ωη

⎞
⎟⎟⎠ =

1√
24

⎛
⎜⎝

15 3 −6
8 8 0 −8
12 3 −3 −6

12 −12

⎞
⎟⎠

1/2

abc fabc abc dabc abc dabc

123 1 118 1/
√

3 355 1/2
147 1/2 146 1/2 366 −1/2
156 −1/2 157 1/2 377 −1/2
246 1/2 228 1/

√
3 448 −1/(2

√
3)

257 1/2 247 −1/2 558 −1/(2
√

3)
345 1/2 256 1/2 668 −1/(2

√
3)

367 −1/2 338 1/
√

3 778 −1/(2
√

3)
458

√
3/2 344 1/2 888 −1/

√
3

678
√

3/2

The λa’s are

λ1 =

( 0 1 0
1 0 0
0 0 0

)
λ2 =

( 0 −i 0
i 0 0
0 0 0

)
λ3 =

( 1 0 0
0 − 1 0
0 0 0

)

λ4 =

( 0 0 1
0 0 0
1 0 0

)
λ5 =

( 0 0 −i
0 0 0
i 0 0

)
λ6 =

( 0 0 0
0 0 1
0 1 0

)

λ7 =

(
0 0 0
0 0 −i
0 i 0

)
λ8 =

1√
3

(
1 0 0
0 1 0
0 0 −2

)

Equation (36.7) defines the Lie algebra of SU(3). A general d-
dimensional representation is given by a set of d×d matrices satisfying
Eq. (36.7) with the fabc given above. Equation (36.8) is specific to the
defining 3-dimensional representation.
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37. SU(n) MULTIPLETS AND YOUNG DIAGRAMS
Written by C.G. Wohl (LBNL).

This note tells (1) how SU(n) particle multiplets are identified or
labeled, (2) how to find the number of particles in a multiplet from its
label, (3) how to draw the Young diagram for a multiplet, and (4) how
to use Young diagrams to determine the overall multiplet structure of
a composite system, such as a 3-quark or a meson-baryon system.

In much of the literature, the word “representation” is used where
we use “multiplet,” and “tableau” is used where we use “diagram.”

37.1. Multiplet labels

An SU(n) multiplet is uniquely identified by a string of (n−1)
nonnegative integers: (α, β, γ, . . .). Any such set of integers specifies
a multiplet. For an SU(2) multiplet such as an isospin multiplet, the
single integer α is the number of steps from one end of the multiplet
to the other (i.e., it is one fewer than the number of particles in the
multiplet). In SU(3), the two integers α and β are the numbers of
steps across the top and bottom levels of the multiplet diagram. Thus
the labels for the SU(3) octet and decuplet

1

1

0

3

are (1,1) and (3,0). For larger n, the interpretation of the integers
in terms of the geometry of the multiplets, which exist in an
(n−1)-dimensional space, is not so readily apparent.

The label for the SU(n) singlet is (0, 0, . . . , 0). In a flavor SU(n),
the n quarks together form a (1, 0, . . . , 0) multiplet, and the n
antiquarks belong to a (0, . . . , 0, 1) multiplet. These two multiplets
are conjugate to one another, which means their labels are related by
(α, β, . . .) ↔ (. . . , β, α).

37.2. Number of particles

The number of particles in a multiplet, N = N(α, β, . . .), is given
as follows (note the pattern of the equations).

In SU(2), N = N(α) is

N =
(α + 1)

1
. (37.1)

In SU(3), N = N(α, β) is

N =
(α + 1)

1
· (β + 1)

1
· (α + β + 2)

2
. (37.2)

In SU(4), N = N(α, β, γ) is

N =
(α+1)

1
· (β+1)

1
· (γ+1)

1
· (α+β+2)

2
· (β+γ+2)

2
· (α+β+γ+3)

3
.

(37.3)

Note that in Eq. (37.3) there is no factor with (α + γ + 2): only a
consecutive sequence of the label integers appears in any factor. One
more example should make the pattern clear for any SU(n). In SU(5),
N = N(α, β, γ, δ) is

N =
(α+1)

1
· (β+1)

1
· (γ+1)

1
· (δ+1)

1
· (α+β+2)

2
· (β+γ+2)

2

× (γ+δ+2)
2

· (α+β+γ+3)
3

· (β+γ+δ+3)
3

· (α+β+γ+δ+4)
4

.(37.4)

From the symmetry of these equations, it is clear that multiplets that
are conjugate to one another have the same number of particles, but
so can other multiplets. For example, the SU(4) multiplets (3,0,0) and
(1,1,0) each have 20 particles. Try the equations and see.

37.3. Young diagrams

A Young diagram consists of an array of boxes (or some other
symbol) arranged in one or more left-justified rows, with each row
being at least as long as the row beneath. The correspondence between
a diagram and a multiplet label is: The top row juts out α boxes to
the right past the end of the second row, the second row juts out β
boxes to the right past the end of the third row, etc. A diagram in
SU(n) has at most n rows. There can be any number of “completed”
columns of n boxes buttressing the left of a diagram; these don’t affect
the label. Thus in SU(3) the diagrams

, , , ,

represent the multiplets (1,0), (0,1), (0,0), (1,1), and (3,0). In any
SU(n), the quark multiplet is represented by a single box, the
antiquark multiplet by a column of (n−1) boxes, and a singlet by a
completed column of n boxes.

37.4. Coupling multiplets together

The following recipe tells how to find the multiplets that occur
in coupling two multiplets together. To couple together more than
two multiplets, first couple two, then couple a third with each of the
multiplets obtained from the first two, etc.

First a definition: A sequence of the letters a, b, c, . . . is admissible
if at any point in the sequence at least as many a’s have occurred as
b’s, at least as many b’s have occurred as c’s, etc. Thus abcd and aabcb
are admissible sequences and abb and acb are not. Now the recipe:

(a) Draw the Young diagrams for the two multiplets, but in one of
the diagrams replace the boxes in the first row with a’s, the boxes in
the second row with b’s, etc. Thus, to couple two SU(3) octets (such
as the π-meson octet and the baryon octet), we start with and

a a
b . The unlettered diagram forms the upper left-hand corner of all
the enlarged diagrams constructed below.

(b) Add the a’s from the lettered diagram to the right-hand ends
of the rows of the unlettered diagram to form all possible legitimate
Young diagrams that have no more than one a per column. In general,
there will be several distinct diagrams, and all the a’s appear in each
diagram. At this stage, for the coupling of the two SU(3) octets, we
have:

a a , a , a , .
a a

a a

(c) Use the b’s to further enlarge the diagrams already obtained,
subject to the same rules. Then throw away any diagram in which the
full sequence of letters formed by reading right to left in the first row,
then the second row, etc., is not admissible.

(d) Proceed as in (c) with the c’s (if any), etc.

The final result of the coupling of the two SU(3) octets is:

⊗ a a
b

=

a a ⊕ a a ⊕ a ⊕ a ⊕ a ⊕ .
b a b a b a

b b a a b

Here only the diagrams with admissible sequences of a’s and b’s and
with fewer than four rows (since n = 3) have been kept. In terms of
multiplet labels, the above may be written

(1, 1) ⊗ (1, 1) = (2, 2) ⊕ (3, 0) ⊕ (0, 3) ⊕ (1, 1) ⊕ (1, 1) ⊕ (0, 0) .

In terms of numbers of particles, it may be written

8 ⊗ 8 = 27⊕ 10⊕ 10⊕ 8⊕ 8⊕ 1 .

The product of the numbers on the left here is equal to the sum on
the right, a useful check. (See also Sec. 14 on the Quark Model.)
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38. KINEMATICS

Revised January 2000 by J.D. Jackson (LBNL).

Throughout this section units are used in which � = c = 1. The
following conversions are useful: �c = 197.3 MeV fm, (�c)2 = 0.3894
(GeV)2 mb.

38.1. Lorentz transformations

The energy E and 3-momentum p of a particle of mass m form a
4-vector p = (E,p) whose square p2 ≡ E2−|p|2 = m2. The velocity of
the particle is β = p/E. The energy and momentum (E∗,p∗) viewed
from a frame moving with velocity βf are given by

(
E∗
p∗‖

)
=

(
γf −γfβf

−γfβf γf

) (
E
p‖

)
, p∗

T
= pT , (38.1)

where γf = (1 − β2
f )−1/2 and p

T
(p‖) are the components of p

perpendicular (parallel) to βf . Other 4-vectors, such as the space-
time coordinates of events, of course transform in the same way. The
scalar product of two 4-momenta p1 · p2 = E1E2 − p1 · p2 is invariant
(frame independent).

38.2. Center-of-mass energy and momentum

In the collision of two particles of masses m1 and m2 the total
center-of-mass energy can be expressed in the Lorentz-invariant form

Ecm =
[
(E1 + E2)2 − (p1 + p2)

2
]1/2

,

=
[
m2

1 + m2
2 + 2E1E2(1 − β1β2 cos θ)

]1/2
, (38.2)

where θ is the angle between the particles. In the frame where one
particle (of mass m2) is at rest (lab frame),

Ecm = (m2
1 + m2

2 + 2E1 lab m2)1/2 . (38.3)

The velocity of the center-of-mass in the lab frame is

βcm = plab/(E1 lab + m2) , (38.4)

where plab ≡ p1 lab and

γcm = (E1 lab + m2)/Ecm . (38.5)

The c.m. momenta of particles 1 and 2 are of magnitude

pcm = plab
m2

Ecm
. (38.6)

For example, if a 0.80 GeV/c kaon beam is incident on a proton
target, the center of mass energy is 1.699 GeV and the center of mass
momentum of either particle is 0.442 GeV/c. It is also useful to note
that

Ecm dEcm = m2 dE1 lab = m2 β1 lab dplab . (38.7)

38.3. Lorentz-invariant amplitudes

The matrix elements for a scattering or decay process are written in
terms of an invariant amplitude −iM . As an example, the S-matrix
for 2 → 2 scattering is related to M by

〈p′1p′2 |S| p1p2〉 = I − i(2π)4 δ4(p1 + p2 − p′1 − p′2)

× M (p1, p2; p′1, p′2)
(2E1)1/2 (2E2)1/2 (2E′

1)
1/2 (2E′

2)
1/2

. (38.8)

The state normalization is such that

〈p′|p〉 = (2π)3δ3(p− p′) . (38.9)

38.4. Particle decays

The partial decay rate of a particle of mass M into n bodies in its
rest frame is given in terms of the Lorentz-invariant matrix element
M by

dΓ =
(2π)4

2M
|M |2 dΦn (P ; p1, . . . , pn), (38.10)

where dΦn is an element of n-body phase space given by

dΦn(P ; p1, . . . , pn) = δ4 (P −
n∑

i=1

pi)
n∏

i=1

d3pi

(2π)32Ei
. (38.11)

This phase space can be generated recursively, viz.

dΦn(P ; p1, . . . , pn) = dΦj(q; p1, . . . , pj)

× dΦn−j+1 (P ; q, pi+1, . . . , pn)(2π)3dq2 , (38.12)

where q2 = (
∑j

i=1 Ei)2 −
∣∣∣∑j

i=1 pi

∣∣∣2. This form is particularly
useful in the case where a particle decays into another particle that
subsequently decays.

38.4.1. Survival probability : If a particle of mass M has mean
proper lifetime τ (= 1/Γ) and has momentum (E,p), then the
probability that it lives for a time t0 or greater before decaying is
given by

P (t0) = e−t0 Γ/γ = e−Mt0 Γ/E , (38.13)

and the probability that it travels a distance x0 or greater is

P (x0) = e−Mx0 Γ/|p| . (38.14)

38.4.2. Two-body decays :

p1, m1

p2, m2

P, M

Figure 38.1: Definitions of variables for two-body decays.

In the rest frame of a particle of mass M , decaying into 2 particles
labeled 1 and 2,

E1 =
M2 − m2

2 + m2
1

2M
, (38.15)

|p1| = |p2|

=

[(
M2 − (m1 + m2)2

) (
M2 − (m1 − m2)2

)]1/2

2M
, (38.16)

and

dΓ =
1

32π2
|M |2 |p1|

M2
dΩ , (38.17)

where dΩ = dφ1d(cos θ1) is the solid angle of particle 1.
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38.4.3. Three-body decays :

p1, m1

p3, m3

P, M p2, m2

Figure 38.2: Definitions of variables for three-body decays.

Defining pij = pi + pj and m2
ij = p2

ij , then m2
12 + m2

23 + m2
13 =

M2 +m2
1 +m2

2 +m2
3 and m2

12 = (P − p3)2 = M2 +m2
3− 2ME3, where

E3 is the energy of particle 3 in the rest frame of M . In that frame,
the momenta of the three decay particles lie in a plane. The relative
orientation of these three momenta is fixed if their energies are known.
The momenta can therefore be specified in space by giving three Euler
angles (α, β, γ) that specify the orientation of the final system relative
to the initial particle [1]. Then

dΓ =
1

(2π)5
1

16M
|M |2 dE1 dE2 dα d(cos β) dγ . (38.18)

Alternatively

dΓ =
1

(2π)5
1

16M2
|M |2 |p∗1| |p3| dm12 dΩ∗

1 dΩ3 , (38.19)

where (|p∗1|, Ω∗
1) is the momentum of particle 1 in the rest frame of

1 and 2, and Ω3 is the angle of particle 3 in the rest frame of the
decaying particle. |p∗1| and |p3| are given by

|p∗1| =

[(
m2

12 − (m1 + m2)2
) (

m2
12 − (m1 − m2)2

)]
2m12

1/2

, (38.20a)

and

|p3| =

[(
M2 − (m12 + m3)2

) (
M2 − (m12 − m3)2

)]1/2

2M
. (38.20b)

[Compare with Eq. (38.16).]
If the decaying particle is a scalar or we average over its spin states,

then integration over the angles in Eq. (38.18) gives

dΓ =
1

(2π)3
1

8M
|M |2 dE1 dE2

=
1

(2π)3
1

32M3 |M |2 dm2
12 dm2

23 . (38.21)

This is the standard form for the Dalitz plot.

38.4.3.1. Dalitz plot: For a given value of m2
12, the range of m2

23 is
determined by its values when p2 is parallel or antiparallel to p3:

(m2
23)max =

(E∗
2 + E∗

3 )2 −
(√

E∗2
2 − m2

2 −
√

E∗2
3 − m2

3

)2

, (38.22a)

(m2
23)min =

(E∗
2 + E∗

3 )2 −
(√

E∗2
2 − m2

2 +
√

E∗2
3 − m2

3

)2

. (38.22b)

Here E∗
2 = (m2

12 − m2
1 + m2

2)/2m12 and E∗
3 = (M2 −m2

12 −m2
3)/2m12

are the energies of particles 2 and 3 in the m12 rest frame. The scatter
plot in m2

12 and m2
23 is called a Dalitz plot. If |M |2 is constant, the

allowed region of the plot will be uniformly populated with events [see
Eq. (38.21)]. A nonuniformity in the plot gives immediate information
on |M |2. For example, in the case of D → Kππ, bands appear when
m(Kπ) = mK∗(892), reflecting the appearance of the decay chain
D → K∗(892)π → Kππ.

(m23)max

0 1 2 3 4 5
 0

 2

 4

 6

 8

10

m12  (GeV2)

m
23

  (
G

eV
2 )

(m1+m2)2

(M−m3)2

(M−m1)2

(m2+m3)2

(m23)min
2

2

2

2

Figure 38.3: Dalitz plot for a three-body final state. In this
example, the state is π+K0p at 3 GeV. Four-momentum
conservation restricts events to the shaded region.

38.4.4. Kinematic limits : In a three-body decay the maximum
of |p3|, [given by Eq. (38.20)], is achieved when m12 = m1 + m2,
i.e., particles 1 and 2 have the same vector velocity in the rest
frame of the decaying particle. If, in addition, m3 > m1, m2, then
|p

3
|max > |p

1
|max, |p

2
|max.

38.4.5. Multibody decays : The above results may be generalized
to final states containing any number of particles by combining some
of the particles into “effective particles” and treating the final states
as 2 or 3 “effective particle” states. Thus, if pijk... = pi + pj + pk + . . .,
then

mijk... =
√

p2
ijk... , (38.23)

and mijk... may be used in place of e.g., m12 in the relations in
Sec. 38.4.3 or 38.4.3.1 above.

p3, m3

pn+2, mn+2

...

p1, m1

p2, m2
Figure 38.4: Definitions of variables for production of an
n-body final state.

38.5. Cross sections

The differential cross section is given by

dσ =
(2π)4|M |2

4
√

(p1 · p2)2 − m2
1m

2
2

× dΦn(p1 + p2; p3, . . . , pn+2) . (38.24)

[See Eq. (38.11).] In the rest frame of m2(lab),

√
(p1 · p2)2 − m2

1m
2
2 = m2p1 lab ; (38.25a)

while in the center-of-mass frame
√

(p1 · p2)2 − m2
1m

2
2 = p1cm

√
s . (38.25b)
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38.5.1. Two-body reactions :

p1, m1

p2, m2

p3, m3

p4, m4

Figure 38.5: Definitions of variables for a two-body final state.

Two particles of momenta p1 and p2 and masses m1 and m2 scatter
to particles of momenta p3 and p4 and masses m3 and m4; the
Lorentz-invariant Mandelstam variables are defined by

s = (p1 + p2)2 = (p3 + p4)2

= m2
1 + 2E1E2 − 2p1 · p2 + m2

2 , (38.26)
t = (p1 − p3)2 = (p2 − p4)2

= m2
1 − 2E1E3 + 2p1 · p3 + m2

3 , (38.27)
u = (p1 − p4)2 = (p2 − p3)2

= m2
1 − 2E1E4 + 2p1 · p4 + m2

4 , (38.28)

and they satisfy

s + t + u = m2
1 + m2

2 + m2
3 + m2

4 . (38.29)

The two-body cross section may be written as

dσ

dt
=

1
64πs

1
|p1cm|2 |M |2 . (38.30)

In the center-of-mass frame

t = (E1cm − E3cm)2 − (p1cm − p3cm)2 − 4p1cm p3cm sin2(θcm/2)

= t0 − 4p1cm p3cm sin2(θcm/2) , (38.31)

where θcm is the angle between particle 1 and 3. The limiting values
t0 (θcm = 0) and t1 (θcm = π) for 2 → 2 scattering are

t0(t1) =
[
m2

1 − m2
3 − m2

2 + m2
4

2
√

s

]2

− (p1 cm ∓ p3 cm)2 . (38.32)

In the literature the notation tmin (tmax) for t0 (t1) is sometimes
used, which should be discouraged since t0 > t1. The center-of-mass
energies and momenta of the incoming particles are

E1cm =
s + m2

1 − m2
2

2
√

s
, E2cm =

s + m2
2 − m2

1

2
√

s
, (38.33)

For E3cm and E4cm, change m1 to m3 and m2 to m4. Then

pi cm =
√

E2
i cm − m2

i and p1cm =
p1 lab m2√

s
. (38.34)

Here the subscript lab refers to the frame where particle 2 is at rest.
[For other relations see Eqs. (38.2)–(38.4).]

38.5.2. Inclusive reactions : Choose some direction (usually the
beam direction) for the z-axis; then the energy and momentum of a
particle can be written as

E = m
T

cosh y , px , py , pz = m
T

sinh y , (38.35)

where mT is the transverse mass

m2
T

= m2 + p2
x + p2

y , (38.36)

and the rapidity y is defined by

y =
1
2

ln
(

E + pz

E − pz

)

= ln
(

E + pz

mT

)
= tanh−1

(pz

E

)
. (38.37)

Under a boost in the z-direction to a frame with velocity β,
y → y− tanh−1 β. Hence the shape of the rapidity distribution dN/dy
is invariant. The invariant cross section may also be rewritten

E
d3σ

d3p
=

d3σ

dφ dy p
T

dp
T

=⇒ d2σ

π dy d(p2
T

)
. (38.38)

The second form is obtained using the identity dy/dpz = 1/E, and the
third form represents the average over φ.

Feynman’s x variable is given by

x =
pz

pz max
≈ E + pz

(E + pz)max
(pT 	 |pz|) . (38.39)

In the c.m. frame,

x ≈ 2pz cm√
s

=
2mT sinh ycm√

s
(38.40)

and

= (ycm)max = ln(
√

s/m) . (38.41)

For p 
 m, the rapidity [Eq. (38.37)] may be expanded to obtain

y =
1
2

ln
cos2(θ/2) + m2/4p2 + . . .

sin2(θ/2) + m2/4p2 + . . .

≈ − ln tan(θ/2) ≡ η (38.42)

where cos θ = pz/p. The pseudorapidity η defined by the second line
is approximately equal to the rapidity y for p 
 m and θ 
 1/γ, and
in any case can be measured when the mass and momentum of the
particle is unknown. From the definition one can obtain the identities

sinh η = cot θ , cosh η = 1/ sin θ , tanh η = cos θ . (38.43)

38.5.3. Partial waves : The amplitude in the center of mass for
elastic scattering of spinless particles may be expanded in Legendre
polynomials

f(k, θ) =
1
k

∑
�

(2� + 1)a�P�(cos θ) , (38.44)

where k is the c.m. momentum, θ is the c.m. scattering angle, a�
= (η�e

2iδ� − 1)/2i, 0 ≤ η� ≤ 1, and δ� is the phase shift of the �th

partial wave. For purely elastic scattering, η� = 1. The differential
cross section is

dσ

dΩ
= |f(k, θ)|2 . (38.45)

The optical theorem states that

σtot =
4π

k
Im f(k, 0) , (38.46)

and the cross section in the �th partial wave is therefore bounded:

σ� =
4π

k2 (2� + 1)|a�|2 ≤ 4π(2� + 1)
k2 . (38.47)

The evolution with energy of a partial-wave amplitude a� can be
displayed as a trajectory in an Argand plot, as shown in Fig. 38.6.
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Figure 38.6: Argand plot showing a partial-wave amplitude a�
as a function of energy. The amplitude leaves the unitary circle
where inelasticity sets in (η� < 1).

The usual Lorentz-invariant matrix element M (see Sec. 38.3
above) for the elastic process is related to f(k, θ) by

M = −8π
√

s f(k, θ) , (38.48)

so
σtot = − 1

2plab m2
Im M (t = 0) , (38.49)

where s and t are the center-of-mass energy squared and momentum
transfer squared, respectively (see Sec. 38.4.1).

38.5.3.1. Resonances: The Breit-Wigner (nonrelativistic) form for
an elastic amplitude a� with a resonance at c.m. energy ER, elastic
width Γel, and total width Γtot is

a� =
Γel/2

ER − E − iΓtot/2
, (38.50)

where E is the c.m. energy. As shown in Fig. 38.7, in the absence of
background the elastic amplitude traces a counterclockwise circle with
center ixel/2 and radius xel/2, where the elasticity xel = Γel/Γtot.
The amplitude has a pole at E = ER − iΓtot/2.

The spin-averaged Breit-Wigner cross section for a spin-J resonance
produced in the collision of particles of spin S1 and S2 is

σBW (E) =
(2J + 1)

(2S1 + 1)(2S2 + 1)
π

k2

BinBoutΓ2
tot

(E − ER)2 + Γ2
tot/4

, (38.51)

where k is the c.m. momentum, E is the c.m. energy, and B in and
B out are the branching fractions of the resonance into the entrance and
exit channels. The 2S + 1 factors are the multiplicities of the incident
spin states, and are replaced by 2 for photons. This expression is valid
only for an isolated state. If the width is not small, Γtot cannot be
treated as a constant independent of E. There are many other forms
for σBW , all of which are equivalent to the one given here in the
narrow-width case. Some of these forms may be more appropriate if
the resonance is broad.

−1/2 1/20
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Re A

ixel/2
xel/2

1

Figure 38.7: Argand plot for a resonance.

The relativistic Breit-Wigner form corresponding to Eq. (38.50) is:

a� =
−mΓel

s − m2 + imΓtot
. (38.52)

A better form incorporates the known kinematic dependences,
replacing mΓtot by

√
s Γtot(s), where Γtot(s) is the width the resonance

particle would have if its mass were
√

s, and correspondingly mΓel by√
s Γel(s) where Γel(s) is the partial width in the incident channel for

a mass
√

s:

a� =
−√

s Γel(s)
s − m2 + i

√
s Γtot(s)

. (38.53)

For the Z boson, all the decays are to particles whose masses
are small enough to be ignored, so on dimensional grounds
Γtot(s) =

√
s Γ0/mZ , where Γ0 defines the width of the Z, and

Γel(s)/Γtot(s) is constant. A full treatment of the line shape requires
consideration of dynamics, not just kinematics. For the Z this is done
by calculating the radiative corrections in the Standard Model.

References:
1. See, for example, J.J. Sakurai, Modern Quantum Mechnaics,

Addison-Wesley (1985), p. 172, or D.M. Brink and G.R.
Satchler, Angular Momentum, 2nd ed., Oxford University
Press (1968), p. 20.
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39. CROSS-SECTION FORMULAE FOR SPECIFIC PROCESSES

Revised September 2005 by R.N. Cahn (LBNL).

Setting aside leptoproduction (for which, see Sec. 16), the cross
sections of primary interest are those with light incident particles,
e+e−, γγ, qq, gq , gg, etc., where g and q represent gluons and light
quarks. The produced particles include both light particles and heavy
ones - t, W , Z, and the Higgs boson H . We provide the production
cross sections calculated within the Standard Model for several such
processes.

39.1. Resonance Formation

Resonant cross sections are generally described by the Breit-Wigner
formula (Sec. 16 of this Review).

σ(E) =
2J + 1

(2S1 + 1)(2S2 + 1)
4π

k2

[
Γ2/4

(E − E0)2 + Γ2/4

]
BinBout, (39.1)

where E is the c.m. energy, J is the spin of the resonance, and the
number of polarization states of the two incident particles are 2S1 + 1
and 2S2 + 2. The c.m. momentum in the initial state is k, E0 is the
c.m. energy at the resonance, and Γ is the full width at half maximum
height of the resonance. The branching fraction for the resonance into
the initial-state channel is Bin and into the final-state channel is Bout.
For a narrow resonance, the factor in square brackets may be replaced
by πΓδ(E − E0)/2.

39.2. Production of light particles

The production of point-like, spin-1/2 fermions in e+e− annihilation
through a virtual photon, e+e− → γ∗ → ff , at c.m. energy squared s
is given by

dσ

dΩ
= Nc

α2

4s
β
[
1 + cos2 θ + (1 − β2) sin2 θ

]
Q2

f , (39.2)

where β is v/c for the produced fermions in the c.m., θ is the c.m.
scattering angle, and Qf is the charge of the fermion. The factor Nc

is 1 for charged leptons and 3 for quarks. In the ultrarelativistic limit,
β → 1,

σ = NcQ
2
f
4πα2

3s
= NcQ

2
f

86.8 nb

s(GeV2)2
. (39.3)

The cross section for the annihilation of a qq pair into a distinct pair
q′q′ through a gluon is completely analogous up to color factors, with
the replacement α → αs. Treating all quarks as massless, averaging
over the colors of the initial quarks and defining t = −s sin2(θ/2),
u = −s cos2(θ/2), one finds [1]

dσ

dΩ
(qq → q′q′) =

α2

9s

t2 + u2

s2
. (39.4)

Crossing symmetry gives

dσ

dΩ
(qq → q′q′) =

α2

9s

s2 + u2

t2
. (39.5)

If the quarks q and q′ are identical, we have

dσ

dΩ
(qq → qq) =

α2
s

9s

[
t2 + u2

s2 +
s2 + u2

t2
− 2u2

3st

]
, (39.6)

and by crossing

dσ

dΩ
(qq → qq) =

α2
s

9s

[
t2 + s2

u2
+

s2 + u2

t2
− 2s2

3ut

]
. (39.7)

Annihilation of e+e− into γγ has the cross section

dσ

dΩ
(e+e− → γγ) =

α2

2s

u2 + t2

tu
. (39.8)

The related QCD process also has a triple-gluon coupling. The cross
section is

dσ

dΩ
(qq → qq) =

8α2
s

27s
(t2 + u2)

(
1
tu

− 9
4s2

)
. (39.9)

The crossed reactions are

dσ

dΩ
(qg → qg) =

α2
s

9s
(s2 + u2)(− 1

su
+

9
4t2

) (39.10)

and

dσ

dΩ
(gg → qq) =

α2
s

24s
(t2 + u2)(

1
tu

− 9
4s2 ) . (39.11)

Finally,

dσ

dΩ
(gg → gg) =

9α2
s

8s
(3 − ut

s2
− su

t2
− st

u2
) . (39.12)

39.3. Production of Weak Gauge Bosons

39.3.1. W and Z resonant production :

Resonant production of a single W or Z is governed by the partial
widths

Γ(W → 	iνi) =

√
2GF m3

W

12π
(39.13)

Γ(W → qiqj) = 3

√
2GF |Vij |2m3

W

12π
(39.14)

Γ(Z → ff) = Nc

√
2GF m3

Z

6π[
(T3 − Qf sin2 θW )2 + (Qf sin θW )2

]
(39.15)

The weak mixing angle is θW . The CKM matrix elements are
indicated by Vij and Nc is 3 for qq final states and 1 for leptonic final
states.

The full differential cross section for fif j → (W, Z) → fi′f j′ is
given by

dσ

dΩ
=

Nf
c

N i
c
· 1
256π2s

· s2

(s − M2)2 + sΓ2

×
[
(L2 + R2)(L′2 + R′2)(1 + cos2 θ)

+ (L2 − R2)(L′2 − R′2)2 cosθ
]

(39.16)

where M is the mass of the W or Z. The couplings for the W are
L = (8GF m2

W /
√

2)1/2Vij/
√

2; R = 0 where Vij is the corresponding
CKM matrix element, with an analogous expression for L′ and R′.
For Z, the couplings are L = (8GF m2

Z/
√

2)1/2(T3 − sin2 θW Q); R =
−(8GF m2

Z/
√

2)1/2 sin2 θW Q, where T3 is the weak isospin of the
initial left-handed fermion and Q is the initial fermion’s electric charge.
The expressions for L′ and R′ are analogous. The color factors N i,f

c

are 3 for initial or final quarks and 1 for initial or final leptons.

39.3.2. Production of pairs of weak gauge bosons :

The cross section for ff → W+W− is given in term of the couplings
of the left-handed and right-handed fermion f , 	 = 2(T3 − QxW ),
r = −2QxW , where T3 is the third component of weak isospin for the
left-handed f , Q is its electric charge (in units of the proton charge),
and xW = sin2 θW :
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dσ

dt
=

2πα2

Ncs2

{[(
Q +

	 + r

4xW

s

s − m2
Z

)2

+

(
	 + r

4xW

s

s − m2
Z

)2]
A(s, t, u)

+
1

2xW

(
Q +

	

2xW

s

s − m2
Z

)
(Θ(−Q)I(s, t, u) − Θ(Q)I(s, u, t))

+
1

8x2
W

(Θ(−Q)E(s, t, u) + Θ(Q)E(s, u, t))

}
, (39.17)

where Θ(x) is 1 for x > 0 and 0 for x < 0, and where

A(s, t, u) =

(
tu

m4
W

− 1

)(
1
4
− m2

W

s
+ 3

m4
W

s2

)
+

s

m2
W

− 4,

I(s, t, u) =

(
tu

m4
W

− 1

)(
1
4
− m2

W

2s
− m4

W

st

)
+

s

m2
W

− 2 + 2
m2

W

t
,

E(s, t, u) =

(
tu

m4
W

− 1

)(
1
4

+
m2

W

t

)
+

s

m2
W

, (39.18)

and s, t, u are the usual Mandelstam variables with s = (pf + pf )2, t =
(pf − pW−)2, u = (pf − pW+)2. The factor Nc is 3 for quarks and 1
for leptons.

The analogous cross-section for qiqj → W±Z0 is

dσ

dt
=

πα2|Vij |2
6s2x2

W

{(
1

s − m2
W

)2 [(
9 − 8xW

4

)(
ut − m2

W m2
Z

)
+ (8xW − 6) s

(
m2

W + m2
Z

)]

+

[
ut − m2

W m2
Z − s(m2

W + m2
Z)

s − m2
W

][
	j

t
− 	i

u

]

+
ut − m2

W m2
Z

4(1 − xW )

[
	2j
t2

+
	2i
u2

]
+

s(m2
W + m2

Z)
2(1 − xW )

	i	j

tu

}
, (39.19)

where 	i and 	j are the couplings of the left-handed qi and qj as
defined above. The CKM matrix element between qi and qj is Vij .

The cross section for qiqi → Z0Z0 is

dσ

dt
=

πα2

96
	4i + r4

i

x2
W (1 − x2

W )s2

[
t

u
+

u

t
+

4m2
Zs

tu
−m4

Z

(
1
t2

+
1
u2

)]
. (39.20)

39.4. Production of Higgs Bosons

39.4.1. Resonant Production :

The Higgs boson of the Standard Model can be produced resonantly
in the collisions of quarks, leptons, W or Z bosons, gluons, or photons.
The production cross section is thus controlled by the partial width of
the Higgs boson into the entrance channel and its total width. The
branching fractions for the Standard Model Higgs boson are shown
in Fig. 1 of the “Searches for Higgs bosons” review in the Particle
Listings section, as a function of the Higgs boson mass. The partial
widths are given by the relations

Γ(H → ff) =
GF m2

fmHNc

4π
√

2

(
1 − 4m2

f/m2
H

)3/2
, (39.21)

Γ(H → W+W−) =
GF m3

HβW

32π
√

2

(
4 − 4aW + 3a2

W

)
, (39.22)

Γ(H → ZZ) =
GF m3

HβZ

64π
√

2

(
4 − 4aZ + 3a2

Z

)
, (39.23)

where Nc is 3 for quarks and 1 for leptons and where aW = 1 − β2
W =

4m2
W /m2

H and aZ = 1 − β2
Z = 4m2

Z/m2
H . The decay to two gluons

proceeds through quark loops, with the t quark dominating [2].
Explicitly,

Γ(H → gg) =
α2

sGF m3
H

36π3
√

2

∣∣∣∣∣∑
q

I(m2
q/m2

H)

∣∣∣∣∣
2

, (39.24)

where I(z) is complex for z < 1/4. For z < 2× 10−3, |I(z)| is small so
the light quarks contribute negligibly. For mH < 2mt, z > 1/4 and

I(z) = 3

[
2z + 2z(1 − 4z)

(
sin−1 1

2
√

z

)2
]

, (39.25)

which has the limit I(z) → 1 as z → ∞.

39.4.2. Higgs Boson Production in W ∗ and Z∗ decay :

The Standard Model Higgs boson can be produced in the decay of
a virtual W or Z (“Higgstrahlung”) [3,4]: In particular, if k is the
c.m. momentum of the Higgs boson,

σ(qiqj → WH) =
πα2|Vij |2
36 sin4 θW

2k√
s

k2 + 3m3
W

(s − m2
W )2

(39.26)

σ(ff → ZH) =
2πα2(	2f + r2

f )

48Nc sin4 θW cos4 θW

2k√
s

k2 + 3m3
Z

(s − m2
Z)2

, (39.27)

where 	 and r are defined as above.

39.4.3. W and Z Fusion :
Just as high-energy electrons can be regarded as sources of virtual
photon beams, at very high energies they are sources of virtual W
and Z beams. For Higgs boson production, it is the longitudinal
components of the W s and Zs that are important [5]. The
distribution of longitudinal W s carrying a fraction y of the electron’s
energy is [6]

f(y) =
g2

16π2

1 − y

y
, (39.28)

where g = e/ sin θW . In the limit s � mH � mW , the partial decay
rate is Γ(H → WLWL) = (g2/16π2)3(m3

H/8π) and in the equivalent
W approximation [7]

σ(e+e− → νeνeH) =
1

16m2
W

(
α

sin2 θW

)3

[(
1 +

m2
H

s

)
log

s

m2
H

− 2 + 2
m2

H

s

]
. (39.29)

There are significant corrections to this relation when mH is not
large compared to mW [8]. For mH = 150 GeV, the estimate is
too high by 51% for

√
s = 1000 GeV, 32% too high at

√
s = 2000

GeV, and 22% too high at
√

s = 4000 GeV. Fusion of ZZ to make
a Higgs boson can be treated similarly. Identical formulae apply for
Higgs production in the collisions of quarks whose charges permit
the emission of a W+ and a W−, except that QCD corrections and
CKM matrix elements are required. Even in the absence of QCD
corrections, the fine-structure constant ought to be evaluated at the
scale of the collision, say mW . All quarks contribute to the ZZ fusion
process.
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39.5. Inclusive hadronic reactions

One-particle inclusive cross sections Ed3σ/d3p for the production
of a particle of momentum p are conveniently expressed in terms of
rapidity y (see above) and the momentum pT transverse to the beam
direction (in the c.m.):

E
d3σ

d3p
=

d3σ

dφ dy pT dp2
T

. (39.30)

In appropriate circumstances, the cross section may be decomposed
as a partonic cross section multiplied by the probabilities of finding
partons of the prescribed momenta:

σhadronic =
∑
ij

∫
dx1 dx2 fi(x1) fj(x2) dσ̂partonic , (39.31)

The probability that a parton of type i carries a fraction of the incident
particle’s that lies between x1 and x1 + dx1 is fi(x1)dx1 and similarly
for partons in the other incident particle. The partonic collision is
specified by its c.m. energy squared ŝ = x1x2s and the momentum
transfer squared t̂. The final hadronic state is more conveniently
specified by the rapidities y1, y2 of the two jets resulting from the
collision and the transverse momentum pT . The connection between
the differentials is

dx1dx2dt̂ = dy1dy2
ŝ

s
dp2

T , (39.32)

so that

d3σ

dy1dy2dp2
T

=
ŝ

s

[
fi(x1)fj(x2)

dσ̂

dt̂
(ŝ, t̂, û) + fi(x2)fj(x1)

dσ̂

dt̂
(ŝ, û, t̂)

]
,

(39.33)
where we have taken into account the possibility that the incident
parton types might arise from either incident particle. The second
term should be dropped if the types are identical: i = j.

39.6. Two-photon processes

In the Weizsäcker-Williams picture, a high-energy electron beam is
accompanied by a spectrum of virtual photons of energies ω and
invariant-mass squared q2 = −Q2, for which the photon number
density is

dn =
α

π

[
1 − ω

E
+

ω2

E2
− m2

e ω2

Q2E2

]
dω

ω

dQ2

Q2
, (39.34)

where E is the energy of the electron beam. The cross section for
e+e− → e+e−X is then [9]

dσe+e−→e+e−X(s) = dn1dn2dσγγ→X(W 2), (39.35)

where W 2 = m2
X . Integrating from the lower limit Q2 =

m2
e

ω2
i

Ei(Ei − ωi)
to a maximum Q2 gives

σe+e−→e+e−X (s) =
α2

π2

∫ 1

zth

dz

z[(
ln

Q2
max

zm2
e

− 1
)2

f(z) +
1
3
(ln z)3

]
σγγ→X(zs), (39.36)

where

f(z) =
(
1 + 1

2z
)2 ln(1/z)− 1

2 (1 − z)(3 + z). (39.37)

The appropriate value of Q2
max depends on the properties of the

produced system X . For production of hadronic systems, Q2
max ≈ m2

ρ,
while for lepton-pair production, Q2 ≈ W 2. For production of a
resonance with spin J �= 1, we have

σe+e−→e+e−R(s) = (2J + 1)
8α2ΓR→γγ

m3
R

×
[
f(m2

R/s)

(
ln

m2
V s

m2
em

2
R

− 1

)2

− 1
3

(
ln

s

M2
R

)3]
(39.38)

where mV is the mass that enters into the form factor for the γγ → R
transition, typically mρ.
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40. PLOTS OF CROSS SECTIONS AND RELATED QUANTITIES

Jet Production in pp and pp Interactions
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Figure 40.1: Transverse en-
ergy dependence of the inclusive
differential jet cross sections
in the central pseudorapidity
region. The error bars are either
statistical (DØ ), statistical and
pT dependent (UA2), statisti-
cal and energy dependent from
unsmearing (UA1), uncorrelated
(CDF), or total (R806) un-
certainties. Comparison of the
different experimental results
is not straight forward, since
the different experiments used
different jet reconstruction algo-
rithms. For instance, DØ and
CDF used a fixed cone algorithm
with a size R=0.7 for all their
measurements, compared to a
cone size of 1.3 for UA2. DØ:
Phys. Rev. D64, 032003 (2001);
CDF: Phys. Rev. D64, 032001
(2001); UA1: Phys. Lett. B172,
461 (1986); UA2: Phys. Lett.
B257, 232 (1991); R807: Phys.
Lett. B123, 133 (1983). Next-
to-Leading order QCD predic-
tions, using CTEQ4HJ pdfs and
µR,F = ET /2, are shown for pp
at 630 GeV and 1.8 TeV. (Cour-
tesy of V.D. Elvira, Fermilab,
2001)
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Figure 40.2: Transverse
energy dependence of isolated
photon cross sections. The error
bars are either statistical (CDF),
uncorrelated (DØ ), or total
(UA1, UA2, R806) uncertainties.
DØ: Phys. Rev. Lett. 87,
251805 (2001); CDF: Phys. Rev.
D73, 2662 (1994); UA6: Phys.
Lett. B206, 163 (1988); UA1:
Phys. Lett. B209, 385 (1988);
UA2: Phys. Lett. B288, 386
(1992); R806: Z. Phys. C13,
277 (1982). Next-to-Leading
order QCD predictions are
shown for pp at 630 GeV and
1.8 TeV. (Courtesy of V.D.
Elvira, Fermilab, 2001)
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Differential Cross Section for W and Z Boson Production
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Figure 40.3: Differential cross
section for W and Z boson
production. The error bars are
total errors, excluding the DØ
(CDF) 4.4% (3.9%) luminosity
uncertainty. DØ: Phys. Lett.
B513, 292 (2001), Phys. Rev. Lett.
84, 2792 (2000). CDF: Phys. Rev.
Lett. 84, 845 (2000). (Courtesy of
V.D. Elvira, Fermilab, 2001)
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Figure 40.4: Charged particle pseudorapidity distributions in pp collisions for 53 GeV ≤ √
s ≤ 1800 GeV. UA5 data from the SppS are taken

from G.J. Alner et al., Z. Phys. C33, 1 (1986), and from the ISR from K. Alpgøard et al., Phys. Lett. 112B, 193 (1982). The UA5 data are
shown for both the full inelastic cross-section and with singly diffractive events excluded. Additional non single-diffractive measurements are
available from CDF at the Tevatron, F. Abe et al., Phys. Rev. D41, 2330 (1990) and Experiment P238 at the SppS, R. Harr et al., Phys. Lett.
B401, 176 (1997). (Courtesy of D.R. Ward, Cambridge Univ., 1999.)
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Average Hadron Multiplicities in Hadronic e+e− Annihilation Events
Table 40.1: Average hadron multiplicities per hadronic e+e− annihilation event at

√
s ≈ 10, 29–35,

91, and 130–200 GeV. The rates given include decay products from resonances with cτ < 10 cm,
and include the corresponding anti-particle state. Correlations of the systemaic uncertainties were
considered for the calculation of the averages. (Updated July 2005 by O. Biebel, LMU, Munich.)

Particle
√

s ≈ 10 GeV
√

s = 29–35 GeV
√

s = 91 GeV
√

s = 130–200 GeV
Pseudoscalar mesons:

π+ 6.6± 0.2 10.3± 0.4 17.02± 0.19 21.24± 0.39
π0 3.2± 0.3 5.83± 0.28 9.42± 0.32
K+ 0.90± 0.04 1.48± 0.09 2.228± 0.059 2.82± 0.19
K0 0.91± 0.05 1.48± 0.07 2.049± 0.026 2.10± 0.12
η 0.20± 0.04 0.61± 0.07 1.049± 0.080
η′(958) 0.03± 0.01 0.26± 0.10 0.152± 0.020
D+ 0.194± 0.019(k) 0.17± 0.03 0.175± 0.016
D0 0.446± 0.032(k) 0.45± 0.07 0.454± 0.030
D+

s 0.063± 0.014(k) 0.45± 0.20(a) 0.131± 0.021
B+, B0

d — — 0.165± 0.026(b)

B+
u — — 0.178± 0.006(b)

B0
s — — 0.057± 0.013(b)

Scalar mesons:
f0(980) 0.024± 0.006 0.05± 0.02(c) 0.146± 0.012
a0(980)± — — 0.27± 0.11(d)

Vector mesons:
ρ(770)0 0.35± 0.04 0.81± 0.08 1.231± 0.098
ρ(770)± — — 2.40± 0.43(d)

ω(782) 0.30± 0.08 — 1.016± 0.065
K∗(892)+ 0.27± 0.03 0.64± 0.05 0.715± 0.059
K∗(892)0 0.29± 0.03 0.56± 0.06 0.738± 0.024
φ(1020) 0.044± 0.003 0.085± 0.011 0.0963± 0.0032
D∗(2010)+ 0.177± 0.022(k) 0.43± 0.07 0.1937± 0.0057(j)

D∗(2007)0 0.168± 0.019(k) 0.27± 0.11 —
D∗

s(2112)+ 0.048± 0.014(k) — 0.101± 0.048(g)

B∗ (e) — — 0.288± 0.026
J/ψ(1S) 0.00050± 0.00005(k) — 0.0052± 0.0004(f)

ψ(2S) — — 0.0023± 0.0004(f)

Υ (1S) — — 0.00014± 0.00007(f)

Pseudovector mesons:
f1(1285) — — 0.165± 0.051
f1(1420) — — 0.056± 0.012
χc1(3510) — — 0.0041± 0.0011(f)

Tensor mesons:
f2(1270) 0.09± 0.02 0.14± 0.04 0.166± 0.020
f ′
2(1525) — — 0.012± 0.006

K∗
2 (1430)+ — 0.09± 0.03 —

K∗
2 (1430)0 — 0.12± 0.06 0.084± 0.022

B∗∗ (i) — — 0.118± 0.024
D±

s1 — — 0.0052± 0.0011(�)

D∗±
s2 — — 0.0083± 0.0031(�)

Baryons:
p 0.253± 0.016 0.640± 0.050 1.050± 0.032 1.41± 0.18
Λ 0.080± 0.007 0.205± 0.010 0.3915± 0.0065 0.39± 0.03
Σ0 0.023± 0.008 — 0.076± 0.011
Σ− — — 0.081± 0.010
Σ+ — — 0.107± 0.011
Σ± — — 0.174± 0.009
Ξ− 0.0059± 0.0007 0.0176± 0.0027 0.0258± 0.0010
∆(1232)++ 0.040± 0.010 — 0.085± 0.014
Σ(1385)− 0.006± 0.002 0.017± 0.004 0.0240± 0.0017
Σ(1385)+ 0.005± 0.001 0.017± 0.004 0.0239± 0.0015
Σ(1385)± 0.0106± 0.0020 0.033± 0.008 0.0462± 0.0028
Ξ(1530)0 0.0015± 0.0006 — 0.0055± 0.0005
Ω− 0.0007± 0.0004 0.014± 0.007 0.0016± 0.0003
Λ+

c 0.074± 0.031(i) 0.110± 0.050 0.078± 0.017
Λ0

b — — 0.031± 0.016
Σ++

c , Σ0
c 0.014± 0.007 — —

Λ(1520) 0.008± 0.002 — 0.0222± 0.0027
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Notes for Table 40.1:
(a) B(Ds → ηπ, η′π) was used (RPP1994).
(b) The Standard Model B(Z → bb) = 0.217 was used.
(c) xp = p/pbeam > 0.1 only.
(d) Both charge states.
(e) Any charge state (i.e., B∗

d , B∗
u, or B∗

s ).
(f) B(Z → hadrons) = 0.699 was used (RPP1994).
(g) B(D∗

s → D+
S γ), B(D+

s → φπ+), B(φ → K+K−) have been used (RPP1998).
(h) Any charge state (i.e., B∗∗

d , B∗∗
u , or B∗∗

s ).

(i) The value was derived from the cross section of Λ+
c → pπK using (k) and

assuming the branching fraction to be (5.0 ± 1.3)% (RPP2004).
(j) B(D∗(2010)+ → D0π+) × B(D0 → K−π+) has been used (RPP2000).
(k) σhad = 3.33 ± 0.05 ± 0.21 nb (CLEO: Phys. Rev. D29, 1254 (1984)) has been

used in converting the measured cross sections to average hadron multiplicities.
(�) Assumes B(D+

s1 → D∗+K0 + D∗0K+) = 100% and B(D+
s2 → D0K+) = 45%.

References for Table 40.1:

RPP1992: Phys. Rev. D45 (1992) and references therein.
RPP1994: Phys. Rev. D50, 1173 (1994) and references therein.
RPP1996: Phys. Rev. D54, 1 (1996) and references therein.
RPP1998: Eur. Phys. J. C3, 1 (1998) and references therein.
RPP2000: Eur. Phys. J. C15, 1 (2000) and references therein.
RPP2002: Phys. Rev. D66, 010001 (2002) and references therein.
RPP2004: Phys. Lett. B592, 1 (2004) and references therein.
R. Marshall, Rep. Prog. Phys. 52,1329(1989).
A. De Angelis, J. Phys. G19, 1233 (1993) and references therein.
ALEPH: D. Buskulic et al.: Phys. Lett. B295, 396 (1992); Z. Phys. C64, 361 (1994); C69, 15 (1996);

C69, 379 (1996); C73, 409 (1997); and
R. Barate et al.: Z. Phys. C74, 451 (1997); Phys. Reports 294, 1 (1998); Eur. Phys. J. C5, 205 (1998);
C16, 597 (2000); C16, 613 (2000); and
A. Heister et al.: Phys. Lett. B526, 34 (2002); B528, 19 (2002).

ARGUS: H. Albrecht et al.: Phys. Lett. 230B, 169 (1989); Z. Phys. C44, 547 (1989); C46, 15 (1990);
C54, 1 (1992); C58, 199 (1993); C61, 1 (1994); Phys. Rep. 276, 223 (1996).

BaBar: B. Aubert et al.: Phys. Rev. Lett. 87, 162002 (2001); Phys. Rev. D65, 091104 (2002).
Belle: K. Abe et al.: Phys. Rev. Lett. 88, 052001 (2002); and

R. Seuster et al.: hep-ex/0506068.
CELLO: H.J. Behrend et al.: Z. Phys. C46, 397 (1990); C47, 1 (1990).
CLEO: D. Bortoletto et al., Phys. Rev. D37, 1719 (1988); erratum ibid D39, 1471 (1989); and

M. Artuso et al., Phys. Rev. D70, 112001 (2004).
Crystal Ball: Ch. Bieler et al., Z. Phys. C49, 225 (1991).
DELPHI: P. Abreu et al.: Z. Phys. C57, 181 (1993); C59, 533 (1993); C61, 40 7(1994); C65, 587

(1995); C67, 543 (1995); C68, 353 (1995); C73, 61 (1996); Nucl. Phys. B444, 3 (1995); Phys. Lett.
B341, 109 (1994); B345, 598 (1995); B361, 207 (1995); B372, 172 (1996); B379, 309 (1996); B416,
233 (1998); B449, 364 (1999); B475, 429 (2000); Eur. Phys. J. C6, 19 (1999); C5, 585 (1998); C18,
203 (2000); and
J. Abdallah et al., Phys. Lett. B569, 129 (2003); Phys. Lett. B576, 29 (2003).

HRS: S. Abachi et al., Phys. Rev. Lett. 57, 1990 (1986); and
M. Derrick et al., Phys. Rev. D35, 2639 (1987).

L3: M. Acciarri et al.: Phys. Lett. B328, 223 (1994); B345, 589 (1995); B371, 126 (1996); B371, 137
(1996); B393, 465 (1997); B404, 390 (1997); B407, 351 (1997); B407, 389 (1997), erratum ibid.
B427, 409 (1998); B453, 94 (1999); B479, 79 (2000).

MARK II: H. Schellman et al., Phys. Rev. D31, 3013 (1985); and
G. Wormser et al., Phys. Rev. Lett. 61, 1057 (1988).

JADE: W. Bartel et al., Z. Phys. C20, 187 (1983); andD.D. Pietzl et al., Z. Phys. C46, 1 (1990).
OPAL: R. Akers et al.: Z. Phys. C63, 181 (1994); C66, 555 (1995); C67, 389 (1995); C68, 1 (1995); and

G. Alexander et al.: Phys. Lett. B358, 162 (1995); Z. Phys. C70, 197 (1996); C72, 1 (1996); C72, 191
(1996); C73, 569 (1997); C73, 587 (1997); Phys. Lett. B370, 185 (1996); and
K. Ackerstaff et al.: Z. Phys. C75, 192 (1997); Phys. Lett. B412, 210 (1997); Eur. Phys. J. C1, 439
(1998); C4, 19 (1998); C5, 1 (1998); C5, 411 (1998); and
G. Abbiendi et al.: Eur. Phys. J. C16, 185 (2000); C16, 185 (2000).

PLUTO: Ch. Berger et al., Phys. Lett. 104B, 79 (1981).
SLD: K. Abe, Phys. Rev. D59, 052001 (1999); Phys. Rev. D69, 072003 (2004).
TASSO: H. Aihara et al., Z. Phys. C27, 27 (1985).
TPC: H. Aihara et al., Phys. Rev. Lett. 53, 2378 (1984).
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Average e+e−, pp, and pp Multiplicity
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Figure 40.5: Average multiplicity as a function of
√

s for e+e− and pp annihilations, and pp and ep collisions. The indicated errors are
statistical and systematic errors added in quadrature, except when no systematic errors are given. Files of the data shown in this figure are
given in http://home.cern.ch/b/biebel/www/RPP06/.

—
e+e−: Most e+e− measurements include contributions from K0

S and Λ decays. The γγ2 and MARK I measurements contain a systematic 5%
error. Points at identical energies have been spread horizontally for clarity:
ALEPH: D. Buskulic et al., Z. Phys. C69, 15 (1995); and Z. Phys. C73, 409 (1997);

A. Heister et al., Eur. Phys. J. C35, 457 (2004).
ARGUS: H. Albrecht et al., Z. Phys. C54, 13 (1992).
DELPHI: P. Abreu et al., Eur. Phys. J. C6, 19 (1999); Phys. Lett. B372, 172 (1996); Phys. Lett. B416, 233 (1998); and Eur. Phys. J. C18,

203 (2000).
L3: M. Acciarri et al., Phys. Lett. B371, 137 (1996); Phys. Lett. B404, 390 (1997); and Phys. Lett. B444, 569 (1998);

P. Achard et al., Phys. Reports 339, 71 (2004).
OPAL: G. Abbiendi et al., Eur. Phys. J. C16, 185 (2000); and Eur. Phys. J. C37, 25 (2004);

K. Ackerstaff et al., Z. Phys. C75, 193 (1997);
P.D. Acton et al., Z. Phys. C53, 539 (1992) and references therein;
R. Akers et al., Z. Phys. C68, 203 (1995).

TOPAZ: K. Nakabayashi et al., Phys. Lett. B413, 447 (1997).
VENUS: K. Okabe et al., Phys. Lett. B423, 407 (1998).

—
e±p: Multiplicities have been measured in the current fragmentation region of the Breit frame:
H1: C. Adloff et al., Nucl. Phys. B504, 3 (1997).
ZEUS: J. Breitweg et al., Eur. Phys. J. C11, 251 (1999);

S. Chekanov et al., Phys. Lett. B510, 36 (2001).
—

p(p): The errors of the p(p) measurements are the quadratically added statistical and systematic errors, except for the bubble chamber
measurements for which only statistical errors are given in the references. The values measured by UA5 exclude single diffractive dissociation:
bubble chamber: J. Benecke et al., Nucl. Phys. B76, 29 (1976); W.M. Morse et al., Phys. Rev. D15, 66 (1977).
ISR: A. Breakstone et al., Phys. Rev. D30, 528 (1984).
UA5: G.J. Alner et al., Phys. Lett. 167B, 476 (1986);

R.E. Ansorge et al., Z. Phys. C43, 357 (1989).
(Courtesy of O. Biebel, LMU, München, 2005.)
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σ and R in e+e− Collisions
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Figure 40.6: World data on the total cross section of e+e− → hadrons and the ratio R(s) = σ(e+e− → hadrons, s)/σ(e+e− → µ+µ−, s).
σ(e+e− → hadrons, s) is the experimental cross section corrected for initial state radiation and electron-positron vertex loops, σ(e+e− →
µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV and statistical above 2 GeV. The curves are an educative guide: the broken
one (green) is a naive quark-parton model prediction and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics”
section of this Review, Eq. (9.12) or, for more details, K. G. Chetyrkin et al., Nucl. Phys. B586, 56 (2000) (Erratum ibid. B634, 413
(2002)). Breit-Wigner parameterizations of J/ψ, ψ(2S), and Υ (nS), n = 1, 2, 3, 4 are also shown. The full list of references to the original
data and the details of the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. Corresponding computer-readable data
files are available at http://pdg.ihep.su/xsect/contents.html. (Courtesy of the COMPAS(Protvino) and HEPDATA(Durham) Groups,
August 2005. Corrections by P. Janot (CERN) and M. Schmitt (Northwestern U.)) See full-color version on color pages at end of book.
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R in Light-Flavor, Charm, and Beauty Threshold Regions
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Figure 40.7: R in the light-flavor, charm, and beauty threshold regions. Data errors are total below 2 GeV and statistical above
2 GeV. The curves are the same as in Fig. 40.6. Note: CLEO data above Υ (4S) were not fully corrected for radiative effects, and we
retain them on the plot only for illustrative purposes with a normalization factor of 0.8. The full list of references to the original data
and the details of the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. The computer-readable data are available
at http://pdg.ihep.su/xsect/contents.html (Courtesy of the COMPAS(Protvino) and HEPDATA(Durham) Groups, August 2005.) See
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Annihilation Cross Section Near MZ

 

 

Figure 40.8: Combined data from the ALEPH, DELPHI, L3, and OPAL Collaborations for the cross section in e+e− annihilation into
hadronic final states as a function of the center-of-mass energy near the Z pole. The curves show the predictions of the Standard Model with
two, three, and four species of light neutrinos. The asymmetry of the curve is produced by initial-state radiation. Note that the error bars have
been increased by a factor ten for display purposes. References:

ALEPH: R. Barate et al., Eur. Phys. J. C14, 1 (2000).
DELPHI: P. Abreu et al., Eur. Phys. J. C16, 371 (2000).
L3: M. Acciarri et al., Eur. Phys. J. C16, 1 (2000).
OPAL: G. Abbiendi et al., Eur. Phys. J. C19, 587 (2001).
Combination: The Four LEP Collaborations (ALEPH, DELPHI, L3, OPAL)

and the Lineshape Sub-group of the LEP Electroweak Working Group, hep-ph/0101027.
(Courtesy of M. Grünewald and the LEP Electroweak Working Group, 2003)
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Muon Neutrino and Anti-Neutrino Charged-Current Total Cross Section
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Figure 40.9: σT /Eν , for the muon neutrino and anti-neutrino charged-current total cross section as a function of neutrino energy. The error
bars include both statistical and systematic errors. The straight lines are the averaged values over all energies as measured by the experiments
in Refs. [1–4]: = 0.677 ± 0.014 (0.334 ± 0.008) × 10−38 cm2/GeV. Note the change in the energy scale at 30 GeV. (Courtesy W. Seligman and
M.H. Shaevitz, Columbia University, 2001.)
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Table 40.2: Total hadronic cross section. Analytic S-matrix and Regge theory suggest a variety of parameterizations of total cross sections
at high energies with different areas of applicability and fits quality.

A ranking procedure, based on measures of different aspects of the quality of the fits to the current evaluated experimental database, allows
one to single out the following parameterization of highest rank[1]

σab = Zab + B log2(s/s0) + Y ab
1 (s1/s)η1 − Y ab

2 (s1/s)η2 , σab = Zab + B log2(s/s0) + Y ab
1 (s1/s)η1 + Y ab

2 (s1/s)η2

where Zab, B, Y ab
i are in mb, s, s1, and s0 are in GeV2. The scales s0, s1, the rate of universal rise of the cross sections B, and exponents η1 and

η2 are independent of the colliding particles. The scale s1 is fixed at 1 GeV2. Terms Zab + B log2(s/s0) represent the pomerons. The exponents
η1 and η2 represent lower-lying C-even and C-odd exchanges, respectively. Requiring η1 = η2 results in somewhat poorer fits. In addition to
total cross sections σ, the measured ratios of the real-to-imaginary parts of the forward scattering amplitudes ρ = Re(T )/Im(T ) were included in
the fits by using s to u crossing symmetry. Global fits were made to the 2005-updated data for p(p)p, Σ−p, π±p, K±p, γp, and γγ collisions.

Exact factorization hypothesis in the form (Zγp, Bγp) = δ · (Zpp, B), (Zγγ , Bγγ) = δ2 · (Zpp, B) was used to extend the universal rise of the
total hadronic cross sections to the γp → hadrons and γγ → hadrons collisions. This resulted in reducing the number of adjusted parameters
from 21 used for the 2002 edition to 19, and in the higher quality rank of the parameterization. The asymptotic parameters thus obtained were
then fixed and used as inputs to a fit to a larger data sample that included cross sections on deuterons (d) and neutrons (n). All fits included
data above

√
smin = 5 GeV.

Fits to p(p) p, Σ−p, π±p, K±p, γp, γγ Beam/
Target

Fits to groups χ2/dof

Z Y1 Y2 Z Y1 Y2 B by groups

35.45(48) 42.53(1.35) 33.34(1.04) p(p)/p 35.45(48) 42.53(23) 33.34(33) 0.308(10)

p(p)n 35.80(16) 40.15(1.59) 30.00(96) 0.308(10) 1.029

35.20(1.46) −199(102) −264(126) Σ−/p 35.20(1.41) −199(86) −264(112) 0.308(10) 0.565

20.86(40) 19.24(1.22) 6.03(19) π±/p 20.86(3) 19.24(18) 6.03(9) 0.308(10) 0.955

17.91(36) 7.1(1.5) 13.45(40) K±/p 17.91(3) 7.14(25) 13.45(13) 0.308(10)

K±/n 17.87(6) 5.17(50) 7.23(28) 0.308(10) 0.669

0.0317(6) γ/p 0.0320(40) 0.308(10)

−0.61(62)E−3 γ/γ −0.58(61)E−3 0.308(10) 0.766

χ2/dof = 0.971, B = 0.308(10) mb,
η1 = 0.458(17), η2 = 0.545(7)
δ = 0.00308(2),

√
s0 = 5.38(50) GeV

p(p)/d 64.35(38) 130(3) 85.5(1.3) 0.537(31) 1.432

π±/d 38.62(21) 59.62(1.53) 1.60(41) 0.461(14) 0.735

K±/d 33.41(20) 23.66(1.45) 28.70(37) 0.449(14) 0.814

The fitted functions are shown in the following figures, along with one-standard-deviation error bands. When the reduced χ2 is greater than one,
a scale factor has been included to evaluate the parameter values, and to draw the error bands. Where appropriate, statistical and systematic
errors were combined quadratically in constructing weights for all fits. On the plots, only statistical error bars are shown. Vertical arrows
indicate lower limits on the plab or Ecm range used in the fits.

One can find the details of the global fits and ranking procedure, in the paper [1]. Database is practically the same as for the 2004 edition (it
was slightly changed in the low energy regions not used in the fits).

Recently, the statement in [1] that the models with log2(s/s0) asymptotic terms work much better than the models with log(s/s0) or (s/s0)ε

terms was confirmed in [2] and [3], based on matching traditional asymptotic parameterizations with low energy data in different ways. Both
these references, however, questioned the statement in [1] on the universality of the coefficient of the log2(s/s0) term for all processes with nucleon
and gamma targets. The two references give different predictions at superhigh energies: σas

πN > σas
NN [2] and σas

πN ∼ 2/3σas
NN [3]. A broader

universality of σas
tot has been recently advocated in [4] for hadron-nucleus collisions. It should be noted that asymptotic rate universality in

hadron-deuteron collisions has not been established at available energies (see table).
Computer-readable data files extracted from the PPDS (http://wwwppds.ihep.su:8001/ppds.html) are also available at pdg.lbl.gov.

(Courtesy of the COMPAS group, IHEP, Protvino, August 2005.)
On-line “Predictor” to calculate σ and ρ for any energy from five high rank models is also available at

http://nuclth02.phys.ulg.ac.be/compete/predictor.html.
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Figure 40.10: Summary of hadronic, γp, and γγ total cross sections, and ratio of the real to imaginary parts of the forward hadronic
amplitudes. Corresponding computer-readable data files may be found at http://pdg.lbl.gov/xsect/contents.html. (Courtesy of the
COMPAS group, IHEP, Protvino, August 2005.) See full-color version on color pages at end of book.
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Figure 40.11: Total and elastic cross sections for pp and pp collisions as a function of laboratory beam momentum and total center-of-mass
energy. Corresponding computer-readable data files may be found at http://pdg.lbl.gov/xsect/contents.html. (Courtesy of the COMPAS
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Figure 40.12: Total and elastic cross sections for pd (total only), np, pd (total only), and pn collisions as a function of laboratory beam momen-
tum and total center-of-mass energy. Corresponding computer-readable data files may be found at http://pdg.lbl.gov/xsect/contents.html.
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Figure 40.13: Total and elastic cross sections for π±p and π±d (total only) collisions as a function of laboratory beam momentum and total
center-of-mass energy. Corresponding computer-readable data files may be found at http://pdg.lbl.gov/xsect/contents.html. (Courtesy of
the COMPAS Group, IHEP, Protvino, August 2005.)
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tion of laboratory beam momentum and total center-of-mass energy. Corresponding computer-readable data files may be found at
http://pdg.lbl.gov/xsect/contents.html. (Courtesy of the COMPAS Group, IHEP, Protvino, August 2005.)
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Indicator of Procedure Used to Obtain Our Result

OUR AVERAGE From a weighted average of selected data.
OUR FIT From a constrained or overdetermined multipa-

rameter fit of selected data.
OUR EVALUATION Not from a direct measurement, but evaluated

from measurements of other quantities.
OUR ESTIMATE Based on the observed range of the data. Not

from a formal statistical procedure.
OUR LIMIT For special cases where the limit is evaluated by

us from measured ratios or other data. Not from
a direct measurement.

Measurement Techniques
(i.e., Detectors and Methods of Analysis)

ACCM ACCMOR Collaboration
AEMS Argonne effective mass spectrometer
ALEP ALEPH – CERN LEP detector
AMY AMY detector at KEK-TRISTAN
APEX FNAL APEX Collab.
ARG ARGUS detector at DORIS
ARGD Fit to semicircular amplitude path on Argand diagram
ASP Anomalous single-photon detector
ASPK Automatic spark chambers
ASTE ASTERIX detector at LEAR
ASTR Astronomy
B787 BNL experiment 787 detector
B791 BNL experiment 791 detector
B845 BNL experiment 845 detector
B865 BNL E865 Collab.
B871 BNL experiment 871 detector
B949 BNL E949 detector at AGS
BABR BaBar Collab.
BAKS Baksan underground scintillation telescope
BC Bubble chamber
BDMP Beam dump
BEAT CERN BEATRICE Collab.
BEBC Big European bubble chamber at CERN
BELL Belle Collab.
BES BES Beijing Spectrometer at Beijing Electron-Positron Collider
BES2 BES Beijing Spectrometer at Beijing Electron-Positron Collider
BIS2 BIS-2 spectrometer at Serpukhov
BKEI BENKEI spectrometer system at KEK Proton Synchroton
BOLO Bolometer, a cryogenic thermal detector
BONA Bonanza nonmagnetic detector at DORIS
BORX BOREXINO
BPWA Barrelet-zero partial-wave analysis
CALO Calorimeter
CAST CAST experiment at CERN
CBAL Crystal Ball detector at SLAC-SPEAR or DORIS
CBAR Crystal Barrel detector at CERN-LEAR
CBOX Crystal Box at LAMPF
CC Cloud chamber
CCFR Columbia-Chicago-Fermilab-Rochester detector
CDF Collider detector at Fermilab
CDF2 CDF-II Collab.
CDHS CDHS neutrino detector at CERN
CDMS CDMS Collab.
CELL CELLO detector at DESY
CHER Cherenkov detector
CHM2 CHARM-II neutrino detector (glass) at CERN
CHOZ Nuclear Power Station near Chooz, France
CHRM CHARM neutrino detector (marble) at CERN
CHRS CHORUS Collaboration – CERNS SPS
CIBS CERN-IHEP boson spectrometer
CLAS Jefferson CLAS Collab.
CLE2 CLEO II detector at CESR
CLE3 CLEO III detector at CESR
CLEC CLEO-c detector at CESR
CLEO Cornell magnetic detector at CESR
CMD Cryogenic magnetic detector at VEPP-2M, Novosibirsk
CMD2 Cryogenic magnetic detector 2 at VEPP-2M, Novosibirsk
CNTR Counters
COSM Cosmology and astrophysics
COSY COSY-TOF Collaboration
CPLR CPLEAR Collaboration
CRES CRESST cryogenic detector
CRYB Crystal Ball at BNL

CSB2 Columbia U. - Stony Brook BGO calorimeter inserted in NaI
array

CSME COSME Collaboration
CUOR CUORICINO experiment at Gran Sasso Laboratory.
CUSB Columbia U. - Stony Brook segmented NaI detector at CESR
D0 D0 detector at Fermilab Tevatron Collider
DAMA DAMA, dark matter detector at Gran Sasso National Lab.
DASP DESY double-arm spectrometer
DBC Deuterium bubble chamber
DLCO DELCO detector at SLAC-SPEAR or SLAC-PEP
DLPH DELPHI detector at LEP
DM1 Magnetic detector no. 1 at Orsay DCI collider
DM2 Magnetic detector no. 2 at Orsay DCI collider
DONU DONUT Collab.
DPWA Energy-dependent partial-wave analysis
E621 Fermilab E621 detector
E653 Fermilab E653 detector
E665 Fermilab E665 detector
E687 Fermilab E687 detector
E691 Fermilab E691 detector
E705 Fermilab E705 Spectrometer-Calorimeter
E731 Fermilab E731 Spectrometer-Calorimeter
E756 Fermilab E756 detector
E760 Fermilab E760 detector
E761 Fermilab E761 detector
E771 Fermilab E771 detector
E773 Fermilab E773 Spectrometer-Calorimeter
E789 Fermilab E789 detector
E791 Fermilab E791 detector
E799 Fermilab E799 Spectrometer-Calorimeter
E835 Fermilab E835 detector
E852 BNL E-852
E865 BNL E865 detector
EDEL EDELWEISS dark matter search Collaboration
EHS Four-pi detector at CERN
ELEC Electronic combination
EMC European muon collaboration detector at CERN
EMUL Emulsions
FBC Freon bubble chamber
FENI FENICE (at the ADONE collider of Frascati)
FIT Fit to previously existing data
FMPS Fermilab Multiparticle Spectrometer
FOCS FNAL E831 FOCUS Collab.
FRAB ADONE B B group detector
FRAG ADONE γ γ group detector
FRAM ADONE MEA group detector
FREJ FREJUS Collaboration – modular flash chamber detector

(calorimeter)
GA24 Hodoscope Cherenkov γ calorimeter (IHEP GAMS-2000)

(CERN GAMS-4000)
GALX GALLEX solar neutrino detector in the Gran Sasso Under-

ground Lab.
GAM2 IHEP hodoscope Cherenkov γ calorimeter GAMS-2000
GAM4 CERN hodoscope Cherenkov γ calorimeter GAMS-4000
GAMS IHEP hodoscope Cherenkov γ calorimeter GAMS-4π
GNO Gallium Neutrino Observatory in the Gran Sasso Underground

Lab.
GOLI CERN Goliath spectrometer
H1 H1 detector at DESY/HERA
HBC Hydrogen bubble chamber
HDBC Hydrogen and deuterium bubble chambers
HDMO Heidelberg-Moscow Experiment
HDMS Heidelberg Dark Matter Search Experiment
HEBC Helium bubble chamber
HEPT Helium proportional tubes
HERB HERA-B detector at DESY/HERA
HERM HERMES detector at DESY/HERA
HLBC Heavy-liquid bubble chamber
HOME Homestake underground scintillation detector
HPW Harvard-Pennsylvania-Wisconsin detector
HRS SLAC high-resolution spectrometer
HYBR Hybrid: bubble chamber + electronics
HYCP HyperCP Collab. (FNAL E-871)
ICAR ICARUS experiment at Gran Sasso Laboratory.
IGEX IGEX Collab.
IMB Irvine-Michigan-Brookhaven underground Cherenkov detector
IMB3 Irvine-Michigan-Brookhaven underground Cherenkov detector
INDU Magnetic induction
IPWA Energy-independent partial-wave analysis



������������

�����������	
 �
�� �	 �� �������� ��
��	�


ISTR IHEP ISTRA+ spectrometer-calorimeter
JADE JADE detector at DESY
K246 KEK E246 detector with polarimeter
K2K KEK to Super-Kamiokande
K470 KEK-E470 Stopping K detector
KAM2 KAMIOKANDE-II underground Cherenkov detector
KAMI KAMIOKANDE underground Cherenkov detector
KAR2 KARMEN2 calorimeter at the ISIS neutron spallation source at

Rutherford
KARM KARMEN calorimeter at the ISIS neutron spallation source at

Rutherford
KEDR detector operating at VEPP-4M collider (Novosibirsk)
KLND KamLand Collab. (Japan)
KLOE KLOE detector at DAFNE (the Frascati e+e- collider Italy)
KOLR Kolar Gold Field underground detector
KTEV KTeV Collaboration
L3 L3 detector at LEP
LASS Large-angle superconducting solenoid spectrometer at SLAC
LATT Lattice calculations
LEBC Little European bubble chamber at CERN
LEGS BNL LEGS Collab.
LENA Nonmagnetic lead-glass NaI detector at DORIS
LEP From combination of all 4 LEP experiments: ALEPH, DELPHI,

L3, OPAL
LEPS Low-Energy Pion Spectrometer at the Paul Scherrer Institute
LSND Liquid Scintillator Neutrino Detector
MAC MAC detector at PEP/SLAC
MBR Molecular beam resonance technique
MCRO MACRO detector in Gran Sasso
MD1 Magnetic detector at VEPP-4, Novosibirsk
MDRP Millikan drop measurement
MICA Underground mica deposits
MIRA MIRABELLE Liquid-hydrogen bubble chamber
MLEV Magnetic levitation
MMS Missing mass spectrometer
MPS Multiparticle spectrometer at BNL
MPS2 Multiparticle spectrometer upgrade at BNL
MPSF Multiparticle spectrometer at Fermilab
MPWA Model-dependent partial-wave analysis
MRK1 SLAC Mark-I detector
MRK2 SLAC Mark-II detector
MRK3 SLAC Mark-III detector
MRKJ Mark-J detector at DESY
MRS Magnetic resonance spectrometer
MUG2 MUON(g-2)
MWPC Multi-Wire Proportional Chamber
NA14 CERN NA14
NA31 CERN NA31 Spectrometer-Calorimeter
NA32 CERN NA32 Spectrometer
NA48 CERN NA48 Collaboration
NA49 CERN NA49
NAIA NAIAD (NaI Advanced Detector) dark matter search experi-

ment
ND NaI detector at VEPP-2M, Novosibirsk
NICE Serpukhov nonmagnetic precision spectrometer
NMR Nuclear magnetic resonance
NOMD NOMAD Collaboration, CERN SPS
NTEV NuTeV Collab. at Fermilab
NUSX Mont Blanc NUSEX underground detector
OBLX OBELIX detector at LEAR
OLYA Detector at VEPP-2M and VEPP-4, Novosibirsk
OMEG CERN OMEGA spectrometer
OPAL OPAL detector at LEP
OSPK Optical spark chamber
PIBE The PIBETA detector at the Paul Scherrer Institute (PSI),

Switzerland.
PICA PICASSO dark matter search experiment
PLAS Plastic detector
PLUT DESY PLUTO detector
PWA Partial-wave analysis
REDE Resonance depolarization
RVUE Review of previous data
SAGE US - Russian Gallium Experiment
SELX FNAL SELEX Collab.
SFM CERN split-field magnet
SHF SLAC Hybrid Facility Photon Collaboration
SIGM Serpukhov CERN-IHEP magnetic spectrometer (SIGMA)
SILI Silicon detector

SIMP SIMPLE, dark matter detector at Laboratori Nazionali del Sud
SKAM Super-Kamiokande Collab.
SLAX Solar Axion Experiment in Canfranc Underground Laboratory
SLD SLC Large Detector for e+ e− colliding beams at SLAC
SMPL SIMPLE superheated droplet detector.
SND Novosibirisk Spherical neutral detector at VEPP-2M
SNO SNO Collaboration (Sudbury Neutrino Observatory)
SOU2 Soudan 2 underground detector
SOUD Soudan underground detector
SPEC Spectrometer
SPED From maximum of speed plot or resonant amplitude
SPHR Bonn SAPHIR Collab.
SPNX SPHINX spectrometer at IHEP accelerator
SPRK Spark chamber
SQID SQUID device
STRC Streamer chamber
SVD2 SVD-2 experiment at IHEP, Protvino
TASS DESY TASSO detector
TEVA Combined analysis of CDF and DØ experiments
THEO Theoretical or heavily model-dependent result
TNF TNF-IHEP facility at 70 GeV IHEP accelerator
TOF Time-of-flight
TOPZ TOPAZ detector at KEK-TRISTAN
TPC TPC detector at PEP/SLAC
TPS Tagged photon spectrometer at Fermilab
TRAP Penning trap
UA1 UA1 detector at CERN
UA2 UA2 detector at CERN
UA5 UA5 detector at CERN
UKDM UK Dark Matter Collab.
VES Vertex Spectrometer Facility at 70 GeV IHEP accelerator
VNS VENUS detector at KEK-TRISTAN
WA75 CERN WA75 experiment
WA82 CERN WA82 experiment
WA89 CERN WA89 experiment
WIRE Wire chamber
XEBC Xenon bubble chamber
ZEPL ZEPLIN-I galactic dark matter detector
ZEUS ZEUS detector at DESY/HERA

Conferences

Conferences are generally referred to by the location at which they were
held (e.g., HAMBURG, TORONTO, CORNELL, BRIGHTON, etc.).

Journals

AA Astronomy and Astrophysics
ADVP Advances in Physics
AFIS Anales de Fisica
AJP American Journal of Physics
ANP Annals of Physics
ANPL Annals of Physics (Leipzig)
ANYAS Annals of the New York Academy of Sciences
AP Atomic Physics
APAH Acta Physica Academiae Scientiarum Hungaricae
APJ Astrophysical Journal
APJS Astrophysical Journal Suppl.
APP Acta Physica Polonica
APS Acta Physica Slovaca
ARNPS Annual Review of Nuclear and Particle Science
ARNS Annual Review of Nuclear Science
ASP Astroparticle Physics
BAPS Bulletin of the American Physical Society
BASUP Bulletin of the Academy of Science, USSR (Physics)
CJNP Chinese Journal of Nuclear Physics
CJP Canadian Journal of Physics
CNPP Comments on Nuclear and Particle Physics
CTP Communications in Theoretical Physics
CZJP Czechoslovak Journal of Physics
DANS Doklady Akademii nauk SSSR
EPJ The European Physical Journal
EPL Europhysics Letters
FECAY Fizika Elementarnykh Chastits i Atomnogo Yadra
HADJ Hadronic Journal
IJMP International Journal of Modern Physics
JAP Journal of Applied Physics
JCAP Journal of Cosmology and Astroparticle Physics
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JETP English Translation of Soviet Physics ZETF
JETPL English Translation of Soviet Physics ZETF Letters
JHEP Journal of High Energy Physics
JINR Joint Inst. for Nuclear Research
JINRRCJINR Rapid Communications
JPA Journal of Physics, A
JPB Journal of Physics, B
JPCRD Journal of Physical and Chemical Reference Data
JPG Journal of Physics, G
JPSJ Journal of the Physical Society of Japan
LNC Lettere Nuovo Cimento
MNRAS Monthly Notices of the Royal Astronomical Society
MPL Modern Physics Letters
NAT Nature
NC Nuovo Cimento
NIM Nuclear Instruments and Methods
NJP New Journal of Physics
NP Nuclear Physics
NPBPS Nuclear Physics B Proceedings Supplement
PAN Physics of Atomic Nuclei (formerly SJNP)
PD Physics Doklady (Magazine)
PDAT Physik Daten
PL Physics Letters
PN Particles and Nuclei
PPCF Plasma Physics Control Fusion
PPN Physics of Particles and Nuclei (formerly SJPN)
PPNL Physics of Particles and Nuclei Letters
PPNP Progress in Particles and Nuclear Physics
PPSL Proc. of the Physical Society of London
PR Physical Review
PRAM Pramana
PRL Physical Review Letters
PRPL Physics Reports (Physics Letters C)
PRSE Proc. of the Royal Society of Edinburgh
PRSL Proc. of the Royal Society of London, Section A
PS Physica Scripta
PTP Progress of Theoretical Physics
PTRSL Phil. Trans. Royal Society of London
RA Radiochimica Acta
RMP Reviews of Modern Physics
RNC La Rivista del Nuovo Cimento
RPP Reports on Progress in Physics
RRP Revue Roumaine de Physique
SCI Science
SJNP Soviet Journal of Nuclear Physics
SJPN Soviet Journal of Particles and Nuclei
SPD Soviet Physics Doklady (Magazine)
SPU Soviet Physics - Uspekhi
UFN Usp. Fiz. Nauk – Russian version of SPU
YAF Yadernaya Fizika
ZETF Zhurnal Eksperimental’noi i Teoreticheskoi Fiziki
ZETFP Zhurnal Eksperimental’noi i Teoreticheskoi Fiziki, Pis’ma v

Redakts
ZNAT Zeitschrift fur Naturforschung
ZPHY Zeitschrift fur Physik

Institutions

AACH Phys. Inst. der Techn.
Hochschule Aachen (His-
torical, use for general Inst.
der Techn. Hochschule)

Aachen, Germany

AACH1 I Phys. Inst. RWTH Aachen
Ib

Aachen, Germany

AACH3 III Phys. Inst. der Techn.
Hochschule Aachen

Aachen, Germany

AACHT Institut für Theoretische
Physik E

Aachen, Germany

AARH Univ. of Aarhus Aarhus C, Denmark
ABO Åbo Akademi Abo, Finland
ADEL Adelphi Univ. Garden City, NY, USA
ADLD The Univ. of Adelaide; Dept.

of Physics; Centre for Sub-
atomic Structure of Matter
(CSSM)

Adelaide, SA, Australia

AERE Atomic Energy Research Es-
tab.

Didcot, United Kingdom

AFRR Armed Forces Radiobiology
Res. Inst.

Bethesda, MD, USA

AHMEDPhysical Research Lab. Ahmedabad, Gujarat, India
AICH Aichi Univ. of Education Aichi, Japan
AKIT Akita Univ. Akita, Japan
ALAH Univ. of Alabama

(Huntsville)
Huntsville, AL, USA

ALAT Univ. of Alabama
(Tuscaloosa)

Tuscaloosa, AL, USA

ALBA SUNY at Albany Albany, NY, USA
ALBE Univ. of Alberta Edmonton, AB, Canada
AMES Ames Lab. Ames, IA, USA
AMHT Amherst College Amherst, MA, USA
AMST Univ. van Amsterdam Amsterdam, The Netherlands
ANIK NIKHEF Amsterdam, The Netherlands
ANKA Middle East Technical

Univ.; Dept. of Physics; Ex-
perimental HEP Lab

Ankara, Turkey

ANL Argonne National Lab.; High
Energy Physics Division,
Bldg. 362; Physics Division,
Bldg. 203

Argonne, IL, USA

ANSM St. Anselm Coll. Manchester, NH, USA
ARCBO Arecibo Observatory Arecibo, PR, USA
ARIZ Univ. of Arizona Tucson, AZ, USA
ARZS Arizona State Univ. Tempe, AZ, USA
ASCI Russian Academy of Sciences Moscow, Russian Federation
AST Inst. of Phys. Nankang, Taipei, The Republic

of China (Taiwan)
ATEN NCSR “Demokritos” Aghia Paraskevi , Greece
ATHU Univ. of Athens Athens, Greece
AUCK Univ. of Auckland Auckland, New Zealand
BAKU Natl. Azerbaijan Academy

of Sciences, Inst. of Physics
Baku, Azerbaijan

BANGB Bangabasi College Calcutta, India
BARC Univ. Autónoma de

Barcelona
Bellaterra (Barcelona), Spain

BARI Univ. di Bari Bari, Italy
BART Univ. of Delaware; Bartol

Research Inst.
Newark, DE, USA

BASL Inst. für Physik der Univ.
Basel

Basel, Switzerland

BAYR Univ. Bayreuth Bayreuth, Germany
BCEN Centre d’Etudes Nucleaires de

Bordeaux-Gradignan
Gradignan, France

BCIP Natl. Inst. for Physics & Nu-
clear Eng. ”Horia Hulubei”
(IFIN-HH)

Bucharest-Magurele, Romania

BEIJ Beijing Univ. Beijing, The People’s Republic
of China

BEIJT Inst. of Theoretical
Physics

Beijing, The People’s Repub-
lic of China

BELG Inter-University Inst. for High
Energies (ULB-VUB)

Brussel, Belgium

BELL AT & T Bell Labs Murray Hill, NJ, USA
BERG Univ. of Bergen Bergen, Norway
BERL DESY Zeuthen, Germany
BERN Univ. of Berne Berne, Switzerland
BGNA Univ. di Bologna, & INFN,

Sezione di Bologna; Viale C.
Berti Pichat, n. 6/2; Via Irne-
rio, 46, I-40126 Bologna

Bologna, Italy

BHAB Bhabha Atomic Research
Center

Trombay, Bombay, India

BHEP Inst. of High Energy
Physics

Beijing, The People’s Repub-
lic of China

BIEL Univ. Bielefeld Bielefeld, Germany
BING SUNY at Binghamton Binghamton, NY, USA
BIRK Birkbeck College, Univ. of

London
London, United Kingdom

BIRM Univ. of Birmingham Edgbaston, Birmingham,
United Kingdom

BLSU Bloomsburg Univ. Bloomsburg, PA, USA
BNL Brookhaven National Lab. Upton, NY, USA
BOCH Ruhr Univ. Bochum Bochum, Germany
BOHR Niels Bohr Inst. Copenhagen Ø, Denmark
BOIS Boise State Univ. Boise, ID, USA
BOMB Univ. of Bombay Bombay, India
BONN Rheinische Friedr.-

Wilhelms-Univ. Bonn
Bonn, Germany

BORD Univ. de Bordeaux I Gradignan, France
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BOSE S.N. Bose National Centre
for Basis Sciences

Calcutta, India

BOSK “Rudjer Bošković” Inst. Zagreb, Croatia
BOST Boston Univ. Boston, MA, USA
BRAN Brandeis Univ. Waltham, MA, USA
BRCO Univ. of British Columbia Vancouver, BC, Canada
BRIS Univ. of Bristol Bristol, United Kingdom
BROW Brown Univ. Providence, RI, USA
BRUN Brunel Univ. Uxbridge, Middlesex, United

Kingdom
BRUX Univ. Libre de Bruxelles;

Service de Physique des Par-
ticules Elémentaires

Bruxelles, Belgium

BRUXT Univ. Libre de Bruxelles;
Physique Théorique

Bruxelles, Belgium

BUCH Univ. of Bucharest Bucharest-Mágurele, Romania
BUDA KFKI Research Inst. for Par-

ticle & Nuclear Physics
Budapest, Hungary

BUFF SUNY at Buffalo Buffalo, NY, USA
BURE Inst. des Hautes Etudes Scien-

tifiques
Bures-sur-Yvette, France

CAEN Lab. de Physique Corpuscu-
laire, ENSICAEN

Caen, France

CAGL Univ. degli Studi di Cagliari Monserrato (CA), Italy
CAIR Cairo University Orman, Giza, Cairo, Egypt
CAIW Carnegie Inst. of Washing-

ton
Washington, DC, USA

CALC Univ. of Calcutta Calcutta, India
CAMB DAMTP Cambridge, United Kingdom
CAMP Univ. Estadual de Campinas

(UNICAMP)
Campinas, SP, Brasil

CANB Australian National Univ. Canberra, ACT, Australia
CAPE University of Cape Town Rondebosch, Cape Town,

South Africa
CARA Univ. Central de Venezuela Caracas, Venezuela
CARL Carleton Univ. Ottawa, ON, Canada
CARLC Carleton College Northfield, MN, USA
CASE Case Western Reserve Univ. Cleveland, OH, USA
CAST China Center of Advanced

Science and Technology
Beijing, The People’s Republic
of China

CATA Univ. di Catania Catania, Italy
CATH Catholic Univ. of America Washington, DC, USA
CAVE Cavendish Lab. Cambridge, United Kingdom
CBNM CBNM Geel, Belgium
CCAC Allegheny College Meadville, PA, USA
CDEF Collège de France Paris, France
CEA Cambridge Electron Accelera-

tor (Historical in Review)
Cambridge, MA, USA

CEBAF Jefferson Lab—Thomas
Jefferson National Accel-
erator Facility

Newport News, VA, USA

CENG Centre d’Etudes Nucleaires Grenoble, France
CERN CERN, European Organiza-

tion for Nuclear Research
Genève, Switzerland

CFPA Univ. of California, (Berke-
ley)

Berkeley, CA, USA

CHIC Univ. of Chicago Chicago, IL, USA
CIAE China Institute of Atomic

Energy
Beijing, The People’s Repub-
lic of China

CINC Univ. of Cincinnati Cincinnati, OH, USA
CINV CINVESTAV-IPN, Centro de

Investigacion y de Estudios
Avanzados del IPN

México, DF, Mexico

CIT California Inst. of Tech. Pasadena, CA, USA
CLER Univ. de Clermont-Ferrand Aubière, France
CLEV Cleveland State Univ. Cleveland, OH, USA
CMNS Comenius Univ. Bratislava, Slovakia
CMU Carnegie Mellon Univ. Pittsburgh, PA, USA
CNEA Comisión Nacional de En-

erǵıa Atómica
Buenos Aires, Argentina

CNRC Centre for Research in Parti-
cle Physics

Ottawa, ON, Canada

COLO Univ. of Colorado Boulder, CO, USA
COLU Columbia Univ. New York, NY, USA
CONC Concordia University Montreal, PQ, Canada
CORN Cornell Univ. Ithaca, NY, USA
COSU Colorado State Univ. Fort Collins, CO, USA

CPPM Centre National de la
Recherche Scientifique, Lu-
miny

Marseille, France

CRAC Henryk Niewodnicza’nski Inst.
of Nuclear Physics

Kraków, Poland

CRNL Chalk River Labs. Chalk River, ON, Canada
CSOK Oklahoma Central State

Univ.
Edmond, OK, USA

CST Univ. of Science and Tech-
nology of China

Hefei, Anhui 230026, The
People’s Republic of China

CSULB California State Univ. Long Beach, CA, USA
CUNY City College of New York New York, NY, USA
CURCP Univ. Pierre et Marie

Curie (Paris VI), LCP
Paris, France

CURIN Univ. Pierre et Marie
Curie (Paris VI), LPNHE

Paris, France

CURIT Univ. Pierre et Marie
Curie (Paris VI), LPTHE

Paris, France

DALH Dalhousie Univ. Halifax, NS, Canada
DARE Daresbury Lab Cheshire, United Kingdom
DARM Tech. Hochschule Darmstadt Darmstadt, Germany
DELA Univ. of Delaware; Dept. of

Physics & Astronomy
Newark, DE, USA

DELH Univ. of Delhi Delhi, India
DESY DESY, Deutsches

Elektronen-Synchrotron
Hamburg, Germany

DFAB Escuela de Ingenieros Bilbao, Spain
DOE Department of Energy Washington, DC, USA
DORT Univ. Dortmund Dortmund, Germany
DUKE Duke Univ. Durham, NC, USA
DURH Univ. of Durham Durham , United Kingdom
DUUC University College Dublin Dublin, Ireland
EDIN Univ. of Edinburgh Edinburgh, United Kingdom
EFI Enrico Fermi Inst. Chicago, IL, USA
ELMT Elmhurst College Elmhurst, IL, USA
ENSP l’Ecole Normale

Supérieure
Paris, France

EOTV Eötvös University Budapest, Hungary
EPOL École Polytechnique Palaiseau, France
ERLA Univ. Erlangen-Nurnberg Erlangen, Germany
ETH Univ. Zürich Zürich, Switzerland
FERR Univ. di Ferrara Ferrara, Italy
FIRZ Univ. degli Studi di Firenze Sesto Fiorentino, Italy
FISK Fisk Univ. Nashville, TN, USA
FLOR Univ. of Florida Gainesville, FL, USA
FNAL Fermilab Batavia, IL, USA
FOM FOM, Stichting voor Funda-

menteel Onderzoek der Ma-
terie

JP Utrecht, The Netherlands

FRAN Frankfurt Inst. for Ad-
vanced Studies (FIAS)

Frankfurt am Main, Germany

FRAS Lab. Nazionali di Frascati
dell’INFN

Frascati (Roma), Italy

FREIB Albert-Ludwigs Univ. Freiburg, Germany
FREIE Freie Univ. Berlin Berlin, Germany
FRIB Univ. de Fribourg Fribourg, Switzerland
FSU Florida State Univ.; High

Energy Physics
Tallahassee, FL, USA

FSUSC Florida State Univ.; SCS
(School of Computational
Science)

Tallahassee, FL, USA

FUKI Fukui Univ. Fukui, Japan
FUKU Fukushima Univ. Fukushima, Japan
GENO Univ. di Genova Genova, Italy
GEOR Georgian Academy of Sci-

ences
Tbilisi, Republic of Georgia

GESC General Electric Co. Schenectady, NY, USA
GEVA Univ. de Genève Genève, Switzerland
GIES Univ. Giessen Giessen, Germany
GIFU Gifu Univ. Gifu, Japan
GLAS Univ. of Glasgow Glasgow, United Kingdom
GMAS George Mason Univ. Fairfax, VA, USA
GOET Univ. Göttingen Göttingen, Germany
GRAN Univ. de Granada Granada, Spain
GRAZ Univ. Graz Graz, Austria
GRON Univ. of Groningen Groningen, The Netherlands
GSCO Geological Survey of

Canada
Ottawa, ON, Canada
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GSI Darmstadt Gesellschaft für
Schwerionenforschung (GSI)

Darmstadt, Germany

GUAN Univ. de Guanajuato León, Gto., Mexico
GUEL Univ. of Guelph Guelph, ON, Canada
GWU George Washington Univ. Washington, DC, USA
HAHN Hahn-Meitner Inst. Berlin

GmbH
Berlin, Germany

HAIF Technion – Israel Inst. of
Tech.

Technion, Haifa, Israel

HAMB Univ. Hamburg Hamburg, Germany
HANN Univ. Hannover Hannover, Germany
HARC Houston Advanced Re-

search Ctr.
The Woodlands, TX, USA

HARV Harvard Univ. Cambridge, MA, USA
HAWA Univ. of Hawai’i Honolulu, HI, USA
HEBR Hebrew Univ. Jerusalem, Israel
HEID Univ. Heidelberg; (unspec-

ified division) (Historical in
Review)

Heidelberg, Germany

HEIDH Ruprecht-Karls Univ. Heidel-
berg

Heidelberg, Germany

HEIDP Univ. Heidelberg; Physik
Inst.

Heidelberg, Germany

HEIDT Univ. Heidelberg; Inst. für
Theoretische Physik

Heidelberg, Germany

HELS Univ. of Helsinki; Dept.
of Phys. Sci., High Energy
Phys. Div. (SEFO); Dept.
of Phys. Sci., Theor. Phys.
Div. (TFO); Helsinki Institute
of Physics (HIP)

University of Helsinki, Finland

HIRO Hiroshima Univ. Higashi-Hiroshima, Japan
HOUS Univ. of Houston Houston, TX, USA
HPC Hewlett-Packard Corp. Cupertino, CA, USA
HSCA Harvard-Smithsonian Cen-

ter for Astrophysics
Cambridge, MA, USA

IAS Inst. for Advanced Study Princeton, NJ, USA
IASD Dublin Inst. for Advanced

Studies
Dublin, Ireland

IBAR Ibaraki Univ. Ibaraki, Japan
IBM IBM Corp. Palo Alto, CA, USA
IBMY IBM Yorktown Heights, NY, USA
IBS Inst. for Boson Studies Pasadena, CA, USA
ICEPP Univ. of Tokyo; Int. Cen-

ter for Elementary Particle
Physics (ICEPP)

Tokyo, Japan

ICRR Univ. of Tokyo Chiba, Japan
ICTP Abdus Salam International

Centre for Theoretical Physics
Trieste, Italy

IFIC IFIC (Instituto de F́ısica
Corpuscular)

Valencia, Spain

IFRJ Univ. Federal do Rio de
Janeiro

Rio de Janeiro, RJ, Brasil

IIT Illinois Inst. of Tech. Chicago, IL, USA
ILL Univ. of Illinois at Urbana-

Champaign
Urbana, IL, USA

ILLC Univ. of Illinois at Chicago Chicago, IL, USA
ILLG Inst. Laue-Langevin Grenoble, France
IND Indiana Univ. Bloomington, IN, USA
INEL E G and G Idaho, Inc. Idaho Falls, ID, USA
INFN Ist. Nazionale di Fisica Nu-

clear (Generic INFN, un-
known location)

Various places, Italy

INNS Leopold-Franzens Univ. Innsbruck, Austria
INPK Inst. of Nuclear Physics Kraków, Poland
INRM INR, Inst. for Nucl. Research Moscow, Russian Federation
INUS KEK, High Energy Accelera-

tor Research Organization
Tokyo, Japan

IOAN Univ. of Ioannina Ioannina, Greece
IOFF A.F. Ioffe Phys. Tech. Inst. St. Petersburg, Russian Fed-

eration
IOWA Univ. of Iowa Iowa City, IA, USA
IPN IPN, Inst. de Phys. Nucl. Orsay, France
IPNP Univ. Pierre et Marie Curie

(Paris VI)
Paris, France

IRAD Inst. du Radium (Historical) Paris, France
ISNG Lab. de Physique Sub-

atomique et de Cosmologie
(LPSC)

Grenoble, France

ISU Iowa State Univ. Ames, IA, USA
ITEP ITEP, Inst. of Theor. and

Exp. Physics
Moscow, Russian Federation

ITHA Ithaca College Ithaca, NY, USA
IUPU Indiana Univ., Purdue

Univ. Indianapolis
Indianapolis, IN, USA

JADA Jadavpur Univ. Calcutta, India
JAGL Jagiellonian Univ. Kraków, Poland
JHU Johns Hopkins Univ. Baltimore, MD, USA
JINR JINR, Joint Inst. for Nucl.

Research
Dubna, Russian Federation

JULI Jülich, Forschungszentrum Jülich, Germany
JYV Univ. of Jyväskylä Jyväskylä, Finland
KAGO Univ. of Kagoshima Kagoshima-shi, Japan
KANS Univ. of Kansas Lawrence, KS, USA
KARL Univ. Karlsruhe; (unspec-

ified division) (Historical in
Review)

Karlsruhe, Germany

KARLE Univ. Karlsruhe; Inst. für
Experimentelle Kernphysik

Karlsruhe, Germany

KARLK Forschungszentrum Karl-
sruhe

Karlsruhe, Germany

KARLT Univ. Karlsruhe; Inst. für
Theoretische Teilchenphysik

Karlsruhe, Germany

KAZA Kazakh Inst. of High Energy
Physics

Alma Ata, Kazakhstan

KEK KEK, High Energy Accelera-
tor Research Organization

Ibaraki-ken, Japan

KENT Univ. of Kent Canterbury, United Kingdom
KEYN Open Univ. Milton Keynes, United King-

dom
KFTI Kharkov Inst. of Physics and

Tech. (KFTI)
Kharkov, Ukraine

KIAE The Russian Research Center,
Kurchatov Inst.

Moscow, Russian Federation

KIAM Keldysh Inst. of Applied
Math., Acad. Sci., Russia

Moscow, Russian Federation

KIDR Vinča Inst. of Nuclear Sci-
ences

Belgrade, Serbia and Montene-
gro

KIEV Institute for Nuclear Re-
search

Kiev, Ukraine

KINK Kinki Univ. Osaka, Japan
KNTY Univ. of Kentucky Lexington, KY, USA
KOBE Kobe Univ. Kobe, Japan
KOMABUniv. of Tokyo, Komaba Tokyo, Japan
KONANKonan Univ. Kobe, Japan
KOSI Inst. of Experimental Physics

SAS
Košice, Slovakia

KYOT Kyoto Univ.; Dept. of
Physics, Graduate School of
Science

Kyoto, Japan

KYOTUKyoto Univ.; Yukawa Inst.
for Theor. Physics

Kyoto, Japan

KYUN Kyungpook National Univ. Taegu, Republic of Korea
KYUSH Kyushu Univ. Fukuoka, Japan
LALO LAL, Laboratoire de

l’Accélérateur Linéaire
Orsay, France

LANC Lancaster Univ. Lancaster, United Kingdom
LANL Los Alamos National Lab.

(LANL)
Los Alamos, NM, USA

LAPP LAPP, Lab. d’Annecy-le-
Vieux de Phys. des Particules

Annecy-le-Vieux, France

LASL U.C. Los Alamos Scientific
Lab. (Old name for LANL)

Los Alamos, NM, USA

LATV Latvian State Univ. Riga, Latvia
LAUS EPFL Lausanne Lausanne, Switzerland
LAVL Univ. Laval Quebec, QC, Canada
LBL Lawrence Berkeley Na-

tional Lab.
Berkeley, CA, USA

LCGT Univ. di Torino Turin, Italy
LEBD Lebedev Physical Inst. Moscow, Russian Federation
LECE Univ. di Lecce Lecce, Italy
LEED Univ. of Leeds Leeds, United Kingdom
LEHI Lehigh Univ. Bethlehem, PA, USA
LEHM Lehman College of CUNY Bronx, NY, USA
LEID Univ. Leiden Leiden, The Netherlands
LEMO Le Moyne Coll. Syracuse, NY, USA
LEUV Katholieke Univ. Leuven Leuven, Belgium
LINZ Univ. Linz Linz, Austria
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LISB Inst. Nacional de Investigacion
Cientifica

Lisboa CODEX, Portugal

LISBT Univ. Técnica de Lisboa, Inst.
Superior Técnico

Lisboa, Portugal

LIVP Univ. of Liverpool Liverpool, United Kingdom
LLL Lawrence Livermore Lab.

(Old name for LLNL)
Livermore, CA, USA

LLNL Lawrence Livermore Na-
tional Lab.

Livermore, CA, USA

LOCK Lockheed Palo Alto Res.
Lab

Palo Alto, CA, USA

LOIC Imperial College of Science
Tech. & Medicine

London, United Kingdom

LOQM Queen Mary, Univ. of Lon-
don

London, United Kingdom

LOUC University College London London, United Kingdom
LOUV Univ. Catholique de Louvain Louvain-la-Neuve, Belgium
LOWC Westfield College (Historical,

see LOQM (Queen Mary and
Westfield joined))

London, United Kingdom

LRL U.C. Lawrence Radiation Lab.
(Old name for LBL)

Berkeley, CA, USA

LSU Louisiana State Univ. Baton Rouge, LA, USA
LUND Fysiska Institutionen Lund, Sweden
LUND Lund Univ. Lund, Sweden
LYON Institute de Physique

Nucléaire de Lyon (IPN)
Villeurbanne, France

MADE UAM/CSIS, Inst. de F́ısica
Teórica

Madrid, Cantoblanco, Spain

MADR C.I.E.M.A.T Madrid, Spain
MADU Univ. Autónoma de Madrid Cantoblanco, Madrid, Spain
MANI Univ. of Manitoba Winnipeg, MB, Canada
MANZ Johannes-Gutenberg-Univ. Mainz, Germany
MARB Univ. Marburg Marburg, Germany
MARS Centre de Physique des Par-

ticules de Marseille
Marseille, France

MASA Univ. of Massachusetts
Amherst

Amherst, MA, USA

MASB Univ. of Massachusetts
Boston

Boston, MA, USA

MASD Univ. of Massachusetts
Dartmouth

N. Dartmouth, MA, USA

MCGI McGill Univ. Montreal, QC, Canada
MCHS Univ. of Manchester Manchester, United Kingdom
MCMS McMaster Univ. Hamilton, ON, Canada
MEHTAHarish-Chandra Research

Inst.
Allahabad, India

MEIS Meisei Univ. Tokyo, Japan
MELB Univ. of Melbourne Victoria, Australia
MEUD Observatoire de Meudon Meudon, France
MICH Univ. of Michigan Ann Arbor, MI, USA
MILA Univ. di Milano Milano, Italy
MILAI INFN, Sez. di Milano Milano, Italy
MINN Univ. of Minnesota Minneapolis, MN, USA
MISS Univ. of Mississippi University, MS, USA
MISSR Univ. of Missouri Rolla, MO, USA
MIT MIT Massachusetts Inst.

of Technology
Cambridge, MA, USA

MIU Maharishi International
Univ.

Fairfield, IA, USA

MIYA Miyazaki Univ. Miyazaki-shi, Japan
MONP Univ. de Montpellier II Montpellier, France
MONS Univ. de Mons-Hainaut Mons, Belgium
MONT Univ. de Montréal; Pavillon

René-J.-A.-Lévesque
Montréal, PQ, Canada

MONTCUniv. de Montréal; Centre
de recherches mathématiques

Montréal, PQ, Canada

MOSU Skobeltsyn Inst. of Nuclear
Physics, Moscow State Univ.
(SINP MSU); Experimental
HEP Division; Theoretical
HEP Division

Moscow, Russian Federation

MPCM Max Planck Inst. fur Chemie Mainz, Germany
MPEI Moscow Physical Engi-

neering Inst.
Moscow, Russian Federation

MPIA Max-Planck-Institute für
Astrophysik

Garching, Germany

MPIH Max-Planck-Inst. für Kern-
physik

Heidelberg, Germany

MPIM Max-Planck-Inst. für
Physik

München, Germany

MSU Michigan State Univ. East Lansing, MI, USA
MTHO Mount Holyoke College South Hadley, MA, USA
MULH Centre Univ. du Haut-Rhin Mulhouse, France
MUNI Ludwig-Maximilians-Univ.

München
Garching, Germany

MUNT Tech. Univ. München Garching, Germany
MURA Midwestern Univ. Research

Assoc. (Historical in Review)
Stroughton, WI, USA

NAAS North Americal Aviation Sci-
ence Center (Historical in
Review)

Thousand Oaks, CA, USA

NAGO Nagoya Univ. Nagoya, Japan
NAPL Univ. di Napoli “Federico II” Napoli, Italy
NASA NASA Greenbelt, MD, USA
NBS U.S National Bureau of

Standards (Old name for
NIST)

Gaithersburg, MD, USA

NBSB National Inst. Standards
Tech.

Boulder, CO, USA

NCAR National Center for Atmo-
spheric Research

Boulder, CO, USA

NCARO North Carolina State Univ. Raleigh, NC, USA
NDAM Univ. of Notre Dame Notre Dame, IN, USA
NEAS Northeastern Univ. Boston, MA, USA
NEUC Univ. de Neuchâtel Neuchâtel, Switzerland
NICEA Univ. de Nice Nice, France
NICEO Observatoire de Nice Nice, France
NIHO Nihon Univ. Tokyo, Japan
NIIG Niigata Univ. Niigata, Japan
NIJM Radboud Univ. ED Nijmegen, The Nether-

lands
NIRS Nat. Inst. Radiological Sci-

ences
Chiba, Japan

NIST National Institute of Stan-
dards & Technology

Gaithersburg, MD, USA

NIU Northern Illinois Univ. De Kalb, IL, USA
NMSU New Mexico State Univ.;

Dept. of Physics, MSC 3D;
Part. & Nucl. Phys. Group,
Box 30001/Dept.

Las Cruces, NM, USA

NORD Nordita Copenhagen Ø, Denmark
NOTT Univ. of Nottingham Nottingham, United Kingdom
NOVM Inst. of Mathematics Novosibirsk, Russian Federa-

tion
NOVO BINP, Budker Inst. of Nu-

clear Physics
Novosibirsk, Russian Federa-
tion

NPOL Polytechnic of North Lon-
don

London, United Kingdom

NRL Naval Research Lab Washington, DC, USA
NSF National Science Founda-

tion
Arlington, VA, USA

NTHU National Tsing Hua Univ. Hsinchu, The Republic of
China (Taiwan)

NTUA National Tech. Univ. of
Athens

Athens, Greece

NWES Northwestern Univ. Evanston, IL, USA
NYU New York Univ. New York, NY, USA
OBER Oberlin College Oberlin, OH, USA
OCH Ochanomizu Univ. Tokyo, Japan
OHIO Ohio Univ. Athens, OH, USA
OKAY Okayama Univ. Okayama, Japan
OKLA Univ. of Oklahoma Norman, OK, USA
OKSU Oklahoma State Univ. Stillwater, OK, USA
OREG Univ. of Oregon; Inst. of

Theor. Science; U.O. Center
for High Energy Physics

Eugene, OR, USA

ORNL Oak Ridge National Labora-
tory

Oak Ridge, TN, USA

ORSAY Univ. de Paris Sud Orsay CEDEX, France
ORST Oregon State Univ. Corvallis, OR, USA
OSAK Osaka Univ. Osaka, Japan
OSKC Osaka City Univ. Osaka-shi, Japan
OSLO Univ. of Oslo Oslo, Norway
OSU Ohio State Univ. Columbus, OH, USA
OTTA Univ. of Ottawa Ottawa, ON, Canada
OXF University of Oxford Oxford, United Kingdom
OXFTP Univ. of Oxford Oxford, United Kingdom
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PADO Univ. degli Studi di Padova Padova, Italy
PARIN Univ. Paris VI et Paris

VII, IN2P3/CNRS
Paris, France

PARIS Univ. de Paris (Historical) Paris, France
PARIT Univ. Paris VII, LPTHE Paris, France
PARM Univ. di Parma Parma, Italy
PAST Institut Pasteur Paris, France
PATR Univ. of Patras Patras, Greece
PAVI Univ. di Pavia Pavia, Italy
PENN Univ. of Pennsylvania Philadelphia, PA, USA
PGIA INFN, Sezione di Perugia Perugia, Italy
PISA Univ. di Pisa Pisa, Italy
PISAI INFN, Sez. di Pisa Pisa, Italy
PITT Univ. of Pittsburgh Pittsburgh, PA, USA
PLAT SUNY at Plattsburgh Plattsburgh, NY, USA
PLRM Univ. di Palermo Palermo, Italy
PNL Battelle Memorial Inst. Richland, WA, USA
PNPI Petersburg Nuclear Physics

Inst. of Russian Academy of
Sciences

Gatchina, Russian Federation

PPA Princeton-Penn. Proton Accel-
erator (Historical in Review)

Princeton, NJ, USA

PRAG Inst. of Physics, ASCR Prague, Czech Republic
PRIN Princeton Univ. Princeton, NJ, USA
PSI Paul Scherrer Inst. Villigen PSI, Switzerland
PSLL Physical Science Lab Las Cruces, NM, USA
PSU Penn State Univ. University Park, PA, USA
PUCB Pontif́ıcia Univ. Católica

do Rio de Janeiro
Rio de Janeiro, RJ, Brasil

PUEB Univ. Autonoma de Puebla Puebla, Pue, Mexico
PURD Purdue Univ. West Lafayette, IN, USA
QUKI Queen’s Univ. Kingston, ON, Canada
RAL CCLRC Rutherford Apple-

ton Lab.
Chilton, Didcot, Oxfordshire,
United Kingdom

REGE Univ. Regensburg Regensburg, Germany
REHO Weizmann Inst. of Science Rehovot, Israel
RHBL Royal Holloway, Univ. of

London
Egham, Surrey, United King-
dom

RHEL Rutherford High Energy
Lab (Old name for RAL)

Chilton, Didcot, Oxon., United
Kingdom

RICE Rice Univ. Houston, TX, USA
RIKEN Riken Accelerator Research

Facility (RARF), Cyclotron
Lab

Saitama, Japan

RIKK Rikkyo Univ. Tokyo, Japan
RIS Rowland Inst. for Science Cambridge, MA, USA
RISC Rockwell International Thousand Oaks, CA, USA
RISL Universities Research Re-

actor
Risley, Warrington, United
Kingdom

RISO Riso National Laboratory Roskilde, Denmark
RL Rutherford High Energy

Lab (Old name for RAL)
Chilton, Didcot, Oxon., United
Kingdom

RMCS Royal Military Coll. of Sci-
ence

Swindon, Wilts., United King-
dom

ROCH Univ. of Rochester Rochester, NY, USA
ROCK Rockefeller Univ. New York, NY, USA
ROMA Univ. di Roma (Historical) Roma, Italy
ROMA2 Univ. di Roma, “Tor Ver-

gata”
Roma, Italy

ROMAI INFN, Sez. di Roma Roma, Italy
ROSE Rose-Hulman Inst. of Tech-

nology
Terre Haute IN, USA

RPI Rensselaer Polytechnic
Inst.

Troy, NY, USA

RUTG Rutgers, the State Univ. of
New Jersey

Piscataway, NJ, USA

SACL CEA Saclay, DAPNIA Gif-sur-Yvette, France
SACL CEA/Saclay – SPhT Gif-sur-Yvette, France
SACL CE Saclay, DAPNIA Gif-sur-Yvette, France
SACLD CEA Saclay, DAPNIA; Di-

rection
Gif-sur-Yvette, France

SAGA Saga Univ. Saga-shi, Japan
SAHA Saha Inst. of Nuclear Physics Bidhannagar, Calcutta, India
SANG Kyoto Sangyo Univ. Kyoto-shi, Japan
SANI Physics Lab., Ist. Superiore di

Sanità
Roma, Italy

SASK Univ. of Saskatchewan Saskatoon, SK, Canada
SASSO Lab. Naz. Gran Sasso

dell’INFN
Assergi (AQ), Italy

SAVO Univ. de Savoie Chambery, France
SBER California State Univ. San Bernardino, CA, USA
SCHAF W.J. Schafer Assoc. Livermore, DA, USA
SCIT Science Univ. of Tokyo Tokyo, Japan
SCOT Scottish Univ. Research and

Reactor Ctr.
Glasgow, United Kingdom

SCUC Univ. of South Carolina Columbia, SC, USA
SEAT Seattle Pacific Coll. Seattle, WA, USA
SEIB Austrian Research Center,

Seibersdorf LTD.
Seibersdorf, Austria

SEOU Korea Univ.; Dept. of
Physics; HEP Group

Seoul, Republic of Korea

SEOUL Seoul National Univ.; Dept.
of Physics, Coll. of Natural
Sciences; Center for Theoreti-
cal Physics

Seoul, Republic of Korea

SERP IHEP, Inst. for High Energy
Physics

Protvino, Russian Federation

SETO Seton Hall Univ. South Orange, NJ, USA
SFLA Univ. of South Florida Tampa, FL, USA
SFRA Simon Fraser University Burnaby, BC, Canada
SFSU California State Univ. San Francisco, CA, USA
SHAMS Ain Shams University Abbassia, Cairo, Egypt
SHEF Univ. of Sheffield Sheffield, United Kingdom
SHMP Univ. of Southampton Southampton, United Kingdom
SIEG Univ. Siegen Siegen, Germany
SILES Univ. of Silesia Katowice, Poland
SIN Swiss Inst. of Nuclear Re-

search (Old name for VILL)
Villigen, Switzerland

SING National Univ. of Singapore Kent Ridge, Singapore
SISSA Scuola Internazionale Superi-

ore di Studi Avanzati
Trieste, Italy

SLAC Stanford Linear Accelera-
tor Center

Menlo Park, CA, USA

SLOV Inst. of Physics, Slovak Acad.
of Sciences

Bratislava, Slovakia

SMU Southern Methodist Univ. Dallas, TX, USA
SNSP Scuola Normale Superiore Pisa, Italy
SOFI Inst. for Nuclear Research and

Nuclear Energy
Sofia, Bulgaria

SOFU Univ. of Sofia “St. Kliment
Ohridski”

Sofia, Bulgaria

SPAUL Univ. de São Paulo São Paulo, SP, Brasil
SPIFT Inst. de F́ısica Teórica (IFT) São Paulo, SP, Brasil
SSL Univ. of California (Berke-

ley)
Berkeley, CA, USA

STAN Stanford Univ. Stanford, CA, USA
STEV Stevens Inst. of Tech. Hoboken, NJ, USA
STLO St. Louis Univ. St. Louis, MO, USA
STOH Stockholm Univ. Stockholm, Sweden
STON SUNY at Stony Brook Stony Brook, NY, USA
STRB IReS, Inst. de Recherches

Subatomiques
Strasbourg, France

STUT Univ. Stuttgart Stuttgart, Germany
STUTM Max-Planck-Inst. Stuttgart, Germany
SUGI Sugiyama Jogakuen Univ. Aichi, Japan
SURR Univ. of Surrey Guildford, Surrey, United

Kingdom
SUSS Univ. of Sussex Brighton, United Kingdom
SVR Savannah River Labs. Aiken, SC, USA
SYDN Univ. of Sydney Sydney, NSW, Australia
SYRA Syracuse Univ. Syracuse, NY, USA
TAJK Acad. Sci., Tadzhik SSR Dushanbe, Tadzhikstan
TAMU Texas A&M Univ. College Station, TX, USA
TATA Tata Inst. of Fundamental

Research
Bombay, India

TBIL Tbilisi State University Tbilisi, Republic of Georgia
TELA Tel-Aviv Univ. Tel Aviv, Israel
TELE Teledyne Brown Engineer-

ing
Huntsville, AL, USA

TEMP Temple Univ. Philadelphia, PA, USA
TENN Univ. of Tennessee Knoxville, TN, USA
TEXA Univ. of Texas at Austin Austin, TX, USA
TGAK Tokyo Gakugei Univ. Tokyo, Japan
TGU Tohoku Gakuin Univ. Miyagi, Japan
THES Aristotle Univ. of Thessa-

loniki (AUTh)
Thessaloniki, Greece

TINT Tokyo Inst. of Technology Tokyo, Japan
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TISA Sagamihara Inst. of Space &
Astronautical Sci.

Kanagawa, Japan

TMSK Nuclear Physics Institute Tomsk, Russian Federation
TMTC Tokyo Metropolitan Coll.

Tech.
Tokyo, Japan

TMU Tokyo Metropolitan Univ. Tokyo, Japan
TNTO Univ. of Toronto Toronto, ON, Canada
TOHO Toho Univ. Chiba, Japan
TOHOKTohoku Univ. Sendai, Japan
TOKA Tokai Univ. Shimizu, Japan
TOKAHTokai Univ. Hiratsuka, Japan
TOKMSUniv. of Tokyo; Meson Sci-

ence Laboratory
Tokyo, Japan

TOKU Univ. of Tokushima Tokushima-shi, Japan
TOKY Univ. of Tokyo; High-Energy

Physics Theory Group
Tokyo, Japan

TOKYCUniv. of Tokyo; Dept. of
Chemistry

Tokyo, Japan

TORI Univ. degli Studi di Torino Torino, Italy
TPTI Lab. of High Energy Phys. Tashkent, Republic of Uzbek-

istan
TRIN Univ. of Dublin, Trinity Col-

lege
Dublin, Ireland

TRIU TRIUMF Vancouver, BC, Canada
TRST Univ. di Trieste Trieste, Italy
TRSTI INFN, Sez. di Trieste Trieste, Italy
TRSTT Univ. di Trieste Trieste, Italy
TSUK Univ. of Tsukuba Ibaraki-ken, Japan
TTAM Tamagawa Univ. Tokyo, Japan
TUAT Tokyo Univ. of Agriculture

Tech.
Tokyo, Japan

TUBIN Univ. Tübingen Tübingen, Germany
TUFTS Tufts Univ. Medford, MA, USA
TUW Technische Univ. Wien Vienna, Austria
TUZL Tuzla Univ. Tuzla, Argentina
UCB Univ. of California (Berke-

ley)
Berkeley, CA, USA

UCD Univ. of California (Davis) Davis, CA, USA
UCI Univ. of California (Irvine) Irvine, CA, USA
UCLA Univ. of California (Los

Angeles)
Los Angeles, CA, USA

UCND Union Carbide Corp. Oak Ridge, TN, USA
UCR Univ. of California (River-

side)
Riverside, CA, USA

UCSB Univ. of California (Santa
Barbara); Physics Dept.

Santa Barbara, CA, USA

UCSBT Univ. of California (Santa
Barbara); Kavli Inst. for
Theoretical Physics

Santa Barbara, CA, USA

UCSC Univ. of California (Santa
Cruz)

Santa Cruz, CA, USA

UCSD Univ. of California (San
Diego)

La Jolla, CA, USA

UMD Univ. of Maryland College Park, MD, USA
UNC Univ. of North Carolina Greensboro, NC, USA
UNCCH Univ. of North Carolina at

Chapel Hill
Chapel Hill, NC, USA

UNCS Union College Schenectady, NY, USA
UNH Univ. of New Hampshire Durham, NH, USA
UNM Univ. of New Mexico Albuquerque, NM, USA
UOEH Univ. of Occupational and

Environmental Health
Kitakyushu, Japan

UPNJ Upsala College East Orange, NJ, USA
UPPS Uppsala Univ. Uppsala, Sweden

UPR Univ. of Puerto Rico Rio Piedras, PR, USA
URI Univ. of Rhode Island Kingston, RI, USA
USC Univ. of Southern Califor-

nia
Los Angeles, CA, USA

USF Univ. of San Francisco San Francisco, CA, USA
UTAH Univ. of Utah; Dept. of

Physics; High-Energy Astro-
physics Inst.

Salt Lake City, UT, USA

UTRE Univ. of Utrecht Utrecht, The Netherlands
UTRO Norwegian Univ. of Sci-

ence & Technology
Trondheim, Norway

UZINR Acad. Sci., Ukrainian SSR Uzhgorod, Ukraine
VALE Univ. de Valencia Burjassot, Valencia, Spain
VALP Valparaiso Univ. Valparaiso, IN, USA
VAND Vanderbilt Univ. Nashville, TN, USA
VASS Vassar College Poughkeepsie, NY, USA
VICT Univ. of Victoria Victoria, BC, Canada
VIEN Inst. für Hochenergiephysik

(HEPHY)
Vienna, Austria

VILL Inst. for Particle Physics of
ETH Zürich

Zürich, Switzerland

VIRG Univ. of Virginia Charlottesville, VA, USA
VPI Virginia Tech. Blacksburg, VA, USA
VRIJ Vrije Univ. HV Amsterdam, The Nether-

lands
WABRN Eidgenos. Amt für Messwesen Waber, Switzerland
WARS Warsaw Univ. Warsaw, Poland
WASCR Waseda Univ.; Cosmic Ray

Division
Tokyo, Japan

WASH Univ. of Washington; Elem.
Particle Experiment (EPE);
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THE MASS OF THE W BOSON

Revised March 2006 by C. Caso (University of Genova) and
A. Gurtu (Tata Institute).

Till 1995 the production and study of the W boson was

the exclusive domain of the pp colliders at CERN and FNAL.

W production in these hadron colliders is tagged by a high

pT lepton from W decay. Owing to unknown parton–parton

effective energy and missing energy in the longitudinal direction,

the experiments reconstruct only the transverse mass of the W

and derive the W mass from comparing the transverse mass

distribution with Monte Carlo predictions as a function of MW .

Beginning 1996 the energy of LEP increased to above

161 GeV, the threshold for W–pair production. A precise

knowledge of the e+e− center-of-mass energy enables one to

reconstruct the W mass even if one of them decays leptonically.

At LEP two methods have been used to obtain the W mass.

In the first method the measured W–pair production cross

sections, σ(e+e− → W+W−), have been used to determine the

W mass using the predicted dependence of this cross section

on MW (see Fig. 1). At 161 GeV, which is just above the

W–pair production threshold, this dependence is a much more

sensitive function of the W mass than at the higher energies

(172 to 209 GeV) at which LEP has run during 1996–2000. In

the second method, which is used at the higher energies, the

W mass has been determined by directly reconstructing the W

from its decay products.

Each LEP experiment has combined their own mass values

properly taking into account the common systematic errors.

In order to compute the LEP average W mass each exper-

iment has provided its measured W mass for the qqqq and

qq�ν� channels at each center-of-mass energy along with a de-

tailed break-up of errors (statistical and uncorrelated, partially

correlated and fully correlated systematics [1]) . These have

been properly combined to obtain a preliminary LEP W mass

= 80.388±0.035 GeV [2], which includes W mass determina-

tion from W -pair producton cross section variation at threshold.

Errors due to uncertainties in LEP energy (9 MeV) and possible

effect of color reconnection (CR) and Bose–Einstein correlations

(BEC) between quarks from different W ’s (7 MeV) are included.

The mass difference between qqqq and qq�ν� final states (due to

possible CR and BEC effects) is −4 ± 44 MeV.

For completeness we give here also the preliminary LEP

value for the W width: Γ(W ) = 2.134 ± 0.079 GeV [2].

The two Tevatron experiments have also carried out the

exercise of identifying common systematic errors and averag-

ing with CERN UA2 data obtain an average W mass [5]=

80.454±0.059 GeV.

Combining the above W mass values from LEP and hadron

colliders, which are based on all published and unpublished

results, and assuming no common systematics between them,

yields a preliminary average W mass of 80.405 ± 0.030 GeV.

√s (GeV)
σ

W
W

 (
pb

)

YFSWW and RacoonWW

LEP PRELIMINARY

0

10

20

160 180 200

16

17

18

190 195 200 205

Figure 1: Measurement of the W -pair pro-
duction cross section as a function of the center–
of–mass energy [1], compared to the predictions
of RACOONWW [3] and YFSWW [4]. The
shaded area represents the uncertainty on the
theoretical predictions, estimated to be ±2% for√

s < 170 GeV and ranging from 0.7 to 0.4%
above 170 GeV. See full-color version on color
pages at end of book.

Finally a fit to this directly determined W mass together

with measurements on the ratio of W to Z mass (MW/MZ)

and on their mass difference (MZ –MW ) yields a world average

W -boson mass of 80.406± 0.029 GeV.

The Standard Model prediction from the electroweak fit,

using Z-pole data plus mtop measurement, gives a W–boson

mass of 80.364± 0.021 GeV [1,2].

OUR FIT in the listing below is obtained by combining

only published LEP and p–p Collider results using the same

procedure as above.
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� -�> �� ��"%�� 0�(�%�� �� ������
�%� ��� (�0���# '	�

�6�
��� ��� 	�� (��	��0%	���� 	� 	
� �1�	��	�( ����� 9±�.6);R ��� 9±�.6�; �
�(
 (��(�"�
�� �� E�� ��# ��� 9±�.2�; �
�(
 �� ���8(��(�""��&� �
��� ���� �##�# �� 7%�#��	%���

��*�� 6�� �1�	��	�( ����� #����	�# 01 	
� %�(��	���	1 �� 	
� �0��"%	� ����&1 �(�"��
2�*-�*=*� 6� ���%"	 �� ��� � 	�	�" ���"� �� 2�� � → � ν ����	��
2�*-�*=*� 6� ���%"	 �� ��� � 	�	�" ���"� �� �� � → µν ����	��
22*-�*=*� 6� ���%"	 �� ��� � → τ ν ����	��

�
/
� ���� ������

/
� ���� ������

/
� ���� ������

/
� ���� �����

�
� '	 %��� 	
� � ��# � ���� ��� #�J����(�� ��# ��� ��	�� ���%��8
��	��

����� ���� ����	�
� �� ���
 ��		�
�

�.66��3±�.���32 ��� �,��.66��3±�.���32 ��� �,��.66��3±�.���32 ��� �,��.66��3±�.���32 ��� �,�
�.662� ±�.���� ±�.���6 26323 23 *����� �6* !� �

��
(F �.6 ���

�.66��)±�.���:)±�.��2:2 :�62 2) *����� �6 !� �
��
(F �.6 ���

�.66�3 ±�.��3� ±�.���� �:� 2: *-,��, �2� �*2 �
��
(F �3� .��

23*����� �6* �0	��� 	
�� ��� � �	%#1 �� 26323 � → � ν� ��# 32�) � → �N �−
#�(�1�� �� 	
�� "�		�� ���"�� 2��� ����	� ��� %��# 	� (�"�0��	� 	
� �"�(	��� ����&1 �(�"��

2)*����� �6 �0	��� 	
�� ��� � �	%#1 �� :�62 � → � ν� ����	�� �
� �1�	��	�( �����
��("%#�� �� %�(��	���	1 �� ±�.����: #%� 	� 	
� �"�(	��� ����&1 �(�"��

2: 5(�"� ����� (��(�"� �� 	
�� ��	���

�� − ���� − ���� − ���� − ��

�
� '	 %��� 	
� � ��# � ���� ��� #�J����(�� ��# ��� ��	�� ���%��8
��	��

����� � ��� ����	�
� �� ���
 ��		�
�

��.�6:±�.�2� ��� �,���.�6:±�.�2� ��� �,���.�6:±�.�2� ��� �,���.�6:±�.�2� ��� �,�
��.) ±�.) ±�.6��.) ±�.) ±�.6��.) ±�.) ±�.6��.) ±�.) ±�.6 *-�*=*� 6� �*� �

��
(F :)���3� .��

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
��.3 ±�.3 ±�.� *�5*�, 6� �*2 �

��
(F :)���3� .��

��9 − ��−��9 − ��−��9 − ��−��9 − ��−

���	 �� �� ��������(��

����� � ��� ���� ����	�
� �� ���
 ��		�
�

−�.��±�.:6−�.��±�.:6−�.��±�.:6−�.��±�.:6 ��22 *�� �� +!� �
��
(F �.6 ���

� #���
� #���
� #���
� #���


�
� +!� ��# !Q ��#	
� "�0�""�# @�C	��(	�# ��"%�D ��� �0	����# 01 ��8
�%���& �F Aσ9� ;

/
σ9�;B AS9� → �ν�;B

/
9�9� → ��;S9� ;; �
��� 	
�

0��(I�	�# 7%��	�	��� (�� 0� (�"(%"�	�# ��	
 �"�%��0"� ��"��0�"�	1� S9� ; ��
	
�� �C	��(	�# 01 %���& � ��"%� �� �9� → ��; ���%��# �	 -�>� �
�
�*� ��# �*2 ��#	
� %��# � F Aσ9� ;/σ9�;B AS9� → �ν�;

/
S9� →

��;B S9�;
/
S9� ; ��# 	
� ���%��# ��"%� �� S9�;� �
� 5	��#��# ��#�"

���#�(	��� �� 2.���� ± �.���: .�� 9��� ������ �� @�"�(	�����I �#�"
��# (���	����	� �� ��� �
1��(�D �� 	
�� �#�	���;�



�	��	��	��	�

�����������	
�
����������������

�

�� �0	��� ��� �,�� 	
� (����"�	��� 0�	���� �1�	��	�(� ��	
��
-�> �C������	� ��# ��	
�� ����	��� �C������	� �� ������"1
	�I�� ��	� �((�%�	 �� &���� �� 	
� -�> ��	� �((����0"� �	

		�REE"�����&���0�(����(
E-�>�$$.E"����E�E�#& 2���E ��# ��
	
� (�0���# ����	��� ����� �� *�*K�� �)�� �
� �����(	��� �����&�
��"%�� 92.��) ± �.�6: .�� ��� -�> ��# 2.��: ± �.��: .�� ��� ����8
	���; 1��"# �� �����&� � ��#	
 �� 2.�): ± �.��� .�� (���& ��� #���(	
���%����	�� *�*K�� �)� �"�� #�	����� 	
� �����&� �C	��(	�# �

��#	
 %���& +!� ��# !Q #�	� 	� �0	��� � ��"%� �� 2.�)� ± �.�:� .���

�
�1 �%�	
�� (�0��� 	
� ����	��� #���(	 ��# �C	��(	�# � ��#	
� 	�
�0	��� �� �����&� ����	��� ��#	
 �� 2.�3:± �.�:� .��� ����""1 (�0����&
	
�� ��	
 	
� -�> � ��#	
 ��# 	
� �C	��(	�# $ ��#	
 ��"%�� ��� �*�
��# �*2 ��� �0	���� 	
� 7%�	�# ��"%��

����� � ��� ��� ���� ����	�
� �� ���
 ��		�
�

2.�)�±�.�)� ��� �,�2.�)�±�.�)� ��� �,�2.�)�±�.�)� ��� �,�2.�)�±�.�)� ��� �,�
�.���±�.���±�.��2 ���2� 2� *��,��!, �� �>*- ���(F ���P2�� .��

2.�6 ±�.�� ±�.�� ���: 2� *+ *�! �� -3 ���(F ��2P2�� .��

2.�) ±�.�� ±�.�� 6��� 26 5+ *�- �� *-�> ���(F �63P2�� .��

2.23 N�.�:
−�.�) ±�.�� 2�) 2� *�*K�� �2" !� !���(	 ����

2.2��±�.���±�.��� 3��: 3� *���� ��3 !-> ���(F �63��6� .��

2.�:2±�.��� ����� 3� *����� ��� !� �C	��(	�# ��"%�

2.�: ±�.�� ±�.�6 ��2 32 *���-!�� ��) +!� !���(	 ����

2.��)±�.���±�.�:� 33 *�� �:6+!� �C	��(	�# ��"%�

2.�� N�.�)
−�.�3 ±�.�� 3::� 3) *-,��, �2 �*2 �C	��(	�# ��"%�

2.�6 N�.2�
−�.2) ±�.�) 3: *-�*=*� �� �*� �C	��(	�# ��"%�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
2.�) ±�.�� ±�.�� 2�:� 3� *��,��!, ��7 �>*- ���"� 01 *��,��!, ��

2.2) ±�.2� ±�.�3 ���� 3� �*�*�� ��1 *-�> ���"� 01 5+ *�- ��

2.�))±�.��� ��6:6 36 *����� ��! !� ���"� 01 *����� ���

2.)6 ±�.)� ±�.�� �3� 3� *���� ��1 !-> ���"� 01 *���� ��3

�.�� ±�.3) ±�.�� �6� )� *++,*��, �� -3 ���"� 01 *+ *�! ��

2.�� ±�.26 ±�.�� :6 )� *�� �:� +!� ���"� 01 *�8
��-!�� ��)

2.3� ±�.�� ±�.�� )2 *-,��, ��� �*2 �C	��(	�# ��"%�

2.6 N�.)
−�.: ±�.3 �)� )3 *-�*=*� 6� �*� �

��
(F :)���3� .��

< � �� ��� *>>�- 6� �*2 �
��
(F :)���3� .��

< ��: �� 6� )) *��,5�� 6� �*� �
��
(F :)���3� .��

2�*��,��!, �� %�� #���(	 ��(���	�%(	��� �� 	
� I����	�(� �� �N�− → �� �ν� ��#

�N�− → �� �� ����	�� �
� �1�	��	�( ����� ��("%#�� ±�.��3 .�� #%� 	� 	
�
%�(��	���	1 �� 	
� -�> 0�� ����&1�

2�*+ *�! �� %�� #���(	 ��(���	�%(	��� �� 	
� I����	�(� �� �N�− → �� �ν� ��#

�N�− → �� �� ����	� �� 	
� +��� ����&1 ���&� �6�P2�� .��� �
� ���%"	 7%�	�#

��� �� �0	����# (�0����& 	
�� ��"%� �� 	
� ��#	
 ��	
 	
� ���%"	 �0	����# ��� � #���(	
� ��� ��(���	�%(	��� �	 ��2 ��# �63 .�� 9*++,*��, ��;�

26 5+ *�- �� %�� #���(	 ��(���	�%(	��� �� 	
� I����	�(� �� �N�− → �� �ν� ��#

�N�− → �� �� ����	�� �
� �1�	��	�( ����� ��("%#�� ±�.�: .�� #%� 	� �����8
0"� �J�(	� �� '��" �	�	� ��	���(	���� �� 	
� �� �� (
����" ��# ±�.�� .�� #%� 	� 	
�
%�(��	���	1 �� 	
� -�> 0�� ����&1�

2�*�*K�� �2" �0	��� 	
�� ���%"	 '		��& 	
� 
�&
8��# 	��" 9��P2�� .��; �� 	
� 	���������8
��� ���(	�% �� ���"��	���( � → � ν� #�(�1��

3�*���� ��3 �0	��� 	
�� ��"%� ������"1 (�0����& ���%"	� �0	����# �	 �63 ��# �6� .��
%���& �� → �ν� �� ��# �� → �� �� #�(�1�� �
� �1�	��	�( ����� ��("%#�� ��
%�(��	���	1 �� ±�.�:2 .�� #%� 	� �����0"� (�"�� ��(����(	��� ��# ����8����	��� �J�(	�
�� 	
� �%��"1 
�#����( '��" �	�	��

3�*����� ��� ���%�� � F ��.)3 ± �.2� ��� 	
� � → � ν� #�(�1 (
����"� �
�1 %��
	
� 5� 	
����	�(�" ���#�(	���� ��� σ9� ;Eσ9�; ��# S9� → � ν� ; ��# 	
� ���"# �����&�
��� �9� → � �;� �
� ��"%� 7%�	�# 
��� �� �0	����# (�0����& 	
�� ���%"	 92.��� ± �.���
.��; ��	
 	
�	 �� *����� ��!�

32*���-!�� ��) '	 	
� 
�&
 	��������� ��� 9���P2�� .��; � → � ν� ��# � →
µνµ ����	� 	� �0	��� S9� ;F 2.�) ± �.��9�	�	;±�.��9�1�	; .��� �
�� �� (�0���# ��	

	
� ���"��� +!� ���%����	 9*�� �:�; 	� �0	��� 	
� 7%�	�# ���%"	�

33*�� �:6 ���%��# � F ��.�� ± �.32 ± �.2�� �
�1 %�� ��F6�.23 ± �.�6 .���

σ9� ;Eσ9�; F 3.3: ± �.�3� S9� → � ν; F 22:.� ± �.� ���� S9� → �N �−; F
63.�6 ± �.�6 ���� ��# S9�; F 2.)��� ± �.��36 .���

3)*-,��, �2 ���%��# � F ��.)N�.�−�.� ± �.3� �
� ��"%�� �� σ9�; ��# σ9� ; (�� ���

�9α2


; (�"(%"�	���� %���& �� F 6�.�) ± �.2� .��� ��# �� F ��.��: ± �.�2� .��

�"��& ��	
 	
� (��������#��& ��"%� �� ���2θ� F �.22�)� �
�1 %�� σ9� ;
/
σ9�; F

3.2� ± �.�� ± �.�: ��# S9�; F 2.)6� ± �.��� .���
3:*-�*=*� �� ���%��# � F �.:N�.�−�.� 9�	�	� N �1�	�;� σ9� ;

/
σ9�; �� (�"(%"�	�# �� <+!

�	 	
� ���	�� "���" %���& �� F 6�.�6 ± �.26 .�� ��# �� F ��.��2 ± �.�3� .��

�"��& ��	
 ���2θ� F �.2322 ± �.���)� �
�1 %�� σ9� ;
/
σ9�; F 3.23 ± �.�: ��# S9�;

F 2.)�6 ± �.�2� .��� �
�� ���%����	 �� �0	����# (�0����& 0�	
 	
� �"�(	��� ��#
%�� (
����"��

3�*��,��!, ��7 �0	��� 	
�� ��"%� ��� � '	 	� 	
� ��(���	�%(	�# � ��� #��	��0%	���
%���& #�	� �	 ��2� �63� ��# �6� .��� �
� �1�	��	�( ����� ��("%#�� ±�.��� .�� #%�
	� -�> ����&1 %�(��	���	1 ��# ±�.��6 .�� #%� 	� �����0"� (�"�� ��(����(	��� ��#
����8����	��� �J�(	� �� 	
� �%��"1 
�#����( '��" �	�	��

3��*�*�� ��1 �0	��� 	
�� ��"%� %���& �� → �� ��� �� → � ν� ��� ��# �� →
µνµ �� #�(�1�� �
� �1�	��	�( ����� ��("%#�� ±�.��: .�� #%� 	� -�> ����&1 %�(��8
	���	1 ��# ±�.�6� .�� #%� 	� �����0"� (�"�� ��(����(	��� ��# ����8����	��� �J�(	� ��
	
� �%��"1 
�#����( '��" �	�	��

36*����� ��! ���%�� �F ��.�� ± �.:2 (�0����& �"�(	��� ��# %�� (
����"�� �
�1
%�� �� F 6�.3�±�.�� .�� ��# 	
� 5� 	
����	�(�" ���#�(	���� ��� σ9� ;Eσ9�;� �9� →
��;� ��# S9� → �ν�;�

3�*���� ��1 �0	��� 	
�� ��"%� %���& �� → �ν� �� ��# �� → �� �� ����	�� �
�
�1�	��	�( ����� ��("%#�� �� %�(��	���	1 �� ±�.�6� .�� #%� 	� �����0"� (�"�� ��(����(	���
��# ����8����	��� �J�(	� �� 	
� �%��"1 
�#����( '��" �	�	��

)�*++,*��, �� �0	��� 	
�� ��"%� ��� � '	 	� 	
� ��(���	�%(	�# � ��� #��	��0%	��� %���&
#�	� �	 ��2 ��# �63 .���

)�*�� �:� %�� 	
� 	��" �� 	
� 	��������� ��� #��	��0%	��� �� � → � ν� #�(�1��
)2*-,��, ��� %��# 	
� ��� 	�(
��7%� �� #��(��0�# ��� *�� ��� �
�1 ���%��# � F

�.36N�.62−�.�2 ± �.2:� �0	����# S9� ;ES9�; F �.��2 ± �.��) ± �.�2)� ����& S9�; F

2.:)� ± �.�32 .��� 	
�1 �0	����# 	
� S9� ; ��"%� 7%�	�# �0��� ��# 	
� "��	� S9� ;

< 2.:� 92.�); .�� �	 	
� ��O 9�:O; +-� �
��
( F :)���3� .���

)3*-�*=*� 6� ���%"	 �� ��� � 	�	�" ���"� �� 2�� � → � ν ����	��
)) ,� �1�	��	�( ����� �� ��&"�(	�#� ���%"	 �� 2.�N�.)−�.: .��� �
�� �� ��
��(�# �%0���"� ��
��2 	�	�" ����	��

�N �	�� �����N �	�� �����N �	�� �����N �	�� ����

�− �#�� ��� (
��&� (��T%&�	�� �� 	
� �#�� 0�"���

��#� ���(	��� 9S� ES; +��'#��(� "���"

$� �Nν A�B 9��.6�± �.��; O

$2 �Nν 9��.�:± �.�3; O

$3 µNν 9��.:�± �.�:; O

$) τN ν 9��.2:± �.2�; O

$: %�&���' 9��.��± �.2�; O

$� πN γ < 6 × ��−: �:O

$� �N
 γ < �.3 × ��−3 �:O

$6 	( 933.) ± 2.� ; O

$� 	 
 93� N�3
−�� ; O

$�� !� !'!)�* A�B 9 �.) ± 2.6 ; O

+�, � !�&!-�"*' *�-% "./* �0 �*/"�� ��� µ� ��& τ�� ��" '�1 � *� "%*12

+�, �%!' �*/�*'*�"' "%* 3!&"% 0�� "%* &*-�. �0 "%* � )�'�� !�"� � -%���*&
/��"!-�* 3!"% 1�1*�"�1 )*��3 &*"*-"�)!�!".� /< ��� �*42

� 5������ #���
�� 5������ #���
�� 5������ #���
�� 5������ #���
�

$
(
!� !'!)�*

)
$��$

(
!� !'!)�*

)
$��$

(
!� !'!)�*

)
$��$

(
!� !'!)�*

)
$��

�
�� ��������	� 	
� ��#	
 ��� 	
� #�(�1 �� 	
� � 0���� ��	� � (
��&�# ���	�("� ��	

���	% 0�"�� #�	�(	�0�"�	1� �< 2�� ����

����� �)��� ����	�
� �� ���
 ��		�
�

3�N:2−)6±333�N:2−)6±333�N:2−)6±333�N:2−)6±33 ): �*�*�� ��� *-�> ���(F ���N��2N�63

.��
• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •

)� �*�*�� ��	 *-�> ���(F ���N��2N�63

.��
):�*�*�� ��� ���%�� 	
�� 7%��	�	1 %���& 	
� #����#��(� �� 	
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Fourteen independent couplings, 7 each for ZWW and

γWW , completely describe the V WW vertices within the

most general framework of the electroweak Standard Model

(SM) consistent with Lorentz invariance and U(1) gauge in-

variance. Of each of the 7 TGC’s, 3 conserve C and P in-

dividually, 3 violate CP , and one TGC violates C and P

individually while conserving CP . Assumption of C and P con-

servation and electromagnetic gauge invariance reduces the

independent V WW couplings to five: one common set [1,2] is

(κγ , κZ , λγ, λZ , gZ
1 ), where κγ = κZ = gZ

1 = 1 and λγ = λZ

= 0 in the Standard Model at the tree level. The parameters

κZ and λZ are related to the other three due to constraints

of gauge invariance as follows: κZ = gZ
1 − (κγ − 1) tan2 θW

and λZ = λγ , where θW is the weak mixing angle. The W

magnetic dipole moment, µW , and the W electric quadrupole

moment, qW , are expressed as µW = e (1 + κγ + λγ)/2MW and

qW = −e (κγ − λγ)/M2
W .

Precision measurements of suitable observables at LEP1 has

already led to an exploration of much of the TGC parameter

space. At LEP2 the V WW coupling arises in W -pair produc-

tion via s-channel exchange or in single W production via the

radiation of a virtual photon off the incident e+ or e−. At the

TEVATRON hard photon bremsstrahlung off a produced W

or Z signals the presence of a triple gauge vertex. In order to

extract the value of one TGC the others are generally kept fixed

to their SM values.
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The Standard Model predictions for WWWW , WWZZ,

WWZγ, WWγγ, and ZZγγ couplings are small at LEP,

but expected to become important at a TeV Linear Collider.

Outside the Standard Model framework such possible couplings,

a0, ac, an, are expressed in terms of the following dimension-6

operators [1,2];

L0
6 = − e2

16Λ2 a0 F µν Fµν

Wα · 
Wα

Lc
6 = − e2

16Λ2 ac F µα Fµβ

W β · 
Wα

Ln
6 = −i e2

16Λ2 anεijk W
(i)
µα W

(j)
ν W (k)αF µν

L̃0
6 = − e2

16Λ2 ã0 F µν F̃µν

Wα · 
Wα

L̃n
6 = −i e2

16Λ2 ãnεijk W
(i)
µα W

(j)
ν W (k)αF̃ µν

where F, W are photon and W fields, L0
6 and Lc

6 conserve C,

P separately (L̃0
6 conserves only C) and generate anomalous

W+W−γγ and ZZγγ couplings, Ln
6 violates CP (L̃n

6 violates

both C and P ) and generates an anomalous W+W−Zγ cou-

pling, and Λ is an energy scale for new physics. For the ZZγγ

coupling the CP -violating term represented by Ln
6 does not con-

tribute. These couplings are assumed to be real and to vanish

at tree level in the Standard Model.

Within the same framework as above, a more recent de-

scription of the quartic couplings [3] treats the anomalous parts

of the WWγγ and ZZγγ couplings separately leading to two

sets parameterized as aV
0 /Λ2 and aV

c /Λ2, where V = W or Z.

At LEP the processes studied in search of these quartic

couplings are e+e− → WWγ, e+e− → γγνν, and e+e− →
Zγγ and limits are set on the quantities aW

0 /Λ2, aW
c /Λ2, an/Λ2.

The characteristics of the first process depend on all the three

couplings whereas those of the latter two depend only on the

two CP -conserving couplings. The sensitive measured variables

are the cross sections for these processes as well as the energy

and angular distributions of the photon and recoil mass to the

photon pair.
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THE Z BOSON

Revised April 2006 by C. Caso (University of Genova) and
A. Gurtu (Tata Institute).

Precision measurements at the Z-boson resonance using

electron–positron colliding beams began in 1989 at the SLC and

at LEP. During 1989–95, the four LEP experiments (ALEPH,

DELPHI, L3, OPAL) made high-statistics studies of the pro-

duction and decay properties of the Z. Although the SLD

experiment at the SLC collected much lower statistics, it was

able to match the precision of LEP experiments in determining

the effective electroweak mixing angle sin2θW and the rates of

Z decay to b- and c-quarks, owing to availability of polarized

electron beams, small beam size and stable beam spot.

The Z-boson properties reported in this section may broadly

be categorized as:

• The standard ‘lineshape’ parameters of the Z con-

sisting of its mass, MZ , its total width, ΓZ , and its

partial decay widths, Γ(hadrons), and Γ(��) where

� = e, µ, τ, ν;

• Z asymmetries in leptonic decays and extraction of

Z couplings to charged and neutral leptons;

• The b- and c-quark-related partial widths and charge

asymmetries which require special techniques;

• Determination of Z decay modes and the search for

modes that violate known conservation laws;

• Average particle multiplicities in hadronic Z decay;

• Z anomalous couplings.

Details on Z-parameter and asymmetries determination and

the study of Z → bb, cc at LEP and SLC are given in this note.

The standard ‘lineshape’ parameters of the Z are deter-

mined from an analysis of the production cross sections of

these final states in e+e− collisions. The Z → νν(γ) state is

identified directly by detecting single photon production and

indirectly by subtracting the visible partial widths from the

total width. Inclusion in this analysis of the forward-backward

asymmetry of charged leptons, A
(0,�)
FB , of the τ polarization,

P (τ), and its forward-backward asymmetry, P (τ)fb, enables

the separate determination of the effective vector (gV ) and ax-

ial vector (gA) couplings of the Z to these leptons and the ratio

(gV /gA) which is related to the effective electroweak mixing

angle sin2θW (see the “Electroweak Model and Constraints on

New Physics” Review).

Determination of the b- and c-quark-related partial widths

and charge asymmetries involves tagging the b and c quarks

for which various methods are employed: requiring the pres-

ence of a high momentum prompt lepton in the event with

high transverse momentum with respect to the accompanying

jet; impact parameter and lifetime tagging using precision ver-

tex measurement with high-resolution detectors; application of

neural-network techniques to classify events as b or non-b on
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a statistical basis using event–shape variables; and using the

presence of a charmed meson (D/D∗) or a kaon as a tag.

Z-parameter determination

LEP was run at energy points on and around the Z

mass (88–94 GeV) constituting an energy ‘scan.’ The shape

of the cross-section variation around the Z peak can be de-

scribed by a Breit-Wigner ansatz with an energy-dependent

total width [1–3]. The three main properties of this dis-

tribution, viz., the position of the peak, the width of the

distribution, and the height of the peak, determine respec-

tively the values of MZ , ΓZ , and Γ(e+e−) × Γ(ff), where

Γ(e+e−) and Γ(ff) are the electron and fermion partial widths

of the Z. The quantitative determination of these parameters

is done by writing analytic expressions for these cross sections

in terms of the parameters and fitting the calculated cross sec-

tions to the measured ones by varying these parameters, taking

properly into account all the errors. Single-photon exchange

(σ0
γ) and γ-Z interference (σ0

γZ) are included, and the large

(∼25 %) initial-state radiation (ISR) effects are taken into ac-

count by convoluting the analytic expressions over a ‘Radiator

Function’ [1–5] H(s, s′). Thus for the process e+e− → ff :

σf (s) =

∫
H(s, s′) σ0

f (s′) ds′ (1)

σ0
f (s) =σ0

Z + σ0
γ + σ0

γZ (2)

σ0
Z =

12π

M2
Z

Γ(e+e−)Γ(ff)

Γ2
Z

s Γ2
Z

(s − M2
Z)2 + s2Γ2

Z/M2
Z

(3)

σ0
γ =

4πα2(s)

3s
Q2

fNf
c (4)

σ0
γZ = − 2

√
2α(s)

3
(QfGF Nf

c Ge
V Gf

V )

× (s − M2
Z)M2

Z

(s − M2
Z)2 + s2Γ2

Z/M2
Z

(5)

where Qf is the charge of the fermion, Nf
c = 3 for quarks and

1 for leptons and Gf
V is the vector coupling of the Z to the

fermion-antifermion pair ff .

Since σ0
γZ is expected to be much less than σ0

Z , the LEP

Collaborations have generally calculated the interference term

in the framework of the Standard Model. This fixing of σ0
γZ

leads to a tighter constraint on MZ and consequently a smaller

error on its fitted value. It is possible to relax this constraint

and carry out the fit within the S-matrix framework which is

briefly described in the next section.

In the above framework, the QED radiative corrections have

been explicitly taken into account by convoluting over the ISR

and allowing the electromagnetic coupling constant to run [6]:

α(s) = α/(1 − ∆α). On the other hand, weak radiative cor-

rections that depend upon the assumptions of the electroweak

theory and on the values of Mtop and MHiggs are accounted

for by absorbing them into the couplings, which are then

called the effective couplings GV and GA (or alternatively the

effective parameters of the  scheme of Kennedy and Lynn [7].

Gf
V and Gf

A are complex numbers with small imaginary parts.

As experimental data does not allow simultaneous extraction

of both real and imaginary parts of the effective couplings, the

convention gf
A = Re(Gf

A) and gf
V = Re(Gf

V ) is used and the

imaginary parts are added in the fitting code [4].

Defining

Af = 2
gf
V · gf

A

(gf
V )2 + (gf

A)2
(6)

the lowest-order expressions for the various lepton-related

asymmetries on the Z pole are [8–10] A
(0,�)
FB = (3/4)AeAf ,

P (τ) = −Aτ , P (τ)fb = −(3/4)Ae, ALR = Ae. The full analy-

sis takes into account the energy dependence of the asymmetries.

Experimentally ALR is defined as (σL − σR)/(σL + σR) where

σL(R) are the e+e− → Z production cross sections with left-

(right)-handed electrons.

The definition of the partial decay width of the Z to ff

includes the effects of QED and QCD final state corrections

as well as the contribution due to the imaginary parts of the

couplings:

Γ(ff) =
GF M3

Z

6
√

2π
Nf

c (
∣∣∣Gf

A

∣∣∣2 Rf
A +

∣∣∣Gf
V

∣∣∣2 Rf
V ) + ∆ew/QCD (7)

where Rf
V and Rf

A are radiator factors to account for final state

QED and QCD corrections as well as effects due to nonzero

fermion masses, and ∆ew/QCD represents the non-factorizable

electroweak/QCD corrections.

S-matrix approach to the Z

While most experimental analyses of LEP/SLC data have

followed the ‘Breit-Wigner’ approach, an alternative S-matrix-

based analysis is also possible. The Z, like all unstable parti-

cles, is associated with a complex pole in the S matrix. The

pole position is process independent and gauge invariant. The

mass, MZ , and width, ΓZ , can be defined in terms of the pole

in the energy plane via [11–14]

s = M
2
Z − iMZΓZ (8)

leading to the relations

MZ = MZ/
√

1 + Γ2
Z/M2

Z

≈ MZ − 34.1 MeV (9)

ΓZ = ΓZ/
√

1 + Γ2
Z/M2

Z

≈ ΓZ − 0.9 MeV . (10)

Some authors [15] choose to define the Z mass and width via

s = (MZ − i

2
ΓZ)2 (11)

which yields MZ ≈ MZ − 26 MeV, ΓZ ≈ ΓZ − 1.2 MeV.

The L3 and OPAL Collaborations at LEP (ACCIARRI

00Q and ABBIENDI 04G) have analyzed their data using

the S–matrix approach as defined in Eq. (8), in addition to
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the conventional one. They observe a downward shift in the

Z mass as expected.

Handling the large-angle e+e− final state

Unlike other ff decay final states of the Z, the e+e− final

state has a contribution not only from the s-channel but also

from the t-channel and s-t interference. The full amplitude

is not amenable to fast calculation, which is essential if one

has to carry out minimization fits within reasonable computer

time. The usual procedure is to calculate the non-s channel

part of the cross section separately using the Standard Model

programs ALIBABA [16] or TOPAZ0 [17] with the measured

value of Mtop, and MHiggs = 150 GeV and add it to the s-

channel cross section calculated as for other channels. This

leads to two additional sources of error in the analysis: firstly,

the theoretical calculation in ALIBABA itself is known to be

accurate to ∼ 0.5%, and secondly, there is uncertainty due

to the error on Mtop and the unknown value of MHiggs (100–

1000 GeV). These errors are propagated into the analysis by

including them in the systematic error on the e+e− final state.

As these errors are common to the four LEP experiments, this

is taken into account when performing the LEP average.

Errors due to uncertainty in LEP energy determina-

tion [18–23]

The systematic errors related to the LEP energy measure-

ment can be classified as:

• The absolute energy scale error;

• Energy-point-to-energy-point errors due to the non-

linear response of the magnets to the exciting cur-

rents;

• Energy-point-to-energy-point errors due to possible

higher-order effects in the relationship between the

dipole field and beam energy;

• Energy reproducibility errors due to various un-

known uncertainties in temperatures, tidal effects,

corrector settings, RF status, etc.

Precise energy calibration was done outside normal data

taking using the resonant depolarization technique. Run-time

energies were determined every 10 minutes by measuring the

relevant machine parameters and using a model which takes

into account all the known effects, including leakage currents

produced by trains in the Geneva area and the tidal effects

due to gravitational forces of the Sun and the Moon. The LEP

Energy Working Group has provided a covariance matrix from

the determination of LEP energies for the different running

periods during 1993–1995 [18].

Choice of fit parameters

The LEP Collaborations have chosen the following primary

set of parameters for fitting: MZ , ΓZ , σ0
hadron, R(lepton),

A
(0,�)
FB , where R(lepton) = Γ(hadrons)/Γ(lepton), σ0

hadron =

12πΓ(e+e−)Γ(hadrons)/M2
ZΓ2

Z . With a knowledge of these fit-

ted parameters and their covariance matrix, any other param-

eter can be derived. The main advantage of these parameters

is that they form the least correlated set of parameters, so

that it becomes easy to combine results from the different LEP

experiments.

Thus, the most general fit carried out to cross section and

asymmetry data determines the nine parameters: MZ , ΓZ ,

σ0
hadron, R(e), R(µ), R(τ), A

(0,e)
FB , A

(0,µ)
FB , A

(0,τ )
FB . Assumption of

lepton universality leads to a five-parameter fit determining

MZ , ΓZ , σ0
hadron, R(lepton), A

(0,�)
FB .

Combining results from LEP and SLC experiments

With steady increase in statistics over the years and im-

proved understanding of the common systematic errors between

LEP experiments, the procedures for combining results have

evolved continuously [24]. The Line Shape Sub-group of the

LEP Electroweak Working Group investigated the effects of

these common errors and devised a combination procedure for

the precise determination of the Z parameters from LEP ex-

periments [25]. Using these procedures this note also gives

the results after combining the final parameter sets from the

four experiments and these are the results quoted as the fit re-

sults in the Z listings below. Transformation of variables leads

to values of derived parameters like partial decay widths and

branching ratios to hadrons and leptons. Finally, transforming

the LEP combined nine parameter set to (MZ , ΓZ , σ◦
hadron, gf

A,

gf
V , f = e, µ, τ) using the average values of lepton asymmetry

parameters (Ae, Aµ, Aτ ) as constraints, leads to the best fitted

values of the vector and axial-vector couplings (gV , gA) of the

charged leptons to the Z.

Brief remarks on the handling of common errors and their

magnitudes are given below. The identified common errors are

those coming from

(a) LEP energy calibration uncertainties, and

(b) the theoretical uncertainties in (i) the luminosity deter-

mination using small angle Bhabha scattering, (ii) estimating

the non-s channel contribution to large angle Bhabha scatter-

ing, (iii) the calculation of QED radiative effects, and (iv) the

parametrization of the cross section in terms of the parameter

set used.

Common LEP energy errors

All the collaborations incorporate in their fit the full LEP

energy error matrix as provided by the LEP energy group for

their intersection region [18]. The effect of these errors is

separated out from that of other errors by carrying out fits with

energy errors scaled up and down by ∼ 10% and redoing the

fits. From the observed changes in the overall error matrix the

covariance matrix of the common energy errors is determined.

Common LEP energy errors lead to uncertainties on MZ , ΓZ ,

and σ◦
hadron of 1.7, 1.2 MeV, and 0.011 nb respectively.

Common luminosity errors

BHLUMI 4.04 [26] is used by all LEP collaborations for

small angle Bhabha scattering leading to a common uncertainty

in their measured cross sections of 0.061% [27]. BHLUMI

does not include a correction for production of light fermion

pairs. OPAL explicitly correct for this effect and reduce their
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luminosity uncertainty to 0.054% which is taken fully corre-

lated with the other experiments. The other three experiments

among themselves have a common uncertainty of 0.061%.

Common non-s channel uncertainties

The same standard model programs ALIBABA [16] and

TOPAZ0 [17] are used to calculate the non-s channel contri-

bution to the large angle Bhabha scattering [28]. As this

contribution is a function of the Z mass, which itself is a vari-

able in the fit, it is parametrized as a function of MZ by each

collaboration to properly track this contribution as MZ varies

in the fit. The common errors on Re and A
(0,e)
FB are 0.024 and

0.0014 respectively and are correlated between them.

Common theoretical uncertainties: QED

There are large initial state photon and fermion pair radia-

tion effects near the Z resonance for which the best currently

available evaluations include contributions up to O(α3). To

estimate the remaining uncertainties different schemes are in-

corporated in the standard model programs ZFITTER [5],

TOPAZ0 [17] and MIZA [29]. Comparing the different options

leads to error estimates of 0.3 and 0.2 MeV on MZ and ΓZ

respectively and of 0.02% on σ◦
hadron.

Common theoretical uncertainties: parametrization of

lineshape and asymmetries

To estimate uncertainties arising from ambiguities in the

model-independent parametrization of the differential cross-

section near the Z resonance, results from TOPAZ0 and

ZFITTER were compared by using ZFITTER to fit the cross

sections and asymmetries calculated using TOPAZ0. The re-

sulting uncertainties on MZ , ΓZ , σ◦
hadron, R(lepton) and A

(0,�)
FB

are 0.1 MeV, 0.1 MeV, 0.001 nb, 0.004, and 0.0001 respectively.

Thus the overall theoretical errors on MZ , ΓZ , σ◦
hadron are

0.3 MeV, 0.2 MeV, and 0.008 nb respectively; on each R(lepton)

is 0.004 and on each A
(0,�)
FB is 0.0001. Within the set of three

R(lepton)’s and the set of three A
(0,�)
FB ’s the respective errors

are fully correlated.

All the theory related errors mentioned above utilize

Standard Model programs which need the Higgs mass and

running electromagnetic coupling constant as inputs; un-

certainties on these inputs will also lead to common er-

rors. All LEP collaborations used the same set of inputs

for Standard Model calculations: MZ = 91.187 GeV, the

Fermi constant GF = (1.16637 ± 0.00001) × 10−5 GeV−2 [30],

α(5)(MZ) = 1/128.877 ± 0.090 [31], αs(MZ) = 0.119 [32],

Mtop = 174.3 ± 5.1 GeV [32] and MHiggs = 150 GeV. The only

observable effect, on MZ , is due to the variation of MHiggs

between 100–1000 GeV (due to the variation of the γ/Z inter-

ference term which is taken from the Standard Model): MZ

changes by +0.23 MeV per unit change in log10 MHiggs/GeV,

which is not an error but a correction to be applied once MHiggs

is determined. The effect is much smaller than the error on

MZ (±2.1 MeV).

Methodology of combining the LEP experimental results

The LEP experimental results actually used for combination

are slightly modified from those published by the experiments

(which are given in the Listings below). This has been done

in order to facilitate the procedure by making the inputs more

consistent. These modified results are given explicitly in [25].

The main differences compared to the published results are

(a) consistent use of ZFITTER 6.23 and TOPAZ0. The

published ALEPH results used ZFITTER 6.10. (b) use of the

combined energy error matrix which makes a difference of

0.1 MeV on the MZ and ΓZ for L3 only as at that intersection

the RF modeling uncertainties are the largest.

Thus, nine-parameter sets from all four experiments with

their covariance matrices are used together with all the com-

mon errors correlations. A grand covariance matrix, V , is

constructed and a combined nine-parameter set is obtained by

minimizing χ2 = ∆T V −1 ∆, where ∆ is the vector of residu-

als of the combined parameter set to the results of individual

experiments.

Having verified that the fit parameters for the individual

leptons are same within errors, each LEP experiment carried out

five parameter fits assuming lepton universality. These results

are also combined following the same methodology as for the

nine-parameter case. The Z listings give these as the “OUR

FIT” values.

Study of Z → bb and Z → cc

In the sector of c- and b-physics the LEP experiments have

measured the ratios of partial widths Rb = Γ(Z → bb)/Γ(Z →
hadrons) and Rc = Γ(Z → cc)/Γ(Z → hadrons) and the

forward-backward (charge) asymmetries Abb
FB and Acc

FB. The

SLD experiment at SLC has measured the ratios Rc and Rb

and, utilizing the polarization of the electron beam, was able

to obtain the final state coupling parameters Ab and Ac from a

measurement of the left-right forward-backward asymmetry of

b− and c−quarks. The high precision measurement of Rc at

SLD was made possible owing to the small beam size and very

stable beam spot at SLC, coupled with a highly precise CCD

pixel detector. Several of the analyses have also determined

other quantities, in particular the semileptonic branching ratios,

B(b → �−), B(b → c → �+), and B(c → �+), the average time-

integrated B0B
0

mixing parameter χ and the probabilities for

a c–quark to fragment into a D+, a Ds, a D∗+ , or a charmed

baryon. The latter measurements do not concern properties of

the Z boson and hence they do not appear in the listing below.

However, for completeness, we will report at the end of this

minireview their values as obtained fitting the data contained

in the Z section. All these quantities are correlated with the

electroweak parameters, and since the mixture of b hadrons is

different from the one at the Υ (4S), their values might differ

from those measured at the Υ (4S).
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All the above quantities are correlated to each other since:

• Several analyses (for example the lepton fits) deter-

mine more than one parameter simultaneously;

• Some of the electroweak parameters depend explic-

itly on the values of other parameters (for example

Rb depends on Rc);

• Common tagging and analysis techniques produce

common systematic uncertainties.

The LEP Electroweak Heavy Flavour Working Group has

developed [33] a procedure for combining the measurements tak-

ing into account known sources of correlation. The combining

procedure determines fourteen parameters: the six parameters

of interest in the electroweak sector, Rb, Rc, Abb
FB, Acc

FB, Ab and

Ac and, in addition, B(b → �−), B(b → c → �+), B(c → �+), χ,

f(D+), f(Ds), f(cbaryon) and P (c → D∗+)×B(D∗+ → π+D0),

to take into account their correlations with the electroweak

parameters. Before the fit both the peak and off-peak asym-

metries are translated to the common energy
√

s = 91.26 GeV

using the predicted energy dependence from ZFITTER [5].

Summary of the measurements and of the various kinds

of analysis

The measurements of Rb and Rc fall into two classes. In

the first, named single-tag measurement, a method for selecting

b and c events is applied and the number of tagged events is

counted. A second technique, named double-tag measurement,

has the advantage that the tagging efficiency is directly derived

from the data thereby reducing the systematic error on the

measurement.

The measurements in the b- and c-sector can be essentially

grouped in the following categories:

• Lifetime (and lepton) double-tagging measurements

of Rb. These are the most precise measurements

of Rb and obviously dominate the combined re-

sult. The main sources of systematics come from

the charm contamination and from estimating the

hemisphere b-tagging efficiency correlation;

• Analyses with D/D∗± to measure Rc. These mea-

surements make use of several different tagging

techniques (inclusive/exclusive double tag, exclu-

sive double tag, reconstruction of all weakly decay-

ing charmed states) and no assumptions are made

on the energy dependence of charm fragmentation;

• A measurement of Rc using single leptons and

assuming B(b → c → �+);

• Lepton fits which use hadronic events with one

or more leptons in the final state to measure the

asymmetries Abb
FB and Acc

FB. Each analysis usually

gives several other electroweak parameters. The

dominant sources of systematics are due to lepton

identification, to other semileptonic branching ratios

and to the modeling of the semileptonic decay;

• Measurements of Abb
FB using lifetime tagged events

with a hemisphere charge measurement. These

measurements dominate the combined result;

• Analyses with D/D∗± to measure Acc
FB or simulta-

neously Abb
FB and Acc

FB;

• Measurements of Ab and Ac from SLD, using several

tagging methods (lepton, kaon, D/D∗, and vertex

mass). These quantities are directly extracted from

a measurement of the left–right forward–backward

asymmetry in cc and bb production using a polarized

electron beam.

Averaging procedure

All the measurements are provided by the LEP and SLD

Collaborations in the form of tables with a detailed breakdown

of the systematic errors of each measurement and its dependence

on other electroweak parameters.

The averaging proceeds via the following steps:

• Define and propagate a consistent set of external

inputs such as branching ratios, hadron lifetimes,

fragmentation models etc. All the measurements

are checked to ensure that all use a common set of

assumptions (for instance since the QCD corrections

for the forward–backward asymmetries are strongly

dependent on the experimental conditions, the data

are corrected before combining);

• Form the full (statistical and systematic) covariance

matrix of the measurements. The systematic cor-

relations between different analyses are calculated

from the detailed error breakdown in the mea-

surement tables. The correlations relating several

measurements made by the same analysis are also

used;

• Take into account any explicit dependence of a

measurement on the other electroweak parameters.

As an example of this dependence we illustrate

the case of the double-tag measurement of Rb,

where c-quarks constitute the main background.

The normalization of the charm contribution is not

usually fixed by the data and the measurement of

Rb depends on the assumed value of Rc, which can

be written as:

Rb = Rmeas
b + a(Rc)

(Rc − Rused
c )

Rc
, (12)

where Rmeas
b is the result of the analysis which

assumed a value of Rc = Rused
c and a(Rc) is the

constant which gives the dependence on Rc;

• Perform a χ2 minimization with respect to the

combined electroweak parameters.
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After the fit the average peak asymmetries Acc
FB and Abb

FB

are corrected for the energy shift from 91.26 GeV to MZ and for

QED (initial state radiation), γ exchange, and γZ interference

effects to obtain the corresponding pole asymmetries A0,c
FB and

A0,b
FB.

This averaging procedure, using the fourteen parameters

described above and applied to the data contained in the Z

particle listing below, gives the following results (where the last

8 parameters do not depend directly on the Z):

R0
b = 0.21629± 0.00066

R0
c = 0.1721 ± 0.0030

A0,b
FB = 0.0992 ± 0.0016

A0,c
FB = 0.0707 ± 0.0035

Ab = 0.923 ± 0.020

Ac = 0.670 ± 0.027

B(b → �−) = 0.1071 ± 0.0022

B(b → c → �+) = 0.0801 ± 0.0018

B(c → �+) = 0.0969 ± 0.0031

χ = 0.1250 ± 0.0039

f(D+) = 0.235 ± 0.016

f(Ds) = 0.126 ± 0.026

f(cbaryon) = 0.093 ± 0.022

P (c → D∗+) × B(D∗+ → π+D0) = 0.1622 ± 0.0048

Among the non–electroweak observables the B semileptonic

branching fraction B(b → �−) is of special interest since the

dominant error source on this quantity is the dependence on

the semileptonic decay model for b → �−, with ∆B(b →
�−)b→�−−model = 0.0012. Extensive studies have been made

to understand the size of this error. Among the electroweak

quantities the quark asymmetries with leptons depend also on

the semileptonic decay model while the asymmetries using other

methods usually do not. The fit implicitely requires that the

different methods give consistent results and this effectively

constraints the decay model and thus reduces in principle the

error from this source in the fit result.

To obtain a conservative estimate of the modelling er-

ror the above fit has been repeated removing all asymmetry

measurements. The results of the fit on B–decay related ob-

servables are [24]: B(b → �−) = 0.1069 ± 0.0022, with

∆B(b → �−)b→�−−model = 0.0013, B(b → c → �+) = 0.0802 ±
0.0019 and χ = 0.1259 ± 0.0042.
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2�*��*�5 6�� %�(��	���	1 ��("%#�� :� ��� #%� 	� 	
� ���5*� 0�(I&��%�# �%0	��(	���
������

2�*-�*=*� 6� ���%"	 �� ��� � 	�	�" ���"� �� 33 � → �N �− ����	��
22<%�	�# ��"%�� �� *�5*�, 6� ��� ��� #���(	 '	� ��	�� �� � ��# � ���#%(	��� &����

��	
�� S9�; < 9�.��±�.��; × S9� ;� +- F ��O �� S9�; F 9�.62N�.��−�.�)±�.��; × S9� ;�

*��%��& 5	��#��#8��#�" ��"%� S9� ; F 2��: .�� 	
�� &���� S9�; < 2.6� ± �.�� ��

F 2.��N�.:�−�.3� ± �.���



��������

����� � ����� 	
�
� ������� ��������



� �	�� ����� �	�� ����� �	�� ����� �	�� ����

5(�"� ��(	��E
��#� ���(	��� 9S� ES; +��'#��(� "���"

$� �N �− 9 3.3�3 ±�.��) ; O
$2 µNµ− 9 3.3�� ±�.��� ; O
$3 τN τ− 9 3.3�� ±�.��6 ; O
$) �N �− A�B 9 3.3�:6±�.��23; O
$: !� !'!)�* 92�.�� ±�.�� ; O

$� %�&���' 9��.�� ±�.�� ; O

$� ���:		 �6� 9��.� ±�.� ; O

$6 ���:

:�� �6; 9�:.� ±�.) ; O

$� 		 9�2.�3 ±�.2� ; O

$�� �� 9�:.�2 ±�.�: ; O

$�� ���� 9 3.� ±�.3 ;× ��−)
$�2 � � � < �.� O +-F�:O

$�3 π� γ < :.2 × ��−: +-F�:O

$�) ηγ < :.� × ��−: +-F�:O

$�: ωγ < �.: × ��−) +-F�:O

$�� η′�<=>�γ < ).2 × ��−: +-F�:O

$�� γ γ < :.2 × ��−: +-F�:O

$�6 γ γ γ < �.� × ��−: +-F�:O

$�� π±�∓ A�B < � × ��−: +-F�:O

$2� ρ±�∓ A�B < 6.3 × ��−: +-F�:O

$2� �/ψ����( 9 3.:� N�.23
−�.2: ;× ��−3 5F���

$22 ψ����( 9 �.�� ±�.2� ;× ��−3
$23 χ������( 9 2.� ±�.� ;× ��−3
$2) χ�2����( < 3.2 × ��−3 +-F��O

$2: ����� ( :����� (
:��;�� (

9 �.� ±�.: ;× ��−)

$2� �����( < ).) × ��−: +-F�:O

$2� �����( < �.3� × ��−) +-F�:O

$26 ��;��( < �.) × ��−: +-F�:O

$2� ��� 6��� ( 92�.� ±2.� ; O

$3� �±( 9�2.2 ±�.� ; O

$3� �∗������±( A�B 9��.) ±�.3 ; O

$32 �
���=;?�
±( 9 3.� ±�.6 ;× ��−3

$33 �sJ ��=@;�
±( 9 :.6 ±2.2 ;× ��−3

$3) �∗′��?�<�±( ����(
�# ���

$3: �(
$3� �∗(
$3� �N( 9 �.�2 ±�.�: ; O

$36 ��
 ( 9 �.:� ±�.�3 ; O

$3� �N� ( ����(
�# ���

$)� �N� ( 9 �.:) ±�.33 ; O

$)� � A)��.�� ( 9 �.:� ±�.2� ; O

$)2 ���1����' γ: %�&���' A�B < 3.2 × ��−3 +-F�:O

$)3 �N �− γ A�B < :.2 × ��−) +-F�:O

$)) µNµ− γ A�B < :.� × ��−) +-F�:O

$): τN τ− γ A�B < �.3 × ��−) +-F�:O

$)� �N �−γ γ A�B < �.6 × ��−� +-F�:O

$)� �� γ γ A�B < :.: × ��−� +-F�:O

$)6 ν ν γ γ A�B < 3.� × ��−� +-F�:O

$)� �±µ∓  ! A�B < �.� × ��−� +-F�:O

$:� �± τ∓  ! A�B < �.6 × ��−� +-F�:O

$:� µ± τ∓  ! A�B < �.2 × ��−: +-F�:O

$:2 ��  �" < �.6 × ��−� +-F�:O

$:3 �µ  �" < �.6 × ��−� +-F�:O

+�, � !�&!-�"*' *�-% "./* �0 �*/"�� ��� µ� ��& τ�� ��" '�1 � *� "%*12

+�, �%*  ���* !' 0�� "%* '�1 �0 "%* -%���* '"�"*' �� /��"!-�*6��"!/��"!-�*
'"�"*' !�&!-�"*&2

+	 , �** "%* 5��"!-�* �!'"!��' )*��3 0�� "%* γ *�*��. ����* �'*& !� "%!' 1*�A
'��*1*�"2

+� , ��� �γ γ � �?� ± =� �*42

� 5������ #���
�� 5������ #���
�� 5������ #���
�� 5������ #���
�

$
(
�N �−

)
$�$

(
�N �−

)
$�$

(
�N �−

)
$�$

(
�N �−

)
$�

��� 	
� -�> �C������	�� 	
�� �����	�� �� ��	 #���(	"1 %��# �� 	
� �����"" '	 0%	 ��
#�����# %���& 	
� '	 ���%"	�G ��� 	
� W��	� �� 	
� � ������?

����� �)��� ���� ����	�
� �� ���
 ��		�
�

63.��±�.�2 ��� �,�63.��±�.�2 ��� �,�63.��±�.�2 ��� �,�63.��±�.�2 ��� �,�
63.��±�.2� �3���4 *��,��!, ��� �>*- ���(F 66P�) .��

63.:)±�.2� ����6I *���� ��7 !-> ���(F 66P�) .��

6).��±�.22 �2)�)I *++,*��, ��� -3 ���(F 66P�) .��

63.66±�.�� �*�*�� ��� *-�> ���(F 66P�) .��

62.6�±�.2�±�.6� 23 *�� �:. 5-! ���(F ��.3� .��

23*�� �:. �0	��� 	
�� ���%����	 ��� �
�0
� ����	� �� � ���	��(	�# '#%(��" ��&��� 	�
������ �1�	��	�(�� �
�1 %�� 	
� ��"%�� ��.�6� ��# 2.)6� .�� ��� 	
� � ��� ��#
	�	�" #�(�1 ��#	
 	� �C	��(	 	
�� ���	��" ��#	
�

$
(
µNµ−)

$2$
(
µNµ−)

$2$
(
µNµ−)

$2$
(
µNµ−)

$2
�
�� �����	�� �� ��	 #���(	"1 %��# �� 	
� �����"" '	 0%	 �� #�����# %���& 	
� '	 ���%"	�G
��� 	
� W��	� �� 	
� � ������?

����� �)��� ���� ����	�
� �� ���
 ��		�
�

63.��±�.�6 ��� �,�63.��±�.�6 ��� �,�63.��±�.�6 ��� �,�63.��±�.�6 ��� �,�
6).�3±�.3� �62�64 *��,��!, ��� �>*- ���(F 66P�) .��

6).)6±�.)� �:���I *���� ��7 !-> ���(F 66P�) .��

63.�:±�.)) ��3�)I *++,*��, ��� -3 ���(F 66P�) .��

6).�2±�.26 �*�*�� ��� *-�> ���(F 66P�) .��

$
(
τN τ−

)
$3$

(
τN τ−

)
$3$

(
τN τ−

)
$3$

(
τN τ−

)
$3

�
�� �����	�� �� ��	 #���(	"1 %��# �� 	
� �����"" '	 0%	 �� #�����# %���& 	
� '	 ���%"	�G
��� 	
� W��	� �� 	
� � ������?

����� �)��� ���� ����	�
� �� ���
 ��		�
�

6).�6±�.22 ��� �,�6).�6±�.22 ��� �,�6).�6±�.22 ��� �,�6).�6±�.22 ��� �,�
63.�)±�.)� �:��:4 *��,��!, ��� �>*- ���(F 66P�) .��

63.��±�.:6 ��)��I *���� ��7 !-> ���(F 66P�) .��

6).23±�.:6 ��3��I *++,*��, ��� -3 ���(F 66P�) .��

6).36±�.3� �*�*�� ��� *-�> ���(F 66P�) .��

$
(
�N �−

)
$)$

(
�N �−

)
$)$

(
�N �−

)
$)$

(
�N �−

)
$)

,� �%� '	 S9�N �−; �� #�'��# �� 	
� ���	��" � ��#	
 ��� 	
� #�(�1 ��	� � ���� �� ���"���
(
��&�# "��	���� �
�� �����	�� �� ��	 #���(	"1 %��# �� 	
� :8�����	�� '	 ���%��&
"��	�� %�������"�	1 0%	 �� #�����# %���& 	
� '	 ���%"	�� 5�� 	
� W��	� �� 	
� � ������?

����� �)��� ���� ����	�
� �� ���
 ��		�
�

63.�6)±�.�6� ��� �,�63.�6)±�.�6� ��� �,�63.�6)±�.�6� ��� �,�63.�6)±�.�6� ��� �,�
63.62 ±�.�: )���34 *��,��!, ��� �>*- ���(F 66P�) .��

63.6: ±�.�� 3���)I *���� ��7 !-> ���(F 66P�) .��

6).�) ±�.�� 3)��6I *++,*��, ��� -3 ���(F 66P�) .��

6).�2 ±�.�: :��I �*�*�� ��� *-�> ���(F 66P�) .��

$
(
!� !'!)�*

)
$:$

(
!� !'!)�*

)
$:$

(
!� !'!)�*

)
$:$

(
!� !'!)�*

)
$:

$� %�� ��"1 #���(	 ���%����	� �� 	
� ������0"� ���	��" ��#	
 %���& 	
� ���&"� �
�8
	�� (
����" 	� �0	��� 	
� �����&� ��"%� 7%�	�# 0�"��� ��� �,� ��"%� �� �0	����#
�� � #�J����(� 0�	���� 	
� 	�	�" ��# 	
� �0�����# ���	��" ��#	
� ���%��& "��	��
%�������"�	1�

����� �)��� ���� ����	�
� �� ���
 ��		�
�

)��.�± �.: ��� �,�)��.�± �.: ��� �,�)��.�± �.: ��� �,�)��.�± �.: ��� �,�

:�3 ±�� ��� *���*.�:�3 ±�� ��� *���*.�:�3 ±�� ��� *���*.�:�3 ±�� ��� *���*.� ����� ��("%#�� �(�"� ��(	�� �� ��2�

)�6 ±�2 ±�2 ���� *++,*��, �6 -3 ���(F 66P�) .��

:3� ±2� ±�� )�� *4��5 �:� �>*- ���(F 66P�) .��

):� ±3) ±3) 2:6 ��54�-,+ �3	 *-�> ���(F 66P�) .��

:)� ±6� ±)� :2 *!��* �2 -3 ���(F 66P�) .��

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
)�6.�± 2.� 2) *��,��!, ��� �>*- ���(F 66P�) .��

)�6.�± 3.2 2) *���� ��7 !-> ���(F 66P�) .��

)��.�± 2.� 2) *++,*��, ��� -3 ���(F 66P�) .��

)��.�± 2.: 2) �*�*�� ��� *-�> ���(F 66P�) .��

2)�
�� �� �� ��#���(	 #�	�����	��� �� S9������0"�; ��� � '	 	� 	
� ����0"� � #�(�1 �#���

$
(
%�&���'

)
$�$

(
%�&���'

)
$�$

(
%�&���'

)
$�$

(
%�&���'

)
$�

�
�� �����	�� �� ��	 #���(	"1 %��# �� 	
� :8�����	�� '	 ���%��& "��	�� %�������"�	1�
0%	 �� #�����# %���& 	
� '	 ���%"	�� 5�� 	
� W��	� �� 	
� � ������?

����� �)��� ���� ����	�
� �� ���
 ��		�
�

��)).)±2.� ��� �,���)).)±2.� ��� �,���)).)±2.� ��� �,���)).)±2.� ��� �,�
��):.)±3.: )���� *��,��!, ��� �>*- ���(F 66P�) .��

��36.�±).� 3���� *���� ��7 !-> ���(F 66P�) .��

��:�.�±3.6 3�:)� *++,*��, ��� -3 ���(F 66P�) .��

��)).�±3.) )���� �*�*�� ��� *-�> ���(F 66P�) .��

� ����	
��� ������� ����	
��� ������� ����	
��� ������� ����	
��� ������

��� �,� �� �0	����# %���& 	
� '	 ���(�#%�� ��# (����"�	���� �� #�	�����#
01 	
� -�> �"�(	�����I $��I��& .��%� 9��� 	
� @��	� �� 	
� � 0����D;�

$
(
%�&���'

)
6$

(
�N �−

)
$�6$�$

(
%�&���'

)
6$

(
�N �−

)
$�6$�$

(
%�&���'

)
6$

(
�N �−

)
$�6$�$

(
%�&���'

)
6$

(
�N �−

)
$�6$�

����� ���� ����	�
� �� ���
 ��		�
�

2�.6�)± �.�:� ��� �,�2�.6�)± �.�:� ��� �,�2�.6�)± �.�:� ��� �,�2�.6�)± �.�:� ��� �,�

2�.��2± �.�6) �3���4 2: *��,��!, ��� �>*- ���(F 66P�) .��

2�.66 ± �.�2 ����6I *���� ��7 !-> ���(F 66P�) .��

2�.6��± �.�6� �2)�)I *++,*��, ��� -3 ���(F 66P�) .��

2�.���± �.��: 2� �*�*�� ��� *-�> ���(F 66P�) .��

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
2�.� N��.�

− 6.6 �2 2� *��*�5 6�� ��42 ���(F 6�P�3 .��
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2:*��,��!, ��� ����� ��("%#�� �����C��	�"1 �.��� #%� 	� �	�	��	�(�� ���)� #%� 	� ����	
��"�(	��� �1�	��	�(�� ���2� #%� 	� 	
� 	
����	�(�" %�(��	���	1 �� #8(
����" ���#�(	����
��# ����) #%� 	� -�> ����&1 %�(��	���	1�

2��*�*�� ��� ����� ��("%#�� �����C��	�"1 �.��2 #%� 	� �	�	��	�(�� �.�33 #%� 	� �C����8
��	�" �1�	��	�(�� ��# �.�2� #%� 	� 	
� 	
����	�(�" %�(��	���	1 �� #8(
����" ���#�(	����

2�*��*�5 6�� 
��� ��("%#�# 0�	
 �	�	��	�(�" ��# �1�	��	�( %�(��	���	��� �� 	
��� 7%�	�#
�������

$
(
%�&���'

)
6$

(
µNµ−)

$�6$2$
(
%�&���'

)
6$

(
µNµ−)

$�6$2$
(
%�&���'

)
6$

(
µNµ−)

$�6$2$
(
%�&���'

)
6$

(
µNµ−)

$�6$2
��� �,� �� �0	����# %���& 	
� '	 ���(�#%�� ��# (����"�	���� �� #�	�����# 01 	
�
-�> �"�(	�����I $��I��& .��%� 9��� 	
� @��	� �� 	
� � 0����D;�

����� ���� ����	�
� �� ���
 ��		�
�

2�.�6:±�.�33 ��� �,�2�.�6:±�.�33 ��� �,�2�.�6:±�.�33 ��� �,�2�.�6:±�.�33 ��� �,�
2�.6��±�.�:6 �62�64 26 *��,��!, ��� �>*- ���(F 66P�) .��

2�.�: ±�.�6 �:���I *���� ��7 !-> ���(F 66P�) .��

2�.6��±�.��� ��3�)I *++,*��, ��� -3 ���(F 66P�) .��

2�.���±�.�:� 2� �*�*�� ��� *-�> ���(F 66P�) .��

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
�6.� N�.�

−:.3 �3 3� *��*�5 6�� ��42 ���(F 6�P�3 .��

26*��,��!, ��� ����� ��("%#�� �����C��	�"1 ���:� #%� 	� �	�	��	�(� ��# ���2� #%� 	�
����	 ��"�(	��� �1�	��	�(��

2��*�*�� ��� ����� ��("%#�� �����C��	�"1 �.�:3 #%� 	� �	�	��	�(� ��# �.�2� #%� 	�
�C������	�" �1�	��	�(��

3�*��*�5 6�� 
��� ��("%#�# 0�	
 �	�	��	�(�" ��# �1�	��	�( %�(��	���	��� �� 	
��� 7%�	�#
�������

$
(
%�&���'

)
6$

(
τN τ−

)
$�6$3$

(
%�&���'

)
6$

(
τN τ−

)
$�6$3$

(
%�&���'

)
6$

(
τN τ−

)
$�6$3$

(
%�&���'

)
6$

(
τN τ−

)
$�6$3

��� �,� �� �0	����# %���& 	
� '	 ���(�#%�� ��# (����"�	���� �� #�	�����# 01 	
�
-�> �"�(	�����I $��I��& .��%� 9��� 	
� @��	� �� 	
� � 0����D;�

����� ���� ����	�
� �� ���
 ��		�
�

2�.��)±�.�): ��� �,�2�.��)±�.�): ��� �,�2�.��)±�.�): ��� �,�2�.��)±�.�): ��� �,�
2�.632±�.��� �:��:4 3� *��,��!, ��� �>*- ���(F 66P�) .��

2�.6) ±�.�3 ��)��I *���� ��7 !-> ���(F 66P�) .��

2�.��2±�.�33 ��3��I *++,*��, ��� -3 ���(F 66P�) .��

2�.���±�.��2 32 �*�*�� ��� *-�> ���(F 66P�) .��

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
�:.2 N).6

−3.� 2� 33 *��*�5 6�� ��42 ���(F 6�P�3 .��

3�*��,��!, ��� ����� ��("%#�� �����C��	�"1 ���:: #%� 	� �	�	��	�(� ��# ����� #%� 	�
����	 ��"�(	��� �1�	��	�(��

32�*�*�� ��� ����� ��("%#�� �����C��	�"1 �.�:) #%� 	� �	�	��	�(� ��# �.�33 #%� 	�
�C������	�" �1�	��	�(��
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�1 ���"1 �% ���� �"" 	
� (
�� #�(�1� 	� �0	��� ��F �.��36 ± �.��)� ± �.��66 ±
�.���:9��;� �
�� �� (�0���# ��	
 �"" ������%� *-�> ���%����	� 9�*�*�� �61
��# ��54�-,+ �) � ��F �.��6� ± �.��:) ± �.���2; 	� �0	��� 	
� 7%�	�# ��"%��

)�*+4��5�*�� �6" %�� �� ��("%����E�C("%���� #�%0"� 	�&� ,� ��� T�	 '∗± ����� ���
�C("%����"1 ��(���	�%(	�# �� ������" #�(�1 (
����"� ��# �� 	
� ������	� T�	 � �"�� ����

9������	� (
��&� ��("%���� '∗±; 	�& �� %��#� �
� � (��	��	 �� 	
�� ���"� �� ���%��#
01 	
� ��%"	����%� #�	�(	��� �� � "��	�� �� ��� T�	 ��# �� ��("%����"1 ��(���	�%(	�#

'∗± ���� �� 	
� ������	� T�	� �
� �1�	��	�( ����� ��("%#�� �� %�(��	���	1 �� ±�.���
#%� 	� 	
� �C	����" 0���(
��& ��	����

)6*-�M*�!�� ��� �0	��� 	
�� ��"%� ��� #���(	 (
�� (�%�	��&� �%��& 	
� ���	��"

(��	��0%	���� ��� '�� 'N� 'N


� ��# (N

�
� ��# ���%��& 	
�	 �	���&�8(
���# 0��1���

�((�%�	 ��� 	
� �:O �� 	
� (N
�
���#%(	���� *� %�(��	���	1 �� ±�.��: #%� 	� 	
�

%�(��	���	��� �� 	
� (
�� 
�#��� 0���(
��& ��	��� �� ��("%#�# �� 	
� �����"" �1�	��	�(��
)��*�*�� �61 ������ � ��%"	����%� '	 	� 	
� � ��# � ���(	�� �� �"�(	���� ���

�#����( � #�(�1�� �
� ���"��	���( 0���(
��& ��	�� �9� → �; �� 	�I�� �� �.��6± �.��:
��# 	
� �1�	��	�( ����� ��("%#�� �� %�(��	���	1 �� ±�.��6) #%� 	� 	
���

:��*�*�� �61 �0	��� 	
�� ���%"	 (�0����& 	�� #�%0"�8	�&&��& 	�(
��7%��� 5���(
��& ���
� ' ���� �� ��(
 
����
��� 01 �%"" ��(���	�%(	��� �� �� �C("%���� #�(�1 �#� &����
��F �.��3 ± �.��) ± �.����� �
� ��� 	�& �� (�0���	��� ��	
 ��("%���� �#��	�'(�	���

%���& 	
� �"�� ���� ��� 	
� '∗N → '�πN #�(�1 �� 	
� ������	� 
����
��� 1��"#�
��F �.��� ± �.��2 ± �.���� �
� �� #����#��(� �� &���� 01 ��F �.��6�P�.�23×9��P
�.2�:�;� �
� 	
��� ���%����	� �� �*�*�� �61 ��� (�0���# ��	
 ��54�-,+ �) 
	� &��� 	
� �����&� ��F �.��6� ± �.��:) ± �.���2�

:�*���� �:� ������ � �C�% "�I�"�
��# '	 	� 	
� (�0���# � ��# � #��	��0%	����
�� ���&"� ��# #�"��	�� ���"��� �
� ��(��# ����� ��("%#�� �� %�(��	���	1 �� ±�.��2)
#%� 	� �#�"� ��# 0���(
��& ��	����

:2*4��5 �:� %�� 	
� ������(� �� � '∗± 	� 	�& � → � � ��	
 '∗ → '�π ��# '� →
� π� �
�1 ���%�� �� ∗S9� �;ES9
�#����; 	� 0� 9�.���± �.�::± �.���;×��−3� �
���
�� �� 	
� ���#%(	 0���(
��& ��	�� �9� → '∗;�9'∗ → '�π;�9'� → � π;� *��%��&

	
�	 �� ������ %�(
��&�# ��	
 ����&1� 	
�1 %�� �	� ��"%� 9�.�± �.:;×��−3 #�	�����#
�	 +�5�E>���* 	� �0	��� S9� �;ES9
�#����;� �
� ��(��# ����� �� *4��5 �:� ��("%#��
�� %�(��	���	1 �� ±�.��� ��� 	
� %�(��	���	1 �� �� �

:3��54�-,+ �) ������ � ��%"	����%� '	 	� 	
� � ��# � ���(	�� �� 0�	
 ���&"� ��#
#�"��	�� ����	��
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��� �,� �� �0	����# 01 � ��%"	����%� '	 	� ������" �8 ��# �87%��I ���%����	�
�� �C�"����# �� 	
� @��	� �� 	
� � 0�����D

�
� 5	��#��# ��#�" ���#�(	� ��F�.2�:6� ��� �#F��).3 .�� ��# �&F�:� .���

����� ����	�
� �� ���
 ��		�
�

�.2��2�±�.����� ��� �,��.2��2�±�.����� ��� �,��.2��2�±�.����� ��� �,��.2��2�±�.����� ��� �,�
�.2�:�)±�.����)±�.����: :) *�� �:7 5-! ���(F���26 .��

�.2��) ±�.���: ±�.��26 :: *++,*��, �� -3 ���(F 6�P�3 .��

�.2��6 ±�.���� ±�.���3 :� *��,��!, ��� �>*- ���(F 66P�) .��

�.2��3)±�.�����±�.����� :� *���� ��� !-> ���(F 66P�) .��

�.2�:� ±�.���� ±�.���� :6 �*�*�� ��7 *-�> ���(F 66P�) .��

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
�.2�)2 ±�.��3) ±�.���: :� *�� �6� 5-! ���"� 01 *�� �:7

�.2��: ±�.���) ±�.���� �� *+4��5�*�� ��3 �>*- ���"� 01 *��,��!, ���

�.2��� ±�.���� ±�.���3 �� �*�*�� ��" *-�> ���(F 66P�) .��

�.22� ±�.��� �2 *�� ��" 5-! ���"� 01 *�� �6�

�.22�� ±�.���� ±�.��2� �3 *���� �� !-> ���"� 01 *���� ���

�.2�): ±�.��6� ±�.���� �) *���� �:� !-> ���(F 66P�) .��

�.2�� ±�.��� ±�.��: �: ��54�-,+ �) *-�> ���(F 66P�) .��

�.2:� ±�.�)� ±�.�3� �� =*+��5�� �� ��42 ���(F �� .��

:)*�� �:7 %�� 
�#����( � #�(�1� (�""�(	�# #%���& ����P�6 	� �0	��� �� ����(
�# ���"� ��
�� ����	� %���& � #�%0"� 	�& �	
�#� �
� ���&"� 0P	�& �� �0	����# ��	
 � ��%��" ��	���I
	�����# 	� ������ L���%� #��(�����	��� %���& �� ���%	 ������" ��&��	%��� 9(����(	�#
��(��#��1 ���	�C ���� ���	�C #�(�1 "��&	
� %"	��"�(�	1 ��# 	�	�" ���	% �� 	
�

����
���G 	
� I�1 	�& �� �0	����# ��7%����& 	
� ��(��#��1 ���	�C (����(	�# ��� 	� 0�
�0��� 	
� 'P���� ���;� *�� �:7 �0	��� �b F�.2���) ± �.����6 ± �.����) �
���
	
� �1�	��	�( ����� ��("%#�� �� %�(��	���	1 �� ±������2 #%� 	� 	
� %�(��	���	1 �� �c�
�
� ��"%� �����	�# 
��� �� �0	����# ������"1 (�0����& ��	
 *�� �6�� �
� 7%�	�#
�1�	��	�( ����� ��("%#�� �� %�(��	���	1 �� ±������2 #%� 	� 	
� %�(��	���	1 �� �c�

::*++,*��, �� �0	��� 	
�� ���%"	 %���& � #�%0"�8	�&&��& 	�(
��7%�� ��	
 � 
�&
 � "��	��
	�& ��# �� ���(	 �����	�� 	�& �� ������	� 
����
�����

:�*��,��!, ��� 	�& � → �� #�(�1� %���& "��	��� ��#E�� ������	�# #�(�1 ���	�(��� �
�
�8	�&&��& �Æ(���(1 �� ���%��# #���(	"1 ��� 	
� #�	� %���& � #�%0"�8	�&&��& 	�(
��7%��

:�*���� ��� �0	��� 	
�� ���%"	 (�0����& �� � %"	������	� ���"1��� ������" 	�&&��& �	
8
�#� 9���(	 �����	�� ��# ��(��#��1 ���	�C ��(���	�%(	���� (��"���	�# 01 ����	
�
��� �����0"��;� ��� �� #�J����	 ��� �	� 5	��#��# ��#�" ��"%� �� �.��2� �� ������ ��−�.�2)×9�� P�.��2;�

:6�*�*�� ��7 (�0��� 	
� "���	��8��� 
����
��� 	�& 9�*�*�� ��"; ��	
 ����	 �
���
������	��� ��# "��	�� 	�& 	� �#��	��1 � → �� (��#�#�	��� �
�1 �%�	
�� %�� �8 ��#
%� 
8��"�(	��� 	�&� 	� �#��	��1 	
� 0�(I&��%�#� ��� �� #�J����	 ��� �	� 5	��#��# ��#�"
��"%� �� �.��2� �� ������ �� −�.���×9�� − �.��2;�

:�*�� �6� %�� � #�%0"� 	�& 0���# �� 3! ���(	 �����	�� ��	
 ��(���	�%(	��� �� ��(8
��#��1 ���	�(��� �
� (
�� 0�(I&��%�# �� ��#%(�# 01 ��7%����& 	
� ��������	 ��� �	
	
� ��(��#��1 ���	�C 	� 0� �0��� 2 .��� �
� �1�	��	�( ����� ��("%#�� �� %�(��	���	1 ��
±�.���2 #%� 	� 	
� %�(��	���	1 �� �� �

��*+4��5�*�� ��3 %�� "��	�� ��#E�� ������	�# #�(�1 ���	�C 	� 	�& ��#����#��	"1 ��(


����
���� +������& 	
� �%0��� �� ���&"�8 ��# #�%0"�8	�&&�# ����	�� 	
�1 #�	�����
	
� �8	�&&��& �Æ(���(1 #���(	"1 ��� 	
� #�	��

���*�*�� ��" (�0��� � "���	�� 	�& ��	
 � ��� (%	 0���# �� 	
� ��� #�J����(�
0�	���� � 
�#���� ��# � 
�#����� ,�("%#�# �� �*�*�� ��7�

�2*�� ��" �0	��� 	
�� ��"%� 01 (�0����& ���%"	� ��� 	
��� #�J����	 �8	�&&��& �	
�#�
92! ���(	 �����	��� 3! ���(	 �����	��� ��# 3! #���"�(�# ���	�C;�

�3*���� �� �0	��� 	
�� ���%"	 (�0����& ������" ���"1��� 9#�%0"� "���	�� 	�&� �C�# 	�&
��# %"	������	� ���"1���;� �
�� ��"%� �� �0	����# ���%��& ��FS9� �;ES9
�#����; F
�.��2� ��� � ��"%� �� �� #�J����	 ��� 	
�� 01 �� ��%�	 V�� 	
� (
��&� �� 	
� ��"%�
�� &���� 01 −�.�6� ·V�� �

�)*���� �:� ������ � �C�% "�I�"�
��# '	 	� 	
� (�0���# � ��# � #��	��0%	����
�� ���&"� ��# #�"��	�� ���"��� �
� ��(��# ����� ��("%#�� �� %�(��	���	1 �� ±�.��23
#%� 	� �#�"� ��# 0���(
��& ��	����

�:��54�-,+ �) ������ � ��%"	����%� '	 	� 	
� � ��# � ���(	�� �� 0�	
 ���&"� ��#
#�"��	�� ����	��

�� =*+��5�� �� 	�&&�# �� ����	� 01 ��7%����& (���(�#��(� �� ≥ 3 	��(I� ��	
 ��&��'(��	
���(	 �����	��� %���& ���	�C #�	�(	��� 51�	��	�( ����� ��("%#�� "���	�� ��# #�(�1
%�(��	���	��� 9±�.��);�
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:.2±�.� ��� *���*.�:.2±�.� ��� *���*.�:.2±�.� ��� *���*.�:.2±�.� ��� *���*.�
3.�±�.�±2.� �� *��,��!, �� �>*- ���(F 66P�) .��

�.�±�.�±�.) �6 *���� ��, !-> ���(F 66P�) .��

��*��,��!, �� %�� � ���"� �� ��%�8T�	 ����	� ��� 
�#����( � #�(�1�� �� ��
��(� 	
�
���� ��&��"� �	 "���	 	
��� �� 	
� ��%� T�	� ��� ��7%���# 	� 
��� � ��&��'(��	"1 #�	�(
�#
��(��#��1 ���	�C�

�6*���� ��, ���(� 
�#����( � #�(�1� ��	� 3 T�	� 	� %�� �"" 	
� ����"�0"� �
��� ���(�
��# ��7%��� � � 	�& ��� ����1 T�	� �
�� #�(�1 �#� ��("%#�� �����1 ��# ��(��#��1 )�
���#%(	���� �+�� ��� &"%�� ��"�		��& 	� ���
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<�.�× ��−2<�.�× ��−2<�.�× ��−2<�.�× ��−2 �: �� *���� ��$ !-> ���(F 66P�) .��
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�� 0���(
��& ��	�� �� �"�&
	"1 #����#��	 �� 	
� T�	8'�#�� �"&���	
� �
� ��"%� �� 7%�	�
�� �0	����# %���& 	
� =*!� �"&���	
� �
�"� %���& 	
� !�� *� �"&���	
 *���� ��$

�0	��� �� %���� "��	 �� �.:× ��−2�
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π� γ

)
6$	�	�" $�36$$
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)
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)
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� �� ���
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<:.2× ��−:<:.2× ��−:<:.2× ��−:<:.2× ��−: �: �� *++,*��, �: -3 ���(F 66P�) .��

<:.:× ��−: �: *���� �)� !-> ���(F 66P�) .��

<2.�× ��−) �: !�+*�> �2 *-�> ���(F 66P�) .��

<�.)× ��−) �: *4�*$� ��7 �>*- ���(F 66P�) .��
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/
γ γ �
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<�.�× ��−: �: *++,*��, �: -3 ���(F 66P�) .��

<6.�× ��−: �: *���� �)� !-> ���(F 66P�) .��

<:.�× ��−:<:.�× ��−:<:.�× ��−:<:.�× ��−: �: !�+*�> �2 *-�> ���(F 66P�) .��

<2.�× ��−) �: *4�*$� ��7 �>*- ���(F 66P�) .��
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<�.:× ��−)<�.:× ��−)<�.:× ��−)<�.:× ��−) �: *���� �)� !-> ���(F 66P�) .��
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<:.2× ��−:<:.2× ��−:<:.2× ��−:<:.2× ��−: �: �� *++,*��, �: -3 ���(F 66P�) .��

<:.:× ��−: �: *���� �)� !-> ���(F 66P�) .��
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�.�66�±�.��3��.�66�±�.��3��.�66�±�.��3��.�66�±�.��3� �) *�!*--* �33 !-> ���( F 66P�) .��

�)*�!*--* �33 ���%�� 	
� ���#%(	��� ���(	��� �� "N ����� �� 
�#����( � #�(�1�

�9"N; F 9)�.�� ± �.62 ± �.��;O� �
� ��"%� 7%�	�# 
��� �� �0	����# %"	��"1��& 	
��
���#%(	��� ���(	��� 01 �%� ��"%� �� �b F S9� �;ES9
�#����;�
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@��� ��*-�*�,��D �� �0	����# %���& �%� (%����	 ��"%�� ��� �9� → "�


; ��# �b F

S9��;ES9
�#����;� $� (�"(%"�	� S9"�


;ES9
�#����; F �b × �9� → "�
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����� ����	�
� �� ���
 ��		�
�

�.�22:±�.���� ��� ��*-�*�,���.�22:±�.���� ��� ��*-�*�,���.�22:±�.���� ��� ��*-�*�,���.�22:±�.���� ��� ��*-�*�,��
���� �: *���� �2) !-> ���(F 66P�) .��

���� �� *+��� �2* �>*- ���(F 66P�) .��

���� �� ��54�-,+ �2" *-�> ���(F 66P�) .��

�:*���� �2) �����	�# ��"%� �� S9"�


M;∗�9"�



→ '
 µνµM; ∗�9'
 → φπ;

/
S9
�#����;

F 9�6 ± 6; × ��−:�
��*+��� �2* '�# ���#��(� ��� "�



���#%(	��� %���& '
 8� (����"�	����� ��	
 '

N



→ φπN

��# �∗96�2;�N� *��%��& �� ��� 	
� 5	��#��# ��#�" ��# �����&��& ���� 	
� � ��#

µ (
����"�� �%	
��� ���%�� 	
� ���#%(	 0���(
��& ���(	��� 	� 0� �9� → "�


;×�9"�



→

'−



�N ν�M;×�9'−



→ φπ−; F 93.� ± �.� ± �.6;× ��−)�
����54�-,+ �2" '�# ���#��(� ��� "�



���#%(	��� %���& '
 8� (����"�	����� ��	
 'N



→

φπN ��# �∗96�2;�N� ����& �9'N



→ φπN; F 92.� ± �.�;O ��# �%��& %� 	
�

� ��# µ (
����"�� 	
� ���&
	�# �����&� ���#%(	 0���(
��& ���(	��� �� ���%��# 	� 0�

�9� → "�


;×�9"�



→ '−



�N ν�M; F �.�)� ± �.���N�.���−�.��2�
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����(
�# ��� �6 *+4��5�*�� �6� �>*- ���(F 66P�) .��

����(
�# ��� �� *���� ��" !-> ���(F 66P�) .��

����(
�# ��� ��� �*�*�� ��! *-�> ���(F 66P�) .��

�6*+4��5�*�� �6� ����(
�# ��� 	
� #�(�1 �#�� "� → ,/ψπN� ,/ψ�N
�
� ��#

,/ψ�N ν�� ��	
 ,/ψ → �N �−� � F ��µ� �
� �%0�� �� (��#�#�	�� 90�(I&��%�#; ���
	
� 	
��� #�(�1 �#�� �� 2 9�.�3± �.2;� � 9�.��± �.22;� ��# � 9�.62± �.��; �����(	���"1�
,�	�����	��& 	
� 2"� → ,/ψπN (��#�#�	�� �� ��&��"� 	
�1 �����	 S9"N

�
M;×�9"� →

,/ψπN;ES9
�#����; F93.6N:.�−2.)± �.:;×��−:� ,�	�����	�# �� 0�(I&��%�#� 	
� ��O +-

0�%�#� ��� S9"N
�
M;∗�9"� → ,/ψπN;ES9
�#����; < �.��×��−)� S9"N

�
M;∗�9"� →

,/ψ�N
�
;ES9
�#����; < :.2� × ��−)� S9"N

�
M;∗�9"� → ,/ψ�N ν�;ES9
�#����; <

�.�� × ��−:�
��*���� ��" ����(
�# ��� 	
� #�(�1 �#�� "� → ,/ψπN� ,/ψ�N ν�� ��# ,/ψ 93π;N�

��	
 ,/ψ → �N �−� �F ��µ� �
� �%0�� �� (��#�#�	�� 90�(I&��%�#; ��� 	
� 	
��� #�(�1
�#�� �� � 9�.�;� � 9�.3;� ��# � 92.3; �����(	���"1� �
�1 �����	 	
� ��""����& ��O +- "�8

�	�R S9"N
�
M;∗�9"� → ,/ψπN;ES9
�#����; <9�.�:P�.6);× ��−)� S9"N

�
M;∗�9"� →

,/ψ�ν�;ES9
�#����; <9:.6P:.�; × ��−:� S9"N
�
M;∗�9"� → ,/ψ 93π;N;ES9
�#����;

< �.�:× ��−)� �
��� 	
� ���&�� ��� #%� 	� 	
� ���#�(	�# "� "���	�� 9�.)P�.); ���
����*�*�� ��! ����(
�# ��� 	
� #�(�1 �#�� "� → ,/ψπN ��# ,/ψ�N ν� ��	


,/ψ → �N �−� � F ��µ� �
� �%0�� �� (��#�#�	�� 90�(I&��%�#; ��� 	
� 	�� #�8
(�1 �#�� �� � 9�.)); ��# 2 9�.6�; �����(	���"1� �
�1 �����	 	
� ��""����& ��O +-

"��	�R S9"N
�
M;∗�9"� → ,/ψπN;ES9
�#����; < 3.�× ��−: ��# S9"N

�
M;∗�9"� →

,/ψ�N ν�;ES9
�#����; < :.2× ��−:�
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*� 	
� �C������	� ���%� #�J����	 ��"%�� �� 	
� �80��1�� (��	��0%	���� �%� �����&�
�
�%"# 0� 	�I�� ��	
 (�%	���� ,� �� ���%� � (��� 0��1�� ���#%(	��� ���(	��� ��
9��.6 ± 2.�;O �� &���� �� 	
� 2��2 �#�	��� �� 	
�� ������ ��� *���*.� 0�(���
�.�: ± �.�)�

����� ���� ����	�
� �� ���
 ��		�
�

�.�: ±�.�) ��� *���*.��.�: ±�.�) ��� *���*.��.�: ±�.�) ��� *���*.��.�: ±�.�) ��� *���*.�

�.���±�.�3�±�.�63 ��� *+4��5�*�� ��) �>*- ���(F 66P�) .��

�.���±�.�2�±�.��� ��2 ��54�-,+ ��� *-�> ���(F 66P�) .��

�.�2 ±�.�3 ±�.�� ��3 *���� �:� !-> ���(F 66P�) .��

�.�� ±�.�6 ±�.�� �3�6 ��) *++,*��, �:� -3 ���(F 66P�) .��

���*+4��5�*�� ��) %�� �� ��("%���� " ��(���	�%(	��� �	
�# ��# ���%� � 9�3.2 ±
).�;O �80��1�� (��	��0%	���� �
� ��"%� ������ 	� � �8L�����# ���� �C	%�� �� "% � "� �
��# "
 �

��2��54�-,+ ��� %�� �� ��("%���� ��(���	�%(	��� �� " 
�#���� ��# ���%� � 9�2.2 ±
).3;O �80��1�� (��	��0%	���� �
� ��"%� ������ 	� � �8L�����# �C	%�� �� "% � "� � ��#
"
 �

��3*���� �:� %�� �� ��("%���� "8��(���	�%(	��� �	
�# ��# ���%� � 9��± );O �80��1��
(��	��0%	���� �
� ��"%� ������ 	� � �8L�����# ���� �C	%�� �� "% � "� � ��# "
 �

��)*++,*��, �:� ���%� � �.)O �80��1�� (��	��0%	���� �
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�.�22±�.��: ��� *���*.��.�22±�.��: ��� *���*.��.�22±�.��: ��� *���*.��.�22±�.��: ��� *���*.�
�.�2)±�.��:±�.��� ��: *-�M*�!�� ��� �>*- ���(F 66P�) .��

�.�2�±�.��3±�.��: ��� ��54�-,+ ��
 *-�> ���( F 66P�) .��

��:*-�M*�!�� ��� ���%�� �b × �9� → (N
�
	 ; × �9(N

�
→ ��−πN; F 9�.�22 ±

�.�23 ± �.���;O �� 
�#����( � #�(�1�G 	
� ��"%� 7%�	�# 
��� �� �0	����# %���& �%� 0��	

��"%� �9(N
�

→ ��−πN; F 9:.�± �.3;O� �
� '��	 ����� �� 	
� 	�	�" �C������	?� �����
��# 	
� ��(��# ����� �� 	
� �1�	��	�( ����� #%� 	� 	
� 0���(
��& ���(	��� %�(��	���	1�

�����54�-,+ ��
 �0	��� 	
� ���#%(	��� ���(	��� �� (N
�
0��1��� �� 
�#����( � #�(�1�

�9� → (N
�
	 ; F �.��� ± �.��) ± �.��� %���& �9(N

�
→ ��−πN; F 9).) ± �.�;OG ��


��� ���(�"�# %���& �%� 0��	 ��"%� �9(N
�

→ ��−πN; F 9:.�± �.3;O �0	�����& �9� →
(N
�
	 ; F �.��� ± �.��3 ± �.�2: �
��� 	
� '��	 ����� �� 	
��� 	�	�" �C������	?� �����

��# 	
� ��(��# ����� �� 	
� �1�	��	�( ����� #%� 	� 	
� 0���(
��& ���(	��� %�(��	���	1�
�
� ��"%� 7%�	�# 
��� �� �0	����# %"	��"1��& 	
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@��� ��*-�*�,��D �� �0	����# %���& �%� (%����	 ��"%�� ��� �9� → �80��1��; ��#
�b F S9��;ES9
�#����;� $� (�"(%"�	� S9�80��1�� M;ES9
�#����; F �b × �9� →
�80��1��;�
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� �� ���
 ��		�
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�.�2��±�.��3� ��� ��*-�*�,���.�2��±�.��3� ��� ��*-�*�,���.�2��±�.��3� ��� ��*-�*�,���.�2��±�.��3� ��� ��*-�*�,��
�.�22�±�.���:±�.��:6�.�22�±�.���:±�.��:6�.�22�±�.���:±�.��:6�.�22�±�.���:±�.��:6 ��� �*�*�� �6� *-�> ���(F 66P�) .��

����*�*�� �6� %�� 	
� �����"" �%0�� �� �#��	�'�# ���	��� �� �8
�#��� #�(�1� 	� ���%��
�9� → �80��1��; F �.��2 ± �.��� ± �.�2�� �
�1 ���%� ��9�80��1��→ �	 ; F

9:6 ± �;O ��# ��9"�



→ �	 ; F 96.� ± ).�;O� �
� ��"%� 7%�	�# 
��� �� �0	����#
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<2.:× ��−� �: *���� ��� !-> ���(F 66P�) .��

<�.�× ��−�<�.�× ��−�<�.�× ��−�<�.�× ��−� �: *4��5 �:6�>*- ���(F 66P�) .��

<�.�× ��−: �: *!�,*�, �3� -3 ���(F 66P�) .��

<2.�× ��−: �: !�+*�> �2 *-�> ���(F 66P�) .��
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<�.6× ��−�<�.6× ��−�<�.6× ��−�<�.6× ��−� �: *4��5 �:6�>*- ���(F 66P�) .��

<�.3× ��−: �: *!�,*�, �3� -3 ���(F 66P�) .��

<�.2× ��−) �: !�+*�> �2 *-�> ���(F 66P�) .��
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<�.2× ��−:<�.2× ��−:<�.2× ��−:<�.2× ��−: �: *���� ��� !-> ���(F 66P�) .��

<�.�× ��−: �: *4��5 �:6�>*- ���(F 66P�) .��

<�.�× ��−: �: *!�,*�, �3� -3 ���(F 66P�) .��

<�.�× ��−) �: !�+*�> �2 *-�> ���(F 66P�) .��
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<�.6× ��−�<�.6× ��−�<�.6× ��−�<�.6× ��−� �: ��� *��,��!, ��� �>*- ���(F 66P�) .��
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�9� → �80��1��; F �.��� ± �.���
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������	 � �	���4��� 5����	� �����5��	���� �� 
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2�.��±�.�2±�.�:2�.��±�.�2±�.�:2�.��±�.�2±�.�:2�.��±�.�2±�.�: *+4��5�*�� �6� �>*- ���(F ��.2 .��〈
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��.�3 ±�.�� ��� *���*.���.�3 ±�.�� ��� *���*.���.�3 ±�.�� ��� *���*.���.�3 ±�.�� ��� *���*.�

��.���±�.2�� *�� �)� 5-! ���( F ���2 .��

��.2� ±�.�� ±�.66 *���� �6	 !-> ���(F ��.2 .��

��.�) ±�.3� �*�*�� �6� *-�> ���(F ��.2 .��
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π�

〉〈
π�

〉〈
π�

〉〈
π�

〉
����� ����	�
� �� ���
 ��		�
�

�.��±�.2� ��� *���*.��.��±�.2� ��� *���*.��.��±�.2� ��� *���*.��.��±�.2� ��� *���*.�
�.::±�.��±�.�: *+4��5�*�� �6� �>*- ���(F ��.2 .��

�.�3±�.�3±�.�3 �*�*�� ��. *-�> ���(F ��.2 .��

�.��±�.�2±�.33 *++,*��, �� -3 ���(F ��.2 .��
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�.��±�.�3±�.�� *+4��5�*�� �6� �>*- ���(F ��.2 .��

�.�3±�.��±�.�� *++,*��, �� -3 ���(F ��.2 .��

WEIGHTED AVERAGE
1.01±0.08 (Error scaled by 1.3)

ACCIARRI 96 L3 0.9
ACKERSTAFF 98A OPAL 0.2
HEISTER 02C ALEP 2.5

χ2

       3.5
(Confidence Level = 0.171)
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� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
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〉
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� �#��&�� 0�"���

�.��:±�.��6 *�� ��" 5-! ���(F ��.2 .��
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WEIGHTED AVERAGE
0.098±0.006 (Error scaled by 2.0)

BUSKULIC 96H ALEP 7.3
ABREU 96U DLPH 0.7
ACKERSTAFF 98Q OPAL 3.5
ABE 99E SLD 0.8

χ2

      12.4
(Confidence Level = 0.006)
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2.2) ±�.�) ��� *���*.�2.2) ±�.�) ��� *���*.�2.2) ±�.�) ��� *���*.�2.2) ±�.�) ��� *���*.�

2.2�3±�.��� *�� �)� 5-! ���( F ���2 .��

2.2� ±�.�: ±�.�: *���� �6	 !-> ���(F ��.2 .��

2.2� ±�.�2 �*�*�� �6� *-�> ���(F ��.2 .��
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2.�� ±�.�6 *�� ��" 5-! ���(F ��.2 .��

2.�2)±�.���±�.�)2 *++,*��, ��	 -3 ���(F ��.2 .��

�.��2±�.�22±�.�:� *���� �:	 !-> ���(F ��.2 .��

�.�� ±�.�� ±�.�) *4��5 �:, �>*- ���(F ��.2 .��

WEIGHTED AVERAGE
2.039±0.025 (Error scaled by 1.3)

AKERS 95U OPAL 1.4
ABREU 95L DLPH 1.6
ACCIARRI 97L L3 0.1
ABE 99E SLD 0.1
BARATE 00O ALEP 3.4

χ2

       6.7
(Confidence Level = 0.152)
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�.��2±�.�3�±�.�:� *���� �:	 !-> ���(F ��.2 .��
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�∗96�2;�

〉〈
�∗96�2;�

〉〈
�∗96�2;�

〉〈
�∗96�2;�

〉
����� ����	�
� �� ���
 ��		�
�

�.�3�±�.�22 ��� *���*.��.�3�±�.�22 ��� *���*.��.�3�±�.�22 ��� *���*.��.�3�±�.�22 ��� *���*.�
�.���±�.�)� *�� ��" 5-! ���(F ��.2 .��

�.�) ±�.�2 ±�.�2 *+4��5�*�� ��$ �>*- ���(F ��.2 .��

�.�� ±�.�2 ±�.�� *���� ��, !-> ���(F ��.2 .��

�.63 ±�.�� ±�.�� ��54�-,+ ��! *-�> ���(F ��.2 .��
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• • • $� #� ��	 %�� 	
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�.���±�.���±�.��) *-�M*�!�� ��� �>*- ���(F ��.2 .��

�.2:�±�.�2�±�.�2: ��54�-,+ �). *-�> ���(F ��.2 .��

�.���±�.���±�.�2) �22 *���� �3� !-> ���(F ��.2 .��

�225�� *���� �: 9����	%;�

WEIGHTED AVERAGE
0.187±0.020 (Error scaled by 1.5)

ABREU 93I DLPH 0.2
BUSKULIC 94J ALEP 3.1
ALEXANDER 96R OPAL 1.1

χ2

       4.3
(Confidence Level = 0.114)

0.1 0.15 0.2 0.25 0.3 0.35 0.4〈
�
'±

〉
〈
'�

〉〈

'�

〉〈
'�

〉〈

'�

〉
����� ����	�
� �� ���
 ��		�
�
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�2: 5�� *���� �: 9����	%;�



������������

��� ��� �� ���� 	
� �����������	
�
����������������


〈
'��92:3�;

9

〉〈
'��92:3�;

9

〉〈
'��92:3�;

9

〉〈
'��92:3�;

9

〉
����� �/5�+� ��−#� ����	�
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ψ92-;

〉〈
ψ92-;

〉〈
ψ92-;

〉〈
ψ92-;

〉
����� ����	�
� �� ���
 ��		�
�
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� �� ���
 ��		�
�

�.�)�±�.�2� ��� *���*.��.�)�±�.�2� ��� *���*.��.�)�±�.�2� ��� *���*.��.�)�±�.�2� ��� *���*.�
�.�:)±�.�3: *�� �)� 5-! ���( F ���2 .��

�.�6 ±�.�) ±�.�3 *���� �6	 !-> ���(F ��.2 .��
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29�232;99

〉〈
29�232;99

〉〈
29�232;99

〉〈
29�232;99

〉
����� ����	�
� �� ���
 ��		�
�
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�.)�)±�.��2±�.��� �*�*�� ��� *-�> ���(F ��.2 .��
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WEIGHTED AVERAGE
0.388±0.009 (Error scaled by 1.7)

ABREU 93L DLPH 3.2
ALEXANDER 97D OPAL 1.9
ACCIARRI 97L L3 1.9
ABE 99E SLD 0.1
BARATE 00O ALEP 4.8

χ2

      11.9
(Confidence Level = 0.018)
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WEIGHTED AVERAGE
20.76±0.16 (Error scaled by 2.1)

ABRAMS 90 MRK2 0.2
ADEVA 91I L3 0.0
ABREU 91H DLPH 0.0
ACTON 92B OPAL 2.2
BUSKULIC 95R ALEP 0.5
AKERS 95Z OPAL 2.1
ABREU 99 DLPH 5.1
ACHARD 03G L3 7.3

χ2

      17.5
(Confidence Level = 0.015)
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)�.:3:±�.�:: 3�:)� *++,*��, ��� -3 ���(F 66P�) .��

)�.::�±�.�:6 )���� �3� �*�*�� ��� *-�> ���(F 66P�) .��

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
)2 ±) ):� *��*�5 6�� ��42 ���(F 6�.2P�3.� .��

�3�*��,��!, ��� ����� ��("%#�� �����C��	�"1 ���3� #%� 	� �	�	��	�(�� ���33 #%� 	� ����	
��"�(	��� �1�	��	�(�� ���2� #%� 	� %�(��	���	1 �� "%�����	1 ���%����	� ��# �����
#%� 	� -�> ����&1 %�(��	���	1�

�3��*�*�� ��� ����� ��("%#�� �����C��	�"1 �.�3� #%� 	� �	�	��	�(�� �.�2� #%� 	� �C����8
��	�" �1�	��	�(�� ��# �.�2: #%� 	� %�(��	���	1 �� "%�����	1 ���%����	�

� 4	��� 	��5����� �� 	
���� �5����� 4	��� 	��5����� �� 	
���� �5����� 4	��� 	��5����� �� 	
���� �5����� 4	��� 	��5����� �� 	
���� �5����

�
��� 7%��	�	��� ��� 	
� �J�(	��� ��(	�� (�%�"��&� �� 	
� � 	� (
��&�#
"��	���� �
��� �&��	%#� �� #�����# ��� � ���%����	 �� 	
� � "���8
�
��� ��# 	
� ������#80�(I���# "��	�� ��1�	���� �� � �%�(	��� �� ��8
��&1 ���%�# 	
� � ���� �
� ��"�	��� ��&� ���& 	
� ��(	�� 	� �C��"8��(	��
(�%�"��&� �� �0	����# ��� � ���%����	 �� 	
� � ��1�	�1 �����8
	���� �� � �µ� ��# �τ � �1 (�����	��� 	
� ��&� �� �

�
�
�� 'C�# 	� 0� ��&�	���

9��# ������	� 	� 	
�	 �� �ν �0	����# %���& ν� �(�		����& ���%����	�;�
�
� '	 ��"%�� 7%�	�# 0�"�� (��������# 	� &"�0�" ����8 �� '��8�����	��
'	� 	� "����
���� "��	�� ������#80�(I���# ��1�	�1� ��# �� � �µ� ��#
�τ ���%����	�� 5�� @��	� �� 	
� � 0����D ��� #�	��"�� $
��� ��

#�	� �� 7%�	�#� ��� �,� ��"%� (��������#� 	� � ���&
	�# �����&� �� 	
��
��	
 	
� -�>E5-! '	 ���%"	�

� ���
�
��
�
�

� ��
����� ���� ����	�
� �� ���
 ��		�
�

−�.�36��±�.���)� ��� �,�−�.�36��±�.���)� ��� �,�−�.�36��±�.���)� ��� �,�−�.�36��±�.���)� ��� �,�
−�.�:6 ±�.��� ±�.��� :�2� �32 *+�5�* �:) +!� �

��
( F ���� ���

−�.�3)� ±�.��23 �3���4 �33 *��,��!, ��� �>*- ���(F 66P�) .��

−�.�)�2 ±�.��2� �2)�)I �3) *++,*��, ��� -3 ���(F 66P�) .��

−�.�)�� ±�.��3� �*�*�� ��� *-�> ���(F 66P�) .��

−�.�)�) ±�.��2� �3: *�� �:. 5-! ���(F ��.3� .��

�32*+�5�* �:) #�	����� 	
� ������#P0�(I���# ��1�	�1 �� �N �− ����� ���#%(�# ���

�� → �Eγ∗ → �N �− �� �: �9�N �−; �J�(	��� ��� 0��� ���&��& ��� )� .�� 	� ���
.��� �
��� ���%"	� ��� %��# 	� �0	��� 	
� ��(	�� ��# �C��"P��(	�� (�%�"��&� �� 	
� � 	�

�N �−� ���%��& 	
� 7%��I (�%�"��&� ��� �� ���#�(	�# 01 	
� �	��#��# �#�"�
�33*��,��!, ��� %�� 	
��� ���%����	 �� 	
� τ ��"���/�	��� �� �##�	��� 	� 	
� "����
���

��# ������#80�(I���# "��	�� ��1�	�����
�3)*++,*��, ��� %�� 	
��� ���%����	 �� 	
� τ ��"���/�	��� �� �##�	��� 	� ������#8

0�(I���# "��	�� ��1�	�����
�3:*�� �:. �0	��� 	
�� ���%"	 (�0����& ��"���/�# �
�0
� ���%"	� ��	
 	
� � � ���%��8

��	 �� *�� �)�� �
� �
�0
� ���%"	� �"��� &��� −�.�:�� ± �.���� ± �.��2��

�
µ
�

�
µ
��
µ
�

�
µ
�

����� ���� ����	�
� �� ���
 ��		�
�

−�.�3��±�.��23 ��� �,�−�.�3��±�.��23 ��� �,�−�.�3��±�.��23 ��� �,�−�.�3��±�.��23 ��� �,�
−�.�366N�.����−�.���) �62�64 �3� *��,��!, ��� �>*- ���(F 66P�) .��

−�.�36�±�.���3 ��3�)I �3� *++,*��, ��� -3 ���(F 66P�) .��

−�.�3�2±�.���� �*�*�� ��� *-�> ���(F 66P�) .��

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
−�.�)�3±�.���� ���)3 �36 *��,��!, ��3 �>*- ���(F 6�P�3 .��

�3�*��,��!, ��� %�� 	
��� ���%����	 �� 	
� τ ��"���/�	��� �� �##�	��� 	� 	
� "����
���
��# ������#80�(I���# "��	�� ��1�	�����

�3�*++,*��, ��� %�� 	
��� ���%����	 �� 	
� τ ��"���/�	��� �� �##�	��� 	� ������#8
0�(I���# "��	�� ��1�	�����

�36*��,��!, ��3 �0	��� 	
�� ��� �� ��&%"�� ���"1��� �� 	
� %�� ���� ��1�	�1 �
�(

	�I�� ��	� �((�%�	 �J�(	� �� ���	��" �	�	� ��#��	��� �� �� ����	 01 ����	 0���� ��# ��
���	��"8'��" �	�	� ��	�������(��

� τ
�

� τ
��
τ
�

� τ
�

����� ���� ����	�
� �� ���
 ��		�
�

−�.�3��±�.���� ��� �,�−�.�3��±�.���� ��� �,�−�.�3��±�.���� ��� �,�−�.�3��±�.���� ��� �,�
−�.�3�:±�.��23 �:��:4 �3� *��,��!, ��� �>*- ���(F 66P�) .��

−�.�36)±�.��2� ��3��I �)� *++,*��, ��� -3 ���(F 66P�) .��

−�.�3��±�.���6 �*�*�� ��� *-�> ���(F 66P�) .��

�3�*��,��!, ��� %�� 	
��� ���%����	 �� 	
� τ ��"���/�	��� �� �##�	��� 	� 	
� "����
���
��# ������#80�(I���# "��	�� ��1�	�����

�)�*++,*��, ��� %�� 	
��� ���%����	 �� 	
� τ ��"���/�	��� �� �##�	��� 	� ������#8
0�(I���# "��	�� ��1�	�����

� �
�

� �
��
�
�

� �
�

����� ���� ����	�
� �� ���
 ��		�
�

−�.�3�63±�.���)� ��� �,�−�.�3�63±�.���)� ��� �,�−�.�3�63±�.���)� ��� �,�−�.�3�63±�.���)� ��� �,�
−�.�3:6 ±�.���) )���34 �)� *��,��!, ��� �>*- ���(F 66P�) .��

−�.�3�� ±�.��2� 3���)I �)2 *���� ��7 !-> ���(F 66P�) .��

−�.�3�� ±�.���� 3)��6I �)3 *++,*��, ��� -3 ���(F 66P�) .��

−�.�363 ±�.���6 :��I �*�*�� ��� *-�> ���(F 66P�) .��

�)�*��,��!, ��� %�� 	
��� ���%����	 �� 	
� τ ��"���/�	��� �� �##�	��� 	� 	
� "����
���
��# ������#80�(I���# "��	�� ��1�	�����

�)2����& ������#80�(I���# "��	�� ��1�	�����
�)3*++,*��, ��� %�� 	
��� ���%����	 �� 	
� τ ��"���/�	��� �� �##�	��� 	� ������#8

0�(I���# "��	�� ��1�	�����

� �(���A4	��� 	��5����� �� 	
���� �5����� �(���A4	��� 	��5����� �� 	
���� �5����� �(���A4	��� 	��5����� �� 	
���� �5����� �(���A4	��� 	��5����� �� 	
���� �5����

�
��� 7%��	�	��� ��� 	
� �J�(	��� �C��"8��(	�� (�%�"��&� �� 	
� � 	� (
��&�#
"��	���� �
��� �&��	%#� �� #�����# ��� � ���%����	 �� 	
� � "���8
�
��� ��# 	
� ������#80�(I���# "��	�� ��1�	���� �� � �%�(	��� �� ��8
��&1 ���%�# 	
� � ���� �
� ��"�	��� ��&� ���& 	
� ��(	�� 	� �C��"8��(	��
(�%�"��&� �� �0	����# ��� � ���%����	 �� 	
� � ��1�	�1 �����8
	���� �� � �µ� ��# �τ � �1 (�����	��� 	
� ��&� �� �

�
�
�� 'C�# 	� 0� ��&�	���

9��# ������	� 	� 	
�	 �� �ν �0	����# %���& ν� �(�		����& ���%����	�;�
�
� '	 ��"%�� 7%�	�# 0�"�� (��������# 	� &"�0�" ����8 �� '��8�����	��

'	� 	� "����
���� "��	�� ������#80�(I���# ��1�	�1� ��# �� � �µ� ��#
�τ ���%����	�� 5�� @��	� �� 	
� � 0����D ��� #�	��"�� $
��� ��

#�	� �� 7%�	�#� ��� �,� ��"%� (��������#� 	� � ���&
	�# �����&� �� 	
��
��	
 	
� -�>E5-! '	 ���%"	�

� ���
�
��
�
�

� ��
����� ���� ����	�
� �� ���
 ��		�
�

−�.:����±�.���3: ��� �,�−�.:����±�.���3: ��� �,�−�.:����±�.���3: ��� �,�−�.:����±�.���3: ��� �,�
−�.:26 ±�.�23 ±�.�:� :�2� �)) *+�5�* �:) +!� �

��
( F ���� ���

−�.:���2±�.����2 �3���4 �): *��,��!, ��� �>*- ���(F 66P�) .��

−�.:��: ±�.���� �2)�)I �)� *++,*��, ��� -3 ���(F 66P�) .��

−�.:����±�.���:� �*�*�� ��� *-�> ���(F 66P�) .��

−�.)��� ±�.��): �)� *�� �:. 5-! ���(F ��.3� .��

�))*+�5�* �:) #�	����� 	
� ������#P0�(I���# ��1�	�1 �� �N �− ����� ���#%(�# ���

�� → �Eγ∗ → �N �− �� �: �9�N �−; �J�(	��� ��� 0��� ���&��& ��� )� .�� 	� ���
.��� �
��� ���%"	� ��� %��# 	� �0	��� 	
� ��(	�� ��# �C��"P��(	�� (�%�"��&� �� 	
� � 	�

�N �−� ���%��& 	
� 7%��I (�%�"��&� ��� �� ���#�(	�# 01 	
� �	��#��# �#�"�
�):*��,��!, ��� %�� 	
��� ���%����	 �� 	
� τ ��"���/�	��� �� �##�	��� 	� 	
� "����
���

��# ������#80�(I���# "��	�� ��1�	�����
�)�*++,*��, ��� %�� 	
��� ���%����	 �� 	
� τ ��"���/�	��� �� �##�	��� 	� ������#8

0�(I���# "��	�� ��1�	�����
�)�*�� �:. �0	��� 	
�� ���%"	 (�0����& ��"���/�# �
�0
� ���%"	� ��	
 	
� � � ���%��8

��	 �� *�� �)�� �
� �
�0
� ���%"	� �"��� &��� −�.)��6 ± �.��3� ± �.��2��

�
µ
�

�
µ
��
µ
�

�
µ
�

����� ���� ����	�
� �� ���
 ��		�
�

−�.:��2�±�.���:) ��� �,�−�.:��2�±�.���:) ��� �,�−�.:��2�±�.���:) ��� �,�−�.:��2�±�.���:) ��� �,�
−�.:����±�.����� �62�64 �)6 *��,��!, ��� �>*- ���(F 66P�) .��

−�.:��� ±�.���) ��3�)I �)� *++,*��, ��� -3 ���(F 66P�) .��

−�.:��)�±�.����3 �*�*�� ��� *-�> ���(F 66P�) .��

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
−�.:2� ±�.��: ���)3 �:� *��,��!, ��3 �>*- ���(F 6�P�3 .��



������������

��� ��� �� ���� 	
� ����� � ����� 	
�
� ������� ��������



�)6*��,��!, ��� %�� 	
��� ���%����	 �� 	
� τ ��"���/�	��� �� �##�	��� 	� 	
� "����
���
��# ������#80�(I���# "��	�� ��1�	�����

�)�*++,*��, ��� %�� 	
��� ���%����	 �� 	
� τ ��"���/�	��� �� �##�	��� 	� ������#8
0�(I���# "��	�� ��1�	�����

�:�*��,��!, ��3 �0	��� 	
�� ��� �� ��&%"�� ���"1��� �� 	
� %�� ���� ��1�	�1 �
�(

	�I�� ��	� �((�%�	 �J�(	� �� ���	��" �	�	� ��#��	��� �� �� ����	 01 ����	 0���� ��# ��
���	��"8'��" �	�	� ��	�������(��

� τ
�

� τ
��
τ
�

� τ
�

����� ���� ����	�
� �� ���
 ��		�
�

−�.:�2�)±�.����) ��� �,�−�.:�2�)±�.����) ��� �,�−�.:�2�)±�.����) ��� �,�−�.:�2�)±�.����) ��� �,�
−�.:���:±�.���2) �:��:4 �:� *��,��!, ��� �>*- ���(F 66P�) .��

−�.:�23 ±�.���� ��3��I �:2 *++,*��, ��� -3 ���(F 66P�) .��

−�.:�2��±�.����� �*�*�� ��� *-�> ���(F 66P�) .��

�:�*��,��!, ��� %�� 	
��� ���%����	 �� 	
� τ ��"���/�	��� �� �##�	��� 	� 	
� "����
���
��# ������#80�(I���# "��	�� ��1�	�����

�:2*++,*��, ��� %�� 	
��� ���%����	 �� 	
� τ ��"���/�	��� �� �##�	��� 	� ������#8
0�(I���# "��	�� ��1�	�����

� �
�

� �
��
�
�

� �
�

����� ���� ����	�
� �� ���
 ��		�
�

−�.:��23±�.���2� ��� �,�−�.:��23±�.���2� ��� �,�−�.:��23±�.���2� ��� �,�−�.:��23±�.���2� ��� �,�
−�.:��6�±�.���): )���34 �:3 *��,��!, ��� �>*- ���(F 66P�) .��

−�.:��� ±�.���: 3���)I *���� ��7 !-> ���(F 66P�) .��

−�.:��:3±�.���:3 3)��6I �:) *++,*��, ��� -3 ���(F 66P�) .��

−�.:��:�±�.���)� :��I �*�*�� ��� *-�> ���(F 66P�) .��

�:3*��,��!, ��� %�� 	
��� ���%����	 �� 	
� τ ��"���/�	��� �� �##�	��� 	� 	
� "����
���
��# ������#80�(I���# "��	�� ��1�	�����

�:)*++,*��, ��� %�� 	
��� ���%����	 �� 	
� τ ��"���/�	��� �� �##�	��� 	� ������#8
0�(I���# "��	�� ��1�	�����

� 	��5����� �� ������ �5����� 	��5����� �� ������ �5����� 	��5����� �� ������ �5����� 	��5����� �� ������ �5����

�
��� 7%��	�	��� ��� 	
� �J�(	��� (�%�"��&� �� 	
� � 	� ��%	��" "��	����
ν� � ��# νµ � �(�		����& ���%"	� ��� (�0���# ��	
 ��

�
��# ��

�
���%��8

��	� �	 	
� � ��� 	� �0	��� �ν ��# �
νµ ��""����& ���,4�� �3��

�ν�ν�ν�ν

����� ����	�
� �� ���
 ��		�
�

�.:26±�.�6:�.:26±�.�6:�.:26±�.�6:�.:26±�.�6: �:: �,-*,� �) + �2 ��� νµ � ��# ν� � �(�	8

	����&

�::�,-*,� �) #����� 	
�� ��"%� ��� 	
��� ��"%� �� �
νµ ��# 	
��� ��	�� �ν E�

νµ F

�.�:N�.�:−�.�6�

�νµ�νµ�νµ�νµ

����� ����	�
� �� ���
 ��		�
�

�.:�2±�.����.:�2±�.����.:�2±�.����.:�2±�.��� �:� �,-*,� �) + �2 ��� νµ � �(�		����&

�:��,-*,� �) #����� 	
�� ��"%� ��� 	
��� ���%����	 �� 	
� (�%�"��&� �
� νµ
�

F −�.:�3 ±
�.��� ��# �

� νµ
�

F −�.�3:± �.��� �0	����# ��� νµ � �(�		����&� $� 
��� ��8���"%�	�#

	
�� ��"%� %���& 	
� (%����	 >!. ��"%�� ��� ��
�
��# ��

�
�
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����& ��"���/�# 0���� 	
�� 7%��	�	1 (�� �"�� 0� ���%��# �� 9σ − σ� ;/ 9σ N σ� ;�

�
��� σ ��# σ� ��� 	
� �N �− ���#%(	��� (���� ��(	���� ��� � 0����� ���#%(�# ��	

"��	8
��#�# ��# ��&
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��#�# �"�(	���� �����(	���"1�

����� ���� ����	�
� �� ���
 ��		�
�

�.�:�:±�.���� ��� *���*.��.�:�:±�.���� ��� *���*.��.�:�:±�.���� ��� *���*.��.�:�:±�.���� ��� *���*.�
�.�):)±�.���6±�.��3� �))6�� �:� *��,��!, ��� �>*- ���(F 66P�) .��

�.�:��±�.��2� ::���� �:6 *�� ��� 5-! ���(F ��.2) .��

�.�:�)±�.���6±�.���6 �:�  �,5��� �� *-�> ���(F 66P�) .��

�.�362±�.����±�.���: ��:��� ��� *���� ��" !-> ���(F 66P�) .��

�.���6±�.��2�±�.��3� �3���2 ��� *++,*��, �6! -3 ���(F 66P�) .��

�.��2 ±�.�)� ±�.��) 6�636 ��2 *�� �� 5-! ���(F ��.2� .��

�.2�2 ±�.�36 ±�.��6 ��3 *�� �:. 5-! ���(F ��.3� .��

�:�*��,��!, ��� '	 ��� �� ��# �τ ��� ���%����	� �� 	
� τ ��"���/�	��� �	 ���1��&
τ ���#%(	��� ��&"��� �
� (����"�	��� 0�	���� �� ��# �τ �� "��� 	
�� �.�3�

�:6*�� ��� %�� 	
� "��	8��&
	 ���#%(	��� ��# "��	8��&
	 ������#80�(I���# #�(�1 ��1�	����
�� "��	���( � #�(�1� 	� �0	��� � ��"%� �� �.�:)) ± �.����� �
�� �� (�0���# ��	
 "��	8
��&
	 ���#%(	��� ��1�	�1 ���%����	 %���& 
�#����( � #�(�1� 9*�� ���; 	� �0	���
	
� 7%�	�# ��"%��

�:� �,5��� �� �0	��� 	
�� ���%"	 '		��& 	
� τ ��"���/�	��� �� � �%�(	��� �� 	
� ��"��
���#%(	��� ��&"� �� 	
� τ �

���*���� ��" �0	��� 	
�� ���%"	 '		��& 	
� τ ��"���/�	��� �� � �%�(	��� �� 	
� ��"��
τ ���#%(	��� ��&"�� �
�� ���%����	 �� � (�0���	��� �� #�J����	 ���"1��� 9�C("%8
���� τ #�(�1 �#��� ��("%���� 
�#����( �8����& ��(���	�%(	���� ��# � ��%��" ��	���I
���"1���;�

���!�����# ��� 	
� ���%����	 �� ������#80�(I���# τ ��"���/�	��� ��1�	�1�
��2*�� �� �0	��� 	
�� ���%"	 ��� � ���%����	 �� 	
� �0�����# "��	8��&
	 (
��&�

��1�	�1� ��0�
�

F �.22: ± �.�:� ± �.���� �� 
�#����( � #�(�1�� ,� 	
�1 (�0���
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��� ���"��� ���%����	 �� ��0�LR 	
�1 #�	����� �� 	� 0�

�.�:�) ± �.���� ± �.���� ��#����#��	 �� 	
� 0�� ��"���/�	����
��3*�� �:. �0	��� 	
�� ���%"	 ��� ��"���/�# �
�0
� �(�		����&�

�µ�µ�µ�µ
�
�� 7%��	�	1 �� #���(	"1 �C	��(	�# ��� � ���%����	 �� 	
� "��	8��&
	 ������#8
0�(I���# ��1�	�1 �� µNµ− ���#%(	��� �	 5-+ %���& � ��"���/�# �"�(	��� 0���
�
�� #�%0"� ��1�	�1 �"����	�� 	
� #����#��(� �� 	
� � 8�8� (�%�"��& �����	��
�� �

����� ���� ����	�
� �� ���
 ��		�
�

�.�)2±�.��:�.�)2±�.��:�.�)2±�.��:�.�)2±�.��: ��6)) ��) *�� ��� 5-! ���(F ��.2) .��

��)*�� ��� �0	��� 	
�� #���(	 ���%����	 %���& 	
� "��	8��&
	 ���#%(	��� ��# "��	8��&
	

������#80�(I���# ��"�� ��&"� ��1�	���� �� µNµ− #�(�1� �� 	
� � 0���� �0	����#
��	
 � ��"���/�# �"�(	��� 0���

�τ�τ�τ�τ
�
� -�> +�""�0���	���� #����� 	
�� 7%��	�	1 ��� 	
� ���%����	 �� 	
� τ ��"���/�8
	��� �� � → τN τ−� �
� 5-! +�""�0���	��� #���(	"1 �C	��(	� 	
�� 7%��	�	1 ��� �	�
���%��# "��	8��&
	 ������#80�(I���# ��1�	�1 �� � → τN τ− ���#%(�# %���& �
��"���/�# �− 0��� �
�� #�%0"� ��1�	�1 �"����	�� 	
� #����#��(� �� 	
� � 8�8�
(�%�"��& �����	�� �� �

����� ���� ����	�
� �� ���
 ��		�
�

�.�)3 ±�.��) ��� *���*.��.�)3 ±�.��) ��� *���*.��.�)3 ±�.��) ��� *���*.��.�)3 ±�.��) ��� *���*.�

�.�):�±�.����±�.��:� �))6�� ��: *��,��!, ��� �>*- ���(F 66P�) .��

�.�3� ±�.��: ���63 ��� *�� ��� 5-! ���(F ��.2) .��

�.�):�±�.��:2±�.��2� ���  �,5��� �� *-�> ���(F 66P�) .��

�.�3:�±�.����±�.��:: ��:��� ��6 *���� ��" !-> ���(F 66P�) .��

�.�)��±�.��66±�.���2 �3���2 *++,*��, �6! -3 ���(F 66P�) .��

��:*��,��!, ��� '	 ��� �� ��# �τ ��� ���%����	� �� 	
� τ ��"���/�	��� �	 ���1��&
τ ���#%(	��� ��&"��� �
� (����"�	��� 0�	���� �� ��# �τ �� "��� 	
�� �.�3�

���*�� ��� �0	��� 	
�� #���(	 ���%����	 %���& 	
� "��	8��&
	 ���#%(	��� ��# "��	8��&
	

������#80�(I���# ��"�� ��&"� ��1�	���� �� τN τ− #�(�1� �� 	
� � 0���� �0	����#
��	
 � ��"���/�# �"�(	��� 0���

��� �,5��� �� �0	��� 	
�� ���%"	 '		��& 	
� τ ��"���/�	��� �� � �%�(	��� �� 	
� ��"��
���#%(	��� ��&"� �� 	
� τ �

��6*���� ��" �0	��� 	
�� ���%"	 '		��& 	
� τ ��"���/�	��� �� � �%�(	��� �� 	
� ��"��
τ ���#%(	��� ��&"�� �
�� ���%����	 �� � (�0���	��� �� #�J����	 ���"1��� 9�C("%8
���� τ #�(�1 �#��� ��("%���� 
�#����( �8����& ��(���	�%(	���� ��# � ��%��" ��	���I
���"1���;�
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�
� 5-! +�""�0���	��� #���(	"1 �C	��(	� 	
�� 7%��	�	1 01 � ��%"	����%� '	 	� ��%�
���%��# 
87%��I ��"�� ��&"� #��	��0%	���� (��������#��& 	� 	�� �	�	�� �� �− ��"��8
�/�	��� 9����	��� ��# ��&�	���; ��# 	� 	
� �N�− ��# �±��

-
�	���&� ���	�("� 	�&&��&

�#�� �� 	
� 
�#����( '��" �	�	���
����� ���� ����	�
� �� ���
 ��		�
�

�.6�:±�.���±�.��2�.6�:±�.���±�.��2�.6�:±�.���±�.��2�.6�:±�.���±�.��2 26�� ��� *�� ��� 5-! ���(F ��.2 .��
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��������
�
�� 7%��	�	1 �� #���(	"1 �C	��(	�# ��� � ���%����	 �� 	
� "��	8��&
	 ������#8
0�(I���# ��1�	�1 �� � � ���#%(	��� �	 5-+ %���& ��"���/�# �"�(	��� 0��� �
��
#�%0"� ��1�	�1 �"����	�� 	
� #����#��(� �� 	
� � 8�8� (�%�"��& �����	�� �� �
��� �,� �� �0	����# 01 � ��%"	����%� '	 	� ������" �8 ��# �87%��I ���%����	�
�� �C�"����# �� 	
� ��	� @�
� � ������D

����� ����	�
� �� ���
 ��		�
�

�.��� ±�.�2� ��� �,��.��� ±�.�2� ��� �,��.��� ±�.�2� ��� �,��.��� ±�.�2� ��� �,�

�.���2±�.�22)±�.��:� ��� *�� �: 5-! ���( F ���2) .��

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
�.:63 ±�.�:: ±�.�:: ��� *�� �2 5-! ���(F ��.2) .��

�.�66 ±�.�)� ��2 *�� ��� 5-! ���(F ��.2: .��

���*�� �: %�� 
�#����( � #�(�1� (�""�(	�# #%���& ����P�6 	� �0	��� �� ����(
�# ���"� ��
� � ����	� 	�&&��& �� 	
� ��������	 ��� �� ��(���	�%(	�# ��(��#��1 #�(�1 ���	�(��� �
�
(
��&� �� 	
� %�#��"1��& (P7%��I �� �0	����# ��	
 �� �"&���	
 	
�	 	�I�� ��	� �((�%�	
	
� ��	 (
��&� �� 	
� ���	�C �� ��"" �� 	
� (
��&� �� 	��(I� ����	��& ��� 	
� ���	�C ��#
�#��	�'�# �� I����� �
�� 1��"#� 9���� ����	�; �� F �.��)� ± �.�2�� ± �.�233� ��I��&
��	� �((�%�	 �"" (����"�	���� ��	
 ���"��� ���%"	� �����	�# �� *�� �2 ��# *�� ���� 	
�1
�0	��� 	
� 7%�	�# �����"" 5-! ���%"	�

���*�� �2 	�& � ��# � 7%��I� 	
��%&
 	
��� ���"��	���( #�(�1� ��	� �"�(	���� ��# %����
* �C�% "�I�"�
��# '	 �� �������# 	� �C	��(	 ��%"	����%�"1 �� ��# �� �

��2*�� ��� 	�& � → � � ����	� %���& 	�� 	�(
��7%��R �C("%���� ��(���	�%(	��� �� '∗N� 'N
��# '� ����� ��# 	
� ���	 ���� 	�& ��� '∗N → '�πN� �
� "��&� 0�(I&��%�# ���
' ����� ���#%(�# �� �� ����	� �� ������	�# �Æ(���	"1 ��� 	
� ��&��" %���& ���(�����
���	�C ������	���� $
�� (�0����& 	
� �� ��"%�� ��� 	
��� 	�� ���"��� (��� �� 	�I��
	� ����# #�%0"� (�%�	��& �� ����	� (��� 	� 	
� 	�� ���"��� ��# (��� �1�	��	�(
������ ��� ������"1 	�I�� ��	� �((�%�	�
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��������
�
�� 7%��	�	1 �� #���(	"1 �C	��(	�# ��� � ���%����	 �� 	
� "��	8��&
	 ������#8
0�(I���# ��1�	�1 �� �� ���#%(	��� �	 5-+ %���& ��"���/�# �"�(	��� 0��� �
��
#�%0"� ��1�	�1 �"����	�� 	
� #����#��(� �� 	
� � 8�8� (�%�"��& �����	�� �� �
��� �,� �� �0	����# 01 � ��%"	����%� '	 	� ������" �8 ��# �87%��I ���%����	�
�� �C�"����# �� 	
� ��	� @�
� � ������D

����� ���� ����	�
� �� ���
 ��		�
�

�.�23 ±�.�2� ��� �,��.�23 ±�.�2� ��� �,��.�23 ±�.�2� ��� �,��.�23 ±�.�2� ��� �,�

�.����±�.��)�±�.��): ��3 *�� �: 5-! ���( F ���2) .��

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
�.��� ±�.�2� ±�.�2) )6�26 ��) *�� �37 5-! ���(F ���2) .��

�.��� ±�.�3� ±�.�2) ��: *�� �2 5-! ���(F ��.2) .��

�.6:: ±�.�66 ±�.��2 �)�3 ��� *�� ��	 5-! ���(F ���2� .��

��3*�� �: %�� 
�#����( � #�(�1� (�""�(	�# #%���& ����P�6 	� �0	��� �� ����(
�# ���"� ��
�� ����	� 	�&&��& �� 	
� ��������	 ��� �� ��(���	�%(	�# ��(��#��1 #�(�1 ���	�(��� �
�
(
��&� �� 	
� %�#��"1��& 0P7%��I �� �0	����# ��	
 �� �"&���	
 	
�	 	�I�� ��	� �((�%�	
	
� ��	 (
��&� �� 	
� ���	�C �� ��"" �� 	
� (
��&� �� 	��(I� ����	��& ��� 	
� ���	�C
��# �#��	�'�# �� I����� �
�� 1��"#� 92:��� ����	�; �� F �.���3 ± �.��6) ± �.���3�
��I��& ��	� �((�%�	 �"" (����"�	���� ��	
 ���"��� ���%"	� �����	�# �� *�� �37� *�� �2 
��# *�� ��	� 	
�1 �0	��� 	
� 7%�	�# �����"" 5-! ���%"	�

��)*�� �37 �0	��� �� ����(
�# ���"� �� �� ����	� 	�&&��& �� 	
� ��������	 ��� �� �
38#��������" 	���"�&�(�""1 ��(���	�%(	�# ��(��#��1 #�(�1� �
� (
��&� �� 	
� %�#��"1��&
� 7%��I �� �0	����# %���& � ��"�8(�"�0��	��& 	��(I8(
��&� �	
�#� ��� 	
� ����P���6 #�	�
���"� 	
�1 ���%�� �� F �.��� ± �.�22 ± �.�23� �
� ��"%� 7%�	�# 
��� �� �0	����#
(�0����& 	
� �0��� ��	
 	
� ���%"	 �� *�� �6� 9���3P���: #�	� ���"�;�

��:*�� �2 	�& � ��# � 7%��I� 	
��%&
 	
��� ���"��	���( #�(�1� ��	� �"�(	���� ��# %����
* �C�% "�I�"�
��# '	 �� �������# 	� �C	��(	 ��%"	����%�"1 �� ��# �� �

���*�� ��	 �0	��� �� ����(
�# ���"� �� �� ����	� 	�&&��& ��	
 �� ��("%���� ���	�C ���

(%	� ��� #��	��&%��
��& � ��# � 7%��I� 	
�1 %�� 	
� (
��&� �� �#��	�'�# �±�

�����4�� �5�� 	���������� �� � → τN τ−�����4�� �5�� 	���������� �� � → τN τ−�����4�� �5�� 	���������� �� � → τN τ−�����4�� �5�� 	���������� �� � → τN τ−

�
� (����"�	���� 0�	���� 	
� 	��������� ���� (������	� �� τN τ− ���8
#%(�# �� � #�(�1� �1 0� �C������# �� 	��� �� 	
� ��(	�� ��# �C��"8��(	��
(�%�"��&�R

� F

∣∣�τ
�

∣∣0−∣∣�τ
�

∣∣0∣∣�τ
�

∣∣0N∣∣�τ
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∣∣0
�� F −2
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�
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−X
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� ������ 	� 	
� 	���������8	��������� 9��	
�� 	
� (�""����� �"���; ����
(����"�	��� ��# �� ������ 	� 	
� 	���������8����" 9	� 	
� (�""����� �"���;
���� (����"�	����

�
� "��&�	%#���" τ ��"���/�	��� �τ 9F −�τ ; �� &���� 01R

�τ F −2
∣∣�τ

�
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�
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�

∣∣0N∣∣�τ
�

∣∣0 (��9X�τ
�

−X
�τ
�

;

 ��� X �� 	
� �
��� ��# 	
� �
��� #�J����(� X
�τ
�

−X
�τ
�

(�� 0� �0	����#

%���& 0�	
 	
� ���%����	� �� �� ��# �τ �

����
����� ���� ����	�
� �� ���
 ��		�
�

�.��±�.�2 ��� *���*.��.��±�.�2 ��� *���*.��.��±�.�2 ��� *���*.��.��±�.�2 ��� *���*.�
�.6�±�.2�N�.��−�.�2 ���I *���� �� !-> ���(F ��.2 .��

�.��±�.�3±�.�: �2�I �*�*�� ��� *-�> ���(F ��.2 .��

��������
����� ���� ����	�
� �� ���
 ��		�
�

�.�6±�.�3±�.�)�.�6±�.�3±�.�)�.�6±�.�3±�.�)�.�6±�.�3±�.�) �2�I ��� �*�*�� ��� *-�> ���(F ��.2 .��

����*�*�� ��� (�0��� 	
��� ��"%� �� �� ��	
 	
� ���"# �����&� �τ F −�.�)�± �.���
	� �0	��� 	��9X

�τ
�

− X
�τ
�

; F −�.:� ± �.���

���#���A��	C#��� �N �− → � � 	
��� ������������#���A��	C#��� �N �− → � � 	
��� ������������#���A��	C#��� �N �− → � � 	
��� ������������#���A��	C#��� �N �− → � � 	
��� ���������

�
��� ��1�	���� ��� �C������	�""1 #�	�����# 01 	�&&��& 	
� �����(8
	��� "��	�� �� 7%��I L���� �� �N �− ��	���(	����� !�	��"� �� 
���1
L���� 9�8 �� �87%��I; 	�&&��& �	 -�> ��� #��(��0�# �� 	
� ��	� ��
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� � ������D �
� 5	��#��# ��#�" ���#�(	���� ��� -�> #�	� 
���
0��� 9��;(��%	�# %���& 	
� K�,���� ��(I�&� 9������� ��3�; ��	

���%	 �����	��� ��F��.�6� .��� �	��F��).3 .��� � �&&�F�:�

.��� α
F�.���� α9:; 9�� ;F �E�26.6�� ��# 	
� ���� (���	��	 5!F

�.���3�× ��−: .��−2 9��� 	
� ��	� �� @�
� � �����D ��� �������(��;�
��� ���8-�> #�	� 	
� 5	��#��# ��#�" ���#�(	���� ��� �� &���� 01 	
�
�%	
��� �� 	
� �����(	��� �%0"�(�	�����

�
9�,�;
!" 	
��� �������� �� �N �− → �N �−�
9�,�;
!" 	
��� �������� �� �N �− → �N �−�
9�,�;
!" 	
��� �������� �� �N �− → �N �−�
9�,�;
!" 	
��� �������� �� �N �− → �N �−

��� �,� �� �0	����# %���& 	
� '	 ���(�#%�� ��# (����"�	���� �� #�	�����#
01 	
� -�> �"�(	�����I $��I��& .��%� 9��� 	
� @��	� �� 	
� � 0����D;�

��� 	
� � ���I� �� �����	 	
� ��"� ��1�	�1 #�'��# 01 93E);�2
�
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#�	�����# 01 	
� ����8�����	�� '	 	� (����8��(	��� ��# "��	�� ������#8
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�.):±�.2: ��� �,��.):±�.2: ��� �,��.):±�.2: ��� �,��.):±�.2: ��� �,�
�.6�±�.)) �.:� ��.2 ��6 *��,��!, ��� �>*-

�.��±�.)� �.:� ��.2 *���� ��7 !-> 

�.��±�.:6 �.:� ��.2 *++,*��, ��� -3

�.66±�.3) �.:� ��.2 ��� �*�*�� ��� *-�>

��6*��,��!, ��� ����� ��("%#�� �����C��	�"1 ��36 #%� 	� �	�	��	�(�� ���� #%� 	� ����	
��"�(	��� �1�	��	�(�� ��# ���6 #%� 	� 	
� 	
����	�(�" %�(��	���	1 �� #8(
����" ���#�(	����

����*�*�� ��� ����� ��("%#�� �����C��	�"1 �.3� #%� 	� �	�	��	�(�� �.�� #%� 	� �C������	�"
�1�	��	�(�� ��# �.�3 #%� 	� 	
� 	
����	�(�" %�(��	���	1 �� #8(
����" ���#�(	����

�
9�,µ;
!" 	
��� �������� �� �N �− → µNµ−�
9�,µ;
!" 	
��� �������� �� �N �− → µNµ−�
9�,µ;
!" 	
��� �������� �� �N �− → µNµ−�
9�,µ;
!" 	
��� �������� �� �N �− → µNµ−

��� �,� �� �0	����# %���& 	
� '	 ���(�#%�� ��# (����"�	���� �� #�	�����#
01 	
� -�> �"�(	�����I $��I��& .��%� 9��� 	
� @��	� �� 	
� � 0����D;�
��� 	
� � ���I� �� �����	 	
� ��"� ��1�	�1 #�'��# 01 93E);���µ ��
#�	�����# 01 	
� ����8�����	�� '	 	� (����8��(	��� ��# "��	�� ������#8
0�(I���# ��1�	�1 #�	��

����
√
�

���		���� �E� 	���� � ��� ����	�
� �� ���


�.��± �.�3 ��� �,��.��± �.�3 ��� �,��.��± �.�3 ��� �,��.��± �.�3 ��� �,�

�.:�± �.23 �.:� ��.2 �6� *��,��!, ��� �>*-

�.�:± �.2: �.:� ��.2 *���� ��7 !-> 

�.66± �.33 �.:� ��.2 *++,*��, ��� -3

�.��± �.2) �.:� ��.2 �6� �*�*�� ��� *-�>

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
� ±3� −�.3 2� �62 *���� �:) !-> 

� ±2� −6.3 )� �62 *���� �:) !-> 

−�� ±33 −2).� :� �62 *���� �:) !-> 

−�2 ±�� −)).� �� �62 *���� �:) !-> 

−:� ±�� −�3.: �� �62 *���� �:) !-> 

−�3 ± : −3).) 6�.: �62 *���� �:) !-> 

−2�.� N :.�
− ).6 ±�.: −32.� :�.� �63 *�� ��� ��5

− �.� ± �.: ±�.: −�.2 3:  �.��� �� =*!�

�.�:± �.22 �.�2� ��.�) �6) *��*�5 6�� ��42

−)3.) ±��.� −2).� :2.� �6: �*+*-* 6� *��

−��.� ±��.: −2�.) ::.� �6: �*+*-* 6� *��

−3�.� ±�2.) −3�.2 :�.� �6: �*+*-* 6� *��

−)�.2 ±�).� −33.� :�.� �6: �*+*-* 6� *��

−2� ±�3 −2:.� :3.3 *!*+ , 66� ��>K

N :.3 ± :.� ±�.: −�.2 �).� *!��* 66 ��4=

−��.) ± �.3 ±�.: −6.� 3).6 *!��* 66 ��4=

−�2.3 ± :.3 ±�.: −��.� 36.3 *!��* 66 ��4=

−�:.� ± 3.� ±�.: −�).� )3.6 *!��* 66 ��4=

− �.� ± �.� −�.2 �3.� ��*��5+ ��� 66� �*55

− �.� ± 2.3 ±�.: −6.� 3).: ��*��5+ ��� 66� �*55

−��.� N 2.2
− 2.3 ±�.: −6.� 3:.� ��*��5+ ��� 66� �*55

−��.� N ).)
− ).3 ±�.: −�:.2 )3.� ��*��5+ ��� 66� �*55

− ).6 ± �.: ±�.� −��.: 3� �� ���! 6�� +�--

−�6.6 ± ).: ±�.� −�:.: )) �� ���! 6�� +�--

N 2.� ± ).� −�.2 �3.� �*���- 6�� =*!�

−��.� ± �.6 ±�.� −6.� 3).) �*���- 6�� =*!�

−��.3 ± ).6 ±�.� −�3.� )�.: �*���- 6�� =*!�

−22.6 ± :.� ±�.� −��.� )).6 �*���- 6�� =*!�

− �.3 ± �.6 ±�.2 −�.3 2� *5 6: �*+

− ).� ± �.: ±�.: −:.� 2� !���,+4 6:  �5

− �.� ± �.� −:.� 2� -��, 63 ��42

−��.� ± 3.2 −�.2 3).2 ��*�!�-,4 62� �*55

�6�*��,��!, ��� ����� �� �"��	 ��	���"1 �� �((�%�	 �� �	�	��	�(��
�6��*�*�� ��� ����� �� �"��	 ��	���"1 �� �((�%�	 �� �	�	��	�(��
�62*���� �:) ������ 	
�� ���%����	 %���& ��#��	��� %��8���� ����	� ����(��	�# ��	
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 � µNµ− ��# �: τN τ− ����	��
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�
9�,τ;
!" 	
��� �������� �� �N �− → τN τ−�
9�,τ;
!" 	
��� �������� �� �N �− → τN τ−�
9�,τ;
!" 	
��� �������� �� �N �− → τN τ−�
9�,τ;
!" 	
��� �������� �� �N �− → τN τ−

��� �,� �� �0	����# %���& 	
� '	 ���(�#%�� ��# (����"�	���� �� #�	�����#
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�.66± �.�� ��� �,��.66± �.�� ��� �,��.66± �.�� ��� �,��.66± �.�� ��� �,�

�.):± �.3� �.:� ��.2 �6� *��,��!, ��� �>*-

2.)�± �.3� �.:� ��.2 *���� ��7 !-> 

2.��± �.)� �.:� ��.2 *++,*��, ��� -3

�.��± �.26 �.:� ��.2 �6� �*�*�� ��� *-�>

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
−32.6 N �.)

− �.2 ±�.: −32.� :�.� �66 *�� ��� ��5

− 6.� ± 2.� ±�.� −�.2 3:  �.��� �� =*!�

−�6.) ±��.2 −2).� :2.� �6� �*+*-* 6� *��

−��.� ±2�.� −2�.) ::.� �6� �*+*-* 6� *��

−):.� ±��.� −3�.2 :�.� �6� �*+*-* 6� *��

−)�.: ±�6.� −33.� :�.� �6� �*+*-* 6� *��

−2� ±�) −2:.� :3.3 *!*+ , 66� ��>K

−��.� ± 3.� ±�.: −6.: 3).� *!��* 66 ��4=

− 6.: ± �.� ±�.: −�:.) )3.6 *!��* 66 ��4=

− �.� ± 2.: ±�.� 6.6 3).� �*���- 6:7 =*!�

−��.6 ± ).� ±�.� �).6 )3.� �*���- 6:7 =*!�

− :.: ± �.2 ±�.: −�.��3 2�.� ����*�!�K 6: �*+

− ).2 ± 2.� �.�:� 2� -��, 63 ��42

−��.3 ± :.2 −�.2 3).2 �� ���! 62 +�--

− �.) ± �.� −�.� 3).2 ��*�!�-,4 62� �*55
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� ���&� :� ≤ √
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�6��*+*-* 6� �1�	��	�( ����� �� �0�%	 :O�

�
9�,�;
!" 	
��� �������� �� �N �− → �N �−�
9�,�;
!" 	
��� �������� �� �N �− → �N �−�
9�,�;
!" 	
��� �������� �� �N �− → �N �−�
9�,�;
!" 	
��� �������� �� �N �− → �N �−
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�.��±�.�� ��� �,��.��±�.�� ��� �,��.��±�.�� ��� �,��.��±�.�� ��� �,�
�.):±�.�� �.:� ��.2 ��� *��,��!, ��� �>*-

�.6�±�.�� �.:� ��.2 *���� ��7 !-> 

�.�2±�.2) �.:� ��.2 *++,*��, ��� -3

�.�3±�.�� �.:� ��.2 ��� �*�*�� ��� *-�>

���*��,��!, ��� ����� ��("%#�� �����C��	�"1 ���: #%� 	� �	�	��	�(�� ���� #%� 	� ����	
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9�,%;
!" 	
��� �������� �� �N �− → ���
9�,%;
!" 	
��� �������� �� �N �− → ���
9�,%;
!" 	
��� �������� �� �N �− → ���
9�,%;
!" 	
��� �������� �� �N �− → ��

����
√
�

���		���� �E� 	���� � ��� ����	�
� �� ���


).�±�.�±2.6).�±�.�±2.6).�±�.�±2.6).�±�.�±2.6 �.2�.2�.2�.2 ��.2��.2��.2��.2 ��2 *+4��5�*�� ��1 �>*-
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� ������#80�(I���# ��1�	�1 �� �����%� ���	 
�#����
�#� �� "�&
	 7%��I�� �
�� %���& 5�92; ������� �1�	�1 ��# L���� ��#����#��(� ���
#��� ��# �	���&� 7%��I� �%	
��� ��"�� ��� 	
� #�J����	 7%��I 	1����

�
9�,
;
!"

	
��� �������� �� �N �− → 
 
�
9�,
;
!" 	
��� �������� �� �N �− → 
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�.6 ±�.� ��� *���*.��.6 ±�.� ��� *���*.��.6 ±�.� ��� *���*.��.6 ±�.� ��� *���*.�

��.�6±�.�3±�.)� ��.� ��.2 ��3 *���� ��� !-> 

�.6 ±3.: ±�.� ��.� ��.2 ��) *+4��5�*�� ��1 �>*-

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
�3.� ±3.: ±�.3 ��.� ��.2 ��: *���� �: !-> 
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9�,�;
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9�,�;
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9�,�;
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�.��± �.3: ��� �,��.��± �.3: ��� �,��.��± �.3: ��� �,��.��± �.3: ��� �,�

�.3�± �.�3±�.�: �.3: ��.2� ��� *�!*--* �)7 !-> 

:.�6± �.:)±�.3� �.3 ��.2: ��� *��,��!, �3 �>*-

�.):± �.:�±�.3� �.�� ��.2� ��6  �,5��� �2! *-�>

�.:�± �.�)±�.3: �.2 ��.23: ��� *���� ��
 !-> 

�.3 ± �.� ±�.3 �.� ��.22 2�� �*�*�� �6� *-�>

�.3 ± �.2 ±�.� �.� ��.22 2�� *-�M*�!�� ��� �>*-

6.3 ± 3.6 ±2.� �.2 ��.2) 2�2 *!�,*�, �2� -3

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
3.� ± 3.: ±�.: −3.: 6�.)3 ��� *�!*--* �)7 !-> 

��.� ± 2.6 ±�.� �2.3 �2.�� ��� *�!*--* �)7 !-> 

− �.6 ± 2.: ±�.� −3.� 6�.:� ��� *��,��!, �3 �>*-

�).� ± 2.� ±�.6 �2.2 �2.�: ��� *��,��!, �3 �>*-

−�2.) ±�:.� ±2.� −�.� 66.36 ��6  �,5��� �2! *-�>

− 2.3 ± 2.� ±�.2 −3.6 6�.36 ��6  �,5��� �2! *-�>

− �.3 ± 6.3 ±�.� �.� ��.2� ��6  �,5��� �2! *-�>

��.� ± �.� ±�.� �.� �2.�: ��6  �,5��� �2! *-�>

��.� ± 2.� ±�.� �2.2 �2.�) ��6  �,5��� �2! *-�>

�2.� ±��.� ±�.� �).2 �3.�� ��6  �,5��� �2! *-�>

− ).��± 3.�6±�.:3 −3.: 6�.)3) ��� *���� ��
 !-> 

��.6�± 3.�6±�.�2 �2.3 �2.��� ��� *���� ��
 !-> 

− �.� ± ).3 ±�.� −3.� 6�.3� 2�� �*�*�� �6� *-�>

��.� ± 3.3 ±�.6 �2.3 �2.�� 2�� �*�*�� �6� *-�>

3.� ± :.� ±�.� −3.) 6�.): 2�� *-�M*�!�� ��� �>*-

�:.6 ± ).� ±�.� �2.) �3.�� 2�� *-�M*�!�� ��� �>*-

−�2.� ± �.6 ±:.: −�3.� 3: �� ���! ��� +�--

�.� ±�3.) ±:.� −22.� )3 �� ���! ��� +�--

−�2.6 ± ).) ±).� −�3.� 3: �-5�� �� =*!�

−��.� ±�2.� ±).� −23.2 )) �-5�� �� =*!�

−�).� ± �.� −�3.3 3: ��-!85**!* 6� =*!�

���*�!*--* �)7 	�& �P ��# �P7%��I� %���& ���"��	���( #�(�1� (�0���# ��	
 (
��&�
L�� ������	��� ��� 	
� 
����
��� ������	� 	� 	
� "��	��� ����(
�# ���"�� �� � �
��# �� ����	� ��� �0	����# %���& "���	�� ������	����

���*��,��!, �3 	�& 
���1 L����� %���& ����	� ��	
 ��� �� 	�� �#��	�'�# "��	���� �
��
�""��� 	
� ��%"	����%� '		��& �� 	
� � ��# � 7%��I ������#80�(I���# ��1�	���� ��

��"" �� 	
� �����&� "�8"� �C��&�
��6 �,5��� �2! ���%�� ��%"	����%�"1 � ��# � 7%��I ������#80�(I���# ��1�	����

%���& 	
��� ���"��	���( #�(�1� 	� 	�& 	
� 7%��I (
��&�� �
� L���� ������	��� �� �0	����#
��	
 � #��(�����	��& %"	������	� ���"1����

���*���� ��
 	�& � → �� ��# � → � � ����	� 01 �� �C("%���� ��(���	�%(	��� �� ������"

' ���� #�(�1 �#�� 9'∗N� '�� ��# 'N ��	
 	
��� (
��&�8(��T%&�	� �	�	��;�
2���*�*�� �6� 	�& � → � � ����	� ��7%����& 	
� ������(� �� 
�&
8���	% ��(��8

�	�%(	�# '∗N� 'N� �� '� ������
2��*-�M*�!�� ��� �#��	��1 	
� � ��# � ����	� %���& � 'E'∗ 	�&�
2�2*!�,*�, �2� %�� 0�	
 �"�(	��� ��# %�� ���"��	���( #�(�1��

�
9�,�;
!" 	
��� �������� �� �N �− → ���
9�,�;
!" 	
��� �������� �� �N �− → ���
9�,�;
!" 	
��� �������� �� �N �− → ���
9�,�;
!" 	
��� �������� �� �N �− → ��

��� �,�� �
�(
 �� �0	����# 01 � ��%"	����%� '	 	� ������" �8 ��# �8
7%��I ���%����	� �� �C�"����# �� 	
� @��	� �� 	
� � 0�����D ������
	� 	
� � ��"�� ��"�� ��"�� ��"� ��1�	�1� �
� �C������	�" ��"%��� �� 	
� �	
�� 
��#�
(��������# 	� 	
� ���%����	� (�����# �%	 �	 	
� �����(	��� ����&����

����
√
�

���		���� �E� 	���� � ��� ����	�
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�.�2± �.�� ��� �,��.�2± �.�� ��� �,��.�2± �.�� ��� �,��.�2± �.�� ��� �,�

�.:6± �.32± �.�) �.�6 ��.23� 2�3 *�!*--* �: !-> 

��.�)± �.:�± �.2: �.�� ��.2� 2�) *�!*--* �)7 !-> 

�.�2± �.)2± �.�: �.�� ��.2: 2�: *��,��!, �3 �>*-

�.��± �.3�± �.�6 �.�� ��.2� 2�� *��,��!, �2� �>*-

�.:2± �.)�± �.�� �.:� ��.2� 2��  �,5��� �2! *-�>

��.��± �.2�± �.�� �.�3 ��.232 2�6  �,5��� ��� *-�>

�.�2± �.�)± �.6: �.�) ��.23: 2�� *���� ��
 !-> 

�.��± �.��± �.33 �.�� ��.2� 2�� *++,*��, ��� -3

�.3�± �.��± �.:: �.�: ��.2) 2�� *++,*��, �6, -3

�.) ± 2.� ± 2.2 �.�� ��.22 2�2 *-�M*�!�� ��� �>*-

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
�.3�± �.)3± �.�� :.6 6�.))� 2�3 *�!*--* �: !-> 

��.)�± �.�:± �.2) �2.� �2.��� 2�3 *�!*--* �: !-> 

�.� ± 2.2 ± �.2 :.� 6�.)3 2�) *�!*--* �)7 !-> 

��.2 ± �.6 ± �.2 �2.� �2.�� 2�) *�!*--* �)7 !-> 

).� ± �.6 ± �.� :.� 6�.:� 2�: *��,��!, �3 �>*-

��.3 ± �.: ± �.2 �2.� �2.�: 2�: *��,��!, �3 �>*-

:.62± �.:3± �.�2 :.� 6�.:� 2�� *��,��!, �2� �>*-

�2.2�± �.23± �.2: �2.� �2.�� 2�� *��,��!, �2� �>*-

−�3.� ±�3.: ± �.� 3.2 66.36 2��  �,5��� �2! *-�>

:.: ± �.� ± �.� :.� 6�.36 2��  �,5��� �2! *-�>

− �.) ± �.� ± �.6 �.: ��.2� 2��  �,5��� �2! *-�>

��.� ± �.) ± �.: ��.� �2.�: 2��  �,5��� �2! *-�>

��.) ± �.: ± �.3 �2.� �2.�) 2��  �,5��� �2! *-�>



��	��	��	��	

����� � ����� 	
�
� ������� ��������



�3.6 ± �.3 ± �.� �2.� �3.�� 2��  �,5��� �2! *-�>

).3�± �.��± �.�� :.6 6�.)�2 2�6  �,5��� ��� *-�>

��.�2± �.��± �.�� �2.� �2.�:� 2�6  �,5��� ��� *-�>

:.��± �.:�± �.�� :.� 6�.)3) 2�� *���� ��
 !-> 

6.62± �.33± �.22 �2.� �2.��� 2�� *���� ��
 !-> 

�.��± 2.�3± �.)3 :.� 6�.:� 2�� *++,*��, ��� -3

�3.��± 2.)�± �.)) �2.2 �3.�� 2�� *++,*��, ��� -3

).�:± :.23± �.)� :.6 6�.): 2�� *++,*��, �6, -3

��.3�± 3.��± �.�: �2.� �2.�� 2�� *++,*��, �6, -3

− 6.� ±��.6 ± 2.� :.6 6�.): 2�2 *-�M*�!�� ��� �>*-

− 2.� ± �.� ± 2.� �2.� �3.�� 2�2 *-�M*�!�� ��� �>*-

−�� ±3) N �
− 6 −:6 :6.3 5 ,���*4* �� ��>K

−22.2 ± �.� ± 3.: −2�.� 3: �� ���! ��� +�--

−)�.� ±��.� ± :.� −3�.� )3 �� ���! ��� +�--

−26 ±�� −23 3: ��*��5+ ��� �� �*55

−��.� ± �.� ± ).6 −2).3 3: �-5�� �� =*!�

−33.� ±22.2 ± :.2 −3�.� )) �-5�� �� =*!�

3.) ± �.� ± 3.: −��.� 2�.� �*�! 6� �*+

−�2 ±26 ±�3 −:� ::.2 5*.*$* 6� *��

2�3*�!*--* �: �0	��� �� ����(
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��� �������� �� �N �− → ��	
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5%�# ���� '�� "�&
	�� L������
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#����#��	� 5	��#��# ��#�" �C��(	�	���� (��	��� ��� ���%�	���� ��
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�� �"�(	�����I �����	����
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• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
− �.��±�.�2±�.�: ��.2 2�3 *���� �2� !-> 

).� ±�.) ±�.�3 ).� ��.3 2�) *+��� �2	 �>*-

�.� ±�.) ±�.� �.� :�.� *!*+ , �� ��>K

− �.6)±�.�:±�.�) �� !�+*�> ��� *-�>

6.3 ±2.� ±�.� 6.� :�.� 5��*�� �� *��

��.) ±2.2 ±2.� 6.� :�.� *�� 6�	 ��5

�.� ±�.3 :.� 3).6 .����5 *$ 6� =*!�

6.2 ±2.� 6.: )3.� .����5 *$ 6� =*!�

2�3*���� �2� 
�� �.�) �1�	��	�( ����� #%� 	� %�(��	���	1 �� 7%��I ���&��	�	����
2�)*+��� �2	 %�� 	
� ���&
	 �%�(	��� �	
�# �� 2:�I ��"�(	�# � → 
�#���� ����	��

�
� �1�	��	�( ����� ��("%#�� � (��	��0%	��� �� �.2 #%� 	� "�8"� �C��& �J�(	� �.)
#%� 	� ���	� +��"� 9�+; ���&��	�	��� %�(��	���	��� ��# �.3 #%� 	� �+ �	�	��	�(��

*+��� �2	 #����� � ��"%� �� ���2θ�J
�

	� 0� �.232� ± �.���� ± �.��26�

	
��� �������� �� �� → � → �N �−	
��� �������� �� �� → � → �N �−	
��� �������� �� �� → � → �N �−	
��� �������� �� �� → � → �N �−

����
√
�

���		���� �E� 	���� � ��� ����	�
� �� ���


• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
:.2±:.�±�.) �� *�� ��" +!�

��������� � � γ� � γ γ� ��� � � � 	��5�������������� � � γ� � γ γ� ��� � � � 	��5�������������� � � γ� � γ γ� ��� � � � 	��5�������������� � � γ� � γ γ� ��� � � � 	��5�����

Revised March 2006 by C. Caso (University of Genova) and
A. Gurtu (Tata Institute).

In the reaction e+e− → Zγ, deviations from the Standard

Model for the Zγγ∗ and ZγZ∗ couplings may be described

in terms of 8 parameters, hV
i (i = 1, 4; V = γ, Z) [1]. The

parameters hγ
i describe the Zγγ∗ couplings and the param-

eters hZ
i the ZγZ∗ couplings. In this formalism hV

1 and hV
2

lead to CP -violating and hV
3 and hV

4 to CP -conserving effects.

All these anomalous contributions to the cross section increase

rapidly with center-of-mass energy. In order to ensure unitarity,

these parameters are usually described by a form-factor rep-

resentation, hV
i (s) = hV

i◦/(1 + s/Λ2)n, where Λ is the energy

scale for the manifestation of a new phenomenon and n is a

sufficiently large power. By convention one uses n = 3 for hV
1,3

and n = 4 for hV
2,4. Usually limits on hV

i ’s are put assuming

some value of Λ (sometimes ∞).

Above the e+e− → ZZ threshold, deviations from the

Standard Model for the ZZγ∗ and ZZZ∗ couplings may be

described by means of four anomalous couplings fV
i (i =

4, 5; V = γ, Z) [2]. As above, the parameters fγ
i describe the

Zγγ∗ couplings and the parameters fZ
i the ZZZ∗ couplings.

The anomalous couplings fV
5 lead to violation of C and P

symmetries while fV
4 introduces CP violation.

All these couplings hV
i and fV

i are zero at tree level in the

Standard Model.
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Revised March 2006 by C. Caso (University of Genova) and
A. Gurtu (Tata Institute).

The Standard Model predictions for WWWW , WWZZ,

WWZγ, WWγγ, and ZZγγ couplings are small at LEP,

but expected to become important at a TeV Linear Collider.

Outside the Standard Model framework such possible couplings,

a0, ac, an, are expressed in terms of the following dimension-6

operators [1,2];

L0
6 = − e2

16Λ2 a0 F µν Fµν

Wα · 
Wα

Lc
6 = − e2

16Λ2 ac F µα Fµβ

W β · 
Wα

Ln
6 = −i e2

16Λ2 anεijk W
(i)
µα W

(j)
ν W (k)αF µν

L̃0
6 = − e2

16Λ2 ã0 F µν F̃µν

Wα · 
Wα

L̃n
6 = −i e2

16Λ2 ãnεijk W
(i)
µα W

(j)
ν W (k)αF̃ µν

where F, W are photon and W fields, L0
6 and Lc

6 conserve C,

P separately (L̃0
6 conserves only C) and generate anomalous

W+W−γγ and ZZγγ couplings, Ln
6 violates CP (L̃n

6 violates

both C and P ) and generates an anomalous W+W−Zγ cou-

pling, and Λ is an energy scale for new physics. For the ZZγγ

coupling the CP -violating term represented by Ln
6 does not con-

tribute. These couplings are assumed to be real and to vanish

at tree level in the Standard Model.

Within the same framework as above, a more recent de-

scription of the quartic couplings [3] treats the anomalous parts

of the WWγγ and ZZγγ couplings separately leading to two

sets parameterized as aV
0 /Λ2 and aV

c /Λ2, where V = W or Z.

At LEP the processes studied in search of these quartic

couplings are e+e− → WWγ, e+e− → γγνν, and e+e− →
Zγγ and limits are set on the quantities aW

0 /Λ2, aW
c /Λ2, an/Λ2.

The characteristics of the first process depend on all the three

couplings whereas those of the latter two depend only on the

two CP -conserving couplings. The sensitive measured variables

are the cross sections for these processes as well as the energy

and angular distributions of the photon and recoil mass to the

photon pair.
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SEARCHES FOR HIGGS BOSONS

Updated October 2005 by P. Igo-Kemenes
(Physikalisches Institut, Heidelberg, Germany).

I. Introduction

One of the main challenges in high-energy physics is to

understand electroweak symmetry breaking and the origin of

mass. In the Standard Model (SM) [1], the electroweak in-

teraction is described by a gauge field theory based on the

SU(2)L×U(1)Y symmetry group. Masses can be introduced

by the Higgs mechanism [2]. In the simplest form of this

mechanism, which is implemented in the SM, fundamental

scalar “Higgs” fields fill the vacuum and acquire non-zero vac-

uum expectation values, and the SU(2)L×U(1)Y symmetry

is spontaneously broken down to the electromagnetic U(1)EM

symmetry. Gauge bosons and fermions obtain their masses by

interacting with the vacuum Higgs fields. Associated with this

description is the existence of massive scalar particles, Higgs

bosons.
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The minimal SM requires one Higgs field doublet and

predicts a single neutral Higgs boson. Beyond the SM, super-

symmetric (SUSY) extensions [4] are of interest, since they

provide a consistent framework for the unification of the gauge

interactions at a high-energy scale, ΛGUT ≈ 1016 GeV, and a

possible explanation for the stability of the electroweak energy

scale in the presence of quantum corrections (the “scale hier-

archy problem”). Moreover, their predictions are compatible

with existing high-precision data.

The Minimal Supersymmetric Standard Model (MSSM) (re-

viewed e.g., in [5,6]) is the SUSY extension of the SM with

minimal new particle content. It introduces two Higgs field

doublets, which is the minimal Higgs structure required to

keep the theory free of anomalies and to provide masses to all

charged fermions. The MSSM predicts three neutral and two

charged Higgs bosons. The lightest of the neutral Higgs bosons

is predicted to have its mass smaller than about 135 GeV.

Prior to 1989, when the e+e− collider LEP at CERN came

into operation, the searches for Higgs bosons were sensitive to

masses below a few GeV only (see Ref. 7 for a review). In

the LEP1 phase, the collider was operating at center-of-mass

energies close to MZ . During the LEP2 phase, the energy

was increased in steps, reaching 209 GeV in the year 2000

before the final shutdown. The combined data of the four LEP

experiments, ALEPH, DELPHI, L3, and OPAL, are sensitive

to neutral Higgs bosons with masses up to about 117 GeV and

to charged Higgs bosons with masses up to about 80 GeV.

Higgs boson searches have also been carried out at the Teva-

tron pp collider. With the presently available data samples, the

sensitivity of the two experiments, CDF and DØ, is still rather

limited, but with increasing sample sizes, the range of sensitiv-

ity should eventually exceed the LEP range [8]. The searches

will continue later at the LHC pp collider, covering masses up

to about 1 TeV [9]. If Higgs bosons are indeed discovered,

the Higgs mechanism could be studied in great detail at future

e+e− [10,11] and µ+µ− colliders [12].

In order to keep this review up-to-date, some unpublished

results are also quoted. These are marked with (*) in the

reference list and can be accessed conveniently from the public

web page http:

//lephiggs.web.cern.ch/LEPHIGGS/pdg2006/index.html.

II. The Standard Model Higgs boson

The mass of the SM Higgs boson H0 is given by mH =√
2λ· v. While the vacuum expectation value of the Higgs field,

v = (
√

2 · GF )−1/2 = 247 GeV, is fixed by the Fermi coupling

GF , the quartic Higgs self-coupling λ is a free parameter; thus,

the mass mH0 is not predicted by the SM. However, arguments

based on the perturbativity of the theory can be used to

place approximate upper and lower bounds upon the mass [13].

Since for large Higgs boson masses the coupling λ rises with

energy, the theory would eventually become non-perturbative.

The requirement that this does not occur below a given energy

scale Λ defines an upper bound for the Higgs mass. A lower
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Figure 1: Branching ratios for the main de-
cays of the SM Higgs boson (from Ref. 10).

bound is obtained from the study of quantum corrections to

the SM and from requiring the effective potential to be positive

definite. These theoretical bounds imply that if the SM is to

be perturbative up to ΛGUT ≈ 1016 GeV, the Higgs boson mass

should be within about 130 and 190 GeV. In other terms, the

discovery of a Higgs boson with mass below 130 GeV would

suggest the onset of new physics at a scale below ΛGUT.

Indirect experimental bounds for the SM Higgs boson mass

are obtained from fits to precision measurements of electroweak

observables, and to the measured top and W± masses. These

measurements are sensitive to log(mH0) through radiative cor-

rections. The current best fit value is mH0 = 91+45
−32 GeV,

or mH0 <186 GeV at the 95% confidence level (CL) [14],

which is consistent with the SM being valid up to the GUT

scale. (These values are obtained using a top quark mass of

172.7 ± 2.9 GeV [15] in the fit.)

The principal mechanism for producing the SM Higgs parti-

cle in e+e− collisions at LEP energies is Higgs-strahlung in the

s-channel [16], e+e− → H0Z0. The Z0 boson in the final state

is either virtual (LEP1), or on mass shell (LEP2). The SM

Higgs boson can also be produced by W+W− and Z0Z0 fusion

in the t-channel [17], but at LEP energies these processes have

small cross sections. The production cross sections are given in

Ref. 18.

The most relevant decays of the SM Higgs boson [18,19]

are summarised in Fig. 1. For masses below about 130 GeV,

decays to fermion pairs dominate, of which the decay H0 → bb

has the largest branching ratio. Decays to τ+τ−, cc and gluon

pairs (via loops) contribute less than 10%. For such low masses

the decay width is less than 10 MeV. For larger masses the

W+W− and Z0Z0 final states dominate and the decay width

rises rapidly, reaching about 1 GeV at mH0 = 200 GeV and

even 100 GeV at mh0 = 500 GeV.
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At hadron colliders, the most important Higgs production

processes are [20]: gluon fusion (gg → H0), Higgs production

in association with a vector boson (W±H0 or Z0H0) or with a

top quark pair (ttH0), and the W+W− fusion process (qqH0

or qqH0). At the Tevatron and for masses less than about

130 GeV (where the Higgs boson mainly decays to bb), the

most promising discovery channels are W±H0 and Z0H0 with

H0 → bb. The contribution of H0 → W ∗W is important

towards higher masses. At the future pp collider LHC, the

gluon fusion channels gg → H0 → γγ, W +W−, Z0Z0, the

associated production channel ttH0 → ttbb and the W+W−

fusion channel qqH0 → qqτ+τ− are all expected to contribute.

Searches for the SM Higgs boson

During the LEP1 phase, the experiments ALEPH, DELPHI,

L3, and OPAL analyzed over 17 million Z0 decays, and have set

lower bounds of approximately 65 GeV on the mass of the SM

Higgs boson [21]. Substantial data samples have also been

collected during the LEP2 phase at energies up to 209 GeV.

The following final states provide the best sensitivity for

the SM Higgs boson.

• The four-jet topology e+e− → (H0 → bb) (Z0 → qq) is the

most abundant process; it occurs with a branching ratio

of about 60% for a Higgs boson with 115 GeV mass. The

invariant mass of two jets is close to MZ , while the other

two jets contain b flavor.

• The missing energy topology is produced mainly in the

e+e− → (H0 → bb)(Z0 → νν) process, and occurs with

a branching ratio of about 17%. The signal has two b-

jets, substantial missing transverse momentum, and missing

mass compatible with MZ .

• In the leptonic final states, e+e− → (H0 → bb)(Z0 → e+e−,

µ+µ−), the two leptons reconstruct to MZ , and the two jets

have b-flavor. Although the branching ratio is small (only

about 6%), this channel adds significantly to the overall

search sensitivity, since it has low background.

• Final states with tau leptons are produced in the processes

e+e− → (H0 → τ+τ−)(Z0 → qq) and (H0 → qq)(Z0 →
τ+τ−); they occur with a branching ratio of about 10% in

total.

At LEP1, only the missing energy and leptonic final states

could be used in the search for the SM Higgs boson, because of

prohibitive backgrounds in the other channels; at LEP2 all four

search topologies have been exploited.

The overall sensitivity of the searches is improved by com-

bining statistically the data of the four LEP experiments in

different decay channels, and at different LEP energies. After

a preselection, which reduces the main background processes

(from two-photon exchange, e+e− → fermion pairs, W+W−

and Z0Z0), the combined data configuration (distribution in

several discriminating variables) is compared in a frequentist

approach to Monte-Carlo simulated configurations for two hy-

potheses: the background “b” hypothesis, and the signal plus

background “s + b” hypothesis. In the s + b case, it is as-

sumed that a SM Higgs boson of hypothetical mass, mH is

produced, in addition to the SM background processes (the

b case). The ratio Q = Ls+b/Lb of the corresponding like-

lihoods is used as test statistic. The predicted, normalized,

distributions of Q (probability density functions) are integrated

to obtain the p-values 1 − CLb = 1 − Pb(Q ≤ Qobserved) and

CLs+b = Ps+b(Q ≤ Qobserved), which measure the compatibil-

ity of the observed data configuration with the two hypothe-

ses [22].

The searches carried out at LEP prior to the year 2000

did not reveal any evidence for the production of a SM Higgs

boson. However, in the data of the year 2000, mostly at

energies higher than 205 GeV, ALEPH reported an excess of

about three standard deviations [23], arising mainly from a few

four-jet candidates with clean b-tags and kinematic properties

suggesting a SM Higgs boson with mass in the vicinity of

115 GeV. The data of DELPHI [24], L3 [25], and OPAL [26]

did show evidence for such an excess, but could not, however,

exclude a 115 GeV Higgs boson. When the data of the four

experiments are combined [27], the overall significance of a

possible signal is 1.7 standard deviations. Fig. 2 shows the

test statistic −2lnQ for the ALEPH data and for the LEP

data combined. For a hypothetical mass mH = 115 GeV, one

calculates the p-values 1 − CLb = 0.09 for the background

hypothesis and CLs+b = 0.15 for the signal-plus-background

hypothesis. The same combination of LEP data provides a

95% CL lower bound of 114.4 GeV is obtained for the mass of

the SM Higgs boson.

At the Tevatron, the searches concentrate on the associated

production, pp → V H0, with a vector boson V (≡ Z0, W±) de-

caying into charged leptons and/or neutrinos [28]. At masses

below about 130 GeV the H0 → bb decay provides the most

sensitive search channels while at higher masses the search

for H0 → W+W− (one of the W± bosons may be virtual)

becomes relevant. The currently available data samples allow

model-independent upper bounds to be set on the cross section

for Higgs-like event topologies [29]. These bounds are still far

from testing the SM predictions (see Fig. 3), but the sensitivity

of the searches is continuously improving with more statistics.

III. Higgs bosons in the MSSM

Most of the experimental investigations carried out in the

past at LEP and at the Tevatron assume CP conservation

(CPC) in the MSSM Higgs sector. This assumption implies

that the three netural Higgs bosons are CP eigenstates. How-

ever, CP -violating (CPV ) phases in the soft SUSY breaking

sector can lead through quantum effects to sizeable CP vi-

olation in the MSSM Higgs sector [31,32]. Such scenarios

are theoretically appealing, since they provide one of the in-

gredients for explaining the observed cosmic matter-antimatter

asymmetry [33,34]. In such models, the three neutral Higgs

mass eigenstates are mixtures of CP -even and CP -odd fields.

Their production and decay properties may differ considerably
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from the predictions of the CPC scenario [32]. The CPV

scenario has recently been investigated at LEP [35,36].

An important prediction of the MSSM, both CPC and

CPV , is the relatively small mass of the lightest neutral

scalar boson, less than about 135 GeV after radiative correc-

tions [37,38], which emphasizes the importance of the searches

at currently available and future accelerators.
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1. The CP -conserving MSSM scenario

Assuming CP invariance, the spectrum of MSSM Higgs bosons

consists of two CP -even neutral scalars h0 and H0 (h0 is defined

to be the lighter of the two), one CP -odd neutral scalar A0,

and one pair of charged Higgs bosons H±. At tree level, two

parameters are required (beyond known parameters of the SM

fermion and gauge sectors) to fix all Higgs boson masses and

couplings. A convenient choice is the mass mA0 of the CP -odd

scalar A0 and the ratio tan β=v2/v1 of the vacuum expectation

values associated to the neutral components of the two Higgs

fields (v2 and v1 couple to up and down fermions, respectively).

Often the mixing angle α is used, which diagonalizes the CP -

even Higgs mass matrix.

The following ordering of masses is valid at tree level:

mh0 < (MZ , mA0) < mH0 and MW < mH±. These relations

are modified by radiative corrections [37,38], especially in the

neutral Higgs sector. The largest contributions arise from the

incomplete cancellation between top and scalar-top (stop) loops

which depend strongly on the top quark mass (∼ m4
t ) and

logarithmically on the stop masses. Furthermore, the correc-

tions affecting the masses and production- and decay-properties

depend on the details of soft SUSY breaking, and on the mixing

between the SUSY partners of left- and right-handed top and

bottom quarks (stop and sbottom mixing).

In e+e− collisions, the main production mechanisms of the

neutral MSSM Higgs bosons are the Higgs-strahlung processes

e+e− → h0Z0, H0Z0 and the pair production processes e+e− →
h0A0, H0A0. Fusion processes play a marginal role at LEP

energies. The cross sections for the main processes can be
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expressed in terms of the SM Higgs boson cross section σSM
HZ

and the parameters α and β introduced above. For the light

CP -even Higgs boson h0 the following expressions hold in good

approximation

σh0Z0 = sin2(β − α) σSM
HZ (1)

σh0A0 = cos2(β − α)λ σSM
HZ (2)

with the kinematic factor

λ = λ
3/2
A0h0/

[
λ

1/2
Z0h0(12M2

Z/s + λZ0h0)
]

(3)

and λij = [1 − (mi + mj)
2/s][1− (mi − mj)

2/s], where the s is

the square of the e+e− collision energy. These Higgs-strahlung

and pair production cross sections are complementary since

sin2(β − α) + cos2(β − α) = 1. Typically, the process e+e− →
h0Z0 is more abundant at small tanβ and e+e− → h0A0

at large tan β or at mA0 
 MZ ; but the latter can also

be suppressed by the kinematic factor λ. The cross sections

for the heavy scalar boson H0 are obtained by interchanging

sin2(β − α) and cos2(β − α) in Eqs. 1 and 2, and replacing the

index h0 by H0 in Eqs. 1, 2, and 3.

Over most of the MSSM parameter space, one of the CP -

even neutral Higgs bosons (h0 or H0) couples to the vector

bosons with SM-like strength. At the Tevatron, the associated

production pp → (h0 or H0)V (with V ≡ W±, Z0), and

the Yukawa process pp → h0bb are the most promising search

mechanisms. The gluon fusion processes gg → h0, H0, A0 have

the highest cross section, but in these cases, only the Higgs

to τ+τ− decay mode is promising, since the bb decay mode is

overwhelmed by QCD background.

In the MSSM, the couplings of the neutral Higgs bosons to

quarks, leptons, and gauge bosons are modified with respect

to the SM couplings by factors which depend upon the angles

α and β. These factors, valid at tree level, are summarized in

Table 1.

Table 1: Factors relating the MSSM Higgs couplings to the
couplings in the SM.

“Up” fermions “Down” fermions Vector bosons

SM-Higgs: 1 1 1

MSSM h0: cos α/ sin β − sin α/ cos β sin(β − α)
H0: sin α/ sin β cos α/ cosβ cos(β − α)
A0: 1/ tanβ tan β 0

The following decay features are relevant to the MSSM.

The h0 boson will decay mainly to fermion pairs, since the

mass, less than about 135 GeV, is below the W+W− threshold.

The A0 boson also decays predominantly to fermion pairs,

independently of its mass, since its coupling to vector bosons

is zero at leading order (see Table 1). For tanβ >1, decays of

h0 and A0 to bb and τ+τ− pairs are preferred, with branching

ratios of about 90% and 8%. Decays to cc and gluon pairs

may become important for tanβ <1 or for particular parameter

choices where the decays to bb and τ+τ− are suppressed. The

decay h0 → A0A0 may be dominant where it is kinematically

allowed. Other decays could imply SUSY particles such as

sfermions, charginos, or invisible neutralinos, thus requiring

special search strategies.

Searches for neutral Higgs bosons (CPC scenario)

The searches at LEP exploit the complementarity of the

Higgs-strahlung process e+e− → h0Z0 and the pair produc-

tion process e+e− → h0A0, expressed by Eqs. 1 and 2. For

Higgs-strahlung, the searches for the SM Higgs boson are re-

interpreted, taking into account the MSSM reduction factor

sin2(β − α); for pair production, searches are performed specif-

ically for the (bb)(bb) and (τ+τ−)(qq) final states.

The search results are interpreted in a constrained MSSM

where universal values are assumed for the soft SUSY breaking

parameters: the sfermion and gaugino masses MSUSY and M2,

the Higgs mixing parameter µ and the universal trilinear Higgs-

fermion coupling A = At = Ab to up and down quarks.

Besides these parameters, the gluino mass and the precise value

of the top quark mass also affect the Higgs boson masses

and couplings. The interpretations are limited to a number of

specific “benchmark” models [38] where all these parameters

take fixed values. Some of these models are chosen to illustrate

parameter choices where the detection of Higgs bosons at LEP

or in pp-collisons is expected to be difficult a priori due to

the suppression of some main discovery channels. Of particular

interest is the mh0−max scenario which is designed to maximize

the allowed values of mh0 for a given tanβ and fixed values

of MSUSY and mt, and therefore yields conservative exclusion

limits.

The limits from the four LEP experiments are described

in Refs. [23,24,35,39] and the combined LEP limits presented

in [36] There is no excess in the combined data which could be

interpreted as a compelling evidence for Higgs boson production.

However, several local fluctuations, with significances between

two and three standard deviations, are observed. A number of

such excesses are indeed expected from statistical fluctuations

of the background, due to the large number of individual

searches which were conducted to cover the whole parameter

space. The combined LEP limits are shown in Fig. 4 for the

mh0-max scenario, in the (mh0 , tan β) parameter projection

(see Ref. 36 for other projections and other benchmark models).

In this scenario, The 95% CL mass bounds are mh0 >92.8 GeV,

mA0 >93.4 GeV; furthermore, values of tanβ from 0.7 to 2.0

are excluded. One should note that the exclusion in tanβ can

be smaller if the top mass turns out to be higher than the

assumed value of 174.3 GeV, or if MSUSY is taken to be larger

than the assumed value of 1 TeV. Furthermore, the uncertainty

on mh0 from higher-order corrections which are not included in

the current calculations is about 3 GeV.
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Figure 4: The MSSM exclusion limits, at
95% CL (light-green) and 99.7% CL (dark-
green), obtained by LEP for the mh0-max
benchmark scenario, with mt = 174.3 GeV.
The figure shows the excluded and theoretically
inaccessible regions in the (mh0

, tanβ) projec-
tion. The upper edge of the parameter space is
sensitive to the top quark mass; it is indicated,
from left to right, for mt = 169.3, 174.3, 179.3
and 183.0 GeV. The dashed lines indicate the
boundaries of the regions which are expected
to be excluded on the basis of Monte Carlo
simulations with no signal (from Ref. 36). See
full-color version on color pages at end of book.

The neutral Higgs bosons may also be produced by Yukawa

processes e+e− → ffφ, where the Higgs particle φ ≡ h0,

H0, A0, is radiated off a massive fermion (f ≡ b or τ±).

These processes can be dominant at low masses, and whenever

the e+e− → h0Z0 and h0A0, processes are suppressed. The

corresponding enhancement factors (ratios of the ffh0 and

ffA0 couplings to the SM ffH0 coupling) are sin α/ cos β and

tan β, respectively. The LEP data have been used to search for

bbbb, bbτ+τ−, and τ+τ−τ+τ− final states [40,41]. Regions of

low mass and high enhancement factors are excluded by these

searches.

In pp collisions at Tevatron energies, the searches are testing

primarily the region of tanβ larger than about 50, where the

cross sections for the production of neutral Higgs bosons are en-

hanced. Hence, they efficiently complement the LEP searches.

The D0 and CDF experiments have published on searches

for neutral Higgs bosons produced in association with bot-

tom quarks and decaying into bb [42,43]. CDF also addresses

inclusive production with subsequent Higgs boson decays to

τ+τ− [44]. The currently excluded domains are shown in

Fig. 5, together with the LEP limits, in the (mA0 , tanβ)

projection. The sensitivity is expected to improve with the

continuously growing data samples; eventually tanβ down to

about 20 will be tested.
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Figure 5: The MSSM exclusion limits, at
95% CL obtained by the Tevatron experiments
CDF and D0, and by LEP, for the no-mixing
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2. The CP -violating MSSM scenario

Within the SM, the size of CP violation is insufficient to drive

the cosmological baryon asymmetry. In the MSSM, however,

while the Higgs potential is CP -invariant at tree level, substan-

tial CP asymmetry can be generated by radiative contributions,

e.g., from third generation scalar-quarks [31,32].

In the CPV MSSM scenario, the three neutral Higgs

eigenstates Hi (i = 1, 2, 3) do not have well defined CP

quantum numbers; each of them can thus be produced by Higgs-

strahlung, e+e− → HiZ
0, and in pairs, e+e− → HiHj (i �= j),

with rates which depend on the details of CP violation. For

wide ranges of the model parameters, the lightest neutral Higgs

boson H1 has a predicted mass that is accessible at LEP, but

it may decouple from the Z0 boson. On the other hand, the

second- and third-lightest Higgs bosons H2 and H3 may be

either out of reach, or may also have small cross sections.

Altogether, the searches in the CPV MSSM scenario are

experimentally more challenging and hence, a lesser exclusion

power is anticipated than in the CPC MSSM scenario.
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The cross section for the Higgs-strahlung and pair produc-

tion processes are given by [32]

σHiZ0 = g2
HiZZ σSM

HZ (4)

σHiHj = g2
HiHjZ

λ σSM
HZ (5)

(in the expression of λ, Eq. 3, the indices h0 and A0 are to be

replaced by H1 and H2). The couplings

gHiZZ = cos βO1i + sin βO2i (6)

gHiHjZ = O3i(cosβO2j − sin βO1j)

−O3j(cos βO2i − sin βO1i) (7)

obey the relations

3∑
i=1

g2
HiZZ = 1 (8)

gH6ZZ = εijkgHiHjZ (9)

where εijk is the usual Levi-Civita symbol.

The orthogonal matrix Oij (i, j = 1, 2, 3) relating the weak

CP eigenstates to the mass eigenstates has all off-diagonal

entries different from zero in the CP-violating scenario. The

elements giving rise to CP-even/odd mixing are proportional to

m4
t

v2

Im(µA)

M2
SUSY

, (10)

with v =
√

v2
1 + v2

2 (the other parameters are defined in Section

3.1). Their size is a measure of the effects from CP violation in

the Higgs sector.

Regarding the decay properties, the lightest mass eigen-

state, H1, predominantly decays to bb if kinematically allowed,

with only a small fraction decaying to τ+τ−. If kinematically

allowed, the other two neutral Higgs bosons H2 and H3 will de-

cay predominantly to H1H1; otherwise they decay preferentially

to bb.

The LEP searches [35,36] are performed for a “benchmark

scenario” [45], where the parameters are chosen in such

a way as to maximize the expression in Eq. 10 and hence

the phenomenological differences with respect to the CPC

scenario. In the choice of the parameter values, constraints

from measurements of the electron electric dipole moment had

to be taken into account [46]. Fig. 6 shows the exclusion

limits of LEP in the (mH1 , tanβ) plane. As anticipated, one

observes a reduction of the exclusion power as compared to

the CPC scenario, especially in the region of tanβ between 4

and 10. Values of tanβ less than about 3 are excluded in this

scenario; however, no absolute lower bound can be set for the

mass of the lightest neutral Higgs boson H1. Similar exclusion

plots, for other choices of model parameters, can be found in

Ref. 36.
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Figure 6: The MSSM exclusion limits, at
95% CL (light-green) and 99.7% CL (dark-
green), obtained by LEP for a CP-violating sce-
nario with µ = 2 TeV and MSUSY = 500 GeV,
and with mt = 174.3 GeV. The figure shows the
excluded and theoretically inaccessible regions
in the (mH1, tanβ) projection. The dashed
lines indicate the boundaries of the regions
which are expected to be excluded on the basis
of Monte Carlo simulations with no signal (from
Ref. 36). See full-color version on color pages
at end of book.

IV. Charged Higgs bosons

Charged Higgs bosons are predicted by models with two

Higgs field doublets (2HDM), thus also in the MSSM [6]. While

in the MSSM, the mass of the charged Higgs boson is restricted

essentially to mH± > MW , such a restriction does not exist in

the general 2HDM case.

In e+e− collisions, charged Higgs bosons are expected to be

pair-produced via s-channel exchange of a photon or a Z0

boson [19]. In the 2HDM framework, the couplings are

specified by the electric charge and the weak mixing angle

θW , and the cross section only depends on the mass mH±

at tree level. Charged Higgs bosons decay preferentially

to heavy particles, but the branching ratios are model-

dependent. In 2HDM of “type 2,” 1 In the 2HDM of

“type 2,” the two Higgs fields couple separately to “up”

and “down” type fermions; in the 2HDM of “type 1,”

one field couples to all fermions while the other field is

decoupled from them. and for masses which are accessible

at LEP energies, the decays H+ → cs and τ+ν dominate.

The final states H+H− → (cs)(cs), (τ+ντ )(τ−ντ ), and

(cs)(τ−ντ )+(cs)(τ+ντ ) are therefore considered, and the

search results are usually presented as a function of the

H+ → τ+ν branching ratio.
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The searches of the four LEP experiments are described

in Ref. [47]. Their sensitivity is limited to mH± less than

about MW due to the background from e+e− → W+W−.

The combined LEP data [48] exclude a charged Higgs boson

with mass less than 78.6 GeV (95% CL) (valid for arbitrary

H+ → τ+ν branching ratio). The region excluded in the (tanβ

mH±) plane is shown in Fig. 7. These exclusions are valid for

the 2HDM of “type 2.”

In the 2HDM of “type 1” [49], and if the CP -odd neutral

Higgs boson A0 is light (which is not excluded in the general

2HDM case), the decay H± → W (±∗)A0 may be dominant for

masses accessible at LEP. This eventuality is investigated by

DELPHI [50].

In pp collisions at Tevatron energies, charged Higgs bosons

with mass less than mt − mb can be produced in the decay of

the top quark. The decay t → bH+ would then compete with

the SM process t → bW+. In the 2HDM of “type 2,” the decay

t → bH+ could have a detectable rate for tanβ less than one,

or larger than about 30.

Earlier searches of the D0 and CDF collaborations are

summarised in Ref. [51]. A more recent search of CDF is

presented in [52]. It is based on tt cross section measurements

in the di-lepton, lepton+jet and lepton+(τ → hadrons) event

topologies. By comparing the results to the corresponding SM

cross sections (t → bW+ only), the CDF search provides

limits on the t → bH+ branching ratio, which are converted

to exclusions in the (tanβ, mH±) plane. Such an exclusion is

shown in Fig. 7, along with the LEP exclusion, for a choice of

MSSM parameters which is almost identical to the mh0 − max

benchmark scenario adopted by the LEP collaborations in their

search for neutral MSSM Higgs bosons.

Indirect limits in the (mH±, tan β) plane are obtained by

comparing the measured rate of the flavor-changing neutral-

current process b → sγ to the SM prediction. In the SM, this

process is mediated by virtual W± exchange [53], while in the

2HDM of “type 2,” the branching ratio is altered by contribu-

tions from the exchange of charged Higgs bosons [54]. The

current experimental value, from combining ALEPH, CLEO,

BELLE, and BABAR [55], is in agreement with the SM pre-

diction and sets a lower bound of about 320 GeV (95% CL) for

mH±. This exclusion is much stronger than the current bounds

from direct searches; however, these indirect bounds may be

invalidated by anomalous couplings or, in SUSY models, by

sparticle loops.

Doubly-charged Higgs bosons

Higgs bosons with double electric charge, are predicted,

for example, by models with additional triplet scalar fields

or left-right symmetric models [56]. It has been emphasized

that the see-saw mechanism could lead to doubly-charged Higgs

bosons with masses which are accessible to current and future

colliders [57]. Searches were performed at LEP for the pair-

production process Z0 → H++H−− with four prompt leptons

in the final state [58–60]. Lower mass bounds between 95 GeV
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Figure 7: Summary of the 95% CL exclu-
sions in the (mH+, tan β) plane obtained by
LEP [48] and CDF. The size of the data sam-
ple used by CDF, the choice of the top quark
mass, and the soft SUSY breaking parameters to
which the CDF exclusions apply, are indicated
in the figure. The full lines indicate the SM
expectation (no H± signal) and the horizontal
hatching represents the ±1σ bands about the
SM expectation (from Ref. 52). See full-color
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and 100 GeV were obtained for left-right symmetric models (the

exact limits depend on the lepton flavors). Doubly-charged

Higgs bosons were also searched in single production [61].

Furthermore, such particles would affect the Bhabha scattering

cross-section and forward-backward asymmetry via t-channel

exchange. The absence of a significant deviation from the

SM prediction puts constraints on the Yukawa coupling of

H±± to electrons for Higgs masses which reach into the TeV

range [60,61].

Searches have also been carried out at the Tevatron for

the pair production process pp → H++H−−. While the D0

search is limited to the µ+µ+µ−µ− final state [62], CDF

also considers the e+e+e−e− and e+µ+e−µ− [63]. Lower

bounds are obtained for left- and right-handed H±± bosons.

For example, assuming 100% branching ratio for H±± → µ±µ±,

the CDF data exclude a left- and a right-handed doubly charged

Higgs boson with mass larger than 136 GeV and 113 GeV,

respectively, at the 95% CL. A search of CDF for long-lived H±±

boson, which would decay outside the detector, is described

in [64].

The current status of coupling limits, from direct searches

at LEP and at the Tevatron, is summarised in Fig. 8.
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V. Model extensions

The addition of a singlet scalar field to the CP -conserving

MSSM [65] gives rise to two additional neutral scalars, one

CP -even and one CP -odd. The radiative corrections to the

masses are similar to those in the MSSM, and arguments of

perturbative continuation to the GUT scale lead to an upper

bound of about 140 GeV for the mass of the lightest neutral

CP -even scalar. The DELPHI collaboration places a constraint

on such models [66].

Decays into invisible (weakly interacting neutral) particles

may occur, for example in the MSSM, if the Higgs bosons decay

to pairs of neutralinos. In a different context, Higgs bosons

might also decay into pairs of massless Goldstone bosons or

Majorons [67]. In the process e+e− → h0Z0, the mass of the

invisible Higgs boson can be inferred from the reconstructed Z0

boson by using the beam energy constraint. Results from the

LEP experiments can be found in Refs. [23,68]. A preliminary

combination of LEP data yields a 95% CL lower bound of

114.4 GeV for the mass of a Higgs boson, if it is produced with

SM production rate, and if it decays exclusively into invisible

final states [69].

Most of the searches for the processes e+e− → h0Z0 and

h0A0, which have been discussed in the context of the CPC

MSSM, rely on the assumption that the Higgs bosons have

a sizeable bb decay branching ratio. However, in the general

2HDM case, decays to non-bb final states may be strongly en-

hanced. More recently some flavor-independent searches have

been reported at LEP which do not require the experimental

signature of b flavor [70]; also, a preliminary combination of

LEP data has been performed [71]. In conjunction with the

older, b-flavor sensitive searches, large domains of the general

2HDM parameter space of “type 2” have been excluded [72].

Photonic final states from the processes e+e− → Z0 /γ∗ →
H0γ and from H0 → γγ, do not occur in the SM at tree level,

but may have a low rate due to W± and top quark loops [73].

Additional loops from SUSY particles would increase the rates

only slightly [74], but models with anomalous couplings predict

enhancements by orders of magnitude. Searches for the pro-

cesses e+e− → (H0 → bb)γ, (H0 → γγ)qq, and (H0 → γγ)γ

have been used to set limits on such anomalous couplings. Fur-

thermore, they constrain the so-called “fermiophobic” 2HDM of

“type 1” [75], which also predicts an enhanced h0 → γγ rate.

The LEP searches are described in [76,77]. In a preliminary

combination of LEP data [78], a fermiophobic Higgs boson with

mass less than 108.2 GeV (95% CL) has been excluded. Limits

of about 80 GeV are obtained at the Tevatron [79]. The

2HDM of “type 1” also predicts an enhanced rate for the decays

h0 → W ∗W and Z0∗Z0. This possibility has been addressed

by L3 [77].

The searches for netural Higgs bosons were used by DELPHI

to place mass-dependent upper bounds on a number of Higgs-

motivated event topologies [41], which apply to a large class

of models. OPAL have performed a decay-mode independent

search for the Bjorken process e+e− → S0Z0 [80], where S0

denotes a generic scalar particle. The search is based on studies

of the recoil mass spectrum in events with Z0 → e+e− and Z0 →
µ+µ− decays, and on the final states (Z0 → νν)(S0 → e+e−

or photons); it produces upper bounds on the cross section for

scalar masses between 10−6 GeV to 100 GeV.

VI. Prospects

The LEP collider stopped producing data in November

2000. At the Tevatron, performance studies suggest [8] that

data samples in excess of 2 fb−1 per experiment would extend

the combined sensitivity of CDF and D0 beyond the LEP reach.

With 4 fb−1 per experiment, the Tevatron should be able to

exclude, at 95% CL, a SM Higgs boson with mass up to about

130GeV; with 9 fb−1 per experiment, it could produce a 3σ

evidence for a Higgs boson of 130 GeV mass. Data samples of

this size would also provide sensitivity to MSSM Higgs bosons

in large domains of the parameter space.

The Large Hadron Collider (LHC) should deliver proton-

proton collisions at 14 TeV in the year 2007. The ATLAS and

CMS detectors have been optimized for Higgs boson searches [9].

The discovery of the SM Higgs boson will be possible over

the mass range between about 100 GeV and 1 TeV. This

broad range is covered by a variety of searches based on a

large number of production and decay processes. The LHC

experiments will provide full coverage of the MSSM parameter

space by direct searches for the h0, H0, A0, and H± bosons, and

by detecting the h0 boson in cascade decays of SUSY particles.

The simultaneous discovery of several of the Higgs bosons is

possible over extended domains of the parameter space.

A high-energy e+e− linear collider can be realized after

the year 2010. It could be running initially at a center-of-

mass energy up to 500 GeV and at 1 TeV or more at a later
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stage [11]. One of the prime goals would be to extend the

precision measurements, which are typical of e+e− colliders,

to the Higgs sector. At such a collider the Higgs couplings to

fermions and vector bosons can be measured with precisions of

a few percent. The MSSM parameters can be studied in great

detail. At the highest collider energies and luminosities, the

self-coupling of the Higgs fields can be studied directly through

final states with two Higgs bosons [81]. Furthermore, running

in the photon collider mode, the linear collider could be used to

produce Higgs bosons in the s-channel.

Higgs production in the s-channel would also be possible at

a future µ+µ− [12]. Mass measurements with precisions of a

few MeV would be possible and the widths could be obtained

directly from Breit-Wigner scans. The heavy CP -even and

CP -odd bosons, H0 and A0, degenerate over most of the

MSSM parameter space, could be disentangled experimentally.

Models are emerging which propose solutions to the elec-

troweak symmetry breaking and the scale hierarchy prob-

lem without introducing supersymmetry. The “little Higgs

model” [82] proposes an additional set of heavy vector-like

quarks, gauge bosons, and scalar particles, in the 100 GeV-

1 TeV mass scale. Their couplings are tuned in such a way

that the quadratic divergences induced in the SM by the top,

gauge-boson and Higgs loops are cancelled at one-loop level.

If the Little Higgs mechanism is indeed a valid alternative to

supersymmetry, it should be possible to detect some of these

new states at the LHC.

Alternatively, models with extra space dimensions [83] pro-

pose a natural way for avoiding the scale hierarchy problem. In

this class of models, the Planck scale may lose its fundamental

character to become merely an effective scale in 3-dimensional

space. These models predict a light Higgs-like particle, the

radion, which differs from the Higgs boson, for example, in its

enhanced coupling to gluons. A first search for the radion in

LEP data, conducted by OPAL, gave negative results [84].

Finally, if Higgs bosons are not discovered at the TeV scale,

both the LHC and the future lepton colliders will be in a position

to test alternative theories of electroweak symmetry breaking,

such as those with strongly interacting vector bosons [85]

expected in theories with dynamical symmetry breaking [86].
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>��3>��3>��3>��3 �: ��: *+�5�* �) +!� µµ
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THE W ′ SEARCHES

Revised August 2005 by K.S. Babu (Oklahoma State U.) and
C. Kolda (Notre Dame U.).

Any electrically charged gauge boson outside of the Stan-

dard Model is generically denoted W ′. A W ′ always couples to

two different flavors of fermions, similar to the W boson. In

particular, if a W ′ couples quarks to leptons it is a leptoquark

gauge boson.

The most attractive candidate for W ′ is the WR gauge boson

associated with the left-right symmetric models [1]. These

models seek to provide a spontaneous origin for parity violation

in weak interactions. Here the gauge group is extended to

SU(3)C ×SU(2)L×SU(2)R×U(1)B–L with the Standard Model

hypercharge identified as Y = T3R + (B–L)/2, T3R being the

third component of SU(2)R. The fermions transform under the

gauge group in a left-right symmetric fashion: qL(3, 2, 1, 1/3) +

qR(3, 1, 2, 1/3) for quarks and �L(1, 2, 1,−1) + �R(1, 1, 2,−1)

for leptons. Note that the model requires the introduction

of right-handed neutrinos, which can facilitate the see-saw

mechanism for explaining the smallness of the ordinary neutrino

masses. A Higgs bidoublet Φ(1, 2, 2, 0) is usually employed to

generate quark and lepton masses and to participate in the

electroweak symmetry breaking. Under left-right (or parity)

symmetry, qL ↔ qR, �L ↔ �R, WL ↔ WR and Φ ↔ Φ†.
After spontaneous symmetry breaking, the two W bosons of

the model, WL and WR, will mix. The physical mass eigenstates

are denoted as

W1 = cos ζ WL+sin ζ WR, W2 = − sin ζ WL+cos ζ WR (1)

with W1 identified as the observed W boson. The most general

Lagrangian that describes the interactions of the W1,2 with the

quarks can be written as [2]

L = − 1√
2
uγµ

[(
gL cos ζ V LPL − gReiω sin ζ V RPR

)
W µ

1

+
(
gL sin ζ V LPL + gReiω cos ζ V RPR

)
W µ

2

]
d + h.c.(2)

where gL,R are the SU(2)L,R gauge couplings, PL,R = (1∓γ5)/2

and V L,R are the left- and right-handed CKM matrices in the

quark sector. The phase ω reflects a possible complex mixing

parameter in the WL–WR mass-squared matrix. Note that there

is CP violation in the model arising from the right-handed
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currents even with only two generations. The Lagrangian for

leptons is identical to that for quarks, with the replacements

u → ν, d → e and the identification of V L,R with the CKM

matrices in the leptonic sector.

If parity invariance is imposed on the Lagrangian, then

gL = gR. Furthermore, the Yukawa coupling matrices that arise

from coupling to the Higgs bidoublet Φ will be Hermitian. If in

addition the vacuum expectation values of Φ are assumed to be

real, the quark and lepton mass matrices will also be Hermitian,

leading to the relation V L = V R. Such models are called

manifest left-right symmetric models and are approximately

realized with a minimal Higgs sector [3]. If instead parity and

CP are both imposed on the Lagrangian, then the Yukawa

coupling matrices will be real symmetric and, after spontaneous

CP violation, the mass matrices will be complex symmetric. In

this case, which is known in the literature as pseudo-manifest

left-right symmetry, V L = (V R)∗.

Indirect constraints: In minimal version of manifest or

pseudo-manifest left-right symmetric models with ω = 0 or

π, there are only two free parameters, ζ and MW2, and they

can be constrained from low energy processes. In the large

MW2 limit, stringent bounds on the angle ζ arise from three

processes. (i) Nonleptonic K decays: The decays K → 3π and

K → 2π are sensitive to small admixtures of right-handed

currents. Assuming the validity of PCAC relations in the Stan-

dard Model it has been argued in Ref. 4 that the success in

the K → 3π prediction will be spoiled unless |ζ| ≤ 4 × 10−3.

(ii) b → sγ: The amplitude for this process has an enhancement

factor mt/mb relative to the Standard Model and thus can be

used to constrain ζ yielding the limit −0.01 ≤ ζ ≤ 0.003 [5].

(iii) Universality in weak decays: If the right-handed neutrinos

are heavy, the right-handed admixture in the charged current

will contribute to β decay and K decay, but not to the µ

decay. This will modify the extracted values of V L
ud and V L

us.

Demanding that the difference not upset the three generation

unitarity of the CKM matrix, a bound |ζ| ≤ 10−3 has been

derived [6].

If the νR are heavy, leptonic and semileptonic processes do

not constrain ζ since the emission of νR will not be kinematically

allowed. However, if the νR is light enough to be emitted in

µ decay and β decay, stringent limits on ζ do arise. For example,

|ζ| ≤ 0.0333 can be obtained from polarized µ decay [7] in the

large MW2 limit of the manifest left-right model. Alternatively,

in the ζ = 0 limit, there is a constraint MW2 ≥ 549 GeV

from direct W2 exchange. For the constraint on the case in

which MW2 is not taken to be heavy, see Ref. 2. There are also

cosmological and astrophysical constraints on MW2 and ζ in

scenarios with a light νR. During nucleosynthesis the process

e+e− → νRνR, proceeding via W2 exchange, will keep the νR

in equilibrium leading to an overproduction of 4He unless MW2

is greater than about 4 TeV [8]. Likewise the νeR produced via

e−Rp → nνR inside a supernova must not drain too much of its

energy, leading to limits MW2 > 23 TeV [9]. Note that models

with light νR do not have a see-saw mechanism for explaining

the smallness of the neutrino masses, though other mechanisms

may arise in variant models [10].

The mass of W2 is severely constrained (independent of

the value of ζ) from KL–KS mass-splitting. The box diagram

with exchange of one WL and one WR has an anomalous

enhancement and yields the bound MW2 ≥ 1.6 TeV [11] for

the case of manifest or pseudo-manifest left-right symmetry. If

the νR have Majorana masses, another constraint arises from

neutrinoless double β decay. Combining the experimental limit

from 76Ge decay with arguments of vacuum stability, a limit of

MW2 ≥ 1.1 TeV has been obtained [12].

Direct search limits: Limits on MW2 from direct searches

depend on the available decay channels of W2. If νR is heavier

than W2, the decay W+
2 → �+

RνR will be forbidden kinemati-

cally. Assuming that ζ is small, the dominant decay of W2 will

then be into dijets. UA2 [13] has excluded a W2 in the mass

range of 100 to 251 GeV in this channel. DØ excludes the mass

range of 300 to 800 GeV [14], while CDF excludes the mass

range of 225 to 566 GeV by searching for a tb̄ final state [15].

If νR is lighter than W2, the decay W+
2 → e+

RνR is allowed;

if mνR < MW2/2 then a peak in the spectrum of hard electrons

can be used as a signature for W2 production. Using this

technique, DØ has a limit of MW2 > 720 GeV if mνR � MW2;

the bound weakens to 650 GeV for mνR = MW2/2 [16]. One

can also look for the decay of the νR into eRW ∗
R, leading to

an eejj signature. The DØ bound here is only slightly weaker

than above. Finally one can search for a stable νR in leptons

plus missing energy. CDF finds MW2 > 786 GeV if νR is much

lighter than W2, using the e and µ final states combined [17].

All of these limits assume manifest or pseudo-manifest left-right

symmetry. See [16] for some variations in the limits if the

assumption of left-right symmetry is relaxed.

Alternative models: W ′ gauge bosons can also arise in other

models. We shall briefly mention some such popular models,

but for details we refer the reader to the original literature.

The alternate left-right model [18] is based on the same gauge

group as the left-right model, but arises in the following way:

In E6 unification, there is an option to identify the right-

handed down quarks as SU(2)R singlets or doublets. If they

are SU(2)R doublets, one recovers the conventional left-right

model; if they are singlets it leads to the alternate left-right

model. A similar ambiguity exists in the assignment of left-

handed leptons; the alternate left-right model assigns them to

a (1, 2, 2, 0) multiplet. As a consequence, the ordinary neutrino

remains exactly massless in the model. One important difference

from the usual left-right model is that the limit from the KL–KS

mass difference is no longer applicable, since the dR do not

couple to the WR. There is also no limit from polarized µ decay,

since the SU(2)R partner of eR can receive a large Majorana

mass. Other W ′ models include the un-unified Standard Model

of Ref. 19 where there are two different SU(2) gauge groups,

one each for the quarks and leptons; models with separate
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SU(2) gauge factors for each generation [20]; and the SU(3)C ×
SU(3)L × U(1) model of Ref. 21.

Leptoquark gauge bosons: The SU(3)C × U(1)B–L part of

the gauge symmetry discussed above can be embedded into a

simple SU(4)C gauge group [22]. The model then will contain

a leptoquark gauge boson as well, with couplings of the type

{(eLγµdL + νLγµuL)W ′µ + (L → R)}. The best limit on such

a leptoquark W ′ comes from nonobservation of KL → ee and

µe, which require MW ′ ≥ 1400 and 1200 TeV respectively; for

the corresponding limits on less conventional leptoquark flavor

structures, see Ref. 23. Thus such a W ′ is inaccessible to direct

searches with present machines which are sensitive to vector

leptoquark masses of order 300 GeV only.
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THE Z ′ SEARCHES

Revised August 2005 by K.S. Babu (Oklahoma State U.) and
C. Kolda (Notre Dame U.).

New massive and electrically neutral gauge bosons are

a common feature of physics beyond the Standard Model.

They are present in most extensions of the Standard Model

gauge group, including models in which the Standard Model is

embedded into a unifying group. They can also arise in certain

classes of theories with extra dimensions. Whatever the source,

such a gauge boson is called a Z ′. While current theories suggest

that there may be a multitude of such states at or just below

the Planck scale, there exist many models in which the Z ′ sits

at or near the weak scale. Models with extra neutral gauge

bosons often contain charged gauge bosons as well; these are

discussed in the review of W ′ physics.

The Lagrangian describing a single Z ′ and its interactions

with the fields of the Standard Model is [1,2,3]:

LZ′ = − 1

4
F ′

µνF
′µν − sin χ

2
F ′

µνF
µν + M2

Z′Z ′
µZ ′µ

+ δM2 Z ′
µZµ − e

2cW sW

∑
i

ψiγ
µ(f i

V − f i
Aγ5)ψiZ

′
µ

(1)

where cW , sW are the cosine and sine of the weak angle, Fµν , F ′
µν

are the field strength tensors for the hypercharge and the Z ′

gauge bosons respectively, ψi are the matter fields with Z ′

vector and axial charges f i
V and f i

A, and Zµ is the electroweak

Z-boson. (The overall Z ′ coupling strength has been normalized

to that of the usual Z.) The mass terms are assumed to come

from spontaneous symmetry breaking via scalar expectation

values; the δM2 term is generated by Higgs bosons that are

charged under both the Standard Model and the extra gauge

symmetry, and can have either sign. The above Lagrangian is

general to all abelian and non-abelian extensions; however, for
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the non-abelian case, F ′
µν is not gauge invariant and so the

kinetic mixing parameter χ = 0. Most analyses take χ = 0,

even for the abelian case, and so we do likewise here; see Ref. 3

for a discussion of observables with χ �= 0.

Strictly speaking, the Z ′ defined in the Lagrangian above is

not a mass eigenstate since it can mix with the usual Z boson.

The mixing angle is given by

ξ � δM2

M2
Z − M2

Z′
. (2)

This mixing can alter a large number of the Z-pole observables,

including the T -parameter which receives a contribution

αTnew = ξ2

(
M2

Z′

M2
Z

− 1

)
(3)

to leading order in small ξ. (For χ �= 0, both S and T receive

additional contributions [4,3]. ) However, the oblique parame-

ters do not encode all the effects generated by Z –Z ′ mixing;

the mixing also alters the couplings of the Z itself, shifting its

vector and axial couplings to T i
3 − 2Qis2

W + ξf i
V and T i

3 + ξf i
A

respectively.

If the Z ′ charges are generation-dependent, tree-level flavor-

changing neutral currents will generically arise. There exist

severe constraints in the first two generations coming from

precision measurements such as the KL − KS mass splitting

and B(µ → 3e); constraints on a Z ′ which couples differently

only to the third generation are somewhat weaker. If the Z ′

interactions commute with the Standard Model gauge group,

then per generation, there are only five independent Z ′ψ̄ψ

couplings; one can choose them to be fu
V , fu

A, fd
V , f e

V , f e
A. All

other couplings can be determined in terms of these, e.g.,

fν
V = (f e

V + f e
A)/2.

Experimental Constraints: There are four primary sets of

constraints on the existence of a Z ′ which will be consid-

ered here: precision measurements of neutral current processes

at low energies, Z-pole constraints on Z –Z ′ mixing, indi-

rect constraints from precision electroweak measurements off

the Z-pole, and direct search constraints from production at

very high energies. In principle, one should expect other new

states to appear at the same scale as the Z ′, including its

symmetry-breaking sector and any additional fermions neces-

sary for anomaly cancellation. Because these states are highly

model-dependent, searches for these states, or for Z ′ decays into

them, are not included in the Listings.

Low-energy Constraints: After the gauge symmetry of the

Z ′ and the electroweak symmetry are both broken, the Z of

the Standard Model can mix with the Z ′, with mixing angle ξ

defined above. As already discussed, this Z – Z ′ mixing implies

a shift in the usual oblique parameters. Current bounds on

T (and S) translate into stringent constraints on the mixing

angle, ξ, requiring ξ � 1; similar constraints on ξ arise from

the LEP Z-pole data. Thus, we will only consider the small-ξ

limit henceforth.

Whether or not the new gauge interactions are parity

violating, stringent constraints can arise from atomic parity

violation (APV) and polarized electron-nucleon scattering ex-

periments [5]. At low energies, the effective neutral current

Lagrangian is conventionally written:

LNC =
GF√

2

∑
q=u,d

{
C1q(ēγµγ5e)(q̄γµq) + C2q(ēγµe)(q̄γµγ5q)

}
.

(4)

APV experiments are sensitive only to C1u and C1d through the

“weak charge” QW = −2 [C1u(2Z + N) + C1d(Z + 2N)], where

C1q = 2(1 + αT )(ge
A + ξf e

A)(gq
V + ξf q

V ) + 2r(f e
Af q

V ) (5)

with r = M2
Z/M2

Z′ . (Terms O(rξ) are dropped.) The r-

dependent terms arise from Z ′ exchange and can interfere

constructively or destructively with the Z contribution. In the

limit ξ = r = 0, this reduces to the Standard Model expression.

Polarized electron scattering is sensitive to both the C1q and

C2q couplings, again as discussed in the Standard Model review.

The C2q can be derived from the expression for C1q with the

complete interchange V ↔ A.

Stringent limits also arise from neutrino-hadron scattering.

One usually expresses experimental results in terms of the ef-

fective 4-fermion operators (ν̄γµν)(q̄L,RγµqL,R) with coefficients

(2
√

2GF )εL,R(q). (Again, see the Standard Model review.) In

the presence of the Z and Z ′, the εL,R(q) are given by:

εL,R(q) =
1 + αT

2

{
(gq

V ± gq
A)[1 + ξ(f ν

V ± fν
A)] + ξ(f q

V ± f q
A)

}
+

r

2
(f q

V ± f q
A)(fν

V ± fν
A) . (6)

Again, the r-dependent terms arise from Z ′-exchange.

Z-pole Constraints: Electroweak measurements made at

LEP and SLC while sitting on the Z-resonance are gener-

ally sensitive to Z ′ physics only through the mixing with the Z,

unless the Z and Z ′ are very nearly degenerate. Constraints on

the allowed mixing angle and Z ′ couplings arise by fitting all

data simultaneously to the ansatz of Z –Z ′ mixing. A number

of such fits are included in the Listings. If the listed analysis

uses data only from the Z resonance, it is marked with a com-

ment “Z parameters” while it is commented as “Electroweak”

if low-energy data is also included in the fits. Both types of fits

place simultaneous limits on the Z ′ mass and on ξ.

High-energy Indirect Constraints: At
√

s < MZ′ , but off

the Z-pole, strong constraints on new Z ′ physics arise by com-

paring measurements of asymmetries and leptonic and hadronic

cross-sections with their Standard Model predictions. These

processes are sensitive not only to Z –Z ′ mixing, but also to

direct Z ′ exchange primarily through γ − Z ′ and Z –Z ′ inter-

ference; therefore, information on the Z ′ couplings and mass

can be extracted that is not accessible via Z –Z ′ mixing alone.
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Far below the Z ′ mass scale, experiments at a given
√

s are

only sensitive to the scaled Z ′ couplings
√

sf i
V,A/MZ′ . However,

the Z ′ mass and overall magnitude of the couplings can be

separately extracted if measurements are made at more than

one energy. As
√

s approaches MZ′ the Z ′ exchange can no

longer be approximated by a contact interaction and the mass

and couplings can be simultaneously extracted.

Z ′ studies done before LEP relied heavily on this approach;

see, for example, Ref. 6. LEP has also done similar work using

data collected above the Z-peak; see, for example, Ref. 7.

For indirect Z ′ searches at future facilities, see, for example,

Refs. 8,9. At a hadron collider the possibility of measuring

leptonic forward-backward asymmetries has been suggested [10]

and used [11] in searches for a Z ′ below its threshold.

Direct Search Constraints: Finally, high-energy experi-

ments have searched for on-shell Z ′ production and decay.

Searches can be classified by the initial state off of which the Z ′

is produced, and the final state into which the Z ′ decays; exotic

decays of a Z ′ are not included in the listings. Experiments to

date have been sensitive to Z ′ production via their coupling to

quarks (pp̄ colliders), to electrons (e+e−), or to both (ep).

For a heavy Z ′ (MZ′ 
 MZ), the best limits come from

pp̄ machines via Drell-Yan production and subsequent decay to

charged leptons. For MZ′ > 600 GeV, CDF [12] quotes limits

on σ(pp̄ → Z ′X) · B(Z ′ → �+�−) < 0.04 pb at 95% C.L. for

� = e+µ combined; DØ [13] quotes σ ·B < 0.06 pb for � = e and

MZ′ > 500 GeV. For smaller masses, the bounds can be found

in the original literature. For studies of the search capabilities

of future facilities, see, for example, Ref. 8.

If the Z ′ has suppressed, or no, couplings to leptons (i.e., it

is leptophobic), then experimental sensitivities are much weaker.

Searches for a Z ′ via hadronic decays at CDF [14] are unable to

rule out a Z ′ with quark couplings identical to those of the Z in

any mass region. UA2 [15] does find σ ·B(Z ′ → jj) < 11.7 pb at

90% C.L. for MZ′ > 200 GeV, with more complicated bounds

in the range 130 GeV < MZ′ < 200 GeV. CDF and D0 [16] have

also searched for a narrow, leptophobic Z ′ predicted by some

topcolor models as a peak in the t̄t spectrum.

For a light Z ′ (MZ′ < MZ), direct searches in e+e− colliders

have ruled out any Z ′, unless it has extremely weak couplings

to leptons. For a combined analysis of the various pre-LEP

experiments see Ref. 6.

Canonical Models: One of the prime motivations for an

additional Z ′ has come from string theory, in which certain

compactifications lead naturally to an E6 gauge group, or

one of its subgroups. E6 contains two U(1) factors beyond

the Standard Model, a basis for which is formed by the two

groups U(1)χ and U(1)ψ, defined via the decompositions E6 →
SO(10)× U(1)ψ and SO(10) → SU(5)×U(1)χ; one special case

often encountered is U(1)η, where Qη =
√

3
8Qχ −

√
5
8Qψ. The

charges of the SM fermions under these U(1)’s can be found

in Table 1, and a discussion of their experimental signatures

can be found in Ref. 17. A separate listing appears for each

of the canonical models, with direct and indirect constraints

combined.

Table 1: Charges of Standard Model fermions
in canonical Z ′ models.

Y T3R B − L
√

24Qχ

√
72
5

Qψ Qη

νL, eL −1
2

0 −1 +3 +1 +1
6

νR 0 + 1
2

−1 +5 −1 +5
6

eR −1 −1
2

−1 +1 −1 +1
3

uL, dL + 1
6

0 + 1
3

−1 +1 −1
3

uR + 2
3

+ 1
2

+ 1
3

+1 −1 + 1
3

dR −1
3

−1
2

+ 1
3

−3 −1 −1
6

It is also common to express experimental bounds in terms

of a toy Z ′, usually denoted Z ′
SM. This Z ′

SM, of arbitrary

mass, couples to the SM fermions identically to the usual Z.

Almost all analyses of Z ′ physics have worked with one of these

canonical models and have assumed zero kinetic mixing at the

weak scale.

Extra Dimensions: A new motivation for Z ′ searches comes

from recent work on extensions of the Standard Model into extra

dimensions. (See the “Review of Extra Dimensions” for many

details not included here.) In some classes of these models, the

gauge bosons of the Standard Model can inhabit these new

directions [18]. When compactified down to the usual (3+1)

dimensions, the extra degrees of freedom that were present

in the higher-dimensional theory (associated with propagation

in the extra dimensions) appear as a tower of massive gauge

bosons, called Kaluza-Klein (KK) states. The simplest case is

the compactification of a (4+d)-dimensional space on a d-torus

(T d) of uniform radius R in all d directions. Then a tower of

massive gauge bosons are present with masses

M2
V�n

= M2
V�0

+

n · 
n
R2

, (7)

where V represents any of the gauge fields of the Standard

Model and 
n is a d-vector whose components are semi-positive

integers; the vector 
n = (0, 0, . . .0) corresponds to the “zero-

mode” gauge boson, which is nothing more than the usual gauge

boson of the Standard Model, with mass MV�0
= MV . Compact-

ifications on either non-factorizable or asymmetric manifolds

can significantly alter the KK mass formula, but a tower of

states will nonetheless persist. All bounds cited in the Listings

assume the maximally symmetric spectrum given above for

simplicity.

The KK mass formula, coupled with the absence of any

observational evidence for W ′ or Z ′ states below the weak scale,

implies that the extra dimensions in which gauge bosons can
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propagate must have inverse radii greater than at least a few

hundred GeV. If any extra dimensions are larger than this,

gravity alone may propagate in them.

Though the gauge principle guarantees that the usual Stan-

dard Model gauge fields couple with universal strength (or

gauge coupling) to all charged matter, the coupling of KK

bosons to ordinary matter is highly model-dependent. In the

simplest case, all Standard Model fields are localized at the

same point in the d-dimensional subspace; in the parlance of

the field, they all live on the same 3-brane. Then the couplings

of KK bosons are identical to those of the usual gauge fields,

but enhanced: gKK =
√

2 g. However, in many models, partic-

ularly those which naturally suppress proton decay [19], it is

common to find ordinary fermions living on different, parallel

branes in the extra dimensions. In such cases, different fermions

experience very different coupling strengths for the KK states;

the effective coupling varies fermion by fermion, and also KK

mode by KK mode. In the particular case that fermions of dif-

ferent generations with identical quantum numbers are placed

on different branes, large flavor-changing neutral currents can

occur unless the mass scale of the KK states is very heavy:

R−1 � 1000 TeV [20]. In the Listings, all bounds assume that

Standard Model fermions live on a single 3-brane. (The case of

the Higgs field is again complicated; see the footnotes on the

individual listings.)

In some sense, searches for KK bosons are no different

than searches for any other Z ′ or W ′; in fact, bounds on

the artificially defined Z ′
SM are almost precisely bounds on the

first KK mode of the Z0, modulo the
√

2 enhancement in

the coupling strength. To date, no experiment has examined

direct production of KK Z0 bosons, but an approximate bound

of 820 GeV [21] can be inferred from the CDF bound on

Z ′
SM [12].

Indirect bounds have a very different behavior for KK gauge

bosons than for canonical Z ′ bosons; a number of indirect

bounds are given in the Listings. Indirect bounds arise from

virtual boson exchange and require a summation over the entire

tower of KK states. For d > 1, this summation diverges, a

remnant of the non-renormalizability of the underlying (4 + d)-

dimensional field theory. In a fully consistent theory, such as a

string theory, the summation would be regularized and finite.

However, this procedure cannot be uniquely defined within the

confines of our present knowledge, and so most authors choose

to terminate the sum with an explicit cut-off, ΛKK , set equal

to the “Planck scale” of the D-dimensional theory, MD [22].

Reasonable arguments exist that this cut-off could be very

different and could vary by process, and so these bounds should

be regarded merely as indicative [23].
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8. M. Cvetiĉ and S. Godfrey, in Electroweak Symmetry Break-
ing and New Physics at the TeV Scale, eds. T. Barklow
et al., (World Scientific 1996), p. 383 [hep-ph/9504216].

9. T. Rizzo, Phys. Rev. D55, 5483 (1997).

10. J. L. Rosner, Phys. Rev. D54, 1078 (1996).

11. T. Affolder et al., (CDF Collaboration), Phys. Rev. Lett.
87, 131802 (2001).

12. F. Abe et al., (CDF Collaboration), Phys. Rev. Lett. 79,
2191 (1997).

13. V. Abazov et al., (D0 Collaboration), Phys. Rev. Lett. 87,
061802 (2001).

14. F. Abe et al., (CDF Collaboration), Phys. Rev. D55,
5263R (1997) and Phys. Rev. Lett. 82, 2038 (1999).

15. J. Alitti et al., (UA2 Collaboration), Nucl. Phys. B400, 3
(1993).

16. T. Affolder et al., (CDF Collaboration), Phys. Rev. Lett.
85, 2062 (2000);
V. Abazov et al., (D0 Collaboration), Phys. Rev. Lett. 92,
221801 (2004).

17. J. Hewett and T. Rizzo, Phys. Rept. 183, 193 (1989).

18. I. Antoniadis, Phys. Lett. B246, 377 (1990);
I. Antoniadis, K. Benakli, and M. Quiros, Phys. Lett.
B331, 313 (1994);
K. Dienes, E. Dudas, and T. Gherghetta, Phys. Lett. B
436, 55 (1998);
A. Pomarol and M. Quiros, Phys. Lett. B438, 255 (1998).

19. N. Arkani-Hamed and M. Schmaltz, Phys. Rev. D61,
033005 (2000).

20. A. Delgado, A. Pomarol, and M. Quiros, JHEP 0001, 030
(2000).

21. M. Masip and A. Pomarol, Phys. Rev. D60, 096005 (1999).

22. G. Giudice, R. Rattazzi, and J. Wells, Nucl. Phys. B544,
3 (1999);
T. Han, J. Lykken, and R. Zhang, Phys. Rev. D59, 105006
(1999);
J. Hewett, Phys. Rev. Lett. 82, 4765 (1999).

23. See for example: M. Bando et al., Phys. Rev. Lett. 83,
3601 (1999);
T. Rizzo and J. Wells, Phys. Rev. D61, 016007 (2000);
S. Cullen, M. Perelstein, and M. Peskin, Phys. Rev. D62,
055012 (2000).



�
�
�
�


����� � ����� 	
�
� ������� ��������

	���� ��
��
 ����� ���� 	���
 ��
��


���� ������ 0�� � ′ �
*� . �*�"��� 4*-"�� ��'�� �"%*� �%�� � ����� ������ 0�� � ′ �
*� . �*�"��� 4*-"�� ��'�� �"%*� �%�� � ����� ������ 0�� � ′ �
*� . �*�"��� 4*-"�� ��'�� �"%*� �%�� � ����� ������ 0�� � ′ �
*� . �*�"��� 4*-"�� ��'�� �"%*� �%�� � �

�!1!"' 0�� �
′
5��!1!"' 0�� �
′
5��!1!"' 0�� �
′
5��!1!"' 0�� �
′
5�

�
′
5� �� ���%�# 	� 
��� (�%�"��&� ��	
 7%��I� ��# "��	��� �
�(
 ��� �#��	�(�" 	�

	
��� �� � � ��# #�(�1� ��"1 	� I���� ��������
����� � ��� ��� ����	�
� �� ���
 ��		�
�

> 62:> 62:> 62:> 62: �: ): *��-��+,* �:� +!� ��G � ′
SM → �N �−�

µNµ−
>���6 �: )� *��,��!, �) �>*- �N �−
>�:��>�:��>�:��>�:�� �: )� + ���. ��� ���� �"�(	�����I

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
> 3�� �: )6 *+�5�* �:� +!� � �R � ′

SM → τN τ−
���� )��P�)� �: *�*K�� �)� !� ��R �

′
5� → ��

> ��� �: )� *�*K�� ��� !� ��� �
′
5�

→ �N �−
> ��� �: :� *���� ��$ !-> �N �−
> 6�6 �: :� �*�*�� ��� *-�> �N �−
> 6�� �: :2 ��-�� �� ���� �"�(	�����I

> ��� �: :3 *�� ��$ +!� ��G �
′
5�

→ �N �−� µNµ−
> )�� �: *�*+ , ��� !� ��G �

′
5� → �N �−

> 3�6 �: :) �,-*,� �)� + �2 νµ � → νµ � ��# νµ � →
νµ �

> 23� �� :: *-,��, �3 �*2 ��G �
′
5� → ��

���� 2��P��� �: :� �,KK� �3 ���� ��G �
′
5� → ��

> )2� �� :� *�� ��7 ��5 �N �−
):*��-��+,* �:� ����(
 ��� �������(�� #�(�1��& 	� �"�(	��� �� %�� ����� �� �� (�""������
�	

√
s F ���� ����

)�*��,��!, �) &��� �:O+- "��	 �� �−� ′ �C��& −����)22 < θ <��������
√

s F ��
	� 2�� .���

)�+ ���. ��� "��	 �� #�����# ��� 0�%�#� �� (��	�(	 ��	���(	���� �� � &"�0�" �"�(	�����I
���"1����

)6*+�5�* �:� ����(
 ��� �������(�� #�(�1��& 	� 	�% "��	�� ����� �� �� (�""������ �	
√

s
F ���� ����

)�*�*K�� ��� ����(
 ��� �������(�� �� �� → �N �− �	
√

F��6 ���� �
�1 '�# σ ·

�9� ′ → � �;< �.�� �0 ��� �
� ′ > :�� .���

:�*���� ��$ %��� -�> #�	� �	
√

F�� 	� �6� .���

:��*�*�� ��� ����(
 ��� #����	���� �� (���� ��(	��� ��# ��1�	���� �� �N �− → �������
�	

√

F�� 	� �63 .��� *��%� θF�� ��%�#� �� 	
� ���8�C��& �"��� ��� �
��� ��

	
��� ��&%�� �6�
:2��-�� �� &��� ��O+- "��	 �� 	
� � 8� ′ �C��& −�.��)� < θ < �.���3� ρ�F� ��
���%�#�

:3*�� ��$ '�# σ9� ′;×�9�N �−�µNµ−;< )� �0 ��� �
� ′ > ��� .�� �	

√

F ��6 ����

:)�,-*,� �)� ���%� �# F �:� .���
::*-,��, �3 ����(
 ��� �������(�� �� 	
� 	��8T�	 ��������	 ���� �
� "��	 ���%�� �9� ′ →

��;F�.�� 5�� 	
��� ��&� : ��� "��	� �� 	
� �
� ′−�9��; �"����

:��,KK� �3 ���"1��� +!� "��	 �� �����0"� 	��8T�	 �������(���
:�*�� ��7 %�� #�	� ��� �� ���� ��# ���� �
�1 'C �� F 6�.)� ± �.)3 ± �.2) .�� ��#

�� F ��.�3 ± �.�3 .���

�!1!"' 0�� � ��!1!"' 0�� � ��!1!"' 0�� � ��!1!"' 0�� � �
� � �� 	
� �C	�� ��%	��" 0���� �� "��	8��&
	 �1�	��( �#�"�� � F �� �� ���%�#
%�"��� ��	�#� ��"%�� �� �����	
���� ���%� �	���&�� (���	����	 �� 	
�  �&&� ��(	���
%�%�""1 �	���	�# 01 ���(�'( "��	8��&
	 �1�	��( �#�"� 9��� 	
� ��	� �� 	
� � ′;�
��"%�� �� 0��(I�	� ��� ��� (���"�&�(�" ��# ��	���
1��(�" (����#���	���� ��# ���%�
� "�&
	 ��&
	8
��#�# ��%	����� !���(	 ����(
 0�%�#� ���%� #�(�1� 	� 5	��#��# ��#�"
������� ��"1� %�"��� ��	�#�

����� � ��� ��� ����	�
� �� ���
 ��		�
�

>:�6 �: :6 *��,��!, �) �>*- �N �−
>6��>6��>6��>6�� �: :� + ���. ��� ���� �"�(	�����I

>�3�>�3�>�3�>�3� �: �� *�� ��$ +!� ��G �
′
 �

→ �N �−�
µNµ−

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
>36� �: �� *���� ��$ !-> �N �−
>)3� �: �2 �*�*�� ��� *-�> �N �−
>::� �: �3 + *� �� ���� �"�(	�����I

�) ��-�� �� ���� +�
�: +*5*-����, �� ���� +�

9> �2�:; �� �� +K*4�� �� ���� �"�(	�����I

>:�) �: �� ��-�� �� ���� �"�(	�����I

9> ���3; �: �6 ��-�� �� ���� �"�(	�����I

9> ����; �6 �� �*�����,� �6 ���� �"�(	�����I

>2)) �: �� +���*! �6 ���� νµ� �(�		����&

>2:3 �: �� �,-*,� �)� + �2 νµ � → νµ � ��# νµ � →
νµ �

���� 2��P��� �: �2 �,KK� �3 ���� ��G � �→ ��

A> 2���B $*-4�� �� +�5� �%("���1�	
����G "�&
	 ν�
���� 2��P:�� �3 .�,��-5 �� *5�� 5� ��6�*G "�&
	 ν�
���� 3:�P2)�� �) �*��,��, 6�� *5�� 5� ��6�*G "�&
	 ν�

:6*��,��!, �) &��� �:O+- "��	 �� �−� ′ �C��& −������6 < θ < �������� 5�� 	
���
��&� 2� ��� 	
� "��	 (��	�%� �� 	
� ���8�C��& �"����

√
s F �� 	� 2�� .���

:�+ ���. ��� "��	 �� #�����# ��� 0�%�#� �� (��	�(	 ��	���(	���� �� � &"�0�" �"�(	�����I
���"1����

��*�� ��$ '�# σ9� ′;×�9�N �−�µNµ−;< )� �0 ��� �
� ′ > ��� .�� �	

√

F ��6 ����

��*���� ��$ &��� �:O+- "��	 �� � 8� ′ �C��& ∣∣θ∣∣ < �.���6� 5�� 	
��� ��&� � ��� 	
�

"��	 (��	�%� �� 	
� ���8�C��& �"����
√

F�� 	� �6� .���

�2�*�*�� ��� ����(
 ��� #����	���� �� (���� ��(	��� ��# ��1�	���� �� �N �− → �������
�	

√

F�� 	� �63 .��� *��%� θF�� ��%�#� �� 	
� ���8�C��& �"��� ��� �
��� ��

	
��� ��&%�� �6�
�3+ *� �� �"�� '�# −�.���3 < θ < �.����� ��� �� ����� �

� ′ > )3� .���

�)��-�� �� #��(%�� 	
� �����0�"�	1 	
�	 � #��(�����(1 0�	���� 	
� �0�����# ��# ���#�(	�#

��"%�� �� �� 9+�; �� #%� 	� 	
� �C(
��&� �� � ′� �
� #�	� ��� 0�		�� #��(��0�# �� �
(��	��� ("��� �� 	
� � ′ �#�"� ��("%#��& � � ��# �χ�

�:+*5*-����, �� #��(%�� 	
� #��(�����(1 0�	���� 	
� �0�����# ��# ���#�(	�# ��"%�� ��
�� 9+�;� ,	 �� �
��� 	
�	 	
� #�	� ��� 0�		�� #��(��0�# �� � ("��� �� �#�"� ��("%#��&
	
� � � �#�"�

��+K*4�� �� ������ � ��%"	����%� '	 	� (
��&�# ��# ��%	��" ��(	���� *��%�� ������	
"��	8��&
	 �1�	��( �#�"� ���#�

∣∣θ∣∣ < �.��)2�
����-�� �� &��� ��O+- "��	 �� 	
� � 8� ′ �C��& −�.���� < θ < �.�����
�6��-�� �� ���%�� 2  �&&� #�%0"�	�� 	���������& �� �� �� 5�9��;� �0�##�# �� ���
���*�����,� �6 �"�� &���� �6O +- "��	� �� 	
� � 8� ′ �C��& −�.���: < θ < �.��33�
*��%��  �&&� ��(	�� �� ����" "��	8��&
	 �#�"�

��+���*! �6 "��	 �� ��� ���%����	� �	 ++��� ���%��& �� � 8� ′ �C��&�
���,-*,� �)� ���%� �# F �:� .�� ��# θF�� 5�� ��&� 2 ��� "��	 (��	�%�� �� 	
�
���8�C��& �"����

�2�,KK� �3 ���"1��� +!� "��	 �� �����0"� 	��8T�	 �������(���
�3.�,��-5 �� "��	 
�"#� ��� �ν�

� � ���� * ���(�'(  �&&� ��(	�� �� ���%�#� 5��

�"�� .�,��-5 ���� �,KK� ���
�)�*��,��, 6�� "��	 
�"#� ��� �ν�

≤ �� ���� ��%�#� #����# �� ���%�# �%�������

(��� 	�����	%���

�!1!"' 0�� �χ�!1!"' 0�� �χ�!1!"' 0�� �χ�!1!"' 0�� �χ
�χ �� 	
� �C	�� ��%	��" 0���� �� 5�9��; → 5�9:; × �9�;χ� �χ F �E(��θ� ��
���%�# %�"��� �	
������ �	�	�#� $� "��	 "��	� ��	
 	
� ���%�	��� ρF � 0%	 ��	

�� �%�	
�� (���	����	� �� 	
�  �&&� ��(	��� ��"%�� �� �����	
���� ���%� �	���&��
(���	����	 �� 	
�  �&&� ��(	�� �	���	�# 01 �%����	���& �#�"�� ��"%�� �� 0��(I�	�
��� ��� (���"�&�(�" ��# ��	���
1��(�" (����#���	���� ��# ���%� � "�&
	 ��&
	8
��#�#
��%	�����

����� � ��� ��� ����	�
� �� ���
 ��		�
�

> ���> ���> ���> ��� �: �: *��-��+,* �:� +!� ��G � ′
χ → �N �−� µNµ−

> �6�> �6�> �6�> �6� �: �� *��,��!, �) �>*- �N �−
• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
>2��� �� �*�.�� �3� +�5� �%("���1�	
����G "�&
	 ν�
> �6� �: �6 + ���. ��� ���� �"�(	�����I

> ))� �: �� *���� ��$ !-> �N �−
> :33 �: 6� �*�*�� ��� *-�> �N �−
> ::) �: 6� + � �� ���� �"�(	�����I

62 ��-�� �� ���� +�
63 ��5��� �� ���� +�

> :): �: 6) ��-�� �� ���� �"�(	�����I

9> �3�6; �: 6: ��-�� �� ���� �"�(	�����I

> 2�: �: 6� +���*! �6 ���� νµ� �(�		����&

> :�: �: 6� *�� ��$ +!� ��G � ′
χ → �N �−� µNµ−

> ��� �: 66 *�,�* �� ��5 �
�0
� �(�		����&

> 2�2 �: 6� �,-*,� �)� + �2 νµ � → νµ � ��# νµ � →
νµ �

A>�)��B �� �*�*.., �� +�5� �%("���1�	
����G "�&
	 ν�
> 23� �� �� *�� ��7 ��5 �N �−
A> ��)�B �2 .��K*-�K8.������ +�5� �%("���1�	
����G "�&
	 ν�
A> 2���B �3 .�,��-5 �� *5�� 5� ��6�*G "�&
	 ν�
�:*��-��+,* �:� ����(
 ��� �������(�� #�(�1��& 	� �"�(	��� �� %�� ����� �� �� (�""������
�	

√
s F ���� ����

��*��,��!, �) &��� �:O+- "��	 �� �−� ′ �C��& −������� < θ < ������)� 5�� 	
���
��&� 2� ��� 	
� "��	 (��	�%� �� 	
� ���8�C��& �"����

√
s F �� 	� 2�� .���

���*�.�� �3� "��	 �� ��� 	
� �%("���1�	
���� 0�%�# �� 	
� �J�(	��� �%0�� �� "�&
	
��%	���� δ�ν <�� �
� 7%��I8
�#��� 	�����	��� 	�����	%�� �F�:� ��� �� ���%�#�
�
� "��	 ��	
 �F)�� ��� �� >)3�� .���

�6+ ���. ��� "��	 �� #�����# ��� 0�%�#� �� (��	�(	 ��	���(	���� �� � &"�0�" �"�(	�����I
���"1����

��*���� ��$ &��� �:O+- "��	 �� � 8� ′ �C��& ∣∣θ∣∣ < �.����� 5�� 	
��� ��&� � ��� 	
�

"��	 (��	�%� �� 	
� ���8�C��& �"����
√

F�� 	� �6� .���

6��*�*�� ��� ����(
 ��� #����	���� �� (���� ��(	��� ��# ��1�	���� �� �N �− → �������
�	

√

F�� 	� �63 .��� *��%� θF�� ��%�#� �� 	
� ���8�C��& �"��� ��� �
��� ��

	
��� ��&%�� �6�
6�+ � �� %�� �����%� �"�(	�����I #�	� 	� (���	���� � ′ �#�"� ���%��& �&F��� .���
5�� ��&� 3 ��� "��	� �� 	
� ���8�C��& �"����

62��-�� �� #��(%�� 	
� �����0�"�	1 	
�	 � #��(�����(1 0�	���� 	
� �0�����# ��# ���#�(	�#

��"%�� �� �� 9+�; �� #%� 	� 	
� �C(
��&� �� � ′� �
� #�	� ��� 0�		�� #��(��0�# �� �
(��	��� ("��� �� 	
� � ′ �#�"� ��("%#��& �LR ��# �χ�

63��5��� �� #��(%���� 	
� �����0�"�	1 	
�	 � #��(�����(1 0�	���� 	
� �0�����# ��# ���8

#�(	�# ��"%�� �� �� 9+�; �� #%� 	� 	
� �C(
��&� �� � ′� �
� #�	� ��� 0�		�� #��(��0�#
�� � (��	��� ("��� �� 	
� � ′ �#�"� ��("%#��& �χ�

6) ��-�� �� &��� ��O+- "��	 �� 	
� � 8� ′ �C��& −�.��2� < θ < �.���:�
6:��-�� �� ���%�� 2  �&&� #�%0"�	�� 	���������& �� �� �� 5�9��;� �0�##�# �� ���
6�+���*! �6 "��	 �� ��� ���%����	� �	 ++��� ���%��& �� � 8� ′ �C��&�



��������

��� ��� �� ���� 	
� ����� � ����� 	
�
� ������� ��������

	���� ��
��
 ����� ���� 	���
 ��
��


6�*�� ��$ '�# σ9� ′;×�9�N �−�µNµ−;< )� �0 ��� �
� ′ > ��� .�� �	

√

F ��6 ����

66� 8� ′ �C��& �� ���%�# 	� 0� /���� √
F :�.�� .���
6��,-*,� �)� ���%� �# F �:� .�� ��# θF�� 5�� ��&� 2 ��� "��	 (��	�%�� �� 	
�
���8�C��& �"����

�� �*�*.., �� "��	 ���%�� 	
� �%("���1�	
���� 0�%�# �� 	
� �J�(	��� �%0�� �� ��%8
	����� V�ν < �.: ��# �� ��"�# ��� �ν�

< � ����

��*�� ��7 %�� #�	� ��� �� ���� ��# ���� *�� ��7 'C �� F 6�.)� ± �.)3 ± �.2) .��
��# �� F ��.�3 ± �.�3 .���

�2*��%�� 	
� �%("���1�	
���� 0�%�# �� 	
� �J�(	��� �%0�� �� "�&
	 ��%	����� 9δ�ν < �;

��# 	
�	 ν� �� "�&
	 9� � ���;�
�3.�,��-5 �� "��	 
�"#� ��� �ν�

� � ���� 5�� �"�� .�,��-5 ���� �,KK� ���

�!1!"' 0�� �ψ�!1!"' 0�� �ψ�!1!"' 0�� �ψ�!1!"' 0�� �ψ
�ψ �� 	
� �C	�� ��%	��" 0���� �� �� → 5�9��; × �9�;ψ � �ψ F �E(��θ� �� ���%�#
%�"��� �	
������ �	�	�#� $� "��	 "��	� ��	
 	
� ���%�	��� ρF � 0%	 ��	
 �� �%�8
	
�� (���	����	� �� 	
�  �&&� ��(	��� ��"%�� �� 0��(I�	� ��� ��� (���"�&�(�" ��#
��	���
1��(�" (����#���	���� ��# ���%� � "�&
	 ��&
	8
��#�# ��%	�����

����� � ��� ��� ����	�
� �� ���
 ��		�
�

>��:>��:>��:>��: �: �) *��-��+,* �:� +!� ��G � ′
ψ → �N �−� µNµ−

>3��>3��>3��>3�� �: �: *��,��!, �) �>*- �N �−
• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
>��� �� �*�.�� �3� +�5� �%("���1�	
����G "�&
	 ν�
>3:� �: �� *���� ��$ !-> �N �−
>2�) �: �6 �*�*�� ��� *-�> �N �−
>�3� �: �� + � �� ���� �"�(	�����I

>�)� �: ��� ��-�� �� ���� �"�(	�����I

> :) �: ��� +���*! �6 ���� νµ� �(�		����&

>:�� �: ��2 *�� ��$ +!� ��G � ′
ψ → �N �−� µNµ−

>�3: �: ��3 �,-*,� �)� + �2 νµ � → νµ � ��# νµ � →
νµ �

>��: �� ��) *�� ��7 ��5 �N �−
A> ���B ��: .��K*-�K8.������ +�5� �%("���1�	
����G "�&
	 ν�
A> 2���B ��� .�,��-5 ��� *5�� 5� ��6�*G "�&
	 ν�
�)*��-��+,* �:� ����(
 ��� �������(�� #�(�1��& 	� �"�(	��� �� %�� ����� �� �� (�""������
�	

√
s F ���� ����

�:*��,��!, �) &��� �:O+- "��	 �� �−� ′ �C��& −�����2� < θ < ����2:6� 5�� 	
���
��&� 2� ��� 	
� "��	 (��	�%� �� 	
� ���8�C��& �"����

√
s F �� 	� 2�� .���

���*�.�� �3� "��	 �� ��� 	
� �%("���1�	
���� 0�%�# �� 	
� �J�(	��� �%0�� �� "�&
	
��%	���� δ�ν <�� �
� 7%��I8
�#��� 	�����	��� 	�����	%�� �F�:� ��� �� ���%�#�
�
� "��	 ��	
 �F)�� ��� �� >���� .���

��*���� ��$ &��� �:O+- "��	 �� � 8� ′ �C��& ∣∣θ∣∣ < �.���6� 5�� 	
��� ��&� � ��� 	
�

"��	 (��	�%� �� 	
� ���8�C��& �"����
√

F�� 	� �6� .���

�6�*�*�� ��� ����(
 ��� #����	���� �� (���� ��(	��� ��# ��1�	���� �� �N �− → �������
�	

√

F�� 	� �63 .��� *��%� θF�� ��%�#� �� 	
� ���8�C��& �"��� ��� �
��� ��

	
��� ��&%�� �6�
��+ � �� %�� �����%� �"�(	�����I #�	� 	� (���	���� � ′ �#�"� ���%��& �&F��� .���
5�� ��&� 3 ��� "��	� �� 	
� ���8�C��& �"����

�����-�� �� &��� ��O+- "��	 �� 	
� � 8� ′ �C��& −�.���3 < θ < �.��2)�
���+���*! �6 "��	 �� ��� ���%����	� �	 ++��� ���%��& �� � 8� ′ �C��&�
��2*�� ��$ '�# σ9� ′;×�9�N �−�µNµ−;< )� �0 ��� �

� ′ > ��� .�� �	
√

F ��6 ����

��3�,-*,� �)� ���%� �# F �:� .�� ��# θF�� 5�� ��&� 2 ��� "��	 (��	�%�� �� 	
�
���8�C��& �"����

��)*�� ��7 %�� #�	� ��� �� ���� ��# ���� *�� ��7 'C �� F 6�.)� ± �.)3 ± �.2) .��
��# �� F ��.�3 ± �.�3 .���

��:*��%�� 	
� �%("���1�	
���� 0�%�# �� 	
� �J�(	��� �%0�� �� "�&
	 ��%	����� 9δ�ν < �;

��# 	
�	 ν� �� "�&
	 9� � ���;�
���.�,��-5 ��� "��	 
�"#� ��� �ν�

� � ���� 5�� �"�� �,KK� ���

�!1!"' 0�� �η�!1!"' 0�� �η�!1!"' 0�� �η�!1!"' 0�� �η

�η �� 	
� �C	�� ��%	��" 0���� �� �� �#�"�� (��������#��& 	� �η F
√
3/6 �χ −√

:/6 �ψ � �η F �E(��θ� �� ���%�# %�"��� �	
������ �	�	�#� $� "��	 "��	� ��	

	
� ���%�	��� ρF � 0%	 ��	
 �� �%�	
�� (���	����	� �� 	
�  �&&� ��(	��� ��"%�� ��

�����	
���� ���%� �	���&�� (���	����	 �� 	
�  �&&� ��(	�� �	���	�# 01 �%����	���&
�#�"�� ��"%�� �� 0��(I�	� ��� ��� (���"�&�(�" ��# ��	���
1��(�" (����#���	���� ��#
���%� � "�&
	 ��&
	8
��#�# ��%	�����

����� � ��� ��� ����	�
� �� ���
 ��		�
�

> �2�> �2�> �2�> �2� �: ��� *��-��+,* �:� +!� ��G � ′
η → �N �−� µNµ−

> :�: �: ��6 *��,��!, �) �>*- �N �−
> ���> ���> ���> ��� �: ��� + � �� ���� �"�(	�����I

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
>���� ��� �*�.�� �3� +�5� �%("���1�	
����G "�&
	 ν�
> 3�� �: ��� *���� ��$ !-> �N �−
> 32� �: ��2 �*�*�� ��� *-�> �N �−
> 3�: �: ��3 ��-�� �� ���� �"�(	�����I

> 6� �: ��) +���*! �6 ���� νµ� �(�		����&

> �2� �: ��: *�� ��$ +!� ��G � ′
η → �N �−� µNµ−

> ��� �: ��� �,-*,� �)� + �2 νµ � → νµ � ��# νµ � →
νµ �

> �2: �� ��� *�� ��7 ��5 �N �−
A> 62�B ��6 .��K*-�K8.������ +�5� �%("���1�	
����G "�&
	 ν�
A> 33��B ��� .�,��-5 �� *5�� 5� ��6�*G "�&
	 ν�
A> ��)�B ��6 -�>�K �� +�5� �%("���1�	
����G "�&
	 ν�

���*��-��+,* �:� ����(
 ��� �������(�� #�(�1��& 	� �"�(	��� �� %�� ����� �� � � (�""������
�	

√
s F ���� ����

��6*��,��!, �) &��� �:O+- "��	 �� �−� ′ �C��& −����))� < θ <����33�� 5�� 	
���
��&� 2� ��� 	
� "��	 (��	�%� �� 	
� ���8�C��& �"����

√
s F �� 	� 2�� .���

���+ � �� %�� �����%� �"�(	�����I #�	� 	� (���	���� � ′ �#�"� ���%��& �&F��� .���
5�� ��&� 3 ��� "��	� �� 	
� ���8�C��& �"����

����*�.�� �3� "��	 �� ��� 	
� �%("���1�	
���� 0�%�# �� 	
� �J�(	��� �%0�� �� "�&
	
��%	���� δ�ν <�� �
� 7%��I8
�#��� 	�����	��� 	�����	%�� �F�:� ��� �� ���%�#�
�
� "��	 ��	
 �F)�� ��� �� >33�� .���

���*���� ��$ &��� �:O+- "��	 �� � 8� ′ �C��& ∣∣θ∣∣ < �.��2)� 5�� 	
��� ��&� � ��� 	
�

"��	 (��	�%� �� 	
� ���8�C��& �"����
√

F�� 	� �6� .���

��2�*�*�� ��� ����(
 ��� #����	���� �� (���� ��(	��� ��# ��1�	���� �� �N �− → �������
�	

√

F�� 	� �63 .��� *��%� θF�� ��%�#� �� 	
� ���8�C��& �"��� ��� �
��� ��

	
��� ��&%�� �6�
��3��-�� �� &��� ��O+- "��	 �� 	
� � 8� ′ �C��& −�.���2 < θ < �.�����
��)+���*! �6 "��	 �� ��� ���%����	� �	 ++��� ���%��& �� � 8� ′ �C��&�
��:*�� ��$ '�# σ9� ′;×�9�N �−�µNµ−;< )� �0 ��� �

� ′ > ��� .�� �	
√

F ��6 ����

����,-*,� �)� ���%� �# F �:� .�� ��# θF�� 5�� ��&� 2 ��� "��	 (��	�%�� �� 	
�
���8�C��& �"����

���*�� ��7 %�� #�	� ��� �� ���� ��# ���� *�� ��7 'C �� F 6�.)� ± �.)3 ± �.2) .��
��# �� F ��.�3 ± �.�3 .���

��6�
��� �%	
��� ("�� 	
�	 	
� �%("���1�	
���� 0�%�# �� 	
� �J�(	��� �%0�� �� "�&
	

��%	����� 9δ�ν < �; (���	����� � ′ ����� �� ν� �� "�&
	 9� � ���;�
���.�,��-5 �� "��	 
�"#� ��� �ν�

� � ���� 5�� �"�� .�,��-5 ���� �,KK� ���

�!1!"' 0�� �"%*� � ′�!1!"' 0�� �"%*� � ′�!1!"' 0�� �"%*� � ′�!1!"' 0�� �"%*� � ′
����� � ��� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
�2� *�*K�� �)� !� � ′ → # #
�2� �*�.�� �3� +�5� �%("���1�	
����G "�&
	

ν�
�22 + � �� ���� ��8�	���	�#
�23 + � �6 ���� ��8�	���	�#
�2) *�� �� +!� � ′ → � �

�2�5���(
 ��� ������ �������(� #�(�1��& 	� # #� 5�� 	
��� ��&�2 ��� "��	 �� σ"�
�2��*�.�� �3� %�� 	
� �%("���1�	
���� 0�%�# �� 	
� �J�(	��� �%0�� �� "�&
	 ��%	����

δ�ν � 5�� 	
��� ��&�� )P: ��� "��	� �� &�����" �� �	���	�# �#�"��
�22+ � �� %�� �����%� �"�(	�����I #�	� 	� (���	���� � ′ �#�"� ���%��& �&F��� .���

5�� ��&� 2 ��� "��	� �� &�����" ��8�	���	�# �#�"��
�23+ � �6 �	%#1 (���	����	� �� ��%�8���� (��	�(	 ��	���(	���� �0	����# ��� "��8����&1

�"�(	�����I �C������	�� ���%��& �� � 8� ′ �C��&�
�2) 5���(
 ��� � ′ #�(�1��& 	� #�T�	� �	 √
F�.6 ���� ��� � ′ ��	
 �"�(	���&��	�( �	���&	


(�%�"��&� �� 0�%�# �� �0	����#�

��&!�*-" 	��'"��!�"' �� C���F�AC�*!� ����* ��'��'��&!�*-" 	��'"��!�"' �� C���F�AC�*!� ����* ��'��'��&!�*-" 	��'"��!�"' �� C���F�AC�*!� ����* ��'��'��&!�*-" 	��'"��!�"' �� C���F�AC�*!� ����* ��'��'
��%�#� �� � 4�"%/�84"��� �C(�	�	��� �� 	
� � 0���� �� �
�	�� �� �F� �C	�� #��������
�
��� 0�%�#� (�� �"�� 0� ��	�����	�# �� � "���� 0�%�# �� �E�� 	
� ��/� �� 	
� �C	��
#�������� ��"��� �	
������ �	�	�#� 0�%�#� ���%� �"" ������� "��� �� � ���&"� 0����
��# �"" &�%&� '�"#� �((%�1 	
� )N�8#��������" 0%"I� 5�� �"�� 	
� ��(	��� �� @�C	��
!��������D �� 	
� @5���(
��D -��	��&� �� 	
�� �������

����� �1��� ��� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
> ).� �2: ���+4 �2 ���� �"�(	�����I

> 3.3 �: �2� +����� �� ���� � ν ��′
>:��� �2� !�-.*!� �� ���� ε�
> 2.� �: �26 !�-.*!� �� ���� �"�(	�����I

> 3.3 �: �2� �,KK� �� ���� �"�(	�����I

> 2.� �: �3� �*�+,*�� �� ���� �"�(	�����I

> 2.: �: �3� �*5,> �� ���� �"�(	�����I

> �.� �� �32 �*� �� ���� �"�(	�����I

> 3.) �: �33 5����,* �� ���� �"�(	�����I

�2:���+4 �2 "��	 �� 2σ ��# �� ��� &"�0�" �"�(	�����I '	 �&�����& (����"�	���� ���&
�0�����0"���  �&&� �� ���%�# 	� 0� (��'��# �� 	
� 0���� ��# �	� ��� �� 'C�#� ��� �(�8
������ �� 0%"I  �&&�� �� 0����85�92; � 0%"I8�9�;: � ��# �� 0%"I85�92; � 0����8�9�;: �
	
� (��������#��& "��	� ��� > ).� ���� > ).3 ��� ��# > 3.� ���� �����(	���"1�

�2���%�# �� #�����# ��� "��	� �� � ν ��′ (��	�(	 ��	���(	���� %���& #�	� ���  ��* ��#
	
� ����	����

�2���%�# 
�"#� ��"1 �� '��	 	�� &�����	���� �� 7%��I� "���� �� ������	� 0������ ,� 7%��I
�C��& �� ��	 (��"�C� 	
�� 0�%�# "����� 	� )�� ��� ��� V�� �

�26 5�� ��&�� � ��# 2 �� !�-.*!� �� ��� ������" �#�" �����	����� 5��(��" 0�%�#��1 (��8
#�	���� (�� 0� ��%�# �
�(
 ����	 44 �	�	�� #��� 	� �:� .�� ��# 	
�	 �&��� ��	
 	
�
���%����	 �� �� 9+�;� <%�	�# 0�%�# ���%�� �""  �&&� 0����� (��'��# 	� 0����G
�"�(��& ���  �&&� #�%0"�	 �� 	
� 0%"I "����� 0�%�# 	� 2.3 ����

�2���%�# �� #�����# ��� &"�0�" �"�(	�����I ���"1��� ���%��& 	
�  �&&� '�"# �� 	�����# ��
	
� �		�� 0����� ,� 	
�  �&&� �����&�	�� �� 	
� 0%"I� 	
� 0�%�# ��(������ 	� 3.6 ����

�3���%�# �� #�����# ��� &"�0�" �"�(	�����I ���"1��� 0%	 (����#����& ��"1 ������(� �� 	
�
44 � 0������

�3�."�0�" �"�(	�����I ���"1��� %��# 	� �0	��� 0�%�# ��#����#��	 �� ����	��� ��  �&&� ��
0���� �� �� 0%"I�

�32��%�#� ��� �J�(	 �� 44 �	�	�� �� 5! � α� �� � ��# �� �  ��# (%	�J �	 �	���& �(�"�
#�	�����# %���& &�%&� (�%�"��& %��'(�	���� -��	� ��� �F2�3�) ���� 	� 3.:� :.�� ��# �.6
����

�33��%�# �0	����# ���  �&&� (��'��# 	� 	
� �		�� 0���� ��	
 �&F:�� .��� ���  �&&�
�� 	
� 0%"I� 	
� 0�%�# ��(������ 	� 3.: ����



��������

����������� 	
�
� ������� ��������

	���� ��
��
 ����� ���� 	���
 ��
��


LEPTOQUARK QUANTUM NUMBERS

Revised September 2005 by M. Tanabashi (Tohoku University).

Leptoquarks are particles carrying both baryon number (B)

and lepton number (L). They are expected to exist in various

extensions of the Standard Model (SM). The possible quantum

numbers of leptoquark states can be restricted by assuming

that their direct interactions with the ordinary SM fermions are

dimensionless and invariant under the SM gauge group. Table 1

shows the list of all possible quantum numbers with this

assumption [1]. The columns of SU(3)C , SU(2)W , and U(1)Y
in Table 1 indicate the QCD representation, the weak isospin

representation, and the weak hypercharge, respectively. The

spin of a leptoquark state is taken to be 1 (vector leptoquark)

or 0 (scalar leptoquark).

Table 1: Possible leptoquarks and their quan-
tum numbers.

Spin 3B + L SU(3)c SU(2)W U(1)Y Allowed coupling

0 −2 3̄ 1 1/3 q̄c
L�L or ūc

ReR

0 −2 3̄ 1 4/3 d̄c
ReR

0 −2 3̄ 3 1/3 q̄c
L�L

1 −2 3̄ 2 5/6 q̄c
LγµeR or d̄c

Rγµ�L

1 −2 3̄ 2 −1/6 ūc
Rγµ�L

0 0 3 2 7/6 q̄LeR or ūR�L

0 0 3 2 1/6 d̄R�L

1 0 3 1 2/3 q̄Lγµ�L or d̄RγµeR

1 0 3 1 5/3 ūRγµeR

1 0 3 3 2/3 q̄Lγµ�L

If we do not require leptoquark states to couple directly

with SM fermions, different assignments of quantum numbers

become possible [2,3].

The Pati-Salam model [4] is an example predicting the

existence of a leptoquark state. In this model a vector lepto-

quark appears at the scale where the Pati-Salam SU(4) “color”

gauge group breaks into the familiar QCD SU(3)C group (or

SU(3)C × U(1)B−L). The Pati-Salam leptoquark is a weak iso-

singlet and its hypercharge is 2/3. The coupling strength of the

Pati-Salam leptoquark is given by the QCD coupling at the

Pati-Salam symmetry breaking scale. Vector leptoquark states

also exist in grand unification theories based on SU(5) [5],

SO(10) [6] which includes Pati-Salam color SU(4), and larger

gauge groups. Scalar quarks in supersymmetric models with

R-parity violation may also have leptoquark-type Yukawa cou-

plings. The bounds on the leptoquark states can therefore be

applied to constraining R-parity violating supersymmetric mod-

els. Scalar leptoquarks are expected to exist at TeV scale in

extended technicolor models [7,8], where leptoquark states

appear as the bound states of techni-fermions. Compositeness

of quarks and leptons also provides examples of models which

may have light leptoquark states [9].

Bounds on leptoquark states are obtained both directly and

indirectly. Direct limits are from their production cross sections

at colliders, while indirect limits are calculated from the bounds

on the leptoquark-induced four-fermion interactions which are

obtained from low energy experiments.

If a leptoquark couples to fermions of more than a single

generation in the mass eigenbasis of the SM fermions, it can in-

duce four-fermion interactions causing flavor-changing-neutral-

currents and lepton-family-number violations. Non-chiral lep-

toquarks, which couple simultaneously to both left- and

right-handed quarks, cause four-fermion interactions affecting

the (π → eν)/(π → µν) ratio [10]. Non-chiral scalar lepto-

quark also contributes to the muon anomalous magnetic mo-

ment [11,12]. Indirect limits provide stringent constraints on

these leptoquarks. Since the Pati-Salam leptoquark has non-

chiral coupling with both e and µ, indirect limits from the

bounds on KL → µe lead to a severe bound on the Pati-Salam

leptoquark mass.

It is therefore often assumed that a leptoquark state couples

only to a single generation in a chiral interaction, where indi-

rect limits become much weaker. This assumption gives strong

constraints on concrete models of leptoquarks, however. Lepto-

quark states which couple only to left- or right-handed quarks

are called chiral leptoquarks. Leptoquark states which couple

only to the first (second, third) generation are referred to as the

first (second, third) generation leptoquarks. Davidson, Bailey

and Campbell [13] and Leuler [14] give extensive lists of the

bounds on the leptoquark induced four-fermion interactions.

For the isoscalar scalar and vector leptoquarks S0 and V0, for

example, which couple with the first (second) generation left-

handed quark and the first generation left-handed lepton, the

bounds of Ref. [13] read λ2 < 0.03×(MLQ/300GeV)2 for S0, and

λ2 < 0.02× (MLQ/300GeV)2 for V0 (λ2 < 5× (MLQ/300GeV)2

for S0, and λ2 < 3 × (MLQ/300GeV)2 for V0). The LEP exper-

iments are sensitive to the indirect effects coming from t- and

u-channel exchanges of leptoquarks in the e+e− → qq̄ process.

The HERA experiments give bounds on the leptoquark induced

four-fermion interaction. For detailed bounds obtained in this

way, see the Boson Particle Listings for “Indirect Limits for

Leptoquarks” and its references.

Collider experiments provide direct limits on the leptoquark

states through their pair- and single-production cross sections.

The Tevatron and LEP experiments search for pair- produc-

tion of the leptoquark states which arises from the leptoquark

gauge interaction. The gauge couplings of a scalar leptoquark

are determined uniquely according to its quantum numbers in

Table 1. Since all of the leptoquark states belong to color triplet

representation, the scalar leptoquark pair-production cross sec-

tion at the Tevatron can be determined solely as a function of

the leptoquark mass without making further assumptions. For

the first and second generation scalar leptoquark states with

decay branching fraction B(eq) = 1 and B(µq) = 1, the CDF

and D0 experiments obtain the lower bounds on the leptoquark
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mass > 235GeV (first generation, CDF), > 256GeV (first gener-

ation, D0), > 224GeV (second generation, CDF) and > 251GeV

(second generation, D0) at 95%CL [15]. On the other hand,

the magnetic-dipole-type and the electric-quadrupole-type in-

teractions of a vector leptoquark are not determined even if we

fix its gauge quantum numbers as listed in the table [16]. We

need extra assumptions about these interactions to evaluate the

pair production cross section for a vector leptoquark.

The searches for the leptoquark single-production are per-

formed by the HERA experiments. Since the leptoquark single-

production cross section depends on the leptoquark Yukawa

coupling, the leptoquark limits from HERA are usually dis-

played in the mass-coupling plane. For leptoquark Yukawa

coupling λ = 0.1, the ZEUS bounds on the first generation

leptoquarks range from 248 to 290 GeV depending on the lep-

toquark species [17]. Similar bounds are obtained by H1 [18].

The LEP experiments also search for the single-production of

leptoquark states from the process eγ → LQ + q.
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• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
��� + �4*��� �:� K��5 -��	��8L���� ���"�	���

> �.� �� ��� *!-��� �3  � ����	 &�����	���

> )� �� ��2 + *�. �3 ��-- >�	�85�"� 	1��
��3 + �4*��� �2 K��5 ���"� 01 + �4*��� �:�

> �.� �: ��) + ���. ��� ���� ����	 &�����	���

> �.3� �: ��: *++,*��, �� -3 �N �− → ��

> �.: �: ��� *!-��� ��  � ����	 &�����	���

> �.2 �: ��� �*�*�� ��� *-�> �N �−
��6 �*�.�� �� ���� +�
��� .*��,�--, �� ���� -��	�� L���� ���"�	���

> �.�) �: �6� K*���+4, �� ���� -� "��	�7%��I
�6� *��,��!, �� �>*-

> ��.3 �: �62 *�� �6� +!� "
 → �±µ∓� >�	�85�"� 	1��
�63 *++,*��, �6. -3 �N �− → ��
�6) *+4��5�*�� �6� �>*- �N �− → ��� �N �− → ��

> �.�� �: �6: !�*�!��* �� ���� �̃2 "��	�7%��I
�6� !���,+4 �� K��5 -��	��8L���� ���"�	���
�6� .��55�*� �� ���� " → τN τ− 9M;
�66 =*!*+ �� ���� �N �− → ��

>�2�� �6� 4�K���5�� �:� ���� >�	�85�"� 	1��
��� �,K�4�5 , �: ���� �
��# &�����	��� �(�"�� "��	�8

7%��I
> �.3 �: ��� � *��*+ ��� �) ���� 5���8� "��	�7%��I (�%�"�# 	�

�� # 
��2 !*�,!5�� �) ����

> �6 ��3 4�K���5�� �) ���� >�	�85�"� 	1��

> �.)3 �: ��) -����� �) ���� ����	 &�����	��� ����8� "��	�7%��I

> �.)) �: ��) -����� �)� ���� ����	 &�����	��� ����8� "��	�7%��I
��: �* *��* �) ���� � ��#  ���"�	���

> � ��� 5 *�4�� 62 ���� ���(
���" ����8� "��	�7%��I

> �2: ��� 5 *�4�� 62 ���� ���(
���" ����8� "��	�7%��I

���+ �4*��� �: ����(
 ��� �����%� "��	�7%��I� ��	
 "��	��8L���� ���"�	��& (�%�"��&�� 5��
	
��� ��&���P�� ��# ��0"�� �P6 ��� #�	��"�# "��	��

���*!-��� �3 "��	 �� ��� 	
� ���I ���	���"�	 ����8� "��	�7%��I �	 �	���& (�%�"��& λF
√
)π�

��� 	
� "��	� �� "��	�7%��I� ��	
 #�J����	 7%��	% �%0���� ��� 	
��� ��0"� 3� -��	�

��� #�����# ��� 0�%�#� �� �± � (��	�(	 ��	���(	�����
��2�
� 0�%�# �� #�����# ��� �9"� → �±µ∓; < �.�× ��−��
��3+ �4*��� �2 ����(
 ��� "��	��8L���� ���"�	��� �� � � (�""������� 5�� 	
��� ��0"�� �P)

��� "��	� �� "��	��8L���� ���"�	��& ��# ��%�8������ ��	���(	���� ��#%(�# 01 �����%�
"��	�7%��I��

��)+ ���. ��� 7%�	�# "��	 �� ��� � �(�"��� ���I ����(�"��� (
��&� −�E3 "��	�7%��I ��	

� (�%�"��& �� �"�(	���&��	�( �	���&	
� �
� "��	 �� #�����# ��� 0�%�#� �� (��	�(	
��	���(	���� �� � &"�0�" �"�(	�����I ���"1���� ��� 	
� "��	� �� "��	�7%��I� ��	
 #�J����	
7%��	% �%0���� ��� ��0"� :�

��:*++,*��, �� "��	 �� ��� 	
� ���I ����(�"�� ����8� "��	�7%��I ��	
 	
� (�%�"��& ��
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� "��	� �� "��	�7%��I� ��	
 #�J����	 7%��	% �%0����
��� 	
��� ��0"� )�

���*!-��� �� "��	 �� ��� 	
� ���I ���	���"�	 ����8� "��	�7%��I �	 �	���& (�%�"��&�
λF

√
)π� ��� 	
� "��	� �� "��	�7%��I� ��	
 #�J����	 7%��	% �%0���� ��� 	
��� ��0"� 2�

*!-��� �� "��	� ��� ��� 	
� �2 ���(	�% ���%����	 �� �N � → �NM�
����*�*�� ��� ����(
 ��� #����	���� �� (���� ��(	��� ��# T�	8(
��&� ��1�	�1 �� �N �− →

� � #%� 	� #8(
����" �C(
��&� �� � "��	�7%��I �	
√

F�3� 	� �63 .��� -��	� ��� �	
��

�(�"�� ��# ��(	�� "��	�7%��I� ��� �"�� &���� �� 	
��� ��0"� 22�
��6�*�.�� �� �C�"��� 	
� #����	��� �� �	��( ����	1 ���"�	��� �� (���% �	�� ��� ���8

#�(	��� �� �C�"����# 01 �(�"�� "��	�7%��I �C(
��&��
���.*��,�--, �� (�"(%"�	� �����%� ���(��� ��	
 "��	�� L���� ���"�	��� �� "��	�7%��I �#�"��
�6�K*���+4, �� "��	 �� #�����# ��� #�	� ��  ��*� -�>� ��# ����	��� ��# ��� �����%�

"��8����&1 #�	� ��("%#��& �	��( ����	1 ���"�	���� -��	�7%��I (�%�"��& ��	
 �"�(	���&8
��	�( �	���&	
 �� ���%�#�

�6�*��,��!, �� "��	� ��� ��� �N �− → �� (���� ��(	��� �	 �3�P�3�� ���P��2� �63
.��� 5�� 	
��� ��&� 6 ��# ��&� � ��� "��	� �� ���8(�%�"��& �"����

�62*�� �6� 7%�	�# "��	 �� ��� �9"
 → �±µ∓;< 6.2 × ��−�� *�� �6� �"�� �0	���
� ���"�� "��	 �� �LQ > 2�.) ��� ��� �9"� → �±µ∓;< ).: × ��−�� ��	
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�63*++,*��, �6. "��	 �� ��� �N �− → �� (���� ��(	��� �	
√
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(�� 0� �J�(	�# 01 	
� #8 ��# %8(
����" �C(
��&�� �� "��	�7%��I�� 5�� 	
��� ��&� ) ��#
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� ���8(�%�"��& �"����

�6)*+4��5�*�� �6� "��	� ��� ��� �N �− → �� ��# �N �− → �� (���� ��(	���� �	
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��&�� �� "��	�7%��I��
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�6:!�*�!��* �� "��	 �� ��� �̃2 "��	�7%��I �0	����# ��� �	��( ����	1 ���"�	��� 9*>�;�
�
� (�%�"��& �� "��	�7%��I �� ���%�# 	� 0� �"�(	���&��	�( �	���&	
� 5�� ��0"� 2 ���
"��	� �� 	
� ��%�8������ ��	���(	���� ��#%(�# 01 �����%� �(�"�� "��	�7%��I �C(
��&��
!�*�!��* �� (�0���� *>� "��	 ��# "��	� ��� ����	��� ��#  ��*� 5�� ��&� �P)
��� (�0���# "��	� �� "��	�7%��I �� ���8(�%�"��& �"����

�6�!���,+4 �� ����(
 ��� "��	��8L���� ���"�	��� �� � � (�""������ 5�� 	
��� ��0"�� 2P: ���
"��	� �� "��	��8L���� ���"�	��& ��%�8������ ��	���(	���� ��#%(�# 01 �����%� "��	�7%��I��

�6�.��55�*� �� ��	��	� 	
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����" �C(
��&�� �� "��	�7%��I�� 5�� 	
��� ��&� � ��� "��	� ��
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�6�4�K���5�� �:� %�� π� � � "� τ #�(�1� ��# µ� (��������� ��# &��� � "��	 �� 0�%�#�
�� 	
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� ������ �C��& �	��C �� 	
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��# �2E�2 9ν� γµ % ; 9�� γµ �� ; ��	
 �� �.� ��� ����8� "��	�7%��I�
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• • • $� #� ��	 %�� 	
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>3�: �: ��� !��+ �54, �6 ���� S9� → 
�#���;

���� 2��P�6� �: 2�� *�� �� +!� �� → ��M� M → 2 T�	�

���� 2��P6�� �: 2�� *�� �:* +!� �� → ��M� �� → ��

���� 2)�P�)� �: 2�2 *�� �3 +!� �� → ��M� �� →
2T�	�

> :� �: 2�3 +��>��5 �� ���� σ9�N �− → 
�#����;

���� �2�P2�� �: 2�) *�� ��! +!� �� → ��M� �� →
2T�	�

> 2� 2�: ���,���� 6� � �� >��	��"8���� %��	���	1

���� �:�P3�� �: 2�� *-�*=*� 66� �*� �� → ��M� �� →
2T�	�

> 2� ���.5���� 66 ���� �� → .M ��� ���

> � 2�� +��>��5 66 ���� . #�(�1

> 2: 2�6 !��+ �54, 66� ���� . #�(�1

���!��+ �54, �6 (����� α
 #�����# ��� "��8����&1 #�	� ��# 	
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�#����;ES9� → "��	���;�

2��*�� �� ����(
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2�)*�� ��! ���%�� S9��; F �α
���
E� ��	
 � F : 9S9��; F �������

;� ��� � F ���

	
� �C("%#�# ��&��� �� ��#%(�# 	� �2�P�:� .���
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���%�#� 5�� �"�� �*..�� 66�

2��+��>��5 66 ��7%���� S9. → � ��;< S9. → � � �;� * ���"�� ���%"	 �� �0	����# 01
!��+ �54, 66�
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� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
2�� �*�*�� �6, *-�> 	� → ��� ��� � � � γ γ�

ν ν
2�� *++,*��, ��@ -3 	� → ������0"� ���	�8

("�9�;
2�� *+��� �3" �>*- 	� → γ γ
2�2 *���� �2� !-> 	� → 
�#����
2�3 *!�,*�, �27 -3 	� → 
�#����
2�) *+��� �� �>*- 	� → ��1	
��&

<�.�× ��−) �: 2�: *+��� ��� �>*- 	� → �N �−
<� × ��−: �: 2�: *+��� ��� �>*- 	� → µNµ−
<�.�× ��−) �: 2�: *+��� ��� �>*- 	� → τN τ−
<2.6× ��−) �: 2�� *!��* ��� -3 	� → �N �−
<2.3× ��−) �: 2�� *!��* ��� -3 	� → µNµ−
<).�× ��−) �: 2�� *!��* ��� -3 	� → 
�#����

<6 × ��−) �: 2�6 *4�*$� ��. �>*- 	� → 
�#����

2���*�*�� �6, �0	��� "��	� �� �9� → γ	�;�9	� → �� � �� � � � � γ γ � ν ν;� 5��
	
��� ��&� ���

2�� 5�� ��&� ) �� *++,*��, ��@ ��� 	
� %���� "��	 �� �9� → γ	�G �γ >���; �� �

�%�(	��� �� ����
2��*+��� �3" &��� σ9�N �− → 	� γ;·�9	� → γ γ;< �.) �0 9�:O+-; ��� �

	 �F�� ±
2.: .��� ,� 	
� ���(��� �((%�� ��� 
8(
����" γ �C(
��&�� 	
� "��	 	����"�	�� 	�

S9	�;·�9	� → γ γ;2 <2� ��� ��� �
	 � F �� ± � .���

2�2*���� �2� &��� σ� · �9� → γ	�; · �9	� → 
�#����; <93P��; �0 ��� �
	 � F

��P�6 .��� * ���1 ���"�� "��	 �� �0	����# ��� ����8� 	��
2�3*!�,*�, �27 ����(
 ��� ���"�	�# γ �� 
�#����( � #�(�1�� �
� "��	 σ� · �9� → γ	�;

· �9	� → 
�#����; <92P��; �0 9�:O+-; �� &���� ��� �
	 � F 2:P6: .���

2�)*+��� �� ����(
�� ��� � → �∗	�� �∗ → �N �−� µNµ−� �� ν ν� �C("%#�� ��1

��� �(�"�� 	� ��	
 �
	 � < �.: .��E� �� �	 
�� 	
� ��� (�%�"��& 	� � �∗ �� 	
� �5�

 �&&� 0�����
2�:*+��� ��� "��	� ��� ��� �

	 � F ��P6: .���

2��*!��* ��� "��	� ��� ��� �
	 � F 3�P6� .���

2��*!��* ��� "��	� ��� ��� �
	 � F 3�P6� .���

2�6*4�*$� ��. &��� S9� → γ	�;·�9	� → 
�#����; < �.� ��� 9�:O+-; ��� �
	 �

F 32P6� .��� $� #���#� 01 S9�; F 2.: .�� 	� &�	 ���#%(	 �� 0���(
��& ��	���� ���
����������	 	�����	����� 	
� "��	 �� �9� → γ ��; < 6.2 ��� ���%��& 	
���80�#1
�
��� ���(� #��	��0%	����

���� ������ 0�� � 
*� . �*�"��� ��'�� 	��/�!�� "� �N �−���� ������ 0�� � 
*� . �*�"��� ��'�� 	��/�!�� "� �N �−���� ������ 0�� � 
*� . �*�"��� ��'�� 	��/�!�� "� �N �−���� ������ 0�� � 
*� . �*�"��� ��'�� 	��/�!�� "� �N �−
����� � ��� ��� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
���� ::P�� 2�� �!*4* 6� ��5 S9	� → �N �−;

·�9	� → 
�#����; �
�.2 ���

>): �: 22� !���,+4 6�  �5 S9	� → �N �−;F� ���
>)�.� �: 22� *!��* 6: ��4= S9	� → �N �−;F�� I��
>)6 �: 22� *!��* 6: ��4= S9	� → �N �−;F) ���

222 ���.�� 6:� >-��

���� 3�.6P):.: 223 *!��* 6) ��4= S9	� → �N �−;F�� I��
>)�.6 �: 223 *!��* 6) ��4= S9	� → �N �−;F) ���
���� 3�.6P):.2 223 �� ���! 6)� +�--

>)� �: 223 �� ���! 6)� +�-- S9	� → �N �−;F) ���
2���!*4* 6� "��I�# ��� � ������ �� ��#� �(�"�� �������(� �� �N �− → 
�#���� �	 �(

F ::.�P��.6 .���
22�!���,+4 6� ��%�# �� #����	��� ��� 	
� 5	��#��# ��#�" �
�0
� �(�		����& �	 �(F

2� .�� ��# ��	 "��	� �� 	
� �����0"� �(�"�� 0���� �N �− (�%�"��&� 5�� 	
��� '&%�� )

��� �C("%#�# ��&��� �� 	
� S9	� → �N �−;8�
	 � �"���� �"�(	����( (
���" ��������(�

��7%���� � ����	1 #�%0"�	 �� 	�� �� �
�(
 (��� 	
� "��	 ���"��� ��� S9	� → �N �−; F
3 ����

22�*!��* 6: '��	 "��	 �� ��� 2γ� µNµ−� 
�#���� ���%��& 	� �� � �(�"��� 5�(��# "��	
�� ��� �N �− (
����"� �( F )�P)� .��� 5%�����#�� *!��* 6)�

222���.�� 6:� "��I�# ��� �J�(	 �� ����8� 0���� �C(
��&� �� �N �− → �N �− ��# µNµ−
�	 �( F 3).� .��� 5�� ��&� : ��� �C("%#�# ��&��� �� 	
� �

	 � − S9	�; �"����

223*!��* 6) ��# �� ���! 6)� 
��� �( F 3��6P):�: .��� �*�48= ����(
�# 	� ��

�N �− → 
�#����� 2γ� µNµ−� �N �− ��# +�--� �� 	
� ��� (
����"� �"%� τ �����

�� ������ �� 0���# 	� �� ��%�# �� 	
� ����&1 ���&�� �
�1 �"�� ����(
�# ��� 	
� �J�(	 ��

	� ��	
 �	 > �(� �
� ��(��# "��	� ��� ��� �
�0
� #�	� ��# ��� ����8� ���&"�	�

�
� ��� "��	� ���"1 ��� S9	� → �N �−; F 2 ��� �� 	� �� � ����8� #�%0"�	� �
�
��(��# "��	 �� �� ���! 6)� ��� ���# �J ��� 	
��� '&%�� 2� �
� ���&���" ������ �"��
"��	 "��	� �� �	
�� (
����"��

�*��-% 0�� � � �*'����-* !� �N �− 	���!'!��'�*��-% 0�� � � �*'����-* !� �N �− 	���!'!��'�*��-% 0�� � � �*'����-* !� �N �− 	���!'!��'�*��-% 0�� � � �*'����-* !� �N �− 	���!'!��'
�
� "��	 �� ��� S9	� → �N �−; · �9	� → � ;� �
��� � �� 	
� ���(�'�# '��" �	�	��

5��� � �� ���%�# ��� 	��
����� ����� ��� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
<��3 �: 22) *�� �3� ��5 S9� �;

<9�.)P��; �: 22: *�� �3� ��5 � F γ γ

<9�.3P:; �: 22�,22� *�� �3� ��>K � F γ γ

<92P�2; �: 22�,22� *�� �3� ��>K � F 
�#����

<9)P2��; �: 22�,226 *�� �3� ��>K � F � �

<9�.�P�; �: 22�,226 *�� �3� ��>K � F µµ

<9�.:P6; �� 22� 5������ �3 *�� � F γ γ

22) -��	 �� ��� S9	� → �N �−; �
	 � F :�P�3.: .�� ��� S9	�; F �.: .���

22: -��	 �� ��� �
	 � F :�P��.: .�� ��# �� ��"�# ��� S9	�;� ��� ���� 5�� 	
��� ��&� : ���

"��	� ��� S F ��2 .���
22� -��	 �� ��� �

	 � F :�.2P�� .���

22� -��	 �� ��"�# ��� S9	�; � ��� ���� 5�� ����� ��� "��	� ��� S F � .�� ��# 	
��� ���
, F 2 �������(���

226 -��	 �� ��� �
	 � F :�.�P�� .���

22�5������ �3 "��	 �� ��� �
	 � F :�P:�.� .�� ��# �� ��"�# ��� S9	�;<��� ���� 5��

	
��� ��&� 2 ��� "��	� ��� S F ��3 .���

�*��-% 0�� � � �*'����-* !� � � 	���!'!��'�*��-% 0�� � � �*'����-* !� � � 	���!'!��'�*��-% 0�� � � �*'����-* !� � � 	���!'!��'�*��-% 0�� � � �*'����-* !� � � 	���!'!��'
����� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
23� + �4*��� �2� K��5 	 → � �

23�+ �4*��� �2� ����(
 ��� �
�	����#%(	��� �� 	 #�(�1��& ��	� #�T�	� �� � � (�""�������
5�� 	
��� ��&� : ��� 	
� "��	 �� 	
� �
�	����#%(	��� (���� ��(	����

�*��-% 0�� � � �*'����-* !� �3�A5%�"�� 5��-*''�*��-% 0�� � � �*'����-* !� �3�A5%�"�� 5��-*''�*��-% 0�� � � �*'����-* !� �3�A5%�"�� 5��-*''�*��-% 0�� � � �*'����-* !� �3�A5%�"�� 5��-*''
�
� "��	 �� ��� S9	�; · �9	� → γ γ;2� 5��� � �� ���%�# ��� 	��

����� �)��� ��� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
<2.� �: 23� *+��� �3" �>*- �

	 �F�� ± � .��

<2.� �: ��54�-,+ �37 *-�> �
	 � ∼ �� .��

23�*+��� �3" "��	 ��� � , F 2 �������(� �� �.6 ����

�*��-% 0�� � � �*'����-* !� �N �− → � � γ�*��-% 0�� � � �*'����-* !� �N �− → � � γ�*��-% 0�� � � �*'����-* !� �N �− → � � γ�*��-% 0�� � � �*'����-* !� �N �− → � � γ
����� � ��� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
232 *��,��!, �3� �>*- 	� → γ γ
233 *���� ��2 !-> 	� #�(�1��& ������0"1
23) *!*� ��� !-> 	� #�(�1��& ������0"1



�	�	�	�	

�����������	
�
�������� ��������

	���� ��
��
 ����� ���� 	���
 ��
��


232*��,��!, �3� ���%�� 	
� �N �− → γ γ γ (���� ��(	��� �	
√

F�6�P2�� .��� �
�

%���� 0�%�# �� 	
� ���#%(	��� (���� ��(	���� σ9�N �− → 	� γ; 	��� 	
� 0���(
��&

��	�� ��� 	� → γ γ� �� "��� 	
�� �.�3 �0 �	 �:O+- ��� 	� ����� 0�	���� 2� ��# �6�
.��� 5�� 	
��� ��&� �0 ��� 	
� "��	� �� 	
� ���8(���� ��(	��� �"����

233*���� ��2 �� ��� 	
� ���&"� �
�	�� (���� ��(	��� �	
√

F�63� �6� .��� �
� ���#%(	���

(���� ��(	��� %���� "��	 �� "��� 	
�� �.3 �0 ��� 	� ��� 0�	���� )� ��# ��� .��� 5��
	
��� ��&� ) ��� 	
� "��	 �� ���8(���� ��(	��� �"����

23)*!*� ��� �� ��� 	
� ���&"� �
�	�� ���#%(	��� (���� �	
√

F�3�� �3� .��� �
� %����

0�%�# �� "��� 	
�� 3 �0 ��� 	� ����� 0�	���� �� ��# �3� .��� 5�� 	
��� ��&� : ��� 	
�

�C�(	 0�%�# �� 	
� (���� ��(	��� σ9�N �− → γ	�;�

�*��-% 0�� � � �*'����-* !� � → � � � ��*��-% 0�� � � �*'����-* !� � → � � � ��*��-% 0�� � � �*'����-* !� � → � � � ��*��-% 0�� � � �*'����-* !� � → � � � �

�
� "��	 �� ��� �9� → � � 	�; · �9	� → ! ; �
��� � �� � ������ ��# ! �� 	
�

���(�'�# '��" �	�	�� 5��� � �� ���%�# ��� 	��
����� ��� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
23: *���� ��1 !-> �F��µ�τ G !Fγ γ

<3.�× ��−� �: 23� *���� ��1 !-> �FνG !Fγ γ
23� *���� ��1 !-> �F�G !Fγ γ

<�.6× ��−� �: 23� *+��� �3" �>*- �F��µ�τ G !Fγ γ

<:.:× ��−� �: 23� *+��� �3" �>*- �F�G !Fγ γ

<3.�× ��−� �: 23� *+��� �3" �>*- �FνG !Fγ γ

<�.:× ��−� �: 23� *+��� �3" �>*- �F��µG !F��� ��� ν ν

<�.�× ��−� �: 23� ��54�-,+ �37 *-�> �F��µG !F��� ��� ν ν
236 *!�,*�, �27 -3 �F�G !Fγ γ

23:*���� ��1 �0	��� "��	 �� � �%�(	��� �� �
	 � � 5�� 	
��� ��&� ��

23� -��	 �� ��� �
	 � ���%�# �� .���

23�*���� ��1 �0	��� "��	 �� � �%�(	��� �� �
	 � � 5�� 	
��� ��&� �:�

236*!�,*�, �27 &��� σ� · �9� → ��	�; · �9	� → γ γ;<9�.�:P�.:; �0 9�:O+-; ���
�
	 � F ��P�� .��� �
� "��	 �� � �0 �	 �� .���

�*��-% 0�� � � �*'����-* !� �� → � � ��*��-% 0�� � � �*'����-* !� �� → � � ��*��-% 0�� � � �*'����-* !� �� → � � ��*��-% 0�� � � �*'����-* !� �� → � � �

����� �)��� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
23� *�� ��6+!� 	� → ��

23�*�� ��6 ����(
 ��� 	� ���#%(	��� ����(��	�# ��	
 � �� �� (�""������ �	 �(F�.6
���� �
� �:O+- %���� "��	 �� 	
� ���#%(	��� (���� ��(	��� 	��� 	
� 0���(
��& ��	��

��� 	� → �� ���&�� ��� �) 	� �� �0 ��� 	� ��� 0�	���� �� ��# �2� .��� 5�� 	
���
��&� 3 ��� %���� "��	� �� 	
� ���#%(	��� (���� ��(	��� �� � �%�(	��� �� �

	 � �


*� . 5��"!-�* 5��&�-"!�� !� 8���D��!�1 �*-�.'
*� . 5��"!-�* 5��&�-"!�� !� 8���D��!�1 �*-�.'
*� . 5��"!-�* 5��&�-"!�� !� 8���D��!�1 �*-�.'
*� . 5��"!-�* 5��&�-"!�� !� 8���D��!�1 �*-�.'
-��	� ��� ��� 0���(
��& ��	��� 	� �#�� �
����

����� ��� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
<�.:× ��−: �� 2)� �*-�5� �: +-�2 .9�-; → 	� γ�

�
	 � < : .��

< 3× ��−:P�× ��−3 �� 2)� �*-�5� �: +-�2 .9�-; → 	�	� γ�
�
	 � < 3�� .��

<:.�× ��−: �� 2)2 *����*5�*� ��� +�*- .9�-; → 	� γ�
�
	 � < �.2 .��

2)3 *-���+ � 6� *�.

2)��*-�5� �: 	��80�#1 "��	 �� ��� ���%#��(�"�� 	�� �
� "��	 0�(��� < ��−) ���
�
	 � < �.� .���

2)��*-�5� �: 	
���80�#1 "��	 �� ��� �
���8���(� �
�	�� ����&1 #��	��0%	��� ��# ��&%"��
#��	��0%	��� ��� �� ��� . → � � γ�

2)2*����*5�*� ��� ���%� 	
�	 	� #��� ��	 #�(�1 �� 	
� #�	�(	���
2)3*-���+ � 6� &��� "��	� ��� �9.9�-; �.92-; → 	� γ;·�9	� → πNπ−� �N�−�

��; ��� �
	 � < 3.: .���

����	� ��� �*��-%*' 0�� 
*� . ��'��' �"%*� �%�� 
!��' ��'��'����	� ��� �*��-%*' 0�� 
*� . ��'��' �"%*� �%�� 
!��' ��'��'����	� ��� �*��-%*' 0�� 
*� . ��'��' �"%*� �%�� 
!��' ��'��'����	� ��� �*��-%*' 0�� 
*� . ��'��' �"%*� �%�� 
!��' ��'��'

���2�� ��! � ��� ������� ��)� �'���8 � ��� ��� �����'��
��,	"*��� ��� �	 �� 0�0��� �� �'/��5��� � ��� ���7 �����'��
���$1� ��� � ��� ��0��� �� ����+� � ��� ���7 �����'��
���$1� �� � ��0 ������� �� ����+� � ��� ���7 �����'��
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AXIONS AND OTHER VERY LIGHT BOSONS
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This review is divided into three parts:

Part I (Theory)

Part II (Astrophysical Constraints)

Part III (Experimental Limits)

AXIONS AND OTHER VERY LIGHT BOSONS,

PART I (THEORY)

(by H. Murayama)

In this section we list limits for very light neutral (pseudo)

scalar bosons that couple weakly to stable matter. They arise

if there is a global continuous symmetry in the theory that is

spontaneously broken in the vacuum. If the symmetry is exact,

it results in a massless Nambu–Goldstone (NG) boson. If there

is a small explicit breaking of the symmetry, either already

in the Lagrangian or due to quantum mechanical effects such

as anomalies, the would-be NG boson acquires a finite mass;

then it is called a pseudo-NG boson. Typical examples are

axions (A0) [1], familons [2], and Majorons [3,4], associated,

respectively, with spontaneously broken Peccei-Quinn [5], fam-

ily, and lepton-number symmetries. This Review provides brief

descriptions of each of them and their motivations.

One common characteristic for all these particles is that

their coupling to the Standard Model particles are suppressed by

the energy scale of symmetry breaking, i.e. the decay constant

f , where the interaction is described by the Lagrangian

L =
1

f
(∂µφ)Jµ, (1)

where Jµ is the Noether current of the spontaneously broken

global symmetry.

An axion gives a natural solution to the strong CP problem:

why the effective θ-parameter in the QCD Lagrangian Lθ =

θ��
αs

8π
F µνaF̃ a

µν is so small (θ�� � 10−9) as required by the

current limits on the neutron electric dipole moment, even

though θ�� ∼ O(1) is perfectly allowed by the QCD gauge

invariance. Here, θ�� is the effective θ parameter after the

diagonalization of the quark masses, and F µνa is the gluon

field strength and F̃ a
µν = 1

2
εµνρσF ρσa. An axion is a pseudo-

NG boson of a spontaneously broken Peccei–Quinn symmetry,

which is an exact symmetry at the classical level, but is broken

quantum mechanically due to the triangle anomaly with the

gluons. The definition of the Peccei–Quinn symmetry is model

dependent. As a result of the triangle anomaly, the axion

acquires an effective coupling to gluons

L =

(
θ�� − φA

fA

)
αs

8π
F µνa F̃ a

µν , (2)

where φA is the axion field. It is often convenient to define the

axion decay constant fA with this Lagrangian [6]. The QCD

nonperturbative effect induces a potential for φA whose mini-

mum is at φA = θ�� fA cancelling θ�� and solving the strong

CP problem. The mass of the axion is inversely proportional

to fA as

mA = 0.62 × 10−3eV × (1010GeV/fA) . (3)

The original axion model [1,5] assumes fA ∼ v, where

v = (
√

2GF )−1/2 = 247 GeV is the scale of the electroweak

symmetry breaking, and has two Higgs doublets as minimal

ingredients. By requiring tree-level flavor conservation, the ax-

ion mass and its couplings are completely fixed in terms of one

parameter (tan β): the ratio of the vacuum expectation values

of two Higgs fields. This model is excluded after extensive

experimental searches for such an axion [7]. Observation of

a narrow-peak structure in positron spectra from heavy ion

collisions [8] suggested a particle of mass 1.8 MeV that decays

into e+e−. Variants of the original axion model, which keep

fA ∼ v, but drop the constraints of tree-level flavor conserva-

tion, were proposed [9]. Extensive searches for this particle,

A0(1.8 MeV), ended up with another negative result [10].

The popular way to save the Peccei-Quinn idea is to in-

troduce a new scale fA 
 v. Then the A0 coupling becomes

weaker, thus one can easily avoid all the existing experimental

limits; such models are called invisible axion models [11,12].

Two classes of models are discussed commonly in the literature.

One introduces new heavy quarks which carry Peccei–Quinn

charge while the usual quarks and leptons do not (KSVZ

axion or “hadronic axion”) [11]. The other does not need

additional quarks but requires two Higgs doublets, and all

quarks and leptons carry Peccei–Quinn charges (DFSZ axion

or “GUT-axion”) [12]. All models contain at least one elec-

troweak singlet scalar boson which acquires an expectation

value and breaks Peccei–Quinn symmetry. The invisible axion
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with a large decay constant fA ∼ 1012 GeV was found to be

a good candidate of the cold dark matter component of the

Universe [13]( see Dark Matter review). The energy density is

stored in the low-momentum modes of the axion field which

are highly occupied and thus represent essentially classical field

oscillations.

The constraints on the invisible axion from astrophysics

are derived from interactions of the axion with either photons,

electrons or nucleons. The strengths of the interactions are

model dependent (i.e., not a function of fA only), and hence

one needs to specify a model in order to place lower bounds

on fA. Such constraints will be discussed in Part II. Serious

experimental searches for an invisible axion are underway;

they typically rely on axion-photon coupling, and some of

them assume that the axion is the dominant component of

our galactic halo density. Part III will discuss experimental

techniques and limits.

Familons arise when there is a global family symmetry

broken spontaneously. A family symmetry interchanges gener-

ations or acts on different generations differently. Such a sym-

metry may explain the structure of quark and lepton masses

and their mixings. A familon could be either a scalar or a

pseudoscalar. For instance, an SU(3) family symmetry among

three generations is non-anomalous and hence the familons

are exactly massless. In this case, familons are scalars. If

one has larger family symmetries with separate groups of

left-handed and right-handed fields, one also has pseudoscalar

familons. Some of them have flavor-off-diagonal couplings such

as ∂µφF d̄γµs/Fds or ∂µφF ēγµµ/Fµe, and the decay constant

F can be different for individual operators. The decay con-

stants have lower bounds constrained by flavor-changing pro-

cesses. For instance, B(K+ → π+φF ) < 3 × 10−10 [14] gives

Fds > 3.4×1011 GeV [15]. The constraints on familons primar-

ily coupled to third generation are quite weak [15].

If there is a global lepton-number symmetry and if it

breaks spontaneously, there is a Majoron. The triplet Majoron

model [4] has a weak-triplet Higgs boson, and Majoron couples

to Z. It is now excluded by the Z invisible-decay width. The

model is viable if there is an additional singlet Higgs boson and if

the Majoron is mainly a singlet [16]. In the singlet Majoron

model [3], lepton-number symmetry is broken by a weak-

singlet scalar field, and there are right-handed neutrinos which

acquire Majorana masses. The left-handed neutrino masses are

generated by a “seesaw” mechanism [17]. The scale of lepton

number breaking can be much higher than the electroweak

scale in this case. Astrophysical constraints require the decay

constant to be � 109 GeV [18].

There is revived interest in a long-lived neutrino, to improve

Big-Bang Nucleosynthesis [19] or large scale structure formation

theories [20]. Since a decay of neutrinos into electrons or

photons is severely constrained, these scenarios require a familon

(Majoron) mode ν1 → ν2φF (see, e.g., Ref. 15 and references

therein).

Other light bosons (scalar, pseudoscalar, or vector) are

constrained by “fifth force” experiments. For a compilation of

constraints, see Ref. 21.

It has been widely argued that a fundamental theory will

not possess global symmetries; gravity, for example, is expected

to violate them. Global symmetries such as baryon number

arise by accident, typically as a consequence of gauge symme-

tries. It has been noted [22] that the Peccei-Quinn symmetry,

from this perspective, must also arise by accident and must

hold to an extraordinary degree of accuracy in order to solve

the strong CP problem. Possible resolutions to this problem,

however, have been discussed [22,23]. String theory also pro-

vides sufficiently good symmetries, especially using a large

compactification radius motivated by recent developments in

M-theory [24].
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AXIONS AND OTHER VERY LIGHT BOSONS:

PART II (ASTROPHYSICAL CONSTRAINTS)

(by G.G. Raffelt)

Low-mass weakly-interacting particles (neutrinos, gravitons,

axions, baryonic or leptonic gauge bosons, etc.) are produced in

hot plasmas and thus represent an energy-loss channel for stars.

The strength of the interaction with photons, electrons, and

nucleons can be constrained from the requirement that stellar-

evolution time scales are not modified beyond observational

limits. For detailed reviews see Refs. [1,2].

The energy-loss rates are steeply increasing functions of

temperature T and density ρ. Because the new channel has

to compete with the standard neutrino losses which tend to

increase even faster, the best limits arise from low-mass stars,

notably from horizontal-branch (HB) stars which have a helium-

burning core of about 0.5 solar masses at 〈ρ〉 ≈ 0.6×104 g cm−3

and 〈T 〉 ≈ 0.7 × 108 K. The new energy-loss rate must not ex-

ceed about 10 ergs g−1 s−1 to avoid a conflict with the observed

number ratio of HB stars in globular clusters. Likewise the igni-

tion of helium in the degenerate cores of the preceding red-giant

phase is delayed too much unless the same constraint holds at

〈ρ〉 ≈ 2 × 105 g cm−3 and 〈T 〉 ≈ 1 × 108 K. The white-dwarf

luminosity function also yields useful bounds.

The new bosons X0 interact with electrons and nucleons

with a dimensionless strength g. For scalars it is a Yukawa

coupling, for new gauge bosons (e.g., from a baryonic or leptonic

gauge symmetry) a gauge coupling. Axion-like pseudoscalars

couple derivatively as f−1ψ̄γµγ5ψ ∂µφX with f an energy scale.

Usually this is equivalent to (2m/f)ψ̄γ5ψ φX with m the mass

of the fermion ψ so that g = 2m/f . For the coupling to

electrons, globular-cluster stars yield the constraint

gXe �
{

0.5 × 10−12 for pseudoscalars [3] ,
1.3 × 10−14 for scalars [4] ,

(1)

if mX � 10 keV. The Compton process γ + 4He → 4He + X0

limits the coupling to nucleons to gXN � 0.4 × 10−10 [4].

Scalar and vector bosons mediate long-range forces which

are severely constrained by “fifth-force” experiments [5]. In

the massless case the best limits come from tests of the equiva-

lence principle in the solar system, leading to

gB,L � 10−23 (2)

for a baryonic or leptonic gauge coupling [6].

In analogy to neutral pions, axions A0 couple to photons as

gAγE · BφA which allows for the Primakoff conversion γ ↔ A0

in external electromagnetic fields. The most restrictive limit

arises from globular-cluster stars [2]

gAγ � 0.6 × 10−10 GeV−1 . (3)

The often-quoted “red-giant limit” [7] is slightly weaker.

The duration of the SN 1987A neutrino signal of a few

seconds proves that the newborn neutron star cooled mostly by

neutrinos rather than through an “invisible channel” such as

right-handed (sterile) neutrinos or axions [8]. Therefore,

3 × 10−10 � gAN � 3 × 10−7 (4)

is excluded for the pseudoscalar Yukawa coupling to nucleons [2].

The “strong” coupling side is allowed because axions then escape

only by diffusion, quenching their efficiency as an energy-loss

channel [9]. Even then the range

10−6 � gAN � 10−3 (5)

is excluded to avoid excess counts in the water Cherenkov

detectors which registered the SN 1987A neutrino signal [11].

In terms of the Peccei-Quinn scale fA, the axion couplings

to nucleons and photons are gAN = CNmN/fA (N = n or p)

and gAγ = (α/2πfA) (E/N − 1.92) where CN and E/N are

model-dependent numerical parameters of order unity. With

mA = 0.62 eV (107 GeV/fA), Eq. (3) yields mA � 0.4 eV for

E/N = 8/3 as in GUT models or the DFSZ model. The

SN 1987A limit is mA � 0.008 eV for KSVZ axions while it

varies between about 0.004 and 0.012 eV for DFSZ axions,

depending on the angle β which measures the ratio of two

Higgs vacuum expectation values [10]. In view of the large

uncertainties it is good enough to remember mA � 0.01 eV as a

generic limit (Fig. 1).
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Figure 1: Astrophysical and cosmological exclu-
sion regions (hatched) for the axion mass mA or
equivalently, the Peccei-Quinn scale fA. An “open
end” of an exclusion bar means that it represents
a rough estimate; its exact location has not been
established or it depends on detailed model as-
sumptions. The globular cluster limit depends on
the axion-photon coupling; it was assumed that
E/N = 8/3 as in GUT models or the DFSZ model.
The SN 1987A limits depend on the axion-nucleon
couplings; the shown case corresponds to the KSVZ
model and approximately to the DFSZ model. The
dotted “inclusion regions” indicate where axions
could plausibly be the cosmic dark matter. Most of
the allowed range in the inflation scenario requires
fine-tuned initial conditions. In the string scenario
the plausible dark-matter range is controversial as
indicated by the step in the low-mass end of the
“inclusion bar” (see main text for a discussion).
Also shown is the projected sensitivity range of the
search experiments for galactic dark-matter axions.

In the early universe, axions come into thermal equilibrium

only if fA � 108 GeV [12]. Some fraction of the relic axions

end up in galaxies and galaxy clusters. Their decay a → 2γ

contributes to the cosmic extragalactic background light and

to line emissions from galactic dark-matter haloes and galaxy

clusters. An unsuccessful “telescope search” for such features

yields ma < 3.5 eV [13]. For ma � 30 eV, the axion lifetime is

shorter than the age of the universe.

For fA � 108 GeV cosmic axions are produced nonthermally.

If inflation occurred after the Peccei-Quinn symmetry breaking

or if Treheat < fA, the “misalignment mechanism” [14] leads to

a contribution to the cosmic critical density of

ΩAh2 ≈ 1.9 × 3±1 (1 µeV/mA)1.175 Θ2
i F (Θi) (6)

where h is the Hubble constant in units of 100 km s−1 Mpc−1.

The stated range reflects recognized uncertainties of the cosmic

conditions at the QCD phase transition and of the temperature-

dependent axion mass. The function F (Θ) with F (0) = 1 and

F (π) = ∞ accounts for anharmonic corrections to the axion

potential. Because the initial misalignment angle Θi can be

very small or very close to π, there is no real prediction for

the mass of dark-matter axions even though one would expect

Θ2
i F (Θi) ∼ 1 to avoid fine-tuning the initial conditions.

A possible fine-tuning of Θi is limited by inflation-induced

quantum fluctuations which in turn lead to temperature fluc-

tuations of the cosmic microwave background [15,16]. In a

broad class of inflationary models one thus finds an upper limit

to mA where axions could be the dark matter. According to

the most recent discussion [16] it is about 10−3 eV (Fig. 1).

If inflation did not occur at all or if it occurred before

the Peccei-Quinn symmetry breaking with Treheat > fA, cosmic

axion strings form by the Kibble mechanism [17]. Their

motion is damped primarily by axion emission rather than

gravitational waves. After axions acquire a mass at the QCD

phase transition they quickly become nonrelativistic and thus

form a cold dark matter component. Battye and Shellard [18]

found that the dominant source of axion radiation are string

loops rather than long strings. At a cosmic time t the average

loop creation size is parametrized as 〈�〉 = αt while the radiation

power is P = κµ with µ the renormalized string tension. The

loop contribution to the cosmic axion density is [18]

ΩAh2 ≈ 88 × 3±1
[
(1 + α/κ)3/2 − 1

]
(1 µeV/mA)1.175 , (7)

where the stated nominal uncertainty has the same source as in

Eq. (6). The values of α and κ are not known, but probably

0.1 < α/κ < 1.0 [18], taking the expression in square brackets

to 0.15–1.83. If axions are the dark matter, we have

0.05 �ΩAh2 � 0.50 , (8)

where it was assumed that the universe is older than 10 Gyr,

that the dark-matter density is dominated by axions with

ΩA � 0.2, and that h � 0.5. This implies mA = 6–2500 µeV

for the plausible mass range of dark-matter axions (Fig. 1).

Contrary to Ref. 18, Sikivie et al. [19] find that the mo-

tion of global strings is strongly damped, leading to a flat

axion spectrum. In Battye and Shellard’s treatment the axion

radiation is strongly peaked at wavelengths of order the loop

size. In Sikivie et al.’s picture more of the string radiation goes

into kinetic axion energy which is redshifted so that ultimately

there are fewer axions. In this scenario the contributions from

string decay and vacuum realignment are of the same order of

magnitude; they are both given by Eq. (6) with Θi of order one.

As a consequence, Sikivie et al. allow for a plausible range of

dark-matter axions which reaches to smaller masses as indicated

in Fig. 1.

The work of both groups implies that the low-mass end of

the plausible mass interval in the string scenario overlaps with

the projected sensitivity range of the U.S. search experiment for

galactic dark-matter axions (Livermore) [20] and of the Kyoto
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search experiment CARRACK [21] as indicated in Fig. 1. (See

also Part III of this Review by Hagmann, van Bibber, and

Rosenberg.)

In summary, a variety of robust astrophysical arguments and

laboratory experiments (Fig. 1) indicate that mA � 10−2 eV.

The exact value of this limit may change with a more sophis-

ticated treatment of supernova physics and/or the observation

of the neutrino signal from a future galactic supernova, but

a dramatic modification is not expected unless someone puts

forth a completely new argument. The stellar-evolution limits

shown in Fig. 1 depend on the axion couplings to various par-

ticles and thus can be irrelevant in fine-tuned models where,

for example, the axion-photon coupling strictly vanishes. For

nearly any mA in the range generically allowed by stellar evo-

lution, axions could be the cosmic dark matter, depending on

the cosmological scenario realized in nature. It appears that

our only practical chance to discover these “invisible” particles

rests with the ongoing or future search experiments for galactic

dark-matter.
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AXIONS AND OTHER VERY LIGHT BOSONS,

PART III (EXPERIMENTAL LIMITS)

(Revised November 2003 by C. Hagmann, K. van Bibber,
and L.J. Rosenberg, LLNL)

In this section we review the experimental methodology

and limits on light axions and light pseudoscalars in gen-

eral. (A comprehensive overview of axion theory is given by

H. Murayama in the Part I of this Review, whose notation

we follow [1]. ) Within its scope are purely laboratory ex-

periments, searches where the axion is assumed to be halo

dark matter, and searches where the Sun is presumed to be

a source of axions. We restrict the discussion to axions of

mass mA < O(eV), as the allowed range for the axion mass is

nominally 10−6 < mA < 10−2 eV. Experimental work in this

range predominantly has been through the axion-to-two-photon

coupling gAγ, to which the present review is largely confined.

As discussed in Part II of this Review by G. Raffelt, the lower

bound to the axion mass derives from a cosmological overclo-

sure argument, and the upper bound most restrictively from

SN1987A [2]. Limits from stellar evolution overlap seamlessly

above that, connecting with accelerator-based limits that ruled

out the original axion. There, it was assumed that the Peccei-

Quinn symmetry-breaking scale was the electroweak scale, i.e.,

fA ∼ 250 GeV, implying axions of mass mA ∼ O(100 keV).

These earlier limits from nuclear transitions, particle decays,

etc., while not discussed here, are included in the Listings.

While the axion mass is well-determined by the Peccei-

Quinn scale, i.e., mA = 0.62 eV(107 GeV/fA), the axion-

photon coupling gAγ is not: gAγ = (α/πfA)gγ , with gγ =

(E/N −1.92)/2, and where E/N is a model-dependent number.

It is noteworthy, however, that quite distinct models lead to
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axion-photon couplings that are not very different. For exam-

ple, in the case of axions imbedded in Grand Unified Theories,

the DFSZ axion [3], gγ = 0.37, whereas in one popular imple-

mentation of the “hadronic” class of axions, the KSVZ axion [4],

gγ = −0.96. Hence, between these two models, rates for axion-

photon processes ∼ g2
Aγ differ by less than a factor of 10. The

Lagrangian L = gAγE · BφA, with φA the axion field, permits

the conversion of an axion into a single real photon in an exter-

nal electromagnetic field, i.e., a Primakoff interaction. In the

case of relativistic axions, kγ − kA ∼ m2
A/2ω, pertinent to sev-

eral experiments below, coherent axion-photon mixing in long

magnetic fields results in significant conversion probability even

for very weakly coupled axions [5]. This mixing of photons

and axions has been posited to explain dimming from dis-

tant supernovae and the apparent long interstellar attenuation

length of the most energetic cosmic rays [6].

Below are discussed several experimental techniques con-

straining gAγ , and their results. Also included are recent un-

published results, and projected sensitivities of experiments

soon to be upgraded or made operational. Recent reviews

describe these experiments in greater detail [7].

III.1. Microwave cavity experiments: Perhaps the most

promising avenue to the discovery of the axion presumes

that axions constitute a significant fraction of the local

dark matter halo in our galaxy. An estimate for the Cold

Dark matter (CDM) component of our local galactic halo is

ρCDM = 7.5 × 10−25g/cm3 (450 MeV/cm3) [8]. That the

CDM halo is in fact made of axions (rather than, e.g., WIMPs)

is in principle an independent assumption. However should

very light axions exist, they would almost necessarily be cosmo-

logically abundant [2]. As shown by Sikivie [9] and Krauss

et al. [10], halo axions may be detected by their resonant

conversion into a quasi-monochromatic microwave signal in a

high-Q cavity permeated by a strong static magnetic field.

The cavity is tunable and the signal is maximum when the

frequency ν = mA(1 + O(10−6)), the width of the peak rep-

resenting the virial distribution of thermalized axions in the

galactic gravitational potential. The signal may possess finer

structure due to axions recently fallen into the galaxy and

not yet thermalized [11]. The feasibility of the technique

was established in early experiments of small sensitive volume,

V = O(1 liter) [12] with HFET amplifiers, setting limits in

the mass range 4.5 < mA < 16.3 µeV, but lacking by 2–3

orders of magnitude the sensitivity to detect KSVZ and DFSZ

axions (the conversion power PA→γ ∝ g2
Aγ). ADMX, a later

experiment (B ∼ 7.8 T, V ∼ 200 liter) has achieved sensi-

tivity to KSVZ axions over the mass range 1.9–3.3 µeV, and

continues to operate [13]. The exclusion regions shown in

Figure 1 for Refs. 12,13 are all normalized to the CDM density

ρCDM = 7.5 × 10−25g/cm3 (450 MeV/cm3) and 90% CL. A

near quantum-limited low noise DC SQUID amplifier [14] is

being installed in the upgraded ADMX experiment. A Ryd-

berg atom single-quantum detector [15] is being commissioned

in a new RF cavity axion search [16]. These new technolo-

gies promise dramatic improvements in experimental sensitivity,

which should enable rapid scanning of the axion mass range at

or better than the sensitivity required to detect DFSZ axions.

The search region of the microwave cavity experiments is shown

in detail in Figure 1.

III.2 Optical and Radio Telescope searches: For axions of

mass greater than about 10−1 eV, their cosmological abundance

is no longer dominated by vacuum misalignment of string

radiation mechanisms, but rather by thermal emission. Their

contribution to critical density is small Ω ∼ 0.01(mA/eV).

However, the spontaneous-decay lifetime of axions, τ(A →
2γ) ∼ 1025sec(mA/eV)−5 while irrelevant for µeV axions, is

short enough to afford a powerful constraint on such thermally

produced axions in the eV mass range, by looking for a quasi-

monochromatic photon line from galactic clusters. This line,

corrected for Doppler shift, would be at half the axion mass and

its width would be consistent with the observed virial motion,

typically ∆λ/λ ∼ 10−2. The expected line intensity would be

of the order IA ∼ 10−17(mA/3 eV)7erg cm−2arcsec−2Å
−1

sec−1

for DFSZ axions, comparable to the continuum night emission.

The conservative assumption is made that the relative density

of thermal axions fallen into the cluster gravitational potential

reflects their overall cosmological abundance. A search for

thermal axions in three rich Abell clusters was carried out

at Kitt Peak National Laboratory [17]; no such line was

observed between 3100–8300 Å (mA = 3–8 eV) after on-off field

subtraction of the atmospheric molecular background spectra.

A limit everywhere stronger than gAγ < 10−10GeV−1 is set,

which is seen from Fig. 2 to easily exclude DFSZ axions

throughout the mass range.
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Similar in principle to the optical telescope search, mi-

crowave photons from spontaneous axion decay in halos of

astrophysical objects may be searched for with a radio tele-

scope. One group [18] aimed the Haystack radio dish at several

nearby dwarf galaxies. The expected signal is a narrow spectral

line with the expected virial width, Doppler shift, and intensity

distribution about the center of the galaxies. They reported

limits of gAγ < 1.0 × 10−9GeV−1 for mA ∼ few×100 µeV.

They propose an interferometric radio telescope search with

sensitivity near gAγ of 10−10GeV−1.

III.3 A search for solar axions: As with the telescope

search for thermally produced axions, the search for solar axions

was stimulated by the possibility of there being a “1 eV window”

for hadronic axions (i.e., axions with no tree-level coupling to

leptons), a “window” subsequently closed by an improved

understanding of the evolution of globular cluster stars and

SN1987A [2]. Hadronic axions would be copiously produced

within our Sun’s interior by a Primakoff process. Their flux at

the Earth of ∼ 1012cm−2sec−1(mA/eV)2, which is independent

of the details of the solar model, is sufficient for a definitive

test via the axion reconversion into photons in a large magnetic

field. However, their average energy is ∼ 4 keV, implying an

oscillation length in the vacuum of 2π(m2
A/2ω)−1 ∼ O(mm),

precluding the mixing from achieving its theoretically maximum

value in any practical magnet. It was recognized that one could

endow the photon with an effective mass in the gas, mγ = ωpl,

thus permitting the axion and photon dispersion relations

to be matched [5]. A first simple implementation of this

proposal was carried out using a conventional dipole magnet

with a conversion volume of variable-pressure gas and a xenon

proportional chamber as the x-ray detector [19]. The magnet

was fixed in orientation to take data for ∼ 1000 sec/day. Axions

were excluded for gAγ < 3.6 × 10−9GeV−1 for mA < 0.03 eV,

and gAγ < 7.7 × 10−9GeV−1 for 0.03 < mA < 0.11 eV (95%

CL). A more sensitive experiment (Tokyo axion helioscope) has

been completed, using a superconducting magnet on a telescope

mount to track the sun continuously. This gives an exclusion

limit of gAγ < 6 × 10−10GeV−1 for mA < 0.3 eV [20]. A

new experiment CAST (CERN Axion Solar Telescope), using a

decommissioned LHC dipole magnet, is taking first data [21].

The projected sensitivity gAγ < 10−10GeV−1 for mA < 1 eV, is

about that of the globular cluster bounds.

Other searches for solar axions have been carried out using

crystal germanium detectors. These exploit the coherent con-

version of axions into photons when their angle of incidence

satisfies a Bragg condition with a crystalline plane. Analysis

of 1.94 kg-yr of data from a 1 kg germanium detector yields

a bound of gAγ < 2.7 × 10−9GeV−1 (95% CL) independent

of mass up to mA ∼ 1 keV [22]. Analysis of 0.2 kg-yr of

data from a 0.234 kg germanium detector yields a bound of

gAγ < 2.8 × 10−9GeV−1 (95% CL) [23]. A general study of

sensitivities [24] concludes these crystal detectors are unlikely to

compete with axion bounds arising from globular clusters [25]

or helioseismology [26].

III.4 Photon regeneration (“invisible light shining

through walls”): Photons propagating through a transverse

field (with E‖B may convert into axions. For light axions with

m2
Al/2ω � 2π, where l is the length of the magnetic field,

the axion beam produced is collinear and coherent with the

photon beam, and the conversion probability Π is given by

Π ∼ (1/4)(gAγBl)2. An ideal implementation for this limit is

a laser beam propagating down a long, superconducting dipole

magnet like those for high-energy physics accelerators. If an-

other such dipole magnet is set up in line with the first, with an

optical barrier interposed between them, then photons may be

regenerated from the pure axion beam in the second magnet and

detected [27]. The overall probability P (γ → A → γ) = Π2.

such an experiment has been carried our, utilizing two mag-

nets of length l = 4.4 m and B = 3.7 T. Axions with mass

mA < 10−3 eV, and gAγ > 6.7 × 10−7GeV−1 were excluded at

95% CL [28]. With sufficient effort, limits comparable to those

from stellar evolution would be achievable. Due to the g4
Aγ

rate suppression, however, it does not seem feasible to reach

standard axion couplings.

III.5 Polarization experiments: The existence of axions

can affect the polarization of light propagating through a

transverse magnetic field in two ways [29]. First, as the E‖
component, but not the E⊥ component will be depleted by

the production of real axions, there will be in general a small

rotation of the polarization vector of linearly polarized light.

This effect will be constant for all sufficiently light mA such

that the oscillation length is much longer than the magnet

m2
Al/2ω � 2π. For heavier axions, the effect oscillates and

diminishes with increasing mA, and vanishes for mA > ω. The

second effect is birefringence of the vacuum, again because there

could be a mixing of virtual axions in the E‖ state, but not for

the E⊥ state. This will lead to light that is initially linearly
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polarized becoming elliptically polarized. Higher-order QED

also induces vacuum birefringence, and is much stronger than

the contribution due to axions. A search for both polarization-

rotation and induced ellipticity has been carried out with the

same dipole magnets described above [30]. As in the case of

photon regeneration, the observables are boosted linearly by the

number of passes of the laser beam in the optical cavity within

the magnet. The polarization-rotation resulted in a stronger

limit than that from ellipticity, gAγ < 3.6 × 10−7GeV−1 (95%

CL) for mA < 5 × 10−4 eV. The limits from ellipticity are

better at higher masses, as they fall off smoothly and do not

terminate at mA. Current experiments with greatly improved

sensitivity that, while still far from being able to detect standard

axions, have measured the QED “light-by-light” contribution

for the first time [31]. The overall envelope for limits from

the laser-based experiments is shown schematically in Fig. 2.

III.6 Non-Newtonian monopole-dipole couplings: Ax-

ions mediate a CP violating monopole-dipole Yukawa-type

gravitational interaction potential (gsgp σ̂ · r̂ e−r/λ) between spin

and matter [32] where gsgp is the product of couplings at the

scalar and polarized vertices and λ is the range of the force.

Two experiments placed upper limits on the product coupling

gsgp in a system of magnetized media and test masses. One

experiment [33] had peak sensitivity near 100 mm (2 µeV axion

mass) another [34] had peak sensitivity near 10 mm (20 µeV

axion mass). Both lacked sensitivity by 10 orders of magnitude

of the sensitivity required to detect couplings implied by the

existing limits on a neutron EDM.
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E. Mörtsell, L. Bergström, and A. Goobar, Phys. Rev.
D66, 047702 (2002);
D.S. Gorbunov, G.G. Raffelt, and D.V. Semikoz, Phys.
Rev. D64, 096005 (2001);
C. Csaki, N. Kaloper, M. Peloso and J. Terning, JCAP
0305, 005 (2003).

7. L.J. Rosenberg and K.A. van Bibber, Phys. Reports 325,
1 (2000);
R. Bradley et al., Rev. Mod. Phys. 75, 777 (2003).

8. E. Gates et al., Ap. J. 499, 123 (1995).

9. P. Sikivie, Phys. Rev. Lett. 51, 1415 (1983); 52(E), 695
(1984); Phys. Rev. D32, 2988 (1985).

10. L. Krauss et al., Phys. Rev. Lett. 55, 1797 (1985).

11. P. Sikivie and J. Ipser, Phys. Lett. B291, 288 (1992);
P. Sikivie et al., Phys. Rev. Lett. 75, 2911 (1995).

12. S. DePanfilis et al., Phys. Rev. Lett. 59, 839 (1987);
W. Wuensch et al., Phys. Rev. D40, 3153 (1989);
C. Hagmann et al., Phys. Rev. D40, 3153 (1989).

13. C. Hagmann et al., Phys. Rev. Lett. 80, 2043 (1998);
S.J. Asztalos et al., Astrophys. J. 571, L27 (2002);
H. Peng at al., Nucl. Instrum. Methods A444, 569 (2000);
S. Asztalos et al., Phys. Rev. D64, 092003 (2003).

14. M. Mück, J.B. Kycia, and J. Clarke, Appl. Phys. Lett. 78,
967 (2001).

15. I. Ogawa, S. Matsuki, and K. Yamamoto, Phys. Rev. D53,
1740 (1996).

16. S. Matsuki et al., Nucl. Phys. 51B (Proc. Suppl.) 213,
(1996).

17. M. Bershady et al., Phys. Rev. Lett. 66, 1398 (1991);
M. Ressell, Phys. Rev. D44, 3001 (1991).

18. B.D. Blout et al., Astrophys. J. 546, 825 (2001).

19. D. Lazarus et al., Phys. Rev. Lett. 69, 2333 (1992).

20. S. Moriyama et al., Phys. Lett. B434, 147 (1998);
Y. Inoue et al., Phys. Lett. B536, 18 (2002).

21. K. Zioutas et al., Nucl. Instrum. Methods A425, 480
(1999);
J.I. Collar et al.. [CAST Collaboration], “CAST: A search
for solar axions at CERN,” hep-ex/0304024.

22. F.T. Avignone III et al., Phys. Rev. Lett. 81, 5068 (1998).

23. I.G. Irastorza et al., Nucl. Phys. 87 (Proc. Suppl.) 111,
(2000).

24. S. Cebrián et al., Astropart. Phys. 10, 397 (1999).

25. G. Raffelt, “Stars as Laboratories for Fundamental Phys-
ics,” University of Chicago Press, Chicago (1996).

26. H. Schlattl, A. Weiss, and G. Raffelt, Astropart. Phys. 10,
353 (1999).

27. K. van Bibber et al., Phys. Rev. Lett. 59, 759 (1987);
A similar proposal has been made for exactly massless
pseudoscalars: A. Ansel’m, Sov. J. Nucl. Phys. 42, 936
(1985).

28. G. Ruoso et al., Z. Phys. C56, 505 (1992);
R. Cameron et al., Phys. Rev. D47, 3707 (1993).

29. L. Maiani et al., Phys. Lett. B175, 359 (1986).

30. See Ref. 28 and Y. Semertzadis et al., Phys. Rev. Lett. 64,
2988 (1990).

31. D. Bakalov et al., Quantum Semiclass. Opt. 10, 239(1998).

32. J.E. Moody and F. Wilczek, Phys. Rev. D30, 130 (1984).

33. A.N. Youdin et al., Phys. Rev. Lett. 77, 2170 (1996).

34. Wei-Tou Ni et al., Phys. Rev. Lett. 82, 2439 (1999).

�� ��E!��� ���� ������ 0��1 �'"��/%.'!-' ��& 	�'1����.�� ��E!��� ���� ������ 0��1 �'"��/%.'!-' ��& 	�'1����.�� ��E!��� ���� ������ 0��1 �'"��/%.'!-' ��& 	�'1����.�� ��E!��� ���� ������ 0��1 �'"��/%.'!-' ��& 	�'1����.
�
��� 0�%�#� #����# �� �#�"8#����#��	 ���%�	���� 9���� H �� � (�0���	��� ��
�C��� �����	���;�

����� �)��� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
>�.2 �*���5� 62 *5�� 5	��#��# *C���

>�.2: � �*���-� 62 *5�� 5	��#��# *C���

>�.2 2 !,+�5 �6� *5�� 5	��#��# *C���

�,4*�-,*� �6 *5�� 5	�""�� �������

>�.3 2 5*�� �6 *5�� 5	��#��# *C���

>�.2 ��5��54,, �6 *5�� 5	��#��# *C���

� -���� 0�%�# ��� :�: ��� γ8��1 "��� ��� 	
� �%��
2 -���� 0�%�# ��� ��7%����& 	
� ��# &���	�? �	�""�� ���"%	��� ��	 0� #���%�	�# 01 �C���
��������



��������

��� ��� �� ���� 	
� �����������	
�
����������������

�����
 ���� ������� ���� ����� ��
��


�� ��E!��� ��& �"%*� �!�%" ��'�� �� �� �*��-%*' !� 
�&��� �*-�.'�� ��E!��� ��& �"%*� �!�%" ��'�� �� �� �*��-%*' !� 
�&��� �*-�.'�� ��E!��� ��& �"%*� �!�%" ��'�� �� �� �*��-%*' !� 
�&��� �*-�.'�� ��E!��� ��& �"%*� �!�%" ��'�� �� �� �*��-%*' !� 
�&��� �*-�.'
-��	� ��� ��� 0���(
��& ��	����

����� ��� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
3 >*�4 �:  �+> 3N → ���� �� → µNµ−

<� × ��−�� �� ) *!-�� �) ��6� �N → πN	�

<�.3 × ��−�� �� : *�,5,���54����) ��)� �N → πN	�

<).: × ��−�� �� � *!-�� �2� ��6� �N → πN	�

<) × ��−: �� � *!-�� �� ��6� �N → πNπ���

<).� × ��−: �� *��*� ��� +-�� "± → π±9�±;	�
<:.3 × ��−: �� *��*� ��� +-�� "� → ��

-
	�

<3.3 × ��−: �� 6 *-��.��� �6 ���! π� → γ	�� �
	 � < �2�

���
<:.� × ��−6 �� � 4,�+ ,�. �� ��6� �N → πN	� 9	� → γ γ;

<:.2 × ��−�� �� �� *!-�� �� ��6� �N → πN	�

<2.6 × ��−) �� �� *�5-�� ��� +�*� π� → γ	�� �
	 � < �:

���
<3 × ��−) �� �� *�5-�� ��� +�*� η → γ	�� �

	 �F :�P2��

���
<) × ��−: �� �� *�5-�� ��� +�*� η′ → γ	�� �

	 �F :�P�2:

���
<� × ��−: �� �� *�5-�� �)� +�*� π� → γ	�� �

	 �F�:P�2:

���
<� × ��−: �� �� *�5-�� �)� +�*� η → γ	�� �

	 �F2��P:2:

���
<�.��� �� �2 ��,=��!���5�) +��� π� → γ	�� �

	 �F2: ���

<�.��2 �� �2 ��,=��!���5�) +��� π� → γ	�� �
	 �F��� ���

<2 × ��−� �� �3 *�,�* �3� ��6� 5%�� 01 *!-�� �)

<3 × ��−�3 �) �. �3 +�5� π� → γ	�

<�.� × ��−6 �� �: *--,�.�� �2 5>�+ �N → πN	� 9	� →
�N �−;

<: × ��−) �� �� *�,�* �2 ��6� π� → γ	�

<) × ��−� �� �� ��,=��!���5�2 5>�+ π� → γ	�� 	� → �N �−�
�
1�
F ��� ���

<� × ��−� �� �6 *�,�* ��� ��6� 5%�� 01 4,�+ ,�. ��

<�.3 × ��−6 �� �� 4����+ ���� 6� 5>�+ πN → �N ν�� 9�� →
�N �−;

<� × ��−� �� 2� �,+ -�� 6� 5>�+ 5	����# πN → �N ν��

<2 × ��−: �� 2� �*�*K*4, 6) 5>�+ ��� ���<�<2�� ���

<9��:P);× ��−� �� 2� �*�*K*4, 6) 5>�+ � #�(�1� �
	 � � ��� ���

22 *5*�� 62 +��� 5	����# �N → πN	�

23 *5*�� 6�� +��� 5	����# �N → πN	�

2) K ,��,�54,, ��  ���1 �C���

3>*�4 �: ��%�# 	
��� (��#�#�	� ����	� ��� 3N → �µNµ− �� 	
�  1���+> �C������	�
!%� 	� � ������ �����# �� #�%�� ���� 	
�1 
1��	
���/� 	
� ����	� �� � �����0"�
��&��" �� � ��� 0����� ,	 (�� 0� ��	�����	�# �� �� �C���8"�I� ���	�("� ��	
 �

��
F

2�).3 ± �.:��� ��# 	
� 0���(
��& ���(	��� �93N → ���;×�9�� → µNµ−; F
93.�N2.)−�.� ± �.:;× ��−6�
)�
�� "��	 ���"��� ��� � ��� ���� �6� ���� ��� �	
�� ����� �� 	
� ���&� �

	 � F

�:�P2:� ��� 	
� "��	 �� "��� ���	��(	���� 0%	 �	�"" ������� *!-�� �2� ��# *�,�* �3��
:*�,5,���54� �) 0�%�# �� ��� �

	 �F��

�*!-�� �2� 0�%�# �� ��� �
	 � <�� ���� 5�� ��&� 2 ��� "��	� �	 
�&
�� ������

��
� 7%�	�# "��	 �� ��� �
	 � F �P6� ���� 5�� 	
��� ��&� : ��� 	
� "��	 �	 
�&
�� ����

�
� 0���(
��& ���(	��� "��	 ���%�� �%�� �
��� ���(� #�(�1 #��	��0%	�����
6*-��.��� �6 "��I�# ��� 	� ��� π� #�(�1 �
�(
 ����	��	� 	
� �
��"#��& ��# (�����	

	� π� �� 	
� �C	����" +�%"�0 '�"# �� � �%("�%��
�4,�+ ,�. �� "��	 �� ��� �9�N → πN	�;·�9	� → γ γ; ��# ���"��� ��� �

	 � � :�

���� τ
	 � < ��−�� �� -��	� ��� �����#�# ��� �<�

	 � < ��� ���� τ
	 � < ��−6 ��

��*!-�� �� "��I�# ��� � ���I �� �����&8��� #��	��0%	���� �
�� ���I �� �� %�#�	� ��

*�,�* �3� �
� "��	 �� ��� ���"��� �	�0"� 	� ���	�("�� ��# �C	��#� 	� �
	 �F6� ���

�	 	
� ��� "���"� 5�� ����� ��� #����#��(� �� '��	� "���	���
��*�5-�� �)� ��# *�5-�� ��� "��I�# ��� � ���I �� �����&8��� #��	��0%	����
�2�
� ��,=��!���5 �) "��	 �� 0���# �� ��("%���� �
�	�� ���(	�% ��# �� ��#����#��	

�� 	� #�(�1 �#��� ,	 ���"��� 	� τ9	�;> ��−23 ��(�
�3*�,�* �3� "��I�# ��� � ���I �� �����& ��� #��	��0%	���� �
� 0�%�# ���"��� ��� �	�0"�

	� �� �
	 �F�:�P2:� ���� ��# 	
� "��	 0�(��� �	���&�� 9��

−6; ��� �
	 �F�6�P2)�

����
�)�. �3 �	%#��# 	
� ���#%(	��� �� 	� ��� γ γ → π� → γ	� �� 	
� ���"1 %������� �	 � �
���� �
� 0�%�# �� �C	�� ��%	����� ��� �%("���1�	
���� V�ν < �.3 9$*-4�� ��; ��
��"�1�#� ,	 ���"��� 	� �

	 � � � ��� �� ��#�� 	� 0� ��"�	����	�( #��� 	� �%("���1�	
����

	�����	%��� 5�� ����� ��� 
������ 	��
�:*--,�.�� �2 "��	 ���"��� ��� �

	 �F�:�P3)� ��� ��# �� 	
� 0���(
��& ��	�� 	��� 	
�

#�(�1 ���0�0�"�	1� -��	 �� < �.:× ��−6 �	 ��O+-�
��*�,�* �2 "��I�# ��� � ���I �� �����& ��� #��	��0%	���� �
� "��	 ���"��� 	�

�
	 �F�P�3� ��� �� 	
� ������ �������(� "��	� 5�� ����� ��� 	
� #����#��(� ��

"���	��� +�������(� ��7%���� 	� 	� 0� � ��(	�� ���	�("��
����,=��!���5 �2 "��	 ���"��� ��� τ

	 � F ��
−23P��−�� ��(� -��	� 0�	���� 2×��−)

��# )× ��−� ��� �0	����# ��� �
	 � F 2:P�2� ���� *�&%"�� ���	% (�������	���

��7%���� 	
�	 	� 
�� ���� ≥ ��
�6*�,�* ��� "��	 �� ��� �9�N → πN	�;·�9	� → γ γ; ��# ���"��� ��� �

	 � F :� ����

τ
	 � < ��−�� �� -��	� ��� �"�� �����#�# ��� � < �

	 � < ��� ���� τ
	 � < ��−6 ��

��4����+ ��4� 6� "��	 ���%�� �
��

F �.� ���� τ
��

� ��−�2 �� ��# �9�� →
�N �−; F ��

2��,+ -�� 6� "��I�# ��� πN → �N ν�� ��""���# 01 �� → �N �−� -��	� �� 	
�
0���(
��& ���(	��� #����# �� 	
� ��� ��# ��# "���	�� �� ��� �
� 7%�	�# "��	� ���

��"�# �
�� τ9��;� 3. × ��−��� �� 	
� #�(�1� ��� I����	�(�""1 �""���#�
2��*�*K*4, 6) "��I�# ��� � #��(��	� "��� �� �N → πNM� 5����	��� 	� ��#� ��� ���&�
9:P3�� ���;� ��#����#��	 �� �
�	
�� M #�(�1� ����	"1 �� ��	�

22*5*�� 62 �	 4�4 ��	 "��	� ��� �9�N → πN	�; ��� �
	 � <��� ��� �� ��

< ).× ��−6 ��� τ9	� → �γ ?�; > �.× ��−� �� �� < �.)× ��−� ��� τ < �.× ��−���
23*5*�� 6�� �� 4�4 �C������	� 5�	 �9�N → πN	�; < 3.6× ��−6 �	 +- F ��O�
2)K ,��,�54,, �� ��&%� 	
�	 � 
���1 �C��� ���#�(	�# 01 �*�. �6 93 <� <)� ���;
(��	��#�(	� �C������	�" %�� ����"�%� �&��	�( ���	��

�� ��E!��� �*��-%*' !� 8���D��!�1 �*-�.'�� ��E!��� �*��-%*' !� 8���D��!�1 �*-�.'�� ��E!��� �*��-%*' !� 8���D��!�1 �*-�.'�� ��E!��� �*��-%*' !� 8���D��!�1 �*-�.'
!�(�1 �� 	�����	��� �� 7%��I���%� -��	� ��� ��� 0���(
��& ��	���

����� ��� ���� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
<�.3× ��−: �� 2: �*-�5� �: +-�� .9�-; → �� γ

<).�× ��−: �� *����*5�*� ��� +�*- .9�-; → �� γ
2� *����*5�*� ��� ����

<: × ��−: �� 2� !��K ,�,� 6� �! φ → �� γ

9�� → �N �−;
<2 × ��−3 �� 26 !��K ,�,� 6� �! φ → �� γ 9�� → γ γ;

<� × ��−� �� 2� !��K ,�,� 6� �! φ → �� γ

9�� → �����&;

<3.�× ��−) �� � 3� *-���+ � 6�� *�. .9�-; → �� γ

9�� → �N �−;
<) × ��−) �� � 3� *-���+ � 6�� *�. .9�-; → �� γ

9�� → µNµ−�
πNπ−� �N�−;

<6 × ��−) �� � 3� *-���+ � 6�� *�. .9�-; → �� γ

<�.3× ��−3 �� � 32 *-���+ � 6�� *�. .9�-; → �� γ

9�� → �N �−� γ γ;

<2. × ��−3 �� 33 ��$+�+4 6� +-�� .92-; → .9�-; →
��

<:. × ��−3 �� 3) �*.��*5 6� +�5� .9�-; → �� γ

<3. × ��−) �� 3: *-*� 63 +-�� .9�-; → �� γ

<�.�× ��−) �� 3� �,+K�>���4 63 -��* .9�-; → �� γ

<�.)× ��−: �� 3� �!$*�!5 62 +�*- ,/ψ → �� γ

<3.:× ��−) �� 36 5,����K 62 +�5� .9�-; → �� γ

<�.2× ��−) �� 36 5,����K 62 +�5� .93-; → �� γ

2:�*-�5� �: "��I�# ��� � ���(
���	�( γ ��� .9�-; #�(�1� �
� 0�%�# �� ��� �
��

<

:.� .��� 5�� ��&� � �� 	
� ����� ��� 0�%�#� ��� 
������ �
��
� �
�1 �"�� 7%�	� � 0�%�#

�� 0���(
��& ��	��� ��−3P��−: �� 	
���80�#1 #�(�1 γ	 	 ��� �<�	 < 3.� .���
2��
� (�0���# "��	 �� *����*5�*� ��� ��# �!$*�!5 62 �C("%#�� �	��#��# �C���
��	
 �

��
< 2�� �	 ��O +- �� "��& �� �.�,/ψ > �.��� �
��� �� 9� F .� ,/ψ;

�� 	
� ��#%(	��� ��(	�� ��� S9� → �� γ; #%� 	� <+! ��#E�� ��"�	����	�( (����(	�����
�
� ��� #�	� �C("%#�� �.�2 < 1 < 2�� 9��O +-; �� �. F �,/ψ F �.:� ��# �%�	
��

(�0����& ��	
 *-���+ � 6�� ���%"	 �C("%#�� : × ��−: < 1 < 2��� 1 �� 	
� ��	��
�� 	
� ��(%% �C��(	�	��� ��"%�� �� 	
� 	��  �&&� '�"#�� �
��� "��	� %�� (�����	����"

���%�	��� S9�� → � �; ∝ 1−2� �
� �"	����	��� ���%�	��� S9�� → � �; ∝ 12

&���� � ����
�	 #�J����	 �C("%#�# ��&��� �.����: < 1 < ))�
2��
� '��	 !��K ,�,� 6� "��	 �� ��"�# �
�� τ

��
E�

��
< 3 × ��−�3 �E��� ��#

�
��

< 2� ����

26�
� ��(��# !��K ,�,� 6� "��	 �� ��"�# �
�� τ
��
E�

��
< : × ��−�3 �E��� ��#

�
��

< 2� ����

2��
� 	
��# !��K ,�,� 6� "��	 �� ��"�# �
�� τ
��
E�

��
> � × ��−�2 �E��� ��#

�
��

< 2�� ����

3� τ
��

< � × ��−�3� ��# �
��

< ��: .��� *��"��� ��� �� → γ γ �
�� �
��

< ���

����
3� τ

��
> �× ��−���

32 ,�#����#��	 �� τ
��
�

33��$+�+4 6� "��I�# ��� �� 	
�	 #�(�1� ��	� �N �− �� 	
� (��(�#� #�(�1 .92-; →
.9�-;πNπ− ��""���# 01 .9�-; → �� γ� �
� "��	 ��� �9.9�-; → �� γ;�9�� →
�N �−; #����#� �� �

��
��# τ

��
� �
� 7%�	�# "��	 ��� �

��
F��6 ��� �� �	 τ

��
∼

2. × ��−�2�� �
��� 	
� "��	 �� 	
� ����	� �
� ��� "��	 2. × ��−3 ���"��� ��� �""
"���	��� ��� ����� 2�� < �

��
< 2�µ �
�� 	
� ���%"	� �� 	
�� �C������	 ���

(�0���# ��	
 	
� ���%"	� �� *-*� 63�
3)�*.��*5 6� "��I�# ��� .9�-; → γ�� 9�� → �N �−;� �
� 7%�	�# 0���(
��&

���(	��� "��	 �� ��� �
��

F ��� ���� �	 τ9��;∼ ). × ��−�3� �
��� 	
� "��	 �� 	
�
����	�

3:*-*� 63 �� �	 +�5�� �
�� "��	 (�0���# ��	
 "��	 ��� �9,/ψ → �� γ; 9�!$*�!5 62;
�C("%#�� �	��#��# �C����

3��,+K�>���4 63 �� !�5�8!��,5 �C������	� �
�� "��	 	�&�	
�� ��	
 "���� "��	

�.2× ��−) �� �9. → �� γ; #�����# ��� �9,/ψ9�-; → �� γ; "��	 9�!$*�!5 62;
�C("%#�� �	��#��# �C����

3��!$*�!5 62 "��I�# ��� ,/ψ → γ�� #�(�1� 01 "��I��& ��� ����	� ��	
 � ���&"�
γ

[
�� ����&1 ∼ �E2 	
� ,/ψ9�-; ���

]
� �"%� ��	
��& �"�� �� 	
� #�	�(	��� �
� "��	 ��

��(�����	��	 ��	
 	
� �C��� ��	�����	�	��� �� 	
� �*,55��� 6�� ���%"	�
36 5,����K 62 �� +�5� �C������	� -��I�# ��� . → γ��� �� %�#�	�(	�#� -��	 ��� �-
93-; �� ��"�# ��� �

��
<� .�� 9) .��;�



�	�	�	�	

����� � ����� 	
�
� ������� ��������

�����
 ���� �� ����� ���� ����� ��
��


�� ��E!��� �*��-%*' !� 5�'!"���!�1 �*-�.'�� ��E!��� �*��-%*' !� 5�'!"���!�1 �*-�.'�� ��E!��� �*��-%*' !� 5�'!"���!�1 �*-�.'�� ��E!��� �*��-%*' !� 5�'!"���!�1 �*-�.'
!�(�1 �� 	�����	��� �� ����	����%� -��	� ��� ��� 0���(
��& ��	���

����� ��� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
<).)× ��−: �� 3� �*!������ �2 +��� <8>� → γ	�	2�

�	�
N�	0

≤ ���

I��
<2 × ��−) �� �*��� �: +��� <8>� → �� γ

�
��
F6:�P���3 I��

<3.�× ��−3 �� )� *5*, �) +��� <8>� → �� γ
�
��
F3�P:�� I��

<2.6× ��−: �� )� *4�>�*� �� +��� <8>� → �� γ

9�� → γ γ;�
�
��

< 3� I��

<�.�× ��−� �� )2 *5*, �� +��� <8>� → �� γ�
�
��

< 6�� I��

<3.6× ��−) �� .�,���4� �� +��� <8>� → �� γ� �
��

<

3� I��
<9�P:;× ��−) �: )3 �5�+ ,*4, �� +��� <8>� → �� γ� �

��
F

3��P��� I��
<�.)× ��−: �� )) ��,�� 6� +��� <8>� → �� γ�

�
��

< 3� I��
): *�*-!, 6: +��� ��	
�8����	����%
)� +*����, 63 +��� ��	
�8����	����%

3��*!���5+ �� �2 "��I�# ��� � 	
���80�#1 #�(�1 �� ��	
�8����	����% ��	� � �
�	��
��# 	�� ����	��	��& 9��%	��" �� �""�8(
��&�#; ���	�("���

)��
� *5*, �) "��	 �� 0���# �� ��("%���� �
�	�� ���(	�% ��# �� ��#����#��	 �� �� #�(�1
�#���

)��
� *4�>�*� �� "��	 ���"��� ��� � �
��	8"���# �� ��	
 τ
��

< ��−�3 �
��

AI��B ��

)2*5*, �� "��	 	����"�	�� 	� �2
�� �9 �−E)π < �.� × ��−�� 9��O +-; ��� �

��
< 6��

I���
)3�
� �5�+ ,*4, �� "��	 �� 0���# �� ��("%���� �
�	�� ���(	�% ��# �� ��#����#��	 ��

�� #�(�1 �#���
))��,�� 6� "��	 	����"�	�� 	� �2

�� � �
E)π < �.2 × ��−��� 5���
�	 ��� �����	���

"��	� ��� �0	����# ��� "��&�� �
��
R " < �.�× ��−� �	 ��� I���

):*�*-!, 6: ��	 "��	� �9�� γ; E �9γ γ γ; < 9�P:; × ��−� ��� �
��

F ���P��� I��

�
�(
 ��� �0�%	 �E�� �� 	
� +*����, 63 "��	��
)�+*����, 63 "��I�# ��� ��	
�����	����% → �� γ� 5�	 "��	 ��� �� �"�(	��� (�%�"��&

�7%���#� �9� � ��;2E9)π; < �. × ��−��P�. × ��−� ��� �
��

��� �:�P��� I�� 9+- F

��.�O;� �
�� �� �0�%	 �E�� �� 	
� 0�%�# ��� �−2 �C������	��

�� ��E!��� �*��-% !� 5%�"�/��&�-"!���� ��E!��� �*��-% !� 5%�"�/��&�-"!���� ��E!��� �*��-% !� 5%�"�/��&�-"!���� ��E!��� �*��-% !� 5%�"�/��&�-"!��
����� ����	�
� �� ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
)� �*55��>,���� �: �

��
F �.6 ± �.2 ���

)��*55��>,���� �: �� �� �C	������ �� �*55��>,���� �3� �
�1 "��I�# ��� � ���I

�� 	
� ��������	 ��� �� �N �− ����� �� 	
� ��&��� �
�9 �− F �.6 ± �.2 ���� �
�1

�0	����# 0�%�#� �� 	
� ���#%(	��� ��	� �� ��� τ9��; F ��−�6P��−� ��(� �
�1 �"��
��%�# �� �C(��� �� ����	� �� 	
� ���&� �

�9 �− F 2.�P3.: ����

�� ��E!��� 5��&�-"!�� !� 
�&��� 	���!'!��'�� ��E!��� 5��&�-"!�� !� 
�&��� 	���!'!��'�� ��E!��� 5��&�-"!�� !� 
�&��� 	���!'!��'�� ��E!��� 5��&�-"!�� !� 
�&��� 	���!'!��'
-��	� ��� ��� σ9��; E σ9π�;�

����� ��� ���� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
)6 * �*! �� 5>�+ �N ���#%(	���
)� -�,����.�� �� 5>�+ �� → �N �−
:� .*�K �� 5>�+ �� → �N �−
:� 4*��- �� ���- 325 �%"����� �� →

�N �−
:2 �-���-�,� �2 �!�> ���� → �N �−��
:3 ��,=��!���5�2 5>�+ π− � → ���� �� →

�N �−
:) �-���-�,� �� �!�> �� → �N �−� 2γ
:: �*,55��� 6� �5>4 ��� #%��

�� → �N �−
:� !����� 66 ���� �� → �N �−
:� �-8�*!, 66 ���- �� → �N �−
:6 �*,55��� 66 �5>4 ��� #%�� �� → 2γ
:� �*!,�� 6� �!�> �� → �N �−

<2. × ��−�� �� � �� ���.5�* 6: + �� +��� 0�� #%�

<�. × ��−�3 �� � �� ���.5�* 6: + �� +��� 0�� #%�

2) �� �*,55��� 63 �5>4 ��� #%�� �� → 2γ
�2 �*,55��� 63� ���� -*�>� 0�� #%�
�3 ��*�4 63� ���� -*�>� 0�� #%�
�)  ����*� 63 +��� π� → ���

9�� → �N �−;
�: ���5+ �� 62 ���� 5�� �*,55��� 6��

�2 �� �*,55��� 6� �5>4 +��� >5 ν ��#�0��#

�: �� �*,55��� 6�� �5>4 ��� #%�� �� → 2γ

6 �6 4,� 6� �5>4 2� .�� �� → ��M

� �� �*,55��� 6� �5>4 ��� #%��

�� → �N �−
<�. × ��−6 �� �� =*+<��5 6�  -�+ 26 .�� ���	���

<�. × ��−�) �� �� =*+<��5 6�  -�+ ��� #%�
�� 5��4*5 6� +*-� 26 .�� � 0�� #%�
�2 ��+ ,5 �� +���

<�. × ��−6 �� �3 +����5 �� �5>4 ��� #%�

<�. × ��−3 �: �) !,5 *$ �� +*-� )�� .�� ��

<�. × ��−6 �� *-,��*� �6  ��� ��� #%�

<�. × ��−� �: *5�*��*� �6� +*-� ��� #%�

<�.:× ��−6 �� �: ��--���, �6  -�+ ��� #%�

<:.)× ��−�) �� �: ��--���, �6  -�+ �
��
F�.: ���

<).�× ��−� �� �: ��--���, �6  -�+ �
��
F� ���

<�. × ��−6 �� �� ��5���, �6�  ��� ��� #%�
�� !����--� �6

<�.:× ��−6 ��  *�5- �6� $,�� ��� #%�
�6 �,+�-�*+��� �6
�� ��5��54,, �6

)6* �*! �� �����	� � ���%"	 �� *>�M +�""�0���	��� �
�(
 �	%#��# ����	��� ���#%(	��� ��
236�N232�� ��# 236�N�6��� (�""������� ��	
�%	 ��7%����& � (���(�#��	 �"�(	���� ��
������ "���� ���� ��%�# ��� 2:� <�

�9
< �:� I���

)� -�,����.�� �� 9��*�.� +�""�0���	���; �	 .5, "��I�# ��� � ������ �%8����&1

�N �−8"��� �	 ∼ �3: I�� �� 236�N�6��� (�""������ -��	� �� 	
� ���#%(	��� ���0�8

0�"�	1 ��� � ������ �%8����&1 �N �− "��� ��� ��	� 5�� 	
��� ��0"� 2�
:�.*�K �� 9�>�� ,, +�""�0���	���; 
�� �"�(�# %���� 0�%�#� �� 	
� ���#%(	��� (���� ��(8

	��� �� �N �− ����� ��� 236�N�6��� ��# 236�N232�
 (�""������ �	 .5,� 5�� ��0"� 2

��� "��	� 0�	
 ��� 0�(I8	�80�(I ��# ���	����( (��'&%��	���� �� �N �− ������ �
��� "�8

�	� �%"� �%	 	
� �C��	��(� �� ���I� �� 	
� �N �− �%8����&1 #��	��0%	���� �����	�# 01 ��
���"��� ������� �� 	
�� �C������	�

:�4*��- �� "��I�# ��� �N �− ����� ��� 	
� (�""����� �� 325 92�� .��E�%("���; ��#
�%"����� �� ���#��(� �� ��� ���I� �� ��%�# �� 	
� ��&��� �� �����	���	1 ��� >2 ����

:2�-���-�,� �2 �� � ���	�� 0�� #%� �C������	 �	 5���%I
�� ��	
 � ��(��#��1

	��&�	 	� ��#%(� ��	
�8 ��	"�� ���#%(	��� �� �N �− �� µNµ− ��� 	
� ���#%(� ���
5�� ��&� : ��� 	
� �C("%#�# ��&��� �� �

��
81 �"���� ��� 	
� �	��#��# �C���� �.3 <1<2:

�� �C("%#�# �	 �:O +-� ,� (�0���# ��	
 �-���-�,� ��� �.��6 <1<32 �� �C("%#�#�
:3��,=��!���5 �2 &��� S9π− � → ���;·�9�� → �N �−;/S9π− � → �""; < ��−:
9��O +-; ��� �

��
F ��� ���� τ

��
F ��−��P��−23 ��(� -��	� ���&��& ��� 2.: ×

��−3 	� ��−� ��� &���� ��� �
��

F 2:P�3� ����

:)�-���-�,� �� �� � ���	�� 0�� #%� �C������	 �	 5���%I
��� �� (��#�#�	� ����	

��� �� → �N �−� 2γ ��� ��%�#� ��&� � &���� 	
� �C("%#�# ��&��� �� �
��
81 �"��� 91F

	��β F �2E��;� 5	��#��# �C��� �� �C("%#�# ��� �.2 < �
��

< 3.2 ��� ��� ��	

1 > �� �.2P�� ��� ��� ��	 1 < ��
:: �*,55��� 6� ����(
�# ��� �� → �N �− �� � ���	�� 0�� #%� �C������	 �	 5,�� ��
�C(��� �� ����	� ��� �0�����# ���� 	
� 0�(I&��%�#� * �	��#��# �C��� ��	
 ��� 2��P2�

��� �� �C("%#�#� -���� "��	 �� �
��

�� � ��) .�� �� &���� ��� �
��

F 2��P2� ����

:�!����� 66 �����"1/� �-8�*!, 66 #�	� ��# ("�� ���#��(� ��� 	
��� #��	��(	 �	�	��

��	
 ��� ∼ �.�� ∼ 2.�� ��# ∼ � ���� "���	��� ��−��P��−�: � #�(�1��& 	� �N �−
��# ��	� 	
� ���"���	1 �� 	
� #�	� ��	
 	
��� �� � (���(8��1 �C������	 01 ����	�" &��%�
9���� *���#� >��(� �� 	
� ��1�" 5�(��	1 �� -��#��� 5�(	��� * *22*22*22*22 �63 9��:3;;� ��� �

(��	�(�� ��� >��4,�5 6�� �
� �%&&��	� 	
�	 	
� ����	� ��� (���	�0"� ��	
 π� !�"�	/
#�(�1� !����� 6�� �� � ���"1 �
�(
 (��	��	� 	
� (��	�(���

:��-8�*!, 66 ("�� 	
� �C��	��(� �� � ��%	��" ���	�("� #�(�1��& ��	� �N �− ��	
 ���

�.�� ± �.:� ���� "���	�� 9�.�: ± �.��; × ��−�) �� �
�(
 �� ���#%(�# �� 
���1 ���
��	���(	���� ��	
 �%"���� �%("�� �	 ∼ ) .��E�E�%("����

:6 �*,55��� 66 �� � ���	�� 0�� #%� �C������	 �	 5,�� �
�1 ��%�# �� (��#�#�	� ����	

��� �� → γ γ� * �	��#��# �C��� #�(�1��& 	� 2γ �� �C("%#�# �C(��	 ��� � ��&��� 1� ��

-���� "��	 �� �
��

�� ��2P��3 .�� �� &���� ��� �
��

F �.�P� ����

:��*!,�� 6� #�# ��	 '�# "��&8"���# �� �� 3�� .�� π− ��� !%� �C������	 	
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#�(�1� ��	� �N �− �� 	
� ��� ���&��
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F 92�P2��; ���� �
�(
 �C("%#�� 	
� �� #�(�1

(���	��	 � 9��; �� 	
� ��	����" 9��P���; .��� 5�� 	
��� '&%�� � ��� �C("%#�# ��&��� ��

� 9��;8�
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�����.5�* 6: "��I ��� �� → 2γ� �N �−� µNµ−� ����	 "��	 �0��� �� ��� �
��

F �

���G ��(��# �� ��� 2�� ���� 5�� 	
��� '&%�� ) ��� �C("%#�# ��&��� �� �
��
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�
��� �
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�� �� #�(�1 (���	��	� ��� >�((��8<%��� >�++�, �� ��� �
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<�6� I�� ��#

τ >���3� �� 9+- F ��O;� ��� 	
� �C��� �� �*,55��� 6�� �	 2:� I��� ���.5�* 6:
�C��(	 �: ����	� 0%	 �0����� /����

�� �*,55��� 63 �0�����# �� �8γ ��# �2 28γ ����	� �
��� � 0�(I&��%�# �� )�6 ��# 2�3
�����(	���"1 �� �C��(	�#� * ��""8��&"� ���I �� �0�����# ���� �� ���� ��"" �� ��	 �� ����	
�� 	
� #�(�1 ��&����

�2 �*,55��� 63� �C	����"�	� 5,� γ ��&��" 	� -*�>� ν �C������	�" (��#�	���� ���%"	��&
3�� γ?� ��� ��	 �	 ������(� ��	
 -*�>� %���� "��	 �� ):� γ?�� !�����# ��� -*�>�

"��	 	
�	
[
�σ9��;E�ω �	 ��◦]

�
��
Eτ

��
< �) × ��−3: (2 ��−� ��� �−�� 5��

(���	 �� ��*�4 63��
�3 ��*�4 63� �	���� 	
� ����	��(� �� -*�>� #�	� 0��� ��	
 ��&�	��� ��	 ��&��"� �1
�	�	��	�(�" ���"1��� ��1 	
�	 -*�>� ��# 5,�8*� ��� �	 ������(� �
�� �C	����"�	��� 01
�
���8���(� �#�" �� #���� �
�1 '�# -*�>� %���� "��	 �� 2)6 ��	 ):� γ?�� 5��
(���	 �� �*,55��� 63��

�) ����*� 63 ��	 +- F ��O "��	 �σE�# �9�N �−; < 3.:× ��−32 (2E.��2 ��� �)�
<�

��
<��� ���� -��	 ���%�� τ9��; < ��−� ��

�: ���5+ �� 62 �����"1/�� 5,� 0��8#%� #�	� �� �*,55��� 6�� +"��� �� ���#��(�
��� �C��� ���(� 28γ ���I ��	� ����I�0"1 #�(������ �� ���� ��"" �� ��	 �� ����	 �� 	
� #�(�1
��&����

�� �*,55��� 6� ��� �C(��� µ� ����	�� 5%&&��	 �C��� ��	���(	�����
�� �*,55��� 6�� �� 5,� :�� ��� ���	�� 0�� #%�� �0�����# �).: ± :.� ����	� �� 2γ

#�(�1 �� "��&8"���# ��%	��" ����	��	��& ���	�("� ��	
 �2γ � � ���� *C��� ��	�����	�8
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 η8�� �C��& &���� �
��

F 2:� ± 2: I��� τ92γ; F 9�.3 ± 3.�;× ��−3 � ���
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�0��� ��	�� 5�� (��	�(�" ����I� 0�"�� �� (���	� �� ���5+ �� 62� �*,55��� 63�
�*,55��� 63�� ��*�4 63�� ��# ���.5�* 6:� *"�� ��� �� 	
� ��C	 �%0��(	��� *-�48
5��� 62�� +*�*,.�*+ 63� ��# *�*��� 6:�

�64,� 6� ���"1/�# 6 (��#�#�	�� ��� �� → 2γ �0	����# 01 *�(
��8>�#��� �C������	 �	
+��� ��	
 2� .�� ���	��� �� ��� ��	��	�# �C��� ��� �� �0�%	 3�� I�� ��# "���	��

�� 9��6�∼ :��; × ��−3 � #����#��& �� �#�"�� �������� 9�����	� (�%��(�	���;� ��1�
�C��� ���#%(	��� %�#����	��	�# ��# ��� ������	��	�#� +����(	 ��"%� ���%�# 2��
I���

���*,55��� 6� �� 5,� 0�� #%� �C������	 ��	
 :�� ��� ���	��� "��I��& ��� �� →
�N �− #�(�1� *��%��& ��Eπ� F :.:× ��−�� �0	����# #�(�1 ��	� "��	 2�E9�� ���;
���E� 9+- F ��O;� �
�(
 �� �0�%	 ��−� 0�"�� 	
���1 ��# ��	�����	�# �� %���� "��	
	� �
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<2�

�− �
�� =*+<��5 6� �� � ��- 0�� #%� �C������	� ����	 "��	 �0��� (��� ��� ����0���8

��	��� �� �C(��� ��%	��"8(%����	8	1�� ����	�
[
σ9���#%(	���;σ9��	���(	���; < �.× ��−�6

()� +- F ��O
]
� 5�(��# "��	 �� ��� ����0�����	��� �� �C��� #�(�1� ��	� 2γ?� ��

�N �−� ��# ��� �C��� ��� � ��� ����
�� 5��4*5 6� �	 ��- �0�����# �� �C(��� �� ��%	��"8(%����	8	1�� ����	� �� 0�� #%��
�2��+ ,5 �� "��I�# ��� 	
� �C��� ���#%(	��� �� "�� ����&1 �"�(	��� �����	��
"%�& ��#

	
� �%0��7%��	 #�(�1 ��	� ��	
�� 2γ �� �N �−� �� ��&��" ��%�#� +- F ��O "��	� ���
�#�" �����	��9�; ��� &�����

�3+����5 �� �� � 0�� #%� �C������	 �	 ��-�
�)!,5 *$ �� �� � (�"����	��( �C������	 ��# "��I� ��� "�� ����&1 	��" �� ����&1 #��	��8
0%	���� #%� 	� ����&1 "��	 	� ���I"1 ��	���(	��& ���	�("���

�:��--���, �6 '��	 ��"%� (��� ��� ����(
 ��� �� → �N �−� 5�(��# ��"%� (���
��� ����(
 ��� �� → 2γ� ���%��& ��� <2�

�− � ��� ��1 ��� ��	���1��& 	
���

"��	 �� �0��� ��"%�×9���−);� �
��# ��"%� %��� #�	� �� >- ��� )�� ��# 7%�	��

σ9���#%(	���;σ9��	���(	���; < ��−�� ()�
����5���, �6� 7%�	�� σ9���#%(	���;σ9��	���(	���; < 2. × ��−�� ()�
��!����--� �6 �C����� #�	� ��� ���(	�� ��%	���� �C������	� �� ��,��5 �� ��#
.��� �) �� ��"" �� 5-*+ 0�� #%� �C������	� ���#��(� �� ��&�	����

�6�,+�-�*+ �� �6 '�#� �� ���#��(� �� �C��� �C��	��(� �� ���(	�� �C������	� ��
��,��5 �� ��# .��� �)� 95�� �������(� %�#�� !����--� �6 0�"��;�
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� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
6� *-��*�� �: +��� ���(	��G �� → �N �−
6� 4���� 6� 5>�+ ���(	��� �� → γ γ
62 4�+ 6� 5>�+ ���(	��G �� → γ γ
63 !*�*� 62 +��� -�&
	 ��	�� ���(	��
6) ��,--���,�� 6� +��� ���(	��� �� → 2γ
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���%"	� �����	 ����C��	��(� �� �	��#��# ���

6)��,--���,�� 6� �� �	 .����0"� ���(	��� 5�	 "��	 �
��

<26� I���

�� ��E!��� ��& �"%*� �!�%" ��'�� �� �� �*��-%*' !� ��-�*�� ����'!"!��'�� ��E!��� ��& �"%*� �!�%" ��'�� �� �� �*��-%*' !� ��-�*�� ����'!"!��'�� ��E!��� ��& �"%*� �!�%" ��'�� �� �� �*��-%*' !� ��-�*�� ����'!"!��'�� ��E!��� ��& �"%*� �!�%" ��'�� �� �� �*��-%*' !� ��-�*�� ����'!"!��'
-��	� ��� ��� 0���(
��& ��	���

����� ��� ���� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
< 6.: × ��−� �� 6: !���,� �2 +��� �2:m�� #�(�1

6� !����� ��� ���� �� 	�����	����

< :.: ×��−�� �: 6� �5���!* �: +��� 2:2+� '������ �� → � �

< �.2 × ��−� �: 66 �,��$* �3 +��� �3�-�∗ → �3�-���

< 2 × ��−) �� 6�  ,+45 �2 +��� 3:5 #�(�1� �� → γ γ

< �.: × ��−� �: �� *5*���* �� +��� 2)�* #�(�1

<9�.)P��;×��−3 �: �� !����� �� +��� 6��∗ → 6�����

�� → �N �−
<9�.2P�;× ��−3 �� �2 �,�, 6� +��� ���∗ → ���	��

	� → �N �−
�3 *�,.���� 66 +��� +%∗ → +%�� 9�� →

2γ� �� � → γ ��

��� → γ�;

< �.: × ��−) �� �) !*�*� 66 +��� �2+∗ → �2+���

�� → �N �−
< : × ��−3 �� �: !����� 66� +��� ���∗ → ���	��

	� → �N �−
< 3.) × ��−: �: �� !�� ��� 66 5>�+ 2 ∗� �� → �N �−

< ) × ��−) �: �� 5*�*.� 66 +��� �%("��� #�(�1 9�����(8
	��;

< 3 × ��−3 �: �� 5*�*.� 66 +��� �%("��� #�(�1 9����(�"��;

< �.��� �� �6  *--,� 6� 5>�+ �-� �����(	�� #�(�1

<��.6 �� �6  *--,� 6� 5>�+ ��� ����(�"�� #�(�1�

< 2.2 �� �6  *--,� 6� 5>�+ �)� ����(�"�� #�(�1�

< ) × ��−) �� � �� 5*�*.� 6�� +��� �)�∗
��� *�*��� 6: +��� -�∗� #�%	∗ �� → 2γ
��� +*�*,.�*+ 63 +��� ���0∗� #�%	∗ 	�����	���

�� → 2γ
��2 *-�45��� 62� +��� -�∗� #�%	∗ 	�����	���

�� → 2γ
��3 -� �*�� 62 +��� +%∗ → +%��

9�� → 2γ;

� ��) K� �!�� 62 +��� -�∗� �0∗ #�(�1� �8(��	�
� ��: K� �!�� 6� +��� ��∗ → ����

9�� → 2γ;
��� +*-*>�,+� �� +��0��

6:!���,� �2 "��I�# ��� 	
� �C��� ������� �� �� �� 	�����	��� �� �2:m�� #�(�1� �
�1
"��I�# ��� � �����0"� ������(� �� � �
��	�# ����&1 ���(	�% �� &�� ��1� #%� 	� 	
�
%�#�	�(	�# �C����

6�!����� ��� �����"1/�# 	
� �C��	��	 #�	� �� �%("��� �� 	�����	���� ��# '�# 	
�	 �

� ��� 0���� #�(�1��& ��	� �N �− ��%"# �C�"��� 	
� �C(��� �� ����	� ��	
 "��&� ������&
��&"��� 5�� �"�� !����� �� ��� ��""��8%� �C������	��

6��5���!* �: "��I�# ��� �C��� ������� �
�� 2:2+� %�#��&��� � ����	����%� '������

��	
 	
� �C��� #�(�1��& ��	� �N �−� �
� 0�%�# �� ��� �
��
F)� ���� ,	 ������� 	�

2.:× ��−: ��� �
��
F2�� ����

66�,��$* �3 �	%#��# (
��� ���(���� �3�+� → �3�-�∗ 01 �"�(	��� (��	%�� ��# ��

	�����	��� �� �3�-�∗ 	� 	
� &��%�# �	�	�� ,	 #��� ��	 ���%� #�(�1 �#�� �� ��� �
�
0�%�# ���"��� ��� �

��
< ��� I���

6� ,+45 �2 0�%�# �� ���"�(�0"� ��� τ
	 � < )× ��−�� ��(�

���
� *5*���* �� "��	 �� ��� 	
� 0���(
��& ���(	��� �� 	� ������� ��� 2)�*α #�(�1

��# ��"�# ��� τ
	 � < 3× ��−�� ��

���
� !����� �� "��	 �� ��� 	
� 0���(
��& ��	�� 6��∗ 9�6.�: ���� �N; → 6�����

�� → �N �− ��� 	
� ��� ���&� �
��

F )P�: ����

�2�
� �,�, 6� "��	 �� ��� 	
� 0���(
��& ���(	��� �� ���∗ 9�.�: ���� �N; → ���	��

	� → �N �− ��� �	 F �.:P3.� ���� τ
	 � � ��−�� � �� ���%�#� �
� ����8����	1

�� 	 �� ���	��(	�# 	� �N �� �−�
�3*�,.���� 66 "��I�# ��� 	
� ���: I�� 	�����	��� +∗ → +%��� ��	
�� ��� �� →
2γ ��8L�&
	 #�(�1 �� ��� 	
� ��(��#��1 �� ��	���(	���� 01 +��	�� ��# 01 >���I�J
���(������ -��	� ��� �C��� �����	��� ��� �0	����# ��� �

��
< �.� ����

�)!*�*� 66 �%"� �%	 "�&
	 ���%#��(�"�� ���	�("� ������� 	
��%&
 �	� #�(�1 �� → �N �−
�� 	
� ��� ���&� �.�2P2.: ��� ��# "���	�� ���&� ��−�3P��−6 �� �
� �0��� "��	 ��
��� τ F : × ��−�3 � ��# � F �.� ���G ��� 	
� ����� ��� 	
� τ 8� #����#��(� �� 	
�
"��	�

�:�
� "��	 �� ��� 	
� 0���(
��& ���(	��� �� ���∗ 9�.�: ���� �N; → ���	�� 	� →
�N �− �&����	 ��	����" ���� (��������� ��� �

	 � F �.� ��� ��# τ
	 � < ��−�� ��

5��"�� "��	� ��� �0	����# ��� �
	 � F �.3P3.2 ���� �
� ���� ����	1 �� 	� %�	 0�

��	
�� �N �� �−� �
� "��	 �	 �.� ��� �� 	����"�	�# ��	� � "��	 ��� 	
� 	�8�%("���
(�%�"��& (���	��	R �2

	 �NN
E)π < 2.3× ��−��

���
� !�� ��� 66 "��	 �� ��� �
��

F �.� ���� τ9��; < ��−�� �� -��	� "��� 	
��
��−) ��� �0	����# ��� �

��
F �.2P2.2 ����

�� 5*�*.� 66 "��I�# ��� �� 	
�	 #�(�1� ��	� �N �− �� 	
� #�(�1 �� 	
� �.�� ��� ,� F

2N �	�	� �� �)�� ��.�) ��� �	�	� ,� F �N �� 6��� ��# 	
� �6.�: ��� �	�	� ,� F

�N �� 6��� �
�� �C������	 (���	����� 	
� �����(	�� (�%�"��& �� �� 	� 
�#����� �� �
��

F 9�.� → 2.2; ��� ��# 	
� ����(�"�� (�%�"��& �� �� 	� 
�#����� �� �
��

F 9�.� →
2.�; ���� ��	
 "��	� ��� ��"�# ��"1 �� τ9��; � �× ��−�� ��

�6 -��	� ��� ��� S9��9�.6 ���;;ES9π��;G ����� ��� ��6 ��� �C��� ������� ����"�/�#

	� 	
� ��	� ��� ��	����" ������� �� �N �− ������ ��"�# ��� τ
��

< 2 × ��−���� �-�
�����(	�� #�(�1 #�	� �	���&"1 #������� >�++�, 6� �#�" ,� �
����� 	
� ��� ��# �)�
����(�"�� #�(�1 #�	� �	���&"1 ��T�(	 >�++�, 6� �#�" ,, ��# ,,,�

�� 5*�*.� 6�� "��I�# ��� �� 	
�	 #�(�1� ��	� �N �− �� 	
� #�(�1 �� 	
� ���� ��� ,� F

2N �	�	� �� �)�� -��	 �� 	
� 0���(
��& ���(	��� �� ��"�# �� τ
��

� �.× ��−��� ��� �
��

F 9���P���; ���� �
�� �C������	 (���	����� 	
� ���8��(	�� (�%�"��& �� �� 	� 
�#�����
���*�*��� 6: ��	
 ,��82 �%"��# ���(	�� �C("%#� �	��#��# �� �	 +- F �:O ����� 0�"��

)�� I�� 9-�∗ #�(�1; ��# 0�"�� 2�� ��� #�%	����Y #�(�1�
���+*�*,.�*+ 63 �	 �%&�1 ���(	�� �C("%#� �C��� �	 ��1 ����0∗#�(�1 ��# �C��� ��	


�
��

0�	���� 2�: ��# 266 I�� 9#�%	����Y #�(�1;�

��2*-�45��� 62 ��	
 ,��82 �%"��# ���(	�� �C("%#� �	��#��# �� �	 +- F �:O ���8���&��

�
��

<)�� I�� 9-�∗ #�(�1; ��# 33� I�� <�
��

<2�2 ���� 9#�%	����Y #�(�1;�

��3 -� �*�� 62 �0	����# �� → 2γ ��	� < �.2 × ��−:E� 9+- F �:O; �C("%#��& �
��

0�	���� ��� ��# ���� I���
��)K� �!�� 62 %��# .��&�� 2�6.$ "�&
	8��	�� ���(	�� 	� (
�(I �� ���#%(	���� ��

2γ ���I �� -�∗� �0∗ #�(�1 90�	
 ���&"� � 	�����	���; ��� �� � (��	%�� 9(�0���# ��	


������%� ��∗ ��&�	��� ���%"	; �%"�� �%	 �	��#��# ��� 5�	 "��	 �
��

<�� I�� ��� ��1

���
��:K� �!�� 6� "��I�# ��� ��∗ → ���� 	�����	��� ��	
 �� → 2γ� �0	����# 2γ

(���(�#��(� ��	� < 2.2 × ��−:E� 9+- F �:O; �C("%#��& �
��

>��� I�� 9�� 2�� I��

#����#��& ��  �&&� �C��&;�  ������� ��� �*���5� 6��
���+*-*>�,+� �� ��� �� �C��� ������� ��� �C(�	�# �	�	�� �� (��0��� 5����	��� 	� �C���

��� 0�	���� � ��# �: ����



��������

�����������	
�
����������������

�����
 ���� ������� ���� ����� ��
��


�� ��E!��� �!1!"' 0��1 �"' �*-"��� 	��/�!���� ��E!��� �!1!"' 0��1 �"' �*-"��� 	��/�!���� ��E!��� �!1!"' 0��1 �"' �*-"��� 	��/�!���� ��E!��� �!1!"' 0��1 �"' �*-"��� 	��/�!��
-��	� ��� ��� τ9�� → �N �−;�

����� ��� ��� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
���� )× ��−��P).:× ��−�2 �� ��� ���55 �� �!�> � � → � ���

9�� → � �;
��6 .�� �� �!�> � � → � ���

9�� → � �;
��� �=��4�� 66 +*-� � → �N �− �� 2γ
��� �-,��� 66 �!� � � → � � ��

9�� → � �;

���� �× ��−�)P�× ��−�� �� ��� �,��!*� 6� �!�> � � → � ���
9�� → � �;

���� �× ��−�)P�× ��−�� �� ��2 ���$� 6� �!�> � � → � ���
9�� → � �;

���� �× ��−�)P�× ��−�� �: ��3 !*�,�� 6� �!�> � � → � ���
9�� → � �;

���� 3× ��−�3P�× ��−� �� ��) 4��*4* 6� �!�> � � → � ���
9�� → � �;

����
� "��	�# ���55 �� "��	 �� ��� �
��

F �.�)���� �9�� → �N �−; F � ���%�#�
�C("%#�# #���� �� 	
� τ

��
P�

��
�"��� �C	��#� %� 	� �

��
≈ � ��� 9��� ��&� :;�

+�0����& ��	
 �"�(	��� � P 2 (���	����	� �C���� (�%�"��& ��"1 	� �N �− �%"�# �%	 ���
�
��

< ).6 ��� 9��O +-;�

��6.�� �� %�� 	
� ��� ������	%� �� ���$� 6� ��# ������ 	
� ������%� "��	 �� 	
�

�
��	�� "���	�� ��&���� +�0���# ��	
 � P 2 (���	����	� �C���� (�%�"��& ��"1 	� �N �−
��� �%"�# �%	 ��� �

��
< 2.� ��� 9��O +-;�

����=��4�� 66 �����	� "��	� �� �C��� �����	��� 9��� ��� τ�; ��� ���
< 2�� ���

��� �"�(	��� 0��8#%� �C������	 ��	
 ���#%(	��� ��� >���I�J �
�	����#%(	����
0����	��
"%�& ��� �"�(	����� ��# �������	 ����
�"�	��� �� ����	���� �� �	��( �"�(8
	�����

����-,��� 66 ���%� /��� ����� � F �.6 ��� ��# "���	�� < : × ��−�2 � ��# '�#
S9�� → γ γ;�9�� → �N �−; < 2 �� 9+-F��O;�

���*��%�� ��γ γ (�%�"��& �� ��"" ��# 
��(� >���I�J ���#%(	��� �� ��""� �
��� '&%��
2 �
��� "��	� �� �C���� ��� �

��
< �: ����

��2���� �"�(	���� �� 
�#����( �
����� ��� �� ��(�#��	 6�� .�� ���	�� 0��� -��	� ���
�
��

< �: ��� ��� �
��� �� 	
��� '&%�� 3�

��3�
��

F ��6 ��� ���%�#� �
� �C("%#�# #���� �� 	
� τ
��

−�
��

�"��� �C	��#� %� 	�

�
��

≈ �) ���� ��� 	
��� '&%�� )�

��)�
� "��	� ��� �0	����# ��� 	
��� '&%�� 3� *"�� &���� �� 	
� "��	 �� 	
�

�� γ γ−�� �N �− (�%�"��& �"��� 01 ���%��& >���I�J ���#%(	����

�*��-% 0�� �� ��E!��� �*'����-* !� �%�)%� �-�""*�!���*��-% 0�� �� ��E!��� �*'����-* !� �%�)%� �-�""*�!���*��-% 0�� �� ��E!��� �*'����-* !� �%�)%� �-�""*�!���*��-% 0�� �� ��E!��� �*'����-* !� �%�)%� �-�""*�!��
�
� "��	 �� ��� S9��;A�9�� → �N �−;B2�

����� ���−# ��� ��� ����	�
� �� ���
 ��		�
�

• • • $� #� ��	 %�� 	
� ��""����& #�	� ��� �����&��� '	�� "��	�� �	(� • • •
< �.3 �� ��:  *--,� �2 +��� �

��
F �.�:P�.66 ���

���� �.����P�.)� �� ���  ��!��5�� �2� +��� �
��
F �.:P�.6� ���

< 2.� �� ��� $� �2 +��� �
��
F �.:�P�.6� ���

< �.��3 �: �5����5 �� +��� �
��

F �.632 ���

���� �.��P3.3 �: ��6 $,!�*�� �� +��� �
��
F �.�6P�.�2 ���

< : �� �*��� �� +��� �
��

F �.632 ���

���� �.��P�.: �: ��� =�!.� �� +��� �
��

F �.632 ����

�"��	�(
< �.� �� �2� �5����5 6� +��� �

��
F �.62 ���

<9��P)�; �� �2� �5����5 6� +��� �
��

F �.:�P�.�: ���

<9�P2.:; �� �2� �5����5 6� +��� �
��

F �.6�P�.6� ���

< 3� �: -����K 66 +��� �
��

F �.�)� ���

< �) �: -����K 66 +��� �
��

F �.�2� ���

< 23 �: -����K 66 +��� �
��

F �.�62 ���

< �� �: -����K 66 +��� �
��

F �.63� ���

< 3.6 �� �2� �5����5 66 +��� �
��

F �.632 ���
�22 �*�4-,�4�� 66 +���
�23 �*,�� 6� +���

<2:�� �� �,--5 6� +��� �
��

F �.6 ���
�2) ���$,�������6� +���

��: *--,� �2 7%�	� "��	� �� "���	��� 6 × ��−�) P : × ��−�3 ��( #����#��& �� ����
���%��& �9�� → �N �−; F ���O� �
�1 ��1 	
�	 �5����5 �� �����	�	�# 	
���
�����	���	1 01 � ��(	�� �� 3�

��� ��!��5�� �2� �C("%#� �C��� ��	
 "���	�� τ
��
F�.) × ��−�2 P ).� × ��−�� �� ��8

�%��& �9�� → �N �−;F���O�  ��!��5�� �2� �"�� �C("%#� � ��(	�� 0���� ��	


τF�.)× ��−�2 P �.�× ��−�� ��
���$� �2 7%�	� "��	� �� "���	�� > 3.3 × ��−�3 � ���%��& �9�� → �N �−;F���O�

�
�1 ��1 	
�	 �5����5 6� ������	��	� 	
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THE MUON ANOMALOUS MAGNETIC MOMENT

Updated March 2006 by A. Höcker (CERN) and W.J. Marciano
(BNL)

The Dirac equation predicts a muon magnetic moment,
�M = gµ

e

2mµ

�S, with gyromagnetic ratio gµ = 2. Quantum

loop effects lead to a small calculable deviation from gµ = 2,

parameterized by the anomalous magnetic moment

aµ ≡ gµ − 2

2
. (1)

That quantity can be accurately measured and, within the

Standard Model (SM) framework, precisely predicted. Hence,

comparison of experiment and theory tests the SM at its quan-

tum loop level. A deviation in aexp
µ from the SM expectation

would signal effects of new physics, with current sensitivity

reaching up to mass scales of O(TeV) [1, 2].

The recently completed experiment E821 at Brookhaven

National Lab (BNL) studied the precession of µ+ and µ− in a

constant external magnetic field as they circulated in a confining

storage ring. It found [3]
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aexp
µ+ = 11 659 203(6)(5)× 10−10 ,

aexp
µ− = 11 659 214(8)(3)× 10−10 , (2)

where the first errors are statistical and the second systematic.

Assuming CPT invariance and taking into account correlations

between systematic errors, one finds for their average [3]

aexp
µ = 11 659 208.0(5.4)(3.3)× 10−10 . (3)

These results represent about a factor of 14 improvement over

the classic CERN experiments of the 1970’s [4].

The SM prediction for aSM
µ is generally divided into three

parts (see Fig. 1 for representative Feynman diagrams)

aSM
µ = aQED

µ + aEW
µ + aHad

µ . (4)

γ

γ

µ µ

γ

Z
µ µ

γ

W W

ν

µ µ

γ

γ γ

µ µhad

Figure 1: Representative diagrams contribut-
ing to aSM

µ . From left to right: first order QED
(Schwinger term), lowest-order weak, lowest-
order hadronic.

The QED part includes all photonic and leptonic (e, µ, τ) loops

starting with the classic α/2π Schwinger contribution. It has

now been computed through 4 loops and estimated at the 5-loop

level [5]

aQED
µ =

α

2π
+ 0.76585741(3)

(α

π

)2
+ 24.0505096(4)

(α

π

)3

+ 131.01(1)
(α

π

)4
+ 663(20)

(α

π

)5
+ · · · (5)

Employing α−1 = 137.0359988(5), determined [5] from the

electron ae measurement, leads to

aQED
µ = 116 584 719.0(0.1)(0.4)× 10−11 , (6)

where the errors result from uncertainties in the coefficients of

Eq.(5) and in α (see the reviews in [2] and [6]) . Although the

uncertainty in α is already very small, an experiment underway

at Harvard aims to reduce the error on ae from which it is

derived by a factor of 15 [7].

Loop contributions involving heavy W±, Z or Higgs parti-

cles are collectively labeled as aEW
µ . They are suppressed by at

least a factor of
α

π

m2
µ

m2
W

� 4 × 10−9. At 1-loop order [8]

aEW
µ [1-loop] =

Gµm2
µ

8
√

2π2

[
5

3
+

1

3

(
1 − 4 sin2θW

)2

+ O
(

m2
µ

M2
W

)
+ O

(
m2

µ

m2
H

)]
, (7)

= 194.8 × 10−11 , for sin2θW ≡ 1 − M2
W

M2
Z

� 0.223 . (8)

Two-loop corrections are relatively large and negative [9]

aEW
µ [2 − loop] = −40.7(1.0)(1.8)× 10−11 , (9)

where the errors stem from quark triangle loops and the assumed

Higgs mass range mH = 150+100
−40 GeV. The 3-loop leading

logarithms are negligible [9,10], O(10−12), implying in total

aEW
µ = 154(1)(2) × 10−11 . (10)

Hadronic (quark and gluon) loop contributions to aSM
µ give

rise to its main theoretical uncertainties. At present, those

effects are not calculable from first principles, but such an

approach may become possible as lattice QCD matures. In-

stead, one currently relies on a dispersion relation approach to

evaluate the lowest-order (i.e., O(α2)) hadronic vacuum polar-

ization contribution aHad
µ [LO] from corresponding cross section

measurements [11]

aHad
µ [LO] =

1

3

(
α

π

)2 ∞∫
m2

π

ds
K(s)

s
R(0)(s) , (11)

where K(s) is a QED kernel function [12], and where R(0)(s)

denotes the ratio of the bare* cross section for e+e− annihilation

into hadrons to the pointlike muon-pair cross section at center-

of-mass energy
√

s. The function K(s) ∼ 1/s in Eq. (11) gives

a strong weight to the low-energy part of the integral. Hence,

aHad
µ [LO] is dominated by the ρ(770) resonance.

Currently, the available σ(e+e− → hadrons) data give a

leading order hadronic vacuum polarization (representative)

contribution of [13]

aHad
µ [LO] = 6 963(62)(36)× 10−11 , (12)

where the errors correspond to experimental, dominated by

systematic uncertainties, and QED radiative corrections to the

data.

Alternatively, one can use precise vector spectral functions

from τ → ντ + hadrons decays [14] that can be related to

isovector e+e− → hadrons cross sections by isospin rotation.

When isospin-violating corrections (from QED and md − mu �=
0) are applied, one finds [13]

aHad
µ [LO] = 7 110(50)(8)(28)× 10−11 (τ) , (13)

where the errors are statistical and systematic, and where the

last error is an estimate for the uncertainty in the isospin-

breaking corrections. The discrepancy between the e+e− and

* The bare cross section is defined as the measured cross sec-

tion corrected for initial-state radiation, electron-vertex loop

contributions and vacuum-polarization effects in the photon

propagator. However, QED effects in the hadron vertex and

final state, as photon radiation, must be included.
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τ -based determinations of aHad
µ [LO] is currently unexplained.

It may be indicative of problems with one or both data sets.

It may also suggest the need for additional isospin-violating

corrections to the τ data. Preliminary new low-energy e+e−

and τ data may help to resolve this discrepancy and should

reduce the hadronic uncertainty.

Higher order, O(α3), hadronic contributions are obtained

from the same e+e− → hadrons data [14–16] along with model-

dependent estimates of the hadronic light-by-light scattering

contribution motivated by large-NC QCD [17]. Following [2],

one finds

aHad
µ [NLO] = 22(35) × 10−11 , (14)

where the error is dominated by hadronic light-by-light uncer-

tainties.

Adding Eqs. (6), (10), (12), and (14) gives the representative

e+e− data-based SM prediction (which includes recent changes

in the QED and hadronic light by light contributions)

aSM
µ = 116 591 858(72)(35)(3)× 10−11 . (15)

The difference between experiment and theory

∆aµ = aexp
µ − aSM

µ = 22(10) × 10−10 , (16)

-700 -600 -500 -400 -300 -200 -100 0 100

aµ  –  aµ
    exp × 10–11

B
N

L-E
821 2004

DEHZ (e+e–-based)

DEHZ (τ-based)

HMNT (e+e–-based)

GJ (e+e–-based)

TY (e+e–-based)

N  (e+e–-based, TH value)

BNL-E821 (average)

–271 ± 80

–124 ± 68

–317 ± 74

–286 ± 93

–274 ± 59

–388 ± 64

0 ± 63

Figure 2: Compilation of recently published
results for aµ (in units of 10−11), subtracted
by the central value of the experimental av-
erage (3). The shaded band indicates the ex-
perimental error. The SM predictions are taken
from: DEHZ [13], HMNT [16], GJ [18],
TY [19], N [20]. Note that the quoted errors
do not include the uncertainty on the subtracted
experimental value. To obtain for each theory
calculation a result equivalent to Eq. (16), one
has to add the errors from theory and exper-
iment in quadrature. See full-color version on
color pages at end of book.

(with all errors combined in quadrature) represents an interest-

ing but not compelling discrepancy of 2.2 times the estimated 1σ

error. Using the recent estimates for the hadronic contribution

compiled in Fig. 2, this discrepancy can exhibit up to 3σ. Those

larger discrepancies arise in part because the published results

illustrated there have not been updated to include more recent

evaluations of the QED [5] and hadronic light-by-light [2,17]

contributions. Switching to τ data reduces the discrepancy by

about a factor of 3, assuming the isospin-violating corrections

are under control within the estimated uncertainties.

An alternate interpretation is that ∆aµ may be a new

physics signal with supersymmetric particle loops as the leading

candidate explanation. Such a scenario is quite natural, since

generically, supersymmetric models predict [1] an additional

contribution to aSM
µ

aSUSY
µ � ± 130 × 10−11 ·

(
100 GeV

mSUSY

)2

tanβ , (17)

where mSUSY is a representative supersymmetric mass scale,

and tanβ � 3–40 is a potential enhancement factor. Supersym-

metric particles in the mass range 100–500 GeV could be the

source of the deviation ∆aµ. If so, those particles could be di-

rectly observed at the next generation of high energy colliders.

New physics effects [1] other than supersymmetry could also

explain a non-vanishing ∆aµ.
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MUON DECAY PARAMETERS

Revised January 2006 by W. Fetscher and H.-J. Gerber (ETH
Zürich).

Introduction: All measurements in direct muon decay,

µ− → e− +2 neutrals, and its inverse, νµ + e− → µ− +neutral,

are successfully described by the “V -A interaction”, which is

a particular case of a local, derivative-free, lepton-number-

conserving, four fermion interaction [1]. As shown below,

within this framework, the Standard Model assumptions, such

as the V -A form and the nature of the neutrals (νµ and ν̄e), and

hence the doublet assignments (νe e−)L and (νµ µ−)L, have

been determined from experiments [2,3]. All considerations on

muon decay are valid for the leptonic tau decays τ → �+ντ + ν̄e

with the replacements mµ → mτ , me → m�.

Parameters: The differential decay probability to obtain

an e± with (reduced) energy between x and x + dx, emitted in

the direction x̂3 at an angle between ϑ and ϑ + dϑ with respect

to the muon polarization vector P µ, and with its spin parallel

to the arbitrary direction ζ̂, neglecting radiative corrections, is

given by

d2Γ

dx d cos ϑ
=

mµ

4π3
W 4

eµ G2
F

√
x2 − x2

0

× (FIS(x) ± Pµ cos ϑ FAS(x))

×
[
1 + ζ̂ · P e(x, ϑ)

]
. (1)
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µ

Here, Weµ = max(Ee) = (m2
µ + m2

e)/2mµ is the maximum e±

energy, x = Ee/Weµ is the reduced energy, x0 = me/Weµ =

9.67 × 10−3, and Pµ = |P µ| is the degree of muon polarization.

ζ̂ is the direction in which a perfect polarization-sensitive

electron detector is most sensitive. The isotropic part of the

spectrum, FIS(x), the anisotropic part FAS(x) and the electron

polarization, P e(x, ϑ), may be parametrized by the Michel

parameters [1,4] ρ, η, ξ, δ, etc. These are bilinear combinations

of the coupling constants gγ
εµ, which occur in the matrix element

(given below).

If the masses of the neutrinos as well as x2
0 are neglected,

the energy and angular distribution of the electron in the rest

frame of a muon (µ±) measured by a polarization insensitive

detector, is given by

d2Γ

dx d cosϑ
∼ x2 ·

{
3(1 − x) +

2ρ

3
(4x − 3) + 3η x0(1 − x)/x

± Pµ · ξ · cos ϑ

[
1 − x +

2δ

3
(4x − 3)

]}
. (2)

Here, ϑ is the angle between the electron momentum and the

muon spin, and x ≡ 2Ee/mµ. For the Standard Model coupling,

we obtain ρ = ξδ = 3/4, ξ = 1, η = 0 and the differential decay

rate is

d2Γ

dx d cos ϑ
=

G2
F m5

µ

192π3
[3 − 2x ± Pµ cos ϑ(2x − 1)] x2 . (3)

The coefficient in front of the square bracket is the total decay

rate.

If only the neutrino masses are neglected, and if the e±

polarization is detected, then the functions in Eq. (1) become

FIS(x) = x(1 − x) + 2
9

ρ(4x2 − 3x − x2
0) + η · x0(1 − x)

FAS(x) = 1
3
ξ

√
x2 − x2

0

×
[
1 − x + 2

3
δ
(
4x − 3 +

(√
1 − x2

0 − 1
))]

P e(x, ϑ) = PT1 · x̂1 + PT2 · x̂2 + PL · x̂3 . (4)

Here x̂1, x̂2, and x̂3 are orthogonal unit vectors defined as

follows:

x̂3 is along the e momentum pe

x̂3 × P µ

|x̂2 × P µ| = x̂2 is transverse to pe and perpendicular

to the “decay plane”
x̂2 × x̂3 = x̂1 is transverse to the pe and in the

“decay plane.”

The components of P e then are given by

PT1(x, ϑ) = Pµ sin ϑ · FT1(x)/ (FIS(x) ± Pµ cos ϑ · FAS(x))

PT2(x, ϑ) = Pµ sin ϑ · FT2(x)/ (FIS(x) ± Pµ cos ϑ · FAS(x))

PL(x, ϑ) =
(
±FIP(x) + Pµ cos ϑ

× FAP(x)
)
/ (FIS(x) ± Pµ cos ϑ · FAS(x)) ,

where

FT1(x) = 1
12

{
−2

[
ξ′′ + 12(ρ − 3

4
)
]
(1 − x)x0

−3η(x2 − x2
0) + η′′(−3x2 + 4x − x2

0)
}

FT2(x) = 1
3

√
x2 − x2

0

{
3
α′

A
(1 − x) + 2

β′

A

√
1 − x2

0

}
FIP(x) = 1

54

√
x2 − x2

0

{
9ξ′

(
−2x + 2 +

√
1 − x2

0

)
+ 4ξ(δ − 3

4
)(4x − 4 +

√
1 − x2

0)
}

FAP(x) = 1
6

{
ξ′′(2x2 − x − x2

0) + 4(ρ − 3
4
)
(
4x2 − 3x − x2

0

)
+2η′′(1 − x)x0

}
. (5)

For the experimental values of the parameters ρ, ξ, ξ ′, ξ′′, δ,

η, η′′, α/A, β/A, α′/A, β′/A, which are not all independent,

see the Data Listings below. Experiments in the past have also

been analyzed using the parameters a, b, c, a′, b′, c′, α/A, β/A,

α′/A, β′/A (and η = (α − 2β)/2A), as defined by Kinoshita

and Sirlin [5]. They serve as a model-independent summary of

all possible measurements on the decay electron (see Listings

below). The relations between the two sets of parameters are

ρ − 3
4

= 3
4
(−a + 2c)/A ,

η = (α − 2β)/A ,

η ′′ = (3α + 2β)/A ,

δ − 3
4

= 9
4

· (a′ − 2c′)/A
1 − [a + 3a′ + 4(b + b′) + 6c − 14c′]/A

,

1 − ξ
δ

ρ
= 4

[(b + b′) + 2(c − c′)]/A
1 − (a − 2c)/A

,

1 − ξ′ = [(a + a′) + 4(b + b′) + 6(c + c′)]/A ,

1 − ξ ′′ = (−2a + 20c)/A ,

where

A = a + 4b + 6c . (6)

The differential decay probability to obtain a left-handed

νe with (reduced) energy between y and y + dy, neglecting

radiative corrections as well as the masses of the electron and

of the neutrinos, is given by [6]

dΓ

dy
=

m5
µ G2

F

16π3
· Qνe

L · y2
{

(1 − y) − ωL · (y − 3
4
)
}

. (7)

Here, y = 2 Eνe/mµ. Qνe
L and ωL are parameters. ωL is the

neutrino analog of the spectral shape parameter ρ of Michel.

Since in the Standard Model, Qνe
L = 1, ωL = 0, the measure-

ment of dΓ/dy has allowed a null-test of the Standard Model

(see Listings below).

Matrix element: All results in direct muon decay (energy

spectra of the electron and of the neutrinos, polarizations, and

angular distributions) and in inverse muon decay (the reaction

cross section) at energies well below mW c2 may be parametrized

in terms of amplitudes gγ
εµ and the Fermi coupling constant GF ,

using the matrix element



��	��	��	��	

������ ����	
�� �	��	��

µ

4GF√
2

∑
γ=S,V,T
ε,µ=R,L

gγ
εµ〈ēε|Γγ |(νe)n〉〈ν̄µ)m|Γγ |µµ〉. (8)

We use the notation of Fetscher et al. [2], who in turn use the

sign conventions and definitions of Scheck [7]. Here, γ = S, V, T

indicates a scalar, vector, or tensor interaction; and ε, µ = R, L

indicate a right- or left-handed chirality of the electron or muon.

The chiralities n and m of the νe and ν̄µ are then determined

by the values of γ, ε, and µ. The particles are represented by

fields of definite chirality [8].

As shown by Langacker and London [9], explicit lepton-

number nonconservation still leads to a matrix element equiv-

alent to Eq. (8). They conclude that it is not possible, even in

principle, to test lepton-number conservation in (leptonic) muon

decay if the final neutrinos are massless and are not observed.

The ten complex amplitudes gγ
εµ (gT

RR and gT
LL are identi-

cally zero) and GF constitute 19 independent (real) parameters

to be determined by experiment. The Standard Model interac-

tion corresponds to one single amplitude gV
LL being unity and

all the others being zero.

The (direct) muon decay experiments are compatible with

an arbitrary mix of the scalar and vector amplitudes gS
LL and

gV
LL – in the extreme even with purely scalar gS

LL = 2, gV
LL = 0.

The decision in favour of the Standard Model comes from the

quantitative observation of inverse muon decay, which would be

forbidden for pure gS
LL [2].

Experimental determination of V –A: In order to de-

termine the amplitudes gγ
εµ uniquely from experiment, the

following set of equations, where the left-hand sides represent

experimental results, has to be solved.

a = 16(|gV
RL|2 + |gV

LR|2) + |gS
RL + 6gT

RL|2 + |gS
LR + 6gT

LR|2

a′ = 16(|gV
RL|2 − |gV

LR|2) + |gS
RL + 6gT

RL|2 − |gS
LR + 6gT

LR|2

α = 8Re
{

gV
RL(gS∗

LR + 6gT∗
LR) + gV

LR(gS∗
RL + 6gT∗

RL)
}

α′ = 8Im
{
gV
LR(gS∗

RL + 6gT∗
RL) − gV

RL(gS∗
LR + 6gT∗

LR)
}

b = 4(|gV
RR|2 + |gV

LL|2) + |gS
RR|2 + |gS

LL|2

b′ = 4(|gV
RR|2 − |gV

LL|2) + |gS
RR|2 − |gS

LL|2

β = −4Re
{
gV
RRgS∗

LL + gV
LLgS∗

RR

}
β′ = 4Im

{
gV
RRgS∗

LL − gV
LLgS∗

RR

}
c = 1

2

{
|gS

RL − 2gT
RL|2 + |gS

LR − 2gT
LR|2

}
c′ = 1

2

{
|gS

RL − 2gT
RL|2 − |gS

LR − 2gT
LR|2

}
and

Qνe
L = 1 −

{
1
4
|gS

LR|2 + 1
4
|gS

LL|2 + |gV
RR|2 + |gV

RL|2 + 3|gT
LR|2

}
ωL = 3

4

{|gS
RR|2 + 4|gV

LR|2 + |gS
RL + 2gT

RL|2}
|gS

RL|2 + |gS
RR|2 + 4|gV

LL|2 + 4|gV
LR|2 + 12|gT

RL|2}
.

It has been noted earlier by C. Jarlskog [10], that certain exper-

iments observing the decay electron are especially informative

if they yield the V -A values. The complete solution is now

found as follows. Fetscher et al. [2] introduced four probabilities

Qεµ(ε, µ = R, L) for the decay of a µ-handed muon into an

ε-handed electron and showed that there exist upper bounds

on QRR, QLR, and QRL, and a lower bound on QLL. These

probabilities are given in terms of the gγ
εµ’s by

Qεµ = 1
4
|gS

εµ|2 + |gV
εµ|2 + 3(1 − δεµ)|gT

εµ|2 , (9)

where δεµ = 1 for ε = µ, and δεµ = 0 for ε �= µ. They are

related to the parameters a, b, c, a′, b′, and c′ by

QRR = 2(b + b′)/A ,

QLR = [(a − a′) + 6(c − c′)]/2A ,

QRL = [(a + a′) + 6(c + c′)]/2A ,

QLL = 2(b − b′)/A , (10)

with A = 16. In the Standard Model, QLL = 1 and the others

are zero.

Since the upper bounds on QRR, QLR, and QRL are found

to be small, and since the helicity of the νµ in pion decay is

known from experiment [11,12] to very high precision to be

−1 [13], the cross section S of inverse muon decay, normalized

to the V -A value, yields [2]

|gS
LL|2 ≤ 4(1 − S) (11)

and

|gV
LL|2 = S . (12)

Thus the Standard Model assumption of a pure V -A leptonic

charged weak interaction of e and µ is derived (within errors)

from experiments at energies far below mass of the W±: Eq. (12)

gives a lower limit for V -A, and Eqs. (9) and (11) give upper

limits for the other four-fermion interactions. The existence of

such upper limits may also be seen from QRR+QRL = (1−ξ′)/2

and QRR + QLR = 1
2
(1 + ξ/3 − 16 ξδ/9). Table 1 gives the

current experimental limits on the magnitudes of the gγ
εµ’s.

More stringent limits on the six coupling constants gS
LR, gV

LR,

gT
LR, gS

RL, gV
RL, and gT

RL have been derived from upper limits

on the neutrino mass [16]. Limits on the “charge retention”

coordinates, as used in the older literature (e.g., Ref. 17), are

given by Burkard et al. [18].
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Table 1. Coupling constants gγ
εµ. Ninety-percent confidence

level experimental limits. The limits on |gS
LL| and |gV

LL| are

from Ref. 14, and the others from a general analysis of muon

decay measurements [15]. The experimental uncertainty on

the muon polarization in pion decay is included. Note that, by

definition, |gS
εµ| ≤ 2, |gV

εµ| ≤ 1 and |gT
εµ| ≤ 1/

√
3.

|gS
RR| < 0.067 |gV

RR| < 0.034 |gT
RR| ≡ 0

|gS
LR| < 0.088 |gV

LR| < 0.036 |gT
LR| < 0.025

|gS
LR| < 0.417 |gV

LR| < 0.104 |gT
LR| < 0.104

|gS
LL| < 0.550 |gV

LL| > 0.960 |gT
LL| ≡ 0

|gS
LR + 6gT

LR| < 0.143 |gS
RL + 6gT

RL| < 0.418

|gS
LR + 2gT

LR| < 0.108 |gS
RL + 2gT

RL| < 0.417

|gS
LR − 2gT

LR| < 0.070 |gS
RL − 2gT

RL| < 0.418
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-7 �−ν� ντ γ OP � �.%"±'.�$� J

-% �− ≥ 4�'
� ντ ���.�#±'.'%� J >C���

-$ �−ντ ���."&±'.'7� J >C���

-& π− ντ O�P ��'.&'±'.'%� J >C���

-�' �−ντ O�P � 7.&�±'.�6� × �'−6

-�� �− ≥ � (��#�'�ντ �6%.'"±'.��� J >C��6

-�� �− ≥ �π' ντ �(*6�
'� �67."�±'.��� J >C��6

-�6 �−π' ντ ��".&"±'.�'� J >C���

-�# π−π' ντ O�P ��"."'±'.�'� J >C���

-�" π−π' �)ρ�>>4�ντ � 6.' ±6.� � × �'−6

-�7 �−π' ντ O�P � #."�±'.�%� × �'−6

-�% �− ≥ �π' ντ ��'.$�±'.�#� J >C��"

-�$ �−�π' ντ � &.#%±'.��� J >C��6

-�& �−�π' ντ �(*6�
'� � &.6�±'.��� J >C��6

-�' π− �π' ντ �(*6�
'� O�P � &.�"±'.��� J >C��6

-�� π− �π' ντ �(*6�
'�7

�
�'�#
< & × �'−6 -8C&"J

-�� π− �π' ντ �(*6�
'�7

/(
��#
< % × �'−6 -8C&"J

-�6 �−�π' ντ �(*6�
'� O�P � ".$ ±�.6 � × �'−#

-�# �− ≥ ?π' ντ � �.66±'.'%� J >C���

-�" �− ≥ ?π' ντ �(*6 �
'� � �.�"±'.'%� J >C���

-�7 �−?π' ντ � �.�%±'.'$� J >C���

-�% π− ?π' ντ �(*6�
'� O�P � �.'#±'.'$� J >C���

-�$ �−?π' ντ �(*6�
'7 η� O�P � #.� ±�.� � × �'−#

-�& �−@π' ντ �(*6�
'� � �.7 ±'.# � × �'−6

-6' �−@π' ντ �(*6�
'7η� O�P � �.' ±'.# � × �'−6

-6� �− ≥ 4π' ≥ 4�' ≥ 4γ ντ � �."%±'.'#� J >C���

-6� �− ≥ � �π' �# �' �# γ� ντ � $.%$±'.66� × �'−6

��"(� 3	�% �'A���"(� 3	�% �'A���"(� 3	�% �'A���"(� 3	�% �'A�
-66 �'

� �$�#�	
'(��
− ντ � &.�%±'.6#� × �'−6 >C���

-6# �−�' ντ � �.'"±'.'#� J >C���

-6" π−�' ντ O�P � &.' ±'.# � × �'−6 >C���

-67 π−�' ��)�∗�BC��−�ντ < �.% × �'−6 -8C&"J

-6% �−�' ντ O�P � �."6±'.�7� × �'−6

-6$ �−�' ≥ 4π' ντ � 6.'%±'.�#� × �'−6

-6& �−�' π' ντ � ".6 ±'.# � × �'−6



������������

��� ��� �� ���� 	
� ������ ����	
�� �	��	��

τ

-#' π−�' π' ντ O�P � 6.$ ±'.# � × �'−6

-#� �' ρ− ντ � �.� ±'." � × �'−6

-#� �−�' π' ντ O�P � �."#±'.�'� × �'−6

-#6 π−�' ≥ �π' ντ � 6.� ±�.' � × �'−6

-## π−�' π' π' ντ � �.7 ±�.# � × �'−#

-#" �−�' π' π' ντ < �.7 × �'−# -8C&"J

-#7 π−�'�' ντ � �.7'±'.6�� × �'−6 >C���

-#% π−�'
� �

'
� ντ O�P � �.# ±'." � × �'−#

-#$ π−�'
� �

'
�ντ O�P � �.��±'.6'� × �'−6 >C���

-#& π−�'�' π' ντ � 6.� ±�.6 � × �'−#

-"' π−�'
� �

'
� π' ντ < �.' × �'−# -8C&"J

-"� π−�'
� �

'
�π' ντ � 6.� ±�.� � × �'−#

-"� �'�: �−�− ≥ 4 (��#�'� ντ < �.% × �'−6 -8C&"J

-"6 �'�: �−�−ντ � �.6 ±�.' � × �'−#

��"(� 3	�% �%#(( 
%�#0(" $�#�	
'(���"(� 3	�% �%#(( 
%�#0(" $�#�	
'(���"(� 3	�% �%#(( 
%�#0(" $�#�	
'(���"(� 3	�% �%#(( 
%�#0(" $�#�	
'(�

-"# �−�− �: ≥ 4 (��#�'� ≥ 4� '
�ντ ��".��±'.'&� J >C��#

-"" �− �−�: ≥ 4 (��#�'� ντ
�(*6 �'

� → π: π−�
�<?)$#�0=�

��#."&±'.'$� J >C��#

-"7 �−�− �: ντ � &.$%±'.'$� J >C��6

-"% �−�− �: ντ �(*6�
'� � &."�±'.'$� J >C��6

-"$ �−�− �: ντ �(*6�
'7ω� � &.#%±'.'$� J >C��6

-"& π−π: π− ντ � &.66±'.'$� J >C��6

-7' π−π: π− ντ �(*6�
'� � &.'�±'.'$� J >C��6

-7� π−π: π− ντ �(*6�
'�7

�)�*	�' /(
��#
< �.# J -8C&"J

-7� π−π: π− ντ �(*6�
'7ω� O�P � $.&&±'.'$� J >C��6

-76 �−�− �: ≥ � (��#�'� ντ � ".6#±'.'7� J >C���

-7# �−�− �: ≥ �π' ντ �(*6 �
'� � ".'7±'.'7� J >C���

-7" �−�− �: π' ντ � #.%6±'.'%� J >C���

-77 �−�− �: π' ντ �(*6�
'� � #.""±'.'7� J >C���

-7% �−�− �: π' ντ �(*6 �
'7 ω� � �.%$±'.'$� J >C���

-7$ π−π: π−π' ντ � #."&±'.'%� J >C���

-7& π−π: π−π' ντ �(*6�
'� � #.#7±'.'7� J >C���

-%' π−π: π−π' ντ �(*6�
'7ω� O�P � �.7&±'.'$� J >C���

-%� �−ρπ' ντ
-%� �−ρ: �−ντ
-%6 �−ρ− �: ντ
-%# �−�− �: ≥ �π' ντ �(*6

�'�
� ".�#±'.6#� × �'−6 >C���

-%" �−�− �:�π' ντ � ".'�±'.6#� × �'−6 >C���

-%7 �−�− �:�π' ντ �(*6�
'� � #.&�±'.6#� × �'−6 >C���

-%% �−�− �:�π' ντ �(*6�
'7ω7η� O�P � & ±# � × �'−#

-%$ �−�− �:?π' ντ O�P � �.� ±'." � × �'−#

-%& �−�:�− ≥ 4 (��#�'� ντ � 7.%&±'.6"� × �'−6 >C��6

-$' �−�: π− ντ �(*6�
'� � #.$7±'.6�� × �'−6 >C��#

-$� �−�: π−π' ντ �(*6�
'� � $." ±�.� � × �'−#

-$� �−π: π− ≥ 4 (��#�'� ντ � ".� ±'.# � × �'−6 >C��"

-$6 �−π: π− ≥ 4π' ντ �(*6�
'� � #.� ±'.# � × �'−6 >C��"

-$# �−π: π−ντ � 6.& ±'.# � × �'−6 >C��7

-$" �−π: π−ντ �(*6�
'� O�P � 6.66±'.6"� × �'−6 >C��7

-$7 �−ρ' ντ →
�−π: π−ντ

� �.7 ±'.7 � × �'−6

-$% �−π: π−π' ντ � �.6�±'.�#� × �'−6

-$$ �−π: π−π' ντ �(*6�
'� � %.& ±�.� � × �'−#

-$& �−π: π−π' ντ �(*6�
'7η� O�P � %.6 ±�.� � × �'−#

-&' �−π: π−π' ντ �(*6�
'7ω� � 6.% ±'.& � × �'−#

-&� �−π:�− ≥ 4 (��6 ντ < & × �'−# -8C&"J

-&� �−�: π− ≥ 4 (��6 ντ � �."&±'.�'� × �'−6 >C��#

-&6 �−�: π− ντ O�P � �."6±'.�'� × �'−6 >C��#

-&# �−�: π−π' ντ O�P � 7.� ±�.' � × �'−" >C���

-&" �−�:�− ≥ 4 (��6 ντ < �.� × �'−6 -8C&"J

-&7 �−�:�−ντ < 6.% × �'−" -8C&'J

-&% �−�:�−π' ντ < #.$ × �'−7 -8C&'J

-&$ π−�: π− ≥ 4 (��6 ντ < �." × �'−6 -8C&"J

-&& �− �− �: ν� ντ � �.$ ±�." � × �'−"

-�'' µ− �− �: νµ ντ < 6.7 × �'−" -8C&'J

��"(� 3	�% D/( 
%�#0(" $�#�	
'(���"(� 3	�% D/( 
%�#0(" $�#�	
'(���"(� 3	�% D/( 
%�#0(" $�#�	
'(���"(� 3	�% D/( 
%�#0(" $�#�	
'(�

-�'� ?�−��: ≥ 4 (��#�'� ντ
�(*6 �'

� → π−π:�
�<E)$#�0=�

� �.'�±'.'#� × �'−6 >C���

-�'� ?�−��: ντ �(*6�
'� O�P � $.6$±'.6"� × �'−# >C���

-�'6 ?�−��: π' ντ �(*6�
'� O�P � �.%$±'.�%� × �'−#

-�'# ?�−��:�π' ντ < �.� × �'−# -8C&'J

�	�
(''�(��� ��%(# �''�3(" ��"(��	�
(''�(��� ��%(# �''�3(" ��"(��	�
(''�(��� ��%(# �''�3(" ��"(��	�
(''�(��� ��%(# �''�3(" ��"(�
-�'" �Eπ �− ντ � %.7 ±'." � × �'−6 >C���

-�'7 @�−?�: ≥ 4 (��#�'� ντ
�<>)$#�0=�

< 6.' × �'−% -8C&'J

-�'% @�−?�: ντ < #.6 × �'−% -8C&'J

-�'$ @�−?�: π' ντ < �." × �'−% -8C&'J

-�'& �− ���−��ντ � �.&"±'.'%� J >C���

-��' �∗�BC��− ≥ 4 (��#�'� ≥
4�'

�ντ

� �.#�±'.�$� J >C��#

-��� �∗�BC��−ντ � �.�&±'.'"� J

-��� �∗�BC��'�− ≥ 4 (��#�'� ντ � 6.� ±�.# � × �'−6

-��6 �∗�BC��'�−ντ � �.� ±'.# � × �'−6

-��# �∗�BC��' π− ≥ 4 (��#�'� ντ � 6.$ ±�.% � × �'−6

-��" �∗�BC��' π− ντ � �.� ±'." � × �'−6

-��7 ��∗�BC��π �− ντ →
π−�' π' ντ

� �.' ±'.# � × �'−6

-��% �����>4�
−ντ � #.% ±�.� � × �'−6

-��$ ����@44�
−ντ � �.% ±�.7 � × �'−6 >C��%

-��& �∗��@�4�−ντ � �." :�.#
−�.' � × �'−6

-��' �∗
'��@?4�

−ντ < " × �'−# -8C&"J

-��� �∗
���@?4�

−ντ < 6 × �'−6 -8C&"J

-��� �'�CB4�
− ≥ 4 (��#�'� ντ

-��6 ηπ− ντ < �.# × �'−# -8C&"J

-��# ηπ−π' ντ O�P � �.%%±'.�#� × �'−6

-��" ηπ−π' π' ντ � �." ±'." � × �'−#

-��7 η�−ντ O�P � �.% ±'.7 � × �'−#

-��% η�∗�BC��−ντ � �.& ±'.& � × �'−#

-��$ η�−π' ντ � �.$ ±'.& � × �'−#

-��& η�' π−ντ � �.� ±'.% � × �'−#

-�6' ηπ: π−π− ≥ 4 (��#�'� ντ < 6 × �'−6 -8C&'J

-�6� ηπ−π: π−ντ � �.6 ±'." � × �'−#

-�6� η�����F4�
− ντ → ηπ− ρ' ντ < 6.& × �'−# -8C&'J

-�66 ηηπ− ντ < �.� × �'−# -8C&"J

-�6# ηηπ−π' ντ < �.' × �'−# -8C&"J

-�6" η′�CEB�π− ντ < %.# × �'−" -8C&'J

-�67 η′�CEB�π−π' ντ < $.' × �'−" -8C&'J

-�6% φπ− ντ < �.' × �'−# -8C&'J

-�6$ φ�− ντ < 7.% × �'−" -8C&'J

-�6& �����BE�π
−ντ � #.� ±'.$ � × �'−#

-�#' �����BE�π
−ντ →

ηπ−π: π−ντ

� �.6 ±'.# � × �'−#

-�#� π��?44�−ντ → �ρπ�− ντ →
�?π�− ντ

< �.' × �'−# -8C&'J

-�#� π��?44�−ντ →
��ππ��−�	�� π�− ντ →
�?π�− ντ

< �.& × �'−# -8C&'J

-�#6 �−ω ≥ 4 (��#�'� ντ � �.6&±'.'&� J >C���

-�## �−ωντ O�P � �.&&±'.'$� J >C���

-�#" �−ωντ � #.� ±'.& � × �'−#

-�#7 �−ωπ' ντ O�P � #.� ±'.# � × �'−6

-�#% �−ω�π' ντ � �.# ±'." � × �'−#

-�#$ ��−�: ωντ � �.�'±'.��� × �'−#

�($�� ���	'& ��.(# ��� �7 �($�� ��.(# ���7�($�� ���	'& ��.(# ��� �7 �($�� ��.(# ���7�($�� ���	'& ��.(# ��� �7 �($�� ��.(# ���7�($�� ���	'& ��.(# ��� �7 �($�� ��.(# ���7

�#  �#&� ��.(# ��� /	�'��	0 ��"(��#  �#&� ��.(# ��� /	�'��	0 ��"(��#  �#&� ��.(# ��� /	�'��	0 ��"(��#  �#&� ��.(# ��� /	�'��	0 ��"(�

� ��	� ����� ����� ����	��� ����� τ− → �: π−π−�� 5�������
����� ��	��� �� ��	� ����� �	���
 ����	��� ��� � ! ����� �����
����	��� ����� τ− → �−π: π−�� � ��	� �	�
� ����� ����	����

-�#& �−γ �� < �.� × �'−% -8C&'J

-�"' µ−γ �� < 7.$ × �'−$ -8C&'J

-�"� �−π' �� < �.& × �'−% -8C&'J

-�"� µ−π' �� < #.� × �'−% -8C&'J

-�"6 �−�'
� �� < &.� × �'−% -8C&'J

-�"# µ−�'
� �� < &." × �'−% -8C&'J

-�"" �−η �� < �.# × �'−% -8C&'J

-�"7 µ−η �� < �." × �'−% -8C&'J

-�"% �−ρ' �� < �.' × �'−7 -8C&'J

-�"$ µ−ρ' �� < 7.6 × �'−7 -8C&'J

-�"& �−�∗�BC��' �� < ".� × �'−7 -8C&'J

-�7' µ−�∗�BC��' �� < %." × �'−7 -8C&'J

-�7� �−�∗�BC��' �� < %.# × �'−7 -8C&'J

-�7� µ−�∗�BC��' �� < %." × �'−7 -8C&'J

-�76 �−η′�CEB� �� < �.' × �'−7 -8C&'J

-�7# µ−η′�CEB� �� < #.% × �'−% -8C&'J

-�7" �−φ �� < 7.& × �'−7 -8C&'J



������������

������ ����	
�� �	��	��

τ

-�77 µ−φ �� < %.' × �'−7 -8C&'J

-�7% �− �: �− �� < �.' × �'−% -8C&'J

-�7$ �−µ: µ− �� < �.' × �'−% -8C&'J

-�7& �:µ−µ− �� < �.6 × �'−% -8C&'J

-�%' µ− �: �− �� < �.& × �'−% -8C&'J

-�%� µ: �− �− �� < �.� × �'−% -8C&'J

-�%� µ−µ: µ−
�� < �.& × �'−% -8C&'J

-�%6 �−π: π− �� < �.� × �'−% -8C&'J

-�%# �:π−π− � < �.% × �'−% -8C&'J

-�%" µ−π: π− �� < �.& × �'−% -8C&'J

-�%7 µ: π−π− � < % × �'−$ -8C&'J

-�%% �−π:�− �� < 6.� × �'−% -8C&'J

-�%$ �−π−�: �� < �.% × �'−% -8C&'J

-�%& �:π−�− � < �.$ × �'−% -8C&'J

-�$' �−�'
� �

'
� �� < �.� × �'−7 -8C&'J

-�$� �−�:�−
�� < �.# × �'−% -8C&'J

-�$� �:�−�− � < �." × �'−% -8C&'J

-�$6 µ−π:�− �� < �.7 × �'−% -8C&'J

-�$# µ−π−�: �� < 6.� × �'−% -8C&'J

-�$" µ: π−�− � < �.� × �'−% -8C&'J

-�$7 µ−�'
� �

'
� �� < 6.# × �'−7 -8C&'J

-�$% µ−�:�− �� < �." × �'−% -8C&'J

-�$$ µ:�−�− � < #.$ × �'−% -8C&'J

-�$& �−π' π' �� < 7." × �'−7 -8C&'J

-�&' µ−π' π' �� < �.# × �'−" -8C&'J

-�&� �−ηη �� < 6." × �'−" -8C&'J

-�&� µ−ηη �� < 7.' × �'−" -8C&'J

-�&6 �−π' η �� < �.# × �'−" -8C&'J

-�&# µ−π' η �� < �.� × �'−" -8C&'J

-�&" �γ ��� < 6." × �'−7 -8C&'J

-�&7 �π' ��� < �." × �'−" -8C&'J

-�&% ��π' ��� < 6.6 × �'−" -8C&'J

-�&$ �η ��� < $.& × �'−7 -8C&'J

-�&& �π' η ��� < �.% × �'−" -8C&'J

-�'' �π− ��� < %.� × �'−$ -8C&'J

-�'� �π− ��� < �.# × �'−% -8C&'J

-�'� �− '	0%� .��� �� < �.% × �'−6 -8C&"J

-�'6 µ− '	0%� .��� �� < " × �'−6 -8C&"J

1�2  ��	� ��"( 8�# �%( τ 6

1	2 �(( �%( ��#�	
'( �	��	0� .('�3 8�# �%( ((#0& '	�	�� ��(" 	 �%	� �(�)
��#(�(�6
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τ BRANCHING FRACTIONS

Revised April 2006 by K.G. Hayes (Hillsdale College).

The B factories have led to a resurgence in experimental

publications on the τ . Since the previous edition of this Review,

there have been 19 published papers that have contributed

measurements to the τ Listings, including 6 each from the BaBar

and BELLE collaborations. Nine of these papers have provided

new upper limits on the branching fractions for neutrinoless

τ -decay modes. Of the 55 neutrionless τ - decay modes in the τ

Listings, 4 are new and 26 have had improved limits set. The

upper limits have been reduced by factors that range between

7 and 64, and the average reduction factor is 24.

The constrained fit to τ branching fractions: The Lep-

ton Summary Table and the List of τ -Decay Modes contain

branching fractions for 114 conventional τ -decay modes and up-

per limits on the branching fractions for 30 other conventional

τ -decay modes. Of the 114 modes with branching fractions,

82 are derived from a constrained fit to τ branching fraction

data. The goal of the constrained fit is to make optimal use

of the experimental data to determine τ branching fractions.

For example, the branching fractions for the decay modes

τ− → π−π+π−ντ and τ− → π−π+π−π0ντ are determined

mostly from experimental measurements of the branching frac-

tions for τ− → h−h−h+ντ and τ− → h−h−h+π0ντ and re-

cent measurements of exclusive branching fractions for 3-prong

modes containing charged kaons and 0 or 1 π0’s.

Branching fractions from the constrained fit are derived

from a set of basis modes. The basis modes form an exclusive

set whose branching fractions are constrained to sum exactly

to one. The set of selected basis modes expands as branching

fraction measurements for new τ -decay modes are published.

The number of basis modes has expanded from 12 in the year

1994 fit to 31 in the 2002, 2004, and 2006 fits. The 31 basis

modes selected for the 2006 fit are listed in Table 1. See the

1996 edition of this Review [1] for a complete description of

our notation for naming τ -decay modes and the selection of

the basis modes. For each edition since the 1996 edition, the

changes in the selected basis modes from the previous edition

are described in the τ Branching Fractions Review. Figure 1

illustrates the basis mode branching fractions from the 2006 fit.

In selecting the basis modes, assumptions and choices must

be made. For example, we assume the decays τ− → π−K+π− ≥
0π0ντ and τ− → π+K−K− ≥ 0π0ντ have negligible branch-

ing fractions. This is consistent with standard model predic-

tions for τ decay, although the experimental limits for these

branching fractions are not very stringent. The 95% confidence

level upper limits for these branching fractions in the cur-

rent Listings are B(τ− → π−K+π− ≥ 0π0ντ ) < 0.25% and

B(τ− → π+K−K− ≥ 0π0ντ ) < 0.09%, values not so different

from measured branching fractions for allowed 3-prong modes

containing charged kaons. Although our usual goal is to impose

as few theoretical constraints as possible so that the world

Table 1: Basis modes for the 2006 fit to τ branching
fraction data.

e−νeντ K−K0π0ντ

µ−νµντ π−π+π−ντ (ex. K0, ω)

π−ντ π−π+π−π0ντ (ex. K0, ω)

π−π0ντ K−π+π−ντ (ex. K0)

π−2π0ντ (ex. K0) K−π+π−π0ντ (ex. K0, η)

π−3π0ντ (ex. K0) K−K+π−ντ

h−4π0ντ (ex. K0, η) K−K+π−π0ντ

K−ντ h−h−h+2π0ντ (ex. K0, ω, η)

K−π0ντ h−h−h+3π0ντ

K−2π0ντ (ex. K0) 3h−2h+ντ (ex. K0)

K−3π0ντ (ex. K0, η) 3h−2h+π0ντ (ex. K0)

π−K
0
ντ h−ωντ

π−K
0
π0ντ h−ωπ0ντ

π−K0
SK0

Sντ ηπ−π0ντ

π−K0
SK0

Lντ ηK−ντ

K−K0ντ

averages and fit results can be used to test the theoretical con-

straints (i.e., we do not make use of the theoretical constraint

from lepton universality on the ratio of the τ -leptonic branching

fractions B(τ− → µ−νµντ )/ B(τ− → e−νeντ ) = 0.9726), the

experimental challenge to identify charged prongs in 3-prong

τ decays is sufficiently difficult that experimenters have been

forced to make these assumptions when measuring the branch-

ing fractions of the allowed decays. We are constrained by the

assumptions made by the experimenters.

There are several recently measured modes with small but

well-measured (> 2.5 sigma from zero) branching fractions [2]

which cannot be expressed in terms of the selected basis modes

and are therefore left out of the fit:

B(τ− → π−K0
SK0

Lπ0ντ ) = (3.1 ± 1.2) × 10−4

B(τ− → h−ωπ0π0ντ ) = (1.4 ± 0.5) × 10−4

B(τ− → 2h−h+ωντ ) = (1.20 ± 0.22) × 10−4

plus the η → γγ and η → π+π−γ components of the branching

fractions

B(τ− → ηπ−π+π−ντ ) = (2.3 ± 0.5) × 10−4 ,

B(τ− → ηπ−π0π0ντ ) = (1.5 ± 0.5) × 10−4 ,

B(τ− → ηK
0
π−ντ ) = (2.2 ± 0.7) × 10−4 .

The sum of these excluded branching fractions is (0.08 ±
0.01)%. This is near our goal of 0.1% for the internal consistency

of the τ Listings for this edition, and thus for simplicity we do

not include these small branching fraction decay modes in the

basis set.

Beginning with the 2002 edition, the fit algorithm has

been improved to allow for correlations between branching

fraction measurements used in the fit. If only a few measure-

ments are correlated, the correlation coefficients are listed in

the footnote for each measurement. If a large number of mea-

surements are correlated, then the full correlation matrix is
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Figure 1: Basis mode branching fractions of
the τ . Six modes account for 90% of the decays,
25 modes account for the last 10%. The list
of excluded intermediate states for each basis
mode has been suppressed.

listed in the footnote to the measurement that first appears

in the τ Listings. Footnotes to the other measurements refer

to the first measurement. For example, the large correlation

matrices for the branching fraction measurements contained

in Refs. [3,4] are listed in Footnotes 48 and 66 respectively.

Sometimes experimental papers contain correlation coefficients

between measurements using only statistical errors without in-

cluding systematic errors. We usually cannot make use of these

correlation coefficients.

The constrained fit has a χ2 of 77.5 for 95 degrees of

freedom. Two new branching fraction measurements caused

significant changes in two of the 2006 basis mode branching

fractions from their 2004 values.

i) B(τ− → K−K+π−π0ντ changed from (4.2 ± 1.6) × 10−4 to

(0.61 ± 0.20) × 10−4 due to a precise new measurement by

the CLEO Collaboration [5], which has 99% of the weight

in the world average, and is significantly lower than previous

measurements.

ii) The ALEPH Collaboration has published [3] a complete set

of branching fraction measurements which supersede the results

contained in earlier publications [6–8]. Differences between

these new and old measurements are primarily responsible for a

significant change in the basis mode branching fraction B(τ− →
π+π−π0ντ (ex. K0, ω)) from (2.51 ± 0.09)% to (2.69 ± 0.08)%.

These changes in the basis mode values have caused other

significant changes in some of the 51 branching fractions which

are determined from combinations of the basis modes. For

example, the four branching fractions B(τ− → h−h−h+ντ ),

B(τ− → h−h−h+ντ (ex. K0)), B(τ− → π−π+π−π0ντ ) and

B(τ− → π−π+π−π0ντ (ex. K0)) have all increased by between

2.2 and 2.4 σ from their 2004 values. Due to the constraint

on the sum of basis mode branching fractions, an increase in

one basis mode branching fraction requires other basis mode

branching fractions to decrease. The most significant decrease is

for the basis mode branching fraction B(τ− → π−π+π−ντ (ex.

K0, ω)), which changed from (9.12 ± 0.10)% to (8.99 ± 0.08)%.

There are similar decreases in the fit values for other non-basis

modes that are primarily determined by this mode.

Overconsistency of Leptonic Branching Fraction Mea-

surements: To minimize the effects of older experiments which

often have larger systematic errors and sometimes make assump-

tions that have later been shown to be invalid, we exclude old

measurements in decay modes which contain at least several

newer data of much higher precision. As a rule, we exclude

those experiments with large errors which together would con-

tribute no more than 5% of the weight in the average. This

procedure leaves five measurements for Be ≡ B(τ− → e−νeντ )

and five measurements for Bµ ≡ B(τ− → µ−νµντ ). For both

Be and Bµ, the selected measurements are considerably more

consistent with each other than should be expected from the

quoted errors on the individual measurements. The χ2 from the

calculation of the average of the selected measurements is 0.34

for Be and 0.08 for Bµ. Assuming normal errors, the probability

of a smaller χ2 is 1.3% for Be and 0.08% for Bµ.
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�%.6� ±'.�� ±'.'" �'�%! 2+>B+8 - &7' /8,4 *���� �


>-)/,8 '"'
�%.'� ±'.�& ±'.�# 7"$7 /2*,+ &"! .84) *����� �


/2*,+ &&-
�%.67 ±'.�% %&#� /B,*> &"$ (4/8 *���� �
 /22 ;

,3. '6
�%.7 ±'.# ±'.# ��#$ /.* /3 &6� 86 *���� �
 /-- /;

** '�9
�%.# ±'.6 ±'." #� /82*,-)� &62 /*? �����C &.#L�'.7 ?��

�%.6" ±'.#� ±'.6% .,-/�4 &�' /8,4 �&$&L�&&' 8,4 ���

�%.% ±'.$ ±'.# "7$ 2,)*,3. &' -,88 �����C 6" ?��

�%.# ±�.' ��&% /.,�/ $$ �*BH �����C �#L�7 ?��

�%.% ±�.� ±'.% / )/*/ $%� �4- �����C �& ?��

�$.6 ±'.& ±'.$ 2+*-)/� $% �*B� �����C �& ?��

�$.7 ±'.$ ±'.% ""$ #6 2/*�,8 $7� H/., �����C 6#�7 ?��

��.& ±�.% :'.%
−'." /8�)(55 $" �/>> �����C 6#�" ?��

�$.' ±'.& ±'." #%6 #6 />) $"� �/- �����C �& ?��

�$.' ±�.' ±'.7 ## 2/8�*+>/ ����$" �*B6 �����C 6.%% ?��

�&.# ±�.7 ±�.% �"6 2,*?,* $" 48+� �����C 6#�7 ?��

�%.7 ±�.7 ±�.� #% 2,)*,3. $6' -,88 �����C 6# ?��

�%.$ ±�.' ±�.$ 2,*?,* $�� 48+� �����C &L6� ?��

6& >�� ������� �� >-)/,8 '"' N�τ− → �− ν� ντ �<N���	� ��	������� ��� ������	����
���� ����� ��	���������

#' ��� ������	��� ���Æ���� ������ ���� ��	������� 	� ��� /-- /** '�9 ��	����;
��� �� 2�τ− → �− ν� ντ � �� '.'$�

#� ��� ������	��� ���Æ����� ������ ���� ��	������� 	� ��� /3/>�/>>(� &% ��	;
�������� �� 2�� ν� ντ �� 2�µνµ ντ �<2�� ν� ντ �� 2��− ντ �� 	� 2��− ντ �<2�� ν� ντ �

	�� '."'� '."$� '."'� 	� '.'$ �����������
�
#� 3�� �������� �� /82*,-)� &�� N�µ− νµντ �<N��− ν� ντ � 	� /82*,-)� &62

N�µ− νµ ντ � × N��− ν� ντ �<N�
���	� �	�����

#6 ����1�� ���� 2��− ν� ντ �<2�F� ����G� 	� 2�F� ����G� �C '.$""�
## ,���� ������	��� ���� 2/8�*+>/ � > $" � ν ν �	����

-
(
µ−νµ ντ γ

)
�-���	� -#�--

(
µ−νµ ντ γ

)
�-���	� -#�--

(
µ−νµ ντ γ

)
�-���	� -#�--

(
µ−νµ ντ γ

)
�-���	� -#�-

����� �C� ��
� ������	
 �� 
��	 �����	


'.67�±'.'�7±'.'6"'.67�±'.'�7±'.'6"'.67�±'.'�7±'.'6"'.67�±'.'�7±'.'6" #" 2,*?5,8. '' -8,( �����C �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
'.6' ±'.'# ±'.'" ��7 #7 /8,D/3.,* &7% (4/8 �&&�L�&&# 8,4 ���

'.�6 ±'.�' �' #% 0+ &' �*B� �����C �& ?��

#" 2,*?5,8. '' ������ ��9�������� � �������� γ�� ����������� �� 	 τ ;����;��	��

����
 ����K �∗γ > �' ���� 5�� �∗γ > �' ���� ���
 9���� �6.'#± '.�#± '.6'�×�'−6�

#7 /8,D/3.,* &7% ������ ��9�������� � �������� γ�� ����������� �� 	 τ ;����;��	��
����
 ����K �γ >�' ����

#% 0+ &' ������� N�µ− νµντ γ�<N�µ− νµντ � C '.'�6 ± '.''7� ����� �� �������� ��

N�µ− νµ ντ γ�<N���	� ���� N�µ− νµ ντ γ�<N���	� C �%.6"J� *�9�������� � ��������

γ�� ��������� �� 	 τ ���� ��	�� ����
 ����K �γ > 6% ����

-
(
�− ν� ντ

)
�-���	� -"�--

(
�− ν� ντ

)
�-���	� -"�--

(
�− ν� ντ

)
�-���	� -"�--

(
�− ν� ντ

)
�-���	� -"�-

�� �����@� ��� �K��� �� �=�������� ���� �	��� �
����	��� ������� �� �=����� �=���;
����� ����� �������� ����� ��������� "J �� ��� ������ � ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


�%.$# ±'.'" (+* 5 ��%.$# ±'.'" (+* 5 ��%.$# ±'.'" (+* 5 ��%.$# ±'.'" (+* 5 �

�%.$� ±'.'" (+* /�,*/?,�%.$� ±'.'" (+* /�,*/?,�%.$� ±'.'" (+* /�,*/?,�%.$� ±'.'" (+* /�,*/?,

�%.$6%±'.'%�±'.'67 "7! #$ >-)/,8 '"' /8,4 �&&�;�&&" 8,4 ���

�%.$'7±'.�'#±'.'%7 �#�%! #& /-- /** '�9 86 �&&�L�&&" 8,4 ���

�%.$� ±'.'& ±'.'7 66��! /22 ,3. &&� (4/8 �&&�L�&&" 8,4 ���

�%.$%%±'.�'&±'.��' �6�6! /2*,+ &&- .84) �&&�L�&&" 8,4 ���

�%.%7 ±'.'7 ±'.�% "' /3/>�/>>(� &% -8,( �����C �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
�%.%$ ±'.�' ±'.'& �"�6! /8,D/3.,* &7� (4/8 *���� �
 /22 ,3. &&�

�%.%& ±'.�� ±'.'7 �'�7! 2+>B+8 - &7' /8,4 *���� �
 >-)/,8 '"'

�%."� ±'.�6 ±'.6� "'"& /2*,+ &"! .84) *����� �
 /2*,+ &&-

�%.& ±'.# ±'.# �$&� /.* /3 &6� 86 *���� �
 /-- /** '�9

�%." ±'.6 ±'." "� /82*,-)� &62 /*? �����C &.#L�'.7 ?��

�%.&% ±'.�# ±'.�6 6&%' /B,* 2 &� -8,( *���� �
 /3/>;
�/>>(� &%

�&.� ±'.# ±'.7 �&7' "� /��/* &� -8,( �����C �'."L�'.& ?��



��	��	��	��	

������ ����	
�� �	��	��

τ

�$.'& ±'.#" ±'.#" .,-/�4 &�' /8,4 *���� �
 >-)/,8 '"'

�%.' ±'." ±'.7 ��%! /2/-) &' )*> �����C �& ?��

�$.# ±'.$ ±'.# 7## 2,)*,3. &' -,88 �����C 6" ?��

�7.6 ±'.6 ±6.� H/3>>,3 $& -2/8 �����C &.#L�'.7 ?��

�$.# ±�.� ±�.' / )/*/ $%� �4- �����C �& ?��

�&.� ±'.$ ±�.� 2+*-)/� $% �*B� �����C �& ?��

�7.$ ±'.% ±'.& "�" "� 2/*�,8 $7� H/., �����C 6#�7 ?��

�'.# ±6.' :�.#
−'.& /8�)(55 $" �/>> �����C 6#�" ?��

�%.$ ±'.& ±'.7 6&' "� />) $"� �/- �����C �& ?��

�$.� ±'.% ±'." "6 2/8�*+>/ ����$" �*B6 �����C 6.%% ?��

�6.' ±�.& ±�.& 2,*?,* $" 48+� �����C 6#�7 ?��

�$.6 ±�.# ±�.& 7' 2,)*,3. $6' -,88 �����C 6# ?��

�7.' ±�.6 #"& "# 2/- 3( %$� .8-( �����C 6��L%�# ?��

#$ -�����	��� �	���= ��� >-)/,8 '"' ��	���� ��	������ � ������I

��� N�τ− → �− ν� ντ �<N���	�
��� N�τ− → µ− νµντ �<N���	�

�6� N�τ− → π− ντ �<N���	�
�#� N�τ− → π−π' ντ �<N���	�
�"� N�τ− → π− �π' ντ ��=��'��<N���	�
�7� N�τ− → π− 6π' ντ ��=��'��<N���	�
�%� N�τ− → �− #π' ντ ��=��'�η��<N���	�
�$� N�τ− → π−π: π− ντ ��=��'�ω��<N���	�
�&� N�τ− → π−π: π−π' ντ ��=��'��<N���	�

��'� N�τ− → �− �− �: �π' ντ ��=��'��<N���	�
���� N�τ− → �− �− �: 6π' ντ �<N���	�
���� N�τ− → 6�− ��: ντ ��=��'��<N���	�
��6� N�τ− → 6�− ��: π' ντ ��=��'��<N���	�

��� ��� �6� �#� �"� �7� �%� �$� �&� ��'� ���� ����

��� ;�'

�6� ;& ;7

�#� ;�7 ;�� �

�"� ;" ;" ;�% ;6%

�7� ' ;# ;�" � ;�%

�%� ;� ;# ;�# ;�" �' ;#%

�$� ;�# ;& �" ;" ;�% ;�# ;$

�&� ;�6 ;�� ;�" ;6' # ;� �7 ;�"

��'� ' ;� ;�6 ;�# # �' �6 ;7 ;�%

���� � ' ;" � # 7 ' ;& ;� ;��

���� ' � & # ;$ ;# ;7 & ;" ;# ;�

��6� � ;# ;6 ;" 6 � ;# ;6 ;� # � ;�#
#& ��� ������	��� ���Æ���� ������ ���� ��	������� 	� ��� /-- /** '�9 ��	����;

��� �� 2�τ− → µ− νµ ντ � �� '.'$�

"' ��� ������	��� ���Æ����� ������ ���� ��	������� 	� ��� /3/>�/>>(� &% ��	;
�������� �� 2�µνµ ντ �� 2�µνµ ντ �<2�� ν� ντ �� 2��− ντ �� 	� 2��− ντ �<2�� ν� ντ �

	�� '."'� −'.#�� '.#$� 	� −'.6& �����������
�
"� 3�� �������� �� /82*,-)� &�� N�µ− νµντ �<N��− ν� ντ � 	� /82*,-)� &62

N�µ− νµ ντ � × N��− ν� ντ �<N�
���	�

�	�����

"� ����1�� ���� 2��− ν� ντ �<2�F� ����G� 	� 2�F� ����G� �C '.$""�
"6 ,���� ������	��� ���� 2/8�*+>/ � > $" N

(
µ− νµ ντ

)
<N���	��

"# 2/- 3( %$� �	��� ����� ���� 1� �� ����� ���� �± 	� �� ����� �������� ��	����
�����

-
(
�− ν� ντ γ

)
�-���	� -7�--

(
�− ν� ντ γ

)
�-���	� -7�--

(
�− ν� ντ γ

)
�-���	� -7�--

(
�− ν� ντ γ

)
�-���	� -7�-

����� �C� ������	
 �� 
��	 �����	


�.%"±'.'7±'.�%�.%"±'.'7±'.�%�.%"±'.'7±'.�%�.%"±'.'7±'.�% "" 2,*?5,8. '' -8,( �����C �'.7 ?��

"" 2,*?5,8. '' ������ ��9�������� � �������� γ�� ����������� �� 	 τ ;����;��	��

����
 ����K �∗γ > �' ����

-
(
µ−νµ ντ

)
�-

(
�− ν� ντ

)
-6�-"-

(
µ−νµ ντ

)
�-

(
�− ν� ντ

)
-6�-"-

(
µ−νµ ντ

)
�-

(
�− ν� ντ

)
-6�-"-

(
µ−νµ ντ

)
�-

(
�− ν� ντ

)
-6�-"

>�	�	�� ����� ��������� ������� �	�� �K���� �� '.&%�7�

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� ������	
 �� 
��	 �����	


'.&%6 ±'.''# (+* 5 �'.&%6 ±'.''# (+* 5 �'.&%6 ±'.''# (+* 5 �'.&%6 ±'.''# (+* 5 �

'.&%$ ±'.'�� (+* /�,*/?,'.&%$ ±'.'�� (+* /�,*/?,'.&%$ ±'.'�� (+* /�,*/?,'.&%$ ±'.'�� (+* /�,*/?,

'.&%%%±'.''76±'.''$% �R	 "7 /3/>�/>>(� &% -8,( �����C �'.7 ?��

'.&&% ±'.'6" ±'.'#' �R	 /82*,-)� &�� /*? �����C &.#L�'.7 ?��

"7 ��� ������	��� ���Æ����� ������ ���� ��	������� 	� ��� /3/>�/>>(� &% ��	;
�������� �� 2�µνµ ντ �� 2�� ν� ντ �� 2��− ντ �� 	� 2��− ντ �<2�� ν� ντ � 	�� '."$�

−'.#�� '.'%� 	� '.#" �����������
�

-
(
�− ≥ 4�'

� ντ

)
�-���	� -%�--

(
�− ≥ 4�'

� ντ

)
�-���	� -%�--

(
�− ≥ 4�'

� ντ

)
�-���	� -%�--

(
�− ≥ 4�'

� ντ

)
�-���	� -%�-

N%<N C �N&:N�':�
�N6":�

�N6%:N#%�<N

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


��.�#±'.'% (+* 5 ���.�#±'.'% (+* 5 ���.�#±'.'% (+* 5 ���.�#±'.'% (+* 5 � ,���� ������� ��	�� �	���� �� ����

��.� ±'.# (+* /�,*/?,��.� ±'.# (+* /�,*/?,��.� ±'.# (+* /�,*/?,��.� ±'.# (+* /�,*/?,

��.#%±'.�7±'.#6 �R	 �&7% "% /-- /** &" 86 �&&� 8,4 ��

��.# ±'.% ±'.% �R	 �$6 "$ /2*,+ &� .84) �&&' 8,4 ��

��.� ±'.% ±'." �R	 6'& /8,D/3.,* &�� (4/8 �&&' 8,4 ��

��.6 ±'." ±'.$ 	�� %&$ "& 5(*. $% �/- �����C �& ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
��.##±'.��±'.�� �"! 7' 2+>B+8 - &7 /8,4 *���� �
 >-)/,8 '"'

��.% ±'.7 ±'.$ 7� /82*,-)� &�� /*? �����C &.#L�'.7 ?��

��.&$±'.##±'.66 7� .,-/�4 &�' /8,4 *���� �
 >-)/,8 '"'

��.6 ±'.& ±'." �66$ 2,)*,3. &' -,88 �����C 6" ?��

��.� ±�.� ±�.# 76 2+*-)/� $% �*B� �����C �& ?��

��.6 ±'.7 ±�.� 6�$ 7# 2/*�,8 $7� H/., �����C 6#�7 ?��

�6.' ±�.' ±#.' 2,*?,* $" 48+� �����C 6#�7 ?��

��.� ±�.% ±�.� 6# 7" 2,)*,3. $6' -,88 �����C 6# ?��

"% /-- /** &" ���� '.7"J 	���� �� ������ ����� ��������� ��� π−�'
�

�	�!�������

"$ /2*,+ &� ���� '."J 	���� �� ������ ����� ��������� ��� �∗�$&��− �	�!�������
"& 5(*. $% ������ ��� 2�π− ντ � ���� '.7%J 	���� �� ������ ����� �− ��������� 	�

	�M����� ��� �&&� 2�F� ����G��
7' 2+>B+8 - &7 9���� ��.%$ ± '.�� ± '.�6 0� 	�� '.77 �� ��� ����� ��������� ���

���� �'
�

	� �����
 ��� �
����	��� ����� 	��������
�

7� 3�� �������� �� /82*,-)� &�� N�µ− νµ ντ �<N��− ν� ντ �� N�µ− νµ ντ � ×
N��− ν� ντ �� 	� N��− ≥ '�'

�
ντ �<N��− ν� ντ � �	�����

7� .,-/�4 &�' 9���� 2��− ≥ '�'
�

≥ ' ��'
�

→ π: π−� ντ � C �6.6� ± '.## ± '.66�

0� �����	�� '.6" �� ������� ��� ����� ������� �� ��� �'
�

���	
��

76 2+*-)/� $% ���� �.�J 	���� �� ������ ����� ��������� ��� �− 	� �∗�$&��− �	�!;
�������

7# 2/*�,8 $7� ������ ��� 2�π− ντ � ���� '."&J 	���� �� ������ ����� �− ��������� 	�
	�M����� ��� �&&� 2�F� ����G��

7" 2,)*,3. $6' 9���� 2�π− ντ � C &.& ± �.% ± �.6 	���� �����	���� �.6 ± '." �� �������

��� 2��− ντ ��

-
(
�−ντ

)
�-���	� -$�-� �-&�-�'��--

(
�−ντ

)
�-���	� -$�-� �-&�-�'��--

(
�−ντ

)
�-���	� -$�-� �-&�-�'��--

(
�−ντ

)
�-���	� -$�-� �-&�-�'��-

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


��."& ±'.'7 (+* 5 ���."& ±'.'7 (+* 5 ���."& ±'.'7 (+* 5 ���."& ±'.'7 (+* 5 � ,���� ������� ��	�� �	���� �� ����

��.76 ±'.�� (+* /�,*/?,��.76 ±'.�� (+* /�,*/?,��.76 ±'.�� (+* /�,*/?,��.76 ±'.�� (+* /�,*/?, ,���� ������� ��	�� �	���� �� ��#� >�� ��� ������	�
������
��."%�±'.��'±'.��# �R	 �&! 77 /2./88/) '7& .84) �&&�L�&&" 8,4 ���

��.&$ ±'.�6 ±'.�7 �R	 /-B,*>�/55 &$� (4/8 �&&�L�&&" 8,4 ���

��."� ±'.'" ±'.�� �R	 7% /3/>�/>>(� &% -8,( �����C �'.7 ?��

77 -�����	��� �	���= ��� /2./88/) '7& ��	���� ��	������ � ������I

��� N�τ− → �− ντ �<N���	�
��� N�τ− → �−π' ντ �<N���	�
�6� N�τ− → �− ≥ �π' ντ ��=��'��<N���	�
�#� N�τ− → �− �π' ντ ��=��'��<N���	�
�"� N�τ− → �− ≥ 6π' ντ ��=� �'��<N���	�
�7� N�τ− → �− �− �: ντ ��=��'��<N���	�
�%� N�τ− → �− �− �: π' ντ ��=��'��<N���	�
�$� N�τ− → �− �− �: ≥ �π' ντ ��=� �'��<N���	�
�&� N�τ− → �− �− �: ≥ �π' ντ ��=� �'��<N���	�

��'� N�τ− → 6�− ��: ντ ��=��'��<N���	�
���� N�τ− → 6�− ��: π' ντ ��=��'��<N���	�

��� ��� �6� �#� �"� �7� �%� �$� �&� ��'�

��� ;6#

�6� ;#% "7

�#� 7 ;77 �"

�"� ;7 6$ �� ;$7

�7� ;% ;$ �" ' ;�

�%� ;� ;� ;" ;6 6 ;"6

�$� ;# ;# ;�6 ;# ;� ;"7 %"

�&� ;� ;� ;# 6 ;7 �7 ;%$ ;�7

��'� ;� ;� � ' ' ;� ;6 ;� 6

���� ' ' ' ' ' � ' ;" " ;"%
7% ��� ������	��� ���Æ����� ������ ���� ��	������� 	� ��� /3/>�/>>(� &% ��	;

�������� �� 2�µνµ ντ �� 2�� ν� ντ �� 2�µνµ ντ �<2�� ν� ντ �� 	� 2��− ντ �<2�� ν� ντ �

	�� '."'� '.#$� '.'%� 	� '.76 �����������
�



������������

��� ��� �� ���� 	
� ����������	
�� �	��	��

τ

WEIGHTED AVERAGE
11.63±0.12 (Error scaled by 1.4)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

ANASTASSOV 97 CLEO 0.7
ACKERSTAFF 98M OPAL 2.9
ABDALLAH 06A DLPH 0.1

χ2

       3.7
(Confidence Level = 0.155)
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(
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.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� ������	
 �� 
��	 �����	


'.7"' ±'.''# (+* 5 �'.7"' ±'.''# (+* 5 �'.7"' ±'.''# (+* 5 �'.7"' ±'.''# (+* 5 � ,���� ������� ��	�� �	���� �� ����

'.7#$#±'.''#�±'.''7''.7#$#±'.''#�±'.''7''.7#$#±'.''#�±'.''7''.7#$#±'.''#�±'.''7' 	��	��	��	�� 7$ /3/>�/>>(� &% -8,( �����C �'.7 ?��

7$ ��� ������	��� ���Æ����� ������ ���� ��	������� 	� ��� /3/>�/>>(� &% ��	;
�������� �� 2�µνµντ �� 2�� ν� ντ �� 2�µνµντ �<2�� ν� ντ �� 	� 2��− ντ � 	�� '.'$�

−'.6&� '.#"� 	� '.76 �����������
�

-
(
π− ντ

)
�-���	� -&�--

(
π− ντ

)
�-���	� -&�--

(
π− ντ

)
�-���	� -&�--

(
π− ντ

)
�-���	� -&�-

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


�'.&' ±'.'% (+* 5 ��'.&' ±'.'% (+* 5 ��'.&' ±'.'% (+* 5 ��'.&' ±'.'% (+* 5 � ,���� ������� ��	�� �	���� �� ����

�'.$�$±'.'%'±'.'%$�'.$�$±'.'%'±'.'%$�'.$�$±'.'%'±'.'%$�'.$�$±'.'%'±'.'%$ �R	�R	�R	�R	 6$! 7& >-)/,8 '"' /8,4 �&&�;�&&" 8,4
���

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
��.'7 ±'.�� ±'.�# %' 2+>B+8 - &7 /8,4 *���� �


>-)/,8 '"'
��.% ±'.# ±�.$ ��6$ 28(-B,* $�� �*B� �����C 6�"L7�% ?��

7& >�� ������� �� >-)/,8 '"' N�τ− → �− ν� ντ �<N���	� ��	������� ��� ������	����
���� ����� ��	���������

%' 3�� �������� �� 2+>B+8 - &7 2��− ντ � 	� 2��− ντ � �	�����

-
(
�−ντ

)
�-���	� -�'�--

(
�−ντ

)
�-���	� -�'�--

(
�−ντ

)
�-���	� -�'�--

(
�−ντ

)
�-���	� -�'�-

����� �C� ��
� ������	
 �� 
��	 �����	


'.7&�±'.'�6 (+* 5 �'.7&�±'.'�6 (+* 5 �'.7&�±'.'�6 (+* 5 �'.7&�±'.'�6 (+* 5 �

'.7$"±'.'�6 (+* /�,*/?,'.7$"±'.'�6 (+* /�,*/?,'.7$"±'.'�6 (+* /�,*/?,'.7$"±'.'�6 (+* /�,*/?,

'.7"$±'.'�%±'.'�& %� /22 ,3. '�� (4/8 �&&'L�&&" 8,4 ���

'.7&7±'.'�"±'.'�# �'6� 2/*/�, &&( /8,4 �&&�L�&&" 8,4 ���

'.$" ±'.�$ �% /2*,+ &#( .84) 8,4 �&&� � �	�	

'.77 ±'.'% ±'.'& && 2/��8, &# -8,( ����� ≈ �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
'.%� ±'.'# ±'.'# %�$ 2+>B+8 - &7 /8,4 *���� �


2/*/�, &&(
'."& ±'.�$ �7 � 88> $# .8-( �����C �& ?��

�.6 ±'." �" 28(-B,* $�� �*B� �����C 6�&L7�% ?��

%� ��� ������	��� ���Æ���� ������ ���� ��	������� 	� ��� /22 ,3. '�� 2�τ− →
�− ≥ 'π' ≥ '�' ≥ 'γ ντ � �� '.7'�

-
(
�− ≥ � (��#�'�ντ

)
�-���	� -���--

(
�− ≥ � (��#�'�ντ

)
�-���	� -���--

(
�− ≥ � (��#�'�ντ

)
�-���	� -���--

(
�− ≥ � (��#�'�ντ

)
�-���	� -���-

N��<N C �N�#:N�7:N�':N�6:N�%:N�$:N6':'��"%N6":'��"%N6%:'��"%N#':
'��"%N#�:'�'&$"N#%:'�%'$N��#:'�%�"N��7:'�'&N�##:'�'&N�#7�<N

����� �C� ������	
 �� 
��	 �����	


6%.'"±'.�� (+* 5 �6%.'"±'.�� (+* 5 �6%.'"±'.�� (+* 5 �6%.'"±'.�� (+* 5 � ,���� ������� ��	�� �	���� �� ��6�

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
67.�#±'.66±'."$ %� /B,*> &#, (4/8 �&&�L�&&� 8,4 ���

6$.# ±�.� ±�.' %6 2+*-)/� $% �*B� �����C �& ?��

#�.% ±�.' ±�.& 2,*?,* $" 48+� �����C 6#�7 ?��

%� 3�� �������� �� /-B,*>�/55 &$� 2��−π' ντ � 	� 2��− ≥ �π' ντ � �	�����
%6 2+*-)/� $% 9���� ��� 2�π± ≥ � ����	�ντ � C '.6%$ ± '.'�� ± '.'�'� 0� 	�� '.''7

�� 	����� ��� ���������� ���� ��∗− ντ � ����� ���
 1=�� 	� 2* C '.'�6�

-
(
�− ≥ �π' ντ �(*6�

'�
)
�-���	�

-���-� �-�#�-�7�-�'�-�6�-�%�-�$�-6'�46?�E-��#�46?�E-��7��-

-
(
�− ≥ �π' ντ �(*6�

'�
)
�-���	�

-���-� �-�#�-�7�-�'�-�6�-�%�-�$�-6'�46?�E-��#�46?�E-��7��-
-
(
�− ≥ �π' ντ �(*6�

'�
)
�-���	�

-���-� �-�#�-�7�-�'�-�6�-�%�-�$�-6'�46?�E-��#�46?�E-��7��-

-
(
�− ≥ �π' ντ �(*6�

'�
)
�-���	�

-���-� �-�#�-�7�-�'�-�6�-�%�-�$�-6'�46?�E-��#�46?�E-��7��-
����� �C� ��
� ������	
 �� 
��	 �����	


67."� ±'.�� (+* 5 �67."� ±'.�� (+* 5 �67."� ±'.�� (+* 5 �67."� ±'.�� (+* 5 � ,���� ������� ��	�� �	���� �� ��6�

67.7#�±'.�""±'.��%67.7#�±'.�""±'.��%67.7#�±'.�""±'.��%67.7#�±'.�""±'.��% 	��	��	��	�� #"! %# /2./88/) '7& .84) �&&�L�&&" 8,4 ���

%# >�� ������� �� /2./88/) '7& N�τ− → �− ντ �<N���	� ��	������� ��� ������	����
���� ����� ��	���������

-
(
�−π' ντ

)
�-���	� -�6�-� �-�#�-�7��--

(
�−π' ντ

)
�-���	� -�6�-� �-�#�-�7��--

(
�−π' ντ

)
�-���	� -�6�-� �-�#�-�7��--

(
�−π' ντ

)
�-���	� -�6�-� �-�#�-�7��-

����� �C� ��
� ������	
 �� 
��	 �����	


�".&" ±'.�' (+* 5 ��".&" ±'.�' (+* 5 ��".&" ±'.�' (+* 5 ��".&" ±'.�' (+* 5 � ,���� ������� ��	�� �	���� �� ����

�".%# ±'.�% (+* /�,*/?,�".%# ±'.�% (+* /�,*/?,�".%# ±'.�% (+* /�,*/?,�".%# ±'.�% (+* /�,*/?,

�".%#'±'.�'�±'.�6$ 6"! %" /2./88/) '7& .84) �&&�L�&&" 8,4 ���

�".$& ±'.�% ±'.�& /-B,*>�/55 &$� (4/8 �&&�L�&&" 8,4 ���

�".'" ±'.6" ±'."' 77�6 /-- /** &" 86 �&&� 8,4 ��

�".$% ±'.�� ±'.#� "�! %7 /*�+>( &# -8,( �����C �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
�".%7 ±'.�" ±'.�6 6�! 2+>B+8 - &7 /8,4 *���� �
 >-)/,8 '"'

�".&$ ±'.67 ±'."� %% /B,*> &#, (4/8 *���� �
 /-B,*;
>�/55 &$�

��.& ±'.$ ±�.6 �$6 %$ /2*,+ &� .84) �����C $$.�L&#.� ?��

�6.� ±'.# ±'.& ��#& %& /82*,-)� &�D /*? �����C �' ?��

�".'� ±'.7# ±'.$$ �$#& .,-/�4 &�' /8,4 �&$&L�&&' 8,4 ���

��.' ±'.$ ±�.& %%& /3�*,/>A/3 &� -2/8 �����C &.#L�'.7 ?��

��.7 ±�." ±'.% ��'� 2,)*,3. &' -,88 �����C 6" ?��

�6.� ±�.& ±�.7 2,)*,3. $# -,88 �����C �#��� ?��

%" >�� ������� �� /2./88/) '7& N�τ− → �− ντ �<N���	� ��	������� ��� ������	����
���� ����� ��	���������

%7 /*�+>( &# ������� ��� ������� ������ ���� ����� �������� �������� �� �� �����

��6J �� ��� τ− → �−π' ντ � �� ���	��@�� �� ��� �������� ��;���� ��	���� ��	�����
�	!� 	� '.$"# ± '.''#� *����	��@	��� �� ��� ������ �	��� �	���� ��������� ��	���

%% /B,*> &#, 9���� ��7.�" ± '.67 ± '."��× �'−�� �� �����	�� '.�%J ���� ����� �����

�� ������� ��� τ− → �−�'
�

ντ �

%$ /2*,+ &� ���� '."J 	���� �� ������ ����� ��������� ��� �∗�$&��− �	�!�������
%& /82*,-)� &�D ���� '."J 	���� �� ������ ����� ��������� ��� τ− → �∗�$&��− ντ

�	�!������

-
(
π−π' ντ

)
�-���	� -�#�--

(
π−π' ντ

)
�-���	� -�#�--

(
π−π' ντ

)
�-���	� -�#�--

(
π−π' ντ

)
�-���	� -�#�-

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


�"."' ±'.�' (+* 5 ��"."' ±'.�' (+* 5 ��"."' ±'.�' (+* 5 ��"."' ±'.�' (+* 5 � ,���� ������� ��	�� �	���� �� ����

�".#7 ±'.�� (+* /�,*/?,�".#7 ±'.�� (+* /�,*/?,�".#7 ±'.�� (+* /�,*/?,�".#7 ±'.�� (+* /�,*/?,

�".#%�±'.'&%±'.'$" �R	 $�! $' >-)/,8 '"' /8,4 �&&�;�&&" 8,4 ���

�".67 ±'.## 	�� $� /*�+>( &# -8,( �����C �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
�".6' ±'.�" ±'.�6 $� 2+>B+8 - &7 /8,4 *���� �


>-)/,8 '"'
��." ±'.# ±�.& ##'' $6,$# /82*,-)� $$) /*? �����C �' ?��

�6.' ±�.6 ±�.% "$� /.8,* $%� �*B6 �����C 6�%% ?��

�".$ ±�.% ±�." $" 2+*-)/� $% �*B� �����C �& ?��

��.6 ±'.7 ±�.# 7�& $# A,8�(3 $7 �*B� �����C �& ?��

$' >�� ������� �� >-)/,8 '"' N�τ− → �− ν� ντ �<N���	� ��	������� ��� ������	����
���� ����� ��	���������

$� 3�� �������� �� /*�+>( &# 2��−π' ντ � 	� 2/��8, &# 2��−π' ντ � �	�����
$� 3�� �������� �� 2+>B+8 - &7 2��−π' ντ � 	� 2��−π' ντ � �	�����
$6 ��� 	������ ������ �
 � N6 : N" : N& : N�' �<N C '�#7% �� ���	� ���� �������
$# ,=������� �	� � �	��� �����1�	���� B	� ���������� ���� �	��� ��� ���Æ����

�����	��� �� ���� �� ������ ����� �����	��
$" 2+*-)/� $% �	��� �� �� �������� �� A,8�(3 $7 �	���� 3�����	� ���	
�

��������

-
(
π−π' �)ρ�>>4�ντ

)
�-���	� -�"�--

(
π−π' �)ρ�>>4�ντ

)
�-���	� -�"�--

(
π−π' �)ρ�>>4�ντ

)
�-���	� -�"�--

(
π−π' �)ρ�>>4�ντ

)
�-���	� -�"�-
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'.6±'.� ±'.6'.6±'.� ±'.6'.6±'.� ±'.6'.6±'.� ±'.6 $7 2,)*,3. $# -,88 �����C �#��� ?��

$7 2,)*,3. $# 	����� 	 Q	� �����	� �	�� ����������� ��� �� ��� ρ�%%'� �	���
���� ����� ���� �	�� 	���� �6'' �� ��� ��� ������

-
(
�−π' ντ

)
�-���	� -�7�--

(
�−π' ντ

)
�-���	� -�7�--

(
�−π' ντ

)
�-���	� -�7�--

(
�−π' ντ

)
�-���	� -�7�-

����� �C� ��
� ������	
 �� 
��	 �����	


'.#"�±'.'�% (+* 5 �'.#"�±'.'�% (+* 5 �'.#"�±'.'�% (+* 5 �'.#"�±'.'�% (+* 5 �

'.#"#±'.'6' (+* /�,*/?,'.#"#±'.'6' (+* /�,*/?,'.#"#±'.'6' (+* /�,*/?,'.#"#±'.'6' (+* /�,*/?,

'.#%�±'.'"&±'.'�6 67' /22 ,3. '#� (4/8 �&&�;�&&" 8,4 ���

'.###±'.'�7±'.'�# &�6 2/*/�, &&( /8,4 �&&�;�&&" 8,4 ���

'."� ±'.�' ±'.'% 6% 2/��8, &# -8,( ����� ≈ �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
'."� ±'.'# ±'.'" 6&" 2+>B+8 - &7 /8,4 *���� �
 2/*/�, &&(



������������

������ ����	
�� �	��	��

τ

-
(
�− ≥ �π' ντ

)
�-���	� -�%�--

(
�− ≥ �π' ντ

)
�-���	� -�%�--

(
�− ≥ �π' ντ

)
�-���	� -�%�--

(
�− ≥ �π' ντ

)
�-���	� -�%�-

N�%<N C �N�':N�6:N�%:N�$:N6':'��"%N6":'��"%N6%:'��"%N#':'��"%N#�:
'�'&$"N#%:'�6�&N��#:'�6��N��7�<N

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


�'.$�±'.�# (+* 5 ��'.$�±'.�# (+* 5 ��'.$�±'.�# (+* 5 ��'.$�±'.�# (+* 5 � ,���� ������� ��	�� �	���� �� ��"�

&.&�±'.6�±'.�%&.&�±'.6�±'.�%&.&�±'.6�±'.�%&.&�±'.6�±'.�% �R	�R	�R	�R	 /-B,*>�/55 &$� (4/8 �&&�L�&&" 8,4 ���
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τ− → �−�' ντ �

-
(
�−�π' ντ �(*6�

'�
)
�-���	� -�&�--

(
�−�π' ντ �(*6�

'�
)
�-���	� -�&�--

(
�−�π' ντ �(*6�

'�
)
�-���	� -�&�--

(
�−�π' ντ �(*6�

'�
)
�-���	� -�&�-

N�&<N C �N�':N�6�<N

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� �R	 �	�!�
������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


&.6� ±'.�� (+* 5 �&.6� ±'.�� (+* 5 �&.6� ±'.�� (+* 5 �&.6� ±'.�� (+* 5 � ,���� ������� ��	�� �	���� �� ��6�
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&.#&$±'.6�'±'.�%" �R	 &�"! &� /2./88/) '7& .84) �&&�L�&&" 8,4 ���

$.$$ ±'.6% ±'.#� �R	 �'7' /-- /** &" 86 �&&� 8,4 ��
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'7 η�
)
�-���	� -�$�-

����� ��
�� ��−4� ��
� ������	
 �� 
��	 �����	


#.�± �.� (+* 5 �#.�± �.� (+* 5 �#.�± �.� (+* 5 �#.�± �.� (+* 5 �

6.%± �.�±�.�6.%± �.�±�.�6.%± �.�±�.�6.%± �.�±�.� �� 2/*/�, &&( /8,4 �&&�L�&&" 8,4 ���

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
" ±�6 ��� 2+>B+8 - &#, /8,4 *���� �
 2/*/�, &&(

��� 2+>B+8 - &#, 9���� 2��− ≥ 'π' ≥ '�' ντ � − O2��− ντ � : 2��−π' ντ � :

2��−�' ντ � : 2��−π' π' ντ � : 2��−π'�' ντ �P C �" ± �6� × �'−# 	�������
��� ����� �
����	��� ������ � 2+>B+8 - &#, 	� 2+>B+8 - &#9 ��	�������� ��

����� ������ 0� 	����� 2��− ≥ ��' ντ � 	� 2��− ≥ #π' ντ � 	�� ����������

-
(
�−@π' ντ �(*6�

'�
)
�-���	� -�&�--

(
�−@π' ντ �(*6�

'�
)
�-���	� -�&�--

(
�−@π' ντ �(*6�

'�
)
�-���	� -�&�--

(
�−@π' ντ �(*6�

'�
)
�-���	� -�&�-

N�&<N C �N6':'�6�&N��#�<N

����� �C� ��
� ������	
 �� 
��	 �����	


'.�7±'.'# (+* 5 �'.�7±'.'# (+* 5 �'.�7±'.'# (+* 5 �'.�7±'.'# (+* 5 �

'.�7±'.'"±'.'"'.�7±'.'"±'.'"'.�7±'.'"±'.'"'.�7±'.'"±'.'" ��� 4*(-/* ( &6 -8,( ����� ≈ �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
'.�7±'.'#±'.'& �6� ��6 2+>B+8 - &7 /8,4 *���� �
 >-)/,8 '"'

��� 4*(-/* ( &6 9����� 2��− #π' ντ �<2��−π' ντ � C'.''7±'.''�±'.''�� 0� �������


�
 ��� /*�+>( &# ������ ��� 2��−π' ντ � �� ���	� 2��− #π' ντ �� 4*(-/* ( &6

	����� 2��− ≥ " π' ντ � �� ��	�� 	� �� �� ������� ��� ���
��6 2+>B+8 - &7 9���� ������ ��� τ− → �− ≥ #π' ντ � 0� 	����� 2��− ≥ "π' ντ � ��

����������

-
(
�−@π' ντ �(*6�

'7η�
)
�-���	� -6'�--

(
�−@π' ντ �(*6�

'7η�
)
�-���	� -6'�--

(
�−@π' ντ �(*6�

'7η�
)
�-���	� -6'�--

(
�−@π' ντ �(*6�

'7η�
)
�-���	� -6'�-

����� �C� ��
� ������	
 �� 
��	 �����	


'.�' ±'.'# (+* 5 �'.�' ±'.'# (+* 5 �'.�' ±'.'# (+* 5 �'.�' ±'.'# (+* 5 �

'.���±'.'6%±'.'6"'.���±'.'6%±'.'6"'.���±'.'6%±'.'6"'.���±'.'6%±'.'6" &"% ��# >-)/,8 '"' /8,4 �&&�;�&&" 8,4 ���

��# >�� ������� �� >-)/,8 '"' N�τ− → �− ν� ντ �<N���	� ��	������� ��� ������	����
���� ����� ��	���������

-
(
�− ≥ 4π' ≥ 4�' ≥ 4γ ντ

)
�-���	� -6��--

(
�− ≥ 4π' ≥ 4�' ≥ 4γ ντ

)
�-���	� -6��--

(
�− ≥ 4π' ≥ 4�' ≥ 4γ ντ

)
�-���	� -6��--

(
�− ≥ 4π' ≥ 4�' ≥ 4γ ντ

)
�-���	� -6��-

N6�<N C �N�':N�7:N�6:N�$:N6%:N#�:'�%�"N��7�<N

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


�."% ±'.'# (+* 5 ��."% ±'.'# (+* 5 ��."% ±'.'# (+* 5 ��."% ±'.'# (+* 5 � ,���� ������� ��	�� �	���� �� ����

�."6 ±'.'# (+* /�,*/?,�."6 ±'.'# (+* /�,*/?,�."6 ±'.'# (+* /�,*/?,�."6 ±'.'# (+* /�,*/?,

�."�$±'.'6&±'.'#' �R	 ��" /22 ,3. '�� (4/8 �&&'L�&&" 8,4 ���

�."�'±'.'#'±'.'#� 	�� #''7 ��7 2/*/�, &&( /8,4 �&&�L�&&" 8,4 ���

�."# ±'.�# �R	 /2*,+ &#( .84) 8,4 �&&� � �	�	

�.%' ±'.�� ±'.�& �R	 �'� ��% 2/��8, &# -8,( ����� ≈ �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
�.%' ±'.'" ±'.'7 �7�' ��$ 2+>B+8 - &7 /8,4 *���� �


2/*/�, &&(
�.7 ±'.# ±'.� 6" / )/*/ $%� �4- �����C �& ?��

�.%� ±'.�& "6 � 88> $# .8-( �����C �& ?��

��" ��� ������	��� ���Æ���� ������ ���� ��	������� 	� ��� /22 ,3. '�� 2�τ− →
�− ντ � �� '.7'�

��7 3�� �������� �� 2/*/�, &&( 2��− ντ �� 2��−π' ντ �� 2��− �π' ντ ��=� �'���

2��− 6π' ντ ��=� �'��� 2��−�' ντ �� 	� 2��−�' π' ντ � �	�����
��% 2/��8, &# 9���� �.7' ± '.�� ± '.�&� 0� 	�� '.�' ± '.'� �� ������� ��� ����� ��M�����

�� �'
�

→ π: π− ���	
��

��$ 3�� �������� �� 2+>B+8 - &7 2��− ντ �� 2��−π' ντ �� 2��− �π' ντ ��

2��−�' ντ �� 	� 2��−�' π' ντ � �	�����

-
(
�− ≥ � �π' �#�' �# γ� ντ

)
�-���	� -6��--

(
�− ≥ � �π' �#�' �# γ� ντ

)
�-���	� -6��--

(
�− ≥ � �π' �#�' �# γ� ντ

)
�-���	� -6��--

(
�− ≥ � �π' �#�' �# γ� ντ

)
�-���	� -6��-

N6�<N C �N�7:N�6:N�$:N6%:N#�:'�%�"N��7�<N

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


'.$%$±'.'66 (+* 5 �'.$%$±'.'66 (+* 5 �'.$%$±'.'66 (+* 5 �'.$%$±'.'66 (+* 5 �

'.$7 ±'.'" (+* /�,*/?,'.$7 ±'.'" (+* /�,*/?,'.$7 ±'.'" (+* /�,*/?,'.$7 ±'.'" (+* /�,*/?,

'.$7&±'.'6�±'.'6# 	�� ��& /22 ,3. '�� (4/8 �&&'L�&&" 8,4
���

'.7& ±'.�" 	�� ��' /2*,+ &#( .84) 8,4 �&&� � �	�	

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
�.� ±'." :'.�

−'.# & / )/*/ $%� �4- �����C �& ?��

��& 3�� �������� �� /22 ,3. '�� 2�τ− → �− ντ � 	� 2�τ− → �− ≥ 'π' ≥
'�' ≥ 'γ ντ � �	�����

��' 3�� �������� �� /2*,+ &#( 2��− ντ � 	� 2��− ≥ ' ����	��ντ � ��	���������

-
(
�'
� �$�#�	
'(��

− ντ

)
�-���	� -66�--

(
�'
� �$�#�	
'(��

− ντ

)
�-���	� -66�--

(
�'
� �$�#�	
'(��

− ντ

)
�-���	� -66�--

(
�'
� �$�#�	
'(��

− ντ

)
�-���	� -66�-

N66<N C ��
� N6": �

�N6%:�
�N#':�

�N#�:N#%:N#$�<N

����� �C� ��
� ������	
 �� 
��	 �����	


'.&�%±'.'6# (+* 5 �'.&�%±'.'6# (+* 5 �'.&�%±'.'6# (+* 5 �'.&�%±'.'6# (+* 5 � ,���� ������� ��	�� �	���� �� ����

'.&% ±'.'% (+* /�,*/?,'.&% ±'.'% (+* /�,*/?,'.&% ±'.'% (+* /�,*/?,'.&% ±'.'% (+* /�,*/?,

'.&%'±'.'"$±'.'7� &�& 2/*/�, &$, /8,4 �&&�L�&&" 8,4 ���

'.&% ±'.'& ±'.'7 �#� /B,*> &#2 (4/8 �����C $$L&# ?��

-
(
�−�' ντ

)
�-���	� -6#�-� �-6"�-6%��--

(
�−�' ντ

)
�-���	� -6#�-� �-6"�-6%��--

(
�−�' ντ

)
�-���	� -6#�-� �-6"�-6%��--

(
�−�' ντ

)
�-���	� -6#�-� �-6"�-6%��-

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


�.'" ±'.'# (+* 5 ��.'" ±'.'# (+* 5 ��.'" ±'.'# (+* 5 ��.'" ±'.'# (+* 5 � ,���� ������� ��	�� �	���� �� ����

'.&' ±'.'% (+* /�,*/?,'.&' ±'.'% (+* /�,*/?,'.&' ±'.'% (+* /�,*/?,'.&' ±'.'% (+* /�,*/?,

�.'� ±'.�� ±'.'% 	�� """ ��� 2/*/�, &$, /8,4 �&&�L�&&" 8,4 ���

'.$""±'.'67±'.'%6 �R	 ��#� -(/3 &7 -8,( ����� ≈ �'.7 ?��

��� 3�� �������� �� 2/*/�, &$, 2�τ− → π−�' ντ � 	� 2�τ− → �−�' ντ � �	�����

-
(
π−�' ντ

)
�-���	� -6"�--

(
π−�' ντ

)
�-���	� -6"�--

(
π−�' ντ

)
�-���	� -6"�--

(
π−�' ντ

)
�-���	� -6"�-

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


'.&' ±'.'# (+* 5 �'.&' ±'.'# (+* 5 �'.&' ±'.'# (+* 5 �'.&' ±'.'# (+* 5 � ,���� ������� ��	�� �	���� �� ����

'.$$ ±'.'" (+* /�,*/?,'.$$ ±'.'" (+* /�,*/?,'.$$ ±'.'" (+* /�,*/?,'.$$ ±'.'" (+* /�,*/?, ,���� ������� ��	�� �	���� �� ����

'.&66±'.'7$±'.'#& �R	 6%% /22 ,3. ''' (4/8 �&&�L�&&" 8,4
���

'.&�$±'.'#"±'.'6# �R	 &6% ��� 2/*/�, &&( /8,4 �&&�L�&&" 8,4
���

'.$""±'.��%±'.'77 	�� "'& ��6 2/*/�, &$, /8,4 �&&�L�&&" 8,4
���

'.%'#±'.'#�±'.'%� 	�� ��# -(/3 &7 -8,( ����� ≈ �'.7 ?��

'.&" ±'.�" ±'.'7 �R	 ��" /-- /** &"9 86 �&&�L�&&6 8,4
���

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
'.%& ±'.�' ±'.'& &$ ��7 2+>B+8 - &7 /8,4 *���� �


2/*/�, &&(
��� 2/*/�, &&( ��	���� �'�� �
 �������� �'

�
�� � ����� �	��� �	����������

��6 2/*/�, &$, ���������� �'�� ���� �'
�

→ π: π− ���	
�� 3�� �������� ��

2/*/�, &$, 2��' �	�������− ντ � �	����
��# 3�� �������� �� -(/3 &7 2��−�' ντ � 	� 2��−�' ντ � ��	���������
��" /-- /** &"9 �� �� ������
 π−<�− 	� 	����� 2��−�' ντ � C �'.�& ± '.���J�
��7 2+>B+8 - &7 ��	���� �'�� �
 �������� �'

�
�� � ����� �	��� �	����������

-
(
π−�' ��)�∗�BC��−�ντ

)
�-���	� -67�--

(
π−�' ��)�∗�BC��−�ντ

)
�-���	� -67�--

(
π−�' ��)�∗�BC��−�ντ

)
�-���	� -67�--

(
π−�' ��)�∗�BC��−�ντ

)
�-���	� -67�-

����� �C� ��� ������	
 �� 
��	 �����	


<'.�%<'.�%<'.�%<'.�% &" /-- /** &"9 86 �&&�L�&&6 8,4 ���

-
(
�−�' ντ

)
�-���	� -6%�--

(
�−�' ντ

)
�-���	� -6%�--

(
�−�' ντ

)
�-���	� -6%�--

(
�−�' ντ

)
�-���	� -6%�-

����� �C� ��
� ������	
 �� 
��	 �����	


'.�"6±'.'�7 (+* 5 �'.�"6±'.'�7 (+* 5 �'.�"6±'.'�7 (+* 5 �'.�"6±'.'�7 (+* 5 �

'.�"$±'.'�% (+* /�,*/?,'.�"$±'.'�% (+* /�,*/?,'.�"$±'.'�% (+* /�,*/?,'.�"$±'.'�% (+* /�,*/?,

'.�7�±'.'��±'.'�� �"' ��% 2/*/�, &&( /8,4 �&&�L�&&" 8,4 ���

'.�"$±'.'#�±'.'�% #7 ��$ 2/*/�, &$, /8,4 �&&�L�&&" 8,4 ���

'.�"�±'.'��±'.'�� ��� -(/3 &7 -8,( ����� ≈ �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
'.�7 ±'.'& ±'.'� �6 ��& 2+>B+8 - &7 /8,4 *���� �
 2/*/�, &&(

��% 2/*/�, &&( ��	���� �'�� �
 �������� �'
�

�� � ����� �	��� �	����������

��$ 2/*/�, &$, ���������� �'�� ���� �'
�

→ π: π− ���	
��

��& 2+>B+8 - &7 ��	���� �'�� �
 �������� �'
�

�� � ����� �	��� �	����������

-
(
�−�' ≥ 4π' ντ

)
�-���	� -6$�-� �-6%�-#���--

(
�−�' ≥ 4π' ντ

)
�-���	� -6$�-� �-6%�-#���--

(
�−�' ≥ 4π' ντ

)
�-���	� -6$�-� �-6%�-#���--

(
�−�' ≥ 4π' ντ

)
�-���	� -6$�-� �-6%�-#���-

����� �C� ��
� ������	
 �� 
��	 �����	


'.6'%±'.'�# (+* 5 �'.6'%±'.'�# (+* 5 �'.6'%±'.'�# (+* 5 �'.6'%±'.'�# (+* 5 �

'.66'±'.'""±'.'6&'.66'±'.'""±'.'6&'.66'±'.'""±'.'6&'.66'±'.'""±'.'6& ��# /22 ,3. ''' (4/8 �&&�L�&&" 8,4 ���

-
(
�−�' π' ντ

)
�-���	� -6&�-� �-#'�-#���--

(
�−�' π' ντ

)
�-���	� -6&�-� �-#'�-#���--

(
�−�' π' ντ

)
�-���	� -6&�-� �-#'�-#���--

(
�−�' π' ντ

)
�-���	� -6&�-� �-#'�-#���-

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


'."6 ±'.'# (+* 5 �'."6 ±'.'# (+* 5 �'."6 ±'.'# (+* 5 �'."6 ±'.'# (+* 5 �

'."' ±'.'7 (+* /�,*/?,'."' ±'.'7 (+* /�,*/?,'."' ±'.'7 (+* /�,*/?,'."' ±'.'7 (+* /�,*/?, ,���� ������� ��	�� �	���� �� ����

'.##7±'.'"�±'.'#7 	�� �"% �6' 2/*/�, &$, /8,4 �&&�L�&&" 8,4 ���

'."7�±'.'"'±'.'#$ �R	 �7# -(/3 &7 -8,( ����� ≈ �'.7 ?��

�6' 3�� �������� �� 2/*/�, &$, 2�τ− → π−�' π' τ� 	� 2�τ− → �−�' π' ντ �
�	�����

-
(
π−�' π' ντ

)
�-���	� -#'�--

(
π−�' π' ντ

)
�-���	� -#'�--

(
π−�' π' ντ

)
�-���	� -#'�--

(
π−�' π' ντ

)
�-���	� -#'�-

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


'.6$ ±'.'# (+* 5 �'.6$ ±'.'# (+* 5 �'.6$ ±'.'# (+* 5 �'.6$ ±'.'# (+* 5 �

'.67 ±'.'# (+* /�,*/?,'.67 ±'.'# (+* /�,*/?,'.67 ±'.'# (+* /�,*/?,'.67 ±'.'# (+* /�,*/?,

'.6#%±'.'"6±'.'6% �R	 �&& �6� 2/*/�, &&( /8,4 �&&�L�&&" 8,4
���

'.�&#±'.'%6±'.'6% �R	 �#� �6� 2/*/�, &$, /8,4 �&&�L�&&" 8,4
���

'.#�%±'.'"$±'.'## 	�� �66 -(/3 &7 -8,( ����� ≈ �'.7 ?��

'.#� ±'.�� ±'.'6 �R	 �6# /-- /** &"9 86 �&&�L�&&6 8,4
���

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
'.6� ±'.�� ±'.'" �6 �6" 2+>B+8 - &7 /8,4 *���� �


2/*/�, &&(



������������

������ ����	
�� �	��	��

τ

�6� 2/*/�, &&( ��	���� �'�� �
 �������� �'
�

�� � ����� �	��� �	����������

�6� 2/*/�, &$, ���������� �'�� ���� �'
�

→ π: π− ���	
��

�66 3�� �������� �� -(/3 &7 2��−�' π' ντ � 	� 2��−�' π' ντ � ��	���������
�6# /-- /** &"9 �� �� ������
 π−<�− 	� 	����� 2��−�' π' ντ � C �'.'" ± '.'"�J�
�6" 2+>B+8 - &7 ��	���� �'�� �
 �������� �'

�
�� � ����� �	��� �	����������

-
(
�' ρ− ντ

)
�-���	� -#��--

(
�' ρ− ντ

)
�-���	� -#��--

(
�' ρ− ντ

)
�-���	� -#��--

(
�' ρ− ντ

)
�-���	� -#��-

����� �C� ������	
 �� 
��	 �����	


'.�� ±'.'" (+* /�,*/?,'.�� ±'.'" (+* /�,*/?,'.�� ±'.'" (+* /�,*/?,'.�� ±'.'" (+* /�,*/?,

'.�"'±'.'"%±'.'## �67 2/*/�, &&( /8,4 �&&�L�&&" 8,4 ���

'.�$$±'.'"#±'.'6$ �6% 2/*/�, &$, /8,4 �&&�L�&&" 8,4 ���

�67 2/*/�, &&( ��	���� �'�� �
 �������� �'
�

�� � �	��� �	���������� ���
 ��������

��� �' ρ− ��	���� � τ− → π−�' π' ντ ���	
� �� �� �'.%� ± '.�� ± '.�'� 	�

�������
 ����� 2�π−�' π' ντ � ��	������� �
 ���� ��	���� �� ���	� ��� 9����� �������
�6% 2/*/�, &$, ���������� �'�� ���� �'

�
→ π: π− ���	
�� ���
 �������� ��� �' ρ−

��	���� � τ− → π−�' π' ντ ���	
� �� �� �'.7# ± '.'& ± '.�'� 	� �������
 �����

2�π−�' π' ντ � ��	������� �
 ���� ��	���� �� ���	� ��� 9����� �������

-
(
�−�' π' ντ

)
�-���	� -#��--

(
�−�' π' ντ

)
�-���	� -#��--

(
�−�' π' ντ

)
�-���	� -#��--

(
�−�' π' ντ

)
�-���	� -#��-

����� �C� ��
� ������	
 �� 
��	 �����	


'.�"#±'.'�' (+* 5 �'.�"#±'.'�' (+* 5 �'.�"#±'.'�' (+* 5 �'.�"#±'.'�' (+* 5 �

'.�##±'.'�6 (+* /�,*/?,'.�##±'.'�6 (+* /�,*/?,'.�##±'.'�6 (+* /�,*/?,'.�##±'.'�6 (+* /�,*/?,

'.�#6±'.'�"±'.'�" %$ �6$ 2/*/�, &&( /8,4 �&&�L�&&" 8,4 ���

'.�"�±'.'%7±'.'�� �" �6& 2/*/�, &$, /8,4 �&&�L�&&" 8,4 ���

'.�#"±'.'67±'.'�' 6� -(/3 &7 -8,( ����� ≈ �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
'.�' ±'.'" ±'.'6 " �#' 2+>B+8 - &7 /8,4 *���� �
 2/*/�, &&(

�6$ 2/*/�, &&( ��	���� �'�� �
 �������� �'
�

�� � ����� �	��� �	����������

�6& 2/*/�, &$, ���������� �'�� ���� �'
�

→ π: π− ���	
��

�#' 2+>B+8 - &7 ��	���� �'�� �
 �������� �'
�

�� � ����� �	��� �	����������

-
(
π−�' ≥ �π' ντ

)
�-���	� -#6�-� �-#'�-##��--

(
π−�' ≥ �π' ντ

)
�-���	� -#6�-� �-#'�-##��--

(
π−�' ≥ �π' ντ

)
�-���	� -#6�-� �-#'�-##��--

(
π−�' ≥ �π' ντ

)
�-���	� -#6�-� �-#'�-##��-

����� �C� ��
� ������	
 �� 
��	 �����	


'.6�#±'.'%#±'.'77'.6�#±'.'%#±'.'77'.6�#±'.'%#±'.'77'.6�#±'.'%#±'.'77 �#$ /22 ,3. ''' (4/8 �&&�L�&&" 8,4 ���

-
(
π−�' π' π' ντ

)
�-���	� -##�--

(
π−�' π' π' ντ

)
�-���	� -##�--

(
π−�' π' π' ντ

)
�-���	� -##�--

(
π−�' π' π' ντ

)
�-���	� -##�-

����� ��
�� ��−1� ��� ��
� ������	
 �� 
��	 �����	


'.�7±'.�#'.�7±'.�#'.�7±'.�#'.�7±'.�# �#� 2/*/�, &&� /8,4 �&&�L�&&" 8,4
���

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
<'.77 &" �% �#� 2/*/�, &&( /8,4 �&&�L�&&" 8,4

���
'."$±'.66±'.�# " �#6 2/*/�, &$, /8,4 �&&�L�&&" 8,4

���
�#� 2/*/�, &&� ������ ��� 2/*/�, &$, 	� 2/*/�, &&( ��	�������� �� ���	� ����

�	����
�#� 2/*/�, &&( ��	���� �'�� �
 �������� �'

�
�� � ����� �	��� �	����������

�#6 2/*/�, &$, ���������� �'�� ���� �'
�

→ π: π− ���	
��

-
(
�−�' π' π' ντ

)
�-���	� -#"�--

(
�−�' π' π' ντ

)
�-���	� -#"�--

(
�−�' π' π' ντ

)
�-���	� -#"�--

(
�−�' π' π' ντ

)
�-���	� -#"�-

����� ��� ������	
 �� 
��	 �����	


<'.�7 × �'−6<'.�7 × �'−6<'.�7 × �'−6<'.�7 × �'−6 &" �## 2/*/�, &&� /8,4 �&&�L�&&" 8,4 ���

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
<'.�$ × �'−6 &" �#" 2/*/�, &&( /8,4 �&&�L�&&" 8,4 ���

<'.6& × �'−6 &" �#7 2/*/�, &$, /8,4 �&&�L�&&" 8,4 ���

�## 2/*/�, &&� ������ ��� 2/*/�, &$, 	� 2/*/�, &&( ����� �� ���	� ���� �	����
�#" 2/*/�, &&( ��	���� �'�� �
 �������� �'

�
�� � �	��� �	����������

�#7 2/*/�, &$, ���������� �'�� �
 ���� �'
�

→ π: π− ���	
��

-
(
π−�'�' ντ

)
�-���	� -#7�-� ��-#%�-#$��--

(
π−�'�' ντ

)
�-���	� -#7�-� ��-#%�-#$��--

(
π−�'�' ντ

)
�-���	� -#7�-� ��-#%�-#$��--

(
π−�'�' ντ

)
�-���	� -#7�-� ��-#%�-#$��-

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


'.�7'±'.'6� (+* 5 �'.�7'±'.'6� (+* 5 �'.�7'±'.'6� (+* 5 �'.�7'±'.'6� (+* 5 � ,���� ������� ��	�� �	���� �� ����

'.�"6±'.'6'±'.'�7'.�"6±'.'6'±'.'�7'.�"6±'.'6'±'.'�7'.�"6±'.'6'±'.'�7 	��	��	��	�� %# �#% 2/*/�, &$, /8,4 �&&�L�&&" 8,4
���

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
'.6� ±'.�� ±'.'# �#$ /-- /** &"9 86 �&&�L�&&6 8,4

���
�#% 2/*/�, &$, ���	� ���� �	��� �
 	���� ����� ����� 2�π−�'

�
�'
�

ντ � �	��� �� �����

2�π−�'
�
�'
�

ντ � �	����

�#$ /-- /** &"9 	����� 2�π− �'
�

�'
�

ν�C 2�π− �'
�

�'
�

ν� C �<�2�π− �'
�

�'
�

ν��

-
(
π−�'

� �
'
� ντ

)
�-���	� -#%�--

(
π−�'

� �
'
� ντ

)
�-���	� -#%�--

(
π−�'

� �
'
� ντ

)
�-���	� -#%�--

(
π−�'

� �
'
� ντ

)
�-���	� -#%�-

2���;,����� ������	���� ����� �	!� ��� ��=�� ��	���� ��K���� ��	 �<#�

����� ��
�� ��−4� ��
� ������	
 �� 
��	 �����	


�.#±'." (+* 5 ��.#±'." (+* 5 ��.#±'." (+* 5 ��.#±'." (+* 5 �

�.#±'." (+* /�,*/?,�.#±'." (+* /�,*/?,�.#±'." (+* /�,*/?,�.#±'." (+* /�,*/?,

�.7±�.'±'." 7 2/*/�, &$, /8,4 �&&�L�&&" 8,4 ���

�.6±'."±'.6 #� -(/3 &7 -8,( ����� ≈ �'.7 ?��

-
(
π−�'

� �
'
�ντ

)
�-���	� -#$�--

(
π−�'

� �
'
�ντ

)
�-���	� -#$�--

(
π−�'

� �
'
�ντ

)
�-���	� -#$�--

(
π−�'

� �
'
�ντ

)
�-���	� -#$�-

����� ��
�� ��−4� ��
� ������	
 �� 
��	 �����	


��.�±6.' (+* 5 ���.�±6.' (+* 5 ���.�±6.' (+* 5 ���.�±6.' (+* 5 � ,���� ������� ��	�� �	���� �� ����

�'.�±�.6±�.6�'.�±�.6±�.6�'.�±�.6±�.6�'.�±�.6±�.6 7$ 2/*/�, &$, /8,4 �&&�L�&&" 8,4 ���

-
(
π−�'�' π' ντ

)
�-���	� -#&�--

(
π−�'�' π' ντ

)
�-���	� -#&�--

(
π−�'�' π' ντ

)
�-���	� -#&�--

(
π−�'�' π' ντ

)
�-���	� -#&�-

����� ������	
 �� 
��	 �����	


�'.6�±'.�6� × �'−6�'.6�±'.�6� × �'−6�'.6�±'.�6� × �'−6�'.6�±'.�6� × �'−6 �#& 2/*/�, &&� /8,4 �&&�L�&&" 8,4 ���

�#& 2/*/�, &&� ������ 2/*/�, &$, N�π−�'
�
�'
�

π' ντ �<N���	� 	�

N�π−�'
�
�'
�

π' ντ �<N���	� ��	�������� �� ���	� ���� �	����

-
(
π−�'

� �
'
� π' ντ

)
�-���	� -"'�--

(
π−�'

� �
'
� π' ντ

)
�-���	� -"'�--

(
π−�'

� �
'
� π' ντ

)
�-���	� -"'�--

(
π−�'

� �
'
� π' ντ

)
�-���	� -"'�-

����� ��
�� ��−4� ��� ������	
 �� 
��	 �����	


<�.'<�.'<�.'<�.' &" 2/*/�, &$, /8,4 �&&�L�&&" 8,4 ���

-
(
π−�'

� �
'
�π' ντ

)
�-���	� -"��--

(
π−�'

� �
'
�π' ντ

)
�-���	� -"��--

(
π−�'

� �
'
�π' ντ

)
�-���	� -"��--

(
π−�'

� �
'
�π' ντ

)
�-���	� -"��-

����� ��
�� ��−4� ��
� ������	
 �� 
��	 �����	


6.�±�.�±'."6.�±�.�±'."6.�±�.�±'."6.�±�.�±'." �� 2/*/�, &$, /8,4 �&&�L�&&" 8,4 ���

-
(
�'�: �−�− ≥ 4 (��#�'� ντ

)
�-���	� -"��--

(
�'�: �−�− ≥ 4 (��#�'� ντ

)
�-���	� -"��--

(
�'�: �−�− ≥ 4 (��#�'� ντ

)
�-���	� -"��--

(
�'�: �−�− ≥ 4 (��#�'� ντ

)
�-���	� -"��-

����� �C� ��� ������	
 �� 
��	 �����	


<'.�%<'.�%<'.�%<'.�% &" �>-) *)/*� $$ )*> �����C �& ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
<'.�% &' 2,8�*/� $" )*> �����C �& ?��

-
(
�'�: �−�−ντ

)
�-���	� -"6�--

(
�'�: �−�−ντ

)
�-���	� -"6�--

(
�'�: �−�−ντ

)
�-���	� -"6�--

(
�'�: �−�−ντ

)
�-���	� -"6�-

����� ��
�� ��−4� ��
� ������	
 �� 
��	 �����	


�.6±�.&±'.%�.6±�.&±'.%�.6±�.&±'.%�.6±�.&±'.% 7 �"' 2/*/�, &$, /8,4 �&&�L�&&" 8,4 ���

�"' 2/*/�, &$, ���������� �'�� ���� �'
�

→ π: π− ���	
��

-
(
�−�− �: ≥ 4 (��#�'� ≥ 4� '

�ντ

)
�-���	� -"#�--

(
�−�− �: ≥ 4 (��#�'� ≥ 4� '

�ντ

)
�-���	� -"#�--

(
�−�− �: ≥ 4 (��#�'� ≥ 4� '

�ντ

)
�-���	� -"#�--

(
�−�− �: ≥ 4 (��#�'� ≥ 4� '

�ντ

)
�-���	� -"#�-

N"#<N C �'�6#6�N6":'�6#6�N6%:'�6#6�N#':'�6#6�N#�:'�#6'%N#%:'�7$7�N#$:
N7�:N%':N%%:N%$:N$":N$&:N&6:N&#:'��$"N��#:'��$"N��7:'�&�'�N�##:
'�&�'�N�#7�<N

����� �C� ��
� ������	
 �� 
��	 �����	


�".��± '.'& (+* 5 ��".��± '.'& (+* 5 ��".��± '.'& (+* 5 ��".��± '.'& (+* 5 � ,���� ������� ��	�� �	���� �� ��#�

�#.$ ± '.# (+* /�,*/?,�#.$ ± '.# (+* /�,*/?,�#.$ ± '.# (+* /�,*/?,�#.$ ± '.# (+* /�,*/?,

�#.# ± '.7 ±'.6 /.,�/ &�9 86 �����C $$.6L&#.6 ?��

�".' ± '.# ±'.6 2,)*,3. $&� -,88 �����C �#L#% ?��

�".� ± '.$ ±'.7 / )/*/ $%� �4- �����C �& ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
�6." ± '.6 ±'.6 /2/-) $&� )*> �����C �& ?��

��.$ ± �.' ±'.% �"� 2+*-)/� $% �*B� �����C �& ?��

��.� ± '." ±�.� *+-B>�+)8 $7 .8-( �����C �& ?��

��.$ ± '." ±'.$ �#�' >-)� .B, $7 �*B� �����C �& ?��

�".6 ± �.� :�.6
−�.7 67% /8�)(55 $" �/>> �����C 6#�" ?��

�6.7 ± '." ±'.$ 2/*�,8 $"9 H/., �����C 6#�7 ?��

��.� ± �.6 ±6.& �"� 2,*?,* $" 48+� �����C 6#�7 ?��

�6.6 ± '.6 ±'.7 5,*3/3.,E $" �/- �����C �& ?��

�# ± 7 6" 2*/3.,8 B $' �/>> �����C 6' ?��

6� ± " 7&� �"6 2/- 3( %$� .8-( �����C 6��L%�# ?��

6" ±�� �"6 2*/3.,8 B %$ ./>4 /������ �−� ���	


�$ ± 7." 66 �"6 H/*(> %$ �*B� ����� > 7 ?��

�"� 2+*-)/� $% �	��� �� �� �������� �� >-)� .B, $7 �	����
�"� 3�� �������� �� 2,*?,* $" N

(
µ− νµ ντ

)
<N���	�� N

(
�− ν� ντ

)
<N���	�� N

(
�− ≥ �

����	��ντ
)
<N���	�� 	� N

(
�− ≥ '�'

�
ντ

)
<N���	�� 	� ��������� �� ���� � ��� 1��

�"6 8�� ����
 �=�������� 	�� �� � 	���	�� �� 1� ���	��� ��� �
����	��� ������ � �	�!;
����� �����	���� 	�� M����� �� �� �	����

-
(
�− �−�: ≥ 4 (��#�'� ντ �(*6 �

'
� → π: π−��<?)$#�0=�

)
�-���	� -""�--

(
�− �−�: ≥ 4 (��#�'� ντ �(*6 �

'
� → π: π−��<?)$#�0=�

)
�-���	� -""�--

(
�− �−�: ≥ 4 (��#�'� ντ �(*6 �

'
� → π: π−��<?)$#�0=�

)
�-���	� -""�--

(
�− �−�: ≥ 4 (��#�'� ντ �(*6 �

'
� → π: π−��<?)$#�0=�

)
�-���	� -""�-

N""<N C �N7�:N%':N%%:N%$:N$":N$&:N&6:N&#:'��$"N��#:'��$"N��7:
'�&�'�N�##:'�&�'�N�#7�<N

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


�#."& ±'.'$ (+* 5 ��#."& ±'.'$ (+* 5 ��#."& ±'.'$ (+* 5 ��#."& ±'.'$ (+* 5 � ,���� ������� ��	�� �	���� �� ��#�

�#.7� ±'.'7 (+* /�,*/?,�#.7� ±'.'7 (+* /�,*/?,�#.7� ±'.'7 (+* /�,*/?,�#.7� ±'.'7 (+* /�,*/?,

�#.7"�±'.'7%±'.'$7 	�� >-)/,8 '"' /8,4 �&&�;�&&" 8,4
���

�#."7&±'.'&6±'.'#$ 	�� �6! �"# /2*,+ '�� .84) �&&�L�&&" 8,4
���

�#.""7±'.�'"±'.'%7 �R	 �"" /-)/*. '�� 86 �&&�L�&&" 8,4
���

�#.&7 ±'.'& ±'.�� �R	 �'�#! /B,*> &"5 (4/8 �&&�L�&&# 8,4
���

�#.�� ±'.�' ±'.6% 	�� �"7 2/8,>� &"' -8,( ����� ≈ �'.7 ?��



������������

������������	
� ����������	
���	��	��

τ

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
�".�7 ±'.�7 ±'.�� /-�(3 &�� (4/8 *���� �
 /B;

,*> &"5
�6.6 ±'.6 ±'.$ �"% /82*,-)� &�� /*? �����C &.#L�'.7

?��

�#.6" :'.#'
−'.#" ±'.�# .,-/�4 &�' /8,4 �&$&L�&&' 8,4

���
�"# ��� ������	��� ���Æ����� ������ ���� ��	������� 	� ��� /2*,+ '�� ��	����;

���� �� 2�τ → �;����� 	� 2�τ → ";����� 	�� −'.&$ 	� −'.'$ �����������
�
�"" ��� ������	��� ���Æ����� ������ ���� ��	������� 	� ��� /-)/*. '�� ��	����;

���� �� 2�τ → F�;����G� 	� 2�τ → F";����G� 	�� −'.&%$ 	� −'.�& �����������
�
�"7 3�� �������� �� 2/8,>� &"' 2��− �− �: ντ � 	� 2��− �− �: π' ντ � �	����� 	�

2(*�(8,��( &6 2��− �− �: �π' ντ �<2��− �− �: ≥ ' ����	�� ντ � �	����
�"% ���� /82*,-)� &�� �	��� �� �� �������� �� ����� N�µ− νµντ �N��− ν� ντ �<N�

���	�
�	����

-
(
�−�− �: ντ

)
�-���	� -"7�--

(
�−�− �: ντ

)
�-���	� -"7�--

(
�−�− �: ντ

)
�-���	� -"7�--

(
�−�− �: ντ

)
�-���	� -"7�-

N"7<N C �'�6#6�N6":'�6#6�N6%:N7�:N$":N&6:'�'�%N�##�<N

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


&.$%±'.'$ (+* 5 �&.$%±'.'$ (+* 5 �&.$%±'.'$ (+* 5 �&.$%±'.'$ (+* 5 � ,���� ������� ��	�� �	���� �� ��6�

%.7 ±'.� ±'."%.7 ±'.� ±'."%.7 ±'.� ±'."%.7 ±'.� ±'." 	��	��	��	�� %�"! �"$ /82*,-)� &7, /*? �����C &.#L�'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
&.&�±'.�'±'.'& ����! �"& 2+>B+8 - &7 /8,4 *���� �
 >-)/,8 '"'

&.#&±'.67±'.76 .,-/�4 &�' /8,4 *���� �
 >-)/,8 '"'

$.% ±'.% ±'.6 7&# �7' 2,)*,3. &' -,88 �����C 6" ?��

%.' ±'.6 ±'.% �"77 �7� 2/3. $% �/- �����C �& ?��

7.% ±'.$ ±'.& �7� 2+*-)/� $% �*B� �����C �& ?��

7.# ±'.# ±'.& �76 *+-B>�+)8 $7 .8-( �����C �& ?��

%.$ ±'." ±'.$ $&' >-)� .B, $7 �*B� �����C �& ?��

$.# ±'.# ±'.% ��"" �76 5,*3/3.,E $" �/- �����C �& ?��

&.% ±�.' ±�.6 2,)*,3. $# -,88 �����C �#��� ?��

�"$ /82*,-)� &7, �� �������� �� /82*,-)� &6' N��− �− �: ντ ��=� �'� ×
N��	������− ≥ ' ����	�� ≥ '�'

�
ντ �<N�

���	� �	����

�"& 2+>B+8 - &7 9���� 2��− �− �: ντ ��=� �'�� C &."' ± '.�' ± '.��� 0� 	�� '.#� ��

������ ����� �' ��������� 	� ������ ��� �
����	��� ����� 	��������
�
�7' 2,)*,3. &' �����	�� '.6J �� 	����� ��� ��� τ− → �∗�$&��− ντ ���������� ��

��	����� ������
�7� 2/3. $% �����	�� ��� ��	���� !	� ������ �� �������� �� 5,*3/3.,E $" �	����
�7� 2+*-)/� $% �	��� �� �� �������� �� >-)� .B, $7 �	����
�76 �	��� ���	��� �
 �������
�� �	����� 
 C 2��− �− �: ντ �<2�6;����� �
 2�6;�����

C '.�#6 	� �����	���� '.6J ��� �∗�$&�� �	�!������

-
(
�−�− �: ντ �(*6�

'�
)
�-���	� -"%�--

(
�−�− �: ντ �(*6�

'�
)
�-���	� -"%�--

(
�−�− �: ντ �(*6�

'�
)
�-���	� -"%�--

(
�−�− �: ντ �(*6�

'�
)
�-���	� -"%�-

N"%<N C �N7�:N$":N&6:'�'�%N�##�<N

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


&."� ±'.'$ (+* 5 �&."� ±'.'$ (+* 5 �&."� ±'.'$ (+* 5 �&."� ±'.'$ (+* 5 � ,���� ������� ��	�� �	���� �� ��6�

&.## ±'.�# (+* /�,*/?,&.## ±'.�# (+* /�,*/?,&.## ±'.�# (+* /�,*/?,&.## ±'.�# (+* /�,*/?, ,���� ������� ��	�� �	���� �� ��#� >�� ��� ������	� ������

&.6�%±'.'&'±'.'$� �R	 ����! �7# /2./88/) '7& .84) �&&�L�&&" 8,4 ���

&.$% ±'.�' ±'.�# 	�� �7" /B,*> &"5 (4/8 �&&�L�&&# 8,4 ���

&."� ±'.'% ±'.�' �R	 6%�%! 2/8,>� &"' -8,( ����� ≈ �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
&."' ±'.�' ±'.�� ����! �77 2+>B+8 - &7 /8,4 *���� �
 >-)/,8 '"'

�7# >�� ������� �� /2./88/) '7& N�τ− → �− ντ �<N���	� ��	������� ��� ������	����
���� ����� ��	���������

�7" 3�� �������� �� /B,*> &"5 2��− �− �: ≥ ' ����	��ντ ��=� �'
�

→ π: π−�� 	�

2��− �− �: ντ ��=� �'��<2��− �− �: ≥ ' ����	��ντ ��=� �'
�

→ π: π−�� �	�����

�77 3�� �������� �� 2+>B+8 - &7 2��− �− �: ντ � �	����

WEIGHTED AVERAGE
9.44±0.14 (Error scaled by 1.4)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

BALEST 95C CLEO 0.1
AKERS 95Y OPAL 2.8
ABDALLAH 06A DLPH 1.0

χ2

       3.9
(Confidence Level = 0.145)

8.5 9 9.5 10 10.5 11

6
(
−−: ντ 4�:��

'5
)
!6���	� 4;5

-
(
�−�− �: ντ �(*6�

'�
)
�-

(
�− �−�: ≥ 4 (��#�'� ντ �(*6 �

'
� → π: π−�

�<?)$#�0=�
)

-"%�-""

-
(
�−�− �: ντ �(*6�

'�
)
�-

(
�− �−�: ≥ 4 (��#�'� ντ �(*6 �

'
� → π: π−�

�<?)$#�0=�
)

-"%�-""

-
(
�−�− �: ντ �(*6�

'�
)
�-

(
�− �−�: ≥ 4 (��#�'� ντ �(*6 �

'
� → π: π−�

�<?)$#�0=�
)

-"%�-""

-
(
�−�− �: ντ �(*6�

'�
)
�-

(
�− �−�: ≥ 4 (��#�'� ντ �(*6 �

'
� → π: π−�

�<?)$#�0=�
)

-"%�-""
N"%<N"" C �N7�:N$":N&6:'�'�%N�##�<�N7�:N%':N%%:N%$:N$":N$&:N&6:
N&#:'��$"N��#:'��$"N��7:'�&�'�N�##:'�&�'�N�#7�

����� ������	
 �� 
��	 �����	


'.7"�±'.''# (+* 5 �'.7"�±'.''# (+* 5 �'.7"�±'.''# (+* 5 �'.7"�±'.''# (+* 5 � ,���� ������� ��	�� �	���� �� ����

'.77'±'.''#±'.'�#'.77'±'.''#±'.'�#'.77'±'.''#±'.'�#'.77'±'.''#±'.'�# /B,*> &"5 (4/8 �&&�L�&&# 8,4 ���

-
(
�−�− �: ντ �(*6�

'7ω�
)
�-���	� -"$�- � �-7��-$"�-&6��--

(
�−�− �: ντ �(*6�

'7ω�
)
�-���	� -"$�- � �-7��-$"�-&6��--

(
�−�− �: ντ �(*6�

'7ω�
)
�-���	� -"$�- � �-7��-$"�-&6��--

(
�−�− �: ντ �(*6�

'7ω�
)
�-���	� -"$�- � �-7��-$"�-&6��-

����� �C� ������	
 ��

&.#%±'.'$ (+* 5 �&.#%±'.'$ (+* 5 �&.#%±'.'$ (+* 5 �&.#%±'.'$ (+* 5 � ,���� ������� ��	�� �	���� �� ��6�

-
(
π−π: π− ντ

)
�-���	� -"&�- � �46?@?�-6"�-7��464�>-�##��--

(
π−π: π− ντ

)
�-���	� -"&�- � �46?@?�-6"�-7��464�>-�##��--

(
π−π: π− ντ

)
�-���	� -"&�- � �46?@?�-6"�-7��464�>-�##��--

(
π−π: π− ντ

)
�-���	� -"&�- � �46?@?�-6"�-7��464�>-�##��-

����� �C� ������	
 ��

&.66±'.'$ (+* 5 �&.66±'.'$ (+* 5 �&.66±'.'$ (+* 5 �&.66±'.'$ (+* 5 � ,���� ������� ��	�� �	���� �� ��6�

-
(
π−π: π− ντ �(*6�

'�
)
�-���	� -7'�-� �-7��464�>-�##��--

(
π−π: π− ντ �(*6�

'�
)
�-���	� -7'�-� �-7��464�>-�##��--

(
π−π: π− ντ �(*6�

'�
)
�-���	� -7'�-� �-7��464�>-�##��--

(
π−π: π− ντ �(*6�

'�
)
�-���	� -7'�-� �-7��464�>-�##��-

����� �C� ��
� ������	
 �� 
��	 �����	


&.'�±'.'$ (+* 5 �&.'�±'.'$ (+* 5 �&.'�±'.'$ (+* 5 �&.'�±'.'$ (+* 5 � ,���� ������� ��	�� �	���� �� ��6�

&.�6±'.'"±'.#7&.�6±'.'"±'.#7&.�6±'.'"±'.#7&.�6±'.'"±'.#7 #6! �7% 2* ,*, '6 -8,6 �����C �'�7 ?��

�7% #%J ������	��� ���� 2* ,*, '6 τ− → �−π: π− ντ 	� %�J ������	��� ���� τ− →
�−�: π− ντ ���	��� �� 	 ����� "J ���	��@	��� ������

-
(
π−π: π− ντ �(*6�

'�7 �)�*	�' /(
��#
)
�-

(
π−π: π−ντ �(*6�

'�
)

-7��-7' �-7���-7��464�>-�##�

-
(
π−π: π− ντ �(*6�

'�7 �)�*	�' /(
��#
)
�-

(
π−π: π−ντ �(*6�

'�
)

-7��-7' �-7���-7��464�>-�##�
-
(
π−π: π− ντ �(*6�

'�7 �)�*	�' /(
��#
)
�-

(
π−π: π−ντ �(*6�

'�
)

-7��-7' �-7���-7��464�>-�##�

-
(
π−π: π− ντ �(*6�

'�7 �)�*	�' /(
��#
)
�-

(
π−π: π−ντ �(*6�

'�
)

-7��-7' �-7���-7��464�>-�##�
����� ��� ������	
 �� 
��	 �����	


<'.�7�<'.�7�<'.�7�<'.�7� &" �7$ /-B,*>�/55 &%� (4/8 �&&�L�&&# 8,4 ���
�7$ �����;�������� ����� ���� ��������� ������ 		�
��� � ���������� �� 2�τ− →

π−π: π− ντ ��=� �'�� ���� �;	=�	� ��������

-
(
π−π: π− ντ �(*6�

'7ω�
)
�-���	� -7��--

(
π−π: π− ντ �(*6�

'7ω�
)
�-���	� -7��--

(
π−π: π− ντ �(*6�

'7ω�
)
�-���	� -7��--

(
π−π: π− ντ �(*6�

'7ω�
)
�-���	� -7��-

����� �C� ��
� ������	
 �� 
��	 �����	


$.&& ±'.'$ (+* 5 �$.&& ±'.'$ (+* 5 �$.&& ±'.'$ (+* 5 �$.&& ±'.'$ (+* 5 � ,���� ������� ��	�� �	���� �� ��6�

&.'#�±'.'7'±'.'%7&.'#�±'.'7'±'.'%7&.'#�±'.'7'±'.'%7&.'#�±'.'7'±'.'%7 �&! �7& >-)/,8 '"' /8,4 �&&�;�&&" 8,4 ���

�7& >�� ������� �� >-)/,8 '"' N�τ− → �− ν� ντ �<N���	� ��	������� ��� ������	����
���� ����� ��	���������

-
(
�−�− �: ≥ � (��#�'� ντ

)
�-���	� -76�--

(
�−�− �: ≥ � (��#�'� ντ

)
�-���	� -76�--

(
�−�− �: ≥ � (��#�'� ντ

)
�-���	� -76�--

(
�−�− �: ≥ � (��#�'� ντ

)
�-���	� -76�-

N76<N C �'�6#6�N#':'�6#6�N#�:'�#6'%N#%:'�7$7�N#$:N%':N%%:N%$:N$&:
N&#:'��$"N��#:'��$"N��7:'�$$$N�##:'�&�'�N�#7�<N

����� �C� ��
� ������	
 �� 
��	 �����	


".6#±'.'7 (+* 5 �".6#±'.'7 (+* 5 �".6#±'.'7 (+* 5 �".6#±'.'7 (+* 5 � ,���� ������� ��	�� �	���� �� ����
• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
".7 ±'.% ±'.6 6"� �%' 2,)*,3. &' -,88 �����C 6" ?��

#.� ±'." ±'.& �'6 �%� /82*,-)� $%) /*? �����C �' ?��

7.� ±'.$ ±'.& �%� 2+*-)/� $% �*B� �����C �& ?��

%.7 ±'.# ±'.& �%6,�%# *+-B>�+)8 $7 .8-( �����C �& ?��

#.% ±'." ±'.$ "6' �%" >-)� .B, $7 �*B� �����C �& ?��

".7 ±'.# ±'.% �%# 5,*3/3.,E $" �/- �����C �& ?��

7.� ±�.6 ±�.% 2,)*,3. $# -,88 �����C �#���

?��
�%' 2,)*,3. &' �	��� �� �� �������� �� 2,)*,3. &' 2�6�ντ ≥ � ����	��� :

2�";������
�%� /82*,-)� $%) ��	���� ��� ������� �� ��	���� �	;

���� 2�6π±π' ντ � 2��� ν ��µν ��π��� ��ρ�ντ � C '.'�& 	� ��� ��� 4.? $7 �	����
��� ��� ����� ��	���� �	��� ����� ��� �� '.7& ± '.'6 �� ��� ��� 9����� �	����

�%� 2+*-)/� $% �	��� �� �� �������� �� >-)� .B, $7 �	����
�%6 -���������� ���� !	�� 	� ���� >�π' 	�� �����	����� 3�� �������� �� �6;����

: 'π'� 	� �6;���� : ≥ 'π'� �	�����
�%# �	��� ���	��� ���� �	����� 
 C 2��− �− �: ντ �<2�6;����� 	� ������ 2�6;�����

C '.�#6�
�%" 3�� �������� �� >-)� .B, $7 �− �− �: ντ 	� �− �− �:� ≥ 'π'�ντ �	�����



������������

������ ����	
�� �	��	��

τ

-
(
�−�− �: ≥ �π' ντ �(*6 �

'�
)
�-���	� -7#�--

(
�−�− �: ≥ �π' ντ �(*6 �

'�
)
�-���	� -7#�--

(
�−�− �: ≥ �π' ντ �(*6 �

'�
)
�-���	� -7#�--

(
�−�− �: ≥ �π' ντ �(*6 �

'�
)
�-���	� -7#�-

N7#<N C �N%':N%%:N%$:N$&:N&#:'���7N��#:'���7N��7:'�$$$N�##:
'�&�'�N�#7�<N

.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ��
� ������	
 �� 
��	 �����	


".'7 ±'.'7 (+* 5 �".'7 ±'.'7 (+* 5 �".'7 ±'.'7 (+* 5 �".'7 ±'.'7 (+* 5 � ,���� ������� ��	�� �	���� �� ����

".�' ±'.�� (+* /�,*/?,".�' ±'.�� (+* /�,*/?,".�' ±'.�� (+* /�,*/?,".�' ±'.�� (+* /�,*/?,

".�'7±'.'$6±'.�'6 	�� �'��! �%7 /2./88/) '7& .84) �&&�L�&&" 8,4 ���

".'& ±'.�' ±'.�6 	�� �%% /B,*> &"5 (4/8 �&&�L�&&# 8,4 ���

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
#.&" ±'.�& ±'.7" "%' .,-/�4 &�' /8,4 *���� �


>-)/,8 '"'
�%7 >�� ������� �� /2./88/) '7& N�τ− → �− ντ �<N���	� ��	������� ��� ������	����

���� ����� ��	���������
�%% 3�� �������� �� /B,*> &"5 2��− �− �: ≥ ' ����	��ντ ��=� �'

�
→ π: π−��

	� 2��− �− �: ≥ ' ����	��ντ ��=� �'��<2��− �− �: ≥ ' ����	��ντ ��=� �'
�

→
π: π−�� �	�����

-
(
�−�− �: π' ντ

)
�-���	� -7"�--

(
�−�− �: π' ντ

)
�-���	� -7"�--

(
�−�− �: π' ντ

)
�-���	� -7"�--

(
�−�− �: π' ντ

)
�-���	� -7"�-
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#.%6±'.'% (+* 5 �#.%6±'.'% (+* 5 �#.%6±'.'% (+* 5 �#.%6±'.'% (+* 5 � ,���� ������� ��	�� �	���� �� ����

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
#.#"±'.'&±'.'% 7��! �%$ 2+>B+8 - &7 /8,4 *���� �
 >-)/,8 '"'

�%$ 2+>B+8 - &7 9���� 2��− �− �: π' ντ ��=� �'�� C #.6' ± '.'& ± '.'&� 0� 	�� '.�"

�� ������ ����� �' ��������� 	� ������ ��� �
����	��� ����� 	��������
�

-
(
�−�− �: π' ντ �(*6�
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)
�-���	� -77�--

(
�−�− �: π' ντ �(*6�
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)
�-���	� -77�--

(
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)
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)
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#."" ±'.'7 (+* 5 �#."" ±'.'7 (+* 5 �#."" ±'.'7 (+* 5 �#."" ±'.'7 (+* 5 � ,���� ������� ��	�� �	���� �� ����

#.#" ±'.�# (+* /�,*/?,#.#" ±'.�# (+* /�,*/?,#.#" ±'.�# (+* /�,*/?,#.#" ±'.�# (+* /�,*/?, ,���� ������� ��	�� �	���� �� ����

#."#"±'.�'7±'.�'6 $�&! �%& /2./88/) '7& .84) �&&�L�&&" 8,4 ���

#.�6 ±'.'7 ±'.�� %��! 2/8,>� &"' -8,( ����� ≈ �'.7 ?��

�%& >�� ������� �� /2./88/) '7& N�τ− → �− ντ �<N���	� ��	������� ��� ������	����
���� ����� ��	���������

-
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�−�− �: π' ντ �(*6 �

'7 ω�
)
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(
�−�− �: π' ντ �(*6 �

'7 ω�
)
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'7 ω�
)
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'7 ω�
)
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�.%$±'.'$ (+* 5 ��.%$±'.'$ (+* 5 ��.%$±'.'$ (+* 5 ��.%$±'.'$ (+* 5 � ,���� ������� ��	�� �	���� �� ����

-
(
π−π: π−π' ντ

)
�-���	�
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-
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π−π: π−π' ντ

)
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-
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#.#7 ±'.'7 (+* 5 �#.#7 ±'.'7 (+* 5 �#.#7 ±'.'7 (+* 5 �#.#7 ±'.'7 (+* 5 � ,���� ������� ��	�� �	���� �� ����

#."" ±'.�6 (+* /�,*/?,#."" ±'.�6 (+* /�,*/?,#."" ±'.�6 (+* /�,*/?,#."" ±'.�6 (+* /�,*/?, ,���� ������� ��	�� �	���� �� ��7�

#."&$±'.'"%±'.'7# �7! �$' >-)/,8 '"' /8,4 �&&�;�&&" 8,4 ���

#.�& ±'.�' ±'.�� �$� ,.0/*.> ''& -8,( #.% ��−� �����C �'.7 ?��

�$' >-)/,8 '"' 9���� �#."&'±'.'"%±'.'7#�J� 0� 	�� '�''$J �� ������ ����� ���������

��� τ− → π−π' ωντ → π−π' π: π− ντ ���	
�� >�� ������� �� >-)/,8 '"'

N�τ− → �− ν� ντ �<N���	� ��	������� ��� ������	���� ���� ����� ��	���������
�$� ,.0/*.> ''& 9���� �#.�& ± '.�'� × �'−� ���� 	 "J �
����	��� ������
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(
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(
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'.�7±'.'"±'.'� 6%' /82*,-)� &�� /*? �����C &.#L�'.7 ?��

-
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�−�− �: ≥ �π' ντ �(*6 �

'�
)
�-���	�
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-
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'."7�±'.'7$±'.'&"'."7�±'.'7$±'.'&"'."7�±'.'7$±'.'&"'."7�±'.'7$±'.'&" ��6! �$� /2./88/) '7& .84) �&&�L�&&" 8,4 ���

�$� >�� ������� �� /2./88/) '7& N�τ− → �− ντ �<N���	� ��	������� ��� ������	����
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-
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)
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(
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)
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(
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)
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(
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)
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'."'�±'.'6# (+* 5 �'."'�±'.'6# (+* 5 �'."'�±'.'6# (+* 5 �'."'�±'.'6# (+* 5 � ,���� ������� ��	�� �	���� �� ����

-
(
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)
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(
�−�− �:�π' ντ �(*6�
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(
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'�
)
�-���	� -%7�--

(
�−�− �:�π' ντ �(*6�
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N%7<N C �N%%:'���7N��#:'�$$$N�#7�<N

����� �C� ��
� ������	
 �� 
��	 �����	


'.#&�±'.'6# (+* 5 �'.#&�±'.'6# (+* 5 �'.#&�±'.'6# (+* 5 �'.#&�±'.'6# (+* 5 � ,���� ������� ��	�� �	���� �� ����

'.#6"±'.'6'±'.'6"'.#6"±'.'6'±'.'6"'.#6"±'.'6'±'.'6"'.#6"±'.'6'±'.'6" ��7! �$6 >-)/,8 '"' /8,4 �&&�;�&&" 8,4 ���

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
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-
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)
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(
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)
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(
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�ντ

)
-%7�-"#-

(
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(
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�ντ

)
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)
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(
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-
(
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)
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)
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�.� ±'." (+* 5 ��.� ±'." (+* 5 ��.� ±'." (+* 5 ��.� ±'." (+* 5 �

�.� ±'.6 ±'.#�.� ±'.6 ±'.#�.� ±'.6 ±'.#�.� ±'.6 ±'.# �6& /3/>�/>>(� '� -8,( �����C �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
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WEIGHTED AVERAGE
0.33±0.05 (Error scaled by 1.8)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.
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       9.6
(Confidence Level = 0.023)
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• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
'.�� :'.�%

−'.�� ±'.'" & �&$ � 88> $" .8-( �����C �& ?��

�&7 %�J ������	��� ���� 2* ,*, '6 τ− → π−π: π− ντ 	� 6#J ������	��� ���� τ →
�−π: π− ντ ���	��� �� 	 ����� "J ���	��@	��� ������

�&% 3�� �������� �� * -) -) && N�τ− → �−�: π− ντ �< N�τ− →
π−π: π− ντ ��=��'�� 	� 2/8,>� &"' N�τ− → �− �− �: ντ ��=��'��<N���	� �	�;
����
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 � 88> $"� �� ���	� ��� �
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)
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)
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�.%'±'.�� (+* 5 ��.%'±'.�� (+* 5 ��.%'±'.�� (+* 5 ��.%'±'.�� (+* 5 � ,���� ������� ��	�� �	���� �� ��#�

�.7'±'.�"±'.6'�.7'±'.�"±'.6'�.7'±'.�"±'.6'�.7'±'.�"±'.6' ��6! * -) -) && -8,( �����C �'.7 ?��
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τ
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�−�: π−π' ντ

)
�-���	� -&#�--

(
�−�: π−π' ντ

)
�-���	� -&#�--
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�−�: π−π' ντ

)
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)
�-���	� -&#�-
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 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
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'.7�±'.�' (+* 5 �'.7�±'.�' (+* 5 �'.7�±'.�' (+* 5 �'.7�±'.�' (+* 5 � ,���� ������� ��	�� �	���� �� ����
'.7'±'.�$ (+* /�,*/?,'.7'±'.�$ (+* /�,*/?,'.7'±'.�$ (+* /�,*/?,'.7'±'.�$ (+* /�,*/?,

'.""±'.�#±'.�� �R	 #$ /*�> '" -8,6 %�7 ��−�� �����C

�'.7 ?��
6.6 ±�.$ ±'.% 	�� �"$ �&& * -) -) && -8,( �����C �'.7 ?��

%." ±�.& ±�." �R	 2/*/�, &$ /8,4 �&&�L�&&" 8,4
���

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
<�% &" /22 ,3. ''� (4/8 �&&'L�&&" 8,4

���
�&& 3�� �������� �� * -) -) &&

N�τ− → �−�: π− ντ �<N�τ− → π−π: π− ντ ��=��'�� 	� 2/8,>� &"' N�τ− →
�− �− �: ντ ��=��'��<N���	� �	�����

-
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)
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'.%&±'.##±'.�7'.%&±'.##±'.�7'.%&±'.##±'.�7'.%&±'.##±'.�7 �"$ �'' * -) -) && -8,( �����C �'.7 ?��
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<6.7<6.7<6.7<6.7 &' /8/� &7 -8,( �����C �'.7 ?��

-
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.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1���
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'.�'�±'.''# (+* 5 �'.�'�±'.''# (+* 5 �'.�'�±'.''# (+* 5 �'.�'�±'.''# (+* 5 � ,���� ������� ��	�� �	���� �� ����
'.�'%±'.''% (+* /�,*/?,'.�'%±'.''% (+* /�,*/?,'.�'%±'.''% (+* /�,*/?,'.�'%±'.''% (+* /�,*/?, ,���� ������� ��	�� �	���� �� ����

'.'&6±'.''&±'.'�� 	�� >-)/,8 '"' /8,4 �&&�;�&&" 8,4
���

'.��"±'.'�6±'.''7 	�� ��� �'� /2*,+ '�� .84) �&&�L�&&" 8,4
���

'.�%'±'.'��±'.'�7 �R	 �'� /-)/*. '�� 86 �&&�L�&&" 8,4
���

'.��&±'.'�6±'.''$ 	�� ��& �'6 /-B,*>�/55 &&, (4/8 �&&�L�&&" 8,4
���

'.'&%±'.''"±'.'�� �R	 #�& ? 2/+� &#� -8,( �����C �'.7 ?��

'.�'�±'.'�& �R	 �6 2A8>�/ $% )*> �����C �& ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
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���
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'.�6 ±'.'# �' 2,8�*/� $" )*> *���� �

2A8>�/ $%

'.�7 ±'.'$ ±'.'# # 2+*-)/� $" �*B� �����C �& ?��

�.' ±'.# �' 2,)*,3. $� -,88 *���� �

2,)*,3. $&�

�'� ��� ������	��� ���Æ����� ������ ���� ��	������� 	� ��� /2*,+ '�� ��	����;
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�'� ��� ������	��� ���Æ����� ������ ���� ��	������� 	� ��� /-)/*. '�� ��	����;
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�
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$.6$±'.6" (+* 5 �$.6$±'.6" (+* 5 �$.6$±'.6" (+* 5 �$.6$±'.6" (+* 5 � ,���� ������� ��	�� �	���� �� ����
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 >-)/,8 '"'
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(
@�−?�: ≥ 4 (��#�'� ντ �<>)$#�0=�

)
�-���	� -�'7�-

����� ��� ������	
 �� 
��	 �����	


<6.' × �'−%<6.' × �'−%<6.' × �'−%<6.' × �'−% &' /+2,*��2 '"9 2/2* �6� ��−�� �����C �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
<�.$ × �'−" &" /-B,*>�/55 &%� (4/8 �&&'L�&&" 8,4 ���

<�.# × �'−7 &' ,.0/*.> &%� -8,( �����C �'.7 ?��

<�.& × �'−# &' 2A8>�/ $% )*> �����C �& ?��

-
(
@�−?�: ντ

)
�-���	� -�'%�--

(
@�−?�: ντ

)
�-���	� -�'%�--

(
@�−?�: ντ

)
�-���	� -�'%�--

(
@�−?�: ντ

)
�-���	� -�'%�-

����� ��� ������	
 �� 
��	 �����	


<#.6 × �'−%<#.6 × �'−%<#.6 × �'−%<#.6 × �'−% &' /+2,*��2 '"9 2/2* �6� ��−�� �����C �'.7 ?��

-
(
@�−?�: π' ντ

)
�-���	� -�'$�--

(
@�−?�: π' ντ

)
�-���	� -�'$�--

(
@�−?�: π' ντ

)
�-���	� -�'$�--

(
@�−?�: π' ντ

)
�-���	� -�'$�-

����� ��� ������	
 �� 
��	 �����	


<�." × �'−%<�." × �'−%<�." × �'−%<�." × �'−% &' /+2,*��2 '"9 2/2* �6� ��−�� �����C �'.7 ?��

-
(
�− ���−��ντ

)
�-���	�

-�'&�-� �-�'�-�7�-�6�-�$�-6"�-#'�-$"�-$&�-��7��-

-
(
�− ���−��ντ

)
�-���	�

-�'&�-� �-�'�-�7�-�6�-�$�-6"�-#'�-$"�-$&�-��7��-
-
(
�− ���−��ντ

)
�-���	�

-�'&�-� �-�'�-�7�-�6�-�$�-6"�-#'�-$"�-$&�-��7��-

-
(
�− ���−��ντ

)
�-���	�

-�'&�-� �-�'�-�7�-�6�-�$�-6"�-#'�-$"�-$&�-��7��-
.	�	 �	�!�� F	��G 	�� �����
 ������	��� ���� �	�	 	���	��� ��������� � ��� 8�������
	� 	�� ��������� ���� ��� ��� 	���	�� ���� ����� ��� �� � ��� ����	�� 1��� F�R	G
�	�!� ������� ���� ��� ��� 1� 	� ��� 	���	���

����� �C� ������	
 �� 
��	 �����	


�.&"±'.'% (+* 5 ��.&"±'.'% (+* 5 ��.&"±'.'% (+* 5 ��.&"±'.'% (+* 5 � ,���� ������� ��	�� �	���� �� ����

�.$%±'.���.$%±'.���.$%±'.���.$%±'.�� 	��	��	��	�� ��� 2/*/�, &&� /8,4 �&&�L�&&" 8,4 ���

��� 2/*/�, &&� ������� 	 ������� 		�
��� �� 	�� /8,4) 8,4 � �	�	 � τ ��	����
��	���� ��	�������� ��� ���	
 ����� �	��� ���	� ���	����� �9�	� �� −��



������������

��� ��� �� ���� 	
� ����������	
�� �	��	��

τ

-
(
�∗�BC��− ≥ 4 (��#�'� ≥ 4� '

�ντ

)
�-���	� -��'�--

(
�∗�BC��− ≥ 4 (��#�'� ≥ 4� '

�ντ

)
�-���	� -��'�--

(
�∗�BC��− ≥ 4 (��#�'� ≥ 4� '

�ντ

)
�-���	� -��'�--

(
�∗�BC��− ≥ 4 (��#�'� ≥ 4� '

�ντ

)
�-���	� -��'�-

����� �C� ��
� ������	
 �� 
��	 �����	


�.#�±'.�$ (+* /�,*/?,�.#�±'.�$ (+* /�,*/?,�.#�±'.�$ (+* /�,*/?,�.#�±'.�$ (+* /�,*/?, ,���� ������� ��	�� �	���� �� ��#� >�� ��� ������	� ������

�.�&±'.�":'.�6
−'.�$ �'# /82*,-)� &"� /*? �����C &.#L�'.7 ?��

�.&#±'.�%±'.�" %# ��� /B,*> &#2 (4/8 �����C $$L&# ?��

�.#6±'.��±'.�6 #%" ��6 ?(8.2,*? &' -8,( �����C &.#L�'.& ?��

��� /B,*> &#2 ��M��� ����� � ����� 	 �'
�

	�����	��� ��� �∗�$&��−� 0� �� �� �������

��� �����
��6 ?(8.2,*? &' �����	��� ��	� �'J �� �������� �∗�$&�� 	�� 	�����	��� �
 	 π'�

WEIGHTED AVERAGE
1.42±0.18 (Error scaled by 1.4)

GOLDBERG 90 CLEO 0.0
AKERS 94G OPAL 2.8
ALBRECHT 95H ARG 1.3

χ2

       4.2
(Confidence Level = 0.124)

0.5 1 1.5 2 2.5 3 3.5

6
(
�∗4(."5− ≥ ) ������� ≥ )�'

� ντ

)
!6���	� 6��'!6

-
(
�∗�BC��− ντ

)
�-���	� -����--

(
�∗�BC��− ντ

)
�-���	� -����--

(
�∗�BC��− ντ

)
�-���	� -����--

(
�∗�BC��− ντ

)
�-���	� -����-

����� �C� ��
� ������	
 �� 
��	 �����	


�.�& ±'.'" (+* /�,*/?,�.�& ±'.'" (+* /�,*/?,�.�& ±'.'" (+* /�,*/?,�.�& ±'.'" (+* /�,*/?,

�.6�7±'.'76 2/*/�, &&� /8,4 �&&�L�&&" 8,4 ���

�.�� ±'.�� ��# -(/3 &7 -8,( ����� ≈ �'.7 ?��

�.#� ±'.�� ±'.'& ��" /-- /** &"9 86 �&&�L�&&6 8,4 ���

�.�6 ±'.�� :'.��
−'.�� "# ��7 /82*,-)� $$) /*? �����C �' ?��

�.& ±'.6 ±'.# ## ��% �>-) *)/*� $$ )*> �����C �& ?��

�." ±'.# ±'.# �" ��$ / )/*/ $%' �4- �����C �& ?��

�.6 ±'.6 ±'.6 6� A,8�(3 $7 �*B� �����C �& ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
�.6& ±'.'& ±'.�' ��& 2+>B+8 - &7 /8,4 *���� �
 2/*/�, &&�

�.#" ±'.�6 ±'.�� �%6 ��' 2+>B+8 - &#9 /8,4 *���� �
 2+>B+8 - &7

�.% ±'.% �� .(*5/3 $� �*B� �����C #��L7�% ?��

��# 3�� �������� �� -(/3 &7 2�π−�' ντ � 	� 2/��8, &# 2��−π' ντ � ��	����;

����� � π 1	� ��	��� 	�� �������� ���� 	� 	������ �� �����	�� ���� �∗�$&��−
����������

��" ���� ������ �� ���	��� ���� ����� 2�π−�' ντ � 	������ 	�� ����� ���	
� �����	�� �

�∗�$&��− ���	
��
��7 ��� 	������ ������ �
 N�<N C '�$7" �� ���	� ���� �������
��% 3�� �������� �� �>-) *)/*� $$ N�τ− →

�−�' ≥ ' ����	�� ≥ '�'
�

ντ �<N����	���

��$ .��	
 π− �����1�� � ���� �=�������� �� 	������ � ��� �������
��& 3�� �������� �� 2+>B+8 - &7 2�π−�' ντ � 	� 2��−π' ντ � ��	���������
��' 2+>B+8 - &#9 ���	� ���� ������ ���� 2+>B+8 - &#9 2��' π− ντ � 	� 2+>B+8 - &#,

2��−π' ντ � 	������ 	�� �� ����� ���	
� �����	�� � �∗�$&��− ���	
��

-
(
�∗�BC��− ντ

)
�-

(
π−π' ντ

)
-����-�#-

(
�∗�BC��− ντ

)
�-

(
π−π' ντ

)
-����-�#-

(
�∗�BC��− ντ

)
�-

(
π−π' ντ

)
-����-�#-

(
�∗�BC��− ντ

)
�-

(
π−π' ντ

)
-����-�#

����� ������	
 �� 
��	 �����	


'.'%"±'.'�%'.'%"±'.'�%'.'%"±'.'�%'.'%"±'.'�% ��� /2*,+ &#( .84) 8,4 �&&� � �	�	

��� /2*,+ &#( 9���� 2�τ− → �∗�$&��− ντ �2��∗�$&��− → �−π'�<2�τ− → ρ− ντ �

C '.'�" ± '.''&� 0� ������ �
 2��∗�$&��− → �−π'� C '.666 �� ���	� ���� �������

-
(
�∗�BC��'�− ≥ 4 (��#�'� ντ

)
�-���	� -����--

(
�∗�BC��'�− ≥ 4 (��#�'� ντ

)
�-���	� -����--

(
�∗�BC��'�− ≥ 4 (��#�'� ντ

)
�-���	� -����--

(
�∗�BC��'�− ≥ 4 (��#�'� ντ

)
�-���	� -����-

����� �C� ��
� ������	
 �� 
��	 �����	


'.6�±'.'$±'.��'.6�±'.'$±'.��'.6�±'.'$±'.��'.6�±'.'$±'.�� ��& ?(8.2,*? &' -8,( �����C &.#L�'.& ?��

-
(
�∗�BC��'�−ντ

)
�-���	� -��6�--

(
�∗�BC��'�−ντ

)
�-���	� -��6�--

(
�∗�BC��'�−ντ

)
�-���	� -��6�--

(
�∗�BC��'�−ντ

)
�-���	� -��6�-

����� �C� ��
� ������	
 �� 
��	 �����	


'.�� ±'.'# (+* /�,*/?,'.�� ±'.'# (+* /�,*/?,'.�� ±'.'# (+* /�,*/?,'.�� ±'.'# (+* /�,*/?,

'.��6±'.'#$ ��� 2/*/�, &$ /8,4 �&&�L�&&" 8,4 ���

'.�' ±'.'" ±'.'# #% /82*,-)� &"� /*? �����C &.#L�'.7 ?��

��� 2/*/�, &$ ��	���� ��� �− �ρ' → π: π−� ��	���� � τ− → �−π: π− ντ ��;

�	
� �� �� �6" ± ���J 	� ������ ���� ������ ���� ����� ��	������� �� N�τ− →
�−π: π− ντ �<N���	� 	������ ��� ��������	�� ��	��� 	�� 	�� �− ρ 	� �−�∗�$&��'�

-
(
�∗�BC��' π− ≥ 4 (��#�'� ντ

)
�-���	� -��#�--

(
�∗�BC��' π− ≥ 4 (��#�'� ντ

)
�-���	� -��#�--

(
�∗�BC��' π− ≥ 4 (��#�'� ντ

)
�-���	� -��#�--

(
�∗�BC��' π− ≥ 4 (��#�'� ντ

)
�-���	� -��#�-

����� �C� ��
� ������	
 �� 
��	 �����	


'.6$±'.��±'.�6'.6$±'.��±'.�6'.6$±'.��±'.�6'.6$±'.��±'.�6 �'" ?(8.2,*? &' -8,( �����C &.#L�'.& ?��

-
(
�∗�BC��' π− ντ

)
�-���	� -��"�--

(
�∗�BC��' π− ντ

)
�-���	� -��"�--

(
�∗�BC��' π− ντ

)
�-���	� -��"�--

(
�∗�BC��' π− ντ

)
�-���	� -��"�-

����� �C� ��
� ������	
 �� 
��	 �����	


'.�� ±'.'" (+* /�,*/?,'.�� ±'.'" (+* /�,*/?,'.�� ±'.'" (+* /�,*/?,'.�� ±'.'" (+* /�,*/?,

'.�'&±'.'"$ ��6 2/*/�, &$ /8,4 �&&�L�&&" 8,4 ���

'.�" ±'.�' ±'.'" �% /82*,-)� &"� /*? �����C &.#L�'.7 ?��

��6 2/*/�, &$ ��	���� ��� �−�∗�$&��' ��	���� � τ− → �−�: π− ντ ��;

�	
� �� �� �$% ± �6�J 	� ������ ���� ������ ���� ����� ��	������� �� N�τ− →
�−�: π− ντ �<N���	��

-
(
��∗�BC��π �− ντ → π−�' π' ντ

)
�-���	� -��7�--

(
��∗�BC��π �− ντ → π−�' π' ντ

)
�-���	� -��7�--

(
��∗�BC��π �− ντ → π−�' π' ντ

)
�-���	� -��7�--

(
��∗�BC��π �− ντ → π−�' π' ντ

)
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����� �C� ������	
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'.�' ±'.'# (+* /�,*/?,'.�' ±'.'# (+* /�,*/?,'.�' ±'.'# (+* /�,*/?,'.�' ±'.'# (+* /�,*/?,

'.'&%±'.'##±'.'67 ��# 2/*/�, &&( /8,4 �&&�L�&&" 8,4 ���

'.�'7±'.'6%±'.'6� ��" 2/*/�, &$, /8,4 �&&�L�&&" 8,4 ���

��# 2/*/�, &&( ��	���� �'�� �
 �������� �'
�

�� � ����� �	��� �	���������� ���
 ��;

������ ��� �' ρ− ��	���� � τ− → π−�' π' ντ ���	
� �� �� �'.%� ± '.�� ± '.�'�

	� �������
 ����� 2�π−�' π' ντ � ��	������� �
 �� ���� ���� ��	���� �� ���	�
��� 9����� �������

��" 2/*/�, &$, ���������� �'�� ���� �'
�

→ π: π− ���	
�� ���
 �������� ��� �' ρ−
��	���� � τ− → π−�' π' ντ ���	
� �� �� �'.7# ± '.'& ± '.�'� 	� �������
 �����

2�π−�' π' ντ � ��	������� �
 �� ���� ���� ��	���� �� ���	� ��� 9����� �������

-
(
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−ντ

)
�-���	� -��%�--
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−ντ

)
�-���	� -��%�--
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−ντ

)
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−ντ

)
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'.#%±'.�� (+* /�,*/?,'.#%±'.�� (+* /�,*/?,'.#%±'.�� (+* /�,*/?,'.#%±'.�� (+* /�,*/?,

'.#$±'.�� 2/*/�, &&� /8,4 �&&�L�&&" 8,4 ���

'.#�:'.#�
−'.6"±'.�' " ��7 2/+,* &# �4- �����C �& ?��

��7 0� �������
 '.#�J �
 '.�"� ��� ���	���� �
����	��� ����� 9����� �
 2/+,* &#� �� ���	�
��� �
����	��� ������

-
(
����@44�

−ντ

)
�-���	� -��$�--

(
����@44�

−ντ

)
�-���	� -��$�--
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−ντ

)
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(
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−ντ

)
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'.�%±'.�7 (+* /�,*/?,'.�%±'.�7 (+* /�,*/?,'.�%±'.�7 (+* /�,*/?,'.�%±'.�7 (+* /�,*/?, ,���� ������� ��	�� �	���� �� ��%�

'.'"±'.�% 2/*/�, &&� /8,4 �&&�L�&&" 8,4 ���

'.%7:'.#'
−'.66±'.�' �� ��% 2/+,* &# �4- �����C �& ?��

��% 0� �������
 '.%7J �
 '.�"� ��� ���	���� �
����	��� ����� 9����� �
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−ντ
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−ντ
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−ντ
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−ντ
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−ντ
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(
����@44�

−ντ
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[
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−ντ
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−ντ
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�.�%:'.#�
−'.6%±'.�&�.�%:'.#�
−'.6%±'.�&�.�%:'.#�
−'.6%±'.�&�.�%:'.#�
−'.6%±'.�& �7 ��$ 2/+,* &# �4- �����C �& ?��

��$ 0� �������
 �.�%J �
 '.�"� ��� ���	���� �
����	��� ����� 9����� �
 2/+,* &#� �� ���	�

��� �
����	��� ������ 3�� �������� �� 2/+,* &# 2������%'�− ντ � 	� 2/+,* &#

2�����#''�− ντ � ��	���������

-
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−ντ

)
�
[
-
(
�����>4�
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− ντ
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− ντ
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(
�����>4�
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'.7&±'.�" (+* /�,*/?,'.7&±'.�" (+* /�,*/?,'.7&±'.�" (+* /�,*/?,'.7&±'.�" (+* /�,*/?,

'.%�±'.�7±'.�� ��& /22 ,3. ''� (4/8 �&&'L�&&" 8,4 ���

'.77±'.�&±'.�6 �6' />3,* ''� -8,( �����C �'.7 ?��

��& /22 ,3. ''� 	����� ��� ����	�� ��������� �� τ− → �−π: π− ντ ���	
� ��

����	��� �
 ��� �����%'�− 	� ����#''�− ����	����
�6' />3,* ''� 	����� ��� ����	�� ��������� �� τ− → �−π: π− ντ ��=� �'� ���	
�

�� ����	��� �
 �����%'�− 	� ����#''�− ����	����

-
(
�∗��@�4�−ντ
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(
�∗��@�4�−ντ
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�.":�.#
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−�.'
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�6� /-- /** &"9 9���� 2�τ− → �∗��#6'�− → π−�' ντ � < '.��J� 0� ������ �


2��∗��#6'�− → π−�'� C '.66 �� ���	� ��� ����� �����



��	��	��	��	

����������	
�� �	��	��

τ

-
(
�'�CB4�

− ≥ 4 (��#�'� ντ

)
�-���	� × 

(
�'�CB4�→ �'�−)

-����-×  -
(
�'�CB4�

− ≥ 4 (��#�'� ντ

)
�-���	� × 

(
�'�CB4�→ �'�−)

-����-×  -
(
�'�CB4�

− ≥ 4 (��#�'� ντ

)
�-���	� × 

(
�'�CB4�→ �'�−)
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(
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-
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)
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(
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)
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<�#' &' 2,)*,3. $$ -,88 �����C �#L#7�$
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<�$' &" 2/* 3?,* $% -8,( �����C �'�" ?��

<�"' &' ' -(55�/3 $% �*B6 �����C 6�%% ?��
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-
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)
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)
-�#'�-�6�-
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τ -LEPTON DECAY PARAMETERS

Written April 2002 by A. Stahl (RWTH Aachen).

The purpose of the measurements of the decay parameters

(i.e., Michel parameters) of the τ is to determine the structure

(spin and chirality) of the current mediating its decays.

Leptonic Decays: The Michel parameters are extracted from

the energy spectrum of the charged daughter lepton � = e, µ in

the decays τ → �ν�ντ . Ignoring radiative corrections, neglect-

ing terms of order (m�/mτ )2 and (mτ/
√

s)
2
, and setting the

neutrino masses to zero, the spectrum in the laboratory frame

reads

dΓ

dx
=

G2
τ� m5

τ

192 π3
×{

f0 (x) + ρf1 (x) + η
m�

mτ
f2 (x) − Pτ [ξg1 (x) + ξδg2 (x)]

}
, (1)

with

f0 (x) = 2 − 6 x2 + 4 x3

f1 (x) = −4

9
+ 4 x2 − 32

9
x3 g1 (x) = −2

3
+ 4 x − 6 x2 +

8

3
x3

f2 (x) = 12 (1 − x)2 g2 (x) =
4

9
− 16

3
x + 12 x2 − 64

9
x3 .

The integrated decay width is given by

Γ =
G2

τ� m5
τ

192 π3

(
1 + 4 η

m�

mτ

)
. (2)

The situation is similar to muon decays µ → eνeνµ. The gener-

alized matrix element with the couplings gγ
εµ and their relations

to the Michel parameters ρ, η, ξ, and δ have been described in

the “Note on Muon Decay Parameters”. The Standard Model

expectations are 3/4, 0, 1, and 3/4, respectively. For more

details, see Ref. 1.

Hadronic Decays: In the case of hadronic decays τ → hντ ,

with h = π, ρ, or a1, the ansatz is restricted to purely vectorial

currents. The matrix element is

Gτh√
2

∑
λ=R,L

gλ 〈 Ψω(ντ ) | γµ | Ψλ(τ) 〉 Jh
µ (3)

with the hadronic current Jh
µ . The neutrino chirality ω is

uniquely determined from λ. The spectrum depends only on a

single parameter ξh

dΓ

d�x
= f (�x) + ξhPτg (�x) , (4)

with f and g being channel-dependent functions of the ob-

servables �x (see Ref. 2). The parameter ξh is related to the

couplings through

ξh = |gL|2 − |gR|2 . (5)

ξh is the negative of the chirality of the τ neutrino in these

decays. In the Standard Model, ξh = 1. Also included are

measurements of the neutrino helicity which coincide with ξh,
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if the neutrino is massless (ASNER 00, ACKERSTAFF 97R,

AKERS 95P, ALBRECHT 93C, and ALBRECHT 90I).

Combination of Measurements: The individual measure-

ments are combined, taking into account the correlations be-

tween the parameters. There is one fit, assuming universality

between the two leptonic decays, and between all hadronic

decays and a second fit without these assumptions. These are

the values labeled ’OUR FIT’ in the tables. The measurements

show good agreement with the Standard Model. The χ2 values

with respect to the Standard model predictions are 24.1 for 41

degrees of freedom and 26.8 for 56 degrees of freedom, respec-

tively. The correlations are reduced through this combination

to less than 20%, with the exception of ρ and η which are

correlated by +23%, for the fit with universality and by +70%

for τ → µνµντ .

Model-independent Analysis: From the Michel parameters,

limits can be derived on the couplings gκ
ελ without further

module assumptions. In the Standard model gV
LL = 1 (leptonic

decays), and gL = 1 (hadronic decays) and all other couplings

vanish. First, the partial decay widths have to be compared

to the Standard Model predictions to derive limits on the

normalization of the couplings Ax = G2
τx/G2

F with Fermi’s

constant GF :

Ae = 1.0012 ± 0.0053 ,

Aµ = 0.981 ± 0.018 ,

Aπ = 1.018 ± 0.012 . (6)

Then limits on the couplings (95% CL) can be extracted (see

Ref. 3 and Ref. 4). Without the assumption of universality, the

limits given in Table 1 are derived.

Model-dependent Interpretation: More stringent limits can

be derived assuming specific models. For example, in the frame-

work of a two Higgs doublet model, the measurements corre-

spond to a limit of mH± > 1.9 GeV × tan β on the mass of the

charged Higgs boson, or a limit of 253 GeV on the mass of the

second W boson in left-right symmetric models for arbitrary

mixing (both 95% CL). See Ref. 4 and Ref. 5.
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Table 1: Coupling constants gγ
εµ. 95% confi-

dence level experimental limits. The limits in-
clude the quoted values of Ae, Aµ, and Aπ and
assume Aρ = Aa1 = 1.

τ → eνeντ

|gS
RR| < 0.70 |gV

RR| < 0.17 |gT
RR| ≡ 0

|gS
LR| < 0.99 |gV

LR| < 0.13 |gT
LR| < 0.082

|gS
RL| < 2.01 |gV

RL| < 0.52 |gT
RL| < 0.51

|gS
LL| < 2.01 |gV

LL| < 1.005 |gT
LL| ≡ 0

τ → µνµντ

|gS
RR| < 0.72 |gV

RR| < 0.18 |gT
RR| ≡ 0

|gS
LR| < 0.95 |gV

LR| < 0.12 |gT
LR| < 0.079

|gS
RL| < 2.01 |gV

RL| < 0.52 |gT
RL| < 0.51

|gS
LL| < 2.01 |gV

LL| < 1.005 |gT
LL| ≡ 0

τ → πντ

|gV
R | < 0.15 |gV

L | > 0.992

τ → ρντ

|gV
R | < 0.10 |gV

L | > 0.995

τ → a1ντ

|gV
R | < 0.16 |gV

L | > 0.987
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�.�6 ±'.�� ±'.�' 2+>B+8 - &"� /8,4 *���� �
 ), >�,* '�,

�$$ /82*,-)� &$ ��� �	� �	�� ����� �� ��� �
�� τ− τ: → ��− ν� ντ ��π: π' ντ �� 	�
����� ��	���� ��M��	����

ητ �� �# µ� ���������ητ �� �# µ� ���������ητ �� �# µ� ���������ητ �� �# µ� ���������
��−�� �����
 �������� η C '�

����� ��
� ������	
 �� 
��	 �����	


'.'�6±'.'�' (+* 5 �'.'�6±'.'�' (+* 5 �'.'�6±'.'�' (+* 5 �'.'�6±'.'�' (+* 5 �

'.'�"±'.'�� (+* /�,*/?,'.'�"±'.'�� (+* /�,*/?,'.'�"±'.'�� (+* /�,*/?,'.'�"±'.'�� (+* /�,*/?,

'.'��±'.'�7±'.''# $�! ), >�,* '�, /8,4 �&&�L�&&" 8,4 ���

−'.''"±'.'67±'.'6% /2*,+ '') .84) �&&�L�&&" ���

'.'�%±'.'""±'.''" #7! /-B,*>�/55 &&� (4/8 �&&'L�&&" 8,4 ���

'.�% ±'.�# "#! /-- /** &$� 86 �&&�L�&&" 8,4 ���

−'.�6 ±'.#% ±'.�" /2, &%� >8. �&&6L�&&" >8- ���

−'.'�"±'.'7�±'.'7� 6�! /��/* &%� -8,( �����C �'.7 ?��

'.'6 ±'.�$ ±'.�� $��! /82*,-)� &" /*? �����C &."L�'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
'.�" ±'.�% ±'.�� �$! /-- /** &7� 86 *���� �
 /-- /;

** &$�
−'.'# ±'.�" ±'.�� 2+>B+8 - &"� /8,4 *���� �
 ), >;

�,* '�,

ητ �µ� ���������ητ �µ� ���������ητ �µ� ���������ητ �µ� ���������
��−�� �����
 �������� η C '�

����� ��
� ������	
 �� 
��	 �����	


'.'&#±'.'%6 (+* 5 �'.'&#±'.'%6 (+* 5 �'.'&#±'.'%6 (+* 5 �'.'&#±'.'%6 (+* 5 �

'.�% ±'.�" (+* /�,*/?,'.�% ±'.�" (+* /�,*/?,'.�% ±'.�" (+* /�,*/?,'.�% ±'.�" (+* /�,*/?, ,���� ������� ��	�� �	���� �� ����

'.�7'±'.�"'±'.'7' #7! ), >�,* '�, /8,4 �&&�L�&&" 8,4 ���

'.%� ±'.6� ±'.�" /2*,+ '') .84) �&&�L�&&" ���

−'."& ±'.$� ±'.#" �$& /2, &%� >8. �&&6L�&&" >8- ���

'.'�'±'.�#&±'.�%� �6! �&' /��/* &%� -8,( �����C �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
'.'�'±'.'7"±'.''� �%! �&� /-B,*>�/55 &&� (4/8 �&&'L�&&" 8,4 ���

−'.�# ±'.�6 ±'.�$ 2+>B+8 - &"� /8,4 *���� �
 ), >�,* '�,

�$& )����
 ������	��� ������ C '.&�� ���� /2, &%� ρτ �µ� ��	��������
�&' )����
 ������	��� ������ C '.&#&� ���� /��/* &%� ρτ �µ� �	����
�&� /-B,*>�/55 &&� ������ �� ����	��� �
 	 �����	�� � ητ ���� ��� (4/8 ��	����;

���� �� ��� τ �������� 	� 2�τ− → µ− νµ ντ � 	������ ����� ������	���
 ��� ���

���	� ������� ��������

�δξ�τ �� �# µ� ����������δξ�τ �� �# µ� ����������δξ�τ �� �# µ� ����������δξ�τ �� �# µ� ���������
��−�� �����
 �������� �δξ� C '.%"�

����� ��
� ������	
 �� 
��	 �����	


'.%#7±'.'�� (+* 5 �'.%#7±'.'�� (+* 5 �'.%#7±'.'�� (+* 5 �'.%#7±'.'�� (+* 5 �

'.%##±'.'�� (+* /�,*/?,'.%##±'.'�� (+* /�,*/?,'.%##±'.'�� (+* /�,*/?,'.%##±'.'�� (+* /�,*/?,

'.%%7±'.'#"±'.'�# $�! ), >�,* '�, /8,4 �&&�L�&&" 8,4 ���

'.%%&±'.'%'±'.'�$ 67! /2*,+ '') .84) �&&�L�&&" ���

'.7" ±'.�# ±'.'% #7! /-B,*>�/55 &&� (4/8 �&&'L�&&" 8,4 ���

'.%' ±'.�� "#! /-- /** &$� 86 �&&�L�&&" 8,4 ���

'.76 ±'.'& �&� /82*,-)� &$ /*? �����C &."L�'.7 ?��

'.$$ ±'.�% ±'.'# �&6 /2, &%� >8. �&&6L�&&" >8- ���

'.%#"±'.'�7±'.''& ""! /8,D/3.,* &%9 -8,( �����C �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
'.$� ±'.�# ±'.'7 �$! /-- /** &7� 86 *���� �
 /-- /** &$�

'.7" ±'.�� �&# /82*,-)� &"' /*? *���� �
 /82*,-)� &$

'.$$ ±'.�� ±'.'% 2+>B+8 - &"� /8,4 *���� �
 ), >�,* '�,

�&� -������ 1� �� /*?+> �	� ���	
 �	�	����� ��	�������� � /82*,-)� &$� /8;
2*,-)� &"'� /82*,-)� &62� 	� /82*,-)� &#,� /82*,-)� &$ ��� �	� �	��

����� �� ��� �
�� τ− τ: → ��− ν� ντ ��π: π' ντ �� 	� ����� ��	���� ��M��	����
�&6 /2, &%� 	����� ητ C ' � ����� 1�� 8����� ητ �	�
 � ��� 1� ����� 	 �ρξ�τ �	��� ��

'.$% ± '.�% ± '.'#�
�&# -������ 1� �� /*?+> �	� ���	
 �	�	����� ��	�������� � /82*,-)� &"'� /8;

2*,-)� &62� 	� /82*,-)� &#,� /82*,-)� &"' ���� ����� �� ��� �
�� τ− τ: →
��− ν� ντ � ��: �− �: ντ � 	� ����� ��	���� ��M��	����



������������

��� ��� �� ���� 	
� ����������	
�� �	��	��

τ

�δξ�τ ��� ����������δξ�τ ��� ����������δξ�τ ��� ����������δξ�τ ��� ���������
��−�� �����
 �������� �δξ� C '.%"�

����� ��
� ������	
 �� 
��	 �����	


'.%6#±'.'�$ (+* 5 �'.%6#±'.'�$ (+* 5 �'.%6#±'.'�$ (+* 5 �'.%6#±'.'�$ (+* 5 �

'.%6�±'.'�& (+* /�,*/?,'.%6�±'.'�& (+* /�,*/?,'.%6�±'.'�& (+* /�,*/?,'.%6�±'.'�& (+* /�,*/?,

'.%%$±'.'77±'.'�# ##! ), >�,* '�, /8,4 �&&�L�&&" 8,4 ���

'.$" ±'.�� ±'.'# �%! /2*,+ '') .84) �&&�L�&&" ���

'.%� ±'.6� ±'.�# �"! /-B,*>�/55 &&� (4/8 �&&'L�&&" 8,4 ���

'."7 ±'.�# ±'.'7 �&" /82*,-)� &$ /*? �����C &."L�'.7 ?��

'.$" ±'.#6 ±'.'$ /2, &%� >8. �&&6L�&&" >8- ���

'.%�'±'.'6�±'.'�' 6#! /8,D/3.,* &%9 -8,( �����C �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
�.�� ±'.�% ±'.'% 2+>B+8 - &"� /8,4 *���� �
 ), >�,* '�,

�&" /82*,-)� &$ ��� �	� �	�� ����� �� ��� �
�� τ− τ: → ��− ν� ντ ��π: π' ντ �� 	�
����� ��	���� ��M��	����

�δξ�τ �µ� ����������δξ�τ �µ� ����������δξ�τ �µ� ����������δξ�τ �µ� ���������
��−�� �����
 �������� �δξ� C '.%"�

����� ��
� ������	
 �� 
��	 �����	


'.%%$±'.'6% (+* 5 �'.%%$±'.'6% (+* 5 �'.%%$±'.'6% (+* 5 �'.%%$±'.'6% (+* 5 �

'.%& ±'.'# (+* /�,*/?,'.%& ±'.'# (+* /�,*/?,'.%& ±'.'# (+* /�,*/?,'.%& ±'.'# (+* /�,*/?,

'.%$7±'.'77±'.'�$ #7! ), >�,* '�, /8,4 �&&�L�&&" 8,4 ���

'.$7 ±'.�6 ±'.'# ��! /2*,+ '') .84) �&&�L�&&" ���

'.76 ±'.�6 ±'.'" �%! /-B,*>�/55 &&� (4/8 �&&'L�&&" 8,4 ���

'.%6 ±'.�$ ±'.�' �&7 /82*,-)� &$ /*? �����C &."L�'.7 ?��

'.$� ±'.6� ±'.'% /2, &%� >8. �&&6L�&&" >8- ���

'.%$7±'.'#�±'.'6� ��! /8,D/3.,* &%9 -8,( �����C �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
'.%� ±'.�# ±'.'7 2+>B+8 - &"� /8,4 *���� �
 ), >�,* '�,

�&7 /82*,-)� &$ ��� �	� �	�� ����� �� ��� �
�� τ− τ: → ��− ν� ντ ��π: π' ντ �� 	�
����� ��	���� ��M��	����

ξτ �π� ���������ξτ �π� ���������ξτ �π� ���������ξτ �π� ���������
��−�� �����
 �������� ξτ �π� C ��

����� ��
� ������	
 �� 
��	 �����	


'.&&6±'.'�� (+* 5 �'.&&6±'.'�� (+* 5 �'.&&6±'.'�� (+* 5 �'.&&6±'.'�� (+* 5 �

'.&&#±'.'�6 (+* /�,*/?,'.&&#±'.'�6 (+* /�,*/?,'.&&#±'.'�6 (+* /�,*/?,'.&&#±'.'�6 (+* /�,*/?,

'.&&#±'.'�'±'.'�# �%! ), >�,* '�, /8,4 �&&�L�&&" 8,4 ���

'.$� ±'.�% ±'.'� /2, &%� >8. �&&6L�&&" >8- ���

�.'6 ±'.'7 ±'.'# ��'! -(/3 &% -8,( �����C �'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
'.&$%±'.'"%±'.'�% 2+>B+8 - &"� /8,4 *���� �
 ), >�,* '�,

'.&" ±'.�� ±'.'" �&% 2+>B+8 - &#� /8,4 �&&':�&&� 8,4 ��

�&% >��������� �
 2+>B+8 - &"��

ξτ �ρ� ���������ξτ �ρ� ���������ξτ �ρ� ���������ξτ �ρ� ���������
��−�� �����
 �������� ξτ �ρ� C ��

����� ��
� ������	
 �� 
��	 �����	


'.&&#±'.''$ (+* 5 �'.&&#±'.''$ (+* 5 �'.&&#±'.''$ (+* 5 �'.&&#±'.''$ (+* 5 �

'.&&#±'.''& (+* /�,*/?,'.&&#±'.''& (+* /�,*/?,'.&&#±'.''& (+* /�,*/?,'.&&#±'.''& (+* /�,*/?,

'.&$%±'.'��±'.'�� "&! ), >�,* '�, /8,4 �&&�L�&&" 8,4 ���

'.&& ±'.�� ±'.'# /2, &%� >8. �&&6L�&&" >8- ���

'.&&"±'.'�'±'.''6 77! /8,D/3.,* &%9 -8,( �����C �'.7 ?��

�.'��±'.'�$±'.'6' ��%! �&$ /82*,-)� &#, /*? �����C &.#L�'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
�.'#"±'.'"$±'.'6� 2+>B+8 - &"� /8,4 *���� �
 ), >�,* '�,

�.'6 ±'.�� ±'.'" �&& 2+>B+8 - &#� /8,4 �&&':�&&� 8,4 ��

�&$ /82*,-)� &#, ��	���� ��� �9�	�� �� ���� 9�	���
 	� ��� ��� ��� ��������� �

/82*,-)� &'$ �� ���	� ��� 9����� �������

�&& >��������� �
 2+>B+8 - &"��

ξτ ���� ���������ξτ ���� ���������ξτ ���� ���������ξτ ���� ���������
��−�� �����
 �������� ξτ ���� C ��

����� ��
� ������	
 �� 
��	 �����	


�.''�±'.'�% (+* 5 ��.''�±'.'�% (+* 5 ��.''�±'.'�% (+* 5 ��.''�±'.'�% (+* 5 �

�.''�±'.'�$ (+* /�,*/?,�.''�±'.'�$ (+* /�,*/?,�.''�±'.'�$ (+* /�,*/?,�.''�±'.'�$ (+* /�,*/?,

�.'''±'.'�7±'.'�# 6"! 6'' ), >�,* '�, /8,4 �&&�L�&&" 8,4 ���

�.'� ±'.�6 ±'.'6 �%��! />3,* '' -8,( �����C �'.7 ?��

�.�& ±'.�7 ±'.�� %�#! 6'� /-B,*>�/55 &%� (4/8 �&&�L�&&# 8,4 ���

'.$" :'.�"
−'.�% ±'.'" /82*,-)� &"' /*? �����C &."L�'.7 ?��

�.�" ±'.�6 :'.�"
−'.'$ %�"! /82*,-)� &6' /*? �����C &.#L�'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
�.'$ :'.#7

−'.#�
:'.�#
−'.�" ��7! 6'� /B,*> &"� (4/8 *���� �
 /-B,*;

>�/55 &%�
'.&6%±'.��7±'.'7# 2+>B+8 - &"� /8,4 *���� �
 ), >�,* '�,

6'' ), >�,* '�, 9���� �.''' ± '.'�7 ± '.'�6 ± '.'�' ����� ��� ������ 	�� ��	������	��
�
����	���� 	� 	 �����	��
 ��� �� ��� 1	� ��	�� ������ 0� ������ ��� �
����	���
����� 	� ����� �����	��
�

6'� /-B,*>�/55 &%� ���	� ���� ������ ���� 	 ����� �������� 1� �� ��� �	����� �����;
���� �������� 5����� ���� ��� ����� �� B�� 	� >	�	�	��	 �E4)A -#$-#$-#$-#$� ##" ��&&'��
����� '.$% ± '.�7 ± '.'#� 	� ���� ��� ����� �� ��  ���� �! �#� �4* .6&.6&.6&.6&��6"% ��&$&��
���
 ���	� �.�' ± '.�� ± '.�#�

6'� /B,*> &"� ���	� ���� ������ ���� 	 ����� �������� 1� �� ��� �	����� ���������
�������� 5����� ���� ��� ����� �� B�� 	� >	�	�	��	 �E4)A -#$-#$-#$-#$� ##" ��&&'��

����� '.$% ± '.�%:'.'"
−'.'7� 	� ���� ��� ����� �� ��  ���� �! �#� �4* .6&.6&.6&.6&��6"% ��&$&��

���
 ���	� �.�' ± '.6�:'.�6
−'.�#�

ξτ ��'' %�"#�	
 ��"(�� ���������ξτ ��'' %�"#�	
 ��"(�� ���������ξτ ��'' %�"#�	
 ��"(�� ���������ξτ ��'' %�"#�	
 ��"(�� ���������
��−�� �����
 �������� ξτ C ��

����� ��
� ������	
 �� 
��	 �����	


'.&&"±'.''% (+* 5 �'.&&"±'.''% (+* 5 �'.&&"±'.''% (+* 5 �'.&&"±'.''% (+* 5 �

'.&&%±'.''% (+* /�,*/?,'.&&%±'.''% (+* /�,*/?,'.&&%±'.''% (+* /�,*/?,'.&&%±'.''% (+* /�,*/?,

'.&&�±'.''%±'.''$ �'�! 6'6 ), >�,* '�, /8,4 �&&�L�&&" 8,4 ���

'.&&%±'.'�%±'.'�� 6&! 6'# /2*,+ '') .84) �&&�L�&&" ���

�.'� ±'.�6 ±'.'6 �%��! 6'" />3,* '' -8,( �����C �'.7 ?��

�.'6�±'.'6� 6%! 6'7 /-- /** &$� 86 �&&�L�&&" 8,4 ���

'.&6 ±'.�' ±'.'# /2, &%� >8. �&&6L�&&" >8- ���

�.�& ±'.�7 ±'.�� %�#! 6'% /-B,*>�/55 &%� (4/8 �&&�L�&&# 8,4 ���

'.&&"±'.'�'±'.''6 77! 6'$ /8,D/3.,* &%9 -8,( �����C �'.7 ?��

�.'6 ±'.'7 ±'.'# ��'! 6'& -(/3 &% -8,( �����C �'.7 ?��

�.'�%±'.'6& 6�' /82*,-)� &"' /*? �����C &."L�'.7 ?��

�.�" ±'.�6 :'.�"
−'.'$ %�"! 6�� /82*,-)� &6' /*? �����C &.#L�'.7 ?��

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
'.&%'±'.'"6±'.'�� �#! 6�� /-- /** &7� 86 *���� �
 /-- /** &$�

�.'$ :'.#7
−'.#�

:'.�#
−'.�" ��7! 6�6 /B,*> &"� (4/8 *���� �
 /-B,*;

>�/55 &%�
�.''7±'.'6�±'.'�& 6�# 2+>B+8 - &"� /8,4 *���� �
 ), >�,* '�,

�.'��±'.'�$±'.'6' ��%! 6�" /82*,-)� &#, /*? �����C &.#L�'.7 ?��

'.&& ±'.'% ±'.'# 6�7 2+>B+8 - &#� /8,4 �&&':�&&� 8,4 ��

6'6 ), >�,* '�, 9���� '.&&� ± '.''% ± '.''7 ± '.''" ����� ��� ������ 	�� ��	������	��
�
����	���� 	� 	 �����	��
 ��� �� ��� 1	� ��	�� ������ 0� ������ ��� �
����	���
����� 	� ����� �����	��
� ���
 ��� τ → πντ � τ → � ντ � τ → ρντ � 	� τ →
�� ντ ���	
��

6'# /2*,+ '') ��� τ− → �− ≥ 'π' ντ ���	
��
6'" />3,* '' ��� τ− → π− �π' ντ ���	
��
6'7 /-- /** &$� ��� τ → πντ � τ → � ντ � 	� τ → ρντ ���	
��
6'% /-B,*>�/55 &%� ��� τ → �� ντ ���	
��
6'$ /8,D/3.,* &%9 ��� τ → ρντ ���	
��
6'& -(/3 &% ��� �: �− ����
 ������	�����
6�' -������ 1� �� /*?+> �	� ���	
 �	�	����� ��	�������� � /82*,-)� &"'� /8;

2*,-)� &62� 	� /82*,-)� &#,�
6�� +��� τ → �� ντ ���	
�� *���	��� �
 /82*,-)� &"'�
6�� /-- /** &7� ��� τ → πντ � τ → � ντ � 	� τ → ρντ ���	
��
6�6 /B,*> &"� ��� τ → �� ντ ���	
��
6�# 2+>B+8 - &"� ��� τ → πντ � τ → ρντ � 	� τ → �� ντ ���	
��
6�" /82*,-)� &#, ��	���� ��� �9�	�� �� ���� 9�	���
 	� ��� ��� ��� ��������� �


/82*,-)� &'$ �� ���	� ��� 9����� ������� +��� τ → �� ντ ���	
�� *���	��� �

/82*,-)� &"'�

6�7 2+>B+8 - &#� ��� τ → πντ 	� τ → ρντ ���	
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INTRODUCTION TO THE NEUTRINO
PROPERTIES LISTINGS

Revised May 2006 by P. Vogel (Caltech) and A. Piepke (Uni-
versity of Alabama).

The following Listings concern measurements of various

properties of neutrinos. Nearly all of the measurements, all of

which so far are upper limits, actually concern superpositions

of the mass eigenstates νi, which are in turn related to the weak

eigenstates ν�, via the neutrino mixing matrix

|ν�〉 =
∑

i

U�i |νi〉.

In the analogous case of quark mixing via the CKM matrix,

the smallness of the off-diagonal terms (small mixing angles)

permits a “dominant eigenstate” approximation. Previous edi-

tions of this Review had assumed that the dominant eigenstate

paradigm applies to neutrinos as well. However, the present

results of neutrino oscillation searches show that the mixing

matrix contains two large mixing angles. We cannot, therefore,

associate any particular state |νi〉 with any particular lepton

label e, µ or τ . Nevertheless, neutrinos are produced in weak

decays with a definite lepton flavor, and are typically detected

by the charged current weak interaction again associated with a

specific lepton flavor. The Listings for the neutrino mass that

follow are separated into the three associated charged-lepton

categories. Other properties (mean lifetime, magnetic moment,

charge, and charge radius) are no longer separated this way. If

needed, the associated lepton flavor is reported in the footnotes.

Measured quantities (mass-squared, magnetic moments,

mean lifetimes, etc.) all depend upon the mixing parameters
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|U�i|2, but to some extent also on experimental conditions (e.g.,

on energy resolution). Most of these observables, in particular

mass-squared, cannot distinguish between Dirac and Majorana

neutrinos, and are unaffected by CP phases.

Direct neutrino mass measurements are usually based on

the analysis of the kinematics of charged particles (leptons,

pions) emitted together with neutrinos (flavor states) in various

weak decays. The most sensitive neutrino mass measurement

to date, involving electron type neutrinos, is based on fitting the

shape of the beta spectrum. The quantity 〈m2
β〉 =

∑
i |Uei|2m2

νi

is determined or constrained, where the sum is over all mass

eigenvalues mνi that are too close together to be resolved

experimentally. If the energy resolution is better than ∆m2
ij ≡

m2
νi
−m2

νj
, the corresponding heavier mνi and mixing parameter

could be determined by fitting the resulting spectral anomaly

(step or kink).

A limit on 〈m2
β〉 implies an upper limit on the mini-

mum value m2
min of m2

νi
, independent of the mixing param-

eters Uei: m2
min ≤ 〈m2

β〉. However, if and when the study

of neutrino oscillations provides us with the values of all

neutrino mass-squared differences ∆m2
ij and the mixing pa-

rameters |Uei|2, then the individual neutrino mass squares

m2
νj

= 〈m2
β〉 −

∑
i |Uei|2∆m2

ij can be determined.

Leaving the yet unconfirmed LSND evidence aside, neutrino

oscillation experiments using solar, reactor, atmospheric, and

accelerator neutrinos can be described using two mass splittings

and three mixing angles. Combined three neutrino analyses

determine the squared mass differences and two of the mixing

angles to within reasonable accuracy. For given |∆m2
ij |, a

limit on 〈m2
β〉 from beta decay defines an upper limit on the

maximum value mmax of mνi : m2
max ≤ 〈m2

β〉 +
∑

i<j |∆m2
ij |.

The analysis of the low energy beta decay of tritium, combined

with the oscillation results, thus limits all neutrino masses.

Traditionally experimental neutrino mass limits obtained from

pion decay π+ → µ++νµ, or the shape of the spectrum of decay

products of the τ lepton, did not distinguish between flavor and

mass eigenstates. These results are reported as limits of the

µ and τ based neutrino mass. After the determination of the

|∆m2
ij |’s, the corresponding neutrino mass limits are no longer

competitive with those derived from low energy beta decays,

with the proviso, however, that the oscillation searches, reported

below, can be regarded as a reliable source of all |∆m2
ij | values.

The spread of arrival times of the neutrinos from SN1987A,

coupled with the measured neutrino energies, provides a time-

of-flight limit on a quantity similar to 〈mβ〉 ≡
√

〈m2
β〉. This

statement, clothed in various degrees of sophistication, has

been the basis for a very large number of papers. The resulting

limits, however, are no longer comparable with the limits from

tritium beta decay.

Constraint on the sum of the neutrino masses can be

obtained from the analysis of the cosmic microwave background

anisotropy, combined with the galaxy redshift surveys and

other data. These limits are reported in a separate table (Sum

of Neutrino Masses, mtot). Discussion concerning the model

dependence of this limit is continuing.
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Revised April 1998 by K.A. Olive (University of Minnesota).

The limits on low mass (mν
<∼ 1 MeV) neutrinos apply to

mtot given by

mtot =
∑

ν

(gν/2)mν ,

where gν is the number of spin degrees of freedom for ν

plus ν: gν = 4 for neutrinos with Dirac masses; gν = 2 for

Majorana neutrinos. Stable neutrinos in this mass range make

a contribution to the total energy density of the Universe which

is given by

ρν = mtotnν = mtot(3/11)nγ ,

where the factor 3/11 is the ratio of (light) neutrinos to photons.

Writing Ων = ρν/ρc, where ρc is the critical energy density of

the Universe, and using nγ = 412 cm−3, we have

Ωνh
2 = mtot/(94 eV) .

Therefore, a limit on Ωνh
2 such as Ωνh

2 < 0.25 gives the limit

mtot < 24 eV .

The limits on high mass (mν > 1 MeV) neutrinos apply

separately to each neutrino type.
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$' ��� �	��� �� ��� �������� ���� ��� �	�� ������� �
 H(>) 4+*/ '�� �� ��� ν�� ���


���	��� ���� ������ ���� ��� ���	� �	��� ��	����� � 	�� ���	� ������ �=���������
���
 	������ ��	� ν� �� ��� ������ �	��� ��	��� �� �	��
 ��	��� ������ ��	�� 	� ν�
���	
� ������� ��	��	���� ������� ��!� �	M��� ������� ���	
� ν� → ν′� : ( �����

ν′� ��	�� �� �������� ��� �=	�� ����� ������ � ��� �����1� ������� �� ��� ���	� ������

�������� ��� 9����� ����� �� ��� ��� 8�/ ��������

$� .(8?(� && ��	��� ������ � ��� ��	M��		� τ ;	�����	��� ν �	��;�������� ��	� �	��� �
������
������� *������ ����� �� �������	��
 ����1�� �� ������ ������	���� �=����

$� 2 88,* &$ ��� ��� �������� ��� γ;�	
 ������	 �� ��� ������ � ��� ��	 ���� �� 	


�	��	�����
 ���	
�� ������ ������ '.'" 	� � ��� -���� ����� τν<2γ > '.�"×�'�� �

	� '.'" ��� > �.� × �'�� � 	� '.�% ��� > 6 × �'�� � 	� � ��� ����� 2γ �� ��� ��	����

�	��� �� �������

$6 28+.�/3 &� ���� 	������	� ������ �
 ���� ������ ��� ������ �	�� �	���� -���������	�
������ 	�� 	��� ���	����

$# 8���� � ��� �	��	���� ���	
 �	��� � �������	��� �� γ�� � ��������� ���� ν�� ����
>3 �&$%/�

$" .(.,8>(3 &� �	�� �� ��� ����;�������
 !�� �	�� .��	� ν�� ���� ��� ���� �� �����
��	� � >3 �&$%/ ���	
�� �� ν�� ��	� ����� �	�� ����	���� � B/�� ��  �2 ����������

$7 ?*/3,B &� �������� ��	�
 ������ ���	
� �� γ ν� 	� 6ν�� ����� �ν�
<�'' !���

8������� �� �	����	��� 	� 	 ������ �� ��	�
 ������ �	��� ��	���� �	��� ��� γ ν��
	� �ν�

�

$% B*/B/+,* &� 9����� ��� ����� ��� ν� � τ<�ν > �'.6�� : &.$� : �".&� �<��� �����
� �� 	 �	�	����� ��������� ��� 	�
�����
 � ��� �	��	���� ������ ���	
 ��1�� 	�
�$γ

/
����θ C ��<���� : � ���θ� � C ' ��� 	 �	M��		 ������� ��� �	 �	�
 ���� −�

�� � ��� 	 .��	� ������� ��� ���� ���� �
 ��� 	������ �� ��� ���� ������	����
������ 	������ ��� � C − ���

$$ 0/8B,* &' ���� >3 �&$%/ γ Q�= ������ 	���� �$& �	
��

$& -)+44 $& ������ �� ���������� �
 	 ��	���� �	��� �	���� �� 	� 	 �������� �Æ����

�	���� �<#�� 	� ����	�� �� �	��	���� ���	
 �� 	
 ������ �� 	 ������� �� ������� �������

&' */55,8� $& ���� BA+8.H ,� $# �� ���	� τ�6 > 6 × �'�$ � ��6 ��	��� � ν� �
−

����� ��������� ��� ���� ��� ��� �	��	���� ���	
 �� �� �	��� �� �������� 	� �	�����
��	����� ������ 	�� �9�	� ��� .��	� ��������

&� */55,8� $&� 		�
@� �����	� �������� 	� �=����� ��� ����� 6 × �'�� < τ�6

< 6 × �'�� � ��6�
&� �����;������� ���������	� 		�
��� �� >3 �&$%/ �������� S����� ����� �� ���[∑

j
∣∣&� '

∣∣� N' �'

]−�� ����� �Cµ� τ � 8���� �� 6.6 × �'�# �<�� ��� �C��

&6 (2,*/+,* $% ���!� ��� ������ 	� �: �− �	��� ���� �	��	���� ���	
� �� ��	����
��������

&# 2 3,�*+A $# 1�� τ < �'$ � ��� ������� � 	 �	��	���;����	��� ��������
&" ����� �=�������� ���! ��� ν) → ν' γ �� ν) → ν' γ�

&7 >�,-B,* $' ����� �	��� � +� �	�!������ ������ ���� �� τ > #×�'�� � 	� �νC�' ���

&% 5/8B %$ 1�� �������� �����	��� �	��� � �������	 ����������



������������

����������	
�� �	��	��

������� ���������

&$ -(0> B %% �������� �	����
 �� ���	����� 5�� ������� �������� � ��� ��� �	��

������ ������ � �����	� ����� Q�= ��9���� τ > �'�6 � ��� �ν ∼ � ��� >�� 	���
-(0> B %& 	� ?(8.�/3 %&�

ν �������� ������ν �������� ������ν �������� ������ν �������� ������

��� ������� �� ������� �� 	 ��������	����� 1��� �� 	 ��	�	�����@��
�
 	 6×6 �	���= λ �� ��� �	����� �µ� 	� �������� ��� ������ ������
�λ C µ ; ���� 5�� �	M��		 ������� ��� �	���= λ �� 	���
�������
	� ��
 ��	����� ������ 	�� 	������� ����� ��� .��	� ������� λ ��
	 ����	� 6×6 �	���=�   ��� ��	�	�� ���������	! �����
 �=����� ��
������ ������ �	���� ���� 5�M�!	�	 $'� µν C 6����ν<�$π�√�� C

6�� × �'−�&��ν<���µ� � ���� �� �� �������	��
 ��	�� ���� ��� !��
��	�� ������ �	�����   ���� ����	� ������ ����� �� � ����� 	 ������;
���	���
 ������ ������ �	�� 	� ��� �	����� ������ ��� ������
��
 �	����� ������� �	�� ��	����� �	����� ������ ������� 1�
�����

8	���	���
 ����� � λ 	�� ���	��� ��	 ��	���� ν−� ��	������� ����� ���
��	������ ������ �� �� ��������� ��� �����	���� �� �	���= �������
�� λ ��	� 	�� �����	��� �
 �	����� �=�������� ����� � ��� ����	�
������ Q	��� 	� � ��� ����	�	��� ������ ������ 	� �������� ������
���	� ν� 	� ��	���� ν� �� �� �����	� ��� �	�� �����	������ ���
������� ����� ��������� ������
 ��� ����	� ������ Q	����

(���� ������� ���� ���� �	����� �����	� ������ ���������� 	���
 �� 	�� ��;
���� Q	����� /	������ Q	��� ��������� ��� ��	!��� ������ 	�� ��;
�	��� ���� ��� 		�
��� �� �: �− → ν ν γ �������� �=���������

����� ���−�� µB � ��� ������	
 �� 
��	 �����	


< '.& �-8 C &'J� (+* 8 � �< '.& �-8 C &'J� (+* 8 � �< '.& �-8 C &'J� (+* 8 � �< '.& �-8 C &'J� (+* 8 � �

< '.&< '.&< '.&< '.& &' && ./*/B�-)��� '" *�	���� ν�
< 7.$< 7.$< 7.$< 7.$ &' �'' /+,*2/-) '� 8>3. νee� νµ� ��	������

< 6&''< 6&''< 6&''< 6&'' &' �'� >-)0 ,3)(���'� .(3+ ντ �
− → ντ �−

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •

< 6% &" �'� ?* 5(8> '# 5 � >��	� $2 ν �>3( 3-�

< 6.7 &' �'6 8 + '# >B/� >��	� ν �������� ��	��

< �.� &' �'# 8 + '# >B/� >��	� ν �������� ��	��
�8�/ ������

< "." &' �'" 2/-B '6� -3�* >��	� 		 	� 2� ν

< �.' &' �'7 ./*/B�-)��� '6 *�	���� ν�
< �.6 &' �'% 8 '6� -3�* *�	���� ν�
< � &' �'$ ?* �+> '� 5 � ���	� : ��	���� ��	M�;

�		 ν�

<$'''' &' �'& �/3 �(�( '' *�+, �: �− → ν ν γ

< '.'�L'.'# ��' /A/8/ && />�* ν� → ν
 � >3 �&$%/

< �." &' ��� 2,/-(� && >B/� ν �������� ��	��

< '.'6 ��� */55,8� && />�* *�� ��	� ��������


< # ��6 */55,8� && />�* >��	� ������

<##''' &' /2*,+ &%� .84) �: �− → ν ν γ 	� 8,4

<66''' &' ��# /-- /** &%D 86 �: �− → ν ν γ 	� 8,4

< '.7� ��" ,8�5(*> &% -(>� .����	��@	��� � �	��

������� ��	��	

<�%''' &" ��7 ,>-* 2/3( &% *�+, N�� → ν ν� 	� 8,4

< 6' &' � 8/ 3 &"� -)�� νµ � → νµ �

<""''' &' ?(+8. &# *�+, �: �− → ν ν γ 	� 8,4

< �.& &" ��% .,*2 3 &6 -3�* *�	���� ν � → ν �

< "#'' &' ��$ -((4,*;��� &� 2,2- ντ �
− → ντ �−

< �.# &' ��& � .A/B 3 &� -3�* *�	���� ν � → ν �

<"7''' &' .,>)4/3., &� *�+, �: �− → ν ν γ

< �'' &" ��' .(*,32(>��� &� -)*� νµ � → νµ �

< $." &' /)*,3> &' -3�* νµ � → νµ �

< �'.$ &' ��� B*/B/+,* &' -3�* 8/�45 ν � → ν �

< %.# &' ��� B*/B/+,* &' -3�* 8/�45 �νµ� νµ ��

��	���
< '.'� ��� */55,8� &' />�* *�� ��	� ��������


< '.� ��6 */55,8� $&� />�* -����� ������ ��	��
��# 5+B+? �/ $$ -(>� 4�������	� �	�� 1����

<#'''' &' ��" ?*(�-) $$ *�+, �: �− → ν ν γ

≤ .6 ��6 */55,8� $$� />�* )� ����� ��	��

< '.�� ��6 5+B+? �/ $% />�* -����� ������ ��	��

< '.'''7 ��7 3+>> 3(� $% />�* -����� ,� �	�!������

< '.�L'.� �(*?/3 $� -(>� #)� 	���	��

< '.$" 2,? %$ />�* >����	� ��	����

< '.7 ��% >+�),*8/3. %7 />�* *�� ��	�� : ������	��
��	���

< $� ��$ B � %# *�+, νµ � → νµ �

< � 2,*3>�, 3 76 />�* >��	� ������

< �# -(0/3 "% -3�* *�	���� ν

&& ./*/B�-) ,�/ '" ������ ��� 1	� 		�
��� �� ��� ��	��� ��� �;��	�	�� ν�−�
��	������ ������� 	� 2���
 ����	� ��	����� 5��� !���	���	� ���� ������������
�� ���� ��� !����� ����
 	���� %'' !�� 	� ��	������ 	��� �� ��� ������ �������� �

��� �� �4-� ���� ������� �	���	���
 ����� � �	����� ������ >��������� ./*/B;
�-) ,�/ '6�

�'' /+,*2/-) '� ����� �� �	��� � ��� 8>3. ν� 	� νµ ������� ��	������ ��	���������

��� ����� �� �������
 ���� ������� ��	 B*/B/+,* &'�

�'� >-)0 ,3)(*>� '� 9���� 	 �=�������	� ���������
 �� #.& × �'−%�
�'� ?* 5(8> '# ���	��� ���� ���� ���� ��� >3( �	�	 �� ��� ���	� $2 ������ Q�=

��	����� ���� ������� ���	!��� ���� ���� 	������ �� µ�K C �µ�
�� : µ�

�� : µ�
�6��/��

�'6 8 + '# ���	��� ���� ����� ���� ��� ��	�� �� ��� ������ ������� ����
 �������� ���� ���
>����;B	���!	��; �#&7 �	
� �� ���	� ������ �	�	� 3������� 	�� 	������ �� �	��
��
 ��	��	� �	����� ������� µν� C µν�� ���� ����� ���������� �� ��� ������	���
�	�	������ � ��� �	���� ������	��� ������

�'# 8 + '# ���	��� ���� ����� ���� ��� ��	�� �� ��� ������ ������� ����
 �������� ����
��� >����;B	���!	��; �#&7 ����;�	
 ���	� ������ �	�	� �
 ������� ��� ������	��� �	;
�	����� ����� � ��� 8�/ ����� 	������ �
 ���	� ������ �=�������� ���� B	�8/3.�
µν� C µν� �� 	�������   ��� 8�/ ������ ��� �	�� ����� ����� �� ���	��� ��� ��
������� �	�� �K;��	��	� �	����� �������

�'" 2/-B '6� ���	��� ���� ���� ���� ��� ������� �� �	�!����� ��	�������� ����
-����� ���� 5	�����
 ���� ������
�� �� ��� 2���=�� ���������� >�	�	�� >��	� �����
Q�= �	� 	������� ���� µν �	 �� ��K���� ���� ��� ��	���� µν � ����	� ������	���
���	���� ���� 2,/-(� &&��

�'7 ./*/B�-) ,�/ '6 ��	����� ��� �;��	�	�� ν� ;� ��	������ ������� 	� 2���

����	� ��	����� 5��� !���	���	� ���� ������������ �
 ��� �� �4-� >��������� �

./*/B�-) ,�/ '"�

�'% 8 '6� ���� ?� �������� � 	����� ������ �	� ����	� ��	���� �� ���� ��� ���	�	�� ν� ;�
��	�������

�'$ ?* �+> '� ���	� ������� ����� � 	�� �	M��		 ������ ��	����� ������ ����
	 ������	���� 1� �� 8�/;�>0 ������	��� �	�	������ 	� ��	����� ������ �� ����	�
���	� ������ �	�	 : ��	���� �	�	� +��� ��
 ���	� ������ �	�	� 	 &'J -8 ���� ��

7.6 × �'−�'µ� �� ���	����

�'& �/3 �(�( '' ������� �: �− → ν ν γ �	�	 ���� �,3+>� �(4/E� 	� /�A�

��' /A/8/ && �������� ��� ����� �� 2/*2 ,* $$�

��� 2,/-(� && ���	� ��� ����� ���� ��� ��	��� ��� �� ��� 	������� �	������ �����
�� 	K����� �
 ������	����� �� ��� ���	� ������ �������� ���	��� �
 >����!	���!	��
�$�" �	
��� ���� µν �	 �� ��K���� ���� ��� ��	���� µν � ����	� ������	��� ���	�����

��� */55,8� && �� 	 ���	�� �� */55,8� &'� ���� ����� 	������ �� 	�� ������ Q	����
����� 	�� ����� ����� �< " !��� �� �� ������� ���� ������	�;������� ��� ��	��� ����
����� ����	�� �9�	��
 �� �������� ������ ������ 	� �	����� ��	����� ������� 	�
�� 	������ �� ���� .��	� 	� �	M��		 ��������

��6 */55,8� && �� ������	��
 	 ���	�� �� 2,*3>�, 3 76� ��� �� ������� ���� ��� ��;
��������������	� ����� � 	 �� ����
;���� ��	�� �� ��� >�� ���� ����� 	������ �� 	��
������ Q	���� ����� 	�� ����� ����� �<� !��� �� �� ������� ���� ��� >�� ���� �����
����	�� �9�	��
 �� �������� ������ 	� �	����� ��	����� ������� 	� �� 	������ ��
���� .��	� 	� �	M��		 ��������

��# /-- /** &%D ������ 	������ �� ���� ������ 	� ��	����� �	����� ������ 	� ���

��C'�

��" ,8�5(*> &% �	����	�� ��� �	�� �� �����	��@	��� � 	 ��	��	 ��� ������� ���� 	 �	�;
���� ����� 	� ��� ��� �����	��� ���� 	 ���;�	� ������
������ � 	������	�
������� �� ��������

��7 /������ �� 	������� �	��� �� �	����� ������

��% .,*2 3 &6 �������� ��� ����� ������ ��� '.7L�.' ��� ������� ����
 	� ��.�$ ±
'.76� × σ��	!� )������� ��� ���	���� � L ��	���� �K�<���	���� �K� �� ��
 ∼ �<�''�

��$ -((4,*;>/*B/* &� 	����� �*�
<�π C � 	� *+ � *+ ��������� ����� ������ C

�.7 µ� �� �	����	�� ν Q�=�

��& � .A/B 3 &� ����� �� ���� 	 � ν� ��	���� ��	������ �=�������� 3� �=�������	� ���	���
	�� ���� �=���� ��� ��� ����� ������ ���� ����� ���� ����� �� �������� >��	�<���� �	�

�<�'� ��� ����� ���� ���θ� C '.�6 	� �����

��' .(*,32(>-) &� �������� 	 �������� ��	����� � .(*,32(>-) $& ��	� ��� ν
�	����� ����� �� < � × �'−& 	� ��� &"J-8� .(*,32(>-) $& ��	����� ����
νµ � 	� ν � ��	���� ��	������ 	� 	����� µ�ν� C µ�ν��

��� B*/B/+,* &' �=������� ����
 �������� � /88,3 &6�

��� */55,8� &' ����� 	������ ��� 	 ��	��	� �	����� ����� �� 	 .��	� ������� �� ��� 	
��	����� �	����� ����� �� 	 �	M��		 �������   ��� �	���� �	��� ��� �	�� 		�
���

����� < �.# × �'−��� 8���� 	� &"J-8 ���	��� ���� δ�� �

��6 >���1�	� �������� � ���	��� �� �����	� �������

��# 5+B+? �/ $$ 1� �	����� ������ ������ �� 	
 ��� ������ ������� 	�� ������

�
 µ < �'−�7 O�'−& �<�'P ����� �' �� ��� ������;�	
 �����	�	���� 1��� ��������

��" ?*(�-) $$ ������� �	�	 ���� �/-� />4� -,88(� 	� �	�! H�

��7 5�� �ν C $L�'' ��� 3+>> 3(� $% �=	���� ��	����� �	����� ������ ��� νµ →
ν� 	� ���	� < 6 × �'−�" ��� �ν > �7 �� 	� < 7 × �'−�# ��� �ν > # ���

��% 0� ���	� 	���� ����� ���� >+�),*8/3. %7 ���� ����� ����� � < �<6�

��$ B � %# �� 	 ���������	� 		�
��� �� νµ ��	���� �	�	�

��,����� �!���� ����,� �H,������,����� �!���� ����,� �H,������,����� �!���� ����,� �H,������,����� �!���� ����,� �H,����

0� ������ ������ � ��� ��;�	���� ������ ��	��� �	���� �9�	���� 0����
��� ���	����;����	�� ��1���� �� 	 ������ ��	��� �	���� �	� ��� �����
�� �� �	���;������� 	�� ����� ���
���	� �8,, %%'�� ����� �	�� ���
����� 	������� �� ��1� 	 ��
���	��
 ������	��� ������ ��	��� �	����
�2,*3/2,+ ''� 2,*3/2,+ '��� ��� ����� �� ����� ����������	� �5+;
H B/0/ '6� 2,*3/2,+ '6�� / ���� ����	� ��������	��� �� ��� �=���;
����	� ������� �� ��	� ���
 	�� ������ � ����	� ���	�	�� �����������
�� ������ ��	�������

����� ���−1� ���� ��� ������	
 �� 
��	 �����	


−�.&% �� #.�# &' ��& /+,*2/-) '� 8>3. ν� � → ν� �



������������

��� ��� �� ���� 	
� ������ ����	
�� �	��	��

������� ���������

• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
<'�7$� > −'."6 &' �6' ) *>-) '6 νµ � ��	��

<&�& 	� > −$.� &' �6� ) *>-) '6 	��	���� �: �− →
ν ν γ

<
∣∣'.7

∣∣ &' � 8/ 3 &"� -)�� νµ � ��	���� ��	��

'.& ±�.% /88,3 &6 -3�* 8/�45 ν � → ν �

< �.6 &" �(+*/( &� />�* )(�,<B/�� ν �	���

< %.6 &' �6� � .A/B 3 &� -3�* *�	���� ν � → ν �

�.� ±�.6 /88,3 &� -3�* *���� �
 /88,3 &6

−�.� ±�.' �66 /)*,3> &' -3�* νµ � ��	���� ��	��

−'.6 ±�." �66 .(*,32(>��� $& -)*� νµ � ��	���� ��	��
�6# ?* 5(8> $&� />�* >3 �&$%/

��& /+,*2/-) '� ��	���� ν� � ��	���� ��	������ ���� 8>3. ��������� ��� ����� ������
	����� ���� ��� >�	�	�� ����� �=����	���� ������� ��� ��	��� 	� ����	� ������
����������� ��� &'J -8 	������ �� ��� �	�� �����

�6' 2	��� � 		�
��� �� --5* &$ �������� 8���� �� �
〈
��V

〉
:

〈
��A

〉
� ��� -)/*�   	�

,%6# 	� 238 ������� 	�� ��		�
@��� 	� ��	!�� ����� � ��� ��	��� �	���� �9�	���
��	 ���������
 ��������� 	�� ���	���� ��� 3���� ������ �� ���������� ��� ���	�����


���������� 	� νµ ��	��� �	���� �� �������
〈
��V

〉
:

〈
��A

〉
C �#.�' ± �.7#� × �' −66 ����

�6� *������ �� 8,4;� 	�� ���������� 	� ������ � ��� 	=�	�;������ ��	��� �	���� �9�	��� ��
	 �	M��		 ντ � >������
 ��	!�� ������ ��� ���� ������ 	� 	=�	�;������ ��	��� �	����
�9�	��� 	�� ���	��� ��� ��� .��	� �	��� 	� ������	� ��	!�� ������ 	�� ���	��� ����
��� 		�
��� �� ����� ����
 �	�	 �8,4;��" 	� �* >�/3��

�6� � .A/B 3 &� ����� �� ���� 	 � ν ��	���� ��	������ �=�������� 3� �=�������	� ���	���
	�� ���� �=���� ��� ��� ����� ������ ���� ����� ���� ����� �� �������� >��	�<���� �	�

�<�'� ��� ����� ���� ���θ� C '.�6 	� �����

�66 *����� �� ���	��� ���� ��		�
��� ���� � /88,3 &�� �������� �
 ��� �������� �� ���	�
� σ �������

�6# ?* 5(8> $&� ���� 	 ����� ��
〈
, �〉

< '.� × �'−6� ��� ��� �����;�	��� ��������

���������� ��� �(��#	� �#�$(#�	(����������� ��� �(��#	� �#�$(#�	(����������� ��� �(��#	� �#�$(#�	(����������� ��� �(��#	� �#�$(#�	(�

�&�&(!'���� �� �) ���� ��1 8� �"�"+�����6" �� ��� ��7 7 '�##"/��
$'�$(&;& �� �� ��� �41��� (� $���+":"� �� 9�+�3��"� �� (":""+� �$'���
(�&7% �� ,�� '4� 44� '�� (�"� �� ���
&�&��$� �4 �� ��� �*1��4 �� &�"���� �� ��� �% � '�##"/��
�&�2,� �4 �) ��*� �� �� �"�3��� �� �"�<"��"� &� !��3��
',''�$ $ �4 &%� �� �01 %� '�����
� �� ��� ��2 &	�
'��!!5 �4 �� ��* ��1��� �� '������ �� )�3���3��� %� �"���
,27'�$ �4 ��) *� ���1�� (� ,3���� �� ��� �("�)& � '�##"/��
2�$9�)% �4 �) ��0� �04 ��&� 2��<�#� ,� �"�� %� ���"
�� ��&�'� &��,��
)$7 �4 ��) *1 ���0�� ��;� )�� �� ��� �%�?��@("���+"
=� '�##"/��
&� &��)�$ �1& ��) *� ���0�� '� &�
"/�#=� �� ���
�&'( �1� �) ���1 1� ���� �"�+ �� ��� �����>�
� '�##"/��
�& �5��&��� �1 �) ���� 11 &� �"
=��?"=��"�� %� '���/��� %� 2�:"�� �%&�&	�
�,� &�,7 �1 ��?@?�.�1�1��� �� ���
"/��� �� �"?"6"�#���� �� ��="#
�&�&(!'���� �1 �) ���4 �*� 8� �"�"+�����6" �� ��� ��7 7 '�##"/��
97�$(&;& �1 ��?@?�.�1�1�00 (� 9�E�+":"� �� %����+
�&  ,%!&� �1� �'&� �1�� ��4 %� �"

��"=
�$�%'� �1 �� ��� �11��� �� ����� �� ���
)$ �1� ��) *� �1�0�� ���� )� �� ��� �!,-� � '�##"/��
%�,�2,) �1 &��% �40 ��� �� � %?��3�# �� ���
�,� &�,7 �� ��) 0* ���0�� �� ���
"/��� �� �"?"6"�#���� �� ��="#

&#� ��) 0* ��**�� ����"������ ���
"/��� �� �"?"6"�#���� �� ��="#
�,��$ ��� �,!�) �� 4�* &��� ���/�
� ����� %���
�6

!�"
#"��= <��� 8,!9� �� 401�
,)2&��5 �� ��) 0* ���1�� �� ,#3"��� �� ���
2�$�7% ��  � ��40 1�� ;� 2���� �� ���
��%�$�7�& ��� �� ��� ��1��0 &�%� ����?��"� ,� �"�� %� ���"
��
),;$% �� �� ��� ��1��� &� )�:�� %� ���=#�
)��,�� �� �� ��� ��1��� !��� )���=�� ��D� )"�/
;& 2 �� �� ��� ��1��� -� ;"
3� �� !�3�"�+� �� 8"#="���"3"
&7,��&'� �� �� ��1 ������ )��� &���/"�� �� ��� �)% � '�##"/��
%'�;$, ����� �� �) ���1 �1 �� %��:��
���� �� ��� ��� 7! '�##"/��
&!�& &% �� �� ��� ������ �� &��"
" �� ��� �'),� '�##"/��
�,� &�,7 �� �� ��� ��1��� �� ���
"/�� �� ���
97(72$!& �� ��) 04 ��0� �� 9�+�3��"� 2�'� )���  � %�3��"�"
!& $��!� �� �) �4�0 �  � !"
����� �� ���
&5&)& ** �� ��* ���*�� &� &�"#"� ��'� �G�#�6�� �� !����
�,&'�� ** ��) 01 ���� ��9� ��"���� �� ��3�#
'��9! ** ��) 01 ��*� ��&�'� '��<�� ;� ��� �� �"6�
��)2�� **  � ��40 10� &��� ��#3�6 �� ���
)��&%�,� ** �) �4�� ��� ���� )�/"��6 �� ���
�&99,)! ** ���) 1�� 1�* 2�2� �"B�#�
;,$ �,$�,� ** �) �4�� ��* '�� ;��
������ �� ���
&'(,�%!&99 *0! ,�� '� ��* (� &�+���"B �� ��� ���&) '�##"/��
&��&� *0 �) �41� ��* �� &��"� �� ��� �'),� '�##"/��
�&�&!, *09 ,�� '� 1*� �� �"�"�� �� ��� �&),�� '�##"/��
�$)),� *0 ��) 0� �**� %��� ��##�� �� ��� �;�$��), '�##"/��
9,)��& *0 �� ��� 10�1 2��� 9�#=�"
� ���� '���

), 8 *0 �) �4�� �� %� )�
A �� ���
&��,7 *�� 8��5 '�4 ��� �� &/��� �� ��� ��,)��$ '�##"/��
&''$&��$ *�D �) �4�� ��� �� &���"��� �� ��� �)1 '�##"/��
& &%!&%%�� *� �� ��� ���* &� &
"�"�6 �� ��� �'),� '�##"/��

&#� �� ��0 ��**�1 ����"����&� &
"�"�6 �� ��� �'),� '�##"/��
,)�9��% *�  � ���1 1 �� ,#�<�� �� ���
,%'�$�& � *� �) �1*� 1�* �� ,���/"
�� ,� �"� ��&�'� �&�$!�
9$,)�% *� &%� � ��* ���� 9��#=� (� ("�
�#"�
�
� (�&� �#�6� � �&�	�
%;&$ *� �� ��� �� �� %:"�
� )� !"�#�� � ,&%�
&),-& �,� *�� 8��5 '�� �1� 2� &#�>"
=�� �� ��� ���&) '�##"/��
&%%&�&2& *� �� ��1 ���� (�&� &"�"3"
 �� ��� ��%$� 87�$� �$))	�
�&$ *� �� ��1 �� ��8� �"� �� ��� ��,% '�##"/��
��!!$ � *� �� ��1 �1�� &� �����
� �� ���
��)2�� *� �) �101 �*1 &��� ��#3�6� %� �"���� ��;�9� �"##� �$9$'� �&),�
�&  ,%!&� *� ��) �� �040 %� �"

��"=� �� �"=�
 �&&���
�&  ,%!&� *�� ��) �� ��40 ����"���� %� �"

��"=� �� �"=�
 �&&���
�&  ,%!&� *�' �� ��4 �0*4 %� �"

��"=� �� �"=�
 �&&���
%��$, *� 8��5 '�� 101 ���� %�/��� ��(� (��#��� $� )":�
 ��$'!�
�,),%,� *� �) �1�� ��1 &�$� ��#��6 �� ��� �$ ��� ($&,�
�7%(7)$' *�� �) �14* �0� �� ��+�#�� �� ��� �&),�� '�##"/��
'�$ 2 *� $��� &�� �04� '��� '��
3 �� ��� �'%!� �,$�!� '$&,�
��)2�� *� �� ��� 4��* &��� ��#3�6� (� ("�
�#"�
�
� $�8� �������
 ��$'�	�
�$��,�&  *� ��2 �� �1* (��� ��==��"

� �� �"
��#� �� %��:�
�+�� ��7 !�
(,� & *�  � �41� �41 ���� (��
"
� )��� (�"� �'&%,�
%$2) *� �� ��� �4** 2� %�3#� ��%� !��
�� �9 &)� ,9$�

%!�,99) *� ��) �� 1�1� ;� %���H� ���� ����"
 �)) )�
�$)&$ *�� �) �14� ��� �� ��#"�
 �� ��� �'�&�� $$ '�##"/��
&%%&�&2& *4 �) �11� �1� (�&� &"�"3"
 �� ��� ��%$� 87�$� �$))	�
�&�7 *4 �) �1�� �4� (�%� �"/�� !��� 2��#=� $�8� �������
 ��&�!	�
���,)%� *4 �� �4* ���0 %� ��=�#�
� 2� 2��+� ��%� !��
�� �9 &)� '�$'	�
2�7)� *4 �) �111 �4� !��� 2��#=� $�8� �������
 ���7� �$'��
�,'(,)�&  *4 �) �11� 1�� �� ���+�#�"

� ��9�&� 2��=���� ���� )��� �;&�� 	�
(&;&%&($ *4  � �4�* ��� �� (":""+� �� ��� ��%7�
�,�,% *4 �� ��� ��1 ��)�2� ����� �� �#����A� �� 8�+"
�6��� 9�
��"#
5&%7�$ *4 �) �114 ��* %� 5"��� �� ��� �(,(� !%7(� (5�!	�
&)), *1 �� �4� �� ��'� &##�
 �� ��� �7'$� )& )� & )	�
�&),%! *1 �� �4� �1��� �� �"#�� �� ��� �'),� '�##"/��
'$ &��� *1 ��) �� 1��� �� '�
"/�� �� ��� �'),� '�##"/��
�,��$ *1 �,!�) �� ��0 &��� ���/�
 �� ��� �� �$�

!�"
#"��= <��� 8,!9� �� ����
��)2�� *1 ��) �� 4�� &��� ��#3�6� $�8� �������
 ��$'��
, D�$%! *1 �) �1�� 1�� (� ,
I6��� �� 7�/� � ����
%7 *1 '� � �� ��� ��'� %�
 �� ��� �'$&,� '%!� �,$�!�
;,$ �,$�,� *1 �) �1�� ��� '� ;��
������ �� ��� ��& 8�
&)��,'�! *�� �) ��*� ��� �� &#/����� �� ��� �&�27% '�##"/��
�)7��& *� �� �4� 4��� %�&� �#�=�"
 �'9�&�
'���,�@��� *� �) ��0� ��1 &��� '��?��@%"�+"� �� ��� ��,�' ;&�� '�##"/��
���,)%� *� ��) �0 ���� %� ��=�#�
� ��&� 9����"
� ��%� !��
�� �9 &)	�
��)8%'�7� *�� �) ��0� 10� ,� ��#A����� �� 9������� ;� (�
=�3 �87�$�
(&;& � *� �) ���� 40� )��� (":"
� �� ��� �'$!� 7'%�� )))	�
��7�&� *� �) ��0� 1�4 &��� ����"�� �� ��#�=�� ���� �"#��
 �)$%�� )$%�!	�
��2 *� �� �4�� � ��
�� �"�� $$ (� ��+"" �� ��� �(,(� )�)� ��%!	�
�$�5&($ *� �,!�) �� ��� 2�%� ��=�"+�
 �� ��� �($&,�

!�"
#"��= <��� 8,!9� �� ����
&)), *� �� �41 �� ��'� &##�
 �� ��� �7'$� )& )� 7���
�&�$�%� *� �� �41 �1�4 %� �"6�=�
� ��&� '"�?/�##� �� �"�#�� �&)�,	�
�,%��& �, *� �� �41 *41  �2� ���?"
=�� (���)� %"��" ���,2� !&!&�
���, ��%��� *� 8��5 '�� �4� �� ����
/��� �� ��� �'�&�� '�##"/��
97)),� *� �� �41 1�1� 2��� 9�##��� ��&� �"#"
�� �7'%��
2�& ,( *� $��� &� �10� �� 2�"
�+� ������ ��(�##"� ��,)��
(&;&(&�$ *� �) ���� ��� �� (":"+"�� �� ��� �$ 7%� !���(� !$ !	�
(�)� *� ��) �� �11 ,�;� (�#/ �� ��� �9 &)� '�$'�
(�&(&7,� *� �� �44 �� ��&� (�"+"��� �� ��� �)&��9 ,��� '�##"/��
)&� *� �� �44 114� ;��� )"�� (�;�  3 �&%!�
���,�!%� *� ��) �� *�� ��2��� ��/����
 �� ��� �)&%)� )))�
&��, % *� �� �4� 1�*� )�&� &���
 �� ��� �� )� ���;� �$��	�
&�$2 � , *� �� �4� �0� 9�!� &6�3
�
�� ��$� '�##"� �%'7'�
(�&(&7,� *� �) ���� ��� ��&� (�"+"��� �� ��� �)&��9 ,��� '�##"/��
�&99,)! *� ��) �4 �0�� 2�2� �"B�#� ���$��
;&)(,� *� �� �4� �0* !��� ;"#+�� ��&���
'�7�� 0* ��) �� ��� ,�)� '��??� ;�!� ����"
=� '� ��??�
 �7 �� ��$��
���, ��%��� 0* 8��5 '4� ��� �� ����
/��� �� ��� �'�&�� '�##"/��
2�$9�)% 0*� �� �4� 10�* ��&� 2��<�#� ,� �"� ��&�'�
(�)� 0* ��) �� ��* ,�;� (�#/� ��%� !��
�� �'�$'� 9 &)�
)��,�� 0* & 5&% ��� ��� !��� )���=�� ��D� )"�/ �'�$'�
�&99,)! 0* �� �1* ���� 2�2� �"B�#� ���$ � 7'��
�&99,)! 0*� &�� 11� �� 2� �"B�#�� �� ��"�/��
� �� %�#+ �7'�� )))�
&)��,'�! 00� �) ���� �4* �� &#/����� �� ��� �&�27% '�##"/��
�&��$,�$ 00 ��) �� �� �� �"�/����� �� � ���"?"��" ��$%&� 7���
���$% 00 ��) �� �4� ����"���� %��� ���� �� ��� �$!,�� &%'$�
97(72$!& 00 ��) �� 0�* �� 9�+�3��" �� ��� �(5�!7� ��$�� 7'��
2��!'� 00 8��5 '1* ��1 �� 2������ ��;� ��/�
��� ��%7�
�&99,)! 00� �� �1� �4* 2�2� �"B�#�� ��%��� ��"�/��
 �7'�� )))�
%�,�2,) 00 �) ���� 1�� �� � %?��3�#� �� � �"��"## �$&%�
�� 9,$)$!��� 00 �) ���� �0� 9� 6�
 9��#��A��� )� �/��"��� ��7 !�
�&��$,))$ $ 0�  &! 1�* �� 2� �"�/��##�
�� 2� '����
� �',� �
���$% 0� ��) �0 ���* %��� ���� �� ��� �$!,�� &%'$�

&#� ��) �� �4� ����"���� %��� ���� �� ��� �$!,�� &%'$�
���$% 0�� �,!�) 4� 111 %��� ���� �� ��� �$!,��

!�"
#"��= <��� 8,!9� 4� ����
97(72$!& 0� �� �1� 10�� �� 9�+�3��"� %� 5"A"+� �(5�!7� !�(5�
 7%%$ �� 0� �� �1� ���0 %�  ��
�6� 5� ��?�"�#� �!,)&�
��,�&7,� 0� �) ��*0 ��1 )�9� �/��"���� 9� 6�
 9��#��A��� ��)� ��/"���
%��$ 2,� 0� �� &1� ��* ��!� %?��
3�� �� ��� �)) )�
(,!�� 0� �,!�) 44 �4� %� � (���6 �� ��� �($&,�

!�"
#"��= <��� 8,!9� 44 ��4�
'�;%$( 0� �) ���� �� �� '�:�+ �!&!&�
�&99,)! 0� �� �1� 1��� 2�2� �"B�#� ���$��
�$ ,!�75 04 �) �14� ��4 �� ��
������ 2� 2��"�=�� �� %"#"�� �)&���
9�,,%, 04  � ��11 ��� (� 9����� �� � %���"�� �'�$'� 9 &)�
(57)��$,� 04  � ��41 10� &��� (��#=E��6 �%�9$�
%'��&�� 04 �) �4�� 11� �� � %���"��� 2� %���3�"
 �9 &)� �&�!�
��2,) 04 �� �1� ���� �� ��3�#
& �,��7� 0� �) ��4� �� ���� &
=����/ �� ��� �,!�� %$ �
�)$�, 0� �� ��� ��1 (�&� �#�6�� ��%� !��
�� �'�$'� 7'%��
�,� %!,$ 0� �) ���� 1* �� ���
���
� 2� 9��
/��3 �%!,�� '�)7�
9�& ( 0� �� ��4 ���� ��%� 9�"
+ �� ��� �)&%)� 5&),� �$!	�
���2& 0� �) ���� �4� ��&� ���3"
 �%7%%�
)7�$��� 0� �) *4� ��� ��&� )��/���6 �� ��� �$!,��
%!,'(,� 0� ��) 4� �4�� 9�;� %���+�� � &%&�
'�;%$( �* �� ��* ���* �� '�:�+ �!&!&�
2�)��& �* �� ��* ���� !� 2�#=�"
� 2��� %��?��
�
 �)&%)�
�,2 �0 �� ��� �1*� ��&��� ��3� ;��� �"���"
�� �� ��=���"
 ���'(	�
�)$,!%'�&7 �0  � ��11 ��� �� �#�����"� �� ��� �2"�3"��##� '�##"/��
9&)( �0 �) �*� ��� %�;� 9"#+� �� � %���"�� �'�$'�
�&� ,% �� ��) 10 ��4* ��,� �"�
� �� ��� ��7��� & )�
'�;%$( �� ��) 1* �04 �� '�:�+ ���$�� !&!&�
),, ��' �� ��� �444 ��;� )��� ��,� %����+ �%!� �
�5%�!%(5 �� �,!�) �� �00 ��$� ����+�� &��� ��#3�6� 5��� 8�#=�6��� �$!,��

!�"
#"��= <��� 8,!9� �� ����
�,))�!!$ �� ) ' �� ��1 ,� ��##���� �� ��� ��$)&�
%7!�,�)& � �� �� ��1 ���� �� %�����#"
= �� ��� ��,  � '�)7�  57�
%8&)&5 �� && 4* 41� &�%� %A"#"�� 2� �"�> �,�!��
')&�( �4 �� �* �11 &��� '#"�+ �� ��� �)�)�
($� �4 �� �* 1��� ��,� (��� ��%� �"����� %� �+�/� ���'��
�,$ ,% �4 ��) 1� �0� 9� ���
�� ��;� %�/�#� ��%� 2��� �7'$�
%8&)&5 �4 &�&� 1� 0 &�%� %A"#"�� 2� �"�> �,�!��
'�;%$( �� ��) �* ��* �� '�:�+� �� ��'#�##"
= �7'��
�&�- ��  � '�
<� ��="?�� 2� �"�>� &�%� %A"#"� �,�!��
2,�%�!,$ �� �,!�) 4 ��� %�%� 2������
� 5��� 8�#=�6��� �($&��

!�"
#"��= <��� 8,!9� 4 �0*�
�,� %!,$ �1 �� �1� ���� �� ���
���
� �� ��=���"
� 2� 9��
/��3 � 57	�
'�;& �� �� ��� ��0 '�)� '�:"
� 9� ���
� �)& )�



������������

����������	
�� �	��	��

������ �� ������������

������ �� ������� �����

��� ������
� �3��� �
 �� ���� ��	��
� �� ��
�� 
3 ��� <������
<=4"5×=4 5 ���	�
���� �
��� �
������ �:������ �
 ���
� �
�>�

������
 ������� ����� ������
� �� ��
�� ���� � < �� !"� ���
������ �� 
� ��� ����� 
3 ������
 ���� �����������/ ��	������ ν�/
ν�/ ��� ν6�

THE NUMBER OF LIGHT NEUTRINO TYPES
FROM COLLIDER EXPERIMENTS

Revised August 2001 by D. Karlen (Carleton University).

The most precise measurements of the number of light

neutrino types, Nν , come from studies of Z production in e+e−

collisions. The invisible partial width, Γinv, is determined by

subtracting the measured visible partial widths, corresponding

to Z decays into quarks and charged leptons, from the total Z

width. The invisible width is assumed to be due to Nν light

neutrino species each contributing the neutrino partial width

Γν as given by the Standard Model. In order to reduce the

model dependence, the Standard Model value for the ratio of

the neutrino to charged leptonic partial widths, (Γν/Γ�)SM =

1.991±0.001, is used instead of (Γν)SM to determine the number

of light neutrino types:

Nν =
Γinv

Γ�

(
Γ�

Γν

)
SM

. (1)

The combined result from the four LEP experiments is Nν =

2.984 ± 0.008 [1].

In the past, when only small samples of Z decays had been

recorded by the LEP experiments and by the Mark II at SLC,

the uncertainty in Nν was reduced by using Standard Model

fits to the measured hadronic cross sections at several center-

of-mass energies near the Z resonance. Since this method is

much more dependent on the Standard Model, the approach

described above is favored.

Before the advent of the SLC and LEP, limits on the

number of neutrino generations were placed by experiments at

lower-energy e+e− colliders by measuring the cross section of

the process e+e− → ννγ. The ASP, CELLO, MAC, MARK J,

and VENUS experiments observed a total of 3.9 events above

background [2], leading to a 95% CL limit of Nν < 4.8.

This process has a much larger cross section at center-of-mass

energies near the Z mass and has been measured at LEP by

the ALEPH, DELPHI, L3, and OPAL experiments [3]. These

experiments have observed several thousand such events, and

the combined result is Nν = 3.00 ± 0.08. The same process has

also been measured by the LEP experiments at much higher

center-of-mass energies, between 130 and 208 GeV, in searches

for new physics [4]. Combined, the measured cross section is

0.982 ± 0.012 (stat) of that expected for three light neutrino

generations [5].

Experiments at pp colliders also placed limits on Nν by

determining the total Z width from the observed ratio of

W± → �±ν to Z → �+�− events [6]. This involved a calculation

that assumed Standard Model values for the total W width and

the ratio of W and Z leptonic partial widths, and used an

estimate of the ratio of Z to W production cross sections.

Now that the Z width is very precisely known from the LEP

experiments, the approach is now one of those used to determine

the W width.
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NEUTRINOLESS DOUBLE-β DECAY

Revised August 2005 by P. Vogel (Caltech) and A. Piepke
(University of Alabama).

Neutrinoless double-beta (0νββ) decay would signal viola-

tion of the total lepton number conservation. The process can

be mediated by an exchange of a light Majorana neutrino, or

by an exchange of other particles. However, the existence of

0νββ-decay requires Majorana neutrino mass, no matter what

the actual mechanism is. As long as only a limit on the lifetime

is available, limits on the effective Majorana neutrino mass,

and on the lepton-number violating right-handed current or

other possible mechanisms mediating 0νββ decay can be ob-

tained, independently on the actual mechanism. These limits

are listed in the next three tables, together with a claimed

0νββ-decay signal reported by part of the Heidelberg-Moscow

collaboration. There, a 4σ excess of counts at the decay energy

is used for a determination of the Majorana neutrino mass.

This signal has not yet been independently confirmed. In the

following we assume that the exchange of light Majorana neu-

trinos (mi ≤ O(10 MeV)) contributes dominantly to the decay

rate.

Besides a dependence on the phase space (G0ν) and the nu-

clear matrix element (M0ν), the observable 0νββ-decay rate is

proportional to the square of the effective Majorana mass 〈mββ〉,
(T 0ν

1/2)
−1 = G0ν · |M 0ν |2 · 〈mββ〉2, with 〈mββ〉2 = |∑i U

2
eimi|2.

The sum contains, in general, complex CP phases in U2
ei, i.e.,

cancellations may occur. For three neutrino flavors, there are

three physical phases for Majorana neutrinos and one for Dirac

neutrinos. The two additional Majorana phases affect only

processes to which lepton-number changing amplitudes con-

tribute. Given the general 3 × 3 mixing matrix for Majorana

neutrinos, one can construct other analogous lepton number vi-

olating quantities, 〈m��′〉 =
∑

i U�iU�′imi. However, these are

currently much less constrained than 〈mββ〉.
Nuclear structure calculations are needed to deduce 〈mββ〉

from the decay rate. While G0ν can be calculated reliably, the

computation of M0ν is subject to uncertainty. Indiscriminate

averaging over all published matrix element values would result,

for any given nuclide, in a factor of ∼3 uncertainty in the

derived 〈mββ〉 values. More recent evaluations, insisting that

the known 2νββ rate is correctly reproduced, result in a

considerable reduction in the spread of the M0ν values. E.g.

in [1], the spread appears to be as low as ±30%. The

particle physics quantities to be determined are thus nuclear

model-dependent, so the half-life measurements are listed first.

Where possible, we reference the nuclear matrix elements used in

the subsequent analysis. Since rates for the more conventional

2νββ decay serve to calibrate the nuclear theory, results for this

process are also given.
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Oscillation experiments utilizing atmospheric-, accelerator-,

solar-, and reactor-produced neutrinos and anti-neutrinos yield

strong evidence that at least some neutrinos are massive.

However, these findings shed no light on the 3,1 mass hierarchy,

the absolute neutrino mass values, or the properties of neutrinos

under CPT-conjugation (Dirac or Majorana).

If the, thus far unconfirmed, LSND evidence is set aside

all oscillation experiments can be consistently described using

three interacting neutrino species with two mass splittings and

three mixing angles. Full three flavor analyses such as e.g. [2]

yield: ∆m2
atm ∼ (2.4+0.5

−0.6)× 10−3 eV2 and sin2 θatm = 0.44+0.18
−0.10

for the parameters observed in atmospheric and accelerator

experiments. Oscillations of solar νe and reactor ν̄e lead to

∆m2� = (7.92± 0.71) × 10−5 eV2 and sin2 θ� = 0.314+0.057
−0.047 (all

errors at 95% CL). The investigation of reactor ν̄e at ∼1 km

baseline, combined with solar neutrino and long baseline reac-

tor experiments, indicates that electron type neutrinos couple

only weakly to the third mass eigenstate with sin2 θ13 < 0.03.

The so called ‘LSND evidence’ for oscillations at short baseline

requires ∆m2 ∼ 0.2− 2 eV2 and small mixing. If confirmed by

the ongoing MiniBooNE experiment, this phenomenon would

require the addition of at least one more non-interacting neu-

trino species.

Based on the 3-neutrino analysis: 〈mββ〉2 ≈ | cos2 θ� m1 +

ei∆α21sin2θ� m2 + ei∆α31 sin2 θ13 m3|2, with ∆α21, ∆α31 de-

noting the physically relevant Majorana CP-phase differences

(possible Dirac phase δ is absorbed in these ∆α). Given the

present knowledge of the neutrino oscillation parameters one

can derive the relation between the effective Majorana mass and

the mass of the lightest neutrino, as illustrated in the left panel

of Fig. 1. The three mass hierarchies allowed by the oscillation

data: normal (m1 < m2 < m3), inverted (m3 < m1 < m2),

and degenerate (m1 ≈ m2 ≈ m3), result in different projec-

tions. The width of the innermost hatched bands reflects the

uncertainty introduced by the unknown Majorana phases. If

the experimental errors of the oscillation parameters are taken

into account, then the allowed areas are widened as shown

by the outer bands of Fig. 1. Because of the overlap of the

different mass scenarios, a measurement of 〈mββ〉 in the degen-

erate or inversely hierarchical ranges would not determine the

hierarchy. The middle panel of Fig. 1 depicts the relation of

〈mββ〉 with the summed neutrino mass M = m1 + m2 + m3,

constrained by observational cosmology. The oscillation data

thus allow to test whether observed values of 〈mββ〉 and M are

consistent within the 3 neutrino framework. The right hand

panel of Fig. 1, finally, shows 〈mββ〉 as a function of the average

mass 〈mβ〉 = [Σ|Uei|2m2
i ]

1/2 determined through the analysis of

low energy beta decays. The rather large intrinsic width of the

ββ-decay constraint essentially does not allow one to positively

identify the inverted hierarchy, and thus the sign of ∆2
atm, even

in combination with these other observables.

It should be noted that systematic uncertainties of the

nuclear matrix elements are not folded into the mass limits

Figure 1: The left panel shows the depen-
dence of 〈mββ〉 on the absolute mass of the light-
est neutrino mmin. The middle panel shows
〈mββ〉 as a function of the summed neutrino
mass M , while the right panel depicts 〈mββ〉
as a function of the mass 〈mβ〉. In all pan-
els the width of the hatched areas is due to
the unknown Majorana phases and thus irre-
ducible. The allowed areas given by the solid
lines are obtained by taking into account the er-
rors of the oscillation parameters. The two sets
of solid lines correspond to the normal and in-
verted hierarchies. These sets merge into each
other for 〈mββ〉 ≥ 0.1 eV, which corresponds
to the degenerate mass pattern. See full-color
version on color pages at end of book.

reported by ββ-decay experiments. Taking this additional un-

certainty into account would further widen the projections.

The uncertainties in oscillation parameterers affect the width of

the allowed bands in an asymmetric manner, as shown in Fig.

1. For example, for the degenerate mass pattern (〈mββ〉 ≥
0.1 eV) the upper edge is simply 〈mββ〉 ∼ m, where m is

the common mass of the degenerate multiplet, independent of

the oscillation parameters, while the lower edge is m cos(2θ�).

Similar arguments explain the other features of Fig. 1.

If the neutrinoless double beta decay is observed, it will

be possible to fix a range of absolute values of the masses mi.

Unlike the direct neutrino mass measurements, however, a limit

on 〈mββ〉 does not allow one to constrain the individual mass

values mi even when the mass differences ∆m2 are known.

Neutrino oscillation data imply, for the first time, the

existence of a lower limit for the Majorana neutrino mass for
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some of the mass patterns. Several new double-beta searches

have been proposed to probe the interesting 〈mββ〉 mass range.

If lepton-number violating right-handed current weak in-

teractions exist, its strength can be characterized by the phe-

nomenological coupling constants η and λ. The 0νββ decay

rate then depends on 〈η〉 = η
∑

i UeiVei and 〈λ〉 = λ
∑

i UeiVei

that vanish for massless or unmixed neutrinos (V�j is a matrix

analogous to U�j but describing the mixing with the hypo-

thetical right-handed neutrinos). This mechanism of the 0νββ

decay could be, in principle, distinguished from the light Majo-

rana neutrino exchange by the observation of the single electron

spectra. The limits on 〈η〉 and 〈λ〉 are listed in a separate

table. The reader is cautioned that a number of earlier exper-

iments did not distinguish between η and λ. In addition, see

the section on Majoron searches for additional limits set by

these experiments.
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With the exception of the LSND anomaly, current neutrino

data can be described within the framework of a 3×3 mixing

matrix between the flavor eigenstates νe, νµ, and ντ and the

mass eigenstates ν1, ν2, and ν3. (See Eq. (13.31) of the Review

“Neutrino Mass, Mixing and Flavor Change” by B. Kayser.)

The Listings are divided into the following sections:

(A) Neutrino fluxes and event ratios: shows measurements

which correspond to various oscillation tests for Accelerator, Re-

actor, Atmospheric, and Solar neutrino experiments. Typically

ratios involve a measurement in a realm sensitive to oscillations

compared to one for which no oscillation effect is expected.

(B) Three neutrino mixing parameters: shows measure-

ments of sin2(2θ12), sin2(2θ23), ∆m2
21, ∆m2

32, and limits for

sin2(2θ13) which are all interpretations of data based on the

three neutrino mixing scheme described in the review “Neutrino

Mass, Mixing and Flavor Change.”

(C) Other neutrino mixing results: shows measurements

and limits for the probability of oscillation for experiments
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which might be relevant to the LSND oscillation claim. In-

cluded are experiments which are sensitive to νµ → νe, ν̄µ → ν̄e,

sterile neutrinos, and CPT tests.
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SOLAR NEUTRINOS REVIEW

Revised September 2005 by K. Nakamura (KEK, High Energy
Accelerator Research Organization, Japan).

1. Introduction

The Sun is a main-sequence star at a stage of stable hydro-

gen burning. It produces an intense flux of electron neutrinos

as a consequence of nuclear fusion reactions whose combined

effect is

4p → 4He + 2e+ + 2νe. (1)

Positrons annihilate with electrons. Therefore, when considering

the solar thermal energy generation, a relevant expression is

4p + 2e− → 4He + 2νe + 26.73 MeV − Eν , (2)

where Eν represents the energy taken away by neutrinos,

with an average value being 〈Eν〉 ∼ 0.6 MeV. The neutrino-

producing reactions which are at work inside the Sun are

enumerated in the first column in Table 1. The second column

in Table 1 shows abbreviation of these reactions. The energy

spectrum of each reaction is shown in Fig. 1.

Observation of solar neutrinos directly addresses the theory

of stellar structure and evolution, which is the basis of the

standard solar model (SSM). The Sun as a well-defined neu-

trino source also provides extremely important opportunities to

investigate nontrivial neutrino properties such as nonzero mass

and mixing, because of the wide range of matter density and

the great distance from the Sun to the Earth.

A pioneering solar neutrino experiment by Davis and col-

laborators using 37Cl started in the late 1960’s. From the very

beginning of the solar-neutrino observation [1], it was rec-

ognized that the observed flux was significantly smaller than

the SSM prediction, provided nothing happens to the electron

neutrinos after they are created in the solar interior. This deficit

has been called “the solar-neutrino problem.”

In spite of the challenges by the chlorine and gallium radio-

chemical experiments (GALLEX, SAGE, and GNO) and water-

Cherenkov experiments (Kamiokande and Super-Kamiokande),

the solar-neutrino problem had persisted for more than 30 years.

However, there have been remarkable developments in the past

five years and now the solar-neutrino problem has been finally

solved.

In 2001, the initial result from SNO (Sudbury Neutrino Ob-

servatory) [2], a water Cherenkov detector with heavy water,

on the solar-neutrino flux measured via charged-current (CC)

reaction, νed → e−pp, combined with the Super-Kamiokande’s

high-statistics flux measurement via νe elastic scattering [3],

provided direct evidence for flavor conversion of solar neutri-

nos [2]. Later in 2002, SNO’s measurement of the neutral-

current (NC) rate, νd → νpn, and the updated CC result

further strengthened this conclusion [4].

The most probable explanation which can also solve the

solar-neutrino problem is neutrino oscillation. At this stage, the

LMA (large mixing angle) solution was the most promising.

However, at 3σ confidence level (CL), LOW (low probability

or low mass) and/or VAC (vacuum) solutions were allowed

depending on the method of analysis [5]. LMA and LOW are

solutions of neutrino oscillation in matter [6,7] and VAC is a

solution of neutrino oscillation in vacuum. Typical parameter

values [5] corresponding to these solutions are

• LMA: ∆m2 = 5.0 × 10−5 eV2, tan2 θ = 0.42

• LOW: ∆m2 = 7.9 × 10−8 eV2, tan2 θ = 0.61

• VAC: ∆m2 = 4.6 × 10−10 eV2, tan2 θ = 1.8.

It should be noted that all these solutions have large mixing

angles. SMA (small mixing angle) solution (typical parameter

values [5] are ∆m2 = 5.0 × 10−6 eV2 and tan2 θ = 1.5 × 10−3)

was once favored, but after SNO it was excluded at > 3σ [5].

In December 2002, KamLAND (Kamioka Liquid Scintil-

lator Anti-Neutrino Detector), a terrestrial ν̄e disappearance

experiment using reactor neutrinos, observed clear evidence of
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neutrino oscillation with the allowed parameter region over-

lapping with the parameter region of the LMA solution [8].

Assuming CPT invariance, this result directly implies that the

true solution of the solar νe oscillation has been determined to

be LMA. A combined analysis of all the solar-neutrino data and

KamLAND data significantly constrained the allowed parame-

ter region. Inside the LMA region, the allowed region splits into

two bands with lower ∆m2 (∼ 7×10−5 eV2, called LMA I) and

higher ∆m2 (∼ 2 × 10−4 eV2, called LMA II).

In September, 2003, SNO reported [9] salt-phase results

on solar-neutrino fluxes observed with NaCl added in heavy

water: this improved the sensitivity for the detection of the

NC reaction. A global analysis of all the solar neutrino data

combined with the KamLAND data restricted the allowed

parameter region to the LMA I region at greater than 99% CL.

Recently, further results from KamLAND [10] significantly

more constrained the allowed ∆m2 region. SNO also reported

results from the complete salt phase [11]. A combined two-

neutrino oscillation analysis [11] using the data from all

solar-neutrino experiments and from KamLAND yields ∆m2

= (8.0+0.6
−0.4) × 10−5 eV2 and tan2θ = 0.45+0.09

−0.07 (θ = 33.9+2.4
−2.2

degrees).

2. Solar Model Predictions

A standard solar model is based on the standard theory of

stellar evolution. A variety of input information is needed in the

evolutionary calculations. The most elaborate SSM calculations

have been developped by Bahcall and his collaborators, who

define their SSM as the solar model which is constructed with

the best available physics and input data. Though they used

no helioseismological constraints in defining the SSM, favorable

models show an excellent agreement between the calculated and

the helioseismologically-determined sound speeds to a precision

of 0.1% rms throughout essentially the entire Sun. This greatly

strengthens the confidence in the solar model. The currently

preferred SSM is BS05(OP) developped by Bahcall and Serenelli

[12,13]. This model uses newly calculated radiative opacities

from the Opacity Project (OP) and previously standard heavy-

element abundances (instead of the recently determined lower

heavy-element abundances). The BS05(OP) prediction [12] for

the fluxes from neutrino-producing reactions is given in Table 1.

The solar-neutrino spectra calculated with this model [12], is

shown in Fig. 1. The event rates in chlorine and gallium solar-

neutrino experiments are calculated by scaling the BP2000 SSM

results [14] (see Table 1 in p. 460 of 2004 edition of Review of

Particle Physics [15] ) to the BS05(OP) fluxes, and are shown

in Table 2.

Other recent solar-model prediction for solar-neutrino fluxes

is given by Turck-Chièze et al. [16]. Their model, called a

seismic model [17], is based on the standard theory of stellar

evolution where the best physics available is adopted, but some

fundamental inputs such as the pp reaction rate and the heavy-

element abundances in the Sun are seismically adjusted within

the commonly estimated errors aiming at reducing the residual

differences between the helioseismologically-determined and the

model-calculated sound speeds. Their prediction for the event

rates in chlorine and gallium solar-neutrino experiments as well

as 8B solar-neutrino flux is shown in the last line in Table 2.

Table 1: Neutrino-producing reactions in the Sun (first col-
umn) and their abbreviations (second column). The neutrino
fluxes predicted by the BS05(OP) model [12] are listed in the
third column. The theoretical errors of the neutrino fluxes are
taken from “Historical (conservative)” errors given in Table 8
of Ref. [13].

Reaction Abbr. Flux (cm−2 s−1)

pp → d e+ ν pp 5.99(1.00± 0.01)× 1010

pe−p → d ν pep 1.42(1.00± 0.02)× 108

3He p → 4He e+ν hep 7.93(1.00± 0.16)× 103

7Be e− → 7Li ν + (γ) 7Be 4.84(1.00± 0.11)× 109

8B → 8Be∗ e+ν 8B 5.69(1.00± 0.16)× 106

13N → 13C e+ν 13N 3.07(1.00+0.31
−0.28) × 108

15O → 15N e+ν 15O 2.33(1.00+0.33
−0.29) × 108

17F → 17O e+ν 17F 5.84(1.00± 0.52)× 106

Figure 1: The solar neutrino spectrum pre-
dicted by the BS05(OP) standard solar
model [12]. The neutrino fluxes from contin-
uum sources are given in units of number
cm−2s−1MeV−1 at one astronomical unit, and
the line fluxes are given in number cm−2s−1.
See full-color version on color pages at end of
book.
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Table 2: Results from the seven solar-neutrino experiments.
Recent solar model calculations are also presented. The first and
the second errors in the experimental results are the statistical
and systematic errors, respectively. SNU (Solar Neutrino Unit)
is defined as 10−36 neutrino captures per atom per second.

37Cl→37Ar 71Ga→71Ge 8B ν flux

(SNU) (SNU) (106cm−2s−1)

Homestake

(CLEVELAND 98)[18] 2.56 ± 0.16 ± 0.16 — —

GALLEX

(HAMPEL 99)[19] — 77.5 ± 6.2+4.3
−4.7 —

GNO

(ALTMANN 05)[20] — 62.9+5.5
−5.3 ± 2.5 —

GNO+GALLEX

(ALTMANN 05)[20] — 69.3 ± 4.1 ± 3.6 —

SAGE

(ABDURASHI. . .02)[21] — 70.8+5.3+3.7
−5.2−3.2 —

Kamiokande

(FUKUDA 96)[22] — — 2.80 ± 0.19 ± 0.33†

Super-Kamiokande

(HOSAKA 05)[23] — — 2.35 ± 0.02 ± 0.08†

SNO (pure D2O)

(AHMAD 02)[4] — — 1.76+0.06
−0.05 ± 0.09‡

— — 2.39+0.24
−0.23 ± 0.12†

— — 5.09+0.44
−0.43

+0.46
−0.43

∗

SNO (NaCl in D2O)

(AHARMIM 05)[11] — — 1.68 ± 0.06+0.08
−0.09

‡

— — 2.35 ± 0.22 ± 0.15†

— — 4.94 ± 0.21+0.38
−0.34

∗

BS05(OP) SSM [12] 8.1 ± 1.3 126 ± 10 5.69(1.00± 0.16)

Seismic model [16] 7.64 ± 1.1 123.4 ± 8.2 5.31 ± 0.6

∗ Flux measured via the neutral-current reaction.
† Flux measured via νe elastic scattering.
‡ Flux measured via the charged-current reaction.

3. Solar Neutrino Experiments

So far, seven solar-neutrino experiments have published

results. The most recent published results on the average event

rates or flux from these experiments are listed in Table 2 and

compared to the two recent solar-model predictions.

3.1. Radiochemical Experiments

Radiochemical experiments exploit electron neutrino ab-

sorption on nuclei followed by their decay through orbital

electron capture. Produced Auger electrons are counted.

The Homestake chlorine experiment in USA uses the reac-

tion
37Cl + νe → 37Ar + e− (threshold 814 keV). (3)

Three gallium experiments (GALLEX and GNO at Gran Sasso

in Italy and SAGE at Baksan in Russia) use the reaction

71Ga + νe → 71Ge + e− (threshold 233 keV). (4)

The produced 37Ar and 71Ge atoms are both radioactive, with

half lives (τ1/2) of 34.8 days and 11.43 days, respectively. After

an exposure of the detector for two to three times τ1/2, the

reaction products are chemically extracted and introduced into

a low-background proportional counter, where they are counted

for a sufficiently long period to determine the exponentially

decaying signal and a constant background.

Solar-model calculations predict that the dominant contri-

bution in the chlorine experiment comes from 8B neutrinos, but
7Be, pep, 13N, and 15O neutrinos also contribute. At present,

the most abundant pp neutrinos can be detected only in gallium

experiments. Even so, according to the solar-model calculations,

almost half of the capture rate in the gallium experiments is

due to other solar neutrinos.

The Homestake chlorine experiment was the first to attempt

the observation of solar neutrinos. Initial results obtained in

1968 showed no events above background with upper limit

for the solar-neutrino flux of 3 SNU [1]. After introduction

of an improved electronics system which discriminates signal

from background by measuring the rise time of the pulses

from proportional counters, a finite solar-neutrino flux has been

observed since 1970. The solar-neutrino capture rate shown in

Table 2 is a combined result of 108 runs between 1970 and

1994 [18]. It is only about 1/3 of the solar-model predictions

[12, 16].

GALLEX presented the first evidence of pp solar-neutrino

observation in 1992 [24]. Here also, the observed capture

rate is significantly less than the SSM prediction. SAGE ini-

tially reported very low capture rate, 20+15
−20 ± 32 SNU, with

a 90% confidence-level upper limit of 79 SNU [25]. Later,

SAGE [26] observed similar capture rate to that of GALLEX.

Both GALLEX and SAGE groups tested the overall detector

response with intense man-made 51Cr neutrino sources, and ob-

served good agreement between the measured 71Ge production

rate and that predicted from the source activity, demonstrating

the reliability of these experiments. The GALLEX Collabora-

tion formally finished observations in early 1997. Since April,

1998, a newly defined collaboration, GNO (Gallium Neutrino

Observatory) continued the observations until April 2003. The

complete GNO results are published in Ref. [20]. The GNO

+ GALLEX joint analysis results are also presented [20] (see

Table 2).

3.2 Kamiokande and Super-Kamiokande

Kamiokande and Super-Kamiokande in Japan are real-time

experiments utilizing νe scattering

νx + e− → νx + e− (5)

in a large water-Cherenkov detector. It should be noted that

the reaction Eq. (5) is sensitive to all active neutrinos, x = e,

µ, and τ . However, the sensitivity to νµ and ντ is much smaller

than the sensitivity to νe, σ(νµ,τe) ≈ 0.16 σ(νee). The solar-

neutrino flux measured via νe scattering is deduced assuming

no neutrino oscillations.
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These experiments take advantage of the directional correla-

tion between the incoming neutrino and the recoil electron. This

feature greatly helps the clear separation of the solar-neutrino

signal from the background. Due to the high thresholds (7 MeV

in Kamiokande and 5 MeV at present in Super-Kamiokande)

the experiments observe pure 8B solar neutrinos because hep

neutrinos contribute negligibly according to the SSM.

The Kamiokande-II Collaboration started observing 8B so-

lar neutrinos at the beginning of 1987. Because of the strong

directional correlation of νe scattering, this result gave the first

direct evidence that the Sun emits neutrinos [27] (no direc-

tional information is available in radiochemical solar-neutrino

experiments). The observed solar-neutrino flux was also signifi-

cantly less than the SSM prediction. In addition, Kamiokande-

II obtained the energy spectrum of recoil electrons and the

fluxes separately measured in the daytime and nighttime. The

Kamiokande-II experiment came to an end at the beginning of

1995.

Super-Kamiokande is a 50-kton second-generation solar-

neutrino detector, which is characterized by a significantly

larger counting rate than the first-generation experiments. This

experiment started observation in April 1996. In November

2001, Super-Kamiokande suffered from an accident in which

substantial number of photomultiplier tubes were lost. The

detector was rebuilt within a year with about half of the

original number of photomultiplier tubes. The experiment with

the detector before the accident is called Super-Kamiokande-

I, and that after the accident is called Super-Kamiokande-II.

The complete Super-Kamiokande-I solar-neutrino results are

reported in Ref. [23]. The solar-neutrino flux is measured as a

function of zenith angle and recoil-electron energy. The average

solar-neutrino flux is given in Table 2. The observed day-night

asymmetry is ADN =
Day − Night

0.5(Day + Night)
= −0.021±0.020+0.013

−0.012.

No indication of spectral distortion is observed.

3.3 SNO

In 1999, a new real time solar-neutrino experiment, SNO, in

Canada started observation. This experiment uses 1000 tons of

ultra-pure heavy water (D2O) contained in a spherical acrylic

vessel, surrounded by an ultra-pure H2O shield. SNO measures
8B solar neutrinos via the reactions

νe + d → e− + p + p (6)

and

νx + d → νx + p + n, (7)

as well as νe scattering, Eq. (5). The CC reaction, Eq. (6),

is sensitive only to electron neutrinos, while the NC reaction,

Eq. (7), is sensitive to all active neutrinos.

The Q-value of the CC reaction is −1.4 MeV and the

electron energy is strongly correlated with the neutrino energy.

Thus, the CC reaction provides an accurate measure of the

shape of the 8B solar-neutrino spectrum. The contributions

from the CC reaction and νe scattering can be distinguished

by using different cos θ� distributions where θ� is the angle

of the electron momentum with respect to the direction from

the Sun to the Earth. While the νe scattering events have a

strong forward peak, CC events have an approximate angular

distribution of 1 − 1/3 cosθ�.

The threshold of the NC reaction is 2.2 MeV. In the

pure D2O, the signal of the NC reaction is neutron capture

in deuterium, producing a 6.25-MeV γ-ray. In this case, the

capture efficiency is low and the deposited energy is close to

the detection threshold of 5 MeV. In order to enhance both the

capture efficiency and the total γ-ray energy (8.6 MeV), 2 tons

of NaCl were added to the heavy water in the second phase of

the experiment. In addition, discrete 3He neutron counters were

installed and the NC measurement with them are being made

as the third phase of the SNO experiment.

In 2001, SNO published the initial results on the measure-

ment of the 8B solar-neutrino flux via CC reaction [2]. The

electron energy spectrum and the cosθ� distribution were also

measured. The spectral shape of the electron energy was consis-

tent with the expectations for an undistorted 8B solar-neutrino

spectrum.

SNO also measured the 8B solar-neutrino flux via νe scat-

tering [2]. Though the latter result had poor statistics, it was

consistent with the high-statistics Super-Kamiokande result.

Thus, the SNO group compared their CC result with Super-

Kamiokande’s νe scattering result, and obtained evidence of

an active non-νe component in the solar-neutrino flux [2], as

further described in Sec. 3.5.

Later, in April, 2002, SNO reported the first result on

the 8B solar-neutrino flux measurement via NC reaction [4].

The total flux measured via NC reaction was consistent with

the solar-model predictions (see Table 2). Also, the SNO’s CC

and νe scattering results were updated [4]. These results were

consistent with the earlier results [2].

The SNO Collaboration made a global analysis (see Sect.

3.6) of the SNO’s day and night energy spectra together with

the data from other solar-neutrino experiments. The results

strongly favored the LMA solution, with the LOW solution

allowed at 99.5% CL [28]. (In most of the similar global

analyses, the VAC solution was also allowed at 99.9 ∼ 99.73%

CL [5]) .

In September, 2003, SNO has released the first results

of solar-neutrino flux measurements with dissolved NaCl in

the heavy water [9]. The complete salt phase results are also

reported recently [11]. Using the salt phase results, the SNO

Collaboration made a global solar-neutrino analysis and a global

solar + KamLAND analysis. Implications of these analyses are

described in Sect. 5.

SNO also studied the energy spectrum and day-night flux

asymmetries for both pure D2O [28] and salt phases [11]. The

energy spectrum deduced from the CC reaction is consistent
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with the spectrum expected from an undistorted 8B spectral

shape. No significant day-night flux asymmetries are observed

within uncertainties. These observations are consistent with the

best-fit LMA solution from the global solar + KamLAND

analysis.
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Figure 2: Fluxes of 8B solar neutrinos, φ(νe),
and φ(νµ or τ ), deduced from the SNO’s
charged-current (CC), νe elastic scattering
(ES), and neutral-current (NC) results for
the salt phase measurement [11]. The Super-
Kamiokande ES flux is from Ref. [34]. The
BS05(OP) standard solar model prediction [12]
is also shown. The bands represent the 1σ error.
The contours show the 68%, 95%, and 99% joint
probability for φ(νe) and φ(νµ or τ ). This figure
is taken from Ref. [11]. See full-color version
on color pages at end of book.

3.4 Comparison of Experimental Results with Solar-

Model Predictions

It is clearly seen from Table 2 that the results from all

the solar-neutrino experiments, except the SNO’s NC result,

indicate significantly less flux than expected from the solar-

model predictions [12, 16].

There has been a consensus that a consistent explana-

tion of all the results of solar-neutrino observations is unlikely

within the framework of astrophysics using the solar-neutrino

spectra given by the standard electroweak model. Many au-

thors made solar model-independent analyses constrained by

the observed solar luminosity [29–33], where they attempted

to fit the measured solar-neutrino capture rates and 8B flux

with normalization-free, undistorted energy spectra. All these

attempts only obtained solutions with very low probabilities.

The data therefore suggest that the solution to the solar-

neutrino problem requires nontrivial neutrino properties.

3.5 Evidence for Solar Neutrino Oscillations

Denoting the 8B solar-neutrino flux obtained by the SNO’s

CC measurement as φCC
SNO(νe) and that obtained by the Super-

Kamiokande νe scattering as φES
SK(νx), φCC

SNO(νe) = φES
SK(νx) is

expected for the standard neutrino physics. However, SNO’s

initial data [2] indicated

φES
SK(νx) − φCC

SNO(νe) = (0.57 ± 0.17) × 106 cm−2s−1. (8)

The significance of the difference was > 3σ, implying direct ev-

idence for the existence of a non-νe active neutrino flavor com-

ponent in the solar-neutrino flux. A natural and most probable

explanation of neutrino flavor conversion is neutrino oscillation.

Note that both the SNO [2] and Super-Kamiokande [3] flux

results were obtained by assuming the standard 8B neutrino

spectrum shape. This assumption was justified by the measured

energy spectra in both experiments.

The SNO’s results for the pure D2O phase, reported in

2002 [4], provided stronger evidence for neutrino oscillation

than Eq. (8). The fluxes measured with CC, ES, and NC events

were deduced. Here, the spectral distributions of the CC and

ES events were constrained to an undistorted 8B shape. The

results are

φCC
SNO(νe) = (1.76+0.06

−0.05 ± 0.09) × 106cm−2s−1 , (9)

φES
SNO(νx) = (2.39+0.24

−0.23 ± 0.12) × 106cm−2s−1 , (10)

φNC
SNO(νx) = (5.09+0.44

−0.43
+0.46
−0.43) × 106cm−2s−1 . (11)

Eq. (11) is a mixing-independent result and therefore tests solar

models. It shows good agreement with the 8B solar-neutrino

flux predicted by the solar models [12, 16]. The flux of non-νe

active neutrinos, φ(νµ or τ ), can be deduced from these results.

It is

φ(νµ or τ ) =
(
3.41+0.66

−0.64

) × 106cm−2s−1 (12)

where the statistical and systematic errors are added in quadra-

ture. This φ(νµ or τ ) is 5.3 σ above 0. The non-zero φ(νµ or τ )

is strong evidence for neutrino flavor transformation.

From the salt phase measurement [11], the fluxes measured

with CC and ES events were deduced with no constraint of the
8B energy spectrum. The results are

φCC
SNO(νe) = (1.68 ± 0.06+0.08

−0.09) × 106cm−2s−1 , (13)

φES
SNO(νx) = (2.35 ± 0.22 ± 0.15) × 106cm−2s−1 , (14)

φNC
SNO(νx) = (4.94 ± 0.21+0.38

−0.34) × 106cm−2s−1 . (15)

These results are consistent with the results from the pure D2O

phase. Fig. 2 shows the salt phase result of φ(νµ or τ ) versus

the flux of electron neutrinos φ(νe) with the 68%, 95%, and

99% joint probability contours.

4. KamLAND Reactor Neutrino Oscillation Experi-

ment

KamLAND is a 1-kton ultra-pure liquid scintillator detector

located at the old Kamiokande’s site in Japan. Although the
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ultimate goal of KamLAND is observation of 7Be solar neutrinos

with much lower energy threshold, the initial phase of the

experiment is a long baseline (flux-weighted average distance of

∼ 180 km) neutrino oscillation experiment using ν̄e’s emitted

from power reactors. The reaction ν̄e + p → e+ + n is used

to detect reactor ν̄e’s and delayed coincidence with 2.2 MeV

γ-ray from neutron capture on a proton is used to reduce the

backgrounds.

Figure 3: Allowed regions of neutrino-
oscillation parameters from the KamLAND 766
ton·yr exposure ν̄e data [10]. The LMA re-
gion from solar-neutrino experiments [9] is also
shown. This figure is taken from Ref. [10]. See
full-color version on color pages at end of book.

With the reactor ν̄e’s energy spectrum (< 8 MeV) and a

prompt-energy analysis threshold of 2.6 MeV, this experiment

has a sensitive ∆m2 range down to ∼ 10−5 eV2. Therefore,

if the LMA solution is the real solution of the solar neutrino

problem, KamLAND should observe reactor ν̄e disappearance,

assuming CPT invariance.

The first KamLAND results [8] with 162 ton·yr exposure

were reported in December 2002. The ratio of observed to

expected (assuming no neutrino oscillation) number of events

was
Nobs − NBG

NNoOsc
= 0.611 ± 0.085 ± 0.041. (16)

with obvious notation. This result shows clear evidence of event

deficit expected from neutrino oscillation. The 95% CL allowed

regions are obtained from the oscillation analysis with the

observed event rates and positron spectrum shape. There are

two bands of regions allowed by both solar and KamLAND data

in the region. The LOW and VAC solutions are excluded by

the KamLAND results. A combined global solar + KamLAND

analysis showed that the LMA is a unique solution to the solar

neutrino problem with > 5σ CL [35].

In June 2004, KamLAND released the results from 766

ton·yr exposure [10]. In addition to the deficit of events, the

observed positron spectrum showed the distortion expected

from neutrino oscillation. Fig. 3 shows the allowed regions in

the neutrino-oscillation parameter space. The best-fit point lies

in the region called LMA I. The LMA II region is disfavored at

the 98% CL.

5. Global Neutrino Oscillation Analysis

The SNO Collaboration updated [11] a global two-neutrino

oscillation analysis of the solar-neutrino data including the

SNO’s complete salt phase data, and global solar + KamLAND

766 ton·yr data [10]. The resulting neutrino oscillation contours

are shown in Fig. 4. The best fit parameters for the global solar

analysis are ∆m2 = 6.5+4.4
−2.3 × 10−5 eV2 and tan2θ = 0.45+0.09

−0.08.

The inclusion of the KamLAND data significantly constrains

the allowed ∆m2 region, but shifts the best-fit ∆m2 value.

The best-fit parameters for the global solar + KamLAND

analysis are ∆m2 = 8.0+0.6
−0.4 × 10−5 eV2 and tan2θ = 0.45+0.09

−0.07

(θ = 33.9+2.4
−2.2).

A number of authors [36 - 38] also made combined global

neutrino oscillation analysis of solar + KamLAND data in

mostly three-neutrino oscillation framework using the SNO

complete salt phase data [11] and the KamLAND 766 ton·yr

data [10]. These give consistent results with the SNO’s two-

neutrino oscillation analysis [11].

6. Future Prospects

Now that the solar-neutrino problem has been essentially

solved, what are the future prospects of the solar-neutrino

experiments?

From the particle-physics point of view, precise determina-

tion of the oscillation parameters and search for non-standard

physics such as a small admixture of a sterile component in

the solar-neutrino flux will be still of interest. More precise NC

measurements by SNO will contribute in reducing the uncer-

tainty of the mixing angle [39]. Measurements of the pp flux

to an accuracy comparable to the quoted accuracy (±1%) of

the SSM calculation will significantly improve the precision of

the mixing angle [40,41].

An important task of the future solar neutrino experiments

is further tests of the SSM by measuring monochromatic 7Be

neutrinos and fundamental pp neutrinos. The 7Be neutrino flux

will be measured by a new experiment, Borexino, at Gran Sasso

via νe scattering in 300 tons of ultra-pure liquid scintillator

with a detection threshold as low as 250 keV. KamLAND will

also observe 7Be neutrinos if the detection threshold can be

lowered to a level similar to that of Borexino.

For the detection of pp neutrinos, various ideas for the

detection scheme have been presented. However, no experiments

have been approved yet, and extensive R&D efforts are still

needed for any of these ideas to prove its feasibility.
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Figure 4: Update of the global neutrino oscil-
lation contours given by the SNO Collaboration
assuming that the 8B neutrino flux is free and
the hep neutrino flux is fixed. (a) Solar global
analysis. (b) Solar global + KamLAND. This
figure is taken from Ref. [11]. See full-color
version on color pages at end of book.
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17. S. Couvidat, S. Turck-Chièze, and A.G. Kosovichev, As-
trophys. J. 599, 1434 (2003).

18. B.T. Cleveland et al., Ap. J. 496, 505 (1998).

19. W. Hampel et al., Phys. Lett. B447, 127 (1999).

20. M. Altmann et al., Phys. Lett. B616, 174 (2005).

21. J.N. Abdurashitov et al., Sov. Phys. JETP 95, 181 (2002).

22. Y. Fukuda et al., Phys. Rev. Lett. 77, 1683 (1996).

23. J. Hosaka et al., hep-ex/0508053.

24. P. Anselmann et al., Phys. Lett. B285, 376 (1992).

25. A.I. Abazov et al., Phys. Rev. Lett. 67, 3332 (1991).

26. J.N. Abdurashitov et al., Phys. Lett. B328, 234 (1994).

27. K.S. Hirata et al., Phys. Rev. Lett. 63, 16 (1989).

28. Q.R. Ahmad et al., Phys. Rev. Lett. 89, 011302 (2002).

29. N. Hata, S. Bludman, and P. Langacker, Phys. Rev. D49,
3622 (1994).

30. N. Hata and P. Langacker, Phys. Rev. D52, 420 (1995).

31. N. Hata and P. Langacker, Phys. Rev. D56, 6107 (1997).

32. S. Parke, Phys. Rev. Lett. 74, 839 (1995).

33. K.M. Heeger and R.G.H. Robertson, Phys. Rev. Lett. 77,
3720 (1996).

34. Y. Fukuda et al., Phys. Lett. B539, 179 (2002).

35. See, for example, J.N. Bahcall, M.C. Gonzalez-Garcia, and
C. Peña-Garay, JHEP 0302, 009 (2003).

36. A.B. Balantekin et al., Phys. Lett. B613, 61 (2005).

37. A. Strumia and F. Vissani, hep-ph/0503246.

38. G.L. Fogli et al., hep-ph/0506083.

39. A. Bandyopadhyay et al., Phys. Lett. B608, 115 (2005).

40. J.N. Bahcall and C. Peña-Garay, JHEP 0311, 004 (2003).

41. A. Bandyopadhyay et al., Phys. Rev. D72, 033013 (2005).

ν� ��$��#( ���(� 8#�� ��"	�
%(�	
�' �*$(#	�(��ν� ��$��#( ���(� 8#�� ��"	�
%(�	
�' �*$(#	�(��ν� ��$��#( ���(� 8#�� ��"	�
%(�	
�' �*$(#	�(��ν� ��$��#( ���(� 8#�� ��"	�
%(�	
�' �*$(#	�(��

� >3+ �>��	� 3������ +��� C �'−67 �	������ ��� 	��� ��� ������

����� �% 7� ������	
 �� 
��	 �����	


• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •

7�.& :"."
−".6 ±�." �$ /8��/33 '" ?3( %�?	 → %�?�

7&.6 ±#.� ±6.7 �& /8��/33 '" ?3( ?3( : ?/8D �������

%'.$ :".6
−".�

:6.%
−6.�

6' /2.+*/>) ��� '� >/?, %�?	 → %�?�

%%." ±7.� :#.6
−#.%

6� )/�4,8 && ?/8D %�?	 → %�?�

�."7±'.�7±'.�7 6� -8,�,8/3. &$ )(�, 6%-� → 6%/�

�$ /8��/33 '" ������� ��� �������� ������ ���� ��� ?3( ���	� ������ �=�������
�?3(  :  :   �� ����� �� ��� ��������� ���M��� �� ?/88,D� ,=�������	� �����9�� ��
?3( �� ������	��
 ��� �	�� 	� ��	� �� ?/88,D� ��� �� �	�	 ����� ��� ������ �' �	

�&&$ ������� & /���� �''6�

�& -������ ������ �� ?/88,D  :  :   : � �)/�4,8 &&� 	� ?3(  :  :   �

6' /2.+*/>) �(� '� ������ 	 ������� 		�
��� �� &� ��� �� ��� >/?, ���	�;������
�=������� ����� ��� ������ H	�	�
 �&&' ������� .������� �''�� 	� ���	��� ���

/2.+*/>) �(� &&� ������� / ���	� �� #'7.# %�?� ����� ���� ��������� 3� �������
�	� ���� ��� ������	� �	��	���� �� ��� ������ �	����� �	�� ���� ��� ����� ������	���
�������

6� )/�4,8 && ������ ��� ������� ������ ��� ?/88,D  :  :   : � �7" ��� � ���	���
����� ���	�� ��� )/�4,8 &7 ������� ��� ?/88,D  � ������ ��� ���� �� ��$.# ±
�%.$ ± 7.7 >3+� �)/�4,8 && ������� ��� ��������
 �� �	���	� ������� ���� ��� ��	��
��� ?/88,D �=�������	� �����	� �	� ��� ��������� ���� ����� ���� ��� ���	� ��



��	��	��	��	

����������	
�� �	��	��

������������	

�	�	 ����� ��� ������ �# �	
 �&&� ������� �6 H	�	�
 �&&%� / ���	� �� 6'' %�?� �����
���� ���������

6� -8,�,8/3. &$ �� 	 ���	���� ������ �� ��� 6%-� �=������� 	� ��� )�����	!� ����

��� 	���	�� ���	� ������;������ 6%/� ��������� �	�� ���� �'$ ��� ������ �&%'
	� �&&# ���	��� ��� ./� > $& �������

φ�� �$ �φ�� �$ �φ�� �$ �φ�� �$ �
$2 ���	�;������ Q�= ��	����� ��	 ν � ��	���� ��	������� ���� ������� �� �������� ��
	�� 	����� ������ Q	����� ��� ���� ������� ���������
 �� νµ� ντ ��� �� ��� �����;

������ ��K������ σ�ν µ,τ �� ∼ '.�7σ�ν� ���  � ��� $2 ���	�;������ Q�= �������
�������� Q	��� 	����� �������� ����� ���������� �� ��� Q�= �� ∼ '.�7 ����� ��
ν� �

����� ���� ��−�−�� ������	
 �� 
��	 �����	


• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •

�.6"±'.��±'.�" 66 /)/*� � '"& >3( >	��
 .�(� $2 ��	��
�� �����	���

�.6#±'.�6:'.�"
−'.�#

66 /)/*� � '"& >3( >	��
 .�(� $2 ��	��
�����	���

�.6&:'.�#
−'.�6±'.�� 6# /)�/. '� >3( 	���	�� Q�=

�.6"±'.'6:'.'%
−'.'7

6" 5+B+./ '� >B/� 	���	�� Q�=

�.6&±'.6#:'.�7
−'.�#

67 /)�/. '� >3( 	���	�� Q�=

�.$'±'.�&±'.66 6% 5+B+./ &7 B/� 	���	�� Q�=

�.%'±'.�% 6% 5+B+./ &7 B/� �	
 Q�=

�.$%:'.�%
−'.�7

6% 5+B+./ &7 B/� ���� Q�=

66 /)/*� � '"& ��	�������� ���� �	�� ���� ��������� 3	-� �'��&"J �
 ������� �
��	�
 �	��� ���� ��� ������ ������ H��
 �7� �''� 	� /����� �$� �''6� �����������
�� 6&��# ���� �	
�� 	� ���	�� /)�,. '#&� ��� ��� ��� 	� $� ����� ���� ��	������	��


���	�	����   �� ������� ��� $2 ����
 �������� �	� �� �����	����   ��� �����

������� ��� �����	�� �� 	 ���������� $2 ����
 �������� �	� 	���� ��� ����	����
���� /)�/. '� ��������

6# /)�/. '� ������� ��� $2 ���	�;������ Q�= ��	����� ��	 ν � ��	���� ��	������ 	����
��� !����� ����
 ��������� �� " ���� ��� �	�	 ��������� �� 6'7�# ���� �	
� ���� >3(
������ 3������� �� �&&& 	� �	
 �$� �''�� 	� ���	��� /)�/. '� ��������

6" 5+B+./ '� ������� 	�� ��� �#&7 ���� �	
� ���� >����;B	���!	�� ������ �	
 6�� �&&7
	� H��
 �"� �''�� 	� ����	�� 5+B+./ '� �������� ��� 		�
��� ��������� �� " ���
�=���� ��� ��� 1��� �$' ���� �	
� �7�" �����

67 /)�/. '� ������� ��� $2 ���	�;������ Q�= ��	����� ��	 ν � ��	���� ��	������ 	����
��� !����� ����
 ��������� �� 7.%" ���� ��� �	�	 ��������� �� �#� ���� �	
� ����
>3( ������ 3������� �� �&&& 	� H	�	�
 �"� �''��

6% 5+B+./ &7 ������� 	�� ��� 	 ���	� �� �'%& ���� �	
� ���� B	���!	��   	�    ����
H	�	�
 �&$% ������� 5����	�
 �&&"� ������� ��� ����� ���	� �
��� ��� ���� ���������
,� > &.6 ��� �1��� ##& �	
��� > %." ��� ������� %&# �	
��� 	� > %.' ��� ��	�� $67

�	
��� ����� ������� ���	�� ��� ) */�/ &' ������ ��� ��� 	���	�� $2 ���	�;������ Q�=

	� ) */�/ &� ������ ��� ��� �	
;���� �	��	��� � ��� $2 ���	�;������ Q�=� ��� ���	�
�	�	 �	���� �	� 	��� 		�
@�� ��� �����;���� �	��	����I ����� �=�������	� ������� �
����� ������	��� �� ��� ���	�;������ Q�= ���� ��� ������ ������ �	� �����

φ�� �$ �φ�� �$ �φ�� �$ �φ�� �$ �
$2 ���	�;������ Q�= ��	����� ���� ��	����;������ ��	���� ����� �� �������� �=;
��������
 �� ν� �

����� ���� ��−�−�� ������	
 �� 
��	 �����	


• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •

�.7$±'.'7:'.'$
−'.'&

6$ /)/*� � '"& >3( >	��
 .�(� $2 ��	��
�� �����

�.%�±'.'"±'.�� 6$ /)/*� � '"& >3( >	��
 .�(� $2 ��	��
�����	���

�.%7:'.'7
−'.'"±'.'& 6& /)�/. '� >3( 	���	�� Q�=

�.%" ± '.'%:'.��
−'.�� ± '.'" #' /)�/. '� >3( 	���	�� Q�=

6$ /)/*� � '"& ��	�������� ���� �	�� ���� ��������� 3	-� �'��&"J �
 ������� �
��	�
 �	��� ���� ��� ������ ������ H��
 �7� �''� 	� /����� �$� �''6� �����������
�� 6&��# ���� �	
�� 	� ���	�� /)�,. '#&� ��� ��� ��� 	� $� ����� ���� ��	������	��


���	�	����   �� ������� ��� $2 ����
 �������� �	� �� �����	����   ��� �����

������� ��� �����	�� �� 	 ���������� $2 ����
 �������� �	� 	���� ��� ����	����
���� /)�/. '� ��������

6& /)�/. '� ������� ��� >3( ������ �� ��� $2 ���	�;������ Q�= ��	����� ���� ��	����;

������ ��	���� � ���������� ν� � → 		�−� 	���� ��� !����� ����
 ��������� ��
" ���� ��� �	�	 ��������� �� 6'7�# ���� �	
� ���� >3( ������ 3������� �� �&&&
	� �	
 �$� �''�� 	� ���	��� /)�/. '� ��������

#' /)�/. '� ������� ��� 1��� >3( ������ �� ��� $2 ���	�;������ Q�= ��	����� ���� ���

��	����;������ ��	���� � ���������� ν� � → 		�− � 	���� ��� !����� ����
 ������;
��� �� 7.%" ���� ��� �	�	 ��������� �� �#� ���� �	
� ���� >3( ������ 3������� ��
�&&& 	� H	�	�
 �"� �''��

φ$� �$ �φ$� �$ �φ$� �$ �φ$� �$ �
$2 ���	� ������ Q�= ��	����� ���� ����	�;������ ��	����� ����� �� �9�	��
 ��������
�� ν� � νµ� 	� ντ �

����� ���� ��−�−�� ������	
 �� 
��	 �����	


• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •

#.&#±'.��:'.6$
−'.6#

#� /)/*� � '"& >3( >	��
 .�(� $2 ��	��
�� �����

#.$�±'.�&:'.�$
−'.�%

#� /)/*� � '"& >3( >	��
 .�(� $2 ��	��
�����	���

".'&:'.##
−'.#6

:'.#7
−'.#6

#� /)�/. '� >3( 	���	�� Q�=� $2 ��	��
�����

7.#�±�."%:'.""
−'."$

#� /)�/. '� >3( 	���	�� Q�=� $2 ��	��
�� �����

#� /)/*� � '"& ��	�������� ���� �	�� ���� ��������� 3	-� �'��&"J �
 ������� �
��	�
 �	��� ���� ��� ������ ������ H��
 �7� �''� 	� /����� �$� �''6� �����������
�� 6&��# ���� �	
�� 	� ���	�� /)�,. '#&� ��� ��� ��� 	� $� ����� ���� ��	������	��


���	�	����   �� ������� ��� $2 ����
 �������� �	� �� �����	����   ��� �����

������� ��� �����	�� �� 	 ���������� $2 ����
 �������� �	� 	���� ��� ����	����
���� /)�/. '� ��������

#� /)�/. '� ������� ��� 1��� >3( ������ �� ��� $2 ���	�;������ Q�= ��	����� ����
��� ����	�;������ ��	���� � ���������� ν� � → �	ν�� 	���� ��� ����	�;������
��	���� ��������� �� ��� ���� ��� �	�	 ��������� �� 6'7�# ���� �	
� ���� >3( ������
3������� �� �&&& 	� �	
 �$� �''��

φνµ:ντ
�$ �φνµ:ντ
�$ �φνµ:ντ
�$ �φνµ:ντ
�$ �

3��������;Q	��� 	����� ������ ������� �νµ 	� ντ � � ��� $2 ���	�;������
Q�=�

����� ���� ��−�−�� ������	
 �� 
��	 �����	


• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •

6.�7±'.�":'.#'
−'.6"

#6 /)/*� � '"& >3( 5��� φNC � φCC � 	�

φES � $2 ��	�� ��
�����

6.'&±'.��:'.6'
−'.�%

#6 /)/*� � '"& >3( 5��� φNC � φCC � 	�

φES � $2 ��	�� ��;
���	���

6.#�±'.#":'.#$
−'.#"

## /)�/. '� >3( 5��� φNC � φCC � 	�
φES

6.7&±�.�6 #" /)�/. '� .������ ����
>3(:>����B	��
�	��� -����!��

#6 /)/*� � '"& ��	�������� ���� �	�� ���� ��������� 3	-� �'��&"J �
 ������� �
��	�
 �	��� ���� ��� ������ ������ H��
 �7� �''� 	� /����� �$� �''6� �����������
�� 6&��# ���� �	
�� 	� ���	�� /)�,. '#&� ��� ��� ��� 	� $� ����� ���� ��	������	��


���	�	����   �� ������� ��� $2 ����
 �������� �	� �� �����	����   ��� �����

������� ��� �����	�� �� 	 ���������� $2 ����
 �������� �	� 	���� ��� ����	����
���� /)�/. '� ��������

## /)�/. '� ������� ��� ��������;Q	��� 	����� ������ ������� �νµ 	� ντ � � ���

$2 ���	�;������ Q�=� �
 ������� ��� ��	����;������ ������� ��� ν � ��	����;��	������
������ 	� ��� ����	�;������ �������

#" /)�/. '� ������� ��� ��������;Q	��� 	����� ������ ������� �νµ 	� ντ � �

��� $2 ���	�;������ Q�=� �
 ������� ��� >3( ��	����;������ ������ �/)�/. '��
	� ��� >����;B	���!	�� ν � ��	����;��	������ ������ �5+B+./ '���

����' �'�* �8 �
�	/( $ ��'�# �(��#	������' �'�* �8 �
�	/( $ ��'�# �(��#	������' �'�* �8 �
�	/( $ ��'�# �(��#	������' �'�* �8 �
�	/( $ ��'�# �(��#	��

���	� Q�= �� 	����� ������� �ν� � νµ� 	� ντ ��

����� ���� ��−�−�� ������	
 �� 
��	 �����	


• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •

#.&#±'.��:'.6$
−'.6#

#7 /)/*� � '"& >3( 5��� φNC � $2 ��	��
�� �����

#.$�±'.�&:'.�$
−'.�%

#7 /)/*� � '"& >3( 5��� φNC � $2 ��	��
�����	���

".'&:'.##
−'.#6

:'.#7
−'.#6

#% /)�/. '� >3( .����� ��	�������
���� φ$�

".##±'.&& #$ /)�/. '� .������ ����
>3(:>����B	��
�	��� -����!��

#7 /)/*� � '"& ��	�������� ���� �	�� ���� ��������� 3	-� �'��&"J �
 ������� �
��	�
 �	��� ���� ��� ������ ������ H��
 �7� �''� 	� /����� �$� �''6� �����������
�� 6&��# ���� �	
�� 	� ���	�� /)�,. '#&� ��� ��� ��� 	� $� ����� ���� ��	������	��


���	�	����   �� ������� ��� $2 ����
 �������� �	� �� �����	����   ��� �����

������� ��� �����	�� �� 	 ���������� $2 ����
 �������� �	� 	���� ��� ����	����
���� /)�/. '� ��������

#% /)�/. '� ��������� ��� ���	� Q�= �� 	����� $2 ���	� ������� �
 �������
 ��	�����
��� ����	�;������ ��	����� ν� � → �	ν�� ����� �� �9�	��
 �������� �� ν� � νµ� 	� ντ �

#$ /)�/. '� ������� ��� ���	� Q�= �� 	����� $2 ���	� ������� �
 ������� ��� >3(
��	����;������ ������ �/)�/. '�� 	� ��� >����;B	���!	�� ν � ��	����;��	������
������ �5+B+./ '���



������������

��� ��� �� ���� 	
� ������ ����	
�� �	��	��

������� �����	

��&)�	0%� ��&��(�#& �$ ���&)�	0%� ��&��(�#& �$ ���&)�	0%� ��&��(�#& �$ ���&)�	0%� ��&��(�#& �$ �

� C �φ���� − φ�	
� < φ	���	��

����� ������	
 �� 
��	 �����	


• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •

−'.'"7±'.'%#±'.'"6 #& /)/*� � '"& >3( 5��� �	��
 >3( φCC

−'.'6%±'.'76±'.'6� #& /)/*� � '"& >3( 5��� �	��
 >3( φCC �
����� �� � φNC
	�
�����


'.'�$±'.'�7:'.'�6
−'.'��

"' >�A '# >B/� 5����� � ��� 8�/ ��;
���

'.�# ±'.'76:'.'�"
−'.'�#

"� /)�/. '�� >3( .������ ���� >3( φ��

'.'% ±'.'#&:'.'�6
−'.'��

"� /)�/. '�� >3( -���� �� � φ$�
	�
�����


'.'��±'.'�':'.'�6
−'.'��

"6 5+B+./ '� >B/� 2	��� � φ��

#& /)/*� � '"& ��	�������� ���� �	�� ���� ��������� 3	-� �'��&"J �
 ������� �
��	�
 �	��� ���� ��� ������ ������ H��
 �7� �''� 	� /����� �$� �''6� ���� �%7�"
�	
� �� ��� ���� ���� �������� ����� ��� �	
 	� ��#�& �	
� ����� ��� ����� ����
������ �� ���	��� ���� ��� ������	� ����������� �� ��� -- ����� �� �����	��� �� ���
$2 ��	���

"' >�A '# ���	��� ���� ������ ��� ��� ����;1� 8�/ ������	��� �	�	������ ��������� �

1���� ��� ���� �	��	��� �� ��� ���	� ������ Q�= ��	����� ��	 ν� ��	���� ��	������ ��
��� �	��	���� �=������ ���� ������ ������	����� ��� �������
 ��	����� ������ �� ����
�
 5+B+./ '��

"� /)�/. '�� ������� 	�� �	��� � ��� ��	����;������ ����	����� �������� ������
3������� �� �&&& 	� �	
 �$� �''�� ���� ��� �	
 	� ���� ���� ����� �� ��$�" 	�
�%%�& �	
�� �����������
�

"� /)�/. '�� ������� 	�� ������� ���� ��� ��	����;������ ����	������ ����	�;������
����	������ 	� ν � ��	���� ��	������� ���� ��� ���	� Q�= �� 	����� ������� �����	���
�� �	�� � 	�
�����
� ��� �	�	 ���� �������� ������ 3������� �� �&&& 	� �	
 �$�
�''�� ���� ��� �	
 	� ���� ���� ����� �� ��$�" 	� �%%�& �	
�� �����������
�

"6 5+B+./ '� ������� 	�� ��� �#&7 ���� �	
� ���� >����;B	���!	�� ������ �	
 6�� �&&7
	� H��
 �"� �''�� 	� ����	�� 5+B+./ '� �������� ��� 		�
��� ��������� �� " ���
�=���� ��� ��� 1��� �$' ���� �	
� �7�" �����

φ�� �%($�φ�� �%($�φ�� �%($�φ�� �%($�

��� ���	�;������ Q�= ��	����� ��	 ν � ��	���� ��	������� ���� ������� �� ��������
�� 	�� 	����� ������ Q	����� ��� ���� ������� ���������
 �� νµ� ντ ��� �� ��� �����;

������ ��K������ σ�ν µ,τ �� ∼ '.�7σ�ν� ���  � ��� ��� ���	�;������ Q�= �������
�������� Q	��� 	����� �������� ����� ���������� �� ��� Q�= �� ∼ '.�7 ����� ��
ν� �

����� ���1 ��−�−�� ��� ������	
 �� 
��	

<#' &' "# 5+B+./ '� >B/�

"# 5+B+./ '� ������ �� ���	��� ���� ��� ������ ������� ����
 ����� �� �$L�� ����
	� ��� ���	��� &'J ��1���� ����� ����� ����� �� #�6 ����� ��� 24�''' >�	�	��;
>��	�;����� ����������

φν�
�$ �φν�
�$ �φν�
�$ �φν�
�$ �

>�	����� 	�� �	�� ��� ������� 	�������� Q�= ���� ��� >�� 5��= ������ ������ ����
	�� ������� ���	���� �� ��� 24�''' >�	�	�� >��	� ����� $2 ���	� ������ Q�=� ����
	 	�������� ��	� ���	� ν� � ������ 	 �������	��� $2 ������ ���������

����� �C� ��� ������	
 �� 
��	 �����	


• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •

<'.$� &' /)/*� � '# >3( #�'< ,ν�
< �#�$ ���

<'.'�$ &' ,?+-) '# B83. $�6< ,ν�
< �#�$ ���

<'.$ &' ?/3.( '6 >B/� $�'< ,ν�
< �'�' ���

� � �%#(()(��#	� �	*	0 $�#��(�(#�� � �%#(()(��#	� �	*	0 $�#��(�(#�� � �%#(()(��#	� �	*	0 $�#��(�(#�� � �%#(()(��#	� �	*	0 $�#��(�(#�

INTRODUCTION TO THREE-NEUTRINO MIXING
PARAMETERS LISTINGS

Written April 2006 by M. Goodman (ANL)

Introduction and Notation: With the exception of the

LSND anomaly, current accelerator, reactor, solar and at-

mospheric neutrino data can be described within the framework

of a 3 × 3 mixing matrix between the flavor eigenstates νe, νµ,

and ντ and mass eigenstates ν1, ν2 and ν3. (See Eq. (13.32)

of the Review “Neutrino Mass, Mixing and Flavor Change”

by B. Kayser.) Whether or not this is the ultimately correct

framework, it is currently widely used to parametrize neutrino

mixing data and to plan new experiments.

The mass differences are called ∆m2
21 and ∆m2

32 following

Eq. (13.30) in the review. In these Listings, we assume that

∆m2
31 ∼ ∆m2

32, although in the future, experiments may be

precise enough to measure these separately. The angles, as

specified in Eq. (13.31) of the review, are labeled θ12, θ23, and

θ13. The CP violating phase is called δ, but that does not

yet appear in the Listings. The familiar two neutrino form for

oscillations is given in Eqs. (13.18) and (13.19). Despite the

fact that the mixing angles have been measured to be much

larger than in the quark sector, the two-neutrino form is often

a very good approximation and is used in many situations.

This is possible thanks to the existence of two small numbers,

∆m2
21/∆m2

32 � 1, sin2(2θ13) < 0.13.

The angles appear in the equations below in many forms.

They most often appear as sin2(2θ). The Listings currently use

this convention.

Accelerator neutrino experiments: Ignoring the small

∆m2
21 scale, CP violation, and matter effects, the equations

for the probability of appearance in an accelerator oscillation

experiment are:

P (νµ → ντ ) = sin2(2θ23) cos4(θ13) sin2(∆m2
32L/4E) (1)

P (νµ → νe) = sin2(2θ13) sin2(θ12) sin2(∆m2
32L/4E) (2)

P (νe → νµ) = sin2(2θ13) sin2(θ12) sin2(∆m2
32L/4E) (3)

P (νe → ντ ) = sin2(2θ13) cos2(θ12) sin2(∆m2
32L/4E) (4)

For the case of negligible θ13, these probabilities vanish except

for P(νµ → ντ ), which then takes the familiar two-neutrino

form.

New long-baseline experiments are being planned to search

for non-zero θ13 through P (νµ → νe). Including the CP vi-

olating terms and low mass scale, the equation for neutrino

oscillation in vacuum is:

P (νµ → νe) = P1 + P2 + P3 + P4

P1 = sin2(θ23) sin2(2θ13) sin2(∆m2
32L/4E)

P2 = cos2(θ23) sin2(2θ13) sin2(∆m2
21L/4E)

P3 = −/ + J sin(δ) sin(∆m2
32L/4E)

P4 = J cos(δ) cos(∆m2
32L/4E) (5)

where

J = cos(θ13) sin(2θ12) sin(2θ13) sin(2θ23) sin(∆m2
32L/4E)

sin(∆m2
21L/4E) (6)

is the “Jarlskog Invariant” for the lepton sector, and the

sign in the 3rd term is negative for neutrinos and positive for

anti-neutrinos. For most new proposed long-baseline accelerator

experiments, P2 can safely be neglected, but depending on the

values of θ13 and δ, the other three terms could be comparable.

Also, depending on the distance and the mass hierarchy, matter

effects will need to be included.
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Reactor neutrino experiments: Nuclear reactors are prolific

sources of ν̄e with an energy near 4 MeV. The oscillation

probability can be expressed

P (ν̄e → ν̄e) = 1 − cos4(θ13) sin2(2θ12) sin2(∆m2
21L/4E)

− sin2(2θ13) sin2(∆m2
32L/4E) (7)

For short distances (L<5 km), it is a good approximation to

ignore the second term on the right, and this takes the familiar

two-neutrino form with θ13 and ∆m2
32. For long distances and

small θ13, the last term oscillates rapidly and averages to zero

for an experiment with finite energy resolution, leading to the

familiar two-neutrino form with θ12 and ∆m2
21.

Solar and Atmospheric neutrino experiments: Solar neu-

trino experiments are sensitive to νe disappearance and have

allowed the measurement of θ12 and ∆m2
21. They are also sen-

sitive to θ13. In the discussion after Eq. (13.21), we identify

∆m2� = ∆m2
21 and θ� = θ12.

Atmospheric neutrino experiments are primarily sensitive

to νµ disappearance through νµ → ντ oscillations, and have

allowed the measurement of θ23 and ∆m2
32. In Eqs. (13.24) and

(13.25), we identify ∆m2
atm = ∆m2

32 ∼ ∆m2
31 and θatm = θ23.

Despite the large νe component of the atmospheric neutrino

flux, it is difficult to measure ∆m2
21 effects. This is because of

a cancellation between νµ → νe and νe → νµ together, with the

fact that the ratio of νµ and νe atmospheric fluxes, which arise

from sequential π and µ decay, is near 2.
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νµ → ν� ������	���� ���� νµ ���� π: ���	
 � Q���� �
 �������� ��	�;� �������

����� ���� ν� - → �−� � 4����� 		�
��� ������� � $.� ± ��.� ± �.% �=���� �����
� ��� 7'<�� < �'' ��� ����
 �	��� ����������� �� ������	��� ����	�����
 ��
'.�' ± '.�7 ± '.'#J� ���� �� ��������� ������ ���� ����1�	�� ���� ��� �������� ������
�� /�)/3/>>(4(+8(> &$� ����� �� ����������� ��� ������ 		�
��� ���� ��������
�������	 ��������� ��� ��� ���	
 	� ���� ������ 	� �� ���� �K������ � ������� ���
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	 ������	��� ���	� ����������� �� ������	���� ���� ����	�����
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��� �� ��� B/*�,3 � �	�	 ��� �%.% � ����	�� ����
���  > > ������� ��� 	� ��� ������ �������  � �� 	 ��	��� ��� ν� � �������� �
 ���

������ β;���	
 ��	���� � ������ 	� ��-� �" �	���	�� ����� 	�� ��������� 	�
�".$ ± '." �	�!����� ����� 	�� �=������� ���� � ������	��� ���	� �� ��������� ���
������� �=����� �	��� ������ �� ��� �	�	����� 	��	 �	����� �
 ��� 8>3. �=��������

��# /?+ 8/* '� �� ��� 1	� 		�
��� �� ��� 8>3. ���� �	�	 ����  � �� 	 ��	��� ��� ν� 6' � ����

8/�45 ��	� ����� 3������� �����	�� �	��
 ��� π: ���	
 	� ����� ν� 	�� ��������

������� ν� 	 → �: � ��'<�
�	

< 7' ���� � ���	
�� ��������� ���� �	 → � γ�

/+����� ������� $%.& ± ��.# ± 7.' ���	� �=���� ������ ��� ������	��� �� 	���������
�� νµ → ν� ������	���� ���� ��� ������	��� ����	�����
 �� '.�7# ± '.'7% ± '.'#"J�

�������� ���� ��� ���������
 ��������� ������� �	!�� ��� 	����� 	�� �����	����

��� ���� �	����� 	������ ����� �� ������	��� �	�	������ �� 	 �	� �� X���� ����

'.�L�.' ���� >��������� /�)/3/>>(4(+8(> &"� /�)/3/>>(4(+8(> &7� 	�
/�)/3/>>(4(+8(> &$�

��" /�)/3/>>(4(+8(> &7 �� 	 ��	��� ��� ν� 6' � ���� 8/�45 ��	� ����� 3�������

�����	�� �	��
 ���� π: ���	
 	� ����� ν� ����� ���� ���� ������ νµ → ν� ��

ν� → ν� � ��� ���
 	������ ��� 1��� ��������	���� ���
 	�� �������� ������� ν� 	 →
�: � ��' ��� <�

�	
<7' ���� � ���	
�� ��������� ���� �	 → � γ� /������

������� "� ± �' ± $ ���	� �=���� ����� ���� 	 �����	��� �	�!����� ��." ± �.&�
/�)/3/>>(4(+8(> &7� �� 	 ������� ������ �� ���� �	����

��7 /�)/3/>>(4(+8(> &" ����� ���������� �� ��� �.7σ �	� � ��� ����� ��� �=;
������ �	�!����� �� �.% ± '.# ������ -��������� �� 	 ������	��� ����	�����
 ��
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�������� �	��� ��� ������� ���	���� 	� ��� �	��� ��� ��� �=������ �����

�6' /?+ 8/* '� �� ��� 1	� 		�
��� �� ��� 8>3. ���� �	�	 ���� ��� ������� ������	��� ����;

	�����
 �� '.�7#± '.'7%± '.'#"J� ��� �	��� �� ����θ ��� �	��� X���� �� ����� ���� ����	;
�����
 �	������� ����� �	���� 	�� �=������ �
 ����� �����	����� >�� ������� � ��������
�	��� ��� ������� ���	���� 	� ��� �	��� ��� 	 ���� ������ 	������ ������� >���������
/�)/3/>>(4(+8(> &"� /�)/3/>>(4(+8(> &7� 	� /�)/3/>>(4(+8(> &$�

�6� /�)/3/>>(4(+8(> &7 ������� �'.6� ± '.�� ± '.'"�J ��� ��� ������	��� ����	�����
�

��� �	��� �� ����θ ��� �	��� X���� ������ �� ����� ���� ����	�����
� >�� ������� �
�������� �	��� ��� ������� ���	���� 	� ��� ��� �	��� ��� 	 ���� ������ 	������ �������

�6� /�)/3/>>(4(+8(> &" ����� ���������� �� ��� �.7σ �	� � ��� ����� ��� �=;
������ �	�!����� �� �.% ± '.# ������ -��������� �� 	 ������	��� ����	�����
 ��

�'.6#:'.�'
−'.�$ ± '.'%�J� 5�� 	 ��K���� ��������	���� ��� ) 88 &"� *���	��� �
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 ������� �� ��� τ � ����� ������ ���� �	��� � 	��������� 	���� ���
*+ �	�� 	� *+ → τ ντ ��	���� �	��� ����� 	�� � ����� �	���� >�� -((4,*;
>/*B/* $"�

�	�	�� � ���$'	0 �8 µ �� ν/ �� ��
�	� �8 �ν�
�	�	�� � ���$'	0 �8 µ �� ν/ �� ��
�	� �8 �ν��	�	�� � ���$'	0 �8 µ �� ν/ �� ��
�	� �8 �ν�
�	�	�� � ���$'	0 �8 µ �� ν/ �� ��
�	� �8 �ν�

�(�I �(�#
% �(���(�I �(�#
% �(���(�I �(�#
% �(���(�I �(�#
% �(��

8����� � 2�π ��� �� → µν/ ��

����� ��� ������	
 �� 
��	 �����	


• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
6% />� ,* '� 3(�. π → µ� ��� ��C66�& ���

<7.' × �'−�' &" 6$ ./+� '' -3�* π → µ� ��� ��C66.& ���
6& 5(*�/?? ( '' -3�* π → µ� ��� ��C66.& ���

<'.�� &' #' />>/�/?/3 &$ > 8 �ν�
C '."6 ���

<'.'�& &' #' />>/�/?/3 &$ > 8 �ν�
C '.%" ���

<'.'�7 &' #' />>/�/?/3 &$ > 8 �ν�
C �.' ���

< #L7 × �'−" #� 2*A�/3 &7 -3�* �ν�
C 6'L66.&� ���

∼ � × �'−�7 #� /*�2*+>�,*&" B/*� �ν�
C 66.& ���

<# × �'−% &" #6 2 8?,* &" 8,4> �ν�
C 66.& ���

<% × �'−$ &" #6 2 8?,* &" 8,4> �ν�
C 66.& ���

<�.7 × �'−$ &" #6 ./+� &"� �(5 �ν�
C 66.& ���

<� × �'−� &' ./+� $% �ν�
C� ���

<� × �'−6 &' ./+� $% �ν�
C� ���

<7 × �'−" &' ./+� $% 6 ��� < �ν�
< �&�" ���

<6 × �'−� &' ## � 3,)/*� $# �ν�
C� ���

<� × �'−6 &' ## � 3,)/*� $# �ν�
C# ���

<6 × �'−# &' ## � 3,)/*� $# �ν�
C�' ?��

<" × �'−7 &' #" )/A/3( $� �ν�
C66' ���

<� × �'−# &' #" )/A/3( $� �ν�
C%' ���

<& × �'−% &' #" )/A/3( $� �ν�
C�"' ���

<� × �'−� &' ## /2,8/ $� �ν�
C# ���

<% × �'−" &' ## /2,8/ $� �ν�
C�'�" ���



������������

����������	
�� �	��	��

����������� ������� �������� ���

<� × �'−# &' ## /2,8/ $� �ν�
C���" ���

<� × �'−" &' ## /2,8/ $� �ν�
C�7L6' ���

6% />� ,* '� ��	��� ��� 	��	���� ��� ���	
 ��� 	 66�& ��� ����	� �	������� 3�
������� �	� ���� 	� ��� ���������
 �� ��� ��	���� �	��� 2�π → µ� �·2�� →
ν �: �−� �� 	� ��� 	� 6.% × �'−�"� ������� � ��� � ���������

6$ ./+� '' ��	��� ��� 	��	���� ��� ���	
 ��� 	 66�& ��� ����	� �	������ ��	� ����� ��
���������� ��� ��� ����;����������� 	��	�
 �������� �
 ��� B/*�,3 -���	���	����

6& 5(*�/?? ( '' ��	��� ��� 	��	���� ��� ���	
 ��� 	 66�& ��� ����	� �	������ %'

��	� ����� �� ���������� ��� ��� ����;����������� 	��	�
 �������� �
 ��� B/*�,3
-���	���	����   ��� ,$�" �3����� �=������� 	� 5�����	� � ������� �	� �����

���� ���������
 ��� ��� ��� ��	���� �	��� 2�π → µ%'�·2�%' → �������� 	� ��� 	�

�'−�6�
#' />>/�/?/3 &$ ���	� 	 ����� � ��	�
 ������ 	���=���� ���� π: ���	
 ������	��


	� ����� �
 ��	����� ���� ���� ��������� ��� ������� ����������� �� ��� �����
)������� ��� ��	��� ���� 	 	� ��� ��	�� ���������� ��� 	������ ������ ����� ����� ���∣∣&µ/

∣∣� �� '.�� ��� �ν C '."6 ���� '.'�& ��� �ν C '.%" ���� 	� '.'�7 ��� �ν C

�.' ��� 	� &'J-8�
#� 2*A�/3 &7 ��	��� ��� �	����� ��������	� ������� �� �	�� �ν�

� π: ���	
�

#� /*�2*+>�,* &" ����
 ��� ��	����� ��-�ν� ��−� ��3 	� ��-�ν�ν′� ��-∗ ������ �


������� ���� π: 	� µ: ���	
 	� ���  > > ����� ��	��	��� ������ 	� ��� *���������;
/������ �	���	���
� / 	��	�
 � ��� ���� ����������� �	 �� ���������� 	� ��� ���	


π: → µ: ν/ � ����� ν/ �� 	 ����	� ��	!�
 ����	���� �	������ ���� �	�� ≈ 66.& ���
	� ��� �<�� ��� ����� ����� �� ��� ��	���� �	��� �� 	 ������ �� ��� �������� �� ���

�� �	����� ����	� �	������� 	� ��	���� 	 ������ �� 	 ��� × �'−�7 ��� τ/ ∼ " ��

#6 5��� �=�������� �� π: 	� π− ���	
 � Q���� 	� 4> � �� ����! ��� ��	�� �� ���
B/*�,3 -���	���	��� 9����� 	���� �/*�2*+>�,* &"��

## π: → µ: νµ ��	! ��	��� �=��������

#"�: → µ: νµ ��	! ��	��� �=��������

�(�I �(�#
% �(���(�I �(�#
% �(���(�I �(�#
% �(���(�I �(�#
% �(��

8����� �
∣∣&µ /

∣∣� 	� ������ �� �ν�
����� ��� ������	
 �� 
��	 �����	


• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
< �L�' × �'−# #7 2*A�/3 &7 -3�* �ν�

C 6'L66.&� ���

<� × �'−" &" #% />/3( $� �ν�
C%' ���

<6 × �'−7 &" #% />/3( $� �ν�
C��' ���

<6 × �'−7 &" #% />/3( $� �ν�
C�6' ���

<7 × �'−7 &" #$ />/3( $� �ν�
C�#' ���

<" × �'−% &" #$ />/3( $� �ν�
C�$' ���

<7 × �'−7 &" #$ />/3( $� �ν�
C6'' ���

<� × �'−� &" -/8/4* -, $� �ν�
C% ���

<6 × �'−6 &" #& -/8/4* -, $� �ν�
C66 ���

<� × �'−# 7$ "' >)*(-B $� �),( �ν�
C�6 ���

<6 × �'−" 7$ "' >)*(-B $� �),( �ν�
C66 ���

<7 × �'−6 7$ "� >)*(-B $� �),( �ν�
C$' ���

<" × �'−6 7$ "� >)*(-B $� �),( �ν�
C��' ���

#7 2*A�/3 &7 ��	��� ��� �	����� ��������	� ������� �� �	�� �ν�
� π: ���	
�

���
 �������� ��� ������ 	� 	 ����� ����� ��� ��� 	���=���� �� 	 ��	�
 ������� �� ���������

#%�: → µ: νµ ��	! ��	��� �=��������

#$ /	�
��� �� �=������� � �: → µ: νµ ν/ ν/ ���	
�

#& π: → µ: νµ ��	! ��	��� �=��������

"' /	�
��� �� �	����� ������������ �=�������� ������ ��	���� �=�������� 	� �������

�=������� � π: → µ: νµ ���	
�

"� /	�
��� �� �	����� ������������ �=������� � � → µ� νµ ���	
�

�(�I �(�#
% 	 ��� ��$��#(�(�I �(�#
% 	 ��� ��$��#(�(�I �(�#
% 	 ��� ��$��#(�(�I �(�#
% 	 ��� ��$��#(

8����� �
∣∣&µ /

∣∣� 	� ������ �� �ν�
����� ������	
 �� �����	


• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
<� × �'−� .,+�>-) $6 �ν�

C#" ���

<% × �'−6 .,+�>-) $6 �ν�
C%' ���

<� × �'−� .,+�>-) $6 �ν�
C$" ���

�(�#
%(� 8�# �(
�&� �8 ����	/( ν�(�#
%(� 8�# �(
�&� �8 ����	/( ν�(�#
%(� 8�# �(
�&� �8 ����	/( ν�(�#
%(� 8�# �(
�&� �8 ����	/( ν

8����� �
∣∣&µ /

∣∣� 	� ������ �� �ν�
����� ��� ������	
 �� 
��	 �����	


• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
<" × �'−% &' "� �/ �/ � > && --5* �ν�

C'��$ ?��

<$ × �'−$ &' "� �/ �/ � > && --5* �ν�
C'�6% ?��

<" × �'−% &' "� �/ �/ � > && --5* �ν�
C '�"' ?��

<7 × �'−$ &' "� �/ �/ � > && --5* �ν�
C ��"' ?��

<� × �'−" &" "6 /2*,+ &%$ .84) �ν�
C7 ?��

<6 × �'−" &" "6 /2*,+ &%$ .84) �ν�
C"' ?��

<6 × �'−7 &' ?/88/> &" -3�* �ν�
C � ?��

<6 × �'−" &' "# � 8/ 3 &"' -)�� �ν�
C � ?��

<7.� × �'−$ &" /.,�/ &'% 86 �ν�
C�' ?��

<".� × �'−�' &" /.,�/ &'% 86 �ν�
C#' ?��

	�� �	���� ����� ��� &" "" 2+*-)/� &' �*B� �ν�
< �&.7 ?��

<� × �'−�' &" "" 2+*-)/� &' �*B� �ν�
C �� ?��

<� × �'−�� &" "" 2+*-)/� &' �*B� �ν�
C #� ?��

	�� �	���� ����� ��� &" .,-/�4 &'9 /8,4 �ν�
C �".'L#�.% ?��

<� × �'−�6 &" .,-/�4 &'9 /8,4 �ν�
C #�.%L#".% ?��

<" × �'−6 &' /B,*8(5 $$ )*> �ν�
C�.$ ?��

<� × �'−" &' /B,*8(5 $$ )*> �ν�
C# ?��

<6 × �'−7 &' /B,*8(5 $$ )*> �ν�
C7 ?��

<� × �'−% &' 2,*3/*. $$ -3�* �ν�
C�'' ���

<6 × �'−& &' 2,*3/*. $$ -3�* �ν�
C6'' ���

<# × �'−# &' "7 � >)*/ $% -3�* �ν�
C�." ?��

<# × �'−6 &' "7 � >)*/ $% -3�* �ν�
C�." ?��

<'.& × �'−� &' "7 � >)*/ $% -3�* �ν�
C" ?��

<'.� &' "7 � >)*/ $% -3�* �ν�
C�' ?��

<$ × �'−# &' 2/. ,* $7 -3�* �ν�
C7'' ���

<�.� × �'−" &' 2/. ,* $7 -3�* �ν�
C�.% ?��

<6 × �'−$ &' 2,*3/*. $7 -3�* �ν�
C�'' ���

<7 × �'−& &' 2,*3/*. $7 -3�* �ν�
C6"' ���

<� × �'−7 &' .(*,32(>��� $7 -3�* �ν�
C"'' ���

<� × �'−% &' .(*,32(>��� $7 -3�* �ν�
C�7'' ���

<'.$ × �'−" &' "% -((4,*;��� $" )82- �ν�
C'.# ?��

<�.' × �'−% &' "% -((4,*;��� $" )82- �ν�
C�." ?��

"� �/ �/ � > && ��	��� ��� �'
µ → µ� � >�� �	��� ��� �	���� �������	��� ����� 	� ������

�� �ν�
�

"6 /2*,+ &%$ ���;����� ν/ 		�
���� >����;����� 		�
��� �=���� ����� �� ����� �	����
���� �����	��� ���������
 �=���� 	� 6." ?��� ����� ��� ����� �� ��� �	�� 	� 	� 7 ?���

"# � 8/ 3 &"' �� 	 ��	��� ��� ��� ���	
� �� ��	�
 ��������� ������� �������� �
 ����	�
������ ������ ����	������ 8����� ���� 9����� ��� �	���� � ��� �	�� ���� '.6 �� �#
?��� ��� ���� ����� �� ������ 	�����

"" 2+*-)/� &' ������� ��� 		�
��� �������� � H+3? &'� /2*/�> $&'� 	�
0,3.� $%�

"7 >�� 	��� ������ �
∣∣&6x

∣∣ ���� 0,3.� $%�

"% -((4,*;>/*B/* $" 	��� ���� ������ �	��� � �����;������� 	��������� ��� ντ
Q�=� 0� �� �� ���� ������ 3��� ��	� ��� ���� ���� �� �� ������	�� / �� �� �9�	�
�� 6� ���� ν/ �	�� �� ��� ����	� �	�� ������	�� � ντ ���� �ν1

<%' ���

�/82*,-)� $"$�� /���� �� ������� / �� �� �9�	� �� � �� �� �� 	 ������ ����	��� �����
�� ��9����� ��� ���� ���� �� �� ������	��

�	�	�� �
∣∣�τ /

∣∣� �� � ��
�	� �8 �ν�
�	�	�� �

∣∣�τ /

∣∣� �� � ��
�	� �8 �ν��	�	�� �
∣∣�τ /

∣∣� �� � ��
�	� �8 �ν�
�	�	�� �

∣∣�τ /

∣∣� �� � ��
�	� �8 �ν�
����� ��� ������	
 �� 
��	 �����	


• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
<� × �'−� &' "$ (*8(55 '� -)*� �ν�

C#" ���

<�.# × �'−# &' "$ (*8(55 '� -)*� �ν�
C�$' ���

<'.'�" &' />� ,* '� �ν�
C#" ���

<'.''� &' />� ,* '� �ν�
C�#' ���

<� × �'−" &" "& /2*,+ &%$ .84) �ν�
C7 ?��

<6 × �'−" &" "& /2*,+ &%$ .84) �ν�
C"' ?��

<7.� × �'−$ &" /.,�/ &'% 86 �ν�
C�' ?��

<".� × �'−�' &" /.,�/ &'% 86 �ν�
C#' ?��

	�� �	���� ����� ��� &" 7' 2+*-)/� &' �*B� �ν�
< �&.7 ?��

<� × �'−�' &" 7' 2+*-)/� &' �*B� �ν�
C �� ?��

<� × �'−�� &" 7' 2+*-)/� &' �*B� �ν�
C #� ?��

	�� �	���� ����� ��� &" .,-/�4 &'9 /8,4 �ν�
C �".'L#�.% ?��

<� × �'−�6 &" .,-/�4 &'9 /8,4 �ν�
C #�.%L#".% ?��

<" × �'−� $' /B,*8(5 $$ )*> �ν�
C�." ?��

<& × �'−" $' /B,*8(5 $$ )*> �ν�
C#." ?��

"$ (*8(55 '� ��� ��� ��	���� ������ �� 	 ��	��� ��� ����	� �	������� ���	
�� ��� ���
�������� ��������� �
 -)/*� �� ��� ����� ������ ��� 	 �����
 ��������� ��	�
 �������

"& /2*,+ &%$ ���;����� ν/ 		�
���� >����;����� 		�
��� �=���� ����� �� ����� �	����
���� �����	��� ���������
�

7' 2+*-)/� &' ������� ��� 		�
��� �������� � H+3? &'� /2*/�> $&'� 	�
0,3.� $%�



������������

��� ��� �� ���� 	
� ����������	
�� �	��	��

����� ������ ������� �������� ���

�	�	�� �
∣∣�� /

∣∣��	�	�� �
∣∣�� /

∣∣��	�	�� �
∣∣�� /

∣∣��	�	�� �
∣∣�� /

∣∣�
0���� � C �� µ ���� ρ �	�	����� � µ ���	
�

����� ��� ������	
 �� 
��	 �����	


• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
<� × �'−� 7$ >)*(-B $�� �),( �ν�

C�' ?��

<� × �'−6 7$ >)*(-B $�� �),( �ν�
C#' ���

<# × �'−� 7$ >)*(-B $�� �),( �ν�
C%' ���

�	�	�� �
∣∣�� '×�� '

∣∣ �� ��
�	� �8 �ν�
�	�	�� �

∣∣�� '×�� '

∣∣ �� ��
�	� �8 �ν��	�	�� �
∣∣�� '×�� '

∣∣ �� ��
�	� �8 �ν�
�	�	�� �

∣∣�� '×�� '

∣∣ �� ��
�	� �8 �ν�
����� ��� ������	
 �� 
��	 �����	


• • • 0� �� �� ��� ��� �������� �	�	 ��� 	���	���� 1��� ������� ���� • • •
<6 × �'−" &' 7� 2/*/3(� &6 �ν�

C $' ���

<6 × �'−7 &' 7� 2/*/3(� &6 �ν�
C �7' ���

<7 × �'−% &' 7� 2/*/3(� &6 �ν�
C �#' ���

<� × �'−% &' 7� 2/*/3(� &6 �ν�
C 6�' ���

<& × �'−" &' 2,*3/*. $7 -3�* �ν�
C�" ���

<6.7 × �'−% &' 2,*3/*. $7 -3�* �ν�
C�'' ���

<6 × �'−$ &' 2,*3/*. $7 -3�* �ν�
C�'' ���

<7 × �'−& &' 2,*3/*. $7 -3�* �ν�
C6"' ���

<� × �'−� &' 2,*?>�/ $6� -3�* �ν�
C�' ���

<� × �'−" &' 2,*?>�/ $6� -3�* �ν�
C�#' ���

<% × �'−% &' 2,*?>�/ $6� -3�* �ν�
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QUARK MASSES

Updated March 2006 by A.V. Manohar (University of Califor-
nia, San Diego) and C.T. Sachrajda (University of Southamp-
ton)

A. Introduction

This note discusses some of the theoretical issues relevant

for the determination of quark masses, which are fundamental

parameters of the Standard Model of particle physics. Unlike

the leptons, quarks are confined inside hadrons and are not

observed as physical particles. Quark masses therefore cannot

be measured directly, but must be determined indirectly through

their influence on hadronic properties. Although one often

speaks loosely of quark masses as one would of the mass of the

electron or muon, any quantitative statement about the value

of a quark mass must make careful reference to the particular

theoretical framework that is used to define it. It is important

to keep this scheme dependence in mind when using the quark

mass values tabulated in the data listings.

Historically, the first determinations of quark masses were

performed using quark models. The resulting masses only make

sense in the limited context of a particular quark model, and

cannot be related to the quark mass parameters of the Standard

Model. In order to discuss quark masses at a fundamental

level, definitions based on quantum field theory be used, and

the purpose of this note is to discuss these definitions and the

corresponding determinations of the values of the masses.

B. Mass parameters and the QCD Lagrangian

The QCD [1] Lagrangian for NF quark flavors is

L =

NF∑
k=1

qk (i /D − mk) qk − 1
4
GµνG

µν , (1)

where /D = (∂µ − igAµ) γµ is the gauge covariant derivative, Aµ

is the gluon field, Gµν is the gluon field strength, mk is the

mass parameter of the kth quark, and qk is the quark Dirac

field. After renormalization, the QCD Lagrangian Eq. (1)

gives finite values for physical quantities, such as scattering

amplitudes. Renormalization is a procedure that invokes a

subtraction scheme to render the amplitudes finite, and requires

the introduction of a dimensionful scale parameter µ. The

mass parameters in the QCD Lagrangian Eq. (1) depend on

the renormalization scheme used to define the theory, and

also on the scale parameter µ. The most commonly used

renormalization scheme for QCD perturbation theory is the MS

scheme.

The QCD Lagrangian has a chiral symmetry in the limit

that the quark masses vanish. This symmetry is spontaneously

broken by dynamical chiral symmetry breaking, and explicitly

broken by the quark masses. The nonperturbative scale of dy-

namical chiral symmetry breaking, Λχ, is around 1 GeV [2]. It

is conventional to call quarks heavy if m > Λχ, so that explicit

chiral symmetry breaking dominates (c, b, and t quarks are

heavy), and light if m < Λχ, so that spontaneous chiral sym-

metry breaking dominates (u, d and s quarks are light). The

determination of light- and heavy-quark masses is considered

separately in sections D and E below.

At high energies or short distances, nonperturbative effects,

such as chiral symmetry breaking, become small and one can, in

principle, determine quark masses by analyzing mass-dependent

effects using QCD perturbation theory. Such computations are

conventionally performed using the MS scheme at a scale

µ � Λχ, and give the MS “running” mass m(µ). We use

the MS scheme when reporting quark masses; one can readily

convert these values into other schemes using perturbation

theory.

The µ dependence of m(µ) at short distances can be

calculated using the renormalization group equation,

µ2 dm (µ)

dµ2
= −γ(αs (µ)) m (µ) , (2)

where γ is the anomalous dimension which is now known

to four-loop order in perturbation theory [3,4]. αs is the

coupling constant in the MS scheme. Defining the expansion

coefficients γr by

γ (αs) ≡
∞∑

r=1

γr

(
αs

4π

)r

,

the first four coefficients are given by

γ1 = 4,

γ2 =
202

3
− 20NL

9
,

γ3 = 1249 +

(
−2216

27
− 160

3
ζ (3)

)
NL − 140

81
N2

L,

γ4 =
4603055

162
+

135680

27
ζ (3) − 8800ζ (5)

+

(
−91723

27
− 34192

9
ζ (3) + 880ζ (4) +

18400

9
ζ (5)

)
NL

+

(
5242

243
+

800

9
ζ (3) − 160

3
ζ (4)

)
N2

L

+

(
−332

243
+

64

27
ζ (3)

)
N3

L,

where NL is the number of active light quark flavors at the

scale µ, i.e. flavors with masses < µ, and ζ is the Riemann

zeta function (ζ(3) � 1.2020569, ζ(4) � 1.0823232, and ζ(5) �
1.0369278).

C. Lattice Gauge Theory

The use of the lattice simulations for ab initio determi-

nations of the fundamental parameters of QCD, including the

coupling constant and quark masses (except for the top-quark

mass) is a very active area of research, with the current em-

phasis being on the reduction and control of the systematic

uncertainties. We now briefly review some of the features of
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lattice QCD. In this approach space-time is approximated by

a finite, discrete lattice of points and multi-local correlation

functions are computed by the numerical evaluation of the cor-

responding functional integrals. To determine quark masses,

one computes a convenient and appropriate set of physical

quantities (frequently chosen to be a set of hadronic masses)

using lattice QCD for a variety of input values of the quark

masses. The true (physical) values of the quark masses are

those which correctly reproduce the set of physical quantities

being used for calibration.

The values of the quark masses obtained directly in lattice

simulations are bare quark masses, with the lattice spacing

a (i.e. the distance between neighboring points of the lattice)

as the ultraviolet cut-off. In order for the lattice results to

be useful in phenomenology, it is therefore necessary to relate

the bare quark masses in a lattice formulation of QCD to

renormalized masses in some standard renormalization scheme

such as MS. Provided that both the ultraviolet cut-off a−1

and the renormalization scale are much greater than ΛQCD, the

bare and renormalized masses can be related in perturbation

theory (this is frequently facilitated by the use of chiral Ward

identities). However, the coefficients in lattice perturbation

theory are often found to be large, and our ignorance of

higher order terms is generally a significant source of systematic

uncertainty. Increasingly, non-perturbative renormalization is

used to calculate the relation between the bare and renormalized

masses, circumventing the need for lattice perturbation theory.

The precision with which quark masses can be determined

in lattice simulations is limited by the available computing

resources. There are a number of sources of systematic uncer-

tainty and there has been considerable progress in recent years

in reducing these. In general, the main source of uncertainty

arises from the difficulty of performing simulations with three

flavours of sea quarks which are sufficiently light for chiral

perturbation theory (see section D) to be valid. In the past

the computations were performed without including sea quarks

at all (this is the so-called quenched approximation). Current

simulations are generally unquenched, but mu and md are larger

than their physical values and the results are extrapolated, us-

ing chiral perturbation theory where possible, to the physical

point. Reducing the uncertainty in this chiral extrapolation

is the principal challenge in improving the precision in the

determination of physical quantities from lattice simulations.

In addition one has to consider the uncertainties due to

the fact that the lattice spacing is non-zero (lattice artefacts)

and that the volume is not infinite. The former are studied

by observing the stability of the results as a is varied or by

using ”improved” formulations of lattice QCD. By varying the

volume of the lattice one checks that finite-volume effects are

indeed small.

D. Light quarks

For light quarks, one can use the techniques of chiral

perturbation theory [5,6,7] to extract quark mass ratios. The

mass term for light quarks in the QCD Lagrangian is

ΨMΨ = ΨLMΨR + ΨRM †ΨL, (3)

where M is the light quark mass matrix M ,

M =

⎛
⎝mu 0 0

0 md 0
0 0 ms

⎞
⎠ , (4)

and Ψ = (u, d, s). The mass term is the only term in the QCD

Lagrangian that mixes left- and right-handed quarks. In the

limit M → 0, there is an independent SU(3) × U(1) flavor

symmetry for the left- and right-handed quarks. The vector

U(1) symmetry is baryon number; the axial U(1) symmetry

of the classical theory is broken in the quantum theory due

to the anomaly. The remaining Gχ = SU(3)L × SU(3)R chiral

symmetry of the QCD Lagrangian is spontaneously broken to

SU(3)V , which, in the limit M → 0, leads to eight massless

Goldstone bosons, the π’s, K’s, and η.

The symmetry Gχ is only an approximate symmetry, since

it is explicitly broken by the quark mass matrix M . The

Goldstone bosons acquire masses which can be computed in a

systematic expansion in M , in terms of low-energy constants,

which are unknown nonperturbative parameters of the theory,

and are not fixed by the symmetries. One treats the quark

mass matrix M as an external field that transforms under

Gχ as M → LMR†, where ΨL → LΨL and ΨR → RΨR are

the SU(3)L and SU(3)R transformations, and writes down the

most general Lagrangian invariant under Gχ. Then one sets

M to its given constant value Eq. (4), which implements the

symmetry breaking. To first order in M one finds that [8]

m2
π0 =B (mu + md) ,

m2
π± =B (mu + md) + ∆em ,

m2
K0 = m2

K
0 =B (md + ms) , (5)

m2
K± =B (mu + ms) + ∆em ,

m2
η =

1

3
B (mu + md + 4ms) ,

with two unknown constants B and ∆em, the electromagnetic

mass difference. From Eq. (5), one can determine the quark

mass ratios [8]

mu

md
=

2m2
π0 − m2

π+ + m2
K+ − m2

K0

m2
K0 − m2

K+ + m2
π+

= 0.56 ,

ms

md
=

m2
K0 + m2

K+ − m2
π+

m2
K0 + m2

π+ − m2
K+

= 20.1 , (6)

to lowest order in chiral perturbation theory, with an error which

will be estimated below. Since the mass ratios extracted using

chiral perturbation theory use the symmetry transformation
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property of M under the chiral symmetry Gχ, it is important

to use a renormalization scheme for QCD that does not change

this transformation law. Any mass independent subtraction

scheme such as MS is suitable. The ratios of quark masses are

scale independent in such a scheme, and Eq. (6) can be taken to

be the ratio of MS masses. Chiral perturbation theory cannot

determine the overall scale of the quark masses, since it uses

only the symmetry properties of M , and any multiple of M has

the same Gχ transformation law as M .

Chiral perturbation theory is a systematic expansion in

powers of the light quark masses. The typical expansion pa-

rameter is m2
K/Λ2

χ ∼ 0.25 if one uses SU(3) chiral symmetry,

and m2
π/Λ2

χ ∼ 0.02 if one uses SU(2) chiral symmetry. Elec-

tromagnetic effects at the few percent level also break SU(2)

and SU(3) symmetry. The mass formulæ Eq. (5) were derived

using SU(3) chiral symmetry, and are expected to have a 25%

uncertainty due to second order corrections.

There is a subtlety which arises when one tries to determine

quark mass ratios at second order in chiral perturbation theory.

The second order quark mass term [9]

(
M †

)−1
det M † (7)

(which can be generated by instantons) transforms in the

same way under Gχ as M . Chiral perturbation theory cannot

distinguish between M and
(
M †)−1

det M †; one can make the

replacement M → M(λ) = M + λM
(
M †M

)−1
det M † in the

chiral Lagrangian,

M(λ) = diag (mu(λ) , md(λ) , ms(λ))

= diag (mu + λmdms , md + λmums , ms + λmumd) , (8)

and leave all observables unchanged.

The combination(
mu

md

)2

+
1

Q2

(
ms

md

)2

= 1 (9)

where

Q2 =
m2

s − m̂2

m2
d − m2

u

, m̂ =
1

2
(mu + md) ,

is insensitive to the transformation in Eq. (8). Eq. (9) gives

an ellipse in the mu/md − ms/md plane. The ellipse is well-

determined by chiral perturbation theory, but the exact location

on the ellipse, and the absolute normalization of the quark

masses, has larger uncertainties. Q is determined to be in

the range 21–25 from η → 3π decay and the electromagnetic

contribution to the K+–K0 and π+–π0 mass differences [10].

It is particularly important to determine the quark mass

ratio mu/md, since there is no strong CP problem if mu =

0. The chiral symmetry Gχ of the QCD Lagrangian is not

enhanced even if mu = 0. [The possible additional axial u-

quark number symmetry is anomalous. The only additional

symmetry when mu = 0 is CP .] As a result mu = 0 is not a

special value for chiral perturbation theory.

The absolute normalization of the quark masses can be de-

termined by using methods that go beyond chiral perturbation

theory, such as spectral function sum rules [11,12] for hadronic

correlation functions or lattice simulations.

Sum Rules: Sum rule methods have been extensively used

to determine quark masses and for illustration we briefly dis-

cuss here their application to hadronic τ decays [13]. Other

applications involve very similar techniques.

C

C2

Im s

Re s

m2 4m2

m2

Figure 1: The analytic structure of Π(s) in
the complex s-plane. The contours C1 and C2

are the integration contours discussed in the
text.

The experimentally measured quantity is Rτ ,

dRτ

ds
=

dΓ/ds
(
τ− → hadrons + ντ (γ)

)
Γ (τ− → e−νeντ (γ))

(10)

the hadronic invariant mass spectrum in semihadronic τ decay,

normalized to the leptonic τ decay rate. It is useful to define q

as the total momentum of the hadronic final state, so s = q2 is

the hadronic invariant mass. The total hadronic τ decay rate

Rτ is then given by integrating dRτ/ds over the kinematically

allowed range 0 ≤ s ≤ M2
τ .

Rτ can be written as

Rτ =12π

∫ M2
τ

0

ds

M2
τ

(
1 − s

M2
τ

)2

×
[(

1 + 2
s

M2
τ

)
Im ΠT (s) + Im ΠL(s)

]
(11)

where s = q2, and the hadronic spectral functions ΠL,T are

defined from the time-ordered correlation function of two weak

currents is the time-ordered correlator of the weak interaction

current (jµ(x) and jν(0)) by

Πµν(q) =i

∫
d4x eiq·x 〈0|T

(
jµ(x)jν(0)†

)
|0〉 , (12)

Πµν(q) = (−gµν + qµqν)ΠT (s) + qµqνΠL(s), (13)

and the decomposition Eq. (13) is the most general possible

structure consistent with Lorentz invariance.
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By the optical theorem, the imaginary part of Πµν is

proportional to the total cross-section for the current to produce

all possible states. A detailed analysis including the phase

space factors leads to Eq. (11). The spectral functions ΠL,T (s)

are analytic in the complex s plane, with singularities along

the real axis. There is an isolated pole at s = m2
π, and

single- and multi-particle singularities for s ≥ 4m2
π, the two-

particle threshold. The discontinuity along the real axis is

ΠL,T (s + i0+) − ΠL,T (s − i0+) = 2iIm ΠL,T (s). As a result,

Eq. (11) can be rewritten with the replacement Im ΠL,T (s) →
−iΠL,T (s)/2, and the integration being over the contour C1.

Finally, the contour C1 can be deformed to C2 without crossing

any singularities, and so leaving the integral unchanged. One

can derive a series of sum rules analogous to Eq. (11) by

weighting the differential τ hadronic decay rate by different

powers of the hadronic invariant mass,

Rkl
τ =

∫ M2
τ

0
ds

(
1 − s

M2
τ

)k (
s

M2
τ

)l
dRτ

ds
(14)

where dRτ/ds is the hadronic invariant mass distribution in τ

decay normalized to the leptonic decay rate. This leads to the

final form of the sum rule(s),

Rkl
τ = − 6πi

∫
C2

ds

M2
τ

(
1 − s

M2
τ

)2+k (
s

M2
τ

)l

×
[(

1 + 2
s

M2
τ

)
ΠT (s) + ΠL(s)

]
. (15)

The manipulations so far are completely rigorous and exact,

relying only on the general analytic structure of quantum field

theory. The left-hand side of the sum rule Eq. (15) is obtained

from experiment. The right hand-side can be computed for s

far away from any physical cuts using the operator product

expansion (OPE) for the time-ordered product of currents in

Eq. (12), and QCD perturbation theory. The OPE is an

expansion for the time-ordered product Eq. (12) in a series of

local operators, and is an expansion about the q → ∞ limit. It

gives Π(s) as an expansion in powers of αs(s) and Λ2
QCD/s, and

is valid when s is far (in units of Λ2
QCD) from any singularities

in the complex s-plane.

The OPE gives Π(s) as a series in αs, quark masses, and

various non-perturbative vacuum matrix element. By comput-

ing Π(s) theoretically, and comparing with the experimental

values of Rkl
τ , one determines various parameters such as αs

and the quark masses. The theoretical uncertainties in using

Eq. (15) arise from neglected higher order corrections (both

perturbative and non-perturbative), and because the OPE is no

longer valid near the real axis, where Π has singularities. The

contribution of neglected higher order corrections can be esti-

mated as for any other perturbative computation. The error

due to the failure of the OPE is more difficult to estimate. In

Eq. (15), the OPE fails on the endpoints of C2 that touch the

real axis at s = M2
τ . The weight factor (1− s/M2

τ ) in Eq. (15)

vanishes at this point, so the importance of the endpoint can

be reduced by choosing larger values of k.

Lattice Gauge Theory: Lattice simulations allow for de-

tailed studies of the behaviour of hadronic masses and matrix

elements as functions of the quark masses. Moreover, the

quark masses do not have to take their physical values, but

can be varied freely and chiral perturbation theory applies

also for unphysical masses, provided that they are sufficiently

light. From such recent studies of pseudoscalar masses and

decay constants, the relevant higher-order couplings in the chi-

ral Lagrangian have been estimated, strongly suggesting that

mu �= 0 [14,15,16]. In order to make this evidence conclu-

sive, the lattice systematic errors must be reduced; in particular

the range of light quark masses should be increased and the

validity of chiral perturbation theory for this range established.

In recent years there have been a number of unquenched

determinations of the masses of the light quarks using a variety

of formulations of lattice QCD (see, for example, the set of

results in refs. [17,18,19,20,21,22,23,24]) . Some of the sim-

ulations have been performed with two flavours of sea quarks

and some with three flavours. The lattice systematic uncer-

tainties in these determinations are different (e.g. due to the

different lattice formulations of QCD, the use of perturbative

and non-perturbative renormalization and the different chiral

and continuum extrapolations). Taking these into considera-

tion, we give below our current estimates for the quark masses

determined from lattice simulations.

In current lattice simulations it is the combination (mu +

md)/2 which can be determined. In the evaluation of ms one

gets a result which is about 20–25% larger if the φ-meson is

used as input rather than the K-meson. This is evidence that

the errors due to quenching are significant. It is reassuring

that this difference is eliminated or reduced significantly in the

cited unquenched studies.

The quark masses for light quarks discussed so far are

often referred to as current quark masses. Nonrelativistic

quark models use constituent quark masses, which are of order

350 MeV for the u and d quarks. Constituent quark masses

model the effects of dynamical chiral symmetry breaking, and

are not related to the quark mass parameters mk of the QCD

Lagrangian Eq. (1). Constituent masses are only defined in

the context of a particular hadronic model.

E. Heavy quarks

The masses and decay rates of hadrons containing a single

heavy quark, such as the B and D mesons can be deter-

mined using the heavy quark effective theory (HQET) [25].

The theoretical calculations involve radiative corrections com-

puted in perturbation theory with an expansion in αs(mQ) and

non-perturbative corrections with an expansion in powers of

ΛQCD/mQ. Due to the asymptotic nature of the QCD per-

turbation series, the two kinds of corrections are intimately

related; an example of this are renormalon effects in the per-

turbative expansion which are associated with non-perturbative

corrections.

Systems containing two heavy quarks such as the Υ or

J/Ψ are treated using NRQCD [26]. The typical momentum
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and energy transfers in these systems are αsmQ, and α2
smQ,

respectively, so these bound states are sensitive to scales much

smaller than mQ. However, smeared observables, such as the

cross-section for e+e− → bb averaged over some range of s that

includes several bound state energy levels, are better behaved

and only sensitive to scales near mQ. For this reason, most de-

terminations of the b quark mass using perturbative calculations

compare smeared observables with experiment [27,28,29].

Lattice simulations of QCD requires the quark mass to

be much smaller than a−1, where a is the lattice spacing, in

order to avoid large errors due to the granularity of the lattice.

Since computing resources limit a−1 in current simulations to

be typically in the range 1.5 – 2.5 GeV, this is not possible for

the b-quark and is marginal for the c-quark. For this reason,

particularly for the b-quark, simulations are performed using

effective theories, including HQET and NRQCD. Using effective

theories, mb is obtained from what is essentially a computation

of the difference of MHb
− mb, where MHb

is the mass of a

hadron Hb containing a b-quark. The relative error on mb is

therefore much smaller than that for MHb
− mb, and this is the

reason for the small errors quoted in section F. The principal

systematic errors are the matching of the effective theories to

QCD and the presence of power divergences in a−1 in the 1/mb

corrections which have to be subtracted numerically. The use

of HQET or NRQCD is less precise for the charm quark, and

in this case improved formulations of QCD, in which the errors

to the finite lattice spacing are formally reduced are being used

(see in particular refs. [30,31]) .

For an observable particle such as the electron, the position

of the pole in the propagator is the definition of the particle

mass. In QCD this definition of the quark mass is known as

the pole mass. It is known that the on-shell quark propagator

has no infrared divergences in perturbation theory [32,33], so

this provides a perturbative definition of the quark mass. The

pole mass cannot be used to arbitrarily high accuracy because

of nonperturbative infrared effects in QCD. The full quark

propagator has no pole because the quarks are confined, so that

the pole mass cannot be defined outside of perturbation theory.

The relation between the pole mass mQ and the MS mass mQ

is known to three loops [34,35,36]

mQ = mQ(mQ)

{
1 +

4αs(mQ)

3π

+

[
−1.0414

∑
k

(
1 − 4

3

mQk

mQ

)
+ 13.4434

][
αs(mQ)

π

]2

+
[
0.6527N2

L − 26.655NL + 190.595
] [

αs(mQ)

π

]3
}

, (16)

where αs(µ) is the strong interaction coupling constants in the

MS scheme, and the sum over k extends over the NL flavors Qk

lighter than Q. The complete mass dependence of the α2
s term

can be found in [34]; the mass dependence of the α3
s term is

not known. For the b-quark, Eq. (16) reads

mb = mb (mb) [1 + 0.09 + 0.05 + 0.03] , (17)

where the contributions from the different orders in αs are shown

explicitly. The two and three loop corrections are comparable

in size and have the same sign as the one loop term. This

is a signal of the asymptotic nature of the perturbation series

[there is a renormalon in the pole mass]. Such a badly behaved

perturbation expansion can be avoided by directly extracting

the MS mass from data without extracting the pole mass as an

intermediate step.

F. Numerical values and caveats

The quark masses in the particle data listings have been

obtained by using a wide variety of methods. Each method

involves its own set of approximations and errors. In most

cases, the errors are a best guess at the size of neglected

higher-order corrections or other uncertainties. The expansion

parameters for some of the approximations are not very small

(for example, they are m2
K/Λ2

χ ∼ 0.25 for the chiral expansion

and ΛQCD/mb ∼ 0.1 for the heavy-quark expansion), so an

unexpectedly large coefficient in a neglected higher-order term

could significantly alter the results. It is also important to note

that the quark mass values can be significantly different in the

different schemes.

The heavy quark masses obtained using HQET, QCD sum

rules, or lattice gauge theory are consistent with each other

if they are all converted into the same scheme and scale. We

have specified all masses in the MS scheme. For light quarks,

the renormalization scale has been chosen to be µ = 2 GeV. The

light quark masses at 1 GeV are significantly different from those

at 2 GeV, m(1 GeV)/m(2 GeV) ∼ 1.35. It is conventional to

choose the renormalization scale equal to the quark mass for a

heavy quark, so we have quoted mQ(µ) at µ = mQ for the c and

b quarks. Recent analyses of inclusive B meson decays have

shown that recently proposed mass definitions lead to a better

behaved perturbation series than for the MS mass, and hence to

more accurate mass values. We have chosen to also give values

for one of these, the b quark mass in the 1S-scheme [37,38].

Other schemes that have been proposed are the PS-scheme [39]

and the kinetic scheme [40].

If necessary, we have converted values in the original papers

to our chosen scheme using two-loop formulæ. It is important

to realized that our conversions introduce significant additional

errors. In converting to the MS b-quark mass, for example,

the three-loop conversions from the 1S and pole masses give

values about 40 MeV and 135 MeV lower than the two-loop

conversions. The uncertainty in αs(MZ) = 0.1187(20) gives an

uncertainty of ±20 MeV and ±35 MeV respectively in the same

conversions. We have not added these additional errors when

we do our conversions.

A summary of the quark masses using lattice and continuum

methods is given below. The mass values quoted in the listings

combine values extracted using both methods; here we present

the separate results.

From the spread of results and taking into account the dif-

ferent treatment of systematic errors in each of the unquenched



������������

����� ������	
 �������

������

lattice simulations (with 2 and 3 flavours of sea quarks), we find

the current results for the light quark masses renormalized at a

scale of 2 GeV:

1

2
(mu + md)|µ=2GeV = (3.8 ± 0.8) MeV [Lattice only]

and

ms|µ=2GeV = (95 ± 20) MeV [Lattice only] .

It is to be expected that the recent progress in reducing the

systematic uncertainties in unquenched simulations, including

in the evaluation of the renormalization constants and in the

control of the chiral extrapolation, will continue so that errors

quoted above for the best results will decrease significantly.

The continuum determinations of the u and d quark masses

is

mu

∣∣∣
µ=2 GeV

= 3 ± 1 MeV [Excluding lattice].

md

∣∣∣
µ=2 GeV

= 6.0 ± 1.5 MeV [Excluding lattice].

The absolute values of the u and d quark masses are difficult

to determine directly, since they are small compared to typical

hadronic scales, and their effects are comparable in size to

isospin violating electromagnetic corrections. Most u and d

quark mass values are obtained by determining the ratios to ms

using chiral perturbation theory, and then extracting a value

for ms. The average u, d mass is

1

2
(mu + md)

∣∣∣
µ=2 GeV

= 4.4 ± 1.5 MeV [Excluding lattice].

The continuum extractions for the s-quark give

ms

∣∣∣
µ=2 GeV

= 103 ± 20 MeV [Excluding lattice]

where we have excluded older values, many of which have been

superceded by more recent determinations by the same authors,

in the fit.

There have been recent advances in computing the pertur-

bative corrections to the two-point correlation functions used in

the sum rule extractions for the s-quark mass. The results are

now known to order α2
s, with an estimate of the order α3

s terms.

These NNLO corrections are large, and reduce the value for ms,

so that newer determinations give smaller values for ms. The

full α3
s correction to strangeness-changing current correlator in

τ decays has been recently computed [41].

The continuum determinations of the c-quark mass is

mc (mc) = 1.24 ± 0.09 GeV [Excluding lattice].

Recent determinations include at least two-loop corrections,

and give values consistent with this range.

There are still rather few lattice determinations of mc, as

the charm quark is too light for comfortable use of HQET,

and yet heavy enough that one must be careful about lattice

artifacts. The published results are from quenched simulations

(see for example refs. [42,43,44]) and as the best result we

take

mc(mc) = (1.30 ± 0.03 ± 0.20) GeV [Lattice only],

where the second error of 15% is our estimate of possible

quenching effects. Recent preliminary unquenched results lie in

the above range, and we expect that in future editions the best

result will be dominated by determinations from unquenched

simulations.

There has been much recent work on the b-quark mass,

which has led to greatly improved accuracy in the quark mass

values. The main progress has been both theoretical, due to

using better quark mass definitions and the inclusion of higher

order terms in the 1/mb expansion, and experimental, due to

the precision B-factory data. For the value from continuum

extractions, we find

mb (mb) = 4.20 ± 0.07 GeV [Excluding lattice],

m1S
b = 4.70 ± 0.07 GeV [Excluding lattice],
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d 
 m
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s 
 (
M
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Figure 2: The allowed region (shown in
white) for up quark and down quark masses.
This region was determined in part from papers
reporting values for mu and md (data points
shown) and in part from analysis of the allowed
ranges of other mass parameters (see Fig. 3).
The parameter (mu + md)/2 yields the two
downward-sloping lines, while mu/md yields the
two rising lines originating at (0,0). The grey
point is from a paper giving no error bars.
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Figure 3. The values of each quark mass parameter taken from the Data Listings. Points from papers
reporting no error bars are colored grey. Arrows indicate limits reported. The grey regions indicate
values excluded by our evaluations; some regions were determined in part though examination of Fig. 2.
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As the current best lattice results for mb we take:

mb(mb) = (4.2 ± 0.1 ± 0.1) GeV [Lattice only] ,

where the first error is a rounding of the lattice errors quotes
by authors using the static heavy quark and the second is
a (conservative) 10% on mB − mb due to the fact that the
HQET simulations [45,46,47] were performed with two flavours
of sea quark and because O(Λ2

QCD/mb) corrections have not
been included up to now. The value of mb obtained using
NRQCD [48] with 3 flavours of light sea quark is consistent
with that given above, but with the matching to QCD currently
performed only to one-loop order in perturbation theory.
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��� �� �� ������ ��� �����������	� �� 
�	� ���	 ���	���
 ����� ���������	 ����!�

@�����	�� �s)���.C± �.�A-.C
−�.: ���	 � ���� �� �	��� �	
 �s)�9�.�± -.CA��

− 1 ���	 

φ ���� �� �	���� $� ��#� ������
 � "�� ���
 �#�� � �� ����� #������
�72.F4 1�� ���� ������� ���������	 �� ��� ����	 �	
 ��!�	 ������ "��� �"� 
!	������

�� �� ������ ���������	� �� ������
 ���	 ��� O&�' ����#�
 $����	 �����	�
�C8/?4,/+4? 1� ����� ���	���
 ������� ����������	 ���	 ��� #���� �	
 ����� $�


�
�	������� %��� O&�' ����#�
 $����	 �����	 �	
 	�	��������#� �	�����(����	� ���!
���� ����� ���s)�9.� ± 1.� ± 1.;�

�:?=4% 1� 
�����	�� ���� ������ ��� ��� ���	 �	
 ���	 ������ ���	 � ������� �����
�����	 "��� � ����� �����	 �����	 �	 ���	���
 �����������	�

91*2�4H 1� 
�����	�� �� ��� �%&�' �����	 �	 ��� τ ��
�	�� "�
��� ��� #���� ��
��� �� �����	 �� ������! ?F� �	�����!�

9�*2�4H 1� 
�����	�� �� ��� �%&�' �����	 �	 ��� τ ��
�	�� "�
��� ��� #���� ��
��� �� ����	 ��� ��� G@*�

9�234F=25 1� ���� ������� ���������	 �� ��� ����	 �	
 ��!�	 ������ "��� �"� 
!	���
���� D�#�� �	
 
� �	���� �� �� ������ ��� ���#� #���� ���� ��� � �����	 ���� ��


�����	� �� � 4� ��� φ ����	 �� ���
� ��� 	���� ���	 �� �� :1A -
−�1�

9�?=4% 1� ������� ��� ���	 � ���� ���� ��� ���	���
 ������� ���������	� ���	 
���	���
 ����� ���������	 ����!�

99 <2�45 1� ���������� ��� ���	 � ���� ���� ��� >?@ ��� ���� ���	 ��� �����
���		���

9-�23��25 1� ���� 6	��� �	� ! ��� ���� �	 ��� �� �	
 � � ����
������ ���		����
.��� ���� #����� �� ���� �����	�
 �! ������ �����
��

9;?=/5 1�� ���� �	 �	��!��� �� ��� ��
�	�� ������� ��	����	 �	 τ 
���!�
97F./,5/, 1� �����	 ��� � ���� ���� �� ��&�τ ' ) ��1± �7&���' ±:&��!' ��+ ���

�	 �	��!��� �� ?������ ��������
 τ 
���!�� $� ��#� ��	#���
 ���� �� µ ) � *�+�
9C2.F4 11 �����	 ��� �� �� ���� ������ ��� � ���	���
 ������� ���������	 �� ��� ����	

�	
 ��!�	 ������� "��� ��� $����	 ���� �����	� $� ��#� �#�� �
 ���� ������ ��
��) ��-.; ± �.� �	
 ��) �9�.7 ± -.C �����	�
 ���	 �� �	
 �φ� �������#��!� ��

	�����(� ��� ��������
9:*./?F/3/, 11 �����	�
 ��� � ���	���
 ������� ����������	 �� ��� ����
������ ���

��	 ������ ���	 O&�' ����#�
 $����	 �����	� �	
 	�	��������#� �	�����(����	�
-12.F4 :: �����	 ��� �� �� ���� ������ ��� � ���	���
 ������� ���������	 �� ��� ����	

������� "��� ��� ���  ��
 ���� �����	 �����!�	 ��� � ����(����	 �	
���	
�	�
������� $� ��#� �#�� �
 ���� ������ �� ��)�1;.1 ± 7.� �	
 ��)��: ± �� �����	�

���	 �� �	
 �φ� �������#��!� �� 	�����(� ��� ��������

-�82,2�/ ::� �����	 ��� ���	 � ���� ���� ��� �	 �	��!��� �� ��� ����#�
 ���� �����

�� �	 τ 
���!� $� ��#� ��	#���
 ���� #���� �� �� &�τ ') �7;A9;
−-7 ��+ �� µ)� *�+�

-��23��25 :: 
�����	�� ��� ���	 � ���� ���� ���	 6	��� �	� ! ��� �����
-�52,4�.5 :: ���� ��� ���� �� �
� α�� �� φ ����	 
���!��
-9G4?= :: �����	 ��� ������ ���� ��� �	 �	��!��� �� ��� ����	�� �� ��� �	#���	� ����


���������	 �	 τ 
���!��
--8/?4,/+4? :C ������� ��� ���� ���� ���	 ��� 2���� �����	 �	 ��� ���	���
 ������

������	� ��� ��	#����	 ��� ��� � ����(����	 �	
���	
�	� ������ �� ��� �� ������
�� �� 553.�

-;?=/�I,F45 :C ���� ������� ����	�� �� ��
�	�� τ 
���!� �� 
�����	�
�� &� *�+')�11 ± 71 ��+� $� ��#� ������
 ��� ����� �� µ)� *�+�

-7?%??=4/,4 :C �����	� ��� ���� ���� ���	 � ���	���
 ������� ����������	 �� ���
��
�	�� ��������

-C@.�45*%/H :C ���� ��
�	�� ������� ��	����	 ��� ���� &�� ��� ������ �	
 �	���
�	 

���	���	 ��� �������' �� 
�����	� �� &� *�+'< �-- ± �- ��+� $� ��#� ������

��� ����� �� µ)� *�+�

-:?=/�I,F45 :7 �����	� �1-.- ± �:.� ��+ �� µ)� *�+ ��� >?@ ��� ���� �	���
�	 
�������
� >?@ �������	�� $� ��#� ������
 ��� ����� �� � *�+�

;1?.325*/3. :7 �� >?@ ��� ��� ����������	� $� ��#� ������
 ��&� *�+' > ��1 ��
µ ) � *�+�

;�/4?F/, :7 ��� �������  �� � ����������	� "��� �"� 
!	������ �� �� D�#���
;�*.%*= :7 ��� �������  �� � ����������	� �	 ��� ���	���
 �����������	� ?�����	 

�� ���	���	  �#�� -9 <�� < :� ��+ �� µ)� *�+�

;�*%G�2 :7 ��� 3������ ��	�� ?��� ����������	� �	 ��� ���	���
 �����������	� ���
#���� �� �"� �� �� 
!	������ D�#�� �� µ ) � *�+ �� ;C ± �� ± 7 ��+�

;9 3/33.%?= :7 �����	 ��"� ���	
� �	 ���� ������ ���	 ��
�	�� ������� ��	����	��
;- <2�45 :- ���� >?@ ��� ���� �� 	����������
�	 �
�� $� ��#� ������
 ��&� *�+'

) �C: ± �� �� µ ) � *�+�

����� ����� �� ���������� ����� �� ���������� ����� �� ���������� ����� �� �����

�
/
� �� ������

/
� �� ������

/
� �� ������

/
� �� �����

����� ������	
 �� 
��	 �����	


1.� �� 1.; .%, /+23%2�4.51.� �� 1.; .%, /+23%2�4.51.� �� 1.; .%, /+23%2�4.51.� �� 1.; .%, /+23%2�4.5

• • • $� 
� 	�� ��� ��� �����"�	 
��� �� �#�� ��� 6��� ������� ���� • • •
1.9� ±1.1C ;; 2%845 19� 32�� �� ������

1.9�1±1.1�; ;7 5/3�.5 1� 32�� �� ������

1.99 ;C *2. :7 �=/. �� ������

1.--�±1.19� ;: 3/%�$I3/, :; �=/. ?���������	

<1.� 71 ?=.4 :� �=/.

1.�; 7� @.5.*=%/ :� �=/.

1.�1 ±1.17 7� @.5.*=%/ :�� �=/.

1.;; 7� */,2,@ :1 �=/.

1.9 �� 1.;- 79 3/%�$I3/, :1� �=/.

1.1- �� 1.7C 7- �23��25 :1 �=/.

;;2%845 19� ����� ���� D�#� 
!	������ ������� ����������	 �� ����
������ ����	
������� "��� ��	��	��� �������� �� �������� 	���� �E���� �	 ��� ���	 �������

;75/3�.5 1� �������� ���Æ���	�� �	 ��� �
� 	9 ����� 3� �	 ��	 ���	 � �������
����������	 "��� ���� 
!	������ D�#��� ��� ���� ����� �� �����	�
 �! �����	�	 

���� "��� ��� ����� ���������	 ����! ����������	 �� ��� ����	 ������ �� �
� 	9�
;C*2. :7 ���� �������� 	���� ���� �������	 � �� �� �� ����	��
;: 3/%�$I3/, :; ���� � �����	�
 6� �� η → �π �	
 ψ′ → 
/ψ &π�η' 
���! �����

�	
 ��� �������� 	���� ���� 
�E��	��� �� ��� π �	
 � �
71?=.4 :� ����� �����	�
 ��� ��� 
���!� ψ&��' → 
/ψ&��'π �	
 ψ&��' → 
/ψ&��'η�

�	
 � 
����� �	���	��	  �� �������� �� ���� �	�	�"	 ����� �����	���
7�@.5.*=%/ :� ����� �� ��� � �����	�
 �	��!��� �� ����	 ������� η → �π ���

�	 ����	
��
� ����� ���������	 ����! �	���
�	 	�	�	��!��� ����� �	
 &ψ&��' →

/ψ&��'π'�&ψ&��' → 
/ψ&��'η'�

7�@.5.*=%/ :�� �������� ���� ���� ����� ���	 &ψ&��' → 
/ψ&��'π'
/
&ψ&��' →


/ψ&��'η'� �	
 �	 �������� �� ��9 ���	 $��	�� ��� �����
7�*/,2,@ :1 ���� �� �  �	
 η�η′ ����	 �
79 3/%�$I3/, :1� 
�����	�� ���� ���� ����� ���	 ����	
��
� ����� ���������	

����! �� ��� ����	 �	
 ��!�	 ������� �	���
�	 	�	�	��!��� �������	�� 2��� ����
$��	�� ��� ���� �� 
�����	� �7�

7-�23��25 :1 ���� ����	
��
� ����� ���������	 ����! �	���
�	 	�	�	��!��� ����
�� ��� ����	 ������� %��� � ������	 �� �������� ����	����	���� ���� �����	 �����
6���	�� "���� �� �������
 �� �� �� �
� �	� �� ≤ ��

�
/
� �� ������

/
� �� ������

/
� �� ������

/
� �� �����

����� ������	
 �� 
��	 �����	


�7 �� �� .%, /+23%2�4.5�7 �� �� .%, /+23%2�4.5�7 �� �� .%, /+23%2�4.5�7 �� �� .%, /+23%2�4.5

• • • $� 
� 	�� ��� ��� �����"�	 
��� �� �#�� ��� 6��� ������� ���� • • •
�1.1 7; *2. :7 �=/. �� ������

�C.:±1.C 77 3/%�$I3/, :; �=/. ?���������	

�� 7C @.5.*=%/ :� �=/.

�C 7: */,2,@ :1 �=/.

�C �� �� C1 3/%�$I3/, :1� �=/.

7;*2. :7 ���� �������� 	���� ���� �������	 � �� �� �� ����	��
77 3/%�$I3/, :; ���� � �����	�
 6� �� η → �π �	
 ψ′ → 
/ψ &π�η' 
���! �����

�	
 ��� �������� 	���� ���� 
�E��	��� �� ��� π �	
 � �
7C@.5.*=%/ :� ����� �� ��� � �����	�
 �	��!��� �� ����	 ������� η → �π ���

�	 ����	
��
� ����� ���������	 ����! �	���
�	 	�	�	��!��� ����� �	
 &ψ&��' →

/ψ&��'π'�&ψ&��' → 
/ψ&��'η'�

7:*/,2,@ :1 ���� �� �  �	
 η�η′ ����	 �
C1 3/%�$I3/, :1� 
�����	�� ���� ���� ����� ���	 ����	
��
� ����� ���������	

����! �� ��� ����	 �	
 ��!�	 ������� �	���
�	 	�	�	��!��� �������	�� 2��� ����
$��	�� ��� ���� �� 
�����	� �7�

��

/
� �� �������

/
� �� �������

/
� �� �������

/
� �� �����
� ≡ &�� A �� '

/
�

����� ������	
 �� 
��	

�- �� �1 .%, /+23%2�4.5�- �� �1 .%, /+23%2�4.5�- �� �1 .%, /+23%2�4.5�- �� �1 .%, /+23%2�4.5

• • • $� 
� 	�� ��� ��� �����"�	 
��� �� �#�� ��� 6��� ������� ���� • • •
�7.9±1.9 C� 2%845 19 32��

C����� D�#� 
!	������ ������� ����������	 �� ����
������ ����	 �������

� �� ������ �� ������ �� ������ �� �����

� ≡
√
&��

�−��'/&��
�−��

� 'J � ≡ &�� A �� '
/
�

����� ������	
 �� 
��	

• • • $� 
� 	�� ��� ��� �����"�	 
��� �� �#�� ��� 6��� ������� ���� • • •
��.C±1.9 C� �2,�/�I25���1- �=/.

��.7±1.C C� 254�.+4?= :; �=/.

C��2,�/�I25.+ 1- 
�����	� � ��� η → �π 
���!�
C�254�.+4?= :; 6	
 � ��� η → πAπ−π1 
���! ���	 
�������	 ������	� �	
 �����

���������	 ����!�
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 �������
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������� ��� � �� �� �

����� ����� ��� �� �� �	�	�	��	����� ����� ��� �� �� �	�	�	��	����� ����� ��� �� �� �	�	�	��	����� ����� ��� �� �� �	�	�	��	

��	
�� � ��� � ������ ���� ������� 
��� �������� � !�"� 
#� 
���	$ � ��� �% ���&�� '� ��(�) � ���
���*'�+�,���� �� -.� ��.�� ���� �����(�� ��� ��/� /�0��
,��	/�, � �� �1�1 ��� /� ,���2� 
�3�	, �% �� -.� ����%� �� �#4� � ��� �"�5�-� �	��� 3
5�- ��66�42��
�3�	, �%� �� -.� ��%�� �� �#4� � ��� ��	�� ��66�4��
��
	 �� �� -1. ��%�� /� ���� � ��� ���7���/ ��66�4��
��
	 ��� �� -1& �%�� /� ���� � ��� ���7���/ ��66�4��
�'�	�'�	� �� �� �& 1� -� ��8�����8� �� �#4�8)� �� *��� �� �
�"	3 �� ,� �1.� ��. *�79� ���#� *�7"� "2���
���	$ �� !"'� ���� �1� '� ��(�) � ���
,'�/�, �� ��� �� ���1�� -� ,�62� � ��*� :6�(� ;� ��9� 
�68#0
��	
"�, �� �� -1 �%� �� �6� 
�� � ��� ���7���/ ��66�4��

�62� �� -1. ����� ������#(��� �6� 
�� � ��� ���7���/ ��66�4��
�"	3 �� �� ��& ��& *�79� ���#� *�7"� "2���
!��	, �� '�! ��% ��. �� !�(� � !��� �66��� �� ��8�
���*��, �� �� -1 �.%��� 
� ��6�(� � !� 
�(4��
�"', ��� '�! ��� �� /� ��� � ���

�'�,'� �� '�! ��� �� !��� 
��� ��� :� 
��<�=2��� ���� ���������
���*��, �� �� ��. ��� 
� ��6�(� � !� 
�(4��
��
	 �� ��� &% ��& /� ���� � ��� ���7���/ ��66�4��
��'�
'�'� �� �� -1� �%�% �� ���8��6�� � ���
��
	 �� ��� &� %��� /� ���� � ��� �!�5�- ��66�4��
����*' ��� '�! ��� �� �� ������ � ��� ���'�" ��66�4��
���*��, �� �� �%1� �� 
� ��6�(� 
,��	/�, �� �� �%11 �% /� ,���2� 
�	�" �� !"'� ���� ��% �� ��8�� !� ���>�2
/*''�' �� �� �%� ��� *��� /���6�� 
� 
�2�#��� !� 
=� 
�'�	�'�	� �& �� �%%% %�� -� ��8�����8 � ���
�"'*+�
	, �& ,� ��� %.� 
��� �������� � !�"� 
#�� � ���� ���������
�3��"	'�	 �& �� �%�� ��� �� ��#88����� � ���
-��	,�3'$ �& �� �%� ��� ���� -�(� ;#�)� �� ������ �� 
� /8��68���
-�/�" �& �� �%�. �.� "��� -�28�� /� ,���2� 
���-'/ �& ,���/ 1% �� !� ���>�2
�"'*+�
	, �. �� �%�% ��. 
��� �������� � -� ���<�6� 
� /8��68���
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��� �. �� -1 %�� -�7,� ���� ���� ��� ��7�� +� 
��3�" �. ��� .� �1�� �� ��#;� � ���
�3�*� �. �� - .��� �� �#0��� *� ������8�����
�'���3�" �. �� �%�% �� �� ��66�#8�� '� >� ��?��6� !� *��� 
�,	/��	�" �1 �� ��. �� ���� � �2���8�� "� ��#�=�6��
�'3*9+�'� �1 �� ��.& ��� "� ��#�=�6��
�	!,',/ � �� ��%& ��1 !� ��< � 2� !� ���>�2� '� >� ��?��6 �,��-� ��"�@�
!��	, � $�"+ �11 1�� �� !�(� � �� �# ) �"'	-*� �3,*�
,��	/�, �� �� ��& ��� /� ,���2� ���,��
�"�	 �� �� ���� �� 
�9� ���� �3�/-�
-�,��"3' �� ��� 1� �%%% !�:� -� �;�#�� ���� "�62��� � -� 9�6�� ���/�@�
-�,��"3' ��� �� -% &�� !�:� -� �;�#�� -� 9�6�� ���/�� $3�	� 3�/�*�
�'���- �� ��� � ��� !��� �����> ���	��
�'3*9+�'� ��� ,� ���. ��& "� ��#�=�6�� ��'�,�
���*��, �� �� ���% �& 
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� � ���� � ��

������� ��������� ��������� ��������� ��

��� ������ ���� ������	
� �� ��� ��		�	 � ���� �� &µ ) �� ' �	
��� �� ������� $� ��#� ��	#���
 ������ �	 ���� ������� �� ��� ��
������ ���	 �"������ >?@ ���������	 ����! "��� α� &µ)�� ' ) 1.�:�
��� �	 � �.1K�.9 *�+ �� ��� �� ���� ������	
� �� �.97K�.C� *�+
�� ��� ���� ���� &��� ��� �5��� �	 >��� �������'�

����� ����� ������	
 �� 
��	 �����	


�.�- ±1.1: .%, /+23%2�4.5�.�- ±1.1: .%, /+23%2�4.5�.�- ±1.1: .%, /+23%2�4.5�.�- ±1.1: .%, /+23%2�4.5

�.��9±1.1�7±1.1-9 � =.25* 1; �=/. �� ������

�.�� ±1.�1 � 2%8/,� 19A �=/. �� ������

�.�: ±1.17 � =.25* 19 �=/. �� ������

�.��:±1.1�C 9 @/@4+4�44� 1� 32�� �� ������

�.�: ±1.�� - /4@/�%33/, 1� �=/. �� ������

�.�C:±1.19� ; /,3/, 1� �=/. �� ������

�.�; ±1.1� 7 HI283I%F 1� �=/. �� ������

�.�; ±1.19 ±1.�� C 8/?4,/+4? 1� 32�� �� ������

�.�1�±1.1�9 : ,.30 1� 32�� �� ������

�.�� ±1.1: �1 /4@/�%33/, 1� �=/. �� ������

�.�19±1.1�7 �� F%=5 1� �=/. �� ������

�.19 ±1.19 �� �2,�45 1� �=/. �� ������

�.� ±1.19 �� 52,4�.5 1�� �=/. �� ������

�.�7 ±1.1: �9 G/52,,.?=21� �=/. �� ������

�.��1±1.171±1.1C1 �- G45/@2 1� �=/. �� ������

• • • $� 
� 	�� ��� ��� �����"�	 
��� �� �#�� ��� 6��� ������� ���� • • •
�.� ±1.� ±1.� �; 2��4/, 11- 5.�@

�.7: ±1.�C �7 +43245 :: �=/. �� ������
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 �! ��� 8282, �����������	�

�=.25* 19 
�����	�� �� &�� ' ��� ����	�� �� �
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�	���
�
 �	 �!�������� �� �� 1.���
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 �����������	� �	���
�	 ����
���� �����	 �E����� 6	��� #����� �E����� ������
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	�������	����������
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�	��
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������ ��� ���� �	 ��� � �	
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��� ���	 6	��� �	� !
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�.�C �� �.9; .%, /+23%2�4.5�.�C �� �.9; .%, /+23%2�4.5�.�C �� �.9; .%, /+23%2�4.5�.�C �� �.9; .%, /+23%2�4.5

• • • $� 
� 	�� ��� ��� �����"�	 
��� �� �#�� ��� 6��� ������� ���� • • •
�.99±1.1� �C 2%8/,� 19A 828,

�.9�±1.1� �C 82%/, 19 �=/.
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"��,� �1 �� �1�� �1 ��"� "�� ;� ���� �� ����
�3�'�* �%A ��� �� ���&�� �� �#4��� � ��� ������ ��66�4��
��3'� �% �� -.� ��%��. �� ��#�� � ���
"��,� �% �� ��% ��. ��"� "�� ;� �� !�(� 
-'-	�	*		/ �� ,� �1. ��� ���� >� -������2 � ���
'	-'�3��'� �� �� -1. ������ �� '�>�(#66��
'��'� �� �� �& �� !� '�6��� �� �#�
$+���+3
 �� !"'� ���� �&� 
�,� $��46�#� �	*'��
�'�	�'�	� �� �� ��% �� -� ��8�����8� �� �#4�8)� �� ����� �66�
���: �� !"'� ���� ��. !� ��6?� /� /� �
'	-'�3��'� �� �� �%�& ��� �� '�>�(#�66��� �� !�(� 
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,��	/�, ��� �� ��� �� /� ,���2� 
�',�����"� �� �� �� ��� !� �� ����8��� 
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�/*	'� ��- �� �%&1 � �� �2���� � ��� ��'�, ,���- ��66�4��
�	��	, �� '�! ��� �� �� ��6�� � ��� ��"��� 		 ��66�4��
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 ��� ����	
 #���� �� ��� �S ����� "���� �� ���� ��� ���� �� ��� M&�S'
�	 ���������	 ����!� 0� � �#��" �� 
�E��	� ���� ���� 
�6	����	�
�	
 ���� ��������� ��� /3�F=2@,2 1�� ��� �S ���� �� ����� �����

�� ��� �	 �	��!(�	 B 
���!� ���	 ��� �� ���� ������� ��  �#�� � ������
��������#� ����	���	� $� ��#� ��	#���
 ������ �	 ���� ������� ��
��� �� ���� �	
 �S ���� ���	 �"������ >?@ ���������	 ����! "���
αs&µ ) mb' ) 1.��� ��� �	 � 9.�K9.9 �� ��� �� ���� ������	
� ��
9.;K9.: �� ��� �S ���� �	
 9.7K-.1 *�+ �� ��� ���� �����

�/ ���� ����� �� ���� ����� ������	
 �� 
��	

9.�1 ±1.17 .%, /+23%2�4.59.�1 ±1.17 .%, /+23%2�4.59.�1 ±1.17 .%, /+23%2�4.59.�1 ±1.17 .%, /+23%2�4.5 �� �� ����

9.71 ±1.17 .%, /+23%2�4.59.71 ±1.17 .%, /+23%2�4.59.71 ±1.17 .%, /+23%2�4.59.71 ±1.17 .%, /+23%2�4.5 �� �S ����

9.9 ±1.� 9.: ± 1.� �,� *,2I 1- 32��

9.�� ±1.1; 9.7� ± 1.17 � 2%8/,� 19A �=/.

9.�7 ±1.1� 9.;C ± 1.1� 9 82%/, 19 �=/.

9.�� ±1.�� 9.7� ± 1.�� �,- =.25* 19 �=/.

9.�- ±1.�� 9.7; ± 1.�� �,; �?5/43/ 19 32��

9.�� ±1.1: 9.79 ± 1.�1 7 82%/, 1� �=/.

9.�: ±1.1- 9.;; ± 1.1- C 8.,@/� 1� �=/.

9.�1 ±1.1: 9.;7 ± 1.�1 : ?.,?/332 1� �=/.

9.�� ±1.�1 9.C9 ± 1.�� �,�1 @/@4+4�44� 1� 32��

9.�9 ±1.�1 9.7� ± 1.�� �� /4@/�%33/, 1� �=/.

9.�17±1.1�� 9.;C� ± 1.1�- �� /,3/, 1� �=/.

9.�� ±1.1; ±1.�1 9.C� ± 1.17 ± 1.�� �� �2=�..@ 1� �=/.

9.�9;±1.171 9.C�7 ± 1.17C �9 G/545 1� �=/.

�.:- ±1.-7 9.91 ± 1.;� �- 2884/5@4 1�/ .G23

9.�� ±1.1- 9.;: ± 1.1; �; F%=5 1� �=/.

9.1- ±1.1; 9.-� ± 1.17 �7 52,4�.5 1�� �=/.

9.��1±1.1:1±1.1�- 9.;: ± 1.�11 ± 1.1�C �C G45/@2 1� �=/.

9.7 ±1.79 -.�� ± 1.C� �: 82,2�/ 11� 23/G

9.�1 ±1.1; 9.7� ± 1.1� �1 =.25* 11 �=/.
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� 	�� ��� ��� �����"�	 
��� �� �#�� ��� 6��� ������� ���� • • •
9.9�7A1.19-

−1.1�: 9.:�CA1.1-1
−1.1��

�� 3%?=2 11 �=/.

9.9-9A1.19-
−1.1�: 9.:-7A1.1-1

−1.1��
�� G45/@2 11 �=/.

9.�- ±1.1C 9.7� ± 1.1: �� 8/5/F/ :: �=/.

�.C A1.77
−�.1 9.��A1.C;

−�.1
�� 8,25@/58��� ::

9.�- ±1.1: 9.7� ± 1.�1 �9 =.25* :: �=/.

9.� ±1.� 9.;7 ± 1.�� �- �/354F.+ :: �=/.

9.�� ±1.�� 9.;: ± 1.�� �; G/545 :: �=/.

�.:� ±1.;7 9.�- ± 1.7- �7 28,/% :C	 @3G=

9.�9 ±1.19 9.;� ± 1.1- �C F%/=5 :C �=/.

9.�- ±1.1- ±1.�1 9.;� ± 1.1; ± 1.�� �: *4�/5/H :7 32��

9.�: ±1.1; 9.;; ± 1.17 �1 <2�45 :7 �=/.

9.�; ±1.�� ±1.;1 9.;� ± 1.�; ± 1.;7 �� ,.@,4*. :7 �=/.
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THE TOP QUARK

Updated April 2006 by T. M. Liss (Illinois) and A. Quadt
(Bonn, MPI Munich & Rochester/New York).

A. Introduction: The top quark is the Q = 2/3, T3 = +1/2

member of the weak-isospin doublet containing the bottom

quark (see the review on the “Standard Model of Electroweak

Interactions” for more information). This note summarizes the

properties of the top quark (mass, production cross section,

decay branching ratios, etc.), and provides a discussion of the

experimental and theoretical issues involved in their determina-

tion

B. Top quark production at the Tevatron: All direct mea-

surements of production and decay of the top quark have been

made by the CDF and DØ experiments in pp collisions at the

Fermilab Tevatron collider. The first studies were performed

during Run I, at
√

s = 1.8 TeV, which was completed in 1996.

The most recent, and highest-statistics, measurements are from

Run II, which started in 2001 at
√

s = 1.96 TeV. This note will

discuss primarily results from Run II.

In hadron collisions, top quarks are produced dominantly

in pairs through the QCD processes qq → tt and gg → tt.

At 1.96 TeV (1.8 TeV), the production cross section in these

channels is expected to be approximately 7 pb (5 pb) for mt

= 175 GeV/c2, with a contribution of 85% (90%) from qq

annihilation [1]. Somewhat smaller cross sections are expected

from electroweak single-top production mechanisms, namely

from qq′ → tb [2] and qb → q′t [3], mediated by virtual s-

channel and t-channel W bosons, respectively. The combined

rate for the single-top processes at 1.96 TeV is approximately

3 pb for mt = 175 GeV/c2 [4]. The identification of top quarks

in the electroweak single-top channel is much more difficult than

in the QCD tt channel, due to a less distinctive signature and

significantly larger backgrounds.

In top decay, the Ws and Wd final states are expected

to be suppressed relative to Wb by the square of the CKM

matrix elements Vts and Vtd. Assuming unitarity of the three-

generation CKM matrix, these matrix element values can be

estimated to be less than 0.043 and 0.014, respectively (see the

review “The Cabibbo-Kobayashi-Maskawa Mixing Matrix” in

the current edition for more information). With a mass above
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the Wb threshold, and Vtb close to unity, the decay width of

the top quark is expected to be dominated by the two-body

channel t → Wb. Neglecting terms of order m2
b/m2

t , α2
s and

(αs/π)M 2
W/m2

t , the width predicted in the Standard Model

(SM) is [5]:

Γt =
GF m3

t

8π
√

2

(
1 − M2

W

m2
t

)2 (
1 + 2

M2
W

m2
t

) [
1 − 2αs

3π

(
2π2

3
− 5

2

)]
.

(1)

The width increases with mass, changing, for example, from

1.02 GeV/c2 for mt = 160 GeV/c2 to 1.56 GeV/c2 for mt =

180 GeV/c2 (we use αs(MZ) = 0.118). With its correspondingly

short lifetime of ≈ 0.5 × 10−24 s, the top quark is expected

to decay before top-flavored hadrons or tt-quarkonium bound

states can form [6]. The order α2
s QCD corrections to Γt are

also available [7], thereby improving the overall theoretical

accuracy to better than 1%.

The final states for the leading pair-production process can

be divided into three classes:

A. tt → W+ b W− b → q q′ b q′′ q′′′ b, (46.2%)

B. tt → W+ b W− b → q q′ b  ν� b +  ν� b q q′ b, (43.5%)

C. tt → W+ b W− b →  ν� b ′ ν�′ b, (10.3%)

The quarks in the final state evolve into jets of hadrons. A,

B, and C are referred to as the all-jets, lepton+jets (+jets),

and dilepton () channels, respectively. Their relative contribu-

tions, including hadronic corrections, are given in parentheses.

While  in the above processes refers to e, µ, or τ , most of the

results to date rely on the e and µ channels. Therefore, in what

follows, we will use  to refer to e or µ, unless noted otherwise.

The initial and final-state quarks can radiate (or emit)

gluons that can be detected as additional jets. The number

of jets reconstructed in the detectors depends on the decay

kinematics as well as on the algorithm for reconstructing jets

used by the analysis. The transverse momenta of neutrinos

are reconstructed from the imbalance in transverse momentum

measured in each event (missing ET ).

The observation of tt pairs has been reported in all of the

above decay classes. As discussed below, the production and

decay properties of the top quark extracted from the three decay

classes are consistent within their experimental uncertainty. In

particular, the t → Wb decay mode is supported through the

reconstruction of the W → jj invariant mass in events with

two identified b-jets in the ν�bbjj final state [8]. Also the CDF

and DØ measurements of the top quark mass in lepton+jets

events, where the jet energy scale is calibrated in situ using

the invariant mass of the hadronically decaying W boson [9,10],

support this decay mode.

The extraction of top-quark properties from Tevatron data

relies on good understanding of the production and decay

mechanisms of the top quark, as well as of the background

processes. For the background, the jets are expected to have

a steeply falling ET spectrum, to have an angular distribution

peaked at small angles with respect to the beam, and to contain

b- and c-quarks at the few percent level. On the contrary, for

the top signal, the b fraction is expected to be ≈ 100% and

the jets rather energetic, since they come from the decay of a

massive object. It is therefore possible to improve the S/B ratio

by requiring the presence of a b quark, or by selecting very

energetic and central kinematic configurations, or both.

Background estimates can be checked using control samples

with fewer jets, where there is little top contamination (0 or 1

jet for dilepton channels, 1 or 2 jets for lepton+jets channels,

and, ≤ 4 jets or multijets ignoring b-tagging for the all-jets

channel).

Next-to-leading order Monte Carlo programs have recently

become available for both signal and background processes [11],

but for the backgrounds the jet multiplicities required in tt

analyses are not yet available. To date only leading-order (LO)

Monte Carlo programs have been used in the analyses. Theo-

retical estimates of the background processes (W or Z bosons

+ jets and dibosons+jets) using LO calculations have large un-

certainties. While this limitation affects estimates of the overall

production rates, it is believed that the LO determination of

event kinematics and of the fraction of W+multi-jet events that

contain b- or c-quarks are relatively accurate [12].

C. Measured top properties: Current measurements of top

properties are based on Run II data with integrated luminosities

up to 760 pb−1 for CDF, and up to 370 pb−1 for DØ.

C.1 tt Production Cross Section: Both experiments deter-

mine the tt production cross section, σtt, from the number of

observed top candidates, estimated background, tt acceptance,

and integrated luminosity. The cross section has been measured

in the dilepton, lepton+jets and all jets decay modes. To sepa-

rate signal from background, the experiments use identification

of jets likely to contain b-quarks (“b-tagging”) and/or discrim-

inating kinematic observables. Techniques used for b-tagging

include identification of a secondary vertex (“vtx b-tag”), a

probability that a jet contains a secondary vertex based on

the measured impact parameter of tracks (“jet probability”), or

identification of a muon from a semileptonic b decay (“soft µ b-

tag”). Due to the lepton identification (ID) requirements in the

+jets and  modes, in particular the pT requirement, the sensi-

tivity is primarily to e and µ decays of the W with only a small

contribution from W → τν due to secondary τ → (e, µ)νX

decays. In the  mode when only one lepton is required to sat-

isfy lepton ID criteria (+track), there is greater sensitivity to

W → τν. CDF uses a missing-ET +jets selection in the +jets

mode, that does not require specific lepton-ID and therefore has

significant acceptance to W → τν decays, including hadronic τ

decays, in addition to W → eν, µν decays. In a direct search

for the tau decay mode of tt pairs in the lepton+hadronic tau

channel, the ratio rτ ≡ B(t → bτν)/BSM (t → bτν) is found

to be rτ < 5.2 at 95% CL [13]. Table 1 shows the measured

cross sections from DØ and CDF, together with the range of

theoretical expectations.
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Table 1: Cross section for tt production in pp collisions at√
s = 1.96 TeV from CDF and DØ (mt = 175 GeV/c2), and

theory. Also shown are final results from Run I at
√

s = 1.8
TeV from CDF (mt = 175 GeV/c2) & DØ (mt = 172.1
GeV/c2). Uncertainties given are the quadrature sum of sta-
tistical and systematic uncertainties of each measurement.

σtt(pb) Source
∫ Ldt (pb−1) Ref. Method

6.7+2.2
−1.7 DØ 230 [22]  + jets/kinematics

8.6+1.7
−1.6 DØ 230 [23]  + jets/vtx b-tag

8.1+1.4
−1.3 DØ 370 [24] †  + jets/vtx b-tag

7.9+1.7
−1.6 DØ 370 [25] †  + jets/0-2 vtx b-tags

8.6+3.4
−3.0 DØ 220-240 [26] 

8.6+2.7
−2.3 DØ 370 [27] † 

11.1+6.0
−4.6 DØ 160 [28] † eµ/vtx b-tag

8.6+2.3
−2.1 DØ 370 [29] † +track/vtx b-tag + eµ

5.2+3.0
−2.7 DØ 350 [30] † all-jets/vtx b-tags

12.1 ± 6.7 DØ 360 [31] † all-jets/vtx b-tags

7.1+1.9
−1.7 DØ 220-240 [32] † combined

5.6+1.5
−1.3 CDF 160 [33]  + jets/vtx b-tag

8.2 ± 1.2 CDF 695 [34] †  + jets/vtx b-tag

8.9 ± 1.5 CDF 320 [35] †  + jets/jet prob b-tag

5.3+3.5
−3.4 CDF 190 [36]  + jets/soft µ b-tag

6.6 ± 1.9 CDF 190 [37]  + jets/kinematics

6.0 ± 1.1 CDF 760 [38] †  + jets/kinematics

6.0 ± 2.0 CDF 160 [39]  + jets/kin+vtx b-tag

6.0+1.5
−1.4 CDF 310 [40]  + jets/miss.-ET +jets

7.0+2.9
−2.4 CDF 200 [41] 

8.3 ± 1.9 CDF 750 [42] † 

10.1 ± 2.6 CDF 360 [43] † +track

8.0+3.9
−3.0 CDF 310 [44] † all-jets/kin+vtx b-tags

7.3 ± 0.9 CDF 760 [45] † combined

5.8 − 7.4 Theory (
√

s=1.96 TeV) [1] mt = 175 GeV/c2

6.5+1.7
−1.4 CDF Run I 105 [50] all combined

5.7 ± 1.6 DØ Run I 110 [51,52] all combined

4.5 − 5.7 Theory (
√

s=1.8 TeV) [1] mt = 175 GeV/c2

5.0 − 6.3 Theory (
√

s=1.8 TeV) [1] mt = 172.1 GeV/c2

† Prelim. result, not yet submitted for publication as of April 2006.

The theory calculations at next-to-leading order including

soft gluon resummation [1] are in good agreement with all the

measurements. The increased precision of combined measure-

ments from larger Run II samples can serve to constrain, or

probe, exotic production mechanisms or decay channels that are

predicted by some models [14–17]. Such non-SM effects would

yield discrepancies between theory and data. New sources of

top could also modify kinematic distributions, such as the in-

variant mass of the tt pair or the transverse momentum (pT )

of the top quark. Run I studies of the tt invariant mass by

CDF and DØ [18,19] and of pT distributions by CDF [20] show

no deviation from expected behavior. DØ [21] also found these

kinematic distributions to be consistent with expectations of

the SM in Run I. In Run II, distributions of primary kinematic

variables such as the lepton pT , missing ET , and angular vari-

ables have been investigated [22–46] and found to be consistent

with the SM. Also, the tt̄ invariant mass distributions have been

studied [47,48]. These tests are presently statistics limited and

will be more incisive with larger data sets in Run II.

C.2 Top Quark Mass Measurements: The top mass has

been measured in the lepton+jets, dilepton and the all-jets chan-

nel by both CDF and DØ. At present, the most precise mea-

surements come from the lepton+jets channel containing four

or more jets and large missing ET . The samples for the mass

measurement are selected using topological (topo) or b-tagging

methods. In this channel, four basic techniques are employed

to extract the top mass. In the first, the so-called “template

method” (TM) [49], an over-constrained (2C) kinematic fit is

performed to the hypothesis tt → W+ b W− b →  ν̄� b q q′ b for

each event, assuming that the four jets of highest ET originate

from the four quarks in tt decay. There are 24 possible solu-

tions, reflecting the allowed assignment of the final-state quarks

to jets and the two possible solutions for the longitudinal mo-

mentum, pz, of the neutrino when the W mass constraint is

imposed on the leptonic W decay. The number of solutions is

reduced to 12 when a jet is b-tagged and assigned as one of

the b quarks, and to 4 when the event has two such b-tags. A

χ2 variable describes the agreement of the measurements with

each possible solution under the tt hypothesis given jet energy

resolutions. The solution with the lowest χ2 is defined as the

best choice, resulting in one value for the reconstructed top

quark mass per event. The distribution of reconstructed top

quark mass from the data events is then compared to templates

modeled from a combination of signal and background distri-

butions for a series of assumed top masses. The best fit value

for the top quark mass and its uncertainty are obtained from

a maximum likelihood fit. In the second method, the “Matrix

Element/Dynamic Likelihood Method” (ME/DLM), similar to

that originally suggested by Kondo et al. [53] and Dalitz and

Goldstein [54], a probability for each event is calculated as a

function of the top mass, using a LO matrix element for the

production and decay of tt̄ pairs. All possible assignments of

reconstructed jets to final-state quarks are used, each weighted

by a probability determined from the matrix element. The cor-

respondence between measured four-vectors and parton-level

four-vectors is taken into account using probabilistic transfer

functions. In a third method, the “Ideogram Method” [55],

which combines some of the features of the above two tech-

niques, each event is compared to the signal and background

mass spectrum, weighted by the χ2 probability of the kinematic

fit for all 24 jet-quark combinations and an event probability.

The latter is determined from the signal fraction in the sample

and the event-by-event purity, as determined from a topological

discriminant in Monte Carlo events.

With at least four jets in the final state, the dominant

systematic uncertainty on the top quark mass is from the
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uncertainty on the jet energy scale. For the first time CDF

(TM, ME) and DØ (ME) have reduced the jet energy scale

uncertainty by performing a simultaneous, in situ fit to the

W → jj hypothesis.

The fourth technique [56] relies solely on tracking and thus

avoids the jet energy scale uncertainty. The method exploits

the fact that, in the rest frame of the top quark, the boost

given to the bottom quark has a Lorentz γb ≈ 0.4 mt/mb.

The measurement of the transverse decay length Lxy of the

b-hadrons from the top quark decay is therefore sensitive to the

mass of the top quark.

Additional determinations of the top mass come from the

dilepton channel with two or more jets and large missing ET ,

and from the all-jets channel. The dilepton channel, with two

unmeasured neutrinos, is underconstrained by one measure-

ment. It is not possible to extract a value for the top quark

mass without adding additional information. The general idea

is based on the fact that, assuming a value for mt, the tt system

can be reconstructed up to an eight-fold ambiguity from the

choice of associating leptons and quarks to jets and due to the

two solutions for the pz of each neutrino. Two basic techniques

are employed: one based on templates and one using matrix

elements. The first class of techniques incorporates additional

information to render the kinematic system solvable. In this

class, there are two techniques that assign a weight as a func-

tion of top mass for each event based on solving for either the

azimuth, φ, of each neutrino given an assumed η, (η(ν)) [57,58],

or for η of each neutrino given an assumed φ, (φ(ν)) [59]. A

modification of the latter method, (MWT ) [57], solves for

η of each neutrino requiring the sum of the neutrino �pT ’s to

equal the measured missing ET vector. In another technique,

(pz(tt)) [59], the kinematic system is rendered solvable by the

addition of the requirement that the pz of the tt system, equal

to the sum of the pz of the t and t, be zero within a Gaussian

uncertainty of 180 GeV/c. In most of the techniques in this

class, a single mass per event is extracted and a top mass

value found using a Monte Carlo template fit to the single-event

masses in a manner similar to that employed in the lepton+jets

TM technique. The DØ (η(ν)) analysis uses the shape of the

weight distribution as a function of mt in the template fit. The

second class, ME/DLM, uses weights based on the LO matrix

element for an assumed mass given the measured four-vectors

(and integrating over the unknowns) to form a joint likelihood

as a function of the top mass for the ensemble of fitted events.

In the all-jets channel there is no unknown neutrino mo-

mentum to deal with, but the S/B is the poorest. Both CDF

and DØ use events with 6 or more jets, of which at least one

is b-tagged. In addition, DØ uses a neural network selection

based on eight kinematic variables, and a top-quark mass is

reconstructed from the jet-quark combination that best fits the

hadronic W -mass constraint and the equal-mass constraint for

the two top quarks. At CDF, events with one b-tagged jet are

required to pass a strict set of kinematic criteria, while events

with two b-tagged jets are required to exceed a minimum total

energy. The top quark mass for each event is then reconstructed

applying the same fitting technique used in the +jets mode.

At both, CDF and DØ, the resulting mass distribution is com-

pared to Monte Carlo templates for various top quark masses

and the background distribution, and a maximum likelihood

technique is used to extract the final measured value of mt and

its uncertainty.

The results are shown in Table 2. The systematicuncertainty

(second uncertainty shown) is comparable to the statistical

uncertainty, and is primarily due to uncertainties inthe jet

energy scale and in the Monte Carlo modeling. In the Run II

analyses, CDF and DØ have controlled the jet energy scale

uncertainty via in situ W → jj calibration using the same tt

events, as mentioned above.

The Tevatron Electroweak Working Group (TevEWWG),

responsible forthe combined CDF/DØ average top mass in

Table 2, took account of correlations between systematic un-

certainties in the different measurements in a sophisticated

manner [60,61]. The Particle Data Group (PDG) uses their

combination of published Run-I and Run-II top mass mea-

surements [60], mt = 174.2 ± 3.3 GeV/c2 (statistical and

systematic uncertainties combined in quadrature), as our PDG

best value. The latest TevEWWG world average [61], also

including published and some preliminary Run-II results, yields

mt = 172.5 ± 2.3 GeV/c2 (statistical and systematic uncertain-

ties combined in quadrature). The ultimate precision from the

Tevatron experiments is expected to be better than 2.0 GeV/c2

per experiment.

Given the experimental technique used to extract the top

mass, these mass values should be taken as representing the

top pole mass (see the review “Note on Quark Masses” in the

current edition for more information). The top pole mass, like

any quark mass, is defined up to an intrinsic ambiguity of order

ΛQCD ∼ 200 MeV [62].

Current global fits performed within the SM or its minimal

supersymmetric extension, in which the top mass measure-

ments play a crucial role, provide indications for a relatively

light Higgs (see the review “H0 Indirect Mass Limits from

Electroweak Analysis” in the Particle Listings of the cur-

rent edition for more information). Such fits including Z-pole

data [78] and direct measurements of the mass and width of the

W -boson [79] yield mt = 179.4+12.1
− 9.2 GeV/c2. A fit including ad-

ditional electroweak precision data (see the review “Electroweak

Model and Constraints on New Physics” in this Review) yields

mt = 172.3+10.2
− 7.6 GeV/c2 (OUR EVALUATION). Both indirect

evaluations are in good agreement with the direct top-quark

mass measurements.
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Table 2: Measurements of top quark mass from CDF and DØ.∫ Ldt is given in pb−1.

mt (GeV/c2) Source
∫ Ldt Ref. Method

173.3 ± 5.6 ± 5.5 DØ Run I 125 [21] +jets, TM

180.1 ± 3.6 ± 3.9 DØ Run I 125 [63] �� +jets, ME

168.4 ± 12.3 ± 3.6 DØ Run I 125 [64] �� , η(ν)/MWT

178.5 ± 13.7 ± 7.7 DØ Run I 110 [65] all jets

179.0 ± 5.1 DØ Run I 110-125 [63] DØ combined

177.5 ± 5.8 ± 7.1 DØ Run II 160 [66] † +jets/topo, Ideogram

169.9 ± 5.8+7.8
−7.1 DØ Run II 230 [67] † +jets/topo, TM

170.6 ± 4.2 ± 6.0 DØ Run II 230 [67] † +jets/b-tag, TM

169.2+5.0
−7.4

+1.5
−1.4 DØ Run II 370 [10] † +jets/topo, ME(W → jj)

170.6+4.0
−4.7 ± 1.4 DØ Run II 370 [10] † � +jets/b-tag, ME(W → jj)

176.6 ± 11.2 ± 3.8 DØ Run II 370 [68] † � /b-tag, MWT

175.6 ± 10.7 ± 6.0 DØ Run II 370 [69] † , η(ν)

176.1 ± 5.1 ± 5.3 CDF Run I 110 [58,70,71]��  + jets

167.4 ± 10.3 ± 4.8 CDF Run I 110 [58] �� 

186.0 ± 10.0 ± 5.7 CDF Run I 110 [58,72]�� all jets

176.1 ± 6.6 CDF Run I 110 [58,71] CDF combined

173.5+3.7
−3.6 ± 1.3 CDF Run II 318 [9] � +jets/b-tag, TM(W → jj)

173.4 ± 2.5 ± 1.3 CDF Run II 680 [73] † � +jets/b-tag, TM(W → jj)

173.2+2.6
−2.4 ± 3.2 CDF Run II 318 [9] +jets/b-tag, DLM

174.1 ± 2.5 ± 1.3 CDF Run II 680 [74] † +jets/b-tag, ME(W → jj)

183.9+15.7
−13.9 ± 5.6 CDF Run II 695 [56] † +jets/b-tag, Lxy

165.2 ± 6.1 ± 3.4 CDF Run II 340 [75] � , ME

164.5 ± 4.5 ± 3.1 CDF Run II 750 [76] † � , ME

170.7+6.9
−6.5 ± 4.6 CDF Run II 359 [59,75] , η(ν)

169.7+8.9
−9.0 ± 4.0 CDF Run II 340 [59,75] , φ(ν)

169.5+7.7
−7.2 ± 4.0 CDF Run II 340 [59,75] , pz(tt)

172.0 ± 1.6 ± 2.2 CDF Run I+II 110-750 [77] † CDF Combined

174.2 ± 2.0 ± 2.6 ∗ CDF,DØ (I+II) 110-340 [60] † pub. results, PDG best

172.5 ± 1.3 ± 1.9 ∗∗CDF,DØ (I+II) 110-750 [61] † publ. or prelim. results

∗ PDG uses this TevEWWG result as its best value. It is a combination of published

Run I + II measurements (labeled with �), yielding a χ2 of 5.8 for 6 deg. of freedom.
∗∗The TevEWWG world average is a combination of published Run I and preliminary

or pub. Run-II meas. (labeled with �), yielding a χ2 of 8.1 for 8 deg. of freedom.

† Preliminary result, not yet submitted for publication as of April 2006.
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C.3 Top Quark Electric Charge: The top quark is the only

quark whose electric charge has not been measured through

a production threshold in e+e− collisions. Since the CDF and

DØ analyses on top quark production do not associate the

b, b̄ and W± uniquely to the top or antitop, decays such as

t → W+b̄, t̄ → W−b are not excluded. A charge 4/3 quark

of this kind would be consistent with current electroweak

precision data. The Z → +− and Z → bb̄ data can be

fitted with a top quark of mass mt = 270 GeV/c2, provided

that the right-handed b quark mixes with the isospin +1/2

component of an exotic doublet of charge −1/3 and −4/3

quarks, (Q1, Q4)R [17,80]. CDF and DØ study the top quark

charge in double-tagged lepton+jets events. Assuming the top

and antitop quarks have equal but opposite electric charge, then

reconstructing the charge of the b-quark through jet charge

discrimination techniques, the |Qtop| = 4/3 and |Qtop| = 2/3

scenarios can be differentiated. CDF and DØ both have already

collected sufficient data to obtain sensitivity to the |Qtop| = 4/3

case. DØ finds that |Qtop| = 4/3 is excluded at 94% CL [81],

showing that the top quark is indeed consistent with being the

Standard Model |Qtop| = 2/3 quark.

C.4 Top Branching Ratio & |Vtb|: CDF and DØ report

direct measurements of the t → Wb branching ratio [82,83,84].

Comparing the number of events with 0, 1 and 2 tagged b jets

in the lepton+jets channel, and for CDF also in the dilepton

channel, and using the known b-tagging efficiency, the ratio

R = B(t → Wb)/
∑

q=d,s,b B(t → Wq) can be extracted. DØ

performs a simultaneous fit for the number of tt̄ events and

the ratio R. A deviation of R from unity would imply either

non-SM top decay, a non-SM background to tt̄ production, or a

fourth generation of quarks. Assuming that all top decays have

a W boson in the final state, that only three generations of

fermions exist, and that the CKM matrix is unitary, CDF and

DØ also extract the CKM matrix-element |Vtb|. The results of

these measurements are summarized in Table 3.

Table 3: Measurements and 95% CL lower limits
of R = B(t → Wb)/B(t → Wq) and |Vtb| from
CDF and DØ.

R or |Vtb| Source
∫ Ldt (pb−1) Ref.

R = 0.94+0.31
−0.24 CDF Run I 109 [82]

R = 1.12+0.27
−0.23 CDF Run II 160 [83]

R > 0.61 CDF Run II 160 [83]

R = 1.03+0.19
−0.17 DØ Run II 230 [84]

R > 0.64 DØ Run II 230 [84]

|Vtb| > 0.75 CDF Run I 109 [82]

|Vtb| > 0.78 CDF Run II 160 [83]

|Vtb| > 0.78 DØ Run II 230 [84]

A more direct measurement of the Wtb coupling constant

will be possible when enough data are accumulated to detect

the s-channel and t-channel single-top production processes.

The cross sections for these processes are proportional to |Vtb|2,
and no assumption is needed on the number of families or on

the unitarity of the CKM matrix in extracting |Vtb|. Separate

measurements of the s and t-channel processes provide sensitiv-

ity to physics beyond the SM [85]. CDF gives 95% CL limits

of 3.2 and 3.1 pb for the single-top production rates in the s-

channel and t-channel, respectively, as well as a combined limit

of 3.4 pb [86]. DØ gives 95% CL limits of 5.0 and 4.4 pb, for

the s-channel and t-channel, respectively [87,88]. Comparison

with the expected SM rates of 0.88 ± 0.11 pb for the s-channel

and 1.98 ± 0.25 pb for the t-channel [4] indicates that a few

fb−1 will be required before significant measurements can be

made.

C.5 W -Boson Helicity: Studies of decay angular distribu-

tions provide a direct check of the V –A nature of the Wtb

coupling and information on the relative coupling of longitudi-

nal and transverse W bosons to the top quark. In the SM, the

fraction of decays to longitudinally polarized W bosons is ex-

pected to be [89] FSM
0 = x/(1 +x), x = m2

t /2M2
W (FSM

0 ∼ 70%

for mt = 175 GeV/c2). Fractions of left- or right-handed W

bosons are denoted as F− and F+, respectively. In the SM F−
is expected to be ≈ 30% and F+ ≈ 0%. CDF and DØ use

various techniques to measure the helicity of the W boson in

top quark decays in both the lepton+jets events and dilepton

channels. The first method uses a kinematic fit, similar to that

used in the lepton+jets mass analyses but with the top quark

mass constrained to 175 GeV/c2, to improve the reconstruc-

tion of final state observables and render the under-constrained

dilepton channel solvable. The distribution of the helicity angle

(cos θ∗) between the lepton and the b quark in the W rest

frame, provides the most direct measure of the W helicity. The

second method (p�
T ) uses the different lepton pT spectra from

longitudinally or transversely polarized W -decays to determine

the relative contributions. A third method uses the invariant

mass of the lepton and the b-quark in top decays (M2
�b) as an

observable, which is directly related to cos θ∗. Finally, the Ma-

trix Element method (ME), described for the top quark mass

measurement, has also been used, forming a 2-dimensional like-

lihood L(mtop,F0), where the mass-dependence is integrated

out so that only the sensitivity to the W -helicity in the top

quark decay is exploited. The results of all CDF and DØ anal-

yses, summarized in Table 4, are in agreement with the SM

expectation, but with large statistical uncertainties.

C.6 tt Spin Correlations: DØ has searched for evidence of

spin correlation of tt pairs [90]. The t and t are expected to

be unpolarized but to be correlated in their spins. Since top

quarks decay before hadronizing, their spins at production are

transmitted to their decay daughter particles. Spin correlation

is studied by analyzing the joint decay angular distribution of

one t daughter and one t daughter. The sensitivity to top spin
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Table 4: Measurement and 95% CL upper limits
of the W helicity in top quark decays from CDF
and DØ.

W helicity Source
∫ Ldt Ref. Method

(pb−1)

F0 = 0.91 ± 0.39 CDF Run I 106 [94] p�
T

F0 = 0.56 ± 0.32 DØ Run I 125 [95] ME

F0 = 0.74+0.22
−0.34 CDF Run II 200 [96] M2

�b+p�
T

F+ < 0.18 CDF Run I 110 [97] M2
�b+p�

T

F+ < 0.27 CDF Run II 200 [96] M2
�b+p�

T

F+ < 0.24 DØ Run II 230-370 [98,99] † cos θ∗+p�
T

† Preliminary result, not yet submitted for publication

as of April 2006.

is greatest when the daughters are down-type fermions (charged

leptons or d-type quarks), in which case, the joint distribution

is [91–93]

1

σ

d2σ

d(cos θ+)d(cos θ−)
=

1 + κ · cos θ+ · cos θ−
4

, (2)

where θ+ and θ− are the angles of the daughters in the top

rest frames with respect to a particular spin quantization axis,

the optimal choice being the off-diagonal basis [91]. In this

basis, the SM predicts maximum correlation with κ = 0.88

at the Tevatron. In Run I, DØ analyzed six dilepton events

and obtained a likelihood as a function of κ, which weakly

favored the SM (κ = 0.88) over no correlation (κ = 0) or

anticorrelation (κ = −1, as would be expected for tt produced

via an intermediate scalar). DØ quotes a limit κ > −0.25 at

68% CL.

C.7 Non-SM tt̄ Production: Motivated by the large mass

of the top quark, several models suggest that the top quark

plays a role in the dynamics of electroweak symmetry break-

ing. One example is topcolor [14], where a large top quark

mass can be generated through the formation of a dynamic tt̄

condensate, X , which is formed by a new strong gauge force cou-

pling preferentially to the third generation. Another example is

topcolor-assisted technicolor [15], predicting a heavy Z ′ boson

that couples preferentially to the third generation of quarks

with cross sections expected to be visible at the Tevatron.

CDF and DØ have searched for tt̄ production via intermediate,

narrow-width, heavy vector bosons X in the lepton+jets chan-

nels. The possible tt̄ production via an intermediate resonance

X is sought for as a peak in the spectrum of the invariant

tt̄ mass. CDF and DØ exclude narrow width heavy vector

bosons X in the top-assisted technicolor model [100] with mass

MX < 480 GeV/c2 and MX < 560 GeV/c2, respectively, in

Run I [18,19], and MX < 725 GeV/c2 and MX < 680 GeV/c2

in Run II [47,48].

C.8 Non-SM Top Decays: Both CDF and DØ have searched

for non-SM top decays [101–103], particularly those expected

in supersymmetric models, such as t → H+b, followed by

H+ → τ+ν̄ or cs. The t → H+b branching ratio has a minimum

at tan β =
√

mt/mb � 6, and is large in the region of either

tan β � 6 or tan β � 6. In the former range, H+ → cs is

dominant, while H+ → τ+ν̄ dominates in the latter range.

These studies are based either on direct searches for these final

states, or on top “disappearance”. In the standard lepton+jets

or dilepton cross section analyses, any charged Higgs decays are

not detected as efficiently as t → W±b, primarily because the

selection criteria are optimized for the standard decays, and

because of the absence of energetic isolated leptons in Higgs

decays. A significant t → H+b contribution would give rise

to measured tt cross sections that would be lower than the

prediction from the SM (assuming that non-SM contributions

to tt production are negligible).

In Run II, CDF has searched for charged Higgs production

in dilepton, lepton+jets and lepton+hadronic tau final states,

considering possible H+ decays to cs̄, τ ν̄, t∗b or W+h0 in

addition to the Standard Model decay t → W+b [103]. De-

pending on the top and Higgs decay branching ratios, which are

scanned in a particular 2-Higgs Doublet benchmark Model, the

number of expected events in these decay channels can show an

excess or deficit when compared to SM expectations. A model-

independent interpretation, yields a limit of B(t → H±b) < 0.91

at 95% CL for mH± ≈ 100 GeV and B(t → H±b) < 0.4 in

the tauonic model with B(H± → τν) = 100% [103]. More

details, and the results of these studies for the exclusion in the

mH±, tanβ plane, can be found in the review “Search for Higgs

bosons” and in the “H+ Mass Limits” section of the Higgs

Particle Listings of the current edition.

In the Standard Model the top quark lifetime is expected to

be about 0.5 × 10−24 s (cτt ≈ 3 × 10−10 µm), while additional

quark generations, non-standard top quark decays or other

extensions of the Standard Model could yield long-lived top

quarks in the data. CDF has studied the top quark lifetime by

measuring the distance between the initial pp̄ scattering and

the leptonic W± decay vertex in lepton+jets events [104]. The

measured lifetime is consistent with zero and an upper limit

cτt < 52.5 µm is found at 95% CL.

CDF reported a search for flavor changing neutral current

(FCNC) decays of the top quark t → qγ and t → qZ in

the Run I data [105], for which the SM predicts such small

rates that any observation would be a sign of new physics.

CDF assumes that one top decays via FCNC while the other

decays via Wb. For the t → qγ search, two signatures are

examined, depending on whether the W decays leptonically or

hadronically. For leptonic W decay, the signature is γ and

missing ET and two or more jets, while for hadronic W decay,

it is γ+ ≥ 4 jets. In either case, one of the jets must have a

secondary vertex b tag. One event is observed (µγ) with an

expected background of less than half an event, giving an upper

limit on the top branching ratio of B(t → qγ) < 3.2% at 95%

CL. In the search for t → qZ, CDF considers Z → µµ or ee

and W → qq′, giving a Z + four jets signature. One µµ event
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is observed with an expected background of 1.2 events, giving

an upper limit on the top branching ratio of B(t → qZ) < 0.33

at 95% CL. Both the γ and Z limits are non-background

subtracted estimates.

Constraints on FCNC couplings of the top quark can also

be obtained from searches for anomalous single-top production

in e+e− collisions, via the process e+e− → γ, Z∗ → tq and

its charge-conjugate (q = u, c), or in e±p collisions, via the

process e±u → e±t. For a leptonic W decay, the topology

is at least a high-pT lepton, a high-pT jet and missing ET ,

while for a hadronic W decay the topology is three high-pT

jets. Limits on the cross section for this reaction have been

obtained by the LEP collaborations [106] in e+e− collisions

and by H1 [107] and ZEUS [108] in e±p collisions. When

interpreted in terms of branching ratios in top decay [109,110],

the LEP limits lead to typical 95% CL upper bounds of

B(t → qZ) < 0.137, which are stronger than the direct CDF

limit. Assuming no coupling to the Z boson, the 95% CL limits

on the anomalous FCNC coupling κγ < 0.17 and < 0.27 by

ZEUS and H1, respectively, are stronger than the CDF limit of

κγ < 0.42, and improve over LEP sensitivity in that domain.

The H1 limit is slightly weaker than the ZEUS limit due to

an observed excess of five candidates events over an expected

background of 1.31± 0.22. If this excess is attributed to FCNC

top quark production, this leads to a total cross section of

σ(ep → e + t + X,
√

s = 319 GeV) = 0.29+0.15
−0.14 pb [107,111].

Appendix. Expected Sensitivity at the LHC:

The top pair production cross section at the LHC is pre-

dicted at NLO to be about 800 pb [112]. There will be 8 million

tt̄ pairs produced per year at a luminosity of 1033 cm−2 s−1.

Such large event samples will permit precision measurements of

the top quark parameters. The statistical uncertainties on mt

will become negligible, and systematic uncertainties better than

±2 GeV/c2 are anticipated [113–115].

Precision measurements of the top pair production cross

section are expected to be limited by the estimated 5-10%

accuracy on the luminosity determination [113], but far more

accurate measurements would be available from the ratio of the

tt̄ production to inclusive W or Z production.

Single top production will also be of keen interest at the

LHC. While observation of single top production and the

first measurements of |Vtb| are likely at the Tevatron, the

precision will be limited by the sample size. At the LHC, a |Vtb|
measurement at the 5% level per experiment is projected with

30 fb−1 [114].

Tests of the V -A nature of the tWb vertex through a mea-

surement of the W helicity will be extended from the Tevatron

to the LHC. Current estimates are that the longitudinal frac-

tion can be measured with a precision of about 5% [114] with

10 fb−1 of data.

Top-antitop spin correlations, should be relatively easy to

observe and measure at the LHC, where the preferred dilepton

mode will have large event samples, despite the small branching

fraction. At the LHC, where tt̄ is dominantly produced through

gluon fusion, the correlation is such that the top quarks are

mainly either both left or both right handed. The CMS collab-

oration [114] estimates that the relative asymmetry (defined as

the difference in the fraction of like-handed and the fraction

of oppositely-handed tt pairs) can be measured to about 10%

accuracy with 30 fb−1 of data.

In addition to these SM measurements, the large event

samples will allow sensitive searches for new physics. The search

for heavy resonances that decay to tt̄, already begun at the

Tevatron, will acquire enhanced reach both in mass and σ·B.

The ATLAS collaboration [113] has studied the reach for a 5σ

discovery of a narrow resonance decaying to tt̄. With 30 fb−1,

it is estimated that a resonance can be discovered at 4 TeV/c2

for σ · B = 10 fb, and at 1 TeV/c2 for σ · B = 1000 fb. FCNC

decays t → Zq, γq, gq, can take place in the SM, or in the

MSSM, but at rates too small to be observed even at the LHC.

As such, searches for these decay modes can provide sensitive

tests of other extensions of the SM [113].
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��� &?/,5�/G�::��-'� .	�!
��� �����	 ��!����! 
��� �� ���
 �� ���� "��� ��� 
���� ��������	� ��	����	�
� )�7�.C ± -.1 *�+� α� &�� ' ) 1���� �	
 ��α&�� ' ) ��C�C:;� ��� ����� �� ��� �

�"� ������� 6� "��� ��� � �	
 �% � !���
�	 ���� �%)�C.1A�1.-
−�:.C *�+�

��04/3@ :: ����� �� ��� ��� �"��������� 6� "��� ��� � �	
 �% � !���
�	 ���� �%)

97.�A�:.C
−�9.- *�+� .	�! ��� �����	 �	
 �����N�� ��!����! 
��� �� ���
 �� ���� "���

��� 
���� ��������	� ��	����	� � ) �7�.C ± -.1 *�+� �	
 ��α&�� ') ��C.C:;�
�9@/8./, :7� ����� �� ��� ��� 6#��������� 6� "���� #���� �� � � � �% � α� � �	


α&�� ' �	
� ��� ��	����	��R � )�7- ± ; *�+� ��α&�� ')��C.C:; ± 1.1:� ���!

���	
 �%)�9�A�91
− 77 *�+ �	
 α� &�� ')1.��:7 ± 1.11���

�-/334� :;� ����� �� � ��� �"��������� 6� "��� ��� � �	
 �% � !���
�	 ����

�%);-A��7
− �7 *�+�

�;/,3/, :- ����� �� ��� 6� "��� ��� � �	
 α� &�� '� !���
�	 α� &�� ' ) 1.��7&-'&�'�
�7�2��%�.�. :- ����� �� ��� 6� "��� ��� � �� � ��������� �$ � �	
 ��"��	� !

	���������	� 
���� ��� ����	
 �� �� �� �% ) �11A711
−�91 *�+� ��� ���
 �� �� ��

α� &�� ' ) 1.��; ± 1.11-� ��� ����� �� �� �� δα��
 ) 1.1�C� ± 1.1117�
�C28,/% :9 #���� �� �� α� &�� ' ��	����	�
 �� 1.��� ± 1.11-� ��� ����	
 �� ����

���	
� �� �% ) �11A711
−�91 *�+�

�:2??42,,4 :9 #���� �� �� α� &�� ' ��	����	�
 �� 1.��9 ± 1.11;� ��� ����	
 ��

������	
� �� �% ) �11A711
−�91 *�+�

�12,,.I. :9 ������� ��� ���� �� ��� 	���������	� �	
 ��� �
����	� 
��� �	�������
�������	 �� νµ �	 �	 ��	 �� ��� 8! ������	 ��� �� ������"��� �������	� ���!

�����	 �−��
$ ���

� ) 1.���C ± 1.11-:� !���
�	 ��� �����
 � #����� ��� ����	
 ��

������	
� �� �% ) �11A711
−�91 *�+�

��8%�F%34? :9 ����� �� ��� 6� "��� ��� α� � ��� ����	
 �� �� ��� �%)�11A711
−�91

*�+�
��/334� :9� ����� �� 6� �� ������"��� 
��� �#������� �	 ���	 �::9� �	���
�	 ��� �::9

&�� 
��� ��� �3@� � �	
 �% �� �"� ��� �������� �� ��� 6� �� α� &�� ' )

1.��C ± 1.117 !���
�	 � ���#�� �	
 �% ) �-A71
−�� *�+� /334� :9� ����  �#� ������

�� 6�� �	���
�	 ��	����	�� ��� ?@0B� 
���� ��������	� �� � �	
 ?@0B� �	
 @Q B�
��
�����	 �����������	 ��������	��� 0��� �����
�	 ��� &�� 
��� ��� �3@ �� ����
 �#�	�

��*%,�% :9 ����� �� ��� 6� "��� ��� � �	
 α� &�� '� !���
�	 � ���#� �	
 α� &�� '

) 1.��- ± 1.11-A1.11�
−1.11�� ��� ����	
 ��� ������	
 �� �% ) �11A711

−�91 *�+� %���

3/G� �$ � ν� �	
 �3@ ������"��� 
��� �#������� �	 ���	 �::9�
�9�.5�2*52 :9 ����� �� ��� 6� "��� ��� � �	
 α� &�� '� !���
�	 � ���#� �	


α� &�� ' ) 1.��9� ��� ����	
 ��� ������	
 �� �% ) �11A711
−�91 *�+� /�� �	

α&�� ' �	
 �� �� ����	 �	�� �����	� �	 ��� 6�� %��� 3/G� �3?� �	
 �$ ��� 
���
�#������� �	 ���	 �::9�

�-5.+4F.+ :9� ����� �� ��� 6� "��� ��� � �	
 α� &�� '� !���
�	 � ���#� �	


α� &�� ' ) 1.��- ± 1.11- ± 1.11�� ��� ����	
 ��� ������	
 �� �% ) �11A711
−�91

*�+� %��� 3/G �	
 ?@0 ������"��� 
��� �#������� �	 ���	 �::9�
�;234��4 :�� ������ �% ) �11 *�+� ��� :-L?3 ����� �� � < �-1 *�+ �� �% <

� ��+�
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� 0�����	 &S� �S' ?�	6
�	�� ��#��

,� �  � � 	� � � ��
,� � 	

,� ν	 �"-(.!"/ O�'�P & :.9±�.9' L

,9 τ ντ 	

,- γ  ������ O�P < -.: × �1−� :-L

0� � 1 +&�� "&�(��$ '���&"( ���� *#%& 0� � 1 +&�� "&�(��$ '���&"( ���� *#%& 0� � 1 +&�� "&�(��$ '���&"( ���� *#%& 0� � 1 +&�� "&�(��$ '���&"( ���� *#%& 

,; �  ������ () O�P < ��.7 L :-L

2�3  *&�" � #� µ %&'�- *#%&� "#( (.&  �* #4&� (.&*5

2	3 �  �*& $&6(#" �"!4&� �$!(- �"% � �%&'�- �''&6(�"'&5

2� 3 �.! $!*!( ! )#� ,�
 → γ �7,�
 → � 	�5

2� 3 �.! $!*!( ! )#� ,�
 → � �7,�
 → � 	�5
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• • • $� 
� 	�� ��� ��� �����"�	 
��� �� �#�� ��� 6��� ������� ���� • • •
1.:9A1.�;

−1.��
A1.�7
−1.��

�C 200.3@/, 1�� ?@0

�72?.��2 1-� ����� �� ��� ��� �	��!��� �� �����	 A N��� �	
 
�������	 A N��� 6	�� ������

��   ��	
�
��� �#�	�� "��� ∼ �;� ��−� �� 
��� ��
√

s ) ��:; ��+� ��� 6�� �� ��
����������� �	
 ��� ����	
 �!��������� 4�  �#�� , > 1�;�� �

∣∣�  �
∣∣ > 1�7C �� :-L ?3�

�C200.3@/, 1�� ������� ��� �������� 
���! "�
�� ���� �) S&$ �'�S&$ *'� "���
* �� � �� �� � � ����� �! ���	 ��� 	���� �� �#�	�� "��� �������� � �� �� ��� 6��
�� �� ����������� �	
 ��� ����	
 �!��������� 2 	������� �	�� ����	 �� ��� ���������

��	����	  �#�� �> 1.;� &1.-;' �� :1L &:-L' ?3� 8! ������	 ����  �	�����	 �	�����!�∣∣� �

∣∣) 1.:7A1.�;
−1.�� �

∣∣� �
∣∣ > 1.7C &1.7-' �� :1L &:-L' ?3 �� �����	�
� ��� �����

�� ����
 �	 �1: ��−� �� 
��� ��
√
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1.1:9±1.1�91.1:9±1.1�91.1:9±1.1�91.1:9±1.1�9 �: 28/ :CA ?@0
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,
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• • • $� 
� 	�� ��� ��� �����"�	 
��� �� �#�� ��� 6��� ������� ���� • • •
91 28/ :7� ?@0 	τ A N���

9128/ :7� ������
 ��   → &	ν	 ' &τ ντ '�� �#�	�� �	 �1: ��−� �� 		 ��������	� ��√
� ) �.C ��+� ���! ����#�
 9 ��	
�
��� �#�	�� "��� �	� ������� ∼ � �� 	�� �	
 ∼ �

���� ��	
 �#�	��� ���� �� ��� ��� ����#�
 �#�	�� ��#� N��� �
�	��6�
 �� � ��	
�
�����

,
(
γ  ������

)
7,����� ,-7,,

(
γ  ������

)
7,����� ,-7,,

(
γ  ������

)
7,����� ,-7,,

(
γ  ������

)
7,����� ,-7,

����� ��� ������	
 �� 
��	 �����	


<1.1��� :- 9� 2F�2� 19 =� 8& → γ �'

<1.11-:<1.11-:<1.11-:<1.11-: :- 9� ?=/F25.+ 1� H/%� 8& → γ �'

• • • $� 
� 	�� ��� ��� �����"�	 
��� �� �#�� ��� 6��� ������� ���� • • •
<1.19;- :- 9� 28@2332= 19� @3G= 8&γ � � γ �'

<1.19� :- 99 2?=2,@ 1�! 3� 8& → γ � � γ �'

<1.1�� :- 9- 28/ :C� ?@0   → &$ �' &γ � �
γ �'
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9�2F�2� 19 �����
 �� ��	 �� ��� ��
�����	 #�� 0?5? �	 �± ��������	� �� =/,2 "���

��C�� ��−�� �	
 ���	
 - �#�	�� �	 ��� � � µ ���		���� 8! ������	 ���� ���! �� 
��
�� ����������� D��������	� ��� ���� ���	
 �	 ���  �γ ������	 κ �γ < 1��7 &:-L ?3'

�� �����	�
� ��� ��	#����	 �� ��� ������ "�
�� ������ "��	 8&γ �' ) 8&� �' ) 8&� �'
) 1� �� ��� ��#��� �����	������	� /� G��(� ��! �11-�

9�?=/F25.+ 1� �����
 �� ��	 �� ��� ��
�����	 #�� 0?5? �	 ��� ������	 �± 	 → �±
& �  ' T �	 ��1�� ��−� �� 
��� ��

√
�)�11K��C *�+� 5� �#�
�	�� �� ��� ��
���

���	 �	
 ��� 
���! �	�� �$ "�� ���	
� ��� ����� �� �����	�
 �� � )�7- *�+ "��	
8&γ �')8&� *')1� "��� * �� � � � � ����� 8��	
� �	 ��� �E����#�  ���γ �	
  ����
������	 � �� ���	
 �	 ���� 0� � 9� ��� ��	#����	 �� ��� ��	����	� �����
 �� ��� ��#���
�����	������	� /� *����� <�	��! �119�

9�28@2332= 19� �����
 �� ��	 �� ��� ��
�����	 #�� 0?5? �	 ��� ������	 �A �− →
 � �  � �	 -9� ��−� �� 
��� ��

√
s)�C:K�1C *�+� 5� 
�#�����	 ��� ��� �� �� ���	
�

"���� ���
� �� ��� ���	
 �	 8& → γ *'� "��� * �� � � � � � ����� �� � )
�7- *�+ "��	 8& → � *')1 �� ������
� ��� ��	#����	 �� ��� �����
 ���	
 �� ���
��#��� �����	������	� .� I������	��� 2��� �11-� ��� ���	
� �	 ��� �E����#�  �*�γ
�	
  �*�� ������	 � ��  �#�	 �	 ���� 0� � 7 �	
 ����� 9� �� � ) �71K�C1 *�+� "���
���� ��	��#���#� ���	
� �� ���	
 �! ������	 ��� ����� ������	 � �� ������(� ���
	� ���#� �	�����	�� ���"��	 ��� #����� γ �	
 � �����	 � �������
���

992?=2,@ 1�! �����
 �� ��	 �� ��� ��
�����	 #�� 0?5? �	 ��� ������	 �A �− →  �

�  � �	 ;�9 ��−� �� 
��� ��
√

�) �C:K�1: *�+� 5� 
�#�����	 ��� ��� �� �� ���	
�
"���� ���
� �� � ���	
 �	 ��� �������� 
���! ��	���	 ������	 8&γ *'� "��� * �� � �
� � ����� ��� ���	
 ������� 8&� *')1 �	
 �� �� � ) �7- *�+J ���	
� �� � )�71
*�+ �	
 �C1 *�+ �	
 8&� *' 	) 1 ��  �#�	 �	 0� � - �	
 ����� 7�

9-28/ :C� �����
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<1.�-: :- 9; 28@2332= 19� @3G= �A �− →  � �  �

<1.��7 :- 97 2?=2,@ 1�! 3� �A �− →  � �  �

<1.�9 :- 9C =/4��/, 1�5 23/G �A �− →  � �  �

<1.��7<1.��7<1.��7<1.��7 :- 9: 2884/5@4 1�* .G23 �A �− →  � �  �

• • • $� 
� 	�� ��� ��� �����"�	 
��� �� �#�� ��� 6��� ������� ���� • • •
<1.�7 :- -1 82,2�/ 11/ 23/G �A �− →  � �  �

<1.�� :- -� 28/ :C� ?@0   → &$ �' &� � � � �'

9;28@2332= 19� �����
 �� ��	 �� ��� ��
�����	 #�� 0?5? �	 ��� ������	 �A �− →
 � �  � �	 -9� ��−� �� 
��� ��

√
s)�C:K�1C *�+� 5� 
�#�����	 ��� ��� �� �� ���	
�

"���� ���
� �� ��� ���	
 �	 8& → � *'� "��� * �� � � � � � ����� �� � )
�7- *�+ "��	 8& → γ *')1 �� ������
� ��� ��	#����	 �� ��� �����
 ���	
 �� ���
��#��� �����	������	� .� I������	��� 2��� �11-� ��� ���	
� �	 ��� �E����#�  �*�γ
�	
  �*�� ������	 � ��  �#�	 �	 ���� 0� � 7 �	
 ����� 9� �� � ) �71K�C1 *�+� "���
���� ��	��#���#� ���	
� �� ���	
 �! ������	 ��� ����� ������	 � �� ������(� ���
	� ���#� �	�����	�� ���"��	 ��� #����� γ �	
 � �����	 � �������
���

972?=2,@ 1�! �����
 �� ��	 �� ��� ��
�����	 #�� 0?5? �	 ��� ������	 �A �− →  �

�  � �	 ;�9 ��−� �� 
��� ��
√

�) �C:K�1: *�+� 5� 
�#�����	 ��� ��� �� �� ���	
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"���� ���
� �� � ���	
 �	 ��� �������� 
���! ��	���	 ������	 8&� *'� "��� * ��
� � � � ����� ��� ���	
 ������� 8&γ *')1 �	
 �� �� � ) �7- *�+J ���	
� ��
� )�71 *�+ �	
 �C1 *�+ �	
 8&γ *' 	)1 ��  �#�	 �	 0� � - �	
 ����� 7� ����� ;  �#��
��	����	�� �	  ������ �������� ��	���� �	�������	��

9C=/4��/, 1�5 �����
 �� ��	 �� ��� ��
�����	 #�� 0?5? �	 ��� ������	 �A �− →  �

�  � �	 ��9 ��−� �� 
��� ��
√

�) �19K�1: *�+� 5� 
�#�����	 ��� ��� �� �� ���	
�
"���� ���
� �� � ���	
 �	 ��� ��	���	 ������	 8&� *'� "��� * �� � � � � ����� ���
���	
 ������� 8&γ *')1 �	
 �� �� � ) �79 *�+� 8��	
� �	 ��� �E����#�  � &� � �'�
γ �	
  � &� � �'� � ������	 � ��  �#�	 �	 ���� 0� � ��

9:2884/5@4 1�* �����
 �� ��	 �� ��� ��
�����	 #�� 0?5? �	 ��� ������	 �A �− →  �

�  � �	 ;11 ��−� �� 
��� ��
√

�) �C:K�1: *�+� 5� 
�#�����	 ��� ��� �� �� ���	
�
"���� ���
� �� ���	
� �	 ��� ��	���	 ������	� 8&� *' �	
 8&γ *'� "��� * �� � �
� � ����� ��� ����� �� �����	�
 �� � ) �79 *�+� ��� ���� ���	
 ������� :.7L
&�1.;L''' �� � ) �;: &�7:' *�+� 8��	
� �	 ��� �E����#�  � &� � �'�γ �	
  � &� �
�'�� ������	 � ��  �#�	 �	 ���� 0� � 9�

-182,2�/ 11/ �����
 �� ��	 �� ��� ��
�����	 #�� 0?5? �	 ��� ������	 �A �− →  � �

 � �	 9�� ��−� �� 
��� �� ���� �	� ��� ���"��	 �C: �	
 �1� *�+� 5� 
�#�����	 ���
��� �� �� ���	
� "���� ���
� �� � ���	
 �	 ��� ��	���	 ������	� ��� ���	
 �������
8&γ *')1� 8��	
� �	 ��� �E����#�  � &� � �'�γ �	
  � &� � �'�� ������	 � ��  �#�	
�	 ���� 0� � 9�

-�28/ :C� �����
 ��   �#�	�� "��� �	�  
���!� �	�� ���� N��� �	
 ��� ���� 
���!�
�	�� *� "��� � → 		� ��� �����
 ���	
 �� �� S&� *'�S&$ �'�


 
&'�- 8&�(!'& !" �� �#$$! !#" 
 
&'�- 8&�(!'& !" �� �#$$! !#" 
 
&'�- 8&�(!'& !" �� �#$$! !#" 
 
&'�- 8&�(!'& !" �� �#$$! !#" 
����� ��� ������	
 �� 
��	 �����	


• • • $� 
� 	�� ��� ��� �����"�	 
��� �� �#�� ��� 6��� ������� ���� • • •
1.-;±1.�� -� 282H.+ 1-� @1 +1 ) 8& → $1 �'

1.11±1.��±1.17 -� 282H.+ 1-� @1 +A ) 8& → $A �'

<1.�- :- -� 282H.+ 1-� @1 +A ) 8& → $A �'

<1.C1 :- -9 2?.��2 1-- ?@0 +V AA ) 8& → $ �� '

<1.�9 :- -9 2?.��2 1-- ?@0 +A ) 8& → $A �'

1.:�±1.�7±1.�� -- 200.3@/, 11� ?@0 +1 ) 8& → $1 �'

1.��±1.�- -- 200.3@/, 11� ?@0 +A ) 8& → $A �'

-�282H.+ 1-� ���
��
 ��� �	 ��� 
���������	 �� �����	�� 
���!� �� $ ����	� �	   
��	
�
��� �#�	�� "��� �����	 A N��� 6	�� ������� �	
 �����	�
 ��� ������	 �� ��	 ���
�	���!
�����(�
 $ �	
� ��� ��	����	� �� 	� � �����	
�
 ���	�� +A ) 1� 4� �� ����
 �	

��- ��−� �� 
��� ��
√

s ) ��C ��+�
-�282H.+ 1-� ���
��
 ��� �	 ��� 
���������	 �� �����	�� 
���!� �� $ ����	� �	   

�#�	��� "��� �	� �� ��� $ B� ���  �  
���!� �	�� � � µ �	
 ��� ���� 
���!�
��
�	�����!� ��� ������	 �� ��� �A� �������! $ ����	 �� �����	�
 �! ������	 +1
) 1�7� "���� �� ���  �	��� ��
�����	 �� �	! ��	�� �����	����	 �� + �	
 2 ���	���
��� 6�� �� �� ����������� �	
 ��� ����	
 �	� �� �!��������� ��� ������ �� ����
 �	

��1 ± �- ��−� �� 
��� ��
√

s ) ��:; ��+�

-92?.��2 1-- ������� ��� ��
	 A�


���������	 �	   ��
�����	 �#�	�� "��� �	� �

���� $ B� 
���! �����	�����! �� 	 ) � � µ� �	
 6	
� � ���	
 �	 ��� +A2 ������	 ��
���  �$ #����� 8! ������	 ��� �� #���� �� ��� ��	 ���
�	�� $ ������	 +1 ) 8& →
$1 �' ) 1�71� ��� ���	
 �	 +A �� �����	�
� 4� ��� ������ �� �����	�
 "��� ����� ��

200.3@/, 11�� ��� ���	
� ������ +V AA < 1�;� &:-L ?3' �	
 +A < 1��C &:-

L?3'� �������#��!� 2?.��2 1-- ������ �� ����
 �	 �1: ± 7 ��−� �� 
��� ��
√

s )
��C ��+ &�	 4'�

--200.3@/, 11� ���
��
 ��� �	 ��� 
���������	 �� �����	�� 
���!� �� $ ����	� �	  →
$ � �#�	��� ��� ���� +1 �� ��� ������	 �� ��� �������! (�� &��	 ���
�	��' $ ����	� �	
��� 
���!�	 ��� ���� ��� ����� ��� 6�� �� �� ����������� �	
 ��� ����	
 �!���������
8& → $A �' �� ��� ������	 �� ������#� �������! &� �����	
�
' ������#� ��� � $ ����	�
�	 ��� ��� ���� 
���!�� 4� �� �����	�
 �! ������	 ��� ���	
�
 ��
�� #���� �� +1�

!"/$& 
������ 9�#%�'(!#" ��#  &'(!#" !" �� �#$$! !#" !"/$& 
������ 9�#%�'(!#" ��#  &'(!#" !" �� �#$$! !#" !"/$& 
������ 9�#%�'(!#" ��#  &'(!#" !" �� �#$$! !#" !"/$& 
������ 9�#%�'(!#" ��#  &'(!#" !" �� �#$$! !#" 
@���� ����� �� ���  �$ ������	 �	
 �������� 	�" ��!�����

����� �04� ��� ������	
 �� 
��	 �����	


• • • $� 
� 	�� ��� ��� �����"�	 
��� �� �#�� ��� 6��� ������� ���� • • •
< ;.9 :- -; 282H.+ 1-� @1 		 →  � A �

< -.1 :- -; 282H.+ 1-� @1 		 →  * � A �

<�1.� :- -7 2?.��2 1-, ?@0 		 →  * � A �

<��.; :- -7 2?.��2 1-, ?@0 		 →  � A �

<�7.C :- -7 2?.��2 1-, ?@0 		 →  � A � �  * � A �

<�9 :- -C 2?.��2 19" ?@0 		 →  � A � �  * � A �

<�C :- -: 2?.��2 1� ?@0 		 →  � A �

<�� :- ;1 2?.��2 1� ?@0 		 →  * � A �

-;282H.+ 1-� ���	
� ��	 �� �������� ��
�����	 ��� ����� ��� �����		�� $ ������	 �

������� *′ * →  �� � ���  ����		�� $ ������	 � ������� *′ , → *  �� ����
 �	

∼ ��1 ��−� �� 
��� ��
√

s)��:; ��+�
-72?.��2 1-, ���	
� ��	 �� �������� ��
�����	 ��� ���  ����		�� $ ������	 � ���

���� &*′ , → *  �'� ��� �����		�� $ ������	 � ������ &*′ * →  �'� �	
 ��� ���

�����	�
 ���� ������	 ��  � �	
 �����		��� ��� ������ �� ����
 �	 ∼ �;� ��−� ��

��� ��

√
s ) ��:; ��+�

-C2?.��2 19" ���	
� ��	 �� �������� ��
�����	 ��� ��� �����		�� $ ������	 � ���

����� *′ * →  �� �	
 ���  ����		�� $ ������	 � ������� *′ , → *  �� 4� �� ����
 �	

∼ �1; ��−� �� 
��� ��
√

s ) ��C ��+ &�	 4'�
-:2?.��2 1� ���	
� ��� ���� ������	 �� ��	 �� �������� ��
�����	 #�� ��� �����		��

$ ������	 � ������� *′ * →  �� 4� �� ����
 �	 ∼ �1; ��−� �� 
��� ��
√

�)�.C ��+�
;12?.��2 1� ���	
� ��� ���� ������	 �� ��	 �� �������� ��
�����	 #�� ���  ����		��

$ ������	 � ������� *′ , → *  �� 4� �� ����
 �	 ∼ �1; ��−� �� 
��� ��
√

�)�.C ��+�

!"/$& 
������ 9�#%�'(!#" ��#  &'(!#" !" � � �#$$! !#" !"/$& 
������ 9�#%�'(!#" ��#  &'(!#" !" � � �#$$! !#" !"/$& 
������ 9�#%�'(!#" ��#  &'(!#" !" � � �#$$! !#" !"/$& 
������ 9�#%�'(!#" ��#  &'(!#" !" � � �#$$! !#" 
����� �04� ��� ������	
 �� 
��	 �����	


• • • $� 
� 	�� ��� ��� �����"�	 
��� �� �#�� ��� 6��� ������� ���� • • •
1.-- :- ;� 2F�2� 19 =� �± 	 → �±  �

;�2F�2� 19 �����
 �� ��	 �� ��� ��
�����	 #�� 0?5? �	 �± ��������	� �� =/,2 "���

��C�� ��−�� �	
 ���	
 - �#�	�� �	 ��� � � µ ���		��� "���� �.�� ± 1.�� �#�	�� ��
�������
 ��� ��� ���	
�
 ��
�� ���� ��	
� 5� ������ "�� ���	
 �� ��� ��
�	��

���		��� ��� ����#�
 ���� ������	 �� σ&� 	 → �  � ' ) 1.�:A1.�-
−1.�9 �� ��

√
s )

��: *�+  �#�� ��� �����
 ���� ���	
 �� ��� ����#�
 �#�	�� �� 
�� �� �����������
D��������	�


 
 6�#%�'(!#" '�#   &'(!#" !" �� '#$$! !#" 
 
 6�#%�'(!#" '�#   &'(!#" !" �� '#$$! !#" 
 
 6�#%�'(!#" '�#   &'(!#" !" �� '#$$! !#" 
 
 6�#%�'(!#" '�#   &'(!#" !" �� '#$$! !#" 
����� �04� ������	
 �� 
��	 �����	


• • • $� 
� 	�� ��� ��� �����"�	 
��� �� �#�� ��� 6��� ������� ���� • • •
C.;A�.;

−�.-±1.; ;� 282H.+ 1-5 @1 	 A 	 N���

C.;A�.�
−�.7± �.�± 1.; ;� 282H.+ 1-� @1 
�������	 A 	 N���

;.7A�.9
−�.�

A�.;
−�.�±1.9 ;9 282H.+ 1-A @1 	 A N��� � ��	�������

-.�±�.�A�.�
−�.1

;- 2?.��2 1-/ ?@0 	 A N��� � ���� µ ���� 

;.;±�.�±�.- ;; 2?.��2 1-* ?@0 	 A N��� � ��	�������

;.1A�.-
−�.;

A�.�
−�.�

;7 2?.��2 1-3 ?@0 	 A N��� � ��	������� A #�� ���� 

-.;A�.�
−�.�

A1.:
−1.;

;C 2?.��2 1-� ?@0 	 A 	 N���

7.1A�.9
−�.�

A�.;
−�.�±1.9 ;: 2?.��2 19	 ?@0 
�������	 A N��� A �����	 /�

;�282H.+ 1-5 ������� ��� �������� ��� ��
�����	 ���� ������	 ��
√

s)��:; ��+

"��� ∼ ��1 ��−� �� 
���� ����
 �	 ��� �	��!��� �� $ ���� 	�N�� �#�	�� "��� $ 
���!�
�	�� � � µ ���� 	����	�� �	
 �� ����� �	� �� ��� N��� �� ��N�� ����� ��� 6�� �� ��
����������� �	
 �!��������� �	
 ��� ����	
 �����	�� �� ��� ����	����! �	�����	�!� ���
����� ������� � ) �7- *�+J ��� ���	 #���� ���	 �� �! &�7-−� &*�+'' × 1�1; ��
�	 ��� ���� �	 � �;1 �� �:1 *�+�

;�282H.+ 1-� ������� ��� �������� ��� ��
�����	 ���� ������	 ��
√

s)��:; ��+

"��� ��9K�9� ��−� �� 
���� ����
 �	 ��� �	��!��� �� �#�	�� "��� �"� ��� �
 �����	�
�	 ��� 6	�� ������ ��� 6�� �� �� ������������ ��� ����	
 �	� �� �!��������� �	
 ��� ����
�	�  �#�� ��� ����	����! �	�����	�!� ��� ����� ������� � ) �7- *�+J ��� ���	 #����
���	 �� �! &�7-−� &*�+'' × 1�1C �� �	 ��� ���� �	 � �;1 �� �:1 *�+�

;9������
 ��
√

s ) ��:; ��+ ���	 ��1 ��−�� 2�����	 � ) �7- *�+� ��� ���� ��
�����	�� �� ��� ����	����! �	�����	�!�

;-������
 ��
√

s ) ��:; ��+ ���	 �:9 ��−�� 2�����	 � ) �7- *�+�
;;������
 ��

√
s ) ��:; ��+ ���	 �:9 ± �� ��−�� 2�����	 � ) �7- *�+�

;7������
 ��
√

s ) ��:; ��+ ���	 �;� ± �1 ��−�� 2�����	 � ) �7- *�+�



������������

����� ������	
 �������

�� �′ ������
 ���������� �����

;C2?.��2 1-� ������� ��� �������� ��� ��
�����	 ���� ������	 ��
√

s ) ��:; ��+

"��� ∼ �;� ��−� 
���� ����
 �	 ��� �	��!��� �� $ ���� 	�N�� �#�	�� "��� $ 
���!�
�	�� � � µ ���� 	����	�� �	
 �� ����� �	� �� ��� N��� �� ��N�� ����� 2������ � ) �7-
*�+���� 6�� �� �� ����������� �	
 ��� ����� �� �!��������� "���� �	���
� ��� ����	����!
�	�����	�!�

;:2?.��2 19	 ������� ��� �������� ��� ��
�����	 ���� ������	 ��
√

s)��:; ��+ "���

�:7 ± �� ��−� 
���� ����
 �	 ��� �	��!��� �� �#�	�� "��� �"� ��� �
 �����	� �	 ���
6	�� ������ 2������ � ) �7- *�+� ��� 6�� �� �� ������������ ��� ����	
 �	� ��
�!��������� �	
 ��� ���� �	�  �#�� ��� ����	����! �	�����	�!�


������ �	�	�	��	
������ �	�	�	��	
������ �	�	�	��	
������ �	�	�	��	

��3�',�	� �1- ��� �1 �����% �� �4#6� 8�� � ��� ��-: ��66�4��
�62� �� -.� ������ �� �4#6� 8�� � ��� ��-: ��66�4��

��3�',�	� �1� ��� �1 ����� �� �4#6� 8�� � ��� ��-: ��66�4��
*'�'99� �1 ��07�BC�1����� �-:� -� ��66�4�� *������ '6�8���=��� 9���� ; ���#0
*'�'99� �1� ��07�BC�1�%�� �-:� -� ��66�4�� *������ '6�8���=��� 9���� ; ���#0
���$�� � �� �1�1 � ���� �4�)�� � ��� �-� ��66�4��
���$�� �� �� �1�. � ���� �4�)�� � ��� �-� ��66�4��
���$�� �� �� -.� �����%� ���� �4�)�� � ��� �-� ��66�4��
���$�� �� �� �1�� �1 ���� �4�)�� � ��� �-� ��66�4��

�62� �� ��. �&� ���� �4�)�� � ��� �-� ��66�4��
�62� �� -1� ������ �� �44��� � ��� �-� ��66�4��

���$�� �5 �� �1�1 � ���� �4�)�� � ��� �-� ��66�4��
���$�� �� �� �1�1  ���� �4�)�� � ��� �-� ��66�4��
���$�� �A �� �1�1 % ���� �4�)�� � ��� �-� ��66�4��
���/*� �� ��� � ������ -� �8�2�� � ��� ��-: ��66�4��
���/*� �- �� -.� ������� -� �8�2�� � ��� ��-: ��66�4��
���/*� �, �� -.� ����� -� �8�2�� � ��� ��-: ��66�4��
���/*� �/ �� -.� ������ -� �8�2�� � ��� ��-: ��66�4��
���/*� �* �� -.� ����� -� �8�2�� � ��� ��-: ��66�4��
���/*� �3 �� -.� �.��� -� �8�2�� � ��� ��-: ��66�4��
���/*� �� �� -.� ����� -� �8�2�� � ��� ��-: ��66�4��
���$�� �%� ,�* %�� 1�& ���� �4�)�� � ��� �-� ��66�4��
��-����" �%� �� ��� �� !� �4>�66�� � ��� �-'��"	 ��66�4��
���/*� �%" �� -1� ����� -� �8�2�� � ��� ��-: ��66�4��
���/*� �%	 ��� �� �%���� -� �8�2�� � ��� ��-: ��66�4��
�
*�/ �% '�! ��� � �� ����2 � ��� �"� ��66�4��
*'�'99� �% ��07�BC�%�%��� �-:� -� ��66�4�� *������ '6�8���=��� 9���� ; ���#0
�"'
�,�� �� �� �� �� /� ����� �� � ��� �$'3/ ��66�4��
��"��- ��! �� �%� ��� �� �8���> � ��� ��� ��66�4��
���/*� �� �� -1 ������ -� �8�2�� � ��� ��-: ��66�4��
"'	/*'� ��5 �� �%� �.� �� "��2��� � ��� ���'�" ��66�4��
���	',-	 ��� '�! ��� &. �� �44�� >� � ��� ����� ��66�4��
���	',-	 ��* �� ��� �&� �� �44�� >� � ��� ����� ��66�4��
�::��-'� �� �� -1� ������ *� �D�6>�� � ��� ��-: ��66�4��
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�-�	�,	 ��� ���� ��1 � �� �>��� � � ��� ��� ��66�4��
�3
"���-��� �� �� -%& ��� �� �#���0�>������ -��� ��� �*�*��
��' �� ��� 1& %%. :� �4� � ��� ��-: ��66�4��

�62� �� -% ���� :� �4� � ��� ��-: ��66�4��
��' ��� �� -% ���� :� �4� � ��� ��-: ��66�4��
���'3 ��: ,� ��1. �� �� �4��# � ��� �-'��"	 ��66�4��
��' ��� ��� 1% �%. :� �4� � ��� ��-: ��66�4��
��' ��- �� ���% �&� 
� �4� � ��� ��',3/ ��66�4��
���'3 ��- �� ��%� �1 �� �4��# � ��� �-'��"	 ��66�4��
�-��"	 �� �� ���% ��. 	� �>�8�� � ��� �*���$ ��66�4��
�
'//�, �� $�"+ �%1 �.� *� ���22� � ��� �3�� ��66�4��
�
��9+ ��� �� ���1 �1% ��$� ����=� � ��� ����� ��66�4��
�
��9+ ��! �� ��%1 �& ��$� ����=� � ��� ����� ��66�4��
����!�� ��� $�"+ �%& � �� �64�<�� � ��� �3�� ��66�4��
-'���� ��: �� ���1 �� -� -�8�(0 � ��� ���'�" ��66�4��
��' &�' �� -�� ��% 
� �4� � ��� ��',3/ ��66�4��
��' &�� ��� 1� �..1 
� �4� � ��� ��',3/ ��66�4��
�����/ &�� ��� 1� �%%. ��/� �4��(2 � ��� ����� 		 ��66�4��
�-��"	 &�� �� ���� %�. 	� �>�8�� � ��� �*���$ ��66�4��
',� &� ��� 1� ���� /� ' � � ��� ���+ ��66�4��
����!�� && $�"+ ��. � �� �64�<�� � ��� �3�� ��66�4��
��*��'��	 && ,� ���& .�% �� �6����66� � ��� ��'�,� ����� '*"�
	����/"	 && ��� 1� ��� /� 	;���2�� � ��� ���+ ��66�4��
/���9� && ��� 1� �� "� /�;�=� � ��� ���+ ��66�4��
�-'�� &1 �� -�% 1&� �� �>��� � ��� �����7! ��66�4��
��*"�:: &%� �� ��&� %%� �� �6���D � ��� �*�//� ��66�4��
��*"�:: &%	 $�"+ ��� ��. �� �6���D � ��� �*�//� ��66�4��
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FREE QUARK SEARCHES

The basis for much of the theory of particle scattering and

hadron spectroscopy is the construction of the hadrons from a

set of fractionally charged constituents (quarks). A central but

unproven hypothesis of this theory, Quantum Chromodynamics,

is that quarks cannot be observed as free particles but are

confined to mesons and baryons.

Experiments show that it is at best difficult to “unglue”

quarks. Accelerator searches at increasing energies have pro-

duced no evidence for free quarks, while only a few cosmic-ray

and matter searches have produced uncorroborated events.

This compilation is only a guide to the literature, since the

quoted experimental limits are often only indicative. Reviews

can be found in Refs. 1–4.
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�8(�� ��C�� ����� ����� ���� ��
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<���/−�; ±� 9-KC9 ��1K�7� �A �− 1 28,/% :7- @3G=

<��/−�- A� �-1 �C11 		 1 � 28/ :�! ?@0

<��/−�- A9 �-1 �C11 		 1 � 28/ :�! ?@0

<��C/−�C �9�-2 �C��KG� 1 � =/ :� G32�

<���/−�C �9�-2 �C��K?� 1 � =/ :� G32�

<��/−91 ±��� <�1 	�ν�ν 1 8/,*��2 C9� ?=,�

<��/−�; ±��� <: �11 µ 1 2%8/,� C�� �G/?

<��/−�1 ±��9 �K� �11 	 1 � 8%��4/,/ C1 ?5�,

<-�/−�C A��� >- �11 	 1 9,- ��/+/5�.5 7: ?5�,

<��/−�� ±� <�1 -� 		 1 82�43/ 7C �G/?

<:�/−�: ±��� <; 911 	 1 9 25�,/2�I25 77 �G/?

<C�/−�- A��� <�1 -� 		 1 ; 028<25 7- ?5�,

<-�/−�C −��� 9K: �11 	 1 52�= 79 ?5�,

<��/−�� A��9 9K�9 -� 		 1 23G/, 7� �G/?

<-�/−�� A����9 <�� �11 	 1 3/4G%5/, 7� ?5�,

<;�/−�9 ±��� <�� -� 		 1 8.�� 7� ?5�,

<��/−�; −9 9 71 	 1 25�4G.+ 7� ?5�,

<��/−�- ±��� � �C 	 1 7 23328I ;:� ?5�,

<9�/−�7 −� <- 71 	 1 � 25�4G.+ ;: ?5�,

<��/−�7 −��� �K- 71 	 1 7 25�4G.+ ;:� ?5�,

<��/−�- A��� <7 �1 	 1 @.,025 ;- ?5�,

<��/−�- −� < �.-K- �1 	 1 C 0,25H454 ;-� ?5�,

<-�/−�- A��� <�.� �� 	 1 845*=2� ;9 =38?

<��/−�� A��� <9.1 �C 	 1 83%� ;9 =8?

<��/−�- A��� <�.- �� 	 1 C =2*.G425 ;9 =8?

<��/−�9 A� <� �C 	 1 3/4G%5/, ;9 ?5�,

<��/−�� A��� <�.9 �9 	 1 �.,,4�.5 ;9 =8?

�28/ :�! D�� ������ 
������ �� ��� ���� �	������ ��� -1 �� -11 *�+�
�=/ :� ������ �� �� ��� �� �� ��� ��� ±��� ��� ���� �� �C���
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 ��� ���� �	����
�8(�2�−����−�� �C� ����� ����� ���� ��
� ������	
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��	

<9�/−�; −��9 �.-K; 71 	 1 823@45 7; ?5�,

<��/−�� ±9 -K�1 -� 		 1 238,.$ 7- �G/?

<-�/−�9 <7 7K�- 99 		 1 <.+25.+��� 7- ?5�,

<-�/−�- �1 γ 1 : *234F 79 ?5�,

<:�/−�- −��� �11 	 1 52�= 79 ?5�,

<9�/−�; −9 �.�K�.7 71 	 1 25�4G.+ 7� ?5�,

<��/−�- ±��� <�.7 �7 	 1 23328I ;:� ?5�,

<7�/−�C −��� <�.- 71 	 1 25�4G.+ ;:� ?5�,
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&�' �� �	�����#� �������
�����	 �����������	 ���� �� σ&�A �− → µAµ−'�

&�' �� ���� D�� �� ��� �
 ��������

& ' �� ��� D�� �� ν��#�	��

&�' �� ���� !���
 �� π− !���
�

&�' �� ����
! �������#� �������
�����	 �����������	 ���� �� σ&�A �− →
µAµ−'�

��� ���� �	���
���� ��C�� ����� ����� ���� ��
� ������	
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��	

<��;/−� � ��� 	��� �11 ���KG� 1 �1 =%/5�,%G :; G32�

<;��/−9 � ��� 	��� �1.; ���KG� 1 �1 =%/5�,%G :; G32�

<1�:9/−9 � ±� �K�1 CCK:9 �A �− 1 2F/,� :-� .G23

<��7/−9 � ±� �1K91 CCK:9 �A �− 1 2F/,� :-� .G23

<��;/−9 � ±9 -K�1 CCK:9 �A �− 1 2F/,� :-� .G23

<��:/−9 � ±9 �1K9- CCK:9 �A �− 1 2F/,� :-� .G23

<��/−� � A� -K91 CCK:9 �A �− 1 �� 8%�F%34? :�� 23/G

<;�/−9 � A� -K�1 CCK:9 �A �− 1 �� 8%�F%34? :�� 23/G
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<���/−� � A9 �-K91 CCK:9 �A �− 1 �� 8%�F%34? :�� 23/G

<��;/−9 � A9 -.1K�1.� CCK:9 �A �− 1 8%�F%34? :�� 23/G

<��;/−9 � A9 �;.-K�;.1 CCK:9 �A �− 1 8%�F%34? :�� 23/G

<;�:/−9 � A9 �;.1K��.� CCK:9 �A �− 1 8%�F%34? :�� 23/G

<:��/−9 � A9 ��.�K�C.; CCK:9 �A �− 1 8%�F%34? :�� 23/G

<���/−� � A9 �C.;K99.: CCK:9 �A �− 1 8%�F%34? :�� 23/G

<��;/−9 � ��� 	��� ��� 	��� 1 �� ?/??=454 :� G32�

� 9�-�7�C �.�2 �;. 1���1�; �� *=.�= :� /�%3

<;�9/−-  � ν�ν � �9 82�43/ :� ?5�,

<��7/−-  � ν�ν 1 �9 82�43/ :� ?5�,

<��:/−-  � ν�ν � �- 82�43/ :� ?5�,

<��C/−-  � ν�ν 1 �- 82�43/ :� ?5�,

<��:/−9 � �9.-2 �C��KG� 1 �; =/ :� G32�

<��:/−9 � �9.-2 �C��K?� 1 �; =/ :� G32�

<��/−: � ±����9 �9.-2 �;.K2 1 �2�4� :� �@,G

<-��/−�1 � ±����9 �9.-2 �;.K= 1 �2�4� :� �@,G

<C��/−: � ±����9 �9.-2 ��K= 1 �2�4� :� �@,G

<��7/−; � ±����9 ;12 �;.K= 1 �2�4� :� �@,G

<��-/−7 � ±����9 �112 �;.K= 1 �2�4� :� �@,G

<���/−; � ±����9 �112 �K= 1 �2�4� :� �@,G

<-/−� � � �:K�7 -�K;1 �A �− 1 2@2?=4 :1� �.GH

<-/−� � 9 <�9 -�K;1 �A �− 1 2@2?=4 :1� �.GH

<��/−9 � A� <�.- �1 �A �− 1 8.$?.?F C:� ?3/.

<��/−; 
 ±��� ;1 �;.K= 1 ?233.$2I C: �@,G

<��-/−7 
 ±��� �11 �;.K= 1 ?233.$2I C: �@,G

<���/−; 
 ±��� �11 �K= 1 ?233.$2I C: �@,G

<���/−�1 
 ±� � C11 	K= 1 �2�4� C: �@,G

<���/−�1 
 ±� � C11 	K= 1 �2�4� C: �@,G

<���/−�1 
 ±� � C11 	K5� 1 �2�4� C: �@,G

<7�7/−�� 
 ±� � C11 	K5� 1 �2�4� C: �@,G

<;�/−: � −- 1.:K�.� �� 	 1 52F2�%,2 C: �G/?

<-�/−-  ��� <1.- ν�ν � 1 2332�42 CC 8/8?

<��/−9 � ��� 	��� �9.- �;.KG� 1 �7 =.00�255 CC G32�

<��/−9 � ��� 	��� �11 �;.KG� 1 �C =.00�255 CC G32�

<C/−- � �:��1������ �11& */,84/, C7 G32�

<��/−9 � ±��� <�11 ��1 	 	 1 3I.5� C7 �3/+

<��/−: � ±����9�- �9.- �;.K= 1 �=2$ C7 �@,G

<��/−� 
 −������9�; <- � ��K�� 1 �: 282?=4 C;� ?5�,

<��/−9 � ±����9 <9 �1 �A �− 1 238,/?=� C-� 2,*

<;�/−- � ±��� � -91 		 1 8255/, C- %2�

<-�/−� � −9 �KC �: �A �− 1 24=2,2 C9 �G?

<��/−� � ±��� �K�� �: �A �− 1 24=2,2 C9� �G?

<��/−9 � ±� 7� 912 1 �1 82,$4?F C9 ?5�,

<��/−9 � ±� <1.9 �.9 �A �− 1 8.5@2, C9 .3I2

<-�/−� � ±��� <�� �: �A �− 1 *%,I5 C9 ?5�,

<��/−� � ±��� <� -91 		 1 8255/, C� ?5�,

<��/−9 � ±��� �1; -;0� 1 345@*,/5 C� ?5�,

<��/−� � >
∣∣ ± 1.�

∣∣ 79 912 1 �1 G,4?/ C� G32�

<��/−� � ±��� <�9 �: �A �− 1 �2,454 C�� ?5�,

<C�/−� � ±��� <�� �: �A �− 1 ,.�� C� ?5�,

<��/−9 � ±� �.CK� 7 �A �− 1 $/4�� C� �,F�

<-�/−� � A����9�- �K�� �7 �A �− 1 82,�/3 C1 <2@/

<��/−-  ��� ν 1 �9,�- 82�43/ C1 ?5�,

<��/−�1 � ±��9 �K� �11 	 1 �� 8.HH.34 7: ?5�,

<;�/−�� � ±� <�� -� 		 1 82�43/ 7C �G/?

<-�/−�  νµ 1 82�43/ 7C� ?5�,

<��/−: � ±� <�; ;� 		 1 82�43/ 77 �G/?

<7�/−�1 � A��� <�1 -� 	 1 �� 028<25 7- ?5�,

A��� >9.- γ 1 �9,�- *234F 79 ?5�,

A��� >�.- �� �− 1 �9,�- 8/332�I ;C ?5�,

A��� >1.: γ 1 �- 82�=.$ ;7 ?5�,

A��� >1.: ; γ 1 �- 0.�� ;7 ?5�,

�1=%/5�,%G :; ����� :-L ?3 ������ �� ��
�����	 �� �� ��	�� "��� ��� � 
�E��	 
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< :.�/−�- ±� �C11 1 �� 2�8,.�4. 11� �?,.

<���/−�- ±� 1 �.,4 :� F2��

<���/−�- ±� 1 �.,4 :� F2��

<��/−�1 ±�, � 1.� 1 $2@2 CC ?5�,

±9 1.� �� �9 $2@2 CC ?5�,

±9 1.� : �- $2@2 C; ?5�,

<��/−�� ±����� −71. 1 �; F2$2*./ C9� G32�

<:�/−�1 ±��� 1.� 1 $2@2 C9� ?5�,

<9�/−: ±9 1.� 7 $2@2 C9� ?5�,

<��/−�� ±����� −1.� ∗ 1 �2�=4�. C� ?5�,

<��/−�1 ±��� 1.� 1 �2,454 C� ?5�,

<��/−�� ±��� 1 �2�=4�. C� ?5�,

<C�/−�1 ±��� 1.� 1 �; 52G.34�25. C� ?5�,

� �7 I.?F 7C ?5�,

<��/−: 1 �C 8,42�.,/ 7; /3/?

<��/−�� A� 1 �: =2H/5 7- ??

<��/−�1 A��� 1 F,4�., 7- ?5�,

<��/−7 A��� 1 �:,�1 ?32,F 79� ??

<��/−�1 A� >�1 1 F40%5/ 79 ?5�,

<C�/−�� A� 1 �: 2�=�.5 7� ?5�,

<��/−C A��� 1 =4?F� 7�� ?5�,

<-�/−�1 A9 �.C ∗ 1 8/2%?=2�G 7� ?5�,

<��/−�1 A��� 1 �: 8.=� 7�� ?5�,

<��/−�1 A��� �.C ∗ 1 ?.T 7� /3/?

<��/−�1 A� 1 ?,.%?= 7� ?5�,
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<C�/−�1 A��� <�1 1 0%F%�=4�2 ;: ?5�,
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<��/−: A� 1 F2�=2 ;7 ?5�,
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<���7/−�� ������	� ��� 
��� 1 �� 3// 1�
<9�7�/−�� ������	� ��� 
��� � �� =23I. 11

<9�7/−�� ±��� ������	� ��� 
��� 1 �2, :;

<C�/−�� A� ����	���
 �������	�(����	 1 G/,/,2 :�

<-�/−�7 ±��� ��� "������#������	 1 =.�/, :�

<9�/−�1 ±��� ������������ � ��#������	 1 <.5/� C:

<��/−�: ±��� #���������������� 1 �435/, C7

<-�/−�� ±��� $���#������	 1 ��4�= C7

<��/−�1 A��� � ����
����� ��"� 1 +25G.3/5 C7
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<;�/−�1 −��� � ����
����� ��"� 1 +25G.3/5 C7

<��/−�� ±� = 
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 1 �2+2*/ C;
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 	������ 1 ��4�= C;

<��/−�; ±��� 9=����#������	 1 ��4�= C;�

<��/−�1 >±� 1.�K�-1 	������A��	 ����	 1 �435/, C-

<��/−�� ±� ��#�����
 	������ 1 ��4�= C-

A��� <�11 	����������� ���� 1 F%��?=/,2 C9
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 ����� 1 �2,45/334 C9
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�� 1 <.I?/ C�

<��/−�� >
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��/−�1 A� ��#�����
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<9�/−�C ����A���	 ���� 1 .*.,.@��� 7:
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<��/−�7 ±��� ��#�����
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<��/−�; ±� ��#�����
  ������ 1 *233452,. ;;
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PSEUDOSCALAR-MESON DECAY CONSTANTS

Revised October 2003 by M. Suzuki (LBNL).

Charged mesons

The decay constant fP for a charged pseudoscalar meson P

is defined by

〈0|Aµ(0)|P (q)〉 = ifP qµ , (1)

where Aµ is the axial-vector part of the charged weak cur-

rent after a Cabibbo-Kobayashi-Maskawa mixing-matrix ele-

ment Vqq′ has been removed. The state vector is normalized

by 〈P (q)|P (q′)〉 = (2π)3 2Eq δ(q − q′), and its phase is chosen

to make fP real and positive. Note, however, that in many

theoretical papers our fP /
√

2 is denoted by fP .

In determining fP experimentally, radiative corrections

must be taken into account. Since the photon-loop correc-

tion introduces an infrared divergence that is canceled by

soft-photon emission, we can determine fP only from the com-

bined rate for P± → �±ν� and P± → �±ν�γ. This rate is given

by

Γ (P → �ν� + �ν�γ) =

G2
F |Vqq′

2|
8π

f2
P m2

� mP

(
1 − m2

�

m2
P

)2

[1 + O(α)] . (2)

Here m� and mP are the masses of the lepton and meson.

Radiative corrections include inner bremsstrahlung, which is

independent of the structure of the meson [1–3], and also a

structure-dependent term [4,5]. After radiative corrections

are made, there are ambiguities in extracting fP from experi-

mental measurements. In fact, the definition of fP is no longer

unique.

It is desirable to define fP such that it depends only on the

properties of the pseudoscalar meson, not on the final decay

products. The short-distance corrections to the fundamental

electroweak constants like GF |Vqq′ | should be separated out.

Following Marciano and Sirlin [6], we define fP with the

following form for the O(α) corrections:

1 + O(α) =

[
1 +

2α

π
ln

(mZ

mρ

)][
1 +

α

π
F (x)

]

×
{

1 − α

π

[
3

2
ln

( mρ

mP

)
+ C1 + C2

m2
�

m2
ρ

ln

(
m2

ρ

m2
�

)
+ C3

m2
�

m2
ρ

+ . . .

]}
,

(3)

where mρ and mZ are the masses of the ρ meson and Z boson.

Here

F (x) = 3 lnx +
13 − 19x2

8(1 − x2)
− 8 − 5x2

2(1 − x2)2
x2 ln x

−2
(1 + x2

1 − x2
ln x + 1

)
ln(1 − x2) + 2

(1 + x2

1 − x2

)
L(1 − x2) ,

with

x ≡ m�/mP , L(z) ≡
∫ z

0

ln(1 − t)

t
dt . (4)

The first bracket in the expression for 1 + O(α) is

the short-distance electroweak correction. A quarter of

(2α/π) ln(mZ/mρ) is subject to the QCD correction (1−αs/π),

which leads to a reduction of the total short-distance correction

of 0.00033 from the electroweak contribution alone [6]. The

second bracket together with the term −(3α/2π) ln(mρ/mP )

in the third bracket corresponds to the radiative corrections

to the point-like pion decay (Λcutoff ≈ mρ) [2]. The rest of

the corrections in the third bracket are expanded in powers

of m�/mρ. The expansion coefficients C1, C2, and C3 depend

on the hadronic structure of the pseudoscalar meson and in

most cases cannot be computed accurately. In particular, C1

absorbs the uncertainty in the matching energy scale between

short- and long-distance strong interactions and thus is the

main source of uncertainty in determining fπ+ accurately.

With the experimental value for the decay π+ → µ+νµ +

µ+νµγ, one obtains

fπ+ = 130.7 ± 0.1 ± 0.36 MeV , (5)

where the first error comes from the experimental uncertainty

on |Vud| and the second comes from the uncertainty on C1 (=

0 ± 0.24) [6]. Similarly, one obtains from the decay K+ →
µ+νµ + µ+νµγ the decay constant

fK+ = 159.8 ± 1.4 ± 0.44 MeV , (6)

where the first error is due to the uncertainty on |Vus|.
For the heavy pseudoscalar mesons, uncertainties in the

experimental values for the decay rates are much larger than

the radiative corrections. The D+ constant is much improved

since our 2004 edition. It is

fD+ = 222.6 ± 16.7+2.8
−3.4 MeV , (7)

based on 47 ± 7 D+ → µ+νµ events from the CLEO Collabo-

ration [7]. The D+
s decay constant is discussed in a separate

note in the D+
s Data Listings. The value obtained there is

fD+
s

= 294 ± 27 MeV . (8)

Recently the Belle collaboration has reported the first ev-

idence of the decay B+ → τ+ντ using 414 fb−1 of data and

fully reconstructing one of the B mesons in hadronic modes [8].

Based on the measured branching ratio of (1.06+0.34
−0.28

+0.18
−0.16)x10−4,

they derived the first direct measurement of the B meson decay

constant:

fB+ = 176+28
−23

+20
−19 MeV . (9)



������������

���������	
�� �	��	��

π±

There have been many attempts to extract fP from spec-

troscopy and nonleptonic decays using theoretical models.

Since it is difficult to estimate uncertainties for them, we have

listed here only values of decay constants that are obtained

directly from the observation of P± → �±ν�.

Light neutral mesons

The decay constants for the light neutral pseudoscalar

mesons π0, η, and η′ are defined by

√
2 〈0|Aa

µ(0)|P (q)〉 = i fa
P qµ (10)

where Aa
µ is a neutral axial-vector current [9,10]. Restricting

ourselves to the three light flavors, the index a = 0, 3, 8 refers

to the usual set of Gell-Mann matrices, including the flavor

singlet. In case of exact isospin symmetry (which is for most

applications a very good approximation) we have only one decay

constant for the π0 meson (f3
π0 ≡ fπ0) and two decay constants

each for η and η′ (f8
η , f0

η , and f8
η′, f0

η′).

In the limit of mP → 0, the Adler-Bell-Jackiw

anomaly [11,12] determines the matrix elements of the two-

photon decay P → γγ through the decay constants fa
P . In

the case of fπ0, the extrapolation to mπ �= 0 gives only a tiny

effect, and the value of fπ0 can be extracted from the π0 → γγ

decay width. The experimental uncertainty in the π0 lifetime

dominates in the uncertainty of fπ0:

fπ0 = 130 ± 5 MeV . (11)

This value is compatible with fπ±, as it is expected from isospin

symmetry.

The four decay constants of the η-η′ system cannot be

extracted from the two-photon decay widths alone. Also, the

extrapolation to mη(η′) �= 0 may give a larger effect here, and

therefore the dominance of the Adler-Bell-Jackiw anomaly is

perhaps questionable. Thus, an assessment of the values of

the η and η′ decay constants requires additional theoretical

and phenomenological input about flavor symmetry breaking

and η-η′ mixing; see Ref. 13 for a review. Most analyses find

similar values for the octet decay constants: f8
η � 1.2 fπ and

f8
η′ � −0.45 fπ. The situation concerning the singlet decay

constants, f0
P , is less clear.
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π± → �±νγ AND K± → �±νγ FORM FACTORS

Written by H.S. Pruys (Zürich University).

In the radiative decays π± → �±νγ and K± → �±νγ,

where � is an e or a µ and γ is a real or virtual photon

(e+e− pair), both the vector and the axial-vector weak hadronic

currents contribute to the decay amplitude. Each current gives a

structure-dependent term (SDV and SDA) from virtual hadronic

states, and the axial-vector current also gives a contribution

from inner bremsstrahlung (IB) from the lepton and meson. The

IB amplitudes are determined by the meson decay constants fπ

and fK [1]. The SDV and SDA amplitudes are parameterized

in terms of the vector form factor FV and the axial-vector form

factors FA and R [1–4]:

M(SDV ) =
−eGF Vqq′√

2 mP

εµ �ν FV εµνστ kσ qτ ,

M(SDA)=
−ie GF Vqq′√

2 mP

εµ �ν {FA [(s − t)gµν − qµ kν ] + R t gµν} .

(1)

Here Vqq′ is the Cabibbo-Kobayashi-Maskawa mixing-matrix

element; εµ is the polarization vector of the photon (or the

effective vertex, εµ = (e/t)u(p−)γµv(p+), of the e+e− pair);

�ν = u(pν)γν(1 − γ5)v(p�) is the lepton-neutrino current; q and

k are the meson and photon four-momenta, with s = q ·k and

t = k2(= (p+ + p−)2); and P stands for π or K. In the analysis

of data, the s and t dependence of the form factors is neglected,

which is a good approximation for pions [2] but not for kaons [4].

The pion vector form factor F π
V is related via CVC to the π0

lifetime, |F π
V | = (1/α)

√
2Γπ0/πmπ0 [1]. PCAC relates R to the

electromagnetic radius of the meson [2,4], RP = 1
3mP fP 〈r2

P 〉.
The calculation of the other form factors, F π

A, FK
V , and FK

A , is

model dependent [1,4].

When the photon is real, the partial decay rate can be given

analytically [1,5]:

d2ΓP→�νγ

dxdy
=

d2 (ΓIB + ΓSD + ΓINT)

dxdy
, (2)

where ΓIB, ΓSD, and ΓINT are the contributions from inner

bremsstrahlung, structure-dependent radiation, and their inter-

ference, and the ΓSD term is given by

d2ΓSD

dxdy
=

α

8π
ΓP→�ν

1

r(1 − r)2

(
mP

fP

)2

× [
(FV + FA)2 SD+ + (FV − FA)2 SD−]

. (3)

Here

SD+ = (x + y − 1 − r) [(x + y − 1)(1 − x) − r] ,

SD− = (1 − y + r) [(1 − x)(1 − y) + r] , (4)

where x = 2Eγ/mP , y = 2E�/mP , and r = (m�/mP )2.

In π± → e±νγ and K± → e±νγ decays, the interference

terms are small, and thus only the absolute values |FA+FV | and

|FA − FV | can be obtained. In K± → µ±νγ decay, the interfer-

ence term is important, and thus the signs of FV and FA can

be obtained. In π± → µ±νγ decay, bremsstrahlung completely

dominates. In π± → e±νe+e− and K± → �±νe+e− decays, all

three form factors, FV , FA, and R, can be determined.

We give the π± form factors FV , FA, and R in the Listings

below. In the K± Listings, we give the sum FA + FV and

difference FA − FV .

The electroweak decays of the pseudoscalar mesons are

investigated to learn something about the unknown hadronic

structure of these mesons, assuming a standard V −A structure

of the weak leptonic current. The experiments are quite difficult,

and it is not meaningful to analyse the results using parameters

for both the hadronic structure (decay constants, form factors)

and the leptonic weak current (e.g., to add pseudoscalar or

tensor couplings to the V − A coupling). Deviations from the

V − A interactions are much better studied in purely leptonic

systems such as muon decay.
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� • • •
1.1�� >1.1��

−1.1�4 %6 �/!: 6% )=� π> → �> ν� �
> �−

�5.��� ��� ��
��� ���� �	
��� ����  3 �����
����� �� A 1.1�2% ± 1.1112�
�6��� ��� �� γ A �	 @�� �� ���������� �� �� ���������
�%7��� ��� 	������� �	��� �� �	 �� �����������
41��� ������ �� )���; 56 �	� 	 �������� 	�������� ,� �	G� ��� �������� 
���	����� ����
�	��� ��������	������

�� ������ �=���0<��2�7 ��7� ���2�7�� ������ �=���0<��2�7 ��7� ���2�7�� ������ �=���0<��2�7 ��7� ���2�7�� ������ �=���0<��2�7 ��7� ���2�7
����� ��
� ������	
 �� 
��	 �����	


1.12%>1.11%−1.1161.12%>1.11%−1.1161.12%>1.11%−1.1161.12%>1.11%−1.116 %6 �/!: 6% )=� π> → �> ν� �
> �−

π± �8�79� 7���>�π± �8�79� 7���>�π± �8�79� 7���>�π± �8�79� 7���>�

����� ���� ������	
 �� 
��	 �����	


1.05�±1.116 7.8 #3�8#/�1.05�±1.116 7.8 #3�8#/�1.05�±1.116 7.8 #3�8#/�1.05�±1.116 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��5� )�� ��� �����	� ������

1.02 ±1.12 ±1.10 �) ?8: ? 1�  $�8 π� → π�

1.5&1±1.14� !:�)�$9�!- %%  $�8 � � → �π> �

1.004±1.110 #"�$-7!:# 60  $�8 π� → π�

1.004±1.1�4 -#!!E 6�  $�8 π� → π�

1.5��±1.11%±1.1�0 *�*�� 56  $�8 �� → � π�

1.056±1.11&±1.116 D.�$;�8 56  $�8 �> �− → π>π−
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.00�±1.1�� 4� *:�$�$) %6  $�8 χ=� ����	
����

1.001±1.1�& #"�$-7!:# 6&  $�8 π� → π�

1.56 >1.1%
−1.�1 #-E!73 55  $�8 π� → π�

1.5& >1.��
−1.�4 *#8-:$ 55  $�8 � � → �π> �

1.20 ±1.1& -#!!E 55  $�8 π� → π�

4�*:�$�$) %6 <�� ������� �	�	�

WEIGHTED AVERAGE
0.672±0.008 (Error scaled by 1.7)

QUENZER 78 CNTR 0.5
BEBEK 78 CNTR 4.6
DALLY 82 CNTR 0.2
AMENDOLIA 86 CNTR 2.2
LIESENFELD 99 CNTR 4.8
ESCHRICH 01 CNTR 0.1

χ2

      12.3
(Confidence Level = 0.031)

0.6 0.65 0.7 0.75 0.8 0.85

π± ����"� ��	��


π± 7���7�����π± 7���7�����π± 7���7�����π± 7���7�����
,� �	�� ������� ���� �	���� ��	� �	�� ���� ���������� �� �	��� ������
������� ��� ������� �	���� �	� �� ����� �� ��� �%66 ������� =����
�
!������ *�1&*�1&*�1&*�1& (�%66+�
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�� ���� ������	 
��� ��
��
 ���� ���� ���� 
����
�	�	 �� ����
����������
� ��� ������	 ��
��
 ��� �� ����	 �� ��� ���� �	�����
���
��
 ������
 ����������������  ����!�

π1 ����π1 ����π1 ����π1 ����

��� �	��� �� 
	�
��	��� ���� �
π± 	�� (�

π± − �
π
+� )�� ����� �����

��� π± "	�� !������ 
��
����� ��
��� �������� �� ��� 
�	��� ���� �	���

����� ����� ������	
 ��

�4&.%500±1.1110 7.8 9:��4&.%500±1.1110 7.8 9:��4&.%500±1.1110 7.8 9:��4&.%500±1.1110 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

�π± − �π
�π± − �π�π± − �π
�π± − �π

"�	��������� ���� 	� ����� > 1.1� "�3 �	�� ���� ��������

����� ����� ������	
 �� 
��	 �����	


&.2%40 ±1.1112 7.8 9:�&.2%40 ±1.1112 7.8 9:�&.2%40 ±1.1112 7.8 9:�&.2%40 ±1.1112 7.8 9:�

&.2%40 ±1.1112 7.8 #3�8#/�&.2%40 ±1.1112 7.8 #3�8#/�&.2%40 ±1.1112 7.8 #3�8#/�&.2%40 ±1.1112 7.8 #3�8#/�

&.2%40&±1.111&6  8#,978- %�  $�8 π− � → π1 �� � �79

&.2%41 ±1.11�4  8#,978- 60  $�8 π− � → π1 �� � �79

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
&.2%400±1.111&6  8#,978- 66�  $�8 )��  8#,978- %�

&.014& ±1.112� 3#):!�3)�E 00  $�8

&.0120 ±1.1122  ;:88 04  $�8



������������

����� ����	
�� �	��	��

π�

π1 ���� ����π1 ���� ����π1 ���� ����π1 ���� ����

"�	��������� ���� 	� ����� > �× �1−�5 � �	�� ���� ��������

����� ��−�8 �� ��
� ������	
 �� 
��	 �����	


6.& ±1.0 7.8 #3�8#/�6.& ±1.0 7.8 #3�8#/�6.& ±1.0 7.8 #3�8#/�6.& ±1.0 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� 4�1� )�� ��� �����	� ������

6.%5±1.��±1.�5 #�?�8�7$ 62  $�8

6.� ±1.& � *87,"#$ 5&  $�8 =���	G�� ���
�

2.0 ±1.0 *�!!���:$: 51  $�8 =���	G�� ���
�

% ±1.06 �8E)?�:$ 51  $�8 =���	G�� ���
�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
6.& ±1.2 ±1.2 ��6� � ,:!!:#") 66  *#! �> �− → �> �−π1

�*87,"#$ 5& ���� 	 π1 ����� H A 6.1� ± 1.&� �3� ��� ��	� ���� �� Oh@H�
�,:!!:#") 66 ���� H(γ γ+ A 5.5 ± 1.2 ± 1.2 �3� ,� ��� ���� τ A Oh@H(���	�+�

WEIGHTED AVERAGE
8.4±0.6 (Error scaled by 3.0)

KRYSHKIN 70 CNTR 0.8
BELLETTINI 70 CNTR 21.5
BROWMAN 74 CNTR 0.2
ATHERTON 85 CNTR 4.4

χ2

      27.0
(Confidence Level  0.001)

4 6 8 10 12 14

π1 ���� ���  ��−�5 
!

π1 ����� �����π1 ����� �����π1 ����� �����π1 ����� �����

9�� ��
	� ������ �� �	���
��� ���
� 	�� ��� ���	�������� ��� ��� 	�������	��
)�	�
� ��
����� (	1 (	����+ 	�� 7���� !��� *���� (
1+ )�	�
���� ��
�+�

)
	�� �	
���@
"��� 9�	
���� (H� @H+  ��<���
� �����

�� 
γ (%6.5%6±1.14�+ K )A���

�� > − γ ( �.�%6±1.14�+ K )A���

�4 γ ��)!����!$ ( �.6� ±1.�% +× �1−%
�& > > − − ( 4.�& ±1.41 +× �1−2
�2 > − ( 0.� ±1.2 +× �1−6
�0 ?γ < � × �1−6  !A%1K

�5 ν ν I�J < �.5 × �1−5  !A%1K

�6 ν� ν� < �.5 × �1−0  !A%1K

�% νµ νµ < �.0 × �1−0  !A%1K

��1 ντ ντ < �.� × �1−0  !A%1K

��� γ ν ν < 0 × �1−&  !A%1K

�.��'� -��@$'��!�� �� � �� ������ �� !"# �$ %�� ��� � &!�"��!�'  �(�)�.��'� -��@$'��!�� �� � �� ������ �� !"# �$ %�� ��� � &!�"��!�'  �(�)�.��'� -��@$'��!�� �� � �� ������ �� !"# �$ %�� ��� � &!�"��!�'  �(�)�.��'� -��@$'��!�� �� � �� ������ �� !"# �$ %�� ��� � &!�"��!�'  �(�)

��� Aγ � < 4.� × �1−6  !A%1K

��4 µ> − �� < 4.6 × �1−�1  !A%1K

��& µ− > �� < 4.& × �1−%  !A%1K

��2 µ> − � µ− > �� < �.5� × �1−6  !A%1K

*�+ �)����.#)!-�" ��( -�) �"�'!-�" ��'$ ���) '!&� "! !�) �� ��(�� �−�4� )��
�.� 4���!-"� �!)�!�') %�"�,1

����27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2���
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)
	�

(

γ

)
��	��

����� �A� ��
� ������	
 �� 
��	 �����	


�.��4±1.144 7.8 9:��.��4±1.144 7.8 9:��.��4±1.144 7.8 9:��.��4±1.144 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

�.��4±1.141 7.8 #3�8#/��.��4±1.141 7.8 #3�8#/��.��4±1.141 7.8 #3�8#/��.��4±1.141 7.8 #3�8#/�

�.�2 ±1.1& ) ?#8-� 6� )=� π− � → �π1

�.�00±1.1&5 415� 4 )#":7) 0� ?* π− � → �π1

�.�5 ±1.�2 �5 *.-#/73 01 ?* 

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.�%0 �7)�=? 01 �?�7 D�- 
	�
��	����

4 )#":7) 0� �	��� ���� 	 =	����G� �	��� A ��0��

�
(
γ ��)!����!$ 

)
	�

(

γ

)
�4	���

(
γ ��)!����!$ 

)
	�

(

γ

)
�4	���

(
γ ��)!����!$ 

)
	�

(

γ

)
�4	���

(
γ ��)!����!$ 

)
	�

(

γ

)
�4	��

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


�.6&±1.�%�.6&±1.�%�.6&±1.�%�.6&±1.�% �55 #9#$#)E�3 %1  $�8 � 51 /�3

�
(
> > − −

)
	�

(

γ

)
�&	���

(
> > − −

)
	�

(

γ

)
�&	���

(
> > − −

)
	�

(

γ

)
�&	���

(
> > − −

)
	�

(

γ

)
�&	��

����� ���	
� �−,� ��
� ������	
 �� 
��	

4.�6±1.41 7.8 9:�4.�6±1.41 7.8 9:�4.�6±1.41 7.8 9:�4.�6±1.41 7.8 9:�

4.�6±1.414.�6±1.414.�6±1.414.�6±1.41 �&0 & )#":7) 0�� ?* 

&)#":7) 0�� �	��� ���� 	 =	����G� �	��� A ��0��

�
(
> −

)
	����	� �2	��

(
> −

)
	����	� �2	��

(
> −

)
	����	� �2	��

(
> −

)
	����	� �2	�

����������	� ������� 	�� ������B ��	�
��� �	���� 
����
��� ��� �	��	���� ���
�� 	�� ����
�� ��� ���������� *�8"#$ 01 ����� *(π1 → �> �−+ ≥ &.0% × �1−6 ��	 	� ��	
�
D�- 
	�
��	�����

����� ���	
� �−�� ��
� ������	
 �� 
��	 �� �����	


0.� ±1.2 7.8 #3�8#/�0.� ±1.2 7.8 #3�8#/�0.� ±1.2 7.8 #3�8#/�0.� ±1.2 7.8 #3�8#/�

0.1%±1.&1±1.�& �52 2 #!#3:�?#8#�:%%" )=� 1 �1
�
→ 4π1 ��

L���
0.% ±�.4 ±1.0 �� 0 -�)?=#$-� %4 )=� �> → π>π1

5.0 >�.%
−�.6 ±1.2 6 5 " 9#8!#$- %4 )=� �1

�
→ 4π1 ��

L���

2#!#3:�?#8#�: %%" '���� ������ ��� *Iπ1 → �> �−� (�
�� �−@�π

+� > 1.%2J ��

������M� �	��	���� 
������������ ���� π1 → �> �− γ� #���� �	��	���� 
����
����� ����

���	�� (5.1& ± 1.&0 ± 1.�6+× �1−6�
0��� -�)?=#$-� %4 ������ ���� ��������	���� �	��	���� 
����
����� �� (6.1 ± �.0 ±
1.0+ × �1−6�

5��� " 9#8!#$- %4 ������ �� ��� *Iπ1 → �> �−� (�
�� �−@�π

+� > 1.%2J� ,���

�	��	���� 
����
����� �� ��
���� (6.6>&.2−4.� ± 1.0+ × �1−6�

�
(
> −

)
	�

(

γ

)
�2	���

(
> −

)
	�

(

γ

)
�2	���

(
> −

)
	�

(

γ

)
�2	���

(
> −

)
	�

(

γ

)
�2	��

����� ���	
� �−8� ��� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<�.4 %1 $:�*.?8 6% )=� π− � → π1 � 	� ����

<2.4 %1 ;�=?#� 65 )=� π− � → π1 �
1.4 /�3/�

�.5 ±1.0 ±1.4 2% 98#$� 64 )=� π− � → �π1

�.6 ±1.0 26 ":) ?�� 6� )=� )�� 98#$� 64

�.�4>�.&1−�.�1 %1 6 9:) ?�8 56� )=8� �> → π>π1

�
(
?γ

)
	����	� �0	��

(
?γ

)
	����	� �0	��

(
?γ

)
	����	� �0	��

(
?γ

)
	����	� �0	�

����� ���	
� �−�� ��� ��
� ������	
 �� 
��	 �����	


< �< �< �< � %1 " -7$7./? 66  *7P π− � 	� ����

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<�01 %1 *7!7�73 60"  #!7

<&&1 %1 1 #.�8*# ? 61  $�8

�
(
ν ν

)
	����	� �5	��

(
ν ν

)
	����	� �5	��

(
ν ν

)
	����	� �5	��

(
ν ν

)
	����	� �5	�
��� 	���������
	� 	�� 
�������
	� ������ 	�� �	�� ������ �� �	������ ������ ��� ��
��� ��� ���� �	���	���� ����� ��� ��� )���	�� �	�����

����� ���	
� �−�� ��� ��
� ������	
 �� 
��	 �����	


< 1.�5< 1.�5< 1.�5< 1.�5 %1 6 #8�#"7$73 12! *%&% �> → π>π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
< 1.64 %1 6 #�:E# %� *565 �> → π> ν ν′
< �.% × �1−5 % !#" %�  �������
	� �����

< 4.� × �1−5 �1 $#�#!� %� )$ �%65#

< 0.2 %1 -78�$*7)��� 66  ?8" *�	� ����� ������
ν

<�& %1 1 6 ?�8 ;�/ 6� 83.� �> → π> ν ν′
6���� ����� 	������ �� 	�� �������� ν ν′ ��	��� 	� ���� 	� �� ����� �	������� ��	G�� �����	
���
��	����

% !#" %� 
�������� ��� �����
���� �� ������	���� ��������� �����
�� ���� ��� 
����

�����	� �	
G����� 	� ��� ������	���� �� 	���� ��� ���� �	�� ������ ��� ��	
����

γ γ → π1 → ν ν�
�1$#�#!� %� 
�������� ��� ��
��� ���������� �	�� ���� )$ �%65# �� ��� ���
��� γ γ →

π1 → ν ν �

���� ��������� �� ��� ��������� �	�� 	 ������	���� 
��������� #� �������
��� �� !#" %� (	�� 
��<���� �� $	�	��+� ����� �� 	 �	
��� & ����� �� ��� $#�#!� %�

��������� ������ (1.6× �1−5+�



������������

��� ��� �� ���� 	
� ����� ����	
�� �	��	��

π�� η

�
(
ν� ν�

)
	����	� �6	��

(
ν� ν�

)
	����	� �6	��

(
ν� ν�

)
	����	� �6	��

(
ν� ν�

)
	����	� �6	�

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<�.5<�.5<�.5<�.5 %1 -78�$*7)��� 66  ?8" *�	� ����� ������ ν

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<4.� %1 �� ?799"#$ 66 83.� *�	� ����� ������ ν

��?799"#$ 66 	�	��M�� �	�	 ���� 	 &11�/�3 *�* ��	������ �����������

�
(
νµ νµ

)
	����	� �%	��

(
νµ νµ

)
	����	� �%	��

(
νµ νµ

)
	����	� �%	��

(
νµ νµ

)
	����	� �%	�

����� ���	
� �−�� ��� ��
� ������	
 �� 
��	 �����	


<�.0<�.0<�.0<�.0 %1 6�5 #.�8*# ? 1& !)$- 611 "�3 � ��  �

<4.� %1 �� ?799"#$ 66 83.� *�	� ����� ������ ν

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<5.6 %1 -78�$*7)��� 66  ?8" *�	� ����� ������ ν

��?799"#$ 66 	�	��M�� �	�	 ���� 	 &11�/�3 *�* ��	������ �����������

�
(
ντ ντ

)
	����	� ��1	��

(
ντ ντ

)
	����	� ��1	��

(
ντ ντ

)
	����	� ��1	��

(
ντ ντ

)
	����	� ��1	�

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<�.�<�.�<�.�<�.� %1 �4 ?799"#$ 66 83.� *�	� ����� ������ ν
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<&.� %1 -78�$*7)��� 66  ?8" *�	� ����� ������ ν

�4?799"#$ 66 	�	��M�� �	�	 ���� 	 &11�/�3 *�* ��	������ �����������

�
(
γ ν ν

)
	����	� ���	��

(
γ ν ν

)
	����	� ���	��

(
γ ν ν

)
	����	� ���	��

(
γ ν ν

)
	����	� ���	�

)�	��	�� "���� �����
���� �� 0× �1−�6�
����� ��� ������	
 �� 
��	 �����	


<0× �1−&<0× �1−&<0× �1−&<0× �1−& %1 #�:E# %�  $�8 �> → γ ν νπ>

�
(
Aγ

)
	����	� ���	��

(
Aγ

)
	����	� ���	��

(
Aγ

)
	����	� ���	��

(
Aγ

)
	����	� ���	�
9�������� �� � ���	��	�
��

����� ���	
� �−�� ��� ��
� ������	
 �� 
��	 �����	


< 4.�< 4.�< 4.�< 4.� %1 " -7$7./? 66  *7P π− � 	� ����

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
< 46 %1 1 ?:/?!#$- 61  $�8

<�21 %1 1 #.�8*# ? 56  $�8

<&%1 %1 1 �& -. !7) 02  $�8

<&%1 %1 �& �.�:$ 02  $�8

�&����� ����������� ��� *(4γ@�γ+ < 2.1× �1−0�

�
(
µ> −

)
	����	� ��4	��

(
µ> −

)
	����	� ��4	��

(
µ> −

)
	����	� ��4	��

(
µ> −

)
	����	� ��4	�

9�������� �� ������ �	���� ������ 
������	�����

����� ���	
� �−�� ��� ��
� ������	
 �� 
��	 �����	


< 1.46< 1.46< 1.46< 1.46 %1 1 #==�! 11 )=� �> → π>µ> �−
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<�0 %1 !�� %1 )=� �> → π>µ> �−
<56 %1  #"=#/$#8: 66 )=� )�� !�� %1

�
(
µ− >

)
	����	� ��&	��

(
µ− >

)
	����	� ��&	��

(
µ− >

)
	����	� ��&	��

(
µ− >

)
	����	� ��&	�

9�������� �� ������ �	���� ������ 
������	�����

����� ���	
� �−�� ��� ��
� ������	
 �� 
��	 �� �����	


<4.&<4.&<4.&<4.& %1 1 #==�! 11� *602 1 �> →
π> �>µ−[

�
(
µ> −

)
��

(
µ− >

)]
	����	� ��2	�

[
�
(
µ> −

)
��

(
µ− >

)]
	����	� ��2	�

[
�
(
µ> −

)
��

(
µ− >

)]
	����	� ��2	�

[
�
(
µ> −

)
��

(
µ− >

)]
	����	� ��2	�

9�������� �� ������ �	���� ������ 
������	�����

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


< �5.�< �5.�< �5.�< �5.� %1 �87!#� %& �5%% :� �1
�

→ 4π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<�&1 ?�8 ;�/ 6& 83.� �> → π>µ�

< � × �1−0 ?�8 ;�/ 6& �?�7 µ− → �− 
���������

< 51 %1 *8E"#$ 6� 83.� �> → π>µ�

π1 ����27���9��2�� ��7� ���2�7π1 ����27���9��2�� ��7� ���2�7π1 ����27���9��2�� ��7� ���2�7π1 ����27���9��2�� ��7� ���2�7

��� 	�������� ��� ��� ���
��� π1 → �> �− γ 
���	��� 	 ���� �	
��� 9(�+

	� ��� π1 γ γ ������� ����� � A I�
���−@�π

J�� ��� �	�	����� � �� ���

����	� ���	����� 9(�+ A � > �� �� ������ ������

#�� ��� ��	��������� ��
��� ��	� �� *�?8�$- %� 	�� �� ��� �������G�
����� �� �������� ��	������

�����7 ����������2 �� π1 ����27���9��2�� ��7� ���2�7�����7 ����������2 �� π1 ����27���9��2�� ��7� ���2�7�����7 ����������2 �� π1 ����27���9��2�� ��7� ���2�7�����7 ����������2 �� π1 ����27���9��2�� ��7� ���2�7
����� ��
� ������	
 �� 
��	 �����	


1.14� ±1.11& 7.8 #3�8#/�1.14� ±1.11& 7.8 #3�8#/�1.14� ±1.11& 7.8 #3�8#/�1.14� ±1.11& 7.8 #3�8#/�

>1.1�0 ±1.1�& ±1.1&6 52&6 9#8;#$=#E %� )=� π− � → π1 � 	� ����

>1.1�2 ±1.1�& ±1.1�0 2&G "�:��8-8��)%�� )=� π− � → π1 � 	� ����

>1.14�0±1.11�0±1.11�0 ��5 �2 *�?8�$- %�  �!! �> �− → �> �−π1

−1.�� ±1.14 ±1.16 4�G 97$3:�:!!� 6% )=� 8	��	���� 
����

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�� >1.12

−1.1& �0 �.==�8 64 �?�7 9:) ?�8 56 �	�	

>1.�1 ±1.14 4�G �5 9:) ?�8 56 )=� 8	��	���� 
����

>1.1� ±1.�� ��11 -�37$) 0% 7)=� $� �	��	���� 
����

−1.�2 ±1.�1 5050 �7*8#� 0� ?* $� �	��	���� 
����

−1.�& ±1.�0 415� )#":7) 0� ?* $� �	��	���� 
����

�2*�?8�$- %� �����	��� ��	� ����� ������	��
 ����� �� �� ��� �	�� ����� �� �	������ 	�
����� ��	�����
	� ������ 	�� �� �� �	�� ��
����� 	 ������	��
 ����� �� ���� �	������� ���
�	��� �� � �� ���	���� �� ����	���	���� ���� ��� ����� �� �	�� ��	
����G� ��������
��	����� 	������ ��
��� �����	�
��

�0�.==�8 64 �� 	 ��������
	� 	�	����� �� 9:) ?�8 56 ��
����� �������� ��
�	�� �� ���

����
������

�5��� 9:) ?�8 56 ����� �� ��	�����
	� ����� ��� ������ ������� �	��	���� 
����
����� ��
>1.12 ± 1.14�

π1 7���7�����π1 7���7�����π1 7���7�����π1 7���7�����

,� �	�� ������� ���� �	���� ��	� �	�� ���� ���������� �� �	��� ������

������� ��� ������� �	���� �	� �� ����� �� ��� �%66 ������� =����
�
!������ *�1&*�1&*�1&*�1& (�%66+�

!� !�&'&� ,! �� (8- ���-� !��� !�
$�#�#: �� ��� ��'� ���� "#��$%��
!7���!"+ � ��� �- ���� ���� !���%$). �� ��� ��*'( "#��$%��
!����  ��� �, -�, �� !99�� �� ��� ��'� ��, "#��$%��

!��#  .��	�6 =$�� 7�	:� (��� ���5�$�
!��#  .��	�6 7�	:� ���	). *� �	��$;

!���� � ��� �, -�88 �� !99�� �� ��� ��'� ��, "#��$%��
!�!��B+!�! � ��" ��� �� �-- !� !�$:	B+$�$
	 �� ��� ��'!� 4 �� "#��$%��
4�&�!4 �� �� ��- �8 �� 4�#�$; �� ��� ����6 7"�!6 "&�&6 ��� ��
(�*+�!'(� �� ��� 8� -8 !� (��.9$�0� �� ��� ��'� ��,� "#��$%��
�"�!��!'( �� ��� 8� �� 4�*� �)�$��$�0 �� ��� ����6 7"�!6 "&�&��
! �=! �- ��� �� 8�� ��*� !
	>$ �� ��� ��'�6 �!'�6 ���'��
�!��!'�!= �- �� �-8� ��� �� �$��$�9$> �� ��� �&�* 6  ��76 ��"&��
���1��(���* �-� �� (�, ���� �� ��	2�� (���� �� ��� ��*� *�'(�7�B� "#��$%��
! �=! �� ��� �� -��� ��*� !
	>$ �� ��� ��'�6 �!'�6 ���'��
��+��'( �� ��+= "�� �� +�1� ��.���0 �� ��� �"���& "#��$%��
"�!<�&�( �� �� (�� �� 1��� "�$@�#�0 �� ��� �����6 ���3�
�!� �� �� (�� ���, <��� �$�6 4�<� '5 �!* �
'! !�� �� �� �-,� --8 !�!� '$
$�� �*��� �
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!��# *1'� ,� ��� ��3� !�$�$�>�: �� ��� �1�'��
 �$���$
�0 ��#� =!� ,� ���

��� � ��� �� ��, !��� ��� �� ��� ��'�6 �'!�6 ����6 <!*+��
�&'������� �� �� �-�� �, +� �#�:	�	��� �� ��� �"���6 �=&'6 *!"��
'���7+� �� �� (� -8�� "� '	�%�.� �� ��� �*�'(�7� "#��$%��
"!��!3'!�� �� ��� �� -�- "� "$�9$5�$�	 �� ��� ��'�6 �'!�6 �*���
"�!<�&�( ��� �� �-�� ��� 1��� "�$@�#�0 �� ��� ��*�6 ���3�
(&��'�&*��� �� ��+= "� ��8 1� (#���%#�). �� ��� �"+!�� "#��$%��
+&���!' �� �� �-� ��� "��� +#C�$� ��!'��
�"(&'&73+ �� �� (�� -�-� 1��� �)(#�#�5. �� ��� � ���6 �!'�6 "+�"�
�(3 �� �� �-� 3��� =#�
 �� ��� ������
<����!�* �� �� (�� ���, (�!� <	��	$�� �� ��� �"�>�
$� �$�� "#��$%��
���+! �8 1�3 �� ��8, !�3� ��9.$
 �� ��� �&��"�&' "#��$%��
�&�& &� ��" 1� �� �� ,- ��'� �#�#
#: �� ��� ��'���

 �$���$
�0 ��#� �� �� �� �,�
"�!<�&�( �� ��� ,� ��� 1��� "�$@�#�0 �� ��� �*�'6 ���3�
! +�� &' �, �� �,�� �� +�<� !
.��
#� �� ��� �"��'6 �*76 �7'(��
+��"��3 �� �� (-� ��,� �� +��)��56 "��� +#C�$� ��!'��
��!'4 �� �� (-� �-� 1�*� ��$�; �� ��� ��!'�6 !��*�
 7���� �� �� (-� -�, 3���  �99��6  ��� 3�#��6 ��!� *$���� �&4*7�
��=�!' �- �� (-� -,�� (�!� ��>�$� � ��7�
��*"+4� �- ��� �� ��,� ���� �	�).;� �� ��� ��!'�6 !��*�
+��"��3 �� �� �� ��8 �� +��)��56 "��� +#C�$� ��!'��
*"+!�( �� �� (-� ��� ��!� *).$�0
 �� ��� �!��*6 �!'��
!7���!"+ � �� �� ��8 ���� !���%$). �� ��� � ���6 �!*��
+�3+�!'( � ��� �� �-� ���� +	5.�$�0 �� ��� � ���6 �!*��
!7���!"+ 8� ��� �� -8, ���� !���%$). �� ��� � ���6 �!*��
��*"+�� 8� �� 8�� �,� 1� �	�).�� �� ��� �3��!6 *!"��
��*"+�� 8�� �� 8�� ��� 1� �	�).�� �� ��� �3��!6 *!"��
��&<�!' 8� ��� �� �� !� ��#@�$� �� ��� �"&�'6 ��'3�
�����  �'� 8 '" ��! -�� 3� �����

	�	 �� ��� ���*!6 �&''�
4�=*+4�' 8 1� � � ��8 ���� 4�>�.;	�6 !�3� *
���	5#:6 =��� 7�#: � �*4�

 �$���$
�0 ��#� �� � ,8 ���8�
(��&'* �� �� ��� ��,� *� (�:#�� �� ��� �"&�76 �&�!�
�!*����*4= �� �� -� -�� ���� �$�	��:�;> �� ��� �1�'��
(7"�&* �, �� �� -,� 1� (�)�#� �� ��� �"��'6 +��(�
47 �' �, 1� �� - -�� ���� 4�
2	�6 ���� ��
��;.	�6 =�(� ��#;#�.;	� �1�'��

 �$���$
�0 ��#� �� �� - ��8�
"���� �� �� �� ��� 1��� "�	�� �����
*!��&* �-� �� �-� ���� '��� *$�	#� �� ��� �"&�76 �'��
4&��!4 �� '" - ���, +� 4#%�$; �����
*!��&* �� �� �-� -8, '��� *$�	#� �"&�76 �'��
����!' � '" /���� ���- *� ����$�6 (� 3�C��
�7(!3&� � 1� � �� 8,, =�!� ��0$5#: �� ��� �1�'��

 �$���$
�0 ��#� �� � �� ��8�
1&*��+ � '" �� ��8 (�<� 1#��9. �����

η �	 �
�� � � ��−��

�� ���� ������	 
��� ��
��
 ���� ���� ���� 
����
�	�	 �� ����
����������
� ��� ������	 ��
��
 ��� �� ����	 �� ��� ���� �	�����
���
��
 ������
 ����������������  ����!�

η ����η ����η ����η ����

,� �� ����� ��� ��� �������
�	���� ��	��������� ���� ��� �%01C��
���
� ���� �� �	�� ���� ������	��
	��� ��� �� 	���� � "�3� (?�������
���� ��	� ��� �	���� ��	�������� �� ����	� ������� ����� ��� �	���� 	��
��� ����� �����+ )��� �	��� ������� �	�� ���� ������� 	���������

����� ����� ��
� ������	
 �� 
��	 �����	


2&5.2� ±1.�6 7.8 #3�8#/�2&5.2� ±1.�6 7.8 #3�8#/�2&5.2� ±1.�6 7.8 #3�8#/�2&5.2� ±1.�6 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� 2�6� )�� ��� �����	�
������

2&5.4��±1.1�6±1.14� � #*-�!�*#8E 12 )=� � � → 4?� 


2&5.6&4±1.141±1.1&� ��4& � !#: 1� $#&6 η → 4π1

2&5.�� ±1.10 ±1.�2 �8.) ?� %2( )=� γ � → η�� ���������

2&5.41 ±1.�2 =!7.:$ %� )=� � � → η 4?�

2&5.&2 ±1.�2 -.#$� 5& )=� π− � → � �����	��

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
2&6.� ±1.02 97)��8 02" ?* 

2&%.1 ±1.5 �&6 97�!) ?� 0& ?* 

2&6.1 ±�.1 %� #!99���� 0� ?* 

2&%.1 ±�.� 24 *#)�:�$ 0� ?* 



��	��	��	��	

���������	
�� �	��	��

η

�#*-�!�*#8E 12 	�� !#: 1� ���	��� ����<
	�����

WEIGHTED AVERAGE
547.51±0.18 (Error scaled by 5.8)

DUANE 74 SPEC 0.1
PLOUIN 92 SPEC 2.0
KRUSCHE 95D SPEC 2.3
LAI 02 NA48 42.3
ABDEL-BARY 05 SPEC 22.5

χ2

      69.2
(Confidence Level  0.001)

546.5 547 547.5 548 548.5

η ��

  +�,!

η B��28η B��28η B��28η B��28

���� �� ��� �	���	� ��
	� �	�� H(η → γ γ+ ������� �� ��� <���� ��	�
��� ��	
���� ���
��	� ����� )�� ��� ���� 	� ��� ��	�� �� ��� H(�γ+ �	�	 ���
G� ���� ������

����� �;��� ������	
 ��

�.41±1.15 7.8 9:��.41±1.15 7.8 9:��.41±1.15 7.8 9:��.41±1.15 7.8 9:�

η ����� �����η ����� �����η ����� �����η ����� �����

)
	�� �	
���@
"��� 9�	
���� (H� @H+  ��<���
� �����

��$���"  �(�)��$���"  �(�)��$���"  �(�)��$���"  �(�)
�� ��$���"  �(�) (5�.% ±1.2 + K )A��4

�� 
γ I�J (4%.46±1.�0+ K )A���

�4 Aπ1 (4�.2�±1.�6+ K )A���

�& π1 
γ ( &.& ±�.0 + × �1−& )A��1

�2 π1π1 γ γ < �.� × �1−4  !A%1K

�0 ��.�� ��$���"  �(�) < �.6 K  !A%1K

�.��'�(  �(�)�.��'�(  �(�)�.��'�(  �(�)�.��'�(  �(�)

�5 -.��'�(  �(�) (�6.1 ±1.2 + K )A��4

�6 π>π−π1 (��.5 ±1.& + K )A��4

�% π>π−γ ( &.0%±1.��+ K )A���

��1 > − γ ( 0.1 ±1.6 + × �1−4 )A��&

��� µ>µ− γ ( 4.� ±1.& + × �1−&
��� > − < 5.5 × �1−2  !A%1K

��4 µ>µ− ( 2.6 ±1.6 + × �1−0
��& > − > − < 0.% × �1−2  !A%1K

��2 π>π− > − ( &.1 >2.4
−�.2 +× �1−& )A���

��0 π>π−
γ < �.1 × �1−4
��5 π>π−π1 γ < 2 × �1−&  !A%1K

��6 π1µ>µ− γ < 4 × �1−0  !A%1K

�.��'� -��@$'��!�� �� �� 4��!�# �����.��'� -��@$'��!�� �� �� 4��!�# �����.��'� -��@$'��!�� �� �� 4��!�# �����.��'� -��@$'��!�� �� �� 4��!�# ����
�.��'� -��@$'��!�� × 4��!�# ����� ���.��'� -��@$'��!�� × 4��!�# ����� ���.��'� -��@$'��!�� × 4��!�# ����� ���.��'� -��@$'��!�� × 4��!�# ����� ��

������ �� !"# �$ %�� ��� � &!�"��!�'  �(�)������ �� !"# �$ %�� ��� � &!�"��!�'  �(�)������ �� !"# �$ %�� ��� � &!�"��!�'  �(�)������ �� !"# �$ %�� ��� � &!�"��!�'  �(�)

��% π1 γ � < % × �1−2  !A%1K

��1 π>π− ���� < �.4 × �1−2  !A%1K

��� π1π1 ���� < &.4 × �1−&  !A%1K

��� π1π1 γ � < 2 × �1−&  !A%1K

��4 π1π1π1 γ � < 0 × �1−2  !A%1K

��& Aγ � < & × �1−2  !A%1K

��2 ?π1 ���� < 0.% × �1−5  !A%1K

��0 π1 > − � IJ < & × �1−2  !A%1K

��5 π1µ>µ− � IJ < 2 × �1−0  !A%1K

��6 µ> − � µ− > �� < 0 × �1−0  !A%1K

*�+ �$� �� �� �&!�' �� �"(  ��)$�� ��� ��� �.� �&���'�� �.!) !) 1�� C�<
"��'�� �.�� �.� ,!(�. ,� '�&� !� �$� 

 �(!�!��� �.�D ± .�� C�<1 ���
�.� ��
γ� (��� %"�-C !� �.� ���� �!)�!�')1

*�+ � ���!�# ���%!() �.!) �� �--$� �) � )!�'"�0�.���� ���-�))1

����27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2���

#� ����� $� �� � 	���� ���� ��	 �� ��������" �����
 �
�
 �%
���
�������
 ��	 ��� ���
������ �� 	�������� � ���������
� ���

����� $� ��
 � χ� & ���� ��� %- 	�"���
 �� ����	���

��� ���'��" ����������� ����� ������
 ��� ��� ���������� ���Æ�����
〈
δ	iδ	j

〉
( δ	i·δ	j!) �� �������) ���� ��� $� �� ��� ��������" ��������
) 	i ≡

*i(*���	�� ��� $� ���
�����
 ��� 	i '��
� ���
 ������ �� ���
 ����� �� 
�� ��
����

	4 -�

	& −� −�

	6 −�% −�- −�

	% −.. −.� −� ./

	�1 −� −� � −/ −.

	�� � � � −� � �

	�2 −� −% � −/ −- � �

* −�% −. � �� � � � �

	� 	4 	& 	6 	% 	�1 	�� 	�2

"��� 8	�� (G�3+ )
	�� �	
���

�� 
γ I�J 1.2�1 ±1.1�0
�4 Aπ1 1.&�� ±1.1��
�& π1 
γ (2.5 ±�.1 +× �1−& ��%

�6 π>π−π1 1.�%& ±1.1�0
�% π>π−γ 1.1016±1.1142
��1 > − γ 1.1156±1.11�� ��4

��� µ>µ− γ (&.1 ±1.0 +× �1−&

��2 π>π− > − (2.� >0.%
−4.� +× �1−& ���

η ����� 7�2��η ����� 7�2��η ����� 7�2��η ����� 7�2��

�
(

γ

)
���

(

γ

)
���

(

γ

)
���

(

γ

)
��

)�� ��� �	��� ������	���� 	���� ���� ��� <���� ��
	� �	���� 9������� ��� 	���
� ��
$�9��$) 1�� �� �	�� ������� ��� =���	G������
� ��	�������� ���� ��� 	���	��
)�� 	��� ��� Q$��� �� ��� -�
	� ,���� H(η → γ γ+�R �� ��� �%%& �������� =���� 8���
-21-21-21-21� � #���� �%%&� =	�� :� �� �&2�� ��� 	 ���
������ �� ��� �	����� ��	����������

����� �;��� ��
� ������	
 �� 
��	 �����	


1.2�1±1.1�0 7.8 9:�1.2�1±1.1�0 7.8 9:�1.2�1±1.1�0 7.8 9:�1.2�1±1.1�0 7.8 9:�

1.2�1±1.1�0 7.8 #3�8#/�1.2�1±1.1�0 7.8 #3�8#/�1.2�1±1.1�0 7.8 #3�8#/�1.2�1±1.1�0 7.8 #3�8#/�

1.2� ±1.�� ±1.12 40 *#8. %1 "-� �> �− → �> �− η

1.&%1±1.1�1±1.1&6 ��65 87� %1 #)= �> �− → �> �− η

1.2�&±1.1�5±1.142 ��%2 ,:!!:#") 66  *#! �> �− → �> �− η

1.24 ±1.1& ±1.1& *#8��! 62� �#-� �> �− → �> �− η

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.0& ±1.�& ±1.�4 #:?#8# 60 �= �> �− → �> �− η

1.20 ±1.�0 20 ,�:$)��:$ 64  *#! �> �− → �> �− η

1.4�&±1.1&0 *87,"#$ 5&�  $�8 =���	G�� ���
�

�.11 ±1.�� � *�"=78#- 05  $�8 =���	G�� ���
�

�*�"=78#- 05 ���� H(�γ+ A �.�� ± 1.�0 G�3 	������ H(�γ+
/
H(���	�+ A 1.4�&�

*�����	� ����	�� 
������
	���� ���� H(�γ+�
/
H(���	�+ A 1.461 ± 1.164� ,� ��	��	��

���� ���� H(�γ+
/
H(���	�+ A 1.46± 1.1�� $�� ��
����� �� 	���	� ��
	��� ��� ��
���	����

�������� ���� ��� ���	�	���� �� ��� 
������ 	�� ��
��	� 	��������� �	� 	��	������ ����
����������	����

η 67���8��9 7�2���η 67���8��9 7�2���η 67���8��9 7�2���η 67���8��9 7�2���

��$���"  �(�)��$���"  �(�)��$���"  �(�)��$���"  �(�)

�
(
��$���"  �(�)

)
	����	� ��	�� �����4��&�	��

(
��$���"  �(�)

)
	����	� ��	�� �����4��&�	��

(
��$���"  �(�)

)
	����	� ��	�� �����4��&�	��

(
��$���"  �(�)

)
	����	� ��	�� �����4��&�	�

����� ��
� ������	
 �� 
��	 �����	


1.5�%±1.112 7.8 9:�1.5�%±1.112 7.8 9:�1.5�%±1.112 7.8 9:�1.5�%±1.112 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��4�

1.512±1.1161.512±1.1161.512±1.1161.512±1.116 �0G *#):!� 5�(  $�8 "" ���
��������

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.5% ±1.16 *.$:#�73 05 7)=�

�
(

γ

)
	����	� ��	��

(

γ

)
	����	� ��	��

(

γ

)
	����	� ��	��

(

γ

)
	����	� ��	�

����� ��
� ������	
 �� 
��	 �����	


1.4%46±1.11�0 7.8 9:�1.4%46±1.11�0 7.8 9:�1.4%46±1.11�0 7.8 9:�1.4%46±1.11�0 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.4%&%±1.11�5±1.11411.4%&%±1.11�5±1.11411.4%&%±1.11�5±1.11411.4%&%±1.11�5±1.1141 02G #*�// %0 )=� �� → 4?�η

�
(

γ

)
	�

(
��$���"  �(�)

)
��	�� ���	�����4��&��

(

γ

)
	�

(
��$���"  �(�)

)
��	�� ���	�����4��&��

(

γ

)
	�

(
��$���"  �(�)

)
��	�� ���	�����4��&��

(

γ

)
	�

(
��$���"  �(�)

)
��	�� ���	�����4��&�

����� ��
� ������	
 �� 
��	 �����	


1.2&52±1.11�% 7.8 9:�1.2&52±1.11�% 7.8 9:�1.2&52±1.11�% 7.8 9:�1.2&52±1.11�% 7.8 9:�

1.2&6 ±1.1�4 7.8 #3�8#/�1.2&6 ±1.1�4 7.8 #3�8#/�1.2&6 ±1.1�4 7.8 #3�8#/�1.2&6 ±1.1�4 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��2�

1.242 ±1.1�6 *.��8#" 51 7)=�

1.2% ±1.144 *.$:#�73 05 7)=�
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��� ��� �� ���� 	
� ���������	
�� �	��	��

η

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.2� ±1.1% 66 #*87):"73 61 ?!* 

1.01 ±1.�& ��4 ��$-#!! 5& 7)=�

1.25 ±1.1% )�8./#!)�: 5� ?!* 

1.25% ±1.12� 9�!-"#$ 05 7)=�

1.&�0 ±1.1&& -:/:./$7 00  $�8 ����� �������

1.&& ±1.15 /8.$?#.) 00 7)=�

1.4% ±1.10 4 �7$�) 00  $�8

4���� ������ ���� 
������� 
���� ��
����� ���� ��� �������� ������������
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(
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)
	�

(
��$���"  �(�)

)
�4	�� ��4	�����4��&��

(
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	�

(
��$���"  �(�)

)
�4	�� ��4	�����4��&��

(
Aπ1
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	�

(
��$���"  �(�)

)
�4	�� ��4	�����4��&��

(
Aπ1

)
	�

(
��$���"  �(�)

)
�4	�� ��4	�����4��&�

����� ��
� ������	
 �� 
��	 �����	


1.&2�%±1.11�% 7.8 9:�1.&2�%±1.11�% 7.8 9:�1.&2�%±1.11�% 7.8 9:�1.&2�%±1.11�% 7.8 9:�

1.&4% ±1.1�&1.&4% ±1.1�&1.&4% ±1.1�&1.&4% ±1.1�& *.��8#" 51 7)=�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.&& ±1.16 52 #*87):"73 61 ?!* 

1.4� ±1.1% )�8./#!)�: 5� ?!* 

1.&� ±1.144 *.$:#�73 05 7)=� $�� ������ �� H
(
�γ

)
@

H
(
�����	� �����

)
1.�55 ±1.142 9�!-"#$ 05 7)=�

1.�1% ±1.12& -:/:./$7 00  $�8 ����� �������

1.�% ±1.�1 /8.$?#.) 00 7)=�
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(
Aπ1

)
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(

γ

)
�4	���

(
Aπ1

)
	�

(

γ

)
�4	���

(
Aπ1

)
	�

(

γ

)
�4	���

(
Aπ1

)
	�

(

γ

)
�4	��

����� ��
� ������	
 �� 
��	 �����	


1.6�2±1.110 7.8 9:�1.6�2±1.110 7.8 9:�1.6�2±1.110 7.8 9:�1.6�2±1.110 7.8 9:�

1.6�0±1.115 7.8 #3�8#/�1.6�0±1.115 7.8 #3�8#/�1.6�0±1.115 7.8 #3�8#/�1.6�0±1.115 7.8 #3�8#/�

1.6�5±1.1��±1.14� �5�&G & #�?"��)?:$ 12  "-� �> �− → φ → ηγ

1.6�0±1.1�& # ?#)73 11( )$- �> �− → φ → ηγ

1.64�±1.112±1.1�� �8.) ?� %2( )=� γ � → η�� ���������

1.6&�±1.14& #")!�8 %4  *#8 �� → π>π− η 	� ����

1.6��±1.11% #!-� 6& /#"�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.5%0±1.1�0±1.1�0 # ?#)73 11 )$- )�� # ?#)73 11(

1.%� ±1.�&  7P 51� ?* 

1.52 ±1.1% -�37$) 51 7)=�

1.66 ±1.�0 *#!�#E 05( -* 

�.� ±1.�  �$ � 05 7)=�

�.�2 ±1.4% *#  : 04  $�8 :������ *8 ��������
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γ
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γ

)
�&	���

(
π1 
γ

)
	�

(

γ

)
�&	���

(
π1 
γ

)
	�

(

γ

)
�&	���

(
π1 
γ

)
	�

(

γ

)
�&	��

����� ���	
� �−�� ��
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��	 �� �����	


�.�±1.& 7.8 9:��.�±1.& 7.8 9:��.�±1.& 7.8 9:��.�±1.& 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��%�

�.6±1.&�.6±1.&�.6±1.&�.6±1.& #!-� 6& /#"� 1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.2±1.0 51 *:$7$ 6� /#"� )�� #!-� 6&

�
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γ
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π1 
γ

)
	����	� �&	��

(
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γ

)
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�	��� ������� 	�� ����	��M�� �� ��� ������ �� !#$-)*�8/ 62�

����� ���	
� �−�� ��� ��
� ������	
 �� 
��	 �����	


&.&±�.0 7.8 9:�&.&±�.0 7.8 9:�&.&±�.0 7.8 9:�&.&±�.0 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��1�

4.2±1.5±1.04.2±1.5±1.04.2±1.5±1.04.2±1.5±1.0 ��0G 2,0 =8#�?73 12  8E* �(5�1 "�3@
+ π− → �η

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<6�& %1 5 # ?#)73 1�( )$- �> �− → φ → ηγ

<41 %1 1 -#3E-73 6� /#"� π− � → η�

2$���	��M�� ���� H(η → �γ+@H A 1.4%&4 ± 1.11�0�
0���� ��	�������� 	�� ��� ����������� 	�	����� �� ��� �	�� �	�	 �� �$� ?� 1& ����

����� 	 ����� �	��� �� H(π1 �γ+ ��	� ��� ��� ���	���� �� #!-� 6& ���� H(π1 �γ+@H(�γ+�
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6.4±�.6±�.&6.4±�.6±�.&6.4±�.6±�.&6.4±�.6±�.& 5 �$� ?� 1&  8E* π− � → �η

5 :���������� 	�	����� �� �	�� �	�	 	� =8#�?73 12�

�
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π1π1 γ γ
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<�.�× �1−4<�.�× �1−4<�.�× �1−4<�.�× �1−4 %1 6 $�9��$) 12!  8E* �(5�1 "�3@
+ π− → �η
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����� ��
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�.25±1.10 7.8 9:��.25±1.10 7.8 9:��.25±1.10 7.8 9:��.25±1.10 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��&�

�.0&±1.�4�.0&±1.�4�.0&±1.�4�.0&±1.�4 *#!�#E 05� -* 

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
&.2 ±�.1 �61 % �#"�) 00 ?* 

4.�1±�.�0 24 % *#)�:�$ 0� ?* 

�.2 ±�.1 �1 % =: �.= 0� ?* 

%����� ����������� 	�� ��� ���� �� ��� 	���	�� 	� ���� �� ��� ���	�	�� 
��	��� η →
π>π−π1 	�� η → π>π− γ ���� �	
� ������ ��� �������� �	���� ���� ����	���


���	�� ���� ��G���� ��	
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4.�5±1.16 7.8 9:�4.�5±1.16 7.8 9:�4.�5±1.16 7.8 9:�4.�5±1.16 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��&�

4.�0±1.41 7.8 #3�8#/�4.�0±1.41 7.8 #3�8#/�4.�0±1.41 7.8 #3�8#/�4.�0±1.41 7.8 #3�8#/�

�.2&±�.6% 5& ��$-#!! 5& 7)=�

4.& ±�.� �% #/.:!#8���� 5�� ?* 

�.64±1.61 51 �1 *!77-,7��� 5�� ?* 

4.0 ±1.0 �&& 9!#��� 05� ?* 

�.6%±1.20 #!99���� 00 ?* 

4.0 ±1.6 21 �8#�"�8 0& -* 

4.6 ±�.� =#.!: 0& -* 
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�.&15±1.144 7.8 9:��.&15±1.144 7.8 9:��.&15±1.144 7.8 9:��.&15±1.144 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��&�

�.� ±1.& 7.8 #3�8#/��.� ±1.& 7.8 #3�8#/��.� ±1.& 7.8 #3�8#/��.� ±1.& 7.8 #3�8#/�

�.2� ±1.%4 52 ��$-#!! 5& 7)=�
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�.54±1.1& 7.8 9:��.54±1.1& 7.8 9:��.54±1.1& 7.8 9:��.54±1.1& 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��&�

�.06±1.�1 7.8 #3�8#/��.06±1.�1 7.8 #3�8#/��.06±1.�1 7.8 #3�8#/��.06±1.�1 7.8 #3�8#/�

�.0�±1.�& #*!:�:" 10� *�)� �> �− → �/ψ → ηγ

�.56±1.�1±1.�4 �155 #")!�8 %2  *#8 �� → π>π− η 	� ����

�.5�±1.�2 &1� *#/!:$ 0% ?!* 

�.0�±1.4% 97)��8 02 ?* 
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�.&4±1.1& 7.8 9:��.&4±1.1& 7.8 9:��.&4±1.1& 7.8 9:��.&4±1.1& 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��&�

�.&%±1.10 7.8 #3�8#/��.&%±1.10 7.8 #3�8#/��.&%±1.10 7.8 #3�8#/��.&%±1.10 7.8 #3�8#/�

�.2�±1.1&±1.16 �4G �� #�?"��)?:$ 1��  "-� �> �− → φ → ηγ

�.&&±1.1%±1.�1 �0�5 #")!�8 %2  *#8 �� → π>π− η 	� ����

�.21>1.�2−1.�% �%% *#/!:$ 0% ?!* 

�.&5>1.�1−1.�5 *.!!7 � 06 ?!* 

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.4 ±1.& *#/!:$ 05� ?!* 

1.%1±1.�& 97)��8 02 ?* 

�.1 ±�.1 97�!) ?� 0& ?* 

1.64±1.4�  8#,978- 04 ?* 
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����� ��� ������	
 �� 
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<1.1�6<1.1�6<1.1�6<1.1�6 %1 #*�// %0 )=� �� → 4?�η
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1.4�0 ±1.115 7.8 9:�1.4�0 ±1.115 7.8 9:�1.4�0 ±1.115 7.8 9:�1.4�0 ±1.115 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��4�

1.41& ±1.1��1.41& ±1.1��1.41& ±1.1��1.41& ±1.1�� # ?#)73 11( )$- �> �− → φ → ηγ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
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1.�15±1.11& 7.8 9:�1.�15±1.11& 7.8 9:�1.�15±1.11& 7.8 9:�1.�15±1.11& 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.�15±1.11& 7.8 #3�8#/�1.�15±1.11& 7.8 #3�8#/�1.�15±1.11& 7.8 #3�8#/�1.�15±1.11& 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

1.�1%±1.11& �6G �?#!�8 54 #)=�

1.�1�±1.110 5�21 /78"!�E 51 #)=�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�6 ±1.1& *#!�#E 05� -* 

1.�2 ±1.142 !:� ?9:�!- 05 -* 

1.41 ±1.10  8#,978- 00 ?* 
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����� �
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��� �� ��&�
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����� �
	�� �	
��� �� ��0�

2.�2±1.0�±1.5& �64 # ?#)73 1�� )$- �> �− → φ → ηγ
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�.02±1.42 7.8 9:��.02±1.42 7.8 9:��.02±1.42 7.8 9:��.02±1.42 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��2�

�.� ±1.2�.� ±1.2�.� ±1.2�.� ±1.2 61 �#$� 52� 7)=� )�� ��� ���	���



������������

���������	
�� �	��	��

η

�
(
µ>µ− γ

)
	����	� ���	��

(
µ>µ− γ

)
	����	� ���	��

(
µ>µ− γ

)
	����	� ���	��

(
µ>µ− γ

)
	����	� ���	�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


4.�±1.& 7.8 9:�4.�±1.& 7.8 9:�4.�±1.& 7.8 9:�4.�±1.& 7.8 9:�

4.�±1.&4.�±1.&4.�±1.&4.�±1.& 011 -;?�!E#-:$ 61 )=� π− � → η�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.2±1.52 �11 *.)?$:$ 56 )=� )�� -;?�!E#-:$ 61

�
(
> −

)
	����	� ���	��

(
> −

)
	����	� ���	��

(
> −

)
	����	� ���	��

(
> −

)
	����	� ���	�

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<1.55<1.55<1.55<1.55 %1 *87,-�8 %5�  !�� �> �− � �1.2 /�3

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<� %1 ,?:�� %0 )=� �� → η4?�

<4 %1 -#3:�) 5& 83.� .��� �)��$ 05

�
(
µ>µ−)

	����	� ��4	��
(
µ>µ−)

	����	� ��4	��
(
µ>µ−)

	����	� ��4	��
(
µ>µ−)

	����	� ��4	�

����� ���	
� �−�� ��� ��
� ������	
 �� 
��	 �����	


2.6±1.6 7.8 #3�8#/�2.6±1.6 7.8 #3�8#/�2.6±1.6 7.8 #3�8#/�2.6±1.6 7.8 #3�8#/�

2.5±1.5±1.2 ��& #*�// %& )=� �� → η4?�

0.2±�.� �5 -;?�!E#-:$ 61� )=� π− � → η�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
2.0>1.0−1.5±1.2 �11 ��))!�8 %4 )=� )�� #*�// %&

<�1 %2 1 ,�?"#$$ 06 7)=�

�
(
µ>µ−)

	�
(

γ

)
��4	���

(
µ>µ−)

	�
(

γ

)
��4	���

(
µ>µ−)

	�
(

γ

)
��4	���

(
µ>µ−)

	�
(

γ

)
��4	��

����� ���	
� �−,� ������	
 �� 
��	

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
2.%±�.� ?E#") 0% 7)=�

�
(
> − > −

)
	����	� ��&	��

(
> − > −

)
	����	� ��&	��

(
> − > −

)
	����	� ��&	��

(
> − > −

)
	����	� ��&	�

����� ���	
� �−,� ��� ������	
 �� 
��	 �����	


<0.%<0.%<0.%<0.% %1 #�?"��)?:$ 1�  "-� �> �− → φ → ηγ

�
(
π>π− > −

)
	�

(
π>π− γ

)
��2	�%�

(
π>π− > −

)
	�

(
π>π− γ

)
��2	�%�

(
π>π− > −

)
	�

(
π>π− γ

)
��2	�%�

(
π>π− > −

)
	�

(
π>π− γ

)
��2	�%

����� ���	
� �−-� ��
� ������	
 �� 
��	

1.%>�.�−1.2 7.8 9:�1.%>�.�−1.2 7.8 9:�1.%>�.�−1.2 7.8 9:�1.%>�.�−1.2 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

�.0±�.0�.0±�.0�.0±�.0�.0±�.0 � /87))"#$ 00 ?* 

�
(
π>π− > −

)
	����	� ��2	��

(
π>π− > −

)
	����	� ��2	��

(
π>π− > −

)
	����	� ��2	��

(
π>π− > −

)
	����	� ��2	�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


&.1>2.4−�.2 7.8 9:�&.1>2.4−�.2 7.8 9:�&.1>2.4−�.2 7.8 9:�&.1>2.4−�.2 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

4.5>�.2−�.6±1.44.5>�.2−�.6±1.44.5>�.2−�.6±1.44.5>�.2−�.6±1.4 & #�?"��)?:$ 1�  "-� �> �− → φ → ηγ

�
(
π>π−
γ

)
	�

(
π>π−π1

)
��0	�6�

(
π>π−
γ

)
	�

(
π>π−π1

)
��0	�6�

(
π>π−
γ

)
	�

(
π>π−π1

)
��0	�6�

(
π>π−
γ

)
	�

(
π>π−π1

)
��0	�6

����� ��� ������	
 �� 
��	

<1.11%<1.11%<1.11%<1.11% =8: � 05 ?* 

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.1�0 %2 *#!�#E 05� -* 

�
(
π>π−π1 γ

)
	�

(
π>π−π1

)
��5	�6�

(
π>π−π1 γ

)
	�

(
π>π−π1

)
��5	�6�

(
π>π−π1 γ

)
	�

(
π>π−π1

)
��5	�6�

(
π>π−π1 γ

)
	�

(
π>π−π1

)
��5	�6

����� ���	
� �−-� ��� ��
� ������	
 �� 
��	

<1.�&<1.�&<1.�&<1.�& %1 1 �?#!�8 54 #)=�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<�.5 %1 #8$7!- 06 ?!* 

<�.0 %2 *#!�#E 05� -* 

<5.1 9!#��� 05 ?* 

<1.% =8: � 05 ?* 

�
(
π1µ>µ− γ

)
	����	� ��6	��

(
π1µ>µ− γ

)
	����	� ��6	��

(
π1µ>µ− γ

)
	����	� ��6	��

(
π1µ>µ− γ

)
	����	� ��6	�

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<4<4<4<4 %1 -;?�!E#-:$ 6� )=� π− � → η�

���%!((��  �(�)���%!((��  �(�)���%!((��  �(�)���%!((��  �(�)

�
(
π1 γ

)
	����	� ��%	��

(
π1 γ

)
	����	� ��%	��

(
π1 γ

)
	����	� ��%	��

(
π1 γ

)
	����	� ��%	�

9�������� �� 	���	� �������� 
������	�����
����� ��� ������	
 �� 
��	 �����	


<%× �1−2<%× �1−2<%× �1−2<%× �1−2 %1 $�9��$) 12!  8E* �(5�1 "�3@
+ π− → �η

�
(
π>π−)

	����	� ��1	��
(
π>π−)

	����	� ��1	��
(
π>π−)

	����	� ��1	��
(
π>π−)

	����	� ��1	�
9�������� �� � 	�� �� ���	��	�
��

����� ���	
� �−�� ��� ��
� ������	
 �� 
��	 �����	


< 1.�4< 1.�4< 1.�4< 1.�4 %1 �0" #"*87):$7 12! �!7� �> �− → φ → ηγ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
< 4.4 %1 #�?"��)?:$ %%�  "-� �> �− → φ → ηγ

< % %1 #�?"��)?:$ %5"  "-� )�� #�?"��)?:$ %%�

<�2 1 �?#!�8 54 #)=�

�
(
π1π1

)
	����	� ���	��

(
π1π1

)
	����	� ���	��

(
π1π1

)
	����	� ���	��

(
π1π1

)
	����	� ���	�

9�������� �� � 	�� �� ���	��	�
��

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<&.4<&.4<&.4<&.4 %1 #�?"��)?:$ %%"  "-� �> �− → φ → ηγ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<0 %1 �� # ?#)73 %6 )$- �> �− → φ → ηγ

��# ?#)73 %6 �������� ��� ����� �� 	 ±4σ ����� 	����� ��� η �	��� ����� 	 "����
 	��� 
	�
��	���� ���� �1 ± 2 ������� ��� ����� ���� �� ��� =������ ����� ����� ��� ���
�������� ����� 	�� �� �	
G������

�
(
π1π1 γ

)
	����	� ���	��

(
π1π1 γ

)
	����	� ���	��

(
π1π1 γ

)
	����	� ���	��

(
π1π1 γ

)
	����	� ���	�

9�������� �� � ���	��	�
��
����� ��� ������	
 �� 
��	 �� �����	


<2× �1−&<2× �1−&<2× �1−&<2× �1−& %1 $�9��$) 12  8E* 1 �(5�1 "�3@
+ π− → �η

�
(
π1π1π1 γ

)
	����	� ��4	��

(
π1π1π1 γ

)
	����	� ��4	��

(
π1π1π1 γ

)
	����	� ��4	��

(
π1π1π1 γ

)
	����	� ��4	�

9�������� �� � ���	��	�
��
����� ��� ������	
 �� 
��	 �� �����	


<0× �1−2<0× �1−2<0× �1−2<0× �1−2 %1 $�9��$) 12  8E* 1 �(5�1 "�3@
+ π− → �η

�
(
Aγ

)
	����	� ��&	��

(
Aγ

)
	����	� ��&	��

(
Aγ

)
	����	� ��&	��

(
Aγ

)
	����	� ��&	�
9�������� �� � ���	��	�
��

����� ��� ������	
 �� 
��	 �����	


<&× �1−2<&× �1−2<&× �1−2<&× �1−2 %1 $�9��$) 12!  8E* �(5�1 "�3@
+ π− → �η

�
(
Aγ

)
	�

(

γ

)
��&	���

(
Aγ

)
	�

(

γ

)
��&	���

(
Aγ

)
	�

(

γ

)
��&	���

(
Aγ

)
	�

(

γ

)
��&	��

����� ���	
� �−�� ��� ������	
 �� 
��	 ��

<�.� %2 #!-� 6& /#"� 1

�
(
Aγ

)
	�

(
Aπ1

)
��&	�4�

(
Aγ

)
	�

(
Aπ1

)
��&	�4�

(
Aγ

)
	�

(
Aπ1

)
��&	�4�

(
Aγ

)
	�

(
Aπ1

)
��&	�4

����� ���	
� �−,� ��� ������	
 �� 
��	 �����	


<&.%<&.%<&.%<&.% %1 #!7:):7 1& �!7� φ → ηγ

�
(
?π1

)
	����	� ��2	��

(
?π1

)
	����	� ��2	��

(
?π1

)
	����	� ��2	��

(
?π1

)
	����	� ��2	�

9�������� �� � 	�� �� ���	��	�
��

����� ���	
� �−8� ��� ������	
 �� 
��	 �����	


<0.%<0.%<0.%<0.% %1 =8#�?73 11  8E* π− � → �η� 5�1 "�3@�

�
(
π1 > −

)
	�

(
π>π−π1

)
��0	�6�

(
π1 > −

)
	�

(
π>π−π1

)
��0	�6�

(
π1 > −

)
	�

(
π>π−π1

)
��0	�6�

(
π1 > −

)
	�

(
π>π−π1

)
��0	�6

� �	���� ������� ���� �� �

�� 	� 	 ������������ ���
����

����� ���	
� �−�� ��� ��
� ������	
 �� 
��	

< �.%< �.%< �.%< �.% %1 �#$� 52 7)=�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
< &� %1 *#/!:$ 05 ?!* 

< �0 %1 1 *:!!:$/ 05 ?!* 

< 55 1 97)��8 02� ?* 

<��1 =8: � 02 ?* 

�
(
π1 > −

)
	����	� ��0	��

(
π1 > −

)
	����	� ��0	��

(
π1 > −

)
	����	� ��0	��

(
π1 > −

)
	����	� ��0	�

� �	���� ������� ���� �� �

�� 	� 	 ������������ ���
����

����� ���	
� �−-� ��� ��
� ������	
 �� 
��	

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.1�0 %1 1 "#8�E$73 50 ?!* 

<1.16& %1 *#;:$ 06 -* 

<1.5 8:���$*�8/ 02 ?* 

�
(
π1µ>µ−)

	����	� ��5	��
(
π1µ>µ−)

	����	� ��5	��
(
π1µ>µ−)

	����	� ��5	��
(
π1µ>µ−)

	����	� ��5	�
� �	���� ������� ���� �� �

�� 	� 	 ������������ ���
����

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<1.12<1.12<1.12<1.12 %1 -;?�!E#-:$ 6� )=� π− � → η�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<2 ,�?"#$$ 06 7)=�[
�
(
µ> −

)
��

(
µ− >

)]
	����	� ��6	�

[
�
(
µ> −

)
��

(
µ− >

)]
	����	� ��6	�

[
�
(
µ> −

)
��

(
µ− >

)]
	����	� ��6	�

[
�
(
µ> −

)
��

(
µ− >

)]
	����	� ��6	�

9�������� �� ������ �	���� ������ 
������	�����

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<0<0<0<0 %1 ,?:�� %0 )=� �� → η 4?�

η �0��������7<��9 ����� 4�7���2�7�η �0��������7<��9 ����� 4�7���2�7�η �0��������7<��9 ����� 4�7���2�7�η �0��������7<��9 ����� 4�7���2�7�

π>π−π1 ���207�982 ������27� 4�7���2�7π>π−π1 ���207�982 ������27� 4�7���2�7π>π−π1 ���207�982 ������27� 4�7���2�7π>π−π1 ���207�982 ������27� 4�7���2�7
"�	��������� ���� 	� ����� > �.1× �1−� �	�� ���� ��������

����� ���	
� �−-� ��
� ������	
 �� 
��	

1.1%±1.�5 7.8 #3�8#/�1.1%±1.�5 7.8 #3�8#/�1.1%±1.�5 7.8 #3�8#/�1.1%±1.�5 7.8 #3�8#/�

1.�6±1.�0 �02G �#$� 5& 7)=�

−1.12±1.�� ��1G !#E��8 5� #)=�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.2 ±1.2 45G �4 /78"!�E 06" #)=�

�4��� /78"!�E 06" 	�������� �� ����	��� ��� �� ����	����� (���� × ****+ ��	�G 
�	����
���
��� $�� ����������� ���� (���� × ****+ 
������� ���C� ������� 	� 	���������



������������

��� ��� �� ���� 	
� ����� ����	
�� �	��	��

η

π>π−π1 ��=2��2 ������27� 4�7���2�7π>π−π1 ��=2��2 ������27� 4�7���2�7π>π−π1 ��=2��2 ������27� 4�7���2�7π>π−π1 ��=2��2 ������27� 4�7���2�7
"�	��������� ���� 	� ����� > �.1× �1−� �	�� ���� ��������

����� ���	
� �−-� ��
� ������	
 �� 
��	

1.�6±1.�0 7.8 #3�8#/�1.�6±1.�0 7.8 #3�8#/�1.�6±1.�0 7.8 #3�8#/�1.�6±1.�0 7.8 #3�8#/�

1.�1±1.�2 �02G �#$� 5& 7)=�

1.�1±1.�� ��1G !#E��8 5� #)=�

1.2 ±1.2 45G /78"!�E 06" ,:8�

π>π−π1 E>��7��2 ������27� 4�7���2�7π>π−π1 E>��7��2 ������27� 4�7���2�7π>π−π1 E>��7��2 ������27� 4�7���2�7π>π−π1 E>��7��2 ������27� 4�7���2�7
����� ���	
� �−-� ��
� ������	
 �� 
��	

−1.�5±1.�5 7.8 #3�8#/�−1.�5±1.�5 7.8 #3�8#/�−1.�5±1.�5 7.8 #3�8#/�−1.�5±1.�5 7.8 #3�8#/�

−1.41±1.�2 �02G �#$� 5& 7)=�

−1.15±1.�� ��1G !#E��8 5� #)=�

π>π−γ ���207�982 ������27� 4�7���2�7π>π−γ ���207�982 ������27� 4�7���2�7π>π−γ ���207�982 ������27� 4�7���2�7π>π−γ ���207�982 ������27� 4�7���2�7
"�	��������� ���� 	� ����� > �.1× �1−� �	�� ���� ��������

����� ���	
� �−-� ��
� ������	
 �� 
��	

1.% ±1.& 7.8 #3�8#/�1.% ±1.& 7.8 #3�8#/�1.% ±1.& 7.8 #3�8#/�1.% ±1.& 7.8 #3�8#/�

�.� ±1.0 42G �#$� 5&� 7)=�

1.2 ±1.0 40G �?#!�8 5� #)=�

�.��±�.20 5�25 /78"!�E 51 #)=�

π>π−γ 4�7���2�7 β ��0,�&��π>π−γ 4�7���2�7 β ��0,�&��π>π−γ 4�7���2�7 β ��0,�&��π>π−γ 4�7���2�7 β ��0,�&��
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NOTE ON SCALAR MESONS

Updated January 2006 by S. Spanier (University of Tennessee)
and N.A. Törnqvist (Helsinki).

I. Introduction: In contrast to the vector and tensor mesons,

the identification of the scalar mesons is a long-standing puzzle.

Scalar resonances are difficult to resolve because of their large

decay widths which cause a strong overlap between resonances

and background, and also because several decay channels open

up within a short mass interval. In addition, the K̄K and ηη

thresholds produce sharp cusps in the energy dependence of the

resonant amplitude. Furthermore, one expects non-q̄q scalar

objects, like glueballs and multiquark states in the mass range

below 1800 MeV. The number of experimental and theoretical

publications since our last issue indicates great activity in this

field. For some recent reviews see AMSLER 04, BUGG 04C,

CLOSE 02B.

Scalars are produced, for example, in πN scattering on

polarized/unpolarized targets, p̄p annihilation, central hadronic

production, J/Ψ, B-, D- and K-meson decays, γγ forma-

tion, and φ radiative decays. Experiments are accompanied by

the development of theoretical models for the reaction ampli-

tudes, which are based on common fundamental principles of

two-body unitarity, analyticity, Lorentz invariance, and chiral-

and flavour-symmetry using different techniques (K-matrix for-

malism, N/D-method, Dalitz Tuan ansatz, unitarized quark

models with coupled channels, effective chiral field theories

like the linear sigma model, etc.). Dynamics near the lowest

two-body thresholds in some analyses is described by crossed

channel (t, u) meson exchange or with an effective range pa-

rameterization instead of or in addition to resonant features

in the s-channel, only. Furthermore, elastic S-wave scattering

amplitudes involving soft pions have zeros close to thresh-

old (ADLER 65, 65A), which may be shifted or removed in

associated production processes.

The mass and width of a resonance are found from the

position of the nearest pole in the process amplitude (T -matrix

or S-matrix) at an unphysical sheet of the complex energy

plane: (E − i Γ/2). It is important to notice that only in

the case of narrow well-separated resonances, far away from

the opening of decay channels, does the naive Breit-Wigner

parameterization (or K-matrix pole parametrization) agree with

this pole position.

In this note, we discuss all light scalars organized in the

listings under the entries (I = 1/2) K∗
0(800) (or κ), K∗(1430),

(I = 1) a0(980), a0(1450), and (I = 0) f0(600) (or σ), f0(980),

f0(1370), and f0(1500). This list is minimal and does not

necessarily exhaust the list of actual resonances. The (I = 2)

ππ and (I = 3/2) Kπ phase shifts do not exhibit any resonant

behavior. See also our notes in previous issues for further

comments on e.g., scattering lengths and older papers.

II. The I = 1/2 States: The K∗(1430) (ASTON 88) is

perhaps the least controversial of the light scalar mesons.

The Kπ S-wave scattering has two possible isospin channels,

I = 1/2 and I = 3/2. The I = 3/2 wave is elastic and re-

pulsive up to 1.7 GeV (ESTABROOKS 78) and contains no

known resonances. The I = 1/2 Kπ phase shift, measured

from about 100 MeV above threshold in Kp production, rises

smoothly, passes 90◦ at 1350 MeV, and continues to rise to

about 170◦ at 1600 MeV. The first important inelastic thresh-

old is Kη′(958). In the inelastic region the continuation of

the amplitude is uncertain since the partial-wave decomposition

has several solutions. The data are extrapolated towards the

Kπ threshold using effective range type formulas (ASTON 88,

ABELE 98) or chiral perturbation predictions (BERNARD 91,

JAMIN 00, CHERRY 01). In analyses using unitarized ampli-

tudes there is agreement on the presence of a resonance pole

around 1410 MeV having a width of about 300 MeV. In recent

years there has been controversy about the existence of a light

and very broad “κ” meson in the 700-900 MeV region (e.g.

D-meson decay analyses LINK 02, AITALA 02, 06). Some

authors find this pole in their phenomenological analysis (see

e.g. PALAEZ 04A, ZHENG 04, ISHIDA 03, BLACK 01,03,

BUGG 03, DELBOURGO 98, OLLER 99, 99C, SCADRON 03,

ANISOVICH 97C, JAMIN 00, SHAKIN 01), while others do

not (e.g. CHERRY 01, KOPP 01, LINK 05I). Since it appears

to be a very wide object (Γ ≈ 500 MeV) near the Kπ threshold,

its presence and properties are difficult to establish on data.

In an important observation BES finds a κ like structure

in J/ψ decays to K̄∗0(892)K+π− where κ recoils against the

K∗(892) (ABLIKIM 06C).

III. The I = 1 States: Two isovector states are known,

the established a0(980) and the a0(1450). Independent of any

model, the K̄K component in the a0(980) wave function must

be large: it lies just below the opening of the K̄K channel

to which it strongly couples. This generates an important

cusp-like behavior in the resonant amplitude. Hence, its mass

and width parameters are strongly distorted. To reveal its

true coupling constants, a coupled channel model with energy-

dependent widths and mass shift contributions is necessary. In

all measurements in our listings, the mass position agrees on a

value near 984 MeV, but the width takes values between 50 and

300 MeV, mostly due to the different models. For example, the

analysis of the p̄p-annihilation data using an unitary K-matrix

description finds a width as determined from the T -matrix pole

of 92 ± 8 MeV, while the observed width of the peak in the πη

mass spectrum is about 45 MeV.

The relative coupling K̄K/πη is determined indirectly from

f1(1285) (BARBERIS 98C, CORDEN 78, DEFOIX 72) or

η(1410) decays (BAI 90C, BOLTON 92B, AMSLER 95C), from

the line shape observed in the πη decay mode (FLATTE 76,

AMSLER 94D, BUGG 94, JANSSEN 95), or from the coupled-

channel analysis of ππη and K̄Kπ final states of p̄p annihilation

at rest (ABELE 98).
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The a0(1450) is seen in p̄p annihilation experiments with

stopped and higher momenta p̄, with a mass of about 1450 MeV

or close to the a2(1320) meson which is typically a dominant

feature. The broad structure at about 1300 MeV observed in

πN → K̄KN reactions (MARTIN 79) needs further confirma-

tion in its existence and isospin assignment.

IV. The I = 0 States: The I = 0 JPC = 0++ sector is the

most complex one, both experimentally and theoretically. The

data have been obtained from ππ, K̄K, ηη, 4π, and ηη′(958)

systems produced in S-wave. Analyses based on several dif-

ferent production processes conclude that probably four poles

are needed in the mass range from ππ threshold to about

1600 MeV. The claimed isoscalar resonances are found under

separate entries σ or f0(600), f0(980), f0(1370), and f0(1500).

Below 1100 MeV, the important data come from the ππ

and K̄K final states. Information on the ππ S-wave phase

shift δI
J = δ0

0 was already extracted 30 years ago from the

πN scattering with unpolarized (GRAYER 74) and polarized

targets (BECKER 79), and near threshold from the Ke4-

decay (ROSSELET 77). The ππ S-wave inelasticity is not

accurately known, and the reported ππ → K̄K cross sec-

tions (WETZEL 76, POLYCHRONAKOS 79, COHEN 80,

and ETKIN 82B) may have large uncertainties. The πN data

(GRAYER 74, BECKER 79) have been analyzed in combi-

nation with high-statistics data from p̄p annihilation at rest

(see entries labeled as RVUE for re-analyses of the data). The

re-analysis (KAMINSKI 97, 02, 03) finds two out of four rele-

vant solutions, with the S-wave phase shift rising slower than

the P -wave [ρ(770)], which is used as a reference. One of these

corresponds to the well-known “down” solution of GRAYER 74.

The other “up” solution shows a decrease of the modulus in

the mass interval between 800-980 MeV. Both solutions exhibit

a sudden drop in the modulus and inelasticity at 1 GeV, due

to the appearance of f0(980) which is very close to the opening

of the K̄K-threshold. The phase shift δ0
0 rises smoothly up to

this point, where it jumps by 120◦ (in the “up”) or 140◦ (in the

“down”) solution to reach 230◦, and then both continue to rise

slowly.

The suggestion (SVEC 97) of the existence of a narrow f0

state near 750 MeV, with a small width of 100 to 200 MeV,

is excluded by unitarity as shown by (KAMINSKI 97, 00)

using both the π- and a1(1260)-exchange in the reaction ampli-

tudes. The 2π0 invariant mass spectra of the p̄p annihilation

at rest (AMSLER 95D, ABELE 96) and the central colli-

sion (ALDE 97) do not show a distinct resonance structure

below 900 MeV, and these data are consistently described with

the standard “down” solution (GRAYER 74, KAMINSKI 97),

which allows for the existence of the broad (Γ ≈ 500 MeV)

resonance called σ. An enhancement is observed in the π+π−

invariant mass near threshold in the decays D+ → π+π−π+

(AITALA 01B, LINK 04) and J/ψ → ωπ+π− (AUGUSTIN 89,

ABLIKIM 04A). The σ pole is difficult to establish because of

its large width, and can certainly not be modelled by a naive

Breit-Wigner resonance. It can be distorted by background

as required by chiral symmetry, and from crossed channel ex-

changes, the f0(1370), and other dynamical features; it may be

generated by t-channel meson exchanges (LOHSE 90, ZOU 94).

However, most analyses listed in our issue under f0(600) agree

on a pole position near 500 − i 250 MeV.

The f0(980) overlaps strongly with the σ and the above

mentioned broad background. This can lead to a dip in the

ππ spectrum at the K̄K threshold. It changes from a dip

into a peak structure in the π0π0 invariant mass spectrum of

the reaction π−p → π0π0n (ACHASOV 98E), with increasing

four-momentum transfer to the π0π0 system, which means

increasing the a1-exchange contribution in the amplitude, while

the π-exchange decreases.

One also observes the σ, and the a0(980), in radiative

decays (φ → f0γ, φ → a0γ) in SND data (ACHASOV 00F,

ACHASOV 00H), CMD2 (AKHMETSHIN 99B), and in KLOE

data (ALOISIO 02C, ALOISIO 02D). In addition to these

observations of the σ, its existence is also supported by the

reaction e+e− → π0π0γ in the vicinity of the ρ and ω peaks.

Both SND (ACHASOV 02F) and CMD-2 (AKHMETSHIN 04B)

conclude that their value for the branching ratio ρ → π0π0 γ

exceeds the expectations from vector dominance, and that their

results are much better described if a direct coupling of ρ → σ γ

is added.

A meson resonance that is very well studied experimentally,

is the f0(1500) seen by the Crystal Barrel experiment in five

decay modes: ππ, K̄K, ηη, ηη′(958), and 4π (AMSLER 95D,

ABELE 96, and ABELE 98). Due to its interference with the

f0(1370) (and f0(1700)), the peak attributed to f0(1500) can

appear shifted in invariant mass spectra. Therefore, the appli-

cation of simple Breit-Wigner forms arrive at slightly different

resonance masses for f0(1500). Analyses of central-production

data of the likewise five decay modes (BARBERIS 99D, BAR-

BERIS 00E) agree on the description of the S wave with the

one above. The p̄p, n̄p/p̄n (GASPERO 93, ADAMO 93, AM-

SLER 94, ABELE 96) show a single enhancement at 1400 MeV

in the invariant 4π mass spectra, which is resolved into f0(1370)

and f0(1500) (ABELE 01, ABELE01B). The data on 4π from

central production (BABERIS 00C) require both resonances,

too, but disagree on the relative content of ρρ and σσ in 4π.

All investigations agree, that the 4π decay mode represents

about half of the f0(1500) decay width and is dominant for

f0(1370).

The determination of the ππ coupling of f0(1370) is ag-

gravated by the strong overlap with the broad f0(600) and

f0(1500). Since it does not show up prominently in the 2π

spectra, its mass and width are difficult to determine. Multi-

channel analyses of hadronically produced two- and three-body

final states agree on a mass between 1300 MeV and 1400 MeV

and a narrow f0(1500), but arrive at a somewhat smaller width

for f0(1370).

Both Belle and BaBar have observed strong indications of

scalars in B meson decays. For example, GARMASH 02 saw a

broad structure between 1.0 and 1.5 GeV in π+π−, K+K− and
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Kπ final states. It could be a result of interference of several

resonances in this mass range, but lack of statistics prevent

from an unambiguous identification of this effect.

V. Interpretation: What is the nature of the light scalars?

In the literature, many suggestions are discussed such as con-

ventional qq̄ mesons, qq̄qq̄ or meson-meson bound states mixed

with a scalar glueball. In reality, they can be superpositions

of these components, and one depends on models to determine

the dominant one. Although we have seen progress in recent

years, this question remains open. Here, we mention some of

the present conclusions.

Almost every model on scalar states agrees that the

K∗(1430) is predominantly the quark model sū or sd̄ state.

If one uses the naive quark model (which may be too

naive because of lack of chiral symmetry constraints), it is

natural to assume the f0(1370), a0(1450), and the K∗(1430)

are in the same SU(3) flavour nonet being the (ūu + d̄d), ud̄

and us̄ state, respectively. In this picture, the choice of the

ninth member of the nonet is ambiguous. The controversially

discussed candidates are f0(1500) and f0(1700). Compared to

the above states, the f0(1500) is very narrow. Thus, it is

unlikely to be their isoscalar partner. It is also too light to

be the first radial excitation. Assuming the three f0’s in the

1300-1700 MeV region to be mixtures between an ūu, s̄s, and

a gluonium state, one can arrive at an arrangement of these

states, although different analyses (CLOSE 01B, LI 01) do not

agree in detail. See our note on non-q̄q states.

The f0(980) and a0(980) are often interpreted as multi-

quark states (JAFFE 77, ALFORD 00, MAIANI 04A) or K̄K

bound states (WEINSTEIN 90). The insight into their internal

structure using two-photon widths (BARNES 85, LI 91, DEL-

BOURGO 99, LUCIO 99, ACHASOV 00H) is not conclusive.

The f0(980) appears as a peak structure in J/ψ → φπ+π−

and in Ds decays without f0(600) background. Based on that

observation it is suggested that f0(980) has a large s̄s compo-

nent, which according to (DEANDREA 01) is surrounded by

a virtual K̄K cloud. Data on radiative decays (φ → f0γ and

φ → a0γ) from SND, CMD2, and KLOE (see above) favour

a 4-quark picture of the f0(980) and a0(980). The underlying

model for this conclusion (BOGLIONE 03, OLLER 03B) how-

ever may be oversimplified. But it remains quite possible that

the states f0(980) and a0(980), together with the f0(600) and

the K∗
0 (800), form a new low-mass state nonet of predominantly

four-quark states, where at larger distances the quarks recom-

bine into a pair of pseudoscalar mesons forming by a meson

cloud.

Attempts have been made to start directly from chiral

Lagrangians (SCADRON 99, OLLER 99, ISHIDA 99, TORN-

QVIST 99, OLLER 03B, NAPSUCIALE 04, 04A) which predict

the existence of the σ meson near 500 MeV. Hence, e.g., in

the chiral linear sigma model with 3 flavours, the σ, a0(980),

f0(980), and κ (or K∗
0 (1430)) would form a nonet (not neces-

sarily q̄q), while the lightest pseudoscalars would be their chiral

partners. In the approach of (OLLER 99) the above resonances

are generated starting from chiral perturbation theory predic-

tions near the first open channel, and then by extending the

predictions to the resonance regions using unitarity.

In the unitarized quark model with coupled qq̄ and meson-

meson channels, the light scalars can be understood as addi-

tional manifestations of bare q̄q confinement states, strongly

mass shifted from the 1.3 - 1.5 GeV region and very distorted

due to the strong 3P0 coupling to S-wave two-meson decay

channels (TORNQVIST 95, 96, BEVEREN 86, 99, 01B). Thus,

the light scalar nonet comprising the f0(600), f0(980), K∗
0 (800),

and a0(980), as well as the regular nonet consisting of the

f0(1370), f0(1500) (or f0(1700)), K∗(1430), and a0(1450), re-

spectively, are two manifestations of the same bare input states

(see also BOGLIONE 02).

Other models with different groupings of the observed

resonances exist and may e.g. be found in earlier versions of

this review and papers listed as other related papers below.
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THE ρ(770)

Updated April 2006 by S. Eidelman (Novosibirsk).

The determination of the parameters of the ρ(770) is beset

with many difficulties because of its large width. In physical

region fits, the line shape does not correspond to a relativistic

Breit-Wigner function with a P -wave width, but requires some

additional shape parameter. This dependence on parameteri-

zation was demonstrated long ago by PISUT 68. Bose-Einstein

correlations are another source of shifts in the ρ(770) line shape,

particularly in multiparticle final state systems (LAFFERTY 93).

The same model dependence afflicts any other source of

resonance parameters, such as the energy dependence of the

phase shift δ1
1 , or the pole position. It is, therefore, not

surprising that a study of ρ(770) dominance in the decays of

the η and η′ reveals the need for specific dynamical effects, in

addition to the ρ(770) pole (ABELE 97B, BENAYOUN 03B).

The cleanest determination of the ρ(770) mass and width

comes from the e+e− annihilation and τ -lepton decays. BARA

TE 97M showed that the charged ρ(770) parameters measured

from τ -lepton decays are consistent with those of the neutral

one determined from e+e− data of BARKOV 85. This conclu-

sion is qualitatively supported by the high statistics study of
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ANDERSON 00A. However, model-independent comparison of the

two-pion mass spectrum in τ decays and the e+e− → π+π−

cross section gave indications of discrepancies between the over-

all normalization: τ data are about 3% higher than e+e−

data (ANDERSON 00A, EIDELMAN 99). A detailed analysis us-

ing such two-pion mass spectra from τ decays measured by

OPAL (ACKERSTAFF 99F), CLEO (ANDERSON 00A) and ALEPH

(DAVIER 03A, SCHAEL 05C) as well as recent pion form factor

measurements in e+e− annihilation by CMD-2 (AKHMETSHIN

02, AKHMETSHIN 04) showed that the discrepancy can be as

high as 10% above the ρ meson (DAVIER 03, DAVIER 03B). This

discrepancy retains after recent measurements of the two-pion

cross section in e+e− annihilation at KLOE (ALOISIO 05) and

SND (ACHASOV 05A, ACHASOV 06). This effect is not accounted

for by isospin breaking (ALEMANY 98, CZYZ 01, CIRIGLIANO

01, CIRIGLIANO 02), but the accuracy of its calculation may

be overestimated (MALTMAN 06). GHOZZI 04 suggested that this

effect can be explained if the charged ρ mass were higher

than that of the neutral one by a few MeV. Existing theo-

retical models of the possible mass difference predict either a

much smaller value (BIJNENS 96) or a heavier neutral ρ meson

(ACHASOV 99F). Experimental accuracy is not yet sufficient for

unambiguous conclusions.
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552.2 ±1.& 7.8 #3�8#/�552.2 ±1.& 7.8 #3�8#/�552.2 ±1.& 7.8 #3�8#/�552.2 ±1.& 7.8 #3�8#/�

55&.% ±1.& ±1.2 &�2" � # ?#)73 12! )$- �> �− → π>π−
552.02±1.0&±1.21 ��&G 4,& #�?"��)?:$ 1&  "-� �> �− → π>π−
552.% ±1.2 ±1.2 ��%6" 2 #!7:):7 14 �!7� ��1� �> �− →

π>π−π1

552.6 ±1.% ±�.1 211G 2 # ?#)73 1� )$- ��1� �> �− →
π>π−π1

552.% ±�.� 0 *#8�73 62 7!E# 1 �> �− → π>π−
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
552.6 ±1.2 ±1.4 ��%6" 5 #!7:):7 14 �!7� ��1� �> �− →

π>π−π1

552.% ±1.0 ±1.2 ��%6" 6 #!7:):7 14 �!7� ��1� �> �− →
π>π−π1

552.1 ±1.0 ±�.� 211G % # ?#)73 1� )$- ��1� �> �− →
π>π−π1

552.� ±1.5 ±2.4 �1 *�$#E7.$ %6 83.� �> �− →
π>π−�
µ>µ−

551.2 ±�.% ±2.� �� /#8-$�8 %6 83.� 1.�6S1.%�
�> �− →
π>π−

50&.� ±1.5 �� 7C 7$$�!! %5 83.� �> �− → π>π−
525.2 ±�.2 �4 *�8$: ?# %& 83.� �> �− → π>π−
506 ±� �& /�)?��$��� 6% 83.� �> �− → π>π−

�8�79�� ����� τ ������ ��( > −�8�79�� ����� τ ������ ��( > −�8�79�� ����� τ ������ ��( > −�8�79�� ����� τ ������ ��( > −
����� ����� ��
� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

552.&±1.& 7.8 #3�8#/�552.&±1.& 7.8 #3�8#/�552.&±1.& 7.8 #3�8#/�552.&±1.& 7.8 #3�8#/�

552.2±1.5 � ) ?#�! 12" #!�= τ− → π−π1 ντ
552.2±1.2±1.& ��%6" 2 #!7:):7 14 �!7� ��1� �> �− →

π>π−π1

552.�±�.�±1.2 65G �2,�0 #$-�8)7$ 11!  !�� τ− → π−π1 ντ
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
55&.6±1.0±1.& ��%6" 6 #!7:):7 14 �!7� − ��1� �> �− →

π>π−π1

550.4±1.0±1.5 ��%6" 6 #!7:):7 14 �!7� > ��1� �> �− →
π>π−π1

554.%±�.1>1.4−�.1 �5 )#$;� :!!�8714 83.� τ− → π−π1 ντ

55&.2±1.5±�.2 211G 2 # ?#)73 1� )$- ± ��1� �> �− →
π>π−π1

552.�±1.2 �6 =: ? 1� 83.� τ− → π−π1 ντ
�9��� ��� /7.$#8:) 06 �	�	������M	���� �� ��� ���� ���� �	
���� ��� ����� 
�������
��	�����
	� 	�� ������	��
 ��
���	������� )��������� *#8#�� %5��

��=�� �8�79��� �28�7 7���2������=�� �8�79��� �28�7 7���2������=�� �8�79��� �28�7 7���2������=�� �8�79��� �28�7 7���2����
����� ����� ��
� ������	
 �� 
��	 �� �����	


504.1±1.4±�.�504.1±1.4±�.�504.1±1.4±�.�504.1±1.4±�.� 011G �% #*�!� %%�  *#8 1± 1�1 � � →
π>π−π1

�8�79�� ����� 8��7�47��>����8�79�� ����� 8��7�47��>����8�79�� ����� 8��7�47��>����8�79�� ����� 8��7�47��>���
����� ����� ��
� ������	
 �� 
��	 �� �����	


500.2±�.� 7.8 #3�8#/�500.2±�.� 7.8 #3�8#/�500.2±�.� 7.8 #3�8#/�500.2±�.� 7.8 #3�8#/�

504.5±4.� #*�!� %5  *#8 �� → π−π1π1

506 ±% #/.:!#8���� %� �?) &11 ��

505 ±4 �%42 �1  #=8#87 65 )=� − �11 π− � →
π−π1 �

50� ±2 %05 �1  #=8#87 65 )=� − �11 π−=� →
π−π1=�

55� ±& ?.)�7$ 60 )=� > �1� π># → π>π1#

500 ±5 0211 �� *E�8!E 54 7)=� − 2 π− �

500.6±�.2 %021 �� =:).� 06 83.� − ��5S4�� π− �� � <�1

505 ±0 %11 �1 �:)$�8 05 ?* − &�� π− �� � <�1

��>27�� ����� 48�2�47��>�����>27�� ����� 48�2�47��>�����>27�� ����� 48�2�47��>�����>27�� ����� 48�2�47��>���
����� ����� ��
� ������	
 �� 
��	 �� �����	


506.2± �.� 7.8 #3�8#/�506.2± �.� 7.8 #3�8#/�506.2± �.� 7.8 #3�8#/�506.2± �.� 7.8 #3�8#/�

551 ± � ±� 5%G �4 *8�:�,�/ %6� ;�.) 1 21S�11 γ �

505.0± �.5 *#8�#!.  : 56  $�8 1 γ � → �> �− �

552 ± 2 /!#--:$/ 54  $�8 1 ��%S&�5 γ �

505 ± & �%41 *#!!#" 5� ?* 1 ��6 γ �

551 ± & �&41 *#!!#" 5� ?* 1 &�5 γ �

502 ±�1 #!3�$)!�*��� 51  $�8 1 γ#� � <1�1�

505.5± �.% �&1G *://) 51  $�8 1 <&�� γ → π>π− 

502 ± 2 &111 #)*.8E 05�  $�8 1 γ > =�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
55� ± � 5%G �& *8�:�,�/ %6� ;�.) 1 21S�11 γ �

��>27�� ����� �28�7 7���2������>27�� ����� �28�7 7���2������>27�� ����� �28�7 7���2������>27�� ����� �28�7 7���2����
����� ����� ��
� ������	
 �� 
��	 �� �����	


50%.1±1.% 7.8 #3�8#/�50%.1±1.% 7.8 #3�8#/�50%.1±1.% 7.8 #3�8#/�50%.1±1.% 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��&� )�� ��� �����	� ������

502 ±0 *�8�:$ %5" 7*!P 1�1 � � → π>π−π1

554 ±�.0 ,�:-�$#.�8 %4 #)�� �� → π>π−ω

50�.0±�.0 #/.:!#8���� %� �?) &11 ��

551 ±� �2 ?�E$ 6� 83.� =��� ���� �	
���

506 ±& �0,�5 *7?# :� 61 83.� 1

50% ±4 �� ,: �!.$- 56 #)=� 1 4�&�0 π±�

506 ±� 50111 -�.�) ?��� 50 ?* 1 �0 π> �

505 ±& &�11 �$/!�8 5& -* 1 0 π> � → π>π− �

552 ±& 4�111 �0 =87�7=7=��� 54 ?* 1 5�� π> �� � <1�&

50& ±4 0611 8#� !:99 5� #)=� 1 �2 π− �� � <1�4

55& ±4 �511 8�E$7!-) 0% ?* 1 ���0 π− �

50%.�±�.2 �4411 �6 =:).� 06 83.� 1 ��5S4�� π− �� � <�1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
554.2±�.2 �%  7!#$/�!7 1� 83.� ππ → ππ

50�.4±1.2±�.� 011G 41 #*�!� %%�  *#8 1 1�1 � � → π>π−π1

555 ±� &%&4 4� #-#") %5 �002 &51 µ� → µXB

551 ±� 4� *7/7!E.*��� %5 ":8# 4� �� → π>π−P

506 ±6 4� *7/7!E.*��� %5 ":8# 4� �� → π>π−P

50�.�±�.% -.*$: �# 6% 83.� π ���� �	
���

555.&±�.1 44  ?#*#.- 64 #)=� 1 �5 π− � ���	��M��

50%.2±1.5 �0,�5 !#$/ 5% 83.� 1

551 ±% �5 �)�#*877�) 5& 83.� 1 �5 π− � → π>π− �

554.2±�.5 ���11 �1 �# 7*) 5� ?* 1 ��6 π− �

552 ±4 ��21 ?E#") 06 7)=� 1 ���� π− �

WEIGHTED AVERAGE
769.0±0.9 (Error scaled by 1.4)

PISUT 68 RVUE 0.0
REYNOLDS 69 HBC 2.8
RATCLIFF 72 ASPK 2.8
PROTOPOP... 73 HBC 2.2
ENGLER 74 DBC 0.2
DEUTSCH... 76 HBC 1.0
WICKLUND 78 ASPK 0.0
BOHACIK 80 RVUE 0.1
HEYN 81 RVUE 0.2
AGUILAR-... 91 EHS 6.1
WEIDENAUER 93 ASTE 6.2
BERTIN 97C OBLX 0.4

χ2

      22.1
(Confidence Level = 0.023)

750 760 770 780 790 800

ρ //�!1 ��

  +�,!



��	��	��	��	

���������	
�� �	��	��

ρ�����

�# <� �� ��� )$- �	�	 ���� &11 �� �111 "�3 ���� �	�	������ �� ��� ρ(�&21+ 	��
ρ(�511+ ���� 	 <� �� ��� �	�	 �� *#8�73 62� *:)�!!7 6% 	�� #$-�8)7$ 11!�

4.��� ��� /7.$#8:) 06 �	�	�����M	���� ���� ��� 
������ ��	�� �� ��� ρ�ω ����������
��
&.��	�� �� #�?"��)?:$ 1��
2#������ �

ρ�
A �

ρ− � Hρ� A H
ρ− �

0 9��� ��� /7.$#8:) 06 �	�	�����M	���� �� ��� ���� ���� �	
����
5#������ �

ρ�
A �

ρ− A �
ρ
� H

ρ�
A H

ρ− A H
ρ
�

6,������ �����	����� �� �	���� 	�� �������
%#������ �

ρ
A �

ρ± � �ρππ
A �

ρ±ππ
�

�1.��� ��� �	�	 �� *#8�73 62 �� ��� ������ ��
	� �������� ������
�� 9��� ��� <� �� �> �− → π>π− �	�	 ���� ��� 
�����	����� �� ?�E$ 6� 	��
*#8�73 62� ��
����� ��� /7.$#8:) 06 �	�	�����M	���� �� ��� ���� ���� �	
����

��# <� �� *#8�73 62 �	�	 	������ ��� ����
� ωππ 
�������
�4#������ ��� )��	���� ����	���� �� ��� *#8�73 62 �	�	�
�& :�
����� *#8�73 62 �	�	� "�������������� ����� ��<�������
�2ρ(�511+ �	�� 	�� ����� <��� 	� �511 "�3 	�� �42 "�3 �����
�������
�0 9��� ��� /7.$#8:) 06 �	�	�����M	���� �� ��� ���� ���� �	
���� ��� ��
��� ����� �� 	
����� ����� �	G�� ���� 	

���� �������� �	�	�����M	����� �� ��� ���� ���� �	
����

�5.��� ��� �	�	 �� *#8#�� %5� 	�� ��� ���
���� 
���	� !	�	��	��
�6 9��� 	 <� �� ��� ����������������� �	�	������M	���� �� ��� ���� ���� �	
��� �� ��� �	�	
�� *#8#�� %5��

�%#������ ��� �'�	���� �� ρ> 	�� ρ− �	���� 	�� �������
�1"	�� ������ ���	��� �� �� �� H@

√
�B ��� ��� ���� ���� ��� �∗(6%�+ �	���

��=�	�� ����� 	�	������ )�����	��
 ������ 	���� 
����������� �� ����	� �� �������� <���
�� 9��� <� �� 4��	�	����� ���	�������
 ���	�� *�����,���� �� ���	� �	�� ������������� :��

����� *#�7$ 06� ":!!�8 05�� #!99�)��:$*�8/�8 00� ?#/7=:#$ 00� ?#/7�
=:#$ 00�� �# 7*) 00�� �#"�) 00� ,�)� 00� *!:�-�$ 02 	��  #8"7$E 0&�

�49��� ��� �	�	�����M	���� 	

����� �� )7�-:$/ 00�
�&9��� ��� �	�	�����M	���� 	

����� �� 87)) 00�
�2?�E$ 6� ��
����� 	�� ��	
���G� 	�� ������G� �π �	���� ����� �%56�
�0 9��� ���� ����	���	�����
�5 9��� ��	�� ����� 	�	����� �� /8#E�8 5& �	�	�
�6 :�
����� "#!#".- 0%� #8"�$:)� 06� *# 7$ 05� ?.,� 05� ":!!�8 05�� #!99�
)��:$*�8/�8 00� ?#/7=:#$ 00� ?#/7=:#$ 00�� �# 7*) 00�� �#"�) 00�
,�)� 00� /7!-?#*�8 0&� #*7!:$) 04�

�%*�����,���� �	�� ���� 	 ��	�������� 	�	����� �� ?E#") 54 	�� =87�7=7=�) . 54
�	�	�

41.��� ���	�������
 *�����,���� 	�� �	G�� ���� 	

���� ρ�ω ����������
��
4� )�����	��
 ������ ��� ��	��	����
4� )�����	��
 ���
�� ��� ��������
44 9��� <� �� 4��	�	����� ���	�������
 *�����,���� �� ����
����M��� �	�� �� =��	�� ����������
 ?#*#.- 64 ��
����� �	�	 �� /8#E�8 5&�

�ρ(551+ − �ρ(551+±�ρ(551+ − �ρ(551+±�ρ(551+ − �ρ(551+±�ρ(551+ − �ρ(551+±

����� ����� ��
� ������	
 �� 
��	 �� �����	


−1.5±1.6 7.8 #3�8#/�−1.5±1.6 7.8 #3�8#/�−1.5±1.6 7.8 #3�8#/�−1.5±1.6 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��2� )�� ��� �����	� ������

−�.&±1.6 4& ) ?#�! 12" #!�= τ− → π−π1 ντ
1.&±1.5±1.0 ��%6" 42 #!7:):7 14 �!7� ��1� �> �− →

π>π−π1

�.4±�.�±�.1 211G 42 # ?#)73 1� )$- ��1� �> �− →
π>π−π1

�.0±1.0±�.5 011G #*�!� %%�  *#8 1± 1�1 � � →
π>π−π1

−& ±& 4111 40 8�E$7!-) 0% ?* −1 ���0 π− �

−2 ±2 4011 40 97)��8 06 ?* ±1 1�1 � �

�.&±�.� ��%21 45 =:).� 06 83.� π� → ρ�

4&9��� ��� 
������� <� �� ��� τ− �	�	 ���� #$-�8)7$ 11! 	�� ) ?#�! 12" 	��
�> �− �	�	 ���� ��� 
�����	���� �� *#8�73 62� #�?"��)?:$ 1&� 	�� #!7:):7 12�
)��������� *#8#�� %5��

42#������ �
ρ�

A �
ρ− � Hρ� A H

ρ− �
40 9��� '����� �	���� �� 
�	��� 	�� �����	� ������
45 :�
����� "#!#".- 0%� #8"�$:)� 06� *#�7$ 06� *# 7$ 05� ?.,� 05�
":!!�8 05�� #!99�)��:$*�8/�8 00� ?#/7=:#$ 00� ?#/7=:#$ 00�� �#�
 7*) 00�� �#"�) 00� ,�)� 00� *!:�-�$ 02�  #8"7$E 0&� /7!-?#*�8 0&�
#*7!:$) 04�

WEIGHTED AVERAGE
-0.7±0.8 (Error scaled by 1.5)

PISUT 68 RVUE 2.2
FOSTER 68 HBC 0.7
REYNOLDS 69 HBC 0.7
ABELE 99E CBAR 1.6
ACHASOV 02 SND 0.8
ALOISIO 03 KLOE 1.4
SCHAEL 05C ALEP 4.6

χ2

      11.9
(Confidence Level = 0.063)

-15 -10 -5 0 5 10 15


ρ(551+ − 
ρ(551+±  +�,!

�ρ(551+� − �ρ(551+−�ρ(551+� − �ρ(551+−�ρ(551+� − �ρ(551+−�ρ(551+� − �ρ(551+−

����� ����� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.2±1.6±1.5 ��%6" 46 #!7:):7 14 �!7� ��1� �> �− →

π>π−π1

46,������ �����	����� �� �	���� 	�� �������

ρ�HH� 7��9� 4�7���2�7ρ�HH� 7��9� 4�7���2�7ρ�HH� 7��9� 4�7���2�7ρ�HH� 7��9� 4�7���2�7

��� �	�� �	�	����� � ������ 	� ��������������� 
����
���� �� ���
������ �� ��� ���� (� >  �

!
��+ @ (� >  � ��+� �����  �� ��� ���

������ �� ��� �� ��� ����� �� ��� ππ ���� ������� #� �����	�
��  A
 ! �

����� �3��−�� ������	
 �� 
��	 �� �����	


2.4>1.%−1.52.4>1.%−1.52.4>1.%−1.52.4>1.%−1.5  ?#*#.- 64 #)=� 1 �5 π− � ���	��M��

ρ�HH� B��28ρ�HH� B��28ρ�HH� B��28ρ�HH� B��28

,� �� ����� ���� ���	�� *�����,���� <��� �� �	�	 ���� ��� 
�����	����	�
�	
G������

��>27�� ����� > −��>27�� ����� > −��>27�� ����� > −��>27�� ����� > −
����� ����� ��
� ������	
 �� 
��	 �� �����	


�&0.& ±�.� 7.8 #3�8#/��&0.& ±�.� 7.8 #3�8#/��&0.& ±�.� 7.8 #3�8#/��&0.& ±�.� 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��4� )�� ��� �����	� ������

�&0.2 ±1.6 ±�.2 &�2" &� # ?#)73 12! )$- �> �− → π>π−
�&4.62±�.44±1.61 ��&G &4,&& #�?"��)?:$ 1&  "-� �> �− → π>π−
�&5.4 ±�.2 ±1.5 ��%6" 4% #!7:):7 14 �!7� ��1� �> �− →

π>π−π1

�2�.� ±�.0 ±4.1 211G 4% # ?#)73 1� )$- 1 ��1� �> �− →
π>π−π1

�21.2 ±4.1 &2 *#8�73 62 7!E# 1 �> �− → π>π−
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�&4.% ±�.4 ±�.� ��%6" &0 #!7:):7 14 �!7� ��1� �> �− →

π>π−π1

�&5.& ±�.2 ±1.5 ��%6" &5 #!7:):7 14 �!7� ��1� �> �− →
π>π−π1

�&%.6 ±�.� ±�.1 211G &1 # ?#)73 1� )$- ��1� �> �− →
π>π−π1

�&5.% ±�.2 ±5.2 &6 *�$#E7.$ %6 83.� �> �− →
π>π−�
µ>µ−

�24.2 ±�.4 ±&.0 &% /#8-$�8 %6 83.� 1.�6S1.%�
�> �− →
π>π−

�&2.1 ±�.5 21 7C 7$$�!! %5 83.� �> �− → π>π−
�&�.2 ±4.2 2� *�8$: ?# %& 83.� �> �− → π>π−
�46 ±� 2� /�)?��$��� 6% 83.� �> �− → π>π−
4%#������ �

ρ�
A �

ρ− � Hρ� A H
ρ− �

&1#������ �
ρ

A �
ρ± � �ρππ

A �
ρ±ππ

�

WEIGHTED AVERAGE
146.4±1.1 (Error scaled by 1.3)

BARKOV 85 OLYA 1.8
ACHASOV 02 SND 1.4
ALOISIO 03 KLOE 0.3
AKHMETSHIN 04 CMD2 2.8
ACHASOV 05A SND 0.0

χ2

       6.3
(Confidence Level = 0.180)

135 140 145 150 155 160 165

0����� ���) �> �−

�8�79�� ����� τ ������ ��( > −�8�79�� ����� τ ������ ��( > −�8�79�� ����� τ ������ ��( > −�8�79�� ����� τ ������ ��( > −
����� ����� ��
� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�&%.&±�.1 7.8 9:��&%.&±�.1 7.8 9:��&%.&±�.1 7.8 9:��&%.&±�.1 7.8 9:�

�&%.&±�.1 7.8 #3�8#/��&%.&±�.1 7.8 #3�8#/��&%.&±�.1 7.8 #3�8#/��&%.&±�.1 7.8 #3�8#/�

�&%.1±�.� &� ) ?#�! 12" #!�= τ− → π−π1 ντ
�&%.%±�.4±�.1 211G 4% # ?#)73 1� )$- ± ��1� �> �− →

π>π−π1

�21.&±�.&±�.& 65G 24,2& #$-�8)7$ 11!  !�� τ− → π−π1 ντ



������������

��� ��� �� ���� 	
� ����� ����	
�� �	��	��

ρ�����

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�&4.5±�.4±�.� ��%6" 4% #!7:):7 14 �!7� ± ��1� �> �− →

π>π−π1

�&�.%±�.4±�.& ��%6" &5 #!7:):7 14 �!7� − ��1� �> �− →
π>π−π1

�&&.5±�.&±�.� ��%6" &5 #!7:):7 14 �!7� > ��1� �> �− →
π>π−π1

�21.�±�.1>1.5−�.0 22 )#$;� :!!�8714 83.� τ− → π−π1 ντ

�21.%±�.�±�.1 211G &1 # ?#)73 1� )$- ��1� �> �− →
π>π−π1

&�9��� ��� /7.$#8:) 06 �	�	������M	���� �� ��� ���� ���� �	
���� ��� ����� 
�������
��	�����
	� 	�� ������	��
 ��
���	������� )��������� *#8#�� %5��

��=�� �8�79��� �28�7 7���2������=�� �8�79��� �28�7 7���2������=�� �8�79��� �28�7 7���2������=�� �8�79��� �28�7 7���2����
����� ����� ��
� ������	
 �� 
��	 �� �����	


�&%.2±�.4�&%.2±�.4�&%.2±�.4�&%.2±�.4 011G 20 #*�!� %%�  *#8 1± 1�1 � � →
π>π−π1

�8�79�� ����� 8��7�47��>����8�79�� ����� 8��7�47��>����8�79�� ����� 8��7�47��>����8�79�� ����� 8��7�47��>���
����� ����� ��
� ������	
 �� 
��	 �� �����	


�21.�± �.& 7.8 9:��21.�± �.& 7.8 9:��21.�± �.& 7.8 9:��21.�± �.& 7.8 9:�

�21.�± �.& 7.8 #3�8#/��21.�± �.& 7.8 #3�8#/��21.�± �.& 7.8 #3�8#/��21.�± �.& 7.8 #3�8#/�

�2�.6± &.4 #*�!� %5  *#8 �� → π−π1π1

�22 ±�� �%42 25  #=8#87 65 )=� − �11 π− � →
π−π1 �

�2& ±�1 %05 25  #=8#87 65 )=� − �11 π−=� →
π−π1=�

�21 ± 2 ?.)�7$ 60 )=� > �1� π># → π>π1#

�&0 ±�� 0211 26 *E�8!E 54 7)=� − 2 π− �

�&6.�± &.� %021 2% =:).� 06 83.� − ��5S4�� π− �� � <�1

�&0 ±�4 %11 �:)$�8 05 ?* − &�� π− �� � <�1

��>27�� ����� 48�2�47��>�����>27�� ����� 48�2�47��>�����>27�� ����� 48�2�47��>�����>27�� ����� 48�2�47��>���
����� ����� ��
� ������	
 �� 
��	 �� �����	


�21.5± �.% 7.8 #3�8#/��21.5± �.% 7.8 #3�8#/��21.5± �.% 7.8 #3�8#/��21.5± �.% 7.8 #3�8#/�

�&0 ± 4 ±�4 5%G 01 *8�:�,�/ %6� ;�.) 1 21S�11 γ �

�21.%± 4.1 *#8�#!.  : 56  $�8 1 γ � → �> �− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�46 ± 4 5%G 0� *8�:�,�/ %6� ;�.) 1 21S�11 γ �

�&5 ±�� /!#--:$/ 54  $�8 1 ��%S&�5 γ �

�22 ±�� �&41 *#!!#" 5� ?* 1 &�5 γ �

�&2 ±�4 �%41 *#!!#" 5� ?* 1 ��6 γ �

�&1 ± 2 #!3�$)!�*��� 51  $�8 1 γ#� � <1�1�

�&0.�± �.% �&1G *://) 51  $�8 1 <&�� γ → π>π− 

�01 ±�1 !#$;�87��: 06  $�8 1 γ �

�41 ± 2 &111 #)*.8E 05�  $�8 1 γ > =�

��>27�� ����� �28�7 7���2������>27�� ����� �28�7 7���2������>27�� ����� �28�7 7���2������>27�� ����� �28�7 7���2����
����� ����� ��
� ������	
 �� 
��	 �� �����	


�21.%± �.5 7.8 #3�8#/��21.%± �.5 7.8 #3�8#/��21.%± �.5 7.8 #3�8#/��21.%± �.5 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

��� ±�1 *�8�:$ %5" 7*!P 1�1 � � → π>π−π1

�&2.5± 2.4 ,�:-�$#.�8 %4 #)�� �� → π>π−ω

�&&.%± 4.5 -.*$: �# 6% 83.� π ���� �	
���

�&6 ± 0 0�,04 *7?# :� 61 83.� 1

�2� ± % 26 ,: �!.$- 56 #)=� 1 4�&�0 π± ��

�2& ± � 50111 -�.�) ?��� 50 ?* 1 �0 π> �

�25 ± 6 0611 8#� !:99 5� #)=� 1 �2 π− �� � <1�4

�&4 ± 6 �511 8�E$7!-) 0% ?* 1 ���0 π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�&5.1± �.2 011G 0& #*�!� %%�  *#8 1 1�1 � � → π>π−π1

�&0 ± 4 &%&4 02 #-#") %5 �002 &51 µ� → µXB

�01.1> &.�
− &.1

00  ?#*#.- 64 #)=� 1 �5 π− � ���	��M��

�22 ± � 05 ?�E$ 6� 83.� 1 π ���� �	
���

�&6.1± �.4 0�,04 !#$/ 5% 83.� 1

�&0 ±�& &�11 �$/!�8 5& -* 1 0 π> � → π>π− �

�&4 ±�4 04 �)�#*877�) 5& 83.� 1 �5 π− � → π>π− �

�01 ±�1 4�111 0� =87�7=7=��� 54 ?* 1 5�� π> �� � <1�&

�&2 ±�� ��21 25 ?E#") 06 7)=� 1 ���� π− �

�04 ±�2 �4411 06 =:).� 06 83.� 1 ��5S4�� π− �� � <�1

&�# <� �� ��� )$- �	�	 ���� &11 �� �111 "�3 ���� �	�	������ �� ��� ρ(�&21+ 	��
ρ(�511+ ���� 	 <� �� ��� �	�	 �� *#8�73 62� *:)�!!7 6% 	�� #$-�8)7$ 11!�

&4.��� ��� /7.$#8:) 06 �	�	�����M	���� ���� ��� 
������ ��	�� �� ��� ρ�ω ����������
��
&& 9��� 	 <� �� ��� ����� �	�� 1�0� �� 1�%0 /�3� .��	�� �� #�?"��)?:$ 1��
&29��� ��� /7.$#8:) 06 �	�	�����M	���� �� ��� ���� ���� �	
����
&0#������ �

ρ�
A �

ρ− A �
ρ
� H

ρ�
A H

ρ− A H
ρ
�

&5,������ �����	����� �� �	���� 	�� �������
&6.��� ��� �	�	 �� *#8�73 62 �� ��� ������ ��
	� �������� ������
&% 9��� ��� <� �� �> �− → π>π− �	�	 ���� ��� 
�����	����� �� ?�E$ 6� 	��
*#8�73 62� ��
����� ��� /7.$#8:) 06 �	�	�����M	���� �� ��� ���� ���� �	
����

21# <� �� *#8�73 62 �	�	 	������ ��� ����
� ωππ 
�������
2�#������ ��� )��	���� ����	���� �� ��� *#8�73 62 �	�	�
2� :�
����� *#8�73 62 �	�	� "�������������� ����� ��<�������
24ρ(�511+ �	�� 	�� ����� <��� 	� �511 "�3 	�� �42 "�3 �����
�������
2& 9��� ��� /7.$#8:) 06 �	�	�����M	���� �� ��� ���� ���� �	
���� ��� ��
��� ����� �� 	
����� ����� �	G�� ���� 	

���� �������� �	�	�����M	����� �� ��� ���� ���� �	
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22.��� ��� �	�	 �� *#8#�� %5� 	�� ��� ���
���� 
���	� !	�	��	��
20#������ ��� �'�	���� �� ρ> 	�� ρ− �	���� 	�� �������

25,���� ������ ���	��� �� �� �� &H@
√
�B ��� ��� ���� ���� ��� �∗(6%�+ �	���

26=�	�� ����� 	�	������ )�����	��
 ������ 	���� 
����������� �� ����	� �� �������� <���
2% 9��� <� �� 4��	�	����� ���	�������
 ���	�� *�����,���� �� ���	� �	�� ������������� :��

����� *#�7$ 06� ":!!�8 05�� #!99�)��:$*�8/�8 00� ?#/7=:#$ 00� ?#/7�
=:#$ 00�� �# 7*) 00�� �#"�) 00� ,�)� 00� *!:�-�$ 02 	��  #8"7$E 0&�

019��� ��� �	�	�����M	���� 	

����� �� )7�-:$/ 00�
0�9��� ��� �	�	�����M	���� 	

����� �� 87)) 00�
0� 9��� ���� ����	���	�����
04 9��� ��	�� ����� 	�	����� �� /8#E�8 5& �	�	�
0&.��� ���	�������
 *�����,���� 	�� �	G�� ���� 	

���� ρ�ω ����������
��
02 )�����	��
 ������ ��� ��	��	����
00 9��� <� �� 4��	�	����� ���	�������
 *�����,���� �� ����
����M��� �	�� �� ���	�� ����������
 ?#*#.- 64 ��
����� �	�	 �� /8#E�8 5&�

05?�E$ 6� ��
����� 	�� ��	
���G� 	�� ������G� �π �	���� ����� �%56�
06 :�
����� "#!#".- 0%� #8"�$:)� 06� *# 7$ 05� ?.,� 05� ":!!�8 05�� #!99�
)��:$*�8/�8 00� ?#/7=:#$ 00� ?#/7=:#$ 00�� �# 7*) 00�� �#"�) 00�
,�)� 00� /7!-?#*�8 0&� #*7!:$) 04�

�ρ(551+ − �ρ(551+±�ρ(551+ − �ρ(551+±�ρ(551+ − �ρ(551+±�ρ(551+ − �ρ(551+±
����� ��
� ������	
 �� 
��	 �����	


1.4±�.4 7.8 #3�8#/�1.4±�.4 7.8 #3�8#/�1.4±�.4 7.8 #3�8#/�1.4±�.4 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��&�

−1.�±�.1 0% ) ?#�! 12" #!�= τ− → π−π1 ντ
4.0±�.6±�.5 ��%6" 4% #!7:):7 14 �!7� ��1� �> �− →

π>π−π1

0%9��� ��� 
������� <� �� ��� τ− �	�	 ���� #$-�8)7$ 11! 	�� ) ?#�! 12" 	��
�> �− �	�	 ���� ��� 
�����	���� �� *#8�73 62� #�?"��)?:$ 1&� 	�� #!7:):7 12�
)��������� *#8#�� %5��

�ρ(551+� − �ρ(551+−�ρ(551+� − �ρ(551+−�ρ(551+� − �ρ(551+−�ρ(551+� − �ρ(551+−
����� ��
� ������	
 �� 
��	 �����	


�.6±�.1±1.2�.6±�.1±1.2�.6±�.1±1.2�.6±�.1±1.2 ��%6" &5 #!7:):7 14 �!7� ��1� �> �− →
π>π−π1

ρ�HH� ����� �����ρ�HH� ����� �����ρ�HH� ����� �����ρ�HH� ����� �����

)
	�� �	
���@
"��� 9�	
���� (H� @H+  ��<���
� �����

�� ππ ∼ �11 K

ρ�HH�± (�-�#)ρ�HH�± (�-�#)ρ�HH�± (�-�#)ρ�HH�± (�-�#)
�� π±π1 ∼ �11 K

�4 π± γ ( &.2 ±1.2 +× �1−& )A���

�& π± η < 0 × �1−4  !A6&K

�2 π±π>π−π1 < �.1 × �1−4  !A6&K

ρ�HH�1 (�-�#)ρ�HH�1 (�-�#)ρ�HH�1 (�-�#)ρ�HH�1 (�-�#)

�0 π>π− ∼ �11 K

�5 π>π−γ ( %.% ±�.0 +× �1−4
�6 π1 γ ( 0.1 ±1.6 +× �1−&
�% ηγ ( �.%2±1.41 +× �1−& )A���

��1 π1π1 γ ( &.2 ±1.6 +× �1−2
��� µ>µ− I�J ( &.22±1.�6 +× �1−2
��� > − I�J ( &.51±1.16 +× �1−2

��4 π>π−π1 ( �.1�>1.2&−1.40±1.4&+× �1−&

��& π>π−π>π− ( �.6 ±1.% +× �1−2
��2 π>π−π1π1 < & × �1−2  !A%1K

��0 π1 > −
��5 η> −

*�+ 2.� ωρ !���������-� !) �.�� ($� �� ωρ  !5!�' ��"#� ��( !) �5��-��( ��
%� ) �""1 �� µ $�!&��)�"!�# .�"()� ��ρ1 → µ>µ−� � ��ρ1 → > −�
× 1IIHDJ1

����27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2���

#� ����� $� �� ��� ���� '�	�� ��	 � ������ '�	�� �
�
 �� ���1

�������
 ��	 ��� ���
������ �� 	�������� % ���������
� ���

����� $� ��
 � χ� & ���/ ��� � 	�"���
 �� ����	���

��� ���'��" ����������� ����� ������
 ��� ��� ���������� ���Æ�����
〈
δ�iδ�j

〉
( δ�i·δ�j!) �� �������) ���� ��� $� �� ���������
 �i) ����	��" ��� ������1

��" ��������
) 	i ≡ *i(*���	�� ��� $� ���
�����
 ��� 	i '��
� ���
 ������ �� ���

����� �� 
�� �� ����

	4 −���

* �- −�-

	� 	4

"��� 8	�� ("�3+ )
	�� �	
���

�� π±π1 �21.� ±�.&
�4 π± γ 1.106±1.115 ��4
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���������	
�� �	��	��

ρ�����

����27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2���

#� ����� $� �� ��� ���� '�	��) � ������ '�	��) ��	 / ��������"
�����
 �
�
 �� ���
�������
 ��	 ��� ���
������ �� 	�������� �
���������
� ��� ����� $� ��
 � χ� & .�/ ��� �� 	�"���
 ��
����	���

��� ���'��" ����������� ����� ������
 ��� ��� ���������� ���Æ�����
〈
δ�iδ�j

〉
( δ�i·δ�j!) �� �������) ���� ��� $� �� ���������
 �i) ����	��" ��� ������1

��" ��������
) 	i ≡ *i(*���	�� ��� $� ���
�����
 ��� 	i '��
� ���
 ������ �� ���

����� �� 
�� �� ����

	5 −���

	6 −- �

	% −� � �

	�1 −� � � �

	�� � −% � � �

	�� � � −�% −�/ � �

	�& −� � � � � � �

* � � - . � � −%� �

	0 	5 	6 	% 	�1 	�� 	�� 	�&

"��� 8	�� ("�3+ )
	�� �	
���

�0 π>π− �&5.6 ±�.1
�5 π>π−γ �.&6 ±1.�&
�6 π1 γ 1.1%1 ±1.1�4
�% ηγ 1.1&& ±1.112 ���

��1 π1π1 γ 1.1105 ±1.11��
��� µ>µ− I�J 1.1106 ±1.111&
��� > − I�J 1.1151�±1.111��
��& π>π−π>π− 1.11�5 ±1.11�&

ρ�HH� 4�72��� B��28�ρ�HH� 4�72��� B��28�ρ�HH� 4�72��� B��28�ρ�HH� 4�72��� B��28�

�
(
π± γ

)
�4�

(
π± γ

)
�4�

(
π± γ

)
�4�

(
π± γ

)
�4

����� �;��� ������	
 �� 
��	 �� �����	


06 ±5 7.8 9:�06 ±5 7.8 9:�06 ±5 7.8 9:�06 ±5 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��4�

06 ±5 7.8 #3�8#/�06 ±5 7.8 #3�8#/�06 ±5 7.8 #3�8#/�06 ±5 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ���� )�� ��� �����	� ������

6� ±& ±&  #=8#87 65 )=� − �11 π−# →
π−π1#

2%.6±&.1 ?.)�7$ 60 )=� > �1� π># →
π>π1#

5� ±5 ��$)�$ 64 )=� − �20S�01 π−# →
π−π1#

WEIGHTED AVERAGE
68±7 (Error scaled by 2.2)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

JENSEN 83 SPEC 0.2
HUSTON 86 SPEC 3.8
CAPRARO 87 SPEC 5.6

χ2

       9.6
(Confidence Level = 0.008)
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)
����
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> −

)
����

(
> −

)
����

(
> −

)
���

����� �;��� ��
� ������	
 �� 
��	 �����	


5.1� ±1.�� 7.8 9:�5.1� ±1.�� 7.8 9:�5.1� ±1.�� 7.8 9:�5.1� ±1.�� 7.8 9:�

5.1� ±1.�� 7.8 #3�8#/�5.1� ±1.�� 7.8 #3�8#/�5.1� ±1.�� 7.8 #3�8#/�5.1� ±1.�� 7.8 #3�8#/�

5.10 ±1.�� ±1.12 ��&G 51,5� #�?"��)?:$ 1&  "-� �> �− → π>π−
0.55 ±1.�1 ±1.41 *#8�73 62 7!E# �> �− → π>π−
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
5.4�1±1.1��±1.��1 &�2" # ?#)73 12! )$- �> �− → π>π−
0.4 ±1.� 5� *�$#E7.$ %6 83.� �> �− → π>π−�

µ>µ−

�
(
π1 γ

)
�6�

(
π1 γ

)
�6�

(
π1 γ

)
�6�

(
π1 γ

)
�6

����� �;��� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
55±�5±�� 40211 54 # ?#)73 14 )$- 1.01S1.%5 �> �− →

π1 γ
���±4� -7!:$)�E 6% $- �> �− → π1 γ

�
(
ηγ

)
�%�

(
ηγ

)
�%�

(
ηγ

)
�%�

(
ηγ

)
�%

����� �;��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
0�±�5 5& -7!:$)�E 6% $- �> �− → ηγ

�
(
π>π−π>π−)

��&�
(
π>π−π>π−)

��&�
(
π>π−π>π−)

��&�
(
π>π−π>π−)

��&
����� �;��� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.6±�.&±1.2 �24 #�?"��)?:$ 11  "-� 1.0S1.%5 �> �− →

π>π−π>π−
51.��� ��� /7.$#8:) 06 �	�	�����M	���� ���� ��� 
������ ��	�� �� ��� ρ�ω ����������
��
5� 9��� 	 <� �� ��� ����� �	�� 1�0� �� 1�%0 /�3� .��	�� �� #�?"��)?:$ 1��
5�.��� ��� �	�	 �� *#8�73 62 �� ��� ������ ��
	� �������� ������
54.��� H���	�A �&5.% ± �.4 "�3 	�� *(ρ → π1 γ+ ���� # ?#)73 14�
5& )������� 
����������� �� 
������
���� ω�ρ ����������
��

ρ�HH� ��> −���!�	�������"�ρ�HH� ��> −���!�	�������"�ρ�HH� ��> −���!�	�������"�ρ�HH� ��> −���!�	�������"�

�
(
> −

) × �
(
π>π−)

	�����	� ����0	�
��

(
> −

) × �
(
π>π−)

	�����	� ����0	�
��

(
> −

) × �
(
π>π−)

	�����	� ����0	�
��

(
> −

) × �
(
π>π−)

	�����	� ����0	�
�

����� ���	
� �−,� ��
� ������	
 �� 
��	 �����	


&.%%�±1.1�6±1.100&.%%�±1.1�6±1.100&.%%�±1.1�6±1.100&.%%�±1.1�6±1.100 &�2" 52 # ?#)73 12! )$- �> �− → π>π−
52# <� �� ��� )$- �	�	 ���� &11 �� �111 "�3 ���� �	�	������ �� ��� ρ(�&21+ 	��

ρ(�511+ ���� 	 <� �� ��� �	�	 �� *#8�73 62� *:)�!!7 6% 	�� #$-�8)7$ 11!�

�
(
> −

) × �
(
ηγ

)
	�����	� ����%	�

��
(
> −

) × �
(
ηγ

)
	�����	� ����%	�

��
(
> −

) × �
(
ηγ

)
	�����	� ����%	�

��
(
> −

) × �
(
ηγ

)
	�����	� ����%	�

�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


�.46±1.�& 7.8 9:��.46±1.�& 7.8 9:��.46±1.�& 7.8 9:��.46±1.�& 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

�.40±1.�� 7.8 #3�8#/��.40±1.�� 7.8 #3�8#/��.40±1.�� 7.8 #3�8#/��.40±1.�� 7.8 #3�8#/�

�.21±1.02±1.1% �5&11 56 #�?"��)?:$ 12  "-� 1�01���46 �> �− → ηγ

�.0�±1.�1±1.�� �4G 5%,61 #�?"��)?:$ 1��  "-� �> �− → ηγ

�.��±1.�&±1.1& 4�� 6� # ?#)73 11( )$- �> �− → ηγ

�.62±1.&% 6� -7!:$)�E 6% $- �> �− → ηγ

�
(
> −

) × �
(
π1 γ

)
	�����	� ����6	�

��
(
> −

) × �
(
π1 γ

)
	�����	� ����6	�

��
(
> −

) × �
(
π1 γ

)
	�����	� ����6	�

��
(
> −

) × �
(
π1 γ

)
	�����	� ����6	�

�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


�.6 ±1.& 7.8 9:��.6 ±1.& 7.8 9:��.6 ±1.& 7.8 9:��.6 ±1.& 7.8 9:�

�.6 ±1.& 7.8 #3�8#/��.6 ±1.& 7.8 #3�8#/��.6 ±1.& 7.8 #3�8#/��.6 ±1.& 7.8 #3�8#/�

�.%1>1.01−1.22±1.�6 �6061 #�?"��)?:$ 12  "-� 1�01���46 �> �− →
π1 γ

�.45±1.24±1.44 40211 50 # ?#)73 14 )$- 1.01S1.%5 �> �− →
π1 γ

4.0�±1.5&±1.&% �10�2 6� -7!:$)�E 6% $- �> �− → π1 γ

50.��� σ
φ →π γ

���� # ?#)73 11 	�� �ρA 552.%5 "�3 �� ��� ����� ���� ���

����������������� ��	�� �� ρ�ω ����������
� �'�	� �� (−�1.� ± 5.1+◦�

�
(
> −

) × �
(
π>π−π1

)
	�����	� �����4	�

��
(
> −

) × �
(
π>π−π1

)
	�����	� �����4	�

��
(
> −

) × �
(
π>π−π1

)
	�����	� �����4	�

��
(
> −

) × �
(
π>π−π1

)
	�����	� �����4	�

�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
&.26>�.&0−�.0&±�.20 ���" 55 # ?#)73 14( 83.� 1.&&S�.11 �> �− →

π>π−π1

55)�	�����
	� ����<
	�
� �� ���� ��	� 4 σ�
56 9��� ��� η → �γ ��
	� 	�� ���� *(η → γ γ+A 4%.&4 ± 1.�0K�
5%9��� ��� η → 4π1 ��
	� 	�� ���� *(η → 4π1+A (4�.�& ± 1.�%+ × �1−��
61��� 
������� <� ���� 011 �� �461 "�3 �	G�� ���� 	

���� ρ(551+� ω(56�+� φ(�1�1+�
	�� ρ(�&21+ (�	�� 	�� ����� <��� 	� �&21 "�3 	�� 4�1 "�3 �����
������+�

6� 9��� ��� η → 4π1 ��
	� 	�� ���� *(η → 4π1+A (4�.� ± 1.&+× �1−��
6�8�
	�
��	��� �� �� ���� ��� 
���� ��
���� �� ��� ��	G�

ρ�HH� 67���8��9 7�2���ρ�HH� 67���8��9 7�2���ρ�HH� 67���8��9 7�2���ρ�HH� 67���8��9 7�2���

�
(
π± η

)
	�

(
ππ

)
�&	���

(
π± η

)
	�

(
ππ

)
�&	���

(
π± η

)
	�

(
ππ

)
�&	���

(
π± η

)
	�

(
ππ

)
�&	��

����� ���	
� �−�� ��� ������	
 �� 
��	 �� �����	


<01<01<01<01 6& 9�8*�! 00 ?* ± π± � 	���� ��2

�
(
π±π>π−π1

)
	�

(
ππ

)
�2	���

(
π±π>π−π1

)
	�

(
ππ

)
�2	���

(
π±π>π−π1

)
	�

(
ππ

)
�2	���

(
π±π>π−π1

)
	�

(
ππ

)
�2	��

����� ���	
� �−�� ��� ������	
 �� 
��	 �� �����	


<�1<�1<�1<�1 6& 9�8*�! 00 ?* ± π± � 	���� ��2

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
42±&1 �#"�) 00 ?* > ��� π> �



������������

��� ��� �� ���� 	
� ���������	
�� �	��	��

ρ�����

�
(
µ>µ−)

	�
(
π>π−)

���	�0�
(
µ>µ−)

	�
(
π>π−)

���	�0�
(
µ>µ−)

	�
(
π>π−)

���	�0�
(
µ>µ−)

	�
(
π>π−)

���	�0
����� ���	
� �−,� ������	
 �� 
��	 �����	


&.01±1.�6 7.8 9:�&.01±1.�6 7.8 9:�&.01±1.�6 7.8 9:�&.01±1.�6 7.8 9:�

&.0 ±1.� ±1.�&.0 ±1.� ±1.�&.0 ±1.� ±1.�&.0 ±1.� ±1.� #$�:=73 6% ):/" π− � → µ>µ−π− �
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
6.� >�.0

−4.0 64 87�?,�!! 0%  $�8 =���������
����

2.0 ±�.2 6& ,�?"#$$ 0% 7)=� �� π− � 9�

%.5 >4.�
−4.4 62 ?E#") 05 7)=� �� π−!�� ?

�
(
> −

)
	�

(
ππ

)
���	���

(
> −

)
	�

(
ππ

)
���	���

(
> −

)
	�

(
ππ

)
���	���

(
> −

)
	�

(
ππ

)
���	��

����� ���	
� �−�� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.&1±1.12 60 *�$#�)#) 5� 7)=� �> �− → π>π−

�
(
ηγ

)
	����	� �%	��

(
ηγ

)
	����	� �%	��

(
ηγ

)
	����	� �%	��

(
ηγ

)
	����	� �%	�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �� �����	


�.%2±1.41 7.8 9:��.%2±1.41 7.8 9:��.%2±1.41 7.8 9:��.%2±1.41 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

4.0 ±1.%4.0 ±1.%4.0 ±1.%4.0 ±1.% 65 #$-8�,) 55  $�8 1 0�5S�1 γ �
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
4.��±�.4%±1.�1 �5&11 66,6% #�?"��)?:$ 12  "-� 1�01���46

�> �− → ηγ
4.4%±1.&�±1.�4 65,%1,%� #�?"��)?:$ 1��  "-� �> �− → ηγ

�.0%±1.4�±1.�0 4�� %� # ?#)73 11( )$- �> �− → ηγ

�.% >1.0
−1.6 %4 *�$#E7.$ %0 83.� 1�2&���1&

�> �− → ηγ
&.1 ±�.� 65,6% -7!:$)�E 6% $- �> �− → ηγ

�
(
π>π−π>π−)

	����	� ��&	��
(
π>π−π>π−)

	����	� ��&	��
(
π>π−π>π−)

	����	� ��&	��
(
π>π−π>π−)

	����	� ��&	�

����� ���	
� �−,� ��� ��
� ������	
 �� 
��	 �����	


�.6±1.% 7.8 9:��.6±1.% 7.8 9:��.6±1.% 7.8 9:��.6±1.% 7.8 9:�

�.6±1.%±1.4�.6±1.%±1.4�.6±1.%±1.4�.6±1.%±1.4 �24 #�?"��)?:$ 11  "-� 1.0S1.%5 �> �− →
π>π−π>π−

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<�1 %1 �.8-#-;� 66 7!E# �> �− →

π>π−π>π−

�
(
π>π−π>π−)

	�
(
ππ

)
��&	���

(
π>π−π>π−)

	�
(
ππ

)
��&	���

(
π>π−π>π−)

	�
(
ππ

)
��&	���

(
π>π−π>π−)

	�
(
ππ

)
��&	��

����� ���	
� �−�� ��� ������	
 �� 
��	 �� �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<�2 %1 �8*� 0% ?* 1 ��2S2�6 γ �

<�1  ?.$/ 06 ?* 1 4���&�� π− �

<�1 %1 ?.)7$ 06 ?!* 1 �0�1 π− �

<61 �#"�) 00 ?* 1 ��� π> �

�
(
π>π−π1

)
	����	� ��4	��

(
π>π−π1

)
	����	� ��4	��

(
π>π−π1

)
	����	� ��4	��

(
π>π−π1

)
	����	� ��4	�

����� ���	
� �−�� ��� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.1�>1.2&−1.40±1.4& ���" %& # ?#)73 14( 83.� 1.&&S�.11 �> �− →

π>π−π1

<�.� %1 3#))�8"#$ 66� $- �> �− →
π>π−π1

�
(
π>π−π1

)
	�

(
ππ

)
��4	���

(
π>π−π1

)
	�

(
ππ

)
��4	���

(
π>π−π1

)
	�

(
ππ

)
��4	���

(
π>π−π1

)
	�

(
ππ

)
��4	��

����� ��� ������	
 �� 
��	 �� �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ 1.1� *8#"7$ 60 83.� 1 �/ψ → ωπ1

<1.1� 6& %2 #*8#") 5� ?* 1 4�5 π> �

�
(
π>π−π1π1

)
	����	� ��2	��

(
π>π−π1π1

)
	����	� ��2	��

(
π>π−π1π1

)
	����	� ��2	��

(
π>π−π1π1

)
	����	� ��2	�

����� ���	
� �−�� ��� ������	
 �� 
��	 �� �����	


<1.&<1.&<1.&<1.& %1 #.! ?�$�7 65" $- 1 �> �− →
π>π−π1π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<� %1 �.8-#-;� 60 7!E# 1 �> �− →

π>π−π1π1

�
(
π>π−γ

)
	����	� �5	��

(
π>π−γ

)
	����	� �5	��

(
π>π−γ

)
	����	� �5	��

(
π>π−γ

)
	����	� �5	�

����� ��� ������	
 �� 
��	 �����	


1.11%%±1.11�0 7.8 9:�1.11%%±1.11�0 7.8 9:�1.11%%±1.11�0 7.8 9:�1.11%%±1.11�0 7.8 9:�

1.11%%±1.11�01.11%%±1.11�01.11%%±1.11�01.11%%±1.11�0 %0 -7!:$)�E %� $- �> �− → π>π− γ
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.1���±1.11�& %5 3#))�8"#$ 66 $- �> �− → π>π− γ

<1.112 %1 %6 3#))�8"#$ 66 $- �> �− → π>π− γ

�
(
π1 γ

)
	����	� �6	��

(
π1 γ

)
	����	� �6	��

(
π1 γ

)
	����	� �6	��

(
π1 γ

)
	����	� �6	�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
0.��>�.�6−�.�6±1.4% �6061%%,�11 #�?"��)?:$ 12  "-� 1�01���46 �> �− →

π1 γ
2.��±�.�5±1.52 40211�11,�1� # ?#)73 14 )$- 1.01S1.%5 �> �− →

π1 γ
0.6 ±�.5 �1� *�$#E7.$ %0 83.� 1�2&���1& �> �− →

π1 γ
5.% ±�.1 �11 -7!:$)�E 6% $- �> �− → π1 γ

�
(
π1 > −

)
	����	� ��0	��

(
π1 > −

)
	����	� ��0	��

(
π1 > −

)
	����	� ��0	��

(
π1 > −

)
	����	� ��0	�

����� ���	
� �−,� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<�.0 #�?"��)?:$ 12!  "-� 1�5��1�6& �> �−

�
(
η> −

)
	����	� ��5	��

(
η> −

)
	����	� ��5	��

(
η> −

)
	����	� ��5	��

(
η> −

)
	����	� ��5	�

����� ���	
� �−,� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.5 #�?"��)?:$ 12!  "-� 1�5��1�6& �> �−

�
(
π1π1 γ

)
	����	� ��1	��

(
π1π1 γ

)
	����	� ��1	��

(
π1π1 γ

)
	����	� ��1	��

(
π1π1 γ

)
	����	� ��1	�

����� ���	
� �−,� ��
� ������	
 �� 
��	 �����	


&.2±1.6 7.8 9:�&.2±1.6 7.8 9:�&.2±1.6 7.8 9:�&.2±1.6 7.8 9:�

&.2>1.%−1.6 7.8 #3�8#/�&.2>1.%−1.6 7.8 #3�8#/�&.2>1.%−1.6 7.8 #3�8#/�&.2>1.%−1.6 7.8 #3�8#/�

2.�>�.2−�.4±1.0 �%1 �14 #�?"��)?:$ 1&�  "-� 1.0S1.%5 �> �− →
π1π1 γ

&.�>�.1−1.%±1.4 �%2 �1& # ?#)73 1�� )$- 1.40S1.%5 �> �− →
π1π1 γ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
&.6>4.&−�.6±1.2 04 �12 # ?#)73 113 )$- �> �− → π1π1 γ

64=������� �	�� ρ�ω ����������
� ��	�� �� �� ��
��	�� ��� ����� ������
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 �$���$
�0 ��#� �� �� �8 ����
!��4*��� �- 1� � ,, ,�� ��!� !��;���:$ �� ��� �4�!��

 �$���$
�0 ��#� �� � �- �8�
4�''�= �- �� �-� 8�� ���� 4����>6 <�(� *.�9.$�06 "�(� 3$�� �4' =�
*!��&* �- ��� � ��� '��� *$�	#� �� ��� ��'�6 "7'=6 "&�7��
/7&'3 �- �� �-� ���� +� '5�>�� '5#)6 3��� �>�). �����
!'(��*&' �� ��� � ��, 1�!� !�0���#� �� ��� �����
��<�' �� ��� � �-� !��� ��@	� �� ��� �<�*"�

ω����� �	 �
�� � � −��−−�

ω�HD
� ����ω�HD
� ����ω�HD
� ����ω�HD
� ����

����� ����� ��
� ������	
 �� 
��	 �����	


56�.02±1.�� 7.8 #3�8#/�56�.02±1.�� 7.8 #3�8#/�56�.02±1.�� 7.8 #3�8#/�56�.02±1.�� 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��%� )�� ��� �����	� ������

564.�1±1.�4±1.�0 �6061 #�?"��)?:$ 12  "-� 1�01���46 �> �− →
π1 γ

56�.06±1.1%±1.1& ���11 � #�?"��)?:$ 1&  "-� �> �− → π>π−π1

56�.5%±1.16±1.1% ���" � # ?#)73 14( 83.� 1.&&S�.11 �> �− →
π>π−π1

56�.5 ±1.� ±�.2 �%211 ,.8;:$/�8 %2 )=� ��44 �� → 4?�ω

56�.%0±1.�5±1.61 ��G 4 #")!�8 %&"  *#8 1.1 � � → ωηπ1

56�.16±1.40±1.6� 4&04 & #")!�8 %&"  *#8 1.1 � � → ωηπ1

56�.%0±1.�4±1.�5 �2G #")!�8 %4�  *#8 1.1 � � → ωπ1π1

56�.& ±1.� �51G ,�:-�$#.�8 %4 #)�� �� → �π>�π−π1

56�.� ±1.& �&66 �.8-#-;� 64� 7!E# �> �− → π>π−π1

56�.& ±1.2 5111 2 ��E$� 50  $�8 π− � → ω�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
56�.56±1.�1 0 *#8�73 65  "- �> �− → π>π−π1

564.4 ±1.& &44  78-:�8 61 -"� �> �− → π>π−π1

56�.2 ±1.6 44�01 877) 61 83.� 1�1S4�0 ��

56�.0 ±1.6 4111 *�$�?�:8: 5% 7"�/ %S�� π± �

56�.6 ±1.0 �&41  77=�8 56� ?* 1�5S1�6 �� → 2π

56�.5 ±1.% 242 3#$#=�!��� 56 ?* 5�� � � → � �ω

564.2 ±1.6 ��11 /�))#87!: 55 ?* �� π− � → ω�

56�.2 ±1.6 &�6 #/.:!#8���� 5�� ?* 4�%�&�0 �− �

564.& ±�.1 �&6 *:;;#88: 5� ?* 1�1 �� → �>�−ω

56�.1 ±1.0 2�1 *:;;#88: 5� ?* 1�1 �� → ����ω

564.5 ±�.1 4264 5  7E$� 5� ?* 4�5 π> � →
�π>π>π−π1

56&.� ±�.� 521 #*8#"73:��� 51 ?* 4�% π− �

564.� ±�.0 6 *://) 51�  $�8 <&�� γ → π>π− 

56�.& ±1.2 �&11 *:;;#88: 0% ?* 1�1 � �

�.��	�� �� #�?"��)?:$ 11"�
� 9��� ��� 
������� <� �� #$�7$�!!: %�� # ?#)73 1��� # ?#)73 1��� 	��

# ?#)73 14( �	�	 �� ��� π>π−π1 	�� #$�7$�!!: %� �� ��� ωπ>π− <�	� ��	����
)��������� # ?#)73 %%� 	�� # ?#)73 1���

4 9��� ��� η → γ γ ��
	��
& 9��� ��� η → 4π1 ��
	��
27������� �� ����������
������ ��
���'��� "	�� ���������� A &�6 "�3 9,?"�
0)�����	��
 ��
���	������ ����������	����
5 9��� ��������������� �	���� ��  7E$� 5��
6 9��� ω�ρ ����������
� �� ��� π>π− �	�� ���
���� 	������ ω ����� ���0 "�3�

WEIGHTED AVERAGE
782.65±0.12 (Error scaled by 1.9)

KEYNE 76 CNTR 0.2
KURDADZE 83B OLYA 1.2
WEIDENAUER 93 ASTE 1.5
AMSLER 93B CBAR 10.3
AMSLER 94C CBAR 0.4
AMSLER 94C CBAR 0.7
WURZINGER 95 SPEC 0.0
ACHASOV 03D RVUE 1.4
AKHMETSHIN 04 CMD2 0.1
AKHMETSHIN 05 CMD2 7.2

χ2

      23.1
(Confidence Level = 0.006)

781 782 783 784 785

ω /��! ��
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��� ��� �� ���� 	
� ���������	
�� �	��	��

ω�����

ω�HD
� B��28ω�HD
� B��28ω�HD
� B��28ω�HD
� B��28

����� ����� ��
� ������	
 �� 
��	 �����	


6.&%±1.16 7.8 #3�8#/�6.&%±1.16 7.8 #3�8#/�6.&%±1.16 7.8 #3�8#/�6.&%±1.16 7.8 #3�8#/�

6.06±1.�4±1.�1 ���11 % #�?"��)?:$ 1&  "-� �> �− → π>π−π1

6.06±1.1&±1.�2 ���" �1 # ?#)73 14( 83.� 1.&&S�.11 �> �− →
π>π−π1

6.� ±1.4 �%211 ,.8;:$/�8 %2 )=� ��44 �� → 4?�ω

6.& ±1.� �� #.! ?�$�7 65 $- �> �− → π>π−π1

6.41±1.&1 *#8�73 65  "- �> �− → π>π−π1

%.6 ±1.% �&66 �.8-#-;� 64� 7!E# �> �− → π>π−π1

%.1 ±1.6 &44  78-:�8 61 -"� �> �− → π>π−π1

%.� ±1.6 &2� *�$#�)#) 5�� 7)=� �> �− → π>π−π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�� ±� �&41  77=�8 56� ?* 1�5S1�6 �� → 2π

%.& ±�.2 ��11 /�))#87!: 55 ?* �� π− � → ω�

�1.��±1.&4 �1111 �� ��E$� 50  $�8 π− � → ω�

�4.4 ±� &�6 #/.:!#8���� 5�� ?* 4�%�&�0 �− �

�1.2 ±�.2 *78�$)��:$ 5� ?* ���6 �− �

5.51±1.% ±�.�2 %&1 *87,$ 5� "") ��2 π− � → �""

�1.4 ±�.& 2�1 *:;;#88: 5� ?* 1�1 �� → ����ω

��.6 ±4.1 �&6 *:;;#88: 5� ?* 1�1 �� → �>�−ω

%.2 ±�.1 4264  7E$� 5� ?* 4�5 π> � →
�π>π>π−π1

%.��	�� �� #�?"��)?:$ 11"�
�1 9��� ��� 
������� <� �� #$�7$�!!: %�� # ?#)73 1��� # ?#)73 1��� 	��

# ?#)73 14( �	�	 �� ��� π>π−π1 	�� #$�7$�!!: %� �� ��� ωπ>π− <�	� ��	����
)��������� # ?#)73 %%� 	�� # ?#)73 1���

��8��	�������
 *�����,���� ��
����� �	��	���� 
����
������
��7������� �� ����������
������ ��
���'��� "	�� ���������� A &�6 "�3 9,?"�

ω�HD
� ����� �����ω�HD
� ����� �����ω�HD
� ����� �����ω�HD
� ����� �����

)
	�� �	
���@
"��� 9�	
���� (H� @H+  ��<���
� �����

�� π>π−π1 (6%.� ±1.5 + K )A���

�� π1 γ ( 6.%1>1.�5−1.�4+ K )A���

�4 π>π− ( �.51±1.�5+ K )A��&

�& ��$���") ��5-"$(!�'π1 γ � ( �.0 >5.&
−�.� +× �1−4

�2 ηγ ( &.% ±1.2 + × �1−&
�0 π1 > − ( 5.5 ±1.% + × �1−& )A���

�5 π1µ>µ− ( %.0 ±�.4 + × �1−2
�6 η> −
�% > − ( 5.�6±1.��+ × �1−2 )A���

��1 π>π−π1π1 < � K  !A%1K

��� π>π−γ < 4.0 × �1−4  !A%2K

��� π>π−π>π− < � × �1−4  !A%1K

��4 π1π1 γ ( 0.5 ±�.� + × �1−2
��& ηπ1 γ < 4.4 × �1−2  !A%1K

��2 µ>µ− ( %.1 ±4.� + × �1−2
��0 Aγ < �.% × �1−&  !A%2K

�.��'� -��@$'��!�� �� � &!�"��!�'  �(�)�.��'� -��@$'��!�� �� � &!�"��!�'  �(�)�.��'� -��@$'��!�� �� � &!�"��!�'  �(�)�.��'� -��@$'��!�� �� � &!�"��!�'  �(�)

��5 ηπ1 � < � × �1−4  !A%1K

��6 Aπ1 � < 4 × �1−&  !A%1K

����27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2���

#� ����� $� �� �- ��������" �����
 �
�
 �/ ���
�������
 ��	
��� ���
������ �� 	�������� �� ���������
� ��� ����� $� ��
 �

χ� & %%�% ��� %� 	�"���
 �� ����	���

��� ���'��" ����������� ����� ������
 ��� ��� ���������� ���Æ�����
〈
δ	iδ	j

〉
( δ	i·δ	j!) �� �������) ���� ��� $� �� ��� ��������" ��������
) 	i ≡

*i(*���	�� ��� $� ���
�����
 ��� 	i '��
� ���
 ������ �� ���
 ����� �� 
�� ��
����

	� ��

	4 −%. −��

	& −�� −-- �

	2 . � −� −�

	0 −� � � � �

	5 � � � � � �

	% −�� −-% �. -% −�- � �

	�4 � % � −� � � � −�

	�2 � � � � � � � � �

	� 	� 	4 	& 	2 	0 	5 	% 	�4

ω�HD
� 4�72��� B��28�ω�HD
� 4�72��� B��28�ω�HD
� 4�72��� B��28�ω�HD
� 4�72��� B��28�

�
(
> −

)
�%�

(
> −

)
�%�

(
> −

)
�%�

(
> −

)
�%

����� �;��� ��
� ������	
 �� 
��	 �����	


1.01 ±1.1� 7.8 �3#!.#�:7$1.01 ±1.1� 7.8 �3#!.#�:7$1.01 ±1.1� 7.8 �3#!.#�:7$1.01 ±1.1� 7.8 �3#!.#�:7$

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.2%�±1.1�2 ���11 �4,�& #�?"��)?:$ 1&  "-� �> �− → π>π−π1

1.024±1.114±1.1�� ���" �2 # ?#)73 14( 83.� 1.&&S�.11 �> �− →
π>π−π1

1.011±1.14� �10�2 -7!:$)�E 6% $- �> �− → π1 γ

�4.��� *(ω → π>π−π1+ A 1.6%� ± 1.115 	�� H���	� A 6.&& ± 1.1% "�3�
�&.��	�� �� #�?"��)?:$ 11"�
�2.��� # ?#)73 14� # ?#)73 14( 	�� *(ω → π>π−+ A (�.51 ± 1.�6+K�

�
(
π1 γ

)
���

(
π1 γ

)
���

(
π1 γ

)
���

(
π1 γ

)
��

����� �;��� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
566±��±�5 40211 �0 # ?#)73 14 )$- 1.01S1.%5 �> �− →

π1 γ
50&±2� �10�2 -7!:$)�E 6% $- �> �− → π1 γ

�0.��� Hω A 6.&& ± 1.1% "�3 	�� *(ω → π1 γ+ ���� # ?#)73 14�

�
(
ηγ

)
�2�

(
ηγ

)
�2�

(
ηγ

)
�2�

(
ηγ

)
�2

����� �;��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
0.�±�.2 �5 -7!:$)�E 6% $- �> �− → ηγ

�5.��� Hω A 6.& ± 1.� "�3 	�� *(ω → ηγ+ ���� -7!:$)�E 6%�

ω�HD
� ��> −���!�	�������"�ω�HD
� ��> −���!�	�������"�ω�HD
� ��> −���!�	�������"�ω�HD
� ��> −���!�	�������"�

�
(
> −

) × �
(
π>π−π1

)
	�����	� �%��	�

��
(
> −

) × �
(
π>π−π1

)
	�����	� �%��	�

��
(
> −

) × �
(
π>π−π1

)
	�����	� �%��	�

��
(
> −

) × �
(
π>π−π1

)
	�����	� �%��	�

�

����� ���	
� �−,� ��
� ������	
 �� 
��	 �����	


0.4%±1.�1 7.8 9:�0.4%±1.�1 7.8 9:�0.4%±1.�1 7.8 9:�0.4%±1.�1 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

0.46±1.�1 7.8 #3�8#/�0.46±1.�1 7.8 #3�8#/�0.46±1.�1 7.8 #3�8#/�0.46±1.�1 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

0.�&±1.��±1.16 ���11 �6 #�?"��)?:$ 1&  "-� �> �− → π>π−π1

0.51±1.10±1.�5 #.*�8��* 1&' *#*8 �1�0 �> �− →
π>π−π1 γ

0.5&±1.1&±1.�& ���" �%,�1 # ?#)73 14( 83.� 1.&&S�.11 �> �− →
π>π−π1

0.45±1.42 �% -7!:$)�E 6% $- �> �− → π>π−π1

0.&2±1.�& �% *#8�73 65  "- �> �− → π>π−π1

2.5%±1.&� �&66 �% �.8-#-;� 64� 7!E# �> �− → π>π−π1

2.6%±1.2& &44 �%  78-:�8 61 -"� �> �− → π>π−π1

5.2&±1.6& &2� �% *�$#�)#) 5�� 7)=� �> �− → π>π−π1

�
(
> −

) × �
(
π1 γ

)
	�����	� �%��	�

��
(
> −

) × �
(
π1 γ

)
	�����	� �%��	�

��
(
> −

) × �
(
π1 γ

)
	�����	� �%��	�

��
(
> −

) × �
(
π1 γ

)
	�����	� �%��	�

�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


0.4%>1.�0−1.�& 7.8 9:�0.4%>1.�0−1.�& 7.8 9:�0.4%>1.�0−1.�& 7.8 9:�0.4%>1.�0−1.�& 7.8 9:�

0.&2±1.�5 7.8 #3�8#/�0.&2±1.�5 7.8 #3�8#/�0.&2±1.�5 7.8 #3�8#/�0.&2±1.�5 7.8 #3�8#/�

0.&5±1.�&±1.4% �6061 #�?"��)?:$ 12  "-� 1�01���46 �> �− →
π1 γ

0.21±1.��±1.�1 40211 �� # ?#)73 14 )$- 1.01S1.%5 �> �− →
π1 γ

0.4&±1.��±1.�� �10�2 �% -7!:$)�E 6% $- �> �− → π1 γ

�
(
> −

) × �
(
ηγ

)
	�����	� �%�2	�

��
(
> −

) × �
(
ηγ

)
	�����	� �%�2	�

��
(
> −

) × �
(
ηγ

)
	�����	� �%�2	�

��
(
> −

) × �
(
ηγ

)
	�����	� �%�2	�

�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


4.2�±1.42 7.8 9:�4.2�±1.42 7.8 9:�4.2�±1.42 7.8 9:�4.2�±1.42 7.8 9:�

4.4 ±1.& 7.8 #3�8#/�4.4 ±1.& 7.8 #3�8#/�4.4 ±1.& 7.8 #3�8#/�4.4 ±1.& 7.8 #3�8#/�

4.�5>�.62−�.4�±1.�� �5&11 �� #�?"��)?:$ 12  "-� 1�01���46 �> �− → ηγ

4.&�±1.2�±1.�� �4G �4,�& #�?"��)?:$ 1��  "-� �> �− → ηγ

4.�2±1.2�±1.�1 4�� �2 # ?#)73 11( )$- �> �− → ηγ

�
(
> −

) × �
(
π>π−)

	�����	� �%�4	�
��

(
> −

) × �
(
π>π−)

	�����	� �%�4	�
��

(
> −

) × �
(
π>π−)

	�����	� �%�4	�
��

(
> −

) × �
(
π>π−)

	�����	� �%�4	�
�

����� ��
� ������	
 �� 
��	 �����	


�.�&5±1.10�±1.1&��.�&5±1.10�±1.1&��.�&5±1.10�±1.1&��.�&5±1.10�±1.1&� &�2" �0 # ?#)73 12! )$- �> �− → π>π−
�6.��	�� �� #�?"��)?:$ 11"�
�%8�
	�
��	��� �� �� ���� ��� 
���� ��
���� �� ��� ��	G�
�1 9��� ��� 
������� <� �� #$�7$�!!: %�� # ?#)73 1��� # ?#)73 1��� 	��

# ?#)73 14( �	�	 �� ��� π>π−π1 	�� #$�7$�!!: %� �� ��� ωπ>π− <�	� ��	����
)��������� # ?#)73 %%� 	�� # ?#)73 1���

��.��� σ
φ →π γ

���� # ?#)73 11 	�� �ωA 56�.25 "�3 �� ��� ����� ���� ���

����������������� ��	�� �� ρ�ω ����������
� �'�	� �� (−�1.� ± 5.1+◦�
�� 9��� ��� η → �γ ��
	� 	�� ���� *(η → γ γ+A 4%.&4 ± 1.�0K�
�49��� ��� η → 4π1 ��
	� 	�� ���� *(η → 4π1+A (4�.�& ± 1.�%+ × �1−��
�&��� 
������� <� ���� 011 �� �461 "�3 �	G�� ���� 	

���� ρ(551+� ω(56�+� φ(�1�1+�
	�� ρ(�&21+ (�	�� 	�� ����� <��� 	� �&21 "�3 	�� 4�1 "�3 �����
������+�

�2 9��� ��� η → 4π1 ��
	� 	�� ���� *(η → 4π1+ A (4�.� ± 1.&+× �1−��
�0# <� �� ��� )$- �	�	 ���� &11 �� �111 "�3 ���� �	�	������ �� ��� ρ(�&21+ 	��

ρ(�511+ ���� 	 <� �� ��� �	�	 �� *#8�73 62� *:)�!!7 6% 	�� #$-�8)7$ 11!�
.��� ω(56�+ �	�� 	�� ����� ���� # ?#)73 14(�



������������

���������	
�� �	��	��

ω�����

ω�HD
� 67���8��9 7�2���ω�HD
� 67���8��9 7�2���ω�HD
� 67���8��9 7�2���ω�HD
� 67���8��9 7�2���

�
(
��$���")

)
	�

(
π>π−π1

)
�����&�	���

(
��$���")

)
	�

(
π>π−π1

)
�����&�	���

(
��$���")

)
	�

(
π>π−π1

)
�����&�	���

(
��$���")

)
	�

(
π>π−π1

)
�����&�	��

����� ��
� ������	
 �� 
��	 �����	


1.�1�±1.116 7.8 9:�1.�1�±1.116 7.8 9:�1.�1�±1.116 7.8 9:�1.�1�±1.116 7.8 9:�

1.�14>1.1��−1.1�1 7.8 #3�8#/�1.�14>1.1��−1.1�1 7.8 #3�8#/�1.�14>1.1��−1.1�1 7.8 #3�8#/�1.�14>1.1��−1.1�1 7.8 #3�8#/�

1.�2 ±1.1& &0 #/.:!#8���� 5�� ?* 4�%�&�0 �− �

1.�1 ±1.14 �% *#8#)? 05� ?* 1�1 � �

1.�4&±1.1�0 621 -:/:./$7 00�  $�8 ��& π− �

1.1%5±1.1�0 4&6 9!#��� 00 ?* ��& S ��5 �− � →
#""

1.10 >1.12
−1.1� �#"�) 00 ?* ��� π> �

1.16 ±1.14 42 �8#�"�8 0& -* ��� π> �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�� ±1.1� �1 *.) ?*� � 04 ?* ��2 �− �

�
(
π>π−)

	�
(
π>π−π1

)
�4	���

(
π>π−)

	�
(
π>π−π1

)
�4	���

(
π>π−)

	�
(
π>π−π1

)
�4	���

(
π>π−)

	�
(
π>π−π1

)
�4	��

)�� 	��� H
(
π>π−)

@H���	��

����� ������	
 �� 
��	 �����	


1.1�%�±1.1141 7.8 9:�1.1�%�±1.1141 7.8 9:�1.1�%�±1.1141 7.8 9:�1.1�%�±1.1141 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��&�

1.1�0 ±1.112 7.8 #3�8#/�1.1�0 ±1.112 7.8 #3�8#/�1.1�0 ±1.112 7.8 #3�8#/�1.1�0 ±1.112 7.8 #3�8#/�

1.1�� >1.1�6
−1.11% �6 8#� !:99 5� #)=� �2 π− � → ��π

1.1�6 ±1.110 *�?8�$- 5� #)=� =���������
����

1.1�� >1.11%
−1.1� �% 877) 51 83.�

�
(
π1 γ

)
	�

(
π>π−π1

)
��	���

(
π1 γ

)
	�

(
π>π−π1

)
��	���

(
π1 γ

)
	�

(
π>π−π1

)
��	���

(
π1 γ

)
	�

(
π>π−π1

)
��	��

����� ��
� ������	
 �� 
��	 �����	


1.1%%%>1.11�%−1.11�2 7.8 9:�1.1%%%>1.11�%−1.11�2 7.8 9:�1.1%%%>1.11�%−1.11�2 7.8 9:�1.1%%%>1.11�%−1.11�2 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.1%5 ±1.112 7.8 #3�8#/�1.1%5 ±1.112 7.8 #3�8#/�1.1%5 ±1.112 7.8 #3�8#/�1.1%5 ±1.112 7.8 #3�8#/�

1.1%%&±1.1140±1.1146 41 #.! ?�$�7 11! )$- �> �− →
π>π−π1π1�

π1π1 γ
1.16& ±1.1�4 ��E$� 50  $�8 π− � → ω�

1.�1% ±1.1�2 *�$#�)#) 5�" 7)=� �> �− → π1 γ

1.16� ±1.1�1 *#!-:$ 5� ?!* ��% π> �

1.�4 ±1.1& �# D.�� 0%� ?!* ��12 π> � → π> �ω

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.1%5 ±1.11� ±1.112 ���" 4�,4� # ?#)73 14( 83.� 1.&&S�.11 �> �− →

π>π−π1

1.1%% ±1.115 4� -7!:$)�E 6% $- �> �− → π1 γ

�
(
π>π−γ

)
	�

(
π>π−π1

)
���	���

(
π>π−γ

)
	�

(
π>π−π1

)
���	���

(
π>π−γ

)
	�

(
π>π−π1

)
���	���

(
π>π−γ

)
	�

(
π>π−π1

)
���	��

����� ��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.100 %1 �#!*9!�:) ? 52 ?* ���6 �− � →

#π>π− γ
<1.12 %1 9!#��� 00 ?* ��� S ��5 �− � →

#π>π− γ

�
(
π>π−γ

)
	����	� ���	��

(
π>π−γ

)
	����	� ���	��

(
π>π−γ

)
	����	� ���	��

(
π>π−γ

)
	����	� ���	�

����� ��� ������	
 �� 
��	 �����	


<1.1140<1.1140<1.1140<1.1140 %2 ,�:-�$#.�8 %1 #)�� �� → π>π−π>π− γ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.11& %2 *:�E.�73 66� )=� 4� π− � → π>π− γP

�
(
π>π−π>π−)

	����	� ���	��
(
π>π−π>π−)

	����	� ���	��
(
π>π−π>π−)

	����	� ���	��
(
π>π−π>π−)

	����	� ���	�
����� ��� ������	
 �� 
��	 �����	


<�× �1−4<�× �1−4<�× �1−4<�× �1−4 %1 �.8-#-;� 66 7!E# �> �− →
π>π−π>π−

�
(
π>π−π1π1

)
	����	� ��1	��

(
π>π−π1π1

)
	����	� ��1	��

(
π>π−π1π1

)
	����	� ��1	��

(
π>π−π1π1

)
	����	� ��1	�

����� ���	
� �−-� ��� ������	
 �� 
��	 �����	


<�<�<�<� %1 �.8-#-;� 60 7!E# �> �− → π>π−π1π1

�
(
µ>µ−)

	�
(
π>π−π1

)
��2	���

(
µ>µ−)

	�
(
π>π−π1

)
��2	���

(
µ>µ−)

	�
(
π>π−π1

)
��2	���

(
µ>µ−)

	�
(
π>π−π1

)
��2	��

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<1.�<1.�<1.�<1.� %1 ,:!)7$ 0% 7)=� �� π− → 9�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<�.5 5& 9!#��� 00 ?* ��� S ��5 �− � →

#µ>µ−
<�.� *#8*#87���� 02 ?* ��5 �− �

�
(
π1π1 γ

)
	����	� ��4	��

(
π1π1 γ

)
	����	� ��4	��

(
π1π1 γ

)
	����	� ��4	��

(
π1π1 γ

)
	����	� ��4	�

����� ���	
� �−,� ��
� ������	
 �� 
��	 �����	


0.5±�.� 7.8 9:�0.5±�.� 7.8 9:�0.5±�.� 7.8 9:�0.5±�.� 7.8 9:�

0.2±�.� 7.8 #3�8#/�0.2±�.� 7.8 #3�8#/�0.2±�.� 7.8 #3�8#/�0.2±�.� 7.8 #3�8#/�

0.&>�.&−�.1±1.6 �%1 44 #�?"��)?:$ 1&�  "-� 1.0S1.%5 �> �− →
π1π1 γ

0.0>�.&−�.4±1.0 �%2 # ?#)73 1�� )$- 1.40S1.%5 �> �− →
π1π1 γ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��.6>�.�−�.%±�.& �%1 4& #�?"��)?:$ 1&�  "-� 1.0S1.%5 �> �− →

π1π1 γ
5.6±�.5±�.1 04 44,42 # ?#)73 113 )$- �> �− → π1π1 γ

��.5±�.4±�.2 04 4&,42 # ?#)73 113 )$- �> �− → π1π1 γ

�
(
π1π1 γ

)
	�

(
π1 γ

)
��4	���

(
π1π1 γ

)
	�

(
π1 γ

)
��4	���

(
π1π1 γ

)
	�

(
π1 γ

)
��4	���

(
π1π1 γ

)
	�

(
π1 γ

)
��4	��

����� ��� ��
� ������	
 �� 
��	 �����	


(5.0 ±�.4 +× �1−& 7.8 9:�(5.0 ±�.4 +× �1−& 7.8 9:�(5.0 ±�.4 +× �1−& 7.8 9:�(5.0 ±�.4 +× �1−& 7.8 9:�

1.11162±1.111�%1.11162±1.111�%1.11162±1.111�%1.11162±1.111�% &1 ±
�&

#!-� %&� /#"� 46π− � →
π1π1 γ �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
< 1.112 %1 -7!:$)�E 6% $- �> �− →

π1π1 γ
< 1.�6 %2 ��E$� 50  $�8 π− � → ω�

< 1.�2 %1 *�$#�)#) 5�" 7)=� �> �−
< 1.�& *#!-:$ 5� ?!* ��% π> �

< 1.� %1 *#8":$ 0& ?!* ��4S��6 π− �

�
(
ηπ1

)
	����	� ��5	��

(
ηπ1

)
	����	� ��5	��

(
ηπ1

)
	����	� ��5	��

(
ηπ1

)
	����	� ��5	�

3���	��� � 
������	�����
����� ��� ������	
 �� 
��	 �����	


<1.11�<1.11�<1.11�<1.11� %1 #!-� %&� /#"� 46π− � → ηπ1 �

�
(
ηπ1 γ

)
	����	� ��&	��

(
ηπ1 γ

)
	����	� ��&	��

(
ηπ1 γ

)
	����	� ��&	��

(
ηπ1 γ

)
	����	� ��&	�

����� ���	
� �−,� ��� ������	
 �� 
��	 �����	


<4.4<4.4<4.4<4.4 %1 #�?"��)?:$ 1&�  "-� 1.0S1.%5 �> �− →
ηπ1 γ[

�
(
ηγ

)
��

(
ηπ1

)]
	�

(
π>π−π1

)
��2���5�	��

[
�
(
ηγ

)
��

(
ηπ1

)]
	�

(
π>π−π1

)
��2���5�	��

[
�
(
ηγ

)
��

(
ηπ1

)]
	�

(
π>π−π1

)
��2���5�	��

[
�
(
ηγ

)
��

(
ηπ1

)]
	�

(
π>π−π1

)
��2���5�	��

����� ��� ������	
 �� 
��	 �����	


<1.1�0<1.1�0<1.1�0<1.1�0 %1 40 9!#��� 00 ?* ��� S ��5 �− � →
#π>π−""

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.1&2 %2 �# D.�� 0%� ?!* ��12 π> � → π> �ω

�
(
��$���")

)
	�

(
-.��'�( ����!-"�)

)
�����&�	�����4��

(
��$���")

)
	�

(
-.��'�( ����!-"�)

)
�����&�	�����4��

(
��$���")

)
	�

(
-.��'�( ����!-"�)

)
�����&�	�����4��

(
��$���")

)
	�

(
-.��'�( ����!-"�)

)
�����&�	�����4�

����� ������	
 �� 
��	 �����	


1.�11±1.116 7.8 9:�1.�11±1.116 7.8 9:�1.�11±1.116 7.8 9:�1.�11±1.116 7.8 9:�

1.��&±1.1��1.��&±1.1��1.��&±1.1��1.��&±1.1�� 9�!-"#$ 05" 7)=� ��� π− �

�
(
π1π1 γ

)
	�

(
π>π−π1

)
��4	���

(
π1π1 γ

)
	�

(
π>π−π1

)
��4	���

(
π1π1 γ

)
	�

(
π>π−π1

)
��4	���

(
π1π1 γ

)
	�

(
π>π−π1

)
��4	��

����� ��� ������	
 �� 
��	 �����	


<1.111&2<1.111&2<1.111&2<1.111&2 %1 -7!:$)�E 6% $- �> �− → π1π1 γ
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.16 %2 �# D.�� 0%� ?!* ��12 π> � → π> �ω

�
(
ηγ

)
	�

(
π1 γ

)
�2	���

(
ηγ

)
	�

(
π1 γ

)
�2	���

(
ηγ

)
	�

(
π1 γ

)
�2	���

(
ηγ

)
	�

(
π1 γ

)
�2	��

����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.11%6±1.11�& 45 #!-� %4 /#"� 46π− � → ω�

1.116�±1.1144 46 -7!:$)�E 6% $- �> �− → ηγ

1.1�1 ±1.1&2 #=�! 5�� 7)=� &S6 π− � → �4γ

�
(
π1µ>µ−)

	����	� �5	��
(
π1µ>µ−)

	����	� �5	��
(
π1µ>µ−)

	����	� �5	��
(
π1µ>µ−)

	����	� �5	�

����� ���	
� �−�� ������	
 �� 
��	 �����	


1.%0±1.�4 7.8 9:�1.%0±1.�4 7.8 9:�1.%0±1.�4 7.8 9:�1.%0±1.�4 7.8 9:�

1.%0±1.�41.%0±1.�41.%0±1.�41.%0±1.�4 -;?�!E#-:$ 6��  $�8 �2S44 π− � → ω�

�
(
π1 > −

)
	����	� �0	��

(
π1 > −

)
	����	� �0	��

(
π1 > −

)
	����	� �0	��

(
π1 > −

)
	����	� �0	�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


5.5 ±1.% 7.8 9:�5.5 ±1.% 7.8 9:�5.5 ±1.% 7.8 9:�5.5 ±1.% 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����
5.5 ±1.% 7.8 #3�8#/�5.5 ±1.% 7.8 #3�8#/�5.5 ±1.% 7.8 #3�8#/�5.5 ±1.% 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

6.�%±1.5�±1.0� #�?"��)?:$ 12!  "-� 1�5��1�6& �> �−
2.% ±�.% &4 -7!:$)�E 66 $- �> �− → π1 �> �−

�
(
η> −

)
	����	� �6	��

(
η> −

)
	����	� �6	��

(
η> −

)
	����	� �6	��

(
η> −

)
	����	� �6	�

����� ���	
� �−,� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<�.� #�?"��)?:$ 12!  "-� 1�5��1�6& �> �−

�
(
> −

)
	����	� �%	��

(
> −

)
	����	� �%	��

(
> −

)
	����	� �%	��

(
> −

)
	����	� �%	�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


1.5�6±1.1�� 7.8 9:�1.5�6±1.1�� 7.8 9:�1.5�6±1.1�� 7.8 9:�1.5�6±1.1�� 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.511±1.1�0 ���11 4%,&1 #�?"��)?:$ 1&  "-� �> �− → π>π−π1

1.52�±1.11&±1.1�& ���" 4%,&� # ?#)73 14( 83.� 1.&&S�.11 �> �− →
π>π−π1

1.5�&±1.140 4% -7!:$)�E 6% $- �> �− → π>π−π1

1.5� ±1.14 4% *#8�73 65  "- �> �− → π>π−π1

1.0& ±1.1& �&66 4% �.8-#-;� 64� 7!E# �> �− → π>π−π1

1.052±1.10% &44 4%  78-:�8 61 -"� �> �− → π>π−π1

1.64 ±1.�1 &2� 4% *�$#�)#) 5�� 7)=� �> �− → π>π−π1

1.55 ±1.10 &� #./.)�:$ 0%( 7)=� �> �− → π>π−π1

1.02 ±1.�4 44 &4 #)�3# #���� 06 7)=� #����� ).(4+>�����



������������

��� ��� �� ���� 	
� ���������	
�� �	��	��

ω�����

�
(
µ>µ−)

	����	� ��2	��
(
µ>µ−)

	����	� ��2	��
(
µ>µ−)

	����	� ��2	��
(
µ>µ−)

	����	� ��2	�

����� ���	
� �−,� ��
� ������	
 �� 
��	 �����	


%.1±4.� 7.8 9:�%.1±4.� 7.8 9:�%.1±4.� 7.8 9:�%.1±4.� 7.8 9:�

%.1±�.%±�.�%.1±�.%±�.�%.1±�.%±�.�%.1±�.%±�.� �6 ?�:)��8 1�" #!�= $ → µ>µ− > 


�
(
��$���")

)
	����	� �����&�	��

(
��$���")

)
	����	� �����&�	��

(
��$���")

)
	����	� �����&�	��

(
��$���")

)
	����	� �����&�	�

����� ��
� ������	
 �� 
��	 �����	


1.1%�±1.110 7.8 9:�1.1%�±1.110 7.8 9:�1.1%�±1.110 7.8 9:�1.1%�±1.110 7.8 9:�

1.16�±1.1�� 7.8 #3�8#/�1.16�±1.1�� 7.8 #3�8#/�1.16�±1.1�� 7.8 #3�8#/�1.16�±1.1�� 7.8 #3�8#/�

1.152±1.1�2 *:;;#88: 5� ?* 1�1 ��

1.15%±1.1�% -�:$�� 0%� 7)=� ��2 π− �

1.16&±1.1�2 *7!!:$: 06"  $�8 ��� π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.154±1.1�6 &� *#):!� 5��  $�8 ��05 π− �

�
(
π>π−)

	����	� �4	��
(
π>π−)

	����	� �4	��
(
π>π−)

	����	� �4	��
(
π>π−)

	����	� �4	�

)�� 	��� H
(
π>π−)

@H
(
π>π−π1

)
�

����� ���	
� �−-� ��
� ������	
 �� 
��	 �����	


�.51±1.�5 7.8 9:��.51±1.�5 7.8 9:��.51±1.�5 7.8 9:��.51±1.�5 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��&�
�.25±1.�& 7.8 #3�8#/��.25±1.�& 7.8 #3�8#/��.25±1.�& 7.8 #3�8#/��.25±1.�& 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

�.41±1.�&±1.12 ���11 && #�?"��)?:$ 1&  "-� �> �− → π>π−
�.46>�.55−1.%1±1.�6 2�&G &2 # ?#)73 1�� )$- �.�S�.46 �> �− →

π>π−π1

�.4 ±1.2 *#8�73 62 7!E# �> �− → π>π−
�.0 >1.%

−1.5 D.�$;�8 56 -"� �> �− → π>π−

4.0 ±�.% *�$#�)#) 5� 7)=� �> �− → π>π−
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.52±1.�� &�2" &0 # ?#)73 12! )$- �> �− → π>π−
�.1�±1.�% &5 *�$#E7.$ 14 83.� �> �− → π>π−
�.% ±1.4 &6 /#8-$�8 %% 83.� �> �− → π>π−
�.4 ±1.& &% *�$#E7.$ %6 83.� �> �− → π>π−� µ>µ−
�.1 ±1.�� 21 ,: �!.$- 56 #)=� 4�&�0 π±�

�.��±1.41 #!3�$)!�*��� 5�"  $�8 =���������
����

�.4 >�.�
−1.% "799�:� 5� ?* ��6�&�5 γ �

1.61>1.�6−1.�1 2� *://) 51�  $�8 &.�γ → π>π− 

�
(
π>π−)

	�
(
π1 γ

)
�4	���

(
π>π−)

	�
(
π1 γ

)
�4	���

(
π>π−)

	�
(
π1 γ

)
�4	���

(
π>π−)

	�
(
π1 γ

)
�4	��

����� ��
� ������	
 �� 
��	 �����	


1.�1±1.1&1.�1±1.1&1.�1±1.1&1.�1±1.1& ��%6" 2� #!7:):7 14 �!7� ��1� �> �− →
π>π−π1

�
(
π1π1 γ

)
	�

(
��$���")

)
��4	�����&��

(
π1π1 γ

)
	�

(
��$���")

)
��4	�����&��

(
π1π1 γ

)
	�

(
��$���")

)
��4	�����&��

(
π1π1 γ

)
	�

(
��$���")

)
��4	�����&�

����� ��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.��±1.15 �5 -#�:$ 5� 7)=� ��& π− � → �""

<1.�% %1 -�:$�� 0%� 7)=�

�5)�� H
(
π1 γ

)
@H

(
�����	��

)
�

�
(
π1 γ

)
	�

(
��$���")

)
��	�����&��

(
π1 γ

)
	�

(
��$���")

)
��	�����&��

(
π1 γ

)
	�

(
��$���")

)
��	�����&��

(
π1 γ

)
	�

(
��$���")

)
��	�����&�

����� ��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.56±1.15 24 -#�:$ 5� 7)=� ��& π− � → �""

>1.6� %1 -�:$�� 0%� 7)=�

�
(
ηγ

)
	����	� �2	��

(
ηγ

)
	����	� �2	��

(
ηγ

)
	����	� �2	��

(
ηγ

)
	����	� �2	�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


&.% ±1.2 7.8 9:�&.% ±1.2 7.8 9:�&.% ±1.2 7.8 9:�&.% ±1.2 7.8 9:�

0.4 ±�.4 7.8 #3�8#/�0.4 ±�.4 7.8 #3�8#/�0.4 ±�.4 7.8 #3�8#/�0.4 ±�.4 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

0.0 ±�.5 2& #*�!� %5�  *#8 1�1 � � → 2γ

6.4 ±�.� #!-� %4 /#"� 46π− � → ω�

4.1 >�.2
−�.6 22 #$-8�,) 55  $�8 0�5S�1 γ �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
&.&&>�.2%−�.64±1.�6 �5&11 20,25 #�?"��)?:$ 12  "-� 1�01���46 �> �− → ηγ

2.�1±1.5�±1.4& �4G 26 #�?"��)?:$ 1��  "-� �> �− → ηγ

&.01±1.5�±1.�% 4�� 20,2% # ?#)73 11( )$- �> �− → ηγ

1.5 �� 2.2 01  #)� 11  *#8 1.1 �� → ηηγ

0.20>�.&�−�.22 42�2 22,0� *�$#E7.$ %0 83.� �> �− → ηγ

5.4 ±�.% 22,20 -7!:$)�E 6% $- �> �− → ηγ

�
(
π1µ>µ−)

	�
(
µ>µ−)

�5	��2�
(
π1µ>µ−)

	�
(
µ>µ−)

�5	��2�
(
π1µ>µ−)

	�
(
µ>µ−)

�5	��2�
(
π1µ>µ−)

	�
(
µ>µ−)

�5	��2
����� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.�±1.0 41 0� -;?�!E#-:$ 5%  $�8 �2S44 π− �

�
(
π>π−π1

)
	����	� ��	��

(
π>π−π1

)
	����	� ��	��

(
π>π−π1

)
	����	� ��	��

(
π>π−π1

)
	����	� ��	�

����� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.6%02±1.11�0±1.11&6 ���" 4%,&� # ?#)73 14( 83.� 1.&&S�.11 �> �− →

π>π−π1

1.661 ±1.1�1 ±1.14� ���11 4%,04 #�?"��)?:$ 11"  "-� �> �− → π>π−π1

1.6%&�±1.110� 4% -7!:$)�E 6% $- �> �− → π>π−π1

�
(
Aπ1

)
	����	� ��6	��

(
Aπ1

)
	����	� ��6	��

(
Aπ1

)
	����	� ��6	��

(
Aπ1

)
	����	� ��6	�

3���	��� � 
������	�����
����� ��� ������	
 �� 
��	 �����	


<1.1114<1.1114<1.1114<1.1114 %1 =87�7)?�:$ %2 /#"� 46 π− � → 4π1 �

�
(
Aπ1

)
	�

(
π>π−π1

)
��6	���

(
Aπ1

)
	�

(
π>π−π1

)
��6	���

(
Aπ1

)
	�

(
π>π−π1

)
��6	���

(
Aπ1

)
	�

(
π>π−π1

)
��6	��

3���	��� � 
������	�����
����� ��� ������	
 �� �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.11% %1 *#8*�8:) 1� &21 �� → �� 4π

1 �%

�
(
Aγ

)
	����	� ��0	��

(
Aγ

)
	����	� ��0	��

(
Aγ

)
	����	� ��0	��

(
Aγ

)
	����	� ��0	�

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<�.%<�.%<�.%<�.% %2 0& #*�!� %5�  *#8 1�1 � � → 2γ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<� %1 0& =87�7)?�:$ %2 /#"� 46 π− � → 4γ �

�
(
π1 γ

)
	����	� ��	��

(
π1 γ

)
	����	� ��	��

(
π1 γ

)
	����	� ��	��

(
π1 γ

)
	����	� ��	�

����� ���	
� �−-� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
%.10±1.�1±1.25 �6061 4�,02 #�?"��)?:$ 12  "-� 1�01���46 �> �− →

π1 γ
%.4&±1.�2±1.4� 40211 4� # ?#)73 14 )$- 1.01S1.%5 �> �− →

π1 γ
6.02±1.�0±1.&� ���" 4%,&� # ?#)73 14( 83.� 1.&&S�.11 �> �− →

π>π−π1

6.4%±1.�& %%52 00 *�$#E7.$ %0 83.� �> �− → π1 γ

6.66±1.0� �10�2 4� -7!:$)�E 6% $- �> �− → π1 γ

�6)���<
	�� ����������
� ���
� ��������� $* �� ω → 4π 
���� ���� 	� ����	���	�����
�%877) 51 
������� #*8#"73: ? 51 	�� *:;;#88: 51�
41 9��� σ

ωπ →ππ γ
1

(�φ+@σ
ωπ →π�π−ππ
1 (�φ+ ���� 	 ��	�����	
� 
����
����

�	
��� �� �@��1�4�
4�$�� ����������� �� ��� 
����������� H(�> �−+ × H(π1 γ+@H�

���	�
�

4�.��� # ?#)73 14�
44 :� ��� ����� 	������ ��� ρ → π1π1 γ ��
	� ��	 ��� ωπ 	�� �1(011+γ ��
�	������
4& :� ��� ����� 	������ ��� ρ → π1π1 γ ��
	� ��	 ��� ωπ ��
�	���� �����
42 )��������� �� # ?#)73 1���
408���	��� �� �� ���� *(η → 
�	��� �����+ A �%��K�
45"���� ����������� ��������	�����
46 )������� 
����������� �� 
������
���� ω�ρ ����������
��
4%$�� ����������� �� ��� 
����������� H(�> �−+ × H(π>π−π1+@H����	� �

&1.��� *(ω → π>π−π1+ A 1.6%� ± 1.115� .��	�� �� #�?"��)?:$ 11"�
&�.��� # ?#)73 14� # ?#)73 14( 	�� *(ω → π>π−+ A (�.51 ± 1.�6+K�
&�8��
	��� �� �� �� 
��������� �� ω ����� 6�& "�3� )�����	��
 ������ ����������	����
&4$�� �������� ���� ρ ��
	�� ����� ��	�����
	� �����
&&.��	�� �� #�?"��)?:$ 1��
&29��� ��� �

π�π− ���
���� �	G�� ���� 	

���� ��� ����������
� �� ��� ρπ 	�� ωπ

	����������
&0.��� H(ω → �> �−+ ���� ��� �11& ������� �� ���� 8����� (=-/ 1&+�
&5.��� ��� �	�	 �� #�?"��)?:$ 1� �� ��� ������ ��
	� �������� ������
&6.��� ��� �	�	 �� *#8�73 62�
&%.��� ��� �	�	 �� *#8�73 62 �� ��� ������ ��
	� �������� ������
21 9��� 	 ��������������� 	�	����� 	������ 
������� 
������
��
2�8����	��	��� ����� H

(
π>π−)

@H
(
π>π−π1

)
�� *�?8�$- 5� ���� ���� 	

��	�� ω →

ρ ����������
���� 
�������
���� �	����
2�.��� ��� �	�	 �� #!7:):7 1�(�
24 ����� ��	�����
	� ����� #������ ���	�� ��� <� 	��� 	������ π1 γ 	� ��� ���� �����	�
��
	��

2&$� L	� ηηγ �	
G����� 	�������
22 )������� 
����������� �� 
������
���� ω�ρ ����������
��
20$�� ����������� �� ��� 
����������� H(�> �−+ × H(ηγ+@H�

���	�
�

25.��� *(ω → �> �−+ A (5.�& ± 1.�4+ × �1−2 	�� *(η → γ γ+ A 4%.&4 ± 1.�0K�
26.��� *(ω → �> �−+A (5.15 ± 1.�%+ × �1−2 	�� ���� *(η → 4π1+A (4�.�& ±
1.�%+ × �1−�� )������� 
����������� �� 
������
���� ω�ρ ����������
�� ��� 
�������
<� ���� 011 �� �461 "�3 �	G�� ���� 	

���� ρ(551+� ω(56�+� φ(�1�1+� 	�� ρ(�&21+
(�	�� 	�� ����� <��� 	� �&21 "�3 	�� 4�1 "�3 �����
������+� $�� ����������� �� ���


����������� H(�> �−+× H(ηγ+@H����	� �

2%.��� *(ω → �> �−+ A (5.15± 1.�%+×�1−2 	�� *(η → 4π1+ A (4�.�± 1.&+×�1−��
01-������� �� ��� ����� �� 
������
� ���� ��� L	� ηηγ �	
G����� 	�� ���� *(ω →

π1 γ+A(6.2 ± 1.2+× �1−��
0�8�	�	����� �� -8.;?:$:$ 6&� -7!:$)�E 6%� -7!:$)�E %� �	G�� ���� 	

���� ���
���	��� 	���	�� 
�������������

0� )��������� �� -;?�!E#-:$ 6�� ������ 	�����
04.��� H(�> �−+A1.01 ± 1.1� G�3�
0&9��� ����
� 4γ ��
	� ��	�
��
02.��� *(ω → �> �−+A (5.�& ± 1.�4+× �1−2�
008�	�	����� �� -8.;?:$:$ 6&� -7!:$)�E 6%� -7!:$)�E %� �	G�� ���� 	

���� ���
���	��� 	���	�� 
�������������



������������

����� ����	
�� �	��	��

ω������ η′�	
��

ω�HD
� 7���7�����ω�HD
� 7���7�����ω�HD
� 7���7�����ω�HD
� 7���7�����
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η′�IJD� ����η′�IJD� ����η′�IJD� ����η′�IJD� ����

����� ����� ��
� ������	
 �� 
��	 �����	


%25.56±1.�& 7.8 #3�8#/�%25.56±1.�& 7.8 #3�8#/�%25.56±1.�& 7.8 #3�8#/�%25.56±1.�& 7.8 #3�8#/�

%25.% ±1.� ±1.0 &611 ,.8;:$/�8 %0 )=� ��06 �� → 4?�η′
%2% ±� 041 *�!#-:-;� %�" 3�) 40 π−*� → π− η′ η*�
%26 ±� 4&1 #8")�87$/ %�� 7"�/ 411 �� → ��ηπ> π−
%26.� ±1.& 0�� #./.)�:$ %1 -"� �/ψ → γ ηπ>π−
%25.6 ±1.� �&�1 #./.)�:$ %1 -"� �/ψ → γ γπ>π−
%20.4 ±�.1 �&4 /:-#! 65 "8�� �> �− →

�> �− ηπ>π−
%25.&0±1.44 -.#$� 5& "") π− � → �""

%26.� ±1.2 �&�& -#$*.8/ 54 ?* ��� �− � → #
1

%26 ±� &11 �# 7*) 54 ?* ��% �− � → #
1

%20.� ±�.� 4&�2 *#):!� 5�  $�8 ��0 π− � → �
1

%25.& ±�.& 242 *#):!� 5�  $�8 ��0 π− � → �
1

%25 ±� 8:���$*�8/ 0% ?* ��5S��5 �− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
%25.2 ±1.� *#: 1&1 *�)� �/ψ → γ γπ>π−

η′�IJD� B��28η′�IJD� B��28η′�IJD� B��28η′�IJD� B��28

����� ����� ��
� ������	
 �� 
��	 �� �����	


1.�14±1.1�0 7.8 9:�1.�14±1.1�0 7.8 9:�1.�14±1.1�0 7.8 9:�1.�14±1.1�0 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��4�
1.41 ±1.1% 7.8 #3�8#/�1.41 ±1.1% 7.8 #3�8#/�1.41 ±1.1% 7.8 #3�8#/�1.41 ±1.1% 7.8 #3�8#/�

1.&1 ±1.�� &611 ,.8;:$/�8 %0 )=� ��06 �� → 4?�η′
1.�6 ±1.�1 �111 *:$$:� 5% "") 1 π− � → �""

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�1 ±1.1& *#: 1&1 *�)� �/ψ → γ γπ>π−

η′�IJD� ����� �����η′�IJD� ����� �����η′�IJD� ����� �����η′�IJD� ����� �����
)
	�� �	
���@

"��� 9�	
���� (H� @H+  ��<���
� �����

�� π>π−η (&&.2 ±�.& + K )A���

�� ρ1 γ �!�-"$(!�' ���0��)�����
π> π− γ�

(�%.& ±1.% + K )A���

�4 π1π1 η (�1.6 ±�.� + K )A���

�& ωγ ( 4.14±1.4�+ K
�2 γ γ ( �.��±1.�&+ K )A��4

�0 Aπ1 ( �.22±1.�0+ × �1−4
�5 µ>µ− γ ( �.1&±1.�0+ × �1−&
�6 π>π−π1 < 2 K  !A%1K

�% π1 ρ1 < & K  !A%1K

��1 π>π>π−π− < � K  !A%1K

��� π>π>π−π− ��$���") < � K  !A%2K

��� π>π>π−π−π1 < � K  !A%1K

��4 Fπ < � K  !A%1K

��& π>π− > − < 0 × �1−4  !A%1K

��2 γ > − < % × �1−&  !A%1K

��0 π1 γ γ < 6 × �1−&  !A%1K

��5 ?π1 < 2 × �1−&  !A%1K

��6 > − < �.� × �1−5  !A%1K

�.��'� -��@$'��!�� �� �� 4��!�# �����.��'� -��@$'��!�� �� �� 4��!�# �����.��'� -��@$'��!�� �� �� 4��!�# �����.��'� -��@$'��!�� �� �� 4��!�# ����

������ �� !"# �$ %�� ��� � &!�"��!�'  �(�)������ �� !"# �$ %�� ��� � &!�"��!�'  �(�)������ �� !"# �$ %�� ��� � &!�"��!�'  �(�)������ �� !"# �$ %�� ��� � &!�"��!�'  �(�)

��% π>π− ���� < � K  !A%1K

��1 π1π1 ���� < % × �1−&  !A%1K

��� π1 > − � I�J < �.& × �1−4  !A%1K

��� η> − � I�J < �.& × �1−4  !A%1K

��4 Aγ � < �.1 × �1−&  !A%1K

��& µ>µ−π1 � I�J < 0.1 × �1−2  !A%1K

��2 µ>µ− η � I�J < �.2 × �1−2  !A%1K

��0 µ �� < &.5 × �1−&  !A%1K
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��� ���'��" ����������� ����� ������
 ��� ��� ���������� ���Æ�����
〈
δ�iδ�j

〉
( δ�i·δ�j!) �� �������) ���� ��� $� �� ���������
 �i) ����	��" ��� ������1

��" ��������
) 	i ≡ *i(*���	�� ��� $� ���
�����
 ��� 	i '��
� ���
 ������ �� ���

����� �� 
�� �� ����

	� −%�

	4 −/� −��

	& −%- −�� %�

	2 −�. −�� �. �

	0 −�� −�� %- �� �

* %� −� −�� −- −�� −�

	� 	� 	4 	& 	2 	0

"��� 8	�� ("�3+ )
	�� �	
���

�� π>π−η 1.1%1 ±1.116 ���

�� ρ1 γ �!�-"$(!�' ���0��)�����
π> π− γ�

1.101 ±1.112 ���

�4 π1π1 η 1.1&� ±1.11& ��0

�& ωγ 1.110� ±1.1116 ���

�2 γ γ 1.11&41±1.111�2 ���

�0 Aπ1 (4.� ±1.0 +× �1−& ���

η′�IJD� 4�72��� B��28�η′�IJD� 4�72��� B��28�η′�IJD� 4�72��� B��28�η′�IJD� 4�72��� B��28�

�
(
γ γ

)
�2�

(
γ γ

)
�2�

(
γ γ

)
�2�

(
γ γ

)
�2

����� �;��� ��
� ������	
 �� 
��	 �����	


&.41±1.�2 7.8 9:�&.41±1.�2 7.8 9:�&.41±1.�2 7.8 9:�&.41±1.�2 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

&.�6±1.�% 7.8 #3�8#/�&.�6±1.�% 7.8 #3�8#/�&.�6±1.�% 7.8 #3�8#/�&.�6±1.�% 7.8 #3�8#/�

&.�5±1.�1±1.�5 �111 � #  :#88: %6� !4 �> �− →
�> �−π>π− γ

&.24±1.�%±1.2� �00 �#8 ? %�  *#! �> �− →
�> �− ηπ1π1

4.0�±1.�4±1.&6 � *�?8�$- %�  �!! �> �− →
�> �− η′(%26+

&.0 ±�.� ±1.0 �4 *#8. %1 "-� �> �− →
�> �−π>π− γ

&.25±1.�2±1.&& *.�!�8 %1 "8�� �> �− →
�> �− η′(%26+

2.16±1.�&±1.5� 2&5 4 87� %1 #)= �> �− → �> �− �γ

4.6 ±1.5 ±1.0 4& #:?#8# 66" �= �> �− →
�> �− ηπ>π−

&.% ±1.2 ±1.2 �40 & ,:!!:#") 66  *#! �> �− → �> �− �γ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
&.5 ±1.0 ±1.% �&4 2 /:-#! 65 "8�� �> �− →

�> �− ηπ>π−
&.1 ±1.% 0 *#8��! 62� �#-� �> �− → �> �− �γ

�$� ���������	�� π>π− 
����������� ������
�8���	��	��� �� �� ���� *(η′ → ρ(551+γ+ A (41.� ± �.4+K�
48���	��	��� �� �� ���� *(η′ → γ γ+ A (�.�� ± 1.�4+K�
&8���	��	��� �� �� ���� *(η′ → γ γ+ A (�.�� ± 1.�4+K�
2 )��������� �� *.�!�8 %1�
0 )�����	��
 ����� ��� ��	��	����

η′�IJD� ��!���γ γ�	������"�η′�IJD� ��!���γ γ�	������"�η′�IJD� ��!���γ γ�	������"�η′�IJD� ��!���γ γ�	������"�

���� 
�����	���� �� 	 �	���	� ����� ���� ��� �	���	� ����� ���� γ γ 	��
���� ��� ���	� ����� �� ���	���� ���� ��� �����	��� 
���� ��
���� ����

�	����(�+ �� ��� γ γ 	������	�����

�
(
γ γ

) × �
(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	����	� �2��	��

(
γ γ

) × �
(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	����	� �2��	��

(
γ γ

) × �
(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	����	� �2��	��

(
γ γ

) × �
(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	����	� �2��	�

����� �;��� ��
� ������	
 �� 
��	 �����	


�.�0±1.12 7.8 9:��.�0±1.12 7.8 9:��.�0±1.12 7.8 9:��.�0±1.12 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

�.�0±1.15 7.8 #3�8#/��.�0±1.15 7.8 #3�8#/��.�0±1.15 7.8 #3�8#/��.�0±1.15 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

�.1%±1.1&±1.�4 *�?8�$- %�  �!! �> �− →
�> �− ρ(551+1 γ

�.42±1.1%±1.�� #:?#8# 65 �= �> �− → �> �− ργ

�.�4±1.1&±1.�4 605 #!*8� ?� 65� #8/ �> �− → �> �− ργ

�.24±1.1%±1.�� #!�?799 6&� �#)) �> �− → �> �− ργ

�.�&±1.16±1.�� �&4 *�8/�8 6&� =!.� �> �− → �> �− ργ

�.54±1.4&±1.42 %2 ��$$: 64 "8�� �> �− → �> �− ργ

�.&%±1.�4±1.1�5 ��4 *#8��! 6�� �#-� �> �− → �> �− ργ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.62±1.4�±1.�& &4 *�?8�$- 64�  �!! �> �− → �> �− ργ

�
(
γ γ

) × �
(
π1π1 η

)
	����	� �2�4	��

(
γ γ

) × �
(
π1π1 η

)
	����	� �2�4	��

(
γ γ

) × �
(
π1π1 η

)
	����	� �2�4	��

(
γ γ

) × �
(
π1π1 η

)
	����	� �2�4	�

����� �;��� ������	
 �� 
��	 �����	


1.6%±1.10 7.8 9:�1.6%±1.10 7.8 9:�1.6%±1.10 7.8 9:�1.6%±1.10 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.%�±1.10±1.��1.%�±1.10±1.��1.%�±1.10±1.��1.%�±1.10±1.�� 5 �#8 ? %�  *#! �> �− → �> �− ηπ1π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.%2±1.12±1.16 6 �#8 ? %1  *#! �> �− → �> �− ηπ1π1

�.11±1.16±1.�1 6,% #$�8�#)E#$ 65  *#! �> �− → �> �− ηπ1π1

58���	��	��� �� �� ���� *(η → γ γ+ A (4%.��± 1.4&+K� )��������� #$�8�#)E#$ 65
	�� �#8 ? %1�

6 )��������� �� �#8 ? %��
%.��� *8(η → �γ+A(46.% ± 1.2+K�

η′�IJD� ����� 4�7���2�7�η′�IJD� ����� 4�7���2�7�η′�IJD� ����� 4�7���2�7�η′�IJD� ����� 4�7���2�7�∣∣��27�= ������2∣∣� � ∣∣� � α�
∣∣� � �� � ���

∣∣��27�= ������2∣∣� � ∣∣� � α�
∣∣� � �� � ���

∣∣��27�= ������2∣∣� � ∣∣� � α�
∣∣� � �� � ���

∣∣��27�= ������2∣∣� � ∣∣� � α�
∣∣� � �� � ���

α (�-�# ���� ����α (�-�# ���� ����α (�-�# ���� ����α (�-�# ���� ����
����� ��
� ������	
 �� 
��	 �����	


−1.102±1.11% 7.8 #3�8#/�−1.102±1.11% 7.8 #3�8#/�−1.102±1.11% 7.8 #3�8#/�−1.102±1.11% 7.8 #3�8#/�

−1.15�±1.1��±1.110 5G �1 #"�!:$ 12! 3�) �6 π−	 → η′π−	∗
−1.126±1.1�4 ��,�� #!-� 60 /#"� 46 π− � → �η�π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
−1.16 ±1.14 ��,�� �#!*9!�:) ? 5& 83.� η′ → ηπ>π−
�1���� �� 	 ��	� �	�� �� α ����� :�(α+ A 1.1 ± 1.� ± 1.1�
��"	� ��� ��
���	���� �� ��� �	�� ��� η′ → ηπ>π− 	�� η′ → ηπ1π1�
��#������ :�(α+ A 1� � A 1�

� �0&!�"��!�' (�-�# ���� ����� �0&!�"��!�' (�-�# ���� ����� �0&!�"��!�' (�-�# ���� ����� �0&!�"��!�' (�-�# ���� ����
����� ��
� ������	
 �� 
��	 �����	


1.1�1±1.1�6±1.11&1.1�1±1.1�6±1.11&1.1�1±1.1�6±1.11&1.1�1±1.1�6±1.11& 5G #"�!:$ 12! 3�) �6 π−	 → η′π−	∗

η′�IJD� β 4�7���2�7η′�IJD� β 4�7���2�7η′�IJD� β 4�7���2�7η′�IJD� β 4�7���2�7∣∣��27�= ������2∣∣� � �� � 
β� �∣∣��27�= ������2∣∣� � �� � 
β� �∣∣��27�= ������2∣∣� � �� � 
β� �∣∣��27�= ������2∣∣� � �� � 
β� �
)�� ��� Q$��� �� η -�
	� =	�	������R �� ��� �%%& ������� =����
	� 8�����
-21-21-21-21 ��54 (�%%&+� �� �&2&�

β (�-�# ���� ����β (�-�# ���� ����β (�-�# ���� ����β (�-�# ���� ����
����� ������	
 �� 
��	 �����	


−1.�±1.4−1.�±1.4−1.�±1.4−1.�±1.4 #!-� 65� /#"� 46 π− � → �4π1

η′�IJD� 67���8��9 7�2���η′�IJD� 67���8��9 7�2���η′�IJD� 67���8��9 7�2���η′�IJD� 67���8��9 7�2���

�
(
π>π−η ���$���" (�-�#�

)
	����	� 1H�?��	��

(
π>π−η ���$���" (�-�#�

)
	����	� 1H�?��	��

(
π>π−η ���$���" (�-�#�

)
	����	� 1H�?��	��

(
π>π−η ���$���" (�-�#�

)
	����	� 1H�?��	�

����� ��
� ������	
 �� 
��	 �����	


1.4�6±1.1�1 7.8 9:�1.4�6±1.1�1 7.8 9:�1.4�6±1.1�1 7.8 9:�1.4�6±1.1�1 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.4�&±1.1�01.4�&±1.1�01.4�&±1.1�01.4�&±1.1�0 �6� 8:���$*�8/ 0% ?* ��5S��5 �− �

�
(
π>π−��$���")

)
	����	� �1H�?���1
DF�4�1DI�&�	��

(
π>π−��$���")

)
	����	� �1H�?���1
DF�4�1DI�&�	��

(
π>π−��$���")

)
	����	� �1H�?���1
DF�4�1DI�&�	��

(
π>π−��$���")

)
	����	� �1H�?���1
DF�4�1DI�&�	�

����� ��
� ������	
 �� 
��	 �����	


1.&1&±1.115 7.8 9:�1.&1&±1.115 7.8 9:�1.&1&±1.115 7.8 9:�1.&1&±1.115 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.40 ±1.12 7.8 #3�8#/�1.40 ±1.12 7.8 #3�8#/�1.40 ±1.12 7.8 #3�8#/�1.40 ±1.12 7.8 #3�8#/�

1.& ±1.� 4% !7$-7$ 00 ?* ���& �− � →
#π>π− �����	��

1.42 ±1.10 44 *#-:�8 02� ?* 4 �− �

�
(
π>π−η �-.��'�( (�-�#�

)
	����	� 1
DF��	��

(
π>π−η �-.��'�( (�-�#�

)
	����	� 1
DF��	��

(
π>π−η �-.��'�( (�-�#�

)
	����	� 1
DF��	��

(
π>π−η �-.��'�( (�-�#�

)
	����	� 1
DF��	�

����� ��
� ������	
 �� 
��	 �����	


1.��5±1.11& 7.8 9:�1.��5±1.11& 7.8 9:�1.��5±1.11& 7.8 9:�1.��5±1.11& 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.��0±1.1�4 7.8 #3�8#/�1.��0±1.1�4 7.8 #3�8#/�1.��0±1.1�4 7.8 #3�8#/�1.��0±1.1�4 7.8 #3�8#/�

1.��4±1.1�& �15 8:���$*�8/ 0% ?* ��5S��5 �− �

1.�1 ±1.1& �1 !7$-7$ 00 ?* ���& �− � →
#π>π−π>π−π1

1.15 ±1.1& 5 *#-:�8 02� ?* 4 �− �[
�
(
π1π1 η �-.��'�( (�-�#�

)
��

(
ω �-.��'�( (�-�#�γ

)]
	����	�
�1
DF�4�1DI�&�	�

[
�
(
π1π1 η �-.��'�( (�-�#�

)
��

(
ω �-.��'�( (�-�#�γ

)]
	����	�
�1
DF�4�1DI�&�	�

[
�
(
π1π1 η �-.��'�( (�-�#�

)
��

(
ω �-.��'�( (�-�#�γ

)]
	����	�
�1
DF�4�1DI�&�	�

[
�
(
π1π1 η �-.��'�( (�-�#�

)
��

(
ω �-.��'�( (�-�#�γ

)]
	����	�
�1
DF�4�1DI�&�	�

����� ��
� ������	
 �� 
��	 �����	


1.165±1.112 7.8 9:�1.165±1.112 7.8 9:�1.165±1.112 7.8 9:�1.165±1.112 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.1&2±1.1�%1.1&2±1.1�%1.1&2±1.1�%1.1&2±1.1�% &� 8:���$*�8/ 0% ?* ��5S��5 �− �

�
(
��$���")

)
	����	� �1H�?�4�1I�&��2�	��

(
��$���")

)
	����	� �1H�?�4�1I�&��2�	��

(
��$���")

)
	����	� �1H�?�4�1I�&��2�	��

(
��$���")

)
	����	� �1H�?�4�1I�&��2�	�

����� ��
� ������	
 �� 
��	 �����	


1.�54±1.11% 7.8 9:�1.�54±1.11% 7.8 9:�1.�54±1.11% 7.8 9:�1.�54±1.11% 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.�65±1.1�5 7.8 #3�8#/�1.�65±1.1�5 7.8 #3�8#/�1.�65±1.1�5 7.8 #3�8#/�1.�65±1.1�5 7.8 #3�8#/�

1.�62±1.1�� 242 *#):!� 5�  $�8 ��0 π− � → �
1

1.�6%±1.1�0 ��4 8:���$*�8/ 0% ?* ��5S��5 �− �

�
(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	����	� ��	��

(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	����	� ��	��

(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	����	� ��	��

(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	����	� ��	�

����� ��
� ������	
 �� 
��	 �����	


1.�%&±1.11% 7.8 9:�1.�%&±1.11% 7.8 9:�1.�%&±1.11% 7.8 9:�1.�%&±1.11% 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.4�%±1.141 7.8 #3�8#/�1.4�%±1.141 7.8 #3�8#/�1.4�%±1.141 7.8 #3�8#/�1.4�%±1.141 7.8 #3�8#/�

1.4�%±1.144 �%6 8:���$*�8/ 0% ?* ��5S��5 �− �

1.� ±1.� �1 !7$-7$ 00 ?* ���& �− � →
#π>π− γ

1.4& ±1.1% 42 *#-:�8 02� ?* 4 �− �



��	��	��	��	

���������	
�� �	��	��

η′�	
��

�
(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	�

(
ππη

)
��	�����4��

(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	�

(
ππη

)
��	�����4��

(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	�

(
ππη

)
��	�����4��

(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	�

(
ππη

)
��	�����4�

����� ������	
 �� 
��	 �����	


1.&21±1.1�1 7.8 9:�1.&21±1.1�1 7.8 9:�1.&21±1.1�1 7.8 9:�1.&21±1.1�1 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.&�0±1.1�6 7.8 #3�8#/�1.&�0±1.1�6 7.8 #3�8#/�1.&�0±1.1�6 7.8 #3�8#/�1.&�0±1.1�6 7.8 #3�8#/�

1.&4 ±1.1� ±1.1� *#8*�8:) %6" 7"�/ &21 �� → �� η′ �%
1.4� ±1.�2 -#3:) 06 ?* 2�2 �− �

�
(
π>π−η

)
	�

(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
��	���

(
π>π−η

)
	�

(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
��	���

(
π>π−η

)
	�

(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
��	���

(
π>π−η

)
	�

(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
��	��

����� ������	
 �� 
��	 �����	


�.&2±1.15�.&2±1.15�.&2±1.15�.&2±1.15 #*!:�:" 10� *�)� �/ψ → η′ γ

�
(
γ > −

)
	����	� ��2	��

(
γ > −

)
	����	� ��2	��

(
γ > −

)
	����	� ��2	��

(
γ > −

)
	����	� ��2	�

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<1.%<1.%<1.%<1.% %1 *8:�8� 11  !�7 �1�0 �> �−

�
(
π1 > −

)
	����	� ���	��

(
π1 > −

)
	����	� ���	��

(
π1 > −

)
	����	� ���	��

(
π1 > −

)
	����	� ���	�

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


< �.&< �.&< �.&< �.& %1 *8:�8� 11  !�7 �1�0 �> �−
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<�4 %1 8:���$*�8/ 02 ?* ��5 �− �

�
(
η> −

)
	����	� ���	��

(
η> −

)
	����	� ���	��

(
η> −

)
	����	� ���	��

(
η> −

)
	����	� ���	�

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


< �.&< �.&< �.&< �.& %1 *8:�8� 11  !�7 �1�0 �> �−
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<�� %1 8:���$*�8/ 02 ?* ��5 �− �

�
(
π1 ρ1

)
	����	� �%	��

(
π1 ρ1

)
	����	� �%	��

(
π1 ρ1

)
	����	� �%	��

(
π1 ρ1

)
	����	� �%	�

����� ��� ������	
 �� 
��	 �����	


<1.1&<1.1&<1.1&<1.1& %1 8:���$*�8/ 02 ?* ��5 �− �

�
(
π>π− > −

)
	����	� ��&	��

(
π>π− > −

)
	����	� ��&	��

(
π>π− > −

)
	����	� ��&	��

(
π>π− > −

)
	����	� ��&	�

����� ��� ������	
 �� 
��	 �����	


<1.110<1.110<1.110<1.110 %1 8:���$*�8/ 02 ?* ��5 �− �

�
(
Fπ

)
	����	� ��4	��

(
Fπ

)
	����	� ��4	��

(
Fπ

)
	����	� ��4	��

(
Fπ

)
	����	� ��4	�

����� ��� ������	
 �� 
��	 �����	


<1.1�<1.1�<1.1�<1.1� %1 !7$-7$ 00 ?*  �����	����

�
(
ωγ

)
	�

(
π>π−η

)
�&	���

(
ωγ

)
	�

(
π>π−η

)
�&	���

(
ωγ

)
	�

(
π>π−η

)
�&	���

(
ωγ

)
	�

(
π>π−η

)
�&	��

����� ��
� ������	
 �� 
��	 �����	


1.106±1.116 7.8 9:�1.106±1.116 7.8 9:�1.106±1.116 7.8 9:�1.106±1.116 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.106±1.1�41.106±1.1�41.106±1.1�41.106±1.1�4 06 ;#$9:$7 55 #)=� 6�& π− �

�
(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	
[
�
(
π>π−η

)
��

(
π1π1 η

)
�

�
(
ωγ

)]
��	�����4��&�

�
(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	
[
�
(
π>π−η

)
��

(
π1π1 η

)
�

�
(
ωγ

)]
��	�����4��&�

�
(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	
[
�
(
π>π−η

)
��

(
π1π1 η

)
�

�
(
ωγ

)]
��	�����4��&�

�
(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	
[
�
(
π>π−η

)
��

(
π1π1 η

)
�

�
(
ωγ

)]
��	�����4��&�

����� ������	
 �� 
��	 �����	


1.&41±1.1�% 7.8 9:�1.&41±1.1�% 7.8 9:�1.&41±1.1�% 7.8 9:�1.&41±1.1�% 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.�2 ±1.�&1.�2 ±1.�&1.�2 ±1.�&1.�2 ±1.�& -#.*�8 0& ?* ��%2 �−�

�
(
γ γ

)
	����	� �2	��

(
γ γ

)
	����	� �2	��

(
γ γ

)
	����	� �2	��

(
γ γ

)
	����	� �2	�

����� ��
� ������	
 �� 
��	 �����	


1.1���±1.11�& 7.8 9:�1.1���±1.11�& 7.8 9:�1.1���±1.11�& 7.8 9:�1.1���±1.11�& 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��4�

1.1�%0±1.11�2 7.8 #3�8#/�1.1�%0±1.11�2 7.8 #3�8#/�1.1�%0±1.11�2 7.8 #3�8#/�1.1�%0±1.11�2 7.8 #3�8#/�

1.1�11±1.11�6 �4 )�#$�7$ 61 )=� 6�&2 π− � →
�π>π− �γ

1.1�2 ±1.115 -.#$� 5& "") π− � → �""

1.1�5�±1.1144 06 -#!=:#; 5�  $�8 ��0 π− � → �
1

1.1�1 >1.116
−1.110 4� ?#83�E 5� 7)=� 4�02 π− � → �
1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.1�6 ±1.11� 0111 �& #=�! 5% $: � �2S&1 π− � → ��γ

�4 :�
����� #=�! 5% �������
�&-	�	 �� ��
����� �� )�#$�7$ 61 ��	��	�����

�
(
γ γ

)
	�

(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
�2	���

(
γ γ

)
	�

(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
�2	���

(
γ γ

)
	�

(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
�2	���

(
γ γ

)
	�

(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
�2	��

����� ������	
 �� 
��	 �����	


1.161±1.1161.161±1.1161.161±1.1161.161±1.116 #*!:�:" 10� *�)� �/ψ → η′ γ

�
(
> −

)
	����	� ��6	��

(
> −

)
	����	� ��6	��

(
> −

)
	����	� ��6	��

(
> −

)
	����	� ��6	�

����� ���	
� �−8� ��� ������	
 �� 
��	 �����	


<�.�<�.�<�.�<�.� %1 3787*E�3 66 $- �> �− → π>π− η

�
(
π>π−)

	����	� ��%	��
(
π>π−)

	����	� ��%	��
(
π>π−)

	����	� ��%	��
(
π>π−)

	����	� ��%	�
����� ��� ������	
 �� 
��	 �����	


<1.1�<1.1�<1.1�<1.1� %1 8:���$*�8/ 0% ?* ��5S��5 �− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.16 %2 -#$*.8/ 54 ?* ��� �− � → #
1

�
(
π>π−π1

)
	����	� �6	��

(
π>π−π1

)
	����	� �6	��

(
π>π−π1

)
	����	� �6	��

(
π>π−π1

)
	����	� �6	�

����� ��� ������	
 �� 
��	 �����	


<1.12<1.12<1.12<1.12 %1 8:���$*�8/ 0% ?* ��5S��5 �− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.1% %2 -#$*.8/ 54 ?* ��� �− � → #
1

�
(
π>π>π−π− ��$���")

)
	����	� ���	��

(
π>π>π−π− ��$���")

)
	����	� ���	��

(
π>π>π−π− ��$���")

)
	����	� ���	��

(
π>π>π−π− ��$���")

)
	����	� ���	�

����� ��� ������	
 �� 
��	 �����	


<1.1�<1.1�<1.1�<1.1� %2 -#$*.8/ 54 ?* ��� �− � → #
1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.1� %1 8:���$*�8/ 0% ?* ��5S��5 �− �

�
(
π>π>π−π−π1

)
	����	� ���	��

(
π>π>π−π−π1

)
	����	� ���	��

(
π>π>π−π−π1

)
	����	� ���	��

(
π>π>π−π−π1

)
	����	� ���	�

����� ��� ������	
 �� 
��	 �����	


<1.1�<1.1�<1.1�<1.1� %1 8:���$*�8/ 0% ?* ��5S��5 �− �

�
(
π>π>π−π−)

	����	� ��1	��
(
π>π>π−π−)

	����	� ��1	��
(
π>π>π−π−)

	����	� ��1	��
(
π>π>π−π−)

	����	� ��1	�
����� ��� ������	
 �� 
��	 �����	


<1.1�<1.1�<1.1�<1.1� %1 8:���$*�8/ 0% ?* ��5S��5 �− �

�
(
π1π1 η �Aπ1 (�-�#�

)
	����	� 1A
��4	��

(
π1π1 η �Aπ1 (�-�#�

)
	����	� 1A
��4	��

(
π1π1 η �Aπ1 (�-�#�

)
	����	� 1A
��4	��

(
π1π1 η �Aπ1 (�-�#�

)
	����	� 1A
��4	�

����� ��
� ������	
 �� 
��	 �����	


1.105±1.11& 7.8 9:�1.105±1.11& 7.8 9:�1.105±1.11& 7.8 9:�1.105±1.11& 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.�� ±1.101.�� ±1.101.�� ±1.101.�� ±1.10 & *�$):$/�8 51 -* ��� π> �

�
(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	�

(
π>π−η ���$���" (�-�#�

)
��	1H�?��

�
(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	�

(
π>π−η ���$���" (�-�#�

)
��	1H�?��

�
(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	�

(
π>π−η ���$���" (�-�#�

)
��	1H�?��

�
(
ρ1 γ �!�-"$(!�' ���0��)����� π> π− γ�

)
	�

(
π>π−η ���$���" (�-�#�

)
��	1H�?��

����� ��
� ������	
 �� 
��	 �����	


1.%�±1.12 7.8 9:�1.%�±1.12 7.8 9:�1.%�±1.12 7.8 9:�1.%�±1.12 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.%5±1.1% 7.8 #3�8#/�1.%5±1.1% 7.8 #3�8#/�1.%5±1.1% 7.8 #3�8#/�1.%5±1.1% 7.8 #3�8#/�

1.51±1.�� #")!�8 1&�  *#8 1 � � → π>π− η

�.15±1.�5 *�!#-:-;� %�" 3�) 40 π−*� → π− η′ η*�
1.%�±1.�& &54 -#$*.8/ 54 ?* ��� �− � → #
1

�.��±1.�6 �%� �# 7*) 54 ?* ��% �− � → #
1

�
(
γ γ

)
	�

(
π1π1 η ���$���" (�-�#�

)
�2	1H�?�4�

(
γ γ

)
	�

(
π1π1 η ���$���" (�-�#�

)
�2	1H�?�4�

(
γ γ

)
	�

(
π1π1 η ���$���" (�-�#�

)
�2	1H�?�4�

(
γ γ

)
	�

(
π1π1 η ���$���" (�-�#�

)
�2	1H�?�4

����� ��
� ������	
 �� 
��	 �����	


1.�&�±1.1�1 7.8 9:�1.�&�±1.1�1 7.8 9:�1.�&�±1.1�1 7.8 9:�1.�&�±1.1�1 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��0�

1.�66±1.1261.�66±1.1261.�66±1.1261.�66±1.126 �0 #=�! 5� 7)=� 4�6 π− � → �
1

�
(
µ>µ− γ

)
	�

(
γ γ

)
�5	�2�

(
µ>µ− γ

)
	�

(
γ γ

)
�5	�2�

(
µ>µ− γ

)
	�

(
γ γ

)
�5	�2�

(
µ>µ− γ

)
	�

(
γ γ

)
�5	�2

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


&.%±�.�&.%±�.�&.%±�.�&.%±�.� 44 3:��7873 61  $�8 �2�44 π− � → �µγ

�
(
µ>µ− η

)
	����	� ��2	��

(
µ>µ− η

)
	����	� ��2	��

(
µ>µ− η

)
	����	� ��2	��

(
µ>µ− η

)
	����	� ��2	�

����� ���	
� �−,� ��� ������	
 �� 
��	 �����	


<�.2<�.2<�.2<�.2 %1 -;?�!E#-:$ 6�  $�8 41 π− � → η′ �

�
(
µ>µ−π1

)
	����	� ��&	��

(
µ>µ−π1

)
	����	� ��&	��

(
µ>µ−π1

)
	����	� ��&	��

(
µ>µ−π1

)
	����	� ��&	�

����� ���	
� �−,� ��� ������	
 �� 
��	 �����	


<0.1<0.1<0.1<0.1 %1 -;?�!E#-:$ 6�  $�8 41 π− � → η′ �

�
(
Aπ1

)
	�

(
π1π1 η

)
�0	�4�

(
Aπ1

)
	�

(
π1π1 η

)
�0	�4�

(
Aπ1

)
	�

(
π1π1 η

)
�0	�4�

(
Aπ1

)
	�

(
π1π1 η

)
�0	�4

����� ���	
� �−�� ������	
 �� 
��	 �����	


5&±�� 7.8 9:�5&±�� 7.8 9:�5&±�� 7.8 9:�5&±�� 7.8 9:�

5&±�� 7.8 #3�8#/�5&±�� 7.8 #3�8#/�5&±�� 7.8 #3�8#/�5&±�� 7.8 #3�8#/�

5&±�2 #!-� 65� /#"� 46 π− � → �0γ

52±�6 *:$7$ 6& /#"� 41S&1 π− � → �0γ

�
(
γ γ

)
	�

(
π1π1 η

)
�2	�4�

(
γ γ

)
	�

(
π1π1 η

)
�2	�4�

(
γ γ

)
	�

(
π1π1 η

)
�2	�4�

(
γ γ

)
	�

(
π1π1 η

)
�2	�4

����� ������	
 �� 
��	 �����	


1.�1�±1.115 7.8 9:�1.�1�±1.115 7.8 9:�1.�1�±1.115 7.8 9:�1.�1�±1.115 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��0�

1.�12±1.1�1 7.8 #3�8#/�1.�12±1.1�1 7.8 #3�8#/�1.�12±1.1�1 7.8 #3�8#/�1.�12±1.1�1 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��%�

1.1%�±1.11% #")!�8 %4  *#8 1�1 � �

1.���±1.11�±1.110 #!-� 65� /#"� 46 π− � → ��γ

�
(
ωγ

)
	�

(
π1π1 η

)
�&	�4�

(
ωγ

)
	�

(
π1π1 η

)
�&	�4�

(
ωγ

)
	�

(
π1π1 η

)
�&	�4�

(
ωγ

)
	�

(
π1π1 η

)
�&	�4

����� ������	
 �� 
��	 �����	


1.�&0±1.1�& 7.8 9:�1.�&0±1.1�& 7.8 9:�1.�&0±1.1�& 7.8 9:�1.�&0±1.1�& 7.8 9:�

1.�&5±1.1�01.�&5±1.1�01.�&5±1.1�01.�&5±1.1�0 #!-� 65� /#"� 46 π− � → �&γ

�
(
Aγ

)
	�

(
π1π1 η

)
��4	�4�

(
Aγ

)
	�

(
π1π1 η

)
��4	�4�

(
Aγ

)
	�

(
π1π1 η

)
��4	�4�

(
Aγ

)
	�

(
π1π1 η

)
��4	�4

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<&.0<&.0<&.0<&.0 %1 #!-� 65� /#"� 46 π− � → �4γ

�
(
π1 γ γ

)
	�

(
π1π1 η

)
��0	�4�

(
π1 γ γ

)
	�

(
π1π1 η

)
��0	�4�

(
π1 γ γ

)
	�

(
π1π1 η

)
��0	�4�

(
π1 γ γ

)
	�

(
π1π1 η

)
��0	�4

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<45<45<45<45 %1 #!-� 65� /#"� 46 π− � → �&γ

�
(
π1π1

)
	�

(
π1π1 η

)
��1	�4�

(
π1π1

)
	�

(
π1π1 η

)
��1	�4�

(
π1π1

)
	�

(
π1π1 η

)
��1	�4�

(
π1π1

)
	�

(
π1π1 η

)
��1	�4

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<&2<&2<&2<&2 %1 #!-� 65� /#"� 46 π− � → �&γ



������������

��� ��� �� ���� 	
� ����� ����	
�� �	��	��

η′�	
��� ���	���

�
(
?π1

)
	�

(
π1π1 η

)
��5	�4�

(
?π1

)
	�

(
π1π1 η

)
��5	�4�

(
?π1

)
	�

(
π1π1 η

)
��5	�4�

(
?π1

)
	�

(
π1π1 η

)
��5	�4

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<�4<�4<�4<�4 %1 #!-� 65� /#"� 46 π− � → �6γ

�
(
µ

)
	����	� ��0	��

(
µ

)
	����	� ��0	��

(
µ

)
	����	� ��0	��

(
µ

)
	����	� ��0	�

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<&.5<&.5<&.5<&.5 %1 *8:�8� 11  !�7 �1�0 �> �−

η′�IJD� �0��������7<��9 ����� 4�7���2�7η′�IJD� �0��������7<��9 ����� 4�7���2�7η′�IJD� �0��������7<��9 ����� 4�7���2�7η′�IJD� �0��������7<��9 ����� 4�7���2�7
)�� ��� ���� �� η ��
	� �	�	������ �� ��� )�	��� =	���
�� =	���
�� !������
��� ��<������ �� ���� �	�	������

����� ������27� 4�7���2�7 ��7 π>π− γ����� ������27� 4�7���2�7 ��7 π>π− γ����� ������27� 4�7���2�7 ��7 π>π− γ����� ������27� 4�7���2�7 ��7 π>π− γ
����� ��
� ������	
 �� 
��	 �����	


−1.1� ±1.1& 7.8 #3�8#/�−1.1� ±1.1& 7.8 #3�8#/�−1.1� ±1.1& 7.8 #3�8#/�−1.1� ±1.1& 7.8 #3�8#/�

−1.1�%±1.120 #:?#8# 65 �= �γ → π>π− γ

−1.10%±1.156 �%2 /8:/78:#$ 52 )�8 ��� π− �

1.11 ±1.�1 �14 �#!*9!�:) ? 52 ?* ���6 �− � →
#π>π− γ

1.15 ±1.16 �2� 8:���$*�8/ 02 ?* ���S��5 �− �

η′�IJD� 7���7�����η′�IJD� 7���7�����η′�IJD� 7���7�����η′�IJD� 7���7�����

!���4�� �� �� (8� ,-� �� !%�	;	� �� ��� ���* "#��$%��
!����' ,! �!' �� �8- (��� !���	� �� ��� ���* "#��$%��

 �$���$
�0 ��#� =!� �� ���
!�*��� �� ��1 "�� -� "� !����� �� ��� �"�>�
$� �$���� "#��$%��
�!� �1 �� �,�� �8 1��� �$	 �� ��� ���* "#��$%��
������  ��� �� -� �� ��	��� �� ��� �"��& "#��$%��
!""�!��� ��� �� ���� ��� �� !))	$��	 �� ��� ��� "#��$%��
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$� �$�� "#��$%��
�&� � �� (�� �8 '�!� �#� �� ��� �!*� "#��$%��
!�+!�! ��" �� (�� � +� !	.$�$ �� ��� � �"B-γ "#��$%��
�&�&�=�� �� *1'� �� -8� ���� �#�#%	�: �� ��� �'&�&�

 �$���$
�0 ��#� =!� �� ����
<����!�* �� �� (�� ���, (�!� <	��	$�� �� ��� �"�>�
$� �$�� "#��$%��
!�+!�! �8 �� (�, -�, +� !	.$�$ �� ��� � �"B-γ "#��$%�� 1�
!����"+ �8� �� ���� �,8 +� !�%��).
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��'&' �� �� ��� -�� ��3� �	�#� �� ��� �*���6 ���36 �!����
��+��'( ��� �� �-,� ,�� +�1� ��.���0 �� ��� �"���& "#��$%��

!��# �� ���� �8� +�1� ��.���0 �� ��� �"���& "#��$%��
1�''� �� �� (-8 ��� �� 1���	 �� ��� �*�!"6 ����
�!� �� �-� �� ���� �� <� �$�
�� �� ��� �1!(� "#��$%��
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 �$���$
�0 ��#� =!� �- �,�
!��� 8� �� ��� ��� <�(� !9��6 4�+� !�5���
�	�6 �� ���
#��))	 �4!��4��
��''�� 8� �� ��� ��� (��� �	��	� �� ��� ��&�"�
�!'��'& 88 ��� �� �� "� �$�E�# �� ��� �"!��6 �"3�6 &+�&��
3��3&��!' 8, '� ��� -�- !� 3�	5#�	$� �� ��� ���
4!������*"+ 8, �� (�� ��8 3��� 4$�%F�	�).6 ��"� *
�$�06 1�<� ".$9�$� ��'���
(7!'� 8� ��� �- �-, !� (�$�� �� ��� ��&�"6 *+���
4!������*"+ 8� �� (� ��� 3��� 4$�%F�	�). ��'��
(!'�7�3 8� �� (� �8�� 1�*� ($�%��5 �� ��� ��'�6 ��"+� 1�
1!"&�* 8� �� (� �� *��� 1$)#%� �� ��� ���!'6 7�(6 *=�!�� 1�
!��� 8- �� �� �� <�(� !9�� �� ��� �4!��46 4!���6 ��*!�
(!���!� 8- �� �-� �88 ���� ($�9	$� �� ��� �"��'�
�!*��� 8� '" �! �8� �� �$�	�� �� ��� �"��'6 �3'!6 * ���
+!���= 8� ��� -8 ��, ��+� +$�:�> �� ��� ���''6 ��"+�
��'*�'3�� 8 �� ��� ,, 1��� ����	�5�� �� ��� �<�*"�
��  �'���3 ��  .��	� 7"�� ����� !� �	

��%��5 ����� �
(!��* �� �� -8� ,�- �� ($:	� �� ��� �'<�*6 !'��
�&'(&' �� �� ��� ��� 3�<� �#�0#� �� ��� ��'�6 *=�!� �1�
�!(��� �,� �� �8 ��8 1� �$0	�� �� ��� ���&�6 *!"�6 !�* �
��  �'���3 �, ��� �, ,,� !� �	

��%��56 3��� 4$�%F�	�). ����6 �'��
(!7��� �� ��� �� ��� ���� ($�%�� �� ��� �7"�!� 1�
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!���� �8� �� ��- ��, !� !%��� �� ��� �"�>�
$� �$���� "#��$%��
3�'&��*� �� ��+= "�� �-, �� 3��#:���6 (��� �	).
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 �����'3 �, �� �� �-8 3�+�  �	��	�5 �� ��� �����
3&�(���3 �� ��� �- ,�� �� 3#�0%��5 �� ��� �*=�!6 �'��
3&�(���3 ��� ��� �� -�� �� 3#�0%��5 �� ��� �*=�!6 �'��
4!������*"+ �� ��� �- ,-8 3��� 4$�%F�	�). �� ��� ����� 1�
4!������*"+ ��� ��� �� ��� 3��� 4$�%F�	�).6 &��� ($.�6 !� �	
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 ��	�� 1 .��!�  3�� ���
��	�� ��� ��� ��"� �������!

�1�ID� �����1�ID� �����1�ID� �����1�ID� ����

����� ����� ��
� ������	
 �� 
��	 �����	


%61 ±�1 7.8 �)�:"#��%61 ±�1 7.8 �)�:"#��%61 ±�1 7.8 �)�:"#��%61 ±�1 7.8 �)�:"#��

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
%64.1± 1.0>&.1−4.1 � #"*87):$7 10� �!7� ��1� �> �− →

π>π− γ

%55.4± 1.%>4.5−&.4 � #"*87):$7 10� �!7� ��1� �> �− →
π>π− γ

%02 ±�1 #*!:�:" 12 *�)� �/ψ → φπ>π−�
φ�>�−

%50 ± & >�
−4 �26& 4 /#8"#)? 12 *�!! &> → �>π>π−

�14� ± 6 & #$:)73: ? 14 83.�

�145 ±4� �:�?7":873 14 )=� &1�1 π− →
�1
�
�1
�
�1
�
P

%54 ± � �&46 2 #!7:):7 1�( �!7� �> �− → π1π1 γ

%55 ± 4 ±� 6&6 0 #:�#!# 1�! �5%� �>
%

→ π−π>π>

%0%.6± &.2 &�% 5 # ?#)73 11+ )$- �> �− → π1π1 γ

%62 >�0
−�� &�% 6,% # ?#)73 11+ )$- �> �− → π1π1 γ

%50 ± 2 ±0 �1 #�?"��)?:$ %%�  "-� �> �− → π>π− γ

%55 ± 4 ±0 �06 �1 #�?"��)?:$ %%"  "-� �> �− → π1π1 γ

%52 ± & ±0 �� #�?"��)?:$ %%"  "-� �> �− → π1π1 γ

%52 ± & ±0 �� #�?"��)?:$ %%"  "-� �> �− → π>π− γ�

π1π1 γ
%62 ±�1 *#8*�8:) %% 7"�/ &21 �� →

�% �� �
>�−

%6� ± 4 *#8*�8:) %%� 7"�/ &21 �� →
�% �� π>π−

%6� ± 4 *#8*�8:) %%" 7"�/ &21 �� →
�% �� π1π1

%65 ± 0 ±0 �4 *#8*�8:) %%( 7"�/ &21 �� → �>�−�
π>π−

%6% ±�2 *�!!#;;:$: %% /#"& &21 �� → ��π1 π1

%%� ± 4 �& �#":$)�: %% 83.� ππ → ππ� �� � σσ

∼ %61 �& 7!!�8 %% 83.� ππ → ππ� ��

∼ %%4.2 7!!�8 %%� 83.� ππ → ππ� ��

∼ %65 �& 7!!�8 %%" 83.� ππ → ππ� �� � ηη

%25 ± 0 �2 # ��8)�#99 %6? 7=#! $ → �1 P

%01 ±�1 #!-� %6 /#"&

�1�2 ±�2 �& #$:)73: ? %6� 83.�  �����	����

�116 �0 !7 ?�8 %6 83.� ππ → ππ � � �

%22 ±�1 �2 #!-� %5 /#"� &21 �� → ��π1 π1

%%& ± % �5 *�8�:$ %5" 7*!P 1�1 � � → π>π−π1

%%4.�± 0.2±0.% �6 :)?:-# %0 83.� ππ → ππ� ��

�110 �78$D3:)� %0 83.� ππ → ππ� �� � � π�
ηπ

%%5 ± 2 4G �% #!-� %2� /#"� 46 π− � → π1π1 �

%01 ±�1 �1G �1 #!-� %2� /#"� 46 π− � → π1π1 �

%%& ± 2 #")!�8 %2�  *#8 1.1 � � → 4π1

∼ %%0 �� #")!�8 %2(  *#8 1�1 � � → π1π1π1�

π1 ηη� π1π1 η
%65 ± 0 �� #$:)73: ? %2 83.�

�1�2 �#$))�$ %2 83.� ππ → ππ� ��

%64 �4 *.// %& 83.� �� → η�π1

%54 ± � �& �#":$)�: %& 83.� ππ → ππ� ��

%66 �2 ;7. %&� 83.�

%66 ±�1 �0 "78/#$ %4 83.� ππ (� �+ →
ππ (� �+� �/ψ →
φππ (� �+� �% →
π (ππ+

%5�.�± &.1 �2 #/.:!#8���� %� �?) &11 ��

%5% ± & �5 #8")�87$/ %� 7"�/ 411 �� → ��ππ �
��� �

%20 ±�� *8�#�)�7$�%1 )9" �� → ��π>π−
%2%.&± 0.2 �2 #./.)�:$ 6% -"� �/ψ → ωπ>π−
%56 ± % �2 #*# ?: 60� ?8) �> �− → π>π−P

%62.1> %.1
−4%.1 ���:$ 6�� "=) �4 π− � → ���1

�

%5& ± & �5 /:-#! 6� "8�� �/ψ → π>π−P

%52 �6 # ?#)73 61 83.�

%60 ±�1 �5 #/.:!#8���� 56 ?* 1�5 � � → �1
�
�1
�

%0% ± 2 �5 !��=�8 55 #)=� �S��& π− � →
π>π− � � �>�− �

%65 ± 5 �5 *:$$:� 54  $�8 π− � → �""

�1�� ± 0 �% /8#E�8 54 #)=� �5 π− � → π>π− �

�115 ±�1 �% ?E#") 54 #)=� �5 π− � → π>π− �

%%5 ± 0 �% =87�7=7=��� 54 ?* 5 π> � →
π> �π>π−
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���������	
�� �	��	��

���	���

� :� ��� G	������� <� �������� ����	���� �� # ?#)73 6%�
� :� ��� �������
���� <� 	������ 	 ����
� 
������ �� φ �� �1 γ�
4*�����,����� �������� �� =,# 	��������
&���	���� ���� ���� 
������� 	�	����� �� π− � → π1π1 �� π− � → � � ��

π>π− → π>π−� � � → π1π1π1� π1 ηη� π1π1 η� π>π−π1� �>�−π1� �1
�
�1
�

π1�

�>�1
�

π− 	� ����� � � → π−π−π>� �1
�
�−π1� �1

�
�1
�

π− 	� �����
2 9��� ��� ��	���� ����������
� ���� ��� �1(011+ ����� �� #:�#!# 1�� ���� ���
# ?#)73 6% �	�	������M	���� ��� ��� �1(%61+� 	 *�����,���� ��� ��� �1(011+� 	��
# ?#)73 1�� ��� ��� ρπ 
������������

0 �������
�	���� *�����,����� 
������� �πA1.1%±1.1�±1.1�� ��A1.1�±1.1&±1.14�
5 )��������� # ?#)73 %6�� .��� ��� ����� �� # ?#)73 6%�
6 )��������� # ?#)73 %6��
% :� ��� Q�	���� �����	�
�R 	�������	�����
�1#������ H(�1+A &1 "�3�
��9��� 	 �	���� ���� <� �	G�� ���� 	

���� �1(%61+ 	�� �1(��11+ ���������	�� ��
�	�
������

�� 9��� ��� 
������� <� �� ��� ������ ���
��	 �� ��� ��	
����� �> �− → π>π− γ�

π1π1 γ�
�4 )��������� *#8*�8:) %% 	�� *#8*�8:) %%�
�&���	���� �����
�2 9��� ���	��	�� �	�� <��
�07� ����� :: �� 	 � ���� ��������� ��� ����� ���� �� ����� �� ����� ::: 	� (�14%−%4�+ "�3�
�57� ����� :: �� 	 � ���� ��������� ��� ����� ���� �� ����� �� ����� ::: 	� (%04��%�+ "�3�
�68�	�	����� �� �	�	 ���� ?E#") 54� /8#E�8 5&� )8:$:3#)#$ 52� 	�� 87))�!�� 55
���� ��� ���������� 	�������� �������

�%#� ���
∣∣�∣∣�

�1#� ���
∣∣�∣∣�

��7� ����� :: �� 	 &����� ��������� ��� ����� ����� 	�� ����� �� ����� ::: 	� (%24−22�+ "�3
	�� �� ����� :3 	� (%46−42�+ "�3�

�� ������� <� �� #!-� %2�� #$:)73: ? %&� #")!�8 %&(�
�47� ����� :: �� 	 � ���� ��������� ��� ����� ���� �� ����� �� ����� ::: 	� (%%0−�14�+ "�3�
�&9��� ����� :: ���� ���������
�27� ����� :: �� 	 � ���� ��������� ��� ����� ���� �� ����� �� ����� ::: 	� (5%5−�62�+ "�3
	�� 
	� �� ����������� 	� 	 ��	��� �����

�07� ����� :: �� 	 � ���� ��������� ��� ����� ���� �� ����� �� ����� ::: 	� (%56−�6�+ "�3�
�59��� 
������ 
�	���� 	�	������
�6 ������ 
�	���� 	�	����� ���� <���� ����� 
����
������
�% :�
����� �� #/.:!#8�*�$:��; 56 <��

�1�ID� B��28�1�ID� B��28�1�ID� B��28�1�ID� B��28

,���� ��������	���� ���� ����� ���������� =�	G ����� �� ππ �� 	���� 21 "�3� ���
��
	� ����� 
	� �� ��
� �	����

����� ����� ��
� ������	
 �� 
��	 �����	


&1 �� �11 7.8 �)�:"#��&1 �� �11 7.8 �)�:"#��&1 �� �11 7.8 �)�:"#��&1 �� �11 7.8 �)�:"#��

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
0� ± % >�&

− 6 �26& 41 /#8"#)? 12 *�!! &> → �>π>π−
0& ± �0 4� #$:)73: ? 14 83.�

��� ± �4 �:�?7":873 14 )=� &1�1 π− →
�1
�
�1
�
�1
�
P

∼ 51 4� *8#"7$ 1� 83.� �.1� �> �− →
π1π1 γ

&& ± � ± � 6&6 44 #:�#!# 1�! �5%� �>
%

→ π−π>π>

�1� ± �6 &�% 4& # ?#)73 11+ )$- �> �− → π1π1 γ

��� ± �4 &�% 42,40 # ?#)73 11+ )$- �> �− → π1π1 γ

20 ± �1 45 #�?"��)?:$ %%"  "-� �> �− → π1π1 γ

02 ± �1 *#8*�8:) %% 7"�/ &21 �� →
�% �� �

>�−
61 ± �1 *#8*�8:) %%� 7"�/ &21 �� →

�% �� π>π−
61 ± �1 *#8*�8:) %%" 7"�/ &21 �� →

�% �� π1π1

&6 ± �� ± 6 46 *#8*�8:) %%( 7"�/ &21 �� → �>�−�
π>π−

02 ± �2 *�!!#;;:$: %% /#"& &21 �� → ��π1 π1

5� ± �& 4% �#":$)�: %% 83.� ππ → ππ� �� � σσ

∼ �6 4% 7!!�8 %% 83.� ππ → ππ� ��

∼ �2 7!!�8 %%� 83.� ππ → ππ� ��

∼ �& 4% 7!!�8 %%" 83.� ππ → ππ� �� � ηη

51 ± �1 #!-� %6 /#"&

60 ± �0 4% #$:)73: ? %6� 83.�  �����	����

2& &1 !7 ?�8 %6 83.� ππ → ππ � � �

0% ± �2 &� #!-� %5 /#"� &21 �� → ��π1 π1

46 ± �1 &� *�8�:$ %5" 7*!P 1�1 � � → π>π−π1

∼ �11 &4 :)?:-# %0 83.� ππ → ππ� ��

4& �78$D3:)� %0 83.� ππ → ππ� �� � � π�
ηπ

&6 ± �1 4G && #!-� %2� /#"� 46 π− � → π1π1 �

%2 ± �1 �1G &2 #!-� %2� /#"� 46 π− � → π1π1 �

�0 ± �1 #")!�8 %2�  *#8 1.1 � � → 4π1

∼ ��� &0 #")!�8 %2(  *#8 1�1 � � → π1π1π1�

π1 ηη� π1π1 η
61 ± �� &5 #$:)73: ? %2 83.�

41 �#$))�$ %2 83.� ππ → ππ� ��

5& &6 *.// %& 83.� �� → η�π1

�% ± � &% �#":$)�: %& 83.� ππ → ππ� ��

&0 21 ;7. %&� 83.�

&6 ± �� 2� "78/#$ %4 83.� ππ (� �+ →
ππ (� �+� �/ψ →
φππ (� �+� �% →
π (ππ+

45.&± �1.0 &� #/.:!#8���� %� �?) &11 ��

5� ± 6 2� #8")�87$/ %� 7"�/ 411 �� → ��ππ �
��� �

��1 ± 41 *8�#�)�7$�%1 )9" �� → ��π>π−
�% ± �4 &� #*# ?: 60� ?8) �> �− → π>π−P

��1 ±�6� ±�1 ���:$ 6�� "=) �4 π− � → ���1
�

�6 ± �1 2� /:-#! 6� "8�� �/ψ → π>π−P

51 �� 411 24 # ?#)73 61 83.�

�11 ± 61 2& #/.:!#8���� 56 ?* 1�5 � � → �1
�
�1
�

41 ± 6 2� !��=�8 55 #)=� �S��& π− � →
π>π− � � �>�− �

&6 ± �& 2� *:$$:� 54  $�8 π− � → �""

4� ± �1 22 /8#E�8 54 #)=� �5 π− � → π>π− �

41 ± �1 22 ?E#") 54 #)=� �5 π− � → π>π− �

2& ± �0 22 =87�7=7=��� 54 ?* 5 π> � →
π> �π>π−

41*�����,����� �������� �� =,# 	��������
4����	���� ���� ���� 
������� 	�	����� �� π− � → π1π1 �� π− � → � � ��

π>π− → π>π−� � � → π1π1π1� π1 ηη� π1π1 η� π>π−π1� �>�−π1� �1
�
�1
�

π1�

�>�1
�

π− 	� ����� � � → π−π−π>� �1
�
�−π1� �1

�
�1
�

π− 	� �����
4�.��� ��� �	�	 �� #�?"��)?:$ %%"� # ?#)73 11+� 	�� #!7:):7 1�(�
44*�����,���� ������
4& )��������� # ?#)73 %6�� .��� ��� ����� �� # ?#)73 6%�
42 )��������� # ?#)73 %6��
40 :� ��� Q�	���� �����	�
�R 	�������	�����
45 9��� ��� 
������� <� �� ��� ������ ���
��	 �� ��� ��	
����� �> �− → π>π− γ�

π1π1 γ�
46 )��������� *#8*�8:) %% 	�� *#8*�8:) %%�
4%���	���� �����
&17� ����� :: �� 	 � ���� ��������� ��� ����� ���� �� ����� �� ����� ::: 	� (�14%−%4�+ "�3�
&�9��� ���	��	�� �	�� <��
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&48�	�	����� �� �	�	 ���� ?E#") 54� /8#E�8 5&� )8:$:3#)#$ 52� 	�� 87))�!�� 55
���� ��� ���������� 	�������� �������
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&07� ����� :: �� 	 &����� ��������� ��� ����� ����� 	�� ����� �� ����� ::: 	� (%24−22�+ "�3
	�� �� ����� :3 	� (%46−42�+ "�3�

&5 ������� <� �� #!-� %2�� #$:)73: ? %&�
&67� ����� :: �� 	 � ���� ��������� ��� ����� ���� �� ����� �� ����� ::: 	� (%%0−�14�+ "�3�
&%9��� ����� :: ���� ���������
217� ����� :: �� 	 � ���� ��������� ��� ����� ���� �� ����� �� ����� ::: 	� (5%5−�62�+ "�3
	�� 
	� �� ����������� 	� 	 ��	��� �����

2�7� ����� :: �� 	 � ���� ��������� ��� ����� ���� �� ����� �� ����� ::: 	� (%56−�6�+ "�3�
2�9��� 
������ 
�	���� 	�	������
24 ������ 
�	���� 	�	����� ���� <���� ����� 
����
������
2& 9��� 
������ 
�	���� <� �� ��� ?E#") 54 	�� =87�7=7=�) . 54 �	�	� ,��� 	
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�
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�
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22 :�
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1.�6>1.1%−1.�4 20 *7/!:7$� %% 83.� γ γ → π>π−� π1π1

1.&�±1.10±1.�6 01 25 7�)� %1 �#-� �> �− → �> �−π1π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�%±1.15±1.�� 26,2% *7E�8 %1 "8�� �> �− →

�> �−π>π−
1.4�±1.�&±1.1% 26,2% "#8):)�� %1  *#! �> �− → �> �−π1π1

1.04±1.�& 01 "78/#$ %1 83.� γ γ → π>π− � π1π1

20)��������� "78/#$ %1�
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.52>1.��−1.�4 0� #*!:�:" 12? *�)� χ�1 → �π>�π−�

π>π−�>�−
1.6&±1.1� 0� #$:)73: ? 1�( )=�  ������� <�

∼ 1.06 7!!�8 %%� 83.� ππ → ππ� ��

1.05±1.1% 04 !73�88� 61 ?* & π− � → ���1
�

1.6�>1.1%−1.1& 04  #)7$ 56 )�8 5 π− � → ���1
�

1.56±1.14 04 ,��;�! 50 7)=� 6�% π− � → ���1
�

0�.��� �	�	 ���� #*!:�:" 1&3�
0� 9��� 	 
������� ���	���� 	�	����� ��  ����	� *	���� (1� �� → π1π1π1� π1 ηη�
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04"�	���� ππ ��	���
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!7��� 6� �� �� (8 �-� �� !�%��
 �� ��� ��!�!� "#��$%��
�!�7 � �� �,�� ,� �� �$�� �� ���

��(�!3! � �� �,8� ,� �� ��0	$5$ �� ���

�733 �� �� �,�� � (��� ��55
��'4 � �� �,�, - 1��� �	�; �� ��� ��'!� �&"7* "#��$%��
���!�� � ��� �- �-� 1��� ���$��
���!�� �! ��� !�� -�8� 1��� ���$��
<!'3 �� ��1 "�8 --� ��B3� <$�5 �� ���

!"+!*&� �� '� !8-� �-, '�'� !).$�#:
!'�*&��"+ �� �!' �� 8�� ���� !�	�#:	).6 ��!� '	;#�#:6 !��� *$�$�
��:

 �$���$
�0 ��#� =!� �� 88-�
!'�*&��"+ �( �!' �� �-� ���� !�	�#:	).6 !��� *$�$�
��:

 �$���$
�0 ��#� =!� �� ���
��(!�3! � �� (�� ��� �� ��0$	5$6 �� '	�����
�&3��&'� � ��1 "� ,� �� �#5�	#��6 ���� ����	�5
#�
"+�' � �� (�8 ���� "�B+� ".��
"&�!'3��& � �� �,,� �� �� "#�$�5��#6 �� (� �$�	#
�!�&�!� � '� !8-� 8�� 1��� �$�#�$� �� ���
!"+!*&� -3 �� �,�� �� '�' !).$�#:6 !��� 4	����:
!'�*&��"+ -" �!' �, ��8 !��� !�	�#:	). �� ���

 �$���$
�0 ��#� =!� �, ,-��
��!"4 - ��� �� ����� (� ��$);6 �� +$�$0$6 1� *).�).
��
"�&*� -� 1�3 -� �-�� ���� "�#��6 '�  #��G:	�

4!��'*4� - ��1 (	��)
 "� � �� 4$�	��;	6 �� ����	$;6 4� �>%	);	
4������( - �� (�� ��8 �� 4������0 �� ���

�7�� - �� (�, 8�,� 3� ��996 �� :$���:����6 ��(� *)$0�#�
*+!4�' - �� (�, 8�,- "��� *.$;	�6 +� <$�5
 �*+��! - 1�3 -� ����  �  ��.	�$6 �� 4	
$���$6 '� �#�	�	
$
�&�4&� - �!' �, ��,8 ��4� �#�;#:6 ���� =�0	).�:

 �$���$
�0 ��#� =!� �, �8��
!"+!*&� �� �� (�� ��8 '�'� !).$�#: �� ��� �'#:#�	%	��; *'( "#��$%��
"�&*� � �� �,�, �� ���� "�#��6 !� 4	�;
3&4!�� � �� (�� ,��8 !� 3#;$�96 &� =	��$�
*7�&� *�� � �� (�� ,�-� =�*� *��#:
��:6 (� 4��9$6 �� '$5>
�!�47*+�'  ��1 !� ��� ���� �$�;��.	�
<!'3 ! �� (�- �8,� �� <$�5
!���7 ��1 �� ���� ��� �� !%��� �� ��� �(���+� "#��$%��
!'�*&��"+ ��( �� ��,- �� !��� !�	�#:	). �� ���

!��# '� !�,� -,� !��� !�	�#:	). �� ���

!'�*&��"+ ��+ �� ���8 -�� !��� !�	�#:	).6 ���� !�	�#:	).
��!"4 �� �� (,� 8�-� (� ��$); �� ���

(���&7�3& �� �� ���� ��- �� (��%#��5#6 (� �	�6 �� *)$0�#�
�!�"& �� �� ��8 - �� �$�)# �� ���

��'4&<*4� �� ��1 "� -�� �� �	�;#@�;	6 <� &).�
!"+!*&� ��3 1� �� �8 ��� '�'� !).$�#: �� ���

!"+!*&� ��1 *�7 �� ���� '�'� !).$�#:
"+��!�'�4��� �� �� ��-� �� ���� ".�	$9�	;#:6 ��!� 7:$�#:
��&4&*+4�' �8 *�( �- ��8 =�(� ��#;#�.;	� �� ��� �*����

 �$���$
�0 ��#� (!'* �,� �-��
!7 �8 �� (�, ���� 4��� !�6 (� �#�5$�6 ���� ����	�5
#� �(7�+6 �!��
!4�**&' �� '� �-�� �,�  � !;���#� �� ��� �!D	$� �	��0 *9�)� "#��$%��
������' �� ��+= "� ��, �� :$� ��:���� �� ��� �'�1�6 �����
��''�**��� �� ��+= "�� -�� 3� �������	�� ��&'��
�!���� �- ��+= "�- � (��� �$�%�� �� ��� �(!��6 �!'"6 *+���
� 4�' �-" �� (-, -��� !� �
;	� �� ��� ��'�6 "7'=6  7� *6 �!'(�
*��'��!*!' 8, �� (�- ��� �� *�	�	:$�$� �� ��� �'(!�6 !'��
��3� �- "��' "#��� -�8 !� �	5	 �� ��� �"��'�
��'3+!� �- "��' "#��� -� +�+� �	�5.$� �� ��� ���&�6 "��'�
��<�' �- ��� � �� !��� ��@	� �� ��� �<�*"6 �'��
<!'3 �� 1� � �� �-� 4�B"� <$�5 �� ��� �1�'��

 �$���$
�0 ��#� �� � � ����



������������

���������	
�� �	��	��

���	���

���	��� �	 �
�� � � �−� � ��

3�� ��� ���������' �� 
���� ��
��
 ��	�� 1 .��!�  3�� ��� ��	��
��� ��� ��"� �������!

�1�ID� �����1�ID� �����1�ID� �����1�ID� ����

����� ����� ������	
 ��

%6&.5±�.� 7.8 #3�8#/�%6&.5±�.� 7.8 #3�8#/�%6&.5±�.� 7.8 #3�8#/�%6&.5±�.� 7.8 #3�8#/� :�
����� �	�	 ���� ��� � �	�	���
G� ��	� ������ ���� ����
����� ��
����� �
	�� �	
��� �� ��2� )�� ��� �����	� ������

WEIGHTED AVERAGE
984.7±1.2 (Error scaled by 1.5)

DEBILLY 80 HBC 2.1
ABELE 98 CBAR 0.8
DEFOIX 72 HBC 1.6
GRASSLER 77 HBC 1.2
GURTU 79 HBC 0.6
EVANGELISTA 81 OMEG 0.2
ATKINSON 84E OMEG 2.1
ARMSTRONG 91B OMEG 0.0
AMSLER 92 CBAR 1.9
AMSLER 94C CBAR 0.1
BERTIN 98B OBLX 0.4
TEIGE 99 E852 15.9
BARBERIS 00H 0.2
BARBERIS 00H 1.9
ACHARD 02B L3 0.0

χ2

      29.0
(Confidence Level = 0.010)

950 960 970 980 990 1000 1010 1020

�1 ���! +#33

ηπ ����� �2�2� ����ηπ ����� �2�2� ����ηπ ����� �2�2� ����ηπ ����� �2�2� ����
����� ����� ��
� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

%62.� ± �.4 7.8 #3�8#/�%62.� ± �.4 7.8 #3�8#/�%62.� ± �.4 7.8 #3�8#/�%62.� ± �.4 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��2� )�� ��� �����	�
������

%62 ± & ±0 4�6 # ?#8- 1�� !4 �64S�1% �> �− →
�> �− ηπ>π−

%52 ± 5 *#8*�8:) 11+ &21 �� →
�� ηπ1 �%

%66 ± 6 *#8*�8:) 11+ &21 �� →
'>>
�

ηπ− �%

%%4.� ± �.� � ��:/� %% �62� �6.4 π− � →
ηπ>π− �

%52 ±�2 *�8�:$ %6� 7*!P 1�1 � � →
�±�% π∓

%6&.&2± �.�4±1.4& #")!�8 %&"  *#8 1.1 � � → ωηπ1

%6� ± � � #")!�8 %�  *#8 1�1 � � → ηηπ1

%6& ± & �1&1 � #8")�87$/ %�� 7"�/ ± 411 �� →
��ηπ> π−

%50 ± 0 #��:$)7$ 6&� 7"�/ ± �2S22 γ � → ηπ�

%60 ± 4 211 4 �3#$/�!:)�# 6� 7"�/ ± �� π− � →
ηπ>π−π− �

%%1 ± 5 �&2 4 /.8�. 5% ?* ± &�� �− � →
#η�π

%55 ± 5 /8#))!�8 55 ?* − �0 π∓ � → �η4π

%5� ±�1 �21 -�97:P 5� ?* ± 1�5 � � → 5π

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
%%2 >2�

−�1 40 & # ?#)73 11� )$- �> �− → ηπ1 γ

%%& >44
− 6 40 2 # ?#)73 11� )$- �> �− → ηπ1 γ

∼ �122 0 7!!�8 %% 83.� ηπ� � �

∼ �11%.� 0 7!!�8 %%� 83.� ππ → ππ� ��

%66 ± 0 0 #$:)73: ? %6� 83.�  �����	����

%65 �78$D3:)� %0 83.� ππ → ππ� �� �
� π� ηπ

%%� �#$))�$ %2 83.� ηπ → ηπ� � � �
� π� ηπ

%61 ±�� &5  7$978�7 56 7)=� − &�2 π− � → �
−
%56 ±�0 21  78-�$ 56 7"�/ ± ��S�2 π− � →

�η�π
%6% ± & 51 ,�!!) 52 ?* − 4��S0 �− � →

#η�π
%51 ±�2 �1 *#8$�) 0%" ?* − &S2 �− � →

#η�π
%61 ±�1  #"=*�!! 0% -* ± ��5 π> �

%61 ±�1 �2 ":!!�8 0%� ?* − &�2 �−� → ηπ#

%61 ±�1 41 #""#8 06 ?* ± 2�2 �− � →
#η�π

�*�����,���� <�� 	���	� ������� �±
1
	�� �11� ��� <� �	���� 	 ������� ��	���� �

±
1
�

� 9��� 	 ����� *�����,���� <��
4 9��� ��(��62+ ��
	��
& )��������� # ?#)73 %6�� .��� ��� ����� �� # ?#)73 6%�
2 )��������� # ?#)73 %6�� .��� ��� ����� �� �#99� 55�
0���	���� �����

WEIGHTED AVERAGE
985.1±1.3 (Error scaled by 1.5)

DEFOIX 72 HBC 1.7
GRASSLER 77 HBC 1.3
GURTU 79 HBC 0.5
EVANGELISTA 81 OMEG 0.1
ATKINSON 84E OMEG 2.3
ARMSTRONG 91B OMEG 0.1
AMSLER 92 CBAR 2.4
AMSLER 94C CBAR 0.3
BERTIN 98B OBLX 0.4
TEIGE 99 E852 14.5
BARBERIS 00H 0.1
BARBERIS 00H 2.1
ACHARD 02B L3 0.0

χ2

      25.9
(Confidence Level = 0.011)

950 960 970 980 990 1000 1010 1020

ηπ 450#� 3�#�6 70�8

� � ����� � ����� � ����� � ����
����� ����� ��
� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

%61.6± �.5 7.8 #3�8#/�%61.6± �.5 7.8 #3�8#/�%61.6± �.5 7.8 #3�8#/�%61.6± �.5 7.8 #3�8#/�

%6� ± 4 5 #*�!� %6  *#8 1�1 � � → �1
�
�±π∓

%50 ± 0 4�0 -�*:!!E 61 ?* ± ���S� �� → ��(��62+ω

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ �124 6 7!!�8 %%" 83.� ππ → ππ� ��

�1�0 ±�1 �11 % #)�:�8 05 ?* ± 1�1 � �

�114.4± 5.1 �&4 �1 87)�$9�!- 02 83.� ±
5���	���� ���� �� ����� ::� ��� ���� �� ����� ::: �� 	� �110��&% "�3�
6���	���� �����
%#)�:�8 05 ��
����� �	�	 �� *#8!7, 05�  7$978�7 05� #8"�$��87) 02�
�1=��� ������	��
 �������

�1�ID� B��28�1�ID� B��28�1�ID� B��28�1�ID� B��28

����� ����� ��
� ������	
 �� 
��	 �� �����	


21 �� �11 7.8 �)�:"#��21 �� �11 7.8 �)�:"#��21 �� �11 7.8 �)�:"#��21 �� �11 7.8 �)�:"#�� ,���� ��������	���� ���� ����� ���������� =�	G
����� �� ηπ �� 	���� 01 "�3� ��� ��
	� ����� 
	� �� ��
� �	����

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
21 ±�4 ±& 4�6 # ?#8- 1�� !4 �64S�1% �> �− →

�> �− ηπ>π−
5� ±�0 *#8*�8:) 11+ &21 �� →

�� ηπ1 �%
0� ±�% *#8*�8:) 11+ &21 �� →

'>>
�

ηπ− �%
∼ &� �� 7!!�8 %% 83.� ηπ� � �

∼ ��� �� 7!!�8 %%� 83.� ππ → ηπ� � �

5� ± 5 ��:/� %% �62� �6.4 π− � →
ηπ>π− �

%� ±�1 �� #$:)73: ? %6� 83.�  �����	����

02 ±�1 *�8�:$ %6� 7*!P 1�1 � � →
�±�% π∓

∼ �11 �78$D3:)� %0 83.� ππ → ππ� �� �
� π� ηπ

�1� �#$))�$ %2 83.� ηπ → ηπ� � � �
� π� ηπ

2&.��± 1.4&±1.�� #")!�8 %&"  *#8 1.1 � � → ωηπ1

2& ±�1 �� #")!�8 %�  *#8 1�1 � � → ηηπ1

%2 ±�& �1&1 �� #8")�87$/ %�� 7"�/ ± 411 �� →
��ηπ> π−

0� ±�2 211 �4 �3#$/�!:)�# 6� 7"�/ ± �� π− � →
ηπ>π−π− �

01 ±�1 �&2 �4 /.8�. 5% ?* ± &�� �− � →
#η�π

01 >21
−41 &5  7$978�7 56 7)=� − &�2 π− � → �
−

60.1 >01.1
−21.1 21  78-�$ 56 7"�/ ± ��S�2 π− � →

�η�π
&& ±�� /8#))!�8 55 ?* − �0 π∓ � → �η4π

61 �� 411 �& 9!#��� 50 83.� − &�� �− � →
#η�π



������������

��� ��� �� ���� 	
� ���������	
�� �	��	��

���	����φ������

�0.1 >�2.1
−�0.1 51 ,�!!) 52 ?* − 4��S0 �− � →

#η�π
41 ± 2 �21 -�97:P 5� ?* ± 1�5 � � → 5π

&1 ±�2  #"=*�!! 0% -* ± ��5 π> �

01 ±41 �2 ":!!�8 0%� ?* − &�2 �−� → ηπ#

61 ±41 41 #""#8 06 ?* ± 2�2 �− � →
#η�π

�����	���� �����
�� 9��� 	 ����� *�����,���� <��
�4 9��� ��(��62+ ��
	��
�&.��� 	 ����
�	���� �����	�
� �	�	�����M	���� �� /#E 50� �	�	�

� � ����� � ����� � ����� � ����
����� ����� ��
� ������	
 �� 
��	 �� �����	


%�± 6%�± 6%�± 6%�± 6 �2 #*�!� %6  *#8 1�1 � � → �1
�
�±π∓

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ �& �0 7!!�8 %%" 83.� ππ → ππ� ��

∼ �2 �11 �5 #)�:�8 05 ?* ±
25±�4 �&4 �6 87)�$9�!- 02 83.� ±
�2���	���� ���� �� ����� ::� ��� ���� �� ����� ::: �� 	� �110��&% "�3�
�0���	���� �����
�5#)�:�8 05 ��
����� �	�	 �� *#8!7, 05�  7$978�7 05� #8"�$��87) 02�
�6=��� ������	��
 �������

�1�ID� ����� ������1�ID� ����� ������1�ID� ����� ������1�ID� ����� �����

"��� 9�	
���� (H� @H+

�� ηπ �����	��

�� � � ����

�4 ρπ
�& γ γ ����

�2 > −

�1�ID� 4�72��� B��28��1�ID� 4�72��� B��28��1�ID� 4�72��� B��28��1�ID� 4�72��� B��28�

�
(
γ γ

)
�&�

(
γ γ

)
�&�

(
γ γ

)
�&�

(
γ γ

)
�&

����� �;��� ������	
 �� 
��	

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.41±1.�1 �% #")!�8 %6 83.�

�%.��� Hγ γ*(a1(%61+ → ηπ+ A1.�& ± 1.16 G�3�

�1�ID� ��!���γ γ�	������"��1�ID� ��!���γ γ�	������"��1�ID� ��!���γ γ�	������"��1�ID� ��!���γ γ�	������"�

�
(
ηπ

) × �
(
γ γ

)
	����	� ���&	��

(
ηπ

) × �
(
γ γ

)
	����	� ���&	��

(
ηπ

) × �
(
γ γ

)
	����	� ���&	��

(
ηπ

) × �
(
γ γ

)
	����	� ���&	�

����� �;��� ��
� ������	
 �� 
��	 �����	


1.�&>1.16−1.15 7.8 #3�8#/�1.�&>1.16−1.15 7.8 #3�8#/�1.�&>1.16−1.15 7.8 #3�8#/�1.�&>1.16−1.15 7.8 #3�8#/�

1.�6±1.1&±1.�1 && 7�)� %1 �#-� �> �− → �> �−π1 η

1.�%±1.15>1.�1−1.15 #$�8�#)E#$ 60  *#! �> �− → �> �−π1 η

�
(
ηπ

) × �
(
> −

)
	����	� ���2	��

(
ηπ

) × �
(
> −

)
	����	� ���2	��

(
ηπ

) × �
(
> −

)
	����	� ���2	��

(
ηπ

) × �
(
> −

)
	����	� ���2	�

����� ���� ��� ������	
 �� 
��	 �����	


<�.2<�.2<�.2<�.2 %1 3787*E�3 66 $- �> �− → π1 η

�1�ID� 67���8��9 7�2����1�ID� 67���8��9 7�2����1�ID� 67���8��9 7�2����1�ID� 67���8��9 7�2���

�
(
� �

)
	�

(
ηπ

)
��	���

(
� �

)
	�

(
ηπ

)
��	���

(
� �

)
	�

(
ηπ

)
��	���

(
� �

)
	�

(
ηπ

)
��	��

����� ������	
 �� 
��	 �� �����	


1.�64±1.1�& 7.8 #3�8#/�1.�64±1.1�& 7.8 #3�8#/�1.�64±1.1�& 7.8 #3�8#/�1.�64±1.1�& 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

1.25 ±1.�0 �1 *#8/:7��: 14 7*!P ��

1.�4 ±1.12 �� #*�!� %6  *#8 1�1 � � →
�1
�
�±π∓

1.�00±1.1� ±1.1� �� *#8*�8:) %6" 7"�/ &21 �� →
�� ��(��62+�%

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ 1.01 7!!�8 %%� 83.� ππ → ηπ� � �

�.�0 ±1.�6 �4 *.// %& 83.� �� → ηηπ1

1.5 ±1.4 ��  78-�$ 56 7"�/ ��S�2 π− � →
�η�π

1.�2 ±1.16 �� -�97:P 5� ?* ± 1�5 � → 5π

�
(
ρπ

)
	�

(
ηπ

)
�4	���

(
ρπ

)
	�

(
ηπ

)
�4	���

(
ρπ

)
	�

(
ηπ

)
�4	���

(
ρπ

)
	�

(
ηπ

)
�4	��

ρπ ����������
����� ��� ������	
 �� 
��	 �� �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.�2 51 #""#8 51 ?* ± &���2�2 �− � →

#η�π
�1 ������ 
�	���� 	�	����� �� π>π−π1� �>�−π1� 	�� �±�1

�
π∓�

��.��� π1π1 η ���� #")!�8 %&(�
�� 9��� ��� ��
	� �� ��(��62+�
�4*.// %& ���� #")!�8 %&" �	�	� ���� �� 	 �	��� �� 
��������

�1�ID� 7���7������1�ID� 7���7������1�ID� 7���7������1�ID� 7���7�����

�!�3�&  � � ��1 "-� �8� �� �$�5	#

	 �� ��� �&����/ "#��$%��
!"+!�( -� �� �,-� -�� �� !).$�0 �� ��� ��� "#��$%��
!"+!*&� � �� ��8� ,� ��'� !).$�#: �� ��� �'#:#�	%	��; *'( "#��$%��
�!�����* + �� ���� --, (� �$�%��	� �� ��� �<! �- "#��$%��
&���� �� �� (� ���� ����$
���1�!� &���� �� ���
&���� ��� '� !�,- �8 ����$
��� 1�!� &����6 �� &��

&���� ��" �� (� 8�-� 1�!� &����6 �� &��

 ��3� �� �� (,� �-� *�  �	5� �� ��� ��'� ��,- "#��$%��
!���� �� �� (,8 ��� !� !%��� �� ��� �"�>�
$� �$���� "#��$%��
!"+!*&� ��� �� ���� ��� ��'� !).$�#: �� ��� �'#:#�	%	��; *'( "#��$%��
!�*��� �� ��� 8 �-�� "� !�����
!'�*&��"+ ��� 7�' �� ��� ���� !�	�#:	). �� ���

�!�����* ��" �� ��� --, (� �$�%��	� �� ��� �<! �- "#��$%��
��� �' ��� �� ���� �� !� ���
	� �� ��� �&����/ "#��$%��
 &�'?��* �� ��� 8� �,8, '�!�  #��G:	�
6 �� �##� �+��*�
1!'**�' �, �� (,- -�� 3� 1$����� �� ��� �* &'6 !(�(6 17���
!�*��� ��" �� ��-8 �-, "� !����� �� ��� �"�>�
$� �$���� "#��$%��
!�*��� ��( �� ���� -88 "� !����� �� ��� �"�>�
$� �$���� "#��$%��
�733 �� �� (, ���- (��� ��55 �� ��� ��&?��
!�*��� �- �� �-�� ��8 "� !����� �� ��� �"�>�
$� �$���� "#��$%��
!��* �&'3 ��� ��+= ",- ���  �!� !���
�#�5 �� ��� �! +76 �!��6 ������
&�* � ��+= "�8 ���  � &��
 �� ��� �1!(� "#��$%��
!"+!*&� �� '� ���, ��, '�'� !).$�#:6 ��'� �:$�).��;#
�&�&�=�� �� *1'� �� -8� ���� �#�#%	�: �� ��� �'&�&�

 �$���$
�0 ��#� =!� �� ����
!' ��!*=!' �� �� (�� ���8 (� !�
��$�>$� �� ��� �"�>�
$� �$�� "#��$%��
! 4�'*&' ��� �� ���� �,� �� !
;	��#� �� ��� ��&''6 "��'6 3�!*��
��!'3���* ! �� '� ��8� ��8 "� �:$�5��	�
$ �� ��� ��!��6 �&''6 "��'��
(�����= � '� ��8� � �� 0� �	��> �� ��� �"7��'6 �!7*6 '�7"��
37� 7 8� '� ��,� ��� !� 3��
� �� ��� �"��'6 ����6 '�1�6 &/��
"&'�&� & 8� �'" -� ��� �� "#��#�
# �� ��� ��+��6  ' &6 "+�"��
"&�(�' 8� '� ���� -,� ��1� "#�0�� �� ��� �����6 �+��6  ��!��
3�!**��� 88 '� ��-� ��� +� 3�$����� �� ��� �!!"+�6 ����6 �&''��
1!��� 88 �� (�, -�86-�� �� 1$C� ��� �
��!  � 8� �� ��� --� *��� ��$

� �"��'�
3!= 8�� �� ��� -- 1��� 3$> �� ��� �"��'6 !�* 6 '�1�� 1�
<���* 8, '� ��� ��� 1� <���� �� ��� �&/��
(��&�/ 8- '� ��� �-, "� (��#	D �� ��� �"(��6 "��'�
!��!� 8 �� (- �� �� !��$� �� ��� �4!'*6 '<�*6 !'�6 <�*"�
�!�'�* ��" ��� -� �� ���� �$���� �� ��� ��'�6 *=�!�
"!������ �� ��� -- �-� 1�+� "$�9%��� �� ��� ��7�(�
������ ��� �� -�� -,, (�+� �	���� �� ��� ��7�(�

!��# �� ��� -�� <��� =�� �� ��� ��7�(�
!��!� �� ��� -� ���- �� !��$� �� ��� �'<�*6 !'��
!* ��� �8 �� -,� -�� !� !�
	�� �� ��� �"(��6 "��'6 ��!(�

��)��0�� 0$
$ #� �!��&< �86 "&'�&� & �86 $�0 !���' ��&* �,�
�!��&< �8 '" ,! 8� 1� �$��#@ �� ��� �"��'6 "(��6 ��!(6 �����
"&'�&� & �8 '� �� ��� 3� "#��#�
# �� ��� �"��'6 "(��6 ��'���
!���' ��&* �, �� �8 ��� �� !����
��#� �� ��� �"��'6 "(���
�&*�'���( �, &D�#�0 "#��� ,� !�+� �#������0 �����

�28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7�

"+�'3 � �� (8� ���8 +�B=� ".��56 "�B4� ".�$6 4�B"� =$�5
!7��� 6� ,1 �� (8- ,-� �� !�%��
 �� ��� ��!�!� "#��$%��
�!�7 , ��1 !-� ,-� ���� �$��6 1� +$	0��%$���6 "� +$�.$�

��� & , �� ��� ��  ��� ��	
# �� ���

4!�!*+'�4��� , ��1 !-� ��8 =��*� 4$�$�.�	;#:$6 !��� 4�0�>$:
��:6 !��� '���0	�:
�� ,� ��1 !-, -�� (�B�� �	6 4�B<� <�	6 +� =�
�&(��37�� , �� (8� 8�� *� �#0�	5���6 �� '$9��)	$��
 �*+��! , '� !8,� ���  �  ��.	�$6 �� 4	
$���$6 '� �#�	�	
$
<!'3 ," ��1 "�- �� ��B3� <$�56 <�B�� =$�5
�!�7 � �� �,�� ,� �� �$�� �� ���

���!�� � ��� �- �-� 1��� ���$��
���!�� �! ��� !�� -�8� 1��� ���$��
<!'3 �� ��1 "�8 --� ��B3� <$�5 �� ���

!"+!*&� �� �� (�� ��� '�'� !).�$#:6 !��� 4	����:
!"+!*&� �� '� !8-� �-, '�'� !).$�#:
�!�&�!� � '� !8-� 8�� 1��� �$�#�$� �� ���
!"+!*&� -3 �� �,�� �� '�' !).$�#:6 !��� 4	����:
��!"4 - ��� �� ����� (� ��$);6 �� +$�$0$6 1� *).�).
��
�&3��&'� - �� (�, ���� �� �#5�	#��6 ���� ����	�5
#�
"�&*� -� 1�3 -� �-�� ���� "�#��6 '�  #��G:	�

�7��!' - �� �,�� -�� !� ����$�6 �� ����	$;
!"+!*&� �� �� (�� ��8 '�'� !).$�#: �� ��� �'#:#�	%	��; *'( "#��$%��
"�&*� � �� �,�, �� ���� "�#��6 !� 4	�;
!'�*&��"+ ��( �� ��,- �� !��� !�	�#:	). �� ���

!��# '� !�,� -,� !��� !�	�#:	). �� ���

�!�"& �� �� ��8 - �� �$�)# �� ���

!"+!*&� ��1 *�7 �� ���� '�'� !).$�#:
 &�'?��* � '���* -� ��� '�!�  #��G:	�
 �+��*�
<��'* ��' � �� (�� --�� 1� <�	��
�	�6 '� ��5�� � ' &�
!"+!*&� ��� ��+= "�� �� '�'� !).$�#:6 3�'� *.��
$;#: �'&���
������' �� ��+= "� ��, �� :$� ��:���� �� ��� �'�1�6 �����
 &�'?��* �- ��� �� �-� '�!�  #��G:	�
 �+��*�
��!�&' � �� ��� �, !� ��$�#�6 �� �$��# ��!�"�
 7�4& �� *	��$ "#��� � ��� ��  ��;#
 �� ��� ��'�6 ��  �

φ������ �	 �
�� � � −��−−�

φ��
� ����φ��
� ����φ��
� ����φ��
� ����

����� ����� ��
� ������	
 �� 
��	 �����	


�1�%.&01±1.1�% 7.8 #3�8#/��1�%.&01±1.1�% 7.8 #3�8#/��1�%.&01±1.1�% 7.8 #3�8#/��1�%.&01±1.1�% 7.8 #3�8#/�

�1�%.2� ±1.12 ±1.12 �5&11 #�?"��)?:$ 12  "-� 1�01���46 �> �− →
ηγ

�1�%.&64±1.1��±1.1�2 �5�G � #�?"��)?:$ 1&  "-� �> �− → �1
�
�1
�

�1�%.&� ±1.12 �%11G � # ?#)73 1�� )$- �> �− → �>�−�
�� ��� π>π−π1

�1�%.&1 ±1.1& ±1.12 �4G #�?"��)?:$ 1��  "-� �> �− → ηγ

�1�%.40 ±1.�� 4 # ?#)73 11� )$- �> �− → ηγ

�1�%.46 ±1.15 ±1.16 ��11 & #�?"��)?:$ %%�  "-� �> �− → π>π− ≥
�γ

�1�%.2� ±1.15 ±1.�1 ���0% #�?"��)?:$ %6  "-� �> �− → π>π−π1



������������

���������	
�� �	��	��

φ������

�1�%.2 ±1.& *#8*�8:) %6 7"�/ &21 �� →
����>��−

�1�%.&� ±1.10 22011 #�?"��)?:$ %2  "-� �> �− → �	�����

�1�%.5 ±1.4 �1�� -#3�$=78� 60 "=)9 &11 �# → &� P

�1�%.5 ±1.� ±1.� 215% #!*8� ?� 62( #8/ �1 �> �− →
�>�−P

�1�%.4 ±1.� �211 #8�$�7$ 6� #�") ���6 ���	�� �� →
��

�1�%.05 ±1.�5 �2161 2 =�!!:$�$ 6� 83.�

�1�%.2� ±1.�4 406� *.�:$ 56" 7!E# �> �− → �	�����

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�1�%.04 ±1.15 ��2&1 0 #.*�8��* 121 *#*8 �1 → �1�>�−
�1�%.6 ±1.5 #8")�87$/ 60 7"�/ 62 π>@�� →

π>@�&� �

�1�1.� ±1.�� 22�0 0 #��:$)7$ 60 7"�/ �1S51 γ �

�1�%.5 ±�.1 *�*�� 60  !�7 �> �− → �(&�+

�1�%.&��±1.116 0&�G 5 -:��)�8# 60 )=� �11S�11 π±� �� ��
�±� �� *�

�1�1.% ±1.� 0 98#"� 60 7"�/ �4 �> � → φ�> �

�1��.1 ±1.� 0 #8")�87$/ 64� 7"�/ �6�2 �−� →
�−�>#

�1�1.1 ±1.2 0 #8")�87$/ 64� 7"�/ �6�2 �−� →
�−�>#

�1�%.5 ±1.4 0 *#8#�� 64 /7!: �%1 π−*� → �µP

�1�%.6 ±1.� ±1.2 500 :3#$73 6� 7!E# �S��& �> �− →
�>�−

�1�%.& ±1.2 445  77=�8 56� ?* 1�5S1�6 �� →
�1
�
�1
�

π>π−
�1�1 ±� 464 0 *#!-: 55  $�8 �1 π− � → π−φ�

�1�6.% ±1.0 611  7?�$ 55 #)=� 0 π±� → �>�−�

�1�%.5 ±1.2 &2& �#!*9!�:) ? 50 ?* ���6 �−� → #� �

�1�%.& ±1.6 %6& *�) ? 5&  $�8 � γ � → ��>�−
�1�1.4 ±1.& �11 *#!!#" 54 ?* ��6S%�4 γ �

�1�%.& ±1.5 *:$$:� 54�  $�8 π− � → φ�

�1�%.0 ±1.2 ��1 6 #/.:!#8���� 5�� ?* 4�%�&�0 �− � →
#�>�−

�1�%.% ±1.2 �11 6 #/.:!#8���� 5�� ?* 4�%�&�0 �− � →
�− ��>�−

�1�1.& ±1.2 �4�  7!!�E 5� ?* �1 �> � → �> �φ

�1�%.% ±1.4 &�1 )�7��!���� 5� ?* ��% �− � →
( /#� �

�.��	�� �� #�?"��)?:$ 1�(
�9��� ��� 
������� <� 	������ ��	� ��� ���	� φ(�1�1+ �����
���� 
���� ��
���� ��

�	���	��� �� ����� �� �>�−� �� ��� π>π−π1� 	�� ηγ ��
	�� ����� 	�� ����
# ?#)73 11� ��� ��� ηγ ��
	� �����

4.��� 	 ���	� ����� �� &.&4 ± 1.12 "�3� )�����	��
 ��
���	���� ��
������
&.��� 	 ���	� ����� �� &.&4 ± 1.12 "�3�
2=�!!:$�$ 6� ������ ��
����� #��8!79 55� -#." 6�� *#!-: 55� #E8�) 5&� -��
/877� 5&�

0 )�����	��
 ������ ��� ��	��	����
5,������ 	�� �
	��� 	���	� �� �� ��	��������� �� -:��)�8# 60�
6"	�� ������ ���	��� �� �� �� H@

√
�B ��� ��� ���� ���� ��� �∗(6%�+ �	���

φ��
� B��28φ��
� B��28φ��
� B��28φ��
� B��28

����� ����� ��
� ������	
 �� 
��	 �����	


&.�0 ±1.12 7.8 #3�8#/�&.�0 ±1.12 7.8 #3�8#/�&.�0 ±1.12 7.8 #3�8#/�&.�0 ±1.12 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��5� )�� ��� �����	� ������

&.�61±1.144±1.1�2 �5�G % #�?"��)?:$ 1&  "-� �> �− → �1
�
�1
�

&.�� ±1.1& �%11G �1 # ?#)73 1�� )$- �> �− → �>�−�
�� ��� π>π−π1

&.&& ±1.1% 22011 #�?"��)?:$ %2  "-� �> �− → �	�����

&.2 ±1.5 �211 #8�$�7$ 6� #�") ���6 ���	�� �� → � �

&.� ±1.0 500 �� :3#$73 6� 7!E# �S��& �> �− →
�>�−

&.4 ±1.0 ��  78-:�8 61 -"� �> �− → π>π−π1

&.40 ±1.�% 406� �� *.�:$ 56" 7!E# �> �− → �	�����

&.& ±1.0 %6& �� *�) ? 5&  $�8 � γ � → ��>�−
&.05 ±1.5� 06� �� *#!#�:$ 5� 7)=� �> �− → �	�����

&.1% ±1.�% *:;7� 51 7)=� �> �− → �	�����

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
&.�6 ±1.�4 ��2&1 �� #.*�8��* 121 *#*8 �1 → �1�>�−
&.&2 ±1.10 �5�G -:��)�8# 60 )=� �11 π−*�

4.0 ±1.6 445 ��  77=�8 56� ?* 1�5S1�6 �� →
�1
�
�1
�

π>π−
&.2 ±1.21 �411 ��,�� #��8!79 55 )=� &11 �# → �>�−P

&.2 ±1.6 211 ��,�� #E8�) 5& #)=� 4S0 π− � →
�>�− �� �− � →
�>�−#

/
(1

4.6� ±1.45  7)"� 5&� 7)=� �> �− → �1
�
�1
�

4.6 ±1.5 &2& �� *78�$)��:$ 5� ?* ���6 �− � → � � �

WEIGHTED AVERAGE
4.26±0.05 (Error scaled by 1.7)

BIZOT 70 OSPK 0.3
BALAKIN 71 OSPK 0.3
BESCH 74 CNTR 0.1
BUKIN 78C OLYA 0.1
CORDIER 80 DM1 0.0
IVANOV 81 OLYA 0.0
ARENTON 82 AEMS 0.1
AKHMETSHIN 95 CMD2 3.9
ACHASOV 01E SND 1.7
AKHMETSHIN 04 CMD2 0.2

χ2

       6.8
(Confidence Level = 0.662)

3.5 4 4.5 5 5.5

φ ����! '�	��  +�,!
%.��	�� �� #�?"��)?:$ 1�(
�19��� ��� 
������� <� 	������ ��	� ��� ���	� φ(�1�1+ �����
���� 
���� ��
���� ��

�	���	��� �� ����� �� �>�−� �� ��� π>π−π1� 	�� ηγ ��
	�� ����� 	�� ����
# ?#)73 11� ��� ��� ηγ ��
	� �����

��,���� ������ ���	��� �� �� �� &H@
√
�B ��� ��� ���� ���� ��� �∗(6%�+ �	���

�� )�����	��
 ������ ��� ��	��	����

φ��
� ����� �����φ��
� ����� �����φ��
� ����� �����φ��
� ����� �����

)
	�� �	
���@
"��� 9�	
���� (H� @H+  ��<���
� �����

�� �>�− (&%.� ±1.0 + K )A���

�� �1
��

1
� (4&.1 ±1.2 + K )A���

�4 ρπ � π>π−π1 (�2.4 ±1.& + K )A���

�& ρπ
�2 π>π−π1

�0 ηγ ( �.41�±1.1�&+ K )A���

�5 π1 γ ( �.�2 ±1.15 +× �1−4
�6 �> �−
�% > − ( �.%5 ±1.1& +× �1−& )A���

��1 µ>µ− ( �.60 ±1.�% +× �1−&
��� η> − ( �.�2 ±1.�1 +× �1−&
��� π>π− ( 5.4 ±�.4 +× �1−2

��4 ωπ1 ( 2.� >�.4
−�.� +× �1−2

��& ωγ < 2 K  !A6&K

��2 ργ < �.� × �1−2  !A%1K

��0 π>π−γ ( &.� ±�.4 +× �1−2
��5 �1�ID�γ ( &.&1 ±1.�� +× �1−&
��6 π1π1 γ ( �.1% ±1.10 +× �1−&

��% π>π−π>π− ( 4.% >�.6
−�.� +× �1−0

��1 π>π>π−π−π1 < &.0 × �1−0  !A%1K

��� π1 > − ( �.�� ±1.�6 +× �1−2
��� π1 ηγ ( 6.4 ±1.2 +× �1−2
��4 �1�ID�γ ( 5.0 ±1.0 +× �1−2
��& η′�IJD�γ ( 0.� ±1.5 +× �1−2 )A���

��2 ηπ1π1 γ < � × �1−2  !A%1K

��0 µ>µ− γ ( �.& ±1.2 +× �1−2
��5 ργ γ < 2 × �1−&  !A%1K

��6 ηπ>π− < �.6 × �1−2  !A%1K

��% ηµ>µ− < %.& × �1−0  !A%1K
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φ������

����27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2���

#� ����� $� �� �- ��������" �����
 �
�
 /� ���
�������
 ��	
��� ���
������ �� 	�������� �� ���������
� ��� ����� $� ��
 �

χ� & -��� ��� -� 	�"���
 �� ����	���

��� ���'��" ����������� ����� ������
 ��� ��� ���������� ���Æ�����
〈
δ	iδ	j

〉
( δ	i·δ	j!) �� �������) ���� ��� $� �� ��� ��������" ��������
) 	i ≡

*i(*���	�� ��� $� ���
�����
 ��� 	i '��
� ���
 ������ �� ���
 ����� �� 
�� ��
����

	� −/-

	4 −.� −-

	0 −%� �- �

	5 −�% �� � ��

	% -- −-� −�� −-� −�%

	�1 −� / % / % −�-

	�� −� � � � � −/ �

	�5 � � � � � � � �

	�% −� � � � � −� � � �

	�4 � � � � � � � � � �

	�& −- � � �/ � −� � � � �

	� 	� 	4 	0 	5 	% 	�1 	�� 	�5 	�%

	�& �

	�4

φ��
� 4�72��� B��28�φ��
� 4�72��� B��28�φ��
� 4�72��� B��28�φ��
� 4�72��� B��28�

�
(
ηγ

)
�0�

(
ηγ

)
�0�

(
ηγ

)
�0�

(
ηγ

)
�0

����� �;��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
26.%±1.2±�.& # ?#)73 11 )$- �> �− → ηγ

�
(
π1 γ

)
�5�

(
π1 γ

)
�5�

(
π1 γ

)
�5�

(
π1 γ

)
�5

����� �;��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
2.&1±1.�0>1.&4−1.&1 # ?#)73 11 )$- �> �− → π1 γ

�
(
�> �−

)
�6�

(
�> �−

)
�6�

(
�> �−

)
�6�

(
�> �−

)
�6

����� �;��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.4�1±1.1�5±1.1�2 �4 #"*87):$7 12 �!7� ��1� �> �− → µ>µ−

�
(
> −

)
�%�

(
> −

)
�%�

(
> −

)
�%�

(
> −

)
�%

����� �;��� ��
� ������	
 �� 
��	 �����	


�.�5±1.1& 7.8 �3#!.#�:7$�.�5±1.1& 7.8 �3#!.#�:7$�.�5±1.1& 7.8 �3#!.#�:7$�.�5±1.1& 7.8 �3#!.#�:7$

�.4�±1.12±1.14�.4�±1.12±1.14�.4�±1.12±1.14�.4�±1.12±1.14 �& #"*87):$7 12 �!7� ��1� �> �− → �> �−
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.�5±1.14 �5�G �2 #�?"��)?:$ 1&  "-� �> �− → �1

�
�1
�(

�
(
> −

) × �(µ>µ−))�	- ��%��1�
�	-(

�
(
> −

) × �(µ>µ−))�	- ��%��1�
�	-(

�
(
> −

) × �(µ>µ−))�	- ��%��1�
�	-(

�
(
> −

) × �(µ>µ−))�	- ��%��1�
�	-

����� �;��� ������	
 �� 
��	 �����	


�.4�1±1.1�6±1.1�5�.4�1±1.1�6±1.1�5�.4�1±1.1�6±1.1�5�.4�1±1.1�6±1.1�5 #"*87):$7 12 �!7� ��1� �> �− → µ>µ−
�4,������ 	���	� �� Hee 	��

√
H� �Hµµ ���� #"*87):$7 12 	������ ������ ����

����	�����
�& 9��� ����	����	
G�	�� 	�������� 	�� ���� H���	� A &.�0 ± 1.12 "�3 ���� ��� �11&
������� �� ���� 8������

�2.��� *(φ → �1
�
�1
�
+ A 1.445 ± 1.112 	�� H���	� A &.�0 ± 1.12 "�3� .��	�� ��

#�?"��)?:$ %%(�

φ��
� ��!���> −�	�������"�φ��
� ��!���> −�	�������"�φ��
� ��!���> −�	�������"�φ��
� ��!���> −�	�������"�

�
(
> −

) × �
(
�>�−)

	�����	� �%��	�
��

(
> −

) × �
(
�>�−)

	�����	� �%��	�
��

(
> −

) × �
(
�>�−)

	�����	� �%��	�
��

(
> −

) × �
(
�>�−)

	�����	� �%��	�
�

����� ���	
� �−,� ��
� ������	
 �� 
��	 �����	


�&.01±1.44 7.8 9:��&.01±1.44 7.8 9:��&.01±1.44 7.8 9:��&.01±1.44 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

�4.%4±1.�&±1.%%�4.%4±1.�&±1.%%�4.%4±1.�&±1.%%�4.%4±1.�&±1.%% �111G �0 # ?#)73 1�� )$- �> �− → �>�−�
�� ��� π>π−π1

�
(
> −

) × �
(
�1
��

1
�

)
	�����	� �%��	�

��
(
> −

) × �
(
�1
��

1
�

)
	�����	� �%��	�

��
(
> −

) × �
(
�1
��

1
�

)
	�����	� �%��	�

��
(
> −

) × �
(
�1
��

1
�

)
	�����	� �%��	�

�

����� ���	
� �−,� ��
� ������	
 �� 
��	 �����	


�1.��±1.�4 7.8 9:��1.��±1.�4 7.8 9:��1.��±1.�4 7.8 9:��1.��±1.�4 7.8 9:�

�1.10±1.�0 7.8 #3�8#/��1.10±1.�0 7.8 #3�8#/��1.10±1.�0 7.8 #3�8#/��1.10±1.�0 7.8 #3�8#/�

�1.1�±1.1&±1.�5 �5�G �5 #�?"��)?:$ 1&  "-� �> �− → �1
�
�1
�

�1.�5±1.15±1.4& 211G �0 # ?#)73 1�� )$- �> �− → �>�−�
�� ��� π>π−π1

�
(
> −

)× [
�
(
ρπ

)
��

(
π>π−π1

)]
	�����	� �%�4	�

��
(
> −

)× [
�
(
ρπ

)
��

(
π>π−π1

)]
	�����	� �%�4	�

��
(
> −

)× [
�
(
ρπ

)
��

(
π>π−π1

)]
	�����	� �%�4	�

��
(
> −

)× [
�
(
ρπ

)
��

(
π>π−π1

)]
	�����	� �%�4	�

�

����� ���	
� �−,� ��
� ������	
 �� 
��	 �����	


&.24 ±1.�� 7.8 9:�&.24 ±1.�� 7.8 9:�&.24 ±1.�� 7.8 9:�&.24 ±1.�� 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

&.&4 ±1.�2 7.8 #3�8#/�&.&4 ±1.�2 7.8 #3�8#/�&.&4 ±1.�2 7.8 #3�8#/�&.&4 ±1.�2 7.8 #3�8#/�

&.41 ±1.16 ±1.�� #.*�8��* 1&' *#*8 �1�0 �> �− →
π>π−π1 γ

&.002±1.1&�±1.�0� &11G �0 # ?#)73 1�� )$- �> �− → �>�−�
�� ��� π>π−π1

&.42 ±1.�5 ±1.16 ���0% �6 #�?"��)?:$ %6  "-� �> �− → π>π−π1

�
(
> −

) × �
(
ηγ

)
	�����	� �%�0	�

��
(
> −

) × �
(
ηγ

)
	�����	� �%�0	�

��
(
> −

) × �
(
ηγ

)
	�����	� �%�0	�

��
(
> −

) × �
(
ηγ

)
	�����	� �%�0	�

�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


4.60 ±1.10 7.8 9:�4.60 ±1.10 7.8 9:�4.60 ±1.10 7.8 9:�4.60 ±1.10 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

4.%1 ±1.15 7.8 #3�8#/�4.%1 ±1.15 7.8 #3�8#/�4.%1 ±1.15 7.8 #3�8#/�4.%1 ±1.15 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

&.1%4>1.1&1−1.1&4±1.�&5 �5&11 �% #�?"��)?:$ 12  "-� 1�01���46 �> �− → ηγ

4.621±1.1&�±1.�2% �4G �1,�� #�?"��)?:$ 1��  "-� �> �− → ηγ

&.11 ±1.1& ±1.�� �� # ?#)73 11 )$- �> �− → ηγ

4.502±1.1%�±1.�&4 �4 # ?#)73 11� )$- �> �− → ηγ

&.1�5±1.142±1.��& �4G �& # ?#)73 11( )$- �> �− → ηγ

4.24 ±1.16 ±1.�5 ��11 �4,�2 #�?"��)?:$ %%�  "-� �> �− → ηγ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
4.6&6±1.140±1.151 �0 # ?#)73 11� )$- �> �− → ηγ

�
(
> −

) × �
(
π1 γ

)
	�����	� �%�5	�

��
(
> −

) × �
(
π1 γ

)
	�����	� �%�5	�

��
(
> −

) × �
(
π1 γ

)
	�����	� �%�5	�

��
(
> −

) × �
(
π1 γ

)
	�����	� �%�5	�

�

����� ���	
� �−8� ��
� ������	
 �� 
��	 �����	


4.5�±1.�� 7.8 9:�4.5�±1.�� 7.8 9:�4.5�±1.�� 7.8 9:�4.5�±1.�� 7.8 9:�

4.5�±1.�� 7.8 #3�8#/�4.5�±1.�� 7.8 #3�8#/�4.5�±1.�� 7.8 #3�8#/�4.5�±1.�� 7.8 #3�8#/�

4.52±1.��±1.�% �6061 #�?"��)?:$ 12  "-� 1�01���46 �> �− →
π1 γ

4.05±1.�1>1.�5−1.�2 �5 # ?#)73 11 )$- �> �− → π1 γ

�
(
> −

) × �
(
µ>µ−)

	�����	� �%��1	�
��

(
> −

) × �
(
µ>µ−)

	�����	� �%��1	�
��

(
> −

) × �
(
µ>µ−)

	�����	� �%��1	�
��

(
> −

) × �
(
µ>µ−)

	�����	� �%��1	�
�

����� ���	
� �−�� ������	
 �� 
��	 �����	


6.2 ±1.0 7.8 9:�6.2 ±1.0 7.8 9:�6.2 ±1.0 7.8 9:�6.2 ±1.0 7.8 9:�

6.6 ±1.% 7.8 #3�8#/�6.6 ±1.% 7.8 #3�8#/�6.6 ±1.% 7.8 #3�8#/�6.6 ±1.% 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��2� )�� ��� �����	� ������

6.40±1.2%±1.45 # ?#)73 1�3 )$- �> �− → µ>µ−
%.% ±�.& ±1.% �2 # ?#)73 %%" )$- �> �− → µ>µ−
�&.& ±4.1 �6 3#))�8"#$ 6� 7!E# �> �− → µ>µ−
6.0 ±2.% �6 #./.)�:$ 54 7)=� �> �− → µ>µ−

WEIGHTED AVERAGE
8.8±0.9 (Error scaled by 1.5)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

AUGUSTIN 73 OSPK 0.0
VASSERMAN 81 OLYA 3.4
ACHASOV 99C SND 0.4
ACHASOV 01G SND 0.5

χ2

       4.3
(Confidence Level = 0.229)

0 5 10 15 20 25

*
(
�> �−

)
× *

(
µ>µ−

)
(*����	� *%*�1(*

�

�
(
> −

) × �
(
π>π−)

	�����	� �%���	�
��

(
> −

) × �
(
π>π−)

	�����	� �%���	�
��

(
> −

) × �
(
π>π−)

	�����	� �%���	�
��

(
> −

) × �
(
π>π−)

	�����	� �%���	�
�

����� ���	
� �−�� ������	
 �� 
��	 �����	


�.� ±1.& 7.8 9:��.� ±1.& 7.8 9:��.� ±1.& 7.8 9:��.� ±1.& 7.8 9:�

�.� ±1.& 7.8 #3�8#/��.� ±1.& 7.8 #3�8#/��.� ±1.& 7.8 #3�8#/��.� ±1.& 7.8 #3�8#/�

�.� ±1.4 ±1.4 �2 # ?#)73 11" )$- �> �− → π>π−
�.%2>�.�2−1.65 �6 /7!.*�3 60 $- �> �− → π>π−

0.1�>4.�%−�.2� �6 3#))�8"#$ 6� 7!E# �> �− → π>π−

�
(
> −

) × �
(
π>π−π>π−)

	�����	� �%��%	�
��

(
> −

) × �
(
π>π−π>π−)

	�����	� �%��%	�
��

(
> −

) × �
(
π>π−π>π−)

	�����	� �%��%	�
��

(
> −

) × �
(
π>π−π>π−)

	�����	� �%��%	�
�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


�.� >1.6
−1.5 7.8 9:��.� >1.6
−1.5 7.8 9:��.� >1.6
−1.5 7.8 9:��.� >1.6
−1.5 7.8 9:�

�.�5±1.2�±1.0&�.�5±1.2�±1.0&�.�5±1.2�±1.0&�.�5±1.2�±1.0& 4�62 �2 #�?"��)?:$ 11�  "-� �> �− →
π>π−π>π−



������������

���������	
�� �	��	��

φ������

�09��� ��� 
������� <� 	������ ��	� ��� ���	� φ(�1�1+ �����
���� 
���� ��
���� ��

�	���	��� �� ����� �� �>�−� �� ��� π>π−π1� 	�� ηγ ��
	�� ����� 	�� ����
# ?#)73 11� ��� ��� ηγ ��
	� �����

�5.��	�� �� #�?"��)?:$ 1�(
�68�
	�
��	��� �� �� ���� ��� 
���� ��
���� �� ��� ��	G�
�% 9��� ��� η → �γ ��
	� 	�� ���� *(η → γ γ+ A 4%.&4 ± 1.�0K�
�19��� ��� η → 4π1 ��
	� 	�� ���� *(η → 4π1+A (4�.�& ± 1.�%+ × �1−��
����� 
������� <� ���� 011 �� �461 "�3 �	G�� ���� 	

���� ρ(551+� ω(56�+� φ(�1�1+�
	�� ρ(�&21+ (�	�� 	�� ����� <��� 	� �&21 "�3 	�� 4�1 "�3 �����
������+�

�� 9��� ��� η → �γ ��
	� 	�� ���� *(η → �γ+ A(4%.�� ± 1.4&+ × �1−��
�4 9��� ��� η → π>π−π1 ��
	� 	�� ���� *(η → π>π−π1+ A(�4.� ± 1.2+× �1−��
�& 9��� ��� η → 4π1 ��
	� 	�� ���� *(η → 4π1+ A (4�.� ± 1.&+× �1−��
�28�
	�
��	��� �� ��� 	������ ���� ��� 
���� ��
���� �� ��� ��	G�
�0.��� �	����� ��
	� ����� �� ��� η ���� # ?#)73 %6�� # ?#)73 11� 	��
# ?#)73 11��

�5 9��� ��� π1 → �γ ��
	� 	�� ���� *(π1 → �γ+ A(%6.5%6 ± 1.14�+× �1−��

φ��
� 67���8��9 7�2���φ��
� 67���8��9 7�2���φ��
� 67���8��9 7�2���φ��
� 67���8��9 7�2���

�
(
�>�−)

	����	� ��	��
(
�>�−)

	����	� ��	��
(
�>�−)

	����	� ��	��
(
�>�−)

	����	� ��	�
����� ��
� ������	
 �� 
��	 �����	


1.&%�±1.110 7.8 9:�1.&%�±1.110 7.8 9:�1.&%�±1.110 7.8 9:�1.&%�±1.110 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.&%4±1.1�1 7.8 #3�8#/�1.&%4±1.1�1 7.8 #3�8#/�1.&%4±1.1�1 7.8 #3�8#/�1.&%4±1.1�1 7.8 #3�8#/�

1.&%�±1.1�� �%�4 #�?"��)?:$ %2  "-� �> �− → �>�−
1.&& ±1.12 4�� �#!*9!�:) ? 50 ?* ���6 �− � → #�>�−
1.&% ±1.10 �51 -�/877� 5& ?* &�� �− � → #φ

1.2&1±1.14& 202 *#!#�:$ 5� 7)=� �> �− → �>�−
1.&6 ±1.1& �2� !:$-)�E 00 ?* ���S��5 �− � →

#�>�−
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.&50±1.1�5 �111G �6 # ?#)73 1�� )$- �> �− → �>�−�

�� ��� π>π−π1

�
(
�1
��

1
�

)
	����	� ��	��

(
�1
��

1
�

)
	����	� ��	��

(
�1
��

1
�

)
	����	� ��	��

(
�1
��

1
�

)
	����	� ��	�

����� ��
� ������	
 �� 
��	 �����	


1.4&1±1.112 7.8 9:�1.4&1±1.112 7.8 9:�1.4&1±1.112 7.8 9:�1.4&1±1.112 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.44�±1.11% 7.8 #3�8#/�1.44�±1.11% 7.8 #3�8#/�1.44�±1.11% 7.8 #3�8#/�1.44�±1.11% 7.8 #3�8#/�

1.442±1.1�1 &10&& #�?"��)?:$ %2  "-� �> �− → �1
�
�1
�

1.4�0±1.142 -7!:$)�E %� $- �> �− → �1
�
�1
�

1.4�1±1.1�& -8.;?:$:$ 6& $- �> �− → �1
�
�1
�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.42�±1.1�4 211G �6 # ?#)73 1�� )$- �> �− → �>�−�

�� ��� π>π−π1

1.�5 ±1.14 �44 �#!*9!�:) ? 50 ?* ���6 �− � → #�1
�
�1
�

1.�25±1.141 %2 *#!#�:$ 5� 7)=� �> �− → �1
�
�1
�

1.&1 ±1.1& �05 !:$-)�E 00 ?* ���S��5 �− � →
#�1

�
�1
�[

�
(
ρπ

)
��

(
π>π−π1

)]
	����	� �4	�

[
�
(
ρπ

)
��

(
π>π−π1

)]
	����	� �4	�

[
�
(
ρπ

)
��

(
π>π−π1

)]
	����	� �4	�

[
�
(
ρπ

)
��

(
π>π−π1

)]
	����	� �4	�

����� ��
� ������	
 �� 
��	 �����	


1.�24±1.11& 7.8 9:�1.�24±1.11& 7.8 9:�1.�24±1.11& 7.8 9:�1.�24±1.11& 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.�2�±1.11% 7.8 #3�8#/�1.�2�±1.11% 7.8 #3�8#/�1.�2�±1.11% 7.8 #3�8#/�1.�2�±1.11% 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��5�

1.�0�±1.116 ��50� #�?"��)?:$ %2  "-� �> �− → π>π−π1

1.�&4±1.115 -7!:$)�E %� $- �> �− → π>π−π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�2%±1.116 &11G �6 # ?#)73 1�� )$- �> �− → �>�−�

�� ��� π>π−π1

1.�&2±1.11%±1.114 ���0% �% #�?"��)?:$ %6  "-� �> �− → π>π−π1

1.�4%±1.115 41 =#887.8 50� 7)=� �> �−

�
(
�1
��

1
�

)
	�

(
� �

)
��	��������

(
�1
��

1
�

)
	�

(
� �

)
��	��������

(
�1
��

1
�

)
	�

(
� �

)
��	��������

(
�1
��

1
�

)
	�

(
� �

)
��	�������

����� ��
� ������	
 �� 
��	 �����	


1.&1%±1.110 7.8 9:�1.&1%±1.110 7.8 9:�1.&1%±1.110 7.8 9:�1.&1%±1.110 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.&2 ±1.1& 7.8 #3�8#/�1.&2 ±1.1& 7.8 #3�8#/�1.&2 ±1.1& 7.8 #3�8#/�1.&2 ±1.1& 7.8 #3�8#/�

1.&& ±1.15 !7$-7$ 00 ?* ���& �− � → #� �

1.&6 ±1.15 2� *#-:�8 02� ?* 4 �− �

1.&1 ±1.�1 4& ) ?!�:$ 04 ?* ��%2 �− � → #� �[
�
(
ρπ

)
��

(
π>π−π1

)]
	�

(
� �

)
�4	�������

[
�
(
ρπ

)
��

(
π>π−π1

)]
	�

(
� �

)
�4	�������

[
�
(
ρπ

)
��

(
π>π−π1

)]
	�

(
� �

)
�4	�������

[
�
(
ρπ

)
��

(
π>π−π1

)]
	�

(
� �

)
�4	�������

����� ������	
 �� 
��	 �����	


1.�6&±1.110 7.8 9:�1.�6&±1.110 7.8 9:�1.�6&±1.110 7.8 9:�1.�6&±1.110 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.�& ±1.1& 7.8 #3�8#/�1.�& ±1.1& 7.8 #3�8#/�1.�& ±1.1& 7.8 #3�8#/�1.�& ±1.1& 7.8 #3�8#/�

1.�45±1.14%  �88#-# 55� ?* &�� �− � → #4π

1.41 ±1.�2 !7$-7$ 00 ?* ���& �−� →
#π>π−π1[

�
(
ρπ

)
��

(
π>π−π1

)]
	�

(
�1
��

1
�

)
�4	��

[
�
(
ρπ

)
��

(
π>π−π1

)]
	�

(
�1
��

1
�

)
�4	��

[
�
(
ρπ

)
��

(
π>π−π1

)]
	�

(
�1
��

1
�

)
�4	��

[
�
(
ρπ

)
��

(
π>π−π1

)]
	�

(
�1
��

1
�

)
�4	��

����� ��
� ������	
 �� 
��	 �����	


1.&&%±1.1�4 7.8 9:�1.&&%±1.1�4 7.8 9:�1.&&%±1.1�4 7.8 9:�1.&&%±1.1�4 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.2� ±1.12 7.8 #3�8#/�1.2� ±1.12 7.8 #3�8#/�1.2� ±1.12 7.8 #3�8#/�1.2� ±1.12 7.8 #3�8#/�

1.20 ±1.15 406� *.�:$ 56" 7!E# �> �− → �1
�
�1
�
�

π>π−π1

1.&5 ±1.10 2�0  7)"� 5& 7)=� �> �− → π>π−π1

�
(
ηγ

)
	�

(
π1 γ

)
�0	�5�

(
ηγ

)
	�

(
π1 γ

)
�0	�5�

(
ηγ

)
	�

(
π1 γ

)
�0	�5�

(
ηγ

)
	�

(
π1 γ

)
�0	�5

����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�1.%±1.4>1.5−1.6 # ?#)73 11 )$- �> �− → ηγ� π1 γ

�
(
µ>µ−)

	����	� ��1	��
(
µ>µ−)

	����	� ��1	��
(
µ>µ−)

	����	� ��1	��
(
µ>µ−)

	����	� ��1	�

����� ���	
� �−�� ������	
 �� 
��	 �����	


�.60±1.�% 7.8 9:��.60±1.�% 7.8 9:��.60±1.�% 7.8 9:��.60±1.�% 7.8 9:�

�.2 ±1.& 7.8 #3�8#/��.2 ±1.& 7.8 #3�8#/��.2 ±1.& 7.8 #3�8#/��.2 ±1.& 7.8 #3�8#/�

�.0%±1.&0 4� ?#E�) 5�  $�8 6�4�%�6 γ → µ>µ−P

�.�5±1.01 4� �#8!�) 51  $�8 0�1 γ → µ>µ−P

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.65±1.�1±1.�& 4� # ?#)73 1�3 )$- �> �− → µ>µ−
4.41±1.&2±1.4� �% # ?#)73 %%" )$- �> �− → µ>µ−
&.64±�.1� 44 3#))�8"#$ 6� 7!E# �> �− → µ>µ−
�.65±�.%6 44 #./.)�:$ 54 7)=� �> �− → µ>µ−

�
(
ηγ

)
	����	� �0	��

(
ηγ

)
	����	� �0	��

(
ηγ

)
	����	� �0	��

(
ηγ

)
	����	� �0	�

����� ���	
� �−-� ��
� ������	
 �� 
��	 �����	


�.41�±1.1�& 7.8 9:��.41�±1.1�& 7.8 9:��.41�±1.1�& 7.8 9:��.41�±1.1�& 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

�.�0 ±1.1& 7.8 #3�8#/��.�0 ±1.1& 7.8 #3�8#/��.�0 ±1.1& 7.8 #3�8#/��.�0 ±1.1& 7.8 #3�8#/�

�.�&0±1.1�2±1.125 �1G 4& # ?#)73 %6� )$- �> �− → 5γ

�.�6 ±1.�� �5% 42 #�?"��)?:$ %2  "-� �> �− → π>π− 4γ

�.41 ±1.10 40 -8.;?:$:$ 6& $- �> �− → 4γ

�.& ±1.� 45 -8.;?:$:$ 6& $- �> �− → 0γ

1.66 ±1.�1 �%1 �.8-#-;� 64" 7!E# �> �− → 4γ

�.42 ±1.�% #$-8�,) 55  $�8 0�5S�1 γ �

�.2 ±1.& 2& 40  7)"� 50 7)=� �> �−
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.454±1.1�&±1.162 �5&11 46,4% #�?"��)?:$ 12  "-� 1�01���46 �> �− →

ηγ
�.�65±1.1�4±1.104 &1,&� #�?"��)?:$ 1��  "-� �> �− → ηγ

�.446±1.1��±1.12� &� # ?#)73 11 )$- �> �− → ηγ

�.�65±1.1��±1.1&� &4 # ?#)73 11� )$- �> �− → ηγ

�.�2%±1.141±1.12% && # ?#)73 11� )$- �> �− → ηγ

�.4&4±1.1��±1.122 �4G 4& # ?#)73 11( )$- �> �− → ηγ

�.�6 ±1.14 ±1.10 ��11 &2 #�?"��)?:$ %%�  "-� �> �− → ηγ

�.�� ±1.15 &0 *�$#E7.$ %0 83.� 1�2&���1& �> �− →
ηγ

�
(
π>π−γ

)
	����	� ��0	��

(
π>π−γ

)
	����	� ��0	��

(
π>π−γ

)
	����	� ��0	��

(
π>π−γ

)
	����	� ��0	�

����� ���	
� �−�� ��� ��
� ������	
 �� 
��	 �����	


1.&�±1.��±1.1&1.&�±1.��±1.1&1.&�±1.��±1.1&1.&�±1.��±1.1& 41�52 &5 #�?"��)?:$ %%�  "-� �> �− →
π>π− γ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
< 1.4 %1 &6 #�?"��)?:$ %5"  "-� �> �− →

π>π− γ
<011 %1 �#!*9!�:) ? 52 ?* ���6 �−� →

#π>π− γ
< 51 %1  7)"� 5& 7)=� �> �− →

π>π− γ
<&11 %1 !:$-)�E 02 ?* ���S��5 �− � →

#π>π− ����
��	��

�
(
ωγ

)
	����	� ��&	��

(
ωγ

)
	����	� ��&	��

(
ωγ

)
	����	� ��&	��

(
ωγ

)
	����	� ��&	�

����� ��� ������	
 �� 
��	 �����	


<1.12<1.12<1.12<1.12 6& !:$-)�E 00 ?* ���S��5 �− � →
#π>π− �����	��

�
(
ργ

)
	����	� ��2	��

(
ργ

)
	����	� ��2	��

(
ργ

)
	����	� ��2	��

(
ργ

)
	����	� ��2	�

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


< 1.��< 1.��< 1.��< 1.�� %1 &% #�?"��)?:$ %%�  "-� �> �− → π>π− γ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
< 5 %1 #�?"��)?:$ %5"  "-� �> �− → π>π− γ

<�11 6& !:$-)�E 00 ?* ���S��5 �− � →
#π>π− �����	��

�
(
> −

)
	����	� �%	��

(
> −

)
	����	� �%	��

(
> −

)
	����	� �%	��

(
> −

)
	����	� �%	�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


�.%5±1.1& 7.8 9:��.%5±1.1& 7.8 9:��.%5±1.1& 7.8 9:��.%5±1.1& 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

�.%6±1.15 7.8 #3�8#/��.%6±1.15 7.8 #3�8#/��.%6±1.15 7.8 #3�8#/��.%6±1.15 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

�.%4±1.�& �%11G 21 # ?#)73 1�� )$- �> �− → �>�−�
�� ��� π>π−π1

�.66±1.1% 22011 #�?"��)?:$ %2  "-� �> �− → �	�����

4.11±1.�� 406� *.�:$ 56" 7!E# �> �− → �	�����

4.�1±1.�& 2� =#887.8 50 7)=� �> �−
4.4 ±1.4  7)"� 5& 7)=� �> �− → �	�����

�.6�±1.�2 06� *#!#�:$ 5� 7)=� �> �− → �	�����

4.21±1.�5  ?#��!.) 5� 7)=� �> �−



������������

��� ��� �� ���� 	
� ���������	
�� �	��	��

φ������

�
(
π1 γ

)
	����	� �5	��

(
π1 γ

)
	����	� �5	��

(
π1 γ

)
	����	� �5	��

(
π1 γ

)
	����	� �5	�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


�.4� ±1.�4 7.8 #3�8#/��.4� ±1.�4 7.8 #3�8#/��.4� ±1.�4 7.8 #3�8#/��.4� ±1.�4 7.8 #3�8#/�

�.41 ±1.�4 -8.;?:$:$ 6& $- �> �− → 4γ

�.& ±1.2 4�  7)"� 50 7)=� �> �−
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.�26±1.145±1.155 �6061 2�,24 #�?"��)?:$ 12  "-� 1�01���46 �> �− →

π1 γ

�.��0±1.140>1.1%0−1.16% 2& # ?#)73 11 )$- �> �− → π1 γ

�.�0 ±1.�5 &0 *�$#E7.$ %0 83.� 1�2&���1& �> �− →
π1 γ

�
(
π>π−)

	����	� ���	��
(
π>π−)

	����	� ���	��
(
π>π−)

	����	� ���	��
(
π>π−)

	����	� ���	�

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.5�±1.��±1.1% �% # ?#)73 11" )$- �> �− → π>π−
1.02>1.46−1.�% �% /7!.*�3 60 $- �> �− → π>π−

�.1�>�.15−1.6& �% 3#))�8"#$ 6� 7!E# �> �− → π>π−

<0.0 %2 *.�:$ 56� 7!E# �> �− → π>π−
<�.5 %2 #!3�$)!�*��� 5�  $�8 0�5 γ →  π>π−

�
(
ωπ1

)
	����	� ��4	��

(
ωπ1

)
	����	� ��4	��

(
ωπ1

)
	����	� ��4	��

(
ωπ1

)
	����	� ��4	�

����� ���	
� �−,� ������	
 �� 
��	 �����	


2.�>�.4−�.�2.�>�.4−�.�2.�>�.4−�.�2.�>�.4−�.� 22,20 #.! ?�$�7 11! )$- �> �− → π>π−π1π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ 2.& 25 # ?#)73 11� )$- �> �− → π1π1 γ

2.2>�.0−�.&±1.4 20,26 #.! ?�$�7 11! )$- �> �− → π>π−π1π1

&.6>�.%−�.5±1.6 25 # ?#)73 %% )$- �> �− → π>π−π1π1

�
(
�1
��

1
�

)
	�

(
�>�−)

��	���
(
�1
��

1
�

)
	�

(
�>�−)

��	���
(
�1
��

1
�

)
	�

(
�>�−)

��	���
(
�1
��

1
�

)
	�

(
�>�−)

��	��
����� ��
� ������	
 �� 
��	 �����	


1.0%�±1.1�5 7.8 9:�1.0%�±1.1�5 7.8 9:�1.0%�±1.1�5 7.8 9:�1.0%�±1.1�5 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����
1.5&1±1.14� 7.8 #3�8#/�1.5&1±1.14� 7.8 #3�8#/�1.5&1±1.14� 7.8 #3�8#/�1.5&1±1.14� 7.8 #3�8#/�

1.51 ±1.10 �54� *.�:$ 56" 7!E# �> �− → �1
�
�1
�

1.6� ±1.16 !7)�E 56 ?* &�� �− � → φ�������

1.5� ±1.12 !#3�$ 55 ?* �1 �− � → �>�−#

1.5� ±1.16 !E7$) 55 ?* 4S& �− � → #φ

1.6% ±1.�1 �&& #/.:!#8���� 5�� ?* 4�%�&�0 �− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.06 ±1.14 2% #�?"��)?:$ %2  "-� �> �− → �1

�
�1
�
�

�>�−[
�
(
ρπ

)
��

(
π>π−π1

)]
	�

(
�>�−)

�4	��
[
�
(
ρπ

)
��

(
π>π−π1

)]
	�

(
�>�−)

�4	��
[
�
(
ρπ

)
��

(
π>π−π1

)]
	�

(
�>�−)

�4	��
[
�
(
ρπ

)
��

(
π>π−π1

)]
	�

(
�>�−)

�4	��
����� ��
� ������	
 �� 
��	 �����	


1.4��±1.1�� 7.8 9:�1.4��±1.1�� 7.8 9:�1.4��±1.1�� 7.8 9:�1.4��±1.1�� 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.�6 ±1.1%1.�6 ±1.1%1.�6 ±1.1%1.�6 ±1.1% 4& #/.:!#8���� 5�� ?* 4�%�&�0 �− �

�
(
η> −

)
	����	� ���	��

(
η> −

)
	����	� ���	��

(
η> −

)
	����	� ���	��

(
η> −

)
	����	� ���	�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


�.�2±1.�1 7.8 #3�8#/��.�2±1.�1 7.8 #3�8#/��.�2±1.�1 7.8 #3�8#/��.�2±1.�1 7.8 #3�8#/�

�.�%±1.�%±1.�� ��4 01 # ?#)73 1�� )$- �> �− → γ γ �> �−
�.�&±1.�1±1.10 422 0� #�?"��)?:$ 1�  "-� �> �− → η�> �−
�.4 >1.6

−1.0 5 /7!.*�3 62 $- �> �− → γ γ �> �−
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.�4±1.�&±1.15 �64 0� #�?"��)?:$ 1�  "-� �> �− → η�> �−
�.��±1.�&±1.1% �41 04 #�?"��)?:$ 1�  "-� �> �− → η�> �−
�.1&±1.�1±1.16 &� 0& #�?"��)?:$ 1�  "-� �> �− → η�> �−

�
(
η′�IJD�γ

)
	����	� ��&	��

(
η′�IJD�γ

)
	����	� ��&	��

(
η′�IJD�γ

)
	����	� ��&	��

(
η′�IJD�γ

)
	����	� ��&	�

����� ���	
� �−,� ��� ��
� ������	
 �� 
��	 �����	


0.� ±1.5 7.8 9:�0.� ±1.5 7.8 9:�0.� ±1.5 7.8 9:�0.� ±1.5 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

0.5 >�.6
−�.& ±1.60.5 >�.6
−�.& ±1.60.5 >�.6
−�.& ±1.60.5 >�.6
−�.& ±1.6 �� 02 #.! ?�$�7 14� )$- �> �− → η′ γ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
0.5 >2.1

−&.� ±�.2 5 #.! ?�$�7 14� )$- �> �− → 5γ

0.�1±1.0�±1.&4 ��1 00 #!7:):7 1�� �!7� �.1� �> �− →
π>π− 4γ

6.� >�.�
−�.% ±�.� �� 05 #�?"��)?:$ 11�  "-� �> �− →

π>π− 4γ

&.% >�.�
−�.6 ±1.0 % 06 #�?"��)?:$ 11�  "-� �> �− →

π>π−π>π− ≥
�γ

0.& ±�.0 41 0% #�?"��)?:$ 11�  "-� �> �− →
η′(%26+γ

0.5 >4.&
−�.% ±�.1 2 51 #.! ?�$�7 %% )$- �> �− →

π>π− 4γ
<�� %1 #.! ?�$�7 %6 )$- �> �− → 5γ

�� >5
−2 ±� 0 05 #�?"��)?:$ %5�  "-� �> �− → π>π−

4γ
<&� %1 -8.;?:$:$ 65 $- �> �− →

γ ηπ>π−

�
(
ηπ1π1 γ

)
	����	� ��2	��

(
ηπ1π1 γ

)
	����	� ��2	��

(
ηπ1π1 γ

)
	����	� ��2	��

(
ηπ1π1 γ

)
	����	� ��2	�

����� ���	
� �−,� ��� ������	
 �� 
��	 �����	


<�<�<�<� %1 #.! ?�$�7 %6 )$- �> �− → 5γ

�
(
π1π1 γ

)
	����	� ��6	��

(
π1π1 γ

)
	����	� ��6	��

(
π1π1 γ

)
	����	� ��6	��

(
π1π1 γ

)
	����	� ��6	�

����� ���	
� �−�� ��� ��
� ������	
 �� 
��	 �����	


�.1% ±1.10 7.8 #3�8#/��.1% ±1.10 7.8 #3�8#/��.1% ±1.10 7.8 #3�8#/��.1% ±1.10 7.8 #3�8#/�

�.1% ±1.14 ±1.12 �&46 #!7:):7 1�( �!7� �> �− →
π1π1 γ

�.16 ±1.�5 ±1.1% �06 #�?"��)?:$ %%"  "-� �> �− →
π1π1 γ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.�26±1.1%4±1.12� &�% 5�,5� # ?#)73 11+ )$- �> �− →

π1π1 γ
<�1 %1 -8.;?:$:$ 65 $- �> �− → 2γ

�
(
π1π1 γ

)
	�

(
ηγ

)
��6	�0�

(
π1π1 γ

)
	�

(
ηγ

)
��6	�0�

(
π1π1 γ

)
	�

(
ηγ

)
��6	�0�

(
π1π1 γ

)
	�

(
ηγ

)
��6	�0

����� ���	
� �−-� ��
� ������	
 �� 
��	 �����	


1.602±1.151±1.1�51.602±1.151±1.1�51.602±1.151±1.1�51.602±1.151±1.1�5 &�% 5� # ?#)73 11+ )$- �> �− → π1π1 γ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.%1 ±1.16 ±1.15 �0& # ?#)73 %6� )$- �> �− → 2γ

�
(
π>π>π−π−π1

)
	����	� ��1	��

(
π>π>π−π−π1

)
	����	� ��1	��

(
π>π>π−π−π1

)
	����	� ��1	��

(
π>π>π−π−π1

)
	����	� ��1	�

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


< &.0< &.0< &.0< &.0 %1 #�?"��)?:$ 11�  "-� �> �− →
π>π−π>π−π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<�21 %2 *#8�73 66  "- �> �− →

π>π−π>π−π1

�
(
π>π−π>π−)

	����	� ��%	��
(
π>π−π>π−)

	����	� ��%	��
(
π>π−π>π−)

	����	� ��%	��
(
π>π−π>π−)

	����	� ��%	�

����� ���	
� �−�� ��� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
4.%4±�.5&±�.�& 4�62 #�?"��)?:$ 11�  "-� �> �− →

π>π−π>π−
<651 %1  78-:�8 5% ,:8� �> �− →

π>π−π>π−

�
(
�1�ID�γ

)
	����	� ��5	��

(
�1�ID�γ

)
	����	� ��5	��

(
�1�ID�γ

)
	����	� ��5	��

(
�1�ID�γ

)
	����	� ��5	�

����� ���	
� �−�� ��� ��
� ������	
 �� 
��	 �����	


&.&1±1.�� 7.8 9:�&.&1±1.�� 7.8 9:�&.&1±1.�� 7.8 9:�&.&1±1.�� 7.8 9:�

&.&&±1.�� 7.8 #3�8#/�&.&&±1.�� 7.8 #3�8#/�&.&&±1.�� 7.8 #3�8#/�&.&&±1.�� 7.8 #3�8#/�

&.&5±1.�� �&46 54 #!7:):7 1�( �!7� �> �− →
π1π1 γ

�.%1±1.��±�.2& 5& #�?"��)?:$ %%"  "-� �> �− →
π>π− γ�

π1π1 γ
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •

4.2 ±1.4 >�.4
−1.2 &�% 5�,52 # ?#)73 11+ )$- �> �− →

π1π1 γ
�.%4±1.&0±1.21 �5�66 50 #�?"��)?:$ %%�  "-� �> �− →

π>π− γ
4.12±1.�2±1.5� �06 55 #�?"��)?:$ %%"  "-� �> �− →

π1π1 γ
�.2 ±1.2 �06 56 #�?"��)?:$ %%"  "-� �> �− →

π1π1 γ
4.&�±1.41±1.40 �0& 52 # ?#)73 %6� )$- �> �− → 2γ

< � %1 5% #�?"��)?:$ %5"  "-� �> �− →
π>π− γ

< 5 %1 61 #�?"��)?:$ %5"  "-� �> �− →
π>π− γ

<�1 %1 -8.;?:$:$ 65 $- �> �− →
π1π1 γ

�
(
�1�ID�γ

)
	�

(
ηγ

)
��5	�0�

(
�1�ID�γ

)
	�

(
ηγ

)
��5	�0�

(
�1�ID�γ

)
	�

(
ηγ

)
��5	�0�

(
�1�ID�γ

)
	�

(
ηγ

)
��5	�0

����� ���	
� �−-� ��
� ������	
 �� 
��	 �����	


4.46±1.�5 7.8 9:�4.46±1.�5 7.8 9:�4.46±1.�5 7.8 9:�4.46±1.�5 7.8 9:�

�.0 ±1.� >1.6
−1.4�.0 ±1.� >1.6
−1.4�.0 ±1.� >1.6
−1.4�.0 ±1.� >1.6
−1.4 &�% 52 # ?#)73 11+ )$- �> �− → π1π1 γ

�
(
π1 > −

)
	����	� ���	��

(
π1 > −

)
	����	� ���	��

(
π1 > −

)
	����	� ���	��

(
π1 > −

)
	����	� ���	�

����� ���	
� �−,� ��� ��
� ������	
 �� 
��	 �����	


�.��±1.�6 7.8 #3�8#/��.��±1.�6 7.8 #3�8#/��.��±1.�6 7.8 #3�8#/��.��±1.�6 7.8 #3�8#/�

�.1�±1.�6±1.�% 2� 6� # ?#)73 1�( )$- �> �− →
π1 �> �−

�.��±1.4&±1.�� &0 6� #�?"��)?:$ 1�"  "-� �> �− →
π1 �> �−

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<�� %1 -7!:$)�E 66 $- �> �− →

π1 �> �−



��	��	��	��	

���������	
�� �	��	��

φ������

�
(
π1 ηγ

)
	����	� ���	��

(
π1 ηγ

)
	����	� ���	��

(
π1 ηγ

)
	����	� ���	��

(
π1 ηγ

)
	����	� ���	�

����� ���	
� �−,� ��� ��
� ������	
 �� 
��	 �����	


6.4 ±1.2 7.8 #3�8#/�6.4 ±1.2 7.8 #3�8#/�6.4 ±1.2 7.8 #3�8#/�6.4 ±1.2 7.8 #3�8#/�

6.2�±1.2�±1.25 015 64 #!7:):7 1�" �!7� �> �− → ηπ1 γ

5.%0±1.01±1.&1 �%5 6& #!7:):7 1�" �!7� �> �− → ηπ1 γ

6.6 ±�.& ±1.% 40 62 # ?#)73 11� )$- �> �− → ηπ1 γ

%.1 ±�.& ±�.1 61 #�?"��)?:$ %%"  "-� �> �− → ηπ1 γ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
6.4 ±�.4 ±�.� �1 # ?#)73 %6� )$- �> �− → 2γ

<�21 %1 -7!:$)�E %� $- �> �− → π1 ηγ

�
(
�1�ID�γ

)
	����	� ��4	��

(
�1�ID�γ

)
	����	� ��4	��

(
�1�ID�γ

)
	����	� ��4	��

(
�1�ID�γ

)
	����	� ��4	�

����� ���	
� �−,� ��� ��
� ������	
 �� 
��	 �����	


5.0±1.0 7.8 9:�5.0±1.0 7.8 9:�5.0±1.0 7.8 9:�5.0±1.0 7.8 9:�

5.0±1.0 7.8 #3�8#/�5.0±1.0 7.8 #3�8#/�5.0±1.0 7.8 #3�8#/�5.0±1.0 7.8 #3�8#/�

5.&±1.5 60 #!7:):7 1�" �!7� �> �− → ηπ1 γ

6.6±�.5 40 65 # ?#)73 11� )$- �> �− → ηπ1 γ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�� ±� 66 /7�#!= 1� 83.� �> �− → ηπ1 γ

<211 %1 -7!:$)�E %� $- �> �− → π1 ηγ

�
(
�1�ID�γ

)
	�

(
�1�ID�γ

)
��5	��4�

(
�1�ID�γ

)
	�

(
�1�ID�γ

)
��5	��4�

(
�1�ID�γ

)
	�

(
�1�ID�γ

)
��5	��4�

(
�1�ID�γ

)
	�

(
�1�ID�γ

)
��5	��4

����� ���	
� �−,� ������	
 �� 
��	 �����	


0.�±1.00.�±1.00.�±1.00.�±1.0 6% #!7:):7 1�" �!7� �> �− → ηπ1 γ

�
(
η′�IJD�γ

)
	�

(
�1
��

1
�

)
��&	���

(
η′�IJD�γ

)
	�

(
�1
��

1
�

)
��&	���

(
η′�IJD�γ

)
	�

(
�1
��

1
�

)
��&	���

(
η′�IJD�γ

)
	�

(
�1
��

1
�

)
��&	��

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


�.6&±1.�� 7.8 9:��.6&±1.�� 7.8 9:��.6&±1.�� 7.8 9:��.6&±1.�� 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

�.&0>1.0&−1.2&±1.�6�.&0>1.0&−1.2&±1.�6�.&0>1.0&−1.2&±1.�6�.&0>1.0&−1.2&±1.�6 % %1 #�?"��)?:$ 11�  "-� �> �− →
π>π−π>π− ≥
�γ

�
(
η′�IJD�γ

)
	�

(
ηγ

)
��&	�0�

(
η′�IJD�γ

)
	�

(
ηγ

)
��&	�0�

(
η′�IJD�γ

)
	�

(
ηγ

)
��&	�0�

(
η′�IJD�γ

)
	�

(
ηγ

)
��&	�0

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


&.6 ±1.2 7.8 9:�&.6 ±1.2 7.8 9:�&.6 ±1.2 7.8 9:�&.6 ±1.2 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

&.% ±1.2 7.8 #3�8#/�&.% ±1.2 7.8 #3�8#/�&.% ±1.2 7.8 #3�8#/�&.% ±1.2 7.8 #3�8#/�

&.51±1.&5±1.4� ��1 %� #!7:):7 1�� �!7� �.1� �> �− →
π>π− 4γ

0.2 >�.5
−�.2 ±1.6 �� #�?"��)?:$ 11�  "-� �> �− → π>π− 4γ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
%.2 >2.�

−&.1 ±�.& 0 %� #�?"��)?:$ %5�  "-� �> �− → π>π− 4γ

�
(
µ>µ− γ

)
	����	� ��0	��

(
µ>µ− γ

)
	����	� ��0	��

(
µ>µ− γ

)
	����	� ��0	��

(
µ>µ− γ

)
	����	� ��0	�

����� ���	
� �−,� ��
� ������	
 �� 
��	 �����	


�.&4±1.&2±1.�&�.&4±1.&2±1.�&�.&4±1.&2±1.�&�.&4±1.&2±1.�& �5�66 50 #�?"��)?:$ %%�  "-� �> �− → µ>µ− γ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.4 ±�.1 6�&±

44

%4 #�?"��)?:$ %5"  "-� �> �− → µ>µ− γ

�
(
ργ γ

)
	����	� ��5	��

(
ργ γ

)
	����	� ��5	��

(
ργ γ

)
	����	� ��5	��

(
ργ γ

)
	����	� ��5	�

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<2<2<2<2 %1 #�?"��)?:$ %6  "-� �> �− → π>π− γ γ

�
(
ηπ>π−)

	����	� ��6	��
(
ηπ>π−)

	����	� ��6	��
(
ηπ>π−)

	����	� ��6	��
(
ηπ>π−)

	����	� ��6	�

����� ���	
� �−,� ��� ������	
 �� 
��	 �����	


< �.6< �.6< �.6< �.6 %1 #�?"��)?:$ 11�  "-� �> �− →
π>π−π>π−π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<41 %1 #�?"��)?:$ %6  "-� �> �− → π>π− γ γ

�
(
ηµ>µ−)

	����	� ��%	��
(
ηµ>µ−)

	����	� ��%	��
(
ηµ>µ−)

	����	� ��%	��
(
ηµ>µ−)

	����	� ��%	�

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<%.&<%.&<%.&<%.& %1 #�?"��)?:$ 1�  "-� �> �− → η�> �−

�
(
π>π−π1

)
	����	� �2	��

(
π>π−π1

)
	����	� �2	��

(
π>π−π1

)
	����	� �2	��

(
π>π−π1

)
	����	� �2	�

����� ��� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
� 1.1165 ��%6" %&,%2 #!7:):7 14 �!7� ��1� �> �− →

π>π−π1

<1.1110 %1 %0 # ?#)73 1� )$- ��1� �> �− →
π>π−π1

<1.�4 %1 %0  78-:�8 61 -"� �> �− → π>π−π1

<1.�1 %1 %0 =#887.8 50� 7)=� �> �− → π>π−π1

�6.��� *(φ → �> �−+A (�.%4 ± 1.�&+ × �1−&�
�%.��� *(φ → �> �−+A(�.%% ± 1.16+× �1−&�
41.��� H(φ+A &�� "��� :� ����������
� ������� ��� ρπ 	�� 4π ����� �� ����
���� ���
��	
���� �� ��� ρπ �� ���� ��	� 61K 	� ��� %1K 
��<���
� ������

4�$���
��� ����������
� ������� �����	�
� 	�� 
���������
4�.��� *(φ → �> �−+ A (�.%� ± 1.15+× �1−&�
448�
	�
��	��� �� �� ���� *(φ → �> �−+A (�.%% ± 1.16+ × �1−&�
4&.��� *(φ → �> �−+ A (�.%%± 1.16+×�1−& 	�� *(η → 4π1+A (4�.�± 1.&+×�1−��
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��06± & #$-7 %� )=� 6 π− � →

π>π−π1 �
��00± 2±4 � #$-7 %� )=� 6 π− � →

π>π−π1 �
��%1±01 � -#$�7,E��� 6� )=� 1 6 π� → 4π�
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� • • •
���� #$-7 %� )=� 6 π− � → π>π−π1 �

���� #��:$)7$ 6& 7"�/ �1S51 γ � →
π>π−π1 �

���� -#$�7,E��� 6� )=� 6 π� → 4π�
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���%.2± 4.� 7.8 #3�8#/����%.2± 4.� 7.8 #3�8#/����%.2± 4.� 7.8 #3�8#/����%.2± 4.� 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��0� )�� ��� �����	� ������

���2 ± 2 ,�:-�$#.�8 %4 #)�� �� →
�π>�π−π1

��42 ±�2 #!-� %�" /#"� 46��11 π− � →
ωπ1 �

��40 ±�0 9.�.: %� )=� 6�%2 π− � →
ωπ1 �

���� ± 0 #��:$)7$ 6&� 7"�/ ± �2S22 γ � →
ωπP

��45 ± 5 #��:$)7$ 6&� 7"�/ 1 �2S22 γ � →
ωπP

��4% ± 2 �3#$/�!:)�# 6� 7"�/ − �� π− � → ωπ�

��2� ± 6 &21 /�))#87!: 55 ?* − �� π− � →
π−ω�

��&2 ±�� 6%1 9!#��� 50" ?* − &�� �− � →
π−ω(>

���� ± & �&11  ?#!7.=�# 5& ?* − 4�% π− �

���1 ± 5 011 �#8)?7$ 5&� ?* > &�% π> �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��%1 ±�1 #./.)�:$ 6% -"� ± �> �− → 2π

���4 ± 2 #��:$)7$ 6&" 7"�/ 1 �1S51 γ �

��5� ±��  7!!: � 6& )=� > �11 π>; →
;πω

WEIGHTED AVERAGE
1229.5±3.2 (Error scaled by 1.6)

KARSHON 74B HBC 1.8
CHALOUPKA 74 HBC 3.5
FLATTE 76C HBC 2.0
GESSAROLI 77 HBC 7.2
EVANGELISTA 81 OMEG 3.6
ATKINSON 84E OMEG 1.1
ATKINSON 84E OMEG 1.6
FUKUI 91 SPEC 0.2
ALDE 92C GAM2 0.1
WEIDENAUER 93 ASTE 0.8

χ2

      22.0
(Confidence Level = 0.009)
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��4±�� ,�:-�$#.�8 %4 #)�� �� →
�π>�π−π1

�01±41 #!-� %�" /#"� 46��11 π− � →
ωπ1 �

�2�±4� 9.�.: %� )=� 6�%2 π− � →
ωπ1 �

�51±�2 �3#$/�!:)�# 6� 7"�/ − �� π− � → ωπ�

�51±21 ��2 *#!�#E 56� ?* > �2 π> � → �&π

�22±4� &21 /�))#87!: 55 ?* − �� π− � →
π−ω�

�6�±&2 6%1 9!#��� 50" ?* − &�� �− � →
π−ω(>

�42±�1 �&11  ?#!7.=�# 5& ?* − 4�% π− �

�20±�� 011 �#8)?7$ 5&� ?* > &�% π> �
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;πω
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�& π>π>π−π1 < 21 K 6&K

�2 ��� �±π1 < 6 K %1K
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1
�π± < 0 K %1K
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1
� π± < � K %1K

�6 φπ < �.2 K 6&K
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�41±01�41±01�41±01�41±01  7!!: � 6& )=� > �11 π>; →
;πω
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1.�55±1.1�5 7.8 #3�8#/�1.�55±1.1�5 7.8 #3�8#/�1.�55±1.1�5 7.8 #3�8#/�1.�55±1.1�5 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��&� )�� ��� �����	� ������

1.�0%±1.11%±1.1�1 $7;#8 1� "=) − �6 π− � →
ωπ− �

1.�4 ±1.14 #")!�8 %&"  *#8 1.1 � � → ωηπ1

1.&2 ±1.1& #")!�8 %4�  *#8 1.1 � � →
ωπ1π1

1.�42±1.1&5 #��:$)7$ 6&" 7"�/ �1S51 γ �

1.& >1.�
−1.� /�))#87!: 55 ?* − �� π− � →

π−ω�

1.�� ±1.16  ?.$/ 52� ?* > 5�� π> �

1.4 ±1.�  ?#!7.=�# 5& ?* − 4�%S5�2 π− �

1.42 ±1.�2 011 �#8)?7$ 5&� ?* > &�% π> �

WEIGHTED AVERAGE
0.277±0.027 (Error scaled by 2.4)

KARSHON 74B HBC 0.1
CHALOUPKA 74 HBC 0.1
CHUNG 75B HBC 0.7
GESSAROLI 77 HBC 1.5
ATKINSON 84C OMEG 0.8
AMSLER 93B CBAR 18.8
AMSLER 94C CBAR 2.4
NOZAR 02 MPS 0.3

χ2

      24.7
(Confidence Level  0.001)
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THE a1(1260) AND a1(1640)

Updated December 2003 by S. Eidelman (Novosibirsk).

The main experimental data on the a1(1260) may be grouped

into two classes:

(1) Hadronic Production: This comprises diffractive pro-

duction with incident π− (DAUM 80, 81B) and charge-exchange

production with low-energy π− (DANKOWYCH 81, ANDO 92). The

1980’s experiments explain the IGLJP = 1+S0+ data using

a phenomenological amplitude consisting of a rescattered Deck

amplitude plus a direct resonance-production term. They agree

on an a1(1260) mass of about 1270 MeV and a width of 300–380

MeV. ANDO 92 finds rather lower values for the mass (1121 MeV)

and width (239 MeV) in a partial-wave analysis based on the

isobar model of the π+π−π0 system. However, in this analysis,

only Breit-Wigner terms were considered. Recently BARBERIS

98B studied central production of the π+π−π0 system, and

observed the a1(1260) meson with a mass of 1240 MeV and a

width of about 400 MeV.

CONDO 93 found no evidence for charge-exchange photopro-

duction of the a1(1260) (but found a clear signal of a2(1320)

photoproduction). Similarly, MOLCHANOV 01 found no evidence

for Coulomb production of a1(1260) studying coherent pro-

duction of three pions (but observed a prominent signal of

a2(1320)). They show that it is consistent with either an ex-

tremely large a1(1260) hadronic width, or with a small radiative

width to πγ, which could be accommodated if the a1 mass is

somewhat below 1260 MeV.

(2) τ Decay: Various experiments reported good data on

τ → a1(1260)ντ → ρπντ (RUCKSTUHL 86, SCHMIDKE 86,

ALBRECHT 86B, BAND 87, ACKERSTAFF 97R, ABREU 98G, and

ASNER 00). They are somewhat inconsistent concerning the

a1(1260) mass, which can, however, be attributed to model-

dependent systematic uncertainties (BOWLER 86, ALBRECHT 93C,

ACKERSTAFF 97R). They all find a width greater than 400 MeV.

The discrepancies between the hadronic- and τ -decay re-

sults have stimulated several reanalyses. BASDEVANT 77, 78

used the early diffractive dissociation and τ decay data, and

showed that they could be well reproduced with an a1 reso-

nance mass of 1180 ± 50 MeV and width of 400 ± 50 MeV.

Later, BOWLER 86, TORNQVIST 87, ISGUR 89, and IVANOV 91

have studied the process τ → 3πντ . Despite quite different

approaches, they all found a good overall description of the

τ -decay data with an a1(1260) mass near 1230 MeV, consis-

tent with the hadronic data. However, their widths remain

significantly larger (400–600 MeV) than those extracted from

diffractive-hadronic data. This is also the case with the later

OPAL experiment (ACKERSTAFF 97R). In the high statistics

analysis of ACKERSTAFF 97R, the models of ISGUR 89 and KUHN

90 are used to fit distributions of the 3π invariant mass, as

well as the 2π invariant mass projections of the Dalitz plot,

and neither model is found to provide a completely satisfactory

description of the data. Another recent high statistics analysis

of ABREU 98G obtains a good description of the τ → 3π data

using the model of FEINDT 90, which includes the a1(1640)

meson, most probably a radial excitation of the a1(1260) meson

(BARNES 97), with a mass of 1700 MeV and a width of 300 MeV.

A similar signal has been observed in various hadroproduction

processes: by AMELIN 95B and CHUNG 02 in the D-wave of the

ρπ state, by GOUZ 92 in the f1(1285)π state, and by BAKER 99

in the f0(600)π state, as well as by BAKER 03 in the ωπ+π−

state. The existence of such a resonance is also suggested by

the very big data sample of ASNER 00, which shows an excess of

events at high 3π mass. Their data are better described by the

a′1 contribution, though at a level below that reported by ABREU

98G. Since the statistical significance of the a′1 contribution is

2–3 standard deviations only, they conclude that more data is

needed to establish the a′1 existence.

ASNER 00 has also performed the analysis of the sub-

structures in the Dalitz plot and found significant contribu-

tions of the a1 decay to f0(600)π, f0(1370)π, and f2(1270)π.

The contribution of the a1 → f0(600)π at a similar level

has independently been observed in e+e− → 4π annihilation

(AKHMETSHIN 99E), where the 2π+2π− final state was shown

to be dominated by the a1(1260)π mechanism. Note that ex-

istence of the isoscalar contributions to the two-pion state,
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in addition to the isovector one (ρπ), will influence the ratio

B(a−1 → π−π+π−)/B(a−1 → π−π0π0), which should be equal to

1 for the pure ρπ state. The fit of ASNER 00 improves when the

KK
∗
(892) threshold is included. Recently DRUTSKOY 02 found

direct evidence for the decay mode a1(1260) → KK
∗
(892)+

c.c. in B-meson decays.

BOWLER 88 showed that good fits to both the hadronic and

the τ -decay data could be obtained with a width of about 400

MeV. However, applying the same type of analysis to the ANDO

92 data, the low mass and narrow width they obtained with the

Breit-Wigner PWA do not change appreciably.
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F� → ρπ
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−1.�& ±1.1& ±1.15 40  ?.$/ 1� �62� �6�4 π− � →
π>π−π− �

−1.�1 ±1.1� ±1.1� 4&,42 # ��8)�#99 %5� 7=#! ���
�A 66S%&� τ →
4πν

−1.�� ±1.1� 4& #!*8� ?� %4" #8/ τ> → π>π>π− ν
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<1.116 %1 &2 *#8*�8:) 1� &21 �� → �� 4π

1 �%

459��� 	 <� �� ��� -	���M �����
46#������ ��� ρ(�&21+ �	�� 	�� ����� �� �451 	�� 460 "�3 �����
�������
4%#������ ��� σ �	�� 	�� ����� �� 601 	�� 661 "�3 �����
�������
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��52.&± �.� 7.8 #3�8#/���52.&± �.� 7.8 #3�8#/���52.&± �.� 7.8 #3�8#/���52.&± �.� 7.8 #3�8#/�

��52 ±�2 #*!:�:" 12 *�)� �/ψ → φπ>π−
��64 ± 2 #!-� %6 /#"& �11 π− � → π1π1 �

��56 ± 2 � *�8�:$ %5" 7*!P 1�1 � � → π>π−π1

��5� ± 6 �11G =87�7)?�:$ %& /#"� 46 π− � → π1π1 �

��0%.5± 2.� 2541 #./.)�:$ 6% -"� �> �− → 2π

��64 ± 6 &11 � #!-� 65 /#"& �11 π− � → &π1 �

��5& ± 2 � #./.)�:$ 65 -"� �/ψ → γπ>π−
��64 ± 0 4 !7$/# 8� 60 "=) �� π− � → ���1

�
��50 ± 5  7.8#. 6& -! 7 �> �− →

�> �−π>π−
��54.4± �.4 &  ?#*#.- 64 #)=� �5 π− � ���	��M��

��61 ± & 2  #)7$ 6� )�8 6 π> � → '>>π1π1

��6� ± 5 ��011 /:-#! 6� "8�� �/ψ ��
	�

��6� ± 2 0  78-�$ 5% 7"�/ ��S�2 π− � → ��π

��0% ± & �1G #=�! 52 $: � &1 π− � → ��π1

��5� ± & &011 �$/!�8 5& -* 0 π> � → π>π− �

��55 ± & 2411 9!#��� 5� ?* 5�1 π> �

��54 ± 6 � )�.$��*� � 51 ?* 6 π− �� 2�& π> �

��02 ± 6 *7�)�*� � 06 ?* 6 π> �
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��2� ±�1 �:�?7":873 14 )=� &1�1 π− →

�1
�
�1
�
�1
�
P

��01 ±�1 5 #!-� %5 /#"� &21 �� → ��π1 π1

��56 ± 0 5 /8E/78�3 %0 )=� &1 π−� → �1
�
�1
�
P

��0� ±�� #/.:!#8���� %� �?) &11 ��

��52 ±�1 #��8 %�  *#8 1.1 � � → 4π1

���1 ±�1 *8�#�)�7$�%1 )9" �� → ��π>π−
��66 ±�� #*# ?: 60� ?8) �> �− → π>π−P

��6& ±41 4G *:$7$ 64 /#"� 46 π− � → ��η

��61 ±�1 4G #=�! 6�  $�8 �2 π− � → ��π1

��6& ±�1 �0111 -�.�) ?��� 50 ?* �0 π> �

��26 ±�1 011 �#�#?#)?: 5� ?* 6 π− � → ��π

��52 ±�4 #8"�$:)� 51 ?* % π> � → �π>π−
��0� ± 2 �%01 � #8"�$:)� 06 -* 2�� π> � → �π>""−
��51 ±�1 401 � #8"�$:)� 06 -* 2�� π> � → �π1""

��06 ± 0 6 �7?$)7$ 06 ?* 4�5S&�� π− �

����	���� �����
�"	�� ������ ���	��� �� �� �� H@

√
�B ��� ��� ���� ���� ��� �∗(6%�+ �	���

4 9��� 	 �	���	���	�� 	�	����� �� �	�	 ���� 	 ���	���� ����	���� ���� 2 ������
& 9��� 	� ����������������� �	���	���	�� 	�	������
2 9��� 	� 	�������� 	�	����� �� ��� ��	
���� π>π− → �π1�
0 9��� 	� 	�������� 	�	����� �� π>π− → π>π− �
	������ �	�	�
5 )�����	��
 ��
���	������ ��� �����	����
6 �7?$)7$ 06 ��
����� *7$-#8 04� !�� 0&� -�8#-7 02� �:)$�8 05�

����
H� B��28����
H� B��28����
H� B��28����
H� B��28

����� ����� ��
� ������	
 �� 
��	 �����	


�62.�> 4.�
− �.2 7.8 9:��62.�> 4.�
− �.2 7.8 9:��62.�> 4.�
− �.2 7.8 9:��62.�> 4.�
− �.2 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��2�

�6&.&> 4.%
− �.2 7.8 #3�8#/��6&.&> 4.%
− �.2 7.8 #3�8#/��6&.&> 4.%
− �.2 7.8 #3�8#/��6&.&> 4.%
− �.2 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��0� )�� ��� �����	� ������

�%1 ±�1 #*!:�:" 12 *�)� �/ψ → φπ>π−
�5� ±�1 #!-� %6 /#"& �11 π− � → π1π1 �

�1& ±�1 % *�8�:$ %5" 7*!P 1�1 � � → π>π−π1

�%� ± 2 �11G =87�7)?�:$ %& /#"� 46 π− � → π1π1 �

�61 ±�& #/.:!#8���� %� �?) &11 ��

�0% ± % 2541 �1 #./.)�:$ 6% -"� �> �− → 2π

�21 ±41 &11 �1 #!-� 65 /#"& �11 π− � → &π1 �

�60 > %
− �

�� !7$/# 8� 60 "=) �� π− � → ���1
�

�5%.�> 0.%
− 0.0

��  ?#*#.- 64 #)=� �5 π− � ���	��M��

�01 ±�� -�$$�E 64 !#)) �1 π>�

�%0 ±�1 4G #=�! 6�  $�8 �2 π− � → ��π1

�2� ± % �4  #)7$ 6� )�8 6 π> � → '>>π1π1

�60 ±�5 ��011 /:-#! 6� "8�� �/ψ ��
	�

��0 ±�4 �&  78-�$ 5% 7"�/ ��S�2 π− � → ��π

�%1 ±�1 �1G #=�! 52 $: � &1 π− � → ��π1

�%� ±�0 &011 �$/!�8 5& -* 0 π> � → π>π− �

�64 ±�2 2411 9!#��� 5� ?* 5 π> � → '>> ��
�%0 ±41 �1 )�.$��*� � 51 ?* 6 π− �� 2�& π> �

��0 ±�1 �%01 �1 #8"�$:)� 06 -* 2�� π> � → �π>""−
��6 ±�5 �1 *7�)�*� � 06 ?* 6 π> �

�50 ±�� �1,�2 �7?$)7$ 06 ?* 4�5S&�� π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��� ±�0 �:�?7":873 14 )=� &1�1 π− →

�1
�
�1
�
�1
�
P

�65 ±�1 �0 #!-� %5 /#"� &21 �� → ��π1 π1

�6& ±�1 �0 /8E/78�3 %0 )=� &1 π−� → �1
�
�1
�
P

�11 ±�1 #��8 %�  *#8 1.1 � � → 4π1

�&1 ±&1 4G *:$7$ 64 /#"� 46 π− � → ��η

�65 ±41 021 �1 #$�:=73 55  :*) �2 π− � → �4π

��2 ±46 �0111 -�.�) ?��� 50 ?* �0 π> �

�00 ±�6 011 �1 �#�#?#)?: 5� ?* 6 π− � → ��π

�54 ±24 �1 #8"�$:)� 51 ?* % π> � → �π>π−
%���	���� �����
�1,���� ������ ���	��� �� �� �� &H@

√
�B ��� ��� ���� ���� ��� �∗(6%�+ �	���

�� 9��� 	 �	���	���	�� 	�	����� �� �	�	 ���� 	 ���	���� ����	���� ���� 2 ������
�� 9��� 	� ����������������� �	���	���	�� 	�	������
�4 9��� 	� 	�������� 	�	����� �� ��� ��	
���� π>π− → �π1�
�& 9��� 	� 	�������� 	�	����� �� π>π− → π>π− �
	������ �	�	�
�2 �7?$)7$ 06 ��
����� *7$-#8 04� !�� 0&� -�8#-7 02� �:)$�8 05�
�0 )�����	��
 ��
���	������ ��� �����	����

WEIGHTED AVERAGE
184.4+3.9-2.5 (Error scaled by 1.6)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

JOHNSON 68 HBC 0.2
BOESEBECK 68 HBC 4.4
ARMENISE 68 DBC 2.5
STUNTEBECK 70 HBC 0.2
FLATTE 71 HBC 0.0
ENGLER 74 DBC 0.2
APEL 75 NICE 0.3
CORDEN 79 OMEG 5.9
GIDAL 81 MRK2 0.0
CASON 82 STRC 12.9
APEL 82 CNTR 1.4
DENNEY 83 LASS 4.9
CHABAUD 83 ASPK 0.6
LONGACRE 86 MPS 0.5
ALDE 87 GAM4 1.3
AUGUSTIN 89 DM2 2.9
AGUILAR-... 91 EHS 0.0
PROKOSHKIN 94 GAM2 2.3
BERTIN 97C OBLX 1.0
ALDE 98 GAM4 1.8
ABLIKIM 05 BES2 0.1

χ2

      43.4
(Confidence Level = 0.002)

100 150 200 250 300 350

� ��/�! '�	��  +�,!

����
H� ����� ���������
H� ����� ���������
H� ����� ���������
H� ����� �����

)
	�� �	
���@
"��� 9�	
���� (H� @H+  ��<���
� �����

�� ππ (6&.5 >�.2
−�.� + K )A���

�� π>π−
π1 ( 5.� >�.&
−�.5 + K )A��4

�4 � � ( &.0 ±1.& + K )A��5

�& 
π>
π− ( �.6 ±1.& + K )A���

�2 ηη ( &.1 ±1.6 + × �1−4 )A���

�0 ?π1 ( 4.1 ±�.1 + × �1−4
�5 γ γ ( �.&�±1.�4+ × �1−2
�6 ηππ < 6 × �1−4  !A%2K

�% �1�−π>� -1-1 < 4.& × �1−4  !A%2K

��1 > − < 0 × �1−�1  !A%1K

����27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2���

#� ����� $� �� ��� ���� '�	��) � ������ '�	��
) � �����������
�� ������ '�	��
 �������	 ���� ����"����	 ���

 
������
) ��	 .
��������" �����
 �
�
 �� ���
�������
 ��	 ��� ���
������ �� 	�1

������� � ���������
� ��� ����� $� ��
 � χ� & /��� ��� %/
	�"���
 �� ����	���

��� ���'��" ����������� ����� ������
 ��� ��� ���������� ���Æ�����
〈
δ�iδ�j

〉
( δ�i·δ�j!) �� �������) ���� ��� $� �� ���������
 �i) ����	��" ��� ������1

��" ��������
) 	i ≡ *i(*���	�� ��� $� ���
�����
 ��� 	i '��
� ���
 ������ �� ���

����� �� 
�� �� ����

	� −��

	4 �� −%�

	& �� −%/ �

	2 � −. � �

	0 � −/ � � �

	5 �� −/ −� � � �

* −/� /% −�� −� −� � −��

	� 	� 	4 	& 	2 	0 	5
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��� ��� �� ���� 	
� ���������	
�� �	��	��

��������

"��� 8	�� ("�3+ )
	�� �	
���

�� ππ �20.% >&.1
−�.�

�� π>π−
π1 �4.� >�.6
−2.� ��4

�4 � � 6.2 ±1.6 ��5

�& 
π>
π− 2.� ±1.5 ���

�2 ηη 1.5& ±1.�& ���

�0 ?π1 1.22 ±1.�%
�5 γ γ 1.11�01±1.111�&

����
H� 4�72��� B��28�����
H� 4�72��� B��28�����
H� 4�72��� B��28�����
H� 4�72��� B��28�

�
(
ππ

)
���

(
ππ

)
���

(
ππ

)
���

(
ππ

)
��

����� ����� ������	
 �� 
��	 �����	


�20.%>&.1−�.� 7.8 9:��20.%>&.1−�.� 7.8 9:��20.%>&.1−�.� 7.8 9:��20.%>&.1−�.� 7.8 9:�

�25.1>0.1−�.1�25.1>0.1−�.1�25.1>0.1−�.1�25.1>0.1−�.1 �6 !7$/# 8� 60 "=) �� π− � → ���1
�

�
(
� �

)
�4�

(
� �

)
�4�

(
� �

)
�4�

(
� �

)
�4

����� ����� ������	
 �� 
��	 �����	


6.2±1.6 7.8 9:�6.2±1.6 7.8 9:�6.2±1.6 7.8 9:�6.2±1.6 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��5�

%.1>1.5−1.4%.1>1.5−1.4%.1>1.5−1.4%.1>1.5−1.4 �6 !7$/# 8� 60 "=) �� π− � → ���1
�

�
(
ηη

)
�2�

(
ηη

)
�2�

(
ηη

)
�2�

(
ηη

)
�2

����� ����� ������	
 �� 
��	 �����	


1.5&±1.�& 7.8 9:�1.5&±1.�& 7.8 9:�1.5&±1.�& 7.8 9:�1.5&±1.�& 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

�.1 ±1.��.1 ±1.��.1 ±1.��.1 ±1.� �6 !7$/# 8� 60 "=) �� π− � → ���1
�

�
(
γ γ

)
�5�

(
γ γ

)
�5�

(
γ γ

)
�5�

(
γ γ

)
�5

��� �	��� �� ���� ����� ������� �� ��� ��������
	� ����� ����� .���	����� ������
���� �
	�	�� ��� �	���� 
�������� 	����� � �.0 G�3B ������� 	� ���	�� 
������������
�	���� 	�� ������	��
	��� ����� (����
	��� 	����� 4 G�3+�

����� �;��� ��
� ������	
 �� 
��	 �����	


�.01±1.�& 7.8 9:��.01±1.�& 7.8 9:��.01±1.�& 7.8 9:��.01±1.�& 7.8 9:�

�.5�>1.�0−1.�4 7.8 #3�8#/��.5�>1.�0−1.�4 7.8 #3�8#/��.5�>1.�0−1.�4 7.8 #3�8#/��.5�>1.�0−1.�4 7.8 #3�8#/�

�.6&±1.42 *7/!:7$� %% 83.� γ γ → π>π−� π1π1

�.26±1.�4>1.40−1.�5 �% *�?8�$- %�  �!! �> �− →
�> �−π>π−• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •

�.%4±1.�4±1.4� �5 E#*.�: %2 3$)

4.�1±1.42±1.42 �1 *!:$73 %� "-� �> �− →
�> �−π>π−

�.�5±1.&5±1.�� #-# ?: %1( �7=; �> �− →
�> �−π>π−

4.�2±1.1&±1.4% *7E�8 %1 "8�� �> �− →
�> �−π>π−

4.�%±1.�0>1.�%−1.�6 "#8):)�� %1  *#! �> �− → �> �−π1π1

�.42±1.02 �� "78/#$ %1 83.� γ γ → π>π− � π1π1

4.�%±1.1%>1.��−1.46 ��55 7�)� %1 �#-� �> �− → �> �−π1π1

4.� ±1.� ±1.& �� #:?#8# 60� �= �> �− →
�> �−π>π−

�.2 ±1.� ±1.2 *�?8�$- 6&�  �!! �> �− →
�> �−π>π−

�.62±1.�2±1.2 �4 *�8/�8 6& =!.� �> �− → �> �− �π

�.51±1.12±1.�1  7.8#. 6& -! 7 �> �− →
�> �−π>π−

�.2�±1.�4±1.46 �& )":�? 6&" "8�� �> �− →
�> �−π>π−

�.5 ±1.� ±1.0 �-,#8-) 6��  *#! �> �− → �> �− �π1

�.% >1.0
−1.& ±1.0 �2 �-,#8-) 6��  *#! �> �− → �> �− �π1

4.� ±1.� ±1.0 *8#$-�!:� 6�� �#)) �> �− →
�> �−π>π−

4.0 ±1.4 ±1.2 87.))#8:� 6� "8�� �> �− →
�> �−π>π−

�.4 ±1.6 �0 *�8/�8 61� =!.� �> �−
�5,��� 	 �	���� �
	�	� ��	�� 	����� ���1 "�3�

�
(
> −

)
��1�

(
> −

)
��1�

(
> −

)
��1�

(
> −

)
��1

����� ���� ��� ������	
 �� 
��	 �����	


<1.��<1.��<1.��<1.�� %1 # ?#)73 114 )$- �> �− → π1π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<�.5 %1 3787*E�3 66 $- �> �− → π1π1

�69��� 	 �	���	���	�� 	�	����� �� �	�	 ���� 	 ���	���� ����	���� ���� 2 ������
�%.��� 	 ����	��M�� ����� ���� 	 411 � 211 G�3 ���� �
	�	� 	� ��11 "�3�
�1.��� ��� ����	��M�� ����� �� !E�? 62�
������� ��
����� ����	� �� �������� ���������� -	�	 �� "#8�� 	��  8E)�#! *#!! ����
�� ��� 	�	������ #������ ������ ����� 
�����	����� ���� γ γ ����� �� �1(�451+ N H(��+ >

�@& H(� 1+ A 4.0 ± 1.4 ��3�
��8	��	���� 
����
����� ������ ��� �	���	� ������B ��� ����	�
� ���  7.8#. 6& �	���
��
���� �.00 ± 1.�� �� ��� 
	�
��	���� �� !#$-87 60�

�4.��� ��� "�$$�)):�8 64 ������
�& )��������� �� *7E�8 %1�
�2 :� ����
��� A � 	��������� �� ��� �	���
�0.��� �	��� ����� 	�� *(��(��51+ → �π+ ���� =-/ 56�

����
H� ��!���γ γ�	������"�����
H� ��!���γ γ�	������"�����
H� ��!���γ γ�	������"�����
H� ��!���γ γ�	������"�

�
(
� �

) × �
(
γ γ

)
	����	� �4�5	��

(
� �

) × �
(
γ γ

)
	����	� �4�5	��

(
� �

) × �
(
γ γ

)
	����	� �4�5	��

(
� �

) × �
(
γ γ

)
	����	� �4�5	�

����� �;��� ������	
 �� 
��	 �����	


1.��1±1.1�& 7.8 9:�1.��1±1.1�& 7.8 9:�1.��1±1.1�& 7.8 9:�1.��1±1.1�& 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��4�

1.1%�±1.115±1.1�51.1%�±1.115±1.1�51.1%�±1.115±1.1�51.1%�±1.115±1.1�5 �5 #!*8� ?� %13 #8/ �> �− →
�> �−�>�−

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�1&±1.115±1.15� �6 #!*8� ?� %13 #8/ �> �− →

�> �−�>�−
�5.��� 	� ��
������� �	
G������
�6.��� 	 
������� �	
G������

����
H� 67���8��9 7�2�������
H� 67���8��9 7�2�������
H� 67���8��9 7�2�������
H� 67���8��9 7�2���

�
(
ππ

)
	����	� ��	��

(
ππ

)
	����	� ��	��

(
ππ

)
	����	� ��	��

(
ππ

)
	����	� ��	�

����� ��
� ������	
 �� 
��	 �����	


1.6&5>1.1�2−1.1�� 7.8 9:�1.6&5>1.1�2−1.1�� 7.8 9:�1.6&5>1.1�2−1.1�� 7.8 9:�1.6&5>1.1�2−1.1�� 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.645±1.1�1 7.8 #3�8#/�1.645±1.1�1 7.8 #3�8#/�1.645±1.1�1 7.8 #3�8#/�1.645±1.1�1 7.8 #3�8#/�

1.6&%±1.1�2  ?#*#.- 64 #)=� �5 π− � ���	��M��

1.62 ±1.12 �21 *�#.=8� 5� ?* 6 π> � → '>> ��
1.6 ±1.1& 011 7? 51 ?* ���0 π− � → π>π− �

�
(
π>π−
π1

)
	�

(
ππ

)
��	���

(
π>π−
π1

)
	�

(
ππ

)
��	���

(
π>π−
π1

)
	�

(
ππ

)
��	���

(
π>π−
π1

)
	�

(
ππ

)
��	��

)����� �� ���
� H
(
�π>�π−)

@H
(
ππ

)
�� ��
	� �� ρρ� ()�� #) 7!: 06(�+
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����� �
	�� �	
��� �� ��4�
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1.12&>1.112−1.110 7.8 9:�1.12&>1.112−1.110 7.8 9:�1.12&>1.112−1.110 7.8 9:�1.12&>1.112−1.110 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��5�

1.1&�>1.11&−1.112 7.8 #3�8#/�1.1&�>1.11&−1.112 7.8 #3�8#/�1.1&�>1.11&−1.112 7.8 #3�8#/�1.1&�>1.11&−1.112 7.8 #3�8#/�

1.1&2±1.1� �% *#8/:7��: 14 7*!P ��

1.145>1.116−1.1�� ���:$ 6�� "=) �4 π− � → ���1
�

1.1&2±1.11%  ?#*#.- 6� #)=� �5 π− � ���	��M��

1.14%±1.116 !73�88� 61 ?* & π− � → � � �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
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1.140±1.112 41  7)�#��� 61 7"�/ �S��� π− � →
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1.141±1.112 4� "#8�:$ 5% 83.�
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����� �
	�� �	
��� �� ����
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	�� �	
��� �� ����

1.1�&±1.110 �01 �"") 52( -* & π> � → � ��
1.12�±1.1�2 51 �:)�$*�8/ 5& ?* &�% π> � → '>> ��

1.1&4>1.115−1.1�� �62 !7.:� 5& ?* 4�% π− � → � ��

1.145±1.115 �2& #$-�8)7$ 54 -* 0 π> � → � ��
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����� �
	�� �	
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1.114±1.11�1.114±1.11�1.114±1.11�1.114±1.11� *#8*�8:) 11� &21 �� → �� ηη�%
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.12 %2 �-,#8-) 6��  *#! �> �− → �> �− �η
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<0<0<0<0 %1 # ?#)73 114 )$- �> �− → π1π1
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��6�.6± 1.0 7.8 #3�8#/���6�.6± 1.0 7.8 #3�8#/���6�.6± 1.0 7.8 #3�8#/���6�.6± 1.0 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��0� )�� ��� �����	�
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��50.�± 6.�± 6.1 �14 *#: 1&1 *�)� �/ψ → γ γπ>π−
��5& ± 0 �45 #*-#!!#? 14+ -!=? %��� �> �− →

�1
�
�±π∓ >



��61 ± & %2 #  :#88: 1�3 !4

��66 ± & ± 2 �1G #-#") 1�� �62� �6 /�3 π− � →
�>�−π1 �

��6& ± 0 �&11 #!-� %5� /#"& �11 π− � →
ηπ1π1 �

��6� ± � *#8*�8:) %5� 7"�/ &21 �� →
���(π>π−+

��6� ± � *#8*�8:) %5" 7"�/ &21 �� →
���1

�
�±π∓

��61 ± � � #$�:$78: %2 7"�/ 411�&21 �� →
���(π>π−+

��6�.�± �.2 !�� %& "=)� �6 π− � →
�>�1 �π− �

��5% ± 2 9.�.: %�" )=� 6�%2 π− � →
ηπ>π− �

��56 ± � �&1 #8")�87$/ 6% 7"�/ 411 �� →
�� π��

��56 ± � #8")�87$/ 6%3 7"�/ 62 π> � → &ππ��
�� → &π��

��61.�± �.� 01 8#�? 6% "=) ���& π− � →
�1
�
�1
�

π1 �

��62 ± � &521 � *:8"#$ 66 "=) 6 π− � →
�>�1π− �

��61 ± � 21& *:�E.�73 66 )=� 4��2 π− � →
�>�−π1 �

��61 ± & #$-7 60 )=� 6 π− � →
ηπ>π− �

��55 ± � &�1 8��3�) 60 )=� 0�0 �� → � � πP

��62 ± �  ?.$/ 62 )=� 6 π− � → �� � π

��5% ± � 01& #8")�87$/ 6& 7"�/ 62 π> � →
�� ππ�� �� →
�� π��

��60 ± �  ?#.3#� 6& )=� :)8 4��2 ��

��56 ± & �3#$/�!:)�# 6� 7"�/ �� π− � →
ηπ>π−π− �

��64 ± 4 �14 -:7$:): 61 ?* & π− � → � � π�

��6� ± � 4�1 $# #) ? 56 ?* 1�5�1�50 � � →
�� 4π

��5% ± 2 ��1 /8#))!�8 55 ?* �0 π∓ �

��60 ± 4 �61 -.*7 5� ?* ��� � � → �� &π

��64 ± 2 -#?! 05 ?* ��0S&�� π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��6�.%± 1.2 4 )7)# %% )=� �� → �����

(�1
�
�>π−+

��	��
��6�.6± 1.0 4 )7)# %% )=� �� → �����

(�1
�
�−π>+

��	��
��51 ±�1 #"�!:$ %2 3�) 45 π−� →

π−π>π− γ�
��61 ± � #*#�;:) %& 7"�/ &21 �� →

���(π>π−+
��6� ± & #8")�87$/ %4" �501 �� → π1 ηη →

0γ
��51 ± 0 ±�1 #8")�87$/ %�" 7"�/ 411 �� →

��π>π− γ
��0& ± 6 #./.)�:$ %1 -"� �/ψ → γ ηπ>π−
��6� ± � #8")�87$/ 6%� 7"�/ 411 �� →

���(π>π−+
��5% ± 0 ±�1 �0 *� ��8 65 "8�4 �> �− → φ� � π

��60 ± % /:-#! 65 "8�� �> �− →
�> �− ηπ>π−

��65 ± 2 424 *:�E.�73 6&� )=� 4� π− � →
�>�−π1 �

∼ ��5% & �78$D3:)� 6�� 83.�

��52 ± 0 4� *87"*�8/ 61 )=� �11 π− � →
�� πP

��66 ± % �11 /.8�. 5% ?* &�� �− � → �η�π



������������

��� ��� �� ���� 	
� ����� ����	
�� �	��	��

������
�

∼ ��52.1 &0 2 )�#$�7$ 5%  $�8 6�2 π− � →
��γ �π

��5� ±�1 4&  78-�$ 56 7"�/ ��S�2 π− � →
�>�−π�

��%2 ±�� 62  78-�$ 56 7"�/ ��S�2 π− � →
�2π

��%� ±�1 �21 -�97:P 5� ?* 1�5 � � → 5π

��61 ± 4 211 0 �?.$ 5� "") �4�& π− �

�414 ± 6 *#8-#-:$���� 5� ?* 6 π> � → �0π

��64 ± 0 *7�)�*� � 5� ?* �0�1 π� → �2π

��51 ±�1  #"=*�!! 0% -* ��5 π> �

��62 ± 5 !78)�#- 0% ?* 1�5 � �� &�2�����

��%1 ± 5 -C#$-!#. 06 ?* ��� � �� 2S0 ����

�)��������� #*#�;:) %&� #8")�87$/ 6%��
� 9��� �	���	� �	�� 	�	����� �� �>�1π− �������
4$� ������	��
 ����� �����
& 9��� 	 ����	��M�� '�	�G������ 
	�
��	�����
2 9��� ��	�� ����� 	�	����� �� ηπ>π− �������
0 )��� �� ��� ������ �	�� ���
�����

WEIGHTED AVERAGE
1281.8±0.6 (Error scaled by 1.6)

DAHL 67 HBC 0.1
DUBOC 72 HBC 1.9
GRASSLER 77 HBC 0.3
NACASCH 78 HBC 0.0
DIONISI 80 HBC 0.2
EVANGELISTA 81 OMEG 0.9
CHAUVAT 84 SPEC 17.3
ARMSTRONG 84 OMEG 2.0
CHUNG 85 SPEC 2.5
REEVES 86 SPEC 5.8
ANDO 86 SPEC 0.2
BITYUKOV 88 SPEC 3.4
BIRMAN 88 MPS 10.0
RATH 89 MPS 0.7
ARMSTRONG 89G OMEG 3.7
ARMSTRONG 89 OMEG 3.7
FUKUI 91C SPEC 0.3
LEE 94 MPS2 0.1
ANTINORI 95 OMEG 0.8
BARBERIS 97C OMEG 0.7
BARBERIS 97B OMEG 0.7
ALDE 97B GAM4 0.1
ADAMS 01B E852 0.9
ACCIARRI 01G L3 0.2
ABDALLAH 03H DLPH 1.7
BAI 04J BES2 0.2

χ2

      58.6
(Confidence Level  0.001)

1265 1270 1275 1280 1285 1290 1295 1300
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����
DJ� B��28����
DJ� B��28����
DJ� B��28����
DJ� B��28

7��� ����������� ���� ����� ����� ���� ��	� �1 "�3 	�� G��� ��� 	����
	���

����� ����� ��
� ������	
 �� 
��	 �����	


�&.�± �.� 7.8 #3�8#/��&.�± �.� 7.8 #3�8#/��&.�± �.� 7.8 #3�8#/��&.�± �.� 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��4� )�� ��� �����	� ������

&1.1± 6.0± %.4 �14 *#: 1&1 *�)� �/ψ → γ γπ>π−
�% ±�� �45 #*-#!!#? 14+ -!=? %��� �> �− →

�1
�
�±π∓ > 


&2 ± % ± 5 �1G #-#") 1�� �62� �6 /�3 π− � →
�>�−π1 �

22 ±�6 �&11 #!-� %5� /#"& �11 π− � → ηπ1π1 �

�& ± 4 *#8*�8:) %5� 7"�/ &21 �� →
���(π>π−+

�1 ± � *#8*�8:) %5" 7"�/ &21 �� →
���1

�
�±π∓

40 ± 2 5 #$�:$78: %2 7"�/ 411�&21 �� →
���(π>π−+

�%.1± &.� !�� %& "=)� �6 π− � →
�>�1 �π− �

�2 ± & �&1 #8")�87$/ 6% 7"�/ 411 �� → � � π��

�� ± � &521 6 *:8"#$ 66 "=) 6 π− � → �>�1π− �

�2 ± & 21& *:�E.�73 66 )=� 4��2 π− � →
�>�−π1 �

�% ± 2 #$-7 60 )=� 6 π− � → ηπ>π− �

4� ± 6 &�1 8��3�) 60 )=� 0�0 �� → � � πP

�� ± �  ?.$/ 62 )=� 6 π− � → �� � π

4� ± 4 01& #8")�87$/ 6& 7"�/ 62 π> � → � � ππ��
�� → � � π��

�& ± 4  ?#.3#� 6& )=� :)8 4��2 ��

�% ±�1 �14 -:7$:): 61 ?* & π− � → � � π�

�6.4± 0.5 4�1 $# #) ? 56 ?* 1�5�1�50 � � → � � 4π

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�6.�± �.� % )7)# %% )=� �� → �����

(�1
�
�>π−+ ��	��

�%.&± �.2 % )7)# %% )=� �� → �����
(�1

�
�−π>+ ��	��

&1 ± 2 #*#�;:) %& 7"�/ &21 �� →
���(π>π−+

&& ±�1 #./.)�:$ %1 -"� �/ψ → γ ηπ>π−
4� ± 2 #8")�87$/ 6%� 7"�/ 411 �� →

���(π>π−+
&� ±�� #8")�87$/ 6%3 7"�/ 62 π> � → &ππ��

�� → &π��
�5.%±�1.% 01 8#�? 6% "=) ���& π− � →

�1
�
�1
�

π1 �

�& >�1
−�& ±�1 �0 *� ��8 65 "8�4 �> �− → φ� � π

�0 ±�� �3#$/�!:)�# 6� 7"�/ �� π− � →
ηπ>π−π− �

�2 ±�2 �11 /.8�. 5% ?* &�� �− � → �η�π

∼ �1 �1 )�#$�7$ 5%  $�8 6�2 π− � → ��γ �π

�& ±�6 ��1 /8#))!�8 55 ?* �0 π∓ �

�6 ± 2 �21 �� -�97:P 5� ?* 1�5 � � → 5π

&0 ± % �61 �� -.*7 5� ?* ��� � � → �� &π

45 ± 2 211 �� �?.$ 5� "") �4�& π− �

�1 ±�1 *7�)�*� � 5� ?* �0�1 π� → �2π

41 ±�2  #"=*�!! 0% -* ��5 π> �

01 ±�2 �� !78)�#- 0% ?* 1�5 � �� &�2�����

42 ±�1 �� -#?! 05 ?* ��0S&�� π− �

5)��������� #*#�;:) %&� #8")�87$/ 6%��
6 9��� �	���	� �	�� 	�	����� �� �>�1π− �������
%$� ������	��
 ����� �����
�1 9��� ��	�� ����� 	�	����� �� ηπ>π− �������
��8��������� �� ��� ���������
�� )��� �� ��� ������ �	�� ���
�����

WEIGHTED AVERAGE
24.2±1.1 (Error scaled by 1.3)

NACASCH 78 HBC 0.4
DIONISI 80 HBC 0.2
CHAUVAT 84 SPEC 0.0
ARMSTRONG 84 OMEG 6.8
CHUNG 85 SPEC 1.2
REEVES 86 SPEC 1.0
ANDO 86 SPEC 1.1
BITYUKOV 88 SPEC 0.0
BIRMAN 88 MPS 1.2
ARMSTRONG 89 OMEG 0.0
LEE 94 MPS2 1.4
ANTINORI 95 OMEG 5.6
BARBERIS 97C OMEG 4.4
BARBERIS 97B OMEG 0.0
ALDE 97B GAM4 2.9
ADAMS 01B E852 3.3
ABDALLAH 03H DLPH 0.2
BAI 04J BES2 1.6

χ2

      31.2
(Confidence Level = 0.019)
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DJ� ����� ���������
DJ� ����� �����

)
	�� �	
���@
"��� 9�	
���� (H� @H+  ��<���
� �����

�� ?π (44.�> �.�
− �.6+ K )A��4

�� π1π1π>π− (��.1> �.&
− �.�+ K )A��4

�4 
π>
π− (��.1> 1.5
− 1.0+ K )A��4

�& ρ1π>π− (��.1> 1.5
− 1.0+ K )A��4

�2 ρ1 ρ1 ����

�0 ?π1 < 5 × �1−&  !A%1K

�5 ηππ (2� ±�0 + K

�6 �1�ID�π *!'���!�' �1�ID� →
� � +

(40 ± 5 + K

�% ηππ *�5-"$(!�' �1�ID�π+ (�0 ± 5 + K

��1 � � π ( %.1± 1.&+ K )A���

��� � �∗�DI
� ��� ����

��� γ ρ1 ( 2.2± �.4+ K )A��6

��4 φγ ( 5.&± �.0+× �1−&
��& γ γ∗
��2 γ γ
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����27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2���

#� ����� $� �� / ��������" �����
 �
�
 �. ���
�������
 ��	 ���

���
������ �� 	�������� - ���������
� ��� ����� $� ��
 � χ� &
���/ ��� �� 	�"���
 �� ����	���

��� ���'��" ����������� ����� ������
 ��� ��� ���������� ���Æ�����
〈
δ	iδ	j

〉
( δ	i·δ	j!) �� �������) ���� ��� $� �� ��� ��������" ��������
) 	i ≡

*i(*���	�� ��� $� ���
�����
 ��� 	i '��
� ���
 ������ �� ���
 ����� �� 
�� ��
����

	6 −�/

	% −� −�-

	�1 �. −� −�

	�� −%. −� −� −%�

	� 	6 	% 	�1

����
DJ� ��!���γ γ�	������"�����
DJ� ��!���γ γ�	������"�����
DJ� ��!���γ γ�	������"�����
DJ� ��!���γ γ�	������"�

�
(
ηππ

) × �
(
γ γ

)
	����	� �5��2	�� ��6��%���2	��

(
ηππ

) × �
(
γ γ

)
	����	� �5��2	�� ��6��%���2	��

(
ηππ

) × �
(
γ γ

)
	����	� �5��2	�� ��6��%���2	��

(
ηππ

) × �
(
γ γ

)
	����	� �5��2	�� ��6��%���2	�

����� �;��� ��� ������	
 �� 
��	 �����	


<1.0�<1.0�<1.0�<1.0� %2 /:-#! 65 "8�� �> �− →
�> �− ηπ>π−

�
(
ηππ

) × �
(
γ γ∗

)
	����	� �5��&	�� ��6��%���&	��

(
ηππ

) × �
(
γ γ∗

)
	����	� �5��&	�� ��6��%���&	��

(
ηππ

) × �
(
γ γ∗

)
	����	� �5��&	�� ��6��%���&	��

(
ηππ

) × �
(
γ γ∗

)
	����	� �5��&	�� ��6��%���&	�

����� �;��� ��
� ������	
 �� 
��	 �����	


�.& ±1.& 7.8 #3�8#/��.& ±1.& 7.8 #3�8#/��.& ±1.& 7.8 #3�8#/��.& ±1.& 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��&�

�.�6±1.�2±1.�1 �0 �4,�& #:?#8# 66� �= �> �− →
�> �− ηπ>π−

�.41±1.0�±1.&� �4,�2 /:-#! 65 "8�� �> �− →
�> �− ηπ>π−

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.6 ±1.4 ±1.4 &�1 �0 # ?#8- 1�� !4 �64S�1% �> �− →

�> �− ηπ>π−
�4#������ 	 ρ����� ���� �	
����
�&=�������� �	��� ���������� �� ηππ ��	�
��� �	��� 1.&%�
�2=�������� �	��� ������� �� � 	�� ���������� �� ��� ηππ ��	�
��� �	��� 1�&%�
�0=�������� �	��� ���������� �� ��� ηππ ��	�
��� �	��� 1.2��

����
DJ� 67���8��9 7�2�������
DJ� 67���8��9 7�2�������
DJ� 67���8��9 7�2�������
DJ� 67���8��9 7�2���

�
(
� � π

)
	�

(
?π

)
��1	���

(
� � π

)
	�

(
?π

)
��1	���

(
� � π

)
	�

(
?π

)
��1	���

(
� � π

)
	�

(
?π

)
��1	��

����� ������	
 �� 
��	 �����	


1.�5�±1.1�0 7.8 9:�1.�5�±1.1�0 7.8 9:�1.�5�±1.1�0 7.8 9:�1.�5�±1.1�0 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��4�
1.�5�±1.1�0 7.8 #3�8#/�1.�5�±1.1�0 7.8 #3�8#/�1.�5�±1.1�0 7.8 #3�8#/�1.�5�±1.1�0 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

1.�02±1.1�& �5 *#8*�8:) %5" 7"�/ &21 �� →
���1

�
�±π∓

1.�6 ±1.12 �6 #8")�87$/ 6%� 7"�/ 411 �� → �� ��(��62+

1.45 ±1.14 ±1.12 �% #8")�87$/ 6%3 7"�/ 62 π� → &πP

�5.��� �(π>π−+ �	�	 ���� *#8*�8:) %5��
�6#������ ρππ 	�� �1(%61+π ���������	�� ��	����
�% &π 
��������� ���� ���� �������� ρππ�

�
(
π1π1π>π−)

	����	� ��	��
�
4��	��

(
π1π1π>π−)

	����	� ��	��
�
4��	��

(
π1π1π>π−)

	����	� ��	��
�
4��	��

(
π1π1π>π−)

	����	� ��	��
�
4��	�

����� ������	
 ��

1.��1>1.1�&−1.1�� 7.8 9:�1.��1>1.1�&−1.1�� 7.8 9:�1.��1>1.1�&−1.1�� 7.8 9:�1.��1>1.1�&−1.1�� 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��4�

�
(

π>
π−)

	����	� �4	��
�
4��	��

(

π>
π−)

	����	� �4	��
�
4��	��

(

π>
π−)

	����	� �4	��
�
4��	��

(

π>
π−)

	����	� �4	��
�
4��	�

����� ������	
 ��

1.��1>1.115−1.110 7.8 9:�1.��1>1.115−1.110 7.8 9:�1.��1>1.115−1.110 7.8 9:�1.��1>1.115−1.110 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��4�

�
(
ρ1π>π−)

	����	� �&	��
�
4��	��

(
ρ1π>π−)

	����	� �&	��
�
4��	��

(
ρ1π>π−)

	����	� �&	��
�
4��	��

(
ρ1π>π−)

	����	� �&	��
�
4��	�

����� ������	
 ��

1.��1>1.115−1.110 7.8 9:�1.��1>1.115−1.110 7.8 9:�1.��1>1.115−1.110 7.8 9:�1.��1>1.115−1.110 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��4�

�
(
ρ1 ρ1

)
	����	� �2	��

(
ρ1 ρ1

)
	����	� �2	��

(
ρ1 ρ1

)
	����	� �2	��

(
ρ1 ρ1

)
	����	� �2	�

����� ������	
 �� �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
���� *#8*�8:) 11" &21 �� → �� &π�%

�
(
� � π

)
	�

(
ηππ

)
��1	�5 ���1	��6��%��

(
� � π

)
	�

(
ηππ

)
��1	�5 ���1	��6��%��

(
� � π

)
	�

(
ηππ

)
��1	�5 ���1	��6��%��

(
� � π

)
	�

(
ηππ

)
��1	�5 ���1	��6��%�

����� ������	
 �� 
��	 �����	


1.�5�±1.1�4 7.8 9:�1.�5�±1.1�4 7.8 9:�1.�5�±1.1�4 7.8 9:�1.�5�±1.1�4 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����
1.�51±1.1�� 7.8 #3�8#/�1.�51±1.1�� 7.8 #3�8#/�1.�51±1.1�� 7.8 #3�8#/�1.�51±1.1�� 7.8 #3�8#/�

1.�00±1.1� ±1.116 *#8*�8:) %6" 7"�/ &21 �� →
�� ��(��62+�%

1.&� ±1.�2 /.8�. 5% ?* &�� �− �

1.2 ±1.� �1  78-�$ 56 7"�/ ��S�2 π− �

1.�1 ±1.16 �� -�97:P 5� ?* 1�5 � � → 5π

1.�0 ±1.16  #"=*�!! 0% -* ��5 π> �

�1 78-�$ 56 	������ �����	�� ηππ ����� �� �����	���� �>>� )�� *#8*�8:) %6"
	�� "#$#� 11! ��� ���
�������

���� ������ 
�	�	
����M�� �� ��� " A � ��������� ���	�
������ ()�� ����� �1(%61++�

�
(
�1�ID�π *!'���!�' �1�ID�→ � � +

)
	�

(
ηππ

)
�6	�5 ��6	��6��%��

(
�1�ID�π *!'���!�' �1�ID�→ � � +

)
	�

(
ηππ

)
�6	�5 ��6	��6��%��

(
�1�ID�π *!'���!�' �1�ID�→ � � +

)
	�

(
ηππ

)
�6	�5 ��6	��6��%��

(
�1�ID�π *!'���!�' �1�ID�→ � � +

)
	�

(
ηππ

)
�6	�5 ��6	��6��%�

����� ��� ��
� ������	
 �� 
��	 �����	


1.0%±1.�4 7.8 9:�1.0%±1.�4 7.8 9:�1.0%±1.�4 7.8 9:�1.0%±1.�4 7.8 9:�

1.0%>1.�4−1.�� 7.8 #3�8#/�1.0%>1.�4−1.�� 7.8 #3�8#/�1.0%>1.�4−1.�� 7.8 #3�8#/�1.0%>1.�4−1.�� 7.8 #3�8#/�

1.5�±1.�2 /.8�. 5% ?* &�� �− �

1.0 >1.4
−1.�  78-�$ 56 7"�/ ��S�2 π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
>1.0% %2 4�6 # ?#8- 1�� !4 �64S�1% �> �− →

�> �− ηπ>π−
1.�6±1.15 �&11 #!-� %5� /#"& �11 π− � → ηπ1π1 �

�.1 ±1.4 /8#))!�8 55 ?* �0 π∓ �

�
(
?π

)
	�

(
ηππ

)
��	�5 ���	��6��%��

(
?π

)
	�

(
ηππ

)
��	�5 ���	��6��%��

(
?π

)
	�

(
ηππ

)
��	�5 ���	��6��%��

(
?π

)
	�

(
ηππ

)
��	�5 ���	��6��%�

����� ������	
 �� 
��	 �����	


1.04±1.10 7.8 9:�1.04±1.10 7.8 9:�1.04±1.10 7.8 9:�1.04±1.10 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.&�±1.�& 7.8 #3�8#/�1.&�±1.�& 7.8 #3�8#/�1.&�±1.�& 7.8 #3�8#/�1.&�±1.�& 7.8 #3�8#/�

1.45±1.��±1.�� *7!�7$ %� "8�4 �/ψ → γ ��(��62+

1.0&±1.&1 /.8�. 5% ?* &�� �− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.%4±1.41 �� /8#))!�8 55 ?* �0 π∓ �

��#������ ρππ 	�� �1(%61+π ���������	�� ��	����

�
(
� �∗�DI
�

)
	����	� ���	��

(
� �∗�DI
�

)
	����	� ���	��

(
� �∗�DI
�

)
	����	� ���	��

(
� �∗�DI
�

)
	����	� ���	�

����� ������	
 �� 
��	 �����	


��� ������� ������� ������� ���� $# #) ? 56 ?* 1�5�1�50 � � → � � 4π

�
(
ρ1π>π−)

	�
(

π>
π−)

�&	�4�
(
ρ1π>π−)

	�
(

π>
π−)

�&	�4�
(
ρ1π>π−)

	�
(

π>
π−)

�&	�4�
(
ρ1π>π−)

	�
(

π>
π−)

�&	�4
����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.1±1.& /8#))!�8 55 ?* �0 /�3 π± �

�
(
?π1

)
	����	� �0	��

(
?π1

)
	����	� �0	��

(
?π1

)
	����	� �0	��

(
?π1

)
	����	� �0	�

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


<5<5<5<5 %1 #!-� 65 /#"& �11 π− � → &π1 �

�
(
φγ

)
	�

(
� � π

)
��4	��1�

(
φγ

)
	�

(
� � π

)
��4	��1�

(
φγ

)
	�

(
� � π

)
��4	��1�

(
φγ

)
	�

(
� � π

)
��4	��1

����� ���	
� �−-� ��� ��
� ������	
 �� 
��	 �����	


1.6�±1.��±1.�11.6�±1.��±1.�11.6�±1.��±1.�11.6�±1.��±1.�1 �% *:�E.�73 66 )=� 4��2 π− � →
�>�−π1 �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.21 %2 *#8*�8:) %6" 7"�/ &21 �� →

�� ��(��62+�%
<1.%4 %2 #"�!:$ %2 3�) 45 π−� →

π−π>π− γ�

�
(
γ ρ1

)
	�

(
� � π

)
���	��1�

(
γ ρ1

)
	�

(
� � π

)
���	��1�

(
γ ρ1

)
	�

(
� � π

)
���	��1�

(
γ ρ1

)
	�

(
� � π

)
���	��1

����� ��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
>1.142 %1 �4  799"#$ %1 "8�4 �/ψ → γ γπ>π−
�4.��� *(�/ψ → γ ��(��62+ → γ γ ρ1+A1.�2 × �1−& 	�� *(�/ψ → γ ��(��62+ →

γ� � π+A< 1.5�× �1−4�

�
(
γ ρ1

)
	�

(

π>
π−)

���	�4 ����	
�
4���

(
γ ρ1

)
	�

(

π>
π−)

���	�4 ����	
�
4���

(
γ ρ1

)
	�

(

π>
π−)

���	�4 ����	
�
4���

(
γ ρ1

)
	�

(

π>
π−)

���	�4 ����	
�
4��

����� ������	
 �� 
��	 �����	


1.21±1.�4 7.8 9:�1.21±1.�4 7.8 9:�1.21±1.�4 7.8 9:�1.21±1.�4 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��2�

1.&2±1.�61.&2±1.�61.&2±1.�61.&2±1.�6 �&  799"#$ %1 "8�4 �/ψ → γ γπ>π−
�&.��� *(�/ψ → γ ��(��62+ → γ γ ρ1+A1.�2 × �1−& 	�� *(�/ψ → γ ��(��62+ →

γ �π>�π−+A1.22 × �1−& ���� �� ":8 66�

�
(
γ ρ1

)
	����	� ���	��

(
γ ρ1

)
	����	� ���	��

(
γ ρ1

)
	����	� ���	��

(
γ ρ1

)
	����	� ���	�

����� ��� ������	
 �� 
��	 �����	


1.122±1.1�4 7.8 9:�1.122±1.1�4 7.8 9:�1.122±1.1�4 7.8 9:�1.122±1.1�4 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��6�

1.1�6±1.115±1.1101.1�6±1.115±1.1101.1�6±1.115±1.1101.1�6±1.115±1.110 #"�!:$ %2 3�) 45 π−� →
π−π>π− γ�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.12 %2 *:�E.�73 %�� )=� 4� π− � → π>π− γ �

�
(
ηππ

)
	�

(
γ ρ1

)
�5	��� � ��6��%�	����

(
ηππ

)
	�

(
γ ρ1

)
�5	��� � ��6��%�	����

(
ηππ

)
	�

(
γ ρ1

)
�5	��� � ��6��%�	����

(
ηππ

)
	�

(
γ ρ1

)
�5	��� � ��6��%�	���

����� ������	
 �� 
��	 �����	


%.2±�.1 7.8 9:�%.2±�.1 7.8 9:�%.2±�.1 7.8 9:�%.2±�.1 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��2�

5.%±1.% 7.8 #3�8#/�5.%±1.% 7.8 #3�8#/�5.%±1.% 7.8 #3�8#/�5.%±1.% 7.8 #3�8#/�

�1.1±�.1±�.1 *#8*�8:) %6" 7"�/ &21 �� →
�� ��(��62+�%

5.2±�.1 �2 #8")�87$/ %�" 7"�/ 411 �� → ��π>π− γ �

��ηπ> π−
�2=�������� �	��� ���������� �� ��2�
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η���	
� �	 �
�� � � ��−��

3�� �
� ��� ����1�����' ��	�� ���1�� ���	�	���
�  3�� ��� ��	��
��� ��� ��"� �������!

η��
IJ� ����η��
IJ� ����η��
IJ� ����η��
IJ� ����

����� ����� ��
� ������	
 �� 
��	 �����	


��%&±& 7.8 #3�8#/���%&±& 7.8 #3�8#/���%&±& 7.8 #3�8#/���%&±& 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��0� )�� ��� �����	� ������

�41�±%±6 �1G #-#") 1�� �62� �6 /�3 π− � →
�>�−π1 �

��6�±2 %16� "#$#� 11! "=) �6 π− � → ηπ>π− �

��%%±& ��11 #!-� %5� /#"& �11 π− � → ηπ1π1 �

��%2±& 9.�.: %�" )=� 6�%2 π− � → ηπ>π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ ��52 )�#$�7$ 5%  $�8 6�& π− � → �η�π

WEIGHTED AVERAGE
1294±4 (Error scaled by 1.6)

FUKUI 91C SPEC 0.1
ALDE 97B GAM4 1.8
MANAK 00A MPS 5.5
ADAMS 01B E852 0.5

χ2

       7.8
(Confidence Level = 0.050)

1260 1280 1300 1320 1340 1360
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22± 2 7.8 #3�8#/�22± 2 7.8 #3�8#/�22± 2 7.8 #3�8#/�22± 2 7.8 #3�8#/�

25±�4±�� �1G #-#") 1�� �62� �6 /�3 π− � →
�>�−π1 �

00±�4 %16� "#$#� 11! "=) �6 π− � → ηπ>π− �

24± 0 9.�.: %�" )=� 6�%2 π− � → ηπ>π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<&1 ��11 #!-� %5� /#"& �11 π− � → ηπ1π1 �

∼ 51 )�#$�7$ 5%  $�8 6�& π− � → �η�π
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<1.100<1.100<1.100<1.100 %2 #  :#88: 1�3 !4 �64S�1� �> �− →
�> �− ηπ>π−

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.0 %1 #:?#8# 66" �= �> �− →

�> �− ηπ>π−
<1.4 #$�8�#)E#$ 65  *#! �> �− → �> �− ηππ
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.1�& %1 �,� #?7?� 12  !�� �1�0 �> �− →

�> �−�1
�
�±π∓
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��� ���� *�8�:$ %5 7*!P 1�1 � � →

�± (�1+π∓π>π−
���� *:8"#$ 66 "=) 6 π− � → �>�1π− �

�	�� #$-7 60 )=� 6 π− � → ηπ>π− �
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1.02±1.�11.02±1.�11.02±1.�11.02±1.�1 4 #!-� %5� /#"& �11 π− � → ηπ1π1 �

4#������ ��	� �1(%61+ ��
	�� ���� �� ηπ�
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1.42±1.�11.42±1.�11.42±1.�11.42±1.�1 #!-� %5� /#"& �11 π− � → ηπ1π1 �
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1.&6±1.��1.&6±1.��1.&6±1.��1.&6±1.�� %16� "#$#� 11! "=) �6 π− � → ηπ>π− �
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IJ� 7���7�����η��
IJ� 7���7�����

!+&+� , �� (8� 8-� �� !.#.� �� ��� �"��& "#��$%��
!""�!��� �3 �� �,� � �� !))	$��	 �� ��� ��� "#��$%��
!(!�* �� �� �,�� -�� 3�*� !0$�� �� ��� ��'� ��,- "#��$%��
�!'!4 ! �� (�- �-� 1�1� �$�$; �� ��� ��'� ��,- "#��$%��
!�(� �8� �!' � ��� (� !�0� �� ��� �3!�* "#��$%��
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�0 ��#� =!� � �,��
��� �' �8 �� �� --� !� ���
	� �� ��� �&����/ "#��$%��
�747� ��" �� �-�8 -�� *� ��;�	 �� ��� �*73�6 '!3&6 4�46 4=& ��
!�+!�! ��" �� (�� � +� !	.$�$ �� ��� � �"B-γ "#��$%��
����!' �� ��� �� �,,8 !� �	��$� �� ��� ��'�6 �*76 �'(6 �!*(� 1�
!' ��!*=!' �8 �� (�� -��� (� !�
��$�>$� �� ��� �"�>�
$� �$�� "#��$%��
!'(& �� ��� ,8 �-�� !� !�0# �� ��� �4�46 4=& 6 '��*6 *!3!�� �1�
* !' &' 8� ��� �- ��� '��� *
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#� �� ��� �&*76 "!��6 �"3��� 1�
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�411±�11 7.8 �)�:"#���411±�11 7.8 �)�:"#���411±�11 7.8 �)�:"#���411±�11 7.8 �)�:"#��

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�4&4± �2±�&  ?.$/ 1� �62� �6�4 π− � →

π>π−π− �

�452± &1 #*�!� 1�  *#8 1.1 � � → π− &π1 �

��52± �2 *�8�:$ %5( 7*!P 1�12 �� → �π>�π−
∼ ���& #*�!� %0  *#8 1�1 � � → 2π1

��%1± 41 ;:�!:$)�: 6& )=� �11 π>; → ;4π

��&1± 41 *�!!:$: 6� )=� &1 π−# → #4π

��54± 21 � ##87$ 6� 83.�

�4&�± �1 *7$�):$: 6� 7"�/ �� π− � → �4π

∼ �&11 -#." 6�� )=� 04�%& π− �
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�11 �� 011 7.8 �)�:"#���11 �� 011 7.8 �)�:"#���11 �� 011 7.8 �)�:"#���11 �� 011 7.8 �)�:"#��
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� • • •
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π>π−π− �

�06± 21 #*�!� 1�  *#8 1.1 � � → π− &π1 �

��6±�11 *�8�:$ %5( 7*!P 1�12 �� → �π>�π−
∼ 4&1 #*�!� %0  *#8 1�1 � � → 2π1

&&1± 61 ;:�!:$)�: 6& )=� �11 π>; → ;4π

401±��1 *�!!:$: 6� )=� &1 π−# → #4π

261±�11 � ##87$ 6� 83.�
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<1.162 %1 #  :#88: %5 !4 �> �− →
�> �−π>π−π1

<1.2& %1 #!*8� ?� %5� #8/ �> �− →
�> �−π>π−π1
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
����  ?.$/ 1� �62� �6�4 π− � →

π>π−π− �

<1.�2 %1 #*�!� 1�  *#8 1.1 � � → π− &π1 �

�.�� 4 ##87$ 6� 83.�
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������*����� ����� (*7,!�8 52+� .��� �	�	 ���� -#." 61
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π��A� 7���7�����π��A� 7���7�����π��A� 7���7�����π��A� 7���7�����

"+7'3 - �� (�, 8-� *�7� ".��5 �� ��� ��'� ��,- "#��$%��
!���� � ��1 "�� ��8 !� !%��� �� ��� �"�>�
$� �$���� "#��$%��
!""�!��� �8 �� ���� ��8 �� !))	$��	 �� ��� ��� "#��$%��
!����"+ �8� ��+= "8� ��� +� !�%��).
 �� ��� �!�37* "#��$%��
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�����'� �- ��� �� ���8 3� ����	�	 �� ��� ����!6 �3'!6 1�'��
!!�&' �� �� (-� �-8 ��!� !$�#�6 ��*� �#�5$)�� �'�!*6 �'��
�&'�*�'� �� �� ��� 8, �� �#���	�	 �� ��� ����!6 ����6 (!����
(!'4&<=��� �� ��� �� ,� 1�!� ($�;#@>). �� ��� � ' &6 �'�6 "!����
(!7� ��� '� ���- -�� "� ($�� �� ��� �!�* 6 "��'6 "�!"6 ������
(!7� � �� ��� -�� "� ($�� �� ��� �!�* 6 "��'6 "�!"6 ������
�&<��� 8, '� ��8 --8 ��3� �#@��� �� ��� �&/� �6 (!���
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����� �	�	 ���� ��� & �	�	���
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��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�4�6.%± �.& 7.8 #3�8#/��4�6.%± �.& 7.8 #3�8#/��4�6.%± �.& 7.8 #3�8#/��4�6.%± �.& 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��&� )�� ��� �����	� ������

�4�0 ± � ±�  ?.$/ 1� �62� �6�4 π− � →
π>π−π− �

�4�5 ± 4 *#8*�8:) %6� &21 �� →
�� π>π−π1 �%

�4�4 ± & ±4 #  :#88: %5 !4 �> �− →
�> �−π>π−π1

�4�1 ± 5 #!*8� ?� %5� #8/ �> �− →
�> �−π>π−π1

�4��.4± �.0±4.1 5�&11 #"�!:$ %0 3�) 40 π− � →
π>π−π1 �

�4�1 ± 2 #8")�87$/ %1 7"�/ 1 411�1�� →
��π>π−π1

�4�4.6± �.4 &1�� #./.)�:$ 6% -"� ± �/ψ → ρ± �∓
�

�4�1.0± 4.� 420� #./.)�:$ 6% -"� 1 �/ψ → ρ1 �1�
�4�5 ± � �2111 � -#." 61" )=� − 04�%& π− � → 4π�

�4�1 ±�1 �1%5 � *#!�#E 56� ?* >1 �2 π> � → �&π

�410 ± 6 9�88�8)78:#56 7"�/ − % π− � → �4π

�4�6 ± 5 �011 � �"") 52 -* 1 & π> � → � (4π+1

�4�2 ± 2 � #$�:=73 54"  $�8 − �2�&1 π− � →
�ηπ−

�410 ± % �261  ?#!7.=�# 54 ?* − 4�% π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�412 ±�&  7$-7 %4 )?9 γ � → ηπ>π>π−
�4�1 ± � � �3#$/�!:)�# 6� 7"�/ − �� π− � → 4π�

�4&4 ±�� &%1 *#!�#E 56� ?* 1 �2 π> � → '4π

�41% ± 2 2111 *:$$:� 5� "") − π− � ��	� �� �������
���

��%% ± 0 �6111 *7,�$ 5� "") − 2 π− �

�411 ± 0 �&111 *7,�$ 5� "") > 2 π> �

�41% ± & �5111 *7,�$ 5� "") − 5 π− �

�410 ± & %&� #!)�7$���� 51 ?* > 5�1 π> � → 4π�
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��� ��� �� ���� 	
� ���������	
�� �	��	��

��������

�9��� 	 <� �� �� A �> ρπ �	���	� �	���

WEIGHTED AVERAGE
1318.9±1.4 (Error scaled by 1.4)

CHALOUPKA 73 HBC 2.0
ANTIPOV 73C CNTR 0.6
EMMS 75 DBC 0.0
FERRERSORIA78 OMEG 2.6
BALTAY 78B HBC 0.0
DAUM 80C SPEC 0.9
AUGUSTIN 89 DM2 0.3
AUGUSTIN 89 DM2 4.6
ARMSTRONG 90 OMEG 3.1
AMELIN 96 VES 4.9
ALBRECHT 97B ARG 0.0
ACCIARRI 97T L3 0.7
BARBERIS 98B 0.4
CHUNG 02 E852 6.4

χ2

      26.6
(Confidence Level = 0.014)

1290 1300 1310 1320 1330 1340 1350

�� �%��! ��

) %π ��	�  +�,!

�±�1
� �����±�1
� �����±�1
� �����±�1
� ����

����� ����� ��
� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�4�6.�± 1.5 7.8 #3�8#/��4�6.�± 1.5 7.8 #3�8#/��4�6.�± 1.5 7.8 #3�8#/��4�6.�± 1.5 7.8 #3�8#/�

�4�% ± 2 &511 �,4  !�!#$- 6�� )=� > 21 π> � → �1
�
�> �

�4�& ± 0 2�11 �,4  !�!#$- 6�� )=� − 21 π− � → �1
�
�− �

�4�1 ± � &111  ?#*#.- 61 )=� − �5 π−# →
�1
�
�−#

�4�� ± & ��111  ?#*#.- 56 )=� − %�6 π− � →
�−�1

�
�

�4�0 ± � &541  ?#*#.- 56 )=� − �6�6 π− � →
�−�1

�
�

�4�6 ± � �,& "#8�:$ 56( )=� − �1 π− � → �1
�
�− �

�4�1 ± � �5�& "#8/.!:� 50 )=� − �4 π− � → �−�1
�
�

�4�4 ± & 541 97!�E 5�  $�8 − �1�4 π− � →
�−�1

�
�

�4�% ± 4 �211 & /8#E�8 5� #)=� − �5�� π− � →
�−�1

�
�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�441 ±�� �111 �,4  !�!#$- 6�� )=� > 41 π> � → �1

�
�> �

�4�& ± 2 421 ?E#") 56 #)=� > ���5 π> � →
�>�1

�
�

�9��� 	 <� �� �� A �> �	���	� �	���
4$����� �� ������ ��	��	��� �� ���
& )�����	��
 ����� �� �	�� �
	�� �����	
����

ηπ ����ηπ ����ηπ ����ηπ ����
����� ����� ��
� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�4�5.5±�.& 7.8 #3�8#/��4�5.5±�.& 7.8 #3�8#/��4�5.5±�.& 7.8 #3�8#/��4�5.5±�.& 7.8 #3�8#/�

�416 ±% *#8*�8:) 11+ &21 �� → �� ηπ1 �%
�4�0 ±% *#8*�8:) 11+ &21 �� →

'>>
�

ηπ− �%

�4�5 ±� ±� �?7"=)7$ %5 "=) �6 π− � → ηπ− �

�4�2 ±2 ±� 2 #")!�8 %&(  *#8 1.1 � � → π1π1 η

�4�2.�±2.� #7E#/: %4 *��: π− � → ηπ− �

�4�5.5±�.&±�.1 *�!#-:-;� %4 3�) 45π−� → ηπ−�

�4�4 ±6 �111 0 ��E 54 7)=� − 0 π− � → �π− η

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�4�& ±2 #8")�87$/ %4" �501 1 �� → π1 ηη → 0γ

�440.�±�.5 �20� -�!97))� 6� )=� > π± � → �π± η

�441.5±�.& �024 -�!97))� 6� )=� − π± � → �π± η

�4�& ±6 0�11 0,5  7$978�7 54 7)=� − 0 π− � → �""−
2��� ������	��
 ����� �� � "�3 
���������� �� ��� ����	� �� ����������
0 ����� ��
����� 2 "�3 ������	��
 �	����
	�� ������
5"����� �	�� ���� ����
��� "") A ηπ−� η A �γ�

η′π ����η′π ����η′π ����η′π ����
����� ����� ������	
 �� 
��	 �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�4�� ± 5 7.8 #3�8#/��4�� ± 5 7.8 #3�8#/��4�� ± 5 7.8 #3�8#/��4�� ± 5 7.8 #3�8#/�

�4�6 ± 6 >4
−2 :3#$73 1� �62� �6 π− � → η′π− �

�4�5.1±�1.5 *�!#-:-;� %4 3�) 45π−� → η′ π−�

����A
� B��28����A
� B��28����A
� B��28����A
� B��28

Aπ ����Aπ ����Aπ ����Aπ ����
����� ����� ��
� ������	
 �� 
��	 �� �����	


�1&.5± �.% 7.8 #3�8#/��1&.5± �.% 7.8 #3�8#/��1&.5± �.% 7.8 #3�8#/��1&.5± �.% 7.8 #3�8#/�

�16 ± 4 ±�2  ?.$/ 1� �62� �6�4 π− � →
π>π−π− �

��1 ±�1 *#8*�8:) %6� &21 �� →
�� π>π−π1 �%

�12 ±�1 ±�� #  :#88: %5 !4 �> �− →
�> �−π>π−π1

��1 ±�1 #!*8� ?� %5� #8/ �> �− →
�> �−π>π−π1

�14.1± 0.1± 4.4 5�&11 #"�!:$ %0 3�) 40 π− � →
π>π−π1 �

��1 ±�1 #8")�87$/ %1 7"�/ 1 411�1�� →
��π>π−π1

�15.1± %.5 &1�� #./.)�:$ 6% -"� ± �/ψ → ρ± �∓
�

��6.2±��.2 420� #./.)�:$ 6% -"� 1 �/ψ → ρ1 �1�
%5 ± 2 6 �3#$/�!:)�# 6� 7"�/ − �� π− � → 4π�

%0 ± % �2111 6 -#." 61" )=� − 04�%& π− � → 4π�

��1 ±�2 �1%5 6 *#!�#E 56� ?* >1 �2 π> � → �&π

��� ±�6 �011 6 �"") 52 -* 1 & π> � → � (4π+1

��� ±�& ��11 6,% ,#/$�8 52 ?* 1 5 π> � →
'>>(4π+1

��2 ±�2 6 #$�:=73 54"  $�8 − �2�&1 π− � →
�ηπ−

%% ±�2 �261  ?#!7.=�# 54 ?* − 4�% π− �

�12 ± 2 �6111 *7,�$ 5� "") − 2 π− �

%% ± 2 �&111 *7,�$ 5� "") > 2 π> �

�14 ± 2 �5111 *7,�$ 5� "") − 5 π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��1 ±&1  7$-7 %4 )?9 γ � → ηπ>π>π−
��2 ±�& &%1 *#!�#E 56� ?* 1 �2 π> � → '4π

5� ±�0 2111 *:$$:� 5� "") − π− � ��	� �� �������
���

5% ±�� %&� #!)�7$���� 51 ?* > 5�1 π> � → 4π�

69��� 	 <� �� �� A �> ρπ �	���	� �	���
%,���� ������ ���	��� �� �� �� &H@

√
�B ��� ��� ���� ���� ��� �∗(6%�+ �	���

�±�1
� ��� ηπ ������±�1
� ��� ηπ ������±�1
� ��� ηπ ������±�1
� ��� ηπ �����

����� ����� ������	
 ��

�15 ±2 7.8 �)�:"#���15 ±2 7.8 �)�:"#���15 ±2 7.8 �)�:"#���15 ±2 7.8 �)�:"#��

��1.&±�.5 7.8 #3�8#/���1.&±�.5 7.8 #3�8#/���1.&±�.5 7.8 #3�8#/���1.&±�.5 7.8 #3�8#/� :�
����� �	�	 ���� ��� � �	�	���
G� ��	� ������ ���� ����

�±�1
� �����±�1
� �����±�1
� �����±�1
� ����

����� ����� ��
� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�1%.6± �.& 7.8 #3�8#/��1%.6± �.& 7.8 #3�8#/��1%.6± �.& 7.8 #3�8#/��1%.6± �.& 7.8 #3�8#/�

��� ±�1 &511 �1,��  !�!#$- 6�� )=� > 21 π> � → �1
�
�> �

��1 ±�2 2�11 �1,��  !�!#$- 6�� )=� − 21 π− � → �1
�
�− �

�10 ± & &111  ?#*#.- 61 )=� − �5 π−# →
�1
�
�−#

��0 ±�� ��111  ?#*#.- 56 )=� − %�6 π− � →
�−�1

�
�

�1� ± 6 &541  ?#*#.- 56 )=� − �6�6 π− � →
�−�1

�
�

��4 ± & �1,�� "#8�:$ 56( )=� − �1 π− � → �1
�
�− �

�12 ± 6 �5�& �� "#8/.!:� 50 )=� − �4 π− � → �−�1
�
�

��4 ±�% 541 97!�E 5�  $�8 − �1�4 π− � →
�−�1

�
�

��4 ±�4 �211 �� /8#E�8 5� #)=� − �5�� π− � →
�−�1

�
�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��� ±2� �111 �1,��  !�!#$- 6�� )=� > 41 π> � → �1

�
�> �

��1 ±�6 421 ?E#") 56 #)=� > ���5 π> � →
�>�1

�
�

�19��� 	 <� �� �� A �> �	���	� �	���
��$����� �� ������ ��	��	��� �� ���
��,���� ������ ���	��� �� �� �� &H@

√
�B ��� ��� ���� ���� ��� �∗(6%�+ �	���

ηπ ����ηπ ����ηπ ����ηπ ����
����� ����� ��
� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

���.�± �.& 7.8 #3�8#/����.�± �.& 7.8 #3�8#/����.�± �.& 7.8 #3�8#/����.�± �.& 7.8 #3�8#/�

��2 ±�1 *#8*�8:) 11+ &21 �� → �� ηπ1 �%
��� ±�& *#8*�8:) 11+ &21 �� →

'>>
�

ηπ− �%

��� ± 4 ±� �4 #")!�8 %&(  *#8 1.1 � � → π1π1 η

�14 ± 0 ±4 *�!#-:-;� %4 3�) 45π−� → ηπ−�

���.�± 2.5 �20� -�!97))� 6� )=� > π± � → �π± η

��0.0± 5.5 �024 -�!97))� 6� )=� − π± � → �π± η

�16 ± % �111 ��E 54 7)=� − 0 π− � → �π− η



������������

���������	
�� �	��	��

��������

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��5 ± � ±� �& �?7"=)7$ %5 "=) �6 π− � → ηπ− �

��6 ±�1 #8")�87$/ %4" �501 1 �� → π1 ηη → 0γ

�1& ± % 0�11 �2  7$978�7 54 7)=� − 0 π− � → �""−
�4��� ������	��
 ����� �� � "�3 
���������� �� ��� ����	� �� ����������
�&8��������� �� ��� ���������
�2"����� �	�� ���� ����
��� "") A ηπ−� η A �γ�

η′π ����η′π ����η′π ����η′π ����
����� ����� ������	
 �� 
��	 �����	


��%±�2 7.8 #3�8#/���%±�2 7.8 #3�8#/���%±�2 7.8 #3�8#/���%±�2 7.8 #3�8#/�

�&1±42±�1 :3#$73 1� �62� �6 π− � → η′π− �

�10±4� *�!#-:-;� %4 3�) 45π−� → η′ π−�

����A
� ����� ���������A
� ����� ���������A
� ����� ���������A
� ����� �����

)
	�� �	
���@
"��� 9�	
���� (H� @H+  ��<���
� �����

�� ρπ (51.� ±�.5 + K )A���

�� ηπ (�&.2 ±�.� + K

�4 ωππ (�1.0 ±4.� + K )A��4

�& � � ( &.% ±1.6 + K

�2 η′�IJD�π ( 2.4 ±1.% + × �1−4
�0 π± γ ( �.06±1.4�+ × �1−4
�5 γ γ ( %.& ±1.5 + × �1−0
�6 π>π−π− < 6 K  !A%1K

�% > − < 0 × �1−%  !A%1K

����27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2���

#� ����� $� �� - ��������" �����
 �
�
 �� ���
�������
 ��	 ���

���
������ �� 	�������� � ���������
� ��� ����� $� ��
 � χ� &
��% ��� �- 	�"���
 �� ����	���

��� ���'��" ����������� ����� ������
 ��� ��� ���������� ���Æ�����
〈
δ	iδ	j

〉
( δ	i·δ	j!) �� �������) ���� ��� $� �� ��� ��������" ��������
) 	i ≡

*i(*���	�� ��� $� ���
�����
 ��� 	i '��
� ���
 ������ �� ���
 ����� �� 
�� ��
����

	� ��

	4 −�� −�.

	& −� −� −��

	� 	� 	4

����A
� 4�72��� B��28�����A
� 4�72��� B��28�����A
� 4�72��� B��28�����A
� 4�72��� B��28�

�
(
π± γ

)
�0�

(
π± γ

)
�0�

(
π± γ

)
�0�

(
π± γ

)
�0

����� �;��� ��
� ������	
 �� 
��	 �� �����	


�65± 41 7.8 #3�8#/��65± 41 7.8 #3�8#/��65± 41 7.8 #3�8#/��65± 41 7.8 #3�8#/�

�6&± �2±�2 5�11 "7! ?#$73 1� )�!P 011 π−	 →
π>π−π−	

�%2± 01  :?#$/:8 6� )=� > �11 π>#

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
&0�±��1 �6 "#E 55 )=� ± %�5 γ#

�
(
γ γ

)
�5�

(
γ γ

)
�5�

(
γ γ

)
�5�

(
γ γ

)
�5

����� �;��� ��
� ������	
 �� 
��	 �� �����	


�.11±1.10 7.8 #3�8#/��.11±1.10 7.8 #3�8#/��.11±1.10 7.8 #3�8#/��.11±1.10 7.8 #3�8#/�

1.%6±1.12±1.1% #  :#88: %5 !4 �> �− →
�> �−π>π−π1

1.%0±1.14±1.�4 #!*8� ?� %5� #8/ �> �− →
�> �−π>π−π1

�.�0±1.�0±1.�6 40 *#8. %1 "-� �> �− →
�> �−π>π−π1

�.11±1.15±1.�2 &�2 *�?8�$- %1"  �!! 1 �> �− →
�> �−π>π−π1

�.14±1.�4±1.�� *.�!�8 %1 "8�� �> �− →
�> �−π>π−π1

�.1�±1.�&±1.�� 62 7�)� %1 �#-� �> �− →
�> �−π1 η

1.%1±1.�5±1.�2 20 �0 #!�?799 60 �#)) 1 �> �− → �> �− 4π

�.�&±1.�1±1.�0 �5 #$�8�#)E#$ 60  *#! 1 �> �− →
�> �−π1 η

�.10±1.�6±1.�% *�8/�8 6&" =!.� 1 �> �− → �> �− 4π

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.6�±1.�%>1.&�−1.�� 42 �0 *�?8�$- 64�  �!! 1 �> �− → �> �− 4π

1.55±1.�6±1.�5 �� �5 �-,#8-) 6��  *#! 1 �> �− →
�> �−π1 η

�09��� ρπ ��
	� �����
�5 9��� ηπ1 ��
	� �����

�
(
> −

)
�%�

(
> −

)
�%�

(
> −

)
�%�

(
> −

)
�%

����� ���� ��� ������	
 �� 
��	 �����	


< 1.20< 1.20< 1.20< 1.20 %1 # ?#)73 114 )$- �> �− → π1π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<�2 %1 3787*E�3 66 $- �> �− → π1 η

�6#������ �������� ��
�	���

����A
� ��!���γ γ�	������"�����A
� ��!���γ γ�	������"�����A
� ��!���γ γ�	������"�����A
� ��!���γ γ�	������"�

�
(
� �

) × �
(
γ γ

)
	����	� �&�5	��

(
� �

) × �
(
γ γ

)
	����	� �&�5	��

(
� �

) × �
(
γ γ

)
	����	� �&�5	��

(
� �

) × �
(
γ γ

)
	����	� �&�5	�

����� �;��� ������	
 �� 
��	 �����	


1.��0±1.115±1.1�61.��0±1.115±1.1�61.��0±1.115±1.1�61.��0±1.115±1.1�6 �% #!*8� ?� %13 #8/ �> �− →
�> �−�>�−

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.16�±1.110±1.1�5 �1 #!*8� ?� %13 #8/ �> �− →

�> �−�>�−
�%.��� 	� ��
������� �	
G������
�1.��� 	 
������� �	
G������

����A
� 67���8��9 7�2�������A
� 67���8��9 7�2�������A
� 67���8��9 7�2�������A
� 67���8��9 7�2���

�
(
� �

)
	�

(
ρπ

)
�&	���

(
� �

)
	�

(
ρπ

)
�&	���

(
� �

)
	�

(
ρπ

)
�&	���

(
� �

)
	�

(
ρπ

)
�&	��

����� ��
� ������	
 �� 
��	 �� �����	


1.151±1.1�� 7.8 9:�1.151±1.1�� 7.8 9:�1.151±1.1�� 7.8 9:�1.151±1.1�� 7.8 9:�

1.156±1.1�51.156±1.1�51.156±1.1�51.156±1.1�5  ?#*#.- 56 83.�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.1��±1.114 �� *�8�:$ %6� 7*!P 1�1 � � →

�±�% π∓
1.120±1.1�& 21 ��  ?#!7.=�# 54 ?* − 4�% π− �

1.1%5±1.1�6 ��4 �� #!)�7$���� 5� ?* > 5�1 π> �

1.10 ±1.14 �� #*8#"73:��� 51� ?* − 4�%4 π− �

1.12&±1.1�� ��  ?.$/ 06 ?* − 4�� π− �

��.��� &π �	�	 ���� *�8�:$ %5-�
�� :�
����� ��  ?#*#.- 56 �������

�
(
ηπ

)
	
[
�
(
ρπ

)
� �

(
ηπ

)
��

(
� �

)]
��	��������&��

(
ηπ

)
	
[
�
(
ρπ

)
� �

(
ηπ

)
��

(
� �

)]
��	��������&��

(
ηπ

)
	
[
�
(
ρπ

)
� �

(
ηπ

)
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1.�0�±1.1�� 7.8 9:�1.�0�±1.1�� 7.8 9:�1.�0�±1.1�� 7.8 9:�1.�0�±1.1�� 7.8 9:�

1.�&1±1.1�6 7.8 #3�8#/�1.�&1±1.1�6 7.8 #3�8#/�1.�&1±1.1�6 7.8 #3�8#/�1.�&1±1.1�6 7.8 #3�8#/�

1.�4 ±1.1& �)=:/#� 5� ?* ± 1�1 � �
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1.�15±1.1�6 7.8 9:�1.�15±1.1�6 7.8 9:�1.�15±1.1�6 7.8 9:�1.�15±1.1�6 7.8 9:�

1.��4±1.1�1 7.8 #3�8#/�1.��4±1.1�1 7.8 #3�8#/�1.��4±1.1�1 7.8 #3�8#/�1.��4±1.1�1 7.8 #3�8#/�

1.�6 ±1.12 978:$7 50 ?* �� π− �

1.�� ±1.12 2� #$�:=73 54  $�8 − &1 π− �

1.���±1.1&& �&%  ?#!7.=�# 54 ?* − 4�% π− �

1.�&0±1.1&� �05 #!)�7$���� 5� ?* > 5�1 π> �

1.�2 ±1.1% �2 *7� �"#$$ 51 ?* > 2�1 π> �

1.�4 ±1.16 �� #) 7!: 06 ?* − 2 π− �

1.�� ±1.16  ?.$/ 06 ?* − 4�� π− �

1.�� ±1.1%  7$�� 05 ?* − ���1 π− �
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.110 %2 #!-� %�� /#"� 46��11 π− � →

η′π1 �
<1.1� %5 *#8$?#" 5� ?* > 4�5 π> �

1.11&±1.11& *7�)�*� � 06 ?* > 6 π> �
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.1�� %1 �:)�$)��:$ 54 ?* − 2 π− �

<1.1& #!)�7$���� 5� ?* > 5�1 π> �
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−1.1& *7� �"#$$ 51 ?* 1 2�1 π> �
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1.12&±1.11% 7.8 9:�1.12&±1.11% 7.8 9:�1.12&±1.11% 7.8 9:�1.12&±1.11% 7.8 9:�

1.1&6±1.1�� 7.8 #3�8#/�1.1&6±1.1�� 7.8 #3�8#/�1.1&6±1.1�� 7.8 #3�8#/�1.1&6±1.1�� 7.8 #3�8#/�

1.12 ±1.1� �7�� 54 ?* > 2 π> �

1.1% ±1.1& �7�� 54 ?* 1 2 π> �

1.14 ±1.1� 6 -#"�8: 5� ?* − �� π− �

1.10 ±1.14 �5 *#8$?#" 5� ?* > 4�5 π> �
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� • • •
1.1�1±1.11& �4 �)=:/#� 5� ?* ± 1�1 � �
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<1.��<1.��<1.��<1.�� %1 #*8#"73:��� 51� ?* − 4�%4 π− �

�
(
π± γ

)
	����	� �0	��

(
π± γ

)
	����	� �0	��

(
π± γ

)
	����	� �0	��

(
π± γ

)
	����	� �0	�

����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
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1.�2±1.12 7.8 9:�1.�2±1.12 7.8 9:�1.�2±1.12 7.8 9:�1.�2±1.12 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��4�

1.�2±1.12 7.8 #3�8#/�1.�2±1.12 7.8 #3�8#/�1.�2±1.12 7.8 #3�8#/�1.�2±1.12 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��4� )�� ��� �����	� ������

1.�6±1.1% 01 -:#; 5& -* 1 0 π> �

1.�6±1.16 �2 �#8)?7$ 5& ?* #�� �� 	���� ���

1.�1±1.12 �5%  ?#!7.=�# 54 ?* − 4�% π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�%±1.16 �&1 �2 �#8)?7$ 5& ?* 1 &�% π> �

1.�1±1.1& 01 �2 �#8)?7$ 5& ?* > &�% π> �

1.�%±1.16 -�97:P 54 ?* 1 1�5 � �

�2�#8)?7$ 5& ����� 	� 	�������	� " A 1 ��	�� ������� 
������ �� ωππ ���
� 
����
����	�� ���
���	�
��� �� ��	�
��� �	���� 	�� �	����� ,� ��� 	 
����	� �	��� 	�� 	
������	��
 ����	��

WEIGHTED AVERAGE
0.15±0.05 (Error scaled by 1.3)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

CHALOUPKA 73 HBC 1.0
KARSHON 74 HBC 0.1
DIAZ 74 DBC 2.0

χ2

       3.2
(Confidence Level = 0.199)
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1.145±1.110 7.8 #3�8#/�1.145±1.110 7.8 #3�8#/�1.145±1.110 7.8 #3�8#/�1.145±1.110 7.8 #3�8#/�

1.14�±1.11% #*�!� %5"  *#8 1.1 � � → π1π1 η′
1.1&5±1.1�1±1.11& �0 *�!#-:-;� %4 3�) 45π−� → �−

�
�

1.14&±1.116±1.112 *�!#-:-;� %� 3�) 40π− → �−
�
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.16±1.1� �5 *�8�:$ %6� 7*!P 1�1 � � → �±�% π∓
�5.��� ηππ �	�	 ���� #")!�8 %&-�
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<0<0<0<0 %1 # ?#)73 114 )$- �> �− → π1π1
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�1��AH� 20��27�= 4��� 4���2����1��AH� 20��27�= 4��� 4���2����1��AH� 20��27�= 4��� 4���2����1��AH� 20��27�= 4��� 4���2���
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(��11S�211+−i(�21S�21+ 7.8 �)�:"#��(��11S�211+−i(�21S�21+ 7.8 �)�:"#��(��11S�211+−i(�21S�21+ 7.8 �)�:"#��(��11S�211+−i(�21S�21+ 7.8 �)�:"#��

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
(�454 ± �2+−i(�45 ± �1+ �� *#8/:7��: 14 7*!P ��

(�41� ± �5+−i(�00 ± �6+ � *#8*�8:) 11" &21 �� → �� &π�%
(�4�� ± �2 ± �1+−i(�1% ±
�� ± �2+

*#8*�8:) %%( 7"�/ &21 �� → �>�−�
π>π−

(�&10 ± �%+−i(61 ± 0+ � �#":$)�: %% 83.� ππ → ππ� �� � σσ

(�411 ± �1+−i(��1 ± �1+ #$:)73: ? %6� 83.�  �����	����

(��%1 ± �2+−i(�&2 ± �2+ *#8*�8:) %5� 7"�/ &21 �� →
���(π>π−+

(�2&6 ± &1+−i(201 ± &1+ *�8�:$ %5" 7*!P 1�1 � � → π>π−π1

(�461 ± &1+−i(�61 ± �2+ #*�!� %0�  *#8 1�1 � � → π1�1
�
�1
�

(�411 ± �2+−i(��2 ± 6+ *.// %0 83.�

(�441 ± 21+−i(�21 ± &1+ 4 #")!�8 %2�  *#8 �� → 4π1

(�401 ± 42+−i(�21S411+ 4 #")!�8 %2"  *#8 �� → π1 ηη

(�4%1 ± 41+−i(�%1 ± &1+ & #")!�8 %2(  *#8 �� → 4π1� π1 ηη�

π1π1 η
�4&0 − i�&% 2,0 �#$))�$ %2 83.� ππ → ππ� ��
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���& − i�06 0,5 �78$D3:)� %2 83.� ππ → ππ� �� � � π�
ηπ

�40& − i�4% #")!�8 %&(  *#8 �� → π1π1 η

(�402>�1−22+−i(�4& ± 42+ #$:)73: ? %&  *#8 �� → 4π1 �π1 ηη

(�4&1 ± &1+−i(��5>41−�1+ 6 *.// %& 83.� �� → 4π1� ηηπ1�

ηπ1π1

(�&41 ± 2+−i(54 ± �4+ % �#":$)�: %& 83.� ππ → ππ� ��

�2�2− i��& 0,�1 ;7. %4 83.� ππ → ππ� ��

�&�1− i��1 �� #. 65 83.� ππ → ππ� ��

�#���	� ������� π>π− �π1 	�� �(π>π−+�
����	���� ���� �� ����� −−−�
4 )��������� #$:)73: ? %&�
& �������
�	���� 	�	����� �� � � → 4π1� π1 ηη� 	�� π1π1 η �� ����� :3� -�������	���
�����
���� ��	� �1(011+ 	�� �1(�451+ 	�� ��� �������� ������

2#�	����� �� �	�	 ���� 9#!3#8- 66�
0��� ���� �� �� )���� :::� -�������	��� �����
���� ��	� �1(011+ 	�� �1(�451+ 	�� ���
�������� ������

5.��� �	�	 ���� *�:�8 5��� 7 ?) 54� ?E#") 54� /8#E�8 5&� 87))�!�� 55�  #�
)7$ 64� #)�7$ 66� 	�� #8")�87$/ %���  ������ 
�	���� 	�	����� ���� L	���
�������� 	�� 	�� ���� �����������
	�	�� ��������

68�	�	����� �� #$:)73: ? %& �	�	�
%���	���� ���� �� ����� :::�
�1#�	����� �� �	�	 ���� 7 ?) 54� /8#E�8 5&� 	�� 87))�!�� 55�
��#�	����� �� �	�	 ���� 7 ?) 54�/8#E�8 5&� *� ��8 5%� 	��  #)7$ 64�
�� ������ 
�	���� 	�	����� �� π>π−π1� �>�−π1� 	�� �±�1

�
π∓�

�1��AH� 67��20B�9��7 ���� �7 G0��27�= 4��� 4�7���2�7�1��AH� 67��20B�9��7 ���� �7 G0��27�= 4��� 4�7���2�7�1��AH� 67��20B�9��7 ���� �7 G0��27�= 4��� 4�7���2�7�1��AH� 67��20B�9��7 ���� �7 G0��27�= 4��� 4�7���2�7
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��11 �� �211 7.8 �)�:"#����11 �� �211 7.8 �)�:"#����11 �� �211 7.8 �)�:"#����11 �� �211 7.8 �)�:"#��

ππ ����ππ ����ππ ����ππ ����
����� ����� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�421±21 #*!:�:" 12 *�)� �/ψ → φπ>π−
��02±41>�1−42 #*!:�:" 12? *�)� ψ(��+ → γπ>π−�>�−
�40%±�0 �26& �4 /#8"#)? 12 *�!! &> → �>π>π−
�&4&±�6± % 6&6 #:�#!# 1�! �5%� �>

%
→ π−π>π>

�416±�1 *#8*�8:) %%� 7"�/ &21 �� → �% �� π>π−
�4�2±21 *�!!#;;:$: %% /#"& &21 �� → ��π1 π1

�4�2±41 #!-� %6 /#"& �11 π− � → π1π1 �

��61±22 *�8�:$ %6 7*!P 1.12S1.&12 �� → π>π>π−
��60 �&,�2 �78$D3:)� %2 83.� ππ → ππ� �� � � π� ηπ

�&5�±�� #8")�87$/ %� 7"�/ 411 �� → ��ππ � ��� �

��52±�1 *8�#�)�7$�%1 )9" 0� �� → ��π>π−
�&�1±�1 #��))7$ 60 )=� 04 �� → ��π>π−
��20 987//#�� 55 83.� π>π− 
�	����

�4 )������� �� =,# 	��������
�&.��� �	�	 ���� *�:�8 5��� 7 ?) 54� ?E#") 54� /8#E�8 5&� 87))�!�� 55�  #�
)7$ 64� #)�7$ 66� 	�� #8")�87$/ %���  ������ 
�	���� 	�	����� ���� L	���
�������� 	�� 	�� ���� �����������
	�	�� ��������

�2#��� �������� �� #)$�8 11 �� τ− → π−π1π1 ντ ��
	��

� � ����� � ����� � ����� � ����
����� ����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�4%�±�1 �:�?7":873 14 )=� &1�1 π− →

�1
�
�1
�
�1
�
P

�&&1±21 *7!7$�:$ 66 )=� &1 π− � → �1
�
�1
�
�

�&04± % ���:$ 6�� "=) �4 π− � → ���1
�

�&�2±�2 ,: �!.$- 61 )=� 0 π� → �>�−�

∼ �411 =7!E ?87��� 5% )�8 5 π− � → ���1
�

?π ���� 
�ππ���ρρ?π ���� 
�ππ���ρρ?π ���� 
�ππ���ρρ?π ���� 
�ππ���ρρ
����� ����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�4%2±&1 #*�!� 1�  *#8 1.1 � � → π− &π1 �

�45&±46 #")!�8 %&  *#8 1�1 � � → π>π− 4π1

�4&2±�� #-#"7 %4 7*!P �� → 4π>�π−
�460±41 /#)=�87 %4 -* 1�1 � � → �π>4π−

ηη ����ηη ����ηη ����ηη ����
����� ����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�&41 #")!�8 %�  *#8 1�1 � � → π1 ηη

���1±&1 #!-� 60( /#"& �11 π− � → ��η

��>4��� �8����� ������>4��� �8����� ������>4��� �8����� ������>4��� �8����� ����
����� ����� ������	
 �� 
��	

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�410±�1 �0 #$:)73: ? 14 83.�

�0���	���� ���� ���� 
������� 	�	����� �� π− � → π1π1 �� π− � → � � ��

π>π− → π>π−� � � → π1π1π1� π1 ηη� π1π1 η� π>π−π1� �>�−π1� �1
�
�1
�

π1�

�>�1
�

π− 	� ����� � � → π−π−π>� �1
�
�−π1� �1

�
�1
�

π− 	� �����

�1��AH� 67��20B�9��7 B��28�1��AH� 67��20B�9��7 B��28�1��AH� 67��20B�9��7 B��28�1��AH� 67��20B�9��7 B��28
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�11 �� 211 7.8 �)�:"#���11 �� 211 7.8 �)�:"#���11 �� 211 7.8 �)�:"#���11 �� 211 7.8 �)�:"#��

ππ ����ππ ����ππ ����ππ ����
����� ����� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�02± &1 #*!:�:" 12 *�)� �/ψ → φπ>π−
421±�11>�12− 01 #*!:�:" 12? *�)� ψ(��+ → γπ>π−�>�−

�62± 2� �26& �5 /#8"#)? 12 *�!! &> → �>π>π−
�54± 4�± 0 6&6 #:�#!# 1�! �5%� �>

%
→ π−π>π>

���± �1 *#8*�8:) %%� 7"�/ &21 �� → �% �� π>π−
�22± 01 *�!!#;;:$: %% /#"& &21 �� → ��π1 π1

�%1± 21 #!-� %6 /#"& �11 π− � → π1π1 �

4�4± �4 *�8�:$ %6 7*!P 1.12S1.&12 �� → π>π>π−
421 �6,�% �78$D3:)� %2 83.� ππ → ππ� �� � � π� ηπ

�%2± 44 #8")�87$/ %� 7"�/ 411 �� → ��ππ � ��� �

�62± 01 *8�#�)�7$�%1 )9" 0� �� → ��π>π−
&01± 21 #��))7$ 60 )=� 04 �� → ��π>π−
∼ &11 �1 987//#�� 55 83.� π>π− 
�	����

�5 )������� �� =,# 	��������
�6.��� �	�	 ���� *�:�8 5��� 7 ?) 54� ?E#") 54� /8#E�8 5&� 87))�!�� 55�  #�
)7$ 64� #)�7$ 66� 	�� #8")�87$/ %���  ������ 
�	���� 	�	����� ���� L	���
�������� 	�� 	�� ���� �����������
	�	�� ��������

�%#��� �������� �� #)$�8 11 �� τ− → π−π1π1 ντ ��
	��
�1,���� ��<��� 	� ����	�
� ������� &2 	�� �42◦ ��	�� ������

� � ����� � ����� � ����� � ����
����� ����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
22± �0 �:�?7":873 14 )=� &1�1 π− →

�1
�
�1
�
�1
�
P

�21± 61 *7!7$�:$ 66 )=� &1 π− � → �1
�
�1
�
�

��6>�46− �0 ���:$ 6�� "=) �4 π− � → ���1
�

�01± 41 ,: �!.$- 61 )=� 0 π� → �>�−�

∼ �21 =7!E ?87��� 5% )�8 5 π− � → ���1
�

?π ���� 
�ππ���ρρ?π ���� 
�ππ���ρρ?π ���� 
�ππ���ρρ?π ���� 
�ππ���ρρ
����� ����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�52±22 #*�!� 1�  *#8 1.1 � � → π− &π1 �

452±0� #")!�8 %&  *#8 1�1 � � → π>π− 4π1

4%6±�0 #-#"7 %4 7*!P �� → 4π>�π−
4�1±21 /#)=�87 %4 -* 1�1 � � → �π>4π−

ηη ����ηη ����ηη ����ηη ����
����� ����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�21 #")!�8 %�  *#8 1�1 � � → π1 ηη

4�1±&1 #!-� 60( /#"& �11 π− � → ��η

��>4��� �8����� ������>4��� �8����� ������>4��� �8����� ������>4��� �8����� ����
����� ����� ������	
 �� 
��	

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�&5>41−21 �� #$:)73: ? 14 83.�

�����	���� ���� ���� 
������� 	�	����� �� π− � → π1π1 �� π− � → � � ��

π>π− → π>π−� � � → π1π1π1� π1 ηη� π1π1 η� π>π−π1� �>�−π1� �1
�
�1
�

π1�

�>�1
�

π− 	� ����� � � → π−π−π>� �1
�
�−π1� �1

�
�1
�

π− 	� �����

�1��AH� ����� ������1��AH� ����� ������1��AH� ����� ������1��AH� ����� �����

"��� 9�	
���� (H� @H+

�� ππ ����

�� ?π ����

�4 ?π1 ����

�& 
π>
π− ����

�2 π>π−
π1 ����

�0 ρρ �����	��

�5 
�ππ��0,�&� ����

�6 π��A�π ����

�% ����
F�π ����

��1 ηη ����

��� � � ����

��� γ γ ����

��4 > − ��� ����
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�1��AH� 4�72��� B��28��1��AH� 4�72��� B��28��1��AH� 4�72��� B��28��1��AH� 4�72��� B��28�

�
(
γ γ

)
����

(
γ γ

)
����

(
γ γ

)
����

(
γ γ

)
���

)�� γ γ ������ ����� �1(011+ 	�� "78/#$ %1�

�
(
> −

)
��4�

(
> −

)
��4�

(
> −

)
��4�

(
> −

)
��4

����� ���� ��� ������	
 �� 
��	 �����	


<�1<�1<�1<�1 %1 3787*E�3 66 $- �> �− → π1π1

�1��AH� 67���8��9 7�2����1��AH� 67���8��9 7�2����1��AH� 67���8��9 7�2����1��AH� 67���8��9 7�2���

�
(
ππ

)
	����	� ��	��

(
ππ

)
	����	� ��	��

(
ππ

)
	����	� ��	��

(
ππ

)
	����	� ��	�

����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�0±1.1% *.// %0 83.�

<1.�2 �� #")!�8 %&  *#8 �� → π>π− 4π1

<1.�1 /#)=�87 %4 -* 1�1 � � → �	�����

��.��� #")!�8 %2� (4π1+�

�
(
?π

)
	����	� ��	�� ��4��&��2�	��

(
?π

)
	����	� ��	�� ��4��&��2�	��

(
?π

)
	����	� ��	�� ��4��&��2�	��

(
?π

)
	����	� ��	�� ��4��&��2�	�

����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.61±1.1& /#)=�87 %4 -* 1�1 � � → �	�����

�
(
?π1

)
	����	� �4	��

(
?π1

)
	����	� �4	��

(
?π1

)
	����	� �4	��

(
?π1

)
	����	� �4	�

����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
���� #*�!� %0  *#8 1�1 � � → 2π1

�
(

π>
π−)

	�
(
?π

)
�&	�� ��&	��4��&��2��

(

π>
π−)

	�
(
?π

)
�&	�� ��&	��4��&��2��

(

π>
π−)

	�
(
?π

)
�&	�� ��&	��4��&��2��

(

π>
π−)

	�
(
?π

)
�&	�� ��&	��4��&��2�

����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.&�1±1.1�& �4 /#)=�87 %4 -* 1�1 � � → �π>4π−
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THE η(1405), η(1475) f1(1420), AND f1(1510)

Revised in March 2006 by C. Amsler (Zürich) and A. Masoni
(INFN Cagliari).

The first observation of the η(1440) was made in pp an-

nihilation at rest into η(1440)π+π−, η(1440) → KKπ (BAIL-

LON 67). This state was reported to decay through a0(980)π

and K∗(892)K with roughly equal contributions. The η(1440)

was also observed in radiative J/ψ(1S) decay to KKπ

(SCHARRE 80, EDWARDS 82E, AUGUSTIN 90). There is

now evidence for the existence of two pseudoscalars in this mass

region, the η(1405) and η(1475). The former decays mainly

through a0(980)π (or direct KKπ) and the latter mainly to

K∗(892)K.

The simultaneous observation of two pseudoscalars is re-

ported in three production mechanisms: π−p (RATH 89,

ADAMS 01); radiative J/ψ(1S) decay (BAI 90C, AUGUSTIN

92); pp annihilation at rest (BERTIN 95, BERTIN 97, CICALO

99, NICHITIU 02). All of them give values for the masses,

widths and decay modes in reasonable agreement. However,

AUGUSTIN 92 favors a state decaying into K∗(892)K at a

lower mass than the state decaying into a0(980)π, although

agreement with MARK-III is not excluded. In J/ψ(1S) radia-

tive decay, the η(1405) decays into KKπ through a0(980)π and

hence a signal is also expected in the ηππ mass spectrum. This

was indeed observed by MARK III in ηπ+π− (BOLTON 92B)

which report a mass of 1400 MeV, in line with the existence of

the η(1405) decaying to a0(980)π. This state is also observed

in pp annihilation at rest into ηπ+π−π0π0, where it decays into

ηππ (AMSLER 95F). The intermediate a0(980)π accounts for

roughly half of the ηππ signal, in agreement with MARK III

(BOLTON 92B) and DM2 (AUGUSTIN 90).

The existence of the η(1295) is questioned by KLEMPT

05. However, this state has been observed by four π−p ex-

periments (ADAMS 01, FUKUI 91C, ALDE 97B, MANAK

00A) and evidence is also reported in pp annihilation (ABELE

98, ANISOVICH 01, AMSLER 04B). In J/ψ radiative decay

an η(1295) signal is seen in the 0−+ ηππ wave of DM2 data

(AUGUSTIN 92).

Assuming that the η(1295) is established, the η(1475) could

be the first radial excitation of the η′, with the η(1295) being

the first radial excitation of the η. Ideal mixing, suggested by

the η(1295) and π(1300) mass degeneracy, would then imply

that the second isoscalar in the nonet is mainly ss and hence

couples to K∗K, in agreement with the η(1475). Also its width

matches the expected width for the radially excited ss state

(CLOSE 97, BARNES 97).

The KKπ and ηππ channels were studied in γγ collisions

(ACCIARRI 01G). The analysis leads to an η(1475) signal in

KKπ, but the η(1405) is not observed in KKπ nor in ηππ.

This result is somewhat in disagreement with CLEO-II which

did not observe any pseudoscalar signal in γγ → η(1475) →
K0

SK±π∓ (AHOHE 05), but more data are required. Since

gluonium production is presumably suppressed in γγ collisions,

the ACCIARRI 01G results suggest that the η(1405) has a large

gluonic content (see also CLOSE 97B, LI 03C). The observation

of the η(1475) combined with the absence of an η(1405) signal

strengthens the two-resonances hypothesis.

The gluonium interpretation is not favored by lattice gauge

theories which predict the 0−+ state above 2 GeV (BALI 93).

However, the η(1405) is an excellent candidate for the 0−+

glueball in the flux tube model (FADDEEV 04). In this model

the 0++ f0(1500) glueball is also naturally related to a 0−+

glueball with mass degeneracy broken in QCD.

Let us now deal with 1++ isoscalars. The f1(1420), de-

caying to K∗K, was first reported in π−p reactions at 4

GeV/c (DIONISI 80). However, later analyses found that the

1400 –1500 MeV region was far more complex (CHUNG 85,

REEVES 86, BIRMAN 88). A reanalysis of the MARK III

data in radiative J/ψ(1S) decay to KKπ (BAI 90C) shows the

f1(1420) decaying into K∗K. Also, a C=+1 state is observed

in tagged γγ collisions (e.g., BEHREND 89).

In π−p → ηππn charge-exchange reactions at 8–9 GeV/c

the ηππ mass spectrum is dominated by the η(1295) and

η(1440) (ANDO 86, FUKUI 91C) and at 100 GeV/c ALDE

97B report the η(1295) and η(1440) decaying to ηπ0π0, with a

weak f1(1285) signal and no evidence for the f1(1420).

Axial (1++) mesons are not observed in pp annihilation

at rest in liquid hydrogen, which proceeds dominantly through

S-wave annihilation. However, in gaseous hydrogen P -wave an-

nihilation is enhanced and, indeed, BERTIN 97 report f1(1420)

decaying to K∗K.

The f1(1420), decaying into KKπ, is also seen in pp central

production together with the f1(1285). The latter decays via

a0(980)π and the former only via K∗K, while the η(1440) is

absent (ARMSTRONG 89, BARBERIS 97C). The KSKSπ0
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decay mode of the f1(1420) establishes unambiguously C=+1.

On the other hand, there is no evidence for any state decaying

to ηππ around 1400 MeV and hence the ηππ mode of f1(1420)

must be suppressed (ARMSTRONG 91B).

We now turn to the experimental evidence for the f1(1510).

Two states, the f1(1420) and the f1(1510), decaying to K∗K,

compete for the ss assignment in the 1++ nonet. The f1(1510)

was seen in K−p → ΛKKπ at 4 GeV/c (GAVILLET 82) and

at 11 GeV/c (ASTON 88C). Evidence is also reported in π−p

at 8 GeV/c, based on the phase motion of the 1++ K∗K wave

(BIRMAN 88).

The absence of f1(1420) in K−p (ASTON 88C) argues

against this state being the ss member of the 1++ nonet.

However, the f1(1420) was reported in K−p but not in π−p

(BITYUKOV 84) while two experiments do not observe the

f1(1510) in K−p (BITYUKOV 84, KING 91). It is also not

seen in radiative J/ψ(1S) decay (BAI 90C, AUGUSTIN 92),

central collisions (BARBERIS 97C), nor in γγ collisions (AI-

HARA 88C), although, surprisingly for an ss state, a signal is

reported in 4π decays (BAUER 93B). These facts lead to the

conclusion that the f1(1510) needs experimental confirmation

(CLOSE 97D).

Assigning the f1(1420) to the 1++ nonet one finds a nonet

mixing angle of ∼ 50◦ (CLOSE 97D). However, arguments

favoring the f1(1420) being a hybrid qqg meson or a four-quark

state were put forward by ISHIDA 89 and by CALDWELL 90,

respectively, while LONGACRE 90 argued for a molecular state

formed by the π orbiting in a P -wave around an S-wave KK

state.

Summarizing, there is convincing evidence for the f1(1420)

decaying to K∗K, and for two pseudoscalars in the η(1440)

region, the η(1405) and η(1475), decaying to a0(980)π and

K∗K, respectively. The f1(1510) is not well established.

η��?J� ����η��?J� ����η��?J� ����η��?J� ����

����� ����� ������	
 ��

�&1%.6±�.2 7.8 #3�8#/��&1%.6±�.2 7.8 #3�8#/��&1%.6±�.2 7.8 #3�8#/��&1%.6±�.2 7.8 #3�8#/� :�
����� �	�	 ���� ��� � �	�	���
G� ��	� ������ ���� ����
����� ��
����� �
	�� �	
��� �� ���� )�� ��� �����	� ������

WEIGHTED AVERAGE
1409.8±2.5 (Error scaled by 2.2)

RATH 89 MPS 0.4
BAI 90C MRK3 0.4
BERTIN 95 OBLX 9.5
BERTIN 97 OBLX 0.3
CICALO 99 OBLX 0.9
ADAMS 01B E852 1.9
NICHITIU 02 OBLX 0.1
ANDO 86 SPEC 4.1
AUGUSTIN 90 DM2 3.9
FUKUI 91C SPEC 29.8
BOLTON 92B MRK3 2.7
AMSLER 95F CBAR 0.1
ALDE 97B GAM4 5.6
MANAK 00A MPS 0.9
AMSLER 04B CBAR 3.9
AMSLER 04B CBAR 1.6

χ2

      66.2
(Confidence Level  0.001)

1360 1380 1400 1420 1440 1460

η ���-! ��

  +�,!

ηππ ����ηππ ����ηππ ����ηππ ����
����� ����� ��
� ������	
 �� 
��	 �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�&12± & 7.8 #3�8#/��&12± & 7.8 #3�8#/��&12± & 7.8 #3�8#/��&12± & 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��4� )�� ��� �����	� ������

�4%�±�& %11± 452 #")!�8 1&�  *#8 1 � � → π>π−π>π− η

�4%&± 6 0.0± �.1G #")!�8 1&�  *#8 1 � � → π>π−π1π1 η

�&1&± 0 %16� "#$#� 11! "=) �6 π− � → ηπ>π− �

�&�&± 0 ��11 #!-� %5� /#"& �11 π− � → ηπ1π1 �

�&1%± 4 #")!�8 %2�  *#8 1 � � → π>π−π1π1 η

�&11± 0 � *7!�7$ %�� "8�4 �/ψ → γ ηπ>π−
�466± & 9.�.: %�" )=� 6�%2 π− � → ηπ>π− �

�4%6± 0 �0� � #./.)�:$ %1 -"� �/ψ → γ ηπ>π−
�&�1± 2 #$-7 60 )=� 6 π− � → ηπ>π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�462± 5 *#: %% *�) �/ψ → γπ>π−

WEIGHTED AVERAGE
1405±4 (Error scaled by 2.3)

ANDO 86 SPEC 9.3
AUGUSTIN 90 DM2 1.3
FUKUI 91C SPEC 17.5
BOLTON 92B MRK3 0.6
AMSLER 95F CBAR 2.0
ALDE 97B GAM4 10.3
MANAK 00A MPS 0.0
AMSLER 04B CBAR 1.8
AMSLER 04B CBAR 0.8

χ2

      43.7
(Confidence Level  0.001)
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� � π ���� ��1�ID�π �� (!��-� �� π�� � π ���� ��1�ID�π �� (!��-� �� π�� � π ���� ��1�ID�π �� (!��-� �� π�� � π ���� ��1�ID�π �� (!��-� �� π�
����� ����� ��
� ������	
 �� 
��	 �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�&�4.%± �.5 7.8 #3�8#/��&�4.%± �.5 7.8 #3�8#/��&�4.%± �.5 7.8 #3�8#/��&�4.%± �.5 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

�&�4 ±�& 402� 4 $: ?:�:. 1� 7*!P

�&�0 ± & ±� �1G #-#") 1�� �62� �6 /�3 π− � →
�>�−π1 �

�&12 ± 2 &  : #!7 %% 7*!P 1 � � →
�±�1

�
π∓π>π−

�&15 ± 2 & *�8�:$ %5 7*!P 1 � � →
�± (�1+π∓π>π−

�&�0 ± � & *�8�:$ %2 7*!P 1 � � → �� πππ

�&�0 ± 6 >5
−2 511 2 *#: %1" "8�4 �/ψ → γ�1

�
�±π∓

�&�4 ± 2 2 8#�? 6% "=) ���& π− � →
��1

�
�1
�

π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�&2% ± 2 0 #./.)�:$ %� -"� �/ψ → γ� � π

ππγ ����ππγ ����ππγ ����ππγ ����
����� ����� ��
� ������	
 �� 
��	 �����	


�4%1±���4%1±���4%1±���4%1±�� �42 ± %� #")!�8 1&�  *#8 1 � � → π>π−π>π− γ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�&�&±�1±�� 2&5 *#: 1&1 *�)� �/ψ → γ γπ>π−
�&1�±�6 5,6 #./.)�:$ %1 -"� �/ψ → π>π− γ γ

�&4�± 6 6  799"#$ %1 "8�4 �/ψ → π>π− �γ

?π ����?π ����?π ����?π ����
����� ����� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�&�1±�1 *.// %2 "8�4 �/ψ → γπ>π−π>π−
�&6%±�� 4�51 % *:)�!!7 6%� -"� �/ψ → &πγ

� � π ���� �$���)�"&�(�� � π ���� �$���)�"&�(�� � π ���� �$���)�"&�(�� � π ���� �$���)�"&�(�
����� ����� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�&&�±�1 &�1 �1 *#: %6" *�) �/ψ → γ�>�−π1

�&&2± 6 0%4 �1 #./.)�:$ %1 -"� �/ψ → γ�1
�
�±π∓

�&44± 6 �%0 �1 #./.)�:$ %1 -"� �/ψ → γ�>�−π1

�&�4± 6 211 �1 -. ? 6% #)�� �� →
π>π−�±π∓�1

�&24± 5 �51 �1 8#�? 6% "=) ���& π− � →
�1
�
�1
�

π1 �



������������

��� ��� �� ���� 	
� ���������	
�� �	��	��

η���
�

�&�%± � 6611 �1 *:8"#$ 66 "=) 6 π− � → �>�1π− �

�&�&± 4 0�1 �1 8��3�) 60 )=� 0�0 �� → � � πP

�&��± � �1  ?.$/ 62 )=� 6 π− � → � � π�

�&&1>�1−�2 �5& �1 �-,#8-) 6��  *#! �/ψ → γ�>�−π1

�&&1>�1−�2 �1 ) ?#88� 61 "8�� �/ψ → γ�1
�
�±π∓

�&�2± 5 611 �1,�� *#:!!7$ 05 ?* 1 � � → � � πππ

�9��� <� �� ��� �1(%61+π 1 −> �	���	� �	���
�*��� <� ���� 	 ����� *���� ,�����
4-�
	��� �����	���� ����
��� �� �>�−π1�
&-�
	��� ���� (� �+�π� (� π+�� � 	�� �1(%61+π�
2 9��� <� �� ��� �1(%61+π 1 −> �	���	� �	���  	���� ���� ��� 	 �1(%61+π � > > �	���	�
�	���

0 ��
����� ���� 	���	�� ��
	��� 	���	�� ����� �� ��	��������
5*��� <� ���� 	 ����� *���� ,�����
6���� ��	G �� ��� γ ρ 
�	���� �	� ��� �� ���	��� �� ��� η(�&12+�
% �����	��� �� �� ���� �	����� <���
�1����� ����������� �������� ���� ��� �������
	�	� �� ��� �&11S�211 �	��� -	�	 
����
	��� ����� �� η(�&52+�

�� 9��� ���� <� �� 1−> �	���	� �	�� � 21K �∗(6%�+� � 21K �1(%61+π�

η��?J� B��28η��?J� B��28η��?J� B��28η��?J� B��28

����� ����� ������	
 ��

2�.�±4.& 7.8 #3�8#/�2�.�±4.& 7.8 #3�8#/�2�.�±4.& 7.8 #3�8#/�2�.�±4.& 7.8 #3�8#/� :�
����� �	�	 ���� ��� � �	�	���
G� ��	� ������ ���� ���� ���
��� ��
����� �
	�� �	
��� �� ��1� )�� ��� �����	� ������

WEIGHTED AVERAGE
51.1±3.4 (Error scaled by 2.0)

RATH 89 MPS 21.0
BAI 90C MRK3 0.6
AUGUSTIN 92 DM2 7.1
BERTIN 95 OBLX 0.1
BERTIN 97 OBLX 0.4
CICALO 99 OBLX 0.1
ADAMS 01B E852 0.5
NICHITIU 02 OBLX 0.0
ANDO 86 SPEC 8.2
AUGUSTIN 90 DM2 0.0
FUKUI 91C SPEC 3.9
BOLTON 92B MRK3 0.1
AMSLER 95F CBAR 12.2
ALDE 97B GAM4 3.5
MANAK 00A MPS 1.9
AMSLER 04B CBAR 0.1
AMSLER 04B CBAR 0.1

χ2

      59.8
(Confidence Level  0.001)
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ηππ ����ηππ ����ηππ ����ηππ ����
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��	 �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

20± 2 7.8 #3�8#/�20± 2 7.8 #3�8#/�20± 2 7.8 #3�8#/�20± 2 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��6� )�� ��� �����	� ������

22±�� %11 ± 452 #")!�8 1&�  *#8 1 � � → π>π−π>π− η

22±�� 0.0 ± �.1G #")!�8 1&�  *#8 1 � � → π>π−π1π1 γ

61±�� %16� "#$#� 11! "=) �6 π− � → ηπ>π− �

62±�6 ��11 #!-� %5� /#"& �11 π− � → ηπ1π1 �

60±�1 #")!�8 %2�  *#8 1 � � → π>π−π1π1 η

&5±�4 �� *7!�7$ %�� "8�4 �/ψ → γ ηπ>π−
2%± & 9.�.: %�" )=� 6�%2 π− � → ηπ>π− �

24±�� �4 #./.)�:$ %1 -"� �/ψ → γ ηπ>π−
4�± 5 #$-7 60 )=� 6 π− � → ηπ>π− �

WEIGHTED AVERAGE
56±5 (Error scaled by 1.8)

ANDO 86 SPEC 13.0
AUGUSTIN 90 DM2 0.1
FUKUI 91C SPEC 0.5
BOLTON 92B MRK3 0.5
AMSLER 95F CBAR 8.9
ALDE 97B GAM4 2.6
MANAK 00A MPS 1.3
AMSLER 04B CBAR 0.0
AMSLER 04B CBAR 0.0

χ2

      26.8
(Confidence Level  0.001)

0 50 100 150 200

η ���-! '�	�� ηππ ��	�  +�,!

� � π ���� ��1�ID�π �� (!��-� �� π�� � π ���� ��1�ID�π �� (!��-� �� π�� � π ���� ��1�ID�π �� (!��-� �� π�� � π ���� ��1�ID�π �� (!��-� �� π�
����� ����� ��
� ������	
 �� 
��	 �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

&6± & 7.8 #3�8#/�&6± & 7.8 #3�8#/�&6± & 7.8 #3�8#/�&6± & 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ���� )�� ��� �����	� ������

2�± 0 402� �& $: ?:�:. 1� 7*!P

&�±�1± % �1G #-#") 1�� �62� �6 /�3 π− � →
�>�−π1 �

21± &  : #!7 %% 7*!P 1 � � →
�±�1

�
π∓π>π−

&6± 2 �2 *�8�:$ %5 7*!P 1�1 � � →
�± (�1+π∓π>π−

21± & �2 *�8�:$ %2 7*!P 1 � � → �� πππ

52± % #./.)�:$ %� -"� �/ψ → γ� � π

%�>05−4�
>�2
−46 �0 *#: %1" "8�4 �/ψ → γ�1

�
�±π∓

�%± 5 �0 8#�? 6% "=) ���& π− � →
��1

�
�1
�

π1

WEIGHTED AVERAGE
48±4 (Error scaled by 2.1)

RATH 89 MPS 17.5
BAI 90C MRK3 0.7
AUGUSTIN 92 DM2 8.8
BERTIN 95 OBLX 0.2
BERTIN 97 OBLX 0.0
CICALO 99 OBLX 0.2
ADAMS 01B E852 0.2
NICHITIU 02 OBLX 0.2

χ2

      27.8
(Confidence Level  0.001)
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0& ±�60& ±�60& ±�60& ±�6 �42 ± %� #")!�8 1&�  *#8 1 � � → π>π−π>π− γ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�1�.1± 6.6±6.6 2&5 *#: 1&1 *�)� �/ψ → γ γπ>π−
�5& ±&& #./.)�:$ %1 -"� �/ψ → π>π− γ γ

%1 ±�0 �5  799"#$ %1 "8�4 �/ψ → π>π− �γ

?π ����?π ����?π ����?π ����
����� ����� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�01±41 *.// %2 "8�4 �/ψ → γπ>π−π>π−
�&&±�4 4�51 �6 *:)�!!7 6%� -"� �/ψ → &πγ
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
%4±�& �%0 �% #./.)�:$ %1 -"� �/ψ → γ�>�−π1

�12±�1 0%4 �% #./.)�:$ %1 -"� �/ψ → γ�1
�
�±π∓

0�±�0 211 �% -. ? 6% #)�� �� → � � πππ

�11±�� �51 �% 8#�? 6% "=) ���& π− � →
�1
�
�1
�

π1 �

00± � 6611 �% *:8"#$ 66 "=) 6 π− � → �>�1π− �

01±�1 0�1 �% 8��3�) 60 )=� 0�0 �� → � � πP

01±�1 �%  ?.$/ 62 )=� 6 π− � → � � π�

22>�1−41 �5& �% �-,#8-) 6��  *#! �/ψ → γ�>�−π1

21>41−�1 �% ) ?#88� 61 "8�� �/ψ → γ�1
�
�±π∓

61±�1 611 �%,�1 *#:!!7$ 05 ?* 1�1 � � → � � πππ

��9��� <� �� ��� �1(%61+π 1 −> �	���	� �	���
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� • • •
�.1%±1.&6 �4 #")!�8 1&�  *#8 1 �� → π>π−π>π− η

<1.2 %1 �-,#8-) 64�  *#! �/ψ → ηππγ

<�.� %1 ) ?#88� 61 "8�� �/ψ → ηππγ
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∼ 1.�2 �& *�8�:$ %2 7*!P 1 � � → �� πππ

∼ 1.6 211 �& -. ? 6% #)�� �� →
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�%±1.�1 #*�!� %6�  *#8 1 �� → ηπ1π1π1

1.�%±1.1& ��11 �2 #!-� %5� /#"& �11 π− � → ηπ1π1 �

1.20±1.1&±1.14 �2 #")!�8 %2�  *#8 1 � � → π>π−π1π1 η

�
(
�1�ID�π

)
	�

(
η �ππ��0,�&�

)
�4	�&�

(
�1�ID�π

)
	�

(
η �ππ��0,�&�

)
�4	�&�

(
�1�ID�π

)
	�

(
η �ππ��0,�&�

)
�4	�&�

(
�1�ID�π

)
	�

(
η �ππ��0,�&�

)
�4	�&

����� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.%�±1.�� #$:)73: ? 1� )=� 1�1 � � →

ηπ>π−π>π−
1.�2±1.1& %16� "#$#� 11! "=) �6 π− � → ηπ>π− �

1.51±1.��±1.�1 �0 *#: %% *�) �/ψ → γ ηπ>π−

�
(
ρ1 γ

)
	�

(
� � π

)
�%	���

(
ρ1 γ

)
	�

(
� � π

)
�%	���

(
ρ1 γ

)
	�

(
� � π

)
�%	���

(
ρ1 γ

)
	�

(
� � π

)
�%	��

����� ������	
 �� 
��	 �����	


1.1�2�±1.11461.1�2�±1.11461.1�2�±1.11461.1�2�±1.1146 �5  799"#$ %1 "8�4 �/ψ → γ γπ>π−

�
(
η �ππ��0,�&�

)
	�

(
ηππ

)
�&	���

(
η �ππ��0,�&�

)
	�

(
ηππ

)
�&	���

(
η �ππ��0,�&�

)
	�

(
ηππ

)
�&	���

(
η �ππ��0,�&�

)
	�

(
ηππ

)
�&	��
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.6�±1.1& ��11 #!-� %5� /#"& �11 π− � → ηπ1π1 �

�
(
�1�ID�π

)
	�

(
η �ππ��0,�&�

)
�4	�&�

(
�1�ID�π

)
	�

(
η �ππ��0,�&�

)
�4	�&�

(
�1�ID�π

)
	�

(
η �ππ��0,�&�

)
�4	�&�

(
�1�ID�π

)
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(
η �ππ��0,�&�

)
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.4�±1.15 �6 #$:)73: ? %%� )=� 1.%S�.� �� → η4π1

�
(
ρρ

)
	����	� �5	��

(
ρρ

)
	����	� �5	��

(
ρρ

)
	����	� �5	��

(
ρρ

)
	����	� �5	�

����� ��� ������	
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��	 �����	


<1.26<1.26<1.26<1.26 %%�62�4,�% #")!�8 1&�  *#8 1 � �

�
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)
	�

(
�1�ID�π

)
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(
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)
	�

(
�1�ID�π

)
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(
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)
	�

(
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)
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(
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(
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)
���	�4

����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.16&±1.1�& 41 #-#") 1�� �62� �6 /�3 π− � →

�>�−π1 �

�
(
φγ

)
	�

(
ρ1 γ

)
��1	�%�

(
φγ

)
	�

(
ρ1 γ

)
��1	�%�

(
φγ

)
	�

(
ρ1 γ

)
��1	�%�

(
φγ

)
	�

(
ρ1 γ

)
��1	�%

����� ��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.55 %2 4� *#: 1&1 *�)� �/ψ → γ γ�>�−
�4.��� ��� �	�	 �� *#:!!7$ 05 �� �� → � � π�
�&#������ ��	� ��� �1(%61+ ��
	�� ���� ���� � � �
�2#������ ��	� ��� �1(%61+ ��
	�� ���� ���� ηπ�
�0#������ ��	� ��� �1(%61+ ��
	�� ���� ���� ηπ�
�5.��� *(�/ψ → γ η(�&12+ → γ� � π+A&.� × �1−4 	�� *(�/ψ → γ η(�&12+ →

γ γ ρ1+A0.&×�1−2 	�� 	������ ��	� ��� γ ρ1 ���	� ���� ��� 
��� ���� ��� ��(�&�1+�
�6.��� ��������	��  ����	� *	���� �	�	�
�%#������ ��	� ��� η(�&12+ ��
	�� 	�� �	���	��� �� ��� ππη� � � π 	�� ρρ ������
41 )�	�����
	� ����� �����
4� 	�
��	��� �� �� ���� *(�/ψ → η(�&12+γ → φγγ+ < 1.6� × �1−& 	�� *(�/ψ →

η(�&12+γ → ρ1 γ γ+ A (�.15 ± 1.�5 ± 1.��+× �1−&�

η��?J� 7���7�����η��?J� 7���7�����η��?J� 7���7�����η��?J� 7���7�����

!+&+� , �� (8� 8-� �� !.#.� �� ��� �"��& "#��$%��
!�*��� �� ��1 "�� -� "� !����� �� ��� �"�>�
$� �$���� "#��$%��
�!� �1 �� �,�� �8 1��� �$	 �� ��� ���* "#��$%��
'�"+� �7 - �� �,�, -�� �� '	).	
	� �� ��� �&����/ "#��$%��
!""�!��� �3 �� �,� � �� !))	$��	 �� ��� ��� "#��$%��
!(!�* �� �� �,�� -�� 3�*� !0$�� �� ��� ��'� ��,- "#��$%��
!'�*&��"+ � '� !�� ,�8 !��� !�	�#:	). �� ���

�!'!4 ! �� (�- �-� 1�1� �$�$; �� ��� ��'� ��,- "#��$%��
!'�*&��"+ ��� �� ���� �� !��� !�	�#:	). �� ���

�!� �� �� ���� �,� 1��� �$	 �� ��� ���* "#��$%��
"�"!�& �� �� ���- �,� "� "	)$�# �� ��� �&����/ "#��$%��
!���� ��� '� �,�� �, !� !%��� �� ��� �"�>�
$� �$���� "#��$%��
�!� ��" �� ��� -�8 1��� �$	 �� ��� ���* "#��$%��
!�(� �8� �!' � ��� (� !�0� �� ��� �3!�* "#��$%��

 �$���$
�0 ��#� =!� � �,��
��� �' �8 �� �� --� !� ���
	� �� ��� �&����/ "#��$%��
!�*��� �,� �� ��,� ��� "� !����� �� ��� �"�>�
$� �$���� "#��$%��
��� �' �, �� ���� ��8 !� ���
	� �� ��� �&����/ "#��$%��
�733 �, �� ��,� �8� (��� ��55 �� ��� ��&?�6 �'��6 <!*+�
!737* �' �- �� (�� ��,� 1��� !�5��
	�6 3� "#��� �(�- "#��$%��
�&� &' �-� ��� �� ��-�  � �#�
#� �� ��� ��$�; ��� "#��$%��
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�� �������

�747� ��" �� �-�8 -�� *� ��;�	 �� ��� �*73�6 '!3&6 4�46 4=& ��
!737* �' � �� (�- � 1��� !�5��
	� �� ��� �(�- "#��$%��
�!� �" ��� �, -,8 �� �$	 �� ��� ��$�; ��� "#��$%��
"&���!' � �� (�� ��� (��� "#C�$� �� ��� ��$�; ��� "#��$%��
��*���& ��� �� (�� 8� 3� ����

# �� ��� �(�- "#��$%��
(7"+ �� ��+= "�, --� 4�(� (�). �� ��� �!* ���/ "#��$%�� 1�
�! + �� �� (� ��� ��3� �$
. �� ��� �'(!�6 ��!'6 �'�6 "7'=��
����!' �� ��� �� �,,8 !� �	��$� �� ��� ��'�6 �*76 �'(6 �!*(� 1�
!'(& �� ��� ,8 �-�� !� !�0# �� ��� �4�46 4=& 6 '��*6 *!3!�� �1�
�����* �� �� (�� ��� (��� ���:�� �� ��� ���&�6 �'�6 �'(�� 1�
"+7'3 �, ��� ,, 88� *�7� ".��5 �� ��� ��'�6 ��&�6 �'(�� 1�
!� +&�� ��� �� ��8� ��8 �� !�
.#C �� ��� � !**& "#��$%��
�(<!�(* ��� ��� ,� �,� "� �0@$�0� �� ��� �"� 6 +!��6 ���'��
�(<!�(* �-� ��� �� -,� "� �0@$�0� �� ��� �"� 6 +!��6 ���'��

!��# ��� , -�� "� �0@$�0� �� ��� �"� 6 +!��6 ���'��
*"+!��� � �� �8� �-� (��� *).$��� �� ��� �*�!"6 ����
�&* �� ��� '� �� �8� �� �#�
�� �� ��� �"��'6 "(���
�!���&' �8 '" ,! ��� ��+� �$	��#� �� ��� �"��'6 "(��6 ��!(�

�28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7�

�!((��� � �� (8 ����� �� �$00��: �� ���

�� �" ��1 "-� ��, (��� �	 �� ���
�� �( �1�� !�� ���, (��� �	 �� ���
!(!�* � ��� �8 ����  � !0$�� �� ��� �'� �� "#��$%��
!'�*&��"+ � ��1 !� -�8 !��� !�	�#:	). �� ���

"!��!�+& �� ��1 "8 �, <�*� "$�:$�.# �� ���

!���� �� �� (,8 ��� !� !%��� �� ��� �"�>�
$� �$���� "#��$%��
'�4�!*&� �� ��1 ", ,8 ���� '�;�$�#:
�!�����* �8" �� ���� --, (� �$�%��	� �� ��� �<! �- "#��$%��
�!�'�* �8 �� (,, ��,8  � �$���� �� ��� �&�'�6 �!�6 �"+*�
"�&*� �8 �� ���8 ��� �� "�#�� �� ��� ��!�6 �����
"�&*� �8� �� (,, ,8�� �� "�#�� �� ��� ��!�6 �7 36 ���1 �
"�&*� �8( ��+= "8� ��� ���� "�#�� �� ���

��� �' �� �� ���, ��� !� ���
	� �� ��� �&%��	D "#��$%��
�!��!� �� ��� 8� ���� 3��� �$��$� ��7 3�
!����' �, ��+= "�� 8� (��� !���	� �� ��� ���* "#��$%��
3�'&��*� �� ��+= "�� �-, �� 3��#:���6 (��� �	).
��%��56 �� ���0$��	 � &����
�!�� �� �� ��� �8� 3�*� �$�	 �� ��� ������
�!7�� ��� �� (�� ��8� (�!� �$��� �� ��� �*�!"�
!��* �&'3 ��� ��+= ",- ���  �!� !���
�#�5 �� ��� �! +76 �!��6 ������
4�'3 �� '���* �-� �� �� 4	�5 �� ��� ��*76 �'���
"!�(<��� � +$0�#� �� "#��� 9 �-8 (�&� "$�0@��� �7"*��
�&'3!"�� � �� (�- �8� ��*� �#�5$)�� ��'��
!+�!( �� '� � ���&"��� , *� !.�$0 �� ��� �!* ���/ "#��$%��
!��* �&'3 �� �� �--� -��  �!� !���
�#�5 �� ��� �"��'6 "(��6 ������
��+��'( �� ��+= "�- ��8 +�1� ��.���0 �� ��� �"���& "#��$%��
�*+�(! �� � � �- ��� *� ��.	0$ �� ��� �'�+&�
!* &' ��" �� �-� ,8� (� !�
#� �� ��� �*�!"6 '!3&6 "�'"6 �'7*�
!��* �&'3 �8 ��+= "�� -�  �!� !���
�#�5 �� ��� �"��'6 ����6 �!����
!��* �&'3 �� �� ���� -8�  �!� !���
�#�5 �� ��� �! +76 �!��6 ������
�� =74&� �� *1'� �� 8�, *� �	
>�;#: �� ��� �*����

 �$���$
�0 ��#� =!� �� ���,�
3!����� �- ��+= "�� ��� �� 3$:	���
 �� ��� �"��'6 "(��6 �!(&��
(�&'�*� � '� ���� � "� (	#�	�	 �� ��� �"��'6 �!(�6 "(����
(��&�/ 8- '� ��� �-, "� (��#	D �� ��� �"(��6 "��'�
(7�&" 8- '� ��� �-� 1� (�%#) �� ��� ��!��*6 �����
�&�* !( �� '� ��� �� �� �#��
$0 �� ��� �"(��6 "��'�

������� �	 �
�� � � ��� � ��

3�� ��� ���������' ��	�� η ���-!�

����?
� ��������?
� ��������?
� ��������?
� ����

����� ����� ��
� ������	
 �� 
��	 �����	


�&�0.4± 1.% 7.8 #3�8#/��&�0.4± 1.% 7.8 #3�8#/��&�0.4± 1.% 7.8 #3�8#/��&�0.4± 1.% 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

�&�0 ± 0 5�� #*-#!!#? 14+ -!=? %��� �> �− →
�1
�
�±π∓ > 


�&�1 ±�& 402� $: ?:�:. 1� 7*!P

�&�6 ± & ± � �1G #-#") 1�� �62� �6 /�3 π− � →
�>�−π1 �

�&�0 ± � *#8*�8:) %5" 7"�/ &21 �� →
���1

�
�±π∓

�&�2 ± 6 *�8�:$ %5 7*!P 1�1 � � →
�± (�1+π∓π>π−

�&42 ± % =87�7)?�:$ %5� /#"& �11 π− � → ηπ1π1 �

�&41 ± & � #8")�87$/ %�� 7"�/ 62�411 π> �� �� →
π> � � �� (� � π+

�&0� ±�1 � #./.)�:$ %� -"� �/ψ → γ� � π

�&&4 > 5
− 0

> 4
− � ��11 *#: %1" "8�4 �/ψ → γ�1

�
�±π∓

�&�2 ±�1 �5 *�?8�$- 6%  �!! γ γ → �1
�
�±π∓

�&&� ± 2 >�1
−�5 ��� *� ��8 65 "8�4 �> �−� ω� � π

�&�4 ± & /:-#! 65� "8�� �> �− → �> �−� � π

�&�5 ±�4 �4 #:?#8# 60" �= �> �− → �> �−� � π

�&�� ± 4  ?#.3#� 6& )=� :)8 4��2 ��

�&&1 ±�1 4 *87"*�8/ 61 )=� �11 π− � → �� πP

�&�0 ± 0 ��� -:7$:): 61 ?* & π− � → � � π�

�&�1 ±�1 -#?! 05 ?* ��0S&�� π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�&41.6± 1.% & )7)# %% )=� �� → �����

(�1
�
�>π−+ ��	��

�&44.&± 1.6 & )7)# %% )=� �� → �����
(�1

�
�−π>+ ��	��

�&�% ± 4 46% #8")�87$/ 6% 7"�/ 411 �� → � � π��

�&�2 ± � �2�1 #8")�87$/ 6& 7"�/ 62 π> �� �� →
(π>��+(� � π+�

∼ �&�1 *:�E.�73 6& )=� 4� �− � →
�>�−π1*

����� ������ ���������� #8")�87$/ 6&� #8")�87$/ 6%�
� 9��� <� �� ��� �∗(6%�+� � > > �	���	� �	���
4"	�� ����� ��
��	��� �� 	

���� ��� �1(%61+ �	�� 
�� ��
���	�������
&$� ������	��
 ����� �����

����?
� B��28����?
� B��28����?
� B��28����?
� B��28

����� ����� ��
� ������	
 �� 
��	 �����	


2&.%± �.0 7.8 #3�8#/�2&.%± �.0 7.8 #3�8#/�2&.%± �.0 7.8 #3�8#/�2&.%± �.0 7.8 #3�8#/�

2� ±�& 5�� #*-#!!#? 14+ -!=? %��� �> �− →
�1
�
�±π∓ > 


0� ± 6 402� $: ?:�:. 1� 7*!P

46 ± % ±0 �1G #-#") 1�� �62� �6 /�3 π− � →
�>�−π1 �

26 ± & *#8*�8:) %5" 7"�/ &21 �� →
���1

�
�±π∓

&2 ±�1 *�8�:$ %5 7*!P 1�1 � � →
�± (�1+π∓π>π−

%1 ±�2 =87�7)?�:$ %5� /#"& �11 π− � → ηπ1π1 �

26 ±�1 2 #8")�87$/ %�� 7"�/ 62�411 π> �� �� →
π> � � �� (� � π+

��% ±&� 0 #./.)�:$ %� -"� �/ψ → γ� � π

06 >�%
−�6

>6
−% ��11 *#: %1" "8�4 �/ψ → γ�1

�
�±π∓

&� ±�� �5 *�?8�$- 6%  �!! γ γ → �1
�
�±π∓

&1 >�5
−�4 ±2 ��� *� ��8 65 "8�4 �> �− → ω� � π

42 >&5
−�1 �4 #:?#8# 60" �= �> �− → �> �−� � π

&5 ±�1  ?#.3#� 6& )=� :)8 4��2 ��

0� ±�& *87"*�8/ 61 )=� �11 π− � → �� πP

&1 ±�2 ��� -:7$:): 61 ?* & π− � → � � π�

01 ±�1 -#?! 05 ?* ��0S&�� π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
06.5± �.% 5 )7)# %% )=� �� → �����

(�1
�
�>π−+ ��	��

26.6± 4.4 5 )7)# %% )=� �� → �����
(�1

�
�−π>+ ��	��

26 ± 6 46% #8")�87$/ 6% 7"�/ 411 �� → � � π��

0� ± 2 �2�1 #8")�87$/ 6& 7"�/ 62 π> �� �� →
(π>��+(� � π+�

∼ 21 *:�E.�73 6& )=� 4� �− � →
�>�−π1*

2���� ������ ���������� #8")�87$/ 6&� #8")�87$/ 6%�
0 9��� <� �� ��� �∗(6%�+� � > > �	���	� �	���
5$� ������	��
 ����� �����

����?
� ����� ���������?
� ����� ���������?
� ����� ���������?
� ����� �����

"��� 9�	
���� (H� @H+

�� � � π �����	��

�� � �∗�DI
�� -1-1 �����	��

�4 ηππ �������� ����

�& �1�ID�π
�2 ππρ
�0 ?π
�5 ρ1 γ
�6 φγ ����

����?
� ��!���γ γ�	������"�����?
� ��!���γ γ�	������"�����?
� ��!���γ γ�	������"�����?
� ��!���γ γ�	������"�

�
(
� � π

) × �
(
γ γ∗

)
	����	��

(
� � π

) × �
(
γ γ∗

)
	����	��

(
� � π

) × �
(
γ γ∗

)
	����	��

(
� � π

) × �
(
γ γ∗

)
	����	�

����� �;��� ��� ������	
 �� 
��	 �����	


�.5±1.& 7.8 #3�8#/��.5±1.& 7.8 #3�8#/��.5±1.& 7.8 #3�8#/��.5±1.& 7.8 #3�8#/�

4.1±1.%±1.5 6,% *�?8�$- 6%  �!! �> �− →
�> �−�1

�
� π

�.4>�.1−1.%±1.6 ?:!! 6% �#-� �> �− →
�> �−�±�1

�
π∓

�.4±1.2±1.4 #:?#8# 66� �= �> �− →
�> �−�±�1

�
π∓

�.0±1.5±1.4 6,�1 /:-#! 65� "8�� �> �− → �> �−� � π
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<6.1 %2 ��$$: 64 "8�� �> �− → �> �−� � π

6#����� 	 ρ����� ���� �	
����
%# φ � ���� ���� �	
��� ���� 
�������	��� ��	���� �������
�1=�������� �	��� ������� �� ��

����?
� 67���8��9 7�2�������?
� 67���8��9 7�2�������?
� 67���8��9 7�2�������?
� 67���8��9 7�2���

�
(
� �∗�DI
�� -1-1

)
	�

(
� � π

)
��	���

(
� �∗�DI
�� -1-1

)
	�

(
� � π

)
��	���

(
� �∗�DI
�� -1-1

)
	�

(
� � π

)
��	���

(
� �∗�DI
�� -1-1

)
	�

(
� � π

)
��	��

����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.50±1.10 *87"*�8/ 61 )=� �11 π− � → �� πP

1.60±1.�� -:7$:): 61 ?* & π− � → � � π�



������������

���������	
�� �	��	��

�������� ω�����

�
(
ππρ

)
	�

(
� � π

)
�2	���

(
ππρ

)
	�

(
� � π

)
�2	���

(
ππρ

)
	�

(
� � π

)
�2	���

(
ππρ

)
	�

(
� � π

)
�2	��

����� ��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.4 %2  78-�$ 56 7"�/ ��S�2 π− �

<�.1 -#?! 05 ?* ��0S&�� π− �

�
(
ηππ

)
	�

(
� � π

)
�4	���

(
ηππ

)
	�

(
� � π

)
�4	���

(
ηππ

)
	�

(
� � π

)
�4	���

(
ηππ

)
	�

(
� � π

)
�4	��

����� ��� ������	
 �� 
��	 �����	


<1.�<1.�<1.�<1.� %2 #8")�87$/ %�� 7"�/ 411 �� → ��ηπ> π−
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.42±1.52 �7=�� 6% "8�4 �/ψ → ωηππ (� � π+

<1.0 %1 /:-#! 65 "8�� �> �− →
�> �− ηπ>π−

<1.2 %2  78-�$ 56 7"�/ ��S�2 π− �

�.2 ±1.6 -�97:P 5� ?* 1�5 � �

�
(
�1�ID�π

)
	�

(
ηππ

)
�&	�4�

(
�1�ID�π

)
	�

(
ηππ

)
�&	�4�

(
�1�ID�π

)
	�

(
ηππ

)
�&	�4�

(
�1�ID�π

)
	�

(
ηππ

)
�&	�4

����� ��� ������	
 �� 
��	 �����	


>1.�>1.�>1.�>1.� %1 =87�7)?�:$ %5� /#"& �11 π− � → ηπ1π1 �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��� ���� �� ������ ���� #$-7 60 )=� 6 π− �

��� ���� �� ������ ����  78-�$ 56 7"�/ ��S�2 π− �

1.&±1.� -�97:P 5� ?* 1�5 � � → 5π

�
(
?π

)
	�

(
� �∗�DI
�� -1-1

)
�0	���

(
?π

)
	�

(
� �∗�DI
�� -1-1

)
�0	���

(
?π

)
	�

(
� �∗�DI
�� -1-1

)
�0	���

(
?π

)
	�

(
� �∗�DI
�� -1-1

)
�0	��

����� ��� ������	
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��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.%1 %2 -:7$:): 61 ?* & π− �

�
(
� � π

)
	
[
�
(
� �∗�DI
�� -1-1

)
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(
�1�ID�π

)]
��	�����&��

(
� � π

)
	
[
�
(
� �∗�DI
�� -1-1

)
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(
�1�ID�π

)]
��	�����&��

(
� � π

)
	
[
�
(
� �∗�DI
�� -1-1

)
��

(
�1�ID�π

)]
��	�����&��

(
� � π

)
	
[
�
(
� �∗�DI
�� -1-1

)
��

(
�1�ID�π
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��	�����&�

����� ������	
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��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.02±1.�5 �� -:7$:): 61 ?* & π− �

�� 	�
��	��� ���� H
(
� �

)
@H

(
ηπ

)
A 1.�& ± 1.15 ��� �1(%61+ ��	
������

�
(
�1�ID�π

)
	�

(
� �∗�DI
�� -1-1

)
�&	���

(
�1�ID�π

)
	�

(
� �∗�DI
�� -1-1

)
�&	���

(
�1�ID�π

)
	�

(
� �∗�DI
�� -1-1

)
�&	���

(
�1�ID�π

)
	�

(
� �∗�DI
�� -1-1

)
�&	��

����� ��� ������	
 �� 
��	 �����	


1.1&±1.1� ±1.1�1.1&±1.1� ±1.1�1.1&±1.1� ±1.1�1.1&±1.1� ±1.1� *#8*�8:) %6" 7"�/ &21 �� →
�� ��(�&�1+�%

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.1& 06 #8")�87$/ 6& 7"�/ 62 π> �

�
(
?π

)
	�

(
� � π

)
�0	���

(
?π

)
	�

(
� � π

)
�0	���

(
?π

)
	�

(
� � π

)
�0	���

(
?π

)
	�

(
� � π

)
�0	��

����� ��� ������	
 �� 
��	 �����	


<1.0�<1.0�<1.0�<1.0� %2 #8")�87$/ 6%3 7"�/ 62 π� → &πP

�
(
ρ1 γ

)
	����	� �5	��

(
ρ1 γ

)
	����	� �5	��

(
ρ1 γ

)
	����	� �5	��

(
ρ1 γ

)
	����	� �5	�

����� ��� ������	
 �� 
��	 �����	


<1.16 %2 �� #8")�87$/ %�" )=� 411 �� → ��π>π− γ

��.��� ��� �	�	 �� ��� � � π ���� ���� #8")�87$/ 6%�

�
(
ρ1 γ

)
	�

(
� � π

)
�5	���

(
ρ1 γ

)
	�

(
� � π

)
�5	���

(
ρ1 γ

)
	�

(
� � π

)
�5	���

(
ρ1 γ

)
	�

(
� � π

)
�5	��

����� ��� ������	
 �� 
��	 �����	


<1.1�<1.1�<1.1�<1.1� %2 *#8*�8:) %6" 7"�/ &21 �� →
�� ��(�&�1+�%

�
(
φγ

)
	�

(
� � π

)
�6	���

(
φγ

)
	�

(
� � π

)
�6	���

(
φγ

)
	�

(
� � π

)
�6	���

(
φγ

)
	�

(
� � π

)
�6	��
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1.114±1.11� ±1.11�1.114±1.11� ±1.11�1.114±1.11� ±1.11�1.114±1.11� ±1.11� *#8*�8:) %6" 7"�/ &21 �� →
�� ��(�&�1+�%

����?
� 7���7���������?
� 7���7���������?
� 7���7���������?
� 7���7�����

!�(!��!+ �+ �� �,�� �-� 1� !%0$��$. �� ��� �(���+� "#��$%��
'�"+� �7 - �� �,�, -�� �� '	).	
	� �� ��� �&����/ "#��$%��
!(!�* �� �� �,�� -�� 3�*� !0$�� �� ��� ��'� ��,- "#��$%��
*&*! �� ��� �� ��� �� *#�$ �� ���

�!�����* ��" �� ��� --, (� �$�%��	� �� ��� �<! �- "#��$%��
�!�����* �8" �� ���� --, (� �$�%��	� �� ��� �<! �- "#��$%��
��� �' �8 �� �� --� !� ���
	� �� ��� �&����/ "#��$%��
��&4&*+4�' �8� *�( �- -�� =��(� ��#;#�.;	�6 *�!� *$0#:�;>

 �$���$
�0 ��#� (!'* �,� 8,��
!��* �&'3 �-" ��+= ",� �8�  �!� !���
�#�5 �� ��� �! +76 �!��6 ������
!��* �&'3 �-� ��+= ",� -�  �!� !���
�#�5 �� ��� �! +76 �!��6 ������ 1�"
!737* �' �- �� (�� ��,� 1��� !�5��
	�6 3� "#��� �(�- "#��$%��
!��* �&'3 ��� ��+= ",- ���  �!� !���
�#�5 �� ��� �! +76 �!��6 ������
�!� �" ��� �, -,8 �� �$	 �� ��� ��$�; ��� "#��$%��
!��* �&'3 �� �� �--� -��  �!� !���
�#�5 �� ��� �"��'6 "(��6 ������ 1�"
!��* �&'3 ��3 ��+= "�� ,,  �!� !���
�#�5 �� ��� �"��'6 ����6 �!����
��+��'( �� ��+= "�- ��8 +�1� ��.���0 �� ��� �"���& "#��$%��
+��� �� ��+= "�- �,, �� +	�� �� ��� �1!(� "#��$%�� 1�
4&�4� �� ���� �8� �8 �� 4#9;� �� ��� �"��'�
!�+!�! ��� �� �-� �8 +� !	.$�$ �� ��� � �"B-γ "#��$%��
��"4�� �8 ��� ,� ��� 1�1� ��);�� �� ��� ��$�; ��� "#��$%�� 1�
3�(!� �8 ��� ,� -�- 3� 3	0$� �� ��� ����6 *�!"6 +!���
3�(!� �8� ��� ,� -�� 3� 3	0$� �� ��� ����6 *�!"6 +!���
!�+!�! ��" ��� ,8 -, +� !	.$�$ �� ��� � �"B-γ "#��$%�� 1�
!'(& �� ��� ,8 �-�� !� !�0# �� ��� �4�46 4=& 6 '��*6 *!3!��
!��* �&'3 �� �� ���� -8�  �!� !���
�#�5 �� ��� �! +76 �!��6 ������ 1�
�� =74&� �� *1'� �� 8�, *� �	
>�;#: �� ��� �*����

 �$���$
�0 ��#� =!� �� ���,�

"+!7�! �� �� ���� ��- �� ".$�:$
 �� ��� �"��'6 "���6 7"�!��
1�''� �� �� (-8 ��� �� 1���	 �� ��� �*�!"6 ����
��&����3 � �� (-- �,�� "��� ��#�%��5 �� ��� �"� 6 �'!�6 ���"��
(�&'�*� � '� ���� � "� (	#�	�	 �� ��� �"��'6 �!(�6 "(���� �1�
"&�(�' 8� '� ���� -,� ��1� "#�0�� �� ��� �����6 �+��6  ��!��
(��&�/ 8- '� ��� �-, "� (��#	D �� ��� �"(��6 "��'�
(!+� �8 �� ��� ��88 &��� ($.� �� ��� ����� �1�

!��# ��� �� �8� (�+� �	���� �� ��� ����6 7"��

�28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7�

!+&+� , �� (8� 8-� �� !.#.� �� ��� �"��& "#��$%��
4!'!(!B�'��� , �� (8� ��, =� 4$�$0$B��>#6 &� �#�	�$
��6  � '	�.	;$@$
��&4&*+4�' �� �!' �- �,� =��(� ��#;#�.;	�

 �$���$
�0 ��#� =!� �- ����
���74! �� � � �� ��, 1� �	��;$6 +� 4#	%�).	 �'!3&�
�*+�(! �� � � �- ��� *� ��.	0$ �� ��� �'�+&�
!�+!�! ��" �� (�� � +� !	.$�$ �� ��� � �"B-γ "#��$%�� 1�"
�� =74&� �� �� �-� �-8 *��� �	
>�;#: �� ��� �*����
��& &�&���� �8� +$0�#� �8 "#��� *�(� ��#
#9#9��)�6 *�7� ".��5 ��'��

ω����� �	 �
�� � � −��−−�

ω��?
� ����ω��?
� ����ω��?
� ����ω��?
� ����

����� ����� ��
� ������	
 �� 
��	 �����	


(�&11S�&21+ 7.8 �)�:"#��(�&11S�&21+ 7.8 �)�:"#��(�&11S�&21+ 7.8 �)�:"#��(�&11S�&21+ 7.8 �)�:"#��

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�421± �1± �1 #.*�8��* 1&' *#*8 �1�0 �> �− →

π>π−π1 γ
�&11± 21±�41 ���" � # ?#)73 14( 83.� 1.&&S�.11 �> �− →

π>π−π1

�&21± �1 � ?�$$�8 1� 83.� �.�S�.1 �> �− → ρπ�
ωππ

�454± 51 �55 4 #�?"��)?:$ 11(  "-� �.�S�.46 �> �− →
ωπ>π−

�451± �2 21%2 #$:)73: ? 11+ )=� 1�1 �� → ωπ1π1π1

�&11>�11−�11 & # ?#)73 %6+ 83.� �> �− → π>π−π1

∼ �&11 2 # ?#)73 %6+ 83.� �> �− → ωπ>π−
∼ �&01 0 # ?#)73 %6+ 83.� �> �− → �>�−
�&&1± 51 5  !�// %& 83.�

�&�%± 4� 4�2 6 #$�7$�!!: %� -"� ��4&S��&�> �− → ρπ

�9��� ��� 
������� <� �� #$�7$�!!: %�� # ?#)73 1��� # ?#)73 1��� 	��

# ?#)73 14( �	�	 �� ��� π>π−π1 	�� #$�7$�!!: %� �� ��� ωπ>π− <�	� ��	����
)��������� # ?#)73 %%� 	�� # ?#)73 1���

�.��� ������� ��  78-:�8 6� 	�� ��������	�� �	�	 �� -7!:$)�E %� 	�� #$�
�7$�!!: %��

4.��� ��� �	�	 �� #�?"��)?:$ 11( 	�� #$�7$�!!: %�� ��� ρπ �����	�
� ��� ���
����� ��������
� �� ��� ω(�&�1+ 	�� ω(�021+ ����� 	�������

&.��� �	�	 ���� *#8�73 65� -7!:$)�E %�� 	�� #$�7$�!!: %��
2.��� ��� �	�	 ���� #$�7$�!!: %��
0.��� ��� �	�	 ���� :3#$73 6� 	�� *:)�!!7 66��
5 9��� 	 <� �� ��� *�����,���� ���
����� 	�� ���� ��� �	�	 �� -7!:$)�E %� 	��
#$�7$�!!: %��

6 9��� 	 <� �� ��� *�����,���� ���
����� ���������� ������� ���� 	�� ���� ��� ω�φ �	���
���� <��� (>�−�>+ ��	����

ω��?
� B��28ω��?
� B��28ω��?
� B��28ω��?
� B��28

����� ����� ��
� ������	
 �� 
��	 �����	


(�61S�21+ 7.8 �)�:"#��(�61S�21+ 7.8 �)�:"#��(�61S�21+ 7.8 �)�:"#��(�61S�21+ 7.8 �)�:"#��

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
&21± 51± 51 #.*�8��* 1&' *#*8 �1�0 �> �− →

π>π−π1 γ

651>211−411±&21 ���" % # ?#)73 14( 83.� 1.&&S�.11 �> �− →
π>π−π1

�%%± �2 �1 ?�$$�8 1� 83.� �.�S�.1 �> �− → ρπ�
ωππ

�66± &2 �55 �� #�?"��)?:$ 11(  "-� �.�S�.46 �> �− →
ωπ>π−
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WEIGHTED AVERAGE
1459±11 (Error scaled by 3.4)

FUKUI 88 SPEC 1.7
ANTONELLI 88 DM2 0.3
AKHMETSHIN 00D CMD2 6.5
AKHMETSHIN 01B CMD2 7.3
CLEGG 94 RVUE 0.0
EDWARDS 00A CLE2 40.7
AKHMETSHIN 03B CMD2 16.5
ARMSTRONG 89E OMEG 6.5
ACHASOV 97 RVUE 4.8
ABELE 01B CBAR 0.4

χ2

      84.7
(Confidence Level  0.001)
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�4�6±�2 % ) ?#�! 12" #!�= τ− → π−π1 ντ
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�451>%1−51 # ?#)73 %5 83.� �> �− → π>π−
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WEIGHTED AVERAGE
147±40 (Error scaled by 4.9)

FUKUI 88 SPEC 33.7
ANTONELLI 88 DM2 7.7
AKHMETSHIN 00D CMD2 4.3
AKHMETSHIN 01B CMD2 3.2
ARMSTRONG 89E OMEG 14.7
CLEGG 94 RVUE 7.0
EDWARDS 00A CLE2 52.2
AKHMETSHIN 03B CMD2 42.7

χ2

     165.4
(Confidence Level  0.001)
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!"+!*&� � �� ���� -� ��'� !).$�#: �� ��� �'#:#�	%	��; *'( "#��$%��
!"+!*&� 1 �� (�- ��8,� '�'� !).$�#:6 !�!� 4#�.�:�	;#:
!7�"+�'4& ! 1� � � �-8 ���� !��).��;# �� ��� �'#:#�	%	��; *'( "#��$%��

 �$���$
�0 ��#� �� � ��8 ��8�
���&���&�! �� ��' -� ��  �*� ���#���#:$6 ��4� +�����

 �$���$
�0 ��#� ��"!= -� ����
!���� �8+ �� ���, -� !� !%��� �� ��� �"�>�
$� �$���� "#��$%��
�!�'�* �8 �� (,, ��,8  � �$���� �� ��� �&�'�6 �!�6 �"+*�
"�&*� �8" �� (,� �,�� ���� "�#�� �� ��� ��!�6 �"+*�
7�+��� �8 '���* ,," �,� 1� 7�.�	� �"��& "#��$%��
!"+!*&� ��� �!' ,� �-�- '�'� !).$�#:6 3�'� *.��
$;#: �'&���

 �$���$
�0 ��#� =!� ,� �����
�7�!(&� �� �!' ,8 ��� ��4� ���$0#: ��!47�
�!'(*���3 �- *1'� ,, �,� ��3� �$�0�%��5 �*����

 �$���$
�0 ��#� =!� ,, �����
��!7 �� �� (�8 -�8� 1��� ��$� �� ���

47�(!(�� �� 1� �� �� ��� ���� 4��0$0�� �� ��� �'&�&�
 �$���$
�0 ��#� �� �� �� ��8�

�!�4&� �, '� �-,� ��, ���� �$�;#: �� ��� �'&�&�
��*���& �, �!� �,B�, (� �	����# �� ��� ��!(&6 �!�&6 "�����
!�� ��� ��� ,� 8,� 4� !%� �� ���

! 4�'*&' ��" '� �-�� � �� !
;	��#� �� ��� ��&''6 "��'6 3�!*��
"&�(��� �- �� ��� �-� !� "#�0	�� �� ��� ��!�&�
��*���& �� �� �8� ��, (� �	����# �� ��� �(�� "#��$%��
4����!' � �� (-� �,  �1� 4	��	$� �� ��� �"&�'�
"&*�� 8� �� ��� �,- 3� "#��� �� ��� �&�*!=�
��'3+!� 8-� �� ��� ��, +�+� �	�5.$� �� ��� ����6 7"�6 *�!"�
���'4��� 8- '� ��8 �� �� ����;	�� �� ��� �"(��6 "��'�
�!=**!" 8� '" �! ��� 1� �$>��$)6 ���� ���$�0 ��&'��

η���
� �	 �
�� � � ��−��

3�� �
� ��� η ���-!�

η��?HJ� ����η��?HJ� ����η��?HJ� ����η��?HJ� ����

� � π ���� ��∗�DI
� � (� !������ � π ���� ��∗�DI
� � (� !������ � π ���� ��∗�DI
� � (� !������ � π ���� ��∗�DI
� � (� !�����
����� ����� ��
� ������	
 �� 
��	 �����	


�&50± & 7.8 #3�8#/��&50± & 7.8 #3�8#/��&50± & 7.8 #3�8#/��&50± & 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��&� )�� ��� �����	� ������

�&01±�% 402� $: ?:�:. 1� 7*!P

�&62± 6± 2 �1G #-#") 1�� �62� �6 /�3 π− � →
�>�−π1 �

�211±�1  : #!7 %% 7*!P 1 � � →
�±�1

�
π∓π>π−

�&0&±�1 *�8�:$ %5 7*!P 1 � � →
�± (�1+π∓π>π−

�&01±�1 *�8�:$ %2 7*!P 1 � � → �� πππ

�&%1>�&− 6
> 4
−�0 ��11 *#: %1" "8�4 �/ψ → γ�1

�
�±π∓

�&52± & 8#�? 6% "=) ���& π− � →
��1

�
�1
�

π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�&��±�& #./.)�:$ %� -"� �/ψ → γ� � π

WEIGHTED AVERAGE
1476±4 (Error scaled by 1.4)

RATH 89 MPS 0.1
BAI 90C MRK3 0.6
BERTIN 95 OBLX 2.6
BERTIN 97 OBLX 1.4
CICALO 99 OBLX 5.8
ADAMS 01B E852 0.9
NICHITIU 02 OBLX 0.7

χ2

      12.1
(Confidence Level = 0.060)

1420 1440 1460 1480 1500 1520 1540 1560

η ���-! ��

) � � π ��	�  �∗ ���! � 	�������!  +�,!

η��?HJ� B��28η��?HJ� B��28η��?HJ� B��28η��?HJ� B��28

� � π ���� ��∗�DI
� � (� !������ � π ���� ��∗�DI
� � (� !������ � π ���� ��∗�DI
� � (� !������ � π ���� ��∗�DI
� � (� !�����
����� ����� ��
� ������	
 �� 
��	 �����	


65± % 7.8 #3�8#/�65± % 7.8 #3�8#/�65± % 7.8 #3�8#/�65± % 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��0� )�� ��� �����	� ������

��1±�% 402� $: ?:�:. 1� 7*!P

%6±�6± 4 �1G #-#") 1�� �62� �6 /�3 π− � →
�>�−π1 �

�11±�1  : #!7 %% 7*!P 1 � � →
�±�1

�
π∓π>π−

�12±�2 *�8�:$ %5 7*!P 1�1 � � →
�± (�1+π∓π>π−

�12±�2 *�8�:$ %2 7*!P 1 � � → �� πππ

04±�6 #./.)�:$ %� -"� �/ψ → γ� � π

2&>45−��
>�4
−�& *#: %1" "8�4 �/ψ → γ�1

�
�±π∓

2�±�4 8#�? 6% "=) ���& π− � →
��1

�
�1
�

π1
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���������	
�� �	��	��

η���
�� ����
���

WEIGHTED AVERAGE
87±9 (Error scaled by 1.6)

RATH 89 MPS 7.8
BAI 90C MRK3 0.7
AUGUSTIN 92 DM2 1.8
BERTIN 95 OBLX 1.4
BERTIN 97 OBLX 1.4
CICALO 99 OBLX 0.4
ADAMS 01B E852 0.3
NICHITIU 02 OBLX 3.0

χ2

      16.9
(Confidence Level = 0.018)
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η ���-! '�	�� � � π ��	�  �∗ ���! � 	�������!

η��?HJ� ����� �����η��?HJ� ����� �����η��?HJ� ����� �����η��?HJ� ����� �����

"��� 9�	
���� (H� @H+

�� � � π �����	��

�� � �∗�DI
�� -1-1 ����

�4 �1�ID�π ����

�& γ γ ����

η��?HJ� ��!���γ γ�	������"�η��?HJ� ��!���γ γ�	������"�η��?HJ� ��!���γ γ�	������"�η��?HJ� ��!���γ γ�	������"�

�
(
� � π

) × �
(
γ γ

)
	����	� ���&	��

(
� � π

) × �
(
γ γ

)
	����	� ���&	��

(
� � π

) × �
(
γ γ

)
	����	� ���&	��

(
� � π

) × �
(
γ γ

)
	����	� ���&	�

����� �;��� ��� ������	
 �� 
��	 �����	


1.���±1.121±1.1�41.���±1.121±1.1�41.���±1.121±1.1�41.���±1.121±1.1�4 � #  :#88: 1�3 !4 �64S�1� �> �− →
�> �−�1

�
�±π∓

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.16% %1 �,4 #?7?� 12  !�� �1�0 �> �− →

�> �−�1
�
�±π∓

�)��	� 
���	����� ���� �∗� ��
	��
�.��� η(�&52+ �	�� 	�� ����� �&6� "�3 	�� &6 "�3� �����
�������
4#������ ���������� ��	�����	
� ��
	� �� �1

�
�±π∓�

η��?HJ� 67���8��9 7�2���η��?HJ� 67���8��9 7�2���η��?HJ� 67���8��9 7�2���η��?HJ� 67���8��9 7�2���

�
(
� �∗�DI
�� -1-1
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	�

(
� � π

)
��	���

(
� �∗�DI
�� -1-1

)
	�

(
� � π

)
��	���

(
� �∗�DI
�� -1-1

)
	�

(
� � π

)
��	���

(
� �∗�DI
�� -1-1

)
	�

(
� � π

)
��	��

����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.21±1.�1 & *#:!!7$ 05 ?* 1�1 � � → � � πππ

�
(
� �∗�DI
�� -1-1

)
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�
(
� �∗�DI
�� -1-1

)
��

(
�1�ID�π
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��	�����4��

(
� �∗�DI
�� -1-1

)
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�
(
� �∗�DI
�� -1-1

)
��

(
�1�ID�π
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��	�����4��

(
� �∗�DI
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)
	
[
�
(
� �∗�DI
�� -1-1

)
��

(
�1�ID�π
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��	�����4��

(
� �∗�DI
�� -1-1

)
	
[
�
(
� �∗�DI
�� -1-1

)
��

(
�1�ID�π
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��	�����4�

����� ��� ������	
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��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.�2 %1 �-,#8-) 6��  *#! �/ψ → �>�−π1 γ

&-	�	 
���� 	��� ����� �� η(�&12+�

η��?HJ� 7���7�����η��?HJ� 7���7�����η��?HJ� 7���7�����η��?HJ� 7���7�����

!+&+� , �� (8� 8-� �� !.#.� �� ��� �"��& "#��$%��
'�"+� �7 - �� �,�, -�� �� '	).	
	� �� ��� �&����/ "#��$%��
!""�!��� �3 �� �,� � �� !))	$��	 �� ��� ��� "#��$%��
!(!�* �� �� �,�� -�� 3�*� !0$�� �� ��� ��'� ��,- "#��$%��
"�"!�& �� �� ���- �,� "� "	)$�# �� ��� �&����/ "#��$%��
��� �' �8 �� �� --� !� ���
	� �� ��� �&����/ "#��$%��
��� �' �, �� ���� ��8 !� ���
	� �� ��� �&����/ "#��$%��
!737* �' �- �� (�� ��,� 1��� !�5��
	�6 3� "#��� �(�- "#��$%��
�!� �" ��� �, -,8 �� �$	 �� ��� ��$�; ��� "#��$%��
�! + �� �� (� ��� ��3� �$
. �� ��� �'(!�6 ��!'6 �'�6 "7'=��
�(<!�(* �-� ��� �� -,� "� �0@$�0� �� ��� �"� 6 +!��6 ���'��
�!���&' �8 '" ,! ��� ��+� �$	��#� �� ��� �"��'6 "(��6 ��!(�

����
��� �	 �
�� � � �� � ��

3�� �
� ��� ����1�����'
 �� 
���� ��
��
 ��	�� 1 .��! ��	 ��
���1�� ���	�	���
�  3�� ��� ��	�� ��� ��� ��"� �������!

�1��J� �����1��J� �����1��J� �����1��J� ����

����� ����� ��
� ������	
 �� 
��	 �����	


�215± 2 7.8 #3�8#/��215± 2 7.8 #3�8#/��215± 2 7.8 #3�8#/��215± 2 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

�2�2±�� � *#8*�8:) 11! &21 �� → �� ηη�%
�2��± % �,� *#8*�8:) 11" &21 �� → �� &π�%
�2�1± 6 � *#8*�8:) 11� &21 �� → �� ηη�%
�2��±�2 *�8�:$ %6 7*!P 1.12S1.&12 �� →

π>π>π−
�&&%±�1 � *�8�:$ %5" 7*!P 1�1 � � → π>π−π1

�2�2±�1 #*�!� %0�  *#8 1�1 � � → π1�1
�
�1
�

�211±�2 4 #")!�8 %2�  *#8 1.1 � � → 4π1

�212±�2 & #")!�8 %2"  *#8 1�1 � � → ηηπ1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�&%4± 5 2 *:$7$ 12 /#") 44 π− � → ηη�

�2�&±�& �&11 0 /#8"#)? 12 *�!! &> → �>�>�−
�&6%> 6

− &
�& #$:)73: ? 14 83.�

�&%1±41 2 #*�!� 1�  *#8 1.1 � � → π− &π1 �

�&%5±�1 2 *#8*�8:) %% 7"�/ &21 �� →
�% �� �

>�−
�21�±�1 2 *#8*�8:) %%� 7"�/ &21 �� → �% �� π>π−
�21�±��±�1 5 *#8*�8:) %%( 7"�/ &21 �� → �>�−�

π>π−
�241±&2 2 *�!!#;;:$: %% /#"& &21 �� → ��π1 π1

�212±�6 2 98�$ ? %% 411 �� →
�� (�

>�−+�%
�&&5±�5 6 �#":$)�: %% 83.� ππ → ππ� �� � σσ

�261±61 2 #!-� %6 /#"& �11 π− � → π1π1 �

�&%%± 6 � #$:)73: ? %6� 83.�  �����	����

∼ �2�1 8�E�) %6 )=� 611 �� → �% �� �
1
�
�1
�

�2�1±�1 � *#8*�8:) %5� 7"�/ &21 �� →
���(π>π−+

∼ �&52 98#*���: %5( �065 �±
%

→ π∓π±π±
∼ �212 #*�!� %0  *#8 1�1 � � → 2π1

�211± 6 � #*�!� %0" 83.�  �����	����

�&01±�1 ��1 2 #"�!:$ %0� 3�) 45 π−	 → ηηπ−	

�211± 6 *.// %0 83.�

�211±�1 % #")!�8 %2(  *#8 1�1 � � → π1π1π1�

π1 ηη� π1π1 η
�&&2± 2 �1 #$�:$78: %2 7"�/ 411�&21 �� →

���(π>π−+
�&%5±41 2 #$�:$78: %2 7"�/ 411�&21 �� →

��π>π−
∼ �212 *.// %2 "8�4 �/ψ → γπ>π−π>π−
�&&0± 2 2 #*#�;:) %& 7"�/ &21 �� →

���(π>π−+
�2&2±�2 2 #")!�8 %&�  *#8 1.1 � � → π1 ηη′
�2�1±�2 �,�� #$:)73: ? %&  *#8 1�1 � � → 4π1 �π1 ηη

�212±�1 �,�� *.// %& 83.� �� → 4π1� ηηπ1�

ηπ1π1

�201±�2 2 #")!�8 %�  *#8 1�1 � � → π1 ηη

�221±&2±41 2 *�!#-:-;� %�" 3�) 40 π−*� → π− η′ η*�
�&&%± & 2 #8")�87$/ 6%� 7"�/ 411 �� →

���(π>π−+
�0�1±�1 2 #!-� 66 /#"& 411 π−� → π−� �η

∼ �2�2 #)�7$ 66( !#)) �� �− � → �1
�
�1
�
#

�251±�1 011 2 #!-� 65 /#"& �11 π− � → &π1 �

�252±&2 �4 #!-� 60( /#"& �11 π− � → �η�

�206±44 2 *:$7$ 6&" /#"� 46 π− � → ηη′ �
�2%�±�2 2 *:$7$ 64 /#"� 46 π− � → �η�

�2�2± 2 2 /8#E 64 -* 1.1 �� → 4π

����	���� �����
�#���	� ������� π>π− �π1 	�� �(π>π−+�
4���	���� ����� ���������� #$:)73: ? %&�
&���	���� ����� ���������� #$:)73: ? %& 	�� #")!�8 %��
2*�����,���� �	���
0*�����,����� �������� �� =,# 	��������
5 )��������� *#8*�8:) %% 	�� *#8*�8:) %%��
6���	���� ���� �� ����� −−>�
%���	���� �����  �������
�	���� 	�	����� �� #")!�8 %2�� #")!�8 %2"� 	�� #"�
)!�8 %&(�

�1 )��������� #*#�;:) %&� #8")�87$/ 6%�� *�����,���� �	���
�� 9��� 	 ������	����� 	�	����� �� ��� 	������	����� � � → 4π1 �π1 ηη�
��8�	�	����� �� #$:)73: ? %& �	�	�
�4 9��� 
����	� �	��� 	�� ����	� �� ��� ���������� *�����,���� �	���
�&���	���� ���� ���� 
������� 	�	����� �� π− � → π1π1 �� π− � → � � ��

π>π− → π>π−� � � → π1π1π1� π1 ηη� π1π1 η� π>π−π1� �>�−π1� �1
�
�1
�

π1�

�>�1
�

π− 	� ����� � � → π−π−π>� �1
�
�−π1� �1

�
�1
�

π− 	� �����



������������

��� ��� �� ���� 	
� ���������	
�� �	��	��

����
���

�1��J� B��28�1��J� B��28�1��J� B��28�1��J� B��28

����� ����� ��
� ������	
 �� 
��	 �����	


�1%± 5 7.8 #3�8#/��1%± 5 7.8 #3�8#/��1%± 5 7.8 #3�8#/��1%± 5 7.8 #3�8#/�

��1± �& �2 *#8*�8:) 11! &21 �� → �� ηη�%
�1�± �6 �2,�0 *#8*�8:) 11" &21 �� → �� &π�%
��1± �0 �2 *#8*�8:) 11� &21 �� → �� ηη�%
�16± 44 *�8�:$ %6 7*!P 1.12S1.&12 �� →

π>π>π−
��&± 41 �2 *�8�:$ %5" 7*!P 1�1 � � → π>π−π1

�12± �2 #*�!� %0�  *#8 1�1 � � → π1�1
�
�1
�

��1± �2 �5 #")!�8 %2�  *#8 1.1 � � → 4π1

��1± 41 �6 #")!�8 %2"  *#8 1�1 � � → ηηπ1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
%1± �2 �% *:$7$ 12 /#") 44 π− � → ηη�

�40± �4 �&11 �1 /#8"#)? 12 *�!! &> → �>�>�−
�1�± �1 �6 #$:)73: ? 14 83.�

�&1± &1 �% #*�!� 1�  *#8 1.1 � � → π− &π1 �

�1&± �2 �% *#8*�8:) %% 7"�/ &21 �� →
�% �� �

>�−
�4�± �2 �% *#8*�8:) %%� 7"�/ &21 �� → �% �� π>π−
%6± �6±�0 �� *#8*�8:) %%( 7"�/ &21 �� → �>�−�

π>π−
�01± 21 �% *�!!#;;:$: %% /#"& &21 �� → ��π1 π1

�11± 44 �% 98�$ ? %% 411 �� →
�� (�

>�−+�%
�16± &0 �� �#":$)�: %% 83.� ππ → ππ� �� � σσ

�61±�11 �% #!-� %6 /#"& �11 π− � → π1π1 �

�41± �1 �2 #$:)73: ? %6� 83.�  �����	����

��1± 42 �2 *#8*�8:) %5� 7"�/ &21 �� →
���(π>π−+

∼ �11 98#*���: %5( �065 �±
%

→ π∓π±π±
∼ �0% #*�!� %0  *#8 1�1 � � → 2π1

�11± 41 ��1 �% #"�!:$ %0� 3�) 45 π−	 → ηηπ−	

�4�± �2 *.// %0 83.�

�2&± 41 �4 #")!�8 %2(  *#8 1�1 � � → π1π1π1�

π1 ηη� π1π1 η
02± �1 �& #$�:$78: %2 7"�/ 411�&21 �� →

���(π>π−+
�%%± 41 �% #$�:$78: %2 7"�/ 411�&21 �� →

��π>π−
20± �� �% #*#�;:) %& 7"�/ &21 �� →

���(π>π−+
�11± &1 �% #")!�8 %&�  *#8 1.1 � � → π1 ηη′
�&6> �1

− �2
�2,�2 #$:)73: ? %&  *#8 1�1 � � → 4π1 �π1 ηη

�21± �1 �2,�0 *.// %& 83.� �� → 4π1� ηηπ1�

ηπ1π1

�&2± 21 �% #")!�8 %�  *#8 1�1 � � → π1 ηη

�24± 05±21 �% *�!#-:-;� %�" 3�) 40 π−*� → π− η′ η*�
56± �6 �% #8")�87$/ 6%� 7"�/ 411 �� →

���(π>π−+
�51± &1 �% #!-� 66 /#"& 411 π−� → π−� �η

�21± �1 011 �% #!-� 65 /#"& �11 π− � → &π1 �

�02± 02 �5 #!-� 60( /#"& �11 π− � → �η�

�01± 01 �% *:$7$ 6&" /#"� 46 π− � → ηη′ �
��1± &1 �% *:$7$ 64 /#"� 46 π− � → �η�

�1�± �4 �% /8#E 64 -* 1.1 �� → 4π

�2���	���� �����
�0#���	� ������� π>π− �π1 	�� �(π>π−+�
�5���	���� ����� ���������� #$:)73: ? %&�
�6���	���� ����� ���������� #$:)73: ? %& 	�� #")!�8 %��
�%*�����,���� ������
�1*�����,����� �������� �� =,# 	��������
�� )��������� *#8*�8:) %% 	�� *#8*�8:) %%��
�����	���� ���� �� ����� −−>�
�4���	���� �����  �������
�	���� 	�	����� �� #")!�8 %2�� #")!�8 %2"� 	�� #"�
)!�8 %&(�

�& )��������� #*#�;:) %&� #8")�87$/ 6%�� *�����,���� �	���
�2 9��� 	 ������	����� 	�	����� �� ��� 	������	����� � � → 4π1 �π1 ηη�
�08�	�	����� �� #$:)73: ? %& �	�	�
�5 9��� 
����	� �	��� 	�� ����	� �� ��� ���������� *�����,���� �	���
�6���	���� ���� ���� 
������� 	�	����� �� π− � → π1π1 �� π− � → � � ��

π>π− → π>π−� � � → π1π1π1� π1 ηη� π1π1 η� π>π−π1� �>�−π1� �1
�
�1
�

π1�
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�

π− 	� ����� � � → π−π−π>� �1
�
�−π1� �1

�
�1
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π− 	� �����
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�& ?π1 ����
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�5 ρρ
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����27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2���
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���� ��� . 	�"���
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��� ���'��" ����������� ����� ������
 ��� ��� ���������� ���Æ�����
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〉
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� ���
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(
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��� ���� #  :#88: 1�+ !4 γ γ → �1

�
�1
�
� ���
�A

%�� �64S�1% /�3
<1.&0 %2 *#8#�� 11� #!�= γ γ → π>π−

�1��J� 67���8��9 7�2����1��J� 67���8��9 7�2����1��J� 67���8��9 7�2����1��J� 67���8��9 7�2���

�
(
ηη

)
	�

(
ππ

)
��	��1�

(
ηη

)
	�

(
ππ

)
��	��1�

(
ηη

)
	�

(
ππ

)
��	��1�

(
ηη

)
	�

(
ππ

)
��	��1

����� ������	
 �� 
��	 �����	


1.�&2±1.1�5 7.8 9:�1.�&2±1.1�5 7.8 9:�1.�&2±1.1�5 7.8 9:�1.�&2±1.1�5 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��2�

1.�& ±1.1& 7.8 #3�8#/�1.�& ±1.1& 7.8 #3�8#/�1.�& ±1.1& 7.8 #3�8#/�1.�& ±1.1& 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��5� )�� ��� �����	� ������

1.161±1.144 #")!�8 1�  *#8 1.% � � → π1 ηη�

π1π1π1

1.�6 ±1.14 *#8*�8:) 11� &21 �� → �� ηη�%
1.�41±1.1%5 �% #")!�8 %2"  *#8 1�1 � � → ηηπ1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�� ±1.14 41 #$:)73: ? 1�( )=�  ������� <�

1.156±1.1�4 4� #*�!� %0" 83.�  �����	����

1.�25±1.101 4� #")!�8 %2(  *#8 1�1 � � → π1π1π1�

π1 ηη� π1π1 η

WEIGHTED AVERAGE
0.14±0.04 (Error scaled by 1.7)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

AMSLER 95C CBAR 0.9
BARBERIS 00E 1.8
AMSLER 02 CBAR 3.2

χ2

       5.9
(Confidence Level = 0.051)
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�.0%±1.44 7.8 9:��.0%±1.44 7.8 9:��.0%±1.44 7.8 9:��.0%±1.44 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��&�

�.62±1.&��.62±1.&��.62±1.&��.62±1.&� *#8*�8:) 11� &21 �� → �� ηη�%
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.2 ±1.0 41 #$:)73: ? 1�( )=�  ������� <�

<1.& %1 44 =87�7)?�:$ %� /#"& 411 π− � → π− �ηη

<1.0 4& *:$7$ 64 /#"� 46 π− � → �η�



������������

���������	
�� �	��	��

����
���

�
(
� �

)
	�

(
ππ

)
��4	��1�

(
� �

)
	�

(
ππ

)
��4	��1�

(
� �

)
	�

(
ππ

)
��4	��1�
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(
ππ
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��4	��1

����� ������	
 �� 
��	 �����	


1.�&0±1.1�0 7.8 9:�1.�&0±1.1�0 7.8 9:�1.�&0±1.1�0 7.8 9:�1.�&0±1.1�0 7.8 9:�

1.�&�±1.1�6 7.8 #3�8#/�1.�&�±1.1�6 7.8 #3�8#/�1.�&�±1.1�6 7.8 #3�8#/�1.�&�±1.1�6 7.8 #3�8#/�

1.�2 ±1.14 42 *#8/:7��: 14 7*!P ��

1.�% ±1.15 40 #*�!� %6  *#8 1�1 � � → �1
�
�±π∓

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�0 ±1.12 41 #$:)73: ? 1�( )=�  ������� <�

1.44 ±1.14 ±1.15 *#8*�8:) %%( 7"�/ &21 �� → �>�−�
π>π−

1.�1 ±1.16 45 #*�!� %0�  *#8 1�1 � � → π1�1
�
�1
�
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��	��1�
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ηη′�IJD�
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��	��1

����� ������	
 �� 
��	 �����	


1.122±1.1�& 7.8 9:�1.122±1.1�& 7.8 9:�1.122±1.1�& 7.8 9:�1.122±1.1�& 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��6�

1.1%2±1.1�01.1%2±1.1�01.1%2±1.1�01.1%2±1.1�0 *#8*�8:) 11! &21 �� → �� ηη�%
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.112±1.114 41 #$:)73: ? 1�( )=�  ������� <�
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��	 �����	


1.46±1.�0 7.8 9:�1.46±1.�0 7.8 9:�1.46±1.�0 7.8 9:�1.46±1.�0 7.8 9:� ����� ��
����� �
	�� �	
��� �� ��%�

1.�%±1.�11.�%±1.�11.�%±1.�11.�%±1.�1 46 #")!�8 %2"  *#8 1�1 � � → ηηπ1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.12±1.14 41 #$:)73: ? 1�( )=�  ������� <�

1.6&±1.�4 #*�!� %0" 83.�  �����	����

�.5 ±1.6 *:$7$ 6&" /#"� 46 π− � → ηη′ �
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.&2&±1.�1& *.// %0 83.�
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
���� *�8�:$ %6 7*!P 1.12S1.&12 �� →

π>π>π−
�������� ���� 98#*���: %5( �065 �±

%
→ π∓π±π±
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.1&&±1.1�� *.// %0 83.�
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�	�� #!-� 66 /#"& 411 π−� → ηηπ−�

�	�� *:$7$ 64 /#"� 46 π− � → �η�
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�.&�±1.�6 7.8 9:��.&�±1.�6 7.8 9:��.&�±1.�6 7.8 9:��.&�±1.�6 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

�.&�±1.�6 7.8 #3�8#/��.&�±1.�6 7.8 #3�8#/��.&�±1.�6 7.8 #3�8#/��.&�±1.�6 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

�.45±1.�0 *#8*�8:) 11( &21 �� → �� &π�%
�.� ±1.0 4% #")!�8 %6 83.�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.� ±1.� 41 #$:)73: ? 1�( )=�  ������� <�
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.6±1.4 #!-� 65 /#"& �11 π− � → &π1 �
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
4.4±1.2 *#8*�8:) 11" &21 �� → �� π>π− �π1 �%
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>π−+�%

�
(

�ππ��0,�&�

)
	�

(
ππ

)
�0	��1�

(

�ππ��0,�&�

)
	�

(
ππ

)
�0	��1�

(

�ππ��0,�&�

)
	�

(
ππ

)
�0	��1�

(

�ππ��0,�&�

)
	�

(
ππ

)
�0	��1

����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.&�±1.�0 &1 #*�!� 1�  *#8 1.1 � � → π− &π1 �
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�0±1.15 #*�!� 1��  *#8 1.1 � � → 2π
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WEIGHTED AVERAGE
1518±5 (Error scaled by 1.7)

GAVILLET 82 HBC 1.9
BIRMAN 88 MPS 2.0
ASTON 88C LASS 1.5
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�&%�±�% /78!: ? 61 #)=� �5 π− ����	��M�� →
�>�− �

�21�±�2 &  78-�$ 5% 7"�/ ��S�2 π− � →
π>π− �

�&61 �&  8�$$�!! 00 ?* 0�1 π− � → �1
�
�1
�
�

47��>��� 6� �± 6���47��>��� 6� �± 6���47��>��� 6� �± 6���47��>��� 6� �± 6���
����� ����� ��
� ������	
 �� 
��	 �����	


�2�4.&± �.4 7.8 #3�8#/��2�4.&± �.4 7.8 #3�8#/��2�4.&± �.4 7.8 #3�8#/��2�4.&± �.4 7.8 #3�8#/� :�
����� �	�	 ���� ��� �	�	���
G ��	� ������� ���� ����
����� ��
����� �
	�� �	
��� �� ����

�2�0.6± &.4 #)�7$ 66( !#)) �� �− � → �1
�
�1
�
#

�21& ±�� *7!7$�:$ 60 )=� &1 �− � → �1
�
�1
�
*

�2�% ± 4 #8")�87$/ 64� 7"�/ �6�2 �− � → �−�>#

�2�� ± 0 021 #/.:!#8���� 6�� ?* &�� �− � → #�>�−
�2�� ± 4 25� #!?#88#$ 6� ?* 6��2 �− � → #� �



������������

����� ����	
�� �	��	��

� ′
�
��
�
�

�2�� ± 0 ��4 *#88�:87 55 ?* &��2 �− � → #�1
�
�1
�

�2�6 ± 5 �00 �3#$/�!:)�# 55 7"�/ �1 �− � →
�>�− (# �(+

�2�5 ± 4 ��1 *8#$-�$*��� 50" #)=� �4 �− � →
�>�− (# �(+

�2�% ± 5 �11 #/.:!#8���� 5�� ?* 4�%�&�0 �− � →
�� (# �(+

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�2�4 ±�1 2 *#8�73 %% )=� &1 �− � → �1

�
�1
�
�

47��>��� �� > − ����8���2���47��>��� �� > − ����8���2���47��>��� �� > − ����8���2���47��>��� �� > − ����8���2���
����� ����� ��
� ������	
 �� 
��	 �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�2�1.5± �.1 7.8 #3�8#/��2�1.5± �.1 7.8 #3�8#/��2�1.5± �.1 7.8 #3�8#/��2�1.5± �.1 7.8 #3�8#/�

�2�� ± 2 #*!:�:" 12 *�)� �/ψ → φ�>�−
�2�6 ± � ± 4 #*� 1& *�!! �1�0 �> �− →

�> �−�>�−
�2�% ± � >�2

− 2 *#: 143 *�) �/ψ → γ� �

�2�4 ± 0 44� 0 #  :#88: 1�+ !4 %�� �64S�1% �> �− →
�> �−�1

�
�1
�

�242 ± 2 ± & #*8�. %0" -!=? $1 → �>�− > P

�2�0 ± 2 > %
−�2 *#: %0" *�) �/ψ → γ�>�−

�24�.0±�1.1 #./.)�:$ 66 -"� �/ψ → γ�>�−
�2�2 ± 2 5 9#!3#8- 66 -"� �/ψ → φ�>�−
�2�2 ±�1 ±�1 *#!�8.)#:����65 "8�4 �/ψ → γ�>�−
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�2�% ±�1 #  :#88: %21 !4 8���� �� #  :#88: 1�+

�&%0 ± � 6 9#!3#8- 66 -"� �/ψ → φ�>�−

47��>��� �� �� ����8���2���47��>��� �� �� ����8���2���47��>��� �� �� ����8���2���47��>��� �� �� ����8���2���
����� ����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�216±% % #")!�8 1�  *#8 1.% � � → π1 ηη�

π1π1π1

���27�� 47��>�2������27�� 47��>�2������27�� 47��>�2������27�� 47��>�2���
����� ����� ������	
 �� 
��	 �����	


�2�2±�2�2�2±�2�2�2±�2�2�2±�2 *#8*�8:) %% 7"�/ &21 �� →
�% �� �

>�−

47��>��� ��  � ����������47��>��� ��  � ����������47��>��� ��  � ����������47��>��� ��  � ����������
����� ����� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�245>%−6 6& �  ?��#$73 1& ;�.) � � → �1

�
�1
�



�)�����	��
 ������ ��� �����	����
� 9��� 	 �	���	���	�� 	�	����� �� �	�	 ���� 	 ���	���� ����	���� ���� 2 ������
4 ?#*#.- 6� �� 	 ��	�	����� �� =#,!: �: 55 �	�	�
& 9��� 	� 	�������� 	�	����� ����� ��� � ′�(�2�2+ ����� 	�� ��	���
��� 	�� �� 
�������

���	������� ���� ��� �	���� ���	���� ���� � � 
�	����� �	G�� ��� �������� ��������
2 )�����	��
 ������ ��� �����	����
0 )��������� #  :#88: %21�
5 9��� 	� 	�	����� ������ ����������
� ���� �1(�5�1+�
6 9��� 	� 	�	����� ��
����� ����������
� ���� �1(�5�1+�
%���	���� �����

� ′���J
J� B��28� ′���J
J� B��28� ′���J
J� B��28� ′���J
J� B��28

����� ����� ������	
 �� �����	


54> 0
− 2 7.8 9:�54> 0
− 2 7.8 9:�54> 0
− 2 7.8 9:�54> 0
− 2 7.8 9:�

50±�150±�150±�150±�1 =-/ %1 9�� <����

47��>��� 6� 4��� 6���47��>��� 6� 4��� 6���47��>��� 6� 4��� 6���47��>��� 6� 4��� 6���
����� ����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�1�±&� �:�?7":873 14 )=� &1�1 π− →

�1
�
�1
�
�1
�
P

�16> 2
− �

�� !7$/# 8� 60 "=) �� π− � → �1
�
�1
�
�

0%>��−�0 ��  ?#*#.- 6� #)=� 0 π− � → �>�− �

�45>�4−��  ?#*#.- 6� #)=� �6�& π− � → �>�− �

�21>64−21 /78!: ? 61 #)=� �5 π− ����	��M�� →
�>�− �

�02±&� �4  78-�$ 5% 7"�/ ��S�2 π− � →
π>π− �

%�>4%−�� �& =7!E ?87��� 5% )�8 5 π− � → ��1
�
�1
�

47��>��� 6� �± 6���47��>��� 6� �± 6���47��>��� 6� �± 6���47��>��� 6� �± 6���
����� ����� ��
� ������	
 �� 
��	 �����	


61.�± �.0 7.8 #3�8#/�61.�± �.0 7.8 #3�8#/�61.�± �.0 7.8 #3�8#/�61.�± �.0 7.8 #3�8#/� :�
����� �	�	 ���� ��� �	�	���
G ��	� ������� ���� ����

%1 ±�� #)�7$ 66( !#)) �� �− � → �1
�
�1
�
#

54 ±�6 *7!7$�:$ 60 )=� &1 �− � → �1
�
�1
�
*

64 ±�2 #8")�87$/ 64� 7"�/ �6�2 �− � → �−�>#

62 ±�0 021 #/.:!#8���� 6�� ?* &�� �− � → #�>�−
61 >�&

−�� 25� #!?#88#$ 6� ?* 6��2 �− � → #� �

5� ±�2 �00 �3#$/�!:)�# 55 7"�/ �1 �− � →
�>�− (# �(+

0% ±�� �11 #/.:!#8���� 5�� ?* 4�%�&�0 �− � →
�� (# �(+

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
52 ±�1 �2 *#8�73 %% )=� &1 �− � → �1

�
�1
�
�

0� >�%
−�& ��4 *#88�:87 55 ?* &��2 �− � → #�1

�
�1
�

0� ± 6 ��1 *8#$-�$*��� 50" #)=� �4 �− � →
�>�− (# �(+

47��>��� �� > − ����8���2���47��>��� �� > − ����8���2���47��>��� �� > − ����8���2���47��>��� �� > − ����8���2���
����� ����� ��
� ������	
 �� 
��	 �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

5%.%± 4.4 7.8 #3�8#/�5%.%± 4.4 7.8 #3�8#/�5%.%± 4.4 7.8 #3�8#/�5%.%± 4.4 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

55 ±�2 #*!:�:" 12 *�)� �/ψ → φ�>�−
6� ± � ± 4 #*� 1& *�!! �1�0 �> �− →

�> �−�>�−
52 ± & >�2

− 2 *#: 143 *�) �/ψ → γ� �

�11 ±�2 44� �0 #  :#88: 1�+ !4 %�� �64S�1% �> �− →
�> �−�1

�
�1
�

01 ±�1 ±�% #*8�. %0" -!=? $1 → �>�− > P

01 ±�4 >�4
−�1 *#: %0" *�) �/ψ → γ�>�−

�14 ±41 #./.)�:$ 66 -"� �/ψ → γ�>�−
0� ±�1 �5 9#!3#8- 66 -"� �/ψ → φ�>�−
62 ±42 *#!�8.)#:����65 "8�4 �/ψ → γ�>�−

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
50 ±&1 #  :#88: %21 !4 8���� �� #  :#88: 1�+

�11 ± 4 �6 9#!3#8- 66 -"� �/ψ → φ�>�−

47��>��� �� �� ����8���2���47��>��� �� �� ����8���2���47��>��� �� �� ����8���2���47��>��� �� �� ����8���2���
����� ����� ������	
 �� 
��	 �����	


5%±65%±65%±65%±6 �% #")!�8 1�  *#8 1.% � � → π1 ηη�

π1π1π1

���27�� 47��>�2������27�� 47��>�2������27�� 47��>�2������27�� 47��>�2���
����� ����� ������	
 �� 
��	 �����	


51±�251±�251±�251±�2 *#8*�8:) %% 7"�/ &21 �� →
�% �� �

>�−

47��>��� ��  � ����������47��>��� ��  � ����������47��>��� ��  � ����������47��>��� ��  � ����������
����� ����� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
21>4&−�� 6& �1  ?��#$73 1& ;�.) � � → �1

�
�1
�



�1)�����	��
 ������ ��� �����	����
�� 9��� 	 �	���	���	�� 	�	����� �� �	�	 ���� 	 ���	���� ����	���� ���� 2 ������
�� ?#*#.- 6� �� 	 ��	�	����� �� =#,!: �: 55 �	�	�
�4 9��� 	� 	�������� 	�	����� ����� ��� � ′�(�2�2+ ����� 	�� ��	���
��� 	�� �� 
�������

���	������� ���� ��� �	���� ���	���� ���� � � 
�	����� �	G�� ��� �������� ��������
�& 9��� 	 <� �� ��� � ���� ��(��51+��

′
�
(�2�2+ ����������
�� "	�� <��� 	� �2�0 "�3�

�2 )�����	��
 ������ ��� �����	����
�0 )��������� #  :#88: %21�
�5 9��� 	� 	�	����� ������ ����������
� ���� �1(�5�1+�
�6 9��� 	� 	�	����� ��
����� ����������
� ���� �1(�5�1+�
�%���	���� �����

� ′���J
J� ����� ������ ′���J
J� ����� ������ ′���J
J� ����� ������ ′���J
J� ����� �����

"��� 9�	
���� (H� @H+

�� � � (66.6 ±4.� + K

�� ηη (�1.4 ±4.� + K

�4 ππ ( 6.� ±�.2 +× �1−4
�& � �∗�DI
�� -1-1
�2 π� �

�0 ππη
�5 π>π>π−π−
�6 γ γ ( �.��±1.�&+× �1−0



������������

��� ��� �� ���� 	
� ���������	
�� �	��	��

� ′
�
��
�
�

����27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2���

#� ����� $� �� ��� ���� '�	��) � ������ '�	��
) � �����������
�� ������ '�	��
 �������	 ���� ����"����	 ���

 
������
) ��	 %
��������" �����
 �
�
 �- ���
�������
 ��	 ��� ���
������ �� 	�1

������� - ���������
� ��� ����� $� ��
 � χ� & ���� ��� ��
	�"���
 �� ����	���

��� ���'��" ����������� ����� ������
 ��� ��� ���������� ���Æ�����
〈
δ�iδ�j

〉
( δ�i·δ�j!) �� �������) ���� ��� $� �� ���������
 �i) ����	��" ��� ������1

��" ��������
) 	i ≡ *i(*���	�� ��� $� ���
�����
 ��� 	i '��
� ���
 ������ �� ���

����� �� 
�� �� ����

	� −���

	4 −% −�

	6 −� � �

* −%� %� −� −-%

	� 	� 	4 	6

"��� 8	�� ("�3+

�� � � 02 >2
−&

�� ηη 5.0 ±�.2
�4 ππ 1.01±1.��
�6 γ γ ( 6.� ±1.% +× �1−2

� ′���J
J� 4�72��� B��28�� ′���J
J� 4�72��� B��28�� ′���J
J� 4�72��� B��28�� ′���J
J� 4�72��� B��28�

�
(
� �

)
���

(
� �

)
���

(
� �

)
���

(
� �

)
��

����� ����� ������	
 �� 
��	 �����	


02>2−& 7.8 9:�02>2−& 7.8 9:�02>2−& 7.8 9:�02>2−& 7.8 9:�

04>0−204>0−204>0−204>0−2 �1 !7$/# 8� 60 "=) �� π− � → �1
�
�1
�
�

�
(
ππ

)
�4�

(
ππ

)
�4�

(
ππ

)
�4�

(
ππ

)
�4

����� ����� ������	
 �� 
��	 �����	


1.01±1.�� 7.8 9:�1.01±1.�� 7.8 9:�1.01±1.�� 7.8 9:�1.01±1.�� 7.8 9:�

�.& >�.1
−1.2�.& >�.1
−1.2�.& >�.1
−1.2�.& >�.1
−1.2 �1 !7$/# 8� 60 "=) �� π− � → �1

�
�1
�
�

�
(
ηη

)
���

(
ηη

)
���

(
ηη

)
���

(
ηη

)
��

����� ����� ������	
 �� 
��	 �����	


5.0±�.2 7.8 9:�5.0±�.2 7.8 9:�5.0±�.2 7.8 9:�5.0±�.2 7.8 9:�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�& >4

−� �1 !7$/# 8� 60 "=) �� π− � → �1
�
�1
�
�

�19��� 	 �	���	���	�� 	�	����� �� �	�	 ���� 	 ���	���� ����	���� ���� 2 ������

� ′���J
J� ��!���γ γ�	������"�� ′���J
J� ��!���γ γ�	������"�� ′���J
J� ��!���γ γ�	������"�� ′���J
J� ��!���γ γ�	������"�

�
(
� �

) × �
(
γ γ

)
	����	� ���6	��

(
� �

) × �
(
γ γ

)
	����	� ���6	��

(
� �

) × �
(
γ γ

)
	����	� ���6	��

(
� �

) × �
(
γ γ

)
	����	� ���6	�

����� �;��� ��
� ������	
 �� 
��	 �����	


1.15� ±1.115 7.8 9:�1.15� ±1.115 7.8 9:�1.15� ±1.115 7.8 9:�1.15� ±1.115 7.8 9:�

1.15� ±1.115 7.8 #3�8#/�1.15� ±1.115 7.8 #3�8#/�1.15� ±1.115 7.8 #3�8#/�1.15� ±1.115 7.8 #3�8#/�

1.120&±1.11&6±1.1��0 #*� 1& *�!! �1�0 �> �− →
�> �−�>�−

1.150 ±1.110 ±1.1�� 44� �4 #  :#88: 1�+ !4 %�� �64S�1%

�> �− →
�> �−�1

�
�1
�

1.105 ±1.116 ±1.1�2 �� #!*8� ?� %13 #8/ �> �− →
�> �−�>�−

1.�� >1.14
−1.1� ±1.1� *�?8�$- 6%"  �!! �> �− →

�> �−�1
�
�1
�

1.�1 >1.1&
−1.14

>1.14
−1.1� *�8/�8 66 =!.� �> �− →

�> �−�1
�
�1
�

1.�� ±1.15 ±1.1& �� #:?#8# 60� �= �> �− →
�> �−�>�−

1.�� ±1.1� ±1.1& �� #!�?799 64 �#)) �> �− →
�> �−� �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.1%4 ±1.1�6 ±1.1�� �� #  :#88: %21 !4 8���� �� #  :#�

88: 1�+
1.14�&±1.1121±1.1155 �� #!*8� ?� %13 #8/ �> �− →

�> �−�>�−
��.��� 	� ��
������� �	
G������
��.��� 	 
������� �	
G������
�4 )��������� #  :#88: %21�

� ′���J
J� 67���8��9 7�2���� ′���J
J� 67���8��9 7�2���� ′���J
J� 67���8��9 7�2���� ′���J
J� 67���8��9 7�2���

�
(
ηη

)
	�

(
� �

)
��	���

(
ηη

)
	�

(
� �

)
��	���

(
ηη

)
	�

(
� �

)
��	���

(
ηη

)
	�

(
� �

)
��	��

����� ��� ������	
 �� 
��	 �����	


1.��±1.1& 7.8 9:�1.��±1.1& 7.8 9:�1.��±1.1& 7.8 9:�1.��±1.1& 7.8 9:�

1.��±1.1&1.��±1.1&1.��±1.1&1.��±1.1& �& =87�7)?�:$ %� /#"& 411 π− � → π− �ηη

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.�& %1 *#8*�8:) 11� &21 �� → �� ηη�%
<1.21 *#8$�) 05 ?* &�0�2�1 �− �

�& ������� ������� �� /#"& ���� ����� �� ,#50 �� � � 
����	� �����
���� 	�� �������
��  *#!� "8�4 	�� -"� �� �/ψ → γ ηη�

�
(
ππ

)
	����	� �4	��

(
ππ

)
	����	� �4	��

(
ππ

)
	����	� �4	��

(
ππ

)
	����	� �4	�

����� ��� ������	
 �� 
��	 �����	


1.116�±1.11�0 7.8 9:�1.116�±1.11�0 7.8 9:�1.116�±1.11�0 7.8 9:�1.116�±1.11�0 7.8 9:�

1.1152±1.11�0 7.8 #3�8#/�1.1152±1.11�0 7.8 #3�8#/�1.1152±1.11�0 7.8 #3�8#/�1.1152±1.11�0 7.8 #3�8#/�

1.115 ±1.11�  7)�#��� 61 7"�/ �1 π− � → �>�− �

1.1�5 >1.15�
−1.1�4 �2 /78!: ? 61 #)=� �5��6 π− �

1.1152±1.11�2 �2,�0 "#8�:$ 5% 83.�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.10 %2 #/.:!#8���� 6�� ?* &�� �− � → #�>�−
1.�% ±1.14  78-�$ 5% 7"�/ ��S�2 π− � →

π>π− �
<1.1&2 %2 *#88�:87 55 ?* &��2 �− � → #�1

�
�1
�

1.1�� ±1.11& �2 =#,!: �: 55 )=� 0 π� → �>�−�

<1.104 %1 *8#$-�$*��� 50" #)=� �4 �− � →
�>�− (# �(+

<1.1160 �2 *�.) ? 52� 7)=� 6�% π− � → �1�1 �

�2#������ ��	� ��� � ′�(�2�2+ �� �����
�� �� 	� �������� ��
�	�� �����
���� ��
�	�����
�0"#8�:$ 5% ���� ��� =#,!: �: 55 �	�	 ���� �������� ����� �	��� �� ��� � ′

�
(�2�2+ →

� � ��	�
��� �	����

�
(
ππ

)
	�

(
��

)
�4	���

(
ππ

)
	�

(
��

)
�4	���

(
ππ

)
	�

(
��

)
�4	���

(
ππ

)
	�

(
��

)
�4	��

����� ������	
 �� 
��	 �����	


1.11%�±1.11�6 7.8 9:�1.11%�±1.11�6 7.8 9:�1.11%�±1.11�6 7.8 9:�1.11%�±1.11�6 7.8 9:�

1.152 ±1.1421.152 ±1.1421.152 ±1.1421.152 ±1.142 #./.)�:$ 65 -"� �/ψ → γπ>π−

�
(
ππη

)
	�

(
� �

)
�0	���

(
ππη

)
	�

(
� �

)
�0	���

(
ππη

)
	�

(
� �

)
�0	���

(
ππη

)
	�

(
� �

)
�0	��

����� ��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.&� %2 #/.:!#8���� 5�� ?* 4�%�&�0 �− �

<1.4 05 #""#8 05 ?* [
�
(
� �∗�DI
�� -1-1

)
��

(
π� �
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)
��&��2�	��
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�
(
� �∗�DI
�� -1-1

)
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(
π� �
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	�
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� �

)
��&��2�	��
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�
(
� �∗�DI
�� -1-1

)
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(
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(
� �

)
��&��2�	��

[
�
(
� �∗�DI
�� -1-1

)
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(
π� �

)]
	�

(
� �

)
��&��2�	��

����� ��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.42 %2 #/.:!#8���� 5�� ?* 4�%�&�0 �− �

<1.& 05 #""#8 05 ?* 

�
(
π>π>π−π−)

	�
(
� �

)
�5	���

(
π>π>π−π−)

	�
(
� �

)
�5	���

(
π>π>π−π−)

	�
(
� �

)
�5	���

(
π>π>π−π−)

	�
(
� �

)
�5	��

����� ��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.4� %2 #/.:!#8���� 5�� ?* 4�%�&�0 �− �

�
(
ηη

)
	����	� ��	��

(
ηη

)
	����	� ��	��

(
ηη

)
	����	� ��	��

(
ηη

)
	����	� ��	�

����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�1±1.14 �5 =87�7)?�:$ %� /#"& 411 π− � → π− �ηη

�5 ������� ������� �� /#"& ���� ����� �� ,#50 �� � � 
����	� �����
���� 	�� �������
��  *#!� "8�4 	�� -"� �� �/ψ → γ ηη�

� ′���J
J� 7���7������ ′���J
J� 7���7������ ′���J
J� 7���7������ ′���J
J� 7���7�����

!���4�� , �� ��8 -�� �� !%�	;	� �� ��� ���* "#��$%��
!�� � ��1 "�- �-� 4� !%� �� ��� ������ "#��$%��
"+�4!'&� � �� �,8� �� *� ".�;$�#: �� ��� ���7* "#��$%��
�!� �3 �� (�� ,-� 1��� �$	 �� ��� ���* "#��$%��
 �4+&���&� � �!' �� �-� 3�(�  	;.#�	�#: �� ���

 �$���$
�0 ��#� =!� �� ���
!�*��� - ��1 "-� -� "� !����� �� ���
!""�!��� �+ �� �,� �8� �� !))	$��	 �� ��� ��� "#��$%��
�!�����* � �� ��8� ,� (� �$�%��	� �� ��� �<! �- "#��$%��
�!�����* �� �� ��,� �, (� �$�%��	� �� ��� �&��5$ �D9
��
�!�4&� �� 1� �� 8 -�� ���� �$�;#: �� ���

 �$���$
�0 ��#� �� �� 8 -�-�
!���7 ��" �� ��8� �� �� !%��� �� ��� �(���+� "#��$%��
�!� ��" ��� 88 ��,� 1��� �$	 �� ��� ���* "#��$%��
!""�!��� �,1 �� ���� ��� �� !))	$��	 �� ��� ��� "#��$%��
��&4&*+4�' �� *�( �� �,, =�(� ��#;#�.;	� �3!�-6 3!�� "#��$%��

 �$���$
�0 ��#� (!'* ��� ��
!����"+ �3 ��+= "�� ��� +� !�%��).
 �� ��� �!�37* "#��$%��
�(3 � �� �-�� 1�1� +���$�0�� �� ��� ����"6 �&* 6 "� ��
��+��'( ��" ��+= "�� �� +�1� ��.���0 �� ��� �"���& "#��$%��
!* &' ��( '� ��� ,-, (� !�
#� �� ��� �*�!"6 '!3&6 "�'"6 �'7*�
!737* �' �� ��� � --�� 1��� !�5��
	� �� ��� �(�- "#��$%��
���3�� �� ��+= "�8 �-� "� ���5�� �� ��� ���7 & "#��$%��
�!��!�( �� �� (�� -8� !� �$�:$�0 �� ��� �"���6 ��!*6 �!�&��
!737* �' �8 ��+= "�� ��� 1��� !�5��
	� �� ��� ��!�&6 "���6 ��!*��
�!� �7*!� ��� �8 �� (�, -88 ���� �$�
���$	
	� �� ��� ��$�; ��� "#��$%��
!�+!�! ��� ��� ,8 �� +� !	.$�$ �� ��� � �"B-γ "#��$%��
�&�&'4�' �� *1'� �� 88� ���� �#�#�;	� �� ��� �� ��� 1�

 �$���$
�0 ��#� =!� �� �-���



������������

���������	
�� �	��	��

� ′
�
��
�
�� ����
�
�

�&'3!"�� �� �� ��88 --� ��*� �#�5$)�� �� ��� ��'�6 ��!'6 "7'=��
!� +&�� �� �� �-�� -�� �� !�
.#C �� ��� � !**& "#��$%��
!��* �&'3 ��� '� �--� ���  �!� !���
�#�5 �� ��� ��!��6 ����6 "��'��
!37��!�B��� ��� ��+= "� ��� �� !5�	�$�B���	
�� �� ��� �"��'6 "(����
!�+!��!' �� '� ���� -� *� !�B+$��$� �� ��� �����6 "��'6 3�!*��
"+!�!7( �� !�� ��- ,8, �� ".$%$�0 �� ��� �"��'6 "�!"6 �����
"&* !��� � '� ��8, �- 3� "#�
$ 0� ��$���5$�0 �� ��� ��!��6 �&''��
3&���"+ � '� ��8� �� �� 3#��	). �� ��� �"�!"6 ����6 "��'��
"&�(�' 8� '� ��,8 -, ��1� "#�0�� �� ��� �����6 �+��6  ��!�� 1�
�!� �' 8� '� ��,� ,- !�(� �$�
	�6 ��'� &���
�� �(7�+�
�&�="+�&��� 8� �� (�� ���8 ��!� �#�>).�#�$;#� �� ��� �'(!�6 !'��
�!�����& 88 '� ��-� -�8 �� �$���	�# �� ��� �"��'6 !�* 6 '�1���
��!'3���* ! 88 '� ��-8 ��� "� �:$�5��	�
$ �� ��� ��!��6 �&''6 "��'��
�!<��"4� 88 �� (�, ���� !�1� �$@�	);	 �� ��� �!'�� �1�
��!'(�'���� 8�" '� ��� ��� 3�<� ��$�0��%��5 �� ��� �*�!"�
��7*"+ 8,� �� �� �� <� ����). �� ��� �"��'6 � +�
!37��!�B��� 8-� �� (� -� �� !5�	�$�B���	
�� �� ��� ��'��
!��!� �8 ��� �� �8� �� !��$� �� ��� �'<�*6 !'�� 1�
�!�'�* �8 ��� �� ��� ���� �$���� �� ��� ��'�6 *=�!� �1�"
"��''��� �� ��� �� �-, (�1� "������� �� ��� ��'�� �

�28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7�

!'�*&��"+ , 1� �� � 8�, ���� !�	�#:	).
 �$���$
�0 ��#� �� �� � ��,�

�� � 1�3 -8 �8 (�B�� �	6 +� =�6 ?�B/� *.��
!�����"& �� �� ���� �� !� !�%��	)# �� ��� �&%��	D "#��$%��
1�''� �� �� (-8 ��� �� 1���	 �� ��� �*�!"6 ����
!��* �&'3 �- �� ��� 88  �!� !���
�#�5 �� ��� ��!��6 ����6 "��'��
� 4�' �-� �� (-, �8�� !� �
;	� �� ��� ��'�6 "7'=6  7� *6 �!'(�
!��!�* �8� ��� �� �- 3�*� !%�$�� �� ��� �7�(�
�!�'�* �, ��� �, �-- ���� �$���� �� ��� ��'�6 *=�!�

����
�
� �	 �
�� � � ��
 � ��

���22�� �7�� �>���7� 2�6��
3��� �� ����������1������ ����������� �� ��
�� 0��	
 ���$���1
�����

����JFJ� ��������JFJ� ��������JFJ� ��������JFJ� ����

����� ����� ������	
 �� 
��	 �����	


�2&0 ±�� 7.8 #3�8#/��2&0 ±�� 7.8 #3�8#/��2&0 ±�� 7.8 #3�8#/��2&0 ±�� 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��0� )�� ��� �����	�
������

�22� ±�4 � #")!�8 1�  *#8 1.% � � → π1 ηη�

π1π1π1

�221 ±�1 ±�1 #"�!:$ 11 3�) 45 π− � → ηπ>π− �

�252 ±�6 *�8�:$ %6 7*!P 1.12S1.&12 �� →
π>π>π−

�215 ±�2 � *�8�:$ %5" 7*!P 1�1 � � → π>π−π1

�202 ±�1 "#E %1 #)�� 1�1 � � → π>π−π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�2&&.5± 4.1 3!#-:":8)�:: 11 )=� &1 π− � → �1

�
�1
�



�2%6 ±�� ± % *#��8 %%� )=� 1 � � → ωωπ1

�24& ±�1 � #*�!� %0" 83.�  �����	����

∼ �22� 4 #")!�8 %2(  *#8 1�1 � � → π1π1π1�

π1 ηη� π1π1 η
�2%6 ±5� *#!7)?:$ %2 )=� &1 π− → �1

�
�1
�
P

�200 >61
−21 & #$:)73: ? %&  *#8 1�1 � � → 4π1 �ηηπ1

�21� ± % #-#"7 %4 7*!P �� → π>π>π−
�&66 ±�1 2 #8")�87$/ %4" �501 �� → π1 ηη → 0γ

�216 ±�1 2 #8")�87$/ %4( �501 �� → 4π1 → 0γ

�2�2 ±�1 2 #8")�87$/ %4( �501 �� → ηπ1π1 → 0γ

∼ �21& 0 ,�:-�$#.�8 %4 #)�� 1�1 �� → 4π− �π>

�2&1 ±�2 2 #-#"7 %� 7*!P �� → π>π>π−
�2�2 ±�1 5 #��8 %�  *#8 1.1 � � → 4π1

�&55 ± 2 *8:-/�) 60" -* 1�1 �� → 4π− �π>

����	���� �����
����	���� ����� �	�� 
������ �� ρρ 	�� ωω� 
���� �� ��(�0&1+�
4 �������
�	���� 	�	����� �� #")!�8 %2�� #")!�8 %2"� 	�� #")!�8 %&(�
& 9��� 	 ������	����� 	�	����� �� ��� 	������	����� � � → 4π1 �π1 ηη ��
����� #��8 %�
�	�	�

2 �� ��� ����������� 
���� �� �	���� �1(�211+�
0 �� ��� �����������
5 )��������� �� #")!�8 %2��

WEIGHTED AVERAGE
1546±12 (Error scaled by 1.6)

MAY 90 ASTE 0.9
BERTIN 97C OBLX 6.9
BERTIN 98 OBLX 2.5
AMELIN 00 VES 0.0
AMSLER 02 CBAR 0.2

χ2

      10.5
(Confidence Level = 0.033)

1450 1500 1550 1600 1650 1700

� �-.-! ��

  +�,!

����JFJ� B��28����JFJ� B��28����JFJ� B��28����JFJ� B��28

����� ����� ������	
 �� 
��	 �����	


��0 ± �� 7.8 #3�8#/���0 ± �� 7.8 #3�8#/���0 ± �� 7.8 #3�8#/���0 ± �� 7.8 #3�8#/�

��4 ± �4 6 #")!�8 1�  *#8 1.% � � → π1 ηη�

π1π1π1

�41 ± �1 ±&1 #"�!:$ 11 3�) 45 π− � → ηπ>π− �

��% ± �& *�8�:$ %6 7*!P 1.12S1.&12 �� →
π>π>π−

�41 ± �1 6 *�8�:$ %5" 7*!P 1�1 � � → π>π−π1

�51 ± &1 "#E %1 #)�� 1�1 � � → π>π−π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�1.4± 4.1 3!#-:":8)�:: 11 )=� &1 π− � → �1

�
�1
�



�61 ± 01 % #*�!� %0" 83.�  �����	����

∼ �&� �1 #")!�8 %2(  *#8 1�1 � � → π1π1π1�

π1 ηη� π1π1 η
�04 ±�1� *#!7)?:$ %2 )=� &1 π− → �1

�
�1
�
P

�00 > 61
− �1

�� #$:)73: ? %&  *#8 1�1 � � → 4π1 �ηηπ1

�41 ± �1 �� #-#"7 %4 7*!P �� → π>π>π−
�&6 ± �5 �4 #8")�87$/ %4" �501 �� → π1 ηη → 0γ

�14 ± �2 �4 #8")�87$/ %4( �501 �� → 4π1 → 0γ

��� ± �1 �4 #8")�87$/ %4( �501 �� → ηπ1π1 → 0γ

∼ �10 �& ,�:-�$#.�8 %4 #)�� 1�1 �� → 4π− �π>

�4� ± 45 �4 #-#"7 %� 7*!P �� → π>π>π−
��1 ± �1 �2 #��8 %�  *#8 1.1 � � → 4π1

��0 ± % *8:-/�) 60" -* 1�1 �� → 4π− �π>

6���	���� �����
%���	���� ����� �	�� 
������ �� ρρ 	�� ωω� 
���� �� ��(�0&1+�
�1 �������
�	���� 	�	����� �� #")!�8 %2�� #")!�8 %2"� 	�� #")!�8 %&(�
�� 9��� 	 ������	����� 	�	����� �� ��� 	������	����� � � → 4π1 �π1 ηη ��
����� #��8 %�
�	�	�

�� )��������� #-#"7 %��
�4 �� ��� ����������� 
���� �� �	���� �1(�211+�
�& �� ��� �����������
�2 )��������� �� #")!�8 %2��

����JFJ� ����� ���������JFJ� ����� ���������JFJ� ����� ���������JFJ� ����� �����

"��� 9�	
���� (H� @H+

�� ππ ����

�� π>π− ����

�4 π1π1 ����

�& ρ1 ρ1 ����

�2 
π>
π− ����

�0 ηη ����

�5 ����A
�π
�6 ωω ����
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�&±1.15 *#��8 %% )=� �.%& �� → &π1

�
(
ρπ�−wave

)
	����	� �2	��

(
ρπ�−wave

)
	����	� �2	��

(
ρπ�−wave

)
	����	� �2	��

(
ρπ�−wave

)
	����	� �2	�

����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
����  ?.$/ 1� �62� �6�4 π− � → π>π−π− �

���� #"�!:$ %2� 3�) 40 π−	 → π>π−π−	

�
(
ωππ

)
	����	� �0	��

(
ωππ

)
	����	� �0	��

(
ωππ

)
	����	� �0	��

(
ωππ

)
	����	� �0	�

����� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
���� 42�61 4 *#��8 14 )=� �� → ωπ>π−π1

�
(
����
DJ�π

)
	����	� �5	��

(
����
DJ�π

)
	����	� �5	��

(
����
DJ�π

)
	����	� �5	��

(
����
DJ�π

)
	����	� �5	�

����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��� ���� �.?$ 1& �62� �6 π− � → ηπ>π−π− �

���� !�� %& "=)� �6 π− � → �>�1π−π− �

�
(
����
F�η

)
	����	� �6	��

(
����
F�η

)
	����	� �6	��

(
����
F�η

)
	����	� �6	��

(
����
F�η

)
	����	� �6	�

����� ������	
 �� 
��	 �����	


��� ������� ������� ������� ���� �.?$ 1& �62� �6 π− � → ηπ>π−π− �

4#������ ��� ωρ ��
�	���� ��� ��� ωππ ��	���



������������

��� ��� �� ���� 	
� ���������	
�� �	��	��

�������� �������� η����
�

����F?� 7���7���������F?� 7���7���������F?� 7���7���������F?� 7���7�����

47+' � �� �,�, �� 1� 4�.� �� ��� ��'� ��,- "#��$%��
�!4�� � �� �,�� �� "�!� �$;�� �� ���
"+7'3 - �� (�, 8-� *�7� ".��5 �� ��� ��'� ��,- "#��$%��
!*'��  �� (�� �-- (��� !���� �� ��� �"��& "#��$%��
�!4�� �� �� ���� ��� "�!� �$;�� �� ���
!���7 ��3 �� ��-� ��� �� !%��� �� ��� �(���+� "#��$%��
!����' �,� �� ��,� ,�, (��� !���	� �� ��� �*���6  ����
��� �� �� ��-� --8 1�+� ��� �� ��� ��'�6 �'(6 4=7'6 �!*(��
�&<��� �� �� �-� �� ��3� �#@��� �&/��
�����'� �, *1'� �� 8�� (� ����	�	 �� ���

 �$���$
�0 ��#� =!� �� �--��

�28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7�

�!�'�* �8 �� (,, ��,8  � �$���� �� ��� �&�'�6 �!�6 �"+*�
3&7� �- ($��$� +�� �-6 9� ,8- =���� 3#�� �� ��� ���* "#��$%��

��#)��0	�5� //�� ��
� "#��� #� +	5. ����5> �.>�	)�

������� �	 �
�� � � ��
 � ��

���22�� �7�� �>���7� 2�6��

����F?� ��������F?� ��������F?� ��������F?� ����

����� ����� ������	
 �� 
��	 �����	


�046± 0 7.8 #3�8#/��046± 0 7.8 #3�8#/��046± 0 7.8 #3�8#/��046± 0 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

�0�1±�0 *.// %2 "8�4 �/ψ → γπ>π−π>π−
�0&5± 5 #-#"7 %� 7*!P �� → 4π>�π−
�2%1±41 *�!#-:-;� %�� 3�) 40 π− � → ωω�

�042± 5 #!-� %1 /#"� 46 π− � → ωω�
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�0&4± 5 � #!-� 6%� /#"� 46 π− � → ωω�

�)��������� �� #!-� %1�

����F?� B��28����F?� B��28����F?� B��28����F?� B��28

����� ����� ��� ������	
 �� 
��	 �����	


%%>�6−�& 7.8 #3�8#/�%%>�6−�& 7.8 #3�8#/�%%>�6−�& 7.8 #3�8#/�%%>�6−�& 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ���� )�� ��� �����	� ������

�&1>01−�1 *.// %2 "8�4 �/ψ → γπ>π−π>π−

26±�1 #-#"7 %� 7*!P �� → 4π>�π−
�11±�1 *�!#-:-;� %�� 3�) 40 π− � → ωω�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
< 51 %1 #!-� %1 /#"� 46 π− � → ωω�

WEIGHTED AVERAGE
99+28-24 (Error scaled by 2.1)

BELADIDZE 92B VES 0.0
ADAMO 92 OBLX 4.3
BUGG 95 MRK3 4.1

χ2

       8.4
(Confidence Level = 0.015)

-100 0 100 200 300 400

� �.��! '�	��  +�,!

����F?� ����� ���������F?� ����� ���������F?� ����� ���������F?� ����� �����

"��� 9�	
���� (H� @H+

�� ωω ����

�� ?π ����

����F?� 7���7���������F?� 7���7���������F?� 7���7���������F?� 7���7�����

�733 �, �� ��,� �8� (��� ��55 �� ��� ��&?�6 �'��6 <!*+� 1�
!(!�& �- �� �-�8 ��� !� !0$�# �� ��� �&����/ "#��$%��
���!(�(�� �-� ��+= ",� ��8 3��� ���$0	0�� �� ��� ���* "#��$%��
!�(� � �� �-�� � (��� !�0� �� ��� �*���6 ���36 �!'�6 �!����
!�(� ��� �� �-�� �,� (��� !�0� �� ��� �*���6 ���36 �!'�6 �!���� �31�"

�28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7�

!'�*&��"+ , 1� �� � 8�, ���� !�	�#:	).
 �$���$
�0 ��#� �� �� � ��,�

��&4&*+4�' �� �!' �- �,� =��(� ��#;#�.;	�
 �$���$
�0 ��#� =!� �- ����

η����
� �	 �
�� � � ��
−��

η���F?J� ����η���F?J� ����η���F?J� ����η���F?J� ����

����� ����� ������	
 �� 
��	 �� �����	


�0�5± 2 7.8 #3�8#/��0�5± 2 7.8 #3�8#/��0�5± 2 7.8 #3�8#/��0�5± 2 7.8 #3�8#/�

�0�4± 6 *#8*�8:) 11� &21 �� →
�� ηπ>π− �%

�0�5± 6 *#8*�8:) 11" &21 �� →
�� &π�%

�0�1±�1 *#8*�8:) %5� 7"�/ &21 �� →
���(π>π−+

�0&2±�&±�2 #-7"�:� %0  *#8 1 ��%& �� → η4π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�0&2± 0±�1 #$:)73: ? 11� )=� ��%& �� → η4π1

η���F?J� B��28η���F?J� B��28η���F?J� B��28η���F?J� B��28

����� ����� ������	
 �� 
��	 �� �����	


�6�±�� 7.8 #3�8#/��6�±�� 7.8 #3�8#/��6�±�� 7.8 #3�8#/��6�±�� 7.8 #3�8#/�

�62±�5 *#8*�8:) 11� &21 �� →
�� ηπ>π− �%

�55±�6 *#8*�8:) 11" &21 �� →
�� &π�%

�61±�2 *#8*�8:) %5� 7"�/ &21 �� →
���(π>π−+

�61>&1−��±�2 #-7"�:� %0  *#8 1 ��%& �� → η4π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�11±�2 #$:)73: ? 11� )=� ��%& �� → η4π1

η���F?J� ����� �����η���F?J� ����� �����η���F?J� ����� �����η���F?J� ����� �����

"��� 9�	
���� (H� @H+

�� ����A
�π ����

�� � � π ����

�4 �∗� ����

�& ηπ>π− ����

�2 �1�ID�π ����

�0 ����
H�η ��� ����

η���F?J� 67���8��9 7�2���η���F?J� 67���8��9 7�2���η���F?J� 67���8��9 7�2���η���F?J� 67���8��9 7�2���

�
(
� � π

)
	�

(
����A
�π

)
��	���

(
� � π

)
	�

(
����A
�π

)
��	���

(
� � π

)
	�

(
����A
�π

)
��	���

(
� � π

)
	�

(
����A
�π

)
��	��

����� ������	
 �� 
��	 �����	


1.15±1.141.15±1.141.15±1.141.15±1.14 � *#8*�8:) %5" 7"�/ &21 �� → ��� � π

�.��� �(π>π−+ �	�	 ���� *#8*�8:) %5��

�
(
����A
�π

)
	�

(
�1�ID�π

)
��	�2�

(
����A
�π

)
	�

(
�1�ID�π

)
��	�2�

(
����A
�π

)
	�

(
�1�ID�π

)
��	�2�

(
����A
�π

)
	�

(
�1�ID�π

)
��	�2

����� ������	
 �� �����	


�4.1±�.5�4.1±�.5�4.1±�.5�4.1±�.5 *#8*�8:) 11� &21 �� → �� ηπ>π− �%

�
(
����
H�η

)
	����	� �0	��

(
����
H�η

)
	����	� �0	��

(
����
H�η

)
	����	� �0	��

(
����
H�η

)
	����	� �0	�

����� ������	
 �� �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��� ���� *#8*�8:) 11� &21 �� → �� ηπ>π− �%

η���F?J� 7���7�����η���F?J� 7���7�����η���F?J� 7���7�����η���F?J� 7���7�����

!'�*&��"+ � �� ��88 �� !��� !�	�#:	). �� ���

�!�����* � �� ��8� ��, (� �$�%��	� �� ��� �<! �- "#��$%��
�!�����* " �� ��8� �� (� �$�%��	� �� ��� �<! �- "#��$%��
�!�����* �8� �� ���� -�8 (� �$�%��	� �� ��� �<! �- "#��$%��
�!�����* �8" �� ���� --, (� �$�%��	� �� ��� �<! �- "#��$%��
!(&��� �� ��+= "8� --8 1� !0#��	
 �� ��� �"�>�
$� �$���� "#��$%��



��	��	��	��	

���������	
�� �	��	��

ω���
��

ω���
�� �	 �
�� � � −��−−�

ω��FJ� ����ω��FJ� ����ω��FJ� ����ω��FJ� ����

����� ����� ��
� ������	
 �� 
��	 �� �����	


�051± 41 7.8 �)�:"#���051± 41 7.8 �)�:"#���051± 41 7.8 �)�:"#���051± 41 7.8 �)�:"#��

�001± �1± � #.*�8��* 1&' *#*8 �1�0 �> �− →
π>π−π1 γ

�511± �1 �./�$:7 1� )=� �6 π− � → ωη�

�512± �0 0�� � #�?"��)?:$ 11(  "-� �> �− → ωπ>π−
�00�± �4 521 � #$�7$�!!: %� -"� ��4&S��&�> �− →

ρπ� ωππ
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�551± 21±01 ���" 4 # ?#)73 14( 83.� 1.&&S�.11 �> �− →

π>π−π1

�0�%± 2 & ?�$$�8 1� 83.� �.�S�.1 �> �− →
ρπ� ωππ

�6�1>�%1−�21 2 # ?#)73 %6+ 83.� �> �− →
π>π−π1

�6&1>�11− 51
0 # ?#)73 %6+ 83.� �> �− → ωπ>π−

�561>�51−411 5 # ?#)73 %6+ 83.� �> �− → �>�−

∼ ��11 6 # ?#)73 %6+ 83.� �> �− →
�1
�
�±π∓

�010± % %  !�// %& 83.�

�051± �1 #��:$)7$ 64� 7"�/ �1S51 γ � → 4πP

�025± �4  78-:�8 6� -"� �> �− → ω�π

�05%± 4& �� �)=7):�7 61 98#" �> �− → 4π

�02�± �5  7)"� 5% 7)=� 1 �> �− → 4π

�.��� ��� �	�	 �� #�?"��)?:$ 11( 	�� #$�7$�!!: %�� ��� ρπ �����	�
� ��� ���
����� ��������
� �� ��� ω(�&�1+ 	�� ω(�021+ ����� 	�������

� 9��� ��� 
������� <� �� ��� ρπ 	�� ωππ <�	� ��	����
4 9��� ��� 
������� <� �� #$�7$�!!: %�� # ?#)73 1��� # ?#)73 1��� 	��

# ?#)73 14( �	�	 �� ��� π>π−π1 	�� #$�7$�!!: %� �� ��� ωπ>π− <�	� ��	����
)��������� # ?#)73 %%� 	�� # ?#)73 1���

&.��� ������� ��  78-:�8 6� 	�� ��������	�� �	�	 �� -7!:$)�E %� 	�� #$�
�7$�!!: %��

2.��� �	�	 ���� *#8�73 65� -7!:$)�E %�� 	�� #$�7$�!!: %��
0.��� ��� �	�	 ���� #$�7$�!!: %��
5.��� ��� �	�	 ���� :3#$73 6� 	�� *:)�!!7 66��
6.��� ��� �	�	 ���� *:)�!!7 %�"�
% 9��� 	 <� �� ��� *�����,���� ���
����� 	�� ���� ��� �	�	 �� -7!:$)�E %� 	��
#$�7$�!!: %��

ω��FJ� B��28ω��FJ� B��28ω��FJ� B��28ω��FJ� B��28

����� ����� ��
� ������	
 �� 
��	 �� �����	


4�2± 42 7.8 �)�:"#��4�2± 42 7.8 �)�:"#��4�2± 42 7.8 �)�:"#��4�2± 42 7.8 �)�:"#��

�41± 41± �1 #.*�8��* 1&' *#*8 �1�0 �> �− →
π>π−π1 γ

�21± 21 �./�$:7 1� )=� �6 π− � → ωη�

451± �2 0�� �1 #�?"��)?:$ 11(  "-� �> �− → ωπ>π−
�61± �& 521 �� #$�7$�!!: %� -"� ��4&S��&�> �− →

ρπ� ωππ
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
&%1>�11−�21±�41 ���" �� # ?#)73 14( 83.� 1.&&S�.11 �> �− →

π>π−π1

�21± �& �4 ?�$$�8 1� 83.� �.�S�.1 �> �− →
ρπ� ωππ

��4± �1 �&  !�// %& 83.�

�01± �1 #��:$)7$ 64� 7"�/ �1S51 γ � → 4πP

�40± &0  78-:�8 6� -"� �> �− → ω�π

%%± &% �� �)=7):�7 61 98#" �> �− → 4π

&�± �5  7)"� 5% 7)=� 1 �> �− → 4π

�1.��� ��� �	�	 �� #�?"��)?:$ 11( 	�� #$�7$�!!: %�� ��� ρπ �����	�
� ��� ���
����� ��������
� �� ��� ω(�&�1+ 	�� ω(�021+ ����� 	�������

��9��� ��� 
������� <� �� ��� ρπ 	�� ωππ <�	� ��	����
�� 9��� ��� 
������� <� �� #$�7$�!!: %�� # ?#)73 1��� # ?#)73 1��� 	��

# ?#)73 14( �	�	 �� ��� π>π−π1 	�� #$�7$�!!: %� �� ��� ωπ>π− <�	� ��	����
)��������� # ?#)73 %%� 	�� # ?#)73 1���

�4.��� ������� ��  78-:�8 6� 	�� ��������	�� �	�	 �� -7!:$)�E %� 	�� #$�
�7$�!!: %��

�& 9��� 	 <� �� ��� *�����,���� ���
����� 	�� ���� ��� �	�	 �� -7!:$)�E %� 	��
#$�7$�!!: %��

ω��FJ� ����� �����ω��FJ� ����� �����ω��FJ� ����� �����ω��FJ� ����� �����

"��� 9�	
���� (H� @H+

�� ρπ ����

�� ωππ ����

�4 ωη ����

�& > − ����

ω��FJ� ��!���> −�	�������"�ω��FJ� ��!���> −�	�������"�ω��FJ� ��!���> −�	�������"�ω��FJ� ��!���> −�	�������"�

�
(
ρπ

) × �
(
> −

)
	�����	� ���&	�

��
(
ρπ

) × �
(
> −

)
	�����	� ���&	�

��
(
ρπ

) × �
(
> −

)
	�����	� ���&	�

��
(
ρπ

) × �
(
> −

)
	�����	� ���&	�

�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.4 ±1.� ±1.� #.*�8��* 1&' *#*8 �1�0 �> �− →

π>π−π1 γ

�.� >1.&
−1.� ±1.6 ���" �2,�0 # ?#)73 14( 83.� 1.&&S�.11 �> �− →

π>π−π1

1.%��±1.�41 �5,�6  !�// %& 83.�

1.&5%±1.121 521 �%,�1 #$�7$�!!: %� -"� ��4&S��&�> �− → ρπ�
ωππ

�
(
ωππ

) × �
(
> −

)
	�����	� ���&	�

��
(
ωππ

) × �
(
> −

)
	�����	� ���&	�

��
(
ωππ

) × �
(
> −

)
	�����	� ���&	�

��
(
ωππ

) × �
(
> −

)
	�����	� ���&	�

�

����� ���	
� �−�� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.&� ±1.1% ±1.�4 ���" �2,�0 # ?#)73 14( 83.� 1.&&S�.11 �> �− →

π>π−π1

1.2&1±1.1%2 �� #�?"��)?:$ 11(  "-� �.�S�.46 �> �− →
ωπ>π−

1.4�6±1.161 �5,�6  !�// %& 83.�

1.015±1.10� 521 �%,�1 #$�7$�!!: %� -"� ��4&S��&�> �− → ρπ�
ωππ

�
(
ωη

) × �
(
> −

)
	�����	� �4�&	�

��
(
ωη

) × �
(
> −

)
	�����	� �4�&	�

��
(
ωη

) × �
(
> −

)
	�����	� �4�&	�

��
(
ωη

) × �
(
> −

)
	�����	� �4�&	�

�

����� ���	
� �−�� ��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<0 %1 �� #�?"��)?:$ 14�  "-� �> � → ηπ1 γ

�2 	�
��	��� �� �� ���� ��� 
���� ��
���� 	� ��� ��	G�
�0 9��� ��� 
������� <� �� #$�7$�!!: %�� # ?#)73 1��� # ?#)73 1��� 	��

# ?#)73 14( �	�	 �� ��� π>π−π1 	�� #$�7$�!!: %� �� ��� ωπ>π− <�	� ��	����
)��������� # ?#)73 %%� 	�� # ?#)73 1���

�5 9��� 	 <� �� ��� *�����,���� ���
����� 	�� ���� ��� �	�	 �� -7!:$)�E %� 	��
#$�7$�!!: %��

�6 9��� ��� �	���	� 	�� �������
 ����� ���� �� ��� 	�������
�% 9��� ��� 
������� <� �� ��� ρπ 	�� ωππ <�	� ��	����
�1 9��� ��� �����
� �� ��� �������
 ����� 	�� �	���	� ��	�
��� �	��� ���� �� ��� 	�������
��.��� ��� �	�	 �� #�?"��)?:$ 11( 	�� #$�7$�!!: %�� ��� ρπ �����	�
� ��� ���
����� ��������
� �� ��� ω(�&�1+ 	�� ω(�021+ ����� 	�������

��ω(�021+ �	�� 	�� ����� <��� 	� �511 "�3 	�� �21 "�3� �����
�������

ω��FJ� 67���8��9 7�2���ω��FJ� 67���8��9 7�2���ω��FJ� 67���8��9 7�2���ω��FJ� 67���8��9 7�2���

�
(
ωππ

)
	����	� ��	��

(
ωππ

)
	����	� ��	��

(
ωππ

)
	����	� ��	��

(
ωππ

)
	����	� ��	�

����� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ 1.42 ���" �& # ?#)73 14( 83.� 1.&&S�.11 �> �− →

π>π−π1

1.0�1±1.1�& �2 ?�$$�8 1� 83.� �.�S�.1 �> �− → ρπ�
ωππ

�
(
ρπ

)
	����	� ��	��

(
ρπ

)
	����	� ��	��

(
ρπ

)
	����	� ��	��

(
ρπ

)
	����	� ��	�

����� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ 1.02 ���" �& # ?#)73 14( 83.� 1.&&S�.11 �> �− →

π>π−π1

1.461±1.1�& �2 ?�$$�8 1� 83.� �.�S�.1 �> �− → ρπ�
ωππ

�
(
> −

)
	����	� �&	��

(
> −

)
	����	� �&	��

(
> −

)
	����	� �&	��

(
> −

)
	����	� �&	�

����� ���	
� �−8� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ �6 ���" �4,�2 # ?#)73 14( 83.� 1.&&S�.11 �> �− →

π>π−π1

4�±� �2 ?�$$�8 1� 83.� �.�S�.1 �> �− → ρπ�
ωππ

�4 	�
��	��� �� �� ���� ��� 
���� ��
���� 	� ��� ��	G�
�& 9��� ��� 
������� <� �� #$�7$�!!: %�� # ?#)73 1��� # ?#)73 1��� 	��

# ?#)73 14( �	�	 �� ��� π>π−π1 	�� #$�7$�!!: %� �� ��� ωπ>π− <�	� ��	����
)��������� # ?#)73 %%� 	�� # ?#)73 1���

�2#������ ��	� ��� ω(�021+ ��
	�� ���� ρπ 	�� ωππ �����

ω��FJ� 7���7�����ω��FJ� 7���7�����ω��FJ� 7���7�����ω��FJ� 7���7�����

!7��� 6� �' �� (8 8-� �� !�%��
 �� ��� ��!�!� "#��$%��
!"+!*&� �( �� (�� ,-� ��'� !).$�#: �� ��� �'#:#�	%	��; *'( "#��$%��
!4+�� *+�' �� �� �,�- �8� ���� !;.��
�.	� �� ��� �'#:#�	%	��; "�(B- "#��$%��
!"+!*&� -� �� (�� �-� ��'� !).$�#: �� ��� �'#:#�	%	��; *'( "#��$%��
+�''�� - ��1 "-� � ��4� +����� �� ���
!"+!*&� �� �� (�� 8-- ��'� !).$�#: �� ��� �'#:#�	%	��; *'( "#��$%��
�73�'�& � �� ���8 �� �� ��5��	# �� ���

!4+�� *+�' ( �� ���� �-, ���� !;.��
�.	� �� ��� �'#:#�	%	��; "�(B- "#��$%��
!"+!*&� ��� �� ���- ��, ��'� !).$�#: �� ��� �'#:#�	%	��; *'( "#��$%��
!"+!*&� ��+ �� (,8 ���� '�'� !).$�#:6 !�!� 4#�.�:�	;#:
"��33 �� ��+= "�- �,, !��� "��556 !� (#��$).	� ��!'"6 �"+*�
!' &'���� �- ��+= ",� �, !� !�
#����	 �� ��� �(�- "#��$%��
��*���& ��" ��+= ",- --8 (� �	����# �� ��� �(�- "#��$%��
(&��'*4= �� ���� -- �� *��� (#�	��;> �� ��� �'&�&�
��*���& ��� ��+= "�� �� (� �	����# �� ��� ��!(&6 "���6 ��!*��
�!�4&� �8 1� �� �� ��� ���� �$�;#: �� ��� �'&�&�

 �$���$
�0 ��#� �� �� �� ��-�
! 4�'*&' ��� �� �-8� ��- �� !
;	��#� �� ��� ��&''6 "��'6 3�!*��
"&�(��� �� �� ��� �,, !� "#�0	�� �� ��� �&�*!=�
��!'&� �� �� �8� -�8 ���� �:$�#: �� ��� �'&�&�
�*�&*� & � �'" -� ��, �� ��9#�	
# �� ��� ���!*6 '!��6 �!(&��
"&*�� 8� '� ��,- -�, 3� "#��� �� ��� ���'�



������������

��� ��� �� ���� 	
� ���������	
�� �	��	��

ω���
���ω��������π�������

�28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7�

!7��� �( �� (8� ,-� �� !�%��
 �� ��� ��!�!� "#��$%��
!4+�� *+�' � �� �,,� -8 ���� !;.��
�.	� �� ��� �'#:#�	%	��; "�(B- "#��$%��

!��# �!' �, �--- ���� !�$�.;	�6 ���� !��).��;#6 ���� !;.��
�.	�
 �$���$
�0 ��#� =!� �, �-,,�

!"+!*&� -� �!' �, �,� '�'� !).$�#:6 !�!� 4#�.�:�	;#:
 �$���$
�0 ��#� =!� �, �,��

"�&*� - �� (�, �-� ���� "�#��6 !� (#��$).	�6 =��*� 4$�$�.�	;#:$
!"+!*&� 1 �� (�- ��8,� '�'� !).$�#:6 !�!� 4#�.�:�	;#:
!'�*&��"+ + �� ���, ��� !��� !�	�#:	). �� ���

!���� ��( �� ���� �8� !� !%��� �� ��� �"�>�
$� �$���� "#��$%��
���&���&�! �� ��' -� ��  �*� ���#���#:$6 ��4� +�����

 �$���$
�0 ��#� ��"!= -� ����
!"+!*&� �8� �!' � --� '�'� !).$�#:6 !�!� 4#�.�:�	;#: �'&���

 �$���$
�0 ��#� =!� � --�-�
(&��'*4= �� ���� -- �� *��� (#�	��;> �� ��� �'&�&�
! 4�'*&' �8 ��+= "�� �,8 �� !
;	��#� �� ��� ��&''6 "��'6 3�!*��
! 4�'*&' �� '� �-�� �, �� !
;	��#� �� ��� ��&''6 "��'6 3�!*��

ω������� �	 �
�� � � −�A−−�

ω4��FH� ����ω4��FH� ����ω4��FH� ����ω4��FH� ����

����� ����� ��
� ������	
 �� 
��	 �����	


�005 ± & 7.8 #3�8#/��005 ± & 7.8 #3�8#/��005 ± & 7.8 #3�8#/��005 ± & 7.8 #3�8#/�

�002.4± 2.�±&.2 �4&11 #"�!:$ %0 3�) 40 π− � → π>π−π1 �

�062 ±�1 01 *#.*:!!:�8 5% ?* 6�� �− � �	
G�	��

�054 ±�� &41 �,� *#!�#E 56� ?* �2 π> � → '4π

�021 ±��  78-�$ 56� 7"�/ 6S�� π− � → � 4π

�00% ±�� 011 � ,#/$�8 52 ?* 5 π> � → '>>4π

�056 ±�& 211 -:#; 5& -* 0 π> � → �4π1

�001 ±�4 �11 -:#; 5& -* 0 π> � → �ωπ1π1

�05% ±�5 �11 "#��?�,) 5�( -* 5�1 π> � → �4π1

�051 ±�1 ��$E7$ 0% -* 6 π> � → �4π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ �511 ��1 �  �88#-# 55� ?* &�� �− � → #4π

�0%2 ±�1 *#8$�) 0%� ?* &�0 �− � → ω�πP

�040 ±�1 #8"�$:)� 06� -* 2�� π> � → �4π1

�=�	�� ���	���� ���� ��� �� A 4− ρπ �	���
� 9��� 	 <� �� " (�� + A 1(4−+ ρπ �	���	� �	���

ω4��FH� B��28ω4��FH� B��28ω4��FH� B��28ω4��FH� B��28

����� ����� ��
� ������	
 �� 
��	 �����	


�06±�1 7.8 #3�8#/��06±�1 7.8 #3�8#/��06±�1 7.8 #3�8#/��06±�1 7.8 #3�8#/�

�&%±�%±5 �4&11 #"�!:$ %0 3�) 40 π− � → π>π−π1 �

�01±61 01 4 *#.*:!!:�8 5% ?* 6�� �− � �	
G�	��

�54±�0 &41 &,2 *#!�#E 56� ?* �2 π> � → '4π

�24±4%  78-�$ 56� 7"�/ 6S�� π− � → � 4π

�54±�6 011 4,2 ,#/$�8 52 ?* 5 π> � → '>>4π

�05±&1 211 -:#; 5& -* 0 π> � → �4π1

���±4% �11 -:#; 5& -* 0 π> � → �ωπ1π1

�22±&1 �11 4 "#��?�,) 5�( -* 5�1 π> � → �4π1

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
%1±�1 *#8$�) 0%� ?* &�0 �− � → ω�π

�11±&1 ��$E7$ 0% -* 6 π> � → �4π1

���±01 #8"�$:)� 06� -* 2�� π> � → �4π1

4,���� ������ ���	��� �� �� �� &H@
√
�B ��� ��� ���� ���� ��� �∗(6%�+ �	���

&=�	�� ���	���� ���� ��� �� A 4− ρπ �	���
2 9��� 	 <� �� " (�� + A 1(4−+ ρπ �	���	� �	���

ω4��FH� ����� �����ω4��FH� ����� �����ω4��FH� ����� �����ω4��FH� ����� �����

"��� 9�	
���� (H� @H+

�� ρπ ����

�� ωππ ����

�4 ����
AJ�π �������� ����

ω4��FH� 67���8��9 7�2���ω4��FH� 67���8��9 7�2���ω4��FH� 67���8��9 7�2���ω4��FH� 67���8��9 7�2���

�
(
ωππ

)
	�

(
ρπ

)
��	���

(
ωππ

)
	�

(
ρπ

)
��	���

(
ωππ

)
	�

(
ρπ

)
��	���

(
ωππ

)
	�

(
ρπ

)
��	��

����� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.5�±1.�5 �11 -:#; 5& -* 0 π> � → �2π1

�
(
����
AJ�π

)
	�

(
ρπ

)
�4	���

(
����
AJ�π

)
	�

(
ρπ

)
�4	���

(
����
AJ�π

)
	�

(
ρπ

)
�4	���

(
����
AJ�π

)
	�

(
ρπ

)
�4	��

����� ������	
 �� 
��	 �����	


�������� ���� -:#; 5& -* 0 π> � → �2π1

�
(
����
AJ�π

)
	�

(
ωππ

)
�4	���

(
����
AJ�π

)
	�

(
ωππ

)
�4	���

(
����
AJ�π

)
	�

(
ωππ

)
�4	���

(
����
AJ�π

)
	�

(
ωππ

)
�4	��

����� ��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
>1.52 06 *#.*:!!:�8 5% ?* 6�� �− � �	
G�	��

ω4��FH� 7���7�����ω4��FH� 7���7�����ω4��FH� 7���7�����ω4��FH� 7���7�����

!����' �� ��+= "8 8� (��� !���	� �� ��� �*���6  ����
�!7������� 8� �� ��� ��� �� �$�%	��	�� �� ��� �����6 "��'6 3�!*��
�!� != 8�� ��� � �8 "� �$�
$>6 "��� "$�
	�6 �� 4$���;$� �"&�7� 1�
"&�(�' 8�� '� ���� -�, ��1� "#�0�� �� ��� �����6 �+��6  ��!��
"���!(! 88� '� ��-� -�� �� "���$0$ �� ��� �!�* 6 "��'6 '�1��� 1�
<!3'�� 8, �� ,�� -� �� <$5���6 ��  $%$;6 (��� ".�@ ����� 1�
(�!� 8� ��� �- -� 1� (	$� �� ��� �"!*�6 "�7�
�!  +�<* 8�( �� (� -,�� 1�!�1� �$

.�@� �� ��� � ' &6 <�*"�
�!�'�* ��� ��� -� ��- ���� �$���� �� ��� ��'��
4�'=&' �� ��� -� ��� ���� 4��>#� �� ��� ��'�6 7"'(6 &�'��
!���'�*� ��� �� -�� ��� '� !����	�� �� ��� ��!��6 �3'!6 ������

�28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7�

�!  +�<* 8� �'" � ��� 1�!�1� �$

.�@� �� ��� � ' &6 <�*"�
!���'�*� 8 �'" � ��� '� !����	�� �� ��� ��!��6 �3'!6 �����

π������� �	 �
�� � � �−�
−��

π���FH� ����π���FH� ����π���FH� ����π���FH� ����

����� ����� ��
� ������	
 �� 
��	 �� �����	


�05�.&± 4.� 7.8 #3�8#/��05�.&± 4.� 7.8 #3�8#/��05�.&± 4.� 7.8 #3�8#/��05�.&± 4.� 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��&� )�� ��� �����	� ������

�5&% ±�1 ±�11 �&2G !. 12 �62� �6 π− � →
ωπ−π1 �

�050 ± 4 ± 6 �  ?.$/ 1� �62� �6�4 π− � →
π>π−π− �

�062 ±�1 ± 41 � *#8*�8:) 1� &21 �� →
�� 4π

1 �%
�065 ± % ± �2 #"�!:$ %% 3�) 45 π−	 →

ωπ−π1	∗
�00% ± & *#8*�8:) %6� &21 �� → �� ρπ�%
�051 ± & *#8*�8:) %6� &21 �� →

�� ��(��51+π�%
�541 ±�1 4 #"�!:$ %2� 3�) 40 π−	 →

π>π−π−	
�0%1 ±�& & *�8-$:�73 %& 3�) 45 π−	 →

�>�−π−	
�5�1 ±�1 511 #$�:=73 65 ):/" − 21 π− � →

µ>µ−π− �
�050 ± 0 & �3#$/�!:)�# 6� 7"�/ − �� π− � → 4π�

�025 ±�& &,2 -#." 61( )=� − 04S%& π� → 4πP

�00� ±�1 �111 & *#!�#E 55 ?* > �2 π> � → �4π

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�5&� ±4� ± &% #$�8�#)E#$ %1  *#! �> �− →

�> �−π1π1π1

�0�& ±�� � *�!!:$: 62 )=� &1 π−	 →
π−π>π−	

�0�� ±42 0 *�!!:$: 62 )=� &1 π−	 →
π−π>π−	

�0%4 ±�6 5 *�!!:$: 62 )=� &1 π−	 →
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�5�1 ±�1 6 -#." 6�� )=� − 04�%& π− �

�001 ±�1 & #) 7!: 54 ?* − 2S�2 π− � → �π�
�9��� ��(��51+π ��
	��
� 9��� 	 <� �� ��� ���	��	�� �	�� �������������
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WEIGHTED AVERAGE
1672.4±3.2 (Error scaled by 1.4)

BALTAY 77 HBC 1.1
DAUM 80D SPEC 1.2
EVANGELISTA 81 OMEG 0.4
ANTIPOV 87 SIGM 3.5
BERDNIKOV 94 VES 1.6
AMELIN 95B VES 8.3
BARBERIS 98B 0.4
BARBERIS 98B 0.7
AMELIN 99 VES 0.7
BARBERIS 01 0.2
CHUNG 02 E852 0.2
LU 05 E852

χ2

      18.2
(Confidence Level = 0.052)
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&16± 01±�21 �&2G !. 12 �62� �6 π− � → ωπ−π1 �

�2&± 4± 4� %  ?.$/ 1� �62� �6�4 π− � →
π>π−π− �

�02± 41± &1 �1 *#8*�8:) 1� &21 �� → �� 4π
1 �%
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4�1± �1 �� #"�!:$ %2� 3�) 40 π−	 →
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��%± �1 ��,�4 -#." 61( )=� − 04S%& π� → 4πP

�62± 01 �111 �� *#!�#E 55 ?* > �2 π> � → �4π
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WEIGHTED AVERAGE
259±9 (Error scaled by 1.3)

BALTAY 77 HBC 0.2
DAUM 80D SPEC 4.0
EVANGELISTA 81 OMEG 0.0
ANTIPOV 87 SIGM 1.2
BERDNIKOV 94 VES 1.9
AMELIN 95B VES 6.5
BARBERIS 98B 0.0
BARBERIS 98B 0.3
AMELIN 99 VES 1.8
BARBERIS 01 0.0
CHUNG 02 E852 0.0
LU 05 E852

χ2

      16.1
(Confidence Level = 0.098)
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WEIGHTED AVERAGE
0.60±0.05 (Error scaled by 1.3)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

BALTAY 68 HBC 1.6
ARMENISE 69 DBC 0.3
DAUM 81B SPEC 0.0

χ2

       1.9
(Confidence Level = 0.389)
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ρ����	�� �	 �
�� � � ���A−−�

ρ4��FI� ����ρ4��FI� ����ρ4��FI� ����ρ4��FI� ����

����� ����� ������	
 ��

�066.6±�.� 7.8 #3�8#/��066.6±�.� 7.8 #3�8#/��066.6±�.� 7.8 #3�8#/��066.6±�.� 7.8 #3�8#/� :�
����� �	�	 ���� ��� 2 �	�	���
G� ��	� ������ ���� ����


π ����
π ����
π ����
π ����
����� ����� ��
� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�060± & 7.8 #3�8#/��060± & 7.8 #3�8#/��060± & 7.8 #3�8#/��060± & 7.8 #3�8#/�

�055±�& �3#$/�!:)�# 6� 7"�/ − �� π− � → �π�

�05%±�� &50 *#!�#E 56� ?* 1 �2 π> � →
π>π− �

�056±�� �52 � #$�:=73 55  :*) 1 �2 π− � → �4π

�0%1± 5 011 � �$/!�8 5& -* 1 0 π> � →
π>π− �

�0%4± 6 � /8#E�8 5& #)=� 1 �5 π− � →
π>π− �

�056±�� "#��?�,) 5�" -* 1 5 π>�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�54&±�1 4  78-�$ 5% 7"�/ ��S�2 π− � →

��π
�0%�±�� �,& �)�#*877�) 52 83.� �5 π− � →

π>π− �
�545±�4 #8"�$:)� 51 -* 1 % π>�

�021±42 ��� *#8�) ? 51� ?* > 6 π> � → � �π

�065±�� )�.$��*� � 51 ?-* 1 6 π− �� 2�& π> �

�064±�4 #8"�$:)� 06 -* 1 2�� π> �

�051±41 /7!-*�8/ 02 ?* 1 0 π> � � 6 π− �

�"	�� ������ ���	��� �� �� �� H@
√
�B ��� ��� ���� ���� ��� �∗(6%�+ �	���

�.��� �	�� �	�	 	� ?E#") 52�
4 9��� 	 ��	�� ����� �������� 
���	���� 	 � ′

�
(�2�2+ ����� ��� ����� �	��� ��	� ��� � �

�������
& 9��� ��	�������� 	�	������ ����� �	G�� 	

���� �� ����	� �� �������� ��	�������� ����������

�� ��� � � π ������ � ��� � � π ������ � ��� � � π ������ � ��� � � π �����
����� ����� ��
� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�0%0± & 7.8 #3�8#/��0%0± & 7.8 #3�8#/��0%0± & 7.8 #3�8#/��0%0± & 7.8 #3�8#/�

�0%%± 2 #!=�8 61  $�8 1 0� π− � →
�>�− �

�0%6±�� 0G 2,0 "#8�:$ 56( )=� �1 π� →
�1
�
�− �

�0%�± 0 *!." 52 #)=� 1 �6�& π− � →
��>�−

�0%1±�0 #-�8?7!; 0% ?* > 6 π> � → � � π
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�0%&± 6 5  7)�#��� 61 7"�/ �1 π− � →

�>�− �
29��� 	 <� �� �� A 4− �	���	� �	���
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	�� �����	
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5���� 
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��� ��� �� ���� 	
� ���������	
�� �	��	��

ρ����	��

�?π�± �����?π�± �����?π�± �����?π�± ����
����� ����� ��
� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�060± 2 7.8 #3�8#/��060± 2 7.8 #3�8#/��060± 2 7.8 #3�8#/��060± 2 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

�0%&± 0 6 �3#$/�!:)�# 6� 7"�/ − �� π− � → �&π

�002±�2 �55 *#!�#E 56� ?* > �2 π> � → �&π

�051±�1 �?7"=)7$ 5& ?* > �4 π> �

�065±�1  #)7$ 54 ?* − 6��6�2 π− �

�062±�& %  #)7$ 54 ?* − 6��6�2 π− �

�061±&1 �&& *#8�) ? 51� ?* > 6 π> � → � &π

�06%±�1 �1� % *#8�) ? 51� ?* > 6 π> � → � �ρ

�512±��  #)7 51 ?* − ���� π− � →
�ρ�π

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�5�6±�1 �1 �3#$/�!:)�# 6� 7"�/ − �� π− � → �&π

�054± % �� �3#$/�!:)�# 6� 7"�/ − �� π− � → �&π

�544± % 00 % �!:/�8 5& ?* − &�2 π− � → �&π

�041±�2 ?7!"�) 5� ?* > �1S�� �> �

�5�1±�2 *#!�#E 06 ?* > 5� 6�2 π> �

69��� ρ− ρ1 ����� ��� ����������� �� ��� ����� ��� �3#$/�!:)�# 6� ��������
% 9��� ρ± ρ1 �����
�1 9��� ��(�4�1+

−π1 ����� ��� ����������� �� ��� ����� ��� �3#$/�!:)�# 6� ��������
�� 9��� ��(�4�1+

1π− ����� ��� ����������� �� ��� ����� ��� �3#$/�!:)�# 6� ��������

ωπ ����ωπ ����ωπ ����ωπ ����
����� ����� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�06�± 5 7.8 #3�8#/��06�± 5 7.8 #3�8#/��06�± 5 7.8 #3�8#/��06�± 5 7.8 #3�8#/�

�051±�2 �� #!-� %2 /#"� 46 π− � →
ωπ1 �

�0%1±�2 �3#$/�!:)�# 6� 7"�/ − �� π− � → ωπ�

�000±�& /�))#87!: 55 ?* �� π− � → ωπ�

�060± % �?7"=)7$ 5& ?* > �4 π> �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�02&±�& *#8$?#" 51 ?* > �1 �> � → ωπP

��)��������� #!-� %�"�

ηπ>π− ����ηπ>π− ����ηπ>π− ����ηπ>π− ����
(9�� ��Æ
������ ���� "") ������������ ��� ��� ��(�4�1+ ����������� �� ��� �%54
��������+

����� ����� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�06�±�� 7.8 #3�8#/��06�±�� 7.8 #3�8#/��06�±�� 7.8 #3�8#/��06�±�� 7.8 #3�8#/�

�062±�1±�1 #"�!:$ 11 3�) 45 π− � →
ηπ>π− �

�061±�2 9.�.: 66 )=� 1 6�%2 π− � →
ηπ>π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�511±&5 �4 #$-�8)7$ 0% "") − �0 π− � �	
G�	��

�04�±�2 �4,�& 97 #  : 00 "") − 5S�� π− � →
�""

�511±�2 �4,�& 97 #  : 00 "") − 5S�� π− � →
�""

�5&6±�2 �4,�& 97 #  : 00 "") − 5S�� π− � →
�""

�4)��� �� ��2S4 /�3/� � �� �π>�π−� ���� 1� �� � π>π− �	��� �� ρ �	�� ��� ���� ��
78�$ 5& (��4 /�3/� ��+ ���� ���� ��	�����
�� (�	�� �%50+

�&$�� ���� �� *7,�$ 5��

ρ4��FI� B��28ρ4��FI� B��28ρ4��FI� B��28ρ4��FI� B��28


π� �� � ��� �� π �����
π� �� � ��� �� π �����
π� �� � ��� �� π �����
π� �� � ��� �� π �����
����� ����� ������	
 ��

�0�±�1 7.8 #3�8#/��0�±�1 7.8 #3�8#/��0�±�1 7.8 #3�8#/��0�±�1 7.8 #3�8#/� :�
����� �	�	 ���� ��� 2 �	�	���
G� ��	� ������ ���� ���� �����
��
����� �
	�� �	
��� �� ��2� )�� ��� �����	� ������

WEIGHTED AVERAGE
161±10 (Error scaled by 1.5)

FUKUI 88 SPEC 4.1
AMELIN 00 VES 1.0
GESSAROLI 77 HBC 0.0
EVANGELISTA 81 OMEG 0.2
ALDE 95 GAM2 1.1
BARTSCH 70B HBC 0.0
BARTSCH 70B HBC 0.7
CASON 73 HBC 0.0
BALTAY 78B HBC 3.4
EVANGELISTA 81 OMEG 8.3
BLUM 75 ASPK 4.9
MARTIN 78D SPEC 0.9
ARMENISE 70 DBC 0.0
MATTHEWS 71C DBC 0.0
GRAYER 74 ASPK 4.8
ENGLER 74 DBC 0.0
ANTIPOV 77 CIBS 0.0
BALTAY 78B HBC 2.2
EVANGELISTA 81 OMEG 5.3
DENNEY 83 LASS 4.2

χ2

      41.5
(Confidence Level = 0.002)
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��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�60±�& 7.8 #3�8#/��60±�& 7.8 #3�8#/��60±�& 7.8 #3�8#/��60±�& 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��4� )�� ��� �����	� ������

��1±�% -�$$�E 64 !#)) �1 π>�

�&0±45 �3#$/�!:)�# 6� 7"�/ − �� π− � → �π�

��0±41 &50 *#!�#E 56� ?* 1 �2 π> � →
π>π− �

�0�±21 �52 �2 #$�:=73 55  :*) 1 �2 π− � → �4π

�05±&1 011 �$/!�8 5& -* 1 0 π> � →
π>π− �

�11±�6 �0 /8#E�8 5& #)=� 1 �5 π− � →
π>π− �

�20±40 "#��?�,) 5�" -* 1 5 π>�

�5�±02 #8"�$:)� 51 -* 1 % π> �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
4��±42 �5  78-�$ 5% 7"�/ ��S�2 π− � →

��π
�&1±41 �0,�6 �)�#*877�) 52 83.� �5 π− � →

π>π− �
�61±41 ��� *#8�) ? 51� ?* > 6 π> � → � �π

�05>5�−&0 )�.$��*� � 51 ?-* 1 6 π− �� 2�& π> �

�66±&% #8"�$:)� 06 -* 1 2�� π> �

�61±&1 /7!-*�8/ 02 ?* 1 0 π> � � 6 π− �

�2,���� ������ ���	��� �� �� �� &H@
√
�B ��� ��� ���� ���� ��� �∗(6%�+ �	���

�0.��� �	�� �	�	 	� ?E#") 52 	�� *� ��8 5%�
�59��� 	 ��	�� ����� �������� 
���	���� 	 � ′�(�2�2+ ����� ��� ����� �	��� ��	� ��� � �

�������
�6 9��� ��	�������� 	�	������ ����� �	G�� 	

���� �� ����	� �� �������� ��	�������� ����������

WEIGHTED AVERAGE
186±14 (Error scaled by 1.3)

ARMENISE 70 DBC 0.1
MATTHEWS 71C DBC 0.7
GRAYER 74 ASPK 0.6
ENGLER 74 DBC 0.2
ANTIPOV 77 CIBS 0.2
BALTAY 78B HBC 5.5
EVANGELISTA 81 OMEG 2.6
DENNEY 83 LASS 1.4

χ2

      11.3
(Confidence Level = 0.128)
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� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�1&±�6 7.8 #3�8#/��1&±�6 7.8 #3�8#/��1&±�6 7.8 #3�8#/��1&±�6 7.8 #3�8#/�

�%%±&1 0111 �% "#8�:$ 56( )=� �1 π� →
�1
�
�− �

�12±�1 *!." 52 #)=� 1 �6�& π− � →
��>�−

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��%± & #!=�8 61  $�8 1 0� π− � →

�>�− �
�60±�� �1  7)�#��� 61 7"�/ �1 π− � →

�>�− �
���±01 #-�8?7!; 0% ?* > 6 π> � → � � π

�%9��� 	 <� �� �� A 4− �	���	� �	���
�1���� 
	���� ���������� ������� ρ4(�0%1+ 	�� ω4(�051+�

�?π�± �����?π�± �����?π�± �����?π�± ����
����� ����� ��
� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

��%±�1 7.8 #3�8#/���%±�1 7.8 #3�8#/���%±�1 7.8 #3�8#/���%±�1 7.8 #3�8#/�

��4±�4 �� �3#$/�!:)�# 6� 7"�/ − �� π− � → �&π

�12±41 �55 *#!�#E 56� ?* > �2 π> � → �&π

�0%>51−&6  #)7$ 54 ?* − 6��6�2 π− �

�42±41 �&& *#8�) ? 51� ?* > 6 π> � → � &π

�01±41 �1� *#8�) ? 51� ?* > 6 π> � → � �ρ

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�41±�6 �� �3#$/�!:)�# 6� 7"�/ − �� π− � → �&π

�6&±44 �4 �3#$/�!:)�# 6� 7"�/ − �� π− � → �&π

�21 00 �& �!:/�8 5& ?* − &�2 π− � → �&π

�10±�2 �?7"=)7$ 5& ?* > �4 π> �

��2>64−42 �&  #)7$ 54 ?* − 6��6�2 π− �

�41±41 ?7!"�) 5� ?* > �1S�� �> �

�61±41 %1 �& *#8�) ? 51� ?* > 6 π> � → ���π

�11±42 *#!�#E 06 ?* > 5� 6�2 π> �

��9��� ρ− ρ1 ����� ��� ����������� �� ��� ����� ��� �3#$/�!:)�# 6� ��������
�� 9��� ��(�4�1+

−π1 ����� ��� ����������� �� ��� ����� ��� �3#$/�!:)�# 6� ��������
�4 9��� ��(�4�1+

1π− ����� ��� ����������� �� ��� ����� ��� �3#$/�!:)�# 6� ��������
�& 9��� ρ± ρ1 �����

ωπ ����ωπ ����ωπ ����ωπ ����
����� ����� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�%1±&1 7.8 #3�8#/��%1±&1 7.8 #3�8#/��%1±&1 7.8 #3�8#/��%1±&1 7.8 #3�8#/�

�41±02 �2 #!-� %2 /#"� 46 π− � →
ωπ1 �

�%1±02 �3#$/�!:)�# 6� 7"�/ − �� π− � → ωπ�

�01±20 /�))#87!: 55 ?* �� π− � → ωπ�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
6%±�2 �?7"=)7$ 5& ?* > �4 π> �

�41>54−&4 *#8$?#" 51 ?* > �1 �> � → ωπP

�2)��������� #!-� %�"�

ηπ>π− ����ηπ>π− ����ηπ>π− ����ηπ>π− ����
(9�� ��Æ
������ ���� "") ������������ ��� ��� ��(�4�1+ ����������� �� ��� �%54
��������+

����� ����� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

��0±&1 7.8 #3�8#/���0±&1 7.8 #3�8#/���0±&1 7.8 #3�8#/���0±&1 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��6�

��1±41±21 #"�!:$ 11 3�) 45 π− � →
ηπ>π− �

�10±�5 9.�.: 66 )=� 1 6�%2 π− � →
ηπ>π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�%2 �0 #$-�8)7$ 0% "") − �0 π− � �	
G�	��

< �� �0,�5 97 #  : 00 "") − 5S�� π− � →
�""

< 41 �0,�5 97 #  : 00 "") − 5S�� π− � →
�""

< 46 �0,�5 97 #  : 00 "") − 5S�� π− � →
�""

�0)��� �� ��2S4 /�3/� � �� �π>�π−� ���� 1� �� � π>π− �	��� �� ρ1 �	�� ��� ���� ��
78�$ 5& (��4 /�3/� ��+ ���� ���� ��	�����
�� (�	�� �%5%+

�5$�� ���� �� *7,�$ 5��

ρ4��FI� ����� �����ρ4��FI� ����� �����ρ4��FI� ����� �����ρ4��FI� ����� �����

"��� 9�	
���� (H� @H+ )
	�� �	
���

�� ?π (5�.� ± �.% + K

�� π±π>π−π1 (05 ±�� + K

�4 ωπ (�0 ± 0 + K

�& ππ (�4.0 ± �.4 + K

�2 � � π ( 4.6 ± �.� + K

�0 � � ( �.26± 1.�0+ K ���

�5 ηπ>π− ����

�6 ρ�HH�η ����

�% ππρ ����
�5-"$(!�' 
ρ ��( ����A
�π1

��1 ����A
�π ����

��� ρρ ����

��� φπ
��4 ηπ
��& π± 
π>
π−π1

����27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2�������27����� ��2 ����7��2���

#� ����� $� �� - ��������" �����
 �
�
 �� ���
�������
 ��	 ���

���
������ �� 	�������� � ���������
� ��� ����� $� ��
 � χ� &
���/ ��� / 	�"���
 �� ����	���

��� ���'��" ����������� ����� ������
 ��� ��� ���������� ���Æ�����
〈
δ	iδ	j

〉
( δ	i·δ	j!) �� �������) ���� ��� $� �� ��� ��������" ��������
) 	i ≡

*i(*���	�� ��� $� ���
�����
 ��� 	i '��
� ���
 ������ �� ���
 ����� �� 
�� ��
����
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	0 −�- � �
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ρ4��FI� 67���8��9 7�2���ρ4��FI� 67���8��9 7�2���ρ4��FI� 67���8��9 7�2���ρ4��FI� 67���8��9 7�2���
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ππ
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	����	� �&	��

(
ππ

)
	����	� �&	��

(
ππ

)
	����	� �&	��

(
ππ

)
	����	� �&	�

����� ������	
 �� 
��	 �� �����	


1.�40±1.1�4 7.8 9:�1.�40±1.1�4 7.8 9:�1.�40±1.1�4 7.8 9:�1.�40±1.1�4 7.8 9:�

1.�&4±1.1�4 7.8 #3�8#/�1.�&4±1.1�4 7.8 #3�8#/�1.�&4±1.1�4 7.8 #3�8#/�1.�&4±1.1�4 7.8 #3�8#/�

1.�2%>1.1�6−1.1�% *� ��8 5% #)=� 1 �5 π− � ���	��M��

1.�4 ±1.1�  78-�$ 5% 7"�/ ��S�2 π− � →
��π

1.�� ±1.1& �6 "#��?�,) 5�" ?-* 1 5 π> � → π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�&2±1.110 �% �)�#*877�) 52 83.� �5 π− � →

π>π− �
�67����������
�	�� ����� ���� �� ���� �����	�����
�% 9��� ��	�������� 	�	����� �� ?E#") 52 �	�	�
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1.42±1.��1.42±1.��1.42±1.��1.42±1.��  #)7$ 54 ?* − 6��6�2 π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.� ?7!"�) 5� ?* > �1S�� �>�

<1.�� *#!!#" 5�� ?* − �0 π− �
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(
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1.44�±1.1�0 7.8 9:�1.44�±1.1�0 7.8 9:�1.44�±1.1�0 7.8 9:�1.44�±1.1�0 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.41 ±1.�11.41 ±1.�11.41 ±1.�11.41 ±1.�1 *#!�#E 56� ?* 1 �2 π> � → �&π
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1.105±1.1�� 7.8 9:�1.105±1.1�� 7.8 9:�1.105±1.1�� 7.8 9:�1.105±1.1�� 7.8 9:� ����� ��
����� �
	�� �	
��� �� ����

1.��6>1.14%−1.14� 7.8 #3�8#/�1.��6>1.14%−1.14� 7.8 #3�8#/�1.��6>1.14%−1.14� 7.8 #3�8#/�1.��6>1.14%−1.14� 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��5� )�� ��� �����	�

������

1.�%�>1.1&1−1.145 /78!: ? 61 #)=� 1 �5��6 π− � ���	��
�M��

1.16 ±1.14 *#8�) ? 51� ?* > 6 π> �

1.16 >1.16
−1.14  8�$$�!! 06� ?* 0�1 π− �



������������

��� ��� �� ���� 	
� ����� ����	
�� �	��	��

ρ����	��

WEIGHTED AVERAGE
0.118+0.039-0.032 (Error scaled by 1.7)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

CRENNELL 68B HBC 0.4
BARTSCH 70B HBC 1.6
GORLICH 80 ASPK 3.8

χ2

       5.9
(Confidence Level = 0.053)
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1.�0±1.12 7.8 9:�1.�0±1.12 7.8 9:�1.�0±1.12 7.8 9:�1.�0±1.12 7.8 9:�

1.�0±1.121.�0±1.121.�0±1.121.�0±1.12 41 *#8�) ? 51� ?* > 6 π> �

41 :�
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1.%&±1.1% 7.8 #3�8#/�1.%&±1.1% 7.8 #3�8#/�1.%&±1.1% 7.8 #3�8#/�1.%&±1.1% 7.8 #3�8#/�

1.%0±1.�� *#!�#E 56� ?* > �2 π> � → �&π

1.66±1.�2 *#!!#" 5�� ?* − �0 π− �

� ±1.�2 *#8�) ? 51� ?* > 6 π> �


��������� ���� �  #)7 06 ?* − �� π− �
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.��±1.�� *#!�#E 56� ?* > �2 π> � → �&π

1.20 00 �!:/�8 5& ?* − &�2 π− � → �&π

1.�4±1.1% 4� �?7"=)7$ 5& ?* > �4 π> �

1.5 ±1.�2 *#8�) ? 51� ?* > 6 π> �

4�ρρ 	�� ��(�4�1+π ����� 	�� ������������	����
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.&6±1.�0  #)7 06 ?* − �� π− �
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.00±1.16 *#!�#E 56� ?* > �2 π> � → �&π

1.40±1.�& 4� �?7"=)7$ 5& ?* > �4 π> �

��� ����  #)7$ 54 ?* − 6��6�2 π− �

1.0 ±1.�2 *#8�) ? 51� ?* > 6 π> �

1.0 *#!�#E 06 ?* > 5�6�2 π> �

4�ρρ 	�� ��(�4�1+π ����� 	�� ������������	����
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1.�4±1.12 7.8 #3�8#/�1.�4±1.12 7.8 #3�8#/�1.�4±1.12 7.8 #3�8#/�1.�4±1.12 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

1.44±1.15 �?7"=)7$ 5& ?* > �4 π> �

1.��±1.15 *#!!#" 5�� ?* − �0 π− �

1.�2±1.�1 *#!�#E 06 ?* > 5�6�2 π> �

1.�2±1.�1 �7?$)�7$ 06 ?* − 5�1 π− �

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.�� %2 *#!�#E 56� ?* > �2 π> � → �&π

<1.1% �!:/�8 5& ?* − &�2 π− � → �&π
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.�� *#!�#E 06 ?* > 5�6�2 π> �
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<1.�2 *#!�#E 06 ?* > 5�6�2 π> �
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.1� �?7"=)7$ 5& ?* > �4 π> �
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1.1�26±1.11�0 7.8 9:�1.1�26±1.11�0 7.8 9:�1.1�26±1.11�0 7.8 9:�1.1�26±1.11�0 7.8 9:� ����� ��
����� �
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��� �� ����

1.1�41±1.11�& 7.8 #3�8#/�1.1�41±1.11�& 7.8 #3�8#/�1.1�41±1.11�& 7.8 #3�8#/�1.1�41±1.11�& 7.8 #3�8#/�

1.1�4 ±1.114  7)�#��� 61 7"�/ 1 �1 π− � →
�>�−�

1.1�4 ±1.11& 44 "#8�:$ 56� )=� − �1 π� →
�1
�
�− �

449��� (H&H0+
�/� A 1.120 ± 1.14& 	������ *(ρ4(�0%1+ → ππ+ A 1��&�

�
(
ωπ

)
	
[
�
(
ωπ

)
��

(
ρρ

)]
�4	��4������

(
ωπ

)
	
[
�
(
ωπ

)
��

(
ρρ

)]
�4	��4������

(
ωπ

)
	
[
�
(
ωπ

)
��

(
ρρ

)]
�4	��4������

(
ωπ

)
	
[
�
(
ωπ

)
��

(
ρρ

)]
�4	��4�����

����� ������	
 �� 
��	 �� �����	
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1.��±1.16  #)7$ 54 ?* − 6��6�2 π− �
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THE ρ(1450) AND THE ρ(1700)

Updated April 2006 by S. Eidelman (Novosibirsk) and
J.J Hernandez-Rey (Valencia).

In our 1988 edition, we replaced the ρ(1600) entry with

two new ones, the ρ(1450) and the ρ(1700), because there was

emerging evidence that the 1600-MeV region actually contains

two ρ-like resonances. ERKAL 86 had pointed out this possibility

with a theoretical analysis on the consistency of 2π and 4π

electromagnetic form factors and the ππ scattering length.

DONNACHIE 87, with a full analysis of data on the 2π and 4π

final states in e+e− annihilation and photoproduction reactions,

had also argued that in order to obtain a consistent picture,

two resonances were necessary. The existence of ρ(1450) was

supported by the analysis of ηρ0 mass spectra obtained in

photoproduction and e+e− annihilation (DONNACHIE 87B), as

well as that of e+e− → ωπ (DONNACHIE 91).

The analysis of DONNACHIE 87 was further extended by

CLEGG 88, 94 to include new data on 4π systems produced

in e+e− annihilation, and in τ decays (τ decays to 4π and

e+e− annihilation to 4π can be related by the Conserved

Vector Current assumption). These systems were successfully

analyzed using interfering contributions from two ρ-like states,

and from the tail of the ρ(770) decaying into two-body states.

While specific conclusions on ρ(1450) → 4π were obtained, little

could be said about the ρ(1700).

Independent evidence for two 1− states is provided by

KILLIAN 80 in 4π electroproduction at 〈Q2〉 = 1 (GeV/c)2, and

by FUKUI 88 in a high-statistics sample of the ηππ system in

π−p charge exchange.

This scenario with two overlapping resonances is supported

by other data. BISELLO 89 measured the pion form factor

in the interval 1.35–2.4 GeV and observed a deep minimum

around 1.6 GeV. The best fit was obtained with the hypothesis

of ρ-like resonances at 1420 and 1770 MeV, with widths of

about 250 MeV. ANTONELLI 88 found that the e+e− → η π+ π−

cross section is better fitted with two fully interfering Breit-

Wigners, with parameters in fair agreement with those of

DONNACHIE 87 and BISELLO 89. These results can be considered

as a confirmation of the ρ(1450).

Decisive evidence for the ππ decay mode of both ρ(1450)

and ρ(1700) came from recent results in pp annihilation at rest

(ABELE 97). It was shown that these resonances also possess a

KK decay mode (ABELE 98, BERTIN 98B, ABELE 99D). High

statistics studies of the decays τ → ππντ (BARATE 97M, URHEIM

97), and τ → 4πντ (EDWARDS 00A), also require the ρ(1450), but

are not sensitive to the ρ(1700), because it is too close to the τ

mass. Recently in a very high statistics study of the τ → ππντ

decay performed at Belle (ABE 05H) both ρ(1450) and ρ(1700)

were observed for the first time in τ decays.

The structure of these ρ states is not yet completely clear.

BARNES 97 and CLOSE 97C claim that ρ(1450) has a mass

consistent with radial 2S, but its decays show characteristics

of hybrids, and suggest that this state may be a 2S-hybrid

mixture. DONNACHIE 99 argues that hybrid states could have

a 4π decay mode dominated by the a1π. Such behavior has

recently been observed by AKHMETSHIN 99E in e+e− → 4π in the

energy range 1.05–1.38 GeV, and by EDWARDS 00A in τ → 4π

decays. ALEXANDER 01B observed the ρ(1450) → ωπ decay

mode in B-meson decays, however, didn’t find ρ(1700) → ωπ0.

A similar conclusion is made by AKHMETSHIN 03B who studied

the process e+e− → ωπ0. Various decay modes of the ρ(1450)

and ρ(1700) were observed in p̄n and p̄p annihilation (ABELE

01B, BARGIOTTI 03B), but no definite conclusions could be

drawn. More data should be collected to clarify the nature of

the ρ states, particularly in the energy range above 1.6 GeV.

We also list under the ρ(1450) the φπ state with JPC = 1−−

or C(1480) observed by BITYUKOV 87. While ACHASOV 96B

shows that it may be a threshold effect, CLEGG 88 and LANDSBERG

92 suggest two independent vector states with this decay mode.

Note, however, that C(1480) in its φπ decay mode was not

confirmed by e+e− (DOLINSKY 91, BISELLO 91C) and pp (ABELE

97H) experiments.

Several observations on the ωπ system in the 1200-MeV

region (FRENKIEL 72, COSME 76, BARBER 80C, ASTON 80C,

ATKINSON 84C, BRAU 88, AMSLER 93B) may be interpreted in

terms of either JP = 1− ρ(770) → ωπ production (LAYSSAC 71),

or JP = 1+ b1(1235) production (BRAU 88, AMSLER 93B). We

argue that no special entry for a ρ(1250) is needed. The LASS

amplitude analysis (ASTON 91B) showing evidence for ρ(1270)

is preliminary and needs confirmation. For completeness, the

relevant observations are listed under the ρ(1450).

Evidence for ρ-like mesons decaying into 6π states was first

noted by CLEGG 90 in the analysis of 6π mass spectra from

e+e− annihilation (BISELLO 81, CASTRO 88) and diffractive

photoproduction (ATKINSON 85). CLEGG 90 argued that two

states at about 2.1 and 1.8 GeV exist: while the former is a

candidate for a new resonance (ρ(2150)), the latter could be

a manifestation of the ρ(1700) distorted by threshold effects.

Recently, the E687 Collaboration at Fermilab reported an

observation of a narrow dip structure at 1.9 GeV in the

3π+3π− diffractive photoproduction (FRABETTI 01). A similar

effect of the dip in the cross section of e+e− → 6π around 1.9

GeV has been earlier reported by DM2 (CASTRO 88), where 6π

included both 3π+3π− and 2π+2π−2π0. Later the dip in the

R value (the total cross section of e+e− → hadrons divided by

the cross section of e+e− → µ+µ−) was observed by ANTONELLI

96, again around 1.9 GeV. This energy is close to the NN̄

threshold which hints to the possible relation between the dip

and NN̄ , e.g., the frequently discussed narrow NN̄ resonance

or just a threshold effect. Such behaviour is also characteristic

of exotic objects like vector qq̄ hybrids. Note that AGNELLO

02 failed to find this state in the reaction n̄p → 3π+2π−π0.

A reanalysis of the E687 data by FRABETTI 04 shows that

a dip may arise due to interference of a narrow object with

a broad ρ(1700) independently of the nature of the former.



�	��	��	��	�

��� ��� �� ���� 	
� ���������	
�� �	��	��

ρ������

Recently BaBar studied the processes e+e− → 3π+3π− and

e+e− → 2π+2π−2π0 using the radiative return and observed a

structure around 1.9 GeV in both final states (AUBERT 06D). The

data are not well described by a single Breit-Wigner state, and a

good fit is achieved while taking into account the interference of

such a structure with a Jacob-Slansky amplitude for continuum.

The mass of this state obtained by BaBar is consistent with

ANTONELLI 96 and FRABETTI 01, but the width is substantially

larger. We list these observations under a separate particle

ρ(1900), which needs confirmation.
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����� ����� ������	
 �� 
��	 �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�21±41 #$�7$�!!: 66 -"� �> �− → ηπ>π−
�6�±&& �0 9.�.: 66 )=� 6�%2 π− � → ηπ>π− �

ππ ����ππ ����ππ ����ππ ����
����� ����� ������	
 �� 
��	 �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�52 ± &2 �5 #*�!� %5  *#8 �� → π−π1π1

4�1 ± &1 �5 *�8�:$ %5" 7*!P 1�1 � � → π>π−π1

&11 ±�11  !�// %& 83.� �> �− → π>π−
��& ± �� *:)�!!7 6% -"� �> �− → π>π−
�&�.2±�04.1 -.*$: �# 6% 83.� �> �− → π>π−
0�1 ± 01 /�)?��$��� 6% 83.�

<4�2 �6 �8�#! 62 83.� �1S51 γ � → γπ

�61 > 41
− 61 #*� 6&� ?E*8 �1 γ � → π>π− �

�41 ± 61 �% #)�7$ 61 7"�/ �1S51 γ � → ��π

�64 ± �& �1 #�:E# 5%� )=� 21 γ →  �π

�52 > %6
− 24 *� ��8 5% #)=� �5 π− � ���	��M��

�4� ± 4& �6 !#$/ 5% 83.�

4&1 �6 "#8�:$ 56" 83.� �5 π− � → π>π− �

411 ±�11 �6 987//#�� 55 83.� �5 π− � → π>π− �

�61 ± 21 �� ?E#") 54 #)=� �5 π− � → π>π− �

�� ����� � ����� � ����� � ����
����� ����� ��
� ������	
 �� 
��	 �� �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�65.�± �0.5 �5G �2 #*�!� %%(  *#8 ± 1�1 � � →

�>�−π1

�02 ±��1 �011  !�!#$- 6�� )=� ± 21 π� →
�1
�
�± �

�2���	���� ����� :������ ��� ����������� 
���� �� ω(�021+ �� φ(�061+�


�π>π−� ����
�π>π−� ����
�π>π−� ����
�π>π−� ����
����� ����� ��
� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
2�1± &1 ��  78-:�8 6� -"� �> �− → �(π>π−+
&11± 21 �% #)�7$ 6�� 7"�/ �1S51 γ � → �&π

&11±�&0 �4 -:*:#$ # 6� -* π> � → ���(π> π−+
511±�01 �� *#  : 61 98#/ �> �− → �(π>π−+
�11 4& �:!!:#$ 61 )=� �� �− � → �(π>π−+
011 �& #�:E# 5%� )=� 21 γ →  &π±
4&1±�01 02 �2 #!�P#$-�8 52 ?* 5�2 γ � → �&π

401±�11 �%  7$3�8): 5& 7)=� �> �− → �(π>π−+
&11±��1 �01 �0 ) ?# ?� 5& )�8 2�2S% γ � → �&π

621±�11 4&1 �0 ) ?# ?� 5& )�8 %S�6 γ � → �&π

021±�11 &11 *:$/?#" 5�� ?* %�4 γ � → �&π
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����� ����� ������	
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��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
411±21 #��:$)7$ 62� 7"�/ �1S51 γ �

ωπ1 ����ωπ1 ����ωπ1 ����ωπ1 ����
����� ����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
421 �� 261 �5 # ?#)73 11� )$- �> �− → π1π1 γ

&%1 �� �1&1 �6 # ?#)73 11� )$- �> �− → π1π1 γ

A�π>π−� ��� 
�π>π−π1� �����A�π>π−� ��� 
�π>π−π1� �����A�π>π−� ��� 
�π>π−π1� �����A�π>π−� ��� 
�π>π−π1� �����
����� ����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
4�2±�11 �% 98#*���: 1& �065 γ � → 4π>4π− �

�62± �1  !�// %1 83.� �> �− →
4(π>π−+�(π>π−π1+

�0#������ ρ> �1(�451+ ��
	� ���� ���������� ���� ��(��01+
>π �	
G������ 9��� 	

��� *�����,���� <��
�5���	���� �����
�6 9��� ��	�� ����� 	�	����� �� ?E#") 54 �	�	�
�% )����� ���	�������
 *�����,���� <� ���� 
����	�� ������
�1#� 	�������	� &1 "�3 ��
���	���� �� ���� ��� �	�� 	�� ����� �� ������� ��� �� ���
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� �� ��� �	
G����� ��	���

�� :�
����� �� *� ��8 5% 	�	������
�� )����� ���	�������
 *�����,���� <� ���� ��������������� ������
�47�� ��	G <� �������
�&=	�	������ ������ �����	���� ��� ���� 	 <��
�2 )G�� �	�� ������������ 
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����
�0,���� ������ ���	��� �� �� �� &H@

√
�B ��� ��� ���� ���� ��� �∗(6%�+ �	���

�5�	G�� ���� 	

���� ���� ρ(�&21+ 	�� ρ(�511+ 
������������� .��� ��� �	�	 ��

# ?#)73 11� �� �> �− → ωπ1 	�� �� �-,#8-) 11! �� τ− → ωπ− ντ � ρ(�&21+
�	�� 	�� ����� <��� 	� �&11 "�3 	�� 211 "�3 �����
�������

�6�	G�� ���� 	

���� ��� ρ(�511+ 
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�% 9��� 	 <� ���� ��� �����	�
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��4 � �∗�DI
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��5 > − ����

��6 π1ω ����

ρ��H� ��!���> −�	������"�ρ��H� ��!���> −�	������"�ρ��H� ��!���> −�	������"�ρ��H� ��!���> −�	������"�

���� 
�����	���� �� 	 �	���	� ����� ���� ��� �	���	� ����� ���� �> �− 	��
���� ��� ���	� ����� �� ���	���� ���� ��� 
�������
���� ���� 
�	����: ��

�> �− 	������	�����

�
(

�π>π−�

) × �
(
> −

)
	����	� ����5	��

(

�π>π−�

) × �
(
> −

)
	����	� ����5	��

(

�π>π−�

) × �
(
> −

)
	����	� ����5	��

(

�π>π−�

) × �
(
> −

)
	����	� ����5	�

����� �;��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�.0 ±1.� -�! 7.8� 6�� -"� �> �− → �(π>π−+
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�4 41 -:��"#$ 66 83.� �> �− → π>π−
1.1�%>1.1�0−1.1�� �.8-#-;� 64 7!E# 1.0&S�.& �> �− →

π>π−
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5±4 #$�7$�!!: 66 -"� �> �− → ηπ>π−
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
4.2�1±1.1%1 4� *:;7� 61 -"� �> �−
4�"���� ����������

ρ��H� 67���8��9 7�2���ρ��H� 67���8��9 7�2���ρ��H� 67���8��9 7�2���ρ��H� 67���8��9 7�2���
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�65>1.1&4−1.1&� *� ��8 5% #)=� �5 π− � ���	��M��

1.�2 �� 1.41 4� "#8�:$ 56" 83.� �5 π− � → π>π− �

<1.�1 44  7)�#��� 55� 83.� �> �− → �π � &π

1.41 ±1.12 4� 987//#�� 55 83.� �5 π− � → π>π− �

<1.�2 4& �:)�$*�8/ 54 ?* 2 π> � → '>>�π

1.�2 ±1.12 42 ?E#") 54 #)=� �5 π− � → π>π− �

4�9��� ��	�� ����� 	�	����� �� ?E#") 54 �	�	�
44�����	�� ���� ����	����� ���� ������	� ���	��	�
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
1.�4±1.12 #)�7$ 61 7"�/ �1S51 γ � → ��π

<1.�& 40 -#3:�8 54 )�8 0S�6 γ � → �&π

<1.� 45 *:$/?#" 5�� ?* %�4 γ � → ��π
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�!=**!" 8� '" �! ��� 1� �$>��$)6 ���� ���$�0 ��&'��
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���������	
�� �	��	��

��������� ��������

�������� �	 �
�� � � �−�
 � ��

���22�� �7�� �>���7� 2�6��

����H� ��������H� ��������H� ��������H� ����

����� ����� ��
� ������	
 �� 
��	 �����	


�54�±�0 7.8 #3�8#/��54�±�0 7.8 #3�8#/��54�±�0 7.8 #3�8#/��54�±�0 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��%� )�� ��� �����	� ������

�545± 2± 5 #*� 1& *�!! �1�0 �> �− →
�> �−�>�−

�0%6±&& � #")!�8 1�  *#8 1.% � � → π1 ηη

�001±&1 #*�!� %%�  *#8 �.%& � � → π1 ηη

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�5��±�4±&& �&2G !. 12 �62� �6 π− � → ωπ−π1 �

∼ �552 � /8E/78�3 %% )=� &1 π− � → �1
�
�1
�
�

�52�±��± & #  :#88: %5 !4 γ γ → π>π−π1

����	���� �����
�=������� ��� �� A �> �����	�
�� ���� �������� 1 	�� ��

WEIGHTED AVERAGE
1732±16 (Error scaled by 1.9)

ABELE 99B CBAR 3.3
AMSLER 02 CBAR 0.6
ABE 04 BELL 0.3

χ2

       4.2
(Confidence Level = 0.124)
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����H� B��28����H� B��28����H� B��28����H� B��28

����� ����� ��
� ������	
 �� 
��	 �����	


�%&± &1 7.8 #3�8#/��%&± &1 7.8 #3�8#/��%&± &1 7.8 #3�8#/��%&± &1 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��0� )�� ��� �����	� ������

�2�± ��±�& #*� 1& *�!! �1�0 �> �− →
�> �−�>�−

�02± 22 4 #")!�8 1�  *#8 1.% � � → π1 ηη

�61± 51 #*�!� %%�  *#8 �.%& � � → π1 ηη

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�5%± &%±00 �&2G !. 12 �62� �6 π− � → ωπ−π1 �

�21±��1±4& #  :#88: %5 !4 γ γ → π>π−π1

4���	���� �����

WEIGHTED AVERAGE
194±40 (Error scaled by 1.6)

ABELE 99B CBAR 1.5
AMSLER 02 CBAR 1.6
ABE 04 BELL 1.8

χ2

       4.9
(Confidence Level = 0.085)
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�� ηπ ����

�� γ γ
�4 ρπ
�& ����
H�π
�2 � � ����

�0 ωπ−π1 ����

�5 ωρ ����

����H� ��!���γ γ�	������"�����H� ��!���γ γ�	������"�����H� ��!���γ γ�	������"�����H� ��!���γ γ�	������"�[
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(
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)
	����	� ��4��&���	�
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)] × �
(
γ γ

)
	����	� ��4��&���	�
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�
(
ρπ

)
��
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����
H�π

)] × �
(
γ γ

)
	����	� ��4��&���	�

[
�
(
ρπ

)
��

(
����
H�π

)] × �
(
γ γ

)
	����	� ��4��&���	�

����� �;��� ������	
 �� 
��	 �����	


1.�%±1.1&±1.1�1.�%±1.1&±1.1�1.�%±1.1&±1.1�1.�%±1.1&±1.1� #  :#88: %5 !4 γ γ → π>π−π1

�
(
� �

) × �
(
γ γ

)
	����	� �2��	��

(
� �

) × �
(
γ γ

)
	����	� �2��	��

(
� �

) × �
(
γ γ

)
	����	� �2��	��

(
� �

) × �
(
γ γ

)
	����	� �2��	�

����� ���� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�1.0±&.�±&.0 & #*� 1& *�!! �1�0 �> �− →

�> �−�>�−
&#������ ���� ��

����H� 7���7���������H� 7���7���������H� 7���7���������H� 7���7�����

�7 , ��� �� �-- �� �� �� ��� ��'� ��,- "#��$%��
!�� � ��1 "�- �-� 4� !%� �� ��� ������ "#��$%��
!�*��� - ��1 "-� -� "� !����� �� ���
!���� ��� ��1 "� �8 !� !%��� �� ��� �"�>�
$� �$���� "#��$%��
3�=3&��� �� �!' �- �8 ��4� 3�>5#��: �� ���

 �$���$
�0 ��#� =!� �- ,���
!""�!��� �8 �� ���� ��8 �� !))	$��	 �� ��� ��� "#��$%��

�28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7�

�!4�� � �� �,�� �� "�!� �$;�� �� ���
�!�����* + �� ���� --, (� �$�%��	� �� ��� �<! �- "#��$%��

�������� �	 �
�� � � �� � ��

3�� ��� ����1�����' �� ��� ���� �	����� �� ���
 ������) �9; ���

�1��H�� �����1��H�� �����1��H�� �����1��H�� ����

����� ����� ��
� ������	
 �� 
��	 �����	


�5�6± 0 7.8 #3�8#/��5�6± 0 7.8 #3�8#/��5�6± 0 7.8 #3�8#/��5�6± 0 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

�501±�2 >�2
−�1 � #*!:�:" 12? *�)� ψ(��+ →

γπ>π−�>�−
�546±41 #*!:�:" 1&� *�)� �/ψ → ω�>�−
�5&1± & >�1

−�2 � *#: 143 *�) �/ψ → γ� �

�5&1>41−�2 � *#: 11! *�) �/ψ →
γ (π>π−π>π−+

�0%6±�6 4 *#8*�8:) 11� &21 �� → �� ηη�%
�5�1±�� ±�� & *#8*�8:) %%( 7"�/ &21 �� → �>�−�

π>π−
�5�1±�2 2 98�$ ? %% 411 �� →

�� (�
>�−+�%

�515±�1 0 #./.)�:$ 66 -"� �/ψ → γ�>�−�
�1
�
�1
�

�0%6±�2 0 #./.)�:$ 65 -"� �/ψ → γπ>π−
�5�1±�1 ±�1 5 *#!�8.)#:����65 "8�4 �/ψ → γ�>�−
�5&�±�2 0 ,:!!:#") 6& "=)9 �11 π−� → ��1

�
P

�051±21 *!77" 64  *#! �/ψ → γ �η

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�5%1>&1−41 � #*!:�:" 12 *�)� �/ψ → φπ>π−

�051±�1 6 *:$7$ 12 /#") 44 π− � → ηη�

�5�0± 5 5& %  ?��#$73 1& ;�.) � � → �1
�
�1
�



�54�>�2 �1 #$:)73: ? 14 83.�

�06�±�0 �:�?7":873 14 )=� &1�1 π− →
�1
�
�1
�
�1
�
P

�051±�0 402� �,�� $: ?:�:. 1� 7*!P

�505±�& ��� �� #  :#88: 1�+ !4 γ γ → �1
�
�1
�
� ���
�A

%�� �64S�1% /�3
�551±�� �4,�& #$:)73: ? %%� )=� 1.0S�.� �� → ηηπ1

�541±�2 � *#8*�8:) %% 7"�/ &21 �� →
�% �� �

>�−
�521±�1 � *#8*�8:) %%� 7"�/ &21 �� → �% �� π>π−
�521±41 �2 #$:)73: ? %6� 83.�  �����	����

�5�1±4% *#: %6+ *�) �/ψ → γπ1π1

�552± �.2 25 �0 *#8�73 %6 π− � → �1
�
�1
�
�

�0%1±�� �5 #*8�. %0" -!=? $1 → �>�− > P
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��� ��� �� ���� 	
� ���������	
�� �	��	��

��������

�0%0± 2 > %
−4& 5 *#: %0" *�) �/ψ → γ�>�−

�56�± 6 >�1
−4� � *#: %0" *�) �/ψ → γ�>�−

�506±�& *#!7)?:$ %2 )=� &1 π− → �1
�
�1
�
P

�521±�2 �6 *.// %2 "8�4 �/ψ → γπ>π−π>π−
�0�1±�0 5 *.// %2 "8�4 �/ψ → γπ>π−π>π−
�5&6±�1 0 #8")�87$/ %4" �501 �� → π1 ηη → 0γ

∼ �521 *8�#�)�7$�%4 )9" �� →
��π>π−π>π−

�5&&±�2 �% #!-� %�( /#"� 46 π− � → ηη�

�5�4±�1 �1 #8")�87$/ 6%( 7"�/ 411 �� → ���>�−
�510±�1 �1 #8")�87$/ 6%( 7"�/ 411 �� → ���1

�
�1
�

�511±�2 5 *7!7$�:$ 66 )=� &1 π− � → �1
�
�1
�
�

�5�1±01 � *7!7$�:$ 66 )=� &1 π− � → �1
�
�1
�
�

�046±�1 �� 9#!3#8- 66 -"� �/ψ → φ�>�−�
�1
�
�1
�

�0%1± & �� 9#!3#8- 66 -"� �/ψ → φ�>�−�
�1
�
�1
�

�522± 6 �4 #!-� 60" /#"� 46 π− � → ��η

�541> �
−�1 �& !7$/# 8� 60 83.� �� π− � → ���1

�

�021±21 *.8�� 6� "8�� �/ψ → γ �ρ

�0&1±21 �2,�0 �-,#8-) 6�(  *#! �/ψ → γ �η

�541±�1 ±�1 �5 ���:$ 6�" "=) �4 π− � → ���1
�

����� ��	�� �	� �� �������� ���� �1(�5�1+� ���  !7)� 12�
� �� A 1>�
4���	���� �����
& )��������� *#8*�8:) %% 	�� *#8*�8:) %%��
2 �� A 1>� ���������� �� #8")�87$/ 6%(�
0$� ��� ��������	�����
5 �� A �>�
6*�����,���� �	���
% )�����	��
 ������ ��� �����	����
�1���	���� ����� 	������ �� A 1>� ���� 
������� 	�	����� �� π− � → π1π1 �� π− � →

� � �� π>π− → π>π−� � � → π1π1π1� π1 ηη� π1π1 η� π>π−π1� �>�−π1�

�1
�
�1
�

π1� �>�1
�

π− 	� ����� �� → π−π−π>� �1
�
�−π1� �1

�
�1
�

π− 	� �����

��-�
	��� �� �1(�451+ππ�
�� )��� � �����	��� ������� ��� ����������� 
���� 	��� �� "A��
�4 �� A 1>�
�&$�� ���� �� #")!�8 1��
�2���	���� ����� 	������ �� A 1>

�0$� ��� ��������	�����
�5$� ��� ��������	����� ����� ��� �����������
�6 9��� 	 <� �� ��� 1> �	���	� �	���
�%#!-� %�( 
������� 	�� ��� /#")��111 �	�	�
�1 �� A �>� ���������� �� 98�$ ? %%�
��9��� 	� 	�	����� ������ ����������
� ���� � ′�(�2�2+�
�� 9��� 	� 	�	����� ��
����� ����������
� ���� � ′�(�2�2+�
�4 )��������� �� #!-� %�(�
�&.��� "8�4 �	�	� 9��� 	 �	���	���	�� 	�	����� �� �	�	 ���� 	 ���	���� ����	���� ����
2 ������ ��� 	������ ���� �� 9�� ���� 
�����	���� ����	���
����

�2 �� A �> ����������
�0 9��� <� ����
��� ��	��� � ′�(�2�2+� 8���	
�� �� *!77" 64�

�5 )��������� �� !7$/# 8� 60�

�1��H�� B��28�1��H�� B��28�1��H�� B��28�1��H�� B��28

����� ����� ��� ��
� ������	
 �� 
��	 �����	


�45 ± 6 7.8 #3�8#/��45 ± 6 7.8 #3�8#/��45 ± 6 7.8 #3�8#/��45 ± 6 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

��2 ± �2 >�1
−�2 �6 #*!:�:" 12? *�)� ψ(��+ →

γπ>π−�>�−
��2 ± �1 #*!:�:" 1&� *�)� �/ψ → ω�>�−
�00 > 2

− 6
>�2
−�1 �% *#: 143 *�) �/ψ → γ� �

��1 > 21
− &1

�% *#: 11! *�) �/ψ →
γ (π>π−π>π−+

��1 ± �0 41 *#8*�8:) 11� &21 �� → �� ηη�%
��0 ± �0 ±�6 4� *#8*�8:) %%( 7"�/ &21 �� → �>�−�

π>π−
�12 ± 4& 4� 98�$ ? %% 411 �� →

�� (�
>�−+�%

�00.&± 44.� 44 #./.)�:$ 66 -"� �/ψ → γ�>�−�
�1
�
�1
�

�40 ± �6 44 #./.)�:$ 65 -"� �/ψ → γπ>π−
�41 ± �1 4& *#!�8.)#:����65 "8�4 �/ψ → γ�>�−
25 ± 46 0 ,:!!:#") 6& "=)9 �11 π−� → ��1

�
P

�01 ± 61 *!77" 64  *#! �/ψ → γ �η

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�51 > 01

− 41
42 #*!:�:" 12 *�)� �/ψ → φπ>π−

�01 ± 21 �6 *:$7$ 12 /#") 44 π− � → ηη�

46 > �1
− �& 5& 40  ?��#$73 1& ;�.) � � → �1

�
�1
�



�&& ± 41 45,46 #$:)73: ? 14 83.�

4�1 > 21
− �1

46,4% #$:)73: ? 14 83.�

�1� ± �0 �:�?7":873 14 )=� &1�1 π− →
�1
�
�1
�
�1
�
P

�05 ± && 402� �%,&1 $: ?:�:. 1� 7*!P

�65 ± 01 ��� &� #  :#88: 1�+ !4 γ γ → �1
�
�1
�
�

���
�A %��

�64S�1% /�3
��1 ± &1 &�,&4 #$:)73: ? %%� )=� 1.0S�.� �� → ηηπ1

�11 ± �2 �% *#8*�8:) %% 7"�/ &21 �� →
�% �� �

>�−
�01 ± 41 �% *#8*�8:) %%� 7"�/ &21 �� →

�% �� π>π−
�21 ±�&1 && #$:)73: ? %6� 83.�  �����	����

41 ± 5 25 &2 *#8�73 %6 π− � → �1
�
�1
�
�

�14 ± �6 >41
−�� 4& *#: %0" *�) �/ψ → γ�>�−

62 ± �& >��
−�% �% *#: %0" *�) �/ψ → γ�>�−

20 ± �% *#!7)?:$ %2 )=� &1 π− →
�1
�
�1
�
P

�01 ± &1 &0 *.// %2 "8�4 �/ψ →
γπ>π−π>π−

�01 > 01
− �1

4& *.// %2 "8�4 �/ψ →
γπ>π−π>π−

�0& ± �2 44 #8")�87$/ %4" �501 �� → π1 ηη → 0γ

�11 �� 411 *8�#�)�7$�%4 )9" �� →
��π>π−π>π−

< 61 %1 &5 #!-� %�( /#"� 46 π− � → ηη�∗
�6� ± 41 &6 #8")�87$/ 6%( 7"�/ 411 �� →

���>�−
�1& ± 41 &6 #8")�87$/ 6%( 7"�/ 411 �� →

���1
�
�1
�

41 ± �1 4& *7!7$�:$ 66 )=� &1 π− � → �1
�
�1
�
�

421 ±�21 �% *7!7$�:$ 66 )=� &1 π− � → �1
�
�1
�
�

�&6 ± �5 &% 9#!3#8- 66 -"� �/ψ → φ�>�−�
�1
�
�1
�

�6& ± 0 21 9#!3#8- 66 -"� �/ψ → φ�>�−�
�1
�
�1
�

��� > 5&
− �2

2� !7$/# 8� 60 83.� �� π− � → ���1
�

�11 ±�11 *.8�� 6� "8�� �/ψ → γ �ρ

��1 >�11
− 51

2�,24 �-,#8-) 6�(  *#! �/ψ → γ �η

�11 >�20
− %

2& ���:$ 6�� "=) �4 π− � → ���1
�

�6*�����,���� ������
�% �� A 1>�
41���	���� �����
4� )��������� *#8*�8:) %% 	�� *#8*�8:) %%��
4� �� A 1>� ���������� �� #8")�87$/ 6%(�
44$� ��� ��������	�����
4& �� A �>�
42���� ��	�� �	� �� �������� ���� �1(�5�1+� ���  !7)� 12�
40 )�����	��
 ������ ��� �����	����
45 ()������� :+
46���	���� ����� 	������ �� A 1>� ���� 
������� 	�	����� �� π− � → π1π1 �� π− � →

� � �� π>π− → π>π−� � � → π1π1π1� π1 ηη� π1π1 η� π>π−π1� �>�−π1�

�1
�
�1
�

π1� �>�1
�

π− 	� ����� �� → π−π−π>� �1
�
�−π1� �1

�
�1
�

π− 	� �����
4% ()������� :+
&1-�
	��� �� �1(�451+ππ�
&� )��� � �����	��� ������� ��� ����������� 
���� 	��� �� "A��
&� �� A 1>�
&4$�� ���� �� #")!�8 1��
&&���	���� ����� 	������ �� A 1>

&2$� ��� ��������	�����
&0 9��� 	 <� �� ��� 1> �	���	� �	���
&5#!-� %�( 
������� 	�� ��� /#")��111 �	�	�
&6 �� A �>� (1> ��
�����+�
&% 9��� 	� 	�	����� ������ ����������
� ���� � ′�(�2�2+�
21 9��� 	� 	�	����� ��
����� ����������
� ���� � ′�(�2�2+�
2�.��� "8�4 �	�	� 9��� 	 �	���	���	�� 	�	����� �� �	�	 ���� 	 ���	���� ����	���� ����
2 ������ ��� 	������ ���� �� 9�� ���� 
�����	���� ����	���
����

2� �� A �> ����������
24 9��� <� ����
��� ��	��� � ′�(�2�2+� 8���	
�� �� *!77" 64�

2&9��� 	� 	�������� 	�	����� �� ��� �1
�
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WEIGHTED AVERAGE
1812±14 (Error scaled by 2.3)
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����� �
	�� �	
��� �� ����

�%4&±�1 #$:)73: ? 111 )=� 

�6%5±�� *#8*�8:) 11� &21 �� → �� ωω�%
�%�1±�1 *�!#-:-;� %�� 3�) 40 π− � → ωω�

�%�&±�& #!-� %1 /#"� 46 π− � → ωω�

����I�� ηη′ ��������I�� ηη′ ��������I�� ηη′ ��������I�� ηη′ ����
����� ����� ������	
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��	 �����	


�%4&±�0�%4&±�0�%4&±�0�%4&±�0 � *#8*�8:) 11! &21 �� → �� ηη′ �%• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�%��±�1 #!-� %�� /#"� 46 π− � → ηη′ �
�#��� 
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�1�±4� *#8*�8:) 11� &21 �� → �� ωω�%
%1±�1 *�!#-:-;� %�� 3�) 40 π− � → ωω�

%�±21 #!-� %1 /#"� 46 π− � → ωω�

WEIGHTED AVERAGE
163±50 (Error scaled by 3.4)

ALDE 90 GAM2 2.1
BELADIDZE 92B VES 13.3
BARBERIS 00F 1.5
ANISOVICH 00J SPEC 18.7

χ2

      35.5
(Confidence Level  0.001)
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����� �
	�� �	
��� �� ��2� )�� ��� �����	� ������

�%41±�2 � *:$7$ 12 /#") 44 π− � → ηη�

�1�1±�2 #$:)73: ? 111 )=� 

�%&1±21 *#: 11! *�) �/ψ → γ (π>π−π>π−+
�%61±�� � *#8*�8:) 11" &21 �� → ��&π

�%&1±�� 4 *#8*�8:) 11" &21 �� → ���π�π1

�%61±21 #$:)73: ? %%� )=� �.42S�.%& �� → ηηπ1

�%01±41 *#8*�8:) %5� 7"�/ &21 �� → ���(π>π−+
�%�6±�� #$�:$78: %2 7"�/ 411�&21 �� → ���(π> π−+
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�> �−�>�−
�605±&0 & #")!�8 1�  *#8 1.% �� → π1 ηη� π1π1π1

∼ �%%0 ?#)#$ %& 83.� � � → ππ

∼ �%%1 2 7#�-�$ %& 83.� 1.40S�.22 �� → ππ

�%21±�2 0 #)�7$ %� !#)) 1 �� �− � → #� � ππ
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WEIGHTED AVERAGE
1944±12 (Error scaled by 1.5)

ANTINORI 95 OMEG 4.7
BARBERIS 97B OMEG 0.3
ANISOVICH 99B SPEC 0.5
BARBERIS 00C 0.0
BARBERIS 00C 2.7
BAI 00A BES 0.0
ANISOVICH 00J SPEC 7.0
BINON 05 GAMS 0.3

χ2

      15.5
(Confidence Level = 0.030)
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&21± 21 5 *:$7$ 12 /#") 44 π− � → ηη�

&%2± 42 #$:)73: ? 111 )=� 

461>��1− %1 *#: 11! *�) �/ψ → γ (π>π−π>π−+
2�1± 21 6 *#8*�8:) 11" &21 �� → ��&π

&62± 22 % *#8*�8:) 11" &21 �� → ��&π

211±�11 #$:)73: ? %%� )=� �.42S�.%& �� → ηηπ1

&01± &1 *#8*�8:) %5� 7"�/ &21 �� → ���(π>π−+
4%1± 01 #$�:$78: %2 7"�/ 411�&21 �� → ���(π> π−+
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J� �����&�
J� �����&�
J� ����

����� ����� ��
� ������	
 �� 
��	 �����	


�1�2±�1 7.8 #3�8#/��1�2±�1 7.8 #3�8#/��1�2±�1 7.8 #3�8#/��1�2±�1 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��6� )�� ��� �����	� ������

�112±�1 � *:$7$ 12 /#") 44 π− � → ηη�

�%%6±�2 #!-� %6 /#"& �11 π− � → π1π1 �

�%51±41 *�!#-:-;� %�� 3�) 40 π− � → ωω�

�101±�1 #!-� %1 /#"� 46 π− � → ωω�

�146±41 #./.)�:$ 65 -"� �/ψ → γπ>π−
�160±�2 *#!�8.)#:����65 "8�4 �/ψ → γπ>π−
�111±01 #!-� 60( /#"& �11 π− � → ��η

�1�1±�1 &1G � *:$7$ 6&� /#"� 46 π− � → ��π1

�1�2±�6 4  #)7$ 6� )�8 6 π> � → '>>π1π1

�14�>�2−40 ���:$ 6�� "=) �4 π− � → ���1
�

�1�1±41 511 #=�! 52 $: � &1 π− � → ��π1

�121±�2 *!." 52 #)=� �6�& π− � → ��>�−
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�1�6± 0 #$:)73: ? 111 )=� ��1 � � → ηπ1 π1�

π1π1� ηη� ηη′� ππ
∼ �111 & "#8�:$ %6 83.� �� → ππ

∼ �1�1 2 "#8�:$ %5 83.� �� → ππ

∼ �1&1 0 7#�-�$ %& 83.� 1.40S�.22 � � → ππ

∼ �%%1 5 7#�-�$ %& 83.� 1.40S�.22 � � → ππ

�%56± 2 6 #!=�8 61  $�8 0� π− � → �>�− �

�1&1±�1 6 87;#$)�# 61 )=8� �6 π− � → �� �

�%42±�4 6  78-�$ 5% 7"�/ ��S�2 π− � → ��π

�%66± 5 �3#$/�!:)�# 5%� 7"�/ �1 π− � → �>�− �

�%��±�& % #$�:=73 55  :*) �2 π− � → �4π

�9��� ��� <��� =,# ���������
� 9��� 	 �	���	���	�� 	�	����� �� ��� �	�	�
4 9��� 	� 	�������� 	�	����� �� ��� ��	
���� π>π− → �π1�
& ��������������� 	�	������
2 )���� ����� 	�	������
0 9��� �������� # �� 	�������� 	�	����� �� �	�	 �� � � → ππ� )�� ������� �!7�� %0

��� <� π>π− ���� 	�� <�� �	��� ���� �� �� � A 4 �� �� ������	�� ��� ��� ����<
	����
�����	���

5 9��� �������� * �� 	�������� 	�	����� �� �	�	 �� � � → ππ� )�� ������� �!7�� %0

��� <� π>π− ���� 	�� <�� �	��� ���� �� �� � A 4 �� �� ������	�� ��� ��� ����<
	����
�����	���

6 " (�� + A 1(&>+ ���� 	�������� 	�	����� 	������ �������� ��
�	���
%,���� ������ ���	��� �� �� �� &H@

√
�B ��� ��� ���� ���� ��� �∗(6%�+ �	���

WEIGHTED AVERAGE
2025±10 (Error scaled by 1.8)

BLUM 75 ASPK 1.0
APEL 75 NICE 0.0
ETKIN 82B MPS 0.0
CASON 82 STRC 0.1
BINON 84B GAM2 0.1
ALDE 86D GAM4 0.2
BALTRUSAIT... 87 MRK3 16.5
AUGUSTIN 87 DM2 0.2
ALDE 90 GAM2 3.1
BELADIDZE 92B VES 3.4
ALDE 98 GAM4 3.2
BINON 05 GAMS 4.0

χ2

      31.8
(Confidence Level  0.001)
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��2± �6 7.8 #3�8#/���2± �6 7.8 #3�8#/���2± �6 7.8 #3�8#/���2± �6 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��5� )�� ��� �����	� ������

4&1± 61 �1 *:$7$ 12 /#") 44 π− � → ηη�

4%2± &1 #!-� %6 /#"& �11 π− � → π1π1 �

411± 21 *�!#-:-;� %�� 3�) 40 π− � → ωω�

�51± 01 #!-� %1 /#"� 46 π− � → ωω�

41&± 01 #./.)�:$ 65 -"� �/ψ → γπ>π−
��1± 04 *#!�8.)#:����65 "8�4 �/ψ → γπ>π−
&11±�11 #!-� 60( /#"& �11 π− � → ��η

�&1± &1 &1G �� *:$7$ 6&� /#"� 46 π− � → ��π1

�%1± �& -�$$�E 64 !#)) �1 π> �
/
π> �

�60>�14− 26
��  #)7$ 6� )�8 6 π> � → '>>π1π1

412> 40
−��% ���:$ 6�� "=) �4 π− � → ���1

�

�61± 01 511 #=�! 52 $: � &1 π− � → ��π1

��2>��1− 51 *!." 52 #)=� �6�& π− � → ��>�−
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�6�± 5 #$:)73: ? 111 )=� ��1 � � → ηπ1 π1�

π1π1� ηη� ηη′� ππ
∼ �51 �4 "#8�:$ %6 83.� �� → ππ

∼ �11 �& "#8�:$ %5 83.� �� → ππ

∼ 01 �2 7#�-�$ %& 83.� 1.40S�.22 � � → ππ

∼ 61 �0 7#�-�$ %& 83.� 1.40S�.22 � � → ππ

�&4± �0 �5 #!=�8 61  $�8 0� π− � → �>�− �

�&1± �2 �5 87;#$)�# 61 )=8� �6 π− � → �� �

�04± 25 �5  78-�$ 5% 7"�/ ��S�2 π− � → ��π

�11± �6 �3#$/�!:)�# 5%� 7"�/ �1 π− � → �>�− �

�15± 20 �6 #$�:=73 55  :*) �2 π− � → �4π

�19��� ��� <��� =,# ���������
�� 9��� 	 �	���	���	�� 	�	����� �� ��� �	�	�
�� 9��� 	� 	�������� 	�	����� �� ��� ��	
���� π>π− → �π1�
�4��������������� 	�	������
�& )���� ����� 	�	������
�2 9��� �������� # �� 	�������� 	�	����� �� �	�	 �� � � → ππ� )�� ������� �!7�� %0

��� <� π>π− ���� 	�� <�� �	��� ���� �� �� � A 4 �� �� ������	�� ��� ��� ����<
	����
�����	���

�0 9��� �������� * �� 	�������� 	�	����� �� �	�	 �� � � → ππ� )�� ������� �!7�� %0

��� <� π>π− ���� 	�� <�� �	��� ���� �� �� � A 4 �� �� ������	�� ��� ��� ����<
	����
�����	���

�5 " (�� + A 1(&>+ ���� 	�������� 	�	����� 	������ �������� ��
�	���
�6,���� ������ ���	��� �� �� �� &H@

√
�B ��� ��� ���� ���� ��� �∗(6%�+ �	���



������������

��� ��� �� ���� 	
� ���������	
�� �	��	��

�����
���π�������

WEIGHTED AVERAGE
225±18 (Error scaled by 1.7)

BLUM 75 ASPK 0.0
APEL 75 NICE 0.6
ETKIN 82B MPS 0.7
CASON 82 STRC 0.2
DENNEY 83 LASS 6.1
BINON 84B GAM2 0.2
ALDE 86D GAM4 3.1
BALTRUSAIT... 87 MRK3 0.1
AUGUSTIN 87 DM2 1.8
ALDE 90 GAM2 0.8
BELADIDZE 92B VES 2.3
ALDE 98 GAM4 18.2
BINON 05 GAMS 2.1

χ2

      35.9
(Confidence Level  0.001)
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.�% %2 #!�?799 62� �#)) γ γ → � � π
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<�.� %2 �4 ±
&

7�)� %1 �#-� �> �− → �> �−π1π1

�&�
J� 67���8��9 7�2����&�
J� 67���8��9 7�2����&�
J� 67���8��9 7�2����&�
J� 67���8��9 7�2���
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��� ���� *#8*�8:) 11� &21 �� → �� ωω�%
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�.2±1.4�.2±1.4�.2±1.4�.2±1.4 #!-� %1 /#"� 46 π− � → ωω�

�
(
ππ

)
	����	� ��	��

(
ππ

)
	����	� ��	��

(
ππ
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	����	� ��	��

(
ππ
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	����	� ��	�

����� ������	
 �� 
��	 �����	


1.�51±1.1�2 7.8 #3�8#/�1.�51±1.1�2 7.8 #3�8#/�1.�51±1.1�2 7.8 #3�8#/�1.�51±1.1�2 7.8 #3�8#/�

1.�6 ±1.14 �% *:$7$ 64" /#"� 46 π− � → �&γ

1.�0 ±1.14 �%  #)7$ 6� )�8 6 π> � → '>>π1π1

1.�5 ±1.1� �%  78-�$ 5% 7"�/ ��S�2 π− � → ��π
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1.1&>1.1�−1.1�1.1&>1.1�−1.1�1.1&>1.1�−1.1�1.1&>1.1�−1.1� ���:$ 6�� "=) �4 π− � → ���1
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�.�±1.6�.�±1.6�.�±1.6�.�±1.6 #!-� 60( /#"& �11 π− � → �&γ
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<1.1��<1.1��<1.1��<1.1�� #!-� 65 /#"& �11 π− � → &π1 �
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���� #"�!:$ 11 3�) 45 π− � → ηπ>π− �
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�1%1± �% 7.8 #3�8#/��1%1± �% 7.8 #3�8#/��1%1± �% 7.8 #3�8#/��1%1± �% 7.8 #3�8#/�

�1%1± 41 � #"�!:$ %2� 3�) 40 π−	 →
π>π−π−	

��11±�21 � -#." 6��  $�8 04�%& π− � → 4πP

�9��� 	 <� �� ��� A �−> ��(��51+π� (ππ+%π �	����
� 9��� 	 ���������	�
� <� �� ���� �−1> �	����
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�� B��28π��
�� B��28π��
�� B��28π��
�� B��28
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0�2± 21 7.8 #3�8#/�0�2± 21 7.8 #3�8#/�0�2± 21 7.8 #3�8#/�0�2± 21 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ����

2�1±�11 4 #"�!:$ %2� 3�) 40 π−	 →
π>π−π−	

02�± 21 & -#." 6��  $�8 04�%& π− � → 4πP

49��� 	 <� �� ��� A �−> ��(��51+π� (ππ+%π �	����
& 9��� 	 ���������	�
� <� �� ���� �−1> �	����

π��
�� ����� �����π��
�� ����� �����π��
�� ����� �����π��
�� ����� �����

"��� 9�	
���� (H� @H+

�� Aπ ����

�� ρπ ����

�4 ����
H�π ����

�& �ππ�% π ����

π��
�� 67���8��9 7�2���π��
�� 67���8��9 7�2���π��
�� 67���8��9 7�2���π��
�� 67���8��9 7�2���

�
(
ρπ

)
	�

(
Aπ

)
��	���

(
ρπ

)
	�

(
Aπ

)
��	���

(
ρπ

)
	�

(
Aπ

)
��	���

(
ρπ

)
	�

(
Aπ

)
��	��

����� ������	
 �� 
��	 �����	


1.�%±1.121.�%±1.121.�%±1.121.�%±1.12 2 -#." 6��  $�8 04�%& π− �

�
(
����
H�π

)
	�

(
Aπ

)
�4	���

(
����
H�π

)
	�

(
Aπ

)
�4	���

(
����
H�π

)
	�

(
Aπ

)
�4	���

(
����
H�π

)
	�

(
Aπ

)
�4	��

����� ������	
 �� 
��	 �����	


1.40±1.1%1.40±1.1%1.40±1.1%1.40±1.1% 2 -#." 6��  $�8 04�%& π− �



������������

���������	
�� �	��	��

π�������� ��������� �����
��

�
(
�ππ�% π

)
	�

(
Aπ

)
�&	���

(
�ππ�% π

)
	�

(
Aπ

)
�&	���

(
�ππ�% π

)
	�

(
Aπ

)
�&	���

(
�ππ�% π

)
	�

(
Aπ

)
�&	��

����� ������	
 �� 
��	 �����	


1.&2±1.151.&2±1.151.&2±1.151.&2±1.15 2 -#." 6��  $�8 04�%& π− �

�0,�&�	�0,�&� 7�2�� ��7 π��
�� → ����
H�π�0,�&�	�0,�&� 7�2�� ��7 π��
�� → ����
H�π�0,�&�	�0,�&� 7�2�� ��7 π��
�� → ����
H�π�0,�&�	�0,�&� 7�2�� ��7 π��
�� → ����
H�π
����� ������	
 �� 
��	 �����	


1.4%±1.�41.4%±1.�41.4%±1.�41.4%±1.�4 2 -#." 6��  $�8 04�%& π− �

29��� 	 ���������	�
� <� �� ���� �−1> �	����

π��
�� 7���7�����π��
�� 7���7�����π��
�� 7���7�����π��
�� 7���7�����

!����' �,� �� ��,� ,�, (��� !���	� �� ��� �*���6  ����
(!7� ��� '� ���- -�� "� ($�� �� ��� �!�* 6 "��'6 "�!"6 ������

�������� �	 �
�� � � �� � ��

���22�� �7�� �>���7� 2�6��
0��	
 ���$��������

�1�
�� �����1�
�� �����1�
�� �����1�
�� ����

����� ����� ������	
 �� 
��	 �����	


��14± 5 7.8 #3�8#/���14± 5 7.8 #3�8#/���14± 5 7.8 #3�8#/���14± 5 7.8 #3�8#/�

��12±�2 #$:)73: ? 11� )=� 

��1�±�4 #$:)73: ? 111 )=� ��1 � � → ηπ1 π1�

π1π1� ηη� ηη′�
π>π−

�1%1±41 *#: 11! *�) �/ψ →
γ (π>π−π>π−+

��12±�1 #$:)73: ? %%4 )=� 1.0S�.%& � � → ηη� ηη′
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ ��1& *.// %2

�1�
�� B��28�1�
�� B��28�1�
�� B��28�1�
�� B��28

����� ����� ������	
 �� 
��	 �����	


�10± �2 7.8 #3�8#/��10± �2 7.8 #3�8#/��10± �2 7.8 #3�8#/��10± �2 7.8 #3�8#/�

�11± �2 #$:)73: ? 11� )=� 

���± �% #$:)73: ? 111 )=� ��1 � � → ηπ1 π1�

π1π1� ηη� ηη′�
π>π−

441±�11 *#: 11! *�) �/ψ →
γ (π>π−π>π−+

�11± �2 #$:)73: ? %%4 )=� 1.0S�.%& � � → ηη� ηη′
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ �14 *.// %2

�1�
�� 7���7������1�
�� 7���7������1�
�� 7���7������1�
�� 7���7�����

!'�*&��"+ � '� !��- ��� !��� !�	�#:	). �� ���

!'�*&��"+ 1 �� ���� �8 !��� !�	�#:	). �� ���

�!� ! �� ��8- -8 1��� �$	 �� ��� ���* "#��$%��
!'�*&��"+ ��4 �� ���� �� !��� !�	�#:	). �� ���

�733 �, �� ��,� �8� (��� ��55 �� ��� ��&?�6 �'��6 <!*+�

�28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7��28�7 7���2�� 4�4�7�

��1!'(� , �� (8- ��-, 1� �	2$�0�6 !� �$�$�)�6 �� ����$�0��

�����
�� �	 �
�� � � ��
 � ��

���22�� �7�� �>���7� 2�6��
���
 ����� '�
 �������
� ���	 �1�

���
�J� �������
�J� �������
�J� �������
�J� ����

���
�J� ����� ���6���� ����� ���<����
�J� ����� ���6���� ����� ���<����
�J� ����� ���6���� ����� ���<����
�J� ����� ���6���� ����� ���<�
����� ����� ������	
 ��

��20±�� 7.8 #3�8#/���20±�� 7.8 #3�8#/���20±�� 7.8 #3�8#/���20±�� 7.8 #3�8#/� :�
����� �	�	 ���� ��� � �	�	���
G� ��	� ������ ���� ����

ηη ����ηη ����ηη ����ηη ����
����� ����� ������	
 �� 
��	 �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

��25±�� 7.8 #3�8#/���25±�� 7.8 #3�8#/���25±�� 7.8 #3�8#/���25±�� 7.8 #3�8#/�

��2�±�0 *#8*�8:) 11� &21 �� → �� ηη�%
��52±�1 =87�7)?�:$ %2( /#"& 411 π−� → π−� �η�

&21 �� → ���η
��41±42 ):$/73)�: %& /#"& &21 �� → ���η

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��&1±41 � #*�!� %%�  *#8

���� � #$:)73: ? %%� )=� �.42S�.%& � � → ηηπ1

��12±�1 � #$:)73: ? %%4 83.� 1.0S�.%& � � → ηη� ηη′
��1&±�1 4 #8")�87$/ %4" �501 �� → π1 ηη → 0γ

�)��� ��� �����������
� ��� A 1 > >�
4$� ��� ��������	�����

ηππ ����ηππ ����ηππ ����ηππ ����
����� ����� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

��42±�1±&2��42±�1±&2��42±�1±&2��42±�1±&2 #-7"�:� %0  *#8 1 ��%& �� → η4π1

�� → ππ�� → ππ�� → ππ�� → ππ
����� ����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ ���0 ?#)#$ %& 83.� �� → ππ

∼ �1%1 & 7#�-�$ %& 83.� 1.40S�.22 � � → ππ

∼ ���1 2 7#�-�$ %& 83.� 1.40S�.22 � � → ππ

∼ ��51 0 "#8�:$ 61� 83.�

∼ ��21 0 "#8�:$ 61" 83.�

∼ ��21 5 -.!.-� 56� 7)=� �S� �� → π1π1

&7#�-�$ %& �	G�� 	� 	�������� 	�	����� �� !�#8 �	�	 �� �� → ππ ���� 	 ������
�	��� �� *	������ M����� ���� �� �������� #� ��� 	�������� 	�	����� �� ?#)#$ %& ��
�����
�	����� �	�	 	� ����� 	�� 	����� ��	� ��� �	�	 
	� �� �	�	�����M�� �� ����� �� ������ ��
��	��� ������	�� �����	�
�� �� ��� ��	��� 8�� ��	F�
����� )�� 	��� �!7�� %0 	��
"#8�:$ %5 ��� �	G� ���	��� 	�	������

2 9��� �������� * �� 	�������� 	�	����� �� �	�	 �� � � → ππ�
0 " (�� + A 1(�>+ ���� ������	����� 	�	����� �� �� → π−π> 	�� π1π1�
5 "+ (�� + A 1>(�>+ ���� �	���	���	�� 	�������� 	�	������

�0�8����� ��� �� �� � ��0�8����� ��� �� �� � ��0�8����� ��� �� �� � ��0�8����� ��� �� �� � �
����� ����� ������	
 �� 
��	 �� �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��4%> 6

− %
6 �3#$/�!:)�# %5 )=� 1�0���& � � →

�1
�
�1
�

∼ ��%1 6  .��) 56�  $�8 1�%5S4 � � →
��

��22±�2 6,%  7.=!#$- 55  $�8 1 1�5S��& �� → ��

��%4± � 6,�1 #!)=� �78 54  $�8 �� � 
�	����

6 :������� 1 	�� � ��� ���	�	����
% 9��� 	 <� �� ��� ���	� ��	���
 
���� ��
�����
�18������� �� 	� � �� � ����� �� #!)=� �78 54�

� � ����� � ����� � ����� � ����
����� ����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��21±�1 #*!:�:" 1&� *�)� �/ψ → ω�>�−
��41±42 *#8*�8:) %% 7"�/ &21 �� → �% �� �

>�−

���
�J� B��28���
�J� B��28���
�J� B��28���
�J� B��28

���
�J� B��28� ���6���� ����� ���<����
�J� B��28� ���6���� ����� ���<����
�J� B��28� ���6���� ����� ���<����
�J� B��28� ���6���� ����� ���<�
����� ����� ������	
 ��

�05±41 7.8 #3�8#/��05±41 7.8 #3�8#/��05±41 7.8 #3�8#/��05±41 7.8 #3�8#/� :�
����� �	�	 ���� ��� � �	�	���
G� ��	� ������ ���� ���� �����
��
����� �
	�� �	
��� �� ��2� )�� ��� �����	� ������

WEIGHTED AVERAGE
167±30 (Error scaled by 1.5)

ADOMEIT 96 CBAR 2.6
SINGOVSKI 94 GAM4 1.5
PROKOSHKIN 95D GAM4 0.2
BARBERIS 00E 2.6

χ2

       7.0
(Confidence Level = 0.073)

0 100 200 300 400 500 600

� ��-�! �59�:) @7+�5069 +7963  +�,!



������������

��� ��� �� ���� 	
� ���������	
�� �	��	��

�����
��

ηη ����ηη ����ηη ����ηη ����
����� ����� ������	
 �� 
��	 �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�2�±41 7.8 #3�8#/��2�±41 7.8 #3�8#/��2�±41 7.8 #3�8#/��2�±41 7.8 #3�8#/� ����� ��
����� �
	�� �	
��� �� ��&� )�� ��� �����	� ������

�61±51 *#8*�8:) 11� &21 �� → �� ηη�%
�21±42 =87�7)?�:$ %2( /#"& 411 π−� → π−� �η�

&21 �� → ���η
�41±41 ):$/73)�: %& /#"& &21 �� → ���η

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
4�1±21 �� #*�!� %%�  *#8

���� �� #$:)73: ? %%� )=� �.42S�.%& � � → ηηπ1

�11±�2 �4 #$:)73: ? %%4 83.� 1.0S�.%& � � → ηη� ηη′
�14±�1 �& #8")�87$/ %4" �501 �� → π1 ηη → 0γ

��)��� ��� �����������
�� ��� A 1 > >
�4=,# ���� ��� A 1 > >�
�&$� ��� ��������	�����

WEIGHTED AVERAGE
152±30 (Error scaled by 1.4)

SINGOVSKI 94 GAM4 0.5
PROKOSHKIN 95D GAM4 0.0
BARBERIS 00E 3.3

χ2

       3.9
(Confidence Level = 0.143)

0 100 200 300 400 500 600

� ��-�! �59�:) ηη +796  +�,!

ηππ ����ηππ ����ηππ ����ηππ ����
����� ����� ������	
 �� 
��	 �� �����	


��� �	�	 �� ���� ���
G �� ��
����� �� ��� 	���	� ������� ��� 	 �������� �	�	���
G�

�21±�2±&2�21±�2±&2�21±�2±&2�21±�2±&2 #-7"�:� %0  *#8 1 ��%& �� → η4π1

�� → ππ�� → ππ�� → ππ�� → ππ
����� ����� ������	
 �� 
��	 �����	


�21 7.8 �)�:"#���21 7.8 �)�:"#���21 7.8 �)�:"#���21 7.8 �)�:"#��

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ ��0 ?#)#$ %& 83.� �� → ππ

∼ 51 �2 7#�-�$ %& 83.� 1.40S�.22 � � → ππ

∼ �21 �0 "#8�:$ 61� 83.�

∼ �21 �0 "#8�:$ 61" 83.�

∼ �21 �5 -.!.-� 56� 7)=� �S� �� → π1π1

�2)�� ������� �!7�� %0 ��� <� π>π− ���� 	�� <�� �	��� ���� �� �� � A 4 �� ��
������	�� ��� ��� ����<
	���� �����	���

�0 " (�� + A 1(�>+ ���� ������	����� 	�	����� �� �� → π−π> 	�� π1π1�
�5 "+ (�� + A 1>(�>+ ���� �	���	���	�� 	�������� 	�	������

�0�8����� ��� �� �� � ��0�8����� ��� �� �� � ��0�8����� ��� �� �� � ��0�8����� ��� �� �� � �
����� ����� ������	
 �� 
��	 �� �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
20>4�−�0 �6 �3#$/�!:)�# %5 )=� 1�0���& � � →

�1
�
�1
�

�42±52 �%,�1  7.=!#$- 55  $�8 1 1�5S��& �� → ��

%6± 6 �1 #!)=� �78 54  $�8 �� � 
�	����

�6 :������ 1 	�� � ��� ���	�	����
�% 9��� 	 <� �� ��� ���	� ��	���
 
���� ��
�����
�1 :������� 1 	�� � ��� ���	�	����

� � ����� � ����� � ����� � ����
����� ����� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�21±41 #*!:�:" 1&� *�)� �/ψ → ω�>�−
�51±21 *#8*�8:) %% 7"�/ &21 �� → �% �� �

>�−

���
�J� ����� ��������
�J� ����� ��������
�J� ����� ��������
�J� ����� �����

"��� 9�	
���� (H� @H+

�� ππ
�� ηη ����

�4 � � ����

�& ����
H�η ����

�2 ����A
�π ����

���
�J� 67���8��9 7�2������
�J� 67���8��9 7�2������
�J� 67���8��9 7�2������
�J� 67���8��9 7�2���
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)
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(
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)
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)
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(
ηη

)
�4	��

����� ��� ������	
 �� 
��	 �����	


�.�6±1.�4�.�6±1.�4�.�6±1.�4�.�6±1.�4 *#8*�8:) 11� &21 �� → �� ηη�%
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.� %2 �� =87�7)?�:$ %2( /#"& 411 π−� → π−� �η�

&21 �� → ���η
��.��� �	�	 ���� #8")�87$/ 6%(�

�
(
ππ

)
	�

(
ηη

)
��	���

(
ππ

)
	�

(
ηη

)
��	���

(
ππ

)
	�

(
ηη

)
��	���

(
ππ

)
	�

(
ηη

)
��	��

����� ��� ������	
 �� 
��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
<1.44 %2 �� =87�7)?�:$ %2( /#"& 411 π−� → π−� �η�

&21 �� → ���η

��-������ ���� 	 π1π1@ηη ������

�
(
����
H�η

)
	�

(
����A
�π

)
�&	�2�

(
����
H�η

)
	�

(
����A
�π

)
�&	�2�
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����
H�η

)
	�

(
����A
�π

)
�&	�2�

(
����
H�η

)
	�

(
����A
�π

)
�&	�2
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> − → π>π− ��>�− �Fπ> − → π>π− ��>�− �Fπ> − → π>π− ��>�− �Fπ> − → π>π− ��>�− �Fπ
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��&%±�5 7.8 #3�8#/���&%±�5 7.8 #3�8#/���&%±�5 7.8 #3�8#/���&%±�5 7.8 #3�8#/� :�
����� �	�	 ���� ��� �	�	���
G ��	� ������� ���� ����

��24±45 *:#/:$: %� 83.� �> �− →
π>π− �

�>�−
���1±21 �  !�// %1 83.� 1 �> �− →

4(π>π−+�
�(π>π−π1+

�� → ππ�� → ππ�� → ππ�� → ππ
����� ����� ������	
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��	 �����	


• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ ��%� ?#)#$ %& 83.� �� → ππ

∼ �%66 ?#)#$ %& 83.� �� → ππ

∼ �151 � 7#�-�$ %& 83.� 1.40S�.22 � � → ππ

∼ ��51 4 "#8�:$ 61� 83.�

∼ ��11 4 "#8�:$ 61" 83.�
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
���1±42 & #$:)73: ? 1� )=� 1.0S�.% �� →

ωπ1� ωηπ1�

π>π−
∼ ��%1 2  .��) 56�  $�8 1�%5S4 � � →
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��22±�2 2,0  7.=!#$- 55  $�8 1 1�5S��& �� → ��

��%4± � 2,5 #!)=� �78 54  $�8 �� � 
�	����

��%1±�1 6 #*8#") 51  $�8 � 
�	���� ��

π− � → ωπ1 �π− � → ωπ1 �π− � → ωπ1 �π− � → ωπ1 �
����� ����� ������	
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��22±�� 7.8 #3�8#/���22±�� 7.8 #3�8#/���22±�� 7.8 #3�8#/���22±�� 7.8 #3�8#/�

��&1±41 #!-� %2 /#"� 46 π− � → ωπ1 �

��51±41 #!-� %�" /#"& �11 π− � → ωπ1 �
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����� #��:$)7$ 62�
4 " (�� + A �(�−+ ���� ������	����� 	�	����� �� �� → π−π> 	�� π1π1�
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������� 	�	����� �� #$:)73: ? 111� #$:)73: ? 1�(� #$:)73: ? 1���
	�� #$:)73: ? 1��
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�� #*8#") 51� �� �	���� ����
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ρ�
�J� B��28ρ�
�J� B��28ρ�
�J� B��28ρ�
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> − → π>π− ��>�− �Fπ> − → π>π− ��>�− �Fπ> − → π>π− ��>�− �Fπ> − → π>π− ��>�− �Fπ
����� ����� ������	
 �� 
��	 �� �����	


404± 21 7.8 #3�8#/�404± 21 7.8 #3�8#/�404± 21 7.8 #3�8#/�404± 21 7.8 #3�8#/� :�
����� �	�	 ���� ��� �	�	���
G ��	� ������� ���� ����

46%± 5% *:#/:$: %� 83.� �> �− →
π>π− �

�>�−
&�1±�11 �1  !�// %1 83.� 1 �> �− →

4(π>π−+�
�(π>π−π1+

�� → ππ�� → ππ�� → ππ�� → ππ
����� ����� ������	
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ �%0 ?#)#$ %& 83.� �� → ππ

∼ �&& ?#)#$ %& 83.� �� → ππ

∼ &1 % 7#�-�$ %& 83.� 1.40S�.22 � � → ππ

∼ �21 �� "#8�:$ 61� 83.�

∼ �11 �� "#8�:$ 61" 83.�
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• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
�41±21 �� #$:)73: ? 1� )=� 1.0S�.% �� →

ωπ1� ωηπ1�
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��51±�1>�1−�2 #*!:�:" 12? *�)� ψ(��+ → γπ>π−�>�−
���1±21 � *:$7$ 12 /#") 44 π− � → ηη�

��%5±�5 � #./.)�:$ 66 -"� �/ψ → γ�1
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�1
�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ ���� ?#)#$ %& 83.� � � → ππ

∼ �4�� ?#)#$ %& 83.� � � → ππ
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�46±21 7.8 #3�8#/��46±21 7.8 #3�8#/��46±21 7.8 #3�8#/��46±21 7.8 #3�8#/� ����� ��
����� �
	�� �	
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��1±01>&1−&2 #*!:�:" 12? *�)� ψ(��+ → γπ>π−�>�−
461±%1 4 *:$7$ 12 /#") 44 π− � → ηη�

�1�±2� & #./.)�:$ 66 -"� �/ψ → γ�1
�
�1
�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
∼ �54 ?#)#$ %& 83.� � � → ππ

∼ ��4 ?#)#$ %& 83.� � � → ππ
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��4�.�± 4.2 7.8 #3�8#/���4�.�± 4.2 7.8 #3�8#/���4�.�± 4.2 7.8 #3�8#/���4�.�± 4.2 7.8 #3�8#/�

��42 ± & ± 0 5& *#: %0� *�) �> �− → �/ψ →
γπ>π−

��41 > 0
− 5 ±�0 &0 *#: %0� *�) �> �− → �/ψ →

γ�>�−
��4� > 6

− 5 ±�2 �4 *#: %0� *�) �> �− → �/ψ →
γ�1

�
�1
�

��42 ± & ± 2 4� *#: %0� *�) �> �− → �/ψ → γ ��

��1% >�5
−�2 ±�1 #)�7$ 66� !#)) �� �− � → �>�−#

��41 ±�1 *7!7$�:$ 66 )=� &1 π− � → �1
�
�1
�
�

���1 ±�1 &� � #!-� 60� /#�& 46S�11 π� → �ηη′
��41 ± 0 ±�& %4 *#!�8.)#:����60( "8�4 �> �− → γ�>�−
��4� ± 5 ± 5 �4 *#!�8.)#:����60( "8�4 �> �− → γ�1

�
�1
�

• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
� • • •
��&0 ±40 *#: %6+ *�) �/ψ → γπ1π1
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�
�1
�
�

�0> �1
− �0±�5 %4 *#!�8.)#:����60( "8�4 �> �− → γ�>�−
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�0 ηη′�IJD� ����

�5 φφ ��� ����

�6 ηη ��� ����
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�
�1
�
� ���
�A

%�� �64S�1% /�3
• • • ,� �� ��� ��� ��� �������� �	�	 ��� 	���	��� <��� ������� ��
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� ������� ������� ������� ������ �� ���� � � �������
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±�� ��� ± �� ��>� !'� 
� !#�' �
 π− � → �� 	

�������������������������������� �� ���� � � �−�� � ��
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±	� ����$�−	� � �!����" ��� !#�� ��� �� → �π�)

π� η) π� η′

η���$��η���$��η���$��η���$�� �� ���� � � ���� −��
���� ����� ����� ����� ��	
���� �� ��	�

��$�±�� 
�� ± ��� �+ $$ ��!

ω����$��ω����$��ω����$��ω����$�� �� ���� � � �−��−−�
���� ����� ����� ����� ��	
���� �� ��	� 	������

��$�±�� ��� ± 	� �� � �!����" ��� !#�� �.���.$ �� → ωη)

ωπ�π�

ω������ω������ω������ω������ �� ���� � � �−��−−�
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±�� ��� ± $� �� � �!����" ��� !#�� �.���.$ �� → ωη)

ωπ�π�

� ������� ������� ������� ������ �� ���� � � �������
���� ����� ����� ����� ��	
���� �� ��	� 	������

������$−�� ����	��− 
� ��� �%�!�� �$� �(� �� π− � →
���− 	

� ������� ������� ������� ������ �� ���� � � �������
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±�� ��� ��!� �� "�� ���� π− �

�������������������������������� �� ���� � � �−�� �−�
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±	� ��� ± �� �� � �!����" ��� !#�� �.���.$ �� → ωη)

ωπ�π�

�����	�������	�������	�������	�� �� ���� � � ���� �−�
���� ����� ����� ����� ��	
���� �� ��	� 	������

��	�±�� ��� ± 
� $ � �!����" �� !#�� �.���.$ �� →
ωπ�) ωηπ�)

π�π−

ρ����	��ρ����	��ρ����	��ρ����	�� �� ���� � � ���� −−�
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±�� �������− ��
$ � �!����" �� !#�� �.���.$ �� →

ωπ�) ωηπ�)

π�π−

ρ	���	��ρ	���	��ρ	���	��ρ	���	�� �� ���� � � ���	 −−�
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±�� ��� ± �� $ � �!����" �� !#�� �.���.$ �� →
ωπ�) ωηπ�)

π�π−

π����	��π����	��π����	��π����	�� �� ���� � � �−��−��

���� ����� ����� ����� ��	
���� �� ��	� 	������

��	�±�� �������− 	� � �!����" ��� !#�� ��� �� → �π�)

π� η) π� η′

η�������η�������η�������η������� �� ���� � � ���� −��
���� ����� ����� ����� ��	
���� �� ��	�

��	
±�� �
� ± �� � �!����" ��� !#��

����±�	 �$� ± �� � �!����" ��	 !#��

π	������π	������π	������π	������ �� ���� � � �−�	−��

���� ����� ����� ����� ��	
���� �� ��	� 	������

����±�� ��� ± �� � �!����" ��� !#�� ��� �� → �π�)

π� η) π� η′

ω	������ω	������ω	������ω	������ �� ���� � � �−�	−−�
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±�� ��� ± �� �� � �!����" ��� !#�� �.���.$ �� → ωη)

ωπ�π�

ω�������ω�������ω�������ω������� �� ���� � � �−��−−�
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±�� ��� ± �� �� � �!����" ��� !#�� �.���.$ �� → ωη)

ωπ�π�

� ������� ������� ������� ������ �� ���� � � ���	���
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±�� 	�� ± ��� ��� �%�!�� �$ �(� ��)�� π− � →
� �	

ρ������ρ������ρ������ρ������ �� ���� � � ����−−�
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±	� ��� ± 
� $ � �!����" �� !#�� �.���.$ �� →
ωπ�) ωηπ�)

π�π−

�������������������������������� �� ���� � � �−�� � ��
���� ����� ����� ����� ��	
���� �� ��	� 	������

�������−	� ������−	� � �!����" ��� !#�� ��� �� → �π�)

π� η) π� η′

�������������������������������� �� ���� � � �−�� � ��
���� ����� ����� ����� ��	
���� �� ��	�

����±�� ������−�� � �!����" $$
 !#��

��
�±�� �
� ± �� � �!����" $$� !#��

�������������������������������� �� ���� � � �−�� �−�
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±�� �$� ± 	� �� � �!����" ��� !#�� �.���.$ �� → ωη)

ωπ�π�
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�� �� ���� � � �−�	 � ��
���� ����� ����� ����� ��	
���� �� ��	�

����±�� ��� ± 	� � �!����" $$
 !#��

����±�� �
� ± �� � �!����" $$� !#��
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��η���
��η���
�� �� ���� � � ���� −��
���� ����� ����� ����� ��	
���� �� ��	�

��
�±�� ��� ± �� � �!����" ��	 !#��

����±�� ��� ± �� �� � �!����" ��� !#��

ρ���
��ρ���
��ρ���
��ρ���
�� �� ���� � � ����−−�
���� ����� ����� ����� ��	
���� �� ��	� 	������

��
�±�� 		� ± ��� ��'� !� 
� �(� ����� γ � →
�ωπ�π−π�

ω����
��ω����
��ω����
��ω����
�� �� ���� � � �−��−−�
���� ����� ����� ����� ��	
���� �� ��	� 	������

��
�±�� ��� ± 	� �� � �!����" ��� !#�� �.���.$ �� → ωη)

ωπ�π�

� ���$��� ���$��� ���$��� ���$�� �� ���� � � �−�� −−�
���� ����� ����� ����� ��	
���� �� ��	�

��$�±����$�±����$�±����$�±�� ��� ± ����� ± ����� ± ����� ± �� � �+ �	 ��+�

�#1.341? 81�� 1�1?:949 /< 35� =131 /� �� → �� <./0 ��� �! ���
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���� ����� ����� ����� ��	
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����±�� ��	 ± �$ � �!����" ��	 !#��

ρ�������ρ�������ρ�������ρ������� �� ���� � � ���� −−�
���� ����� ����� ����� ��	
���� �� ��	�

�������−
� �	� ± �� � �!����" ��	 !#��

�������������������������������� �� ���� � � �−�� � ��
���� ����� ����� ����� ��	
���� �� ��	�

����±	� �
�����− �� � �!����" $$
 !#��
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����±�� ��� ± �� � �!����" ��	 !#��

η	������η	������η	������η	������ �� ���� � � ���	 −��
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���� �� ��	�
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±�
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• • • @� =/ �/3 A9� 35� </??/84�6 =131 </. 1��.16�9) 239) ?40439) �3B� • • •
����±�	 ��� ± �� � �!����" ��	 !#��

∼ ���� ∼ ��� "�!� $	

ω������ω������ω������ω������ �� ���� � � �−��−−�
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±�� 	�� ± �� ��'� !� 

 �(� ����� γ � →
ρ± ρ�π∓

�����	�������	�������	�������	�� �� ���� � � �−�� � ��
���� ����� ����� ����� ��	
���� �� ��	�

��	�±	� ��� ± �� � �!����" $$� !#��

� ���	��� ���	��� ���	��� ���	�� �� ���� � � �������
���� ����� ����� ����� ��� ��	
���� �� ��	� 	������

��	�±�� �
� ± �� ��� �� ��%��- �� "�� �� π� � →
��π

π������π������π������π������ �� ���� � � �−�� −��
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±�� �������− �� � �!����" ��� !#�� ��� �� → �π�)

π� η) π� η′

� ������� ������� ������� ������ �� ���� � � ���	���
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±�� 	�� ± �� ��>� !'� 
� !#�' �
 π− � → �� 	

� ��		��� ��		��� ��		��� ��		�� �� ���� � � ����−��
���� ����� ����� ����� ��	
���� �� ��	� 	������

�		�±�� ��� ± �� ��>� !'� 
� !#�' �
 π− � → �� 	

� ������� ������� ������� ������ �� ���� � � �������
���� ����� ����� ����� ��	
���� �� ��	� 	������

����.�±�.
 �+� ����������.�±�.
 �+� ����������.�±�.
 �+� ����������.�±�.
 �+� ������
����.�±�.� � ����'�(�� �	 !�%& � ������ → ��

�
η

����.�±�.� < �� 	 ����'�(�� �	 !�%& � ������ → ����

��./0 1 0199 =4C�.��B� 3/ ��
�
/< ���.$ ± �.� (���

	�./0 1 0199 =4C�.��B� 3/ �� /< ���.� ± �.� (���

��� ������ → �����*��� ������ → ��
�

η���� ������ → �����*��� ������ → ��
�

η���� ������ → �����*��� ������ → ��
�

η���� ������ → �����*��� ������ → ��
�

η�

��
� ��	
���� �� ��	�

�.�	±�.���.�	±�.���.�	±�.���.�	±�.�� ����'�(�� �	 !�%&

� ���
��� ���
��� ���
��� ���
�� �� ���� � � �������
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±�� ��� ��!� �� "�� ���� π− � →
ρ−π�π− �

� ������� ������� ������� ������ �� ���� � � �������
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±�� ��� ± 	� ��>� !'� 
� !#�' �
 π− � → �� 	

� ������� ������� ������� ������ �� ���� � � ����−��
���� ����� ����� ����� ��	
���� �� ��	� 	������

��	�±�� �$� ± �� ��  �- 
� %�!! �� π� � →
���−π� �
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���� ����� ����� ����� ��	
���� �� ��	� 	������

����±�������±�������±�������±��� ��� ± ������ ± ������ ± ������ ± ��� �� � �� �(! �� π− � → ηη	

� ������� ������� ������� ������ �� ���� � � ������� �7�/=: ��B1:9
���� ����� ����� ����� ��	
���� �� ��	� 	������

����±
±�� 	� ± �
 �%��� $� ��!� � ������ →
����

����±�±�� 	� ± �
 �%��� $� ��!� � ������ →
���−

� ������� ������� ������� ������ �� ���� � � ������� 	7�/=: ��B1:9
���� ����� ����� ����� ��	
���� �� ��	� 	������

��	�±
±�� �� ± �� �%��� $� ��!� � ������ →
����π±

����±$±�� �� ± �� �%��� $� ��!� � ������ →
���−π∓

����±
±�� �� ± �� �%��� $� ��!� � ������ →
��
�
���±

��������� ��� ������� ��������������� ��� ������� ��������������� ��� ������� ��������������� ��� ������� ������
�'7013.4D ;/?� <./0 B/0E4��= 1�1?:949 /< π− � → π�π� 	) π− � → � � 	)

π�π− → π�π−) � � → π�π�π�) π� ηη) π�π� η) π�π−π�) ���−π�) ��
�
��
�

π�)

����
�

π− 13 .�93) � 	 → π−π−π�) ��
�
�−π�) ��

�
��
�

π− 13 .�93�

�'7013.4D ;/?� <./0 B/0E4��= 1�1?:949 /< π− � → π�π� 	) π− � → � � 	) � � →
π�π�π�) π� ηη) π�π� η 13 .�93�
��A. �934013��

+94�6 35� /E9�.�1E?� <.1B34/�9 /< ����F ρπ) ����F 
�π) 1�= ���
F ρ�π�
$ �./0 35� B/0E4��= 1�1?:949 /< � �!����" ��	) � �!����" ���) � �!����" ���)
1�= � �!����" ���

���./0 35� B/0E4��= 1�1?:949 /< � �!����" ���) � �!����" ��
) 1�= � �!����" ����
���1��/3 =�3�.04�� 9;4� 3/ E� ��
����%��- �� <1�/.9 �� � )���
���/..�B3�= </. 1?? =�B1: 0/=�9�
�	 !�� !�(� �� $$ 1�= '%��� $��
���!�� 
�� 9��9 �/ ;�1,) 519 
�� ����39 4� �G4���,/��1.35 E4�9� ���!��� 
� 9��9
�/ ;�1,�

���/0E4��= 23 1?/�6 8435 =131 /< � �!����" ��	�
���/04�1�3 =�B1: 4�3/ ρ� ρ�π�� ��%��- �
 2�=9 B/�2.0134/� 4� �π�π− �π� ����39
854B5 B/�314� ρ� ρ�π� 1�= �ρ�π−�
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THE CHARGED KAON MASS

Revised 1994 by T.G. Trippe (LBNL).

The average of the six charged kaon mass measurements

which we use in the Particle Listings is

mK± = 493.677± 0.013 MeV (S = 2.4) , (1)

where the error has been increased by the scale factor S.

The large scale factor indicates a serious disagreement between

different input data. The average before scaling the error is

mK± = 493.677 ± 0.005 MeV ,

χ2 = 22.9 for 5 D.F., Prob. = 0.04% , (2)

where the high χ2 and correspondingly low χ2 probability

further quantify the disagreement.

The main disagreement is between the two most recent and

precise results,

mK± =493.696 ± 0.007 MeV DENISOV 91

mK± =493.636 ± 0.011 MeV (S = 1.5) GALL 88

Average =493.679 ± 0.006 MeV

χ2 = 21.2 for 1 D.F., Prob. = 0.0004% , (3)

both of which are measurements of x-ray energies from kaonic

atoms. Comparing the average in Eq. (3) with the overall

average in Eq. (2), it is clear that DENISOV 91 and GALL 88

dominate the overall average, and that their disagreement is

responsible for most of the high χ2.

The GALL 88 measurement was made using four different

kaonic atom transitions, K− Pb (9 → 8), K− Pb (11 → 10),

K− W (9 → 8), and K− W (11 → 10). The mK± values they

obtain from each of these transitions is shown in the Particle

Listings and in Fig. 1. Their K− Pb (9 → 8) mK± is below and

somewhat inconsistent with their other three transitions. The

average of their four measurements is

mK± = 493.636 ± 0.007 ,

χ2 = 7.0 for 3 D.F., Prob. = 7.2% . (4)

This is a low but acceptable χ2 probability so, to be conserva-

tive, GALL 88 scaled up the error on their average by S=1.5 to

obtain their published error ±0.011 shown in Eq. (3) above and

used in the Particle Listings average.

WEIGHTED AVERAGE�
493.664±0.011 (Error scaled by 2.5)

Values above of weighted average, error,�
and scale factor are based upon the data in
this ideogram only.  They are not neces-�
sarily the same as our `best' values,
obtained from a least-squares constrained fit�
utilizing measurements of other (related)
quantities as additional information.

BACKENSTO... 73 0.4
CHENG 75     K Pb  13-12 0.8
CHENG 75     K Pb  12-11 3.6
CHENG 75     K Pb  11-10 0.5
CHENG 75     K Pb  10-9 0.1
CHENG 75     K Pb  9-8 1.1
BARKOV 79 0.0
LUM  81 0.2
GALL 88         K W   11-10 2.2
GALL 88         K W   9-8 0.4
GALL 88         K Pb  11-10 0.2
GALL 88         K Pb  9-8 22.6
DENISOV 91 20.5

χ2

      52.6
(Confidence Level  0.001)

493.5 493.6 493.7 493.8 493.9 494

mK± (MeV)

Figure 1: Ideogram of mK± mass measure-
ments. GALL 88 and CHENG 75 measure-
ments are shown separately for each transition
they measured.

The ideogram in Fig. 1 shows that the DENISOV 91 mea-

surement and the GALL 88 K− Pb (9 → 8) measurement yield

two well-separated peaks. One might suspect the GALL 88

K− Pb (9 → 8) measurement since it is responsible both for the

internal inconsistency in the GALL 88 measurements and the

disagreement with DENISOV 91.

To see if the disagreement could result from a systematic

problem with the K− Pb (9 → 8) transition, we have separated

the CHENG 75 data, which also used K− Pb, into its separate

transitions. Figure 1 shows that the CHENG 75 and GALL 88

K− Pb (9 → 8) values are consistent, suggesting the possibility

of a common effect such as contaminant nuclear γ rays near

the K− Pb (9 → 8) transition energy, although the CHENG 75

errors are too large to make a strong conclusion. The average

of all 13 measurements has a χ2 of 52.6 as shown in Fig. 1

and the first line of Table 1, yielding an unacceptable χ2

probability of 0.00005%. The second line of Table 1 excludes

both the GALL 88 and CHENG 75 measurements of the

K− Pb (9 → 8) transition and yields a χ2 probability of 43%.

The third [fourth] line of Table 1 excludes only the GALL 88

K− Pb (9 → 8) [DENISOV 91] measurement and yields a

χ2 probability of 20% [8.6%]. Table 1 shows that removing

both measurements of the K− Pb (9 → 8) transition produces

the most consistent set of data, but that excluding only the

GALL 88 K− Pb (9 → 8) transition or DENISOV 91 also

produces acceptable probabilities.
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Table 1: mK± averages for some combina-
tions of Fig. 1 data.

mK± (MeV) χ2 D.F. Prob. (%) Measurements used

493.664± 0.004 52.6 12 0.00005 all 13 measurements
493.690± 0.006 10.1 10 43 no K− Pb(9→8)
493.687± 0.006 14.6 11 20 no GALL 88 K− Pb(9→8)
493.642± 0.006 17.8 11 8.6 no DENISOV 91

Yu.M. Ivanov, representing DENISOV 91, has estimated

corrections needed for the older experiments because of im-

proved 192Ir and 198Au calibration γ-ray energies. He estimates

that CHENG 75 and BACKENSTOSS 73 mK± values could be

raised by about 15 keV and 22 keV, respectively. With these

estimated corrections, Table 1 becomes Table 2. The last line

of Table 2 shows that if such corrections are assumed, then

GALL 88 K− Pb (9 → 8) is inconsistent with the rest of the

data even when DENISOV 91 is excluded. Yu.M. Ivanov warns

that these are rough estimates. Accordingly, we do not use

Table 2 to reject the GALL 88 K− Pb (9 → 8) transition, but

we note that a future reanalysis of the CHENG 75 data could

be useful because it might provide supporting evidence for such

a rejection.

Table 2: mK± averages for some combina-
tions of Fig. 1 data after raising CHENG 75 and
BACKENSTOSS 73 values by 0.015 and 0.022
MeV respectively.

mK± (MeV) χ2 D.F. Prob. (%) Measurements used

493.666± 0.004 53.9 12 0.00003 all 13 measurements
493.693± 0.006 9.0 10 53 no K− Pb(9→8)
493.690± 0.006 11.5 11 40 no GALL 88 K− Pb(9→8)
493.645± 0.006 23.0 11 1.8 no DENISOV 91

The GALL 88 measurement uses a Ge semiconductor spec-

trometer which has a resolution of about 1 keV, so they run

the risk of some contaminant nuclear γ rays. Studies of γ rays

following stopped π− and Σ− absorption in nuclei (unpub-

lished) do not show any evidence for contaminants according

to GALL 88 spokesperson, B.L. Roberts. The DENISOV 91

measurement uses a crystal diffraction spectrometer with a

resolution of 6.3 eV for radiation at 22.1 keV to measure

the 4f-3d transition in K− 12C. The high resolution and the

light nucleus reduce the probability for overlap by contaminant

γ rays, compared with the measurement of GALL 88. The

DENISOV 91 measurement is supported by their high-precision

measurement of the 4d-2p transition energy in π− 12C, which is

good agreement with the calculated energy.

While we suspect that the GALL 88 K− Pb (9 → 8) mea-

surements could be the problem, we are unable to find clear

grounds for rejecting it. Therefore, we retain their measure-

ment in the average and accept the large scale factor until

further information can be obtained from new measurements

and/or from reanalysis of GALL 88 and CHENG 75 data.

We thank B.L. Roberts (Boston Univ.) and Yu.M. Ivanov

(Petersburg Nuclear Physics Inst.) for their extensive help in

understanding this problem.
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RARE KAON DECAYS

(Revised November 2005 by L. Littenberg, BNL and G. Valen-
cia, Iowa State University)

A. Introduction: There are several useful reviews on rare kaon

decays and related topics [1–14]. Activity in rare kaon decays

can be divided roughly into four categories:

1. Searches for explicit violations of the Standard Model

2. Measurements of Standard Model parameters

3. Searches for CP violation

4. Studies of strong interactions at low energy.

The paradigm of Category 1 is the lepton flavor violating

decay KL → µe. Category 2 includes processes such as K+ →
π+νν, which is sensitive to |Vtd|. Much of the interest in

Category 3 is focused on the decays KL → π0��, where � ≡
e, µ, ν. Category 4 includes reactions like K+ → π+�+�− which

constitute a testing ground for the ideas of chiral perturbation

theory. Category 4 also includes KL → π0γγ and KL → �+�−γ.

The former is important in understanding a CP -conserving

contribution to KL → π0�+�−, whereas the latter could shed

light on long distance contributions to KL → µ+µ−.

The interplay between Categories 2-4 can be illustrated in

Fig. 1. The modes K → πνν are the cleanest ones theoretically.

They can provide accurate determinations of certain CKM

parameters (shown in the figure). In combination with alternate

determinations of these parameters they also constrain new

interactions. The modes KL → π0e+e− and KL → µ+µ− are

also sensitive to CKM parameters. However, they suffer from a

series of hadronic uncertainties that can be addressed, at least

in part, through a systematic study of the additional modes

indicated in the figure.

Figure 1: Role of rare kaon decays in deter-
mining the unitarity triangle. The solid arrows
point to auxiliary modes needed to interpret the
main results, or potential backgrounds to them.

B. Explicit violations of the Standard Model : Much ac-

tivity has focussed on searches for lepton flavor violation (LFV).

This is motivated by the fact that many extensions of the min-

imal Standard Model violate lepton flavor and by the potential

to access very high energy scales. For example, the tree-level

exchange of a LFV vector boson of mass MX that couples to left-

handed fermions with electroweak strength and without mixing

angles yields B(KL → µe) = 4.7 × 10−12(148 TeV/MX)4 [5].

This simple dimensional analysis may be used to read from

Table 1 that the reaction KL → µe is already probing scales

of over 100 TeV. Table 1 summarizes the present experimen-

tal situation vis a vis LFV. The decays KL → µ±e∓ and

K+ → π+e∓µ± (or KL → π0e∓µ±) provide complementary

information on potential family number violating interactions

since the former is sensitive to parity-odd couplings and the

latter is sensitive to parity-even couplings. Limits on certain

lepton-number violating kaon decays [15,16] also exist. Related

searches in µ and τ processes are discussed in our section “Tests

of Conservation Laws”.

Table 1: Searches for lepton flavor violation in
K decay

90% CL
Mode upper limit Exp’t Yr./Ref.

K+→π+e−µ+ 1.2×10−11 BNL-865 2003/Ref. 17
K+→π+e+µ− 5.2×10−10 BNL-865 2001/Ref. 15
KL→µe 4.7×10−12 BNL-871 1998/Ref. 18
KL→π0eµ 3.4×10−10 KTeV (prelim.) 2003/Ref. 19

Physics beyond the SM is also pursued through the search

for K+ → π+X0, where X0 is a very light, noninteracting

particle (e.g. hyperphoton, axion, familon, etc.). The 90% CL

upper limit on this process is 5.9 × 10−11 [20].

C. Measurements of Standard Model parameters:

Until 1997, searches for K+ → π+νν were motivated by

the possibility of observing non-SM physics because the sen-

sitivity attained was far short of the SM prediction for this
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decay [21] and long-distance contributions are known to be

quite small [2,22,23]. Since then, BNL-787 has observed two

candidate events [20,24], and BNL-949 has observed one more,

yielding a branching ratio of (1.47+1.30
−0.89) × 10−10 [25]. At this

level, this reaction becomes interesting from the point of view of

constraining SM parameters. A new experiment with a sensitiv-

ity goal of ∼ 10−12/event was proposed [26] at CERN in 2005.

In the future this mode may provide grounds for precision tests

of the flavor structure of the Standard Model [27]. The branch-

ing ratio can be written in terms of the very well-measured Ke3

rate as [2]:

B(K+ → π+νν) =
α2B(K+ → πoe+ν)

V 2
us2π

2 sin4 θW

×
∑

l=e,µ,τ

|V ∗
csVcdX

�
NL + V ∗

tsVtdX(mt)|2 (1)

to eliminate the a priori unknown hadronic matrix element.

Isospin breaking corrections to the ratio of matrix elements

reduce this rate by 10% [28]. In Eq. (1) the Inami-Lim func-

tion X(mt) is of order 1 [29], and X�
NL is several hundred

times smaller. This form exhibits the strong dependence of this

branching ratio on |Vtd|. QCD corrections, which mainly affect

X�
NL, lead to a residual error of < 5% for the decay ampli-

tude [12,23,30,31]. Evaluating the constants in Eq. (1), one can

cast this result in terms of the CKM parameters λ, Vcb, ρ̄ and η̄

(see our Section on “The Cabibbo-Kobayashi-Maskawa mixing

matrix”) [12]

B(K+ → π+νν) ≈ 1.6 × 10−5|Vcb|4[ση̄2 + (ρc − ρ̄)2] (2)

where ρc ≡ 1 + (2
3Xe

NL + 1
3Xτ

NL)/(|Vcb|2X(mt)) ≈ 1.4 and

σ ≡ 1/(1 − 1
2λ

2)2. Thus, B(K+ → π+νν) determines an

ellipse in the ρ̄, η̄ plane with center (ρc, 0) and semi-

axes ≈ 1

|Vcb|2
√

B(K+→π+νν)
1.6×10−5 and

1

σ|Vcb|2
√

B(K+→π+νν)
1.6×10−5 . Cur-

rent constraints on the CKM parameters lead to a predicted

branching ratio (8.0 ± 1.1) × 10−11 [31], near the lower end of

the BNL-787 measurement.

The decay KL → µ+µ− also has a short distance contribu-

tion sensitive to the CKM parameter ρ̄, given by [12]:

BSD(KL → µ+µ−) ≈ 2.7 × 10−4|Vcb|4(ρ′c − ρ̄)2 (3)

where ρ′c depends on the charm quark mass and is approximately

1.2. This decay, however, is dominated by a long-distance con-

tribution from a two-photon intermediate state. The absorptive

(imaginary) part of the long-distance component is determined

by the measured rate for KL → γγ to be Babs(KL → µ+µ−) =

(6.64 ± 0.07) × 10−9; and it almost completely saturates the

observed rate B(KL → µ+µ−) = (6.87 ± 0.11) × 10−9 [32].

The difference between the observed rate and the absorp-

tive component can be attributed to the (coherent) sum of

the short-distance amplitude and the real part of the long-

distance amplitude. The latter cannot be derived directly from

experiment [33] but can be estimated with certain assump-

tions [34,35]. The decay KL → e+e− is completely dominated

by long distance physics and is easier to estimate. The result,

B(KL → e+e−) ∼ 9× 10−12 [33,36], is in good agreement with

the BNL-871 measurement, (8.7+5.7
−4.1) × 10−12 [37].

D. Searches for direct CP violation: The mode KL →
π0νν is dominantly CP -violating and free of hadronic uncer-

tainties [2,38,39]. In the Standard Model this mode is domi-

nated by an intermediate top-quark state and does not suffer

from the small uncertainty associated with the charm-quark

intermediate state that affects the mode K+ → π+νν. The

branching ratio is given approximately by Ref. 12:

B(KL → π0νν) ≈ 7.6 × 10−5|Vcb|4η̄2 . (4)

With current constraints on the CKM parameters this leads to a

predicted branching ratio (3.0± 0.6)× 10−11 [40]. The current

published experimental upper bound is B(KL → π0νν) ≤
5.9 × 10−7 [41]. The 90% CL bound on K+ → π+νν̄ provides

a nearly model independent bound B(KL → π0νν̄) < 1.4 ×
10−9 [42]. KEK-391a [43], which began data-taking in early

2004, aims to reach this level, and has presented a preliminary

result of B(KL → π0νν) ≤ 2.86× 10−7 [44]. A Letter of Intent

for an experiment to reach the ∼ 5×10−13/event level has been

submitted to the J-PARC PAC [45].

There has been much theoretical work on possible contribu-

tions to rare K decays beyond the SM. While in the simplest

case of the MSSM with no new sources of flavor or CP violation

the main effect is a suppression of the rare K decays [2,21,46],

substantial enhancements are possible in more general SUSY

models [47]. A comprehensive discussion can be found in Refs.

[40] and [48].

The decay KL → π0e+e− also has sensitivity to the CKM

parameter η through its CP -violating component. There are

both direct and indirect CP -violating amplitudes which can

interfere. The direct CP -violating amplitude is short distance

dominated and has been calculated in detail within the SM [9].

The indirect CP -violating amplitude can be inferred from a

measurement of KS → π0e+e−. The complete CP -violating

contribution to the rate can be written as [49]:

BCPV ≈ 10−12

[
15.7|aS|2 ± 1.45

( |Vcb|2η̄
10−4

)
|aS|

+ 0.129

( |Vcb|2η̄
10−4

)2]
(5)

where the three terms correspond to the indirect CP violation,

the interference, and the direct CP violation respectively. The

parameter aS has recently been extracted by NA48 from a

measurement of the decay KS → π0e+e− with the result

|aS| = 1.06+0.26
−0.21 ± 0.07 [50]. With current constraints on the

CKM parameters this implies that

BCPV ≈ (17.2 ± 9.4 + 4.7) × 10−12. (6)
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The indirect CP violation is larger than the direct CP vi-

olation. While the sign of the interference is a priori un-

known, arguments in favor of a positive sign have been put

forward in Ref. 51 and Ref. 52. NA48 has also obtained the

value as = 1.54+0.40
−0.32 ± 0.06 [53] from a measurement of the

KS → π0µ+µ− rate, in agreement with the value extracted

from KS → π0e+e−

This mode also has a CP -conserving component dominated

by a two-photon intermediate state that is still subject to

a sizable uncertainty. This CP -conserving component can be

decomposed into an absorptive and a dispersive part. The ab-

sorptive part can be extracted from the measurement of the

low mγγ region of the KL → π0γγ spectrum. The rate and the

shape of the distribution dΓ/dmγγ in KL → π0γγ are well de-

scribed in chiral perturbation theory in terms of three (a priori)

unknown parameters [54,55]. Both KTeV and NA48 have stud-

ied the mode KL → π0γγ reporting conflicting results. KTeV

finds B(KL → π0γγ) = (1.68 ± 0.07stat ± 0.08sys) × 10−6 [56],

whereas NA48 finds B(KL → π0γγ) = (1.36 ± 0.03stat ±
0.03sys ± 0.03norm) × 10−6 [57]. Furthermore, the NA48 data

indicates a negligible rate in the low mγγ region suggesting a

very small CP -conserving component BCP(KL → π0e+e−) ∼
O(10−13) [51,55,57]. KTeV, on the other hand, reports a

larger rate in the low mγγ region, which suggests a larger

BCP(KL → π0e+e−) between 1 − 2 × 10−12 [56]. In addition

to this difference between the two experiments, there remains

some model dependence in the estimate of the dispersive part

of the CP -conserving KL → π0e+e− [51].

The related process, KL → π0γe+e−, is potentially an

additional background in some region of phase space [58].

This process has been observed with a branching ratio of

(2.34 ± 0.35stat ± 0.13sys) × 10−8 [59].

The decay KL → γγe+e− constitutes the dominant back-

ground to KL → π0e+e−. It was first observed by BNL-845 [60]

and subsequently confirmed with a much larger sample by

FNAL-799 [61]. It has been estimated that this background

will enter at about the 10−10 level [62,63], comparable to or

larger than the signal level. Because of this, the observation

of KL → π0e+e− at the SM level will depend on background

subtraction with good statistics. Possible alternative strategies

are discussed in Ref. 51 and references cited therein.

The 90% CL upper bound for the process KL → π0e+e−

is 2.8 × 10−10 [63]. For the closely related muonic process,

the published upper bound is B(KL → π0µ+µ−) ≤ 3.8 ×
10−10 [64] compared with the SM prediction of (1.5 ± 0.3) ×
10−11 [65] (assuming positive interference between the direct-

and indirect-CP violating components). KTeV has additional

data corresponding to about a factor 1.3 in sensitivity for the

latter reaction that is under analysis.

A recent study of KL → π0µ+µ− has indicated that it might

be possible to extract the direct CP -violating contribution by

a joint study of the Dalitz plot variables and the components

of the µ+ polarization [66]. The latter tends to be quite

substantial so that large statistics may not be necessary.

E. Other long distance dominated modes:

The decays K+ → π+�+�− (� = e or µ) have received con-

siderable attention. The rate and spectrum have been measured

for both the electron and muon modes [67,68]. Ref. 49 has pro-

posed a parameterization inspired by chiral perturbation theory,

which provides a successful description of data but indicates the

presence of large corrections beyond leading order. More work is

needed to fully understand the origin of these large corrections.

Much information has been recorded by KTeV and NA48

on the rates and spectrum for the Dalitz pair conversion

modes KL → �+�−γ [69,70], and KL → �+�−�′+�′− for �, �′ =

e or µ [16,70–72]. All these results are used to test hadronic

models and could further our understanding of the long distance

component in KL → µ+µ−.
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DALITZ PLOT PARAMETERS FOR
K → 3π DECAYS

Revised 1999 by T.G. Trippe (LBNL).

The Dalitz plot distribution for K± → π±π±π∓, K± →
π0π0π±, and K0

L → π+π−π0 can be parameterized by a series

expansion such as that introduced by Weinberg [1]. We use the

form ∣∣∣M ∣∣∣2 ∝ 1 + g
(s3 − s0)

m2
π+

+ h

[
s3 − s0

m2
π+

]2

+j
(s2 − s1)

m2
π+

+ k

[
s2 − s1

m2
π+

]2

+f
(s2 − s1)

m2
π+

(s3 − s0)

m2
π+

+ · · · , (1)

where m2
π+ has been introduced to make the coefficients g, h,

j, and k dimensionless, and

si = (PK − Pi)
2 = (mK − mi)

2 − 2mKTi , i = 1, 2, 3,

s0 =
1

3

∑
i

si =
1

3
(m2

K + m2
1 + m2

2 + m2
3) .

Here the Pi are four-vectors, mi and Ti are the mass and kinetic

energy of the ith pion, and the index 3 is used for the odd pion.

The coefficient g is a measure of the slope in the variable s3

(or T3) of the Dalitz plot, while h and k measure the quadratic

dependence on s3 and (s2 − s1), respectively. The coefficient j

is related to the asymmetry of the plot and must be zero if CP

invariance holds. Note also that if CP is good, g, h, and k must

be the same for K+ → π+π+π− as for K− → π−π−π+.

Since different experiments use different forms for
∣∣∣M ∣∣∣2, in

order to compare the experiments we have converted to g, h,

j, and k whatever coefficients have been measured. Where such

conversions have been done, the measured coefficient ay, at, au,

or av is given in the comment at the right. For definitions of

these coefficients, details of this conversion, and discussion of

the data, see the April 1982 version of this note [2].
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K±
�3 AND K0

�3 FORM FACTORS

Revised June 2006 by T.G. Trippe (LBNL).

Assuming that only the vector current contributes to K →
π�ν decays, we write the matrix element as

M ∝ f+(t)
[
(PK + Pπ)µ�γµ(1 + γ5)ν

]
+ f−(t)

[
m��(1 + γ5)ν

]
, (1)

where PK and Pπ are the four-momenta of the K and π

mesons, m� is the lepton mass, and f+ and f− are dimensionless

form factors which can depend only on t = (PK − Pπ)2, the

square of the four-momentum transfer to the leptons. If time-

reversal invariance holds, f+ and f− are relatively real. Kµ3

experiments, discussed immediately below, measure f+ and f−,

while Ke3 experiments, discussed further below, are sensitive

only to f+ because the small electron mass makes the f− term

negligible.

Kµ3 Experiments. Analyses of Kµ3 data frequently assume

a linear dependence of f+ and f− on t, i.e.,

f±(t) = f±(0)
[
1 + λ±(t/m2

π+)
]

(2)

Most Kµ3 data are adequately described by Eq. (2) for f+ and

a constant f− (i.e., λ− = 0).

There are two equivalent parametrizations commonly used

in these analyses:

(1) λ+, ξ(0) parametrization. Older analyses of Kµ3 data

often introduce the ratio of the two form factors

ξ(t) = f−(t)/f+(t) . (3)

The Kµ3 decay distribution is then described by the two

parameters λ+ and ξ(0) (assuming time reversal invariance and

λ− = 0).

(2) λ+, λ0 parametrization. More recent Kµ3 analyses have

parameterized in terms of the form factors f+ and f0 which are

associated with vector and scalar exchange, respectively, to the

lepton pair. f0 is related to f+ and f− by

f0(t) = f+(t) +
[
t/(m2

K − m2
π)

]
f−(t) . (4)

Here f0(0) must equal f+(0) unless f−(t) diverges at t = 0.

The earlier assumption that f+ is linear in t and f− is constant

leads to f0 linear in t:

f0(t) = f0(0)
[
1 + λ0(t/m2

π+)
]

. (5)

With the assumption that f0(0) = f+(0), the two parametriza-

tions, (λ+, ξ(0)) and (λ+, λ0) are equivalent as long as corre-

lation information is retained. (λ+, λ0) correlations tend to be

less strong than (λ+, ξ(0)) correlations.

In this edition of the Review we no longer quote results in

the (λ+, ξ(0)) parameterization. We have removed many older

low statistics results from the listings. See the 2004 version of

this note [4] for these older results and the 1982 version [5] for

additional discussion of the K0
µ3 parameters, correlations, and

conversion between parametrizations.

Quadratic Parameterization. More recent high statistics

experiments have included a quadratic term in the expansion of

f+(t),

f+(t) = f+(0)

[
1 + λ

′
+(t/m2

π+) +
λ
′′
+

2
(t/m2

π+)2

]
(6)

If there is a non-vanishing quadratic term, then λ+ of Eq. (2)

represents the average slope, which is then different from λ
′
+.

Our convention is to include the factor 1
2 in the quadratic

term and to use mπ+ even for K+
e3 and K+

µ3 decays. We have

converted other’s parameterizations to match our conventions,

as noted in the beginning of the K±
�3 and K0

�3 Form Factors

sections of the Data Listings.

Pole Parameterization. The pole model describes the t de-

pendence of f+(t) and f0(t) in terms of the exchange of the

lightest vector and scalar K∗ mesons with masses Mv and Ms,

respectively:

f+(t) = f+(0)

[
M2

v

M2
v − t

]
, f0(t) = f0(0)

[
M2

s

M2
s − t

]
. (7)

Ke3 Experiments. Analysis of Ke3 data is simpler than that

of Kµ3 because the second term of the matrix element assuming

a pure vector current [Eq. (1) above] can be neglected. Here

f+ can be assumed to be linear in t, in which case the linear

coefficient λ+ of Eq. (2) is determined, or quadratic, in which

case the linear coefficient λ
′
+ and quadratic coefficient λ

′′
+ of

Eq. (6) are determined.

If we remove the assumption of a pure vector current, then

the matrix element for the decay, in addition to the terms in

Eq. (1), would contain

+2mK fS �(1 + γ5)ν

+(2fT/mK)(PK)λ(Pπ)µ � σλµ(1 + γ5)ν , (8)

where fS is the scalar form factor, and fT is the tensor form

factor. In the case of the Ke3 decays where the f− term can

be neglected, experiments have yielded limits on |fS/f+| and

|fT/f+|.
Fits for K�3FormFactors. For Ke3 data we determine best

values for the three parameterizations: linear (λ+), quadratic

(λ
′
+, λ

′′
+) and pole (Mv). For Kµ3 data we determine best val-

ues for the three parameterizations: linear (λ+, λ0), quadratic

(λ
′
+, λ

′′
+, λ0)) and pole (Mv, Ms). We then assume µ − e uni-

versality so that we can combine Ke3 and Kµ3 data and again

determine best values for the three parameterizations: linear

(λ+, λ0), quadratic (λ
′
+, λ

′′
+, λ0)) and pole (Mv, Ms). When

there is more than one parameter, fits are done including input

correlations. Simple averages suffice in the two Ke3 cases where

there is only one parameter: linear (λ+) and pole (Mv).

Both KTeV and KLOE see an improvement in the quality

of their fits relative to linear fits when a quadratic term is

introduced, as well as when the pole parameterization is used.

The quadratic parameterization has the disadvantage that the

quadratic parameter λ
′′
+ is highly correlated with the linear



������������

��� ��� �� ���� 	
� ���������	
�� �	��	��

�±

parameter λ
′
+, in the neighborhood of 95%, and that neither

parameter is very well determined. The pole fit has the same

number of parameters as the linear fit but yields slightly better

fit probabilities so that it would be advisable for all experiments

to include the pole parameterization as one of their choices [6].

The Kaon Particle Listings show the results with and

without assuming µ-e universality. The Meson Summary Tables

show all of the results assuming µ-e universality, but most

results not assuming µ-e universality are given only in the

Listings.
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CPT INVARIANCE TESTS IN NEUTRAL KAON
DECAY

Revised June 2006 by P. Bloch (CERN).

The time evolution of a neutral kaon state state is described

by
d

dt
Ψ = −iΛΨ , Λ ≡ M − i

2
Γ (1)

where M and Γ are Hermitian 2×2 matrices known as the mass

and decay matrices. The corresponding eigenvalues are λL,S =

mL,S − i
2
γL,S . CPT invariance requires the diagonal elements

of Λ to be equal. The CPT-violation complex parameter δ is

defined as

δ =
Λ

K
0
K

0 − ΛK0K0

2(λL − λS)

= δ‖ exp(iφSW ) + δ⊥ exp(i(φSW +
π

2
)) (2)

where we have introduced the projections δ‖ and δ⊥ respectively

parallel and perpendicular to the superweak direction φSW =

tan−1(2∆m/∆γ), where ∆m = mL − mS and ∆γ = γS − γL,

the positive mass and width differences between KL and KS.

These projections are linked to the mass and width difference

between K0 and K
0
:

δ‖ =
1

4

γK0 − γ
K

0√
∆m2 +

(
∆γ

2

)2
, δ⊥ =

1

2

mK0 − m
K

0√
∆m2 +

(
∆γ

2

)2
. (3)

Re(δ) can be directly measured by studying the time evo-

lution of the strangeness content of initially pure K0 and K
0

states, for example through the asymmetry

ACPT =
P [K

0 → K
0
(t)] − P [K0 → K0(t)]

P [K
0 → K

0
(t)] + P [K0 → K0(t)]

= 4Re(δ) (4)

where P [a → b(t)] is the probability that the pure initial state

a is seen as state b at proper time t. This method has been

used by tagging the initial strangeness with strong interactions

and the final strangeness with the semileptonic decay (a more

appropriate combination of semileptonic rates allows to be

independent of any direct CPT violation in the decay itself)

and yields today’s best value of Re(δ), compatible with zero

with an error of ∼ 3 × 10−4.

As an alternative it has been proposed to compare the

semileptonic charge asymmetries for KL and KS

AL,S =
R(KL,S → π−�+ν) − R(KL,S → π+�−ν)

R(KL,S → π−�+ν) + R(KL,S → π+�−ν)
,

AS − AL = 4Re(δ) . (5)

AL has been accurately measured. AS has been recently mea-

sured with tagged KS at φ factories, however not yet with

the required accuracy. Note however that Eq. (5) assumes CPT

invariance in the ∆S = −∆Q semileptonic decay amplitude.

δ⊥ can be obtained from the measurement of the ππ

decays CP-violation parameters η+− and η00. Figure 1 shows

the various contributions to ηππ [1]. The T -violation parameter

εT

εT = i
|Λ

K0K
0 |2 − |Λ

K
0
K0

|2
∆γ(λL − λS)

(6)

has been defined in such a way that it is exactly aligned along

the superweak direction [‡]. AI (resp. BI) is the CPT-conserving

(resp. violating) decay amplitude for the ππ Isospin I state, ε′

is the direct CP/CPT-violation parameter [ε′ = 1/3(η+−−η00)]

and δφ = 1
2

[
ϕΓ − arg(A∗

0A0)
]

is the phase difference between
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Figure 1: CP- and CPT-violation parameters
in 2π decay.

the I = 0 component of the decay amplitude and the matrix

element Γ
K0K

0 . From Fig. 1 one obtains

δ⊥ =|η+−|(φSW − 2

3
φ+− − 1

3
φ00)

− Re(B0)

Re(A0)
sin(φSW ) + δφ cos(φSW ) . (7)

The present accuracy on the term |η+−|(φSW − 2
3
φ+−− 1

3
φ00) is

2.6× 10−5. δφ gets contributions from CP violation in semilep-

tonic and 3π decays [2,3] and can only be neglected at the

present time if one assumes that η000 is not significantly larger

than η+−0. Furthermore, B0 is not directly measured, so ad-

ditional assumptions (for example, CPT conservation in the

decay which implies B0 = 0) or a combination with other

measurements are necessary to obtain δ⊥.

If one assumes unitarity, one can measure Im(δ) using

the Bell-Steinberger relation which relates KS and KL decay

amplitudes into all final states f :

Re(εT ) − iIm(δ) =
1

2(i∆m + 1
2(γL + γS))

×
∑

AfL
A∗

fS
. (8)

Since the ππ amplitudes dominate, the result relies also strongly

on the φππ phase measurements. The advantage is that B0 does

not enter. Using all available data, one obtains a value of Im(δ)

compatible with zero with a precision of 2×10−5. The precision

here is limited by the measurement of η+−.

The results on Re(δ) and Im(δ) can be combined to obtain

δ‖ and δ⊥ and therefore the K0–K
0

mass and width difference

shown in Fig. 2. The current accuracy is a few 10−18 GeV for

both.

If one assumes that CPT is conserved in the decays (γK0 =

γ
K

0, δ‖ = 0, BI = 0), the phase of δ is known, and the δ⊥ and

Bell-Steinberger methods are identical. One in this case obtains

a limit for |mK0 − m
K

0| of 4.7 × 10−19 GeV (90%CL).

m K0 - m K0 [10-18 GeV]

  K
0 
- 
  K
0 
[1
0-
18
 G
eV
]
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Figure 2: K0–K
0

mass vs width difference.

Footnotes and References
[‡] Many authors have a different definition of the T -violation

parameter, ε = (Λ
K

0
K0

− Λ
K0K

0)/(2(λL − λS)). ε is not

exactly aligned with the superweak direction. The two defi-
nitions can be related through ε = εT + iδφ.
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�����'��$ ��%&������� �� �e� ����8 �%:�������O

��687 = ��
(

A6�� →�−π� ν�7
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5(! �� 6�� ��2��'3 ��� )	� �""
.�(7 ��� ��6ε7�
��*���������� &8 /���;"����&��$�� 6�� ��������87 ���������
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� � �,
��	)< ��−�� 6*, = ��<7 	
� � �,
��	)< ��−�� 6*, = ��<7 	
� � �,
��	)< ��−�� 6*, = ��<7 	
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/
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%��� ����3 *���0��" �- %������� τ� = 6�.���� ± �.����7 − �.��� FU� − �.-���G

6��−�� �7� 1� #�2� ��D����� �#� %������%��� �� ��� ��� &��� 2����� �� 6U� =

�.-��� ± �.����7 6���� Wh �−�7� 	�� 4��� ����� �� �#��� �L:���%���9� ����� ��� ���
������ ����� �� �#� �8���%���� ����� ���% ����$ ��� &��� 2������
�0,, �� #�� &��� �#��$�� &8 �#� ���#��� ���% �#� :�&���#�� 2���� 6�.��- ± �.���7
&������ �� � ���������� �� �#� �#��� ��� �� η�−� "+M�!!�"��( �� ��� 0,, �� $�2�
�������� ����������� �� �8���%����� ����������� �� �#�� �8:� �� �L:���%����
�5��;���� �L:���%���� ��� �L������ ���% �#� �2���$� &������ �� ����$���%��� '��# �����
%��� :������ �L:���%�����
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&������ �� � ���������� �� �#� �#��� ��� �� η�−� "+M�!!�"��( �� ��� 0,, �� $�2�
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"� π�π−π� 6 �.- ��.�
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"� π�π−γ F��	G 6 �.��±�.�-7 × ��−�
"- π�π− �� �− 6 �.��±�.��7 × ��−-
"� π� γ γ F	G 6 �.� ±�.� 7 × ��−�
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"� π± �∓ν� F
G 6 �.��±�.��7 × ��−�
"� π±µ∓νµ F
��G 6 �.��±�.��7 × ��−�
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!���� -�
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"�� )π� �� < �.� × ��−� ��<

"�� µ�µ− �� < �.� × ��−� ��<

"�� �� �− �� < �.� × ��−� ��<

"�� π� �� �− �� F	G 6 �.� ��.-
−�.� 7× ��−�

"�� π�µ�µ− �� 6 �.� ��.-
−�.� 7× ��−�
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	 �&�� ��!����-� �
!�� �&� �
%3�
����*� γ ����� �� ���
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�� �&� ������ �
!� �����! %��&
*� γ��#

1�2 ��� �&� 4���� �� ������.� +��
% 	
� �&� ����.� ������ *��! �� �&�� ���3
�*������#
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� ����� ������������ ��
������ ��!� ���!#
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• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
�.� ±�.� �- � �+0.��"0) �� *.(� ��$$�� ��

�
����$ φ → ��

�
��

�
�.-�±�.�� �� 5(! ��

���� /
�!
) �� 0/* ��� → �� �π�

�.� ±�.- �
/��� �- 0,/* U"=UN3 �� ����� ��� ����%��

��+0.��"0) �� �� ���% � %������� &����#��$ ����� /6��
�

→ π� ν� 7= 6�.� ± �.�7×
��−� ��� τ

��
�
= 6�.���� ± �.����7×��−�� �� )�� ����:������ �� %������� &����#��$

������
��5(! �� ���% ��

�
%������%����3 ����%��$ �#�� U�=U �� �� ����8 �� �#�� E6��

�
→

π± �∓ ν� 7= E6��
�

→ π± �∓ ν� 7�
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• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
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��5(! �� ���% ��
�
%������%����3 ����%��$ �#�� U�=U �� �� ����8 �� �#�� E6��

�
→

π±µ∓ νµ7= E6��
�

→ π±µ∓ νµ7�
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$�!�
�� �
!��$�!�
�� �
!��$�!�
�� �
!��$�!�
�� �
!��

"
(
π�π�

)
�"����� "��""

(
π�π�

)
�"����� "��""

(
π�π�

)
�"����� "��""

(
π�π�

)
�"����� "��"

����� ��
� ������	
 �� 
��	

�.����±�.���- 	
� ���.����±�.���- 	
� ���.����±�.���- 	
� ���.����±�.���- 	
� ��
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�.�-- ±�.��- 	
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� ���.�-- ±�.��- 	
� ���.�-- ±�.��- 	
� ��

�.�-��±�.��-��.�-��±�.��-��.�-��±�.��-��.�-��±�.��-� �� �./�	")	 ��� +,	�

• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
�.�---±�.����±�.��-� �� �./�	")	 ��� +,	�

�.��� ±�.��� ±�.��- ���> �� �,	"	 ��
 +,	�

�.�� ±�.�� ���- � ��0��� �� 1�� π− � → $��

�.��� ±�.��� ��> *	1�,, �� 	"5+ π− � → $��

�.�� ±�.�� ���� 0,, �� (/* ��� → �� ��

�.�� ±�.�� ���� �� �,�� �� 0/* ��� → π� ���

�.�� ±�.�� ���� .	�"� ��
 (/* ��# → �� �

�.�� ±�.�� ��� �- )�!A �� 0,/* ��# → �� �

�.�� ±�.��- ��-� �� /�,��A �� 0/* � � → �� ��������

�.��� ±�.��� ���� �� .	����� �� 	"5+ ��# → �� �

�.�� ±�.�� ��� �- /	?	+ �� 0,/*

�.��- ±�.�-- ���� �� !	// �� 	"5+ ��# → �� �

�.�� ±�.�� ���� .	��) �� 0,/* ��# → �� �

���#�� ������ ��%&���� �./�	")	 ��� +,	� ����;�� ���� '��# �,	"	 ��
 +,	�
���� ����� ��

�
→ π�π− ����8 �������2��

�� ������� �������2� ����8� π�π− γ�
���#� �������8 %������� C������8 �� ��

�
→ π�π−/

��� �� = �.��- ± �.��-�
�-)�!A �� �� � 4��� ������ '#��# �������� /	?	+ ���
���#� �������8 %������� C������8 �� ��

�
→ π�π−/
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−�.- �� /��,�A �- )���

�.-��.�−�.�
��.-
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−�.� �� �0	."	) �� ���� "�:� &8 ?	
 ��

��/��,�A �- �� �&������ &8 %�������$ �#� ������������ :���%����� �� �� 3 �� →
π�π−π�O ��6λ7 = �.��� ± �.��� ± �.��� ��� %6λ7 = −�.��� ± �.��- ± �.���R
�#� ����������� ���H� &��'��� ��6λ7 ��� %6λ7 �� ���� 6����������� ���87�

���(,�� ��
 4�� �#� ��;������2��$ :���%����� ��6λ7 = 6�� ± � ± �7 × ��−�3 %6λ7
= 6−�� ± � ± �7 × ��−�� �#�8 ����%��� /6��

�
→ π�π−π�7 ���% ��6λ7 ��� �#�

��
�
����8 :���%������ "�� ���� �)!�,	5	
,	" ����

��?	
 �� �� ���% �#� �#� %������� C���������
∣∣ρ�−�

∣∣ = �.�����.���−�.��� ± �.��- ��� φρ
= 6−� ± ��7◦�

���(,�� ��( �� ���% �#� %������� C��������� ��6λ7 = �.��� ± �.�����.���−�.��� ��� %6λ7
���������� '��# J���� )��� �#�� �#� C������8 λ �� �#� ��%� �� ρ�−� ���� �� ��#��
����������

���0	."	) �� ���������� �#�� &����#��$ ����� ���% �#��� %������%����
∣∣ρ�−�

∣∣ =
�.��-��.���−�.���±�.��� ��� φρ = 6−-�±��7◦ '#��� ∣∣ρ�−�

∣∣��φρ = �6��
�
→ π�π−π�3

% = �7B�6��
�
→ π�π−π�7�
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�.� ±�.� �- �� /��� �-
 )���
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1� ������� �� ��� &��� 2���� /6��
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 ������ �� ���������� ����$ /6�� → γ γ7 = 6-.�� ± �.��7 × ��−��
��/��� �-
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→ �7 = �3 '#��� � ���� �2�� ��� �#� ���� &����#��$ ������

π�π−3 π�π�3 π� ν3 ��� πµν� �:�� 2���� �� /6��
�

→ π�π−7 B /6��
�

→ π�π�7

���% �./�	")	 ��� �� ����� �� ����2� E6��
�

→ π�µν7 B E6��
�

→ π� � ν73 ��:���

���2�������8 �� ����%��3 �������2� ����������� ���% �)(�� �� ��� ����3 ��� :#��� �:���
����$���� ��� ��>�� ���% +�� 3 �,�K	5	
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�#� 5(! �� 2���� &���' #�� ��� &��� %������� &�� �� ��%:���� �� &� ����� ��%�� �#�
�� → π± �∓ ν� &����#��$ ��������� � �� �������� �� �#� 4� �#�� ���������� �#� ����
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CP VIOLATION IN KS → 3π

Written 1996 by T. Nakada (Paul Scherrer Institute) and
L. Wolfenstein (Carnegie-Mellon University).

The possible final states for the decay K0 → π+π−π0 have

isospin I = 0, 1, 2, and 3. The I = 0 and I = 2 states have

CP = +1 and KS can decay into them without violating CP

symmetry, but they are expected to be strongly suppressed by

centrifugal barrier effects. The I = 1 and I = 3 states, which
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have no centrifugal barrier, have CP = −1 so that the KS

decay to these requires CP violation.

In order to see CP violation in KS → π+π−π0, it is

necessary to observe the interference between KS and KL

decay, which determines the amplitude ratio

η+−0 =
A(KS → π+π−π0)

A(KL → π+π−π0)
. (1)

If η+−0 is obtained from an integration over the whole Dalitz

plot, there is no contribution from the I = 0 and I = 2 final

states and a nonzero value of η+−0 is entirely due to CP

violation.

Only I = 1 and I = 3 states, which are CP = −1, are

allowed for K0 → π0π0π0 decays and the decay of KS into 3π0

is an unambiguous sign of CP violation. Similarly to η+−0, η000

is defined as

η000 =
A(KS → π0π0π0)

A(KL → π0π0π0)
. (2)

If one assumes that CPT invariance holds and that there

are no transitions to I = 3 (or to nonsymmetric I = 1 states),

it can be shown that

η+−0 = η000

= ε + i
Im a1

Re a1
. (3)

With the Wu-Yang phase convention, a1 is the weak decay

amplitude for K0 into I = 1 final states; ε is determined from

CP violation in KL → 2π decays. The real parts of η+−0 and

η000 are equal to Re(ε). Since currently-known upper limits

on |η+−0| and |η000| are much larger than |ε|, they can be

interpreted as upper limits on Im(η+−0) and Im(η000) and so as

limits on the CP -violating phase of the decay amplitude a1.
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� � ���!�-.���±�.��� 	
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∑
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�%��$ �#� ���� %������� �� /�9� ��� �#�� �� ������%� ��

�e� �µ� �π� π�π−π� τ��
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$�!�
�� �
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�×4����� 6�
�����. ���� �
!��$�!�
�� �
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"�� π� @γ F
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"�� π� γ �� �− 6 �.� ±�.� 7× ��−�



������������

��� ��� �� ���� 	
� ����� ����	
�� �	��	��

� �

�

��&�� �
!�� %��& �&
�
�� 
� �� �������&�� �
!�� %��& �&
�
�� 
� �� �������&�� �
!�� %��& �&
�
�� 
� �� �������&�� �
!�� %��& �&
�
�� 
� �� �����

"�- @γ 6 -.�� ±�.�- 7× ��−� "=���
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!��-�
�����. �
!��� 
� ,� � / %��0 ��*����  *����� �� �
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��� ����� 7�'����� ����� 7�'����� ����� 7�'����� ����� 7�'��

"
(
π�π−π�

)
"�"

(
π�π−π�

)
"�"

(
π�π−π�

)
"�"

(
π�π−π�

)
"�

����� ���� 	−�� ��
� ������	
 �� 
��	 �����	


�.�--±�.��� 	
� ���.�--±�.��� 	
� ���.�--±�.��� 	
� ���.�--±�.��� 	
� �� ����� �������� ����� ������ �� ����

• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •

�.�� ��.��
−�.�- ��� /�,(	;��� �- 0,/* ����%�� ��

�.�- ±�.�� ��� �� M�.�" �� 0/* ����%�� ��

�.�� ±�.�� �� *0	 �� (/* ����%�� ��

�.- ±�.� �� �� M�.�" �� 0/* ����%�� ��

�.�� ±�.�� -� .�")�� �� 0/* ����%�� ��

�.�� ±�.�- -� 1�//�� �� 0/* ����%�� ��

�.�� ��.��
−�.�� ��� /�0� �� 0,/* ����%�� ��

�.�� ±�.�� �� �)(��"	) �- 0/*

�.� ±�.� �� ���)?) �- 0/*

�� M�.�" �� �� � 4��� %������%��� ��� �������� M�.�" ���

"
(
π± �∓ν�

)
"�"

(
π± �∓ν�

)
"�"

(
π± �∓ν�

)
"�"

(
π± �∓ν�

)
"�

����� ���� 	−�� ��
� ������	
 �� 
��	 �����	


�.��±�.�� 	
� ���.��±�.�� 	
� ���.��±�.�� 	
� ���.��±�.�� 	
� �� ����� �������� ����� ������ �� ����

• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
�.��±�.-� ��� *0�) �� 0/*

�.-���.�-−�.�� �
/��� �- 0,/* U�=U3�� ����%��

"
(
π± �∓ν�

)
("

(
π±µ∓ νµ

)
�"�("�"

(
π± �∓ν�

)
("

(
π±µ∓ νµ

)
�"�("�"

(
π± �∓ν�

)
("

(
π±µ∓ νµ

)
�"�("�"

(
π± �∓ν�

)
("

(
π±µ∓ νµ

)
�"�("�

����� ���� 	−�� ��
� ������	
 �� 
��	 �����	


��.��±�.�- 	
� ����.��±�.�- 	
� ����.��±�.�- 	
� ����.��±�.�- 	
� ��
• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
��.� ±�.� ��� �- /
�!
) �� 0/* ��� → �� �π�

�.��±�.�� ��� �- .�)) �� 0/* �−� → #��

��.� ±�.� �-� �- 1�//�� �� 0/* �−� → #��

��.� ±�.� ��� �-,�� *0	 �� (/* ��# → �� �

��.� ±�.� ��- �� 0,, �� (/* ��# → �� �

�.�-��.�-−�.�- ��� �- ���)?) �- 0/*

�-����%�� U� = U �����
��*0	 �� �������� �2���� �� 0,, ���

��� 97���$��8 7�'������ 97���$��8 7�'������ 97���$��8 7�'������ 97���$��8 7�'���

��������
�� �
!����������
�� �
!����������
�� �
!����������
�� �
!��

"
(
π± �∓ν�

)
�"����� "��""

(
π± �∓ν�

)
�"����� "��""

(
π± �∓ν�

)
�"����� "��""

(
π± �∓ν�

)
�"����� "��"

����� ��
� ������	
 �� 
��	

�.��-�±�.���- 	
� ���.��-�±�.���- 	
� ���.��-�±�.���- 	
� ���.��-�±�.���- 	
� �� ����� �������� ����� ������ �� ����

�.����±�.���� 	
� � ���!��.����±�.���� 	
� � ���!��.����±�.���� 	
� � ���!��.����±�.���� 	
� � ���!� ����� �������� ����� ������ �� ����

�.����±�.���-±�.���- ��. �� �./�	")	 �� +,	�

�.����±�.���� �� �,�K	5	
��� �� +�� 
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LAI 05 NA48 5.3
ALEXOPOU... 05 KTEV 1.4

χ2
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(Confidence Level = 0.017)
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WEIGHTED AVERAGE
10.0±0.5 (Error scaled by 1.5)

OHL 90B B845 1.4
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7 8 9 10 11 12 13

(
(
�� �− γ

)
&(����� ���	� ��−��

"
(
µ�µ− γ

)
�"����� "���""

(
µ�µ− γ

)
�"����� "���""

(
µ�µ− γ

)
�"����� "���""

(
µ�µ− γ

)
�"����� "���"

����� ����	 ��−�� ��
� ������	
 �� 
��	

�.-�±�.�� 	
� � ���!��.-�±�.�� 	
� � ���!��.-�±�.�� 	
� � ���!��.-�±�.�� 	
� � ���!� ����� �������� ����� ������ �� ����

�.��±�.��±�.�� ���� �,� ;0������7 +�� 

�.� ±�.� ±�.� �- ��)� �� )���

�.��±�.��±�.�� ��� "5�)*�� �- ����

"
(
�� �−γ γ

)
�"����� "���""

(
�� �−γ γ

)
�"����� "���""

(
�� �−γ γ

)
�"����� "���""

(
�� �−γ γ

)
�"����� "���"

����� ����	 ��−�� ��
� ������	
 �� 
��	 �����	


-.�-±�.�� 	
� � ���!�-.�-±�.�� 	
� � ���!�-.�-±�.�� 	
� � ���!�-.�-±�.�� 	
� � ���!�
-.��±�.�-±�.�� �-�� �,� ;0������� +�� �∗γ >- .� 

�.� ±�.- ��.�
−�.� �� "��?
 �� )��� �γ > - .� 

�.- ±�.� ±�.� -� )�+�A� �� ���� �γ > - .� 

�.� ±�.� .	�"� �� /��- �γ > - .� 

"
(
µ�µ− γ γ

)
�"����� "���""

(
µ�µ− γ γ

)
�"����� "���""

(
µ�µ− γ γ

)
�"����� "���""

(
µ�µ− γ γ

)
�"����� "���"

����� ����	 ��−�� ��
� ������	
 �� 
��	 �����	


��.���.-−-.�±�.���.���.-−-.�±�.���.���.-−-.�±�.���.���.-−-.�±�.� � �,� ;0������( +�� �γ γ ≥ � .� B
�

�&��.�  
�?*.���
� × 4����� ��� 
� ����
� ������ �*�+�� �	
 �&��.�  
�?*.���
� × 4����� ��� 
� ����
� ������ �*�+�� �	
 �&��.�  
�?*.���
� × 4����� ��� 
� ����
� ������ �*�+�� �	
 �&��.�  
�?*.���
� × 4����� ��� 
� ����
� ������ �*�+�� �	
 

-�
�����. �
!��� 
� ,� � / %��0 ��*����  *����� �� �
!��-�
�����. �
!��� 
� ,� � / %��0 ��*����  *����� �� �
!��-�
�����. �
!��� 
� ,� � / %��0 ��*����  *����� �� �
!��-�
�����. �
!��� 
� ,� � / %��0 ��*����  *����� �� �
!��

"
(
µ�µ−)

�"
(
π�π−)

"���"�"
(
µ�µ−)

�"
(
π�π−)

"���"�"
(
µ�µ−)

�"
(
π�π−)

"���"�"
(
µ�µ−)

�"
(
π�π−)

"���"�
���� ��� U� = � '��> ������� �������� ����'�� &8 #�$#��;����� �������'��> ������������

����� ����	 ��−�� ��
� ������	
 �� 
��	 �����	


�.�� ±�.�- 	
� � ���!��.�� ±�.�- 	
� � ���!��.�� ±�.�- 	
� � ���!��.�� ±�.�- 	
� � ���!�

�.���±�.�-� ���� �./�	"� �� /���

�.�� ±�.�� ��� -� �+�! �- "5�*

�.�� ±�.�� ��� 0�)"	) �- /���

• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
�.� ±�.� ±�.� ��� -- �+�! ��
 "5�* � �+�! �-

�.�- ±�.�� ±�.�� ��� -� 0�)"	) �� "5�* � 0�)"	) �-

�.� ±�.- -� )�!�+ �� "5�* � �+�! ��


�.� ±�.� ±�.� �� .��0�?0������
 "5�* � 0�)"	) ��

-��+�! �- $�2�� �#�� ��%&�� %����:���� &8 �#� 5(! ���� �2���$� ��� E6��
�

→
π�π−7BE6�����7�

--�+�! ��
 $�2� �#�� ��%&�� %����:���� &8 �#� ���� 5(! �2���$� ��� E6��
�

→
π�π−7BE6�����7�

-�0�)"	) �� $�2� E6��
�

→ µµ7BE����� � 1� ��2��� ��� �#� E6�
�
�

→ π�π−7BE�����
5(! �2���$� '#��# �#�8 �����

"
(
�� �−

)
�"����� "���""

(
�� �−

)
�"����� "���""

(
�� �−

)
�"����� "���""

(
�� �−

)
�"����� "���"

���� ��� U� = � '��> ������� �������� ����'�� &8 #�$#��;����� �������'��> ������������

����� ����	 ��−��� ��� ��
� ������	
 �� 
��	

�.�����.�-�−�.����.�����.�-�−�.����.�����.�-�−�.����.�����.�-�−�.��� � �./�	"� �� /���

• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
<�.� �� � �+�! �- "5�*

<�.�� �� � -� ��"�+� ��
 /���

-���"�+� ��
 �������� ��� �2���� '��# <� .� �������� ����$8�

"
(
π�π− �� �−

)
�"����� "���""

(
π�π− �� �−

)
�"����� "���""

(
π�π− �� �−

)
�"����� "���""

(
π�π− �� �−

)
�"����� "���"

���� ��� U� = � '��> ������� �������� ����'�� &8 #�$#��;����� �������'��> ������������

����� ����	 ��−�� ��� ��
� ������	
 �� 
��	 �����	


�.��±�.�� 	
� � ���!��.��±�.�� 	
� � ���!��.��±�.�� 	
� � ���!��.��±�.�� 	
� � ���!�
�.��±�.��±�.�� ���- -� ,� ��� )���

�.� ±�.� ±�.� �� �(�." �� +�� 

�.� ±�.� ±�.- �� ��+�
*0 �� "5�*
• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
<�.� �� )	.
�� �� "5�* ��� > � .� 

-�,� ��� ������ ����� �� ���-6�8��7±����6���%7 ��%&���� �� C���������� �#� ���%��;
�J����� ���� /�6�� → π�π−π�7 X /�6π� → �� �−7 = 6�.-�- ± �.���7 × ��−�
���% ��� ���� ��������

"
(
π�π� �� �−

)
�"����� "���""

(
π�π� �� �−

)
�"����� "���""

(
π�π� �� �−

)
�"����� "���""

(
π�π� �� �−

)
�"����� "���"

���� ��� U� = � '��> ������� �������� ����'�� &8 #�$#��;����� �������'��> ������������

����� ����	 ��−�� ��� ��
� ������	
 �� 
��	

<�.�<�.�<�.�<�.� �� � �,� ;0������� ����

"
(
µ�µ− �� �−

)
�"����� "�-�""

(
µ�µ− �� �−

)
�"����� "�-�""

(
µ�µ− �� �−

)
�"����� "�-�""

(
µ�µ− �� �−

)
�"����� "�-�"

���� ��� U� = � '��> ������� �������� ����'�� &8 #�$#��;����� �������'��> ������������

����� ����	 ��−�� ��� ��
� ������	
 �� 
��	 �����	


�.��±�.�� 	
� � ���!��.��±�.�� 	
� � ���!��.��±�.�� 	
� � ���!��.��±�.�� 	
� � ���!�
�.��±�.��±�.�� ��� -� �,� ;0������
 +�� 

�.� ��.�
−�.� � !
 �� ����

• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
�.��±�.��±�.�� �� �,� ;0������1 +�� "�:� &8 �,� ;

0���� ��

<���� �� /�,��" �� "5�*

-��,� ;0���� ��
 ���� %������� �#� ������ ���:� α = −�.-� ± �.���

"
(
�� �− �� �−

)
�"����� "���""

(
�� �− �� �−

)
�"����� "���""

(
�� �− �� �−

)
�"����� "���""

(
�� �− �� �−

)
�"����� "���"

���� ��� U� = � '��> ������� �������� ����'�� &8 #�$#��;����� �������'��> ������������

����� ����	 ��−�� ��
� ������	
 �� 
��	 �����	


�.-�±�.�� 	
� � ���!��.-�±�.�� 	
� � ���!��.-�±�.�� 	
� � ���!��.-�±�.�� 	
� � ���!�
�.��±�.��±�.�- ��� �� ,� �-
 )���

�.��±�.��±�.�� ��� �,� ;0������0 +�� 

�.��±�.��±�.�� �� !
 �� ����

�.��±�.�-±�.�� �  �!)" �� /��-
• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
� ±� ±� �� �� �+�! �- "5�* ��� >��� .� 

� ±� ±� � �� �+�! �- "5�* ��� >��� .� 

��.� ±�.� ±�.� � �� /��� �- )���

� ±� ±� �� �+�! �� *)�� "�:� &8 �+�! �-

� ±� � /��� �� )��� "�:� &8 /��� �-

��,� �-
 ���� ���� ��� ���� ����� (��� ��� ���%���J�� �� �#� �&���2�� �2���� �� ��
�
→

π�π−π� 6π� ���� (����J :���7 ��� 5(! �� 2����� ��� ���� ��� /6��
�

→ π�π−π�7

��� /6π� → �� �− γ7� �#� �8���%���� ����� �������� � ���%���J����� ����� �� ±�.���
�� ����� ��� ��� �#� ����� &����#��$ ��������3 ����:�����;��������� ��� �#� ��� ���� �#�'��
��(�����&����� �� ��$��� &��'��� �'� �� �− :��� :����� ��2��� ��=−� ��� ��

�
�

"
(
π�µ�µ−)

�"����� "���""
(
π�µ�µ−)

�"����� "���""
(
π�µ�µ−)

�"����� "���""
(
π�µ�µ−)

�"����� "���"
 ������� �� �� ������$ ������ ���� ��� U� = � '��> ������� �������� ����'�� &8
#�$#��;����� �������'��> ������������

����� ����	 ��−�� ��� ��
� ������	
 �� 
��	

<�.��<�.��<�.��<�.�� �� �,� ;0������0 +�� 
• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
<-.� �� � 0���" �� ����

"
(
π� �� �−

)
�"����� "���""

(
π� �� �−

)
�"����� "���""

(
π� �� �−

)
�"����� "���""

(
π� �� �−

)
�"����� "���"

 ������� �� �� ������$ ������ (����� ��� �������� ��;2�������$ ������&������ ��� �L;
:����� �� &� ��%:���&�� ��� �� ��%����� �#� ��;������2��$ :���� ,� ��
 ������
��$$���� �#�� ��;2�������� �H���� ��%������ ���� ��� U� = � '��> ������� ��������
����'�� &8 #�$#��;����� �������'��> ������������

����� ����	 ��−��� ��� ��
� ������	
 �� 
��	 �����	


< �.�< �.�< �.�< �.� �� �� �,� ;0������� +�� ��%&���� ������
• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
< �.- �� �,� ;0������� +�� 

�.������.����−�.���� �� ,� ��
 )��� ��;������2��$ :���

< -.� �� � �,� ;0������ +�� 

�.�� �� �.�� �,� ;0������
 +�� ��;������2��$ :���

< �� �� � 0���" ��
 ����

< �- �� � /��+�� �� ����

< -- �� � 	0, �� /��-

< ��� �� /��� �� )���

<���� �� M�"��?�.��� �� "5�*



������������

��� ��� �� ���� 	
� ����� ����	
�� �	��	��

� �

�

��*�%&���� ������ �� �,� ;0���� ��� ����;���� ���� ��� ��� �,� ;0���� �� ����
���� ����

�� ,� ��
 ���� �#� �&����� �� � ��$��� �� ��
�
→ π� γ γ '��# �6γ γ7<�6π�7 ��� �#��� �!

2���� �� :������ �#�� 2�����

"
(
π� ν ν

)
�"����� "���""

(
π� ν ν

)
�"����� "���""

(
π� ν ν

)
�"����� "���""

(
π� ν ν

)
�"����� "���"

 ������� �� �� ������$ ������ ���� �� ������ �� 2�������� ����� �#� �������� ��;2�������$
��� ��;������2��$ ������&������ ��� �L:����� �� &� ��::������� ���� �� U� = � '��>
������� ��������

����� ����	 ��−�� ��� ��
� ������	
 �� 
��	

< �.�-�< �.�-�< �.�-�< �.�-� �� � �,� ;0������ +�� 

• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
< �.�� �� � �(�." �� +�� 

< -.� �� � 1�� �� �� ����

<�� �� � !��0�. �� *)��

"
(
�±µ∓)

�"����� "���""
(
�±µ∓)

�"����� "���""
(
�±µ∓)

�"����� "���""
(
�±µ∓)

�"����� "���"
���� �� ��:��� ��%��8 ��%&�� ������2������

����� ����	 ��−��� ��� ��
� ������	
 �� 
��	

<�.��<�.��<�.��<�.�� �� �./�	"� ��
 /���

• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
<�.� �� � �+�! �- "5�*

<�.� �� � ��"�+� �� /���

<�.� �� � �- ��"�+� �� /���

�-�#�� �� �#� ��%&���� ������ �� ��"�+� �� ��� .��0�?0�!�) ���

"
(
�± �±µ∓µ∓)

�"����� "���""
(
�± �±µ∓µ∓)

�"����� "���""
(
�± �±µ∓µ∓)

�"����� "���""
(
�± �±µ∓µ∓)

�"����� "���"
���� �� ��:��� ��%��8 ��%&�� ������2������

����� ����	 ��−��� ��� ��
� ������	
 �� 
��	 �����	


< �.��< �.��< �.��< �.�� �� � �,� ;0������
 +�� 

• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
< ��.� �� � �� �,� ;0������1 +�� "�:� &8 �,� ;

0���� ��

<��� �� � �� !
 �� ����

������%��$ ������% :#��� �:��� ������&������

"
(
π�µ± �∓

)
�"����� "���""

(
π�µ± �∓

)
�"����� "���""

(
π�µ± �∓

)
�"����� "���""

(
π�µ± �∓

)
�"����� "���"

���� �� ��:��� ��%��8 ��%&�� ������2������
����� ��� ������	
 �� 
��	

<�.�× ��−�<�.�× ��−�<�.�× ��−�<�.�× ��−� �� ��"�+� �� ����

Vud, Vus, THE CABIBBO ANGLE,
AND CKM UNITARITY

Written October 2005 by E. Blucher (Univ. of Chicago) and
W.J. Marciano (BNL)

The Cabibbo-Kobayashi-Maskawa (CKM) [1,2] three-

generation quark mixing matrix written in terms of the Wolfen-

stein parameters (λ, A, ρ, η) [3] nicely illustrates the orthonor-

mality constraint of unitarity and central role played by λ.

VCKM =

⎛⎝ Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

⎞⎠

=

⎛⎝ 1 − λ2/2 λ Aλ3(ρ − iη)
−λ 1 − λ2/2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1

⎞⎠ + O(λ4) (1)

That cornerstone is a carryover from the two-generation

Cabibbo angle, λ = sin(θCabibbo) = Vus. Its value is a criti-

cal ingredient in determinations of the other parameters and in

tests of CKM unitarity.

Unfortunately, the precise value of λ has been somewhat

controversial in the past, with kaon decays suggesting [4] λ 	
0.220 while hyperon decays [5] and indirect determinations via

nuclear β-decays imply a somewhat larger λ 	 0.225 − 0.230.

That discrepancy is often discussed in terms of a deviation from

the unitarity requirement

|Vud|2 + |Vus|2 + |Vub|2 = 1. (2)

For many years, using a value of Vus derived from K → πeν

(Ke3) decays, that sum was consistently 2–2.5 sigma below

unity, a potential signal [6] for new physics effects. Below, we

discuss the current status of Vud, Vus, and their associated

unitarity test in Eq. (2). (Since |Vub|2 	 1 × 10−5 is negligibly

small, it is ignored in this discussion.)

Vud

The value of Vud has been obtained from superallowed

nuclear, neutron, and pion decays. Currently, the most precise

determination of Vud comes from superallowed nuclear beta-

decays [6] (0+ → 0+ transitions). Measuring their half-lives, t,

and Q values which give the decay rate factor, f , leads to a

precise determination of Vud via the master formula [7–9]

|Vud|2 =
2984.48(5) sec

ft(1 + RC)
(3)

where RC denotes the entire effect of electroweak radiative

corrections, nuclear structure, and isospin violating nuclear

effects. RC is nucleus dependent, ranging from about +3.1%

to +3.6% for the nine best measured superallowed decays. In

Table 1, we give the ft values along with their implied Vud

for the nine best measured superallowed decays [6, 10]. They

collectively give a weighted average (with errors combined in

quadrature) of

Vud = 0.97377(27) (superallowed) (4)

which, assuming unitarity, corresponds to λ = 0.2275(12). We

note, however, that a recent remeasurement [10] of the 46V Q

value has significantly affected its ft and Vud values, with the

latter now about 2.7 sigma below the average. That recent shift

may point to a potential problem with the Q values and ft

values of the other superallowed beta decays. Remeasurement

of all Q values using modern atomic trapping techniques is

called for and in progress.

Combined measurements of the neutron lifetime, τn, and

the ratio of axial-vector/vector couplings, gA ≡ GA/GV , via

neutron decay asymmetries can also be used to determine Vud:

|Vud|2 =
4908.7(1.9)sec

τn(1 + 3g2
A)

, (5)

where the error stems from uncertainties in the electroweak

radiative corrections [8] due to hadronic loop effects. Those

effects have been recently updated and their error was reduced

by about a factor of 2 [9], leading to a ±0.0002 theoretical

uncertainty in Vud (common to all Vud extractions). Using the

world averages from this Review

τave
n = 885.7(8)sec

gave
A = 1.2695(29) (6)

leads to

Vud = 0.9746(4)τn(18)gA(2)RC (7)
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Table 1: Values of Vud implied by various
precisely measured superallowed nuclear beta
decays. The ft values are taken from a recent
update by Savard et al. [10]. Uncertainties in
Vud correspond to 1) nuclear structure and Z2α3

uncertainties [6, 11] added in quadrature with
the ft error, 2) a common error assigned to
nuclear Coulomb distortion effects [11], and 3) a
common uncertainty in the radiative corrections
from quantum loop effects [9]. Only the first
error is used to obtain the weighted average.

Nucleus ft (sec) Vud

10C 3039.5(47) 0.97381(77)(15)(19)
140 3043.3(19) 0.97368(39)(15)(19)

26Al 3036.8(11) 0.97406(23)(15)(19)
34Cl 3050.0(12) 0.97412(26)(15)(19)
38K 3051.1(10) 0.97404(26)(15)(19)
42Sc 3046.8(12) 0.97330(32)(15)(19)
46V 3050.7(12) 0.97280(34)(15)(19)

50Mn 3045.8(16) 0.97367(41)(15)(19)
54Co 3048.4(11) 0.97373(40)(15)(19)

Weighted Ave. 0.97377(11)(15)(19)

with the error dominated by gA uncertainties (which have been

expanded due to experimental inconsistencies). We note that a

recent precise measurement [12] of τn = 878.5(7)(3) sec is also

inconsistent with the world average from this Review and would

lead to a considerably larger Vud = 0.9786(4)(18)(2). Future

neutron studies are expected to resolve these inconsistencies and

significantly reduce the uncertainties in gA and τn, potentially

making them the best way to determine Vud.

The recently completed PIBETA experiment at PSI mea-

sured the very small (O(10−8)) branching ratio for π+ →
πoe+νe with about ±1/2% precision. Their result gives [13]

Vud = 0.9749(26)

[
BR(π+ → e+νe(γ))

1.2352 × 10−4

] 1
2

(8)

which is normalized using the very precisely determined theo-

retical prediction for BR(π+ → e+νe(γ)) = 1.2352(5)×10−4 [7]

rather than the experimental branching ratio from this Review of

1.230(4)×10−4 which would lower the value to Vud = 0.9728(30).

Theoretical uncertainties in that determination are very small;

however, much higher statistics would be required to make this

approach competitive with others.

Vus

|Vus| may be determined from kaon decays, hyperon decays,

and tau decays. Previous determinations have most often used

K�3 decays:

ΓK�3 =
G2

F M5
K

192π3
SEW (1 + δ�

K + δSU2)C
2 |Vus|2 f2

+(0)I�
K . (9)

Here, � refers to either e or µ, GF is the Fermi constant, MK is

the kaon mass, SEW is the short-distance radiative correction,

δ�
K is the mode-dependent long-distance radiative correction,

f+(0) is the calculated form factor at zero momentum transfer

for the �ν system, and I�
K is the phase-space integral, which

depends on measured semileptonic form factors. For charged

kaon decays, δSU2 is the deviation from one of the ratio of

f+(0) for the charged to neutral kaon decay; it is zero for the

neutral kaon. C2 is 1 (1/2) for neutral (charged) kaon decays.

Previous PDG determinations of |Vus| have been based only on

K → πeν decays; K → πµν decays have not been used because

of large uncertainties in Iµ
K . The experimental measurements

are the semileptonic decay widths (based on the semileptonic

branching fractions and lifetime) and form factors (allowing

calculation of the phase space integrals). Theory is needed for

SEW , δ�
K , δSU2, and f+(0). These experimental and theoretical

inputs are discussed in the following paragraphs.

Branching Fractions. Recent measurements of the K → πeν

branching fractions are significantly different from previous

PDG averages, probably as a result of inadequate treatment of

radiation in older experiments. We therefore choose to base av-

erages on recent measurements where the treatment of radiation

is clear.

For the KL branching fractions, we consider the following

experimental inputs:

• KTeV measured the following 5 partial width ratios [14, 15]:

Γ(KL → π±µ∓ν)/Γ(KL → π±e∓ν),

Γ(KL → π+π−π0)/Γ(KL → π±e∓ν),

Γ(KL → π0π0π0)/Γ(KL → π±e∓ν),

Γ(KL → π+π−)/Γ(KL → π±e∓ν), and

Γ(KL → π0π0)/Γ(KL → π0π0π0). Since the six decay

modes listed above account for more than 99.9% of the

total decay rate, the five partial width ratios may be con-

verted into measurements of the branching fractions for the

six decay modes.

• KLOE uses a tagged KL sample to measure the 4 largest

KL branching fractions [16].

• NA48 measures the following 2 ratios: ΓKe3/Γ(2 track) [17]

and Γ000/Γ(KS → π0π0) [18]. These ratios may be used to

determine B(Ke3).

A fit to all of these measurements, accounting for correla-

tions, gives the KL semileptonic branching fractions in Table 2.

Figure 1 shows a comparison of the new experimental measure-

ments, the best fit values, and the 2002 PDG fit values [19].

Note that the new measurements are consistent with each other,

but are shifted significantly from the PDG fit.

Table 2: Average KL semileptonic branching
fractions and widths based on fit to new mea-
surements from KTeV, KLOE, and NA48. The
partial width measurements use the average KL

lifetime quoted in Table 3.

Decay Mode Branching fraction Γi (107s−1)

KL → π±e∓ν 0.4040± 0.0008 0.7908± 0.0032

KL → π±µ∓ν 0.2699± 0.0008 0.5283± 0.0023
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Figure 1: Recent KL → πeν, KL → πµν,
and K± → π0e±ν branching fraction measure-
ments (solid points) compared to PDG 2002
fit (open circles). The vertical lines indicate the
±1σ bounds from a fit to all recent measure-
ments (from KTeV, KLOE, NA48, and E865).

For KS → πeν, we use the new KLOE measurement [20]:

B(KS → πeν) = (7.06 ± 0.06 ± 0.04) × 10−4.

For K± → π0e±ν, we use the BNL E865 [21] measurement

of B(K± → π0e±ν) = (5.13±0.1)%. Preliminary measurements

from NA48, KLOE, and ISTRA+ are consistent with this result.

Kaon Lifetime. KLOE has performed two new measure-

ments of the KL lifetime: one based on exploiting the lifetime

dependence of the detector acceptance to find the KL lifetime

required to make the sum of branching fractions equal to 1 [16],

and another based on the KL → 3π0 decay distribution [22].

These new results and the old PDG average are listed in Ta-

ble 3. The new average value, which we use for the results

quoted below, is τL = (50.98 ± 0.21)ns.

Combining the KL branching fractions with the new lifetime

gives the partial decay widths quoted in Table 2. Note that

correlations between the KLOE branching fractions and the

“indirect” KLOE lifetime determination have been taken into

account.

For the KS and K+ lifetimes, we use the PDG average

values.

Table 3: KL lifetime measurements.

Source Lifetime (ns)

PDG 2004 Average 51.5 ± 0.4

KLOE (sum of branching fractions) 50.72 ± 0.37

KLOE (3π0 distribution) 50.87± 0.31

New Average 50.98 ± 0.21

Phase Space Integrals. Recent experiments have also re-

measured the semileptonic form factors needed to calculate

the phase space integrals. These recent measurements of the

semileptonic form factors are much more precise than previous

averages, making it possible to use both the muon and electron

decay modes for KL.

We use the KTeV quadratic form factor results [23] for

neutral kaon decays and the ISTRA+ quadratic form factor

measurements [24] for charged kaons. For both charged and

neutral decays, we include an additional 0.7% uncertainty in

the phase space integrals, as suggested by KTeV [23], to account

for differences between the quadratic and pole model form factor

parametrizations, both of which give acceptable fits to the data.

The resulting phase space integrals are Ie
K0 = 0.1535 ± 0.0011,

Iµ
K0 = 0.10165± 0.0008, and Ie

K+ = 0.1591 ± 0.0012.

Theoretical Inputs. We use the following theoretical inputs

to calculate f+(0)|Vus| from Eq. (9).

• Short-distance radiative correction [7, 25]: SEW = 1.023;

• Long-distance radiative corrections [26, 27]: δe
K0 = 0.0104±

0.002, δµ
K0 = 0.019 ± 0.003, δe

K+ = 0.0006 ± 0.002;

• SU2 breaking correction [26,28] δSU2 = 0.046 ± 0.004.

K�3 results for |Vus|. Figure 2 shows a comparison of the

PDG and the averages of recent measurements for |Vus|f+(0)

for K±, KL, and KS. The average of all recent measurements

gives

fK0π−
+ (0)|Vus| = 0.2169 ± 0.0009. (10)

The figure also shows f+(0)(1 − |Vud|2 − |Vub|2)1/2, the ex-

pectation for f+(0)|Vus| assuming unitarity, based on |Vud| =

0.9738 ± 0.0003, |Vub| = (3.6 ± 0.7) × 10−3, and the Leutwyler-

Roos calculation of f+(0) = 0.961±0.008 [28]. Using the result

in Eq. (10) with the Leutwyler-Roos calculation of f+(0) gives

|Vus| = λ = 0.2257± 0.0021. (11)

A similar result for f+(0) was recently obtained from a quenched

lattice gauge theory calculation [29]. Other calculations of

f+(0) result in |Vus| values that differ by as much as 2% from

the result in Eq. (11). For example, a recent chiral perturbation

theory calculation [30, 31] gives f+(0) = 0.974 ± 0.012, which

implies a lower value of |Vus| = 0.2227 ± 0.0029 [32].

A value of Vus can also be obtained from a comparison of the

radiative inclusive decay rates for K → µν(γ) and π → µν(γ)

combined with a lattice gauge theory calculation of fK/fπ

via [33]

|Vus|fK

|Vud|fπ
= 0.2387(4)

[
Γ(K → µν(γ))

Γ(π → µν(γ))

]1
2

(12)

with the small error coming from electroweak radiative correc-

tions. Employing

Γ(K → µν(γ))

Γ(π → µν(γ))
= 1.3383(46), (13)

which incorporates the KLOE result [34], B(K → µν(γ)) =

63.66(9)(15)% and [35, 36]

fK/fπ = 1.198(3)(+16/− 5) (14)

along with the value of Vud in Eq. (4) leads to

|Vus| = 0.2245(5)(1.198fπ/fK). (15)

It should be mentioned that hyperon decay fits suggest [5]
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Figure 2: Comparison of determinations of
|Vus|f+(0) from this review (labeled 2005),
from the PDG 2002, and with the pre-
diction from unitarity using |Vud| and the
Leutwyler-Roos calculation of f+(0) [28]. For
f+(0)(1−|Vud|2−|Vub|2)1/2, the inner error bars
are from the quoted uncertainty in f+(0); the
total uncertainties include the |Vud| and |Vub|
errors. See full-color version on color pages at
end of book.

|Vus| = 0.2250(27) Hyperon Decays (16)

modulo SU(3) breaking effects that could shift that value up

or down. We note that a recent representative effort [37] that

incorporates SU(3) breaking found Vus = 0.226(5). Similarly,

strangeness changing tau decays give [38]

|Vus| = 0.2208(34) Tau Decays (17)

where the central value depends on the strange quark mass.

Employing the value of Vud in Eq. (4) and Vus in Eq. (11)

leads to the unitarity consistency check

|Vud|2 + |Vus|2 + |Vub|2 = 0.9992(5)(9), (18)

where the first error is the uncertainty from |Vud|2 and the sec-

ond error is the uncertainty from |Vus|2. The result is in good

agreement with unitarity. Averaging the direct determination

of λ (Vus) with the determination derived from unitarity and

Vud gives λ = 0.227(1). Although unitarity now seems well es-

tablished, issues regarding the Q values in superallowed nuclear

β-decays, τn, gA, f+(0) and fK/fπ must still be resolved before

a definitive confirmation is possible.
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WEIGHTED AVERAGE
2.48±0.17 (Error scaled by 1.5)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

LAI 04C NA48 1.8
ALEXOPOU... 04A KTEV 2.4
AMBROSINO 06D KLOE 0.2
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       4.4
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Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.
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WEIGHTED AVERAGE
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ALAVI-HARATI 99B KTEV 5.3
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(Confidence Level = 0.017)
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CP VIOLATION IN KL DECAYS

Revised May 2006 by L. Wolfenstein (Carnegie-Mellon Univer-
sity) and T.G. Trippe (LBNL).

The symmetries C (particle-antiparticle interchange) and

P (space inversion) hold for strong and electromagnetic inter-

actions. After the discovery of large C and P violation in the

weak interactions, it appeared that the product CP was a good

symmetry. In 1964 CP violation was observed in K0 decays at

a level given by the parameter ε ≈ 2.3 × 10−3.

A unified treatment of CP violation in K, D, B, and

Bs mesons is given in “CP Violation in Meson Decays” by

D. Kirkby and Y. Nir in this Review. A more detailed review

including a thorough discussion of the experimental techniques

used to determine CP violation parameters is given in a book
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by K. Kleinknecht [1]. Here we give a concise summary of the

formalism needed to define the parameters of CP violation in

KL decays and a description of our fits for the best values of

these parameters.

1. Formalism for CP violation in Kaon decay:

CP violation has been observed in the semi-leptonic decays

K0
L → π∓�±ν and in the nonleptonic decay K0

L → 2π. The

experimental numbers that have been measured are

AL =
Γ(K0

L → π−�+ν) − Γ(K0
L → π+�−ν)

Γ(K0
L → π−�+ν) + Γ(K0

L → π+�−ν)
(1a)

η+− = A(K0
L → π+π−)/A(K0

S → π+π−)

= |η+−| eiφ+− (1b)

η00 = A(K0
L → π0π0)/A(K0

S → π0π0)

= |η00| eiφ00 . (1c)

CP violation can occur either in the K0 – K
0

mixing or

in the decay amplitudes. Assuming CPT invariance, the mass

eigenstates of the K0–K0 system can be written

|KS〉 = p|K0〉 + q|K0〉 , |KL〉 = p|K0〉 − q|K0〉 . (2)

If CP invariance held, we would have q = p so that KS would

be CP even and KL CP odd. (We define |K0〉 as CP |K0〉).
CP violation in K0–K0 mixing is then given by the parameter

ε̃ where
p

q
=

(1 + ε̃)

(1 − ε̃)
. (3)

CP violation can also occur in the decay amplitudes

A(K0 → ππ(I)) = AIe
iδI , A(K0 → ππ(I)) = A∗

Ie
iδI , (4)

where I is the isospin of ππ, δI is the final-state phase shift,

and AI would be real if CP invariance held. The CP -violating

observables are usually expressed in terms of ε and ε′ defined

by

η+− = ε + ε′ , η00 = ε − 2ε′ , (5a)

One can then show [2]

ε = ε̃ + i (Im A0/Re A0) , (5b)

√
2ε′ = iei(δ2−δ0)(ReA2/ReA0) (Im A2/Re A2−Im A0/Re A0) ,

(5c)

AL = 2Re ε/(1 + |ε|2) ≈ 2Re ε . (5d)

In Eqs. (5a) small corrections [3] of order ε′ × Re (A2/A0) are

neglected and Eq. (5d) assumes the ∆S = ∆Q rule.

The quantities Im A0, Im A2, and Im ε̃ depend on the choice

of phase convention since one can change the phases of K0 and

K
0

by a transformation of the strange quark state |s〉 → |s〉 eiα;

of course, observables are unchanged. It is possible by a choice

of phase convention to set Im A0 or Im A2 or Im ε̃ to zero,

but none of these is zero with the usual phase conventions

in the Standard Model. The choice Im A0 = 0 is called the

Wu-Yang phase convention [4] in which case ε = ε̃. The value

of ε′ is independent of phase convention and a nonzero value

demonstrates CP violation in the decay amplitudes, referred to

as direct CP violation. The possibility that direct CP violation

is essentially zero and that CP violation occurs only in the

mixing matrix was referred to as the superweak theory [5].

By applying CPT invariance and unitarity the phase of ε is

given approximately by

φε ≈ tan−1 2(mKL
− mKS

)

ΓKS
− ΓKL

≈ 43.51 ± 0.05◦ (6a)

while Eq. (5c) gives the phase of ε′ to be

φε′ = δ2 − δ0 +
π

2
≈ 42.3 ± 1.5◦ , (6b)

where the numerical value is based on an analysis of π–π scat-

tering using chiral perturbation theory [6]. The approximation

in Eq. (6a) depends on the assumption that direct CP violation

is very small in all K0 decays. This is expected to be good

to a few tenths of a degree as indicated by the small value of

ε′ and of η+−0 and η000, the CP -violation parameters in the

decays KS → π+π−π0 [7] and KS → π0π0π0 [8]. The relation

in Eq. (6a) is exact in the superweak theory so this is sometimes

called the superweak phase φSW. An important point for the

analysis is that cos(φε′–φε) 	 1. The consequence is that only

two real quantities need be measured, the magnitude of ε and

the value of (ε′/ε) including its sign. The measured quantity

|η00/η+−|2 is very close to unity so that we can write

|η00/η+−|2 ≈ 1 − 6Re (ε′/ε) ≈ 1 − 6ε′/ε . (7a)

Re(ε′/ε) ≈ 1
3
(1 − |η00/η+−|) . (7b)

From the experimental measurements in this Edition of the

Review of Particle Physics and the fits discussed in the next

section, one finds

|ε| = (2.232 ± 0.007) × 10−3 , (8a)

φε = (43.5 ± 0.7)◦ , (8b)

Re(ε′/ε) ≈ ε′/ε = (1.66 ± 0.26) × 10−3 , (8c)

φ+− = (43.4 ± 0.7)◦ , (8d)

φ00–φ+− = (0.2 ± 0.4)◦ , (8e)

AL = (3.32 ± 0.06) × 10−3 . (8f)

Direct CP violation, as indicated by ε′/ε, is expected in

the Standard Model. However the numerical value cannot be

reliably predicted because of theoretical uncertainties [9]. The

value of AL agrees with Eq. (5d). The values of φ+− and

φ00 − φ+− are used to set limits on CPT violation. [See Tests

of Conservation Laws.]

2. Fits for K0
L CP -violation parameters:

In recent years, K0
L CP -violation experiments have im-

proved our knowledge of CP -violation parameters and their

consistency with the expectations of CPT invariance and uni-

tarity. To determine the best values of the CP -violation param-

eters in K0
L → π+π− and π0π0 decay, we make two types of

fits, one for the phases φ+− and φ00 jointly with ∆m and τS ,
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and the other for the amplitudes |η+−| and |η00| jointly with

the K0
L → ππ branching fractions.

Fits to φ+−, φ00, ∆φ, ∆m, and τ
S
data: These are joint fits

to the data on φ+−, φ00, the phase difference ∆φ = φ00 –φ+−,

the K0
L – K0

S mass difference ∆m, and the K0
S mean life τS ,

including the effects of correlations.

Measurements of φ+− and φ00 are highly correlated with

∆m and τS . Some measurements of τS are correlated with ∆m.

The correlations are given in the footnotes of the φ+− and φ00

sections of the K0
L Particle Listings and the τS section of the

K0
S Particle listings.

In most cases, the correlations are quoted as 100%, i.e.with

the value and error of φ+− or φ00 given at a fixed value of ∆m

and τS with additional terms specifying the dependence of the

value on ∆m and τS . These cases lead to diagonal bands in

Figs. [1] and [2]. The KTeV experiment [10] quotes its results

as values of φ+−, ∆m, and τS with correlations, leading to the

ellipses labeled “b”.

Figure 1: φ+− vs ∆m for experiments which
do not assume CPT invariance. ∆m mea-
surements appear as vertical bands spanning
∆m ± 1σ, cut near the top and bottom
to aid the eye. Most φ+− measurements ap-
pear as diagonal bands spanning φ+− ± σφ.
Data are labeled by letters: “b”–FNAL KTeV,
“c”–CERN CPLEAR, “d”–FNAL E773, “e”–
FNAL E731, “f”–CERN, “g”–CERN NA31, and
are cited in Table 1. The narrow band “j” shows
φSW. The ellipse “a” shows the χ2 = 1 contour
of the fit result. See full-color version on color
pages at end of book.

Table 1: References, Document ID’s, and
sources corresponding to the letter labels in
the figures. The data are given in the φ+− and
∆m sections of the KL Particle Listings, and
the τS section of the KS Particle Listings.

Label Source PDG Document ID Ref.

a this review OUR FIT

b FNAL KTeV ALAVI-HARATI 03 [10]

c CERN CPLEAR APOSTOLAKIS 99C [11]

d FNAL E773 SCHWINGENHEUER 95 [12]

e FNAL E731 GIBBONS 93,93C [13,14]

f CERN GEWENIGER 74B,74C [15,16]

g CERN NA31 CAROSI 90 [17]

h CERN NA48 LAI 02C [18]

i CERN NA31 BERTANZA 97 [19]

j this review SUPERWEAK 04

The data on τS , ∆m, and φ+− shown in Figs. [1] and [2].

are combined with data on φ00 and φ00 –φ+− in two fits, one

without assuming CPT and the other with this assumption.

The results without assuming CPT are shown as ellipses labeled

“a”. These ellipses are seen to be in good agreement with the

superweak phase

φSW = tan−1

(
2∆m

∆Γ

)
= tan−1

(
2∆mτSτL

h̄(τL – τS)

)
. (9)

In Figs. [1] and [2], φSW is shown as narrow bands labeled “j”.

Table 2 column 2, “Fit w/o CPT ,” gives the resulting fitted

parameters, while Table 3 gives the correlation matrix for this

fit. The white ellipses labeled “a” in Fig. 1 and Fig. 2 are the

χ2 = 1 contours for this fit.

For experiments which have dependencies on unseen fit

parameters, that is, parameters other than those shown on the

x or y axis of the figure, their band positions are evaluated

using the fit results and their band widths include the fitted

uncertainty in the unseen parameters. This is also true for the

φSW bands.

If CPT invariance and unitarity are assumed, then by

Eq. (6a), the phase of ε is constrained to be approximately

equal to

φSW = (43.507±0.0004)◦+54(∆m−0.5290)◦ +32(τS −0.8958)

(10)

where we have linearized the ∆m and τS dependence of Eq. (9).

The error ±0.0004 is due to the uncertainty in τL . Here ∆m

has units 1010 h̄ s−1 and τS has units 10−10 s.

If in addition we use the observation that Re(ε′/ε) � 1 and

cos(φε′ − φε) 	 1, as well as the numerical value of φε′ − φε

given in Eq. (6b), then Eqs. (5a), which are sketched in Fig. 3,

lead to the constraint

φ00 –φ+− ≈ −3 Im

(
ε′

ε

)
≈ −3 Re

(
ε′

ε

)
tan(φε′ – φε)

≈ −0.023◦ ± 0.020◦ (11)
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Figure 2: φ+− vs τS . τS measurements appear
as vertical bands spanning τS ± 1σ, some of
which are cut near the top and bottom to aid
the eye. Most φ+− measurements appear as di-
agonal or horizontal bands spanning φ+− ± σφ.
Data are labeled by letters: “b”–FNAL KTeV,
“c”–CERN CPLEAR, “d”–FNAL E773, “e”–
FNAL E731, “f”–CERN, “g”–CERN NA31,
“h”–CERN NA48, “i”–CERN NA31, and are
cited in Table 1. The narrow band “j” shows
φSW. The ellipse “a” shows the fit result’s
χ2 = 1 contour. Color version at end of book.

so that φ+− ≈ φ00 ≈ φε ≈ φSW.

In the fit assuming CPT we constrain φε = φSW using the

linear expression in Eq. (10) and constrain φ00 − φ+− using

Eq. (11). These constraints are inserted into the Data Listings

with the Document ID of SUPERWEAK 04. Some additional

data for which the authors assumed CPT are added to this fit

or substitute for other less precise data for which the authors

did not make this assumption. See the data listings for details.

Figure 3: Sketch of Eqs. (5a). Not to scale.

The results of this fit are shown in Table 2, column 3, “Fit

w/CPT ,” and the correlation matrix is shown in Table 4. The

∆m precision is improved by the CPT assumption.

Table 2: Fit results for φ+−, ∆m, τS , φ00,
∆φ = φ00 − φ+−, and φε without and with the
CPT assumption.

Quantity(units) Fit w/o CPT Fit w/ CPT

φ+−(◦) 43.4 ± 0.7 (S=1.3) 43.52± 0.05 (S=1.2)

∆m(1010h̄ s−1) 0.5290± 0.0015 (S=1.1) 0.5292 ± 0.0009 (S=1.2)

τS(10−10s) 0.8958 ± 0.0005 0.8953 ± 0.0005 (S=1.1)

φ00(
◦) 43.7 ± 0.8 (S=1.2) 43.50± 0.06 (S=1.2)

∆φ(◦) 0.2 ± 0.4 −0.02 ± 0.04 (S=2.1)

φε(
◦) 43.5 ± 0.7 (S=1.3) 43.51± 0.05 (S=1.1)

χ2 17.3 21.8

# Deg. Free. 13 17

Table 3: Correlation matrix for the results of
the fit without the CPT assumption

φ+− ∆m τS φ00 ∆φ φε

φ+− 1.000 0.778 −0.391 0.837 −0.002 0.977

∆m 0.778 1.000 −0.424 0.665 0.024 0.766

τS −0.391 −0.424 1.000 −0.327 0.001 −0.328

φ00 0.837 0.665 −0.327 1.000 0.546 0.934

∆φ −0.002 0.024 0.001 0.546 1.000 0.211

φε 0.977 0.766 −0.328 0.934 0.211 1.000

Table 4: Correlation matrix for the results of
the fit with the CPT assumption

φ+− ∆m τS φ00 ∆φ φε

φ+− 1.000 0.924 0.054 0.711 −0.283 0.964

∆m 0.924 1.000 −0.231 0.834 −0.020 0.958

τS 0.054 −0.231 1.000 0.056 0.009 0.059

φ00 0.711 0.834 0.056 1.000 0.473 0.873

∆φ −0.283 −0.020 0.009 0.473 1.000 −0.018

φε 0.964 0.958 0.059 0.873 −0.018 1.000

Fits for ε′/ε, |η+−|, |η00|, and B(KL → ππ)

We list measurements of |η+−|, |η00|, |η00/η+−| and ε′/ε.

Independent information on |η+−| and |η00| can be obtained

from measurements of the K0
L and K0

S lifetimes (τL, τS) and

branching ratios (B) to ππ, using the relations

|η+−| =

[
B(K0

L → π+π−)

τL

τS

B(K0
S → π+π−)

]1/2

, (12a)

|η00| =

[
B(K0

L → π0π0)

τL

τS

B(K0
S → π0π0)

]1/2

. (12b)
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For historical reasons the branching ratio fits and the CP -

violation fits are done separately, but we want to include the

influence of |η+−|, |η00|, |η00/η+−|, and ε′/ε measurements

on B(K0
L → π+π−) and B(K0

L → π0π0) and vice versa. We

approximate a global fit to all of these measurements by first

performing two independent fits: 1) BRFIT, a fit to the K0
L

branching ratios, rates, and mean life, and 2) ETAFIT, a fit to

the |η+−|, |η00|, |η+−/η00|, and ε′/ε measurements. The results

from fit 1, along with the K0
S values from this edition are used

to compute values of |η+−| and |η00| which are included as

measurements in the |η00| and |η+−| sections with a document

ID of BRFIT 06. Thus the fit values of |η+−| and |η00| given

in this edition include both the direct measurements and the

results from the branching ratio fit.

The process is reversed in order to include the di-

rect | η | measurements in the branching ratio fit. The re-

sults from fit 2 above (before including BRFIT 06 values)

are used along with the K0
L and K0

S mean lives and the

K0
S → ππ branching fractions to compute the K0

L branching

ratio Γ(K0
L → π0π0)/Γ(K0

L → π+π−). This branching ratio

value is included as a measurement in the branching ratio

section with a document ID of ETAFIT 06. Thus the K0
L

branching ratio fit values in this edition include the results of

the direct measurement of |η00/η+−| and ε′/ε. Most individual

measurements of |η+−| and |η00| enter our fits directly via the

corresponding measurements of Γ(K0
L → π+π−)/Γ(total) and

Γ(K0
L → π0π0)/Γ(total) and those that do not have too large

errors to have any influence on the fitted values of these branch-

ing ratios. A more detailed discussion of these fits is given in

the 1990 edition of this Review [20].

In this 2006 edition of the Review of Particle Physics, the

values of |ε| , |η+−| , and |η00| decrease significantly as a result

of the high precision measurements of K0
L branching ratios

from KTeV, KLOE, and NA48. These measurements reduce

the branching ratio Γ(K0
L → π+π−)/Γ(total) by 5.5 percent, a

4.6σ decrease relative to the 2004 edition [21]. The resulting

BRFIT 06 value of |η+−| reduces the fitted value of |η+−|
by 3.7σ. Earlier high precision measurements of ε′/ε constrain

|η00| to be nearly equal to |η+−| and ∼100% correlated with

it. Since to a very good approximation

|ε| =
2

3
|η+−| +

1

3
|η00| , (13)

then |ε| , |η+−| , and |η00| are all approximately equal and

∼100% correlated with each other. Therefore they are all re-

duced by 3.7σ.
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∣∣η��Bη�−
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∣∣ %������%�����
WEIGHTED AVERAGE
1.67±0.23 (Error scaled by 1.4)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

GIBBONS 93B E731 2.4
BARR 93D NA31 0.9
BATLEY 02 NA48 0.8
ALAVI-HARATI 03 KTEV 2.1

χ2

       6.2
(Confidence Level = 0.100)
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∆S = ∆Q IN K0 DECAYS

The relative amount of ∆S �= ∆Q component present is

measured by the parameter x, defined as

x = A(K
0 → π−�+ν)/A(K0 → π−�+ν) .

We list Re{x} and Im{x} for Ke3 and Kµ3 combined.
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� � ���!�
���.� ±�.- -��� /�
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 0/* − ���- �−� →

��π− �

��� ±� )�5�� �� "5�* � ��� π− � → ���
�
K

��� ±� )�5�� �� "5�* − ��� π− � → ���
�
K

���.� ±�.� ���� /���0 �� 0/* � �� �� � → ��π�K

��� ±� ���� �	��� �� 0/* − ��- �− � → ��π− �

���.� ±�.� �M)�)+	 �� 0/* � �� �� � → ��π�K

���.� ±�.� ���� �!
,��;��� ��
 0/* ± ���� �� →
�∓��
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π±

���.� ±�.� ���- /�,�)( �� 0/* ± �� �� → 6� π7± K

���.� ±�.� ���� *		5�� �� 0/* ± ���� �� → 6� π7± K

���.� ±�.� ���� � 5�,�� �- 0/* − ���� �−� → 6� π7−
K

���.� ±�.- ���� �!
,��;��� ��
 0/* − ���3��� �− � →
6� π7− �

��� ±� ���� *��))�,, ��0 (/* − ��� �−' →
��π−K

��� ±�.� ��� /��,	1 �� 0/* ± ��� � � →
6��π7±�∓

��� ±�.� ��� /��,	1 �� 0/* ± ��� � � →
6��π7±� π

��� ±�.� ��� � (�/���� ��
 0/* � ��- �� � → ��π� �

���.� ±�.� ���� � 1	M**+ �� 0/* − ��� �− � → ��π− �
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���.� ±�.� ±�.- �����±
���

- /�( �� ,�"" − �� �− � → ��π− �
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��-.��±�.����.�-−�.�� ��> � ,)+ �-� �	*" � .� → �−π�µ� νµ

��� ±� /��/��" ��( 	.�! �-� �� →
�� �� �∗�∗

��-.� ±�.- ±�.� �"�	) �� ,�"" � �� �− � → �−π� #

���.-�±�.�� �-> � ��+)"	) �� 	.�! ��I�� γ �

���.��±�.�� ��> � ��+)"	) �� 	.�! ��I�� γ �

��� ±� ��> � �)!�,"�� �� 	.�! � �� π− � →
��π− 6$ 3&7

���.� ±�.� ���� �!
,��;��� ��
 0/* � ���� �� →
�∓��

�
π±

���.� ±�.� 1*+,
)( �� �"5+ � �3�3� �±' →
6� π7�'

���.� ±�.� /	1,�� �� (/* � -�� �� � →
��π− ��

��-.- ±�.� ���� .**
//) �- 0/* � ��� �− � → �−π� #

���.� ±�.� ��> � 5�,�� �- 0/* � ���� �−� → 6� π7�

K
���.� ±�.� ��> �	K �� � 
� � � �− � → �−π� #

���.� ±�.� �	K �� � 
� � � �� # → ��π− �

��� ±� � .��"	) �� 0/* � �� �� � → ��π−/

��� ±� ���� ,�1" �� 0/* � ���I��� �� � →
� ππ�

���.� ±�.� � ,)!,) �� 0/* � �I�� �� � →
��π−π� �

���.� ±�.� ���� � /
*0)�� �� (/* � ��� �� # → ��π− �

���.� ±�.� ���� � �!
,��;��� ��
 0/* � ���3��� �− � →
�−π� #

���.� ±�.� -��� � �!
,��;��� ��
 0/* � ���3��� �− � →
�−π�π− �

��- ±� ���� � 0�/�� �� (/* � � �−' → �−π�K

���.� ±�.� ��> (� " �� 0/* � �� �� � →
��π−π� �

���.� ±�.� ���� � (�
/�� ��
 0/* � ��� �− � →
�−π�π− �

• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
���.� ±�.� -��� /���0 �� 0/* � �� �� � → ��π−K

WEIGHTED AVERAGE
896.00±0.25 (Error scaled by 1.4)

DAUBER 67B HBC 0.9
DAVIS 69 HBC 1.3
HABER 70 DBC 1.0
AGUILAR-... 71B HBC 8.1
AGUILAR-... 71B HBC 3.0
BUCHNER 72 DBC 3.4
LINGLIN 73 HBC 2.4
LEWIS 73 HBC 0.0
MATISON 74 HBC 0.0
FOX 74 RVUE 0.0
FOX 74 RVUE 0.0
PALER 75 HBC 2.5
MCCUBBIN 75 HBC 0.2
BOWLER 77 DBC 3.2
WICKLUND 78 ASPK 0.5
AGUILAR-... 78B HBC 2.9
EVANGELISTA 80 OMEG 1.0
ATKINSON 86 OMEG 3.3
ATKINSON 86 OMEG 5.5
ASTON 88 LASS 0.0
BARBERIS 98E OMEG 0.0
LINK 05I FOCS 1.6

χ2

      40.7
(Confidence Level = 0.006)

890 892 894 896 898 900 902 904

�∗��$��� �� �����
� ������2� ��������� *�%:������� &��>$����� ��� :#���;�:��� �H�����
�.��� ������ �����$�� &8 �� �� EB

√
'� "�� �����

�)�%&�� �� �2���� �� :��> ���2������� &8 ���
�+;%����L :����
- ���% � :������ '�2� �%:������ ����8����
� ��� �� � π %��� �:�����% �������� � ���;�������� ������ ��%:������
� ���% :��� �L���:��������

K∗(892) MASSES AND MASS DIFFERENCES

Unrealistically small errors have been reported by some

experiments. We use simple “realistic” tests for the minimum

errors on the determination of a mass and width from a sample

of N events:

δmin(m) =
Γ√
N

, δmin(Γ) = 4
Γ√
N

. (1)

We consistently increase unrealistic errors before averaging. For

a detailed discussion, see the 1971 edition of this Note.
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� � ���!��.�±�.� 	
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 0/* ±� ���� �� →
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�

π±
-.�±�.� ���� �!
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�.��±�.-���.��−�.�� ��> � ,)+ �-� �	*" � .� → �−π�µ� νµ

�.� ±�.� �"�	) �� ,�"" � �� �− � → �−π� #
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-�.�±�.� 	
� ��-�.�±�.� 	
� ��-�.�±�.� 	
� ��-�.�±�.� 	
� ��
-�.�±�.� 	
� � ���!�-�.�±�.� 	
� � ���!�-�.�±�.� 	
� � ���!�-�.�±�.� 	
� � ���!�
�� ±� -��� /�
/,,�� ��
 0/* − ���- �−� →

��π− �

-� ±� )�5�� �� "5�* − ��� π− � → ���
�
K

-� ±� ���� �	��� �� 0/* − ��- �− � → ��π− �

-�.-±-.� �M)�)+	 �� 0/* � �� �� � → ��π�K

�-.�±�.� ���� �!
,��;��� ��
 0/* ± ���� �� →
�∓��

�
π±

-�.�±�.- ���� �� *		5�� �� 0/* ± ���� �� → 6� π7± K

-�.�±�.� ���� �� 5�,�� �- 0/* − ���� �−� → 6� π7−
K

��.�±�.� ��- �� *,��+ �� 0/* − ���� �−� →
��π− �

��.�±-.� ��-� ��,�� *,��+ �� 0/* − ��� �− � → ��π− �

-�.�±�.� ���� �� �!
,��;��� ��
 0/* − ���3��� �− � →
6� π7− �

�� ±- ���� ��,�� 1	M**+ �� 0/* − ��� �− � → ��π− �

• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
-�.�±�.� ��> � �/�,� ��0 */�� ± ��� � � → ���−π�

�-.�±� ±� �����±
���

�� /�( �� ,�"" − �� �− � → ��π− �

��.�±�.� ���� /���0 �� 0/* � �� �� � → ��π�K

��.�±�.� ��� ��,�� *,�,�)( �� "5�* � �� �� � → ��
�

π� �

��.�±�.� ���� ��,�� *,�,�)( �� "5�* � -� �� � → ��
�

π� �

-- ±� ���� ��,�� *,�,�)( �� "5�* − -� �� � → ��
�

π− �

��.�±�.� ��� (�,�	""� �� "5�* � -� �± � → �±π� �

-�.-±�.� ��� (�,�	""� �� "5�* − -� �± � → �±π� �
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-� ±� /��/��" ��( 	.�! �-� �� →
�� �� �∗�∗

-�.� ±�.� ±�.� �"�	) �� ,�"" � �� �− � → �−π� #

��.- ±�.� -��� /���0 �� 0/* � �� �� � → ��π−K
-� ±� ��> � �)!�,"�� �� 	.�! � �� π− � →

��π− 6$ 3&7
�-.� ±�.� ���� �!
,��;��� ��
 0/* � ���� �� →

�∓��
�

π±
-�.� ±�.� 1*+,
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6� π7�'

��.� ±�.- /	1,�� �� (/* � -�� �� � →
��π− ��

�� ��
−� ���� .**
//) �- 0/* � ��� �− � → �−π� #

-�.� ±�.- ��> �� 5�,�� �- 0/* � ���� �−� → 6� π7�

K
�� ±� ��> �	K �� � 
� � � �− � → �−π� #

-� ±� �	K �� � 
� � � �� # → ��π− �

��.� ±�.� ���� �� ,�1" �� 0/* � ���I��� �� � →
� ππ�

-�.� ±-.� ���� �� /
*0)�� �� (/* � ��� �� # → ��π− �
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��π−π� �

�� ±-.- ���� �� (�
/�� ��
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"� � π ∼ ��� <

"� �� π ± 6 ��.���±�.���7 <
"� �� π � 6 ��.���±�.���7 <
"� ��γ 6 �.�� ±�.�� 7× ��−�
"- �±γ 6 �.� ±�.� 7× ��−�
"� � ππ < � × ��−� �-<
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WEIGHTED AVERAGE
109±5 (Error scaled by 1.9)

ESTABROOKS 78 ASPK 4.8
ETKIN 80 SPEC 1.1
ASTON 81C LASS 1.9
BAUBILLIER 82B HBC 1.0
ASTON 84B LASS 0.5
ASTON 87 LASS 0.9
ASTON 88 LASS 3.6

χ2

      13.7
(Confidence Level = 0.033)
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WEIGHTED AVERAGE
0.354±0.033 (Error scaled by 1.4)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

DAUM 81C CNTR 1.4
BAUBILLIER 82B HBC 0.1
ASTON 87 LASS 2.6

χ2

       4.1
(Confidence Level = 0.126)
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∼ �-� � *,�,�)( �� "5�* ± -� �� � → $�

� -� = �− ���% %�%���� ����8����

���@A�� ����� ��������@A�� ����� ��������@A�� ����� ��������@A�� ����� �����

.���

"� ��

���@A�� 7���7��������@A�� 7���7��������@A�� 7���7��������@A�� 7���7�����

�"("� 0 ��  ! 
��� � A#(# �)�)*�: �� ��� �!�++; 7(��; "�3���
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��� ��� �� ���� 	
� ���������	
�� �	��	��

� ������

� ������ �� ����  � HH�HHH

���''�� �7�� �:���7� '�9��
2����% ���< ������� 	� ������ ��� @ �	��� ��� ��� @ �	���

���� 	� �− A� �����	�� �� A684-812 �� ��� 	� 	� ��� 	� ��'
���	�� �� �,33� $# 2�� ��� �� A63B2,312 $� 1
 ��� �� �����
������ ��	 ���� �� �/��	� 0������ ������ ��"���"@���"−�


�� ��π�π� ��� � ≥ #/� 
�� ��π−� 2��� ��������	�� 

� �)/�� ����� �)/�� ����� �)/�� ����� �)/�� ����

����� ����� ������	
 ��

≈ ���� 	
� �"�.���≈ ���� 	
� �"�.���≈ ���� 	
� �"�.���≈ ���� 	
� �"�.���

)39��� ������)39��� ������)39��� ������)39��� ������
����� ����� ������	
 �� 
��	 �����	


��-�±�� 	
� � ���!���-�±�� 	
� � ���!���-�±�� 	
� � ���!���-�±�� 	
� � ���!�
����± �±�� � �,�� �� /"� �6����7 → $�π�

��-�± �±�� � �,�� �� /"� �6����7 → $�π−
��--± �±�� � �,�� �� /"� �6����7 → $�π−
���-± �±�� � �,�� �� /"� �6����7 → $�π�

G39��� ������G39��� ������G39��� ������G39��� ������
����� ����� ������	
 �� 
��	 �����	


��-�±�� 	
� � ���!���-�±�� 	
� � ���!���-�±�� 	
� � ���!���-�±�� 	
� � ���!�
����± �±�� � �,�� �� /"� �6����7 → $�π�π�

����± �±�� � �,�� �� /"� �6����7 → $�π�π−
��--± �±�� � �,�� �� /"� �6����7 → $�π−π−
��-�± �±�� � �,�� �� /"� �6����7 → $�π−π�

• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
���-±�� /	
�N
) �� "5�* �6����7 → $�π�π�

���-±�� /	
�N
) �� "5�* �6����7 → $�π�π−

A39��� ������A39��� ������A39��� ������A39��� ������
����� ����� ������	
 �� 
��	 �����	


• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
���-±�� /	
�N
) �� "5�* �6����7 →

$�π�π�π−
�"�:������� �,�� ���

� �)/�� C��'$� �)/�� C��'$� �)/�� C��'$� �)/�� C��'$

)39��� ������)39��� ������)39��� ������)39��� ������
����� ����� ������	
 �� 
��	 �����	


• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
��±�� � �,�� �� /"� �6����7 → $�π�

��±�- � �,�� �� /"� �6����7 → $�π−
-�±�� � �,�� �� /"� �6����7 → $�π−
��±�- � �,�� �� /"� �6����7 → $�π�

G39��� ������G39��� ������G39��� ������G39��� ������
����� ����� ��� ������	
 �� 
��	 �����	


• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
��± � � �,�� �� /"� �6����7 → $�π�π�

��±�� � �,�� �� /"� �6����7 → $�π�π−
��±�- � �,�� �� /"� �6����7 → $�π−π−
��±�- � �,�� �� /"� �6����7 → $�π−π�

<�� �� /	
�N
) �� "5�* �6����7 → $�π�π�

<�� �� /	
�N
) �� "5�* �6����7 → $�π�π−

A39��� ������A39��� ������A39��� ������A39��� ������
����� ����� ��� ������	
 �� 
��	 �����	


• • • 1� �� ��� ��� �#� �����'��$ ���� ��� �2���$��3 4��3 ��%���3 ���� • • •
<�� �� /	
�N
) �� "5�* �6����7 →

$�π�π�π−
�"�:������� �,�� ���

� �)/�� ����� ������ �)/�� ����� ������ �)/�� ����� ������ �)/�� ����� �����

.���

"� � �)/��� → ��π�

"� � �)/��−− → ��π−
"� � �)/��− → ��π�π−
"� � �)/��� → ��π�π�

"- � �)/��� → ��π�π�π−
"� � �)/��� → � �/)BA� �

"
(
� �/)BA��

)
�"

(
��π�

)
"��"�"

(
� �/)BA��

)
�"

(
��π�

)
"��"�"

(
� �/)BA��

)
�"

(
��π�

)
"��"�"

(
� �/)BA��

)
�"

(
��π�

)
"��"�

����� ��� ������	
 �� 
��	 �����	


<�.�� �� �,�� �� /"� �6����7� →
&6���-7� �

� �)/�� 7���7������ �)/�� 7���7������ �)/�� 7���7������ �)/�� 7���7�����

�"((� �� !� �� ���� �# # �)��6 �� ��� �
��<� �&))*$#�
+%*�	)*��: �%&� ,�� �� ���#


�(1 "(� ��  !
!� 
�� ��� �# 
&�4�)��� �� ��� ��"��; 
 "; � 0��
�"((� �� 2!1, ��� ��� �# # �)��6 �� ��� �
��<� �&))*$#�

�3�E3� �� !" 
��� ��� �#1# 
&%F�� �� ��� �7(��; ��"; 1(�0!��
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���������	
�� �	��	��

� ��������±

������� ������������� ������������� ������������� ������
�� � ±�	�� � ±�	�� � ±�	�� � ±�	

�� � �� � �� � ��� �� � � �� �− � � �� ��������� 	
� �∗��

�± � ���  � �
� ��

−

�± �����± �����± �����± ����

��� �� 	
����� �±� ��� �±
�
� �∗±� �∗�� �
� �∗±

�
���� �
� ����

�	����
�� ��������
���

����� ����� ���� ��	�
��� �� ��	� 	�

���

����.�± �.� ��� �������.�± �.� ��� �������.�± �.� ��� �������.�± �.� ��� ���  ��!� 	
����� ����� "���!� !" ����

����.�± �.# ��� $% �$& ����.�± �.# ��� $% �$& ����.�± �.# ��� $% �$& ����.�± �.# ��� $% �$& 

��'�.�± �.#±�.� ��' ($�)$& ��� $**+ π−* ��� &�%

���� ± � , ���*- �� .�/ �� �− �� &�%

����.�± �.� � ���))�0& �� �%� �� �− �.'' &�%

• • • 1� �! 
!� �� ��� "!��!2	
3 ���� "!� �4���3��� ���� �	�	��� ���� • • •
��'# ±�� � $,$+�%�*. �'  +�) 5�!�!6�!���	!


���� ±�� � $,$+�%�*. ��  +�) 5�!�!6�!���	!


����.�± �.# � /*.�0,) � �� +�-� �� �− �.'' &�%

��'� ± # &�),.$( � '' +�-� ��� �� ���!	� �6�����

����.�± �.� � 5 ��77� '' +�-� �� �− �.'' &�%

��'� ±�� 5�**�)� '' +�-� �� �− �.��� �.�� &�%

��'� ±�# #� 5 ��77� '� +�-� �∓π±π±
�5 ��77� '' �
� /*.�0,) � �� ���!�� �! 
!� 	
���� ��� ����8 
�����	
�9 	
 ���
�:�!��� /5 $� �
��39 ���	:���	!
� ���))�0& �� ��� ��� �	3� 6���	�	!
 �/ψ;��< �
�
ψ;��< ��������
�� !" 7.�) 0�7 �� �! ������	
� ��	� 
�����	
�9 �
� �!�:	
�� ���
5 ��77� '' �
� /*.�0,) � �� ������ �! !:��	
 ��� 4��� =!����

�± ���� �����± ���� �����± ���� �����± ���� ����

+�������
�� 2	�� �
 ���!� > ���×��−�# � ��4� :��
 !�	���� "�!� ���
)	��	
3��

����� ���−�� 	� ���� ��	�
��� �� ��	� 	�

���

���� ± ' ��� $% �$& ���� ± ' ��� $% �$& ���� ± ' ��� $% �$& ���� ± ' ��� $% �$& 

����.�± �.�± '.� ���> )�0- ��
 ��*/ γ 
����� ≈ ��� &�%

����.�±��.�� �.�
−��.' �''' (�0%�*�0� �� *) � �� �− ≈ �;��<

���� ±�# ±�� �> ��$( ��� ���  ��' �� → �−π�π�

• • • 1� �! 
!� �� ��� "!��!2	
3 ���� "!� �4���3��� ���� �	�	��� ���� • • •
��'# ±�� ±�� ��## ��$( ��� ��  ��' γ (�� �� →

�−π�π�

���� ±�� ±�� ��� $)%$� 7 �� 0$�� γ� �� → �−π�π�

��#� �''
−'� ��' � ($�)$& ��� $**+ π−* ��� &�%

��#� ±�� ±'� ��� $)(� *.� ��� $�& �� �− �� &�%

���� ±�� ±�# ���� �$$( ��  ��� 5�!�!6�!���	!


�($�)$& ��� ���	����� ��� �9������	� ���!� �! :� 
�3�	3	:���

�� ����� ������� ����� ������� ����� ������� ����� �����

+!�� ����9 �!��� ;!���� ���
 ��� ���	��6�!
	� �!���< ���� 	
4!�4� � 
�?

���� � ���!
 ��� 
!2 3	4�
 �� ��
�
�!���� 
!� �� �� �!���� 0����9 ��2�9�

	� 	� � ��
�
���� 	� �������� �
� 	
���"���
�� :��2��
 *�:	::!?���!2��

�
� �!:�9 *�:	::!?�66������ �!��� ��
 	
4��	���� ��� ����6�	!
 ����
� @;��

�
< A @;��<�

/���� "���!�B
+!�� �����	!
 ;@� B@< *!
���
�� ��4��

��������� �
 ����������� �
 ����������� �
 ����������� �
 ��
!� �� ���"#��$ ;�'.� ±�.� < 8

!� �− ���"#��$ ;�'.# ±�.� < 8

!� �����"#��$ % �����"#��$ ;�� ±� < 8

!� �� ���"#��$ ; #.# ±�.� < 8

!# �∗�&'(� ���"#��$ ;�� ±# < 8

!� �∗�&'(� ���"#��$ < �.� 8 *)A��8

!' η ���"#��$ C�D < �� 8 *)A��8

!� φ ���"#��$ < �.� 8 *)A��8

!� φ�� ���"#��$ < �.� 8 *)A��8

!�� µ����"#��$

��)"
��� �� ������)"
��� �
 ����)"
��� �� ������)"
��� �
 ����)"
��� �� ������)"
��� �
 ����)"
��� �� ������)"
��� �
 ��

!�� �� ν� < �.� × ��−# *)A��8

!�� µ�νµ ; �.� ±�.' < × ��−�
!�� �� ��ν� C	D

!�� �� �� ν� ; �.� ±�.# < 8

!�# ��µ� νµ ; �.# ±�.� < 8

!�� �−π� ��ν� ; �.# ��.�
−�.� < 8 /A���

!�' �∗�&'(� ��ν� �
�∗�&'(� → �−π�

; �.'�±�.��< 8

!�� �−π� ��ν� �
����
���" < ' × ��−� *)A��8

!�� �−π�µ�νµ ; �.� ±�.# < 8

!�� �∗�&'(�µ�νµ �

�∗�&'(� → �−π�
; �.' ±�.� < 8

!�� �−π�µ�νµ �
����
���" ; �.� ±�.� < × ��−�
!�� ��∗�&'(π � ��ν� < �.� 8 *)A��8

!�� �� ππ� �� ν� �
�*�
∗�&'( < � × ��−� *)A��8

!�� �−π�π�µ�νµ < �.' × ��−� *)A��8

!�# π� �� ν� ; �.� ±�.' < × ��−�
!�� π� ��ν� C	D

�����	!
� !" �!�� !" ��� "!��!2	
3 �!��� 2	�� ���!
�
��� ��4� ������9
�66����� �:!4� �� �:�!��� !" 6���	���� ����3��?6���	��� �!����

!�' �∗�&'(� ��ν� ; #.��±�.��< 8 /A���

!�� �∗�&'(�µ�νµ ; #.# ±�.# < 8 /A���

!�� ���+(,�
�µ� νµ < � 8 *)A�#8

!�� �∗�+-+��µ� νµ

!�� �∗
��+-.�

�µ� νµ < �.# × ��−�
!�� �∗

��+-.�
�µ� νµ < �.� 8 *)A�#8

!�� �∗�+/&��µ� νµ < �.� × ��−�
!�� ρ� ��ν� ; �.� ±�.� < × ��−�
!�# ρ�µ�νµ ; �.� ±�.� < × ��−�

!�� ω ��ν� ; �.� ��.'
−�.� <× ��−�

!�' φ�� ν� < �.�� 8 *)A��8

!�� φµ� νµ < �.'� 8 *)A��8

!�� η��ν� < ' × ��−� *)A��8

!�� η′�'0&µ�νµ < �.� 8 *)A��8

1� �
��� �
 �� 2�"# � � 
� � � �1� �
��� �
 �� 2�"# � � 
� � � �1� �
��� �
 �� 2�"# � � 
� � � �1� �
��� �
 �� 2�"# � � 
� � � �
!�� ��

� π� ; �.�'±�.��< 8 /A���

!�� �−π�π� C
D ; �.#�±�.��< 8 /A���

!�� �∗
��&��

�π� � �∗
��&�� →

�−π�
C�D

!�� �∗�&'(�π� �
�∗�&'(� → �−π�

C�D ; �.��±�.��< 8

!�# �∗
��+-.�

�π� �

�∗
��+-.�

� → �−π�
C�D ; �.��±�.��< 8

!�� �∗
��+-.�

�π� �

�∗
��+-.�

� → �−π�
C�D

!�' �∗�+/&��π� �
�∗�+/&�� → �−π�

C�D ; �.� ±�.� < × ��−�

!�� �−π�π� �
����
���" C�D ; �.� ±�.' < 8

!�� ��
� π�π� C
D ; '.� ±�.# < 8 /A���

!#� ��
� ρ� ; �.� ±�.� < 8

!#� �∗�&'(�π� �
�∗�&'(� → ��

� π�
; �.� ±�.� < 8

!#� ��
� π�π� �
����
���" ; � ±' < × ��−�

!#� �−π�π�π� C
D ; #.# ±�.' < 8 /A���

!#� �∗�&'(� ρ� "
"���
�∗�&'(� → �−π�

; �.� ±�.� < 8

!## ���+-��
�π� �

���+-��
� → �−π�π�

; �.� ±�.' < 8

!#� �−ρ�π� "
"�� ; �.� ±�.� < 8

!#' �−ρ�π� .*3
 � ; � ±� < × ��−�
!#� �∗�&'(�π�π� "
"���

�∗�&'(� → �−π�
; �.� ±�.� < 8

!#� �∗�&'(�π�π� .*3
 ��
�∗�&'(� → �−π�

; �.' ±�.� < 8

!�� �∗�&'(−π�π� .*3
 ��
�∗�&'(− → �−π�

; � ±� < × ��−�

!�� �−π�π�π� �
����
���" C�D ; �.� ±�.' < 8

!�� ��
� π�π�π− C
D ; �.��±�.��< 8 /A���



������������

��� ��� �� �	
� �� ����� ����	
�� �	��	��

�±

!�� ��
� 	��+(/�

� �

	��+(/�
� → π�π�π−

; �.� ±�.� < 8

!�� ���+-��
�π� �

���+-��
� → ��

� π�π−
; �.� ±�.' < 8

!�# �∗�&'(−π�π� .*3
 ��
�∗�&'(− → ��

� π−
; �.� ±�.� < 8

!�� ��
� ρ�π� "
"�� ; �.��±�.��< 8 *)A��8

!�' ��
� ρ�π�.*3
 � ; �.� ±�.� < × ��−�

!�� ��
� π�π�π− �
����
���" ; �.' ±�.� < × ��−�

!�� �−.π�π− C
D ; #.� ±�.� < × ��−� /A���

!'� �∗�&'(�π�π�π− �
�∗�&'(� → �−π�

; �.� ±�.� < × ��−�

!'� �∗�&'(� ρ�π� �
�∗�&'(� → �−π�

; �.� ±�.� < × ��−�

!'� �∗�&'(�π�π�π− �
*ρ�
�∗�&'(� → �−π�

!'� �−ρ�π�π� ; �.'#±�.��< × ��−�
!'� �−.π�π− �
����
���" ; �.� ±�.� < × ��−�
!'# ��(��

� ; �.' ±�.� < × ��−�
!'� ���−��

� π� ; �.� ±�.� < × ��−�

�����	!
� !" �!�� !" ��� "!��!2	
3 �!��� 2	�� ���!
�
��� ��4� ������9
�66����� �:!4� �� �:�!��� !" 6���	���� ����3��?6���	��� �!����

!'' ��
� 	��+(/�

� ; �.� ±�.� < 8

!'� ��
� 	��+.(�

� < �.# × ��−� *)A��8

!'� �∗�&'(� ρ� "
"�� C�D ; �.� ±�.� < 8
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WEIGHTED AVERAGE
0.61±0.07 (Error scaled by 1.6)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

ANJOS 89B E691 3.4
ALBRECHT 91 ARG 0.2
ADAMOVICH 91 OMEG 0.0
BRANDENB... 02 CLE2 4.2

χ2

       7.9
(Confidence Level = 0.049)
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DALITZ PLOT ANALYSIS FORMALISM

Written January 2006 by D. Asner (Carleton University)

Introduction: Weak nonleptonic decays of D and B mesons

are expected to proceed dominantly through resonant two-body

decays [1]; see Ref. [2] for a review of resonance phenomenology.

The amplitudes are typically calculated with the Dalitz-plot

analysis technique [3], which uses the minimum number of

independent observable quantities. For three-body decays of a

spin-0 particle to all pseudo-scalar final states, D or B → abc,

the decay rate [4] is

Γ =
1

(2π)332
√

s3
|M|2 dm2

ab dm2
bc , (1)

where mij is the invariant mass of particles i and j. The

coefficient of the amplitude includes all kinematic factors, and

|M|2 contains the dynamics. The scatter plot in m2
ab versus m2

bc

is the Dalitz plot. If |M|2 is constant, the kinematically allowed

region of the plot will be populated uniformly with events.

Any variation in the population over the Dalitz plot is due to

dynamical rather than kinematical effects. It is straightforward

to extend the formalism beyond three-body final states. For

N -body final states with only spin-0 particles, phase space

has dimension 3N − 7. Other decays of interest include one

vector particle or a fermion/anti-fermion pair (e.g., B → D∗ππ,

B → Λcpπ, B → K��) in the final state. For the first case,

phase space has dimension 3N − 5, and for the latter two the

dimension is 3N − 4.

Formalism: The amplitude for the process, R → rc, r → ab

where R is a D or B, r is an intermediate resonance, and a, b,

c are pseudo-scalars, is given by

Mr(J, L, l, mab, mbc) =
∑

λ

〈ab|rλ〉Tr(mab) 〈crλ|RJ〉 (2)

= Z(J, L, l, 
p, 
q)BR
L (|
p|)Br

L(|
q|)Tr(mab) .

The sum is over the helicity states λ of r, J is the total angular

momentum of R (for D and B decays, J=0), L is the orbital

angular momentum between r and c, l is the orbital angular

momentum between a and b (the spin of r), 
p and 
q are the

momenta of c and of a in the r rest frame, Z describes the

angular distribution of the final-state particles, BR
L and Br

L

are the barrier factors for the production of rc and of ab, and

Tr is the dynamical function describing the resonance r. The

amplitude for modeling the Dalitz plot is a phenomenological

object. Differences in the parametrizations of Z, BL, and Tr, as

well as in the set of resonances r, complicate the comparison of

results from different experiments.

Usually the resonances are modeled with a Breit-Wigner

form, although some more recent analyses use a K-matrix for-

malism [5,6,7] with the P -vector approximation [8] to describe

the ππ S-wave.
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The nonresonant (NR) contribution to D → abc is

parametrized as constant (S-wave) with no variation in magni-

tude or phase across the Dalitz plot. The available phase space

is much greater for B decays, and the nonresonant contribution

to B → abc requires a more sophisticated parametrization. The-

oretical models of the NR amplitude [9-12] do not reproduce

the distributions observed in the data. Experimentally, several

parametrizations have been used [13,14].

Barrier Factor BL: The maximum angular momentum L in

a strong decay is limited by the linear momentum q. Decay

particles moving slowly with an impact parameter (meson

radius) d of order 1 fm have difficulty generating sufficient

angular momentum to conserve the spin of the resonance. The

Blatt-Weisskopf [15,16] functions BL, given in Table 1, weight

the reaction amplitudes to account for this spin-dependent

effect. These functions are normalized to give BL = 1 for

z = (|q| d)2 = 1. Another common formulation, B′
L, also in

Table 1, is normalized to give B′
L = 1 for z = z0 = (|q0| d)2

where q0 is the value of q when mab = mr.

Table 1: Blatt-Weisskopf barrier factors.

L BL(q) B′
L(q, q0)

0 1 1

1

√
2z

1 + z

√
1 + z0

1 + z

2

√
13z2

(z−3)2+9z

√
(z0−3)2+9z0

(z−3)2+9z

where z = (|q| d)2 and z0 = (|q0| d)2

Angular distribution: The tensor or Zemach formal-

ism [17,18] and the helicity formalism [19,18] yield identical

descriptions of the angular distributions for the decay process

R → rc, r → ab when a, b and c all have spin-0. The angular

distributions for L = 0, 1, and 2 are given in Table 2. For

final-state particles with non-zero spin (e.g., radiative decays),

the helicity formalism is required.

Table 2: Angular distributions for L = 0, 1, 2
where θ is the angle between particles a and
c in the rest frame of resonance r,

√
1 + ζ2 =

Er/mab is a relativistic correction, and Er =
(m2

R + m2
ab − m2

c)/2mR.

J → L + l Angular distribution

0→0+0 uniform

0→1+1 (1+ζ2) cos2 θ

0→2+2

(
ζ2+

3

2

)2

(cos2 θ−1/3)2

Dynamical Function Tr: The dynamical function Tr is de-

rived from the S-matrix formalism. In general, the ampli-

tude that a final state f couples to an initial state i is

Sfi = 〈f |S|i〉, where the scattering operator S is unitary and

satisfies SS† = S†S = I . The Lorentz-invariant transition op-

erator T̂ is defined by separating the probability that f = i,

yielding

S = I + 2iT = I + 2i {ρ}1/2 T̂ {ρ}1/2 , (3)

where I is the identity operator, ρ is the diagonal phase-space

matrix, with ρii = 2qi/m, and qi is the momentum of a in the

r rest frame for decay channel i. In the single-channel S-wave

case, S = e2iδ satisfies unitarity and

T̂ =
1

ρ
eiδ sin δ. (4)

There are three common formulations of the dynamical func-

tion. The Breit-Wigner formalism—the first term in a Taylor

expansion about a T -matrix pole—is the simplest formulation.

The K-matrix formalism [5] is more general (allowing more

than one T -matrix pole and coupled channels while preserving

unitarity). The Flatté distribution [20] is used to parametrize

resonances near threshold and is equivalent to a one-pole,

two-channel K-matrix.

Breit-Wigner Formulation: The common formulation of a

Breit-Wigner resonance decaying to spin-0 particles a and b is

Tr(mab) =
1

m2
r − m2

ab − imrΓab(q)
. (5)

The “mass-dependent” width Γ is

Γ = Γr

(
q

qr

)2L+1 (
mr

mab

)
B′

L(q, q0)
2 , (6)

and B′
L(q, q0) is the Blatt-Weisskopf barrier factor from Ta-

ble 1. A Breit-Wigner parametrization best describes isolated,

non-overlapping resonances far from the threshold of addi-

tional decay channels. For the ρ and ρ(1450) a more complex

parametrization suggested by Gounaris-Sakarai [21] is often

used [22-26]. Unitarity can be violated when the dynamical

function is parametrized as the sum of two or more overlapping

Breit-Wigners. The proximity of a threshold to a resonance

distorts the line shape from a simple Breit-Wigner. Here the

Flatté formula provides a better description and is discussed

below.

K-matrix Formalism: The T matrix can be written as

T̂ = (I − iK̂ρ)−1K̂, (7)

where K̂ is the Lorentz-invariant K-matrix describing the

scattering process and ρ is the phase-space factor. Resonances

appear as poles in the K-matrix:

K̂ij =
∑
α

√
mαΓαi(m)mαΓαj(m)

(m2
α − m2)

√
ρiρj

. (8)

The K-matrix is real by construction, and so the associated

T -matrix respects unitarity.
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For a single pole in a single channel, K is

K =
m0 Γ(m)

m2
0 − m2

(9)

and

T = K(1 − iK)−1 =
m0Γ(m)

m2
0 − m2 − im0Γ(m)

, (10)

which is the relativistic Breit-Wigner formula. For two poles in

a single channel, K is

K =
mαΓα(m)

m2
α − m2

+
mβΓβ(m)

m2
β − m2

. (11)

If mα and mβ are far apart relative to the widths, the T

matrix is approximately the sum of two Breit-Wigners, T (Kα +

Kβ) ≈ T (Kα) + T (Kβ), each of the form of Eq. (10). This

approximation is not valid for two nearby resonances, in which

case T can violate unitarity.

This formulation, which applies to S-channel production in

two-body scattering, ab → cd, can be generalized to describe the

production of resonances in processes such as the decay of charm

mesons. The key assumption here is that the two-body system

described by the K-matrix does not interact with the rest of

the final state [8]. The validity of this assumption varies with

the production process and is appropriate for reactions such as

π−p → π0π0n and semileptonic decays such as D → Kπ�ν. The

assumption may be of limited validity for production processes

such as pp → πππ or D → πππ. In these cases, the two-body

Lorentz-invariant amplitude, F̂ , is given by

F̂i = (I − iK̂ρ)−1
ij P̂j = (T̂ K̂−1)ijP̂j , (12)

where P is the production vector that parametrizes the reso-

nance production in the open channels.

For the ππ S-wave, a common formulation of the K-

matrix [7,24,25] is

Kij(s)=

⎡
⎣∑

α

(
g

(α)
i g

(α)
j

m2
α−s

)+f sc
ij

1−ssc
0

s−ssc
0

⎤
⎦[

(s−sAm2
π/2)(1 − sA0)

(s−sA0)

]
.

(13)

The factor g
(α)
i is the real coupling constant of the K-matrix

pole mα to meson channel i; the parameters f sc
ij and ssc

0 describe

a smooth part of the K-matrix elements; the second factor in

square brackets suppresses a false kinematical singularity near

the ππ threshold (the Adler zero); and the number 1 has units

GeV2.

The production vector, with i = 1 denoting ππ, is

Pj(s) =

⎡
⎣∑

α

(
βαg

(α)
j

m2
α−s

) + fpr
1j

1−spr
0

s−spr
0

⎤
⎦[

(s−sAm2
π/2)(1 − sA0)

(s−sA0)

]
.

(14)

where the free parameters of the Dalitz plot fit are the complex

production couplings βα and the production-vector background

parameters fpr
1j and spr

0 . All other parameters are fixed by

scattering experiments. Ref. [6] describes the ππ scattering data

with a 4-pole, 2-channel (ππ, KK̄) model, while Ref. [7]

describes the scattering data with 5-pole, 5-channel (ππ, KK̄,

ηη, η′η′ and 4π) model. The former has been implemented by

CLEO [27] and the latter by FOCUS [25] and BABAR [24]. In

both cases, only the ππ channel was analyzed. A more complete

coupled-channel analysis would simultaneously fit all final states

accessible by rescattering.

Flatté Formalism: The Flatté formulation is used when a

second channel opens close to a resonance:

T̂ (mab)=
1

m2
r − m2

ab − i(ρ1g2
1 + ρ2g2

2)
, (15)

where g2
1 + g2

2 = m0Γr . This situation occurs in the ππ S-wave

where the f0(980) is near the KK threshold, and in the πη

channel where the a0(980) also lies near the KK threshold.

For the a0(980) resonance, the relevant coupling constants are

g1 = gπη and g2 = gKK , and the phase space terms are ρ1 = ρπη

and ρ2 = ρKK , where

ρab =

√(
1 − (

ma − mb

mab
)2

) (
1 + (

ma − mb

mab
)2

)
. (16)

For the f0(980) the relevant coupling constants are g1 = gππ

and g2 = gKK , and the phase space terms are ρ1 = ρππ and

ρ2 = ρKK . The charged and neutral K channels are usually

assumed to have the same coupling constant but different phase

space factors, due to mK+ �= mK0 ; the result is

ρKK =
1

2

⎛
⎝

√
1−

(
2mK±

mKK

)2

+

√
1−

(
2mK0

mKK

)2
⎞
⎠ . (17)

Branching Ratios from Dalitz Plot Fits: A fit to the

Dalitz plot distribution using either a Breit-Wigner or a K-

matrix formalism factorizes into a resonant contribution to

the amplitude Mj and a complex coefficient, aje
iδj , where aj

and δj are real. The definition of a rate of a single process,

given a set of amplitudes aj and phases δj , is the square of

the relevant matrix element (see Eq. (1)). The “fit fraction” is

usually defined as the integral over the Dalitz plot (mab vs. mbc)

of a single amplitude squared divided by the integral over the

Dalitz plot of the square of the coherent sum of all amplitudes,

or

fit fractionj =

∫ ∣∣aje
iδjMj

∣∣2 dm2
abdm2

bc∫ ∣∣∑
k akeiδkMk

∣∣2 dm2
abdm2

bc

, (18)

where Mj is defined in Eq. (2) and described in Ref. [28]. In

general, the sum of the fit fractions for all components will not

be unity due to interference.

When the K-matrix of Eq. (12) is used to describe a wave

(e.g., the ππ S-wave), then Mj refers to the entire wave. In

this case, it may not be straightforward to separate Mj into a

sum of individual resonances unless these are narrow and well

separated.

Reconstruction Efficiency and Resolution: The efficiency

for reconstructing an event as a function of position on the

Dalitz plot is in general non-uniform. Typically, a Monte Carlo
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sample generated with a uniform distribution in phase space

is used to determine the efficiency. The variation in efficiency

across the Dalitz plot varies with experiment and decay mode.

Most recent analyses utilize a full GEANT [29] detector simu-

lation.

Finite detector resolution can usually be safely neglected as

most resonances are comparatively broad. Notable exceptions

where detector resolution effects must be modeled are φ →
K+K−, ω → π+π−, and a0 → ηπ0. One approach is to convolve

the resolution function in the Dalitz-plot variables m2
ab and m2

bc

with the function that parametrizes the resonant amplitudes. In

high-statistics data samples, resolution effects near the phase-

space boundary typically contribute to a poor goodness of fit.

The momenta of the final-state particles can be recalculated

with a D or B mass constraint, which forces the kinematic

boundaries of the Dalitz plot to be strictly respected. If the

three-body mass is not constrained, then the efficiency (and

the parametrization of background) may also depend on the

reconstructed mass.

Backgrounds: The contribution of background to the D and

B samples varies by experiment and final state. The back-

ground naturally falls into five categories: (i) purely combina-

toric background containing no resonances; (ii) combinatoric

background containing intermediate resonances, such as a real

K∗− or ρ, plus additional random particles; (iii) final states

containing identical particles as in D0 → K0
Sπ0 background to

D0 → π+π−π0 and B → Dπ background to B → Kππ; (iv)

mistagged decays such as a real D
0

or B
0

incorrectly identi-

fied as a D0 or B0; and (v) particle misidentification of the

decay products such as D+ → π−π+π+ or D+
s → K−K+π+

reconstructed as D+ → K−π+π+.

The contribution from combinatoric background with inter-

mediate resonances is distinct from the resonances in the signal

because the former do not interfere with the latter since they are

not from true resonances. Similarly, D0 → ρπ and D0 → K0
Sπ0

do not interfere since strong and weak transitions proceed on

different time scales. The usual identification tag of the initial

particle as a D0 or a D0 is the charge of the distinctive slow

pion in the decay sequence D∗+ → D0π+
s or D∗− → D

0
π−

s .

Another possibility is the identification or “tagging” of one of

the D mesons from ψ(3770)→D0D0, as is done for B mesons

from Υ (4S). The mistagged background is subtle and may be

mistakenly enumerated in the signal fraction determined by a

D0 mass fit. Mistagged decays contain true D
0
’s or B

0
’s and so

the resonances in the mistagged sample exhibit interference on

the Dalitz plot.
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REVIEW OF CHARM DALITZ PLOT ANALYSES

Written January 2006 by D. Asner (Carleton University)

For references given here in the form SMITH 05, see the

references at the end of the D+, D0, and D+
s Listings.

The formalism of Dalitz-Plot analysis is reviewed in the

preceeding note. Table 1 lists reported analyses of D mesons.

In the following, we discuss a number of subjects of current in-

terest: (1) D0 → K0
Sπ+π−; (2) D → πππ: a σ(500) or f0(600);
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(3) D+ → K−π+π+: a κ(800)? (4) the f0(980), f0(1370) and

f0(1500); (5) doubly Cabibbo-suppressed decays; and (6) CP

violation.

Table 1: Reported Dalitz plot analyses.

Decay Experiment(s)

D0 → K0
Sπ+π− Mark II a, Mark III b, E691 c, E687 d,e,

ARGUS f , CLEO g, Belle [10,11],

BABAR [12,13]

D0 → K−π+π0 Mark III b, E687 e, E691 c, CLEO h

D0 → K0K+π− BABAR [14]

D0 → K0K−π+ BABAR [14]

D0 → K0
Sηπ0 CLEO i

D0 → π+π−π0 CLEO j

D0 → K0
SK+K− BABAR k

D0 → K−K+K−π+ FOCUS l

D0 → K−K+π−π+ FOCUS m

D+ → K−π+π+ Mark III b, E687 e, E691 c, E791 n

D+ → K0π+π0 Mark III b

D+ → π+π+π− E687 o, E791 p, FOCUS [5] q

D+ → K+K−π+ FOCUS [15], E687 r, BABAR s

D+ → K+π+π− E791 t, FOCUS u

D+
s → K+K−π+ E687 r, FOCUS [15]

D+
s → π+π+π− E687 o, E791 v, FOCUS [5]

D+
s → K+π+π− FOCUS u

See the end of the D+, D0 and D+
s Listings for these references:

aSCHINDLER 81, bADLER 87, cANJOS 93, dFRABETTI 92B,
eFRABETTI 94G, fALBRECHT 93D, gMURAMATSU 02,
hKOPP 01, iRUBIN 04, jCRONIN-HENNESSY 05, kAUBERT

05B, lLINK 03G, mLINK 05C, nAITALA 02, oFRABETTI 97D,
pAITALA 01B, qLINK 04, rFRABETTI 95B, sAUBERT 05A,
tAITALA 97C, uLINK 04F, vAITALA 01A.

D0 → K0
Sπ+π−: Several experiments have analyzed D0 →

K0
Sπ+π− decay (see Table 1). The most precise results are

from CLEO (BABAR and Belle, discussed below, have not

yet evaluated systematic uncertainties). The CLEO analysis

included ten resonances: K0
Sρ0, K0

Sω, K0
Sf0(980), K0

Sf2(1270),

K0
Sf0(1370), K∗(892)−π+, K∗

0(1430)−π+, K∗
2(1430)−π+,

K∗(1680)−π+, and the doubly Cabibbo-suppressed mode

K∗(892)+π−. CLEO found a much smaller nonresonant con-

tribution than did the earliest experiments.

The source of the nonresonant component found in the early

experiments has been attributed to the broad scalar resonances,

the K∗
0(1430)− and f0(1370), found in the later, larger data

samples. The observation of a small but significant nonresonant

component in the largest data samples suggests the presence of

additional broad scalar resonances, the κ(800) and σ(500). The

CLEO analysis could accommodate the σ(500) in lieu of the

nonresonant component, but found no evidence for the κ(800).

The ten quasi-two-body intermediate states in the CLEO

analysis include both CP -even and CP -odd eigenstates and one

doubly Cabibbo-suppressed channel. A time-dependent analy-

sis of the Dalitz plot allows simultaneous determination of the

strong transition amplitudes and phases and the mixing param-

eters x and y without phase or sign ambiguity. Using 9 fb−1,

CLEO obtained (−4.5 < x < 9.3)% and (−6.4 < y < 3.6)% [1].

The decay D0 → K0
Sπ+π−, important for the study of

the CKM angle γ/φ3 [6], is under study by Belle [10,11]

and BABAR [12,13]. The CLEO model does not provide a

good description of the higher-statistics BABAR and Belle

data samples. An improved description is obtained in two ways:

First, by adding more Breit-Wigner resonances, including two

ππ resonances with arbitrary mass and width, denoted as σ1

and σ2. Second, following the methodology of FOCUS [LINK

04], by applying a K-matrix model to the ππ S-wave [12].

Charm Dalitz-plot analyses might also prove useful for

calibrating tools used to study B decays: specifically, to extract

α from B0 → π+π−π0, β from b → s penguin decays (e.g.,

B0 → K0K+K−), and γ from B± → DK± followed by D0 →
π+π−π0 or K0

SK+K− or K+K−π0, in addition to the well-

studied D0 → K0
Sπ+π−[2, 3].

D → πππ: a σ(500) or f0(600): The decay D+ → π+π+π−

has been studied by the E687, E791 and FOCUS experi-

ments (see Table 1). The E687 analysis considered the modes

ρ(770)0π+, f0(980)π+, f2(1270)π+, and a nonresonant compo-

nent. E791 included, in addition, f0(1370)π+ and ρ(1450)0π+.

Both analyses found a very large fraction (∼ 50%) for the

nonresonant component, perhaps indicating a broad scalar

contribution. E791 found the nonresonant amplitude to be con-

sistent with zero if a broad scalar resonance was included.

FOCUS analyzed its data using both the Breit-Wigner formal-

ism and the K-matrix formalism for the π+π− S-wave, following

a 5-pole, 5-resonance model of Anisovich and Sarantsev [16].

The Breit-Wigner analysis included ρ(770)0, f0(980), f2(1270)0,

f0(1500), σ(500), and a nonresonant component. The K-matrix

formalism, with Breit-Wigner forms for the ρ(770) and f2(1270),

also describe the FOCUS data well. None of these analyses has

modeled the dynamics of the π+π+ interaction. Consideration

of the I = 2 S- and D-wave phase shifts, also measured in

π+p → π+π+n [18], could affect the π+π− S-wave result.

Using the E791 data, Bediaga and Miranda [19] found

additional evidence that the low-mass π+π− feature is resonant

by examining the phase of the π+π− amplitude in the vicinity

of the reported σ(500) mass. The phase variation with invariant

mass is consistent with a resonant interpretation.

Table 1 gives the parameters of the σ(500) determined in

charm Dalitz-plot analyses. A consistent relative phase between

the σ(500) and ρ(770) resonances is observed.
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Table 2: Parameters of the σ(500) resonance.
The amplitude and phase are relative to the
ρ(770).

Experiment E791a CLEOb FOCUS [5]

Decay mode D+ → π+π+π− D0 → K0
Sπ+π− D+ → π+π+π−

Amplitude 1.17 ± 0.13 ± 0.06 0.57 ± 0.13 —

Phase (◦) 205.7 ± 8.0 ± 5.2 214 ± 11 200 ± 31

m (MeV/c2) 478+24
−23 ± 17 513 ± 32 443 ± 27

Γ (MeV/c2) 324+42
−40 ± 21 335 ± 67 443 ± 80

See the end of the D+ and D0 listings for these references:
aAITALA 01B, bMURAMATSU 02.

CLEO has studied D0 → π+π−π0 (see Table 1). Only the

three ρ(770)π resonant contributions are observed. No evidence

is found for any ππ S-wave, either with the Breit-Wigner or

with a K-matrix parametrization, using the 4-pole, 2-resonance

model of Au, Morgan, and Pennington [17].

D+ → K−π+π+: a κ(800)?: Evidence for a broad Kπ scalar

resonance has been found by E791 in D+ → K−π+π+ (see Ta-

ble 1). Fitting the Dalitz plot with K
∗
(892)0π+, K

∗
0(1430)0π+,

K
∗
2(1430)0π+, and K

∗
(1680)0π+, plus a constant nonresonant

component, E791 found results consistent with earlier analyses

by E691 and E687, with a nonresonant fit fraction of over 90%.

With more events than the other experiments, E791 was then led

to include an extra low-mass S-wave Kπ resonance to account

for the poor fit already seen by earlier experiments. A κ(800)

with mass 797±19±43 MeV and width 410±43±87 MeV much

improved the fit. The κ(800) became the dominant resonance

and the nonresonant fit fraction was reduced from 90.9 ± 2.6%

to 13.0 ± 5.8 ± 4.4%.

In addition, E791 modeled the Kπ S-wave phase variation

as a function of Kπ mass with only the K∗
0(1430) resonance

and a nonresonant component following a parametrization of

LASS [20]. It was necessary to relax the unitarity constraint

to describe the data [21]. The Kπ S-wave phase behavior in

this model was consistent with the model that included the κ

resonance.

Finally, E791 performed a model-independent partial-wave

analysis [AITALA 05] of the S-wave component of the Kπ sys-

tem, finding the amplitude and phase from the Kπ threshold

up to 1.72 GeV. No assumptions were made regarding depen-

dence on invariant mass, but the analysis did use the relatively

well-understood P - and D-waves, described by the K∗(892) and

K∗(1680) and by the K2(1430), respectively. The results were

similar to those obtained by AITALA 02, which parametrized

the S-wave with κ and K0(1430) Breit-Wigner forms and a

constant complex non-resonant term. As with the σ(500), the

K−π+ S-wave result could be affected by including dynamics of

the I = 2 π+π+ interaction; however in AITALA 05, the I = 2

elastic amplitude was found to be negligible compared to the κ.

CLEO allowed scalar Kπ resonances in fits to D0 →
K−π+π0 and D0 → K0

Sπ+π− (see Table 1), and observed a

significant contribution from only the K∗
0 (1430) [22]. BABAR

fit D0 → K0K−π+ with both positively charged and neutral

K
∗
(892), K

∗
0(1430), K

∗
2(1430), and K

∗
(1680) resonances, as

well as the a0(980)−, a0(1450)−, and a2(1310)− resonances,

and a nonresonant component [14]. BABAR also fit D0 →
K

0
K+π− with the same resonances except for the a2(1310)−.

In both cases, a good fit was obtained without including the κ.

FOCUS has conclusively observed a Kπ S-wave as a dis-

tortion of the K∗(892) line-shape in semileptonic charm de-

cays [LINK 02E, LINK 05D].

The f0(980), f0(1370) and f0(1500): The meson content of

the 0++ nonet and the quark content of the f0(980), a0(980),

f0(1370), f0(1500), and f0(1710) mesons are current puzzles in

light-meson spectroscopy [22]. Measuring branching fractions

and couplings to different final states and comparing scalar-

meson production rates among D0, D+, and D+
s mesons may

help solve these puzzles.

For example: A large contribution of f0(980) to D0 →
K0

SK+K− was reported by ARGUS [ALBRECHT 87E] and

by BABAR [14]. This is inconsistent with the smaller con-

tribution of f0(980) observed in D0 → K0
Sπ+π− by CLEO.

The explanation is that D0 → K0
SK+K− has a large con-

tribution from a0(980)0 → K+K−. Therefore CLEO studied

D0 → K0
Sηπ0 [RUBIN 04], where the dominant contribution is

from K0
S a0(980)0, a0(980)0 → ηπ0, and there can be no f0(980).

A more recent BABAR analysis of D0 → K0
sK+K− found a

large amount of a0(980) → KK and little f0(980) [AUBERT

05B].

The proximity of the KK threshold requires either a

coupled-channel Breit-Wigner function [23] or a Flatte

parametrization [24] of the f0(980). The width of the f0(980)

is poorly known. E791 and FOCUS [LINK 05C] [5] used a

coupled-channel Breit-Wigner function to describe the f0(980)

in D+
s → π+π+π−. BESII studied the f0(980) in J/ψ → φπ+π−

and φK+K− [25]. The values found for the couplings to the

ππ and KK channels, gππ and gKK , were not consistent. Re-

sults such as these are desirable for input to the analysis of

D+
s → K+K−π+ [15], which includes both the f0(980) and

a0(980).

The quark content of the f0(1370) and f0(1500) can

perhaps be inferred from how they populate various Dalitz

plots. Results so far are confusing. The E791 analysis of

D+ → π+π+π− [AITALA 01B] found some f0(1370) but no

f0(1500), while the FOCUS analysis [5] of this mode found

little f0(1370). In D+
s → π+π+π−, E687 and FOCUS [5] found

no f0(1370), but did find a resonance with parameters similar

to the f0(1500), whereas E791 found a π+π− resonance with

mass 1434 ± 18 ± 9 MeV and width 172 ± 32 ± 6 MeV, consis-

tent with neither the f0(1370) or f0(1500). BABAR [AUBERT

05B] in D0 → K
0
K+K− found neither the f0(1370) nor

the f0(1500), but did observe a K+K− resonance consis-

tent with the values from E791 given above, while CLEO

has observed the f0(1370) in D0 → K0
Sπ+π−. The FOCUS
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analysis that used the K-matrix formalism for the ππ S-

wave observed significant couplings to five T -matrix poles—

f0(980), f0(1300), f0(1200−1600), f0(1500), f0(1750)— in both

D+ → π+π−π+ and D+
s → π+π−π+. Again, the quark content

of each pole might be inferred from the coupling to various

Dalitz plots.

It is noteworthy that the S-wave observed in B Dalitz-plot

analyses appears to be different than that observed in D-meson

decays.

Doubly Cabibbo-Suppressed Decays: There are two classes

of multibody doubly Cabibbo-suppressed (DCS) decays of D

mesons. The first consists of those in which the DCS and

corresponding Cabbibo-favored (CF) decays populate distinct

Dalitz plots: the pairs D0 → K+π−π0 and D0 → K−π+π0,

or D+ → K+π+π− and D+ → K−π+π+, are examples.

CLEO [BRANDENBURG 01] and Belle [TIAN 05] have re-

ported Γ(D0 → K+π−π0)/Γ(D0 → K−π+π0) = (0.43+0.11
−0.10 ±

0.07)% and (0.229 ± 0.015+0.013
−0.009)%, respectively. E791 and FO-

CUS have reported Γ(D+ → K+π−π+)/Γ(D+ → K−π+π+) =

(0.77 ± 0.17 ± 0.08)% and (0.65 ± 0.08 ± 0.04)%, respectively.

The second class consists of decays in which the DCS and

CF modes populate the same Dalitz plot; for example, D0 →
K∗−π+ and D0 → K∗+π− both contribute to D0 → K0

Sπ+π−.

In this case, the potential for interference of DCS and CF

amplitudes increases the sensitivity to the DCS amplitude.

CLEO found the relative amplitude and phase to be (7.1 ±
1.3+2.6+2.6

−0.6−0.6)% and (189±10±3+15
−5 )◦, corresponding to Γ(D0 →

K∗(892)+π−)/Γ(D0 → K∗(892)−π+) = (0.5 ± 0.2+0.5
−0.1

+0.4
−0.1)%.

In addition to D0 → K∗(892)+π−, Belle [10,11] and

BABAR [12,13] have found evidence for D0 → K0(1430)+π−

and K2(1430)+π−, and Belle has also found evidence for

K∗(1680)+π−.

CP Violation: In the limit of CP conservation, charge con-

jugate decays will have the same Dalitz-plot distribution. The

D∗± tag enables the discrimination between D0 and D
0
. The

integrated CP violation across the Dalitz plot is determined in

two ways. The first uses

ACP =

∫ ( |M|2 − ∣∣M∣∣2
|M|2 +

∣∣M∣∣2
)

dm2
ab dm2

bc

/∫
dm2

ab dm2
bc , (1)

where M and M are the D0 and D
0

Dalitz-plot amplitudes.

The second uses the asymmetry in the efficiency-corrected D0

and D
0

yields,

ACP =
ND0 − N

D
0

ND0 + N
D

0
. (2)

These expressions are less sensitive to CP violation than are

the individual resonant submodes [ASNER 04A]. Table 3 lists

the results for CP violation. No evidence of CP violation has

been observed in D-meson decays.

Table 3: Dalitz-plot-integrated CP violation.
Measurements computing ACP with Eq. (2)
rather than Eq. (1) are denoted †.

Experiment Decay mode ACP (%)

BABAR a D+ → K+K−π+ 1.4 ± 1.0 ± 0.8

Belle b† D0 → K+π−π0 −0.6 ± 5.3

Belle b† D0 → K+π−π+π− −1.8 ± 4.4

CLEO c D0 → K−π+π0 −3.1 ± 8.6

CLEO d† D0 → K+π−π0 +9+22
−25

CLEO e D0 → K0
Sπ+π− −0.9 ± 2.1+1.0

−4.3
+1.3
−3.7

CLEO f D0 → π+π−π0 +1+9
−7 ± 9

See the end of the D+ and D0 Listings for these references:
aAUBERT 05A, bTIAN 05, cKOPP 01, dBRANDENBURG 01,
eASNER 04A, fCRONIN-HENNESSY 05.

The possibility of interference between CP–conserving and

CP–violating amplitudes provides a more sensitive probe of CP

violation. The constraints on the square of the CP–violating

amplitude obtained in the resonant submodes of D0 → K0
Sπ+π−

range from 3.5×10−4 to 28.4×10−4 at 95% confidence level [AS-

NER 04A].
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WEIGHTED AVERAGE
3.48±0.19 (Error scaled by 1.4)

ANJOS 89 E691 0.0
FRABETTI 97D E687 3.7
AITALA 01B E791 2.4
ABLIKIM 05F BES 0.3
RUBIN 06 CLEO 0.1

χ2

       6.5
(Confidence Level = 0.168)
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WEIGHTED AVERAGE
0.1058±0.0029 (Error scaled by 1.4)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.
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1.62±0.08 (Error scaled by 1.5)

KODAMA 92 E653 1.1
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AITALA 98F E791 2.3
AITALA 98B E791 3.8
ADAMOVICH 99 BEAT 0.5
LINK 02L FOCS 3.0

χ2

      10.8
(Confidence Level = 0.055)
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D0–D0 MIXING

Revised January 2006 by D. Asner (Carleton University)

Standard Model contributions to D0–D0 mixing are strongly

suppressed by CKM and GIM factors. Thus the observation

of D0–D0 mixing might be evidence for physics beyond the

Standard Model. See Burdman and Shipsey [1] for a review of

D0–D0 mixing, Ref. [2] for a compilation of mixing predictions,

and Ref. [3] for later predictions.

Formalism: The time evolution of the D0–D0 system is de-

scribed by the Schrödinger equation

i
∂

∂t

(
D0(t)

D0(t)

)
=

(
M− i

2
Γ

) (
D0(t)

D0(t)

)
, (1)

where the M and Γ matrices are Hermitian, and CPT invari-

ance requires that M11 = M22 ≡ M and Γ11 = Γ22 ≡ Γ. The

off-diagonal elements of these matrices describe the dispersive

and absorptive parts of D0–D0 mixing.

The two eigenstates D1 and D2 of the effective Hamiltonian

matrix (M− i
2
Γ) are given by

|D1,2〉 = p|D0〉 ± q|D0〉 . (2)

The corresponding eigenvalues are

λ1,2 ≡ m1,2 − i
2
Γ1,2 =

(
M − i

2
Γ
)
± q

p

(
M12 − i

2
Γ12

)
, (3)

where m1 and Γ1 are the mass and width of the D1, etc., and∣∣∣∣qp
∣∣∣∣
2

=
M∗

12 − i
2
Γ∗

12

M12 − i
2
Γ12

. (4)

We define reduced mixing amplitudes x and y by

x ≡ 2M12/Γ = (m1 − m2)/Γ = ∆m/Γ (5)

and

y ≡ Γ12/Γ = (Γ1 − Γ2)/2Γ = ∆Γ/2Γ , (6)

where Γ ≡ (Γ1 + Γ2)/2. The mixing rate, RM , is approximately

(x2 + y2)/2. In Eq. (5) and Eq. (6), the middle relation holds

only in the limit of CP conservation, in which case the sub-

scripts 1 and 2 denote the CP -even and CP -odd eigenstates.

The parameters x and y are measured in several ways.

The most precise constraints are obtained using the time-

dependence of D decays. Since D0–D0 mixing is a small effect,

the identification tag of the initial particle as a D0 or a D0

must be extremely accurate. The usual tag is the charge of

the distinctive slow pion in the decay sequence D∗+ →D0π+

or D∗− → D
0
π−. In current experiments, the probability of

mistagging is about 0.1%. Another tag of comparable accuracy

is identification of one of the D’s produced from ψ(3770) →
D0D0. Time-dependent analyses are not possible at symmetric

charm threshold facilities (the D0 and D0 do not travel far

enough). However, the quantum coherent D0D0 C = −1 state

provides time-integrated sensitivity [4, 5].

Time-Dependent Analyses: We extend the formalism of

this Review’s note on “B0–B0 Mixing” [6]. In addition to the

Table 1: Results for RM in D0 semileptonic
decays.

Year Exper. Final state(s) RM (90 (95)% C.L.)

2005 Bellea K(∗)+e−νe < 1.0 × 10−3

2005 CLEOb K(∗)+e−νe < 7.8 × 10−3

2004 BABARc K(∗)+e−νe < 4.2(4.6) × 10−3

2002 FOCUS [7] K+µ−νµ < 1.01(1.31)× 10−3

1996 E791d K+�−ν	 < 5.0 × 10−3

See the end of the D0 listings for these references: aBITENC 05,
bCAWLFIELD 05, cAUBERT 04, dAITALA 96C.

“right-sign” instantaneous decay amplitudes Af ≡ 〈f |H|D0〉
and A

f
≡ 〈f |H|D0〉 for CP conjugate final states f and f ,

we include the “wrong-sign” amplitudes A
f
≡ 〈f |H|D0〉 and

Af ≡ 〈f |H|D0〉.
It is usual to normalize the wrong-sign decay distributions

to the integrated rate of right-sign decays and to express

time in units of the precisely measured D0 mean lifetime,

τD0 = 1/Γ = 2/(Γ1 + Γ2). Starting from a pure |D0〉 or |D0〉
state at t = 0, the time-dependent rates of production of the

wrong-sign final states relative to the integrated right-sign states

are then

r(t) =

∣∣〈f |H|D0(t)〉∣∣2∣∣Af

∣∣2 =

∣∣∣∣qp
∣∣∣∣
2 ∣∣∣g+(t) χ−1

f + g−(t)
∣∣∣2 (7)

and

r(t) =

∣∣〈f |H|D0(t)〉∣∣2∣∣∣Af

∣∣∣2 =

∣∣∣∣pq
∣∣∣∣
2 ∣∣∣g+(t) χ

f
+ g−(t)

∣∣∣2 , (8)

where

χf ≡ qAf/pAf , χf̄ ≡ qAf̄/pAf̄ , (9)

and

g±(t) =
1

2

(
e−iz1t ± e−iz2t

)
, z1,2 =

λ1,2

Γ
. (10)

Note that a change in the convention for the relative phase of

D0 and D
0

would cancel between q/p and Af/Af and leave χf

invariant.

We expand r(t) and r(t) to second order in time for modes

where the ratio of decay amplitudes RD = |Af/Af |2 is very

small.

Semileptonic decays: In semileptonic D decays, Af = Af =

0 in the Standard Model. Then in the limit of weak mixing,

where |ix + y| 	 1, r(t) is given by

r(t) = |g−(t)|2
∣∣∣∣qp

∣∣∣∣
2

≈ e−t

4
(x2 + y2) t2

∣∣∣∣qp
∣∣∣∣
2

. (11)

For r(t) one replaces q/p here with p/q. In the limit of CP

conservation, r(t) = r(t), and the time-integrated mixing rate

relative to the time-integrated right-sign decay rate is

RM =

∫ ∞

0
r(t)dt =

∣∣∣∣qp
∣∣∣∣
2

x2 + y2

2 + x2 − y2
≈ 1

2
(x2 + y2) . (12)

Table 1 summarizes results from semileptonic decays.
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Wrong-sign decays to hadronic non-CP eigenstates:

Consider the final state f = K+π−, where Af is doubly

Cabibbo-suppressed. The ratio of decay amplitudes is

Af

Af

= −
√

RD e−iδ,

∣∣∣∣∣Af

Af

∣∣∣∣∣ ∼ O(tan2 θc) , (13)

where RD is the doubly Cabibbo-suppressed (DCS) decay rate

relative to the Cabibbo-favored (CF) rate, the minus sign

originates from the sign of Vus relative to Vcd, and δ is the

phase difference between DCS and CF processes not attributed

to the first-order electroweak spectator diagram.

We characterize the violation of CP in the mixing am-

plitude, the decay amplitude, and the interference between

mixing and decay, by real-valued parameters AM , AD, and

φ. We adopt a parametrization similar to that of Nir [8] and

CLEO [GODANG 00] and express these quantities in a way

that is convenient to describe the three types of CP violation:∣∣∣∣qp
∣∣∣∣ =1 + AM , (14)

χ−1
f ≡ pAf

qAf

=
−√

RD(1 + AD)

(1 + AM )
e−i(δ+φ) , (15)

χ
f
≡

qAf

pAf

= −−
√

RD(1 + AM )

(1 + AD)
e−i(δ−φ) . (16)

In general, χ
f

and χ−1
f are independent complex numbers. To

leading order,

r(t) = e−t ×
[
RD(1 + AD)2

+
√

RD(1 + AM )(1 + AD)y′−t +
(1 + AM )2RM

2
t2

]
(17)

and

r(t)=e−t ×
[

RD

(1+AD)2

+

√
RD

(1+AD)(1+AM)
y′+t+

RM

2(1+AM)2
t2

]
. (18)

Here

y′± ≡ y′ cos φ ± x′ sin φ = y cos(δ ∓ φ) − x sin(δ ∓ φ) (19)

y′ ≡ y cos δ − x sin δ, x′ ≡ x cos δ + y sin δ , (20)

and RM is the mixing rate relative to the time-integrated

right-sign rate.

The three terms in Eq. (17) and Eq. (18) probe the three

fundamental types of CP violation. In the limit of CP conser-

vation, AM , AD, and φ are all zero, and then

r(t) = r(t) = e−t

(
RD +

√
RD y′t +

1

2
RM t2

)
, (21)

and the time-integrated wrong-sign rate relative to the inte-

grated right-sign rate is

R =

∫ ∞

0
r(t) dt = RD +

√
RD y′ + RM . (22)

The ratio R is the most readily accessible experimen-

tal quantity. Table 2 gives recent measurements of R in

D0 → K+π− decay. The average of these results, R =

(0.376 ± 0.009) %, is about two standard deviations from the

average of earlier, less precise results, R = (0.81 ± 0.23) %,

which we have omitted.

Table 2: Results for R in D0→K+π−.

Year Exper. Technique R(×10−3) AD(%)

2006 Bellea e+e−→Υ (4S) 3.77 ± 0.08 ± 0.05 —

2005 FOCUSb γ BeO 4.29 ± 0.63 ± 0.28 18.0 ± 14.0 ± 4.1

2003 BABARc e+e−→Υ (4S) 3.57 ± 0.22 ± 0.27 9.5 ± 6.1 ± 8.3

2000 CLEOd e+e−→Υ (4S) 3.32+0.63
−0.65 ± 0.40 2+19

−20 ± 1

See the end of the D0 listings for these references: aZHANG 06,
bLINK 05, cAUBERT 03Z, dGODANG 00.

The contributions to R—allowing for CP violation—can be

extracted by fitting the D0 → K+π− and D0 → K−π+ decay

rates. Table 2 gives the constraints on AD with x′ = y′ = 0.

Table 3 summarizes the results for y′ and x′2/2. Figure 1 shows

the two-dimensional allowed regions. No meaningful constraints

on AM and φ have been reported.

Table 3: Results from studies of the time de-
pendence r(t).

Year Exper. y′ (95% C.L.) x′2/2 (95% C.L.)

2006 Bellea −2.8 < y′ < 2.1 % < 0.036 %

2005 FOCUSb −11.2 < y′ < 6.7 % < 0.40 %

2003 BABARc −5.6 < y′ < 3.9 % < 0.11 %

2000 CLEOd −5.8 < y′ < 1.0 % < 0.041 %

See the end of the D0 listings for these references: aZHANG 06,
bLINK 05, cAUBERT 03Z, dGODANG 00.

Extraction of the amplitudes x and y from the results

in Table 3 requires knowledge of the relative strong phase δ,

a subject of theoretical discussion [4,9–11]. In most cases, it

appears difficult for theory to accommodate δ > 25◦, although

the judicious placement of a Kπ resonance could allow δ to be

as large as 40◦.
A quantum interference effect that provides useful sen-

sitivity to δ arises in the decay chain ψ(3770)→D0D0 →
(fcp)(K

+π−), where fcp denotes a CP eigenstate from D0 de-

cay, such as K+K−[1, 16]. Here, the amplitude triangle relation

√
2 A(D± → K−π+) = A(D0 → K−π+) ± A(D

0 → K−π+),

(23)

where D± denotes a CP eigenstate, implies that

cos δ =
B(D+ → K−π+) − B(D− → K−π+)

2
√

RD B(D0 → K−π+)
, (24)

neglecting CP violation and exploiting RD 	 √
RD.
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Figure 1: Allowed regions in the x′y′ plane.
The allowed region for y is the average of
the results from E791a, FOCUSb, CLEOc,
BABARd, and Bellee. Also shown is the limit
from D0 →K(∗)�ν from Bellef and limits from
D → Kπ from CLEOg, BABARh, Bellei and
FOCUSj . The CLEO, BABAR and Belle results
allow CP violation in the decay and mixing am-
plitudes, and in the interference between these
two processes. The FOCUS result does not al-
low CP violation. We assume δ = 0 to place
the y results. A non-zero δ would rotate the
D0 → CP eigenstates confidence region clock-
wise about the origin by δ. All results are con-
sistent with the absence of mixing. See the end
of the D0 listings for these references: aAITALA
99E, bLINK 00, cCSORNA 02, dAUBERT 03P,
eABE 02I, fBITENC 05, gGODANG 00,
hAUBERT 03Z, iZHANG 06, jLINK 05. See
full-color version on color pages at end of book.

The strong phase δ might also be determined by construct-

ing amplitude quadrangles from a complete set of branching

fraction measurements of the other DCS D decays to two pseu-

doscalars [12]. This analysis would have to assume that the

amplitudes from both ∆I = 1 and ∆I = 0 that populate the

total I = 1/2 Kπ state have the same strong phase relative to

the amplitude that populates the total I = 3/2 Kπ state.

The Dalitz-plot analyses of DCS D decays to a pseudoscalar

and a vector allow the measurement of the relative strong phase

between some amplitudes, providing additional constraints to

the amplitude quadrangle [13] and thus the determination of

the strong phase difference between the relevant DCS and

CF amplitudes. In D0 → K0
Sπ+π−, the DCS and CF decay

amplitudes populate the same Dalitz plot, which allows direct

measurement of the relative strong phase. CLEO has measured

the relative phase between D0 → K∗(892)+π− and D0 →
K∗(892)−π+ to be (189 ± 10 ± 3+15

− 5 )◦ [MURAMATSU 02],

consistent with the 180◦ expected from Cabibbo factors and a

small strong phase.

There are several results for R measured in multibody final

states with nonzero strangeness. Here R, defined in Eq. (22),

becomes an average over the Dalitz space, weighted by ex-

perimental efficiencies and acceptance. Table 4 summarizes the

results.

Table 4: Results for R in D0→K(∗)+π−(nπ).

Year Exper. D0 final state R(%)

2005 Bellea K+π−π+π− 0.320± 0.019+0.018
−0.013

2005 Bellea K+π−π0 0.229± 0.017+0.013
−0.009

2002 CLEOb K∗+π− 0.5 ± 0.2+0.6
−0.1

2001 CLEOc K+π−π+π− 0.41+0.12
−0.11 ± 0.04

2001 CLEOd K+π−π0 0.43+0.11
−0.10 ± 0.07

1998 E791e K+π−π+π− 0.68+0.34
−0.33 ± 0.07

See the end of the D0 listings for these references: aTIAN

05, bMURAMATSU 02, cDYTMAN 01, dBRANDENBURG 01,
eAITALA 98.

For multibody final states, Eqs. (13)–(22) apply to one

point in the Dalitz space. Although x and y do not vary across

the space, knowledge of the resonant substructure is needed to

extrapolate the strong phase difference δ from point to point.

Both the sign and magnitude of x and y may be measured

using the time-dependent resonant substructure of multibody

D0 decays. CLEO has performed a time-dependent Dalitz-plot

analysis of D0 →K0
Sπ+π−, and reports (−4.5<x< 9.3)% and

(−6.4<y<3.6)% at the 95% confidence level, without phase or

sign ambiguity [ASNER 05], as shown in Figure 2.

Decays to CP Eigenstates: When the final state f is a

CP eigenstate, there is no distinction between f and f , and

then Af = Af and Af = Af . We denote final states with CP

eigenvalues ±1 by f±. In analogy with Eqs. (7)–(8), the decay

rates to CP eigenstates are then

r±(t) =

∣∣〈f±|H|D0(t)〉∣∣2∣∣A±
∣∣2

=
1

4

∣∣∣∣h±(t)

(
A±
A±

± q

p

)
+ h∓(t)

(
A±
A±

∓ q

p

)∣∣∣∣
2

,

∝ 1

|p|2
∣∣∣h±(t)+η±h∓(t)

∣∣∣2, (25)

and

r±(t) =

∣∣〈f±|H|D0(t)〉∣∣2
|A±|2

∝ 1

|q|2
∣∣∣h±(t)−η±h∓(t)

∣∣∣2, (26)



������������

��� ��� �� �	
� �� ����� ����	
�� �	��	��

��

Figure 2: Allowed regions in the xy plane. No
assumption is made regarding δ. The allowed
region for y is the average of the results from
E791a, FOCUSb, CLEOc, BABARd, and Bellee.
Also shown is the limit from D0→K(∗)�ν from
Bellef . The CLEO experiment has constrained
x and y with the time-dependent Dalitz-plot
analysis of D0 → K0

Sπ+π−g. All results are con-
sistent with the absence of mixing. See the end
of the D0 listings for these references: aAITALA
99E, bLINK 00, cCSORNA 02, dAUBERT 03P,
eABE 02I, fBITENC 05, gASNER 05.

where

h±(t) = g+(t) ± g−(t) = e−iz±t , (27)

and

η± ≡ pA± ∓ qA±
pA± ± qA±

=
1 ∓ χ±
1 ± χ±

. (28)

The variable η± describes CP violation; it can receive con-

tributions from each of the three fundamental types of CP

violation.

The quantity y may be measured by comparing the rate

for decays to non-CP eigenstates such as D0 → K−π+ with

decays to CP eigenstates such as D0→K+K− [11]. A positive

y would make K+K− decays appear to have a shorter lifetime

than K−π+ decays. The decay rate for a D0 into a CP

eigenstate is not described by a single exponential in the

presence of CP violation.

In the limit of weak mixing, where |ix + y| 	 1, and small

CP violation, where |AM |, |AD|, and |sin φ| 	 1, the time

dependence of decays to CP eigenstates is proportional to a

single exponential:

r±(t) ∝ exp

(
−[1 ±

∣∣∣∣pq
∣∣∣∣(y cos φ − x sin φ)]t

)
, (29)

r±(t) ∝ exp

(
−[1 ±

∣∣∣∣qp
∣∣∣∣(y cos φ + x sin φ)]t

)
, (30)

r±(t) + r±(t) ∝ e−(1±yCP )t. (31)

Here

yCP = y cos φ

[
1

2

(∣∣∣∣pq
∣∣∣∣ +

∣∣∣∣qp
∣∣∣∣
)

+
Aprod

2

(∣∣∣∣pq
∣∣∣∣ −

∣∣∣∣qp
∣∣∣∣
)]

− x sin φ

[
1

2

(∣∣∣∣pq
∣∣∣∣ −

∣∣∣∣qp
∣∣∣∣
)

+
Aprod

2

(∣∣∣∣pq
∣∣∣∣ +

∣∣∣∣qp
∣∣∣∣
)]

, (32)

and

Aprod ≡ N(D0) − N(D0)

N(D0) + N(D0)
(33)

is defined as the production asymmetry of the D0 and D
0
.

The possibility of CP violation has been considered in the

limit of weak mixing and small CP violation. In this limit there

is no sensitivity to CP violation in direct decay. Belle [14] and

BABAR [AUBERT 03P] have measure AΓ, where

AΓ ≡ r±(t) − r±(t)

r±(t) − r±(t)
≈ AM y cos φ − x sin φ,

allowing CP violation in interference and mixing.

In the limit of CP conservation, A± = ±A±, η± = 0,

y = yCP , and

r±(t)
∣∣A±

∣∣2 = r±(t) |A±|2 ∝ e−(1±yCP )t . (34)

All measurements of y and AΓ are relative to the D0 →
K−π+ decay rate. Table 5 summarizes the current status of

measurements. The average of the six yCP measurements is

0.90 ± 0.42 %.

Table 5: Results for y from D0→K+K− and
π+π−.

Year Exper. D0 final state(s) yCP (%) AΓ(×10−3)

2003 Belle [14] K+K− 1.15 ± 0.69 ± 0.38 −2.0 ± 6.3 ± 3.0

2003 BABARa K+K−, π+π− 0.8 ± 0.4+0.5
−0.4 −8 ± 6 ± 2

2001 CLEOb K+K−, π+π− −1.1 ± 2.5 ± 1.4 —

2001 Bellec K+K− −0.5 ± 1.0+0.7
−0.8 —

2000 FOCUSd K+K− 3.4 ± 1.4 ± 0.7 —

1999 E791e K+K− 0.8 ± 2.9 ± 1.0 —

See the end of the D0 listings for these references: aAUBERT

03P, bCSORNA 02, cABE 02I, dLINK 00, eAITALA 99E.
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Substantial work on the integrated CP asymmetries in

decays to CP eigenstates indicates that ACP is consistent

with zero at the few percent level [15]. The expression for the

integrated CP asymmetry that includes the possibility of CP

violation in mixing is

ACP =
Γ(D0→f±) − Γ(D0→f±)

Γ(D0→f±) + Γ(D0→f±)
(35)

=
|q|2 − |p|2
|q|2 + |p|2 + 2Re(η±) . (36)

Coherent D0D0 Analyses: Measurements of RD, cos δ, x,

and y can be made simultaneously in a combined fit to the

single-tag (ST) and double-tag (DT) yields or individually by a

series of “targeted” analyses [16, 17].

The “comprehensive” analysis simultaneously measures

mixing and DCS parameters by examining various ST and DT

rates. Due to quantum correlations in the C = −1 and C = +1

D0D0 pairs produced in the reactions e+e− → D0D0(π0) and

e+e− → D0D0γ(π0), respectively, the time-integrated D0D0

decay rates are sensitive to interference between amplitudes

for indistinguishable final states. The size of this interference

is governed by the relevant amplitude ratios and can include

contributions from D0-D0 mixing.

Table 6: CLEO-c results from time-integrated
yields at ψ(3770) → DD̄.

Parameter CLEO-c fitted value Other results

y (Table 5) −0.058 ± 0.066 (0.90 ± 0.42)%

cos δKπ 1.09 ± 0.66 —

RM (Table 1) (1.7 ± 1.5) × 10−3 <0.1% (95% C.L.)

x2/2 (Table 3) < 0.44% @(95% C.L.) <0.036% (95% C.L.)

The following categories of final states are considered:

f or f̄: Hadronic states accessed from either D0 or D0 de-

cay but that are not CP eigenstates. An example is K−π+,

which results from Cabibbo-favored D0 transitions or DCS D0

transitions.

�+ or �−: Semileptonic or purely leptonic final states, which,

in the absence of mixing, tag unambiguously the flavor of the

parent D.

S+ or S−: CP -even and CP -odd eigenstates, respectively.

The decay rates for D0D0 pairs to all possible combinations

of the above categories of final states are calculated in Ref. [4],

for both C = −1 and C = +1, reproducing the work of

Refs. [5, 10]. Such D0D0 combinations, where both D final

states are specified, are double tags. In addition, the rates for

single tags, where either the D0 or D0 is identified and the

other neutral D decays generically are given in Ref. [4].

CLEO-c has reported results using 281 pb−1 of e+e− →
ψ(3770) data [18], where the quantum coherent D0D0 pairs

are in the C = −1 state. The values of y, RM , and cos δ are

determined from a combined fit to the ST (hadronic only) and

DT yields. The hadronic final states included in the analysis

are K−π+ (f), K+π− (f̄), K−K+ (S+), π+π− (S+), K0
Sπ0π0

(S+), and K0
Sπ0 (S−). Both of the two flavored final states,

K−π+ and K+π−, can be reached via CF or DCS transitions.

Semileptonic DT yields are also included, where one D is

fully reconstructed in one of the hadronic modes listed above,

and the other D is partially reconstructed, requiring that only

the electron be found. When the electron is accompanied by a

flavor tag (D → K−π+ or K+π−), only the “right-sign” DT

sample, where the electron and kaon charges are the same, is

used. Extraction of the DCS “wrong-sign” semileptonic yield

is not feasible with the current CLEO-c data sample, and the

parameter rKπ is constrained to the world average. Table 6

shows the results of the fit to the CLEO-c data.
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!�' �∗�&'(−ρ� �
�∗�&'(− → ��

� π−
; �.� ± �.� < 8

!�� ���+(,�
−π� �

���+(,�
− → ��

� π−π�
C� D ; �.� ± �.� <× ��−�

!�� �∗�&'(�π�π−.*3
 ��
�∗�&'(� → ��

� π�
; �.� ± �.# <× ��−�

!'� ��
� π�π−π� �
����
���" ; �.� ± �.� < 8

!'� �−π�π�π�

!'� �−π�π�π−π� ; �.� ± �.� < 8

!'� �∗�&'(�π�π−π� �
�∗�&'(� → �−π�

; �.� ± �.� < 8

!'� �−π�ω � ω → π�π−π� ; �.' ± �.# < 8

!'# �∗�&'(�ω �
�∗�&'(� → �−π��
ω → π�π−π�

; �.# ± �.� <× ��−�

!'� ��
� ηπ� ; #.� ± �.� <× ��−�

!'' ��
� 	��'&�� 	��'&� → ηπ� ; �.� ± �.� <× ��−�

!'� �∗�&'(� η � �∗�&'(� →
��
� π�

; �.# ± �.# <× ��−�

!'� ��
� (π

�(π− ; �.'# ± �.�� <× ��−�
!�� ��

� ρ�π�π− � �
�∗�&'(− ; �.� ± �.' <× ��−�
!�� �∗�&'(−π�π�π− �

�∗�&'(− → ��
� π−� �


ρ�

; # ± � <× ��−�

!�� �∗�&'(−ρ�π� �
�∗�&'(− → ��

� π−
; �.' ± �.' <× ��−�

!�� ��
� (π

�(π−�
����
���" < �.� × ��−� *)A��8

!�� ��π�π−π�π� �π�
!�# �−.π�(π− ; �.� ± �.# <× ��−�

�����	!
� !" ��
9 !" ��� "!��!2	
3 �!��� 2	�� ���!
�
��� ��4� ������9
�66����� �:!4� �� �:�!��� !" 6���	���� ����3��?6���	��� �!���� ;+!���

"!� 2�	�� ����� ��� !
�9 66�� �	�	�� �
� �∗;���<ρ �:�!��� !
�9 �66���
:��!2�<

!�� ��
� η ; �.� ± �.� <× ��−�

!�' ��
� ω ; �.�� ± �.�� < 8

!�� ��
� η′�'0& ; �.� ± �.� <× ��−�

!�� �− 	��+(/�
� ; '.# ± �.� < 8

!�� ��	��+(/�
� < �.� 8 *)A��8

!�� �− 	��+.(�
� < � × ��−� *)A��8

!�� �∗�&'(�π�π− "
"�� ; �.� ± �.# < 8

!�� �∗�&'(�π�π−.*3
 � ; �.�� ± �.�� < 8

!�� �∗�&'(� ρ� ; �.#� ± �.�� < 8

!�# �∗�&'(� ρ� "��������� ; �.� ± �.# < 8

!�� �∗�&'(� ρ�
*2��� ; �.� ± �.� < 8

!�' �∗�&'(� ρ�
*2��� �
�$8 < � × ��−� *)A��8

!�� �∗�&'(� ρ��*2��� < � × ��−� *)A��8

!�� �∗�&'(� ρ��*2��� ; �.� ± �.� < 8

!��� �∗�&'(−ρ� ; �.� ± �.# < 8

!��� �∗�&'(−ρ� �
�$�"� ���� ; �.� ± �.� < 8

!��� �∗�&'(−ρ� "��������� ; �.� ± �.� < 8

!��� �∗�&'(−ρ��*2��� < �.# 8 *)A��8

!��� �−π� ���'&�
!��# �∗�&'(� ���'&�
!��� ���+(,�

−π� C� D ; �.�� ± �.�� < 8

!��' ���+-��
−π� < �.� 8 *)A��8

!��� ���+-��
�π� < �.' 8 *)A��8

!��� �∗�+-+�−π�

!��� �∗�&'(�π�π−π� ; �.� ± �.� < 8

!��� �∗�&'(� η
!��� �−π�ω ; �.� ± �.� < 8

!��� �∗�&'(�ω ; �.� ± �.� < 8

!��� �−π� η′�'0& ; '.� ± �.� <× ��−�
!��# �∗�&'(� η′�'0& < �.� × ��−� *)A��8

1� �
��� �
 �� 2�"# "#��� � ��1� �
��� �
 �� 2�"# "#��� � ��1� �
��� �
 �� 2�"# "#��� � ��1� �
��� �
 �� 2�"# "#��� � ��
!��� ��

� �
��− ; �.#� ± �.�� <× ��−�

!��' ��
� 	��'&�

� � 	�� → ���− ; �.� ± �.� <× ��−�
!��� �− 	��'&�

� � 	�� → ����
� ; �.� ± �.� <× ��−�

!��� �� 	��'&�
− � 	−� → �−��

� < �.� × ��−� *)A�#8

!��� ��
� ���'&�� �� → ���− < �.� × ��−� *)A�#8

!��� ��
� φ � φ → ���− ; �.�� ± �.�� <× ��−�

!��� ��
� ���+-��� �� → ���− ; �.' ± �.� <× ��−�



������������

��� ��� �� �	
� �� ����� ����	
�� �	��	��

��

!��� .��
� ; �.� ± �.� <× ��−�

!��� ���−�−π� ; �.�� ± �.�� <× ��−�
!��# ���−�∗�&'(� �

�∗�&'(� → �−π�
; �.� ± �.' <× ��−#

!��� �−π�φ � φ → ���− ; �.� ± �.� <× ��−#
!��' φ�∗�&'(� �

φ → ���−�
�∗�&'(� → �−π�

; �.�� ± �.�� <× ��−�

!��� ���−�−π��
����
���" ; �.� ± �.� <× ��−#
!��� ��

� �
�
� �

±π∓ ; �.� ± �.� <× ��−�

4�
��� �
 ��4�
��� �
 ��4�
��� �
 ��4�
��� �
 ��
!��� π�π− ; �.���± �.���<× ��−�
!��� π�π� ; '.� ± �.� <× ��−�
!��� π�π−π� ; �.�� ± �.�� < 8

!��� ρ�π− ;��.� ± �.� <× ��−�
!��� ρ�π� ; �.� ± �.� <× ��−�
!��# ρ−π� ; �.# ± �.� <× ��−�
!��� ���'&�π

� � ���'&� → π�π− < �.� × ��−� *)A�#8

!��' ���/��π
� � ���/�� → π�π− < �.' × ��−# *)A�#8

!��� �π�π−�−2�4�π� < �.# × ��−� *)A�#8

!��� .π� < �.# × ��−� *)A��8

!��� (π�(π− ; '.�� ± �.�' <× ��−�
!��� π�π−(π� ; �.� ± �.� <× ��−�
!��� ηπ� C�D ; #.� ± �.� <× ��−�
!��� ωπ� C�D < �.� × ��−� *)A��8

!��� (π�(π−π� ; �.� ± �.# <× ��−�
!��# ηπ�π− C�D < �.� × ��−� *)A��8

!��� ωπ�π− C�D ; �.� ± �.# <× ��−�
!��' .π�.π− ; �.� ± �.� <× ��−�

1� �
��� �
 �� 2�"# � � � )���1� �
��� �
 �� 2�"# � � � )���1� �
��� �
 �� 2�"# � � � )���1� �
��� �
 �� 2�"# � � � )���

!��� ���− ; �.�� ± �.�� <× ��−�
!��� (��

� ; �.' ± �.' <× ��−�
!�#� ��

� �
−π� ; �.� ± �.# <× ��−� /A���

!�#� �∗�&'(���
� �

�∗�&'(� → �−π�
< � × ��−� *)A��8

!�#� �∗�&'(��− � �∗�&'(� →
��
� π�

; �.� ± �.� <× ��−�

!�#� ��
� �

−π� �
����
���" ; �.� ± �.� <× ��−�
!�#� ��

� �
�π− ; �.� ± �.# <× ��−�

!�## �∗�&'(���
� � �

∗�&'(� →
��π−

< � × ��−� *)A��8

!�#� �∗�&'(−�� � �∗�&'(− →
��
� π−

; ' ± � <× ��−�

!�#' ��
� �

�π− �
����
���" ; �.� � �.�
− �.� < × ��−�

!�#� ���−π� ; �.� ± �.� <× ��−�
!�#� ��

� �
�
� π� < #.� × ��−�

!��� ���−π�π− C� D ; �.�� ± �.�� <× ��−�
!��� φπ�π− .*3
 �� φ → ���− ; �.� ± �.� <× ��−#
!��� φρ� � φ → ���− ; �.' ± �.� <× ��−�
!��� ���−ρ� .*3
 � ; # ± ' <× ��−#
!��� ���'&�π

�π− � �� → ���− ; �.# ± �.� <× ��−�
!��# �∗�&'(��∓π±.*3
 ��

�∗� → �±π∓
C(D ; �.# ± �.# <× ��−�

!��� �∗�&'(��∗�&'(� � �∗� →
�±π∓

; ' ± # <× ��−#

!��' ���+(,�
±�∓ �

���+(,�
± → �±π�π−

; '.� ± �.' <× ��−�

!��� ���+-��
±�∓ �

���+-��
± → �±π�π−

; #.� ± �.� <× ��−�

!��� ���−π�π−�
�*φ
!�'� ���−π�π−�
����
���"
!�'� ��

� �
�
� π�π− ; �.�� ± �.�� <× ��−�

!�'� ��
� �

−π�π�π− < �.# × ��−� *)A��8

!�'� ���−π�π−π� ; �.� ± �.� <× ��−�

�����	!
� !" �!�� !" ��� "!��!2	
3 �!��� 2	�� ���!
�
��� ��4� ������9
�66����� �:!4� �� �:�!��� !" 6���	���� ����3��?6���	��� �!����

!�'� �∗�&'(���
� < � × ��−� *)A��8

!�'# �∗�&'(��− ; �.' ± �.� <× ��−�
!�'� �∗�&'(���

� < � × ��−� *)A��8

!�'' �∗�&'(−�� ; �.� ± �.� <× ��−�
!�'� φπ� ; '.� ± �.# <× ��−�
!�'� φη ; �.� ± �.� <× ��−�
!��� φω < �.� × ��−� *)A��8

A� ��"��� �
 ��A� ��"��� �
 ��A� ��"��� �
 ��A� ��"��� �
 ��
!��� ρ� γ < �.� × ��−� *)A��8

!��� ωγ < �.� × ��−� *)A��8

!��� φγ ; �.� � �.'
− �.� < × ��−#

!��� �∗�&'(� γ < '.� × ��−� *)A��8

�
�3�� ��3�33
 ��))����� ���  �
 �� 
��
�3�� ��3�33
 ��))����� ���  �
 �� 
��
�3�� ��3�33
 ��))����� ���  �
 �� 
��
�3�� ��3�33
 ��))����� ���  �
 �� 
�

5� � ( 	
�3�  �� ��� ��D��$ ���� �
 ��5� � ( 	
�3�  �� ��� ��D��$ ���� �
 ��5� � ( 	
�3�  �� ��� ��D��$ ���� �
 ��5� � ( 	
�3�  �� ��� ��D��$ ���� �
 ��

!��# �� �−ν� ���� �� �)& < �.� × ��−� *)A��8

!��� ��
��∗�&'(� �− ν� ����
��

�)& < � × ��−# *)A��8

!��' ��π− �� ; �.�� ± �.�� <× ��−�
!��� ��π− ���� �� �)& < �.# × ��−# *)A�#8

!��� ��
� π�π− ��� �� → �� �)& < �.� × ��−� *)A�#8

!��� �∗�&'(�π− �
�∗�&'(� → ��

� π�
�� ;�� ���

− � < × ��−#

!��� ��π−π� �� ; �.�� � �.��
− �.�' < × ��−�

!��� ��π−π�π− �� ; �.�� � �.��
− �.�� < × ��−�

!��� ��π−π�π− ���� �� �)& < � × ��−� *)A��8

!��� ��π− 
�
��π−π�π− ���� ��

!��# µ− ���"#��$ ���� �� �)& < � × ��−� *)A��8

5� � + 2��6 ���"��� ������" �� �
 ���5� � + 2��6 ���"��� ������" �� �
 ���5� � + 2��6 ���"��� ������" �� �
 ���5� � + 2��6 ���"��� ������" �� �
 ���

��)"
� ������ ���3�� ���  ��
��"��$ �
 ��� 
���)"
� ������ ���3�� ���  ��
��"��$ �
 ��� 
���)"
� ������ ���3�� ���  ��
��"��$ �
 ��� 
���)"
� ������ ���3�� ���  ��
��"��$ �
 ��� 
�
��)"
� ���3�� �� ��
��"��$ �
 ����)"
� ���3�� �� ��
��"��$ �
 ����)"
� ���3�� �� ��
��"��$ �
 ����)"
� ���3�� �� ��
��"��$ �
 ��

!��� γ γ � < �.� × ��−# *)A��8

!��' �� �− � < �.� × ��−� *)A��8

!��� µ�µ− � < �.� × ��−� *)A��8

!��� π� �� �− � < �.# × ��−# *)A��8

!��� π�µ�µ− � < �.� × ��−� *)A��8

!��� η�� �− � < �.� × ��−� *)A��8

!��� ηµ�µ− � < #.� × ��−� *)A��8

!��� π�π− �� �− � < �.'� × ��−� *)A��8

!��� ρ� �� �− � < �.� × ��−� *)A��8

!��# π�π−µ�µ−
� < �.� × ��−# *)A��8

!��� ρ�µ�µ− � < �.� × ��−# *)A��8

!��' ω �� �− � < �.� × ��−� *)A��8

!��� ωµ�µ− � < �.� × ��−� *)A��8

!��� �−�� �� �− � < �.�# × ��−� *)A��8

!��� φ�� �− � < #.� × ��−# *)A��8

!��� �−��µ�µ− � < �.� × ��−# *)A��8

!��� φµ�µ− � < �.� × ��−# *)A��8

!��� �� �� �− C*D < �.� × ��−� *)A��8

!��� ��µ�µ− C*D < �.� × ��−� *)A��8

!��# �−π� �� �− � < �.�# × ��−� *)A��8

!��� �∗�&'(� �� �− C*D < �.' × ��−# *)A��8

!��' �−π�µ�µ− � < �.#� × ��−� *)A��8

!��� �∗�&'(�µ�µ− C*D < �.� × ��−# *)A��8

!��� π�π−π�µ�µ− � < �.� × ��−� *)A��8

!��� µ± �∓ �� C#D < �.� × ��−' *)A��8

!��� π� �±µ∓ �� C#D < �.� × ��−# *)A��8

!��� η�±µ∓ �� C#D < �.� × ��−� *)A��8

!��� π�π− �±µ∓
�� C#D < �.# × ��−# *)A��8

!��� ρ� �±µ∓ �� C#D < �.� × ��−# *)A��8

!��# ω �±µ∓ �� C#D < �.� × ��−� *)A��8

!��� �−�� �±µ∓ �� C#D < �.� × ��−� *)A��8

!��' φ�±µ∓ �� C#D < �.� × ��−# *)A��8

!��� �� �±µ∓ �� C#D < �.� × ��−� *)A��8

!��� �−π� �±µ∓ �� C#D < #.#� × ��−� *)A��8

!��� �∗�&'(� �±µ∓ �� C#D < �.� × ��−# *)A��8

!��� π−π− �� ��% �8�8 � < �.�� × ��−� *)A��8

!��� π−π−µ�µ�% �8�8 � < �.� × ��−# *)A��8

!��� �−π− �� ��% �8�8 � < �.�� × ��−� *)A��8

!��� �−π−µ�µ�% �8�8 � < �.� × ��−� *)A��8

!��# �−�− �� ��% �8�8 � < �.#� × ��−� *)A��8

!��� �−�−µ�µ�% �8�8 � < �.� × ��−# *)A��8

!��' π−π− ��µ�% �8�8 � < '.� × ��−# *)A��8

!��� �−π− ��µ�% �8�8 � < �.�� × ��−� *)A��8

!��� �−�− ��µ�% �8�8 � < #.' × ��−# *)A��8

!��� �  ���� �
 � ��� 3� "#� 7"8 ;��.� ± �.� < 8
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9	: ;#�� ����� �� 
3"���� 3� ��3"���"��$ "#� 3����#��$ 	���"�
�� 	
� (*� -*
�� /*)�
�$� 	�
� ���"�8

9�: ;#�� �� "#� ��� 
	 
�� �−π�π�π−� �−π�π�π−π�� �� (π�(π−�
(π�(π−� (π�(π−π�� ���−π�π−� �� ���−π�π−π�� 3����#��$
	���"�
��8

9� : ;#� 3����#��$ 	���"�
�� 	
� "#� �− �� ν� � �
∗�&'(− ��ν� � π− ��ν� �

�� ρ− �� ν� �
 �� �  �) "
 /.+- ± �.(� <8

9� : ;#�� �� � 2��$#"� �����$� 
	 �± �--< �� �� �0/< 3����#��$ 	���*
"�
��8 ��� =���� �� → �η ���"#��$ > �"
"�� �� �� ��? �� ��
=�� @����#��$ A�"�
�? �� "#��� 4��"���� ���"��$�8

9�: ;#� 3����#��$ 	���"�
� 	
� "#�� �
 � ���  �B�� 	�
� "#� ��� 
	 "#�
��3�
 �� "#�" �
�"��3�"� "
 �"�  �� "
 ��"��	������ �B��"�8 ��� "#�
�������" )�)���8

9� : ;#�� �� �  
�3�� ��3�33
*��))����� �
 �8

9� : ;#� "2
 �D)������"� ��������$ "#�� 	���"�
� ��� �� ����
��  ���$������"8
��� "#� 4��"���� ���"��$�8

9�: ;#�� 3����#��$ 	���"�
� ����� �� ��� "#�  ���� �
 �� 
	 "#� ���
����� ��
"#� 7��� �"�"�8

9� : ;#� �D)������"� 
� "#�  �����
� 
	 "#�� �#��$� �
 � ��
�$�" �"� ��3*
�
 ��  ���$���� �� "#� ��3�
 � 3����#��$ 	���"�
�� #��� �  �) "

�
��� ���3�� �
�� "#�� "#� �#��$� *�
 � 	���"�
�8

9� : 1
2����� "#��� �))�� ����"� ��� �� ����
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WEIGHTED AVERAGE
3.44±0.30 (Error scaled by 1.5)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

KINOSHITA 91 CLEO 1.4
ALBRECHT 92P ARG 1.1
BARISH 96 CLE2 1.9

χ2

       4.4
(Confidence Level = 0.109)
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WEIGHTED AVERAGE
8.0±0.4 (Error scaled by 1.3)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

ADLER 88C MRK3 0.9
ALBRECHT 94F ARG 3.7
ALBRECHT 94 ARG 0.0
HE 05 CLEO 0.6

χ2

       5.3
(Confidence Level = 0.154)
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WEIGHTED AVERAGE
0.1010±0.0016 (Error scaled by 1.4)

ALEXANDER 90 CLEO 1.7
ANJOS 91D E691 0.2
FRABETTI 94C E687 0.5
ASNER 96B CLE2 2.3
AITALA 98C E791 3.5
CSORNA 02 CLE2 0.5
LINK 03 FOCS 0.7
ACOSTA 05C CDF 1.2
ABLIKIM 05F BES 3.2

χ2

      13.9
(Confidence Level = 0.083)
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−�.���±�.��� ($�� )� �# *) � /�� (�0%�*�0� ��

��� ��
±π∓ �� �� → ��π−� �� → �−π���� ��
±π∓ �� �� → ��π−� �� → �−π���� ��
±π∓ �� �� → ��π−� �� → �−π���� ��
±π∓ �� �� → ��π−� �� → �−π�

��	� 	� ��� �	����
�� :��2��
 �� �
� �� 6���	�� 2	���� "!� ����� �!��� �	4	��� :9
��� �� !" ��� 2	����� ��� �� �
� �� ��� �	��	
3	���� :9 ��� ����3� !" ��� 6���
�
�∗Q �∗� → ��π� �
� �∗− → ��π−�

����� ���� ��	�
��� �� ��	� 	�

���

�.�# ±�.�� ��� $% �$& �.�# ±�.�� ��� $% �$& �.�# ±�.�� ��� $% �$& �.�# ±�.�� ��� $% �$& 

��.���±�.��' ���� ± �� ��� 7.$0& �� ( )) �� �−
��.�� ±�.�� ±�.�� ��� )�0- �#2 ��*/ γ 
����

��.��#±�.���±�.��� ��� $�( �� ��; ($(� �� �−� ���� &�%
��.�� ��.��

−�.�� ±�.�� �# ��� &�,$0& �� *) � −�.�� < �� < ��.��
;�#8*)<

• • • 1� �! 
!� �� ��� "!��!2	
3 ���� "!� �4���3��� ���� �	�	��� ���� • • •
−�.���±�.�'' ��# ± �� ��� )� �#� ( )) /�� 7.$0& ��

�����	� 7.$0& �� ����� ���!2� �	G	
3�
�����	� )�0- �#2 ����� ������ 
! �	G	
3� �" �	G	
3 	� ���!2��� 	� :��!��� �.����.��−�.�# ±

�.���
�����	� $�( �� ��; �	�	� ������ 
! �	G	
3� �" �	G	
3 	� ���!2��� ��� �#8 �!
���
��?

��4�� 	
���4�� 	� ;−��� <  D < ���<×��−��
�����	� &�,$0& �� ����� ������ 
! ��?�� �	G	
3F 	� :��!��� −�.����.��−�.�' ± �.��

2��
 �	G	
3 	� ���!2���
�����	� )� �#� ����� ���!2� �	G	
3�

��� ��
∓π±π� �� �� → �−π�π�� �� → ��π−π���� ��
∓π±π� �� �� → �−π�π�� �� → ��π−π���� ��
∓π±π� �� �� → �−π�π�� �� → ��π−π���� ��
∓π±π� �� �� → �−π�π�� �� → ��π−π�
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� �� ��� �	��	
3	���� :9 ��� ����3� !" ��� 6���
�
�∗Q �∗� → ��π� �
� �∗− → ��π−�

����� ��	�
��� �� ��	� 	�

���

−�.���±�.���−�.���±�.���−�.���±�.���−�.���±�.��� ��� -�55 �� *) � �� �− ≈ ��.� &�%

���-�55 �� ��� ��6������9 ��� �� �
� �� ,��	�M 6�!�� �
� ���
 ��������� ��� 	
��3�����
�	����
�� !" 
!����	M�� ��
�	�	�� �	4	��� :9 ��� 	
��3����� ���

��� ��
±π∓π� �� �� → ��π−π�� �� → �−π�π���� ��
±π∓π� �� �� → ��π−π�� �� → �−π�π���� ��
±π∓π� �� �� → ��π−π�� �� → �−π�π���� ��
±π∓π� �� �� → ��π−π�� �� → �−π�π�

��	� 	� ��� �	����
�� :��2��
 �� �
� �� 6���	�� 2	���� "!� ����� �!��� �	4	��� :9
��� �� !" ��� 2	����� ��� �� �
� �� ��� �	��	
3	���� :9 ��� ����3� !" ��� 6���
�
�∗Q �∗� → ��π� �
� �∗− → ��π−�

����� ���� ��	�
��� �� ��	� 	�
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�.�� ±�.�# ��� $% �$& �.�� ±�.�# ��� $% �$& �.�� ±�.�# ��� $% �$& �.�� ±�.�# ��� $% �$& 

−�.���±�.�#� ��'� ± ��� ��$0 �# ( )) �� �− ≈ �;��<

��.�� ��.�#
−�.�� �� (�$0, 0(��� �� *) � �� �− ≈ �;��<

��� ��
�
� π�π− �� ��� �� → ��

� π�π−��� ��
�
� π�π− �� ��� �� → ��

� π�π−��� ��
�
� π�π− �� ��� �� → ��

� π�π−��� ��
�
� π�π− �� ��� �� → ��

� π�π−
��	� 	� ��� �	����
�� :��2��
 �� �
� �� 6���	�� 2	���� "!� ����� �!��� �	4	��� :9
��� �� !" ��� 2	����� ��� �� �
� �� ��� �	��	
3	���� :9 ��� ����3� !" ��� 6���
�
�∗Q �∗� → ��π� �
� �∗− → ��π−�

����� ���� ��	�
��� �� ��	� 	�
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−�.���±�.�����.���−�.�#'
−�.���±�.�����.���−�.�#'−�.���±�.�����.���−�.�#'
−�.���±�.�����.���−�.�#' ��#� ��� $/0 � ��� *) � �� �− ≈ �� &�%

�����	� 	� ��� !4����� ����� !" $/0 � ���F ��?4	!���	
3 �	�	�� ��� ���! 3	4�
 "!� ���� !" ���

�� ���!
�
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� 	
 �
 ��6�	��� �
��9�	� !" ��� �� �
� �� → ��
�

π�π−
,��	�M 6�!��� ����� �	�	�� ��
3� "�!� < �.#× ��−� �! ��.�× ��−� �� �#8 *)�
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±π∓π�π− �� �� → ��π−π�π−� �� → �−π�π�π−��� ��
±π∓π�π− �� �� → ��π−π�π−� �� → �−π�π�π−��� ��
±π∓π�π− �� �� → ��π−π�π−� �� → �−π�π�π−��� ��
±π∓π�π− �� �� → ��π−π�π−� �� → �−π�π�π−
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−�.���±�.���−�.���±�.���−�.���±�.���−�.���±�.��� �'�� ± '# ��$0 �# ( )) �� �− ≈ �;��<

��� ��
��−π�π− �� �� � �� → ���−π�π−��� ��
��−π�π− �� �� � �� → ���−π�π−��� ��
��−π�π− �� �� � �� → ���−π�π−��� ��
��−π�π− �� �� � �� → ���−π�π−
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�� �
� �� ��� �	��	
3	���� :9 ��� ����3� !" ��� 6���
� �∗Q �∗� →
��π� �
� �∗− → ��π−�

�!"��# ��
��−π�π− �� ��� �� → ���−π�π−�!"��# ��
��−π�π− �� ��� �� → ���−π�π−�!"��# ��
��−π�π− �� ��� �� → ���−π�π−�!"��# ��
��−π�π− �� ��� �� → ���−π�π−

*T ≡ ��
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· ;��
π�

×��
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 !" ��� ��� π�� �
� π− �!��
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"!� ��� ��� �T ≡ ��
�− · ;��

π− × ��
π�

< 	� ��� �!����6!
�	
3 =�
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��� $T ≡ C@;*T > �<− @;*T < �<D B C@;*T > �<� @;*T < �<D 2!��� 	
 ���
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�� !" ���!
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 �� ����9� ;��� @K� ��� 6���	�� 2	����<�
1	��  T ≡ C@;−�T > �<− @;−�T < �<D B C@;−�T > �<� @;−�T < �<D� ���

��9�����9 $Tviol ≡ �
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!
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���! ��
∓π± �� �� → �−π�� �� → ��π−���! ��
∓π± �� �� → �−π�� �� → ��π−���! ��
∓π± �� �� → �−π�� �� → ��π−���! ��
∓π± �� �� → �−π�� �� → ��π−
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�� 	
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��
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� �;�� → ��π−< :9  ��! ;�< A ;�−�<B;� � �<� �!� ����� �	G	
3
6��������� G ≡ R$B@ �
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�! C 9 %� ξ ? G �$ ξ D @�� 2���� ξ 	� ��� ��!?4	!���	
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����� �γ ≈ ���

&�%

�� → �∗�&'(− ��ν� ��A� ���;�A��� → �∗�&'(− ��ν� ��A� ���;�A��� → �∗�&'(− ��ν� ��A� ���;�A��� → �∗�&'(− ��ν� ��A� ���;�A�

�V ≡ H��/���� �� �� → �∗�&'(− ��ν��V ≡ H��/���� �� �� → �∗�&'(− ��ν��V ≡ H��/���� �� �� → �∗�&'(− ��ν��V ≡ H��/���� �� �� → �∗�&'(− ��ν�
����� ��	�
��� �� ��	� 	�
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�� ≡ ����/���� �� �� → �∗�&'(− ��ν��� ≡ ����/���� �� �� → �∗�&'(− ��ν��� ≡ ����/���� �� �� → �∗�&'(− ��ν��� ≡ ����/���� �� �� → �∗�&'(− ��ν�
����� ��	�
��� �� ��	� 	�
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WEIGHTED AVERAGE
1969.0±1.4 (Error scaled by 1.5)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.
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       8.7
(Confidence Level = 0.123)
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RAAB 88 E691 0.4
FRABETTI 90 E687 0.0
FRABETTI 93F E687 1.4
BONVICINI 99 CLE2 0.8
AITALA 99 E791 1.3
IORI 01 SELX 2.2
LINK 05J FOCS 1.0

χ2

       7.1
(Confidence Level = 0.310)
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!� �− ���"#��$ =�1 ��*
−�" > D

!" �����"#��$ % �����"#��$ =1� ±"! > D

!1 �����"#��$ ="� ��!
−�* > D

!* ��
�&� � ���"#��$ = * ±�- > D

!# �����"#��$ = ! �  
− # > D

! φ ���"#��$ =�! ��#
−�� > D
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!- µ�νµ =  .� ± �.� >× ��−1 ,?��*

!! τ� ντ =  .* ± �.# > D

!� φ�� ν� E�F = ".* ± �.* > D ,?���

!�� η��ν� % η′�()*��ν� E�F = *." ± �.! > D

!�� η��ν� E�F = 1.� ± �. > D

!�" η′�()*��ν� E�F = �.�!± �.1#> D
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 �� ,�"# � � � '���

!�1 ���� = *.* ± �.� > D

!�* ���−π� E�F = #." ± �.� > D ,?���

!�# φπ� EF = *.* ± �. > D ,?���

!� φπ� � φ → ���− = ".� ± �."!> D ,?���

!�- ���∗�*(-�
!�! ���∗�*(-� � �∗� →

�−π�
= ".# ± �.# > D

!�� 	��(*�π
� � 	� → ���− = #.- ± ".# >× ��−1

!"� ���∗
��./0�

� � �∗
� →

�−π�
= *.! ± ".# >× ��−1

!"� 	��.1.�π
� � 	� → ���−

!"" ���−π� �
����
���"
!"1 ����π� G
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!"* �∗�*(-��� EF = #.1 ± �.1 > D

!"# ���−π�π� G

!" φπ�π� EF =�� ± # > D

!"- φρ� EF = !." � ".�
− ".* > D

!"! φπ�π� 0&2
 � EF < 1.� D 0/?��D

!"� ���−π�π� �
�&φ < �� D 0/?��D

!1� ����π�π− = 1.� ± �.� > D

!1� ���−π�π� = #.1 ± �.* > D

!1" �∗�*(-��∗�*(-� EF = -.� ± ".- > D

!11 ���−π�π� ��
�&�∗��∗� < 1.# D 0/?��D

!1* ���−π�π�π− = !.1 ± ".� >× ��−1

!1# φπ�π�π− EF = �.�!± �."�> D

!1 ���−ρ�π��
�&φ < ".# × ��−* 0/?��D

!1- φρ�π� EF = �."*± �.11> D

!1! φ
��.-3�
� EF = ".� ± �.- > D

!1� ���−π�π�π− �
����
���" = ! ± - >× ��−*

!*� ��
� �

�
� π�π�π− = ".- ± �.1 >× ��−1
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!*� π�π�π− = �.""± �."1> D ,?��"

!*" ρ�π�

!*1 π� �π�π−�−���� E�F = �.� ± �.""> D

!** 	��(*�π
� � 	� → π�π−

!*# 	��.01�π
� � 	� → π�π−

!* 	��.)��π
� � 	� → π�π−

!*- 	"�.-1�π
� � 	" → π�π− = �." ± �.- >× ��−1

!*! ρ�./)��π� � ρ� → π�π− = ! ± - >× ��−*

!*� π�π�π− �
����
���"
!#� π�π�π−π� < �# D 0/?��D

!#� ηπ� EF = ".��± �.1#> D

!#" ωπ� EF = 1.* ± �." >× ��−1

!#1 0π�-π− = -. ± �. >× ��−1

!#* π�π�π−π�π� G

!## ηρ� EF =�1.� ± ". > D

!# ηπ�π� 0&2
 � EF < # D 0/?��D

!#- 0π�-π−π� = *.� ± 1." > D

!#! η′�()*π� EF = *.- ± �.- > D

!#� 0π�-π−-π� G

! � η′�()*ρ� EF =�"." ± ".* > D

! � η′�()*π�π� 0&2
 � EF < �.! D 0/?��D
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� "#��� � ��
! " ��π� < � × ��−1 0/?��D

! 1 ��π�π− =  . ± �.* >× ��−1

! * ��ρ� = ". ± �.- >× ��−1

! # ��ρ�./)�� � ρ� → π�π− = -.� ± ".� >× ��−*

!  �∗�*(-�π� � �∗� → ��π− = �.* ± �.* >× ��−1

! - �∗�./.��π� � �∗� →
��π−

= �." ± �.* >× ��−1

! ! �∗�./0��π� � �∗� →
��π−

= # ± * >× ��−*

! � ��π�π−�
����
���" = �.� ± �.* >× ��−1

!-� �����− = *. ± �.! >× ��−*

!-� φ�� EF <  × ��−* 0/?��D
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!-" ����π− = ".- ± �." >× ��−*

4� � . ,��5 ���"��� ������" ��� �
 ���4� � . ,��5 ���"��� ������" ��� �
 ���4� � . ,��5 ���"��� ������" ��� �
 ���4� � . ,��5 ���"��� ������" ��� �
 ���

��'"
� 	����� ���2�� ��� 
���'"
� 	����� ���2�� ��� 
���'"
� 	����� ���2�� ��� 
���'"
� 	����� ���2�� ��� 
�
��'"
� ���2�� � ��
��"��$ �
 ����'"
� ���2�� � ��
��"��$ �
 ����'"
� ���2�� � ��
��"��$ �
 ����'"
� ���2�� � ��
��"��$ �
 ��

!-1 π� �� �− E�F < ".- × ��−* 0/?��D

!-* π�µ�µ− E�F < ". × ��−# 0/?��D

!-# �� �� �− �� < �. × ��−1 0/?��D

!- ��µ�µ−
�� < 1. × ��−# 0/?��D

!-- �∗�*(-�µ�µ−
�� < �.* × ��−1 0/?��D

!-! π� �±µ∓
�� E� F <  .� × ��−* 0/?��D

!-� �� �±µ∓
�� E� F <  .1 × ��−* 0/?��D

!!� π− �� �� � <  .� × ��−* 0/?��D

!!� π−µ�µ� � < ".� × ��−# 0/?��D

!!" π− ��µ� � < -.1 × ��−* 0/?��D

!!1 �− �� �� � <  .1 × ��−* 0/?��D

!!* �−µ�µ� � < �.1 × ��−# 0/?��D

!!# �− ��µ� � <  .! × ��−* 0/?��D

!! �∗�*(-−µ�µ� � < �.* × ��−1 0/?��D
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D+
s DECAY CONSTANT

Revised March 2006 by A. Edwards and P. Burchat (Stanford
University)

In the Standard Model, the D+
s leptonic branching fractions

are related to the D+
s decay constant fDs by the equation [1]

B(D+
s → �+ν�) =

G2
F

8π
|Vcs|2f2

Ds

τDs

h̄
mDsm

2
�

(
1 − m2

�

m2
Ds

)2

. (1)

Hence, measurements of B(D+
s → �+ν�) can be used to ex-

tract fDs . The most precise measurements of D+
s → �+ν�

branching fractions come from L3 (ACCIARRI 97F), CLEO

(CHADHA 98), BEATRICE (ALEXANDROV 00), OPAL (AB-

BIENDI 01L), and ALEPH (HEISTER 02I); see the end of the

D+
s Data Listings for the references. All of these measurements

either explicitly or implicitly measure the leptonic branching

fraction relative to the branching fraction for D+
s → φπ+. This

fraction has, since our 2004 edition, changed from 3.6 ± 0.9%

to 4.4 ± 0.6%. The D+
s → �+ν� measurements of CLEO and

BEATRICE are explicitly normalized to D+
s → φπ+, and so can

be easily updated. The LEP experiments (L3, OPAL, ALEPH)

share a 23% correlated uncertainty in the normalization of the

leptonic branching fraction. They use the partial decay rate for

Z → cc and the D+
s production rate in Z → cc events, which

in turn depends on the assumed value of B(D+
s → φπ+).

We determine an average value of fDs from the above-

mentioned five most precise measurements of the D+
s → �+ν�

branching fractions, assuming lepton universality, taking into

account correlated uncertainties, and using a consistent and

up-to-date set of input parameters [2] for the µ, τ , and D+
s

masses, the D+
s lifetime, Vcs, B(D+

s → φπ+), and other relevant

branching fractions. Although the uncertainty on B(D+
s →

φπ+) is by far the largest uncertainty, we also take into

account correlated uncertainties in other input parameters.

Using both D+
s → µ+νµ and D+

s → τ+ντ branching fractions,

and assuming lepton universality, we obtain

B(D+
s → µ+νµ) = 0.0074 ± 0.0013 . (2)

Using this value (which is not the same as the D+
s → µ+νµ

branching fraction in our Summary Tables, because we do not

there use lepton universality), and including the relatively minor

uncertainties on the other parameters in Eq. (1), we extract the

world average D+
s decay constant:

fDs = (294 ± 27) MeV . (3)
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WEIGHTED AVERAGE
0.27±0.04 (Error scaled by 1.3)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.
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WEIGHTED AVERAGE
347.1±2.2 (Error scaled by 1.9)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.
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PRODUCTION AND DECAY OF b-FLAVORED
HADRONS

Updated February 2006 by Y. Kwon (Yonsei U., Seoul, Korea)
and G. Punzi (INFN, Pisa, Italy).

The b quark belongs to the third generation of quarks and

is a weak doublet partner of the t quark. The existence of

the third generation quark doublet was proposed in 1973 by

Kobayashi and Maskawa [1] in their model of the quark mixing

matrix (“CKM” matrix). In this model, the CP violation can

be explained within the Standard Model (SM) by an irreducible

phase of the 3 × 3 unitary matrix. Since b quark is the lighter

element of the third generation quark doublet, the decay of b-

flavored hadrons should occur via generation-changing processes

through this matrix. Because of this and the CKM matrix being

close to a 3 × 3 unit matrix, many interesting features such as

loop and box diagrams, B0
(s)B

0
(s) mixing, as well as the CP

violations, can be observed in the weak decays of b-flavored

hadrons.

In the summer of 2001—almost four decades after CP

violation was first discovered in the decay of neutral kaons—the

BABAR and Belle collaborations reported the first observation

of CP violation in the B meson system [2,3]. The measurement

of the CP -violation parameter sin 2β(= sin 2φ1) [4] marks the

culmination of a very significant experimental and theoretical

program that started in 1973 [1]. Other recent developments

in the physics of B mesons include new results on penguin

decays, rare hadronic decays where improved measurements on

nonstrange B have been supplemented by first measurements

on strange B, improved limits on B0
s mixing [5], as well as new

determinations of the CKM matrix elements Vcb and Vub [6],

and of angles α and γ of the unitarity triangle.

The structure of this mini-review is organized as follows.

First, we briefly update the results on b quark production

and discuss the spectroscopy and the lifetimes of b-flavored

hadrons. Then after a brief description of basic properties of B

meson decays, we give a short description of the experimental

results on CP violation in B meson decays. More details about

formalism and implications of CP violations are described in a

separate mini-review [7] in this Review. This review closes with

a description and update on hadronic and rare decays of B

mesons. There are separate mini-reviews on the BB mixing [5]

and on the extraction of the CKM matrix elements Vcb and Vub

from B decays [6] in this Review.

Production and spectroscopy: Elementary particles are

characterized by their masses, lifetimes, and internal quan-

tum numbers. The bound states with a b antiquark and a u, d
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, s, or c quark are referred to as the Bu (B+), Bd (B0), Bs

(B0
s), and Bc (B+

c ) mesons, respectively. The first excitation

is called the B∗ meson. B∗∗ is the generic name for the four

orbitally excited (L = 1) B-meson states that correspond to

the P -wave mesons in the charm system, D∗∗. Although the

b quark was discovered in a fixed-target experiment at Fermilab

in 1977, most of the experimental information on b-flavored

hadrons has come from colliding-beam machines. Experimental

studies of b decay have been performed at the Υ (4S) reso-

nance near production threshold, as well as at higher energies

in proton-antiproton collisions and Z decays. Currently, there

is no experiment running at Z resonance; in a year or two,

experiments at LHC with proton-proton collisions will start

producing b-flavored hadrons. The bb production cross-section

at the Z and Υ (4S) resonances are about 6.6 nb and 1.1 nb,

respectively. High-energy pp collisions at the Tevatron produce

b-flavored hadrons of all species with very large cross-section

(σbb ∼ 50µb), but due to the large backgrounds, only a selection

of modes can be studied that are easier to trigger and recon-

struct, notably the final states with leptons, and the exclusive

modes into all charged particles.

Large samples of a rich variety of modes of the B0 and B+

mesons have been collected by the e+e− collider detectors run-

ning at Υ (4S) (“B-Factories”). As of this writing, BABAR and

Belle have accumulated approximately 300 fb−1 and 500 fb−1,

respectively. The Υ (4S) resonance decays only to B0B
0

and

B+B− pairs; the current experimental limit for non-BB de-

cays of the Υ (4S) is less than 4% at the 95% confidence level

(CL) [8].

For quantitative studies of B decays, the initial composition

of the data sample must be known. In particular, the ratio f+/f0

of charged to neutral Υ (4S) decays is crucial to calculate the

decay branching fractions for B-factory experiments. CLEO and

BABAR have measured the ratio (f+/f0)(τ+/τ0) with exclusive

B → ψK(∗) [9,10] and B → D∗	ν [11] decays, where τ+/τ0 is

the B+/B0 lifetime ratio (see next section). By using the world-

average value of τ+ and τ0 Belle also extracted the value of

f+/f0 [12]. Using the current average of τ+/τ0, the average be-

comes f+/f0 = 1.020±0.034 [13]. This is consistent with equal

production of B+B− and B0B
0

pairs, and unless explicitly

stated otherwise, we will assume f+/f0 = 1. This assumption is

further supported by the near equality of the B+ and B0 masses:

our fit of CLEO, ARGUS, and CDF measurements yields

m(B0) = 5279.4± 0.5 MeV/c2, m(B+) = 5279.0± 0.5 MeV/c2,

and m(B0) − m(B+) = 0.33 ± 0.28 MeV/c2.

In high-energy collisions, the produced b̄ (or b) quarks

can hadronize as B0, B+, B0
s , and B+

c mesons (or their

antiparticles), or as baryons containing b̄ (or b) quarks; to date,

all mesons, the Λb baryon, and various excitations have been

established. Table 1 shows the fractions fd, fu, fs, and fbaryon

of B0, B+, B0
s , and b baryons in an unbiased sample of weakly

decaying b hadrons produced at the Z resonance and in pp

collisions [13]. A detailed account can be found elsewhere in

this Review [5]. The values assume identical hadronization

in pp collisions and in Z decay, even though these could, in

principle, differ because of the different momentum distributions

of the b–quark in these processes. With the availability of

sizeable samples of B0
s mesons and Λb baryons at pp colliders,

the knowledge of these fractions has also become an important

limiting factor in the determination of their branching fractions.

Table 1: Fractions of weakly-decaying b-hadron
species in Z → bb decay and in pp collisions at√

s = 1.8 TeV.

b hadron Fraction [%]

B+, B0 39.8 ± 1.0

B0
s 10.4 ± 1.4

b baryons 9.9 ± 1.7

Using exclusive hadronic decays, such as B0
s → J/ψφ and

Λb → J/ψΛ, the masses of these states are now known at

the MeV level. The recent measurement by CDF [17] yields:

m(B0
s ) = 5366.01 ± 0.73 ± 0.33 MeV/c2 and m(Λb) = 5619.7 ±

1.2 ± 1.2 MeV/c2.

Clear evidence for the B+
c , the last weakly decaying bot-

tom meson, has been obtained by both CDF and D0 in the

semileptonic mode [18]; CDF also observes the fully recon-

structed mode B+
c → J/Ψπ+, which allows an accurate mass

measurement: 6285.7 ± 5 ± 1.2 MeV/c2 [19].

First indications of Ξb production have been presented by

the LEP Collaborations [21,22].

Excited B-meson states have been observed by CLEO,

LEP, CUSB, D0, and CDF. The current world average of

the B∗–B mass difference is 45.78 ± 0.35 MeV/c2. Evidence

for B∗∗ production has been presented by the LEP and CDF

experiments [23], as a broad resonance in the mass of an

inclusively reconstructed bottom hadron candidate combined

with a charged pion from the primary vertex. Preliminary

results with exclusive modes have been obtained by D0, allowing

separation of the narrow states, B1 and B∗
2 , with masses

m(B1) = 5724 ± 4 ± 7MeV/c2 and m(B∗
2) − m(B1) = 23.6 ±

7.7 ± 3.9 MeV/c2 [24].

The LEP experiments have also provided evidence for ex-

cited B∗∗
s states.

Lifetimes: Precise lifetimes are key in extracting the weak

parameters that are important for understanding the role of the

CKM matrix in CP violation, such as the determination of Vcb

and B0
sB

0
s mixing measurements. In the naive spectator model,

the heavy quark can decay only via the external spectator

mechanism, and thus, the lifetimes of all mesons and baryons

containing b quarks would be equal. Nonspectator effects, such

as the interference between contributing amplitudes, modify this

simple picture and give rise to a lifetime hierarchy for b-flavored

hadrons similar to the one in the charm sector. However, since

the lifetime differences are expected to scale as 1/m2
Q, where

mQ is the mass of the heavy quark, the variation in the b system
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should be significantly smaller, of order 10% or less [25]. For

the b system we expect

τ(B+) ≥ τ(B0) ≈ τ(B0
s) > τ(Λ0

b) � τ(B+
c ) . (1)

In the B+
c , both quarks can decay weakly, resulting in its

much shorter lifetime. Measurements of lifetimes for the various

b-flavored hadrons thus provide a means to determine the

importance of non-spectator mechanisms in the b sector.

Over the past years, advanced algorithms based on impact

parameter or decay length measurements exploiting the po-

tential of silicon vertex detectors resulted in improvement of

lifetime measurements. However, in order to reach the precision

necessary to test theoretical predictions, the results from dif-

ferent experiments need to be averaged. This is a challenging

task that requires detailed knowledge of common systematic

uncertainties, and correlations between the results from differ-

ent experiments. The average lifetimes for b-flavored hadrons

given in this edition have been determined by the Heavy Flavor

Averaging Group (HFAG) [13]. A detailed description of the

procedures and the treatment of correlated and uncorrelated

errors can be found in [26]. The asymmetric B factories are

now making significant contributions to the B+ and B0 life-

time measurements. Their use of fully–reconstructed B decays

yield measurements with much reduced statistical and system-

atic uncertainties. The measurements are free, for example,

from systematics associated with modelling of fragmentation.

The new world average b-hadron lifetimes are summarized in

Table 2.

Table 2: Summary of inclusive and exclusive
b-hadron lifetime measurements.

Particle Lifetime [ps]

B+ 1.643 ± 0.010
B0 1.527 ± 0.008
B0

s 1.454 ± 0.040
B+

c 0.469 ± 0.065
Λb 1.288 ± 0.065
Ξb mixture 1.39+0.34

−0.28
b baryon mixture 1.242 ± 0.046
b hadron mixture 1.568 ± 0.009

For comparison with theory, lifetime ratios are preferred.

Experimentally we find

τB+

τB0
= 1.076 ± 0.008 ,

τB0
s

τB0
= 0.914 ± 0.030 ,

τΛb

τB0
= 0.844 ± 0.043 ,

while theory makes the following predictions [27,28]

τB+

τB0
= 1.06 ± 0.02 ,

τB0
s

τB0
= 1.00 ± 0.01 ,

τΛb

τB0
= 0.86 ∼ 0.95 .

The short B+
c lifetime has been predicted correctly. The long-

standing discrepancy between Λb-baryon lifetime and its pre-

dicted value has now been reduced by updated calculations that

include higher-order effects [28]. Conversely, the ratio of Bs

to B0 lifetimes now exhibits an almost 3-sigma deviation from

expectations.

Similar to the kaon system, neutral B mesons contain short-

and long-lived components. The SM predicts that the lifetime

difference is significantly smaller. The most stringent limit on

the lifetime difference of neutral Bd mesons is recently obtained

by BABAR: −0.156 < ∆Γd/Γd < 0.042 at 90% CL [29], where

∆Γd ≡ ΓH − ΓL with ΓH(ΓL) being the decay width of the

heavier (lighter) Bd meson. They measure the time-dependence

of Υ (4S) decays where one neutral B is fully reconstructed

and the other B is identified as being either B0 or B
0
. In

this analysis, possible violations in CP , T , and CPT are fully

considered.

The lifetime difference for B0
s currently predicted by the

Standard Model is ∆Γs/Γs = 0.12 ± 0.05 [30]. The experi-

mental knowledge has improved due to new measurements from

CDF and D0, based on angular analysis of the mode Bs → J/ψφ

to separate CP even and CP odd components. By appropri-

ately combining all available measurements, the HFAG group

obtains a world average: ∆Γs/Γs = 0.31+0.10
−0.11; the quoted uncer-

tainties are, however, non-gaussian, and a better representation

of the current uncertainty is given by the 95% CL confidence

interval: 0.01 < ∆Γs/Γs < 0.59 [13] that barely excludes zero.

The measurement includes constraints from flavor-specific mea-

surements, but they have only a small effect. The assumption of

Γs = Γd is no longer used, due to the 2.9 σ difference between

their current estimates.

B meson decay properties: B+ and B0 mesons are the

lightest elements of the b-flavored hadrons, hence they decay

via weak interactions. Since the mass of a b-quark is much larger

than its partner quark (d or u), B meson decays are mostly

described by the decay of the b quark (“spectator model”).

The dominant decay mode of a b-quark is b → cW ∗, where the

virtual W ∗ eventually materializes either into a pair of leptons,

	ν (“semileptonic decay”), or into a pair of quarks which then

hadronizes. The decays in which the spectator quark combines

with one of the quarks from W ∗ are suppressed because the

colors of the quarks from different sources must match (“color-

suppression”).

Couplings of quarks to the W boson are described by

the Cabibbo-Kobayashi-Maskawa (CKM) matrix. The regular

pattern of the three lepton and quark families is one of the most

intriguing puzzles in particle physics. The existence of families

gives rise to many of the free parameters in the Standard Model,

in particular the fermion masses, and the elements of the CKM

matrix. In the Standard Model (SM) of three generations, the

CKM matrix is parameterized by three real parameters and one

complex phase. This complex phase can become a source of CP

violations in B meson decays. A more detailed discussion of the

CKM matrix and CP violation can be found elsewhere in this

Review [7,31].

Semileptonic B decays B → Xc	ν and B → Xu	ν pro-

vide an excellent laboratory to measure CKM elements |Vcb|
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and |Vub| respectively, because the strong interaction effects

are much simplified due to the two leptons in the final state.

Both exclusive decays and inclusive decays can be used, and

the nature of uncertainties are quite complimentary. For ex-

clusive decay analysis, a knowledge about the form factors

for the exclusive hadronic system Xc(u) is required. For inclu-

sive analysis, it is usually required to restrict the available

phase-space of the decay products to suppress backgrounds;

subsequently uncertainties are introduced in the extrapolation

to the full phase-space. Moreover, restriction to a small corner

of the phase-space may result in breakdown of the operator

product expansion scheme, thus making theoretical calculations

unreliable. A more detailed discussion of the B semileptonic

decays and extraction of |Vcb| and |Vub| are described elsewhere

in this Review [6].

On the other hand, hadronic decays of B are complicated

because of strong interaction effects caused by the surrounding

cloud of light quarks and gluons. While this complicates the

extraction of CKM matrix elements, it also provides a great

opportunity to study perturbative and non-perturbative QCD,

hadronization, and Final State Interaction (FSI) effects, etc.

Other (non-spectator) decay processes include W -exchange

and annihilation decays, both of which occur at tree-level pro-

cesses. Higher-order loop-induced flavor-changing neutral cur-

rent (FCNC) decay processes (“Penguin decays”) are also avail-

able. In the Standard Model, these decays are much suppressed

in comparison to the spectator decays. Penguin decays are

experimentally established by observations of B → K∗γ and

recently B → K(∗)	+	−. Some observed decay modes such as

B0 → D−
s K+ may be interpreted as a W -exchange process.

There has been so far no experimental evidence for pure-

annihilation decays of B mesons. Measurement of the branching

fractions of these modes would be very useful to reduce un-

certainty in the predictions for many other modes, as the

contribution of annihilation diagrams is very difficult to predict

with the current theoretical tools. Limits on these modes have

recently improved and are now an order of magnitude above typ-

ical theoretical predictions: B(B0
d → K+K−) < 3.7 × 10−7 [14]

and B(B0
s → π+π−) < 1.7 × 10−6 [16,13].

Experimental results on CP violation in B decays: The

determination of all the parameters of the CKM matrix is re-

quired to fully define the SM, and is central to the experimental

program in heavy-flavor physics. In the framework of the SM,

the CKM matrix must be unitary, i.e. V V † = 1. This gives

rise to relationships between the matrix elements that can be

visualized as triangles in the complex plane, for example

V ∗
ubVud + V ∗

cbVcd + V ∗
tbVtd = 0 .

The interior angles of the triangle can be expressed in terms of

the CKM elements

α = φ2 = arg(−VudV
∗
ub

VtdV
∗
tb

) ,

β = φ1 = arg(−VcdV
∗
cb

VtdV
∗
tb

) ,

γ = φ3 = arg(− VcdV
∗
cb

VudV
∗
ub

) .

The most precise measurements of the angle β have come

from the two energy-asymmetric B-factories running at Υ (4S),

KEKB and PEP-II, by analyzing time-dependent CP asym-

metries in b → cc̄s decay modes including B → J/ψKS. Since

the B mesons receive very little boost in the Υ (4S) rest frame,

asymmetric beam energies are required to improve the precision

of time-dependence measurement. At KEKB, for example, the

boost is βγ = 0.43, and the typical B meson decay length is

dilated from ≈ 20 µm to ≈ 200 µm. PEP-II uses a slightly

larger boost, βγ = 0.55.

In the decay chain Υ (4S) → B0B
0 → fCPftag, in which one

of the B mesons decays at time tCP to fCP and the other decays

at time ttag to a final state ftag that distinguishes between B0

and B
0
, the decay rate has a time dependence given by [7]

Pq
fCP

(∆t) =
e−|∆t|/τ

4τ
[1 + q · {S sin(∆md∆t) − C cos(∆md∆t)}] ,

where τ is the B0 lifetime, ∆md is the mass difference between

the two B0 mass eigenstates, and ∆t = tCP − ttag. The param-

eter q is determined by identifying the b-quark flavor of the

accompanying B meson (“flavor tagging”) using inclusive fea-

tures of the charged particles in ftag. For instance, q = +1(−1)

when the tagging B meson is a B0 (B
0
). The CP -violating

parameters S and C are expressed as

C =
1 − |λ|2
1 + |λ|2 , S =

2Imλ

1 + |λ|2 ,

where λ is a complex parameter that depends on both B0-B
0

mixing and on the amplitudes for B0 and B
0

decay to fCP . In

the SM, to a good approximation, |λ| is equal to the absolute

value of the ratio of the B
0

to B0 decay amplitudes. In the

absence of direct CP violation, |λ| = 1. For b → cc̄s transition,

the SM predicts S = −ξ sin 2β, where ξ = +1(−1) for CP -even

(-odd) final states, and C = 0.

In the summer of 2001, both BABAR [2] and Belle [3]

reported first significant non-zero measurements of sin 2β,

thereby establishing CP violation in the B0 meson decays.

Both experiments have updated their results recently. Using a

data sample of 227 million BB pairs, BABAR [40] obtained

sin 2β = 0.722 ± 0.040 ± 0.023, while with 386 million BB

pairs, Belle [41] reported sin 2β = 0.652 ± 0.039 ± 0.020 in

B0 → J/ψK0 decays. Averaging the latest results from the two

experiments, HFAG finds [13] sin 2β = sin 2φ1 = 0.685 ± 0.032.

Including the measurements from higher energy collider experi-

ments, the average becomes

sin 2β = sin 2φ1 = 0.687 ± 0.032.

The average for C is 0.026±0.041 which is consistent with zero.

These values are consistent with CKM expectations.
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From the average of sin 2β above, we obtain the following

two solutions for β (in [0, π]): β = (21.7+1.3
−1.2)

◦ or β = (68.3+1.2
−1.3)

◦.
This ambiguity may be resolved by measuring time-dependent

CP asymmetry in B0 → D
0
h0 decays, where D

0
decays to

a CP -eigenstate, e.g. K0
Sπ+π−. Using a sample of 386 million

BB pairs, Belle has performed a Dalitz plot analysis of D
0 →

K0
Sπ+π− for a time-dependent CP asymmetry in B0 → D

0
h0

(where h = π0 or η), and obtained β = (16)±21±12◦. The 95%

CL region is −32◦ < β < 62◦, which disfavors the β = 68.3◦

solution.

Charmless B decays mediated by the b → s penguin tran-

sition are potentially sensitive to new CP -violating phases

from physics beyond the SM [42]. In the SM, measurement

of S in the b → ss̄s transition should yield approximately

the same value (−ξ sin 2β) as in the b → cc̄s modes. Both

BABAR and Belle measured S for b → ss̄s modes, including

B → η′K0
S and φK0

S. The “näıve” average value of effective

sin 2β(≡ sin 2βeff) for b → sqq̄ transitions (the cases where

q = s are believed to be mostly penguin, but others may have

significant non-penguin contributions) calculated by HFAG is

0.50± 0.06 where the error is dominantly statistical. Since each

mode can have different uncertainties in the SM, this “näıve”

average should not be taken too seriously. At this moment,

the comparison of Ssqq̄ with sin 2β obtained from b → cc̄s

is inconclusive. The largest deviation from b → cc̄s result

(sin 2β = 0.687) comes from η′K0. With a sample of 232 mil-

lion BB pairs, BABAR measures −ξSη′K0 = 0.36± 0.13± 0.03,

while Belle measures −ξSη′K0 = 0.62± 0.12± 0.04, with a sam-

ple of 386 million BB pairs. The HFAG average of the two is

0.50± 0.09. A Bs mode mediated by the b → ss̄s transition has

also been observed: Bs → φφ. Its measured branching fraction:

B(Bs → φφ) = (14+6
−5 ± 6) × 10−6 [74], is in agreement with

SM expectations at the current level of precision.

The b → cc̄d transition can occur via a b → c tree or

a b → d penguin process. The weak phase of the penguin

amplitude relative to that of the tree contains the information

of CP -violating phase other than that from B0B
0

mixing.

Both Belle and BABAR investigated this using the final states

J/ψπ0, D∗+D∗−, and D∗±D∓. The results in all these modes

are consistent with being dominated by tree amplitude, and

with the sin 2β measured from b → cc̄s modes.

Experimental work on the determination of the other two

angles, α and γ of the unitarity triangle, is also underway.

Much larger data samples will be needed to obtain precision

results and to challenge the SM. Information on sin 2α can be

extracted from time-dependent CP asymmetry measurements

of b → uūd processes, such as B0 → π+π−, ρ+ρ−, and ρ±π∓

decays, following a procedure similar to the one outlined above.

Unfortunately, these decays suffer from fairly small branching

fractions (O(10−6)) and sizeable contributions from penguin

diagrams that complicate the extraction of the CP phases.

Because of this, the time-dependent asymmetry in B → π+π−,

for example, will not be proportional to sinα, but to sin 2αeff ,

with an unknown correction to α.

Despite these difficulties, attempts to measure CP asym-

metries in the b → uūd modes have been reported. For the

B0 → π+π− mode, BABAR [43] extracts S(=
√

1 − C2 ×
sin 2αeff) = −0.30 ± 0.17 ± 0.03, using 227 million BB pairs,

and Belle [44] finds S = −0.67 ± 0.16 ± 0.16 with 275 mil-

lion events. The contribution from direct CP violation in

the B → π+π− decay shows up as a nonzero amplitude C.

Both experiments have determined C simultaneously with S.

BABAR finds C = −0.09 ± 0.15 ± 0.04, while Belle measures

C = −0.56 ± 0.12 ± 0.06, by which Belle claims an evidence of

direct CP violation at a significance of 4.0σ. The difference of

BaBar and Belle corresponds to 2.3σ discrepancy. Extracting

the angle α from π+π− is not easy because of large branching

fraction of B0 → π0π0 [45,46], resulting in a large uncertainty

in the isospin analysis.

On the other hand, BABAR searched for B0 → ρ0ρ0 and

finds that the branching fraction is less than 1.1 × 10−6 (90%

CL) [47], which is much smaller than the isospin-related

modes. Therefore, the penguin pollution in the B0 → ρ+ρ−

is small, making extraction of α easier than the π+π− mode.

BABAR [48] extracts S = −0.33 ± 0.24+0.08
−0.14 for the ρ+ρ−

mode, while Belle [49] obtains S = 0.08 ± 0.41 ± 0.09. The

C value is consistent with zero in both analyses. Using the

upper limit on B(B0 → ρ+ρ−) determined by BABAR, isospin

analyses are performed for both results to constrain α: BABAR

obtains α = (100 ± 13)◦, while Belle obtains α = (88 ± 17)◦.
BABAR uses the combined average for B(B+ → ρ+ρ0); Belle

uses the combined averages for both B(B0 → ρ+ρ−) and

B(B+ → ρ+ρ0). In both analyses, electroweak penguins and

possible I = 1 amplitudes are ignored.

CP asymmetry in B0 → ρ±π∓ mode is also studied to

extract the angle α. BABAR used a Dalitz plot analysis for

π+π−π0 [50] while Belle used a quasi 2-body model [51]. In

both analyses, the S value is consistent with zero, but the

HFAG average of the C value is 0.31± 0.10 which is away from

zero with a significance of 3.4σ.

Several methods have been suggested to measure the third

angle, γ ≈ arg (Vub) [52]. However, they require very large

data samples (such as for B → DK), measurements of B0
s

decays, or suffer from large theoretical uncertainties, rendering

γ particularly difficult to measure.

The decay amplitudes for B+ → D(∗)0K(∗)+ and B+ →
D

(∗)0
K(∗)+ can interfere if the D(∗)0 and D

(∗)0
decay to a com-

mon final state, for example D∗0 → D0π0 and D0 → K0
Sπ+π−.

Since the Cabibbo-suppressed B+ → D(∗)0K(∗)+ amplitude in-

volves Vub, the interference is sensitive to the angle γ. There

have been several methods suggested to extract γ by using this

interference, including those where the D(∗)0 is reconstructed

as a CP eigenstate (GLW) [53], in a suppressed final state

(ADS) [54]. Analyzing the D0 → K0
Sπ+π− Dalitz plot is

another method to exploit this interference. [55]

Both BABAR [56] and Belle [57] applied GLW and ADS

methods to obtain CP asymmetries and related parameters.

At the moment, the results from Dalitz plot analyses give
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tightest restriction on γ. Using 275 million BB pairs, Belle

measured γ = (68+14
−15 ± 13 ± 11)◦ by combining DK+ and

D∗K+ modes [58]. BABAR measured, with a sample of 227

million events, γ = (67 ± 28 ± 13 ± 11)◦ by combining DK+,

D∗K+ and DK∗+ modes [59]. The attempts to combine all

these measurements for γ have been made by the CKMfitter

and UTFit groups [60].

The Cabibbo-favoured B0 → D(∗)−π+ amplitude can have

interference with the doubly Cabibbo-suppressed amplitude of

B
0 → D(∗)−π+. The relative weak phase between these two

amplitudes is γ and, when combined with the B0B
0

mixing

phase, the total phase difference is −(2β + γ). Therefore B0 →
D(∗)±π∓ decays can provide sensitivity to γ. The interpretation

of the observables in terms of unitarity angles requires external

input on the ratio of magnitude of the two amplitudes. Due

to the disparate strength of the two interfering amplitudes,

CP asymmetry is expected to be small, hence the possible

occurrence of CP violation on the tag side may become an

important obstacle. Both Belle and BABAR have measured the

CP -violation parameters for D±π∓ and D∗±π∓ modes. For the

D∗±π∓ mode, both full and partial reconstruction techniques

were used by both experiments. BABAR also studied D±ρ∓

mode.

Hadronic B decays: The experimental results on hadronic

B decays have steadily improved over the past years and the

measurements have reached a sufficient precision to challenge

our understanding of the dynamics of these decays. It has

been suggested that in analogy to semileptonic decays, two-

body hadronic decays of B mesons can be expressed as the

product of two independent hadronic currents, one describing

the formation of a charm meson, and the other the hadronization

of the remaining ud (or cs) system from the virtual W−.

Qualitatively, for a B decay with a large energy release, the ud

pair, which is produced as a color singlet, travels fast enough

to leave the interaction region without influencing the second

hadron formed from the c quark and the spectator antiquark.

The assumption that the amplitude can be expressed as the

product of two hadronic currents is called “factorization” in

this paper. Recent theoretical work has provided a more solid

foundation for this hypothesis [61,62].

With a good neutral particle detection and hadron identifi-

cation capabilities of B-factory detectors, a substantial fraction

of hadronic B decay events can be fully reconstructed. Because

of the kinematic constraint of Υ (4S), the energy sum of the

final-state particles of a B meson decay is always equal to

one half of the total energy in the center of mass frame. As

a result, the two variables, ∆E (energy difference) and MB

(B candidate mass with a beam-energy constraint) are very ef-

fective to suppress combinatorial background both from Υ (4S)

and e+e− → qq̄ continuum events. In particular, the energy-

constraint in MB improves the signal resolution by almost an

order of magnitude.

Such a kinematically clean environment of B meson de-

cays provides a very nice laboratory to search for new states.

For instance, quark-level b → cc̄s decays have been used to

search for new charmonium and charm-strange mesons and

study their properties in detail. In 2003, BABAR discov-

ered a new narrow charm-strange state D∗
sJ (2317) [63], and

CLEO observed a similar state DsJ (2460) [64]. But the prop-

erties of these new states were largely unknown until Belle

observed B → DD∗
sJ (2317) and B → DDsJ (2460), which

helped identify some quantum numbers of DsJ(2460) [65].

Further studies of D
(∗)
sJ meson productions in B decays have

been made by Belle and BABAR. In particular, BABAR has

observed B → D∗
sJ (2317)+D

(∗)
(D∗

sJ(2317)+ → D+
s π0) and

B → DsJ(2460)+D
(∗)

(DsJ (2460)+ → D∗+
s π0, D+

s γ) decays.

The angular analysis of B → DsJ (2460)+D with DsJ (2460)+ →
D+

s γ supports the JP = 1+ assignment for DsJ (2460). With 152

million BB pairs, Belle studied the B
0 → D+

sJK− and B
0 →

D−
sJπ+ decays. A significant signal for B

0 → D∗
sJ (2317)+K−

is observed with B(B
0 → D∗

sJ (2317)+K−) × B(D∗
sJ (2317)+ →

D+
s π0) = (5.3+1.5

−1.3 ± 0.7 ± 1.4) × 10−5.

Studies have been made to understand the properties of

the new charmonium-like exotic particle, X(3872), which was

discovered by Belle [66] and later confirmed by other experi-

ments [67]. In addition, more charmonium-like exotic particles

have been observed in B decays.

Belle has searched for possible decays to DD and D0D
0
π0

of X(3872) and set upper limits for B(B+ → X(3872)K+) ×
B(X(3872) → DD) and B(B+ → X(3872)K+)×B(X(3872) →
D0D

0
π0) [68]. In a related analysis [68], Belle observed the

B+ → ψ(3770)K+ where ψ(3770) is reconstructed in D0D
0

and

D+D− channels. The obtained branching fraction is B(B+ →
ψ(3770)K+) = (0.48 ± 0.11 ± 0.07) × 10−3.

BABAR has searched for X(3872) → J/ψη and set

upper limits for B(B+ → X(3872)K+) × B(X(3872) →
J/ψη) [69]. In a related analysis [69], BABAR observed

the B → J/ψηK decays. The obtained branching fractions

are B(B+ → J/ψηK+) = (10.8 ± 2.3 ± 2.4) × 10−5 and

B(B0 → J/ψηK0
S) = (8.4±2.6±2.7)×10−5. BABAR also made

a search for a charged partner of the X(3872) in B → X−K

decays and set upper limits on product branching fractions,

ruling out the isovector-X hypothesis [70].

More charmonium-like exotic particles have been observed

in B decays. Belle has observed a near-threshold enhancement

in the ωJ/ψ invariant mass for B → KωJ/ψ decays [71].

If treated as an S-wave Breit-Wigner resonance, the mass is

(3943 ± 11 ± 13) MeV/c2 and the total width is 87 ± 22 ±
26 MeV. BABAR has studied the B → J/ψπ+π−K and, in

particular, the J/ψπ+π− mass distribution in a region above

the X(3872) [72]. They found an excess of J/ψπ+π− events

with a mass just above 4.2 GeV/c2, which is consistent with

Y (4260) that was observed by BABAR in ISR events [73].

There have been nearly 50 papers on hadronic B decays

to open-charm and charmonium final states published since

2004. These results are nicely summarized in a recent report by

HFAG [13].
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Rare B decays: All B-meson decays that do not occur

through the usual b → c transition are usually called rare

B decays. These include both semileptonic and hadronic b → u

decays that are suppressed at leading order by the small CKM

matrix element Vub, as well as higher order b → s processes

such as electroweak and gluonic penguin decays.

Charmless B meson decays into two-body hadronic final

states such as B → ππ and Kπ are experimentally clean, and

provide good opportunities to probe new physics and search

for indirect and direct CP violations. The final state particles

in these decays tend to have larger momenta than average

B decay products, therefore the event environment is cleaner

than b → c decays. Branching fractions are typically around

10−5, for exclusive channels. Over the past years, many such

modes have been observed by BABAR, Belle, and CLEO. More

recently, comparable samples of the modes with all charged

final particles have been reconstructed in pp̄ collisions by CDF,

by triggering on impact parameter of final particles. This also

allowed to observe charmless decays of the Bs for the first time,

in modes B0
s → φφ [74] and B0

s → K+K− [15].

Because of relatively high-momenta for final state particles,

the dominant source of background in e+e− collisions is qq̄

continuum events, and sophisticated background suppression

techniques exploiting the event shape variables are essential for

these analyses. In hadron collisions, the dominant background

comes from QCD or partially reconstructed heavy flavors, and

is similarly suppressed by a combination of kinematical and

isolation requirements. The results are in general consistent

among the four experiments.

Recent additions to the list of observed two-body charmless

hadronic decays include B+ → K
0
K+ and B0 → K0K

0
.

Analyzing a sample of 227 million BB pairs, BABAR measured

B(B+ → K0K
0
) = (1.19+0.40

−0.35 ± 0.13) × 10−6, and B(B+ →
K

0
K+) = (1.5 ± 0.5 ± 0.1) × 10−6, with significance of 4.5σ

and 3.5σ, respectively [75]. Similarly, using a sample of 275

million BB pairs, Belle measured B(B+ → K0K
0
) = (0.8 ±

0.3±0.1)×10−6 and B(B+ → K
0
K+) = (1.0±0.4±0.1)×10−6

with significance of 3.5σ and 3.0σ, respectively [14]. These are

evidences for hadronic b → d transitions.

Several rare decay modes such as B0 → K+π− have con-

tributions from both b → u tree and b → sg penguin diagram

processes. If the size of each contribution is comparable to

each other, the interference between them may cause direct

CP violation which can show up as a charge asymmetry

in time-independent decay rate measurement. Recently, both

BABAR and Belle found evidences for direct CP violation in

B0 → K+π− decays [76]. Including the improved preliminary

measurement from Belle [77], the new average for charge asym-

metry in the K+π− mode is −0.115 ± 0.018 [13]. Under SM

assumptions, the observation of CP asymmetry in this mode

requires asymmetries to exist in other modes at non-negligible

levels. Examples are the isospin-related mode B+ → K+π0,

which is expected to have a similar asymmetry, and the as

yet unobserved mode Bs → K−π+, where a large asymmetry

is expected [78,79]. Their comparisons will be an important

check of SM interpretation of the observed CP asymmetry.

There is a B+ decay mode which also appears to indicate

direct CP violation: B+ → ρ0K+. By analyzing the Dalitz plot

for B+ → K+π−π+ decays using a sample of 386 million BB

pairs, Belle measured the charge asymmetry for B+ → ρ0K+

as (30 ± 11+11
−5 )% [80], which is different from zero with a

significance of 3.9σ. In a similar analysis using a sample of 226

million BB events, BABAR measured the charge asymmetry of

ρ0K+ as (32 ± 13+10
−8 )% [81].

The fact that B0 → π+π− can have interference between

tree and penguin processes makes it difficult to extract a

unitarity angle α from time-dependent CP asymmetry mea-

surements. In order to extract α unambiguously, an isospin

analysis has been suggested [82]. A crucial element for the

isospin analysis is a flavor-specific measurement of B0 → π0π0

and B
0 → π0π0. Recently, both BABAR and Belle updated

the measurements: B(B0 → π+π−) = (2.3+0.4
−0.5

+0.2
−0.3) × 10−6 for

Belle (with 275 million BB events) [46], and B(B0 →
π+π−) = (1.17 ± 0.32 ± 0.10) × 10−6 for BABAR (with 227

million events) [45]. Similarly, B0 → ρ0ρ0 plays a crucial

role in extracting α from CP asymmetry measurements in

B0 → ρ+ρ−. BABAR obtained a stringent upper limit on this

mode: B(B0 → ρ0ρ0) < 1.1 × 10−6 [84].

Since B → ρρ consists of two vector mesons in the final

state, the CP eigenvalue of the final state depends on the

longitudinal polarization fraction fL for the decay. Therefore,

a precise knowledge of fL is crucial to extract CKM angle α.

Both BABAR and Belle have observed B0 → ρ+ρ− [48,49] and

B+ → ρ+ρ0 [85] decays and measured their polarizations. The

average value of fL is: fL = 0.971+0.031
−0.030 for ρ+ρ− and 0.97+0.05

−0.07

for ρ+ρ0 [13].

By analyzing the angular distributions of the B decays to

two vector mesons, we can learn a lot about both weak- and

strong-interaction dynamics in B decays. A detailed description

of the angular analysis of B decays to two vector mesons can

be found in a separate mini-review [86] in this Review .

The recently observed Bs → K+K− mode is related to

B0 → π+π− by U-spin symmetry, and is similary determined

by a superposition of tree and penguin diagrams. Combin-

ing the observables from these two modes is another way of

eliminating hadron uncertainties and extracting relevant CKM

information [83].

The decay B0 → D+
s π− proceeds via b → u tree diagram,

where Ds is produced from the vertex of virtual W hadroniza-

tion. Therefore, it is sensitive to |Vub|, although actual extrac-

tion of |Vub| becomes obscured by unknown non-factorizable

strong-interaction effects. Both Belle [87] and BABAR [88]

found evidences for this mode, and the average branching

fraction is B(B0 → D+
s π−) = (2.7 ± 1.0) × 10−5.

In the SM, the decay B+ → D
(∗)+
s φ is expected to occur

via a weak annihilation diagram, which is highly suppressed.

As a result, this mode is very sensitive to new physics effects.

Using a sample of 234 million BB pairs, BABAR obtained a
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much improved upper limit for the modes: B(B+ → D+
s φ) <

1.9 × 10−6 and B(B+ → D∗+
s φ) < 1.2 × 10−5 [89].

Electroweak penguin decays:

More than a decade has passed since the CLEO experiment

first observed an exclusive radiative b → sγ transition, B →
K∗(892)γ [90], thus providing the first evidence for the one-loop

FCNC electromagnetic penguin decay. Using much larger data

samples, both Belle and BABAR have updated this analysis [91],

and have added several new decay modes such as B → K1γ,

K∗
2(1430)γ etc. [92].

Compared to b → sγ, the b → dγ transitions such as

B → ργ, are much suppressed because of the small CKM

element Vtd. Both BABAR and Belle have searched for these

decays. Analyzing a sample of 3.86 × 108 BB pairs, Belle has

obtained B(B → (ρ, ω)γ) = (1.32+0.34
−0.31

+0.10
−0.09) × 10−6 [93], where

B → ργ and ωγ results are combined using isospin relations. On

the other hand, using a sample of 2.11×108 BB pairs, BABAR

obtained B(B → (ρ, ω)γ) < 1.2×10−6 [94]. Using a theoretical

calculation [95], a constraint on the magnitude of Vtd is obtained

from the Belle result: |Vtd/Vts| = 0.199+0.026
−0.025

+0.018
−0.015 [93].

The observed branching fractions were used to constrain

a large class of SM extensions [96]. However, due to the

uncertainties in the hadronization, only the inclusive b → sγ

rate can be reliably compared with theoretical calculations.

This rate can be measured from the endpoint of the inclusive

photon spectrum in B decay. By combining the measurements

of B → Xsγ from CLEO, Belle, and BABAR experiments [97],

HFAG obtains the new average: B(B → Xsγ) = (3.55± 0.26)×
10−4 [13]. Consistent results have been reported by ALEPH for

inclusive b–hadrons produced at the Z. The measured branching

fraction can be compared to recent theoretical calculations by

Chetyrkin, Misiak, and Munz, and by Kagan and Neubert,

which predict B(b → sγ) = (3.29 ± 0.33) × 10−4 [98–100].

According to the SM, the CP asymmetry in b → sγ is

smaller than 1 %, but some non-SM models allow significantly

larger CP asymmetry (∼ 10 %) without altering the inclusive

branching fraction [101–103]. CLEO first searched for CP

violation in this mode, and set a range on ACP (b → sγ).

Now, with improved measurements from Belle and BABAR,

the range on ACP (b → sγ) has become much more stringent.

The average charge asymmetry calculated by HFAG is: ACP =

−0.010 ± 0.028 [13].

In addition, all three experiments have measured the in-

clusive photon energy spectrum for b → sγ, and by analyzing

the shape of the spectrum they obtained the first and second

moments for photon energies. The results on photon energy

moments can be used to extract non-perturbative HQET pa-

rameters that are needed for precise determination of the CKM

matrix element Vub.

Additional information on FCNC processes can be obtained

from B → Xs	
+	− decays, which are mediated by electroweak

penguin and W -box diagrams. Exclusive B → K	+	− decay

was first observed by Belle [109]. Recently, both BABAR [110]

and Belle [111] updated the measurements and the branching

fractions are: B(B → K	+	−) = (0.34±0.08)×10−6 (BABAR),

and (0.55±0.08)×10−6 (Belle). Similarly, the branching fraction

for B → K∗(892)	+	− is also measured by both experiments:

B(B → K∗(892)	+	−) = (0.78+0.22
−0.21) × 10−6 (BABAR), and

(1.65+0.25
−0.24) × 10−6 (Belle). There seem to be slight discrepan-

cies between the two measurements; nevertheless, each one is

consistent with the SM expectation.

Additional information on FCNC can be obtained from

B0
(s) → µ+µ− decays. These decays can only proceed at second

order in weak interactions in the SM, but may have large con-

tributions from Supersymmetric loops, proportional to (tanβ)6.

They have both been searched for, and CDF and D0 have both

obtained results that start to exclude a portion of the region

allowed by SUSY models. The current best limits are 1.5×10−7

and 0.39 × 10−7, respectively, for B0
s and B0

d [20].

Summary and Outlook: The study of B mesons continues

to be one of the most productive fields in particle physics. CP

violation has been observed for the first time outside the kaon

system. Evidences for direct CP violations have been observed.

Many rare decays such as hadronic b → u transitions and

b → s(d) gluonic penguin decays have been observed, and the

emerging pattern is still full of surprises. The coming years

look equally promising. With the two asymmetric B-factory

experiments, Belle and BABAR, we now have a combined data

sample of nearly 1 ab−1, and the CKM picture of the CP

violation is tested with better precision ever.

At Fermilab, CDF and D0 have accumulated approximately

1 fb−1, which is the equivalent of 1011 B hadrons produced.

Albeit with low reconstruction efficiency, this has allowed re-

construction of large samples of some modes, and has given a

start to a program of studies on Bs and b-flavored baryons.

Moreover, in about a year, the LHC will start operating and

produce huge samples of B-hadrons.

These experiments promise a rich spectrum of rare and

precise measurements that have the potential to fundamen-

tally affect our understanding of the SM and CP -violating

phenomena.

References

1. M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49,
652 (1973).

2. BABAR Collab., B. Aubert et al., Phys. Rev. Lett. 87,
091801 (2001).

3. Belle Collab., K. Abe et al., Phys. Rev. Lett. 87, 091802
(2001).

4. Currently two different notations (φ1, φ2, φ3) and (α, β, γ)
are used in the literature for CKM unitarity angles. In
this mini-review, we use the latter notation following the
other mini-reviews in this Review. The two notations are
related by φ1 = β, φ2 = α and φ3 = γ.

5. See the “Review on B-B Mixing” by O. Schneider in this
Review.

6. See the “Determination of |Vcb| and |Vub|,” by R.
Kowalewski and T. Mannel in this Review.

7. See the “CP Violation in Meson Decays” by Y. Nir and
D. Kirkby in this Review.



������������

��� ��� �� ���� 	
� ����� ����	
�� �	��	��

�������� �������

8. CLEO Collab., B. Barish et al., Phys. Rev. Lett. 76, 1570
(1996).

9. CLEO Collab., J.P. Alexander et al., Phys. Rev. Lett.
86, 2737 (2001).

10. BABAR Collab., B. Aubert et al., Phys. Rev. D65,
032001 (2001); BABAR Collab., B. Aubert et al., Phys.
Rev. D69, 071101 (2004).

11. CLEO Collab., S.B. Athar et al., Phys. Rev. D66, 052003
(2002).

12. Belle Collab., N.C. Hastings et al., Phys. Rev. D67,
052004 (2003).

13. Heavy Flavor Averaging Group, E. Barberio et al., “Av-
erages of b-hadron properties at the end of 2005,”
hep-ex/0603003 (2006).

14. Belle Collab., K. Abe et al., Phys. Rev. Lett. 95, 231802
(2005).

15. G. Punzi for the CDF Collab., Proceedings of the 32nd In-
ternational Conference on High-Energy Physics (ICHEP
04), hep-ex/0504045, Beijing, China (2004).

16. D. Tonelli for the CDF Collab., Proceedings of Interna-
tional Europhysics Conference on High Energy Physics
(HEP-EPS 2005), hep-ex/0512024, Lisbon, Portugal,
21-27 Jul 2005.

17. CDF Collab., D. Acosta et al., hep-ex/0508022, submit-
ted to Phys. Rev. Lett.

18. CDF Collab., F. Abe et al., Phys. Rev. Lett. 81, 2432
(1998); CDF Collab., F. Abe et al., Phys. Rev. D58,
112004 (1998).

19. CDF Collab., D. Acosta et al., Phys. Rev. Lett. 96,
082002 (2006).

20. CDF Collab., D. Acosta et al., Phys. Rev. Lett. 95,
221805 (2005).

21. ALEPH Collab., D. Buskulic et al., Phys. Lett. B384,
449 (1996).

22. DELPHI Collab., P. Abreu et al., Z. Phys. C68, 541
(1995).

23. F. Ukegawa, “Spectroscopy and lifetime of bottom and
charm hadrons,” hep-ex/0002031, Proceedings of 3rd
International Conference on B Physics and CP Violation,
(BCONF99), Taipei, Taiwan, (1999).

24. D0 Collab., “Study of excited B-mesons,” D0-note 4517
(http://www-d0.fnal.gov).

25. I.I. Bigi, UND-HEP-99-BIG07, hep-ph/0001003, Pro-
ceedings of the 3rd International Conference on B Physics
and CP Violation, Taipei (1999).

26. D. Abbaneo et al., “Combined results on b-hadron pro-
duction rates and decay properties,” CERN EP-2001/050
(2001).

27. I.I. Bigi et al., in “B Decays,” 2nd edition, S. Stone (ed.),
World Scientific, Singapore, 1994.

28. C. Tarantino, Eur. Phys. J. C33, S895 (2004);
F. Gabbiani et al., Phys. Rev. D68, 114006 (2003);
F. Gabbiani et al., Phys. Rev. D70, 094031 (2004).

29. BABAR Collab., B. Aubert et al., hep-ex/0311037, sub-
mitted to Phys. Rev. Lett.

30. A. Lenz, hep-ph/0412007; M. Beneke et al., Phys. Lett.
B459, 631 (1999).

31. See the “CKM Quark Mixing Matrix,” by F.J. Gilman
et al., in this Review.

32. V. Ciulli, “Spectroscopy of excited b and c states”,
hep-ex/9911044, Proceedings of the 8th International
Conference on Heavy Flavours, Southampton (1999).

33. N. Uraltsev, Phys. Lett. B376, 303 (1996).

34. M. Neubert and C.T. Sachrajda, Nucl. Phys. B483, 339
(1997).

35. J.L. Rosner, Phys. Lett. B379, 267 (1996).

36. M. Voloshin, Phys. Reports 320, 275 (1999).

37. B. Guberina et al., Phys. Lett. B469, 253 (1999).

38. P. Colangelo and F. De Fazio, Phys. Lett. B387, 371
(1996);
P. Colangelo, Proceedings of the 28th International Con-
ference on High Energy Physics, Warsaw (1996).

39. G. Altarelli et al., Phys. Lett. B382, 409 (1996).

40. BABAR Collab., B. Aubert et al., Phys. Rev. Lett. 89,
201802 (2002).

41. Belle Collab., K. Abe et al., Belle-CONF-0353 (2003).

42. Y. Grossman and M.P. Worah, Phys. Lett. B395, 241
(1997).

43. BABAR Collab., Preliminary result presented at Lepton-
Photon 2003 (2003).

44. Belle Collab., K. Abe et al., Phys. Rev. D68, 012001
(2003).

45. BABAR Collab., B. Aubert et al., Phys. Rev. Lett. 94,
181802 (2005).

46. Belle Collab., Y. Chao et al., Phys. Rev. Lett. 94, 181803
(2005).

47. BABAR Collab., B. Aubert et al., Phys. Rev. Lett. 94,
131801 (2005).

48. BABAR Collab., B. Aubert et al., Phys. Rev. Lett. 95,
041805 (2005).

49. Belle Collab., A. Somov et al., hep-ex/0601024, to ap-
pear in Phys. Rev. Lett.

50. BABAR Collab., B. Aubert et al., hep-ex/0408099.

51. Belle Collab., C.C. Wang et al., Phys. Rev. Lett. 94,
121801 (2005).

52. See, for example, “The BABAR Physics Book,” SLAC-R-
504, P.F. Harrison and H.R. Quinn, Eds., and references
therein.

53. M. Gronau and D. London, Phys. Lett. B253, 483
(1991); M. Gronau and D. Wyler, Phys. Lett. B265, 172
(1991).

54. D. Atwood et al., Phys. Rev. Lett. 78, 3257 (1997);
Phys. Rev. D63, 036005 (2001).

55. A. Giri et al., Phys. Rev. D68, 054018 (2003).

56. BABAR Collab., B. Aubert et al., hep-ex/0512067;
Phys. Rev. D71, 031102 (2005); Phys. Rev. D72,
071103R (2005);
Phys. Rev. D72, 032004 (2005); hep-ex/0512067.

57. Belle Collab., K. Abe et al., hep-ex/0601032;
hep-ex/0307074; hep-ex/0508048.

58. Belle Collab., K. Abe et al., hep-ex/0411049; hep-ex/

0504013.

59. BABAR Collab., B. Aubert et al., Phys. Rev. Lett. 95,
121802 (2005); hep-ex/0507101.

60. CKMfitter Group, J. Charles et al., Eur. Phys. J. C41,
1 (2005); UTfit Collab., M. Bona et al., JHEP 0507, 028
(2005).



��	��	��	��	

����� ����	
�� �	��	��

�������� �������

61. M. Neubert, “Aspects of QCD Factorization,” hep-ph/

0110093, Proceedings of HF9, Pasadena (2001) and refer-
ences therein.

62. Z. Ligeti et al., Phys. Lett. B507, 142 (2001).

63. BABAR Collab., B. Aubert et al., Phys. Rev. Lett. 90,
242001 (2003).

64. CLEO Collab., D. Besson et al., Phys. Rev. D68, 032002
(2003).

65. Belle Collab., P. Krokovny et al., Phys. Rev. Lett. 91,
262002 (2003).

66. Belle Collab., S.-K. Choi et al., Phys. Rev. Lett. 91,
262001 (2003).

67. CDF II Collab., D. Acosta et al., Phys. Rev. Lett. 93,
072001 (2004); BABAR Collab., B. Aubert et al., Phys.
Rev. D71, 071103 (2005).

68. Belle Collab., K. Abe et al., Phys. Rev. Lett. 93, 051803
(2004).

69. BABAR Collab., B. Aubert et al., Phys. Rev. Lett. 93,
041801 (2004).

70. BABAR Collab., B. Aubert et al., Phys. Rev. D71,
031501 (2005).

71. Belle Collab., S.-K. Choi et al., Phys. Rev. Lett. 94,
182002 (2005).

72. BABAR Collab., B. Aubert et al., Phys. Rev. D73,
011101 (2006).

73. BABAR Collab., B. Aubert et al., Phys. Rev. Lett. 95,
142001 (2005).

74. CDF Collab., D. Acosta et al., Phys. Rev. Lett. 95,
031801 (2005).

75. BABAR Collab., B. Aubert et al., Phys. Rev. Lett. 95,
221801 (2005).

76. BABAR Collab., B. Aubert et al., Phys. Rev. Lett. 93,
131801 (2004); Belle Collab., Y. Chao et al., Phys. Rev.
Lett. 93, 191802 (2004).

77. Belle Collab., K. Abe et al., hep-ex/0507045.

78. M. Gronau, Phys. Lett. B492, 297 (2000); M. Gronau
and J. L. Rosner, Phys. Lett. B482, 71 (2000).

79. H. Lipkin, Phys. Lett. B621, 126 (2005).

80. Belle Collab., K. Abe et al., hep-ex/0509001.

81. BABAR Collab., B. Aubert et al., Phys. Rev. D72,
072003 (2005).

82. M. Gronau and D. London, Phys. Rev. Lett. 65, 3381
(1990).

83. R. Fleischer, Phys. Lett. B459, 306 (1999); D. London
and J. Matias, Phys. Rev. D70, 031502 (2004).

84. BABAR Collab., B. Aubert et al., Phys. Rev. Lett. 94,
131801 (2005).

85. BABAR Collab., B. Aubert et al., Phys. Rev. Lett. 91,
171802 (2003); Belle Collab., J. Zhang et al., Phys. Rev.
Lett. 91, 221801 (2003).

86. See the “Polarization in B Decays,” by A. Gritsan and
J. Smith in this Review.

87. Belle Collab., P. Krokovny et al., Phys. Rev. Lett. 89,
231804 (2002).

88. BABAR Collab., B. Aubert et al., Phys. Rev. Lett. 90,
181803 (2003).

89. BABAR Collab., B. Aubert et al., Phys. Rev. D73,
011103 (2006).

90. CLEO Collab., R. Ammar et al., Phys. Rev. Lett. 71,
674 (1993).

91. Belle Collab., M. Nakao et al., Phys. Rev. D69, 112001
(2004); BABAR Collab., B. Aubert et al., Phys. Rev.
D70, 112006 (2004).

92. Belle Collab., H. Yang et al., Phys. Rev. Lett. 94, 111802
(2005); BABAR Collab., B. Aubert et al., Phys. Rev.
D70, 091105R (2004); Belle Collab., S. Nishida et al.,
Phys. Lett. B610, 23 (2005).

93. Belle Collab., D. Mohapatra et al., hep-ex/0506079,
submitted to Phys. Rev. Lett.

94. BABAR Collab., B. Aubert et al., Phys. Rev. Lett. 94,
011801 (2005).

95. A. Ali et al., Phys. Lett. B595, 323 (2004).

96. J.L. Hewett, Phys. Rev. Lett. 70, 1045 (1993).

97. CLEO Collab., S. Chen et al., Phys. Rev. Lett. 87,
251807 (2001);
Belle Collab., K. Abe et al., Phys. Lett. B511, 151
(2001);
Belle Collab., P. Koppenburg et al., Phys. Rev. Lett. 93,
061803 (2004);
BABAR Collab., B. Aubert et al., Phys. Rev. D72,
052004 (2005);
BABAR Collab., B. Aubert et al., hep-ex/0507001.

98. K. Chetyrkin et al., Phys. Lett. B400, 206 (1997);
Erratum-ibid, Phys. Lett. B425, 414 (1998).

99. A.J. Buras et al., Phys. Lett. B414, 157 (1997);
Erratum-ibid, Phys. Lett. B434, 459 (1998).

100. A.L. Kagan and Matthias Neubert, Eur. Phys. J. C7, 5
(1999).

101. K. Kiers et al., Phys. Rev. D62, 116004 (2000).

102. A.L. Kagan and M. Neubert, Phys. Rev. D58, 094012
(1998).

103. S. Baek and P. Ko, Phys. Rev. Lett. 83, 488 (1998).

104. CLEO Collab., T.E. Coan et al., Phys. Rev. Lett. 86,
5661 (2001).

105. Belle Collab., K. Abe et al., Belle-CONF-0348 (2003).

106. CLEO Collab., T.E. Coan et al., Phys. Rev. Lett. 84,
5283 (2000).

107. BABAR Collab., B. Aubert et al., Phys. Rev. Lett. 88,
101805 (2002).

108. CLEO Collab., S. Chen et al., Phys. Rev. Lett. 87,
251807 (2001).

109. Belle Collab., K. Abe et al., Phys. Rev. Lett. 88, 021801
(2001).

110. BABAR Collab., B. Aubert et al., hep-ex/0507005.

111. Belle Collab., K. Abe et al., hep-ex/0410006.



������������

��� ��� �� ���� 	
� ���������	
�� �	��	��

�������� ���������±

A NOTE ON HFAG ACTIVITIES

Updated April 2006 by S. Prell (Iowa State Univ., Ames) and
S. Eidelman (Budker Institute, Novosibirsk).

The Heavy Flavor Averaging Group (HFAG) has been

formed, continuing the activities of the LEP Heavy Flavor

Steering group, to provide the averages for measurements ded-

icated to the b-flavor related quantities. The HFAG consists

of representatives and contacts from the experimental groups:

BaBar, Belle, CDF, CLEO, DØ , LEP, and SLD.

In the averaging the input parameters used in the vari-

ous analyses are adjusted (rescaled) to common values, and

all known correlations are taken into account. The HFAG has

five subgroups providing averages for b-hadron lifetimes and

B-oscillation parameters, CP -violation measurements, semilep-

tonic parameters, rare branching fractions, and b-hadron decays

to charm. The averages provided by the HFAG are listed as

“OUR EVALUATION” with a corresponding note.

The most up-to-date and complete listing of averages and

more detailed information on the averaging procedures are

available at:

http://www.slac.stanford.edu/xorg/hfag and also at

http://belle.kek.jp/mirror/hfag (KEK mirror site).
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��	���

�� ����� ������� ����� ������� ����� ������� ����� �����

�− ����� �
� ���
$� ���J	$���� � ��� ����� ������ ����� ����� �� ���
������� ��� ���
$� ����� � ��� � �
� ������ �� ��� �±��� �.�BG*A&)
��������

*�� �
������$ 
������� ������ ����� ���	�� 6�I ���� ��� 6�I ���−
�
��	����� �� ��� �!"�#� E� ���� ��������� �� �
��$ ����
 ����	
������
	� �� ���� �� 
�������$ ����
 ���	��� �!"�# �
��	����� 
���� �� 6��6�

��� ����
 ���	��� �� �� � �
∗� ��� ψ �
������$ 
����� �� �	

��� ���	��

�������
 ���� ��	�� �>��� �	
 ���
�$�� ��� ���� ������ ��$��=�������

B���������� �� 	��� �� �������� � �	�������� � � �
����	� 
�������� ���

������� �	��������� ���� ���� ��

����� �
 
�������� �
������$ 
���
����� �� ��� =��� ����� �� ��� �	� � ��� �	�������� �
������$ 
�������
��� ������ ���� � ��� =��� ������

4�
 ����	���� �
������$ 
�������� ����� � → �± �������$� ��� ���	��
	�	���� �
� �	������������� ��� �
������$ 
�������� *��� ��� �� $
����

���� ����

2���� ����
�
���� 4
������ !K� �K# '��=����� �����

��������
��� �� ����
��� �
 ����������
��� �� ����
��� �
 ����������
��� �� ����
��� �
 ����������
��� �� ����
��� �
 ��
!< 	�ν� ����"��# -�1 ! <�.? ± �." # I

!9 �� 	�ν� -�1 ! 9.<6 ± �.99 # I

!8 �∗�$��%� 	�ν� -�1 ! D.6 ± �.6 # I

!" �<�$&$�
� 	�ν� ! 6.D ± <.D #× <�−8

!6 �∗
9�$&'�

� 	�ν� < : × <�−8 ';F?�I

!D �−π� 	�ν� ! 6.8 ± <.� #× <�−8

!7 �∗−π� 	�ν� ! D." ± <.6 #× <�−8

!: π� 	�ν� ! 7." ± <.< #× <�−6

!? π� �� ν�
!<� η	�ν� ! : ± " #× <�−6

!<< ω	�ν� -�1 ! <.8 ± �.D #× <�−"

!<9 ωµ�νµ

!<8 ρ� 	�ν� -�1 ! <.9" ± �.98 #× <�−"

!<" 		 ��ν� < 6.9 × <�−8 ';F?�I

!<6 ��ν� < <.6 × <�−6 ';F?�I

!<D µ�νµ < D.D × <�−D ';F?�I

!<7 τ� ντ < 9.D × <�−" ';F?�I

!<: ��ν� γ < 9.� × <�−" ';F?�I

!<? µ�νµ γ < 6.9 × <�−6 ';F?�I



�	��	��	��	�

���������	
�� �	��	��

�±

����(��)� �
 ������(��)� �
 ������(��)� �
 ������(��)� �
 ��
!9� ��
 ! ?.: ± <.< # I

!9< ��
 ! 7? ± 6 # I

!99 ��
 ! 8.: ± <.� # I

!98 �−
 ! ?.: ± <.: # I

!9" ��
� 
 ! <" � 6

− " # I

!96 �−
� 
 < 9.9 I ';F?�I

!9D ��
�

 ! 9.? � <."

− <.< # I

!97 �−
� 
 ! 8.6 � <.6

− <.9 # I

!9: � 
 ! ?: ± D # I

!9? � 
 ! 88 � D
− " # I

!8� � � 
 !<8< �<�
− : # I

�� �∗� 
� �� �
 ���� �∗� 
� �� �
 ���� �∗� 
� �� �
 ���� �∗� 
� �� �
 ��

!8< ��π� ! ".?9 ± �.9� #× <�−8

!89 ���!�<#π
� -�1 ! ".� ± �.: #× <�−8

!88 ���!−<#π
� -�1 ! 8.D ± �.: #× <�−8

!8" �� ρ� ! <.8" ± �.<: # I

!86 ��� ! ".�: ± �.9" #× <�−"

!8D ���!�<#
� -�1 ! 8.7 ± �.D #× <�−"

!87 ���!−<#
� -�1 ! 8.6 ± �.6 #× <�−"

!8: *−π� +�
� -�1

!8? *�π− +�
� -�1

!"� *−π� +�
∗�,-$� -�1

!"< *�π− +�
∗�,-$� -�1

!"9 *−π� +� π� -�1 ! <.7 ± �.6 #× <�−6

!"8 *π�π−π� +�
− ! 6.6 ± <.9 #× <�−D

!"" ��∗�,-$� ! D.8 ± �.: #× <�−"

!"6 �CP !−<#
∗�,-$� -�1 ! 9.� ± �.? #× <�−"

!"D �CP !�<#
∗�,-$� -�1 ! D.9 ± <.6 #× <�−"

!"7 ���� ! 6.6 ± <.D #× <�−"

!": ���∗�,-$� ! 7.6 ± <.7 #× <�−"

!"? ��π�π�π− ! <.< ± �." # I

!6� ��π�π�π− �
����
���� ! 6 ± " #× <�−8

!6< ��π� ρ� ! ".9 ± 8.� #× <�−8

!69 �� �<�.$'�
� ! " ± " #× <�−8

!68 ��ωπ� ! ".< ± �.? #× <�−8

!6" �∗�$�.�−π�π� ! <.86 ± �.99 #× <�−8

!66 �−π�π� ! <.�9 ± �.<D #× <�−8

!6D ��� < 6.� × <�−D ';F?�I

!67 �∗�$��%�π� ! ".D ± �." #× <�−8

!6: �∗�
CP !�<#π

� -�1

!6? �∗�
CP !−<#π

� -�1

!D� �∗�$��%�ωπ� ! ".6 ± <.9 #× <�−8

!D< �∗�$��%� ρ� ! ?.: ± <.7 #× <�−8

!D9 �∗�$��%�� ! 8.7 ± �." #× <�−"

!D8 �∗�
CP !�<#

� -�1

!D" �∗�
CP !−<#

� -�1

!D6 �∗�$��%�∗�,-$� ! :.< ± <." #× <�−"

!DD �∗�$��%��� < <.�D × <�−8 ';F?�I

!D7 �∗�$��%��∗�,-$� ! <.6 ± �." #× <�−8

!D: �∗�$��%�π�π�π− ! <.�8 ± �.<9 # I

!D? �∗�$��%� �<�.$'�� ! <.? ± �.6 # I

!7� �∗�$��%�π−π�π�π� ! <.: ± �." # I

!7< �∗� /π�$π− ! 6.7 ± <.9 #× <�−8

!79 �∗�$�.��π� < <.7 × <�−" ';F?�I

!78 �∗�$�.��� < ?.� × <�−D ';F?�I

!7" �∗�$�.�−π�π�π� ! <.6 ± �.7 # I

!76 �∗�$�.�−π�π�π�π− ! 9.D ± �." #× <�−8

!7D �∗
<�$&$�

�π� ! <.6 ± �.D #× <�−8 2F<�8

!77 �<�$&$�
�π�×0���

< →
��π�π−

! <.? � �.6
− �.D #× <�−"

!7: �∗
9�$&'$

�π�

× 0��∗
9�$&'$

� → �−π�

! 8." ± �.: #× <�−"

!7? �∗
��$/�,

�π�

× 0��∗
��$/�,

� → �−π�

! D.< ± <.? #× <�−"

!:� �<�$&$.
�π�

× 0��<�$&$.
� → �∗−π�

! D.: ± <.6 #× <�−"

!:< �∗
9�$&'$

�π�

× 0��∗
9�$&'$

� → �∗−π�

! <.: ± �.6 #× <�−"

!:9 � ′
<�$&$%

�π�

× 0�� ′
<�$&$%

� → �∗−π�

! 6.� ± <.9 #× <�−"

!:8 �<�$&$�
�π�×0���

< →
�∗�π�π−

< D × <�−D ';F?�I

!:" �∗
<�$&$�

� ρ� < <." × <�−8 ';F?�I

!:6 �∗
9�$&'�

�π� < <.8 × <�−8 ';F?�I

!:D �∗
9�$&'�

�π�×0��∗�
9 →

�∗�π�π−
< 9.9 × <�−6 ';F?�I

!:7 �∗
9�$&'�

� ρ� < ".7 × <�−8 ';F?�I

!:: ����
� ! <.�? ± �.97 # I

!:? ����$/.%
���×

0�����$/.%
� → ��

�
π�

! 7." � 9.8
− <.? #× <�−"

!?� ����$/.%
���×

0�����$/.%
� → �∗�

� γ

< 7.D × <�−" ';F?�I

!?< ����$/.%
��∗�$�.��×

0�����$/.%
� → ��

� π�

! ? ± 7 #× <�−"

!?9 �sJ �$&1%
���×

0��sJ �$&1%
� → �∗�

� π�

! <." � �.D
− �.6 #× <�−8 2F<�8

!?8 �sJ �$&1%
���×

0��sJ �$&1%
� → ��

� γ

! ".7 � <."
− <.9 #× <�−"

!?" �sJ �$&1%
���×

0��sJ �$&1%
� →

��
� π�π−

< 9.9 × <�−" ';F?�I

!?6 �sJ �$&1%
���×

0��sJ �$&1%
� → ��

� π�

< 9.7 × <�−" ';F?�I

!?D �sJ �$&1%
���×

0��sJ �$&1%
� → �∗�

� γ

< ?.: × <�−" ';F?�I

!?7 �sJ �$&1%
��∗�$�.��×

0��sJ �$&1%
� → �∗�

� π�

! 7.D � 8.D
− 9.? #× <�−8

!?: �sJ �$&1%
��∗�$�.��×

0��sJ �$&1%
� → ��

� γ

! <." � �.7
− �.D #× <�−8

!?? ���sJ �$1/'
�×

0��sJ �$1/'
� →

�∗�$��%��

< 9 × <�−" ';F?�I

!<�� �∗�$��%��sJ �$1/'
�×

0��sJ �$1/'
� →

�∗�$��%��

< 7 × <�−" ';F?�I

!<�< ���sJ �$1%/
�×

0��sJ �$1%/
� → ���

< 9 × <�−" ';F?�I

!<�9 �∗�$��%��sJ �$1%/
�×

0��sJ �$1%/
� → ���

< 6 × <�−" ';F?�I

!<�8 ���∗�
� ! 7.9 ± 9.D #× <�−8

!<�" �∗�$��%���
�

! <� ± " #× <�−8

!<�6 �∗�$��%��∗�
�

! 9.9 ± �.7 # I

!<�D �
!∗#�
� �∗∗� ! 9.7 ± <.9 # I

!<�7 �∗�$��%��∗�$�.�� < <.< I ';F?�I

!<�: ���∗�$�.�� 2
�∗�$��%���

< <.8 I ';F?�I

!<�? ���∗�$�.�� ! ".D ± �.? #× <�−"

!<<� ���� ! ".: ± <.� #× <�−"

!<<< ����� < 9.: × <�−8 ';F?�I

!<<9 �∗�$��%���� < D.< × <�−8 ';F?�I

!<<8 ���∗�$�.��� ! 6.9 ± <.9 #× <�−8

!<<" �∗�$��%��∗�$�.��� ! 7.: ± 9.D #× <�−8

!<<6 ����� ! <.87 ± �.89 #× <�−8 2F<�6

!<<D �∗�$�.����� < 8.: × <�−8 ';F?�I

!<<7 ���∗�$��%�� ! ".7 ± <.� #× <�−8

!<<: �∗�$��%��∗�$��%�� ! 6.8 ± <.D #× <�−8

!<<? �−��� < " × <�−" ';F?�I

!<9� �−�∗�$�.��� < 7 × <�−" ';F?�I

!<9< �∗�$�.�−��� ! <.6 ± �." #× <�−8

!<99 �∗�$�.�−�∗�$�.��� < <.: × <�−8 ';F?�I

!<98 ��2�∗ ��2�∗  ! 8.6 ± �.D # I

!<9" ��
� π� < <.7 × <�−" ';F?�I

!<96 �∗�
� π� < 9.7 × <�−" ';F?�I

!<9D ��
� η < " × <�−" ';F?�I

!<97 �∗�
� η < D × <�−" ';F?�I

!<9: ��
� ρ� < 8.< × <�−" ';F?�I

!<9? �∗�
� ρ� < " × <�−" ';F?�I

!<8� ��
� ω < " × <�−" ';F?�I



�	��	��	��	�

��� ��� �� ���� 	
� ���������	
�� �	��	��

�±

!<8< �∗�
� ω < D × <�−" ';F?�I

!<89 ��
� �<�.$'�

� < <.: × <�−8 ';F?�I

!<88 �∗�
�
�<�.$'�

� < <.8 × <�−8 ';F?�I

!<8" ��
� φ < <.? × <�−D ';F?�I

!<86 �∗�
� φ < <.9 × <�−6 ';F?�I

!<8D ��
� 

� < ? × <�−" ';F?�I

!<87 �∗�
� � < ? × <�−" ';F?�I

!<8: ��
� 

∗�,-$� < " × <�−" ';F?�I

!<8? �∗�
� ∗�,-$� < " × <�−" ';F?�I

!<"� �−
�

π�� < 7 × <�−" ';F?�I

!<"< �∗−
�

π�� < ?.: × <�−" ';F?�I

!<"9 �−
�

π�∗�,-$� < 6 × <�−8 ';F?�I

!<"8 �∗−
�

π�∗�,-$� < 7 × <�−8 ';F?�I

�"���
��(� �
 ���"���
��(� �
 ���"���
��(� �
 ���"���
��(� �
 ��
!<"" η� 

� ! ?.< ± <.8 #× <�−"

!<"6 η′� 
� ! 8." ± <.: #× <�−"

!<"D �/ψ�.�� ! <.��:± �.�86#× <�−8

!<"7 �/ψ�.��π�π− ! <.�7 ± �.<? #× <�−8 2F<�?

!<": �� �.�
�× 0��� �.� →

�/ψπ�π−
< 8." × <�−D ';F?�I

!<"? 
 �/,%$� < 8.9 × <�−" ';F?�I

!<6� 
 �/,%$�× 0�
 →
�/ψπ�π−

! <.<" ± �.9� #× <�−6

!<6< 
 �/,%$�

× 0�
 �/,%$ → ����
< D.� × <�−6 ';F?�I

!<69 
 �/,%$�

× 0�
 �/,%$ → ���−
< ".� × <�−6 ';F?�I

!<68 
 �/,%$�

× 0�
 �/,%$ → ����π�
< D.� × <�−6 ';F?�I

!<6" 
 �/,%$�

× 0�
 �/,%$ → �/ψ�.�η
< 7.7 × <�−D ';F?�I

!<66 
 �/,%$��× 0�
 �/,%$� →
�/ψ�.�π�π�

-�1 < 9.9 × <�−6 ';F?�I

!<6D � �&$'���× 0�� � →
�/ψπ�π−

< 9.? × <�−6 ';F?6I

!<67 �/ψ�.�∗�,-$� ! <."< ± �.�: #× <�−8

!<6: �/ψ�.� �.$%�� ! <.: ± �.6 #× <�−8

!<6? �/ψ�.� �.&��� < 6 × <�−" ';F?�I

!<D� �/ψ�.�η� ! <.�: ± �.88 #× <�−"

!<D< �/ψ�.�φ� ! 6.9 ± <.7 #× <�−6 2F<�9

!<D9 �/ψ�.�π� ! ".? ± �.D #× <�−6 2F<�6

!<D8 �/ψ�.�ρ� < 7.7 × <�−" ';F?�I

!<D" �/ψ�.��<�.$'�
� < <.9 × <�−8 ';F?�I

!<D6 �/ψ�.�	� ! <.<: ± �.8< #× <�−6

!<DD �/ψ�.���	 < <.< × <�−6 ';F?�I

!<D7 �/ψ�.��� < <.9 × <�−" ';F?�I

!<D: �/ψ�.���π� < 9.6 × <�−6 ';F?�I

!<D? ψ�$�� ! D.": ± �.86 #× <�−"

!<7� ψ�$�∗�,-$� ! D.7 ± <." #× <�−" 2F<�8

!<7< ψ�$��π�π− ! <.? ± <.9 #× <�−8

!<79 ψ�/%%�� ! ".? ± <.8 #× <�−"

!<78 ψ�/%%��

× 0�ψ�/%%� → ����
! 8." ± �.? #× <�−"

!<7" ψ�/%%��

× 0�ψ�/%%� → ���−�
! <." ± �.: #× <�−"

!<76 χ��π�×0�χ�� → π�π− < 8 × <�−7 ';F?�I

!<7D χ���.�
� ! <.D � �.6

− �." #× <�−"

!<77 χ��
∗�,-$� < 9.:D × <�−8 ';F?�I

!<7: χ�9
� < 9.? × <�−6 ';F?�I

!<7? χ�9
∗�,-$� < <.9 × <�−6 ';F?�I

!<:� χ�<�.�
� ! 6.8 ± �.7 #× <�−" 2F<�7

!<:< χ�<�.�
∗�,-$� ! 8.D ± �.? #× <�−"

 
� ∗ �
 �� 
� ∗ �
 �� 
� ∗ �
 �� 
� ∗ �
 ��
!<:9 �π� ! 9."< ± �.<7 #× <�−6 2F<�"

!<:8 �π� ! <.9< ± �.�: #× <�−6

!<:" η′� ! 7.�6 ± �.86 #× <�−6

!<:6 η′∗�,-$� < <." × <�−6 ';F?�I

!<:D η� ! 9.D ± �.D #× <�−D 2F<�8

!<:7 η∗�,-$� ! 9.D ± �." #× <�−6

!<:: ω� ! 6.< ± �.7 #× <�−D

!<:? ω∗�,-$� < 7." × <�−D ';F?�I

!<?� ��� 
� < 8.? × <�−D ';F?�I

!<?< ���
� < 9.6 × <�−D ';F?�I

!<?9 ∗�,-$�π� ! <.<D ± �.<? #× <�−6 2F<�:

!<?8 ∗�,-$�π� ! D.? ± 9." #× <�−D

!<?" �π−π� ! 6.D ± �.? #× <�−6 2F9�D

!<?6 �π−π��
����
���� ! 8.< � <.�
− �.: #× <�−D

!<?D � ���-,�× 0��� → π�π− ! :.? ± <.� #× <�−D

!<?7 �9�.$%�
�� < 9.8 × <�−D ';F?�I

!<?: � ∗��./%�
��×

0�� ∗��./%�
� → π�π−

< <.�7 × <�−6 ';F?�I

!<?? ρ��.&1��× 0�ρ��.&1� →
π�π−

< <.<7 × <�−6 ';F?�I

!9�� ���.1��
�× 0����.1�� →

π�π−
< "." × <�−D ';F?�I

!9�< � ′9�.1$1
�× 0�� ′9�.1$1 →

π�π−
< 8." × <�−D ';F?�I

!9�9 �ρ� ! 6.� � �.7
− �.: #× <�−D

!9�8 ∗
��.&/�

�π� ! 8.: ± �.6 #× <�−6

!9�" ∗
9�.&/�

�π� < D.? × <�−D ';F?�I

!9�6 ∗�.&.��π� < ".6 × <�−6 ';F?�I

!9�D ∗�.',��π� < <.9 × <�−6 ';F?�I

!9�7 −π�π� < <.: × <�−D ';F?�I

!9�: −π�π��
����
���� < 6.D × <�−6 ';F?�I

!9�? <�.&��
�π� < 9.D × <�−8 ';F?�I

!9<� �π�π� < D.D × <�−6 ';F?�I

!9<< �ρ� < ".: × <�−6 ';F?�I

!9<9 ∗�,-$�π�π− < <.< × <�−8 ';F?�I

!9<8 ∗�,-$�ρ� ! <.< ± �." #× <�−6

!9<" ∗�,-$� ρ� ! :.? ± 9.< #× <�−D

!9<6 ∗�,-$�∗�,-$� < 7.< × <�−6 ';F?�I

!9<D <�.&��
�ρ� < 7.: × <�−" ';F?�I

!9<7 ∗
9�.&/�

�ρ� < <.6 × <�−8 ';F?�I

!9<: �� ! <.9� ± �.89 #× <�−D

!9<? ��π� < 9." × <�−6 ';F?�I

!99� ��
� 

�
� ! <.<6 ± �.<8 #× <�−6

!99< �
� 

�
� π� < 8.9 × <�−D ';F?�I

!999 �−π� < D.8 × <�−D ';F?�I

!998 �−π� �
����
���� < 7.6 × <�−6 ';F?�I

!99" ��π− < <.8 × <�−D ';F?�I

!996 ��π− �
����
���� < :.7? × <�−6 ';F?�I

!99D �∗�,-$� < 6.8 × <�−D ';F?�I

!997 � �
 �$$$�
!99: �−� ! 8.�< ± �.<? #× <�−6

!99? �φ ! ?.� ± �.: #× <�−D 2F<�8

!98� ���-,�
�× 0����-,� →

�−
< 9.? × <�−D ';F?�I

!98< �9�./$�
�× 0��9�./$� →

�−
< <.< × <�−D ';F?�I

!989 � ′9�.1$1
�× 0�� ′9�.1$1 →

�−
< ".? × <�−D ';F?�I

!988 φ�.',��× 0�φ�.',� →
�−

< : × <�−7 ';F?�I

!98" �−��
����
���� ! 9."� � �.8�
− �.D9 #× <�−6

!986 ∗�,-$��− < <.D × <�−8 ';F?�I

!98D ∗�,-$�φ ! ?.D ± 8.� #× <�−D 2F<�?

!987 <�.&��
�φ < <.< × <�−8 ';F?�I

!98: ∗
9�.&/�

�φ < 8." × <�−8 ';F?�I

!98? �φφ ! 9.D � <.<
− �.? #× <�−D

!9"� ∗�,-$�γ ! ".�8 ± �.9D #× <�−6

!9"< <�.$%�
�γ ! ".8 ± <.8 #× <�−6

!9"9 η�γ ! :." ± <.: #× <�−D

!9"8 φ� γ ! 8." ± <.� #× <�−D

!9"" �π−π�γ ! 9.6� ± �.9: #× <�−6

!9"6 ∗�,-$�π� γ ! 9.� � �.7
− �.D #× <�−6

!9"D �ρ� γ < 9.� × <�−6 ';F?�I

!9"7 �π−π�γ �
����
���� < ?.9 × <�−D ';F?�I

!9": <�.&��
�γ < <.6 × <�−6

!9"? ∗
9�.&/�

�γ ! <." ± �." #× <�−6

!96� ∗�.',��γ < <.? × <�−8 ';F?�I

!96< ∗
8�.%,�

�γ < 8.? × <�−6 ';F?�I

!969 ∗
"�$�&1

�γ < ?.? × <�−8 ';F?�I



�	��	��	��	�

����� ����	
�� �	��	��

�±

��#"� (�3�)
�� ���
� �
 ����#"� (�3�)
�� ���
� �
 ����#"� (�3�)
�� ���
� �
 ����#"� (�3�)
�� ���
� �
 ��

!968 ρ�γ < <.: × <�−D ';F?�I

!96" π�π� ! 6.6 ± �.D #× <�−D

!966 π�π�π− ! <.D9 ± �.<6 #× <�−6

!96D ρ�π� ! :.7 ± <.< #× <�−D

!967 π� ���-,�× 0����-,� →
π�π−

< 8.� × <�−D ';F?�I

!96: π� �9�.$%� ! :.9 ± 9.6 #× <�−D

!96? ρ�.&1��π� < 9.8 × <�−D ';F?�I

!9D� ���./%�π
�×0����./%� →

π�π−
< 8.� × <�−D ';F?�I

!9D< ���'��π
�×0����'�� →

π�π−
< ".< × <�−D ';F?�I

!9D9 π�π−π� �
����
���� < ".D × <�−D ';F?�I

!9D8 π�π�π� < :.? × <�−" ';F?�I

!9D" ρ�π� ! <.9� ± �.<? #× <�−6

!9D6 π�π−π�π� < ".� × <�−8 ';F?�I

!9DD ρ�ρ� ! 9.D ± �.D #× <�−6

!9D7 �<�.$'�
�π� < <.7 × <�−8 ';F?�I

!9D: �<�.$'�
�π� < ?.� × <�−" ';F?�I

!9D? ωπ� ! 6.? ± <.� #× <�−D 2F<�9

!97� ωρ� ! <.8 ± �." #× <�−6

!97< ηπ� ! ".? ± �.6 #× <�−D

!979 η′π� ! ".� ± �.? #× <�−D

!978 η′ρ� < 9.9 × <�−6 ';F?�I

!97" ηρ� ! :." ± 9.9 #× <�−D

!976 φπ� < ".< × <�−7 ';F?�I

!97D φρ� < <.D × <�−6

!977 ���π� < 6.: × <�−D ';F?�I

!97: π�π�π�π−π− < :.D × <�−" ';F?�I

!97? ρ� �<�.$'�
� < D.9 × <�−" ';F?�I

!9:� ρ� �9�./$�
� < 7.9 × <�−" ';F?�I

!9:< π�π�π�π−π−π� < D.8 × <�−8 ';F?�I

!9:9 �<�.$'�
� �<�.$'�

� < <.8 I ';F?�I

�"��#� �������� ��± �
 ���"��#� �������� ��± �
 ���"��#� �������� ��± �
 ���"��#� �������� ��± �
 ��

�± F �± �
 π±

!9:8 ��π� ! <.D � �.7
− �.D #× <�−6

!9:" ω�� ! <.8: � �.97
− �.9" #× <�−6

!9:6 ��
 � ������
� < ".? × <�−6 ';F?�I

0���
� �
 ��0���
� �
 ��0���
� �
 ��0���
� �
 ��

!9:D 		π� ! 8.< � �.:
− �.7 #× <�−D

!9:7 		π��
����
���� < 6.8 × <�−6 ';F?�I

!9:: 		π�π�π− < 6.9 × <�−" ';F?�I

!9:? 		� ! 6.D ± <.� #× <�−D 2F9�"

!9?� ��.%.���	×
0���.%.��� → 	�

-� 1 < ?.< × <�−: ';F?�I

!9?< �
 �$$$�
�× 0��
 �$$$� →

		
-� 1 < ".< × <�−7 ';F?�I

!9?9 	��.1$� < <.6 × <�−D ';F?�I

!9?8 		��
����
���� < :.? × <�−6 ';F?�I

!9?" 		∗�,-$� ! <.�8 � �.8:
− �.88 #× <�−6

!9?6 	� < ".? × <�−7 ';F?�I

!9?D 	�γ ! 9.9 ± �.D #× <�−D

!9?7 	� γ < ".D × <�−D ';F?�I

!9?: 	�π�π− < 9.� × <�−" ';F?�I

!9?? ��π� < 9.: × <�−D ';F?�I

!8�� ��� ! 9.? � <.�
− �.: #× <�−D

!8�< �� 	 < 8.: × <�−" ';F?�I

!8�9 ���	 < <.6 × <�−" ';F?�I

!8�8 �� 		 < <.6 × <�−6 ';F?�I

!8�" �∗�$�.�� 		 < <.6 × <�−6 ';F?�I

!8�6 �−
� 	π� ! 9.< ± �.7 #× <�−"

!8�D �−
� 	π�π� ! <.: ± �.D #× <�−8

!8�7 �−
�
	π�π�π− ! 9.8 ± �.7 #× <�−8

!8�: �−
�
	π�π�π−π� < <.8" I ';F?�I

!8�? � � �$&11
� 	 < : × <�−6 ';F?�I

!8<� � � �$1$�
� 	 < ".D × <�−6 ';F?�I

!8<< � � �$&11
� 	π� ! "." ± <.: #× <�−"

!8<9 � � �$&11
� 	π−π� ! "." ± <.7 #× <�−"

!8<8 � � �$&11
−− 	π�π� ! 9.: ± <.9 #× <�−"

!8<" �� �$1-/
−/�� �$'$1

− 	π� < <.? × <�−" ';F?�I

����
� ������ �(�4�� ���  
� ����
� �(�4�� �� )�
�����# �
 ��� 
�����
� ������ �(�4�� ���  
� ����
� �(�4�� �� )�
�����# �
 ��� 
�����
� ������ �(�4�� ���  
� ����
� �(�4�� �� )�
�����# �
 ��� 
�����
� ������ �(�4�� ���  
� ����
� �(�4�� �� )�
�����# �
 ��� 
�

5� � . 6��7 ��(���� �(����� ��� �
 ��5� � . 6��7 ��(���� �(����� ��� �
 ��5� � . 6��7 ��(���� �(����� ��� �
 ��5� � . 6��7 ��(���� �(����� ��� �
 ��

!8<6 π� �� �− �� < 8.? × <�−8 ';F?�I

!8<D π�µ�µ− �� < ?.< × <�−8 ';F?�I

!8<7 π� ν ν �� < <.� × <�−" ';F?�I

!8<: � �� �− �� ! :.� � 9.9
− <.? #× <�−7 2F<�"

!8<? �µ�µ− �� ! 8." � <.?
− <." #× <�−7 2F<�7

!89� � 	� 	− �� -�1 ! 6.8 ± <.< #× <�−7

!89< �ν ν �� < 6.9 × <�−6 ';F?�I

!899 ∗�,-$� �� �− �� < ".D × <�−D ';F?�I

!898 ∗�,-$�µ�µ−
�� < 9.9 × <�−D ';F?�I

!89" ∗�,-$� 	� 	− �� -�1 < 9.9 × <�−D ';F?�I

!896 π� ��µ− �� < D." × <�−8 ';F?�I

!89D π� �−µ� �� < D." × <�−8 ';F?�I

!897 � ��µ− �� < : × <�−7 ';F?�I

!89: � �−µ� �� < D." × <�−8 ';F?�I

!89? ∗�,-$� �±µ∓ �� < 7.? × <�−D ';F?�I

!88� π− �� �� � < <.D × <�−D ';F?�I

!88< π−µ�µ� � < <." × <�−D ';F?�I

!889 π− ��µ� � < <.8 × <�−D ';F?�I

!888 ρ− �� �� � < 9.D × <�−D ';F?�I

!88" ρ−µ�µ� � < 6.� × <�−D ';F?�I

!886 ρ− ��µ� � < 8.8 × <�−D ';F?�I

!88D − �� �� � < <.� × <�−D ';F?�I

!887 −µ�µ� � < <.: × <�−D ';F?�I

!88: − ��µ� � < 9.� × <�−D ';F?�I

!88? ∗�,-$− �� �� � < 9.: × <�−D ';F?�I

!8"� ∗�,-$−µ�µ� � < :.8 × <�−D ';F?�I

!8"< ∗�,-$− ��µ� � < "." × <�−D ';F?�I

*�+ �� 	 �� ������ �� � 
� � µ �
 �� �
� � �(� 
)�� �"��� �
 ��8

*�+ �� ���±. �� ������ �"� ���2. �� ���−. ��#�������� 
	 �"� ��9��

������8

*� + �  ��
��� �� 
� ��8

*� + �∗�
CP�  ����� ���
 ��π� 6��" �"� �� ���
����(��� �� ��9�)�� ��#��9

������ �− �� π�π−8
*�+ 
 �/,%$� �� � "��
�"������ �"��#� ������� 
	 �"� 
 �/,%$8

*� + ��.%.��� �� � �
���4�� ����
6 �����:(��7 ����� �� � �$$$� �� �
�
���4�� #�(�4��� ���
�����8

����;<����� ��; ����<��;�������;<����� ��; ����<��;�������;<����� ��; ����<��;�������;<����� ��; ����<��;���

�� 
#����� $� �
 % ��������& ����
	 �	�	 '' ���	�������	 ��� 
��

�
�	������ �
 ��������� % ���������	� ��� 
#����� $� ��	 � χ9 (
)�* +
� , ��&���	 
+ +����
��

��� +
��
���& ��������	�
 ����" �������	 ��� ��� �
�������
� �
�Æ�����	〈
δ�iδ�j

〉
�-δ�i·δ�j./ �� �������/ +�
� ��� $� �
 ��� ��������& +�����
�	/ �i ≡

0i�0������ ��� $� �
�	�����	 ��� �i ��
	� �����	 ������ �� ���	 ����" �
 	�� �


���

�<D9 *1

�<"D

�� 0<���=��> <�;����� 0<���=��> <�;����� 0<���=��> <�;����� 0<���=��> <�;���

!
(
	�ν� ����"��#

)
?!����� !<?!!

(
	�ν� ����"��#

)
?!����� !<?!!

(
	�ν� ����"��#

)
?!����� !<?!!

(
	�ν� ����"��#

)
?!����� !<?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

<�.? ±�." @A& �C)&�5)<�.? ±�." @A& �C)&�5)<�.? ±�." @A& �C)&�5)<�.? ±�." @A& �C)&�5)

<<.<6±�.9D±�."< <" @(�%) �6 %);; �� �− → �!"�#

<�.96±�.67±�.D6 <6 �&*A2@ ?7 ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<�.< ±<.: ±<.6 �*0�3�2 ?" ';)9 2	�� �� �&*A2@ ?7

<"*�� ����	
������ �
� �������� �
 ���
$�� ��� ��	�
�� � ������ ��
���� 
���� � ��������
����� ����� �� �����
��� ���� ������	� ����� ��D 5�C�� �� ��� � 
��� 
���� ��� ����



���� � %!�� → �� ν� � #�%!�
� → �� ν� � # F <.�: ± �.�6 ± �.�9�

<6�&*A2@ ?7 	��� ��
���� 
������
	����� � � → �∗ �ν� ��� ����	���� ������������
�
������$ 
���� 
�� %�&B20 ?D� !�.<�"? ± �.��<7 ± �.��"8#�

!
(
�� 	�ν�

)
?!����� !9?!!

(
�� 	�ν�

)
?!����� !9?!!

(
�� 	�ν�

)
?!����� !9?!!

(
�� 	�ν�

)
?!����� !9?!

� F � �
 µ� ��� �	� ���
 � ��� µ ������
����� ��	�
��� �� ��	� 	�

���

�.�9<6±�.��99 @A& �C)&�5)�.�9<6±�.��99 @A& �C)&�5)�.�9<6±�.��99 @A& �C)&�5)�.�9<6±�.��99 @A& �C)&�5)

�.�99<±�.��<8±�.��<? <D %�&*);* ?? ';)9 �� �− → �!"�#

�.�<D ±�.��D ±�.��8 <7 4A;*@3 ?< ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�<?"±�.��<6±�.��8" <: �*0�3�2 ?7 ';)9 &���� �� %�&*);* ??



�	��	��	��	�

��� ��� �� ���� 	
� ���������	
�� �	��	��

�±

<D���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
<7 4A;*@3 ?< ���	��� �H	�� �
��	����� � ���� ��� ���− �� ��� �!"�#�
<:�*0�3�2 ?7 	��� ������$ ���
$� ��� ������$ ������	� �� 
������
	�� ��	�
����

!
(
�∗�$��%� 	�ν�

)
?!����� !8?!!

(
�∗�$��%� 	�ν�

)
?!����� !8?!!

(
�∗�$��%� 	�ν�

)
?!����� !8?!!

(
�∗�$��%� 	�ν�

)
?!����� !8?!

� F � �
 µ� ��� �	� ���
 � ��� µ ������
����� ���� ��	�
��� �� ��	� 	�

���

�.�D6 ±�.��6 @A& �C)&�5)�.�D6 ±�.��6 @A& �C)&�5)�.�D6 ±�.��6 @A& �C)&�5)�.�D6 ±�.��6 @A& �C)&�5)

�.�D6�±�.��9�±�.��"8 <? �.�� �8 ';)9 �� �− → �!"�#

�.�DD ±�.�<D ±�.�<6 9� �;%&)'0* ?9	 �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�D6�±�.��9�±�.��"8 9< %&B)&) �9 ';)9 �� �− → �!"�#

�.�6<8±�.��6"±�.��D" 8�9 99 %�&B20 ?6 ';)9 &���� �� �.�� �8

���� 8?: 98 2�350)&� ?8 ';)9 �� �− → �!"�#

�.�"< ±�.��: ��.��:
−�.��?

9" 4A;*@3 ?< ';)@ �� �− → �!"�#

�.�7� ±�.�<: ±�.�<" 96 �3*&)�2L�3 ?�� '%�; �� �− → �!"�#

<? 2��	������	� ����	
������ � ���� �� → �∗!9�<�#− �ν ��� �� → �!9��7#� �ν�
9��;%&)'0* ?9	 
���
�� �.�6:±�.�<"±�.�<8� E� 
������ 	���$ ��� ������ ����
���� ��

2*@3) ?" �	� ���� ��� 	������ �.5 ?" %!�� → �−π�#� ���	��� �H	�� �
��	�����

� ���� ��� ���− �� ��� �!"�#�
9<*�� 
��	��� �
� ����� �� ��� ���� �������� ��� ���� ������ 
���
��� �� �.�� �8�
99%�&B20 ?6 	�� %!�� → �−π�# F !8.?< ± �.�: ± �.<7#I ��� %!�∗� → ��π�#

F !D8.D ± 9.8 ± 8.8#I�
98'�������$ �∗� �� ν� ��� �∗− �� ν� 2�350)&� ?8 ���� �−� ��
	��	
� ��� =� ���

����� ��$	��
 ����
��	����� �� ������ ��� F 8�"∗!K− − K�#�K F �.<" ± �.�D ± �.�8�
���	���$ � ���	� � ��� � ���� ����	
� �� �<� ��� �9� ��� ��
�� �
� ����
� �
 ���

�∗ �ν� ������ ���
� 
��	��� �
� ���$���� ��������� �� ����� ���	��������
9"���	��� �H	�� �
��	����� � ���� ��� ���− �� ��� �!"�#� A���

����� �
 � ���

�∗ �
������$ 
���� ���	��������
96�3*&)�2L�3 ?�� �� ���
�$� ���
 � ��� �∗!9�<�# ���
$� �������

!
(
�<�$&$�

� 	�ν�

)
?!����� !"?!!

(
�<�$&$�
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�.�?:±�.�<9±�.�<"�.�?:±�.�<9±�.�<"�.�?:±�.�<9±�.�<"�.�?:±�.�<9±�.�<" 6< �A%)&*�%) �"� %�%& �� �− → �!"�#
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	����$ ��� � ��� ���
����$ �
 � 
������
	����
���
��� ��
����� �� ��� 
��� � ��� ������ *�� ���� �

�
 ����	��� ���������� ��� ���
�
�
������$ 
���� 	���
���������

!
(
��


)
?
[
!
(
��


)
2!

(
�−


)]
!99?�!992!98!

(
��


)
?
[
!
(
��


)
2!

(
�−


)]
!99?�!992!98!

(
��


)
?
[
!
(
��


)
2!

(
�−


)]
!99?�!992!98!

(
��


)
?
[
!
(
��


)
2!

(
�−


)]
!99?�!992!98

����� ��	�
��� �� ��	� 	�

���

�.97:±�.�69±�.��?�.97:±�.�69±�.��?�.97:±�.�69±�.��?�.97:±�.�69±�.��? �A%)&*�%) �"� %�%& �� �− → �!"�#
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�.<"8±�.�<D��.�6<
−�.�8"

�.<"8±�.�<D��.�6<
−�.�8"�.<"8±�.�<D��.�6<
−�.�8"

�.<"8±�.�<D��.�6<
−�.�8"

69 �A%)&*�%) �"� %�%& �� �− → �!"�#
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<�.�99<�.�99<�.�99<�.�99 ?� 68 �A%)&*�%) �"� %�%& �� �− → �!"�#
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<�.<9D<�.<9D<�.<9D<�.<9D ?� �A%)&*�%) �"� %�%& �� �− → �!"�#
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�.�9?±�.��:��.�<<
−�.��7

�.�9?±�.��:��.�<<
−�.��7�.�9?±�.��:��.�<<
−�.��7

�.�9?±�.��:��.�<<
−�.��7

6" �A%)&*�%) �"� %�%& �� �− → �!"�#
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�.�86±�.��:��.�<8
−�.��?

�.�86±�.��:��.�<8
−�.��?�.�86±�.��:��.�<8
−�.��?

�.�86±�.��:��.�<8
−�.��?

66 �A%)&*�%) �"� %�%& �� �− → �!"�#
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�."69±�.�?�±�.��8�."69±�.�?�±�.��8�."69±�.�?�±�.��8�."69±�.�?�±�.��8 �A%)&*�%) �"� %�%& �� �− → �!"�#
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�.?:8±�.�8���.�6"
−�.�6<

�.?:8±�.�8���.�6"
−�.�6<�.?:8±�.�8���.�6"
−�.�6<

�.?:8±�.�8���.�6"
−�.�6<

6D �A%)&*�%) �"� %�%& �� �− → �!"�#
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�.88�±�.�99��.�66
−�.�87

�.88�±�.�99��.�66
−�.�87�.88�±�.�99��.�66
−�.�87

�.88�±�.�99��.�66
−�.�87

67 �A%)&*�%) �"� %�%& �� �− → �!"�#
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<.8<8±�.�87��.�::
−�.�76

<.8<8±�.�87��.�::
−�.�76<.8<8±�.�87��.�::
−�.�76

<.8<8±�.�87��.�::
−�.�76

6: �A%)&*�%) �"� %�%& �� �− → �!"�#

6:)����� �
� �������� �� ���������� 
������
	����$ ��� � ��� ���
����$ �
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������
	����
���
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���������
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)
?!����� !8<?!!
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)
?!����� !8<?!!

(
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)
?!����� !8<?!!

(
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)
?!����� !8<?!

����� ����� ��−�� ���� ��	�
��� �� ��	� 	�

���

".?9±�.9� @A& �C)&�5)".?9±�.9� @A& �C)&�5)".?9±�.9� @A& �C)&�5)".?9±�.9� @A& �C)&�5)

".:D±�.97±�.�? 6? �A%)&*�% �"� %�%& �� �− → �!"�#

".?7±�.<9±�.9? D�,D< �0�). �9� ';)9 �� �− → �!"�#

6.� ±�.7 ±�.D 6" D9 %@&*@;)**@?9 ';)@ �� �− → �!"�#

6." �<.:
−<.6

�<.9
−�.? <" D8 %)%)( :7 ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
6.6 ±�." ±�.6 8�" D" �;�� ?" ';)9 &���� ��

�0�). �9�
9.� ±�.: ±�.D <9 D9 �;%&)'0* ?�� �&5 �� �− → �!"�#

<.? ±<.� ±�.D 7 D6 �;%&)'0* ::� �&5 �� �− → �!"�#

6?�A%)&*�% �"� 
���
�� -%!�� → ��π�# × %!�� → �−π�#1 F !<.:"D ± �.�89 ±
�.�?7#×<�−"� E� ������ �� �	
 ���� ���	� %!�� → �−π�# F !8.:�± �.�7#×<�−9�
@	
 =
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�����M� �

�
 ��� �	
 ������ �
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 �� ��� ���������� �
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��
	���$ �	
 ���� ���	��

D����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
D<�0�). �9� 
���
�� �� ���������� 	���
������ �� ��� �
������$ 
����� �� ����	�� �


".6I 	���
������ �� 
������� �
��	����� � �� ��� ��� ����� �� ��� ����	��� ��
��
D9���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	��� ��� ��
, BBB �
������$


������� �
 ��� ��
D8%)%)( :7 ���	� ��� ���� 	������ �� %)&();��3 ?< �� 	�� ���� ���	������� ��

����� �
 %@&*@;)**@ ?9�
D"�;�� ?" ���	�� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� ';)@ BB

�����	�� %!�� → �−π�# ��� ��� �.5 <??9 %!�� → �−π�π�#�%!�� → �−π�#

��� %!�� → �−π�π�π−#�%!�� → �−π�#�
D6�;%&)'0* ::� ���	��� ��������− 
���� �� "6�66� 2	��
����� �� �;%&)'0* ?���
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)
?!����� !8"?!!
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?!����� !8"?!!
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?!����� !8"?!!
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)
?!����� !8"?!

����� ���� ��	�
��� �� ��	� 	�
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�.�<8"±�.��<: @A& �C)&�5)�.�<8"±�.��<: @A& �C)&�5)�.�<8"±�.��<: @A& �C)&�5)�.�<8"±�.��<: @A& �C)&�5)

�.�<86±�.��<9±�.��<6 9<9 DD �;�� ?" ';)9 �� �− → �!"�#

�.�<8 ±�.��" ±�.��" <? D7 �;%&)'0* ?�� �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�9< ±�.��: ±�.��? <� D: �;%&)'0* ::� �&5 �� �− → �!"�#

DD�;�� ?" ���	�� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� ';)@ BB

�����	�� %!�� → �−π�# ��� ��� �.5 <??9 %!�� → �−π�π�#�%!�� → �−π�#

��� %!�� → �−π�π�π−#�%!�� → �−π�#�
D7���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	��� ��� ��
, BBB �
������$


������� �
 ��� ��
D:�;%&)'0* ::� ���	��� ��������− 
���� �� "6�66�
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".�:±�.9" @A& �C)&�5)".�:±�.9" @A& �C)&�5)".�:±�.9" @A& �C)&�5)".�:±�.9" @A& �C)&�5)

".�?±�.9�±�.<7 D? �A%)&* �"� %�%& �� �− → �!"�#

".? ��.:
−�.7 ±�.9 7� %@&30)B� �8 ';)9 �� �− → �!"�#

8.: ±�." ±�.9 7<,79 2E�B3 �8 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
".D ±�.D ±�.9 7<,78 �%) �8
 %);; &���� �� 2E�B3 �8

".<?±�.67±�."� 7" �%) �< %);; &���� �� �%) �8


9.?9±�.:�±�.9: 76 �*0�3�2 ?: ';)9 &���� �� %@&30)B� �8

D?�A%)&* �"� 
���
�� -%!�� → ����# / %!�� → ��π�#1 F !:8< ± 86 ± 9�#×
<�−"� E� �	������ �� �	
 ���� ���	� %!�� → ��π�# F !".?9 ± �.9�#× <�−8� @	
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7�%@&30)B� �8 
���
�� -%!�� → ����# / %!�� → ��π�#1 F !??��<"�
−<9�

�7�
−D�#×

<�−"� E� �	������ �� �	
 ���� ���	� %!�� → ��π�# F !".?9 ± �.9�#× <�−8� @	
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7< 4����
 �����=� �� ����� �� 
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	���� ��� �� → �−π��
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792E�B3 �8 
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�� -%!�� → ����# / %!�� → ��π�#1 F !77�± 6�± D�#×<�−"�

E� �	������ �� �	
 ���� ���	� %!�� → ��π�# F !".?9 ± �.9�# × <�−8� @	
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78�%) �8
 
���
�� -%!�� → ����# / %!�� → ��π�#1 F !?"� ± ?� ± 7�#×<�−"�

E� �	������ �� �	
 ���� ���	� %!�� → ��π�# F !".?9 ± �.9�# × <�−8� @	
 =
��
�

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$
�	
 ���� ���	��

7"�%) �< 
���
�� %!�� → ����#�%!�� → ��π�#F �.�7? ± �.��? ± �.��D� E�

�	������ �� �	
 ���� ���	� %!�� → ��π�#F !6.8 ± �.6# × <�−8� @	
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76�*0�3�2 ?: 
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�� -%!�� → ����#1�-%!�� → ��π�#1 F�.�66±�.�<"±�.��6�

E� �	������ �� �	
 ���� ���	� %!�� → ��π�#F !6.8 ± �.6#× <�−8� @	
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�� �

�

�� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$ �	

���� ���	��

!
(
���!�<#

�
)
?!����� !8D?!!

(
���!�<#

�
)
?!����� !8D?!!

(
���!�<#

�
)
?!����� !8D?!!

(
���!�<#

�
)
?!����� !8D?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���
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�.�?"±�.�<6±�.��7 7: �%) �D %);; �� �− → �!"�#

�.�::±�.�<D±�.��6 7? �A%)&* �"� %�%& �� �− → �!"�#
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<�.�9?<�.�9?<�.�9?<�.�9? ?� :9 �A%)&* �6� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<�.�"" ?� :8 2�B5@ �6 %);; �� �− → �!"�#

<�.�9D ?� :" �A%)&*�% �"! %�%& &���� �� �A%)&* �6�
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∣∣�!�� →
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−<.7 ±

�.6#× <�−7� E� ������ �� �	
 ���� ���	� %!�� → �−π�# F !8.:� ± �.�7#× <�−9�
@	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�


�� 	���$ �	
 ���� ���	��

!
(
*π�π−π� +�

−)
?!����� !"8?!!

(
*π�π−π� +�

−)
?!����� !"8?!!

(
*π�π−π� +�

−)
?!����� !"8?!!

(
*π�π−π� +�

−)
?!����� !"8?!

����� ����� ��−#� ��	�
��� �� ��	� 	�

���
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D.8±�.: @A& �C)&�5)D.8±�.: @A& �C)&�5)D.8±�.: @A& �C)&�5)D.8±�.: @A& �C)&�5)

D.8±�.7±�.6 :7 �A%)&* �"� %�%&
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<.86±�.99 @A& �C)&�5)<.86±�.99 @A& �C)&�5)<.86±�.99 @A& �C)&�5)<.86±�.99 @A& �C)&�5)

<.96±�.�:±�.99 ?7 �%) �"
 %);; �� �− → �!"�#

<.? ±�.7 ±�.8 <" ?: �;�� ?" ';)9 �� �− → �!"�#

9.D ±<." ±�.7 << ?? �;%&)'0* ?�� �&5 �� �− → �!"�#

9." �<.7
−<.D

�<.�
−�.D 8 <�� %)%)( :7 ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<". ?� <�< %@&*@;)**@?9 ';)@ �� �− → �!"�#

6. ±9. ±8. 7 <�9 �;%&)'0* :7	 �&5 �� �− → �!"�#

?7���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
?:�;�� ?" ���	�� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� ';)@ BB

%!�∗!9�<�#� → ��π�# ��� �����	�� %!�� → �−π�# ��� ��� �.5 <??9 %!�� →
�−π�π�#�%!�� → �−π�# ��� %!�� → �−π�π�π−#�%!�� → �−π�#�

??���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	��� ��� ��
, BBB �
������$

������� �
 ��� ��

<��%)%)( :7 ���	� ��� ���� 	������ �� %)&();��3 ?< �� 	�� ���� ���	������� ��
����� �
 %@&*@;)**@ ?9�

<�<%@&*@;)**@ ?9 ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	���

��
, BBB �
������$ 
������� �
 ��� � ��� �∗!9�<�#� *�� �	���
� ���� =�� ��� �
��	��

�
������$ 
������ ���� �∗∗π ������� �� �∗∗ → �∗!9�<�#π �� �� �.��<"��.���:
−�.���D ±

�.���8 ���
� �∗∗ 
��
������ ��� �
������� ������� � �������
<�9�;%&)'0* :7	 	�� �.5 :D �
������$ 
����� �
 � ��� �∗!9�<�# ��� ���	��

%!�!"�# → ���−# F 66I ��� %!�!"�# → ����# F "6I� 2	��
����� �� �;�
%&)'0* ?���

!
(
�−π�π�

)
?!����� !66?!!

(
�−π�π�

)
?!����� !66?!!

(
�−π�π�

)
?!����� !66?!!

(
�−π�π�

)
?!����� !66?!

����� ����� ��−�� 	� ���� ��	�
��� �� ��	� 	�

���

<.�9±�.�"±�.<6<.�9±�.�"±�.<6<.�9±�.�"±�.<6<.�9±�.�"±�.<6 <�8 �%) �"
 %);; �� �− → �!"�#
• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<." ?� <�" �;�� ?" ';)9 �� �− → �!"�#

<7 ?� <�6 %@&*@;)**@?9 ';)@ �� �− → �!"�#

9.6 �".<
−9.8

�9."
−�.: < <�D %)%)( :7 ';)@ �� �− → �!"�#

<�8���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
<�"�;�� ?" ���	�� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� ��
, BBB

%!�� → �−π�π�#�
<�6%@&*@;)**@ ?9 ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	���

��
, BBB �
������$ 
������� �
 ��� �� *�� �
��	�� �
������$ 
������ ���� �∗�!98"�#π
������� �� �∗�!98"�# → �π �� < �.��6 �� ?�I'; ��� ���� �∗9!9"D�# ������� ��

�∗9!9"D�# → �π �� < �.��" �� ?�I';�
<�D%)%)( :7 ���	�� ��� �!"�# ������ "8I �� ����� %!�− → ��π−π−# F !?.< ±

<.8 ± �."#I �� ���	����

!
(
���

)
?!����� !6D?!!

(
���

)
?!����� !6D?!!

(
���

)
?!����� !6D?!!

(
���

)
?!����� !6D?!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

<6.�<6.�<6.�<6.� ?� <�7 �A%)&*�% �6� %�%& �� �− → �!"�#

<�7���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�∗�$��%�π�

)
?!����� !67?!!

(
�∗�$��%�π�

)
?!����� !67?!!

(
�∗�$��%�π�

)
?!����� !67?!!

(
�∗�$��%�π�

)
?!����� !67?!

����� ���� ��	�
��� �� ��	� 	�

���

�.��"D ±�.���" @A& �C)&�5)�.��"D ±�.���" @A& �C)&�5)�.��"D ±�.���" @A& �C)&�5)�.��"D ±�.���" @A& �C)&�5)

�.��"8"±�.���"7±�.���<: <�: %&�3.)3%��� ?: ';)9 �� �− → �!"�#

�.��69 ±�.���7 ±�.���7 7< <�? �;�� ?" ';)9 �� �− → �!"�#

�.��79 ±�.��<: ±�.��<D <<� %@&*@;)**@?9 ';)@ �� �− → �!"�#

�.��"� ±�.��<" ±�.��<9 ? <<� �;%&)'0* ?�� �&5 �� �− → �!"�#
• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.��97 ±�.��"" <<< %)%)( :7 ';)@ �� �− → �!"�#

<�:%&�3.)3%A&5 ?: ���	�� �H	�� �
��	����� � �� ��� �� �� �!"�# ��� 	�� ��� �∗

������
	����� ������H	�� *�� =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� ��� ������ �

�


�� ��� ���������� �

�
 
�� ��� �.5 ?D ���	� � %!�∗ → �π#�
<�?�;�� ?" ���	�� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� ';)@ BB

%!�∗!9��7#� → ��π�# ��� �����	�� %!�� → �−π�# ��� ��� �.5 <??9 %!�� →
�−π�π�#�%!�� → �−π�# ��� %!�� → �−π�π�π−#�%!�� → �−π�#�

<<����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	��� ��
, BBB �
������$


������� �
 ��� � ��� �∗!9�<�#�
<<<*��� �� � ��
���� �
������$ 
����� 	���$ ��� ����	���� ���� �����
	� ��� ����
 ��������

� ������� %)%)( :7 ���	�� ��� �!"�# ������ "8I �� �����

!
(
�∗�$��%�ωπ�

)
?!����� !D�?!!

(
�∗�$��%�ωπ�

)
?!����� !D�?!!

(
�∗�$��%�ωπ�

)
?!����� !D�?!!

(
�∗�$��%�ωπ�

)
?!����� !D�?!

����� ��	�
��� �� ��	� 	�

���

�.��"6±�.��<�±�.���7�.��"6±�.��<�±�.���7�.��"6±�.��<�±�.���7�.��"6±�.��<�±�.���7 <<9 �;)G�3.)& �<� ';)9 �� �− → �!"�#

<<9���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#� *�� ��$��� �� ���������� ����

��� ����
��� ωπ� �����$ �
������� ��
�	$� ��� ρ′� 
�������� �� ���� <8"? ± 96�<�
− 6

��C ��� ����� 6"7 ± :D�"D
−"6 ��C�

!
(
�∗�$��%� ρ�

)
?!����� !D<?!!

(
�∗�$��%� ρ�

)
?!����� !D<?!!

(
�∗�$��%� ρ�

)
?!����� !D<?!!

(
�∗�$��%� ρ�

)
?!����� !D<?!

����� ���� ��	�
��� �� ��	� 	�

���

�.��?:±�.��<7 @A& �C)&�5)�.��?:±�.��<7 @A& �C)&�5)�.��?:±�.��<7 @A& �C)&�5)�.��?:±�.��<7 @A& �C)&�5)

�.��?:±�.���D±�.��<7 <<8 '2@&3� �8 ';)9 �� �− → �!"�#

�.�<� ±�.��D ±�.��" 7 <<" �;%&)'0* ?�� �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�<D:±�.��9<±�.��9: :D <<6 �;�� ?" ';)9 �� �− → �!"�#

<<8���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# 
��������� *�� ������ �

�

�������� ��� ���������� ��� ����
������ 	���
�������� �� H	��
��	
�� '2@&3� �8 ���
��	��� ���� 	��� �� �;�� ?"� � 	�� ��$	��
 =� �� ��
�� ������� �������� ������	��� ��
��
�
����

<<"���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	��� ��
, BBB �
������$


������� �
 ��� � ��� �∗!9�<�#�
<<6�;�� ?" ���	�� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� ';)@ BB

%!�∗!9��7#� → ��π�# ��� �����	�� %!�� → �−π�# ��� ��� �.5 <??9 %!�� →
�−π�π�#�%!�� → �−π�# ��� %!�� → �−π�π�π−#�%!�� → �−π�#� *��

���
������� π�π� ����
��	���� 	���
 ��� ρ� �� ��$��$�����

!
(
�∗�$��%��

)
?!����� !D9?!!

(
�∗�$��%��

)
?!����� !D9?!!

(
�∗�$��%��

)
?!����� !D9?!!

(
�∗�$��%��

)
?!����� !D9?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

8.7 ±�." @A& �C)&�5)8.7 ±�." @A& �C)&�5)8.7 ±�." @A& �C)&�5)8.7 ±�." @A& �C)&�5)

8.79��.97
−�.98±�.86 <<D �A%)&* �6� %�%& �� �− → �!"�#

8.6?±�.?7±�.8< <<7 �%) �< %);; �� �− → �!"�#

<<D�A%)&* �6� 
���
�� -%!�� → �∗!9��7#���# / %!�� → �∗!9��7#�π�#1 F

�.�:<8 ± �.��"���.��"9
−�.��8<� E� �	������ �� �	
 ���� ���	� %!�� → �∗!9��7#�π�# F

!".D ± �."# × <�−8� @	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 ��
��� ���������� �

�
 
�� 	���$ �	
 ���� ���	��

<<7�%) �< 
���
�� %!�� → �∗!9��7#���#�%!�� → �∗!9��7#�π�#F �.�7: ±
�.�<? ± �.��?� E� �	������ �� �	
 ���� ���	� %!�� → �∗!9��7#�π�#F !".D ±
�."#×<�−8� @	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� ��� ������ �

�
 �� ����������
�

�
 
�� 	���$ �	
 ���� ���	��

!
(
�∗�

CP !�<#
�

)
?!

(
�∗�

CP !�<#π
�

)
!D8?!6:!

(
�∗�

CP !�<#
�

)
?!

(
�∗�

CP !�<#π
�

)
!D8?!6:!

(
�∗�

CP !�<#
�

)
?!

(
�∗�

CP !�<#π
�

)
!D8?!6:!

(
�∗�

CP !�<#
�

)
?!

(
�∗�

CP !�<#π
�

)
!D8?!6:

����� ��	�
��� �� ��	� 	�

���

�.�?6±�.�<7 @A& �C)&�5)�.�?6±�.�<7 @A& �C)&�5)�.�?6±�.�<7 @A& �C)&�5)�.�?6±�.�<7 @A& �C)&�5)

�.<< ±�.�9 ±�.�9 <<: �%) �D %);; �� �− → �!"�#

�.�:D±�.�9<±�.��7 <<? �A%)&* �6� %�%& �� �− → �!"�#

<<:&���
�� � ��	��� 
���� � %!�� → !D∗
CP !�<#

#���#�%!�� → !D∗
CP !�<#

#�π�#

��� %!�� → �∗���#�%!�� → �∗�π�#� <."< ± �.96 ± �.�D� E� �	������ �� �	


���� ���	� � %!�� → �∗���#�%!�� → �∗�π�# F �.�:� ± �.�<<� @	
 =
�� �

�

�� ����
 ����
�����M� �

�
 ��� ��� ������ �

�
 �� ���������� �

�
 
�� 	���$ �	
 ����
���	��

<<?A��� �∗� → ��π� ���� �� 
������
	���� �� ��� ������� ��$�������� ���− ���

π�π−�

!
(
�∗�

CP !−<#
�

)
?!

(
�∗�

CP !−<#π
�

)
!D"?!6?!

(
�∗�

CP !−<#
�

)
?!

(
�∗�

CP !−<#π
�

)
!D"?!6?!

(
�∗�

CP !−<#
�

)
?!

(
�∗�

CP !−<#π
�

)
!D"?!6?!

(
�∗�

CP !−<#
�

)
?!

(
�∗�

CP !−<#π
�

)
!D"?!6?

����� ��	�
��� �� ��	� 	�

���

�.�?±�.�8 ±�.�<�.�?±�.�8 ±�.�<�.�?±�.�8 ±�.�<�.�?±�.�8 ±�.�< <9� �%) �D %);; �� �− → �!"�#

<9�&���
�� � ��	��� 
���� � %!�� → !D∗
CP !−<#

#���#�%!�� → !D∗
CP !−<#

#�π�#

��� %!�� → �∗���#�%!�� → �∗�π�#� <.<6 ± �.8< ± �.<9� E� �	������ �� �	


���� ���	� � %!�� → �∗���#�%!�� → �∗�π�# F �.�:� ± �.�<<� @	
 =
�� �

�

�� ����
 ����
�����M� �

�
 ��� ��� ������ �

�
 �� ���������� �

�
 
�� 	���$ �	
 ����
���	��

!
(
�∗�$��%�∗�,-$�

)
?!����� !D6?!!

(
�∗�$��%�∗�,-$�

)
?!����� !D6?!!

(
�∗�$��%�∗�,-$�

)
?!����� !D6?!!

(
�∗�$��%�∗�,-$�

)
?!����� !D6?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

:.<±<." @A& �C)&�5):.<±<." @A& �C)&�5):.<±<." @A& �C)&�5):.<±<." @A& �C)&�5)

:.8±<.<±<.� <9< �A%)&* �"� %�%& �� �− → �!"�#

7.9±9.9±9.D <99 ��0���*&� �9 ';)9 �� �− → �!"�#

<9<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
<99���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� �� 	�����
�+�� =��� ������

!
(
�∗�$��%���

)
?!����� !DD?!!

(
�∗�$��%���

)
?!����� !DD?!!

(
�∗�$��%���

)
?!����� !DD?!!

(
�∗�$��%���

)
?!����� !DD?!

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

<<�.D<<�.D<<�.D<<�.D ?� <98 .&A*2(@L �9 %);; �� �− → �!"�#

<98���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�∗�$��%��∗�,-$�

)
?!����� !D7?!!

(
�∗�$��%��∗�,-$�

)
?!����� !D7?!!

(
�∗�$��%��∗�,-$�

)
?!����� !D7?!!

(
�∗�$��%��∗�,-$�

)
?!����� !D7?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

<6.8±8.<±9.?<6.8±8.<±9.?<6.8±8.<±9.?<6.8±8.<±9.? <9" .&A*2(@L �9 %);; �� �− → �!"�#

<9"���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�∗�$��%�π�π�π−)

?!����� !D:?!!
(
�∗�$��%�π�π�π−)

?!����� !D:?!!
(
�∗�$��%�π�π�π−)

?!����� !D:?!!
(
�∗�$��%�π�π�π−)

?!����� !D:?!

����� ����� ��−�� ���� ��	�
��� �� ��	� 	�

���

<.�8 ±�.<9 @A& �C)&�5)<.�8 ±�.<9 @A& �C)&�5)<.�8 ±�.<9 @A& �C)&�5)<.�8 ±�.<9 @A& �C)&�5)

<.�66±�.�"7±�.<9? <96 ��PA�.)& �" %);; �� �− → �!"�#

�.?" ±�.9� ±�.<7 ":<9D,<97 �;�� ?" ';)9 �� �− → �!"�#
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��� ��� �� ���� 	
� ����� ����	
�� �	��	��

�±

<96���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
<9D�;�� ?" ���	�� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� ';)@ BB

%!�∗!9��7#� → ��π�# ��� �����	�� %!�� → �−π�# ��� ��� �.5 <??9 %!�� →
�−π�π�#�%!�� → �−π�# ��� %!�� → �−π�π�π−#�%!�� → �−π�#�

<97*�� ��
�� ���� ���� �� 
�H	�
�� �� �� ������� <.� ��� <.D 5�C ���������� ���� �� �<
������ !B ���� ������� �� ��������� �� ��

<
� ��� �
������$ 
���� �
 �∗� ��

<
�� �����

���� �
 �∗�π�π�π−�#

!
(
�∗�$��%� �<�.$'��

)
?!����� !D??!!

(
�∗�$��%� �<�.$'��

)
?!����� !D??!!

(
�∗�$��%� �<�.$'��

)
?!����� !D??!!

(
�∗�$��%� �<�.$'��

)
?!����� !D??!

����� ��	�
��� �� ��	� 	�

���
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�−π�π�#�%!�� → �−π�# ��� %!�� → �−π�π�π−#�%!�� → �−π�#�
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• • • E� �� ��� 	�� ��� �������$ ���� �
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�.�"8 ±�.�<8 ±�.�9D 9" <86 �;%&)'0* :7	 �&5 �� �− → �!"�#

<8"�;%&)'0* ?�� 
���
�� �.�<: ± �.��7 ± �.��6 �
 %!�∗!9�<�#� → ��π�# F �.67 ±
�.�D� E� 
������ �� �	
 ���� ���	� %!�∗!9�<�#� → ��π�# F !D7.7 ± �.6# × <�−9�
@	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�



�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ���
	��� ��
, BBB �
������$ 
������� �
 ��� ��

<86�;%&)'0* :7	 	�� �.5 :D �
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 � ��� �∗!9�<�# ��� ���	��
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�.�<�?±�.��97 @A& �C)&�5)�.�<�?±�.��97 @A& �C)&�5)�.�<�?±�.��97 @A& �C)&�5)�.�<�?±�.��97 @A& �C)&�5)

�.�<��±�.��9D±�.��<8 <6" 5B%�A* ?D ';)9 �� �− → �!"�#

�.�<6 ±�.��: ±�.��9 <66 �;%&)'0* ?9� �&5 �� �− → �!"�#

�.�<8 ±�.��D ±�.��9 6 <6D %@&*@;)**@?� ';)@ �� �− → �!"�#

<6"5B%�A* ?D 
���
�� �.�<9D ± �.��99± �.��96 �
 %!��
�

→ φπ�# F �.�86� E� 
������

�� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D# × <�−9� @	
 =
�� �

�
 �� ����
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 ������ �

�
 �� ��� ���������� �
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�� 	���$ �	
 ���� ���	��
<66�;%&)'0* ?9� 
���
�� �.�9" ± �.�<9 ± �.��" �
 %!��

�
→ φπ�# F �.�97� E�


������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
�� �

�
 �� ����
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 ������ �

�
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�� 	���$ �	
 ���� ���	��

���	��� �.5 <??� �� �
������$ 
������ ��$�� %!�� → �−π�# F 8.7< ± �.96I�
<6D%@&*@;)**@ ?� 
���
�� �.�9?± �.�<8 �
 %!��

�
→ φπ�# F �.�9� E� 
������ �� �	


���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
�� �

�
 �� ����
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�����M�
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 ��� �	
 ������ �

�
 �� ��� ���������� �
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�� 	���$ �	
 ���� ���	��

!
(
����$/.%

���×0�����$/.%
� → ��

� π�
)
?!����� !:??!!

(
����$/.%

���×0�����$/.%
� → ��

� π�
)
?!����� !:??!!

(
����$/.%

���×0�����$/.%
� → ��

� π�
)
?!����� !:??!!

(
����$/.%

���×0�����$/.%
� → ��

� π�
)
?!����� !:??!
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��� �� ��	� 	�

���

�.7"��.98
−�.<? @A& �C)&�5)�.7"��.98
−�.<? @A& �C)&�5)�.7"��.98
−�.<? @A& �C)&�5)�.7"��.98
−�.<? @A& �C)&�5)

�.:9��.86
−�.9<±�.<< <67,<6: �A%)&*�% �"� %�%& �� �− → �!"�#

�.DD��.97
−�.9"±�.�? <67,<6? (&@(@C3L �8� %);; �� �− → �!"�#

<67���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
<6:�A%)&*�% �"� 
���
�� !<.� ± �.8��."

−�.9#×<�−8 �
 %!��
�

→ φπ�# F �.�8D ± �.��?�

E� 
������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
�� �

�
 ��

����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$ �	
 ����
���	��

<6?(&@(@C3L �8� 
���
�� !�.:<��.8�
−�.97 ± �.9"#× <�−8 �
 %!��

�
→ φπ�# F �.�8D ±

�.��?� E� 
������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D# × <�−9� @	
 =
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�

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �
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�	
 ���� ���	��

!
(
����$/.%

���×0�����$/.%
� → �∗�

� γ
)
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(
����$/.%
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� → �∗�

� γ
)
?!����� !?�?!!

(
����$/.%
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� → �∗�

� γ
)
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(
����$/.%
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� → �∗�

� γ
)
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��� �� ��	� 	�

���

<�.7D<�.7D<�.7D<�.7D ?� <D� (&@(@C3L �8� %);; �� �− → �!"�#

<D����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
����$/.%

��∗�$�.��×0�����$/.%
� → ��

� π�
)
?!����� !?<?!!

(
����$/.%

��∗�$�.��×0�����$/.%
� → ��

� π�
)
?!����� !?<?!!

(
����$/.%

��∗�$�.��×0�����$/.%
� → ��

� π�
)
?!����� !?<?!!

(
����$/.%

��∗�$�.��×0�����$/.%
� → ��

� π�
)
?!����� !?<?!

����� ����� ��−�� ��	�
��� �� ��	� 	�
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�.?±�.D��."
−�.8

�.?±�.D��."
−�.8�.?±�.D��."
−�.8

�.?±�.D��."
−�.8

<D< �A%)&*�% �"� %�%& �� �− → �!"�#

<D<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�sJ �$&1%

���× 0��sJ �$&1%
� → �∗�

� π�
)
?!����� !?9?!!

(
�sJ �$&1%

���× 0��sJ �$&1%
� → �∗�

� π�
)
?!����� !?9?!!

(
�sJ �$&1%

���× 0��sJ �$&1%
� → �∗�

� π�
)
?!����� !?9?!!

(
�sJ �$&1%

���× 0��sJ �$&1%
� → �∗�

� π�
)
?!����� !?9?!
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<."��.D
−�.6 @A& �C)&�5)<."��.D
−�.6 @A& �C)&�5)<."��.D
−�.6 @A& �C)&�5)<."��.D
−�.6 @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�8�

9.9��.:
−�.7±�.8 <D9,<D8 �A%)&*�% �"� %�%& �� �− → �!"�#

<.���.6
−�."±�.< <D9,<D" (&@(@C3L �8� %);; �� �− → �!"�#

<D9���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
<D8�A%)&*�% �"� 
���
�� !9.7 ± �.7�<.�

−�.:#×<�−8 �
 %!��
�

→ φπ�# F �.�8D ± �.��?�

E� 
������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
�� �

�
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 ��� �	
 ������ �

�
 �� ��� ���������� �
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�� 	���$ �	
 ����
���	��

<D"(&@(@C3L �8� 
���
�� !<.<?��.D<
−�."? ± �.8D#× <�−8 �
 %!��

�
→ φπ�# F �.�8D ±

�.��?� E� 
������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D# × <�−9� @	
 =
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 ��� �	
 ������ �
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 ���� ���	��

!
(
�sJ �$&1%

���× 0��sJ �$&1%
� → ��

� γ
)
?!����� !?8?!!

(
�sJ �$&1%

���× 0��sJ �$&1%
� → ��

� γ
)
?!����� !?8?!!

(
�sJ �$&1%

���× 0��sJ �$&1%
� → ��

� γ
)
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(
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� γ
)
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�."7��.<"
−�.<9 @A& �C)&�5)�."7��.<"
−�.<9 @A& �C)&�5)�."7��.<"
−�.<9 @A& �C)&�5)�."7��.<"
−�.<9 @A& �C)&�5)

�."?��.9�
−�.<"±�.�D <D6,<DD �A%)&*�% �"� %�%& �� �− → �!"�#

�."D±�.<6±�.�D <D6,<D7 (&@(@C3L �8� %);; �� �− → �!"�#

<D6���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
<DD�A%)&*�% �"� 
���
�� !�.D ± �.9��.9

−�.<#×<�−8 �
 %!��
�

→ φπ�# F �.�8D ± �.��?�

E� 
������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
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�
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 ��� �	
 ������ �
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�� 	���$ �	
 ����
���	��

<D7(&@(@C3L �8� 
���
�� !�.6D��.<D
−�.<6 ± �.<7#× <�−8 �
 %!��

�
→ φπ�# F �.�8D ±

�.��?� E� 
������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D# × <�−9� @	
 =
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�
 ��� �	
 ������ �
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(
�sJ �$&1%

���× 0��sJ �$&1%
� → ��

�
π�π−

)
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�sJ �$&1%

���× 0��sJ �$&1%
� → ��

� π�π−
)
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(
�sJ �$&1%

���× 0��sJ �$&1%
� → ��

�
π�π−

)
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(
�sJ �$&1%

���× 0��sJ �$&1%
� → ��

� π�π−
)
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���

<�.99<�.99<�.99<�.99 ?� <D: (&@(@C3L �8� %);; �� �− → �!"�#

<D:���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�sJ �$&1%

���× 0��sJ �$&1%
� → ��

�
π�

)
?!����� !?6?!!

(
�sJ �$&1%

���× 0��sJ �$&1%
� → ��

�
π�

)
?!����� !?6?!!

(
�sJ �$&1%

���× 0��sJ �$&1%
� → ��

�
π�

)
?!����� !?6?!!

(
�sJ �$&1%

���× 0��sJ �$&1%
� → ��

�
π�

)
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���

<�.97<�.97<�.97<�.97 ?� <D? (&@(@C3L �8� %);; �� �− → �!"�#

<D?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�sJ �$&1%

���× 0��sJ �$&1%
� → �∗�

� γ
)
?!����� !?D?!!

(
�sJ �$&1%

���× 0��sJ �$&1%
� → �∗�

� γ
)
?!����� !?D?!!

(
�sJ �$&1%

���× 0��sJ �$&1%
� → �∗�

� γ
)
?!����� !?D?!!

(
�sJ �$&1%

���× 0��sJ �$&1%
� → �∗�

� γ
)
?!����� !?D?!
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��� �� ��	� 	�

���

<�.?:<�.?:<�.?:<�.?: ?� <7� (&@(@C3L �8� %);; �� �− → �!"�#

<7����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�sJ �$&1%

��∗�$�.��×0��sJ �$&1%
� → �∗�

� π�
)
?!����� !?7?!!

(
�sJ �$&1%

��∗�$�.��×0��sJ �$&1%
� → �∗�

� π�
)
?!����� !?7?!!

(
�sJ �$&1%

��∗�$�.��×0��sJ �$&1%
� → �∗�

� π�
)
?!����� !?7?!!

(
�sJ �$&1%

��∗�$�.��×0��sJ �$&1%
� → �∗�

� π�
)
?!����� !?7?!

����� ����� ��−�� ��	�
��� �� ��	� 	�
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7.D±<.7�8.9
−9."

7.D±<.7�8.9
−9."7.D±<.7�8.9
−9."

7.D±<.7�8.9
−9."

<7< �A%)&*�% �"� %�%& �� �− → �!"�#

<7<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�sJ �$&1%

��∗�$�.��×0��sJ �$&1%
� → ��

� γ
)
?!����� !?:?!!

(
�sJ �$&1%

��∗�$�.��×0��sJ �$&1%
� → ��

� γ
)
?!����� !?:?!!

(
�sJ �$&1%

��∗�$�.��×0��sJ �$&1%
� → ��

� γ
)
?!����� !?:?!!

(
�sJ �$&1%

��∗�$�.��×0��sJ �$&1%
� → ��

� γ
)
?!����� !?:?!
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<."±�."��.D
−�."

<."±�."��.D
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−�."

<."±�."��.D
−�."

<79 �A%)&*�% �"� %�%& �� �− → �!"�#

<79���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
���sJ �$1/'

�× 0��sJ �$1/'
� → �∗�$��%��

)
?!����� !???!!

(
���sJ �$1/'

�× 0��sJ �$1/'
� → �∗�$��%��

)
?!����� !???!!

(
���sJ �$1/'

�× 0��sJ �$1/'
� → �∗�$��%��

)
?!����� !???!!

(
���sJ �$1/'

�× 0��sJ �$1/'
� → �∗�$��%��

)
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<9<9<9<9 ?� �A%)&* �8& %�%& �� �− → �!"�#

!
(
�∗�$��%��sJ �$1/'

�×0��sJ �$1/'
� → �∗�$��%��

)
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!
(
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� → �∗�$��%��
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!
(
�∗�$��%��sJ �$1/'
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� → �∗�$��%��

)
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!
(
�∗�$��%��sJ �$1/'

�×0��sJ �$1/'
� → �∗�$��%��

)
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<7<7<7<7 ?� �A%)&* �8& %�%& �� �− → �!"�#

!
(
���sJ �$1%/

�× 0��sJ �$1%/
� → ���

)
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(
���sJ �$1%/
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� → ���

)
?!����� !<�<?!!

(
���sJ �$1%/
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� → ���

)
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(
���sJ �$1%/
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� → ���

)
?!����� !<�<?!
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<9<9<9<9 ?� �A%)&* �8& %�%& �� �− → �!"�#

!
(
�∗�$��%��sJ �$1%/

�×0��sJ �$1%/
� → ���

)
?!����� !<�9?!!

(
�∗�$��%��sJ �$1%/

�×0��sJ �$1%/
� → ���

)
?!����� !<�9?!!

(
�∗�$��%��sJ �$1%/

�×0��sJ �$1%/
� → ���

)
?!����� !<�9?!!

(
�∗�$��%��sJ �$1%/

�×0��sJ �$1%/
� → ���

)
?!����� !<�9?!
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<6<6<6<6 ?� �A%)&* �8& %�%& �� �− → �!"�#

!
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)
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)
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�.��79±�.��9D @A& �C)&�5)�.��79±�.��9D @A& �C)&�5)�.��79±�.��9D @A& �C)&�5)�.��79±�.��9D @A& �C)&�5)

�.��D?±�.��96±�.���? <78 5B%�A* ?D ';)9 �� �− → �!"�#

�.�<� ±�.��: ±�.��< <7" �;%&)'0* ?9� �&5 �� �− → �!"�#

<785B%�A* ?D 
���
�� �.��:7 ± �.��97± �.��<7 �
 %!��
�

→ φπ�# F �.�86� E� 
������

�� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D# × <�−9� @	
 =
�� �

�
 �� ����
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�� 	���$ �	
 ���� ���	��
<7"�;%&)'0* ?9� 
���
�� �.�<D ± �.�<9 ± �.��8 �
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�
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������$ 
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�.�<�±�.��" @A& �C)&�5)�.�<�±�.��" @A& �C)&�5)�.�<�±�.��" @A& �C)&�5)�.�<�±�.��" @A& �C)&�5)

�.�<<±�.��"±�.��< <76 5B%�A* ?D ';)9 �� �− → �!"�#

�.��:±�.��D±�.��< <7D �;%&)'0* ?9� �&5 �� �− → �!"�#
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 %!��
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 �� ����


����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$ �	
 ���� ���	��
<7D�;%&)'0* ?9� 
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�� �.�<8 ± �.��? ± �.��9 �
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���	��� �.5 <??� �� ��� �∗!9��7#� �
������$ 
������ ��$�� %!�� → �−π�# F

8.7< ± �.96I ��� %!�∗!9��7#� → ��π�# F 66 ± DI�
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�.�96±�.��?±�.��8 <77 5B%�A* ?D ';)9 �� �− → �!"�#

�.�<?±�.�<�±�.��9 <7: �;%&)'0* ?9� �&5 �� �− → �!"�#
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���	��� �.5 <??� �� ��� �∗!9��7#� �
������$ 
������ ��$�� %!�� → �−π�# F
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<:����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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<�.?� ?� <?� '0B2*@C �" %);; �� �− → �!"�#

<?����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�−�∗�$�.���

)
?!����� !<9�?!!

(
�−�∗�$�.���

)
?!����� !<9�?!!

(
�−�∗�$�.���

)
?!����� !<9�?!!

(
�−�∗�$�.���

)
?!����� !<9�?!

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

<�.7<�.7<�.7<�.7 ?� <?< �A%)&* �8& %�%& �� �− → �!"�#
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 =
��
�

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$
�	
 ���� ���	��

99?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
98�).E�&.2 �< ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#� *�� ��

������

	���
�������� !9:.8#I 
�� %!
/ψ!<�# → γ η� # �� ����� ����� ���� ���� ����	����
�
�

98<�A%)&*�% �"� 
���
�� -%!�� → η� �
�# × %!η� !<�# → � � π#1 F !�.�7"± �.��6±

�.��7#×<�−8� E� ������ �� �	
 ���� ���	� %!η� !<�# → � � π# F !7.�± <.9#×<�−9�
@	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�


�� 	���$ �	
 ���� ���	��



������������

��� ��� �� ���� 	
� ���������	
�� �	��	��

�±

!
(
η′� 

�
)
?!����� !<"6?!!

(
η′� 

�
)
?!����� !<"6?!!

(
η′� 

�
)
?!����� !<"6?!!

(
η′� 

�
)
?!����� !<"6?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

8."±<.:±�.88."±<.:±�.88."±<.:±�.88."±<.:±�.8 989 �A%)&* �D� %�%& �� �− → �!"�#

989��
�
� ����	
������ � �����	�� �
������$ 
������� 	���$ � ������$ ���� ������H	��

!
(
η� 

�
)
?!

(
�/ψ�.��

)
!<""?!<"D!

(
η� 

�
)
?!

(
�/ψ�.��

)
!<""?!<"D!

(
η� 

�
)
?!

(
�/ψ�.��

)
!<""?!<"D!

(
η� 

�
)
?!

(
�/ψ�.��

)
!<""?!<"D

����� ��	�
��� �� ��	� 	�

���

<.88±�.<�±�."8<.88±�.<�±�."8<.88±�.<�±�."8<.88±�.<�±�."8 988 �A%)&*�% �"� %�%& �� �− → �!"�#

988A��� %�%�& ����	
����� � %!�� → 
/ψ��# F !<�.< ± �.8 ± �.6#× <�−"�

!
(
�/ψ�.��

)
?!����� !<"D?!!

(
�/ψ�.��

)
?!����� !<"D?!!

(
�/ψ�.��

)
?!����� !<"D?!!

(
�/ψ�.��

)
?!����� !<"D?!

����� ����� ��−�� ���� ��	�
��� �� ��	� 	�

���

<�.�:± �.86 @A& 4B*<�.�:± �.86 @A& 4B*<�.�:± �.86 @A& 4B*<�.�:± �.86 @A& 4B*

<�.99± �.86 @A& �C)&�5)<�.99± �.86 @A& �C)&�5)<�.99± �.86 @A& �C)&�5)<�.99± �.86 @A& �C)&�5)

:.< ± <.8 ±�.7 98" �A%)&* �D� %�%& �� �− → �!"�#

<�.D<± �.<6±�.": 986 �A%)&* �6� %�%& �� �− → �!"�#

<�.9 ± <.� ±�." 98D �A%)&*�% �6! %�%& �� �− → �!"�#

<�.< ± �.9 ±�.7 986 �%) �8� %);; �� �− → �!"�#

<�.9 ± �.: ±�.7 986 P)22@� ?7 ';)9 �� �− → �!"�#

?.8 ± 8.< ±�.< 987 %@&*@;)**@?9 ';)@ �� �− → �!"�#

:.< ± 8.6 ±�.< D 98: �;%&)'0* ?�� �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<�.< ± �.8 ±�.6 986 �A%)&* �9 %�%& &���� �� �A%)&* �6�

<<.� ± <.6 ±�.? 6? 986 �;�� ?" ';)9 &���� �� P)22@� ?7

99 ±<� ±9 %A2(A;B' ?9� �;)� �� �− → �

7 ± " 8 98? �;%&)'0* :7
 �&5 �� �− → �!"�#

<� ± 7 ±9 8 9"� %)%)( :7 ';)@ �� �− → �!"�#

? ± 6 8 9"< �;�� :D ';)@ �� �− → �!"�#

98"��
�
� ����	
������ � �����	�� �
������$ 
������� 	���$ � ������$ ���� ������H	��
986���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
98D�A%)&*�% �6! 
���
�� -%!�� → 
/ψ!<�#��# × %!
/ψ!<�# → ��#1 F !9.9± �.9±

�.<#× <�−D� E� ������ �� �	
 ���� ���	� %!
/ψ!<�# → ��# F !9.<7 ± �.�:#× <�−8�
@	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�


�� 	���$ �	
 ���� ���	��

987%@&*@;)**@ ?9 
���
�� !: ± 9 ± 9#× <�−" �
 %!
/ψ!<�# → �� �−# F �.�D? ±
�.��?� E� 
������ �� �	
 ���� ���	� %!
/ψ!<�# → �� �−# F !6.?" ± �.�D# × <�−9�
@	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�



�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
98:�;%&)'0* ?�� 
���
�� !7± 8± <#×<�−" �
 %!
/ψ!<�# → �� �−# F �.�D?± �.��?�

E� 
������ �� �	
 ���� ���	� %!
/ψ!<�# → �� �−# F !6.?" ± �.�D#× <�−9� @	
 =
��
�

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$

�	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
98?�;%&)'0* :7
 ���	�� ���−����� 
���� �� 66�"6� 2	��
����� �� �;%&)'0* ?���
9"�%)%)( :7 ���	� ��� ���� 	������ �� %)&();��3 ?< �� 	�� ���� ���	������� ��

����� �
 %@&*@;)**@ ?9�
9"<�;�� :D ���	��� �±��� 
���� �� D��"��

!
(
�/ψ�.��π�π−)

?!����� !<"7?!!
(
�/ψ�.��π�π−)

?!����� !<"7?!!
(
�/ψ�.��π�π−)

?!����� !<"7?!!
(
�/ψ�.��π�π−)

?!����� !<"7?!

����� ����� ��−�� 	� ���� ��	�
��� �� ��	� 	�

���

<.�7±�.<? @A& �C)&�5)<.�7±�.<? @A& �C)&�5)<.�7±�.<? @A& �C)&�5)<.�7±�.<? @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�?� 2�� ��� ����$
�� ������

<.<D±�.�7±�.�? 9"9 �A%)&* �6� %�%& �� �− → �!"�#

�.D?±�.<:±�.<9 9"8 �'@2*� �9� '.4 �� <�: *�C

<.8?±�.:9±�.�< 9"" %@&*@;)**@?9 ';)@ �� �− → �!"�#

<.8?±�.?<±�.�< D 9"6 �;%&)'0* :7
 �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<.? ?� 9"D �;%&)'0* ?�� �&5 �� �− → �!"�#

9"9���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
9"8�'@2*� �9� 	��� �� 
��
���� � %!� → 
/ψ!<�#��# F !<�.< ± �.D#× <�−"� *��

������ �

�
 ����	��� ��� ���������� �

�
 ��� ��� 	���
�������� � ��� �
������$ 
�����
9""%@&*@;)**@ ?9 
���
�� !<.9 ± �.D ± �."# × <�−8 �
 %!
/ψ!<�# → �� �−# F

�.�D? ± �.��?� E� 
������ �� �	
 ���� ���	� %!
/ψ!<�# → �� �−# F !6.?" ± �.�D#×
<�−9� @	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ����������

�

�
 
�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
9"6�;%&)'0* :7
 
���
�� !<.9± �.:#×<�−8 �
 %!
/ψ!<�# → �� �−# F �.�D?± �.��?�

E� 
������ �� �	
 ���� ���	� %!
/ψ!<�# → �� �−# F !6.?" ± �.�D#× <�−9� @	
 =
��
�

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$

�	
 ���� ���	�� *��� ���	���� 
���
� �.��<< ± �.���7 ���	���$ ���−����� 
���� ��

66�"6� E� 
������ �� 6��6�� �������� ���������� 
������ �� → ψ!9�#���
9"D�;%&)'0* ?�� 
���
�� < <.D× <�−8 �
 %!
/ψ!<�# → �� �−# F �.�D?� E� 
������

�� �	
 ���� ���	� %!
/ψ!<�# → �� �−# F �.�6?"� ���	��� �H	�� �
��	����� � ��

��� �� �� ��� �!"�#�

WEIGHTED AVERAGE
1.07±0.19 (Error scaled by 1.9)

ALBRECHT 87D ARG 0.1
BORTOLETTO 92 CLEO 0.2
ACOSTA 02F CDF 3.0
AUBERT 05R BABR 0.7

χ2

       4.0
(Confidence Level = 0.262)

0 1 2 3 4

0
(
�/ψ-'.��π�π−

)
�0����� 0<"7�0

!
(
�� �.�

�×0��� �.�→ �/ψπ�π−
)
?!����� !<":?!!

(
�� �.�

�×0��� �.�→ �/ψπ�π−
)
?!����� !<":?!!

(
�� �.�

�×0��� �.�→ �/ψπ�π−
)
?!����� !<":?!!

(
�� �.�

�×0��� �.�→ �/ψπ�π−
)
?!����� !<":?!

����� 	� ��	�
��� �� ��	� 	�

���

<8."× <�−D<8."× <�−D<8."× <�−D<8."× <�−D ?� 9"7 �A%)&* �6� %�%& �� �− → �!"�#

9"7���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(

 �/,%$�

)
?!����� !<"??!!

(

 �/,%$�

)
?!����� !<"??!!

(

 �/,%$�

)
?!����� !<"??!!

(

 �/,%$�

)
?!����� !<"??!

����� 	� ��	�
��� �� ��	� 	�

���

<8.9× <�−"<8.9× <�−"<8.9× <�−"<8.9× <�−" ?� 9": �A%)&* �D� %�%& �� �− → �!"�#

9":��
�
� ����	
������ � �����	�� �
������$ 
������� 	���$ � ������$ ���� ������H	��

!
(

 �/,%$�× 0�
 → �/ψπ�π−

)
?!����� !<6�?!!

(

 �/,%$�× 0�
 → �/ψπ�π−

)
?!����� !<6�?!!

(

 �/,%$�× 0�
 → �/ψπ�π−

)
?!����� !<6�?!!

(

 �/,%$�× 0�
 → �/ψπ�π−

)
?!����� !<6�?!

����� ����� ��−#� ��	�
��� �� ��	� 	�

���

<<."±9.� @A& �C)&�5)<<."±9.� @A& �C)&�5)<<."±9.� @A& �C)&�5)<<."±9.� @A& �C)&�5)

<�.<±9.6±<.� 9"? �A%)&* �D %�%& �� �− → �!"�#

<8.�±9.?±�.7 96� '0@B �8 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<9.:±".< 9"? �A%)&* �6� %�%& &���� �� �A%)&* �D

9"?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
96�'0@B �8 
���
�� -%!�� → � !8:79#��× %!� → 
/ψπ� π−## / %!�� →

ψ!9�#��#1 F �.�9�� ± �.��8: ± �.��98� E� �	������ �� �	
 ���� ���	� %!�� →
ψ!9�#��# F !D.": ± �.86#× <�−"� @	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	

������ �

�
 �� ��� ���������� �

�
 
�� 	���$ �	
 ���� ���	��

!
(

 �/,%$� × 0�
 �/,%$→ ����

)
?!����� !<6<?!!

(

 �/,%$� × 0�
 �/,%$→ ����

)
?!����� !<6<?!!

(

 �/,%$� × 0�
 �/,%$→ ����

)
?!����� !<6<?!!

(

 �/,%$� × 0�
 �/,%$→ ����

)
?!����� !<6<?!

����� 	� ��	�
��� �� ��	� 	�

���

<D.�× <�−6<D.�× <�−6<D.�× <�−6<D.�× <�−6 ?� 96< '0B2*@C �" %);; �� �− → �!"�#

96<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(

 �/,%$� × 0�
 �/,%$→ ���−

)
?!����� !<69?!!

(

 �/,%$� × 0�
 �/,%$→ ���−

)
?!����� !<69?!!

(

 �/,%$� × 0�
 �/,%$→ ���−

)
?!����� !<69?!!

(

 �/,%$� × 0�
 �/,%$→ ���−

)
?!����� !<69?!

����� 	� ��	�
��� �� ��	� 	�

���

<".�× <�−6<".�× <�−6<".�× <�−6<".�× <�−6 ?� 969 '0B2*@C �" %);; �� �− → �!"�#

969���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(

 �/,%$� × 0�
 �/,%$→ ����π�

)
?!����� !<68?!!

(

 �/,%$� × 0�
 �/,%$→ ����π�

)
?!����� !<68?!!

(

 �/,%$� × 0�
 �/,%$→ ����π�

)
?!����� !<68?!!

(

 �/,%$� × 0�
 �/,%$→ ����π�

)
?!����� !<68?!

����� 	� ��	�
��� �� ��	� 	�

���

<D.�× <�−6<D.�× <�−6<D.�× <�−6<D.�× <�−6 ?� 968 '0B2*@C �" %);; �� �− → �!"�#

968���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(

 �/,%$� × 0�
 �/,%$→ �/ψ�.�η

)
?!����� !<6"?!!

(

 �/,%$� × 0�
 �/,%$→ �/ψ�.�η

)
?!����� !<6"?!!

(

 �/,%$� × 0�
 �/,%$→ �/ψ�.�η

)
?!����� !<6"?!!

(

 �/,%$� × 0�
 �/,%$→ �/ψ�.�η

)
?!����� !<6"?!

����� 	� ��	�
��� �� ��	� 	�

���

<7.7× <�−D<7.7× <�−D<7.7× <�−D<7.7× <�−D ?� 96" �A%)&* �"' %�%& �� �− → �!"�#

96"���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(

 �/,%$��×0�
 �/,%$� → �/ψ�.�π�π�

)
?!����� !<66?!!

(

 �/,%$��×0�
 �/,%$� → �/ψ�.�π�π�

)
?!����� !<66?!!

(

 �/,%$��×0�
 �/,%$� → �/ψ�.�π�π�

)
?!����� !<66?!!

(

 �/,%$��×0�
 �/,%$� → �/ψ�.�π�π�

)
?!����� !<66?!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

<99<99<99<99 ?� 966 �A%)&* �6� %�%& �� �− → �!"�#

966���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#� *�� ��������
�� ���������� ��

����	��� ���� � ��,������� ���� �� <× <�−" ������

!
(
� �&$'���×0�� � → �/ψπ�π−

)
?!����� !<6D?!!

(
� �&$'���×0�� � → �/ψπ�π−

)
?!����� !<6D?!!

(
� �&$'���×0�� � → �/ψπ�π−

)
?!����� !<6D?!!

(
� �&$'���×0�� � → �/ψπ�π−

)
?!����� !<6D?!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

<9?<9?<9?<9? ?6 96D �A%)&* �D %�%& �� �− → �!"�#

96D���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�



������������

���������	
�� �	��	��

�±

!
(
�/ψ�.�∗�,-$�

)
?!����� !<67?!!

(
�/ψ�.�∗�,-$�

)
?!����� !<67?!!

(
�/ψ�.�∗�,-$�

)
?!����� !<67?!!

(
�/ψ�.�∗�,-$�

)
?!����� !<67?!

4�
 ����
�+����� ���
������ ��� ��� ;�����$� �� ��� ��� � ��� ��� %
������$ &����� 
��������

����� ����� ��−�� ���� ��	�
��� �� ��	� 	�

���

<."< ±�.�: @A& �C)&�5)<."< ±�.�: @A& �C)&�5)<."< ±�.�: @A& �C)&�5)<."< ±�.�: @A& �C)&�5)

<."6"±�.�"7±�.�?7 967 �A%)&* �6� %�%& �� �− → �!"�#

<.9: ±�.�7 ±�.<" 967 �%) �9� %);; �� �− → �!"�#

<."< ±�.98 ±�.9" 967 P)22@� ?7 ';)9 �� �− → �!"�#

<.6: ±�."7 ±�.97 96: �%) ?D� '.4 �� �� <.: *�C

<.6< ±<.�: ±�.�9 96? %@&*@;)**@?9 ';)@ �� �− → �!"�#

<.:D ±<.8� ±�.�9 9 9D� �;%&)'0* ?�� �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<.87 ±�.�? ±�.<< 967 �A%)&* �9 %�%& &���� �� �A%)&* �6�

<.7: ±�.6< ±�.98 <8 967 �;�� ?" ';)9 2	�� �� P)22@� ?7

967���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
96:�%) ?D� ���	��� ���� %!�� → 
/ψ��# F !<.�9 ± �.<"# × <�−8�
96?%@&*@;)**@ ?9 
���
�� !<.8 ± �.? ± �.8# × <�−8 �
 %!
/ψ!<�# → �� �−# F

�.�D? ± �.��?� E� 
������ �� �	
 ���� ���	� %!
/ψ!<�# → �� �−# F !6.?" ± �.�D#×
<�−9� @	
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�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
9D��;%&)'0* ?�� 
���
�� !<.D± <.<± �.8#×<�−8 �
 %!
/ψ!<�# → �� �−# F �.�D?±

�.��?� E� 
������ �� �	
 ���� ���	� %!
/ψ!<�# → �� �−# F !6.?" ± �.�D# × <�−9�
@	
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 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �
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�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�/ψ�.�∗�,-$�

)
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(
�/ψ�.��

)
!<67?!<"D!

(
�/ψ�.�∗�,-$�

)
?!

(
�/ψ�.��

)
!<67?!<"D!

(
�/ψ�.�∗�,-$�

)
?!

(
�/ψ�.��

)
!<67?!<"D!

(
�/ψ�.�∗�,-$�

)
?!

(
�/ψ�.��

)
!<67?!<"D

����� ��	�
��� �� ��	� 	�

���

<.8?±�.�? @A& �C)&�5)<.8?±�.�? @A& �C)&�5)<.8?±�.�? @A& �C)&�5)<.8?±�.�? @A& �C)&�5)

<.87±�.�6±�.�: �A%)&* �6� %�%& �� �− → �!"�#

<."6±�.9�±�.<7 9D< P)22@� ?7 ';)9 �� �− → �!"�#

<.?9±�.D�±�.<7 �%) ?D� '.4 ��

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<.87±�.<�±�.�: 9D9 �A%)&* �9 %�%& &���� �� �A%)&* �6�

9D< P)22@� ?7 ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#� *�� ����	
�����
�� ���	���� ����	
�� �� �� ���
�$� ���
 ,��� ���
$�� ��� ��	�
�� �������

9D9���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�/ψ�.� �.$%��

)
?!����� !<6:?!!

(
�/ψ�.� �.$%��

)
?!����� !<6:?!!

(
�/ψ�.� �.$%��

)
?!����� !<6:?!!

(
�/ψ�.� �.$%��

)
?!����� !<6:?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

<.:�±�.8"±�.8?<.:�±�.8"±�.8?<.:�±�.8"±�.8?<.:�±�.8"±�.8? 9D8 �%) �<! %);; �� �− → �!"�#

9D8A��� ��� �.5 ���	� � %!�� → 
/ψ!<�#��# F !<.�� ± �.<�#× <�−8�

!
(
�/ψ�.� �.&���

)
?!

(
�/ψ�.� �.$%��

)
!<6??!<6:!

(
�/ψ�.� �.&���

)
?!

(
�/ψ�.� �.$%��

)
!<6??!<6:!

(
�/ψ�.� �.&���

)
?!

(
�/ψ�.� �.$%��
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!<6??!<6:!

(
�/ψ�.� �.&���

)
?!

(
�/ψ�.� �.$%��

)
!<6??!<6:

����� 	� ��	�
��� �� ��	� 	�

���

<�.8�<�.8�<�.8�<�.8� ?� �%) �<! %);; �� �− → �!"�#

!
(
�/ψ�.�η�

)
?!����� !<D�?!!

(
�/ψ�.�η�

)
?!����� !<D�?!!

(
�/ψ�.�η�

)
?!����� !<D�?!!

(
�/ψ�.�η�

)
?!����� !<D�?!

����� ����� ��−"� ��	�
��� �� ��	� 	�

���

<�.:±9.8±9."<�.:±9.8±9."<�.:±9.8±9."<�.:±9.8±9." 9D" �A%)&* �"' %�%& �� �− → �!"�#

9D"���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�/ψ�.�φ�

)
?!����� !<D<?!!

(
�/ψ�.�φ�

)
?!����� !<D<?!!

(
�/ψ�.�φ�

)
?!����� !<D<?!!

(
�/ψ�.�φ�

)
?!����� !<D<?!

����� ��	�
��� �� ��	� 	�

���

!6.9±<.7 #× <�−6 @A& �C)&�5)!6.9±<.7 #× <�−6 @A& �C)&�5)!6.9±<.7 #× <�−6 @A& �C)&�5)!6.9±<.7 #× <�−6 @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�9�

!"."±<."±�.6#× <�−6 9D6 �A%)&* �8� %�%& �� �− → �!"�#

!:.:�8.6
−8.�±<.8# × <�−6 9DD �3�2*�22@C �� ';)9 �� �− → �!"�#

9D6���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
9DD�3�2*�22@C �� =��� <� ������ �� � ���,$
�	�� � �.6± �.9� ���	��� �H	�� �
��	��

���� � �� ��� �� �� ��� �!"�#� � 	���
� .����+ ���� ����
��	����� ����
���� 
/ψ!<�#

��� φ ������� ��� %!�� → 
/ψ!<�#φ��#F %!�� → 
/ψ!<�#φ��#�

!
(
�/ψ�.�π�

)
?!����� !<D9?!!

(
�/ψ�.�π�

)
?!����� !<D9?!!

(
�/ψ�.�π�

)
?!����� !<D9?!!

(
�/ψ�.�π�

)
?!����� !<D9?!

����� ��	�
��� �� ��	� 	�

���

!".?±�.D #× <�−6 @A& 4B*!".?±�.D #× <�−6 @A& 4B*!".?±�.D #× <�−6 @A& 4B*!".?±�.D #× <�−6 @A& 4B* )

�
 ����	��� ����� ����
 � <�6�

!8.:±�.D±�.8#× <�−6!8.:±�.D±�.8#× <�−6!8.:±�.D±�.8#× <�−6!8.:±�.D±�.8#× <�−6 9D7 �%) �8� %);; �� �− → �!"�#

9D7���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�/ψ�.�π�

)
?!

(
�/ψ�.��

)
!<D9?!<"D!

(
�/ψ�.�π�

)
?!

(
�/ψ�.��

)
!<D9?!<"D!

(
�/ψ�.�π�

)
?!

(
�/ψ�.��

)
!<D9?!<"D!

(
�/ψ�.�π�

)
?!

(
�/ψ�.��

)
!<D9?!<"D

����� ���� ��	�
��� �� ��	� 	�

���

�.�"? ±�.��D @A& 4B*�.�"? ±�.��D @A& 4B*�.�"? ±�.��D @A& 4B*�.�"? ±�.��D @A& 4B* )

�
 ����	��� ����� ����
 � <�6�

�.�68 ±�.��" @A& �C)&�5)�.�68 ±�.��" @A& �C)&�5)�.�68 ±�.��" @A& �C)&�5)�.�68 ±�.��" @A& �C)&�5)

�.�687±�.��"6±�.��<< �A%)&* �"� %�%& �� �− → �!"�#

�.�6 ��.�<?
−�.�<7 ±�.��< �%) ?D� '.4 �� <.: *�C

�.�69 ±�.�9" %B20�B ?D ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�8?<±�.��7:±�.��<? �A%)&* �9� %�%& &���� ��

�A%)&* �"�
�.�"8 ±�.�98 6 9D: �;)G�3.)& ?6 ';)9 2	�� �� %B20�B ?D

9D:���	��� �H	�� �
��	����� � ���− ��� ���� �� �!"�#�
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)
?!����� !<D8?!!
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?!����� !<D8?!!

(
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?!����� !<D8?!!

(
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)
?!����� !<D8?!

����� 	� ��	�
��� �� ��	� 	�

���

<7.7× <�−"<7.7× <�−"<7.7× <�−"<7.7× <�−" ?� %B20�B ?D ';)9 �� �− → �!"�#
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(
�/ψ�.��<�.$'�

�
)
?!����� !<D"?!!

(
�/ψ�.��<�.$'�

�
)
?!����� !<D"?!!

(
�/ψ�.��<�.$'�

�
)
?!����� !<D"?!!

(
�/ψ�.��<�.$'�

�
)
?!����� !<D"?!

����� 	� ��	�
��� �� ��	� 	�

���

<<.9× <�−8<<.9× <�−8<<.9× <�−8<<.9× <�−8 ?� %B20�B ?D ';)9 �� �− → �!"�#

!
(
�/ψ�.�	�

)
?!����� !<D6?!!

(
�/ψ�.�	�

)
?!����� !<D6?!!

(
�/ψ�.�	�

)
?!����� !<D6?!!

(
�/ψ�.�	�

)
?!����� !<D6?!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

<<.:±8.< @A& �C)&�5)<<.:±8.< @A& �C)&�5)<<.:±8.< @A& �C)&�5)<<.:±8.< @A& �C)&�5)

<<.7±9.:�<.:
−9.8

9D? GB) �6 %);; �� �− → �!"�#

<9 �?
−D

9D? �A%)&* �8� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<"< ?� Q�35 �" %);; �� �− → �!"�#

9D?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�/ψ�.���	

)
?!����� !<DD?!!

(
�/ψ�.���	

)
?!����� !<DD?!!

(
�/ψ�.���	

)
?!����� !<DD?!!

(
�/ψ�.���	
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?!����� !<DD?!

����� 	� ��	�
��� �� ��	� 	�

���

<<.<× <�−6<<.<× <�−6<<.<× <�−6<<.<× <�−6 ?� 97� GB) �6 %);; �� �− → �!"�#

97����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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(
�/ψ�.���

)
?!����� !<D7?!!

(
�/ψ�.���

)
?!����� !<D7?!!

(
�/ψ�.���

)
?!����� !<D7?!!

(
�/ψ�.���

)
?!����� !<D7?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

<<9<<9<<9<<9 ?� 97< �A%)&* �6$ %�%& �� �− → �!"�#

97<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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(
�/ψ�.���π�

)
?!����� !<D:?!!

(
�/ψ�.���π�

)
?!����� !<D:?!!

(
�/ψ�.���π�

)
?!����� !<D:?!!

(
�/ψ�.���π�

)
?!����� !<D:?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

<9.6<9.6<9.6<9.6 ?� 979 Q0�35 �6� %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<6.9 ?� 979 �A%)&* �6� %�%& �� �− → �!"�#

979���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
ψ�$��

)
?!����� !<D??!!

(
ψ�$��

)
?!����� !<D??!!

(
ψ�$��

)
?!����� !<D??!!

(
ψ�$��

)
?!����� !<D??!

����� ����� ��−�� 	� ���� ��	�
��� �� ��	� 	�

���

D.":± �.86 @A& �C)&�5)D.":± �.86 @A& �C)&�5)D.":± �.86 @A& �C)&�5)D.":± �.86 @A& �C)&�5)

".? ± <.D ±�." 978 �A%)&* �D� %�%& �� �− → �!"�#

D.<7± �.89±�."" 97" �A%)&* �6� %�%& �� �− → �!"�#

D.? ± �.D 97" �%) �8� %);; �� �− → �!"�#

7.: ± �.7 ±�.? 97" &B'0B'0B �< ';)9 �� �− → �!"�#

6.6 ± <.� ±�.D 976 �%) ?:� '.4 �� <.: *�C

<: ± : ±" 6 97" �;%&)'0* ?�� �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
D." ± �.6 ±�.: 97" �A%)&* �9 %�%& &���� �� �A%)&* �6�

D.< ± 9.8 ±�.? 7 97" �;�� ?" ';)9 &���� �� &B'0B'0B �<

<6 ?� 97" %@&*@;)**@?9 ';)@ �� �− → �!"�#

99 ±<7 8 97D �;%&)'0* :7
 �&5 �� �− → �!"�#

978��
�
� ����	
������ � �����	�� �
������$ 
������� 	���$ � ������$ ���� ������H	��
97"���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
976�%) ?:� 
���
�� -%!�� → ψ!9�#��#1�-%!�� → 
/ψ!<�#��#1 F�.66: ± �.�:9 ±

�.�6D� E� �	������ �� �	
 ���� ���	� %!�� → 
/ψ!<�#��#F!?.? ± <.�# × <�−"�
@	
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�� 	���$ �	
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97D�;%&)'0* :7
 ���	�� ���−����� 
���� �� 66�"6� 2	��
����� �� �;%&)'0* ?���
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!<D??!<"D!
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�.D"±�.�D±�.�7�.D"±�.�D±�.�7�.D"±�.�D±�.�7�.D"±�.�D±�.�7 977 �A%)&* �9 %�%& �� �− → �!"�#

977���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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)
?!����� !<7�?!!
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ψ�$�∗�,-$�
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?!����� !<7�?!!
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ψ�$�∗�,-$�
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���

D.7 ±<." @A& �C)&�5)D.7 ±<." @A& �C)&�5)D.7 ±<." @A& �C)&�5)D.7 ±<." @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�8�

6.?9±�.:6±�.:? 97: �A%)&* �6� %�%& �� �− → �!"�#

?.9 ±<.? ±<.9 97: &B'0B'0B �< ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<8� ?� 97: �;�� ?" ';)9 &���� �� &B'0B'0B �<

<86 ?� 97: %@&*@;)**@?9 ';)@ �� �− → �!"�#

<"? ?� 97: �;%&)'0* ?�� �&5 �� �− → �!"�#

97:���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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���

�.?D±�.<6±�.�?�.?D±�.<6±�.�?�.?D±�.<6±�.�?�.?D±�.<6±�.�? �A%)&* �6� %�%& �� �− → �!"�#
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(
ψ�$��π�π−)

?!����� !<7<?!!
(
ψ�$��π�π−)

?!����� !<7<?!!
(
ψ�$��π�π−)

?!����� !<7<?!!
(
ψ�$��π�π−)

?!����� !<7<?!
����� ���� ��	�
��� �� ��	� 	�

���

�.��<?±�.��<<±�.���"�.��<?±�.��<<±�.���"�.��<?±�.��<<±�.���"�.��<?±�.��<<±�.���" 8 97? �;%&)'0* ?�� �&5 �� �− → �!"�#

97?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�



������������

��� ��� �� ���� 	
� ���������	
�� �	��	��

�±

!
(
ψ�/%%��

)
?!����� !<79?!!

(
ψ�/%%��

)
?!����� !<79?!!

(
ψ�/%%��

)
?!����� !<79?!!

(
ψ�/%%��

)
?!����� !<79?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

�."?±�.<8 @A& �C)&�5)�."?±�.<8 @A& �C)&�5)�."?±�.<8 @A& �C)&�5)�."?±�.<8 @A& �C)&�5)

8.6 ±9.6 ±�.8 9:� �A%)&* �D� %�%& �� �− → �!"�#

�.":±�.<<±�.�7 9:< '0B2*@C �" %);; �� �− → �!"�#

9:���
�
� ����	
������ � �����	�� �
������$ 
������� 	���$ � ������$ ���� ������H	��
9:<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
ψ�/%%�� × 0�ψ�/%%�→ ����

)
?!����� !<78?!!

(
ψ�/%%�� × 0�ψ�/%%�→ ����

)
?!����� !<78?!!

(
ψ�/%%�� × 0�ψ�/%%�→ ����

)
?!����� !<78?!!

(
ψ�/%%�� × 0�ψ�/%%�→ ����

)
?!����� !<78?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

�.8"±�.�:±�.�6�.8"±�.�:±�.�6�.8"±�.�:±�.�6�.8"±�.�:±�.�6 9:9 '0B2*@C �" %);; �� �− → �!"�#

9:9���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
ψ�/%%�� × 0�ψ�/%%�→ ���−�

)
?!����� !<7"?!!

(
ψ�/%%�� × 0�ψ�/%%�→ ���−�

)
?!����� !<7"?!!

(
ψ�/%%�� × 0�ψ�/%%�→ ���−�

)
?!����� !<7"?!!

(
ψ�/%%�� × 0�ψ�/%%�→ ���−�

)
?!����� !<7"?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

�.<"±�.�:±�.�9�.<"±�.�:±�.�9�.<"±�.�:±�.�9�.<"±�.�:±�.�9 9:8 '0B2*@C �" %);; �� �− → �!"�#

9:8���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
χ��π�×0�χ�� → π�π−

)
?!����� !<76?!!

(
χ��π�×0�χ�� → π�π−

)
?!����� !<76?!!

(
χ��π�×0�χ�� → π�π−

)
?!����� !<76?!!

(
χ��π�×0�χ�� → π�π−

)
?!����� !<76?!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

<�.8<�.8<�.8<�.8 ?� 9:" �A%)&*�% �6� %�%& �� �− → �!"�#

9:"���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
χ���.�

�
)
?!����� !<7D?!!

(
χ���.�

�
)
?!����� !<7D?!!

(
χ���.�

�
)
?!����� !<7D?!!

(
χ���.�

�
)
?!����� !<7D?!

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

<.D ��.6
−�." @A& �C)&�5)<.D ��.6
−�." @A& �C)&�5)<.D ��.6
−�." @A& �C)&�5)<.D ��.6
−�." @A& �C)&�5)

<.8?±�."?±�.<< 9:6 �A%)&*�% �6� %�%& �� �− → �!"�#

<.?D±�.86�9.��
−�."9

9:D 5�&��20 �6 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<.: ?� 9:7 �A%)&* �D� %�%& �� �− → �!"�#

<:.? ?� 9:D �A%)&* �6� %�%& �� �− → �!"�#

9.7 ±�.7 9:: �A%)&* �"� %�%& &���� �� �A%)&*�% �"�

8.� ±�.: ±�.8 9:? �A%)&*�% �"� %�%& &���� �� �A%)&*�% �6�

D.� �9.<
−<.: ±<.< 9?� �%) �9� %);; &���� �� 5�&��20 �6

<".: ?� 9?< ).E�&.2 �< ';)9 �� �− → �!"�#

9:6�A%)&*�% �6� 
���
�� !�.DD ± �.99 ± �.�:#×<�−D �
 %!�� → χ�
�
��# × %!χ�

�
→

π�π−#� E� ����	�� %!�� → χ�
�
��# 	���$ ��� �.5 ���	� %!χ�

�
→ π�π−# F

!7.< ± �.D#× <�−8 ��� 9�8 �
 ��� π�π− 
�������
9:D���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
9:7��
�
� ����	
������ � �����	�� �
������$ 
������� 	���$ � ������$ ���� ������H	��
9::*�� ����	
����� ��
�
��� 	���$ ����� �������� χ�

�
→ π�π− ��� χ�

�
→ ���−�

*�� 
���� � ��� �
������$ 
����� �
 ����� �������� �� �	�� �� �� ���������� ���� ��
��
���
�$��

9:?�A%)&* �"� 
���
�� %!�� → χ�
�
��#×%!χ�

�
→ π�π−# F !<.6± �."± �.<#×<�−D

��� 	��� �.5 ���	� � %!χ�
�
→ ππ# F !7."±�.:#×<�−8 ��� '������5�
��� ���Æ�����

�� ����	�� %!�±− >χ�
�
��#�

9?��%) �9� ����	
�� ��� 
���� � %!�� → χ�
�
��#�%!�� → 
/ψ!<�#��# F �.D� �

�.9<− �.<:± �.�6± �.�:� ���
� ��� ���
� �

�
 �� �	� �� ��� 	���
������ �� ��� %!χ�
�
→

π�π−#� ��� 	��� %!�� → 
/ψ!<�#��# F !<�.� ± <.�#× <�−" �� ������ ��� 
��	���
9?<).E�&.2 �< ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#� *�� ��

������

	���
�������� !9:.8#I 
�� %!
/ψ!<�# → γ η� # �� ����� ����� ���� ���� ����	����
�
�

!
(
χ��

∗�,-$�
)
?!����� !<77?!!

(
χ��

∗�,-$�
)
?!����� !<77?!!

(
χ��

∗�,-$�
)
?!����� !<77?!!

(
χ��

∗�,-$�
)
?!����� !<77?!

����� 	� ��	�
��� �� ��	� 	�

���

<9.:D× <�−8<9.:D× <�−8<9.:D× <�−8<9.:D× <�−8 ?� 9?9 �A%)&* �6� %�%& �� �− → �!"�#

9?9���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
χ�9

�
)
?!����� !<7:?!!

(
χ�9

�
)
?!����� !<7:?!!

(
χ�9

�
)
?!����� !<7:?!!

(
χ�9

�
)
?!����� !<7:?!

����� 	� ��	�
��� �� ��	� 	�

���

<9.?× <�−6<9.?× <�−6<9.?× <�−6<9.?× <�−6 ?� 9?8 2@3B �D %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<9.�× <�−" ?� 9?" �A%)&* �D� %�%& �� �− → �!"�#

<8.�× <�−6 ?� 9?8 �A%)&* �6� %�%& &���� �� �A%)&* �D�

9?8���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
9?"��
�
� ����	
������ � �����	�� �
������$ 
������� 	���$ � ������$ ���� ������H	��

!
(
χ�9

∗�,-$�
)
?!����� !<7??!!

(
χ�9

∗�,-$�
)
?!����� !<7??!!

(
χ�9

∗�,-$�
)
?!����� !<7??!!

(
χ�9

∗�,-$�
)
?!����� !<7??!

����� 	� ��	�
��� �� ��	� 	�

���

<<.9 × <�−6<<.9 × <�−6<<.9 × <�−6<<.9 × <�−6 ?� 9?6 �A%)&* �6� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<.97× <�−" ?� 9?6 2@3B �D %);; �� �− → �!"�#

9?6���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
χ�<�.�

�
)
?!����� !<:�?!!

(
χ�<�.�

�
)
?!����� !<:�?!!

(
χ�<�.�

�
)
?!����� !<:�?!!

(
χ�<�.�

�
)
?!����� !<:�?!

����� ����� ��−�� ���� ��	�
��� �� ��	� 	�

���

6.8 ± �.7 @A& �C)&�5)6.8 ± �.7 @A& �C)&�5)6.8 ± �.7 @A& �C)&�5)6.8 ± �.7 @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�7� 2�� ��� ����$
�� ������

:.< ± <." ±�.7 9?D �A%)&* �D� %�%& �� �− → �!"�#

"."?± �.<?±�.68 9?7 2@3B �D %);; �� �− → �!"�#

6.7?± �.9D±�.D6 9?7 �A%)&* �6� %�%& �� �− → �!"�#

<6.6 ± 6." ±9.� 9?: �'@2*� �9� '.4 �� <�: *�C

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
6.: ± �.? ±�.8 9?? �A%)&* �9 %�%& &���� �� �A%)&* �6�

?.7 ± ".� ±�.? D 9?7 �;�� ?" ';)9 �� �− → �!"�#

<? ±<8 ±D 8�� �;%&)'0* ?9� �&5 �� �− → �!"�#

9?D��
�
� ����	
������ � �����	�� �
������$ 
������� 	���$ � ������$ ���� ������H	��
9?7���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
9?:�'@2*� �9� 	��� �� 
��
���� � %!� → 
/ψ!<�#��# F !<�.< ± �.D#× <�−"� *��

������ �

�
 ����	��� ��� ���������� �

�
 ��� ��� 	���
�������� � ��� �
������$ 
�����
9??�A%)&* �9 
���
�� !7.6± �.?± �.:#×<�−" �
 %!χ�<!<�# → γ 
/ψ!<�## F �.978±

�.�<D� E� 
������ �� �	
 ���� ���	� %!χ�<!<�# → γ 
/ψ!<�## F !86.D ± <.?#× <�−9�
@	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�



�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
8���;%&)'0* ?9� ���	��� �� χ�9!<�# �
��	����� ��� %!�!"�# → ���−# F 6�I�

WEIGHTED AVERAGE
5.3±0.7 (Error scaled by 1.7)

ACOSTA 02F CDF 3.2
AUBERT 05J BABR 0.5
SONI 06 BELL 2.0
AUBERT 06E BABR 3.2

χ2

       8.9
(Confidence Level = 0.031)

2 4 6 8 10 12 14 16

0
(
χ�<-'�.�

�
)
�0����� 0<:��0

!
(
χ�<�.�

�
)
?!

(
�/ψ�.��

)
!<:�?!<"D!

(
χ�<�.�

�
)
?!

(
�/ψ�.��

)
!<:�?!<"D!

(
χ�<�.�

�
)
?!

(
�/ψ�.��

)
!<:�?!<"D!

(
χ�<�.�

�
)
?!

(
�/ψ�.��

)
!<:�?!<"D

����� ��	�
��� �� ��	� 	�

���

�.6:±�.�D±�.�8�.6:±�.�D±�.�8�.6:±�.�D±�.�8�.6:±�.�D±�.�8 8�< �A%)&* �9 %�%& �� �− → �!"�#

8�<�A%)&* �9 
���
�� �.76± �.�:± �.�6 �
 %!χ�<!<�# → γ 
/ψ!<�## F �.978± �.�<D�

E� 
������ �� �	
 ���� ���	� %!χ�<!<�# → γ 
/ψ!<�## F !86.D ± <.?# × <�−9� @	

=
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
��

	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
χ�<�.�

∗�,-$�
)
?!����� !<:<?!!

(
χ�<�.�

∗�,-$�
)
?!����� !<:<?!!

(
χ�<�.�

∗�,-$�
)
?!����� !<:<?!!

(
χ�<�.�

∗�,-$�
)
?!����� !<:<?!

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

8.D ±�.? @A& �C)&�5)8.D ±�.? @A& �C)&�5)8.D ±�.? @A& �C)&�5)8.D ±�.? @A& �C)&�5)

".�6±�.6?±�.?6 8�9 2@3B �D %);; �� �− → �!"�#

9.?"±�.?6±�.?: 8�9 �A%)&* �6� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<9< ?� 8�9 �;�� ?" ';)9 �� �− → �!"�#

8�9���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
χ�<�.�

∗�,-$�
)
?!

(
χ�<�.�

�
)

!<:<?!<:�!
(
χ�<�.�

∗�,-$�
)
?!

(
χ�<�.�

�
)

!<:<?!<:�!
(
χ�<�.�

∗�,-$�
)
?!

(
χ�<�.�

�
)

!<:<?!<:�!
(
χ�<�.�

∗�,-$�
)
?!

(
χ�<�.�

�
)

!<:<?!<:�
����� ��	�
��� �� ��	� 	�

���

�.6<±�.<7±�.<D�.6<±�.<7±�.<D�.6<±�.<7±�.<D�.6<±�.<7±�.<D �A%)&* �6� %�%& �� �− → �!"�#

!
(
�π�

)
?!����� !<:9?!!

(
�π�

)
?!����� !<:9?!!

(
�π�

)
?!����� !<:9?!!

(
�π�

)
?!����� !<:9?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

9."<±�.<7 @A& �C)&�5)9."<±�.<7 @A& �C)&�5)9."<±�.<7 @A& �C)&�5)9."<±�.<7 @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�"� 2�� ��� ����$
��
������

9.D�±�.<8±�.<� 8�8 �A%)&*�%) �6� %�%& �� �− → �!"�#

9.9�±�.<?±�.<< 8�8 '0�@ �" %);; �� �− → �!"�#

<.::��.87
−�.88

��.9<
−�.<:

8�8 %@&30)B� �8 ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
9.98±�.<7±�.<< 8�8 �A%)&* �"� %�%& &���� �� �A%)&*�%) �6�

<.?"��.8<
−�.8�±�.<D 8�8 '�2)L �9 %);; &���� �� '0�@ �"

<.87��.67
−�.":

��.<?
−�.<:

8�8 �%) �<� %);; &���� �� '�2)L �9

<.:9��.88
−�.8�±�.9� 8�8 �A%)&* �<� %�%& &���� �� �A%)&* �"�

<.:9��."D
−�."�±�.<D 8�8 '&@3B3�0)3����� ';)9 &���� �� %@&30)B� �8



������������

���������	
�� �	��	��

�±

9.8 �<.<
−<.� ±�.8D 5@.�35 ?: ';)9 &���� �� '&@3B3�

0)33)22L ��
< ".: ?� �23)& ?D ';)9 &���� �� 5@.�35 ?:

<<? ?� �;%&)'0* ?<� �&5 �� �− → �!"�#

<<� ?� 8�" �C)&L :?� ';)@ �� �− → �!"�#

<D: ?� �C)&L :7 ';)@ �� �− → �!"�#

8�8���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
8�"�C)&L :?� 
���
�� < ?×<�−6 ���	���$ ��� �!"�# ������ "8I �� ����� E� 
������

�� 6�I�

WEIGHTED AVERAGE
2.41±0.17 (Error scaled by 1.4)

BORNHEIM 03 CLE2 1.5
CHAO 04 BELL 0.9
AUBERT,BE 05E BABR 1.4

χ2

       3.8
(Confidence Level = 0.149)

1 1.5 2 2.5 3 3.5 4

0
(
��π�

)
�0����� 0<:9�0

!
(
�π�

)
?!����� !<:8?!!

(
�π�

)
?!����� !<:8?!!

(
�π�

)
?!����� !<:8?!!

(
�π�

)
?!����� !<:8?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

<.9<±�.�: @A& �C)&�5)<.9<±�.�: @A& �C)&�5)<.9<±�.�: @A& �C)&�5)<.9<±�.�: @A& �C)&�5)

<.9�±�.�7±�.�D 8�6 �A%)&* �6! %�%& �� �− → �!"�#

<.9�±�.<8��.<8
−�.�?

8�6 '0�@ �" %);; �� �− → �!"�#

<.9?��.9"
−�.99

��.<9
−�.<<

8�6 %@&30)B� �8 ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<.9:��.<9

−�.<<±�.<� 8�6 �A%)&* �8! %�%& &���� �� �A%)&* �6!

<.8 ��.96
−�.9"±�.<8 8�6 '�2)L �9 %);; &���� �� '0�@ �"

<.D8��.86
−�.88

��.<D
−�.<:

8�6 �%) �<� %);; &���� �� '�2)L �9

<.�:��.9<
−�.<?±�.<� 8�6 �A%)&* �<� %�%& &���� �� �A%)&* �8!

<.<D��.8�
−�.97

��.<"
−�.<8

8�6 '&@3B3�0)3����� ';)9 &���� �� %@&30)B� �8

<<.D ?� 5@.�35 ?: ';)9 &���� �� '&@3B3�
0)33)22L ��

<<." ?� �23)& ?D ';)9 &���� �� 5@.�35 ?:

8�6���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�π�

)
?!

(
�π�

)
!<:8?!<:9!

(
�π�

)
?!

(
�π�

)
!<:8?!<:9!

(
�π�

)
?!

(
�π�

)
!<:8?!<:9!

(
�π�

)
?!

(
�π�

)
!<:8?!<:9

����� ��	�
��� �� ��	� 	�

���

9.8:��.?:
−<.<�

��.8?
−�.9D

9.8:��.?:
−<.<�

��.8?
−�.9D9.8:��.?:

−<.<�
��.8?
−�.9D

9.8:��.?:
−<.<�

��.8?
−�.9D �%) �<� %);; �� �− → �!"�#

!
(
η′�

)
?!����� !<:"?!!

(
η′�

)
?!����� !<:"?!!

(
η′�

)
?!����� !<:"?!!

(
η′�

)
?!����� !<:"?!

����� ����� ��−"� ��	�
��� �� ��	� 	�

���

7.�6±�.86 @A& �C)&�5)7.�6±�.86 @A& �C)&�5)7.�6±�.86 @A& �C)&�5)7.�6±�.86 @A& �C)&�5)

D.:?±�.9�±�.89 8�D �A%)&* �6� %�%& �� �− → �!"�#

7.? �<.9
−<.< ±�.? 8�D �%) �<� %);; �� �− → �!"�#

:.� �<.�
−�.? ±�.7 8�D &B'0B'0B �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
7.D?±�.86±�."" 8�D �A%)&* �8( %�%& &���� �� �A%)&* �6�

7.� ±�.: ±�.6 8�D �A%)&* �<� %�%& &���� �� �A%)&* �8(

D.6 �<.6
−<." ±�.? %)0&)32 ?: ';)9 &���� �� &B'0B'0B ��

8�D���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
η′∗�,-$�

)
?!����� !<:6?!!

(
η′∗�,-$�

)
?!����� !<:6?!!

(
η′∗�,-$�

)
?!����� !<:6?!!

(
η′∗�,-$�

)
?!����� !<:6?!

����� 	� ��	�
��� �� ��	� 	�

���

<<."× <�−6<<."× <�−6<<."× <�−6<<."× <�−6 ?� 8�7 �A%)&*�% �"
 %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<8.6× <�−6 ?� 8�7 &B'0B'0B �� ';)9 �� �− → �!"�#

<<.8× <�−" ?� %)0&)32 ?: ';)9 &���� �� &B'0B'0B ��

8�7���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
η�

)
?!����� !<:D?!!

(
η�

)
?!����� !<:D?!!

(
η�

)
?!����� !<:D?!!

(
η�

)
?!����� !<:D?!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

9.D±�.D @A& �C)&�5)9.D±�.D @A& �C)&�5)9.D±�.D @A& �C)&�5)9.D±�.D @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�8� 2�� ��� ����$
�� ������

8.8±�.D±�.8 8�: �A%)&*�% �6� %�%& �� �− → �!"�#

9.<±�.D±�.9 8�: '0�35 �6% %);; �� �− → �!"�#

9.9�9.:
−9.9

8�: &B'0B'0B �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
8."±�.:±�.9 8�: �A%)&* �"� %�%& &���� �� �A%)&*�% �6�

<<" ?� %)0&)32 ?: ';)9 &���� �� &B'0B'0B ��

8�:���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

WEIGHTED AVERAGE
2.6±0.6 (Error scaled by 1.3)

RICHICHI 00 CLE2 0.0
CHANG 05A BELL 0.8
AUBERT,B 05K BABR 0.9

χ2

       1.7
(Confidence Level = 0.422)

-2 0 2 4 6 8 10

0
(
η��

)
�0����� 0<:D�0

!
(
η∗�,-$�

)
?!����� !<:7?!!

(
η∗�,-$�

)
?!����� !<:7?!!

(
η∗�,-$�

)
?!����� !<:7?!!

(
η∗�,-$�

)
?!����� !<:7?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

9.D ±�." @A& �C)&�5)9.D ±�." @A& �C)&�5)9.D ±�." @A& �C)&�5)9.D ±�." @A& �C)&�5)

9.6D±�."�±�.9" 8�? �A%)&*�% �"
 %�%& �� �− → �!"�#

9.D"��.?D
−�.:9±�.88 8�? &B'0B'0B �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<8.� ?� %)0&)32 ?: ';)9 &���� �� &B'0B'0B ��

8�?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
ω�

)
?!����� !<::?!!

(
ω�

)
?!����� !<::?!!

(
ω�

)
?!����� !<::?!!

(
ω�

)
?!����� !<::?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

�.6<±�.�7 @A& �C)&�5)�.6<±�.�7 @A& �C)&�5)�.6<±�.�7 @A& �C)&�5)�.6<±�.�7 @A& �C)&�5)

�.":±�.�:±�.�" 8<� �A%)&* �"� %�%& �� �− → �!"�#

�.D6��.<8
−�.<9±�.�D 8<� E�35 �"% %);; �� �− → �!"�#

�.89��.9"
−�.<?±�.�: 8<� P)22@� �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.?9��.9D

−�.98±�.<� 8<� ;A �9 %);; &���� �� E�35 �"%

<�." ?� 8<� �A%)&* �<� %�%& �� �− → �!"�#

<.6 ��.7
−�.D ±�.9 8<� %)&54);. ?: ';)9 &���� �� P)22@� ��

8<����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
ω∗�,-$�

)
?!����� !<:??!!

(
ω∗�,-$�

)
?!����� !<:??!!

(
ω∗�,-$�

)
?!����� !<:??!!

(
ω∗�,-$�

)
?!����� !<:??!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

< 7."< 7."< 7."< 7." ?� 8<< �A%)&* �6� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<:7 ?� 8<< %)&54);. ?: ';)9

8<<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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)
?!����� !<?<?!!

(
���

�
)
?!����� !<?<?!!

(
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�
)
?!����� !<?<?!!

(
���

�
)
?!����� !<?<?!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

<9.6<9.6<9.6<9.6 ?� 8<9 �A%)&*�%) �" %�%& �� �− → �!"�#

8<9���	��� �H	�� �
��	����� � ���
$�� ��� ��	�
�� � ������ 
�� �!"�# �������

!
(
��� 

�
)
?!����� !<?�?!!

(
��� 

�
)
?!����� !<?�?!!

(
��� 

�
)
?!����� !<?�?!!

(
��� 

�
)
?!����� !<?�?!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

<8.?<8.?<8.?<8.? ?� 8<8 �A%)&*�%) �" %�%& �� �− → �!"�#

8<8���	��� �H	�� �
��	����� � ���
$�� ��� ��	�
�� � ������ 
�� �!"�# �������
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��� ��� �� ���� 	
� ���������	
�� �	��	��

�±

!
(
∗�,-$�π�

)
?!����� !<?9?!!

(
∗�,-$�π�

)
?!����� !<?9?!!

(
∗�,-$�π�

)
?!����� !<?9?!!

(
∗�,-$�π�

)
?!����� !<?9?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

<.<D±�.<? @A& �C)&�5)<.<D±�.<? @A& �C)&�5)<.<D±�.<? @A& �C)&�5)<.<D±�.<? @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�:�

<.86±�.<9��.�:
−�.�?

8<" �A%)&*�% �6� %�%& �� �− → �!"�#

�.?:±�.�?��.<<
−�.<9

8<" 5�&��20 �6 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<.66±�.<:��.<6

−�."�
8<",8<6 �A%)&*�% �"� %�%& &���� �� �A%)&*�% �6�

<.?"��."9
−�.8?

��."<
−�.7<

8<D 5�&��20 �9 %);; &���� �� 5�&��20 �6

<<<.? ?� 8<7 �%) ��	 2;. �� �− → �

< <.D ?� 8<" P)22@� �� ';)9 �� �− → �!"�#

<8? ?� 8<: �.�� ?D
 .;�0 �� �− → �

< ".< ?� �23)& ?D ';)9 &���� �� P)22@� ��

<": ?� 8<? �%&)A ?6� .;�0 2	�� �� �.�� ?D


<<7 ?� �;%&)'0* ?<� �&5 �� �− → �!"�#

<<6 ?� 89� �C)&L :?� ';)@ �� �− → �!"�#

<9D ?� �C)&L :7 ';)@ �� �− → �!"�#

8<"���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
8<6�A%)&* �"� ���� 
���
� � �
������$ 
���� �
 �� →  ��$��
 K∗ 
��������� π��

K∗ → ��π−� !96.< ± 9.��<<.�
− 6.7# × <�−D�

8<DA��� � 
��
���� ����� ���� �� → ��π� ��� �� → ��π− ���� %!�� →
��π�#·%!�� → ��π−# F !9�.8 ± 9.�# × <�−6�

8<7�%) ��	 ���	��� %!� → ��#F!9<.7 ± �.<#I ��� ��� � 
������� �
��F���F

!8?.7�<.:
−9.9#I ��� ���

F!<�.6�<.:
−9.9#I�

8<:�.�� ?D
 ���	��� �
�� F �

�− F �.8? ��� ���
F �.<9�

8<?���	��� � ��� �− �
��	����� 
������ � �.8? ��� � �� �
��	����� 
������ � �.<9�
89��C)&L :?� 
���
�� < <.8 × <�−" ���	���$ ��� �!"�# ������ "8I �� ����� E�


������ �� 6�I�

!
(
∗�,-$�π�

)
?!����� !<?8?!!

(
∗�,-$�π�

)
?!����� !<?8?!!

(
∗�,-$�π�

)
?!����� !<?8?!!

(
∗�,-$�π�

)
?!����� !<?8?!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

D.?±9.�±<.8D.?±9.�±<.8D.?±9.�±<.8D.?±9.�±<.8 89< �A%)&* �6& %�%& �� �−− >�!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<8< ?� 89< P)22@� �� ';)9 �� �− → �!"�#

<?? ?� �23)& ?D ';)9 &���� �� P)22@� ��

89<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�π−π�

)
?!����� !<?"?!!

(
�π−π�

)
?!����� !<?"?!!

(
�π−π�

)
?!����� !<?"?!!

(
�π−π�

)
?!����� !<?"?!

����� ����� ��−"� ��	�
��� �� ��	� 	�

���

6.D ±�.? @A& �C)&�5)6.D ±�.? @A& �C)&�5)6.D ±�.? @A& �C)&�5)6.D ±�.? @A& �C)&�5) )

�
 ����	��� ����� ����
 � 9�D�

D."<±�.9"±�."� 899 �A%)&*�% �6� %�%& �� �− → �!"�#

".DD±�.9<±�."8 899 5�&��20 �6 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
6.8D±�.8<±�.6< 899 5�&��20 �" %);; &���� �� 5�&��20 �6

6.?<±�.8:±�.89 898 �A%)&* �8� %�%& &���� �� �A%)&*�% �6�

6.6D±�.6:±�.77 89" 5�&��20 �9 %);; &���� �� 5�&��20 �"

899���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
898���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#O ���
� ��� ���
����	� ����
��

�	����� �
� �	��
������ ����
���� �� ���	������� ���	� ����
������� 
����������
89"A��� � 
��
���� ����� ���� �� → ��π� ��� �� → ��π− ���� %!�� →
��π�#·%!�� → ��π−# F !9�.8 ± 9.�# × <�−6�
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(
�π−π��
����
����

)
?!����� !<?6?!!

(
�π−π��
����
����

)
?!����� !<?6?!!

(
�π−π��
����
����

)
?!����� !<?6?!!

(
�π−π��
����
����

)
?!����� !<?6?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

�.8<��.<�
−�.�: @A& �C)&�5)�.8<��.<�
−�.�: @A& �C)&�5)�.8<��.<�
−�.�: @A& �C)&�5)�.8<��.<�
−�.�: @A& �C)&�5)

�.9?±�.�D��.�:
−�.�6

896 �A%)&*�% �6� %�%& �� �− → �!"�#

<.78±�.<7�<.79
−�.:�

896 5�&��20 �6 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
< <.7 ?� 896 �A%)&*�% �"� %�%& &���� �� �A%)&*�% �6�

<88 ?� 89D �.�� ?D
 .;�0 �� �− → �

< 9.: ?� %)&54);. ?D� ';)9 �� �− → �!"�#

<"� ?� 897 �%&)A ?6� .;�0 2	�� �� �.�� ?D


<88 ?� �;%&)'0* ?<� �&5 �� �− → �!"�#

<<? ?� 89: �C)&L :?� ';)@ �� �− → �!"�#

896���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
89D�.�� ?D
 ���	��� �

�� F �
�− F �.8? ��� ���

F �.<9�

897���	��� � ��� �− �
��	����� 
������ � �.8? ��� � �� �
��	����� 
������ � �.<9�
89:�C)&L :?� 
���
�� < <.7 × <�−" ���	���$ ��� �!"�# ������ "8I �� ����� E�


������ �� 6�I�

!
(
� ���-,�×0��� → π�π−

)
?!����� !<?D?!!

(
� ���-,�×0��� → π�π−

)
?!����� !<?D?!!

(
� ���-,�×0��� → π�π−

)
?!����� !<?D?!!

(
� ���-,�×0��� → π�π−

)
?!����� !<?D?!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

:.? ±<.� @A& �C)&�5):.? ±<.� @A& �C)&�5):.? ±<.� @A& �C)&�5):.? ±<.� @A& �C)&�5)

?."7±�.?7��.D9
−�.::

89? �A%)&*�% �6� %�%& �� �− → �!"�#

7.66±<.9"�<.D8
−<.<:

89? 5�&��20 �6 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
?.9 ±<.9 �9.<

−9.D
88� �A%)&*�% �"� %�%& &���� �� �A%)&*�% �6�

?.D �9.6
−9.8

�8.7
−<.7

88< 5�&��20 �9 %);; &���� �� 5�&��20 �6

<:� ?� 889 �C)&L :?� ';)@ �� �− → �!"�#

89?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
88��A%)&*�% �"� ���� 
���
�� %!�� →  ��$��
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6.� ��.7
−�.: @A& �C)&�5)6.� ��.7
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−�.: @A& �C)&�5)6.� ��.7
−�.: @A& �C)&�5)

6.�7±�.76��.66
−�.::

88? �A%)&*�% �6� %�%& �� �− → �!"�#

".7:±�.76�<.�<
−�.?7

88? 5�&��20 �6 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
< D.9 ?� 8"� �A%)&*�% �"� %�%& &���� �� �A%)&*�% �6�

< <9 ?� 8"< 5�&��20 �9 %);; �� �− → �!"�#
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<<9� ?� 8"8 �.�� ?D
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< <? ?� �23)& ?D ';)9 &���� �� P)22@� ��

<<?� ?� 8"" �%&)A ?6� .;�0 2	�� �� �.�� ?D


<<:� ?� �;%&)'0* ?<� �&5 �� �− → �!"�#

< :� ?� 8"6 �C)&L :?� ';)@ �� �− → �!"�#

<9D� ?� �C)&L :7 ';)@ �� �− → �!"�#
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�� 7.7 × <�−D �� ?�I '; �
 %!�� → �∗
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<<.6× <�−8<<.6× <�−8<<.6× <�−8<<.6× <�−8 ?� �;%&)'0* ?<� �&5 �� �− → �!"�#
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<.9�±�.89 @A& �C)&�5)<.9�±�.89 @A& �C)&�5)<.9�±�.89 @A& �C)&�5)<.9�±�.89 @A& �C)&�5)

<.� ±�." ±�.< 8D� �%) �6� %);; �� �− → �!"�#

<.6 ±�.6 ±�.< 8D� �A%)&*�%) �6� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
< 9.6 ?� 8D� �A%)&* �"� %�%& &���� �� �A%)&*�%) �6�

< 8.8 ?� 8D� '0�@ �" %);; �� �− → �!"�#

< 8.8 ?� 8D� %@&30)B� �8 ';)9 �� �− → �!"�#

< 9.� ?� 8D� '�2)L �9 %);; &���� �� '0�@ �"

< 6.� ?� 8D� �%) �<� %);; �� �− → �!"�#

< 9." ?� 8D� �A%)&* �<� %�%& �� �− → �!"�#

< 6.< ?� 8D� '&@3B3�0)3����� ';)9 �� �− → �!"�#

<9< ?� 5@.�35 ?: ';)9 &���� �� '&@3B3�
0)33)22L ��

8D����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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<9"× <�−D<9"× <�−D<9"× <�−D<9"× <�−D ?� 8D< )'(0�&* �9 ';)9 �� �− → �!"�#
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����� ����� ��−#� ��	�
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<<.6±<.8 @A& �C)&�5)<<.6±<.8 @A& �C)&�5)<<.6±<.8 @A& �C)&�5)<<.6±<.8 @A& �C)&�5)

<�.7±<.9±<.� 8D9 �A%)&*�% �"� %�%& �� �− → �!"�#

<8."±<.?±<.6 8D9 5�&��20 �" %);; �� �− → �!"�#

8D9���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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<8.9<8.9<8.9<8.9 ?� 8D8 5�&��20 �" %);; �� �− → �!"�#

8D8���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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< D.8× <�−D< D.8× <�−D< D.8× <�−D< D.8× <�−D ?� 8D" �A%)&* �8� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<8 × <�−D ?� 8D6 5�&��20 �" %);; �� �− → �!"�#

< <.9× <�−6 ?� 8DD 5�&��20 �9 %);; �� �− → �!"�#

8D"���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#O ���
� ��� ���
����	� ����
��
�	����� �
� �	��
������ ����
���� �� ���	������� ���	� ����
������� 
����������

8D6���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
8DDA��� � 
��
���� ����� ���� �� → ��π� ��� �� → ��π− ���� %!�� →
��π�#·%!�� → ��π−# F !9�.8 ± 9.�# × <�−6�
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<7.6× <�−6<7.6× <�−6<7.6× <�−6<7.6× <�−6 ?� %)&54);. ?D� ';)9 �� �− → �!"�#
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<<.8× <�−D<<.8× <�−D<<.8× <�−D<<.8× <�−D ?� 8D7 �A%)&* �8� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<9."× <�−D ?� 8D: 5�&��20 �" %);; �� �− → �!"�#

<8.9× <�−D ?� 8D? 5�&��20 �9 %);; �� �− → �!"�#

8D7���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#O ���
� ��� ���
����	� ����
��
�	����� �
� �	��
������ ����
���� �� ���	������� ���	� ����
������� 
����������

8D:���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
8D?A��� � 
��
���� ����� ���� �� → ��π� ��� �� → ��π− ���� %!�� →
��π�#·%!�� → ��π−# F !9�.8 ± 9.�# × <�−6�
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<:.7?× <�−6<:.7?× <�−6<:.7?× <�−6<:.7?× <�−6 ?� �%%B)3.B ��� @��; �� �− → �
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<6.8 × <�−D<6.8 × <�−D<6.8 × <�−D<6.8 × <�−D ?� 87� P)22@� �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<.9?× <�−" ?� �%%B)3.B ��� @��; �� �− → �

<<.8:× <�−" ?� 87< �%) ��	 2;. �� �− → �

87����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
87<�%) ��	 ���	��� %!� → ��#F!9<.7 ± �.<#I ��� ��� � 
������� �

��F���F
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−9.9#I ��� ���

F!<�.6�<.:
−9.9#I�
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��� ���� 879 0A�35 �8 %);; �� �− → �!"�#

8793� �������� �� �	�� �
 �	�� ����� ��� ��� �

����� �� %!�� → �
 !999�##×%!�
 !999�# → φφ# < <.9 × <�−D �� ?�I'; ���
�
��� �
 !999�# �� � �������� $�	����� ������
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8.�<±�.<? @A& �C)&�5)8.�<±�.<? @A& �C)&�5)8.�<±�.<? @A& �C)&�5)8.�<±�.<? @A& �C)&�5)

8.�D±�.<9±�.98 878 5�&��20 �6 %);; �� �− → �!"�#

9.?D±�.9<±�.<D 87" �A%)&* �8� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
8.9:±�.<:±�.9: 878 5�&��20 �" %);; &���� �� 5�&��20 �6

8.68±�.87±�."6 876 5�&��20 �9 %);; &���� �� 5�&��20 �"

<9� ?� 87D �.�� ?D
 .;�0 �� �− → �

<89 ?� 877 �%&)A ?6� .;�0 2	�� �� �.�� ?D


<86 ?� �;%&)'0* ?<� �&5 �� �− → �!"�#

878���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
87"���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#O ���
� ��� ���
����	� ����
��

�	����� �
� �	��
������ ����
���� �� ���	������� ���	� ����
������� 
����������
876A��� � 
��
���� ����� ���� �� → ��π� ��� �� → ��π− ���� %!�� →
��π�#·%!�� → ��π−# F !9�.8 ± 9.�# × <�−6�

87D�.�� ?D
 ���	��� �
�� F �

�− F �.8? ��� ���
F �.<9�

877���	��� � ��� �− �
��	����� 
������ � �.8? ��� � �� �
��	����� 
������ � �.<9�
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?!����� !99??!!

(
�φ

)
?!����� !99??!!
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)
?!����� !99??!!

(
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)
?!����� !99??!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

?.� ±�.: @A& �C)&�5)?.� ±�.: @A& �C)&�5)?.� ±�.: @A& �C)&�5)?.� ±�.: @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�8� 2�� ��� ����$
��
������

7.D ±<.8 ±�.D 87: �'@2*� �6� '.4 �� �� <�?D *�C

?.D�±�.?9�<.�6
−�.:6

87? 5�&��20 �6 %);; �� �− → �!"�#

<�.� ��.?
−�.: ±�.6 87? �A%)&* �"% %�%& �� �− → �!"�#

6.6 �9.<
−<.: ±�.D 87? %&B)&) �< ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
?." ±<.< ±�.7 87? '0)3 �8� %);; &���� �� 5�&��20 �6

<".D �8.�
−9.: ±9.� 8:� 5�&��20 �9 %);; &���� �� '0)3 �8�

7.7 �<.D
−<." ±�.: 87? �A%)&* �<
 %�%& �� �− → �!"�#

<<"" ?� 8:< �%) ��	 2;. �� �− → �

< 6 ?� 87? %)&54);. ?: ';)9

<9:� ?� 8:9 �.�� ?D
 .;�0 �� �− → �

< <9 ?� �23)& ?D ';)9 �� �− → �!"�#

<""� ?� 8:8 �%&)A ?6� .;�0 2	�� �� �.�� ?D


<<:� ?� �;%&)'0* ?<� �&5 �� �− → �!"�#

< ?� ?� 8:" �C)&L :?� ';)@ �� �− → �!"�#

<9<� ?� �C)&L :7 ';)@ �� �− → �!"�#

87:A��� %!�� → 
/ψ��# F !<.�� ± �.�"#× <�−8 ��� %!
/ψ → µ�µ−# F �.�6:: ±
�.��<��

87?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
8:�A��� � 
��
���� ����� ���� �� → ��π� ��� �� → ��π− ���� %!�� →
��π�#·%!�� → ��π−# F !9�.8 ± 9.�# × <�−6�

8:<�%) ��	 ���	��� %!� → ��#F!9<.7 ± �.<#I ��� ��� � 
������� �
��F���F

!8?.7�<.:
−9.9#I ��� ���

F!<�.6�<.:
−9.9#I�

8:9�.�� ?D
 ���	��� �
�� F �

�− F �.8? ��� ���
F �.<9�

8:8���	��� � ��� �− �
��	����� 
������ � �.8? ��� � �� �
��	����� 
������ � �.<9�
8:"�C)&L :?� 
���
�� < :×<�−6 ���	���$ ��� �!"�# ������ "8I �� ����� E� 
������

�� 6�I�

WEIGHTED AVERAGE
9.0±0.8 (Error scaled by 1.3)

BRIERE 01 CLE2 2.6
AUBERT 04A BABR 1.1
GARMASH 05 BELL 0.2
ACOSTA 05J CDF 1.0

χ2

       4.9
(Confidence Level = 0.182)
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<9.?× <�−D<9.?× <�−D<9.?× <�−D<9.?× <�−D ?� 8:6 5�&��20 �6 %);; �� �− → �!"�#

8:6���	��� �H	�� �
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<<.<× <�−D<<.<× <�−D<<.<× <�−D<<.<× <�−D ?� 8:D 5�&��20 �6 %);; �� �− → �!"�#

8:D���	��� �H	�� �
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<".?× <�−D<".?× <�−D<".?× <�−D<".?× <�−D ?� 8:7 5�&��20 �6 %);; �� �− → �!"�#

8:7���	��� �H	�� �
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<�.:× <�−D<�.:× <�−D<�.:× <�−D<�.:× <�−D ?� 8:: 5�&��20 �6 %);; �� �− → �!"�#
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−�.D�

9."�±�.<6��.9D
−�.D�9."�±�.<6��.9D
−�.D�

9."�±�.<6��.9D
−�.D�

8:? 5�&��20 �6 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<8.: ?� %)&54);. ?D� ';)9 �� �− → �!"�#
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<<.D× <�−8<<.D× <�−8<<.D× <�−8<<.D× <�−8 ?� �;%&)'0* ?<� �&5 �� �− → �!"�#

!
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∗�,-$�φ

)
?!����� !98D?!!

(
∗�,-$�φ

)
?!����� !98D?!!

(
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)
?!����� !98D?!!

(
∗�,-$�φ

)
?!����� !98D?!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

?.D±8.� @A& �C)&�5)?.D±8.� @A& �C)&�5)?.D±8.� @A& �C)&�5)?.D±8.� @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�?�

<9.7�9.9
−9.�±<.< 8?� �A%)&* �8� %�%& �� �− → �!"�#

D.7�9.<
−<.?

��.7
−<.�

8?� '0)3 �8� %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
?.7�".9

−8."±<.7 8?� �A%)&* �<
 %�%& &���� �� �A%)&* �8�

< 99.6 ?� 8?� %&B)&) �< ';)9 �� �− → �!"�#

< "< ?� 8?� %)&54);. ?: ';)9

< 7� ?� �23)& ?D ';)9 �� �− → �!"�#

<<8�� ?� �;%&)'0* ?<� �&5 �� �− → �!"�#

8?����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
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)
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�φ
)
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(
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)
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(
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)
?!����� !987?!

����� 	� ��	�
��� �� ��	� 	�

���

<<.<× <�−8<<.<× <�−8<<.<× <�−8<<.<× <�−8 ?� �;%&)'0* ?<� �&5 �� �− → �!"�#

!
(
∗
9�.&/�

�φ
)
?!����� !98:?!!

(
∗
9�.&/�

�φ
)
?!����� !98:?!!

(
∗
9�.&/�

�φ
)
?!����� !98:?!!

(
∗
9�.&/�

�φ
)
?!����� !98:?!

����� 	� ��	�
��� �� ��	� 	�

���

<8."× <�−8<8."× <�−8<8."× <�−8<8."× <�−8 ?� �;%&)'0* ?<� �&5 �� �− → �!"�#



��	��	��	��	

����� ����	
�� �	��	��

�±

!
(
�φφ

)
?!����� !98??!!

(
�φφ

)
?!����� !98??!!

(
�φφ

)
?!����� !98??!!

(
�φφ

)
?!����� !98??!

����� ����� ��−#� ��	�
��� �� ��	� 	�

���

9.D�<.<
−�.?±�.89.D�<.<
−�.?±�.89.D�<.<
−�.?±�.89.D�<.<
−�.?±�.8 8?< 0A�35 �8 %);; �� �− → �!"�#

8?<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� �
 � φφ ����
���� ����

����� 9�:6 5�C��9�

!
(
∗�,-$� γ

)
?!����� !9"�?!!

(
∗�,-$� γ

)
?!����� !9"�?!!

(
∗�,-$� γ

)
?!����� !9"�?!!

(
∗�,-$� γ

)
?!����� !9"�?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

".�8±�.9D @A& �C)&�5)".�8±�.9D @A& �C)&�5)".�8±�.9D @A& �C)&�5)".�8±�.9D @A& �C)&�5)

8.:7±�.9:±�.9D 8?9 �A%)&*�%) �"% %�%& �� �− → �!"�#

".96±�.8<±�.9" 8?8 3�(�@ �" %);; �� �− → �!"�#

8.7D��.:?
−�.:8±�.9: 8?8 '@�3 �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
8.:8±�.D9±�.99 8?8 �A%)&* �9	 %�%& &���� ��

�A%)&*�%) �"%

6.7 ±8.< ±<.< 8?" ����& ?8 ';)9 &���� �� '@�3 ��

< 66 ?� 8?6 �;%&)'0* :?� �&5 �� �− → �!"�#

< 66 ?� 8?6 �C)&L :?� ';)@ �� �− → �!"�#

<<:� ?� �C)&L :7 ';)@ �� �− → �!"�#

8?9A��� ��� �
��	����� 
���� � ���
$�� ��� ��	�
�� % 
�� �!"�# ������ &�/� F <.��D±
�.�":�

8?8���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
8?"����& ?8 ����
��� ".< ± 9.8 ������ ����� ���,$
�	���
8?6���	��� ��� �!"�# ������ "8I �� �����

!
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)
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(
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�γ
)
?!����� !9"<?!!

(
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�γ
)
?!����� !9"<?!!

(
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�γ
)
?!����� !9"<?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

".8±�.?±�.?".8±�.?±�.?".8±�.?±�.?".8±�.?±�.? 8?D L�35 �6 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
< ?.? ?� 8?D 3B20B.� �9 %);; &���� �� L�35 �6

<78� ?� 8?7 �;%&)'0* :?� �&5 �� �− → �!"�#

8?D���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
8?7�;%&)'0* :?� 
���
�� < �.��DD ���	���$ ��� �!"�# ������ "6I �� ����� E�


������ �� 6�I�

!
(
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)
?!����� !9"9?!!

(
η�γ

)
?!����� !9"9?!!

(
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)
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(
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)
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����� ����� ��−#� ��	�
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���

:."±<.6�<.9
−�.?

:."±<.6�<.9
−�.?:."±<.6�<.9
−�.?

:."±<.6�<.9
−�.?

8?:,8?? 3B20B.� �6 %);; �� �− → �!"�#

8?:���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
8??η� < 9�" 5�C��9
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)
?!����� !9"8?!!

(
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)
?!����� !9"8?!!

(
φ� γ

)
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)
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��� �� ��	� 	�

���

8."±�.?±�."8."±�.?±�."8."±�.?±�."8."±�.?±�." "�� .&A*2(@L �" %);; �� �− → �!"�#

"�����	��� �H	�� �
��	����� � �� ��� �� �� �!"�#�

!
(
�π−π�γ

)
?!����� !9""?!!
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)
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(
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)
?!����� !9""?!

����� ����� ��−"� ��	�
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9.6�±�.<:±�.999.6�±�.<:±�.999.6�±�.<:±�.999.6�±�.<:±�.99 "�< L�35 �6 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
9." ±�.6 ��."

−�.9
"�<,"�9 3B20B.� �9 %);; &���� �� L�35 �6

"�<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
"�9 � ππ < 9." 5�C��9�
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!9.���.7
−�.D±�.9# × <�−6!9.���.7
−�.D±�.9# × <�−6!9.���.7
−�.D±�.9# × <�−6!9.���.7
−�.D±�.9# × <�−6 "�8,"�" 3B20B.� �9 %);; �� �− → �!"�#

"�8���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
"�" � ππ < 9." 5�C��9�
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<9.�× <�−6<9.�× <�−6<9.�× <�−6<9.�× <�−6 ?� "�6,"�D 3B20B.� �9 %);; �� �− → �!"�#

"�6���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
"�D � ππ < 9." 5�C��9�
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<?.9× <�−D<?.9× <�−D<?.9× <�−D<?.9× <�−D ?� "�7,"�: 3B20B.� �9 %);; �� �− → �!"�#

"�7���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
"�: � ππ < 9." 5�C��9�
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�γ
)
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)
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)
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)
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����� 	� ���� ��	�
��� �� ��	� 	�

���

<<.6 × <�−6<<.6 × <�−6<<.6 × <�−6<<.6 × <�−6 ?� "�? L�35 �6 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<6.� × <�−6 ?� "�? 3B20B.� �9 %);; &���� �� L�35 �6

<�.��99 ?� "<� �;%&)'0* :?� �&5 �� �− → �!"�#

"�?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
"<��;%&)'0* :?� 
���
�� < �.��9� ���	���$ ��� �!"�# ������ "6I �� ����� E�
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)
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����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

<."6±�."�±�.<6<."6±�."�±�.<6<."6±�."�±�.<6<."6±�."�±�.<6 "<< �A%)&*�% �"$ %�%& �� �− → �!"�#
• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<"� ?� "<9 �;%&)'0* :?� �&5 �� �− → �!"�#

"<<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
"<9�;%&)'0* :?� 
���
�� < �.��<8 ���	���$ ��� �!"�# ������ "6I �� ����� E�
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)
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(
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)
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<�.��<?<�.��<?<�.��<?<�.��<? ?� "<8 �;%&)'0* :?� �&5 �� �− → �!"�#

"<8�;%&)'0* :?� 
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�� < �.��<7 ���	���$ ��� �!"�# ������ "6I �� ����� E�
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)
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����� 	� ��	�
��� �� ��	� 	�
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<8.? × <�−6<8.? × <�−6<8.? × <�−6<8.? × <�−6 ?� "<","<6 3B20B.� �6 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<�.��66 ?� "<D �;%&)'0* :?� �&5 �� �− → �!"�#

"<"���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
"<6A��� %!�∗

8!<7:�# → η�# F �.<<��.�6
−�.�"�

"<D�;%&)'0* :?� 
���
�� < �.��6 ���	���$ ��� �!"�# ������ "6I �� ����� E� 
������
�� 6�I�

!
(
∗
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�γ
)
?!����� !969?!!

(
∗
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�γ
)
?!����� !969?!!

(
∗
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�γ
)
?!����� !969?!!

(
∗
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�γ
)
?!����� !969?!

����� 	� ��	�
��� �� ��	� 	�

���

<�.��??<�.��??<�.��??<�.��?? ?� "<7 �;%&)'0* :?� �&5 �� �− → �!"�#

"<7�;%&)'0* :?� 
���
�� < �.��?� ���	���$ ��� �!"�# ������ "6I �� ����� E�

������ �� 6�I�

!
(
ρ�γ

)
?!����� !968?!!

(
ρ�γ

)
?!����� !968?!!

(
ρ�γ

)
?!����� !968?!!

(
ρ�γ

)
?!����� !968?!

����� 	� ��	�
��� �� ��	� 	�

���

<<.:× <�−D<<.:× <�−D<<.:× <�−D<<.:× <�−D ?� "<: �A%)&* �6 %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<9.9× <�−D ?� "<: �@0���*&� �6 %);; �� �− → �!"�#

<9.<× <�−D ?� "<: �A%)&* �"	 %�%& �� �− → �!"�#

<<.8× <�−6 ?� "<:,"<? '@�3 �� ';)9 �� �− → �!"�#

"<:���	��� �H	�� �
��	����� � �� ��� �� �� �!"�#�
"<?3� �������� �
 � ���
������� � πγ ������������� ��� ����O ��� ����
�� ���	� ���	���

�� ��������������

!
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)
?!����� !96"?!!

(
π�π�

)
?!����� !96"?!!

(
π�π�

)
?!����� !96"?!!

(
π�π�

)
?!����� !96"?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

�.66±�.�D @A& �C)&�5)�.66±�.�D @A& �C)&�5)�.66±�.�D @A& �C)&�5)�.66±�.�D @A& �C)&�5)

�.6:±�.�D±�.�" "9� �A%)&* �6! %�%& �� �− → �!"�#

�.6�±�.<9±�.�6 "9� '0�@ �" %);; �� �− → �!"�#

�."D��.<:
−�.<D

��.�D
−�.�7

"9� %@&30)B� �8 ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.66��.<�

−�.<?±�.�D "9� �A%)&* �8! %�%& &���� �� �A%)&* �6!

�.7"��.98
−�.99±�.�? "9� '�2)L �9 %);; &���� �� '0�@ �"

< <.8" ?� "9� �%) �<� %);; �� �− → �!"�#

< �.?D ?� "9� �A%)&* �<� %�%& �� �− → �!"�#

< <.97 ?� "9� '&@3B3�0)3����� ';)9 �� �− → �!"�#

< 9.� ?� 5@.�35 ?: ';)9 &���� �� '&@3B3�
0)33)22L ��

< <.7 ?� �23)& ?D ';)9 &���� �� 5@.�35 ?:

< 9" ?� "9� �;%&)'0* ?�� �&5 �� �− → �!"�#

<98� ?� "9< %)%)( :7 ';)@ �� �− → �!"�#

"9����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
"9<%)%)( :7 ���	�� ��� �!"�# ������ "8I �� �����

!
(
π�π�π−)

?!����� !966?!!
(
π�π�π−)

?!����� !966?!!
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π�π�π−)

?!����� !966?!!
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π�π�π−)

?!����� !966?!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

<D.9±<.9±�.?<D.9±<.9±�.?<D.9±<.9±�.?<D.9±<.9±�.? "99 �A%)&*�% �6� %�%& �� �− → �!"�#
• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •

<�.?±8.8±<.D "99 �A%)&* �8� %�%& &���� �� �A%)&* �6�

<<8� ?� "98 �.�� ?D
 .;�0 �� �− → �

<99� ?� "9" �%&)A ?6� .;�0 2	�� �� �.�� ?D


<"6� ?� "96 �;%&)'0* ?�� �&5 �� �− → �!"�#

<<?� ?� "9D %@&*@;)**@:? ';)@ �� �− → �!"�#
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<9.9× <�−6<9.9× <�−6<9.9× <�−6<9.9× <�−6 ?� "6D �A%)&*�% �"
 %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<8.8× <�−6 ?� "6D &B'0B'0B �� ';)9 �� �− → �!"�#

<".7× <�−6 ?� %)0&)32 ?: ';)9 &���� �� &B'0B'0B ��

"6D���	��� �H	�� �
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:."±<.?±<.<:."±<.?±<.<:."±<.?±<.<:."±<.?±<.< "67 �A%)&*�% �6� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<" ?� "67 �A%)&*�% �"
 %�%& &���� �� �A%)&*�% �6�

<<6 ?� "67 &B'0B'0B �� ';)9 �� �− → �!"�#

<89 ?� %)0&)32 ?: ';)9 &���� �� &B'0B'0B ��
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• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<." × <�−D ?� "6: �A%)&* �<
 %�%& �� �− → �!"�#
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<�.6 × <�−6 ?� "6: %)&54);. ?: ';)9
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�� � ������ 
�� �!"�# �������

!
(
π�π�π�π−π−)

?!����� !97:?!!
(
π�π�π�π−π−)

?!����� !97:?!!
(
π�π�π�π−π−)

?!����� !97:?!!
(
π�π�π�π−π−)

?!����� !97:?!
����� 	� ��	�
��� �� ��	� 	�

���
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<D.9× <�−"<D.9× <�−"<D.9× <�−"<D.9× <�−" ?� "D8 %@&*@;)**@:? ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
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�$��� =��� ������� ���� • • •
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−�.9" @A& �C)&�5)<.8:��.97
−�.9" @A& �C)&�5)<.8:��.97
−�.9" @A& �C)&�5)<.8:��.97
−�.9" @A& �C)&�5)

<.8"��.88
−�.9?±�.<< "D? ;A �9 %);; �� �− → �!"�#

<."8��.8D
−�.89±�.9� "D? P)22@� �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
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8.�D� �.78
− �.D9± �.878.�D� �.78
− �.D9± �.878.�D� �.78
− �.D9± �.878.�D� �.78
− �.D9± �.87 "7<,"79 E�35 �" %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
< 8.7 ?� "7<,"78 �%) �9� %);; &���� �� E�35 �"

<6�� ?� "7" �%&)A ?6� .;�0 2	�� �� �.�� ?D
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@���<�A�;��� �� �� �����@���<�A�;��� �� �� �����@���<�A�;��� �� �� �����@���<�A�;��� �� �� �����

B� ������ ��������$ ��� �����
 ������� ��� ��� ������$	��� ����$ ���
������ �� ����� ����� ����
�+������ �
� ���� ���$��	����� !�# �
 ���� �
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�
�����
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����� !‖# �
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������	��
 !⊥# �� ���� ����
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�����
� KL�K� K⊥�K� ��� ��� 
������� ������ φ‖ ��� φ⊥� 2�� ���

��=������� �� ��� ���� �� �����
�+����� �� � .����� 
����� �� ��� ��
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!L?! �� �� → �∗�ρ�!L?! �� �� → �∗�ρ�!L?! �� �� → �∗�ρ�!L?! �� �� → �∗�ρ�

����� ��	�
��� �� ��	� 	�

���

�.:?9±�.�<:±�.�<D�.:?9±�.�<:±�.�<D�.:?9±�.�<:±�.�<D�.:?9±�.�<:±�.�<D '2@&3� �8 ';)9 �� �− → �!"�#

!L?! �� �� → �∗�∗�!L?! �� �� → �∗�∗�!L?! �� �� → �∗�∗�!L?! �� �� → �∗�∗�
����� ��	�
��� �� ��	� 	�

���

�.:D±�.�D±�.�8�.:D±�.�D±�.�8�.:D±�.�D±�.�8�.:D±�.�D±�.�8 �A%)&* �"� %�%& �� �− → �!"�#

!L?! �� �� → �/ψ∗�!L?! �� �� → �/ψ∗�!L?! �� �� → �/ψ∗�!L?! �� �� → �/ψ∗�
����� ��	�
��� �� ��	� 	�

���

�.D�"±�.�<6±�.�<:�.D�"±�.�<6±�.�<:�.D�"±�.�<6±�.�<:�.D�"±�.�<6±�.�<: B*@0 �6 %);; �� �− → �!"�#

!⊥?! �� �� → �/ψ∗�!⊥?! �� �� → �/ψ∗�!⊥?! �� �� → �/ψ∗�!⊥?! �� �� → �/ψ∗�
����� ��	�
��� �� ��	� 	�

���

�.<:�±�.�<"±�.�<��.<:�±�.�<"±�.�<��.<:�±�.�<"±�.�<��.<:�±�.�<"±�.�<� B*@0 �6 %);; �� �− → �!"�#
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����� ��	�
��� �� ��	� 	�
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�.6�±�.�7 @A& �C)&�5)�.6�±�.�7 @A& �C)&�5)�.6�±�.�7 @A& �C)&�5)�.6�±�.�7 @A& �C)&�5)

�.69±�.�:±�.�8 '0)3 �6% %);; �� �− → �!"�#

�."D±�.<9±�.�8 �A%)&* �8� %�%& �� �− → �!"�#
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����� ��	�
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���

�.<?±�.�:±�.�9�.<?±�.�:±�.�9�.<?±�.�:±�.�9�.<?±�.�:±�.�9 '0)3 �6% %);; �� �− → �!"�#
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!L?!��
� → ∗�,-$� ρ�!L?!��
� → ∗�,-$� ρ�!L?!��
� → ∗�,-$� ρ�!L?!��
� → ∗�,-$� ρ�

����� ��	�
��� �� ��	� 	�

���

�."8±�.<<��.�6
−�.�9

�."8±�.<<��.�6
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−�.�8�±�.�<"±�.�<� �A%)&* �6� %�%& �� �− → �!"�#

−�.�9D±�.�99±�.�<7 �%) �8� %);; �� �− → �!"�#
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−�.�77±�.9�7±�.�6<−�.�77±�.9�7±�.�6<−�.�77±�.9�7±�.�6<−�.�77±�.9�7±�.�6< �A%)&* �6� %�%& �� �− → �!"�#

��� ��
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���� ��
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���� ��
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���� ��
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��� �� ��	� 	�

���

�.��8±�.�7D±�.�<7�.��8±�.�7D±�.�<7�.��8±�.�7D±�.�<7�.��8±�.�7D±�.�<7 �A%)&* �6� %�%& �� �− → �!"�#

��� ��
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��� �� ��	� 	�

���

−�."7<±�.87:±�.9D:−�."7<±�.87:±�.9D:−�."7<±�.87:±�.9D:−�."7<±�.87:±�.9D: �A%)&* �6� %�%& �� �− → �!"�#

��� ��
� → ��π���� ��
� → ��π���� ��
� → ��π���� ��
� → ��π�

����� ��	�
��� �� ��	� 	�

���

−�.��:±�.��:−�.��:±�.��:−�.��:±�.��:−�.��:±�.��: �%) �D %);; �� �− → �!"�#

��� ��
� → �CP !�<#π

���� ��
� → �CP !�<#π

���� ��
� → �CP !�<#π

���� ��
� → �CP !�<#π

�

����� ��	�
��� �� ��	� 	�

���

�.�86±�.�9"�.�86±�.�9"�.�86±�.�9"�.�86±�.�9" �%) �D %);; �� �− → �!"�#

��� ��
� → �CP !−<#π

���� ��
� → �CP !−<#π

���� ��
� → �CP !−<#π

���� ��
� → �CP !−<#π

�

����� ��	�
��� �� ��	� 	�

���

�.�<7±�.�9D�.�<7±�.�9D�.�<7±�.�9D�.�<7±�.�9D �%) �D %);; �� �− → �!"�#

��� ��
� → ������ ��
� → ������ ��
� → ������ ��
� → ���

����� ��	�
��� �� ��	� 	�

���

�.�DD±�.�8D�.�DD±�.�8D�.�DD±�.�8D�.�DD±�.�8D �%) �D %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.��8±�.�:�±�.�87 67? �%) �8
 %);; &���� �� 2E�B3 �8

�.�" ±�.�D ±�.�8 6:� 2E�B3 �8 %);; &���� �� �%) �D

67?'�

������� �� ?�I ���=����� 
��$� −�.<6 <��� < �.<D�
6:�'�

������� �� ?�I ���=����� 
��$� −�.�7 <��� < �.<6�

�B��� → ����B��� → ����B��� → ����B��� → ���



!∗#
B

��� δ
!∗#
B

�
� ��� ������	�� 
����� ��� 
������� ��
��$ ������ ������� ��� ������

�	��� � ��� !�
� → �!∗#���# ��� ��� !�

� → �!∗#���#�

����� ��	�
��� �� ��	� 	�

���

�.<9±�.�:±�.�6�.<9±�.�:±�.�6�.<9±�.�:±�.�6�.<9±�.�:±�.�6 6:< �A%)&*�% �6' %�%& �� �− → �!"�#

6:<A��� � .����+ �������� � ��	�
�� � ������ �� ��
�

π�π− �� ��� �
������� �± →
�!∗#�±� �∗ → �π�� � γ�

δB��� → ���δB��� → ���δB��� → ���δB��� → ���
����� �+�,-��� ��	�
��� �� ��	� 	�

���

<�"±"6�98
−89

<�"±"6�98
−89<�"±"6�98
−89

<�"±"6�98
−89

6:9 �A%)&*�% �6' %�%& �� �− → �!"�#

6:9A��� � .����+ �������� � ��	�
�� � ������ �� ��
�

π�π− �� ��� �
������� �± →
�!∗#�±� �∗ → �π�� � γ�

��� ��
� → *−π� +�

���� ��
� → *−π� +�

���� ��
� → *−π� +�

���� ��
� → *−π� +�

�
����� ��	�
��� �� ��	� 	�

���

��.::��.77
−�.D9±�.�D��.::��.77
−�.D9±�.�D��.::��.77
−�.D9±�.�D��.::��.77
−�.D9±�.�D 2�B5@ �6 %);; �� �− → �!"�#

��� ��
� → *−π� +

�
∗�,-$���� ��

� → *−π� +
�

∗�,-$���� ��
� → *−π� +

�
∗�,-$���� ��

� → *−π� +
�

∗�,-$�
����� ��	�
��� �� ��	� 	�

���

−�.99±�.D<±�.<7−�.99±�.D<±�.<7−�.99±�.D<±�.<7−�.99±�.D<±�.<7 �A%)&*�% �6� %�%& �� �− → �!"�#

��� ��
� → *−π� +� π���� ��
� → *−π� +� π���� ��
� → *−π� +� π���� ��
� → *−π� +� π�

����� ��	�
��� �� ��	� 	�

���

��.8���.9?
−�.96±�.�D��.8���.9?
−�.96±�.�D��.8���.9?
−�.96±�.�D��.8���.9?
−�.96±�.�D 2�B5@ �6 %);; �� �− → �!"�#

��� ��
� → *π�π−π� +� 

���� ��
� → *π�π−π� +� 

���� ��
� → *π�π−π� +� 

���� ��
� → *π�π−π� +� 

�
����� ��	�
��� �� ��	� 	�

���

−�.�9±�.<D±�.�8−�.�9±�.<D±�.�8−�.�9±�.<D±�.�8−�.�9±�.<D±�.�8 �A%)&*�% �6� %�%& �� �− → �!"�#

��� ��
� → ���!�<#

���� ��
� → ���!�<#

���� ��
� → ���!�<#

���� ��
� → ���!�<#

�

����� ��	�
��� �� ��	� 	�

���

�.99±�.<" @A& �C)&�5)�.99±�.<" @A& �C)&�5)�.99±�.<" @A& �C)&�5)�.99±�.<" @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�"�

�.�D±�.<"±�.�6 �%) �D %);; �� �− → �!"�#

�.86±�.<8±�.�" �A%)&* �D� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�7±�.<7±�.�D �A%)&* �"� %�%& &���� �� �A%)&* �D�

�.9?±�.9D±�.�6 6:8 �%) �8
 %);; &���� �� 2E�B3 �8

�.�D±�.<?±�.�" 6:" 2E�B3 �8 %);; &���� �� �%) �D

6:8'�

������� �� ?�I ���=����� 
��$� −�.<" <��� < �.78�
6:"'�

������� �� ?�I ���=����� 
��$� −�.9D <��� < �.8:�

��� ��
� → ���!−<#

���� ��
� → ���!−<#

���� ��
� → ���!−<#

���� ��
� → ���!−<#

�

����� ��	�
��� �� ��	� 	�

���

−�.�?±�.<� @A& �C)&�5)−�.�?±�.<� @A& �C)&�5)−�.�?±�.<� @A& �C)&�5)−�.�?±�.<� @A& �C)&�5)

−�.<9±�.<"±�.�6 �%) �D %);; �� �− → �!"�#

−�.�D±�.<8±�.�" �A%)&* �D� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.99±�.9"±�.�" 6:6 �%) �8
 %);; &���� �� 2E�B3 �8

−�.<?±�.<7±�.�6 6:D 2E�B3 �8 %);; &���� �� �%) �D

6:6'�

������� �� ?�I ���=����� 
��$� −�.D9 <��� < �.<:�
6:D'�

������� �� ?�I ���=����� 
��$� −�."7 <��� < �.<<�

��� ��
� → �∗�π���� ��
� → �∗�π���� ��
� → �∗�π���� ��
� → �∗�π�

����� ��	�
��� �� ��	� 	�

���

−�.�<"±�.�<6−�.�<"±�.�<6−�.�<"±�.�<6−�.�<"±�.�<6 �%) �D %);; �� �− → �!"�#

��� ��
� → �D∗

CP !�<#
�π���� ��

� → �D∗
CP !�<#

�π���� ��
� → �D∗

CP !�<#
�π���� ��

� → �D∗
CP !�<#

�π�

����� ��	�
��� �� ��	� 	�

���

−�.�9<±�.�"6−�.�9<±�.�"6−�.�9<±�.�"6−�.�9<±�.�"6 �%) �D %);; �� �− → �!"�#

��� ��
� → �D∗

CP !−<#
�π���� ��

� → �D∗
CP !−<#

�π���� ��
� → �D∗

CP !−<#
�π���� ��

� → �D∗
CP !−<#

�π�

����� ��	�
��� �� ��	� 	�

���

−�.�?�±�.�6<−�.�?�±�.�6<−�.�?�±�.�6<−�.�?�±�.�6< �%) �D %);; �� �− → �!"�#



	��	��	��	��

��� ��� �� ���� 	
� ���������	
�� �	��	��

�±

��� ��
� → �∗����� ��
� → �∗����� ��
� → �∗����� ��
� → �∗��

����� ��	�
��� �� ��	� 	�

���

−�.�:?±�.�:D−�.�:?±�.�:D−�.�:?±�.�:D−�.�:?±�.�:D �%) �D %);; �� �− → �!"�#

�∗B��� → �∗���∗B��� → �∗���∗B��� → �∗���∗B��� → �∗��



!∗#
B ��� δ

!∗#
B �
� ��� ������	�� 
����� ��� 
������� ��
��$ ������ ������� ��� ������

�	��� � ��� !�
� → �!∗#���# ��� ��� !�

� → �!∗#���#�

����� ��	�
��� �� ��	� 	�

���

�.<7±�.<�±�.�"�.<7±�.<�±�.�"�.<7±�.<�±�.�"�.<7±�.<�±�.�" 6:7 �A%)&*�% �6' %�%& �� �− → �!"�#

6:7A��� � .����+ �������� � ��	�
�� � ������ �� ��
�

π�π− �� ��� �
������� �± →
�!∗#�±� �∗ → �π�� � γ�

δ∗B��� → �∗��δ∗B��� → �∗��δ∗B��� → �∗��δ∗B��� → �∗��
����� �+�,-��� ��	�
��� �� ��	� 	�

���

−D"±"<�9�
−<?

−D"±"<�9�
−<?−D"±"<�9�
−<?

−D"±"<�9�
−<?

6:: �A%)&*�% �6' %�%& �� �− → �!"�#

6::A��� � .����+ �������� � ��	�
�� � ������ �� ��
�

π�π− �� ��� �
������� �± →
�!∗#�±� �∗ → �π�� � γ�

��� ��
� → �∗�

CP !�<#
���� ��

� → �∗�
CP !�<#

���� ��
� → �∗�

CP !�<#
���� ��

� → �∗�
CP !�<#

�

����� ��	�
��� �� ��	� 	�

���

−�.<6±�.<D @A& �C)&�5)−�.<6±�.<D @A& �C)&�5)−�.<6±�.<D @A& �C)&�5)−�.<6±�.<D @A& �C)&�5)

−�.9�±�.99±�.�" �%) �D %);; �� �− → �!"�#

−�.<�±�.98��.�8
−�.�" �A%)&* �6� %�%& �� �− → �!"�#

��� ��
� → �∗

CP !−<#
���� ��

� → �∗
CP !−<#

���� ��
� → �∗

CP !−<#
���� ��

� → �∗
CP !−<#

�

����� ��	�
��� �� ��	� 	�

���

�.<8±�.8�±�.�:�.<8±�.8�±�.�:�.<8±�.8�±�.�:�.<8±�.8�±�.�: �%) �D %);; �� �− → �!"�#

��� ��
� → �CP !�<#

∗�,-$���� ��
� → �CP !�<#

∗�,-$���� ��
� → �CP !�<#

∗�,-$���� ��
� → �CP !�<#

∗�,-$�
����� ��	�
��� �� ��	� 	�

���

−�.�:±�.<?±�.�:−�.�:±�.<?±�.�:−�.�:±�.<?±�.�:−�.�:±�.<?±�.�: �A%)&*�% �6$ %�%& �� �− → �!"�#

��� ��
� → �CP !−<#

∗�,-$���� ��
� → �CP !−<#

∗�,-$���� ��
� → �CP !−<#

∗�,-$���� ��
� → �CP !−<#

∗�,-$�
����� ��	�
��� �� ��	� 	�

���

−�.9D±�."�±�.<9−�.9D±�."�±�.<9−�.9D±�."�±�.<9−�.9D±�."�±�.<9 �A%)&*�% �6$ %�%& �� �− → �!"�#

��� ��
� → �

� π���� ��
� → �

� π���� ��
� → �

� π���� ��
� → �

� π�
����� ��	�
��� �� ��	� 	�

���

−�.�9 ±�.�7 @A& �C)&�5)−�.�9 ±�.�7 @A& �C)&�5)−�.�9 ±�.�7 @A& �C)&�5)−�.�9 ±�.�7 @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�?� 2�� ��� ����$
��
������

−�.�? ±�.�6 ±�.�< 6:? �A%)&*�%) �6� %�%& �� �− → �!"�#
�.�6 ±�.�6 ±�.�< 6?� '0�@ �6% %);; �� �− → �!"�#

�.<: ±�.9" 6?< '0)3 �� ';)9 �� �− → �!"�#
• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.�6 ±�.�: ±�.�< 6?9 �A%)&* �"� %�%& &���� �� �A%)&*�%) �6�

�.�7 ��.�?
−�.�:

��.�<
−�.�8

6?8 A33@ �8 %);; &���� �� '0�@ �6%

�."D ±�.<6 ±�.�9 6?" '�2)L �9 %);; &���� �� A33@ �8

�.�?:��."8�
−�.8"8

��.�9�
−�.�D8

6?6 �%) �<� %);; &���� �� '�2)L �9

−�.9< ±�.<: ±�.�8 6?D �A%)&* �<� %�%& &���� �� �A%)&* �"�

6:?'�

������� �� ?�I ���=����� 
��$� −�.<D <��� < −�.�9�
6?�'�

������� �� � ?�I '; ����
��� � −�.�" < ��� < ��<8�
6?<'�

������� �� ?�I ���=����� 
��$� −�.99 <��� < �.6D�
6?9 ?�I '; ����
��� −�.<: < �CP < ���:
6?8'�

������� �� ?�I ���=����� 
��$� −�.<� <��� < ��.99�
6?"'�

������� �� ?�I ���=����� 
��$� ��.<? <��� < ��.79�
6?6'�

������� �� ?�I ���=����� 
��$� −�.68 <��� < �.:9�
6?D'�

������� �� ?�I ���=����� 
��$� −�.6< <��� < �.�?�

WEIGHTED AVERAGE
-0.02±0.07 (Error scaled by 1.9)

CHEN 00 CLE2 0.7
CHAO 05A BELL 1.6
AUBERT,BE 05E BABR 2.1

χ2

       4.4
(Confidence Level = 0.108)

-0.4 -0.2 0 0.2 0.4 0.6 0.8

��� -�
� → ��

� π�.

��� ��
� → �π���� ��
� → �π���� ��
� → �π���� ��
� → �π�

����� ��	�
��� �� ��	� 	�

���

�.�" ±�.�" @A& �C)&�5)�.�" ±�.�" @A& �C)&�5)�.�" ±�.�" @A& �C)&�5)�.�" ±�.�" @A& �C)&�5)

�.�D ±�.�D ±�.�< 6?7 �A%)&* �6! %�%& �� �− → �!"�#

�.�" ±�.�6 ±�.�9 6?: '0�@ �"� %);; �� �− → �!"�#

−�.9? ±�.98 6?? '0)3 �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�D ±�.�D ±�.�9 6?7 '0�@ �6% %);; &���� �� '0�@ �"�

−�.�? ±�.�? ±�.�< D�� �A%)&* �8! %�%& &���� �� �A%)&* �6!

−�.�9 ±�.<? ±�.�9 D�< '�2)L �9 %);; &���� �� '0�@ �"�

−�.�6?��.999
−�.<?D

��.�66
−�.�<7

D�9 �%) �<� %);; &���� �� '�2)L �9

�.�� ±�.<: ±�.�" D�8 �A%)&* �<� %�%& &���� �� �A%)&* �8!

6?7'�

������� �� � ?�I '; ����
��� � −�.�D < ��� < ��<:�
6?:'�

������� �� ?�I '; ����
��� � −�.�6 < �CP < ��<8�
6??'�

������� �� ?�I ���=����� 
��$� −�.D7 <��� < �.�?�
D��'�

������� �� ?�I ���=����� 
��$� −�.9" <��� < �.�D�
D�<'�

������� �� ?�I ���=����� 
��$� −�.86 <��� < ��.8��
D�9'�

������� �� ?�I ���=����� 
��$� −�."� <��� < �.8D�
D�8'�

������� �� ?�I ���=����� 
��$� −�.8� <��� < ��.8��

��� ��
� → �η′��� ��
� → �η′��� ��
� → �η′��� ��
� → �η′

����� ��	�
��� �� ��	� 	�

���

�.�9�±�.�96 @A& �C)&�5)�.�9�±�.�96 @A& �C)&�5)�.�9�±�.�96 @A& �C)&�5)�.�9�±�.�96 @A& �C)&�5)

�.�88±�.�9:±�.��6 D�" �A%)&* �6� %�%& �� �− → �!"�#

−�.<< ±�.<< ±�.�9 D�6 �A%)&* �9� %�%& �� �− → �!"�#

−�.�<6±�.�7�±�.��? D�D '0)3 �9� %);; �� �− → �!"�#

�.�8 ±�.<9 D�7 '0)3 �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�87±�.�"6±�.�<< D�: �A%)&* �8( %�%& &���� �� �A%)&* �6�

�.�D ±�.<6 ±�.�< D�? �%) �<� %);; &���� �� '0)3 �9�

D�"'�

������� �� ?�I ���=����� 
��$� −�.�<9 < ��� <���7:�
D�6'�

������� �� ?�I ���=����� 
��$� −�.9: <��� < �.�7�
D�D'�

������� �� ?�I ���=����� 
��$� −�.<8 <��� < �.<��
D�7'�

������� �� ?�I ���=����� 
��$� −�.<7 <��� < �.98�
D�:'�

������� �� ?�I ���=����� 
��$� −�.�" <��� < �.<<�
D�?'�

������� �� ?�I ���=����� 
��$� −�.9� <��� < �.89�

��� ��
� → η���� ��
� → η���� ��
� → η���� ��
� → η�

����� ��	�
��� �� ��	� 	�

���

−�.96±�.<" @A& �C)&�5)−�.96±�.<" @A& �C)&�5)−�.96±�.<" @A& �C)&�5)−�.96±�.<" @A& �C)&�5)

−�.9�±�.<6±�.�< �A%)&*�% �6� %�%& �� �− → �!"�#

−�."?±�.8<±�.�7 '0�35 �6% %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.69±�.9"±�.�< �A%)&* �"� %�%& &���� �� �A%)&*�% �6�

��� ��
� → η∗�,-$���� ��
� → η∗�,-$���� ��
� → η∗�,-$���� ��
� → η∗�,-$�

����� ��	�
��� �� ��	� 	�

���

�.<8±�.<"±�.�9�.<8±�.<"±�.�9�.<8±�.<"±�.�9�.<8±�.<"±�.�9 �A%)&*�% �"
 %�%& �� �− → �!"�#

��� ��
� → ω���� ��
� → ω���� ��
� → ω���� ��
� → ω�

����� ��	�
��� �� ��	� 	�

���

−�.�9±�.<8 @A& �C)&�5)−�.�9±�.<8 @A& �C)&�5)−�.�9±�.<8 @A& �C)&�5)−�.�9±�.<8 @A& �C)&�5)

−�.�?±�.<7±�.�< �A%)&* �"� %�%& �� �− → �!"�#

�.�D��.9<
−�.<:±�.�< D<� E�35 �"% %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.9<±�.9:±�.�8 D<< ;A �9 %);; &���� �� E�35 �"%

D<�'�

������� �� ?�I '; ����
��� ��<6< �CP <��?�
D<<'�

������� �� ?�I ���=����� 
��$� −�.7� <��� < ��.8:�

��� ��
� → ∗�π���� ��
� → ∗�π���� ��
� → ∗�π���� ��
� → ∗�π�

����� ��	�
��� �� ��	� 	�

���

�.�D:±�.�7:��.�7�
−�.�D7

�.�D:±�.�7:��.�7�
−�.�D7�.�D:±�.�7:��.�7�
−�.�D7

�.�D:±�.�7:��.�7�
−�.�D7 �A%)&*�% �6� %�%& �� �− → �!"�#

��� ��
� → �π−π���� ��
� → �π−π���� ��
� → �π−π���� ��
� → �π−π�

����� ��	�
��� �� ��	� 	�

���

−�.�<8±�.�87±�.�<<−�.�<8±�.�87±�.�<<−�.�<8±�.�87±�.�<<−�.�<8±�.�87±�.�<< �A%)&*�% �6� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�< ±�.�7 ±�.�8 �A%)&* �8� %�%& &���� �� �A%)&*�% �6�

��� ��
� → ���-,�

���� ��
� → ���-,�

���� ��
� → ���-,�

���� ��
� → ���-,�

�
����� ��	�
��� �� ��	� 	�

���

�.�::±�.�?6��.�?7
−�.�6D

�.�::±�.�?6��.�?7
−�.�6D�.�::±�.�?6��.�?7
−�.�6D

�.�::±�.�?6��.�?7
−�.�6D �A%)&*�% �6� %�%& �� �− → �!"�#

��� ��
� → ρ����� ��
� → ρ����� ��
� → ρ����� ��
� → ρ��

����� ��	�
��� �� ��	� 	�

���

�.89±�.<8��.<�
−�.�:

�.89±�.<8��.<�
−�.�:�.89±�.<8��.<�
−�.�:

�.89±�.<8��.<�
−�.�: �A%)&*�% �6� %�%& �� �− → �!"�#

��� ��
� → ∗

��.&/�
�π���� ��

� → ∗
��.&/�

�π���� ��
� → ∗

��.&/�
�π���� ��

� → ∗
��.&/�

�π�
����� ��	�
��� �� ��	� 	�

���

−�.�D"±�.�89��.�98
−�.�9D

−�.�D"±�.�89��.�98
−�.�9D−�.�D"±�.�89��.�98
−�.�9D

−�.�D"±�.�89��.�98
−�.�9D �A%)&*�% �6� %�%& �� �− → �!"�#



	��	��	��	��

���������	
�� �	��	��

�±

��� ��
� → ∗�,-$�π���� ��
� → ∗�,-$�π���� ��
� → ∗�,-$�π���� ��
� → ∗�,-$�π�

����� ��	�
��� �� ��	� 	�

���

�.�"±�.9?±�.�6�.�"±�.9?±�.�6�.�"±�.9?±�.�6�.�"±�.9?±�.�6 �A%)&* �6& %�%& �� �−− >�!"�#

��� ��
� → ρ�∗�,-$���� ��
� → ρ�∗�,-$���� ��
� → ρ�∗�,-$���� ��
� → ρ�∗�,-$�

����� ��	�
��� �� ��	� 	�

���

�.9���.89
−�.9?±�.�"�.9���.89
−�.9?±�.�"�.9���.89
−�.9?±�.�"�.9���.89
−�.9?±�.�" �A%)&* �8� %�%& �� �− → �!"�#

��� ��
� → ����� ��
� → ����� ��
� → ����� ��
� → ��

����� ��	�
��� �� ��	� 	�

���

�.<6±�.88±�.�8�.<6±�.88±�.�8�.<6±�.88±�.�8�.<6±�.88±�.�8 D<9 �A%)&*�%) �6� %�%& �� �− → �!"�#

D<9'�

������� �� ?�I ���=����� 
��$� −�."8 <��� < �.D:�

��� ��
� → ��

� 
�
� ��� ��

� → ��
� 

�
� ��� ��

� → ��
� 

�
� ��� ��

� → ��
� 

�
� 

����� ��	�
��� �� ��	� 	�

���

−�.�"±�.<<±�.�9−�.�"±�.<<±�.�9−�.�"±�.<<±�.�9−�.�"±�.<<±�.�9 D<8 �A%)&*�% �"� %�%& �� �− → �!"�#

D<8'�

������� �� ?�I ���=����� 
��$� −�.98 < ��� < ��<6�

��� ��
� → �−���� ��
� → �−���� ��
� → �−���� ��
� → �−�

����� ��	�
��� �� ��	� 	�

���

�.�9±�.�7±�.�8�.�9±�.�7±�.�8�.�9±�.�7±�.�8�.�9±�.�7±�.�8 �A%)&* �8� %�%& �� �− → �!"�#

��� ��
� → φ���� ��
� → φ���� ��
� → φ���� ��
� → φ�

����� ��	�
��� �� ��	� 	�

���

�.�<±�.�7 @A& �C)&�5)�.�<±�.�7 @A& �C)&�5)�.�<±�.�7 @A& �C)&�5)�.�<±�.�7 @A& �C)&�5)

−�.�7±�.<7��.�8
−�.�9 �'@2*� �6� '.4 �� �� <�?D *�C

�.�"±�.�?±�.�< D<" �A%)&* �"% %�%& �� �− → �!"�#

�.�<±�.<9±�.�6 D<6 '0)3 �8� %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.�6±�.9�±�.�8 D<D �A%)&* �9� %�%& �� �− → �!"�#

D<"'�

������� �� ?�I ���=����� 
��$� −�.<� <��� < �.<:�
D<6'�

������� �� ?�I ���=����� 
��$� −�.9� <��� < �.99�
D<D'�

������� �� ?�I ���=����� 
��$� −�.87 <��� < �.9:�

��� ��
� → φ∗�,-$���� ��
� → φ∗�,-$���� ��
� → φ∗�,-$���� ��
� → φ∗�,-$�

����� ��	�
��� �� ��	� 	�

���

�.�6±�.<< @A& �C)&�5)�.�6±�.<< @A& �C)&�5)�.�6±�.<< @A& �C)&�5)�.�6±�.<< @A& �C)&�5)

−�.�9±�.<"±�.�8 D<7 '0)3 �6% %);; �� �− → �!"�#

�.<D±�.<7±�.�8 �A%)&* �8� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.<8±�.9?��.�:

−�.<<
D<: '0)3 �8� %);; &���� �� '0)3 �6%

−�."8��.8D
−�.8�±�.�D D<? �A%)&* �9� %�%& &���� �� �A%)&* �8�

D<7'�

������� �� ?�I ���=����� 
��$� −�.96 <��� < �.99�
D<:'�

������� �� ?�I ���=����� 
��$� −�.D" <��� < �.8D�
D<?'�

������� �� ?�I ���=����� 
��$� −�.:: <��� < �.<:�

��� ��
� → η�γ��� ��
� → η�γ��� ��
� → η�γ��� ��
� → η�γ

����� ��	�
��� �� ��	� 	�

���

−�.<D±�.�?±�.�D−�.<D±�.�?±�.�D−�.<D±�.�?±�.�D−�.<D±�.�?±�.�D D9� 3B20B.� �6 %);; �� �− → �!"�#

D9�η� < 9�" 5�C��9

��� ��
� → π�π���� ��
� → π�π���� ��
� → π�π���� ��
� → π�π�

����� ��	�
��� �� ��	� 	�

���

−�.�9±�.�7 @A& �C)&�5)−�.�9±�.�7 @A& �C)&�5)−�.�9±�.�7 @A& �C)&�5)−�.�9±�.�7 @A& �C)&�5)

−�.�<±�.<�±�.�9 D9< �A%)&* �6! %�%& �� �− → �!"�#

−�.�9±�.<�±�.�< D99 '0�@ �"� %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.��±�.<�±�.�9 D98 '0�@ �6% %);; &���� �� '0�@ �"�

−�.�8��.<:
−�.<7±�.�9 D9" �A%)&* �8! %�%& &���� �� �A%)&* �6!

�.8�±�.8���.�D
−�.�"

D96 '�2)L �9 %);; &���� �� '0�@ �"�

D9<'�

������� �� � ?�I '; ����
��� � −�.<? < ��� < ��9<�
D99*��� ��

������� �� ?�I '; ����
��� � −�.<: < �CP < ��<"�
D98'�

������� �� � ?�I '; ����
��� � −�.<7 < ��� < ��<D�
D9"'�

������� �� ?�I ���=����� 
��$� −�.89 <��� < �.97�
D96'�

������� �� ?�I ���=����� 
��$� −�.98 <��� < ��.:D�

��� ��
� → π�π−π���� ��
� → π�π−π���� ��
� → π�π−π���� ��
� → π�π−π�

����� ��	�
��� �� ��	� 	�

���

−�.��7±�.�77±�.�96−�.��7±�.�77±�.�96−�.��7±�.�77±�.�96−�.��7±�.�77±�.�96 �A%)&*�% �6� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.8? ±�.88 ±�.<9 �A%)&* �8� %�%& &���� �� �A%)&* �6�

��� ��
� → ρ�π���� ��
� → ρ�π���� ��
� → ρ�π���� ��
� → ρ�π�

����� ��	�
��� �� ��	� 	�

���

−�.�7"±�.<9���.�86
−�.�66

−�.�7"±�.<9���.�86
−�.�66−�.�7"±�.<9���.�86
−�.�66

−�.�7"±�.<9���.�86
−�.�66 �A%)&*�% �6� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.<? ±�.<< ±�.�9 �A%)&* �") %�%& &���� �� �A%)&*�% �6�

��� ��
� → �9�.$%�π

���� ��
� → �9�.$%�π

���� ��
� → �9�.$%�π

���� ��
� → �9�.$%�π

�
����� ��	�
��� �� ��	� 	�

���

−�.��"±�.9"7��.�9:
−�.�89

−�.��"±�.9"7��.�9:
−�.�89−�.��"±�.9"7��.�9:
−�.�89

−�.��"±�.9"7��.�9:
−�.�89 �A%)&*�% �6� %�%& �� �− → �!"�#

��� ��
� → ρ�π���� ��
� → ρ�π���� ��
� → ρ�π���� ��
� → ρ�π�

����� ��	�
��� �� ��	� 	�

���

�.<6±�.<9 @A& �C)&�5)�.<6±�.<9 @A& �C)&�5)�.<6±�.<9 @A& �C)&�5)�.<6±�.<9 @A& �C)&�5)

�.�D±�.<7��.�"
−�.�6 Q0�35 �6% %);; �� �− → �!"�#

�.9"±�.<D±�.�D �A%)&* �") %�%& �� �− → �!"�#

��� ��
� → ρ�ρ���� ��
� → ρ�ρ���� ��
� → ρ�ρ���� ��
� → ρ�ρ�

����� ��	�
��� �� ��	� 	�

���

−�.�?±�.<D @A& �C)&�5)−�.�?±�.<D @A& �C)&�5)−�.�?±�.<D @A& �C)&�5)−�.�?±�.<D @A& �C)&�5)

−�.<?±�.98±�.�8 �A%)&* �8� %�%& �� �− → �!"�#

�.��±�.99±�.�8 Q0�35 �8� %);; �� �− → �!"�#

��� ��
� → ωπ���� ��
� → ωπ���� ��
� → ωπ���� ��
� → ωπ�

����� ��	�
��� �� ��	� 	�

���

�.<�±�.99 @A& �C)&�5)�.<�±�.99 @A& �C)&�5)�.<�±�.99 @A& �C)&�5)�.<�±�.99 @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�?� 2�� ��� ����$
�� ������

�.�8±�.<D±�.�< �A%)&* �"� %�%& �� �− → �!"�#

�.6���.98
−�.9�±�.�9 D9D E�35 �"% %);; �� �− → �!"�#

−�.8"±�.96 D97 '0)3 �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.�<��.9?

−�.8<±�.�8 D9: �A%)&* �9� %�%& &���� �� �A%)&* �"�

D9D'�

������� �� ?�I '; ����
��� ���96< �CP <��"<
D97'�

������� �� ?�I ���=����� 
��$� −�.76 <��� < �.�7�
D9:'�

������� �� ?�I ���=����� 
��$� −�.6� <��� < �."D�

WEIGHTED AVERAGE
0.10±0.22 (Error scaled by 1.9)

CHEN 00 CLE2 3.1
WANG 04A BELL 3.9
AUBERT 04H BABR 0.2

χ2

       7.2
(Confidence Level = 0.027)

-1.5 -1 -0.5 0 0.5 1 1.5 2

��� -�
� → ωπ�.

��� ��
� → ωρ���� ��
� → ωρ���� ��
� → ωρ���� ��
� → ωρ�

����� ��	�
��� �� ��	� 	�

���

�.�6±�.9D±�.�9�.�6±�.9D±�.�9�.�6±�.9D±�.�9�.�6±�.9D±�.�9 �A%)&* �6� %�%& �� �− → �!"�#

��� ��
� → ηπ���� ��
� → ηπ���� ��
� → ηπ���� ��
� → ηπ�

����� ��	�
��� �� ��	� 	�

���

−�.�6±�.<� @A& �C)&�5)−�.�6±�.<� @A& �C)&�5)−�.�6±�.<� @A& �C)&�5)−�.�6±�.<� @A& �C)&�5)

−�.<8±�.<9±�.�< �A%)&*�% �6� %�%& �� �− → �!"�#

�.�7±�.<6±�.�8 '0�35 �6% %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.""±�.<:±�.�< �A%)&* �"� %�%& &���� �� �A%)&*�% �6�

��� ��
� → η′π���� ��
� → η′π���� ��
� → η′π���� ��
� → η′π�

����� ��	�
��� �� ��	� 	�

���

�.<"±�.<D±�.�<�.<"±�.<D±�.�<�.<"±�.<D±�.�<�.<"±�.<D±�.�< �A%)&*�% �6� %�%& �� �− → �!"�#

��� ��
� → ηρ���� ��
� → ηρ���� ��
� → ηρ���� ��
� → ηρ�

����� ��	�
��� �� ��	� 	�

���

�.�9±�.<:±�.�9�.�9±�.<:±�.�9�.�9±�.<:±�.�9�.�9±�.<:±�.�9 �A%)&*�% �6� %�%& �� �− → �!"�#

��� ��
� → 		π���� ��
� → 		π���� ��
� → 		π���� ��
� → 		π�

����� ��	�
��� �� ��	� 	�

���

−�.<D±�.99±�.�<−�.<D±�.99±�.�<−�.<D±�.99±�.�<−�.<D±�.99±�.�< E�35 �" %);; �� �− → �!"�#
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<.68�±�.�"8±�.�98 7 �%�Q@C �6( .� �� �� <�?D *�C

<.68"±�.��:±�.�<� : �%) �6� %);; �� �− → �!"�#

<.6" ±�.�6 ±�.�9 ? �'@2*� �6 '.4 �� �� <�?D *�C

<.68<±�.�9<±�.�8< <� �%.�;;�0 �"� .;�0 �� �− → �

<.688±�.�8"±�.�8: << �A%)&* �8� %�%& �� �− → �!"�#

<."?7±�.�78±�.�89 <9 �'@2*� �9	 '.4 �� �� <�: *�C

<.69?±�.�<9±�.�9? <8 �A%)&* �9� %�%& �� �− → �!"�#

<.6"D±�.�89±�.�99 <" �A%)&* �<� %�%& �� �− → �!"�#

<.6"<±�.�9:±�.�98 <8 �%%B)3.B�5 ��� @��; �� �− → �

<.6<:±�.�68±�.�8" <6 %�&�*) ��� �;)� �� �− → �

<.698±�.�67±�.�68 <D �%%B)3.B ??� @��; �� �− → �

<."7"±�.�8?��.�69
−�.�6<

<6 �%) ?:� '.4 �� �� <.: *�C

<.69 ±�.�D ±�.�" <D �''B�&&B ?:� ;8 �� �− → �

<.D" ±�.�: ±�.�: <D �%) ?7� 2;. �� �− → �

<.689±�.�"<±�.�"� <7 �%&)A ?7� .;�0 �� �− → �

<.96 ��.<6
−�.<8 ±�.�6 <9< <9 %A2(A;B' ?D� �;)� �� �− → �

<."? ��.<7
−�.<6

��.�:
−�.�D

<: %A2(A;B' ?D� �;)� �� �− → �

<.D< ��.<"
−�.<8 ±�.�: <6,<? �%&)A ?6� .;�0 �� �− → �

<.D8 ±�.<" ±�.<8 9� �.�� ?6 .;�0 �� �− → �

<.68 ±�.<9 ±�.�: <6,9< �()&2 ?6� @��; �� �− → �

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<."78��.�69

−�.�6�±�.�98 7 �%�Q@C �6� .� &���� �� �%�Q@C �6(

<.698��.�9"
−�.�98±�.�99 99 �A%)&* �8	 %�%& &���� �� �A%)&* �D�

<.66"±�.�8�±�.�<? <" �%) �9� %);; &���� �� �%) �6�

<.6: ±�.�? ±�.�9 <9 �%) ?:� '.4 &���� �� �'@2*� �9	

<.6" ±�.�: ±�.�D <6 �%) ?D	 '.4 &���� �� �%) ?:�

<.66 ±�.�D ±�.�8 98 %A2(A;B' ?D� �;)� �� �− → �

<.D< ±�.�7 ±�.�" <6 %A2(A;B' ?D� �;)� &���� �� %�&�*) ���

<.D9 ±�.<9 9" �.�� ?6 .;�0 �� �− → �

<.67 ±�.<: ±�.�: <9< <9 �%) ?"
 '.4 &���� �� �%) ?:�

<.<7 ��.9?
−�.98 ±�.<D ?D <6 �%&)A ?8
 .;�0 2	�� �� �%&)A ?6�

<.66 ±�.96 ±�.<: 7D 9� �%&)A ?8� .;�0 2	�� �� �.�� ?6

<.6< ��.9"
−�.98

��.<9
−�.<" 7: <6 �'*@3 ?8	 @��; 2	�� �� �()&2 ?6�

<.69 ��.9�
−�.<:

��.�7
−�.<8 77 <6 %A2(A;B' ?8
 �;)� 2	�� �� %A2(A;B' ?D�

<.9� ��.69
−�.8D

��.<D
−�.<" <6 96 E�53)& ?� �&(9 !����F 9? 5�C

�.:9 ��.67
−�.87 ±�.97 9D �C)&B;; :? 0&2 !����F 9? 5�C

6����	
�� 	���$ � ���	������	� =� � ��� �� ������� ��� ���� ����������� 
�H	����

R� �� ��� ��
������ 
������
	���� �� → �∗− �ν �������
D����	
�� ���� ��� 	���$ �� → 
/ψ�� �������
7����	
�� ���� ��� 	���$ �� → 
/ψ�∗� �������
:����	
����� ��
�
��� 	���$ � �������� =� � ������������� �����$ ��� ���������
?����	
�� 	���$ ��� �������������� ��$	��
 �������� � ��

�
→ 
/ψ�∗� �������

<�����	
����� ��
�
��� 	���$ �� ����	���� 
������
	����� ��� � /���
 ������=������
������H	��



	��	��	��	��

��� ��� �� ���� 	
� ���������	
�� �	��	��

��

<<����	
����� ��
�
��� ���� ������ �� → �∗−π� ��� �� → �∗− ρ� 	���$ �
��
���� 
������
	����� ������H	��

<9����	
�� ���� ��� 	���$ 	��� 
������
	���� �������
<8.��� �����+�� 	���$ ��
������ 
������
	���� �� → �∗� �− ν �������
<")����� �
� �������� �� ����� ��� � ����� �� 	��� 
������
	���� ����� ��� ������ � �����

�� 
������
	���� ����	�������
<6.��� �����+�� 	���$ � ��∗ �G ����� ��
������
<D.��� �����+�� 	���$ ���
$� � �������
� ��
����
<7.��� �����+�� 	���$ ����	���� ���∗ �� �
<:����	
�� ���� ��� 	���$ ��
������ 
������
	���� �∗−π�G ��
������
<?�%&)A ?6� ���	��� %!�� → �∗∗− �� ν�# F 8.9 ± <.7I�
9�.��� �����+�� 	���$ ��
�������
$� ������H	� �� ��$ � ���
$��
9<�()&2 ?6� ���	��� %!�� → ��

!∗#�� !∗## F 6.� ± �.?I �� =�� ����� ������
99�A%)&* �8	 	��� � ������ � ���
��������� <"���� ����	������ 
������
	���� �� →
�∗!9�<�#− �ν ��� ���	������	��� ����	
�� ��� ������� ��� ����������� 
�H	�����

98'������� 
��	�� � ���∗ �� ��������� 	��� 
������
	���� � ��������� ��� ��
������ 
�����

��
	���� �∗−π�G ���������
9"'������� �%&)A ?6� ��� �.�� ?6 
��	���
96E�53)& ?� ��$$�� �� ������ �� ����
 ������ ���� �∗− �� ν ��� �∗−µ� ν ���
�

��� �∗− �� ��$$�� �� ��� ����� ���� π−���
9D�C)&B;; :? �� �� �������� � ��� �� ���� ������� ���	���$ ���� �� → �∗�� G

�������

���� ���� <�;�� τ
��?τ������ ���� <�;�� τ
��?τ������ ���� <�;�� τ
��?τ������ ���� <�;�� τ
��?τ��

τ��?τ�� � ����� ����(�������τ��?τ�� � ����� ����(�������τ��?τ�� � ����� ����(�������τ��?τ�� � ����� ����(�������
�@A& )C�;A�*B@3 �� �� ���
�$� 	���$ 
������� ���	�� � ��� ���� ������ ������
*�� ���
�$� ��� 
�������$ ��
� ��
�
��� �� ��� 0���� 4����
 ���
�$��$ 5
�	�
!04�5# ��� �
� ����
���� �� ���������������������
����	���
$���$�� *�� ���
�
�$��$�
�������$ �
����	
� ��,�� ���� ����	�� ��

������� ������� ��� ����	
������
��� �������
�� ������� �

�
��

����� ���� ��	�
��� �� ��	� 	�

���

*�� ���� �� ���� ����, �� ����	��� �� ��� ���
�$� �
����� �
 � �
����	� ��������,�

<.�7<±�.��? @A& )C�;A�*B@3<.�7<±�.��? @A& )C�;A�*B@3<.�7<±�.��? @A& )C�;A�*B@3<.�7<±�.��? @A& )C�;A�*B@3

<.�:�±�.�<D±�.�<" 97 �%�Q@C �6
 .� �� �� <�?D *�C

<.�DD±�.��:±�.��: 9: �%) �6� %);; �� �− → �!"�#

<.�D�±�.�9<±�.�9" 9? �%.�;;�0 �"� .;�0 �� �− → �

<.�?8±�.�DD±�.�9: 8� �'@2*� �9	 '.4 �� �� <�: *�C

<.�:9±�.�9D±�.�<9 8< �A%)&* �<� %�%& �� �− → �!"�#

<.�:6±�.�6?±�.�<: 97 %�&�*) ��� �;)� �� �− → �

<.�7?±�.�D"±�.�"< 89 �%%B)3.B ??� @��; �� �− → �

<.<<�±�.�6D��.�88
−�.�8�

97 �%) ?:� '.4 �� �� <.: *�C

<.�? ±�.�7 ±�.�8 89 �''B�&&B ?:� ;8 �� �− → �

<.�< ±�.�7 ±�.�D 89 �%) ?7� 2;. �� �− → �

<.97 ��.98
−�.<?

��.�8
−�.�9

8� %A2(A;B' ?D� �;)� �� �− → �

<.�� ��.<7
−�.<6 ±�.<� 97,88 �%&)A ?6� .;�0 �� �− → �

<.�D ��.<8
−�.<< ±�.<� 8" �.�� ?6 .;�0 �� �− → �

�.?? ±�.<" ��.�6
−�.�"

97,86 �()&2 ?6� @��; �� �− → �

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<.�?<±�.�98±�.�<" 8< �%) �9� %);; &���� �� �%) �6�

<.�D ±�.�7 ±�.�9 8� �%) ?:� '.4 &���� �� �'@2*� �9	

<.�< ±�.<< ±�.�9 97 �%) ?D	 '.4 &���� �� �%) ?:�

<.�8 ±�.�: ±�.�9 8D %A2(A;B' ?D� �;)� �� �− → �

�.?: ±�.�: ±�.�8 97 %A2(A;B' ?D� �;)� &���� �� %�&�*) ���

<.�9 ±�.<D ±�.�6 9D? 8� �%) ?"
 '.4 &���� �� �%) ?:�

<.<< ��.6<
−�.8? ±�.<< <:: 97 �%&)A ?8
 .;�0 2	�� �� �%&)A ?6�

<.�< ��.9?
−�.99 ±�.<9 968 8" �%&)A ?8� .;�0 2	�� �� �.�� ?6

<.� ��.88
−�.96 ±�.�: <8� �'*@3 ?8	 @��; 2	�� �� �()&2 ?6�

�.?D ��.<?
−�.<6

��.<:
−�.<9 <6" 97 %A2(A;B' ?8
 �;)� 2	�� �� %A2(A;B' ?D�

97.��� �����+�� 	���$ � ��∗µG ��
������
9:����	
����� ��
�
��� 	���$ � �������� =� � ������������� �����$ ��� ���������
9?����	
����� ��
�
��� 	���$ �� ����	���� 
������
	����� ��� � /���
 ������=������

������H	��
8�����	
�� 	���$ 	��� 
������
	���� �������
8<)����� �
� �������� �� ����� ��� � ����� �� 	��� 
������
	���� ����� ��� ������ � �����

�� 
������
	���� ����	�������
89.��� �����+�� 	���$ ���
$� � �������
� ��
����
88�%&)A ?6� ���	��� %!�� → �∗∗− �� ν�# F 8.9 ± <.7I�
8".��� �����+�� 	���$ ��
�������
$� ������H	� �� ��$ � ���
$��
86�()&2 ?6� ���	��� %!�� → ��

!∗#�� !∗## F 6.� ± �.?I �� =�� ����� ������
8D'������� 
��	�� � ���∗ �G �������� ��� 	��� 
������
	���� � ���������

τ��?τ�� ���	���� 	�
� 4����"��# 	�����
��τ��?τ�� ���	���� 	�
� 4����"��# 	�����
��τ��?τ�� ���	���� 	�
� 4����"��# 	�����
��τ��?τ�� ���	���� 	�
� 4����"��# 	�����
��
*���� ����	
������ �
� ���

�� 
�� ��� �
������$ 
������� �
 ������������ �����
�
 ����
 ��������
���������� ������ �� ���	���$ ���� ��� 
���� �
 �	�� ������ �
�
�H	�� �
 �� ��� ��� E� �� ��� 	�� ����	
������ ����� ���	�� �H	�� �
��	�����
� �� ��� �� ����	�� � ��� ��
$� 	���
������ �� ��� �
��	����� 
�����

����� 	� ���� ��	�
��� �� ��	� 	�

���

*�� ���� �� ���� ����, �� ����	��� �� ��� ���
�$� �
����� �
 � �
����	� ��������,�

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.?6��.<<7

−�.�:�±�.�?< 87 �&*A2@ ?7 ';)9 �� �− → �!"�#

<.<6±�.<7 ±�.�D 8: P)22@� ?7 ';)9 �� �− → �!"�#

�.?8±�.<: ±�.<9 8? �*0�3�2 ?" ';)9 2	�� �� �&�
*A2@ ?7

�.?<±�.97 ±�.9< "� �;%&)'0* ?9	 �&5 �� �− → �!"�#

<.� ±�." 9? "�,"< �;%&)'0* ?9� �&5 �� �− → �!"�#

�.:?±�.<? ±�.<8 "� 4A;*@3 ?< ';)@ �� �− → �!"�#

<.��±�.98 ±�.<" "� �;%&)'0* :?! �&5 �� �− → �!"�#

�."? �� 9.8 ?� "9 %)�3 :7� ';)@ �� �− → �!"�#

87�&*A2@ ?7 	��� ��
���� 
������
	����� � � → �∗ �ν� ��� ����������� � �� ���

�� �
��	����� 
�������
8:���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
8?�*0�3�2 ?" 	��� ������ ��$$�� �� 	��� 
������
	���� �− ������ ��� ��
������ �
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���� ������ ������ *�� ���
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�������$ ��
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�
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 ���
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������� ������� ��� ����	
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�.��?±�.�87 @A& )C�;A�*B@3�.��?±�.�87 @A& )C�;A�*B@3�.��?±�.�87 @A& )C�;A�*B@3�.��?±�.�87 @A& )C�;A�*B@3

�.��:±�.�87±�.�<:�.��:±�.�87±�.�<:�.��:±�.�87±�.�<:�.��:±�.�87±�.�<: "8 �A%)&*�% �"	 %�%& �� �− → �!"�#
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*�� ���� �� ���� ����, �� ����	��� �� ��� ���
�$� �
����� �
 � �
����	� ��������,�

<�.<:<�.<:<�.<:<�.<: ?6 "" �%.�;;�0 �8� .;�0 �� �− → �

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<�.:� ?6 "6,"D %)0&)32 ��� ';)9 �� �− → �!"�#

""A���$ ��� ����	
�� τ
��F<.66 ± �.�8 ���

"6%)0&)32 ��� 	��� ��$��������	� ������ ��$� ��� ��
������ 
������
	���� �� →
�∗�π−� ρ− ������ �� ����
���� ��� /���
 � ��� � ������

"D���	��� RmdF�."7: ± �.�<: ��−< ��� τ
��F<.6": ± �.�89 ���

�� ����� ������� ����� ������� ����� ������� ����� �����

�� ����� �
� ���
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� ������ �� ��� �±��� �.�BG*A&)
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�
��	����� �� ��� �!"�#� E� ���� ��������� �� �
��$ ����
 ����	
������
	� �� ���� �� 
�������$ ����
 ���	��� �!"�# �
��	����� 
���� �� 6��6�

��� ����
 ���	��� �� �� � �
∗� ��� ψ �
������$ 
����� �� �	

��� ���	��

�������
 ���� ��	�� �>��� �	
 ���
�$�� ��� ���� ������ ��$��=�������

B���������� �� 	��� �� �������� � �	�������� � � �
����	� 
�������� ���

������� �	��������� ���� ���� ��

����� �
 
�������� �
������$ 
���
����� �� ��� =��� ����� �� ��� �	� � ��� �	�������� �
������$ 
�������
��� ������ ���� � ��� =��� ������

4�
 ����	���� �
������$ 
�������� ����� � → �± �������$� ��� ���	��
	�	���� �
� �	������������� ��� �
������$ 
�������� *��� ��� �� $
����

���� ����
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2���� ����
�

���� 4
������ !K� �K# '��=����� �����

!< 	�ν� ����"��# -�1 ! <�." ± �." # I

!9 �− 	�ν� -�1 ! 9.<9± �.9�# I

!8 �∗�$�.�− 	�ν� -�1 ! 6.86± �.9�# I

!" ��π� 	�ν� ! 8.9 ± <.� #× <�−8

!6 �∗�π� 	�ν� ! D.6 ± <.6 #× <�−8

!D ρ− 	�ν� -�1 ! 9.8 ± �." #× <�−"

!7 π− 	�ν� -�1 ! <.8D± �.<6#× <�−"

����(��)� �
 ������(��)� �
 ������(��)� �
 ������(��)� �
 ��
!: π−µ�νµ

!? ± ����"��# ! 7: ± : # I

!<� ��
 ! D.8 ± 9.� # I

!<< ��
 ! 6< ± " # I

!<9 ��
 < 6.< I ';F?�I

!<8 �−
 ! "� ± 6 # I

!<" ��
�

 ! <�.? � "."

− 8.9 # I

!<6 �−
� 
 < :.7 I ';F?�I

!<D ��� 
 < 8.: I ';F?�I

!<7 �−� 
 ! ".? � 9.6
− 9.� # I

!<: � 
 !<�" ± : # I

!<? � 
 ! 9" ± 6 # I

!9� � � 
 !<9: �<<
−<� # I

�� �∗� 
� �� �
 ���� �∗� 
� �� �
 ���� �∗� 
� �� �
 ���� �∗� 
� �� �
 ��

!9< �−π� ! 8." ± �.? #× <�−8 2F"�<

!99 �− ρ� ! 7.6 ± <.9 #× <�−8

!98 �−�π� ! ".? ± �.? #× <�−"

!9" �−∗�,-$� ! ".6 ± �.7 #× <�−"

!96 �−ωπ� ! 9.: ± �.D #× <�−8

!9D �−� ! 9.� ± �.D #× <�−"

!97 �−�� < 8.< × <�−" ';F?�I

!9: �−�∗�,-$� ! :.: ± <.? #× <�−"

!9? ��π�π− ! :.� ± <.D #× <�−"

!8� �∗�$�.�−π� ! 9.7D± �.9<#× <�−8

!8< �−π�π�π− ! :.� ± 9.6 #× <�−8

!89 ��−π�π�π−  �
����
���� ! 8.? ± <.? #× <�−8

!88 �−π�ρ� ! <.< ± <.� #× <�−8

!8" �− �<�.$'�� ! D.� ± 8.8 #× <�−8

!86 �∗�$�.�−π�π� ! <.6 ± �.6 # I

!8D �∗�$�.�− ρ� ! D.: ± �.? #× <�−8

!87 �∗�$�.�−� ! 9.<"± �.9�#× <�−"

!8: �∗�$�.�−�π� ! 8.� ± �.: #× <�−"

!8? �∗�$�.�−∗�,-$� ! 8.8 ± �.D #× <�−"

!"� �∗�$�.�−�� < ".7 × <�−" ';F?�I

!"< �∗�$�.�−�∗�,-$� ! <.9?± �.88#× <�−8

!"9 �∗�$�.�−π�π�π− ! 7.� ± �.: #× <�−8 2F<�8

!"8 ��∗�$�.�−π�π�π−  �
�9
���
����

! �.� ± 9.6 #× <�−8

!"" �∗�$�.�−π�ρ� ! 6.7 ± 8.9 #× <�−8

!"6 �∗�$�.�− �<�.$'�� ! <.8�± �.97# I

!"D �∗�$�.�−π�π�π−π� ! <.7D± �.97# I

!"7 �∗− /π�$π− ! ".7 ± �.? #× <�−8

!": �∗�$�.�− 		π� ! D.6 ± <.D #× <�−"

!"? �∗�$�.�− 	� ! <.6 ± �." #× <�−8

!6� �∗�$�.�−ωπ� ! 9.? ± �.6 #× <�−8

!6< �<�$&$�
−π�×0��−

< →
�−π�π−

! :.? � 9.8
− 8.6 #× <�−6

!69 �<�$&$�
−π�×0��−

< →
�∗−π�π−

< 8.8 × <�−6 ';F?�I

!68 �∗
9�$&'�

−π� < 9.9 × <�−8 ';F?�I

!6" D∗
9�$&'�

−π�×0��D∗
9

− →
�∗−π�π−

< 9." × <�−6 ';F?�I

!66 �∗
9�$&'�

− ρ� < ".? × <�−8 ';F?�I

!6D �−�� ! <.? ± �.D #× <�−"

!67 �−��
�

! D.6 ± 9.< #× <�−8

!6: �∗�$�.�−��
� ! :.: ± <.D #× <�−8

!6? �−�∗�
� ! :.D ± 8." #× <�−8

!D� �∗�$�.�−�∗�
� ! <.7?± �.<D# I

!D< ����$/.%
�−×

0�����$/.%
� → ��

� π�

! ".8 ± <.6 #× <�−6

!D9 ����$/.%
�π−×

0�����$/.%
� → ��

� π�

< 9.6 × <�−6 ';F?�I

!D8 �sJ �$&1%
�−×

0��sJ �$&1%
� → ��

�
π�

< ?." × <�−D ';F?�I

!D" �sJ �$&1%
�π−×

0��sJ �$&1%
� → ��

� π�

< ".� × <�−D ';F?�I

!D6 �−
� �

�
� < <.� × <�−" ';F?�I

!DD �∗−
� ��

�
< <.8 × <�−" ';F?�I

!D7 �∗−
� �∗�

� < 9." × <�−" ';F?�I

!D: ����$/.%
��−×

0�����$/.%
� → ��

� π�

! ?.7 � ".<
− 8." #× <�−" 2F<�"

!D? ����$/.%
��−×

0�����$/.%
� → �∗�

� γ

< ?.6 × <�−" ';F?�I

!7� ����$/.%
��∗�$�.�−×

0�����$/.%
� → ��

� π�

! <.6 ± �.D #× <�−8

!7< �sJ �$&1%
��−×

0��sJ �$&1%
� → �∗�

� π�

! 9.� � �.D
− �.6 #× <�−8

!79 �sJ �$&1%
��−×

0��sJ �$&1%
� → ��

� γ

! D.D � <.:
− <.6 #× <�−"

!78 �sJ �$&1%
��−×

0��sJ �$&1%
� → �∗�

� γ

< D.� × <�−" ';F?�I

!7" �sJ �$&1%
��−×

0��sJ �$&1%
� →

��
� π�π−

< 9.� × <�−" ';F?�I

!76 �sJ �$&1%
��−×

0��sJ �$&1%
� → ��

� π�

< 8.D × <�−" ';F?�I

!7D �sJ �$&1%
��∗�$�.�×

0��sJ �$&1%
� → �∗�

� π�

! 6.6 � 9.6
− 9.� #× <�−8

!77 �sJ �$&1%
��∗�$�.�×

0��sJ �$&1%
� → ��

� γ

! 9.8 � �.?
− �.7 #× <�−8

!7: �−�sJ�$1/'
�×

0��sJ �$1/'
� →

�∗�$��%��

< 6 × <�−" ';F?�I

!7? �∗�$�.�−�sJ�$1/'
�×

0��sJ �$1/'
� →

�∗�$��%��

< 7 × <�−" ';F?�I

!:� �−�sJ�$1%/
�×

0��sJ �$1%/
� → ���

< < × <�−" ';F?�I

!:< �∗�$�.�−�sJ�$1%/
�×

0��sJ �$1%/
� → ���

< 9 × <�−" ';F?�I

!:9 ��
� π− ! 9.9 ± �.7 #× <�−6

!:8 �∗�
� π− < ".< × <�−6 ';F?�I

!:" ��
� ρ− < D × <�−" ';F?�I

!:6 �∗�
� ρ− < D × <�−" ';F?�I

!:D ��
� �<�.$'�

− < 9.< × <�−8 ';F?�I

!:7 �∗�
� �<�.$'�

− < <.: × <�−8 ';F?�I

!:: �−
� 

� ! 8.< ± �.: #× <�−6

!:? �∗−
� � < 9.6 × <�−6 ';F?�I

!?� �−
� 

∗�,-$� < : × <�−" ';F?�I

!?< �∗−
� ∗�,-$� < ? × <�−" ';F?�I

!?9 �−
�

π�� < " × <�−8 ';F?�I

!?8 �∗−
�

π�� < 9.D × <�−8 ';F?�I

!?" �−
� π�∗�,-$� < 8.< × <�−8 ';F?�I

!?6 �∗−
�

π�∗�,-$� < <.7 × <�−8 ';F?�I

!?D ��� ! 6.� ± <." #× <�−6

!?7 ���π− ! :.: ± <.7 #× <�−6

!?: ��∗�,-$� ! 6.8 ± �.: #× <�−6

!?? �∗
9�$&'�

−�×
0��∗

9�$&'�
− → ��π−

! <.: ± �.6 #× <�−6

!<�� ���π− �
�9���
���� < 8.7 × <�−6 ';F?�I

!<�< ��π� ! 9.?<± �.9:#× <�−"

!<�9 �� ρ� ! 9.? ± <.< #× <�−"

!<�8 �� η ! 9.9 ± �.6 #× <�−" 2F<�D

!<�" �� η′ ! <.96± �.98#× <�−" 2F<�<

!<�6 ��ω ! 9.6 ± �.D #× <�−" 2F<�6

!<�D ���π− < <.? × <�−6 ';F?�I

!<�7 ��∗�,-$� < <.: × <�−6 ';F?�I



	��	��	��	��

��� ��� �� ���� 	
� ���������	
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��

!<�: �∗�γ < 9.6 × <�−6 ';F?�I

!<�? �∗�$��%�π� ! 9.7 ± �.6 #× <�−"

!<<� �∗�$��%� ρ� < 6.< × <�−" ';F?�I

!<<< �∗�$��%� η ! 9.D ± �.D #× <�−"

!<<9 �∗�$��%� η′ ! <.98± �.86#× <�−"

!<<8 �∗�$��%�π�π− ! D.9 ± 9.9 #× <�−"

!<<" �∗�$��%�� < D.D × <�−6 ';F?�I

!<<6 �∗�$��%�∗�,-$� < D.? × <�−6 ';F?�I

!<<D �∗�$��%�∗�,-$� < ".� × <�−6 ';F?�I

!<<7 �∗�$��%�π�π�π−π− ! 9.7 ± �.6 #× <�−8

!<<: �∗�$�.���∗�$�.�− ! :.8 ± <.< #× <�−"

!<<? �∗�$��%�ω ! ".9 ± <.< #× <�−"

!<9� �∗�$�.���− < D.8 × <�−" ';F?�I

!<9< �∗�$�.�−�� 2
�∗�$�.���−

! ?.8 ± <.6 #× <�−"

!<99 �∗�$��%��∗�$��%� < 9.7 I ';F?�I

!<98 �−��� ! <.7 ± �." #× <�−8

!<9" �−�∗�$��%�� ! ".D ± <.� #× <�−8

!<96 �∗�$�.�−��� ! 8.< � �.D
− �.6 #× <�−8

!<9D �∗�$�.�−�∗�$��%�� ! <.<:± �.9�# I

!<97 �−��� < <.7 × <�−8 ';F?�I

!<9: �∗�$�.�−��� 2
�−�∗�$�.���

! D.6 ± <.D #× <�−8

!<9? �∗�$�.�−�∗�$�.��� ! :.: ± <.? #× <�−8

!<8� ����� < <." × <�−8 ';F?�I

!<8< ���∗�$��%�� 2
�∗�$��%����

< 8.7 × <�−8 ';F?�I

!<89 �∗�$��%��∗�$��%�� < D.D × <�−8 ';F?�I

!<88 ��2�∗ ��2�∗  ! ".8 ± �.7 # I

�"���
��(� �
 ���"���
��(� �
 ���"���
��(� �
 ���"���
��(� �
 ��
!<8" η� 

� ! ?.? ± <.? #× <�−"

!<86 η� 
∗�,-$� ! <.D ± �.7 #× <�−8

!<8D �/ψ�.�� ! :.79± �.88#× <�−"

!<87 �/ψ�.��π− ! <.9 ± �.D #× <�−8

!<8: �/ψ�.�∗�,-$� ! <.88± �.�D#× <�−8

!<8? �/ψ�.�η�
� ! : ± " #× <�−6

!<"� �/ψ�.�φ� ! ?." ± 9.D #× <�−6

!<"< �/ψ�.� �.$%�� ! <.8 ± �.6 #× <�−8

!<"9 �/ψ�.�π� ! 9.9 ± �." #× <�−6

!<"8 �/ψ�.�η < 9.7 × <�−6 ';F?�I

!<"" �/ψ�.�π�π− ! ".D ± �.? #× <�−6

!<"6 �/ψ�.�ρ� ! <.D ± �.7 #× <�−6

!<"D �/ψ�.�ω < 9.7 × <�−" ';F?�I

!<"7 �/ψ�.�φ < ?.9 × <�−D ';F?�I

!<": �/ψ�.�η′�-1, < D.8 × <�−6 ';F?�I

!<"? �/ψ�.��π�π− ! <.� ± �." #× <�−8

!<6� �/ψ�.��ρ� ! 6." ± 8.� #× <�−"

!<6< �/ψ�.�∗�,-$�π− ! : ± " #× <�−"

!<69 �/ψ�.�∗�,-$�π�π− ! D.D ± 9.9 #× <�−"

!<68 
 �/,%$−� < 6 × <�−" ';F?�I

!<6" 
 �/,%$−�× 0�
 �/,%$− →
�/ψ�.�π−π�

-�1 < 6." × <�−D ';F?�I

!<66 
 �/,%$�× 0�
 →
�/ψπ�π−

< <.�8 × <�−6 ';F?�I

!<6D �/ψ�.�		 < :.8 × <�−7 ';F?�I

!<67 �/ψ�.�γ < <.D × <�−D ';F?�I

!<6: �/ψ�.��� < <.8 × <�−6 ';F?�I

!<6? ψ�$�� ! D.9 ± �.D #× <�−"

!<D� ψ�$��π− < < × <�−8 ';F?�I

!<D< ψ�$�∗�,-$� ! 7.9 ± �.: #× <�−"

!<D9 χ���.�
� < 6.� × <�−" ';F?�I

!<D8 χ��
∗�,-$� < 7.7 × <�−" ';F?�I

!<D" χ�9
� < 9.D × <�−6 ';F?�I

!<D6 χ�9
∗�,-$� < 8.D × <�−6 ';F?�I

!<DD χ�<�.�
� ! 8.? ± �." #× <�−"

!<D7 χ�<�.�
∗�,-$� ! 8.9 ± �.D #× <�−"

 
� ∗ �
 �� 
� ∗ �
 �� 
� ∗ �
 �� 
� ∗ �
 ��
!<D: �π− ! <.:9± �.�:#× <�−6

!<D? �π� ! <.<6± �.<�#× <�−6

!<7� η′� ! D.: ± �." #× <�−6

!<7< η′∗�,-$� < 7.D × <�−D ';F?�I

!<79 η∗�,-$� ! <.77± �.98#× <�−6

!<78 η� < 9.� × <�−D ';F?�I

!<7" ω� ! 6.6 � <.9
− <.� #× <�−D

!<76 ���
� < 7.: × <�−D ';F?�I

!<7D �−� 
� < 9.< × <�−D ';F?�I

!<77 �
� 


� ������
� < 6.8 × <�−6 ';F?�I

!<7: ω∗�,-$� < D.� × <�−D ';F?�I

!<7? �− < 8.7 × <�−7 ';F?�I

!<:� �� ! <.<8� �.8:
− �.86#× <�−D

!<:< �
� 

�
� 

�
� ! D.9 � <.9

− <.< #× <�−D 2F<�8

!<:9 �π−π� ! 8.7 ± �.6 #× <�−6

!<:8 �ρ− ! :.6 ± 9.: #× <�−D 2F<�7

!<:" ��π−π�  �
�9���
���� < ?." × <�−D ';F?�I

!<:6 ∗�
" π� -�1 ! D.< ± <.D #× <�−D

!<:D �π�π− ! ".8:± �.9?#× <�−6

!<:7 �ρ� < 8.? × <�−6 ';F?�I

!<:: � ���-,� ! 6.6 ± �.? #× <�−D

!<:? ∗�,-$�π− ! <.<:± �.<6#× <�−6

!<?� ∗�
" π− -�1 ! 6.< ± <.D #× <�−D

!<?< ∗�,-$�π� < 8.6 × <�−D ';F?�I

!<?9 ∗
9�.&/�

�π− < <.: × <�−6 ';F?�I

!<?8 �−π� < 9.< × <�−6 ';F?�I

!<?" �−π� < <.? × <�−6 ';F?�I

!<?6 ��− ! 9."7± �.98#× <�−6

!<?D �φ ! :.D � <.8
− <.< #× <�−D

!<?7 −π�π�π− -�1 < 9.8 × <�−" ';F?�I

!<?: ∗�,-$�π�π− < <." × <�−8 ';F?�I

!<?? ∗�,-$� ρ� < 8." × <�−6 ';F?�I

!9�� ∗�,-$� ���-,� < <.7 × <�−" ';F?�I

!9�< <�.&��
�π− < <.< × <�−8 ';F?�I

!9�9 − �<�.$'�� -�1 < 9.8 × <�−" ';F?�I

!9�8 ∗�,-$��− < D.< × <�−" ';F?�I

!9�" ∗�,-$�φ ! ?.6 ± �.? #× <�−D

!9�6 ∗�,-$�∗�,-$� < 9.9 × <�−6 ';F?�I

!9�D ∗�,-$�∗�,-$� < 8.7 × <�−6 ';F?�I

!9�7 ∗�,-$�∗�,-$− < <."< × <�−" ';F?�I

!9�: <�.&��
�ρ� < 8.� × <�−8 ';F?�I

!9�? <�.&��
�φ < 6.� × <�−8 ';F?�I

!9<� ∗
��.&/�

�φ ����

!9<< ∗
9�.&/�

�ρ� < <.< × <�−8 ';F?�I

!9<9 ∗
9�.&/�

�φ ����

!9<8 ∗�,-$� γ ! ".�<± �.9�#× <�−6

!9<" η� γ ! :.7 � 8.D
− 8.< #× <�−D

!9<6 �φγ < :.8 × <�−D ';F?�I

!9<D �π− γ ! ".D ± <." #× <�−D

!9<7 ∗�.&.�γ < <.8 × <�−" ';F?�I

!9<: �π− γ �
����
���� < 9.D × <�−D ';F?�I

!9<? �π�π− γ ! 9." ± �.6 #× <�−6

!99� <�.$%�
�γ < 6.: × <�−6

!99< <�.&��
�γ < <.6 × <�−6

!999 ∗
9�.&/�

�γ ! <.9"± �.9"#× <�−6

!998 ∗�.',��γ < 9.� × <�−8 ';F?�I

!99" ∗
8�.%,�

�γ < :.8 × <�−6 ';F?�I

!996 ∗
"�$�&1

�γ < ".8 × <�−8 ';F?�I

��#"� (�3�)
�� ���
� �
 ����#"� (�3�)
�� ���
� �
 ����#"� (�3�)
�� ���
� �
 ����#"� (�3�)
�� ���
� �
 ��

!99D ρ� γ < " × <�−7 ';F?�I

!997 ωγ < : × <�−7 ';F?�I

!99: φγ < :.6 × <�−7 ';F?�I

!99? π�π− ! ".D ± �." #× <�−D

!98� π�π� ! <.6 ± �.6 #× <�−D 2F<�7

!98< ηπ� < 9.6 × <�−D ';F?�I

!989 ηη < 9.� × <�−D ';F?�I

!988 η′π� < 8.7 × <�−D ';F?�I

!98" η′ η′ < <.� × <�−6 ';F?�I

!986 η′ η < ".D × <�−D ';F?�I

!98D η′ρ� < ".8 × <�−D ';F?�I

!987 ηρ� < <.6 × <�−D ';F?�I

!98: ωη < <.? × <�−D ';F?�I

!98? ωη′ < 9.: × <�−D ';F?�I

!9"� ωρ� < 8.8 × <�−D ';F?�I

!9"< ωω < <.? × <�−6 ';F?�I

!9"9 φπ� < <.� × <�−D ';F?�I

!9"8 φη < <.� × <�−D ';F?�I



	��	��	��	��

����� ����	
�� �	��	��

��

!9"" φη′ < ".6 × <�−D ';F?�I

!9"6 φρ� < <.8 × <�−6 ';F?�I

!9"D φω < 9.< × <�−6 ';F?�I

!9"7 φφ < <.6 × <�−D ';F?�I

!9": �∓� π± < 6.< × <�−D ';F?�I

!9"? π�π−π� < 7.9 × <�−" ';F?�I

!96� ρ�π� ! <.: ± �.: #× <�−D 2F<�8

!96< ρ∓π± -�1 ! 9.9:± �.96#× <�−6

!969 π�π−π�π− < 9.8 × <�−" ';F?�I

!968 ρ� ρ� < <.< × <�−D ';F?�I

!96" �<�.$'�
∓π± -�1 < ".? × <�−" ';F?�I

!966 �9�./$�
∓π± -�1 < 8.� × <�−" ';F?�I

!96D π�π−π�π� < 8.< × <�−8 ';F?�I

!967 ρ�ρ− ! 9.6 ± �." #× <�−6

!96: �<�.$'�
�π� < <.< × <�−8 ';F?�I

!96? ωπ� < <.9 × <�−D ';F?�I

!9D� π�π�π−π−π� < ?.� × <�−8 ';F?�I

!9D< �<�.$'�
�ρ− < 8." × <�−8 ';F?�I

!9D9 �<�.$'�
�ρ� < 9." × <�−8 ';F?�I

!9D8 π�π�π�π−π−π− < 8.� × <�−8 ';F?�I

!9D" �<�.$'�
� �<�.$'�

− < 9.: × <�−8 ';F?�I

!9D6 π�π�π�π−π−π−π� < <.< I ';F?�I

0���
� �
 ��0���
� �
 ��0���
� �
 ��0���
� �
 ��

!9DD 		 < 9.7 × <�−7 ';F?�I

!9D7 		π�π− < 9.6 × <�−" ';F?�I

!9D: 		� ! 9.< � �.D
− �." #× <�−D

!9D? ��.1&��	× 0���.1&�� →
	�
� 

-� 1 < 9.8 × <�−7 ';F?�I

!97� 		∗�,-$� < 7.D × <�−D ';F?�I

!97< 	�π− ! 9.D ± �.6 #× <�−D

!979 	�− < :.9 × <�−7 ';F?�I

!978 	��π− < 8.: × <�−D ';F?�I

!97" �� < D.? × <�−7 ';F?�I

!976 ���� < <.6 × <�−8 ';F?�I

!97D ����−− < <.< × <�−" ';F?�I

!977 �� 		 ! <.<:± �.99#× <�−"

!97: �∗�$��%� 		 ! <.9 ± �." #× <�−"

!97? �−−
� ��� < <.� × <�−8 ';F?�I

!9:� �−
� 	π�π− ! <.8 ± �." #× <�−8

!9:< �−
� 	 ! 9.9 ± �.: #× <�−6

!9:9 �−
� 	π� < 6.? × <�−" ';F?�I

!9:8 �−
� 	π�π−π� < 6.�7 × <�−8 ';F?�I

!9:" �−� 	π�π−π�π− < 9.7" × <�−8 ';F?�I

!9:6 � � �$1$�
−− 	π� ! <.D ± �.7 #× <�−"

!9:D � � �$1$�
� 	π− < <.9< × <�−" ';F?�I

!9:7 � � �$&11
� 	π− ! <� ± : #× <�−6 2F<�7

!9:: � � �$&11
−− 	π� ! 9.: ± �.? #× <�−"

!9:? �� �$1-/
− ? �� �$'$1

−	 < <.< × <�−" ';F?�I

����
� ������ �(�4�� ���  )�
�����# �
 ��� 
�����
� ������ �(�4�� ���  )�
�����# �
 ��� 
�����
� ������ �(�4�� ���  )�
�����# �
 ��� 
�����
� ������ �(�4�� ���  )�
�����# �
 ��� 
�

5� � . 6��7 ��(���� �(����� ��� �
 ��5� � . 6��7 ��(���� �(����� ��� �
 ��5� � . 6��7 ��(���� �(����� ��� �
 ��5� � . 6��7 ��(���� �(����� ��� �
 ��

!9?� γ γ �� < D.9 × <�−7 ';F?�I

!9?< �� �− �� < D.< × <�−: ';F?�I

!9?9 µ�µ− �� < 8.? × <�−: ';F?�I

!9?8 � �� �− �� < 6." × <�−7 ';F?�I

!9?" �µ�µ− �� ! 9.� � <.8
− <.� #× <�−7 2F<�D

!9?6 � 	� 	− �� -�1 < D.: × <�−7 ';F?�I

!9?D ∗�,-$� �� �− �� < 9." × <�−D ';F?�I

!9?7 ∗�,-$�µ�µ− �� ! <.99� �.8:
− �.89#× <�−D

!9?: ∗�,-$� ν ν �� < <.� × <�−8 ';F?�I

!9?? ∗�,-$� 	� 	− �� -�1 ! <.<7± �.8�#× <�−D

!8�� �±µ∓ �� -�1 < <.7 × <�−7 ';F?�I

!8�< � �±µ∓ �� < ".� × <�−D ';F?�I

!8�9 ∗�,-$� �±µ∓ �� < 8." × <�−D ';F?�I

!8�8 �± τ∓ �� -�1 < <.< × <�−" ';F?�I

!8�" µ± τ∓ �� -�1 < 8.: × <�−6 ';F?�I

!8�6 ��)���4�� �� < 9.9 × <�−" ';F?�I

!8�D ν ν γ �� < ".7 × <�−6 ';F?�I

*�+ �� 	 �� ������ �� � 
� � µ �
 �� �
� � �(� 
)�� �"��� �
 ��8

*�+ 
 �/,%$� �� � "��
�"������ �"��#� ������� 
	 �"� 
 �/,%$8

*� + ���� � 	
� �"� �
���4�� ��� � ���� 
	  ∗�.&.�� ∗
��.&/� �� 

∗
9�.&/�8

*� + �� �� ��
� �
����4(��
�� �
� �������� 8 ����� �� 
� 6��#"�� �)���#� 
	

�"� �6
  ���� �����8

*�+ ;"� )��(� �� 	
� �"� �(� 
	 �"� �"��#� ������ 
� ��������?������������
������ �� ����� 8

*� + ��.1&��  ��
��� � �
���4�� ����
6 �����:(��7 �����8

�� 0<���=��> <�;����� 0<���=��> <�;����� 0<���=��> <�;����� 0<���=��> <�;���

4�
 �
������$ 
����� �� ����� ��� ���
$� � ��� �������$ � �� ��� ����
�
������ ��� ��� �± ��������

!
(
	�ν� ����"��#

)
?!����� !<?!!

(
	�ν� ����"��#

)
?!����� !<?!!

(
	�ν� ����"��#

)
?!����� !<?!!

(
	�ν� ����"��#

)
?!����� !<?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

<�." ±�." @A& �C)&�5)<�." ±�." @A& �C)&�5)<�." ±�." @A& �C)&�5)<�." ±�." @A& �C)&�5)

<�.89±�.8D±�.86 "7 @(�%) �6 %);; �� �− → �!"�#

<�.7:±�.D�±�.D? ": �&*A2@ ?7 ';)9 �� �− → �!"�#

?.8 ±<.< ±<.6 �;%&)'0* ?" �&5 �� �− → �!"�#

?.? ±8.� ±�.? 0)3.)&2@3 ?9 ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<�.? ±�.7 ±<.< �*0�3�2 ?" ';)9 2	�� �� �&*A2@ ?7

"7*�� ����	
������ �
� �������� �
 ���
$�� ��� ��	�
�� � ������ ��
���� 
���� � ��������
����� ����� �� �����
��� ���� ������	� ����� ��D 5�C�� �� ��� � 
��� 
���� ��� ����



���� � %!�� → �� ν� � #�%!�
� → �� ν� � # F <.�: ± �.�6 ± �.�9�

":�&*A2@ ?7 	��� ��
���� 
������
	����� � � → �∗ �ν� ��� ����	���� ������������
�
������$ 
���� 
�� %�&B20 ?D� !�.<�"? ± �.��<7 ± �.��"8#�

!
(
�− 	�ν�

)
?!����� !9?!!

(
�− 	�ν�

)
?!����� !9?!!

(
�− 	�ν�

)
?!����� !9?!!

(
�− 	�ν�

)
?!����� !9?!

� ������� � �
 µ� ��� ��� �	��

�@A& )C�;A�*B@3 �� �� ���
�$� 	���$ 
������� ���	�� � ��� ���� ������ ������
*�� ���
�$� ��� 
�������$ ��
� ��
�
��� �� ��� 0���� 4����
 ���
�$��$ 5
�	�
!04�5# ��� �
� ����
���� �� ���������������������
����	���
$���$�� *�� ���
�
�$��$�
�������$ �
����	
� ��,�� ���� ����	�� ��

������� ������� ��� ����	
�������

����� ��	�
��� �� ��	� 	�

���

�.�9<9±�.��9� @A& )C�;A�*B@3�.�9<9±�.��9� @A& )C�;A�*B@3�.�9<9±�.��9� @A& )C�;A�*B@3�.�9<9±�.��9� @A& )C�;A�*B@3

�.�9<8±�.��<: @A& �C)&�5)�.�9<8±�.��<: @A& �C)&�5)�.�9<8±�.��<: @A& �C)&�5)�.�9<8±�.��<: @A& �C)&�5)

�.�9<8±�.��<9±�.��8? �%) �9� %);; �� �− → �!"�#

�.�9�?±�.��<8±�.��<: "? %�&*);* ?? ';)9 �� �− → �!"�#

�.�986±�.��9�±�.��"" 6� %A2(A;B' ?7 �;)� �� �− → �

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�<:7±�.��<6±�.��89 6< �*0�3�2 ?7 ';)9 &���� �� %�&*);* ??

�.�<: ±�.��D ±�.��8 69 4A;*@3 ?< ';)@ �� �− → �!"�#

�.�9� ±�.��7 ±�.��D 68 �;%&)'0* :?� �&5 �� �− → �!"�#

"?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
6�%A2(A;B' ?7 ���	��� 
������ !��# F 
������ !��# F !87.: ± 9.9#I ��� �.5 ?D

���	�� �
 � ������� ��� �
������$ 
���� � �∗ ��� � �������
6<�*0�3�2 ?7 	��� ������$ ���
$� ��� ������$ ������	� �� 
������
	�� ��	�
����
69 4A;*@3 ?< ���	��� ���	���$ �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	���

��
, BBB � ��� �∗ �
������$ 
������
68�;%&)'0* :?� 
���
�� �.�<: ± �.��D ± �.��6� E� 
������ 	���$ ��� ������ ����
����

�� 2*@3) ?" �	� ���� ��� 	������ �.5 ?" %!�� → �−π�#�

!
(
�∗�$�.�− 	�ν�

)
?!����� !8?!!

(
�∗�$�.�− 	�ν�

)
?!����� !8?!!

(
�∗�$�.�− 	�ν�

)
?!����� !8?!!

(
�∗�$�.�− 	�ν�

)
?!����� !8?!

�@A& )C�;A�*B@3 �� �� ���
�$� 	���$ 
������� ���	�� � ��� ���� ������ ������
*�� ���
�$� ��� 
�������$ ��
� ��
�
��� �� ��� 0���� 4����
 ���
�$��$ 5
�	�
!04�5# ��� �
� ����
���� �� ���������������������
����	���
$���$�� *�� ���
�
�$��$�
�������$ �
����	
� ��,�� ���� ����	�� ��

������� ������� ��� ����	
�������

����� ���� ��	�
��� �� ��	� 	�

���

�.�686±�.��9� @A& )C�;A�*B@3�.�686±�.��9� @A& )C�;A�*B@3�.�686±�.��9� @A& )C�;A�*B@3�.�686±�.��9� @A& )C�;A�*B@3

�.�69�±�.��9" @A& �C)&�5)�.�69�±�.��9" @A& �C)&�5)�.�69�±�.��9" @A& �C)&�5)�.�69�±�.��9" @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�9�

�.�"?�±�.���7��.��8D
−�.��86

6" �A%)&* �6� %�%& �� �− → �!"�#

�.�6?�±�.��99±�.��6� 6" �%.�;;�0 �"
 .;�0 �� �− → ��

�.�D�?±�.��<?±�.��"� 66 �.�� �8 ';)9 �� �− → �!"�#

�.�"6?±�.��98±�.��"� 6D �%) �9� %);; �� �− → �!"�#

�.�"7�±�.��<8��.��8D
−�.��8<

67 �%&)A �<� .;�0 �� �− → �

�.�69D±�.��9�±�.��"D 6: �%%B)3.B ��� @��; �� �− → �

�.�668±�.��9D±�.��69 6? %A2(A;B' ?7 �;)� �� �− → �

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�68?±�.��<<±�.��8" D� �%.�;;�0 �"
 .;�0 �� �− → ��

�.�D�?±�.��<?±�.��"� D< %&B)&) �9 ';)9 �� �− → �!"�#

�.�6�:±�.��9<±�.��DD D9 �'()&2*�44 ?7� @��; &���� �� �%%B�
)3.B ���

�.�669±�.��<7±�.��D: D8 �%&)A ?D� .;�0 &���� ��
�%&)A �<�

�.�""?±�.��89±�.��8? 87D D" %�&B20 ?6 ';)9 &���� �� �.�� �8

�.�6<:±�.��8�±�.��D9 "<� D6 %A2(A;B' ?6� �;)� 2	�� ��
%A2(A;B' ?7

�.�"6 ±�.��8 ±�.��" DD �;%&)'0* ?" �&5 �� �− → �!"�#



	��	��	��	��

��� ��� �� ���� 	
� ���������	
�� �	��	��

��

�.�"7 ±�.��6 ±�.��6 986 D7 �;%&)'0* ?8 �&5 �� �− → �!"�#

���� 8?: D: 2�350)&� ?8 ';)9 �� �− → �!"�#

�.�7� ±�.�<: ±�.�<" D? �3*&)�2L�3 ?�� '%�; �� �− → �!"�#
7� �;%&)'0* :?	 �&5 �� �− → �!"�#

�.�D� ±�.�<� ±�.�<" 7< �;%&)'0* :?� �&5 �� �− → �!"�#

�.�"� ±�.��" ±�.��D 79 %@&*@;)**@:?� ';)@ �� �− → �!"�#

�.�7� ±�.�<9 ±�.�<? "7 78 �;%&)'0* :7� �&5 �� �− → �!"�#

6"����	
�� 	���$ 	��� 
������
	���� �∗ �������
66A��� ��� �������� =� � ���� �� → �∗!9�<�#− �ν ��� �� → �!9��7#� �ν ��������
6D���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
67�%&)A �<� ����	
�� 	���$ ���	� 6��� ��
���� 
������
	���� �∗ �������
6:�%%B)3.B ��� ���	��� ��� 
������ %!� → ��#F !8?.7�<.:

−9.9#I� *��� 
��	�� �� ��

���
�$� � ��� ������� 	���$ ����	���� ��� ��
���� �∗ 
������
	������
6?%A2(A;B' ?7 ���	��� 
������ !��# F 
������ !��# F !87.: ± 9.9#I ��� �.5 ?D

���	�� �
 � ������� ��� �∗ ��� � �
������$ 
��������
D�'������� ���� �
����	� ��
���� 
������
	���� �∗ ����	
������
D<*�� 
��	��� �
� ����� �� ��� ���� �������� ��� ���� ������ 
���
��� �� �.�� �8�
D9�'()&2*�44 ?7� ���	��� 
������ !��# F 
������ !��# F !87.:±9.9#I ��� �.5 ?D

���	�� �
 � ������� ��� �
������$ 
���� � �∗ ��� � �������
D8�%&)A ?D� 
��	�� �� ��� ���
�$� � ��� ������� 	���$ ����	���� ��� ��
���� �∗ 
�����

��
	������
D"%�&B20 ?6 	�� %!�� → �−π�# F !8.?< ± �.�: ± �.<7#I ��� %!�∗� → ��π�#

F !D:.< ± <.� ± <.8#I�
D6%A2(A;B' ?6� ���	��� 
������ !��# F 
������ !��# F 8:.9 ± <.8 ± 9.9I ��� τ

��

F <.6: ± �.�D ��� K!�∗− �� ν�#������ F -6.<:− �.<8!
������!��#−8:.9#−<.6!τ
�� −

<.6:#1I�
DD�;%&)'0* ?" ���	��� %!�∗� → ��π�# F D:.< ± <.� ± <.8I� A��� ��
���� 
�����

��
	����� � �∗� ��� �� ����������� � �� �
������$ 
������
D7�;%&)'0* ?8 
���
�� �.�69 ± �.��6 ± �.��D� E� 
������ 	���$ ��� ������ ����
����

�� 2*@3) ?" �	� ���� ��� 	������ �.5 ?" %!�� → �−π�#� E� ���� ��,�� ����


���
�$� � ��� µ ���	�� *��� ���� ������ αF 9∗K��!K− � K�#−< F <.< ± �." ± �.9�

��� F 8�"∗!K− − K�#�K F �.9 ± �.�: ± �.�D ��� � ���	� �
∣∣��� ∣∣ F �.�8DN�.�"6

��������$ �� ����� ���	��������
D:'�������$ �∗� �� ν� ��� �∗− �� ν� 2�350)&� ?8 ���� �−� ��
	��	
� ��� =� ���

����� ��$	��
 ����
��	����� �� ������ ��� F 8�"∗!K− − K�#�K F �.<" ± �.�D ± �.�8�
���	���$ � ���	� � ��� � ���� ����	
� �� �<� ��� �9� ��� ��
�� �
� ����
� �
 ���

�∗ �ν� ������ ���
� 
��	��� �
� ���$���� ��������� �� ����� ���	��������
D?�3*&)�2L�3 ?�� �� ���
�$� ���
 � ��� �∗!9�<�# ���
$� �������
7�*�� ����	
����� � �;%&)'0* :?	 �	$$���� � �∗ ����
�+����� γ��γ# � �.:6± �."6�

�
 α F �.7 ± �.?�
7<�;%&)'0* :?� �� �;%&)'0* :7� ���	� 
������� 	���$ %!�∗!9�<�#− → ��π−# F

�.67 ± �.�" ± �.�"� 2	��
����� �� �;%&)'0* ?8�
79E� ���� ��,�� ���
�$� � ��� ��� %@&*@;)**@ :?� ���	�� �
 �����
��� ��� �	����

�.�"D ± �.��6 ± �.��7� E� 
������ 	���$ ��� ������ ����
���� �� 2*@3) ?" �	� ����

��� 	������ �.5 ?" %!�� → �−π�#� *�� ����	
����� �	$$���� � �∗ ����
�+�����
��
�����
 ���	� α F �.D6 ± �.DD ± �.96�

78�;%&)'0* :7� ���	�� µ�� 	����
������� ��� %!�!"�# → ����# F �."6� ��� %!�� →
�−π�# F !�.�"9 ± �.��" ± �.��"#� ��� ��� %!�∗!9�<�#− → ��π−# F �."? ± �.�:�
2	��
����� �� �;%&)'0* :?��

!
(
��π� 	�ν�

)
?!����� !"?!!

(
��π� 	�ν�

)
?!����� !"?!!

(
��π� 	�ν�

)
?!����� !"?!!

(
��π� 	�ν�

)
?!����� !"?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

8.9±�.?±�.88.9±�.?±�.88.9±�.?±�.88.9±�.?±�.8 7" ;BC)3*2)C �6 %);; �� �− → �!"�#

7" ;BC)3*2)C �6 
���
�� -%!�� → ��π� �� ν�# / %!�� → �� �� ν�#1 F �.<6±�.�8±
�.�8� E� �	������ �� �	
 ���� ���	� %!�� → �� �� ν�# F !9.<6 ± �.99#× <�−9� @	

=
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
��
	���$ �	
 ���� ���	��

!
(
�∗�π� 	�ν�

)
?!����� !6?!!

(
�∗�π� 	�ν�

)
?!����� !6?!!

(
�∗�π� 	�ν�

)
?!����� !6?!!

(
�∗�π� 	�ν�

)
?!����� !6?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

D.6±<.6±�.6D.6±<.6±�.6D.6±<.6±�.6D.6±<.6±�.6 76,7D ;BC)3*2)C �6 %);; �� �− → �!"�#

76)���	��� �∗� ����
��	���� �� � π ������
7D ;BC)3*2)C �6 
���
�� -%!�� → �∗�π� �� ν�# / %!�� → �∗!9��7#� �� ν�#1 F

�.<� ± �.�9 ± �.�<� E� �	������ �� �	
 ���� ���	� %!�� → �∗!9��7#� �� ν�# F

!D.6 ± �.6# × <�−9� @	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 ��
��� ���������� �

�
 
�� 	���$ �	
 ���� ���	��

!
(
ρ− 	�ν�

)
?!����� !D?!!

(
ρ− 	�ν�

)
?!����� !D?!!

(
ρ− 	�ν�

)
?!����� !D?!!

(
ρ− 	�ν�

)
?!����� !D?!

� F � �
 µ� ��� �	� ���
 � ��� µ ������

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

9.8 ±�." @A& �C)&�5)9.8 ±�." @A& �C)&�5)9.8 ±�." @A& �C)&�5)9.8 ±�." @A& �C)&�5)

9.<"±�.9<±�.6D 77 �A%)&*�% �6� %�%& �� �− → �!"�#

9.<7±�.8"��.D9
−�.D:

7: �*0�& �8 ';)9 �� �− → �!"�#

9.67±�.9?��.68
−�.D9

7? %)0&)32 �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
8.9?±�."9±�.79 :� �A%)&* �8� %�%& &���� �� �A%)&*�% �6�

9.D?±�."<��.D<
−�.D"

:< %)0&)32 �� ';)9 �� �− → �!"�#

9.6 ±�." ��.7
−�.?

:9 �;)G�3.)& ?D� ';)9 &���� �� %)0&)32 ��

<".< ?� :8 %)�3 ?8� ';)9 �� �− → �!"�#

77�� ��� �� ������ �������� ���	���$ ������� ������
�� 2��������� �

�
� ����	�� ����
����
������� ��� �
������
 	���
���������

7:�*0�& �8 
���
�� ���������� �

�
� ��."7
−�.6 ±�."<±�.�<� ����� �
� ����
������� �������

����� ���������� �	� �� 
����	�� �
������
 	���
�������� �� ��� ��$���� ��� ���������� �	�
�� 
����	�� �
������
 	���
�������� �� ��� �
������� ������ 
������������ E� �������
����� �� H	��
��	
��

7?���
�$��$ ���� �;)G�3.)& ?D� 
��	��� ����	���$ ����
������� ��� ����
������ ��

��

������� �������
��� %)0&)32 �� 
���
�� ���������� �

�
� ��.88
−�."D

± �."<� ���
� ���

������ �

�
 �� ����
������ ����� ����������� E� ������� ����� �� H	��
��	
��
:�A��� ������� �����
����� ��� ���
��������� �� ��� �����
�� ���
$��� ����
���$ �� =�� ��>�
�

��� �
������
 ����	�������� *�� ������ �

�
 �������� ��� ���������� ��� ����
������
	���
�������� �� H	��
��	
��

:<%)0&)32 �� 
���
�� ��.86
−�."� ± �.6�� ���
� ��� ������ �

�
 �� ��� ����
������ �����

����������� E� ������� ����� �� H	��
��	
�� �� ��� �� ������ �������� 	���$

������� ������
�� K!�� → ρ− �� ν#F9K!�� → ρ� �� ν#≈ 9K!�� → ω�� ν#� 3�
�������� �
 ω�ν �� 
���
����

:9�;)G�3.)& ?D� 
���
�� ��.6
−�.7 ± �.6 ���
� ��� ������ �

�
 �� ��� ����
������ �����

����������� E� ������� ����� �� H	��
��	
�� �� ��� �� ������ �������� 	���$

������� ������
�� K!�� → ρ− �� ν# F9K!�� → ρ� �� ν# ≈ 9K!�� → ω�� ν#� 3�
�������� �
 ω�ν �� 
���
����

:8%)�3 ?8� ����� ��� 	���$ B25E ������ A���$ ������� ��� ��� H	�
, ����� �� �������

K!ρ� �� ν�# ��� K!ω�� ν�# ���� ���� 
��	��� ���� ������ � ����� <!<.DN9.7# × <�−" ��

?�I '; �
 �� → !ω�
 ρ�#�� ν�� *�� 
��$� ��

������� �� ��� B25E� E2%� ���

(2 ������� �� 	���
 ����� ��
∣∣�	����� ∣∣ < �.�:N�.<8 �� ?�I '; �� ��
���� �� �����

!
(
π− 	�ν�

)
?!����� !7?!!

(
π− 	�ν�

)
?!����� !7?!!

(
π− 	�ν�

)
?!����� !7?!!

(
π− 	�ν�

)
?!����� !7?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

<.8D±�.<6 @A& �C)&�5)<.8D±�.<6 @A& �C)&�5)<.8D±�.<6 @A& �C)&�5)<.8D±�.<6 @A& �C)&�5)

<.8:±�.<�±�.<: :" �A%)&*�% �6� %�%& �� �− → �!"�#

<.88±�.<:±�.<8 :6 �*0�& �8 ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<.: ±�." ±�." :D �;)G�3.)& ?D� ';)9 &���� �� �*0�& �8

:"�� ��� �� ������ �������� ���	���$ ������� ������
�� 2��������� �

�
� ����	�� ����
����
������� ��� �
������
 	���
���������

:6�*0�& �8 
���
�� ���������� �

�
� �.<<± �.�<± �.�7� ����� �
� ����
������� �������
����� ���������� �	� �� 
����	�� �
������
 	���
�������� �� ��� ��$���� ��� ���������� �	�
�� 
����	�� �
������
 	���
�������� �� ��� �
������� ������ 
������������ E� �������
����� �� H	��
��	
��

:D�;)G�3.)& ?D� $���� ���������� �

�
� ±�.8 ± �.9 ���
� ��� ������ �

�
 
�/����
��� ��������� ����� ����������� E� ������� ����� �� H	��
��	
�� ���	��� �������

������
�� K!�� → π− �� ν# F 9× K!�� → π� �� ν#�

!
(
π−µ�νµ

)
?!����� !:?!!

(
π−µ�νµ

)
?!����� !:?!!

(
π−µ�νµ

)
?!����� !:?!!

(
π−µ�νµ

)
?!����� !:?!

����� ��	�
��� �� ��	�

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
���� :7 �;%&)'0* ?<	 �&5

:7 B� �;%&)'0* ?<	� ��� ����� �� 	��� 
������
	���� �
������$ �������� �
 ��� � → 	
�
���������

!
(
± ����"��#

)
?!����� !??!!

(
± ����"��#

)
?!����� !??!!

(
± ����"��#

)
?!����� !??!!

(
± ����"��#

)
?!����� !??!

����� ��	�
��� �� ��	� 	�

���

�.7:±�.�:�.7:±�.�:�.7:±�.�:�.7:±�.�: :: �;%&)'0* ?D
 �&5 �� �− → �!"�#
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���

�.�D8±�.�<?±�.��6�.�D8±�.�<?±�.��6�.�D8±�.�<?±�.��6�.�D8±�.�<?±�.��6 :? �A%)&*�%) �"� %�%& �� �− → �!"�#
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�
�
������$ 
���� 	���
���������

!
(
��


)
?!����� !<<?!!

(
��


)
?!����� !<<?!!

(
��


)
?!����� !<<?!!

(
��


)
?!����� !<<?!

����� ��	�
��� �� ��	� 	�
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�.6<<±�.�8<±�.�9:�.6<<±�.�8<±�.�9:�.6<<±�.�8<±�.�9:�.6<<±�.�8<±�.�9: ?� �A%)&*�%) �"� %�%& �� �− → �!"�#
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�.<<�±�.�8<±�.��:�.<<�±�.�8<±�.��:�.<<�±�.�8<±�.��:�.<<�±�.�8<±�.��: �A%)&*�%) �"� %�%& �� �− → �!"�#
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<�.�6<<�.�6<<�.�6<<�.�6< ?� ?< �A%)&*�%) �"� %�%& �� �− → �!"�#
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�.8?7±�.�8���.�"�
−�.�8:

�.8?7±�.�8���.�"�
−�.�8:�.8?7±�.�8���.�"�
−�.�8:

�.8?7±�.�8���.�"�
−�.�8:

?9 �A%)&*�%) �"� %�%& �� �− → �!"�#
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�.�66±�.�"�±�.��D�.�66±�.�"�±�.��D�.�66±�.�"�±�.��D�.�66±�.�"�±�.��D �A%)&*�%) �"� %�%& �� �− → �!"�#
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!<"?�!<"2!<6!
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)
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!<"?�!<"2!<6!

(
��
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)
?
[
!
(
��
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)
2!

(
�−
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)]
!<"?�!<"2!<6

����� ��	�
��� �� ��	� 	�

���

�.788±�.�?9±�.�<��.788±�.�?9±�.�<��.788±�.�?9±�.�<��.788±�.�?9±�.�<� �A%)&*�%) �"� %�%& �� �− → �!"�#

!
(
��� 


)
?!����� !<D?!!

(
��� 


)
?!����� !<D?!!

(
��� 


)
?!����� !<D?!!

(
��� 


)
?!����� !<D?!

����� 	� ��	�
��� �� ��	� 	�

���

<�.�8:<�.�8:<�.�8:<�.�8: ?� ?6 �A%)&*�%) �"� %�%& �� �− → �!"�#

?6)����� �
� �������� �� ���������� 
������
	����$ ��� � ��� ���
����$ �
 � 
������
	����
���
��� ��
����� �� ��� 
��� � ��� ������ *�� ���� �

�
 ����	��� ���������� ��� ���
�
�
������$ 
���� 	���
���������

!
(
�−
� 


)
?!����� !<7?!!

(
�−
� 


)
?!����� !<7?!!

(
�−
� 


)
?!����� !<7?!!

(
�−
� 


)
?!����� !<7?!

����� ��	�
��� �� ��	� 	�

���

�.�"?±�.�<7��.�<:
−�.�<<

�.�"?±�.�<7��.�<:
−�.�<<�.�"?±�.�<7��.�<:
−�.�<<

�.�"?±�.�<7��.�<:
−�.�<<

?D �A%)&*�%) �"� %�%& �� �− → �!"�#

?D)����� �
� �������� �� ���������� 
������
	����$ ��� � ��� ���
����$ �
 � 
������
	����
���
��� ��
����� �� ��� 
��� � ��� ������ *�� ���� �

�
 ����	��� ���������� ��� ���
�
�
������$ 
���� 	���
���������

!
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)
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)
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)]
!<D?�!<D2!<7!
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!<D?�!<D2!<7!
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)
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)
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(
�−
� 


)]
!<D?�!<D2!<7!

(
��� 


)
?
[
!
(
��� 


)
2!

(
�−
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)]
!<D?�!<D2!<7

����� ��	�
��� �� ��	� 	�

���

�.9:D±�.<"9±�.��7�.9:D±�.<"9±�.��7�.9:D±�.<"9±�.��7�.9:D±�.<"9±�.��7 �A%)&*�%) �"� %�%& �� �− → �!"�#

!
(
� 


)
?!����� !<:?!!

(
� 


)
?!����� !<:?!!

(
� 


)
?!����� !<:?!!

(
� 


)
?!����� !<:?!

����� ��	�
��� �� ��	� 	�

���

<.�8?±�.�6<��.�D8
−�.�6:

<.�8?±�.�6<��.�D8
−�.�6:<.�8?±�.�6<��.�D8
−�.�6:

<.�8?±�.�6<��.�D8
−�.�6:

?7 �A%)&*�%) �"� %�%& �� �− → �!"�#

?7)����� �
� �������� �� ���������� 
������
	����$ ��� � ��� ���
����$ �
 � 
������
	����
���
��� ��
����� �� ��� 
��� � ��� ������ *�� ���� �

�
 ����	��� ���������� ��� ���
�
�
������$ 
���� 	���
���������

!
(
� 


)
?!����� !<??!!

(
� 


)
?!����� !<??!!

(
� 


)
?!����� !<??!!

(
� 


)
?!����� !<??!

����� ��	�
��� �� ��	� 	�

���

�.987±�.�8D��.�"<
−�.�97

�.987±�.�8D��.�"<
−�.�97�.987±�.�8D��.�"<
−�.�97

�.987±�.�8D��.�"<
−�.�97

?: �A%)&*�%) �"� %�%& �� �− → �!"�#

?:)����� �
� �������� �� ���������� 
������
	����$ ��� � ��� ���
����$ �
 � 
������
	����
���
��� ��
����� �� ��� 
��� � ��� ������ *�� ���� �

�
 ����	��� ���������� ��� ���
�
�
������$ 
���� 	���
���������

!
(
� � 


)
?!����� !9�?!!

(
� � 


)
?!����� !9�?!!

(
� � 


)
?!����� !9�?!!

(
� � 


)
?!����� !9�?!

����� ��	�
��� �� ��	� 	�

���

<.97D±�.�D9��.�::
−�.�7"

<.97D±�.�D9��.�::
−�.�7"<.97D±�.�D9��.�::
−�.�7"

<.97D±�.�D9��.�::
−�.�7"

?? �A%)&*�%) �"� %�%& �� �− → �!"�#

??)����� �
� �������� �� ���������� 
������
	����$ ��� � ��� ���
����$ �
 � 
������
	����
���
��� ��
����� �� ��� 
��� � ��� ������ *�� ���� �

�
 ����	��� ���������� ��� ���
�
�
������$ 
���� 	���
���������

!
(
�−π�

)
?!����� !9<?!!

(
�−π�

)
?!����� !9<?!!

(
�−π�

)
?!����� !9<?!!

(
�−π�

)
?!����� !9<?!

����� ���� ��	�
��� �� ��	� 	�

���

�.��8" ±�.���? @A& �C)&�5)�.��8" ±�.���? @A& �C)&�5)�.��8" ±�.���? @A& �C)&�5)�.��8" ±�.���? @A& �C)&�5) )

�
 ����	��� ����� ����
 � "�<� 2�� ��� ����$
��
������

�.��6: ±�.���" ±�.���9 <��,<�< �A%)&*�% �"� %�%& �� �− → �!"�#

�.��9D:±�.���<9±�.���9" <�<,<�9 �0�). �9� ';)9 �� �− → �!"�#

�.��97 ±�.���D ±�.���6 <�8 %@&*@;)**@?9 ';)@ �� �− → �!"�#

�.��": ±�.��<< ±�.��<< 99 <�" �;%&)'0* ?�� �&5 �� �− → �!"�#

�.��6< ��.��9:
−�.��96

��.��<8
−�.��<9 " <�6 %)%)( :7 ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.��9: ±�.���" ±�.���< :< <�D �;�� ?" ';)9 &���� ��

�0�). �9�
�.��8< ±�.��<8 ±�.��<� 7 <�" �;%&)'0* ::� �&5 �� �− → �!"�#

<���A%)&*�% �"� 
���
�� -%!�� → �−π�# × %!�� → ��
�

π�#1 F !:6." ± ".9 ±
"."#× <�−D� E� ������ �� �	
 ���� ���	� %!�� → ��

�
π�# F !<."7 ± �.�D#× <�−9�

@	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�


�� 	���$ �	
 ���� ���	��

<�<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
<�9�0�). �9� 
���
�� �� ���������� 	���
������ �� ��� �
������$ 
����� �� ����	�� �


".6I 	���
������ �� 
������� �
��	����� � �� ��� ��� ����� �� ��� ����	��� ��
��
<�8%@&*@;)**@ ?9 ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	���

��
, BBB �
������$ 
������� �
 ��� ��
<�"�;%&)'0* ::� ���	��� ��������− �
��	����� 
���� �� "6�66� 2	��
����� �� �;�

%&)'0* ?�� ����� ���	��� 6��6��
<�6%)%)( :7 ���	� ��� ���� 	������ �� %)&();��3 ?< �� 	�� ���� ���	������� ��

����� �
 %@&*@;)**@ ?9�
<�D�;�� ?" 
���
�� -%!�� → �−π�# × %!�� → �−π�π�#1 F �.���9D6 ±

�.����89 ± �.����98� E� ������ �� �	
 ���� ���	� %!�� → �−π�π�# F

!?.6< ± �.8"# × <�−9� @	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �
�


�
 �� ��� ���������� �

�
 
�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � ��

��� �� �� ��� �!"�#�

WEIGHTED AVERAGE
0.0034±0.0009 (Error scaled by 4.1)

BEBEK 87 CLEO 0.3
ALBRECHT 90J ARG 0.8
BORTOLETTO 92 CLEO 0.9
AHMED 02B CLE2 7.7
AUBERT,B 04O BABR 25.6

χ2

      35.3
(Confidence Level  0.001)

0 0.002 0.004 0.006 0.008 0.01

0
(
�−π�

)
�0����� 09<�0

!
(
�− ρ�

)
?!����� !99?!!

(
�− ρ�

)
?!����� !99?!!

(
�− ρ�

)
?!����� !99?!!

(
�− ρ�

)
?!����� !99?!

����� ���� ��	�
��� �� ��	� 	�

���

�.��76±�.��<9 @A& �C)&�5)�.��76±�.��<9 @A& �C)&�5)�.��76±�.��<9 @A& �C)&�5)�.��76±�.��<9 @A& �C)&�5)

�.��7"±�.��<9±�.���8 7? <�7 �;�� ?" ';)9 �� �− → �!"�#

�.��? ±�.��6 ±�.��8 ? <�: �;%&)'0* ?�� �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�99 ±�.�<9 ±�.��? D <�: �;%&)'0* ::� �&5 �� �− → �!"�#

<�7�;�� ?" 
���
�� -%!�� → �−ρ�# × %!�� → �−π�π�#1 F �.���7�" ±
�.����?D ± �.����7�� E� ������ �� �	
 ���� ���	� %!�� → �−π�π�# F

!?.6< ± �.8"# × <�−9� @	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �
�


�
 �� ��� ���������� �

�
 
�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � ��

��� �� �� ��� �!"�#�
<�:�;%&)'0* ::� ���	��� ��������− �
��	����� 
���� �� "6�66� 2	��
����� �� �;�

%&)'0* ?�� ����� ���	��� 6��6��

!
(
�−�π�

)
?!����� !98?!!

(
�−�π�

)
?!����� !98?!!

(
�−�π�

)
?!����� !98?!!

(
�−�π�

)
?!����� !98?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

".?±�.7±�.6".?±�.7±�.6".?±�.7±�.6".?±�.7±�.6 <�? �A%)&*�%) �6� %�%& �� �− → �!"�#

<�?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�−∗�,-$�

)
?!����� !9"?!!

(
�−∗�,-$�

)
?!����� !9"?!!

(
�−∗�,-$�

)
?!����� !9"?!!

(
�−∗�,-$�

)
?!����� !9"?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

".6±�.7 @A& �C)&�5)".6±�.7 @A& �C)&�5)".6±�.7 @A& �C)&�5)".6±�.7 @A& �C)&�5)

".D±�.D±�.6 <<� �A%)&*�%) �6� %�%& �� �− → �!"�#

8.7±<.6±<.� <<� ��0���*&� �9 ';)9 �� �− → �!"�#

<<����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�−ωπ�

)
?!����� !96?!!

(
�−ωπ�

)
?!����� !96?!!

(
�−ωπ�

)
?!����� !96?!!

(
�−ωπ�

)
?!����� !96?!

����� ��	�
��� �� ��	� 	�

���

�.��9:±�.���6±�.���"�.��9:±�.���6±�.���"�.��9:±�.���6±�.���"�.��9:±�.���6±�.���" <<< �;)G�3.)& �<� ';)9 �� �− → �!"�#

<<<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#� *�� ��$��� �� ���������� ����

��� ����
��� ωπ� �����$ �
������� ��
�	$� ��� ρ′� 
�������� �� ���� <8"? ± 96�<�
− 6

��C ��� ����� 6"7 ± :D�"D
−"6 ��C�

!
(
�−�

)
?!����� !9D?!!

(
�−�

)
?!����� !9D?!!

(
�−�

)
?!����� !9D?!!

(
�−�

)
?!����� !9D?!

����� ��	�
��� �� ��	� 	�

���

!9.�"±�.6�±�.97#× <�−"!9.�"±�.6�±�.97#× <�−"!9.�"±�.6�±�.97#× <�−"!9.�"±�.6�±�.97#× <�−" <<9 �%) �< %);; �� �− → �!"�#

<<9�%) �< 
���
�� %!�� → �−��#�%!�� → �−π�#F �.�D: ± �.�<6 ± �.��7� E�

�	������ �� �	
 ���� ���	� %!�� → �−π�#F !8.� ± �."# × <�−8� @	
 =
�� �

�

�� ����
 ����
�����M� �

�
 ��� ��� ������ �

�
 �� ���������� �

�
 
�� 	���$ �	
 ����
���	��



	��	��	��	��

��� ��� �� ���� 	
� ���������	
�� �	��	��

��

!
(
�−��

)
?!����� !97?!!

(
�−��

)
?!����� !97?!!

(
�−��

)
?!����� !97?!!

(
�−��

)
?!����� !97?!

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

<8.<<8.<<8.<<8.< ?� <<8 .&A*2(@L �9 %);; �� �− → �!"�#

<<8���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�−�∗�,-$�

)
?!����� !9:?!!

(
�−�∗�,-$�

)
?!����� !9:?!!

(
�−�∗�,-$�

)
?!����� !9:?!!

(
�−�∗�,-$�

)
?!����� !9:?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

:.:±<.<±<.6:.:±<.<±<.6:.:±<.<±<.6:.:±<.<±<.6 <<" .&A*2(@L �9 %);; �� �− → �!"�#

<<"���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
��π�π−)

?!����� !9??!!
(
��π�π−)

?!����� !9??!!
(
��π�π−)

?!����� !9??!!
(
��π�π−)

?!����� !9??!

����� ����� ��−�� 	� ���� ��	�
��� �� ��	� 	�

���

:.�± �.D±<.6:.�± �.D±<.6:.�± �.D±<.6:.�± �.D±<.6 <<6,<<D 2�*��*0L �8 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
< <D ?� <<6 �;�� ?" ';)9 �� �− → �!"�#

< 7� ?� <<7 %@&*@;)**@?9 ';)@ �� �− → �!"�#

<8"� ?� <<: %)%)( :7 ';)@ �� �− → �!"�#

7�� ±6�� 6 <<? %)0&)3.2 :8 ';)@ �� �− → �!"�#

<<6���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
<<D3� ���	������ ���	� ��� ����
������� ��������� �� ���� �� ��� ���������
<<7%@&*@;)**@ ?9 ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	���

��
, BBB �
������$ 
������� �
 ��� �� *�� �
��	�� �
������$ 
������ ���� �∗
�
!98"�#π

������� �� �∗�!98"�# → ��π �� < �.���< �� ?�I '; ��� ���� �∗9!9"D�# ������� ��

�∗
9
!9"D�# → ��π �� < �.���" �� ?�I ';�

<<:%)%)( :7 ���	�� ��� �!"�# ������ "8I �� ����� E� 
������ �� 6�I� %!�� →
�−π�# F !".9 ± �." ± �."#I ��� %!�� → �−π�π�π−# F !?.< ± �.: ± �.:#I
��
� 	����

<<?'�

����� �� 	� 	���$ ���	�������� %!�� → �−π�# F !�.�"9 ± �.��D#

��� %!�!"�# → ����# F 6�I� *�� �
��	�� �
������$ 
���� �� %!�� →
��π�π−#%!�� → ��π−# F !�.8? ± �.9D#× <�−9�

!
(
�∗�$�.�−π�

)
?!����� !8�?!!

(
�∗�$�.�−π�

)
?!����� !8�?!!

(
�∗�$�.�−π�

)
?!����� !8�?!!

(
�∗�$�.�−π�

)
?!����� !8�?!

����� ���� ��	�
��� �� ��	� 	�

���

�.��97D±�.���9< @A& �C)&�5)�.��97D±�.���9< @A& �C)&�5)�.��97D±�.���9< @A& �C)&�5)�.��97D±�.���9< @A& �C)&�5)

�.��9:<±�.���9"±�.����6 <9� %&�3.)3%��� ?: ';)9 �� �− → �!"�#

�.��9D ±�.���8 ±�.���" :9 <9< �;�� ?" ';)9 �� �− → �!"�#

�.��887±�.���?D±�.����9 <99 %@&*@;)**@?9 ';)@ �� �− → �!"�#

�.��98D±�.���::±�.����9 <9 <98 �;%&)'0* ?�� �&5 �� �− → �!"�#

�.��98D��.��<6�
−�.��<<�±�.����9 6 <9" %)%)( :7 ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�<� ±�.��" ±�.��< : <96 �()&2 ?"� @��; �� �− → �

�.��97 ±�.��<" ±�.��<� 6 <9D �;%&)'0* :7	 �&5 �� �− → �!"�#

�.��86 ±�.��9 ±�.��9 <97 �;%&)'0* :D� �&5 �� �− → �!"�#

�.�<7 ±�.��6 ±�.��6 "< <9: 5B;)2 :" ';)@ �� �− → �!"�#

<9�%&�3.)3%A&5 ?: ���	�� �H	�� �
��	����� � �� ��� �� �� �!"�# ��� 	�� ��� �∗

������
	����� ������H	�� *�� =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� ��� ������ �

�


�� ��� ���������� �

�
 
�� ��� �.5 ?D ���	� � %!�∗ → �π#�
<9<�;�� ?" ���	�� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� ';)@ BB

%!�∗!9�<�#� → ��π�# ��� �����	�� %!�� → �−π�# ��� ��� �.5 <??9 %!�� →
�−π�π�#�%!�� → �−π�# ��� %!�� → �−π�π�π−#�%!�� → �−π�#�

<99%@&*@;)**@ ?9 
���
�� �.��"� ± �.��<� ± �.���7 �
 %!�∗!9�<�#� → ��π�# F

�.67 ± �.�D� E� 
������ �� �	
 ���� ���	� %!�∗!9�<�#� → ��π�# F !D7.7 ± �.6#×
<�−9� @	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ����������

�

�
 
�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#
��� 	��� ��
, BBB �
������$ 
������� �
 ��� ��

<98�;%&)'0* ?�� 
���
�� �.��9: ± �.���? ± �.���D �
 %!�∗!9�<�#� → ��π�# F

�.67 ± �.�D� E� 
������ �� �	
 ���� ���	� %!�∗!9�<�#� → ��π�# F !D7.7 ± �.6#×
<�−9� @	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ����������

�

�
 
�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#
��� 	��� ��
, BBB �
������$ 
������� �
 ��� ��

<9"%)%)( :7 
���
�� �.��9:��.��<6
−�.��<9

��.��<�
−�.���D �
 %!�∗!9�<�#� → ��π�# F �.67 ±

�.�D� E� 
������ �� �	
 ���� ���	� %!�∗!9�<�#� → ��π�# F !D7.7 ± �.6# × <�−9�
@	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�


�� 	���$ �	
 ���� ���	�� A������ �� %)&();��3 ?< �� 	�� ���� ���	������� ��
����� �
 %@&*@;)**@ ?9 ��� �;%&)'0* ?���

<96���	��� %!� → ��# F �.9<7 ��� 8:I �� �
��	����� 
�������
<9D�;%&)'0* :7	 	�� �.5 :D �
������$ 
����� �
 � ��� �∗!9�<�# ��� ���	��

%!�!"�# → ���−# F 66I ��� %!�!"�# → ����# F "6I� 2	��
����� �� �;�
%&)'0* ?���

<97�;%&)'0* :D� 	��� ���	������ ���� �� ����������� � �� ��� �� �
������$ 
������
<9:���	��� %!�∗!9�<�#� → ��π�# F �.D���.�:

−�.<6� ���	��� %!�!"�# → ����# F

�."� ± �.�9 .��� ��� ������ �� � �
������$ 
������

!
(
�−π�π�π−)

?!����� !8<?!!
(
�−π�π�π−)

?!����� !8<?!!
(
�−π�π�π−)

?!����� !8<?!!
(
�−π�π�π−)

?!����� !8<?!
����� ��	�
��� �� ��	� 	�

���

�.��:�±�.��9<±�.��<"�.��:�±�.��9<±�.��<"�.��:�±�.��9<±�.��<"�.��:�±�.��9<±�.��<" <9? %@&*@;)**@?9 ';)@ �� �− → �!"�#

<9?%@&*@;)**@ ?9 ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	���
��
, BBB �
������$ 
������� �
 ��� ��

!
(
��−π�π�π−  �
����
����

)
?!����� !89?!!

(
��−π�π�π−  �
����
����

)
?!����� !89?!!

(
��−π�π�π−  �
����
����

)
?!����� !89?!!

(
��−π�π�π−  �
����
����

)
?!����� !89?!

����� ��	�
��� �� ��	� 	�

���

�.��8?±�.��<"±�.��<8�.��8?±�.��<"±�.��<8�.��8?±�.��<"±�.��<8�.��8?±�.��<"±�.��<8 <8� %@&*@;)**@?9 ';)@ �� �− → �!"�#

<8�%@&*@;)**@ ?9 ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	���
��
, BBB �
������$ 
������� �
 ��� ��

!
(
�−π�ρ�

)
?!����� !88?!!

(
�−π�ρ�

)
?!����� !88?!!

(
�−π�ρ�

)
?!����� !88?!!

(
�−π�ρ�

)
?!����� !88?!

����� ��	�
��� �� ��	� 	�

���

�.��<<±�.���?±�.���"�.��<<±�.���?±�.���"�.��<<±�.���?±�.���"�.��<<±�.���?±�.���" <8< %@&*@;)**@?9 ';)@ �� �− → �!"�#

<8<%@&*@;)**@ ?9 ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	���
��
, BBB �
������$ 
������� �
 ��� ��

!
(
�− �<�.$'��

)
?!����� !8"?!!

(
�− �<�.$'��

)
?!����� !8"?!!

(
�− �<�.$'��

)
?!����� !8"?!!

(
�− �<�.$'��

)
?!����� !8"?!

����� ��	�
��� �� ��	� 	�

���

�.��D�±�.��99±�.��9"�.��D�±�.��99±�.��9"�.��D�±�.��99±�.��9"�.��D�±�.��99±�.��9" <89 %@&*@;)**@?9 ';)@ �� �− → �!"�#

<89%@&*@;)**@ ?9 ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	���
��
, BBB �
������$ 
������� �
 ��� ��

!
(
�∗�$�.�−π�π�

)
?!����� !86?!!

(
�∗�$�.�−π�π�

)
?!����� !86?!!

(
�∗�$�.�−π�π�

)
?!����� !86?!!

(
�∗�$�.�−π�π�

)
?!����� !86?!

����� ���� ��	�
��� �� ��	� 	�

���

�.�<69±�.��69±�.���<�.�<69±�.��69±�.���<�.�<69±�.��69±�.���<�.�<69±�.��69±�.���< 6< <88 �;%&)'0* ?�� �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�<6 ±�.��: ±�.��: : <8" �;%&)'0* :7	 �&5 �� �− → �!"�#

<88�;%&)'0* ?�� 
���
�� �.�<: ± �.��" ± �.��6 �
 %!�∗!9�<�#� → ��π�# F �.67 ±
�.�D� E� 
������ �� �	
 ���� ���	� %!�∗!9�<�#� → ��π�# F !D7.7 ± �.6# × <�−9�
@	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�



�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ���
	��� ��
, BBB �
������$ 
������� �
 ��� ��

<8"�;%&)'0* :7	 	�� �.5 :D �
������$ 
����� �
 � ��� �∗!9�<�# ��� ���	��

%!�!"�# → ���−# F 66I ��� %!�!"�# → ����# F "6I� 2	��
����� �� �;�
%&)'0* ?���

!
(
�∗�$�.�− ρ�

)
?!����� !8D?!!

(
�∗�$�.�− ρ�

)
?!����� !8D?!!

(
�∗�$�.�− ρ�

)
?!����� !8D?!!

(
�∗�$�.�− ρ�

)
?!����� !8D?!

����� ���� ��	�
��� �� ��	� 	�

���

�.��D: ±�.���? @A& �C)&�5)�.��D: ±�.���? @A& �C)&�5)�.��D: ±�.���? @A& �C)&�5)�.��D: ±�.���? @A& �C)&�5)

�.��D: ±�.���8 ±�.���? <86 '2@&3� �8 ';)9 �� �− → �!"�#

�.�<D� ±�.�<<8 ±�.���< <8D %@&*@;)**@?9 ';)@ �� �− → �!"�#

�.��6:?±�.��869±�.����" <? <87 �;%&)'0* ?�� �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.��7" ±�.��<� ±�.��<" 7D<8:,<8? �;�� ?" ';)9 �� �− → �!"�#

�.�:< ±�.�9? ��.�6?
−�.�9" <? <"� '0)3 :6 ';)@ �� �− → �!"�#

<86���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# 
��������� *�� ������ �

�

�������� ��� ���������� ��� ����
������ 	���
�������� �� H	��
��	
�� '2@&3� �8 ���
��	��� ���� 	��� �� �;�� ?"� � 	�� ��$	��
 =� �� ��
�� ������� �������� ������	��� ��
��
�
����

<8D%@&*@;)**@ ?9 
���
�� �.�<? ± �.��: ± �.�<< �
 %!�∗!9�<�#� → ��π�# F

�.67 ± �.�D� E� 
������ �� �	
 ���� ���	� %!�∗!9�<�#� → ��π�# F !D7.7 ± �.6#×
<�−9� @	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ����������

�

�
 
�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#
��� 	��� ��
, BBB �
������$ 
������� �
 ��� ��

<87�;%&)'0* ?�� 
���
�� �.��7 ± �.��8 ± �.��8 �
 %!�∗!9�<�#� → ��π�# F �.67 ±
�.�D� E� 
������ �� �	
 ���� ���	� %!�∗!9�<�#� → ��π�# F !D7.7 ± �.6# × <�−9�
@	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�



�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ���
	��� ��
, BBB �
������$ 
������� �
 ��� ��

<8:�;�� ?" ���	�� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� ';)@ BB

%!�∗!9�<�#� → ��π�# ��� �����	�� %!�� → �−π�# ��� ��� �.5 <??9 %!�� →
�−π�π�#�%!�� → �−π�# ��� %!�� → �−π�π�π−#�%!�� → �−π�#�

<8?*��� ����� �� ���
�� ���������� ���$��	������� ����
�+��� KL�K F !?8 ± 6 ± 6#I� ��

�������� 
�� ��� ����
�+����� ���������� !&@23)& ?�#� *�� ���
������� π�π�

����
��	���� 	���
 ��� ρ� �� ���� ���� ?I �� ?�I ';�
<"�A��� %!�∗ → ��π�# F �.D± �.<6 ��� %!�!"�# → ����# F ��"� .��� ��� ������

�� � �
������$ 
������

!
(
�∗�$�.�−�

)
?!����� !87?!!

(
�∗�$�.�−�

)
?!����� !87?!!

(
�∗�$�.�−�

)
?!����� !87?!!

(
�∗�$�.�−�

)
?!����� !87?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

9.<"±�.9� @A& �C)&�5)9.<"±�.9� @A& �C)&�5)9.<"±�.9� @A& �C)&�5)9.<"±�.9� @A& �C)&�5)

9.<"±�.<9±�.<D <"< �A%)&* �D% %�%& �� �− → �!"�#

9.� ±�." ±�.9 <"9 �%) �< %);; �� �− → �!"�#

<"<�A%)&* �D% 
���
�� -%!�� → �∗!9�<�#−��# / %!�� → �∗!9�<�#−π�#1 F

�.�77D ± �.��8" ± �.��9?� E� �	������ �� �	
 ���� ���	� %!�� → �∗!9�<�#−π�#

F !9.7D ± �.9<#× <�−8� @	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�

�� ��� ���������� �

�
 
�� 	���$ �	
 ���� ���	��

<"9�%) �< 
���
�� -%!�� → �∗!9�<�#−��# / %!�� → �∗!9�<�#−π�#1 F �.�7" ±
�.�<6 ± �.��D� E� �	������ �� �	
 ���� ���	� %!�� → �∗!9�<�#−π�# F !9.7D ±
�.9<# × <�−8� @	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ���
���������� �

�
 
�� 	���$ �	
 ���� ���	��

!
(
�∗�$�.�−�π�

)
?!����� !8:?!!

(
�∗�$�.�−�π�

)
?!����� !8:?!!

(
�∗�$�.�−�π�

)
?!����� !8:?!!

(
�∗�$�.�−�π�

)
?!����� !8:?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

8.�±�.7±�.88.�±�.7±�.88.�±�.7±�.88.�±�.7±�.8 <"8 �A%)&*�%) �6� %�%& �� �− → �!"�#

<"8���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�



	��	��	��	��

����� ����	
�� �	��	��

��

!
(
�∗�$�.�−∗�,-$�

)
?!����� !8??!!

(
�∗�$�.�−∗�,-$�

)
?!����� !8??!!

(
�∗�$�.�−∗�,-$�

)
?!����� !8??!!

(
�∗�$�.�−∗�,-$�

)
?!����� !8??!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

8.8±�.D @A& �C)&�5)8.8±�.D @A& �C)&�5)8.8±�.D @A& �C)&�5)8.8±�.D @A& �C)&�5)

8.9±�.D±�.8 <"" �A%)&*�%) �6� %�%& �� �− → �!"�#

8.:±<.8±�.: <"6 ��0���*&� �9 ';)9 �� �− → �!"�#

<""���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
<"6���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� �� 	�����
�+�� =��� ������

!
(
�∗�$�.�−��

)
?!����� !"�?!!

(
�∗�$�.�−��

)
?!����� !"�?!!

(
�∗�$�.�−��

)
?!����� !"�?!!

(
�∗�$�.�−��

)
?!����� !"�?!

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

<".7<".7<".7<".7 ?� <"D .&A*2(@L �9 %);; �� �− → �!"�#

<"D���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�∗�$�.�−�∗�,-$�

)
?!����� !"<?!!

(
�∗�$�.�−�∗�,-$�

)
?!����� !"<?!!

(
�∗�$�.�−�∗�,-$�

)
?!����� !"<?!!

(
�∗�$�.�−�∗�,-$�

)
?!����� !"<?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

<9.?±9.9±9.6<9.?±9.9±9.6<9.?±9.9±9.6<9.?±9.9±9.6 <"7 .&A*2(@L �9 %);; �� �− → �!"�#

<"7���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�∗�$�.�−π�π�π−)

?!����� !"9?!!
(
�∗�$�.�−π�π�π−)

?!����� !"9?!!
(
�∗�$�.�−π�π�π−)

?!����� !"9?!!
(
�∗�$�.�−π�π�π−)

?!����� !"9?!
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�.�88 ±�.��? ±�.�<D <68 �;%&)'0* :7	 �&5 �� �− → �!"�#
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0.0070±0.0008 (Error scaled by 1.3)
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�.67 ± �.�D� E� 
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�.�<� ±�.��? ±�.��< <78 �;%&)'0* ?9� �&5 �� �− → �!"�#

�.��66±�.��8<±�.���7 <7" %@&*@;)**@?9 ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�<9 ±�.��7 8 <76 %@&*@;)**@?� ';)@ �� �− → �!"�#

<795B%�A* ?D 
���
�� �.��:7 ± �.��9"± �.��9� �
 %!��
�

→ φπ�# F �.�86� E� 
������

�� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D# × <�−9� @	
 =
�� �

�
 �� ����
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�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$ �	
 ���� ���	��
<78�;%&)'0* ?9� 
���
�� �.�<7 ± �.�<8 ± �.��D �
 %!��

�
→ φπ�# F �.�97� E�


������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
�� �

�
 �� ����


����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$ �	
 ���� ���	��

���	��� �.5 <??� �� �
������$ 
������ ��$�� %!�� → �−π�π�# F 7.7 ± <.�I�
<7"%@&*@;)**@ ?9 
���
�� �.��:� ± �.��"6 ± �.��8� �
 %!��

�
→ φπ�# F �.�8� ±

�.�<<� E� 
������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D# × <�−9� @	
 =
��

�

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$

�	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	��� ��
, BBB
�
������$ 
������� �
 ��� ��

<76%@&*@;)**@ ?� ���	�� %!�� → φπ�# F 9I� 2	��
����� �� %@&*@;)**@ ?9�

!
(
�∗�$�.�−��

�

)
?!����� !6:?!!

(
�∗�$�.�−��

�

)
?!����� !6:?!!

(
�∗�$�.�−��

�

)
?!����� !6:?!!

(
�∗�$�.�−��

�

)
?!����� !6:?!

����� ���� ��	�
��� �� ��	� 	�

���

�.��::±�.��<D @A& �C)&�5)�.��::±�.��<D @A& �C)&�5)�.��::±�.��<D @A& �C)&�5)�.��::±�.��<D @A& �C)&�5)

�.��:"±�.��<D±�.��<< <7D �A%)&* �8 %�%& �� �− → �!"�#

�.��?�±�.��<7±�.��<9 <77 �0�). ��� ';)9 �� �− → �!"�#

�.��? ±�.��D ±�.��< <7: �;%&)'0* ?9� �&5 �� �− → �!"�#

�.�<< ±�.��D ±�.��< <7? %@&*@;)**@?9 ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.��7"±�.��99±�.��<� <:� 5B%�A* ?D ';)9 &���� �� �0�). ���

�.�9" ±�.�<" 8 <:< %@&*@;)**@?� ';)@ �� �− → �!"�#

<7D�A%)&* �8 
���
�� �.�<�8 ± �.��<" ± �.��<8 �
 %!��
�

→ φπ�# F �.�8D� E�


������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
�� �

�
 �� ����
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�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$ �	
 ���� ���	��
<77�0�). ��� 
���
�� �.�<<� ± �.��<: ± �.��<< �
 %!��

�
→ φπ�# F �.�8D� E�


������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
�� �

�
 �� ����
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�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$ �	
 ���� ���	��
<7:�;%&)'0* ?9� 
���
�� �.�<" ± �.�<� ± �.��8 �
 %!��

�
→ φπ�# F �.�97� E�


������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
�� �

�
 �� ����
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�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$ �	
 ���� ���	��

���	��� �.5 <??� �� ��� �∗!9�<�#� �
������$ 
������ ��$�� %!�� → �−π�# F

8.7< ± �.96I� %!�� → �−π�π�# F 7.< ± <.�I� ��� %!�∗!9�<�#� → ��π�#
F 66 ± "I�

<7?%@&*@;)**@ ?9 
���
�� �.�<D± �.��?± �.��D �
 %!��
�

→ φπ�# F �.�8�± �.�<<�

E� 
������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D# × <�−9� @	
 =
�� �

�


�� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$ �	


���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	��� ��
, BBB

�
������$ 
������� �
 ��� � ��� �∗!9�<�#�
<:�5B%�A* ?D 
���
�� �.��?8 ± �.��98± �.��<D �
 %!��

�
→ φπ�# F �.�86� E� 
������

�� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D# × <�−9� @	
 =
�� �

�
 �� ����
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�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$ �	
 ���� ���	��
<:<%@&*@;)**@ ?� ���	�� %!�� → φπ�# F 9I� 2	��
����� �� %@&*@;)**@ ?9�
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?!����� !6??!!
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?!����� !6??!

����� ��	�
��� �� ��	� 	�

���

�.��:D±�.��8" @A& �C)&�5)�.��:D±�.��8" @A& �C)&�5)�.��:D±�.��8" @A& �C)&�5)�.��:D±�.��8" @A& �C)&�5)

�.��:�±�.��88±�.��<� <:9 5B%�A* ?D ';)9 �� �− → �!"�#

�.�<7 ±�.�<9 ±�.��9 <:8 �;%&)'0* ?9� �&5 �� �− → �!"�#

<:95B%�A* ?D 
���
�� �.�<�� ± �.��86± �.��99 �
 %!��
�

→ φπ�# F �.�86� E� 
������

�� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D# × <�−9� @	
 =
�� �

�
 �� ����
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�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$ �	
 ���� ���	��
<:8�;%&)'0* ?9� 
���
�� �.�97 ± �.�<7 ± �.��? �
 %!��

�
→ φπ�# F �.�97� E�


������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
�� �

�
 �� ����
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 ������ �
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�� 	���$ �	
 ���� ���	��

���	��� �.5 <??� �� �
������$ 
������ ��$�� %!�� → �−π�π�# F 7.7 ± <.�I�[
!
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)
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)]
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)
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�∗�$�.�−�∗�

�

)]
?!����� �!6:2!D�?!

����� ����� ��−�� ���� ��	�
��� �� ��	� 	�

���

9.D ±�.6 @A& �C)&�5)9.D ±�.6 @A& �C)&�5)9.D ±�.6 @A& �C)&�5)9.D ±�.6 @A& �C)&�5)

9."6±�.86±�.89 <:" �A%)&* �8 %�%& �� �− → �!"�#

8." ±�.? ±�." 99 <:6 %@&*@;)**@?� ';)@ �� �− → �!"�#

<:"�A%)&* �8 
���
�� !8.�� ± �.<? ± �.8?# × <�−9 �
 %!��
�

→ φπ�# F �.�8D� E�


������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
�� �

�
 �� ����
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�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$ �	
 ���� ���	��
<:6%@&*@;)**@ ?� 
���
�� !7.6 ± 9.�#×<�−9 �
 %!��

�
→ φπ�# F �.�9� E� 
������

�� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D# × <�−9� @	
 =
�� �

�
 �� ����
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 ������ �
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�� 	���$ �	
 ���� ���	��
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?!����� !D�?!!
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)
?!����� !D�?!

����� ��	�
��� �� ��	� 	�

���

�.�<7?±�.��<D @A& �C)&�5)�.�<7?±�.��<D @A& �C)&�5)�.�<7?±�.��<D @A& �C)&�5)�.�<7?±�.��<D @A& �C)&�5)

�.�<::±�.���?±�.��<7 <:D �A%)&* �6� %�%& �� �− → �!"�#

�.�<D<±�.��97±�.��9< <:7 �A%)&* �8 %�%& �� �− → �!"�#

�.�<6 ±�.��" ±�.��9 <:: �0�). ��� ';)9 �� �− → �!"�#

�.�<D ±�.��? ±�.��9 <:? �;%&)'0* ?9� �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�<D ±�.��6 ±�.��9 <?� 5B%�A* ?D ';)9 &���� �� �0�). ���

<:D� ��
���� 
������
	����� ������H	� �� 	��� ��� ��� 
��	�� �� ����������� � ��� ��
����� ���

��� 
��� � ��
�

������ B� ���� �
������ � ����������������� ����
�������� � %!��
�

→
φπ�# F !".:< ± �.69 ± �.8:#I�

<:7�A%)&* �8 
���
�� �.�<?7 ± �.��<6 ± �.��8� �
 %!��
�

→ φπ�# F �.�8D� E�


������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
�� �

�
 �� ����
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 ������ �
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�� 	���$ �	
 ���� ���	��
<::�0�). ��� 
���
�� �.�<:9 ± �.��87 ± �.��96 �
 %!��

�
→ φπ�# F �.�8D� E�


������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
�� �

�
 �� ����
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 ������ �
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 �� ��� ���������� �
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�� 	���$ �	
 ���� ���	��
<:?�;%&)'0* ?9� 
���
�� �.�9D ± �.�<" ± �.��D �
 %!��

�
→ φπ�# F �.�97� E�


������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
�� �

�
 �� ����
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�� 	���$ �	
 ���� ���	��

���	��� �.5 <??� �� ��� �∗!9�<�#� �
������$ 
������ ��$�� %!�� → �−π�# F

8.7< ± �.96I� %!�� → �−π�π�# F 7.< ± <.�I� ��� %!�∗!9�<�#� → ��π�#
F 66 ± "I�

<?�5B%�A* ?D 
���
�� �.�9�8 ± �.��6�± �.��8D �
 %!��
�

→ φπ�# F �.�86� E� 
������

�� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D# × <�−9� @	
 =
�� �

�
 �� ����
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� π�
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����� ����� ��−"� ��	�
��� �� ��	� 	�

���

".8�<."
−<.8±�.D".8�<."
−<.8±�.D".8�<."
−<.8±�.D".8�<."
−<.8±�.D <?< .&A*2(@L �6 %);; �� �− → �!"�#

<?<.&A*2(@L �6 
���
�� !6.8�<.6
−<.8 ± <.D#×<�−6 �
 %!��

�
→ φπ�# F �.�8D ± �.��?�

E� 
������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
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�
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 ������ �
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��� �� ��	� 	�

���

<9.6<9.6<9.6<9.6 ?� <?9 .&A*2(@L �6 %);; �� �− → �!"�#

<?9���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�sJ �$&1%

�−× 0��sJ �$&1%
� → ��

� π�
)
?!����� !D8?!!

(
�sJ �$&1%

�−× 0��sJ �$&1%
� → ��

� π�
)
?!����� !D8?!!

(
�sJ �$&1%

�−× 0��sJ �$&1%
� → ��

� π�
)
?!����� !D8?!!

(
�sJ �$&1%

�−× 0��sJ �$&1%
� → ��

� π�
)
?!����� !D8?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

<�.?"<�.?"<�.?"<�.?" ?� <?8 .&A*2(@L �6 %);; �� �− → �!"�#

<?8���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�sJ �$&1%

�π−×0��sJ �$&1%
� → ��

� π�
)
?!����� !D"?!!

(
�sJ �$&1%

�π−×0��sJ �$&1%
� → ��

� π�
)
?!����� !D"?!!

(
�sJ �$&1%

�π−×0��sJ �$&1%
� → ��

� π�
)
?!����� !D"?!!

(
�sJ �$&1%

�π−×0��sJ �$&1%
� → ��

� π�
)
?!����� !D"?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

<�."�<�."�<�."�<�."� ?� <?" .&A*2(@L �6 %);; �� �− → �!"�#

<?"���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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<<.�× <�−"<<.�× <�−"<<.�× <�−"<<.�× <�−" ?� <?6 �A%)&*�%) �6� %�%& �� �− → �!"�#

<?6���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
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)
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(
�∗−
� ��

�

)
?!����� !DD?!!
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� ��

�

)
?!����� !DD?!

����� 	� ��	�
��� �� ��	� 	�

���

<<.8× <�−"<<.8× <�−"<<.8× <�−"<<.8× <�−" ?� <?D �A%)&*�%) �6� %�%& �� �− → �!"�#

<?D���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�∗−
� �∗�

�

)
?!����� !D7?!!

(
�∗−
� �∗�

�

)
?!����� !D7?!!

(
�∗−
� �∗�

�

)
?!����� !D7?!!

(
�∗−
� �∗�

�

)
?!����� !D7?!

����� 	� ��	�
��� �� ��	� 	�

���

<9."× <�−"<9."× <�−"<9."× <�−"<9."× <�−" ?� <?7 �A%)&*�%) �6� %�%& �� �− → �!"�#

<?7���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
����$/.%

��−×0�����$/.%
� → ��

� π�
)
?!����� !D:?!!

(
����$/.%

��−×0�����$/.%
� → ��

�
π�

)
?!����� !D:?!!

(
����$/.%

��−×0�����$/.%
� → ��

� π�
)
?!����� !D:?!!

(
����$/.%

��−×0�����$/.%
� → ��

�
π�

)
?!����� !D:?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

�.?7��."<
−�.8" @A& �C)&�5)�.?7��."<
−�.8" @A& �C)&�5)�.?7��."<
−�.8" @A& �C)&�5)�.?7��."<
−�.8" @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�"�

<.6 ��.6
−�." ±�.9 <?:,<?? �A%)&*�% �"� %�%& �� �− → �!"�#

�.7���.8�
−�.9"±�.�? <?:,9�� (&@(@C3L �8� %);; �� �− → �!"�#

<?:���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
<??�A%)&*�% �"� 
���
�� !<.: ± �."��.7

−�.6#×<�−8 �
 %!��
�

→ φπ�# F �.�8D ± �.��?�

E� 
������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
�� �

�
 ��

����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$ �	
 ����
���	��

9��(&@(@C3L �8� 
���
�� !�.:D��.88
−�.9D ± �.9D#× <�−8 �
 %!��

�
→ φπ�# F �.�8D ±

�.��?� E� 
������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D# × <�−9� @	
 =
��

�

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$
�	
 ���� ���	��

!
(
����$/.%

��−×0�����$/.%
� → �∗�

� γ
)
?!����� !D??!!

(
����$/.%

��−×0�����$/.%
� → �∗�

� γ
)
?!����� !D??!!

(
����$/.%

��−×0�����$/.%
� → �∗�

� γ
)
?!����� !D??!!

(
����$/.%

��−×0�����$/.%
� → �∗�

� γ
)
?!����� !D??!

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

<�.?6<�.?6<�.?6<�.?6 ?� 9�< (&@(@C3L �8� %);; �� �− → �!"�#

9�<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
����$/.%

��∗�$�.�−×0�����$/.%
� → ��

� π�
)
?!����� !7�?!!

(
����$/.%

��∗�$�.�−×0�����$/.%
� → ��

� π�
)
?!����� !7�?!!

(
����$/.%

��∗�$�.�−×0�����$/.%
� → ��

� π�
)
?!����� !7�?!!

(
����$/.%

��∗�$�.�−×0�����$/.%
� → ��

� π�
)
?!����� !7�?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

<.6±�."��.6
−�."

<.6±�."��.6
−�."<.6±�."��.6
−�."

<.6±�."��.6
−�."

9�9 �A%)&*�% �"� %�%& �� �− → �!"�#

9�9���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�sJ �$&1%

��−×0��sJ �$&1%
� → �∗�

� π�
)
?!����� !7<?!!

(
�sJ �$&1%

��−×0��sJ �$&1%
� → �∗�

� π�
)
?!����� !7<?!!

(
�sJ �$&1%

��−×0��sJ �$&1%
� → �∗�

� π�
)
?!����� !7<?!!

(
�sJ �$&1%

��−×0��sJ �$&1%
� → �∗�

� π�
)
?!����� !7<?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

9.���.D
−�.6 @A& �C)&�5)9.���.D
−�.6 @A& �C)&�5)9.���.D
−�.6 @A& �C)&�5)9.���.D
−�.6 @A& �C)&�5)

9.8�<.�
−�.7±�.8 9�8,9�" �A%)&*�% �"� %�%& �� �− → �!"�#

<.?��.7
−�.D±�.9 9�8,9�6 (&@(@C3L �8� %);; �� �− → �!"�#

9�8���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
9�"�A%)&*�% �"� 
���
�� !9.: ± �.:�<.<

−�.:#×<�−8 �
 %!��
�

→ φπ�# F �.�8D ± �.��?�

E� 
������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
�� �

�
 ��

����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �
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�� 	���$ �	
 ����
���	��

9�6(&@(@C3L �8� 
���
�� !9.97��.78
−�.D9 ± �.D:#× <�−8 �
 %!��

�
→ φπ�# F �.�8D ±

�.��?� E� 
������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D# × <�−9� @	
 =
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�

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
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!
(
�sJ �$&1%

��−×0��sJ �$&1%
� → ��

�
γ

)
?!����� !79?!!

(
�sJ �$&1%

��−×0��sJ �$&1%
� → ��

� γ
)
?!����� !79?!!

(
�sJ �$&1%

��−×0��sJ �$&1%
� → ��

�
γ

)
?!����� !79?!!

(
�sJ �$&1%

��−×0��sJ �$&1%
� → ��

� γ
)
?!����� !79?!
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�.DD��.<:
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−�.<6 @A& �C)&�5)�.DD��.<:
−�.<6 @A& �C)&�5)�.DD��.<:
−�.<6 @A& �C)&�5)

�.D6��.96
−�.<D±�.�? 9�D,9�7 �A%)&*�% �"� %�%& �� �− → �!"�#

�.D7��.9<
−�.<?±�.�? 9�D,9�: (&@(@C3L �8� %);; �� �− → �!"�#

9�D���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
9�7�A%)&*�% �"� 
���
�� !�.: ± �.9��.8

−�.9#×<�−8 �
 %!��
�

→ φπ�# F �.�8D ± �.��?�

E� 
������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#× <�−9� @	
 =
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�
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����
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�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �
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�� 	���$ �	
 ����
���	��

9�:(&@(@C3L �8� 
���
�� !�.:9��.99
−�.<? ± �.96#× <�−8 �
 %!��

�
→ φπ�# F �.�8D ±

�.��?� E� 
������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D# × <�−9� @	
 =
��

�

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
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�� 	���$
�	
 ���� ���	��

!
(
�sJ �$&1%

��−×0��sJ �$&1%
� → �∗�

� γ
)
?!����� !78?!!

(
�sJ �$&1%

��−×0��sJ �$&1%
� → �∗�

� γ
)
?!����� !78?!!

(
�sJ �$&1%

��−×0��sJ �$&1%
� → �∗�

� γ
)
?!����� !78?!!

(
�sJ �$&1%

��−×0��sJ �$&1%
� → �∗�

� γ
)
?!����� !78?!
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��� �� ��	� 	�

���

<�.D�<�.D�<�.D�<�.D� ?� 9�? (&@(@C3L �8� %);; �� �− → �!"�#

9�?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�sJ �$&1%

��−×0��sJ �$&1%
� → ��

� π�π−
)
?!����� !7"?!!

(
�sJ �$&1%

��−×0��sJ �$&1%
� → ��

�
π�π−

)
?!����� !7"?!!

(
�sJ �$&1%

��−×0��sJ �$&1%
� → ��

� π�π−
)
?!����� !7"?!!

(
�sJ �$&1%

��−×0��sJ �$&1%
� → ��

�
π�π−

)
?!����� !7"?!

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

<�.9�<�.9�<�.9�<�.9� ?� 9<� (&@(@C3L �8� %);; �� �− → �!"�#

9<����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�sJ �$&1%

��−×0��sJ �$&1%
� → ��

� π�
)
?!����� !76?!!

(
�sJ �$&1%

��−×0��sJ �$&1%
� → ��

� π�
)
?!����� !76?!!

(
�sJ �$&1%

��−×0��sJ �$&1%
� → ��

� π�
)
?!����� !76?!!

(
�sJ �$&1%

��−×0��sJ �$&1%
� → ��

� π�
)
?!����� !76?!
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���

<�.8D<�.8D<�.8D<�.8D ?� 9<< (&@(@C3L �8� %);; �� �− → �!"�#

9<<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�sJ �$&1%

��∗�$�.�×0��sJ �$&1%
� → �∗�

� π�
)
?!����� !7D?!!

(
�sJ �$&1%

��∗�$�.�×0��sJ �$&1%
� → �∗�

� π�
)
?!����� !7D?!!

(
�sJ �$&1%

��∗�$�.�×0��sJ �$&1%
� → �∗�

� π�
)
?!����� !7D?!!

(
�sJ �$&1%

��∗�$�.�×0��sJ �$&1%
� → �∗�

� π�
)
?!����� !7D?!
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6.6±<.9�9.9
−<.D

6.6±<.9�9.9
−<.D6.6±<.9�9.9
−<.D

6.6±<.9�9.9
−<.D

9<9 �A%)&*�% �"� %�%& �� �− → �!"�#

9<9���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�sJ �$&1%

��∗�$�.�×0��sJ �$&1%
� → ��

� γ
)
?!����� !77?!!

(
�sJ �$&1%

��∗�$�.�×0��sJ �$&1%
� → ��

� γ
)
?!����� !77?!!

(
�sJ �$&1%

��∗�$�.�×0��sJ �$&1%
� → ��

� γ
)
?!����� !77?!!

(
�sJ �$&1%

��∗�$�.�×0��sJ �$&1%
� → ��

� γ
)
?!����� !77?!
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���

9.8±�.8��.?
−�.D

9.8±�.8��.?
−�.D9.8±�.8��.?
−�.D

9.8±�.8��.?
−�.D

9<8 �A%)&*�% �"� %�%& �� �− → �!"�#

9<8���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�−�sJ�$1/'

�×0��sJ �$1/'
� → �∗�$��%��

)
?!����� !7:?!!

(
�−�sJ�$1/'

�×0��sJ �$1/'
� → �∗�$��%��

)
?!����� !7:?!!

(
�−�sJ�$1/'

�×0��sJ �$1/'
� → �∗�$��%��

)
?!����� !7:?!!

(
�−�sJ�$1/'

�×0��sJ �$1/'
� → �∗�$��%��

)
?!����� !7:?!

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

<6<6<6<6 ?� �A%)&* �8& %�%& �� �− → �!"�#

!
(
�∗�$�.�−�sJ�$1/'

�×0��sJ �$1/'
� → �∗�$��%��

)
?!�����

!7??!

!
(
�∗�$�.�−�sJ�$1/'

�×0��sJ �$1/'
� → �∗�$��%��

)
?!�����

!7??!
!
(
�∗�$�.�−�sJ�$1/'

�×0��sJ �$1/'
� → �∗�$��%��

)
?!�����

!7??!

!
(
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�×0��sJ �$1/'
� → �∗�$��%��

)
?!�����

!7??!
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<7<7<7<7 ?� �A%)&* �8& %�%& �� �− → �!"�#

!
(
�−�sJ�$1%/

�×0��sJ �$1%/
� → ���

)
?!����� !:�?!!

(
�−�sJ�$1%/

�×0��sJ �$1%/
� → ���

)
?!����� !:�?!!

(
�−�sJ�$1%/

�×0��sJ �$1%/
� → ���

)
?!����� !:�?!!

(
�−�sJ�$1%/

�×0��sJ �$1%/
� → ���

)
?!����� !:�?!

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

<<<<<<<< ?� �A%)&* �8& %�%& �� �− → �!"�#

!
(
�∗�$�.�−�sJ�$1%/

�×0��sJ �$1%/
� → ���

)
?!����� !:<?!!

(
�∗�$�.�−�sJ�$1%/

�×0��sJ �$1%/
� → ���

)
?!����� !:<?!!

(
�∗�$�.�−�sJ�$1%/

�×0��sJ �$1%/
� → ���

)
?!����� !:<?!!

(
�∗�$�.�−�sJ�$1%/

�×0��sJ �$1%/
� → ���

)
?!����� !:<?!

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

<9<9<9<9 ?� �A%)&* �8& %�%& �� �− → �!"�#

!
(
��
� π−)

?!����� !:9?!!
(
��
� π−)

?!����� !:9?!!
(
��
� π−)

?!����� !:9?!!
(
��
� π−)

?!����� !:9?!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

99±7 @A& �C)&�5)99±7 @A& �C)&�5)99±7 @A& �C)&�5)99±7 @A& �C)&�5)

9D.±?.±8. 9<" �A%)&* �8
 %�%& �� �− → �!"�#

9�.�?.
−7.±8. 9<6 (&@(@C3L �9 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
< 98� ?� 9<D �;)G�3.)& ?8� ';)9 �� �− → �!"�#

<<8�� ?� 9<7 %@&*@;)**@?� ';)@ �� �− → �!"�#

9<"�A%)&* �8
 
���
�� -%!�� → ��
�

π−# × %!��
�

→ φπ�#1 F !<.<8± �.88± �.9<#×
<�−D� E� ������ �� �	
 ���� ���	� %!��

�
→ φπ�# F !"." ± �.D# × <�−9� @	
 =
��
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 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �
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�� 	���$
�	
 ���� ���	��

9<6(&@(@C3L �9 
���
�� -%!�� → ��
�

π−# × %!��
�

→ φπ�#1 F !�.:D��.87
−�.8� ±

�.<<#×<�−D� E� ������ �� �	
 ���� ���	� %!��
�

→ φπ�# F !"." ± �.D#×<�−9� @	
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9<D�;)G�3.)& ?8� 
���
�� < 97� × <�−D �
 %!��
�

→ φπ�# F �.�87� E� 
������ ��

�	
 ���� ���	� %!��
�

→ φπ�# F �.�""�
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�����	�� %!�� → �−π�# ��� ��� �.5 <??9 %!�� → �−π�π�#�%!�� → �−π�#

��� %!�� → �−π�π�π−#�%!�� → �−π�#�



	��	��	��	��

���������	
�� �	��	��
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!
(
�� ρ�

)
?!����� !<�9?!!

(
�� ρ�

)
?!����� !<�9?!!

(
�� ρ�

)
?!����� !<�9?!!

(
�� ρ�

)
?!����� !<�9?!

����� ����� ��−�� 	� ���� ��	�
��� �� ��	� 	�

���

9.?±<.�±�."9.?±<.�±�."9.?±<.�±�."9.?±<.�±�." 9": 2�*��*0L �8 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
< 8.? ?� 9"? 3)��*B ?: ';)9 �� �− → �!"�#

< 6.6 ?� 96� �;�� ?" ';)9 &���� �� 3)��*B ?:

< D.� ?� 96< %@&*@;)**@?9 ';)@ �� �− → �!"�#

<97.� ?� " 969 �;%&)'0* ::� �&5 �� �− → �!"�#

9":���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
9"?3)��*B ?: ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� �.5 ?D

���	�� �
 ��� �∗�� η� η′� ��� ω �
������$ 
��������
96��;�� ?" ���	�� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� ';)@ BB

�����	�� %!�� → �−π�# ��� ��� �.5 <??9 %!�� → �−π�π�#�%!�� → �−π�#

��� %!�� → �−π�π�π−#�%!�� → �−π�#�
96<%@&*@;)**@ ?9 ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	���

��
, BBB �
������$ 
������� �
 ��� ��
969�;%&)'0* ::� 
���
�� < �.��8 ���	���$ ��������− �
��	����� 
���� �� "6�66�

E� 
������ �� 6�I�
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����� ����� ��−�� 	� ��	�
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���

9.9±�.6 @A& �C)&�5)9.9±�.6 @A& �C)&�5)9.9±�.6 @A& �C)&�5)9.9±�.6 @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�D�

9.6±�.9±�.8 968 �A%)&* �"� %�%& �� �− → �!"�#

<."��.6
−�."±�.8 968 �%) �9� %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<.8 ?� 96" 3)��*B ?: ';)9 �� �− → �!"�#

<D.: ?� 966 �;�� ?" ';)9 &���� �� 3)��*B ?:

968���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
96"3)��*B ?: ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� �.5 ?D

���	�� �
 ��� �∗�� η� η′� ��� ω �
������$ 
��������
966�;�� ?" ���	�� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� ';)@ BB

�����	�� %!�� → �−π�# ��� ��� �.5 <??9 %!�� → �−π�π�#�%!�� → �−π�#

��� %!�� → �−π�π�π−#�%!�� → �−π�#�
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<.96±�.98 @A& �C)&�5)<.96±�.98 @A& �C)&�5)<.96±�.98 @A& �C)&�5)<.96±�.98 @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�<�

<.<"±�.9���.<�
−�.<8

96D 2'0A��33 �6 %);; �� �− → �!"�#

<.7 ±�." ±�.9 96D �A%)&* �"� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<?." ?� 967 3)��*B ?: ';)9 �� �− → �!"�#

<:.D ?� 96: �;�� ?" ';)9 &���� �� 3)��*B ?:

96D���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
9673)��*B ?: ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� �.5 ?D

���	�� �
 ��� �∗�� η� η′� ��� ω �
������$ 
��������
96:�;�� ?" ���	�� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� ';)@ BB

�����	�� %!�� → �−π�# ��� ��� �.5 <??9 %!�� → �−π�π�#�%!�� → �−π�#

��� %!�� → �−π�π�π−#�%!�� → �−π�#�
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�.7±�.9 ±�.<�.7±�.9 ±�.<�.7±�.9 ±�.<�.7±�.9 ±�.< �A%)&* �"� %�%& �� �− → �!"�#
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����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

9.6±�.D @A& �C)&�5)9.6±�.D @A& �C)&�5)9.6±�.D @A& �C)&�5)9.6±�.D @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�6�

8.�±�.8±�." 96? �A%)&* �"� %�%& �� �− → �!"�#

<.:±�.6��."
−�.8

96? �%) �9� %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<6.< ?� 9D� 3)��*B ?: ';)9 �� �− → �!"�#

<D.8 ?� 9D< �;�� ?" ';)9 &���� �� 3)��*B ?:

96?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
9D�3)��*B ?: ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� �.5 ?D
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 ��� �∗�� η� η′� ��� ω �
������$ 
��������
9D<�;�� ?" ���	�� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� ';)@ BB

�����	�� %!�� → �−π�# ��� ��� �.5 <??9 %!�� → �−π�π�#�%!�� → �−π�#

��� %!�� → �−π�π�π−#�%!�� → �−π�#�
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<<.:× <�−6<<.:× <�−6<<.:× <�−6<<.:× <�−6 ?� 9D9 (&@(@C3L �8 %);; �� �− → �!"�#

9D9���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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<<?<<?<<?<<? ?� 9D8 �A%)&* �D% %�%& �� �− → �!"�#

9D8���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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<9.6× <�−6<9.6× <�−6<9.6× <�−6<9.6× <�−6 ?� 9D" �A%)&*�% �6� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<6.�× <�−6 ?� 9D" �&*A2@ �� ';)9 �� �− → �!"�#

9D"���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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����� ����� ��−�� 	� ��	�
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���

9.7 ±�.6 @A& �C)&�5)9.7 ±�.6 @A& �C)&�5)9.7 ±�.6 @A& �C)&�5)9.7 ±�.6 @A& �C)&�5)

9.? ±�." ±�.6 9D6 �A%)&* �"� %�%& �� �− → �!"�#

9.7 ��.:
−�.7

��.6
−�.D

9D6 �%) �9� %);; �� �− → �!"�#

9.9���.6?
−�.69±�.7? 9D6 '@�3 �9 ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<"." ?� 9DD 3)��*B ?: ';)9 &���� �� '@�3 �9

<?.7 ?� 9D7 �;�� ?" ';)9 &���� �� 3)��*B ?:

9D6���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
9DD3)��*B ?: ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� �.5 ?D
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 ��� �∗�� η� η′� ��� ω �
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��������
9D7�;�� ?" ���	�� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� ';)@ BB

%!�∗!9��7#� → ��π�# ��� �����	�� %!�� → �−π�# ��� ��� �.5 <??9 %!�� →
�−π�π�#�%!�� → �−π�# ��� %!�� → �−π�π�π−#�%!�� → �−π�#�
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<.�±�.< ±�.9<.�±�.< ±�.9<.�±�.< ±�.9<.�±�.< ±�.9 �A%)&* �"� %�%& �� �− → �!"�#
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<6.< × <�−"<6.< × <�−"<6.< × <�−"<6.< × <�−" ?� 9D: 2�*��*0L �8 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<�.���6D ?� 9D? 3)��*B ?: ';)9 �� �− → �!"�#

<�.��<<7 ?� 97� �;�� ?" ';)9 &���� �� 3)��*B ?:

9D:���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
9D?3)��*B ?: ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� �.5 ?D

���	�� �
 ��� �∗�� η� η′� ��� ω �
������$ 
��������
97��;�� ?" ���	�� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� ';)@ BB

%!�∗!9��7#� → ��π�# ��� �����	�� %!�� → �−π�# ��� ��� �.5 <??9 %!�� →
�−π�π�#�%!�� → �−π�# ��� %!�� → �−π�π�π−#�%!�� → �−π�#�
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9.D±�."±�."9.D±�."±�."9.D±�."±�."9.D±�."±�." 97< �A%)&* �"� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<".D ?� 97< �%) �9� %);; �� �− → �!"�#

<9.D ?� 979 3)��*B ?: ';)9 �� �− → �!"�#

<D.? ?� 978 �;�� ?" ';)9 &���� �� 3)��*B ?:

97<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
9793)��*B ?: ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� �.5 ?D

���	�� �
 ��� �∗�� η� η′� ��� ω �
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��������
978�;�� ?" ���	�� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� ';)@ BB

%!�∗!9��7#� → ��π�# ��� �����	�� %!�� → �−π�# ��� ��� �.5 <??9 %!�� →
�−π�π�#�%!�� → �−π�# ��� %!�� → �−π�π�π−#�%!�� → �−π�#�

!
(
�� η

)
?!

(
�∗�$��%� η

)
!<�8?!<<<!

(
�� η

)
?!

(
�∗�$��%� η

)
!<�8?!<<<!

(
�� η

)
?!

(
�∗�$��%� η

)
!<�8?!<<<!

(
�� η

)
?!

(
�∗�$��%� η

)
!<�8?!<<<

����� ��	�
��� �� ��	� 	�

���

�.?±�.9 ±�.<�.?±�.9 ±�.<�.?±�.9 ±�.<�.?±�.9 ±�.< �A%)&* �"� %�%& �� �− → �!"�#
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�.6±�.8 ±�.<�.6±�.8 ±�.<�.6±�.8 ±�.<�.6±�.8 ±�.< �A%)&* �"� %�%& �� �− → �!"�#
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����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

<.98±�.86 @A& �C)&�5)<.98±�.86 @A& �C)&�5)<.98±�.86 @A& �C)&�5)<.98±�.86 @A& �C)&�5)

<.9<±�.8"±�.99 97" 2'0A��33 �6 %);; �� �− → �!"�#

<.8 ±�.7 ±�.9 97",976 �A%)&* �"� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<" ?� %&�3.)3%��� ?: ';)9 �� �− → �!"�#

<<? ?� 97D 3)��*B ?: ';)9 �� �− → �!"�#

<97 ?� 977 �;�� ?" ';)9 &���� �� 3)��*B ?:

97"���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
976&���
�� �� 	���
 ����� < 9.D× <�−" �� ?�I ';�
97D3)��*B ?: ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� �.5 ?D
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 ��� �∗�� η� η′� ��� ω �
������$ 
��������
977�;�� ?" ���	�� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	�� ��� ';)@ BB

%!�∗!9��7#� → ��π�# ��� �����	�� %!�� → �−π�# ��� ��� �.5 <??9 %!�� →
�−π�π�#�%!�� → �−π�# ��� %!�� → �−π�π�π−#�%!�� → �−π�#�
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< 7." ?� 9?< 3)��*B ?: ';)9 �� �− → �!"�#

<9< ?� 9?9 �;�� ?" ';)9 &���� �� 3)��*B ?:
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!
(
η� 

�
)
?!����� !<8"?!!

(
η� 

�
)
?!����� !<8"?!!

(
η� 

�
)
?!����� !<8"?!!

(
η� 

�
)
?!����� !<8"?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

�.??±�.<? @A& �C)&�5)�.??±�.<? @A& �C)&�5)�.??±�.<? @A& �C)&�5)�.??±�.<? @A& �C)&�5)

�.?8±�.<D±�.<D 8�: �A%)&*�% �"� %�%& �� �− → �!"�#

<.98±�.98��."�
−�."<

8�? 4�35 �8 %);; �� �− → �!"�#

<.�?��.66
−�."9±�.88 8<� ).E�&.2 �< ';)9 �� �− → �!"�#

8�:�A%)&*�% �"� 
���
�� -%!�� → η� �
�# × %!η� !<�# → �� π#1 F !�.�D":±�.��:6±

�.��7<#×<�−8� E� ������ �� �	
 ���� ���	� %!η� !<�# → �� π# F !7.�± <.9#×<�−9�
@	
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�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
��
	���$ �	
 ���� ���	��

8�?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
8<�).E�&.2 �< ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#� *�� ��

������

	���
�������� !9:.8#I 
�� %!
/ψ!<�# → γ η� # �� ����� ����� ���� ���� ����	����
�
�

!
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η� 

�
)
?!

(
�/ψ�.��

)
!<8"?!<8D!

(
η� 

�
)
?!

(
�/ψ�.��

)
!<8"?!<8D!

(
η� 

�
)
?!

(
�/ψ�.��

)
!<8"?!<8D!

(
η� 

�
)
?!

(
�/ψ�.��

)
!<8"?!<8D

����� ��	�
��� �� ��	� 	�

���

<.8?±�.9�±�."6<.8?±�.9�±�."6<.8?±�.9�±�."6<.8?±�.9�±�."6 8<< �A%)&*�% �"� %�%& �� �− → �!"�#

8<<A��� %�%�& ����	
����� � %!�� → 
/ψ��# F !:.6 ± �.6 ± �.D# × <�−"�

!
(
η� 

∗�,-$�
)
?!����� !<86?!!

(
η� 

∗�,-$�
)
?!����� !<86?!!

(
η� 

∗�,-$�
)
?!����� !<86?!!

(
η� 

∗�,-$�
)
?!����� !<86?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

<.D9±�.89��.66
−�.D�

<.D9±�.89��.66
−�.D�<.D9±�.89��.66
−�.D�

<.D9±�.89��.66
−�.D�

8<9 4�35 �8 %);; �� �− → �!"�#

8<9���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
η� 

∗�,-$�
)
?!

(
η� 

�
)

!<86?!<8"!
(
η� 

∗�,-$�
)
?!

(
η� 

�
)

!<86?!<8"!
(
η� 

∗�,-$�
)
?!

(
η� 

�
)

!<86?!<8"!
(
η� 

∗�,-$�
)
?!

(
η� 

�
)

!<86?!<8"
����� ��	�
��� �� ��	� 	�

���

<.88±�.8D��.9"
−�.88

<.88±�.8D��.9"
−�.88<.88±�.8D��.9"
−�.88

<.88±�.8D��.9"
−�.88 4�35 �8 %);; �� �− → �!"�#

!
(
�/ψ�.��

)
?!����� !<8D?!!

(
�/ψ�.��

)
?!����� !<8D?!!

(
�/ψ�.��

)
?!����� !<8D?!!

(
�/ψ�.��

)
?!����� !<8D?!

����� ����� ��−�� 	� ���� ��	�
��� �� ��	� 	�

���

:.79±�.88 @A& �C)&�5):.79±�.88 @A& �C)&�5):.79±�.88 @A& �C)&�5):.79±�.88 @A& �C)&�5)

:.D?±�.99±�.8� 8<8 �A%)&* �6� %�%& �� �− → �!"�#

7.? ±�." ±�.? 8<8 �%) �8� %);; �� �− → �!"�#

?.6 ±�.: ±�.D 8<8 �C)&L �� ';)9 �� �− → �!"�#

<<.6 ±9.8 ±<.7 8<" �%) ?D� '.4 �� �� <.: *�C

7.� ±".< ±�.< 8<6 %@&*@;)**@?9 ';)@ �� �− → �!"�#

?.8 ±7.9 ±�.< 9 8<D �;%&)'0* ?�� �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
:.8 ±�." ±�.6 8<8 �A%)&* �9 %�%& &���� �� �A%)&* �6�

:.6 �<."
−<.9 ±�.D 8<8 P)22@� ?7 ';)9 &���� �� �C)&L ��

7.6 ±9." ±�.: <� 8<6 �;�� ?" ';)9 2	�� �� P)22@� ?7

<6� ?� �;�� :D ';)@ �� �− → �!"�#

8<8���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
8<"�%) ?D� ���	��� ���� %!�� → 
/ψ��# F !<.�9 ± �.<"# × <�−8�
8<6%@&*@;)**@ ?9 
���
�� !D ± 8 ± 9#× <�−" �
 %!
/ψ!<�# → �� �−# F �.�D? ±

�.��?� E� 
������ �� �	
 ���� ���	� %!
/ψ!<�# → �� �−# F !6.?" ± �.�D# × <�−9�
@	
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�
 �� ����
 ����
�����M� �
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 �� ��� ���������� �
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�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
8<D�;%&)'0* ?�� 
���
�� !:± D± 9#×<�−" �
 %!
/ψ!<�# → �� �−# F �.�D?± �.��?�

E� 
������ �� �	
 ���� ���	� %!
/ψ!<�# → �� �−# F !6.?" ± �.�D#× <�−9� @	
 =
��
�

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$

�	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�/ψ�.��π−)

?!����� !<87?!!
(
�/ψ�.��π−)

?!����� !<87?!!
(
�/ψ�.��π−)

?!����� !<87?!!
(
�/ψ�.��π−)

?!����� !<87?!

����� ����� ��−�� 	� ���� ��	�
��� �� ��	� 	�

���

<.<D±�.6D±�.�<<.<D±�.6D±�.�<<.<D±�.6D±�.�<<.<D±�.6D±�.�< 8<7 %@&*@;)**@?9 ';)@ �� �− →
�!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<.8 ?� 8<: �;%&)'0* :7
 �&5 �� �− →

�!"�#

<D.8 ?� 9 5B;)2 :" ';)@ �� �− →
�!"�#

8<7%@&*@;)**@ ?9 
���
�� !<.� ± �." ± �.8# × <�−8 �
 %!
/ψ!<�# → �� �−# F

�.�D? ± �.��?� E� 
������ �� �	
 ���� ���	� %!
/ψ!<�# → �� �−# F !6.?" ± �.�D#×
<�−9� @	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ����������

�

�
 
�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
8<:�;%&)'0* :7
 ���	�� ���−����� 
���� �� 66�"6� � π ������ �� �����=����� ���

������ �� ���
��������

!
(
�/ψ�.�∗�,-$�

)
?!����� !<8:?!!

(
�/ψ�.�∗�,-$�

)
?!����� !<8:?!!

(
�/ψ�.�∗�,-$�

)
?!����� !<8:?!!

(
�/ψ�.�∗�,-$�

)
?!����� !<8:?!

����� ����� ��−�� ���� ��	�
��� �� ��	� 	�

���

<.88 ±�.�D @A& �C)&�5)<.88 ±�.�D @A& �C)&�5)<.88 ±�.�D @A& �C)&�5)<.88 ±�.�D @A& �C)&�5)

<.8�?±�.�9D±�.�77 8<? �A%)&* �6� %�%& �� �− → �!"�#

<.9? ±�.�6 ±�.<8 8<? �%) �9� %);; �� �− → �!"�#

<.7" ±�.9� ±�.<: 89� �%) ?:� '.4 �� <.: *�C

<.89 ±�.<7 ±�.<7 89< P)22@� ?7 ';)9 �� �− → �!"�#

<.9: ±�.DD ±�.�< 899 %@&*@;)**@?9 ';)@ �� �− → �!"�#

<.9: ±�.D� ±�.�< D 898 �;%&)'0* ?�� �&5 �� �− → �!"�#

".�7 ±<.:9 ±�.�" 6 89" %)%)( :7 ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<.9" ±�.�6 ±�.�? 8<? �A%)&* �9 %�%& &���� �� �A%)&* �6�

<.8D ±�.97 ±�.99 896 �%) ?D� '.4 2	�� �� �%) ?:�

<.D? ±�.8< ±�.<: 9? 89D �;�� ?" ';)9 2	�� �� P)22@� ?7
897 �;%&)'0* ?"� �&5 �� �− → �!"�#

".� ±�.8� 89: �;%�P�& ?<� A�< !
��
��F D8� 5�C

8.8 ±�.<: 6 89? �;%&)'0* :7
 �&5 �� �− → �!"�#

".< ±�.<: 6 88� �;�� :D ';)@ &���� �� %)%)( :7

8<?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
89��%) ?:� 
���
�� -%!�� → 
/ψ!<�#�∗!:?9#�#1�-%!�� → 
/ψ!<�#��#1 F<.7D ±

�.<"± �.<6� E� �	������ �� �	
 ���� ���	� %!�� → 
/ψ!<�#��#F!?.?± <.�#×<�−"�
@	
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	���$ �	
 ���� ���	��

89<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
899%@&*@;)**@ ?9 
���
�� !<.< ± �.6 ± �.8# × <�−8 �
 %!
/ψ!<�# → �� �−# F

�.�D? ± �.��?� E� 
������ �� �	
 ���� ���	� %!
/ψ!<�# → �� �−# F !6.?" ± �.�D#×
<�−9� @	
 =
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�����M� �
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 ��� �	
 ������ �

�
 �� ��� ����������
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�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
898�;%&)'0* ?�� 
���
�� !<.<± �.6± �.9#×<�−8 �
 %!
/ψ!<�# → �� �−# F �.�D?±

�.��?� E� 
������ �� �	
 ���� ���	� %!
/ψ!<�# → �� �−# F !6.?" ± �.�D# × <�−9�
@	
 =
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�
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 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �
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�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
89"%)%)( :7 
���
�� !8.6± <.D± �.8#×<�−8 �
 %!
/ψ!<�# → �� �−# F �.�D?± �.��?�

E� 
������ �� �	
 ���� ���	� %!
/ψ!<�# → �� �−# F !6.?" ± �.�D#× <�−9� @	
 =
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 �� ����
 ����
�����M� �
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 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$
�	
 ���� ���	�� A������ �� %@&*@;)**@ ?9 �� 	�� ��� ���� ���	��������

896�%) ?D� ���	��� ���� %!�� → 
/ψ��# F !<.�9 ± �.<"# × <�−8�
89D*�� ��	�
�� ��� ���
$�� � ������ ��$����
 �
� �
����������� ���$��	������� ����
�+���

KL�K F�.�:� ± �.�: ± �.�6� *��� ��� �� �����
�� ���� � �
�������� 	���$ 0S)*� �.78

!(&��)& ?9#� *��� ����
�+����� ��������� ���� ��� � → ψ�∗ ����� �� ��������� ��

��� �� F −< �� ��$�������� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
897�;%&)'0* ?"� ����	
�� ��� ����
�+����� �� ��� �����
������
 ����� �� �� �
�����������

���$��	������ K# �K F �.�8± �.<D± �.<6 ��,��$ ��� ��	�
�� ����� � �� ��$������� ����

��� �∗� ������ ��
�	$� ��
�

π��
89:�;%�P�& ?<� ���	��� ��

�
�
��	����� 
������ � 8DI�

89?�;%&)'0* :7
 ���	�� ���−����� 
���� �� 66�"6� 2	��
����� �� �;%&)'0* ?���
88��;�� :D ���	��� �±��� 
���� �� D��"�� *�� ����
������ � ��� ����� �� →

/ψ�∗!:?9#� !0��2 :6# ��� ���� 
��
����� �� ���� ����
�

!
(
�/ψ�.�∗�,-$�

)
?!

(
�/ψ�.��

)
!<8:?!<8D!

(
�/ψ�.�∗�,-$�

)
?!

(
�/ψ�.��

)
!<8:?!<8D!

(
�/ψ�.�∗�,-$�

)
?!

(
�/ψ�.��

)
!<8:?!<8D!

(
�/ψ�.�∗�,-$�

)
?!

(
�/ψ�.��

)
!<8:?!<8D

����� ��	�
��� �� ��	� 	�

���

<.6�±�.�? @A& �C)&�5)<.6�±�.�? @A& �C)&�5)<.6�±�.�? @A& �C)&�5)<.6�±�.�? @A& �C)&�5)

<.6<±�.�6±�.�: �A%)&* �6� %�%& �� �− → �!"�#

<.8?±�.8D±�.<� �%) ?D� '.4 ��

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<."?±�.<�±�.�: 88< �A%)&* �9 %�%& &���� �� �A%)&* �6�

88<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�/ψ�.�η�

�

)
?!����� !<8??!!

(
�/ψ�.�η�

�

)
?!����� !<8??!!

(
�/ψ�.�η�

�

)
?!����� !<8??!!

(
�/ψ�.�η�

�

)
?!����� !<8??!

����� ����� ��−"� ��	�
��� �� ��	� 	�

���

:."±9.D±9.7:."±9.D±9.7:."±9.D±9.7:."±9.D±9.7 889 �A%)&* �"' %�%& �� �− → �!"�#

889���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�/ψ�.�φ�

)
?!����� !<"�?!!

(
�/ψ�.�φ�

)
?!����� !<"�?!!

(
�/ψ�.�φ�

)
?!����� !<"�?!!

(
�/ψ�.�φ�

)
?!����� !<"�?!

����� ��	�
��� �� ��	� 	�

���

! ?."±9.D #× <�−6 @A& �C)&�5)! ?."±9.D #× <�−6 @A& �C)&�5)! ?."±9.D #× <�−6 @A& �C)&�5)! ?."±9.D #× <�−6 @A& �C)&�5)

!<�.9±8.:±<.�#× <�−6 888 �A%)&* �8� %�%& �� �− → �!"�#

! :.:�8.6
−8.�±<.8#× <�−6 88" �3�2*�22@C �� ';)9 �� �− → �!"�#

888���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
88"�3�2*�22@C �� =��� <� ������ �� � ���,$
�	�� � �.6± �.9� ���	��� �H	�� �
��	��

���� � �� ��� �� �� ��� �!"�#� � 	���
� .����+ ���� ����
��	����� ����
���� 
/ψ!<�#

��� φ ������� ��� %!�� → 
/ψ!<�#φ��#F %!�� → 
/ψ!<�#φ��#�

!
(
�/ψ�.� �.$%��

)
?!����� !<"<?!!

(
�/ψ�.� �.$%��

)
?!����� !<"<?!!

(
�/ψ�.� �.$%��

)
?!����� !<"<?!!

(
�/ψ�.� �.$%��

)
?!����� !<"<?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

<.8�±�.8"±�.89<.8�±�.8"±�.89<.8�±�.8"±�.89<.8�±�.8"±�.89 886 �%) �<! %);; �� �− → �!"�#

886���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�# ��� 	��� ��� �.5 ���	� �

%!�� → 
/ψ!<�#��# F !<.�� ± �.<�# × <�−8�

!
(
�/ψ�.�π�

)
?!����� !<"9?!!

(
�/ψ�.�π�

)
?!����� !<"9?!!

(
�/ψ�.�π�

)
?!����� !<"9?!!

(
�/ψ�.�π�

)
?!����� !<"9?!

����� ����� ��−"� 	� ���� ��	�
��� �� ��	� 	�

���

9.9±�." @A& �C)&�5)9.9±�." @A& �C)&�5)9.9±�." @A& �C)&�5)9.9±�." @A& �C)&�5)

9.8±�.6±�.9 88D �%) �8� %);; �� �− → �!"�#

9.�±�.D±�.9 88D �A%)&* �9 %�%& �� �− → �!"�#

9.6�<.<
−�.?±�.9 88D �C)&L �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
< 89 ?� 887 �''B�&&B ?7	 ;8

< 6.: ?� %B20�B ?D ';)9 �� �− → �!"�#

<D?� ?� < 88: �;)G�3.)& ?6 ';)9 2	�� �� %B20�B ?D

88D���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
887�''B�&&B ?7	 ���	��� �� �
��	����� 
������ !8?.6 ± ".�I# ��� �� !<9.� ± 8.�I#�
88:���	��� �H	�� �
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<9.7× <�−6<9.7× <�−6<9.7× <�−6<9.7× <�−6 ?� 88? �A%)&* �8� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<.9× <�−8 ?� 8"� �''B�&&B ?7	 ;8

88?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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!
(
�/ψ�.�π�π−)

?!����� !<""?!!
(
�/ψ�.�π�π−)

?!����� !<""?!!
(
�/ψ�.�π�π−)

?!����� !<""?!!
(
�/ψ�.�π�π−)

?!����� !<""?!
����� ��	�
��� �� ��	� 	�

���
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• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<96 ?� %B20�B ?D ';)9 �� �− → �!"�#
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• • • E� �� ��� 	�� ��� �������$ ���� �
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<<.D<<.D<<.D<<.D ?� 86" �A%)&*�% �"� %�%& �� �− → �!"�#
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• • • E� �� ��� 	�� ��� �������$ ���� �
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�$��� =��� ������� ���� • • •
<9.� ?� 866 Q0�35 �6� %);; �� �− → �!"�#

866���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
ψ�$��

)
?!����� !<6??!!

(
ψ�$��

)
?!����� !<6??!!

(
ψ�$��

)
?!����� !<6??!!

(
ψ�$��

)
?!����� !<6??!

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

D.9 ±�.D @A& �C)&�5)D.9 ±�.D @A& �C)&�5)D.9 ±�.D @A& �C)&�5)D.9 ±�.D @A& �C)&�5)

D."D±�.D6±�.6< 86D �A%)&* �6� %�%& �� �− → �!"�#

D.7 ±<.< 86D �%) �8� %);; �� �− → �!"�#

6.� ±<.< ±�.D 86D &B'0B'0B �< ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
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�$��� =��� ������� ���� • • •
D.? ±<.< ±<.< 86D �A%)&* �9 %�%& &���� �� �A%)&* �6�

< : ?� 86D �;�� ?" ';)9 �� �− → �!"�#
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?.� ±9.9 ±�.? 8D� �%) ?:� '.4 �� <.: *�C
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<<? ?� 86? �;�� ?" ';)9 &���� �� &B'0B'0B �<
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(
χ�9

�
)
?!����� !<D"?!!

(
χ�9

�
)
?!����� !<D"?!!

(
χ�9

�
)
?!����� !<D"?!

����� 	� ��	�
��� �� ��	� 	�

���

<9.D× <�−6<9.D× <�−6<9.D× <�−6<9.D× <�−6 ?� 8D6 2@3B �D %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<".<× <�−6 ?� 8D6 �A%)&* �6� %�%& �� �− → �!"�#

8D6���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�



	��	��	��	��

���������	
�� �	��	��

��

!
(
χ�9

∗�,-$�
)
?!����� !<D6?!!

(
χ�9

∗�,-$�
)
?!����� !<D6?!!

(
χ�9

∗�,-$�
)
?!����� !<D6?!!

(
χ�9

∗�,-$�
)
?!����� !<D6?!

����� 	� ��	�
��� �� ��	� 	�

���

<8.D× <�−6<8.D× <�−6<8.D× <�−6<8.D× <�−6 ?� 8DD �A%)&* �6� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<7.<× <�−6 ?� 8DD 2@3B �D %);; �� �− → �!"�#

8DD���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
χ�<�.�

�
)
?!����� !<DD?!!

(
χ�<�.�

�
)
?!����� !<DD?!!

(
χ�<�.�

�
)
?!����� !<DD?!!

(
χ�<�.�

�
)
?!����� !<DD?!

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

8.? ±�." @A& �C)&�5)8.? ±�." @A& �C)&�5)8.? ±�." @A& �C)&�5)8.? ±�." @A& �C)&�5)

8.6<±�.88±�."6 8D7 2@3B �D %);; �� �− → �!"�#

".68±�."<±�.6< 8D7 �A%)&* �6� %�%& �� �− → �!"�#

8.� �<.6
−<.� ±�.9 8D: �C)&L �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
".< ±<.8 ±�.9 8D? �A%)&* �9 %�%& &���� �� �A%)&* �6�

<97 ?� 8D7 �;�� ?" ';)9 �� �− → �!"�#

8D7���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
8D:�C)&L �� 
���
�� !8.?�<.?

−<.8 ± �."#× <�−" �
 %!χ�<!<�# → γ 
/ψ!<�## F �.978 ±
�.�<D� E� 
������ �� �	
 ���� ���	� %!χ�<!<�# → γ 
/ψ!<�## F !86.D ± <.?#× <�−9�
@	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�



�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
8D?�A%)&* �9 
���
�� !6."± <."± <.<#×<�−" �
 %!χ�<!<�# → γ 
/ψ!<�## F �.978±

�.�<D� E� 
������ �� �	
 ���� ���	� %!χ�<!<�# → γ 
/ψ!<�## F !86.D ± <.?#× <�−9�
@	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�



�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
χ�<�.�

∗�,-$�
)
?!����� !<D7?!!

(
χ�<�.�

∗�,-$�
)
?!����� !<D7?!!

(
χ�<�.�

∗�,-$�
)
?!����� !<D7?!!

(
χ�<�.�

∗�,-$�
)
?!����� !<D7?!

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

8.9 ±�.D @A& �C)&�5)8.9 ±�.D @A& �C)&�5)8.9 ±�.D @A& �C)&�5)8.9 ±�.D @A& �C)&�5)

8.<"±�.8"±�.79 87� 2@3B �D %);; �� �− → �!"�#

8.97±�."9±�.D" 87� �A%)&* �6� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
8.7 ±<.8 ±�.9 87< �A%)&* �9 %�%& &���� �� �A%)&* �6�

<9< ?� 879 �;�� ?" ';)9 �� �− → �!"�#

87����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
87<�A%)&* �9 
���
�� !".:± <."± �.?#×<�−" �
 %!χ�<!<�# → γ 
/ψ!<�## F �.978±

�.�<D� E� 
������ �� �	
 ���� ���	� %!χ�<!<�# → γ 
/ψ!<�## F !86.D ± <.?#× <�−9�
@	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�



�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
879%@&*@;)**@ ?9 ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
χ�<�.�

�
)
?!

(
�/ψ�.��

)
!<DD?!<8D!

(
χ�<�.�

�
)
?!

(
�/ψ�.��

)
!<DD?!<8D!

(
χ�<�.�

�
)
?!

(
�/ψ�.��

)
!<DD?!<8D!

(
χ�<�.�

�
)
?!

(
�/ψ�.��

)
!<DD?!<8D

����� ��	�
��� �� ��	� 	�

���

�.6<±�.<6±�.�8�.6<±�.<6±�.�8�.6<±�.<6±�.�8�.6<±�.<6±�.�8 878 �A%)&* �9 %�%& �� �− → �!"�#

878�A%)&* �9 
���
�� �.DD± �.<<± �.<7 �
 %!χ�<!<�# → γ 
/ψ!<�## F �.978± �.�<D�

E� 
������ �� �	
 ���� ���	� %!χ�<!<�# → γ 
/ψ!<�## F !86.D ± <.?# × <�−9� @	

=
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
��

	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
χ�<�.�

∗�,-$�
)
?!

(
χ�<�.�

�
)

!<D7?!<DD!
(
χ�<�.�

∗�,-$�
)
?!

(
χ�<�.�

�
)

!<D7?!<DD!
(
χ�<�.�

∗�,-$�
)
?!

(
χ�<�.�

�
)

!<D7?!<DD!
(
χ�<�.�

∗�,-$�
)
?!

(
χ�<�.�

�
)

!<D7?!<DD
����� ��	�
��� �� ��	� 	�

���

�.79±�.<<±�.<9�.79±�.<<±�.<9�.79±�.<<±�.<9�.79±�.<<±�.<9 �A%)&* �6� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.:?±�.8"±�.<7 87" �A%)&* �9 %�%& &���� �� �A%)&* �6�

87"���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�π−)

?!����� !<D:?!!
(
�π−)

?!����� !<D:?!!
(
�π−)

?!����� !<D:?!!
(
�π−)

?!����� !<D:?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

<.:9±�.�: @A& �C)&�5)<.:9±�.�: @A& �C)&�5)<.:9±�.�: @A& �C)&�5)<.:9±�.�: @A& �C)&�5)

<.:6±�.<�±�.�7 876 '0�@ �" %);; �� �− → �!"�#

<.:���.98
−�.9<

��.<9
−�.�?

876 %@&30)B� �8 ';)9 �� �− → �!"�#

<.7?±�.�?±�.�7 876 �A%)&* �9� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
9.96±�.<?±�.<: 876 '�2)L �9 %);; &���� �� '0�@ �"

<.?8��.8"
−�.89

��.<6
−�.�D

876 �%) �<� %);; &���� �� '�2)L �9

<.D7±�.<D±�.<8 876 �A%)&* �<� %�%& &���� �� �A%)&* �9�

< D.D ?� 87D �%) ��	 2;. �� �− → �

<.79��.96
−�.9"±�.<9 876 '&@3B3�0)3����� ';)9 &���� �� %@&30)B� �8

<.6 ��.6
−�." ±�.<" 5@.�35 ?: ';)9 &���� �� '&@3B3�

0)33)22L ��

9." �<.7
−<.< ±�.9 877 �.�� ?D
 .;�0 �� �− → �

< <.7 ?� �23)& ?D ';)9 2	�� �� �.�� ?D


< 8.� ?� 87: %A2(A;B' ?D� �;)� �� �− → �

< ? ?� 87? �%&)A ?6� .;�0 2	�� �� �.�� ?D


< :.< ?� 8:� �()&2 ?"! @��; �� �− → �

< 9.D ?� 8:< %�**;) ?8 ';)9 �� �− → �!"�#

<<: ?� �;%&)'0* ?<� �&5 �� �− → �!"�#

< ? ?� 8:9 �C)&L :?� ';)@ �� �− → �!"�#

<89 ?� �C)&L :7 ';)@ �� �− → �!"�#

876���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
87D�%) ��	 ���	��� %!� → ��#F!9<.7 ± �.<#I ��� ��� � 
������� �

��F���F

!8?.7�<.:
−9.9#I ��� ���

F!<�.6�<.:
−9.9#I�

877�.�� ?D
 ���	��� �
�� F �

�− F �.8? ��� ���
F �.<9� '���
��	����� 
�� �� ���

�� ������ ������ �� ����
����� ;����� �
� $���� �
 ��� ���$���� ���
�$� � ��� �����

���� �
 ��� ��� ��	�
�� � �������

87:%A2(A;B' ?D� ���	��� �.5 ?D �
��	����� 
������� �
 ��� ��� �� � � ��
�����
87?���	��� � ��� �− �
��	����� 
������ � �.8? ��� � �� �
��	����� 
������ � �.<9�

'���
��	����� 
�� �� ��� ��
�
������ ������ �� ����
����� ;����� �
� $���� �
 ���

���$���� ���
�$� � ��� ����� 
���� �
 ��� ��� ��	�
�� � �������
8:����	��� %!� → ��# F �.9<7 ��� ��

�
!��
�
# 
������ 8?.6I !<9I#�

8:<%�**;) ?8 ���	��� �H	�� �
��	����� � ���� ��� ���− �� �!"�#�
8:9���	��� ��� �!"�# ������ "8I �� �����

!
(
�π−)

?!
(
�π�

)
!<D:?!<D?!

(
�π−)

?!
(
�π�

)
!<D:?!<D?!

(
�π−)

?!
(
�π�

)
!<D:?!<D?!

(
�π−)

?!
(
�π�

)
!<D:?!<D?

����� ��	�
��� �� ��	� 	�

���

<.9���.6�
−�.6:

��.99
−�.89

<.9���.6�
−�.6:

��.99
−�.89<.9���.6�

−�.6:
��.99
−�.89

<.9���.6�
−�.6:

��.99
−�.89

8:8 �%) �<� %);; �� �− → �!"�#

8:8���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�[
!
(
�π−)

2!
(
π�π−)]

?!����� �!<D:2!99??!
[
!
(
�π−)

2!
(
π�π−)]

?!����� �!<D:2!99??!
[
!
(
�π−)

2!
(
π�π−)]

?!����� �!<D:2!99??!
[
!
(
�π−)

2!
(
π�π−)]

?!����� �!<D:2!99??!

����� ����� ��−"� ���� ��	�
��� �� ��	� 	�

���

<.?±�.D @A& �C)&�5)<.?±�.D @A& �C)&�5)<.?±�.D @A& �C)&�5)<.?±�.D @A& �C)&�5)

9.:�<.6
−<.�±9.� 8:" �.�� ?D
 .;�0 �� �− → �

<.:��.D
−�.6

��.8
−�." <7�9 �23)& ?D ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
9."��.:

−�.7±�.9 8:6 %�**;) ?8 ';)9 �� �− → �!"�#

8:"�.�� ?D
 ���	��� �
�� F �

�− F �.8? ��� ���
F �.<9� '���
��	����� 
�� �� ���

�� ������ ������ �� ����
����� ;����� �
� $���� �
 ��� ���$���� ���
�$� � ��� �����

���� �
 ��� ��� ��	�
�� � �������

8:6%�**;) ?8 ���	��� �H	�� �
��	����� � ���� ��� ���− �� �!"�#�

!
(
�π�

)
?!����� !<D??!!

(
�π�

)
?!����� !<D??!!

(
�π�

)
?!����� !<D??!!

(
�π�

)
?!����� !<D??!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

<.<6±�.<� @A& �C)&�5)<.<6±�.<� @A& �C)&�5)<.<6±�.<� @A& �C)&�5)<.<6±�.<� @A& �C)&�5)

<.<"±�.�?±�.�D 8:D �A%)&* �6' %�%& �� �− → �!"�#

<.<7±�.98��.<9
−�.<8

8:D '0�@ �" %);; �� �− → �!"�#

<.9:��."�
−�.88

��.<7
−�.<"

8:D %@&30)B� �8 ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<.<"±�.<7±�.�: 8:D �A%)&* �"� %�%& &���� �� �A%)&* �6'

�.:���.88
−�.8<±�.<D 8:D '�2)L �9 %);; &���� �� '0�@ �"

<.D���.79
−�.6?

��.96
−�.97

8:D �%) �<� %);; &���� �� '�2)L �9

�.:9��.8<
−�.97±�.<9 8:D �A%)&* �<� %�%& &���� �� �A%)&* �"�

<."D��.6?
−�.6<

��.9"
−�.88

8:D '&@3B3�0)3����� ';)9 &���� �� %@&30)B� �8

<".< ?� 5@.�35 ?: ';)9 &���� �� '&@3B3�
0)33)22L ��

<".� ?� �23)& ?D ';)9 &��� �� 5@.�35 ?:

8:D���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
η′�

)
?!����� !<7�?!!

(
η′�

)
?!����� !<7�?!!

(
η′�

)
?!����� !<7�?!!

(
η′�

)
?!����� !<7�?!

����� ����� ��−"� ��	�
��� �� ��	� 	�

���

D.: ±�." @A& �C)&�5)D.: ±�." @A& �C)&�5)D.: ±�." @A& �C)&�5)D.: ±�." @A& �C)&�5)

D.7"±�.88±�.89 8:7 �A%)&* �6� %�%& �� �− → �!"�#

6.6 �<.?
−<.D ±�.: 8:7 �%) �<� %);; �� �− → �!"�#

:.? �<.:
−<.D ±�.? 8:7 &B'0B'0B �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
D.�D±�.6D±�."D 8:7 �A%)&* �8( %�%& &���� �� �A%)&* �6�

".9 �<.8
−<.< ±�." 8:7 �A%)&* �<� %�%& &���� �� �A%)&* �8(

".7 �9.7
−9.� ±�.? %)0&)32 ?: ';)9 &���� �� &B'0B'0B ��

8:7���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
η′∗�,-$�

)
?!����� !<7<?!!

(
η′∗�,-$�

)
?!����� !<7<?!!

(
η′∗�,-$�

)
?!����� !<7<?!!

(
η′∗�,-$�

)
?!����� !<7<?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

<�.7D<�.7D<�.7D<�.7D ?� 8:: �A%)&*�% �"
 %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<9." ?� 8:: &B'0B'0B �� ';)9 �� �− → �!"�#

<8.? ?� %)0&)32 ?: ';)9 &���� �� &B'0B'0B ��

8::���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�



	��	��	��	��

��� ��� �� ���� 	
� ���������	
�� �	��	��

��

!
(
η∗�,-$�

)
?!����� !<79?!!

(
η∗�,-$�

)
?!����� !<79?!!

(
η∗�,-$�

)
?!����� !<79?!!

(
η∗�,-$�

)
?!����� !<79?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���
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< D." ?� ":< '�2)L �9 %);; �� �− → �!"�#
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�$��� =��� ������� ���� • • •
<9.6× <�−D ?� ":8 '0�35 �6% %);; �� �− → �!"�#
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< ".7× <�−6 ?� %)0&)32 ?: ';)9 �� �− → �!"�#
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"?����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�



	��	��	��	��

��� ��� �� ���� 	
� ����� ����	
�� �	��	��

��

!
(
ηρ�

)
?!����� !987?!!

(
ηρ�

)
?!����� !987?!!

(
ηρ�

)
?!����� !987?!!

(
ηρ�

)
?!����� !987?!

����� 	� ��	�
��� �� ��	� 	�

���
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• • • E� �� ��� 	�� ��� �������$ ���� �
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�$��� =��� ������� ���� • • •
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<."±�.D±�.8 6�D �A%)&* �") %�%& �� �− → �!"�#

6.<±<.D±�.? .&�5B' �" %);; �� �− → �!"�#

<.D�9.�
−<."±�.: 9:6 P)22@� �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
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�$��� =��� ������� ���� • • •
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<"�� ?� 6�7 �;%&)'0* ?�� �&5 �� �− → �!"�#

6�D���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
6�7�;%&)'0* ?�� ����� ���	��� �H	�� �
��	����� � ���� ��� ���− �� �!"�#�

WEIGHTED AVERAGE
1.8±0.8 (Error scaled by 1.3)

JESSOP 00 CLE2 0.0
DRAGIC 04 BELL 3.2
AUBERT 04Z BABR 0.4

χ2

       3.6
(Confidence Level = 0.165)
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• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
< :.: ?� �23)& ?D ';)9 &���� �� P)22@� ��

< 69 ?� 6�? �;%&)'0* ?�� �&5 �� �− → �!"�#

<69� ?� 6<� %)%)( :7 ';)@ �� �− → �!"�#

6�:���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
6�?�;%&)'0* ?�� ����� ���	��� �H	�� �
��	����� � ���� ��� ���− �� �!"�#�
6<�%)%)( :7 
���
�� < D.<×<�−8 ���	���$ ��� �!"�# ������ "8I �� ����� E� 
������

�� 6�I�

!
(
π�π−π�π−)

?!����� !969?!!
(
π�π−π�π−)

?!����� !969?!!
(
π�π−π�π−)

?!����� !969?!!
(
π�π−π�π−)

?!����� !969?!
����� 	� ��	�
��� �� ��	� 	�

���

<9.8× <�−"<9.8× <�−"<9.8× <�−"<9.8× <�−" ?� 6<< �.�� ?D
 .;�0 �� �− → �

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<9.:× <�−" ?� 6<9 �%&)A ?6� .;�0 2	�� �� �.�� ?D


<D.7× <�−" ?� 6<8 �;%&)'0* ?�� �&5 �� �− → �!"�#

6<<�.�� ?D
 ���	��� �
�� F �

�− F �.8? ��� ���
F �.<9�

6<9���	��� � ��� �− �
��	����� 
������ � �.8? ��� � �� �
��	����� 
������ � �.<9�
6<8�;%&)'0* ?�� ����� ���	��� �H	�� �
��	����� � ���� ��� ���− �� �!"�#�

!
(
ρ� ρ�

)
?!����� !968?!!

(
ρ� ρ�

)
?!����� !968?!!

(
ρ� ρ�

)
?!����� !968?!!

(
ρ� ρ�

)
?!����� !968?!

����� 	� ��	�
��� �� ��	� 	�

���

<<.< × <�−D<<.< × <�−D<<.< × <�−D<<.< × <�−D ?� 6<" �A%)&* �6 %�%& �� �− → �!"�#



	��	��	��	��

����� ����	
�� �	��	��

��

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<9.< × <�−D ?� 6<" �A%)&* �8� %�%& &���� �� �A%)&* �6 

<<.: × <�−6 ?� 6<6 5@.�35 �9 ';)9 �� �− → �!"�#

<<.8D× <�−" ?� 6<D �%) ��	 2;. �� �− → �

<9.: × <�−" ?� 6<" �;%&)'0* ?�� �&5 �� �− → �!"�#

<9.? × <�−" ?� 6<7 %@&*@;)**@:? ';)@ �� �− → �!"�#

<".8 × <�−" ?� 6<7 %)%)( :7 ';)@ �� �− → �!"�#

6<"���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
6<6���	��� � �������� �� ���=$	
������ 4�
 � �������� << ���=$	
������ ��� ����� ���
�����

�� <."× <�−6�
6<D�%) ��	 ���	��� %!� → ��#F!9<.7 ± �.<#I ��� ��� � 
������� �

��F���F

!8?.7�<.:
−9.9#I ��� ���

F!<�.6�<.:
−9.9#I�

6<7����
 ���	��� ��� �!"�# ������ "8I �� ����� E� 
������ �� 6�I�

!
(
�<�.$'�

∓π±)
?!����� !96"?!!

(
�<�.$'�

∓π±)
?!����� !96"?!!

(
�<�.$'�

∓π±)
?!����� !96"?!!

(
�<�.$'�

∓π±)
?!����� !96"?!

����� 	� ��	�
��� �� ��	� 	�

���

<".?× <�−"<".?× <�−"<".?× <�−"<".?× <�−" ?� 6<: %@&*@;)**@:? ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<D.8× <�−" ?� 6<? �;%&)'0* ?�� �&5 �� �− → �!"�#

<<.�× <�−8 ?� 6<: %)%)( :7 ';)@ �� �− → �!"�#

6<:����
 ���	��� ��� �!"�# ������ "8I �� ����� E� 
������ �� 6�I�
6<?�;%&)'0* ?�� ����� ���	��� �H	�� �
��	����� � ���� ��� ���− �� �!"�#�

!
(
�9�./$�

∓π±)
?!����� !966?!!

(
�9�./$�

∓π±)
?!����� !966?!!

(
�9�./$�

∓π±)
?!����� !966?!!

(
�9�./$�

∓π±)
?!����� !966?!

����� 	� ��	�
��� �� ��	� 	�

���

<8.�× <�−"<8.�× <�−"<8.�× <�−"<8.�× <�−" ?� 69� %@&*@;)**@:? ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<."× <�−8 ?� 69� %)%)( :7 ';)@ �� �− → �!"�#

69�����
 ���	��� ��� �!"�# ������ "8I �� ����� E� 
������ �� 6�I�

!
(
π�π−π�π�

)
?!����� !96D?!!

(
π�π−π�π�

)
?!����� !96D?!!

(
π�π−π�π�

)
?!����� !96D?!!

(
π�π−π�π�

)
?!����� !96D?!

����� 	� ��	�
��� �� ��	� 	�

���

<8.<× <�−8<8.<× <�−8<8.<× <�−8<8.<× <�−8 ?� 69< �;%&)'0* ?�� �&5 �� �− → �!"�#

69<�;%&)'0* ?�� ����� ���	��� �H	�� �
��	����� � ���� ��� ���− �� �!"�#�

!
(
ρ�ρ−

)
?!����� !967?!!

(
ρ�ρ−

)
?!����� !967?!!

(
ρ�ρ−

)
?!����� !967?!!

(
ρ�ρ−

)
?!����� !967?!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

96 ±" @A& �C)&�5)96 ±" @A& �C)&�5)96 ±" @A& �C)&�5)96 ±" @A& �C)&�5)

99.:±8.:�9.8
−9.D

699 2@�@C �D %);; �� �− → �!"�#

8� ±" ±6 699,698 �A%)&*�% �"� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
96 �7

−D
�6
−D

699 �A%)&* �"� %�%& &���� �� �A%)&*�% �"�

<99�� ?� 699 �;%&)'0* ?�� �&5 �� �− → �!"�#

699���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
698*�� H	���� 
��	�� �� �������� ���
 ��������$ ���� �A%)&* �"� 
��	�� �� �A%)&* �"�

����� $���� !88 ± " ± 6#× <�−D�

!
(
�<�.$'�

�π�
)
?!����� !96:?!!

(
�<�.$'�

�π�
)
?!����� !96:?!!

(
�<�.$'�

�π�
)
?!����� !96:?!!

(
�<�.$'�

�π�
)
?!����� !96:?!

����� 	� ��	�
��� �� ��	� 	�

���

<<.<× <�−8<<.<× <�−8<<.<× <�−8<<.<× <�−8 ?� 69" �;%&)'0* ?�� �&5 �� �− → �!"�#

69"�;%&)'0* ?�� ����� ���	��� �H	�� �
��	����� � ���� ��� ���− �� �!"�#�

!
(
ωπ�

)
?!����� !96??!!

(
ωπ�

)
?!����� !96??!!

(
ωπ�

)
?!����� !96??!!

(
ωπ�

)
?!����� !96??!

����� 	� ��	�
��� �� ��	� 	�

���

<<.9× <�−D<<.9× <�−D<<.9× <�−D<<.9× <�−D ?� 696 �A%)&*�% �"
 %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<.?× <�−D ?� 696 E�35 �"% %);; �� �− → �!"�#

<8 × <�−D ?� 696 �A%)&* �<� %�%& �� �− → �!"�#

<6.6× <�−D ?� 696 P)22@� �� ';)9 �� �− → �!"�#

<<."× <�−6 ?� 696 %)&54);. ?: ';)9 &���� �� P)22@� ��

<".D× <�−" ?� 69D �;%&)'0* ?�� �&5 �� �− → �!"�#

696���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
69D�;%&)'0* ?�� ����� ���	��� �H	�� �
��	����� � ���� ��� ���− �� �!"�#�

!
(
π�π�π−π−π�

)
?!����� !9D�?!!

(
π�π�π−π−π�

)
?!����� !9D�?!!

(
π�π�π−π−π�

)
?!����� !9D�?!!

(
π�π�π−π−π�

)
?!����� !9D�?!

����� 	� ��	�
��� �� ��	� 	�

���

<?.�× <�−8<?.�× <�−8<?.�× <�−8<?.�× <�−8 ?� 697 �;%&)'0* ?�� �&5 �� �− → �!"�#

697�;%&)'0* ?�� ����� ���	��� �H	�� �
��	����� � ���� ��� ���− �� �!"�#�

!
(
�<�.$'�

�ρ−
)
?!����� !9D<?!!

(
�<�.$'�

�ρ−
)
?!����� !9D<?!!

(
�<�.$'�

�ρ−
)
?!����� !9D<?!!

(
�<�.$'�

�ρ−
)
?!����� !9D<?!

����� 	� ��	�
��� �� ��	� 	�

���

<8."× <�−8<8."× <�−8<8."× <�−8<8."× <�−8 ?� 69: �;%&)'0* ?�� �&5 �� �− → �!"�#

69:�;%&)'0* ?�� ����� ���	��� �H	�� �
��	����� � ���� ��� ���− �� �!"�#�

!
(
�<�.$'�

� ρ�
)
?!����� !9D9?!!

(
�<�.$'�

� ρ�
)
?!����� !9D9?!!

(
�<�.$'�

� ρ�
)
?!����� !9D9?!!

(
�<�.$'�

� ρ�
)
?!����� !9D9?!

����� 	� ��	�
��� �� ��	� 	�

���

<9."× <�−8<9."× <�−8<9."× <�−8<9."× <�−8 ?� 69? �;%&)'0* ?�� �&5 �� �− → �!"�#

69?�;%&)'0* ?�� ����� ���	��� �H	�� �
��	����� � ���� ��� ���− �� �!"�#�

!
(
π�π�π�π−π−π−)

?!����� !9D8?!!
(
π�π�π�π−π−π−)

?!����� !9D8?!!
(
π�π�π�π−π−π−)

?!����� !9D8?!!
(
π�π�π�π−π−π−)

?!����� !9D8?!
����� 	� ��	�
��� �� ��	� 	�

���

<8.�× <�−8<8.�× <�−8<8.�× <�−8<8.�× <�−8 ?� 68� �;%&)'0* ?�� �&5 �� �− → �!"�#

68��;%&)'0* ?�� ����� ���	��� �H	�� �
��	����� � ���� ��� ���− �� �!"�#�

!
(
�<�.$'�

� �<�.$'�
−)

?!����� !9D"?!!
(
�<�.$'�

� �<�.$'�
−)

?!����� !9D"?!!
(
�<�.$'�

� �<�.$'�
−)

?!����� !9D"?!!
(
�<�.$'�

� �<�.$'�
−)

?!����� !9D"?!
����� 	� ��	�
��� �� ��	� 	�

���

<9.:× <�−8<9.:× <�−8<9.:× <�−8<9.:× <�−8 ?� 68< %@&*@;)**@:? ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<D.�× <�−8 ?� 689 �;%&)'0* ?�� �&5 �� �− → �!"�#

68<%@&*@;)**@ :? 
���
�� < 8.9 × <�−8 ���	���$ ��� �!"�# ������ "8I �� �����
E� 
������ �� 6�I�

689�;%&)'0* ?�� ����� ���	��� �H	�� �
��	����� � ���� ��� ���− �� �!"�#�

!
(
π�π�π�π−π−π−π�

)
?!����� !9D6?!!

(
π�π�π�π−π−π−π�

)
?!����� !9D6?!!

(
π�π�π�π−π−π−π�

)
?!����� !9D6?!!

(
π�π�π�π−π−π−π�

)
?!����� !9D6?!

����� 	� ��	�
��� �� ��	� 	�

���

<<.<× <�−9<<.<× <�−9<<.<× <�−9<<.<× <�−9 ?� 688 �;%&)'0* ?�� �&5 �� �− → �!"�#

688�;%&)'0* ?�� ����� ���	��� �H	�� �
��	����� � ���� ��� ���− �� �!"�#�

!
(
		

)
?!����� !9DD?!!

(
		

)
?!����� !9DD?!!

(
		

)
?!����� !9DD?!!

(
		

)
?!����� !9DD?!

����� 	� ��	�
��� �� ��	� 	�

���

<9.7× <�−7<9.7× <�−7<9.7× <�−7<9.7× <�−7 ?� 68" �A%)&* �"$ %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<".<× <�−7 ?� 68" '0�35 �6 %);; �� �− → �!"�#

<<."× <�−D ?� 68" %@&30)B� �8 ';)9 �� �− → �!"�#

<<.9× <�−D ?� 68" �%) �9� %);; �� �− → �!"�#

<7.�× <�−D ?� 68" '@�3 ?? ';)9 �� �− → �!"�#

<<.:× <�−6 ?� 686 %A2(A;B' ?D� �;)� �� �− → �

<8.6× <�−" ?� 68D �%&)A ?6� .;�0 2	�� �� �.�� ?D


<8."× <�−6 ?� 687 %@&*@;)**@:? ';)@ �� �− → �!"�#

<<.9× <�−" ?� 68: �;%&)'0* ::� �&5 �� �− → �!"�#

<<.7× <�−" ?� 687 %)%)( :7 ';)@ �� �− → �!"�#

68"���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
686%A2(A;B' ?D� ���	��� �.5 ?D �
��	����� 
������� �
 ��� ��� �� � � ��
�����
68D���	��� � ��� �− �
��	����� 
������ � �.8? ��� � �� �
��	����� 
������ � �.<9�
687����
 ���	��� ��� �!"�# ������ "8I �� ����� E� 
������ �� 6�I�
68:�;%&)'0* ::� 
���
�� < <.8× <�−" ���	���$ ��� �!"�# ������ "6I �� ����� E�


������ �� 6�I�

!
(
		π�π−)

?!����� !9D7?!!
(
		π�π−)

?!����� !9D7?!!
(
		π�π−)

?!����� !9D7?!!
(
		π�π−)

?!����� !9D7?!

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

<9.6<9.6<9.6<9.6 ?� 68? %)%)( :? ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<?.6 ?� 6"� �%&)A ?6� .;�0 2	�� �� �.�� ?D


6."±<.:±9.� 6"< �;%&)'0* ::� �&5 �� �− → �!"�#

68?%)%)( :? 
���
�� < 9.?×<�−" ���	���$ ��� �!"�# ������ "8I �� ����� E� 
������
�� 6�I�

6"����	��� � ��� �− �
��	����� 
������ � �.8? ��� � �� �
��	����� 
������ � �.<9�
6"<�;%&)'0* ::� 
���
�� D.� ± 9.� ± 9.9 ���	���$ ��� �!"�# ������ "6I �� �����

E� 
������ �� 6�I�

!
(
		�

)
?!����� !9D:?!!

(
		�

)
?!����� !9D:?!!

(
		�

)
?!����� !9D:?!!

(
		�

)
?!����� !9D:?!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

9.�:��.69
−�.8:±�.9"9.�:��.69
−�.8:±�.9"9.�:��.69
−�.8:±�.9"9.�:��.69
−�.8:±�.9" 6"9,6"8 E�35 �6% %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<.::��.77

−�.D�±�.98 6"9,6"" E�35 �" %);; &���� �� E�35 �6%

<7.9 ?� 6"9,6"6 �%) �9� %);; &���� �� E�35 �"

6"9���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
6"8�
������ ���� 
��	��� ����  �� < 9�:6 5�C��9 ��� ��$	��
 �������
� � �� �������

6""*�� �
������$ 
������ �
  �� < 9�:6 �� ���� 
���
����

6"6)��������� ������ 
������� �
��	����� � �� 
�� '��
����	� �������

!
(
��.1&�� 	×0���.1&�� → 	�

�
)
?!����� !9D??!!

(
��.1&�� 	×0���.1&�� → 	�

�
)
?!����� !9D??!!

(
��.1&�� 	×0���.1&�� → 	�

�
)
?!����� !9D??!!

(
��.1&�� 	×0���.1&�� → 	�

�
)
?!����� !9D??!

����� ����� ��−*� 	� ��	�
��� �� ��	� 	�

���

<9.8<9.8<9.8<9.8 ?� 6"D E�35 �6% %);; �� �− → �!"�#

6"D���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
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		∗�,-$�

)
?!����� !97�?!!

(
		∗�,-$�

)
?!����� !97�?!!

(
		∗�,-$�

)
?!����� !97�?!!

(
		∗�,-$�

)
?!����� !97�?!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

<7.D<7.D<7.D<7.D ?� 6"7 E�35 �" %);; �� �− → �!"�#

6"7���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�



	��	��	��	��

��� ��� �� ���� 	
� ���������	
�� �	��	��

��

!
(
	�π−)

?!����� !97<?!!
(
	�π−)

?!����� !97<?!!
(
	�π−)

?!����� !97<?!!
(
	�π−)

?!����� !97<?!

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

9.D9��.""
−�."�±�.8<9.D9��.""
−�."�±�.8<9.D9��.""
−�."�±�.8<9.D9��.""
−�."�±�.8< 6":,6"? E�35 �6% %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
8.?7�<.��

−�.:�±�.6D 6": E�35 �8 %);; &���� �� E�35 �6%

< <8 ?� 6": '@�3 ?? ';)9 �� �− → �!"�#

<<:� ?� 66� �;%&)'0* ::� �&5 �� �− → �!"�#

6":���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
6"?�
������ ���� 
��	��� ����  �� < 9�:6 5�C��9 ��� ��$	��
 �������
� � �� �������

66��;%&)'0* ::� 
���
�� < 9.�× <�−" ���	���$ ��� �!"�# ������ "6I �� ����� E�

������ �� 6�I�

!
(
	�−)

?!����� !979?!!
(
	�−)

?!����� !979?!!
(
	�−)

?!����� !979?!!
(
	�−)

?!����� !979?!
����� 	� ��	�
��� �� ��	� 	�

���

<:.9× <�−7<:.9× <�−7<:.9× <�−7<:.9× <�−7 ?� 66< E�35 �8 %);; �� �− → �!"�#

66<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
	��π−)

?!����� !978?!!
(
	��π−)

?!����� !978?!!
(
	��π−)

?!����� !978?!!
(
	��π−)

?!����� !978?!
����� 	� ��	�
��� �� ��	� 	�

���

<8.:× <�−D<8.:× <�−D<8.:× <�−D<8.:× <�−D ?� 669 E�35 �8 %);; �� �− → �!"�#

669���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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)
?!����� !97"?!!
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)
?!����� !97"?!!
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��

)
?!����� !97"?!!

(
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)
?!����� !97"?!

����� 	� ��	�
��� �� ��	� 	�

���

<D.?× <�−7<D.?× <�−7<D.?× <�−7<D.?× <�−7 ?� 668 '0�35 �6 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<.9× <�−D ?� 668 %@&30)B� �8 ';)9 �� �− → �!"�#

<<.�× <�−D ?� 668 �%) �9� %);; &���� �� '0�35 �6

<8.?× <�−D ?� 668 '@�3 ?? ';)9 �� �− → �!"�#

668���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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?!����� !976?!!
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)
?!����� !976?!!
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)
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)
?!����� !976?!

����� 	� ��	�
��� �� ��	� 	�

���

<�.��<6<�.��<6<�.��<6<�.��<6 ?� 66" %@&*@;)**@:? ';)@ �� �− → �!"�#

66"%@&*@;)**@ :? 
���
�� < �.��<: ���	���$ �!"�# ������ "8I �� ����� E� 
������
�� 6�I�
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����−−)

?!����� !97D?!!
(
����−−)

?!����� !97D?!!
(
����−−)

?!����� !97D?!!
(
����−−)

?!����� !97D?!
����� 	� ��	�
��� �� ��	� 	�

���

<<.<× <�−"<<.<× <�−"<<.<× <�−"<<.<× <�−" ?� 666 %@&*@;)**@:? ';)@ �� �− → �!"�#

666%@&*@;)**@ :? 
���
�� < <.8 × <�−" ���	���$ �!"�# ������ "8I �� ����� E�

������ �� 6�I�
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)
?!����� !977?!!
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�� 		

)
?!����� !977?!!

(
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)
?!����� !977?!!

(
�� 		

)
?!����� !977?!

����� ��	�
��� �� ��	� 	�

���

!<.<:±�.<6±�.<D#× <�−"!<.<:±�.<6±�.<D#× <�−"!<.<:±�.<6±�.<D#× <�−"!<.<:±�.<6±�.<D#× <�−" 66D �%) �9( %);; �� �− → �!"�#

66D���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�∗�$��%� 		

)
?!����� !97:?!!

(
�∗�$��%� 		

)
?!����� !97:?!!

(
�∗�$��%� 		

)
?!����� !97:?!!

(
�∗�$��%� 		

)
?!����� !97:?!

����� ��	�
��� �� ��	� 	�

���

!<.9���.88
−�.9?±�.9<#× <�−"!<.9���.88
−�.9?±�.9<#× <�−"!<.9���.88
−�.9?±�.9<#× <�−"!<.9���.88
−�.9?±�.9<#× <�−" 667 �%) �9( %);; �� �− → �!"�#

667���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
�−−
� ���

)
?!����� !97??!!

(
�−−
� ���

)
?!����� !97??!!

(
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� ���

)
?!����� !97??!!

(
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� ���

)
?!����� !97??!

����� 	� ��	�
��� �� ��	� 	�

���

<�.��<�<�.��<�<�.��<�<�.��<� ?� 66: �&@'�&B@ ?" ';)9 �� �− → �!"�#

66:�&@'�&B@ ?" 
���
�� < �.��<9 �
 %!��
�

→ ��−π�# F �.�"8� E� 
������ �� �	


���� ���	� %!��
�

→ ��−π�# F �.�6��

!
(
�−
�
	π�π−)

?!����� !9:�?!!
(
�−
�
	π�π−)

?!����� !9:�?!!
(
�−
�
	π�π−)

?!����� !9:�?!!
(
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�
	π�π−)

?!����� !9:�?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

<.8 ±�." @A& �C)&�5)<.8 ±�." @A& �C)&�5)<.8 ±�." @A& �C)&�5)<.8 ±�." @A& �C)&�5)

<.7 ��.8
−�.9 ±�." 66? .L*��3 �9 ';)9 �� �− → �!"�#

<.<�±�.9�±�.9? 6D� 5�%L20)C �9 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<.88��."D

−�."9±�.87 6D< 4A ?7 ';)9 &���� �� .L*��3 �9

66?.L*��3 �9 
���
�� !<.D7��.97
−�.96#× <�−8 �
 %!��

�
→ ��−π�# F �.�6� E� 
������

�� �	
 ���� ���	� %!��
�

→ ��−π�# F !6.� ± <.8# × <�−9� @	
 =
�� �

�
 �� ����
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�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$ �	
 ���� ���	��
6D�5�%L20)C �9 
���
�� !<.< ± �.9#×<�−8 �
 %!��

�
→ ��−π�# F �.�6� E� 
������

�� �	
 ���� ���	� %!��
�

→ ��−π�# F !6.� ± <.8# × <�−9� @	
 =
�� �

�
 �� ����
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�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$ �	
 ���� ���	��
6D<4A ?7 	��� �.5 ?D ���	�� � �� �
������$ 
�������

!
(
�−
�
	
)
?!����� !9:<?!!
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)
?!����� !9:<?!!

(
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�
	
)
?!����� !9:<?!!
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)
?!����� !9:<?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

9.<?��.6D
−�."?±�.D69.<?��.6D
−�."?±�.D69.<?��.6D
−�."?±�.D69.<?��.6D
−�."?±�.D6 6D9,6D8 5�%L20)C �8 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
< ? ?� 6D9,6D" .L*��3 �9 ';)9 �� �− → �!"�#

< 8.< ?� 6D9,6D6 5�%L20)C �9 %);; �� �− → �!"�#

<9< ?� 6DD 4A ?7 ';)9 �� �− → �!"�#

6D9���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
6D8*�� ������ �

�
 �
 5�%L20)C �8 ����	��� ��� ���������� ��� ��� �

�
 � �� →
���π− ����� �
������$ 
�������

6D".L*��3 �9 ����	
����� 	��� %!�−
�

→ ���π−# F 6.� ± <.8I� *�� ������ �

�


����	��� ��� ���������� ��� ��� 	���
������ � ��� �
������$ 
�����
6D6A��� ��� ���	� �
 �� → ��−π� �
������$ 
���� !6.� ± <.8#I�
6DD4A ?7 	��� �.5 ?D ���	�� � �� �
������$ 
�����
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)
?!����� !9:9?!!
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)
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)
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)
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���

<6.?× <�−"<6.?× <�−"<6.?× <�−"<6.?× <�−" ?� 6D7 4A ?7 ';)9 �� �− → �!"�#

6D74A ?7 	��� �.5 ?D ���	�� � �� �
������$ 
�����
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� 	π�π−π�

)
?!����� !9:8?!!

(
�−
� 	π�π−π�

)
?!����� !9:8?!!
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)
?!����� !9:8?!!

(
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)
?!����� !9:8?!

����� 	� ��	�
��� �� ��	� 	�

���

<6.�7× <�−8<6.�7× <�−8<6.�7× <�−8<6.�7× <�−8 ?� 6D: 4A ?7 ';)9 �� �− → �!"�#

6D:4A ?7 	��� �.5 ?D ���	�� � �� �
������$ 
�����

!
(
�−
� 	π�π−π�π−)

?!����� !9:"?!!
(
�−
� 	π�π−π�π−)

?!����� !9:"?!!
(
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� 	π�π−π�π−)

?!����� !9:"?!!
(
�−
� 	π�π−π�π−)

?!����� !9:"?!
����� 	� ��	�
��� �� ��	� 	�

���

<9.7"× <�−8<9.7"× <�−8<9.7"× <�−8<9.7"× <�−8 ?� 6D? 4A ?7 ';)9 �� �− → �!"�#

6D?4A ?7 	��� �.5 ?D ���	�� � �� �
������$ 
�����

!
(
� � �$1$�

−− 	π�
)
?!����� !9:6?!!

(
� � �$1$�

−− 	π�
)
?!����� !9:6?!!

(
� � �$1$�

−− 	π�
)
?!����� !9:6?!!

(
� � �$1$�

−− 	π�
)
?!����� !9:6?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

<.D±�.D±�."<.D±�.D±�."<.D±�.D±�."<.D±�.D±�." 67� 5�%L20)C �9 %);; �� �− → �!"�#

67�5�%L20)C �9 
���
�� !<.D8��.D"
−�.6:# × <�−" �
 %!��

�
→ ��−π�# F �.�6� E�


������ �� �	
 ���� ���	� %!��
�

→ ��−π�# F !6.� ± <.8# × <�−9� @	
 =
�� �

�
 ��

����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �
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�� 	���$ �	
 ����
���	��

!
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� 	π−)
?!����� !9:D?!!

(
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� 	π−)
?!����� !9:D?!!

(
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� 	π−)
?!����� !9:D?!!
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?!����� !9:D?!
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��� �� ��	� 	�

���

<<.9<× <�−"<<.9<× <�−"<<.9<× <�−"<<.9<× <�−" ?� 67<,679 5�%L20)C �9 %);; �� �− → �!"�#

67<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
679A��� ��� ���	� �
 �� → ��−π� �
������$ 
���� !6.� ± <.8#I�

!
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� � �$&11

� 	π−)
?!����� !9:7?!!

(
� � �$&11
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?!����� !9:7?!!

(
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?!����� !9:7?!!
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� � �$&11

� 	π−)
?!����� !9:7?!

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

<.�±�.: @A& �C)&�5)<.�±�.: @A& �C)&�5)<.�±�.: @A& �C)&�5)<.�±�.: @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�7�

9.9±�.7±�.D 678 .L*��3 �9 ';)9 �� �− → �!"�#

�.6��.6
−�."±�.< ?� 67" 5�%L20)C �9 %);; �� �− → �!"�#

678.L*��3 �9 
���
�� !9.9 ± �.7# × <�−" �
 %!��
�

→ ��−π�# F �.�6� E� 
������

�� �	
 ���� ���	� %!��
�

→ ��−π�# F !6.� ± <.8# × <�−9� @	
 =
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�
 �� ����
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�� 	���$ �	
 ���� ���	��
67"5�%L20)C �9 
���
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−�."<# × <�−" �
 %!��
�

→ ��−π�# F �.�6� E�


������ �� �	
 ���� ���	� %!��
�

→ ��−π�# F !6.� ± <.8# × <�−9� @	
 =
�� �

�
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�
 �� ��� ���������� �

�
 
�� 	���$ �	
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)
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)
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)
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����� ����� ��−�� ��	�
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���

9.:±�.? @A& �C)&�5)9.:±�.? @A& �C)&�5)9.:±�.? @A& �C)&�5)9.:±�.? @A& �C)&�5)

8.7±<.<±<.� 676 .L*��3 �9 ';)9 �� �− → �!"�#

9."±�.7±�.D 67D 5�%L20)C �9 %);; �� �− → �!"�#

676.L*��3 �9 
���
�� !8.7 ± <.<# × <�−" �
 %!��
�

→ ��−π�# F �.�6� E� 
������

�� �	
 ���� ���	� %!��
�

→ ��−π�# F !6.� ± <.8# × <�−9� @	
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�� �

�
 �� ����
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�
 ��� �	
 ������ �

�
 �� ��� ���������� �
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�� 	���$ �	
 ���� ���	��
67D5�%L20)C �9 
���
�� !9.8:��.76

−�.D?# × <�−" �
 %!��
�

→ ��−π�# F �.�6� E�


������ �� �	
 ���� ���	� %!��
�

→ ��−π�# F !6.� ± <.8# × <�−9� @	
 =
�� �

�
 ��

����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�
 
�� 	���$ �	
 ����
���	��
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(
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− ? �� �$'$1
−	

)
?!����� !9:??!!

(
�� �$1-/

− ? �� �$'$1
−	

)
?!����� !9:??!!

(
�� �$1-/

− ? �� �$'$1
−	

)
?!����� !9:??!!

(
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− ? �� �$'$1
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)
?!����� !9:??!

����� 	� ��	�
��� �� ��	� 	�

���

<<.<× <�−"<<.<× <�−"<<.<× <�−"<<.<× <�−" ?� 677,67: .L*��3 �9 ';)9 �� �− → �!"�#

677���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
67:.L*��3 �9 ����	
����� 	��� %!�−

�
→ ���π−# F 6.� ± <.8I� *�� ������ �

�


����	��� ��� ���������� ��� ��� 	���
������ � ��� �
������$ 
�����
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(
γ γ
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(
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γ γ

)
?!����� !9?�?!!
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*��� �
 R�F< ���, ��	�
�� �	

���� ������� �� ��$��
��
��
 �����
����, ����
��������
����� 	� ��	�
��� �� ��	� 	�

���

<D.9× <�−7<D.9× <�−7<D.9× <�−7<D.9× <�−7 ?� 67? CB;;� �D %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<.7× <�−D ?� 67? �A%)&* �< %�%& �� �− → �!"�#

<8.?× <�−6 ?� 6:� �''B�&&B ?6 ;8 �� �− → �

67?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
6:��''B�&&B ?6 ���	��� �

�� F 8?.6 ± ".� ��� ���
F <9.� ± 8.�I�

!
(
�� �−

)
?!����� !9?<?!!

(
�� �−

)
?!����� !9?<?!!
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)
?!����� !9?<?!!
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*��� �
 R�F< ���, ��	�
�� �	

���� ������� �� ��$��
��
��
 �����
����, ����
��������
����� 	� ��	�
��� �� ��	� 	�

���

<D.<× <�−:<D.<× <�−:<D.<× <�−:<D.<× <�−: ?� 6:< �A%)&* �6( %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<.?× <�−7 ?� 6:< '0�35 �8 %);; �� �− → �!"�#

<:.8× <�−7 ?� 6:< %)&54);. ��� ';)9 �� �− → �!"�#

<<."× <�−6 ?� 6:9 �''B�&&B ?7� ;8 �� �− → �

<6.?× <�−D ?� ����& ?" ';)9 &���� ��
%)&54);. ���

<9.D× <�−6 ?� 6:8 �C)&L :?� ';)@ �� �− → �!"�#

<7.D× <�−6 ?� 6:" �;%&)'0* :7
 �&5 �� �− → �!"�#

<D."× <�−6 ?� 6:6 �C)&L :7 ';)@ �� �− → �!"�#

<8 × <�−" ?� 5B;)2 :" ';)@ &���� �� �C)&L :7

6:<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
6:9�''B�&&B ?7� ���	�� �.5 ?D �
��	����� 
������� �
 ��� ��� �� � ��� �� �
6:8�C)&L :?� 
���
�� < 8×<�−6 ���	���$ ��� �!"�# ������ "8I �� ����� E� 
������

�� 6�I�
6:"�;%&)'0* :7
 
���
�� < :.6× <�−6 ���	���$ ��� �!"�# ������ "6I �� ����� E�


������ �� 6�I�
6:6�C)&L :7 
���
�� < :× <�−6 ���	���$ ��� �!"�# ������ "�I �� ����� E� 
������

�� 6�I�
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(
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(
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?!����� !9?9?!!
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 R�F< ���, ��	�
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����� 	� ��	�
��� �� ��	� 	�

���

<8.?× <�−:<8.?× <�−:<8.?× <�−:<8.?× <�−: ?� 6:D �%A;)3'B� �6 '.4 �� �� <�?D *�C

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<:.8× <�−: ?� 6:7 �A%)&* �6( %�%& �� �− → �!"�#

<<.6× <�−7 ?� 6:: �'@2*� �"
 '.4 �� �� <�?D *�C

<<.D× <�−7 ?� 6:7 '0�35 �8 %);; �� �− → �!"�#

<D.<× <�−7 ?� 6:7 %)&54);. ��� ';)9 �� �− → �!"�#

<".�× <�−6 ?� �%%@** ?:� .� �� <.: *�C

<D.:× <�−7 ?� 6:? �%) ?: '.4 �� �� <.: *�C

<<.�× <�−6 ?� 6?� �''B�&&B ?7� ;8 �� �− → �

<<.D× <�−D ?� 6?< �%) ?D! '.4 &���� �� �%) ?:

<6.?× <�−D ?� ����& ?" ';)9 �� �− → �!"�#

<:.8× <�−D ?� 6?9 �;%�P�& ?<	 A�< !
��
��F D8� 5�C

<<.9× <�−6 ?� 6?8 �;%�P�& ?<	 A�< !
��
��F D8� 5�C

<".8× <�−6 ?� 6?" �C)&L :?� ';)@ �� �− → �!"�#

<".6× <�−6 ?� 6?6 �;%&)'0* :7
 �&5 �� �− → �!"�#

<7.7× <�−6 ?� 6?D �C)&L :7 ';)@ �� �− → �!"�#

<9 × <�−" ?� 5B;)2 :" ';)@ &���� �� �C)&L :7

6:D���	��� �
��	����� �
��� ������� σ!��#�σ!�� # F 8.7<±�."< ��� %!�� → 
/ψ�� →
µ�µ−��# F !6.:: ± �.9D# × <�−6�

6:7���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
6::���	��� �
��	����� �
����������� σ!�� #�σ!�

�# F ��<�����8?< ��� ��� '.4 ����	
��

���	� � σ!��# F 8.D ± �.D µ��
6:?�%) ?: ���	��� �
��	����� � σ!��# F σ!��# ��� σ!�� #�σ!�

�# F <�8� *��� ��
�

����+� �� ����
 ����	
�� σ!����# !�#> D�
∣∣$∣∣ < <.�# F 9.8? ± �.89 ± �."" µ��

6?��''B�&&B ?7� ���	�� �.5 ?D �
��	����� 
������� �
 ��� ��� �� � ��� �� �
6?<�%) ?D! ���	��� �H	�� �� ��� �� �
��	������ *��� ��
����+� �� ����
 ����	
��

σ!��� �# !�#> D 5�C/��
∣∣$∣∣ < <# F 9.8? ± �.6" µ��

6?9�� ��� ��
�
�
� ��� ����
�����

6?8@������� 
�� 	�����
���� �� ��� ��
�
����	
����� �� ���	���$ � �����

�

���� 9�<�

6?"�C)&L :?� 
���
�� < 6×<�−8 ���	���$ ��� �!"�# ������ "8I �� ����� E� 
������
�� 6�I�

6?6�;%&)'0* :7
 
���
�� < 6 × <�−6 ���	���$ ��� �!"�# ������ "6I �� ����� E�

������ �� 6�I�

6?D�C)&L :7 
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�� < ?× <�−6 ���	���$ ��� �!"�# ������ "�I �� ����� E� 
������
�� 6�I�

!
(
� �� �−

)
?!����� !9?8?!!

(
� �� �−

)
?!����� !9?8?!!

(
� �� �−

)
?!����� !9?8?!!

(
� �� �−

)
?!����� !9?8?!

*��� �
 R�F< ���, ��	�
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���� ������� �� ��$��
��
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 �����
����, ����
��������

����� ����� ��−*� 	� ��	�
��� �� ��	� 	�

���

< 6."< 6."< 6."< 6." ?� 6?7 B20B(�E� �8 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
− 9.<�9.8

−<.D±�.: 6?: �A%)&* �8$ %�%& �� �− → �!"�#

< 97 ?� 6?: �%) �9 %);; &���� �� B20B(�E� �8

< 8: ?� 6?: �A%)&* �9! %�%& �� �− → �!"�#

< :".6 ?� 6?? �3.)&2@3 �<� ';)9 �� �− → �!"�#

< 8��� ?� �;%&)'0* ?<� �&5 �� �− → �!"�#

< 69�� ?� D�� �C)&L :7 ';)@ �� �− → �!"�#

6?7���	��� �H	�� �
��	����� � �� ��� �� �� �!"�#�
6?:���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
6??*�� 
��	�� �� �
 ��������� ������ ����� ��6 5�C�
D���C)&L :7 
���
�� < D.6×<�−" ���	���$ ��� �!"�# ������ "�I �� ����� E� 
������

�� 6�I�
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����, ����
��������

����� ����� ��−*� 	� ��	�
��� �� ��	� 	�

���

9.� �<.8
−<.� @A& �C)&�5)9.� �<.8
−<.� @A& �C)&�5)9.� �<.8
−<.� @A& �C)&�5)9.� �<.8
−<.� @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�D�

<.D8��.:9
−�.D8±�.<" D�< �A%)&* �8$ %�%& �� �− → �!"�#

6.D �9.?
−9.8 ±�.6 D�9 B20B(�E� �8 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
< 88 ?� D�< �%) �9 %);; &���� �� B20B(�E� �8

< 8D ?� �A%)&* �9! %�%& �� �− → �!"�#

< DD." ?� D�8 �3.)&2@3 �<� ';)9 �� �− → �!"�#

<69�� ?� �;%&)'0* ?<� �&5 �� �− → �!"�#

<8D�� ?� D�" �C)&L :7 ';)@ �� �− → �!"�#

D�<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
D�9���	��� �H	�� �
��	����� � �� ��� �� �� �!"�#� *�� ������ �

�
 �� � ����� �

���������� 	���
�������� ����	���$ ����� �����������
D�8*�� 
��	�� �� �
 ��������� ������ ����� ��6 5�C�
D�"�C)&L :7 
���
�� < ".6×<�−" ���	���$ ��� �!"�# ������ "�I �� ����� E� 
������

�� 6�I�
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<D.:<D.:<D.:<D.: ?� D�6 B20B(�E� �8 %);; �� �− → �!"�#

D�6���	��� �H	�� �
��	����� � �� ��� �� �� �!"�#�
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< 9."< 9."< 9."< 9." ?� D�D B20B(�E� �8 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<.<<��.6D

−�."7±�.<< D�7 �A%)&* �8$ %�%& �� �− → �!"�#

< D." ?� D�7 �%) �9 %);; &���� �� B20B(�E� �8

< D.7 ?� D�7 �A%)&* �9! %�%& �� �− → �!"�#

<9?� ?� �;%&)'0* ?<� �&5 �� �− → �!"�#

D�D���	��� �H	�� �
��	����� � �� ��� �� �� �!"�#�
D�7���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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 R�F< ���, ��	�
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<.99��.8:
−�.89 @A& �C)&�5)<.99��.8:
−�.89 @A& �C)&�5)<.99��.8:
−�.89 @A& �C)&�5)<.99��.8:
−�.89 @A& �C)&�5)

�.:D��.7?
−�.6:±�.<< D�: �A%)&* �8$ %�%& �� �− → �!"�#

<.88��."9
−�.87±�.<< D�? B20B(�E� �8 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
< ".9 ?� D�: �%) �9 %);; �� �− → �!"�#

< 8.8 ?� �A%)&* �9! %�%& �� �− → �!"�#

< ".� ?� D<� �44@;.)& ??� '.4 �� �� <.: *�C

< 96 ?� D<< �%) ?D! '.4 &���� �� �4�
4@;.)& ??�

< 98 ?� D<9 �;%�P�& ?<	 A�< !
��
��F D8� 5�C

<8"� ?� �;%&)'0* ?<� �&5 �� �− → �!"�#

D�:���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
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D<��44@;.)& ??� ����	
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−9.7±�.?<<.7�8.�
−9.7±�.?<<.7�8.�
−9.7±�.?<<.7�8.�
−9.7±�.? D<8 B20B(�E� �8 %);; �� �− → �!"�#

D<8���	��� �H	�� �
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<<.�× <�−8<<.�× <�−8<<.�× <�−8<<.�× <�−8 ?� D<" �.�� ?D
 .;�0 �� �− → �

D<"�.�� ?D
 ���	��� �
�� F �

�− F �.8? ��� ���
F �.<9�
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POLARIZATION IN B DECAYS

Written March 2006 by A.V. Gritsan (Johns Hopkins Univer-
sity) and J.G. Smith (University of Colorado at Boulder)

We review the notation used in polarization measurements

of B decays and discuss CP -violating observables in polarization

measurements. We look at several examples of vector-vector

B meson decays, while more details about the theory and

experimental results in B decays can be found in a separate

mini-review [1] in this Review.

The angular distribution of the B meson decay to two vector

mesons with the sequential decay of each vector meson is of spe-

cial interest because it reflects both weak- and strong-interaction

dynamics. Using the helicity formalism [2], this distribution

can be expressed as a function of three helicity angles which

describe the flight direction of the vector meson daughters in

the decay chain. An equivalent set of transversity angles can

be used to reparameterize the angular distribution [3]. While

the function of the angles depends on the quantum numbers

of the vector mesons daughters, the differential decay width

has three complex amplitudes Aλ corresponding to the vector

meson helicity λ = 0 or ±1 [4], where the last two can be

expressed in terms of parity-even and parity-odd amplitudes

A‖,⊥ = (A+1 ±A−1)/
√

2. The angular distribution involves the

terms proportional to the absolute values squared of the three

amplitudes, plus the interference terms Im(A⊥A∗
‖), Re(A‖A∗

0),

and Im(A⊥A∗
0). Therefore, spin alignment in the vector-vector

decay can be expressed with the parameters fL = |A0|2/Σ|Aλ|2,
f⊥ = |A⊥|2/Σ|Aλ|2, and the relative phases φ‖ = arg(A‖/A0),

φ⊥ = arg(A⊥/A0).

Moreover, CP -violation can be tested in the angular dis-

tribution of the decay as the difference between the B and

B̄. This includes the vector triple-product asymmetries, direct-

CP asymmetries in the amplitudes, and mixing-induced CP

asymmetries in the time evolution. Overall, six non-trivial CP -

violating parameters can be constructed from the Āλ and Aλ

amplitudes [4]. Three parameters are equivalent to the three

direct CP violating quantities, and in Ref. 5 they are chosen as

the asymmetries in the overall decay rate ACP , in the fL frac-

tion A0
CP , and in the f⊥ fraction A⊥

CP . Two other CP violating

parameters are the weak phase differences:

∆φ‖ =
1

2
arg(Ā‖A0/A‖Ā0) (1)

∆φ⊥ =
1

2
arg(Ā⊥A0/A⊥Ā0) −

π

2
(2)

The π
2 term in Eq. (2) reflects the fact that A⊥ and Ā⊥

differ in phase by π if CP is conserved. The two parameters

∆φ‖ and ∆φ⊥ are equivalent to triple-product asymmetries

constructed from the vectors describing the decay angular dis-

tribution [4]. Finally, one CP -violating asymmetry is equivalent

to the mixing-induced asymmetries studied in other decays [1].

B meson decays to heavy vector particles with charm, such

as B → J/ψK∗, D∗ρ, D∗K∗, D∗D∗, D∗D∗
s , show substantial

fraction of the amplitudes corresponding to transverse polariza-

tion of the vector mesons (A±1), in agreement with the factoriza-

tion prediction. Most of these decays arise from tree-level b → c

transitions and the amplitude hierarchy |A0| > |A+| > |A−|
is expected from analyses based on quark-helicity conserva-

tion [6]. The larger the mass of the vector meson daughters,

the weaker the inequality. The detailed amplitude analysis of

the B → J/ψK∗ decays has been performed by the BABAR [7],

Belle [8], CDF [9], and CLEO [10] collaborations. Most analy-

ses are performed under the assumption of the absence of direct

CP violation. The parameter values are given in the particle

listing of this Review. The difference of the strong phases φ‖ and

φ⊥ deviates significantly from zero. The most recent measure-

ments [8] of CP -violating terms similar to those in B → φK∗ [5]

are consistent with zero.
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In addition, the mixing-induced CP -violating asymme-

try is measured in the CP -eigenstate mode B0 → J/ψK∗0

[1,7,8]. This allows one to resolve the sign ambiguity of the

cos 2β = cos 2φ1 term which appears in the time-dependent

angular distribution due to interference of parity-even and

parity-odd terms. This analysis relies on the knowledge of dis-

crete ambiguities in the strong phases φ‖ and φ⊥ as discussed

below. The BABAR experiment used a novel method based on

the dependence on the Kπ invariant mass of the interference

between the S- and P -waves to resolve the discrete ambiguity in

the determination of the strong phases (φ‖, φ⊥) in B → J/ψK∗

decays [7]. The result is in agreement with the amplitude hi-

erarchy expectation [6]. The CDF [9] and D0 [11] experiments

have studied the B0
s → J/ψφ decay and provided new lifetime

measurements in addition to polarization results.

The interest in the polarization and CP asymmetry mea-

surements in B → φK∗ decays is mainly motivated by their

potential sensitivity to physics beyond the Standard Model. In

the Standard Model these decays are expected to arise only

from the virtual loop effects in b → s penguin transitions. The

amplitude hierarchy |A0| � |A+| � |A−| was expected in the

B decays to light vector particles in penguin transitions [12,13]

similarly to the tree-level transition analysis [6]. The decay

amplitudes for B → φK∗ have been measured by the BABAR

and Belle experiments [5,14–16]. The fractions of longitudinal

polarization fL = 0.50 ± 0.07 for the B+ → φK∗+ decay and

fL = 0.48 ± 0.04 for the B0 → φK∗0 decay indicate significant

departure from the naive expectation of predominant longitudi-

nal polarization and suggests other contributions to the decay

amplitude, previously neglected, either within or beyond the

Standard Model [13,17]. The complete set of ten amplitude

parameters measured in the B0 → φK∗0 decay are given in

Table 1. Several other parameters could be constructed from

the above ten parameters, as suggested in Ref. 18.

Table 1: Polarization and CP -violation param-
eters [5,16], along with the branching fraction
B [5,15,19] measured in the B0 → φK∗0 decay.

parameter average

B (9.5 ± 0.9) × 10−6

fL 0.48 ± 0.04

f⊥ 0.26 ± 0.05

φ‖ 2.36+0.18
−0.16

φ⊥ 2.49 ± 0.18

ACP 0.01 ± 0.07

A0
CP 0.01 ± 0.09

A⊥
CP −0.16 ± 0.15

∆φ‖ 0.02 ± 0.28

∆φ⊥ 0.03 ± 0.33

There is a discrete ambiguity in the phase

(φ‖, φ⊥, ∆φ‖, ∆φ⊥) measurements and simple transformation

of phases, for example, (−φ‖, π − φ⊥,−∆φ‖,−∆φ⊥), give rise

to another set of values which produce the same angular distri-

bution. The values closest to (π, π, 0, 0) are given in Table 1,

which is the preferred solution from s-quark helicity conser-

vation [6,12,13]. However, this assumption is violated in the

measurement of fL and in the departure of φ‖ and φ⊥ from π,

and needs experimental confirmation.

Like B → φK∗, the decays B → ρK∗ and B → ωK∗

may be sensitive to New Physics. First measurements of the

longitudinal polarization fraction in B+ → ρ0K∗+ [14] and

B+ → ρ+K∗0 [20] have larger uncertainties due to lower yields

and larger backgrounds. Only limits have been reported for the

other B → ρK∗ and B → ωK∗ decays [21,22] and further

improved measurements in all B → ρK∗ and B → ωK∗ decays

are necessary to distinguish different interpretations [17].

The other class of vector-vector B meson decays is expected

to arise from tree-level b → u transition. There is experimen-

tal confirmation of predominantly longitudinal polarization in

the decays B0 → ρ+ρ− [23], B+ → ρ0ρ+ [14,24], and

B+ → ωρ+ [21], which is consistent with the analysis of the

quark helicity conservation [6]. Because the longitudinal am-

plitude dominates the decay, a detailed amplitude analysis is

not possible with current B samples. Only limits have been set

on the B0 → ρ0ρ0 [14,22,25] and B0 → ωρ0 [21,26] decays, in-

dicating that b → d penguin pollution is small in the charmless,

strangeless vector-vector B decays.

In summary, there has been considerable recent interest

in the polarization measurements of B meson decays because

they reveal both weak- and strong-interaction dynamics [17,27].

New measurements will further elucidate the pattern of spin

alignment measurements in rare B decays and further test the

Standard Model and strong interaction dynamics, including the

non-factorizable contributions to the B decay amplitudes.
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B0–B0 MIXING

Updated April 2006 by O. Schneider (Ecole Polytechnique
Fédérale de Lausanne).

There are two neutral B0–B0 meson systems, B0
d–B

0
d and

B0
s–B

0
s (generically denoted B0

q–B
0
q, q = s, d), which exhibit

particle-antiparticle mixing [1]. This mixing phenomenon is

described in Ref. 2. In the following, we adopt the notation

introduced in Ref. 2, and assume CPT conservation throughout.

In each system, the light (L) and heavy (H) mass eigenstates,

|BL,H〉 = p|B0
q〉 ± q|B0

q〉 , (1)

have a mass difference ∆mq = mH − mL > 0, and a total

decay width difference ∆Γq = ΓL − ΓH. In the absence of CP

violation in the mixing, |q/p| = 1, these differences are given by

∆mq = 2|M12| and |∆Γq| = 2|Γ12|, where M12 and Γ12 are the

off-diagonal elements of the mass and decay matrices [2]. The

evolution of a pure |B0
q〉 or |B0

q〉 state at t = 0 is given by

|B0
q(t)〉 =g+(t) |B0

q〉 +
q

p
g−(t) |B0

q〉 , (2)

|B0
q(t)〉 =g+(t) |B0

q〉 +
p

q
g−(t) |B0

q〉 , (3)

q

b
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t t
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q
_
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Figure 1: Dominant box diagrams for the B0
q→B0

q transitions
(q = d or s). Similar diagrams exist where one or both t quarks
are replaced with c or u quarks.

which means that the flavor states remain unchanged (+) or

oscillate into each other (−) with time-dependent probabilities

proportional to

|g±(t)|2 =
e−Γqt

2

[
cosh

(
∆Γq

2
t

)
± cos(∆mq t)

]
, (4)

where Γq = (ΓH + ΓL)/2. In the absence of CP violation, the

time-integrated mixing probability
∫
|g−(t)|2 dt/(

∫
|g−(t)|2 dt +∫

|g+(t)|2 dt) is given by

χq =
x2

q + y2
q

2(x2
q + 1)

, where xq =
∆mq

Γq
, yq =

∆Γq

2Γq
. (5)

Standard Model predictions and phenomenology

In the Standard Model, the transitions B0
q→B0

q and B0
q→B0

q

are due to the weak interaction. They are described, at the

lowest order, by box diagrams involving two W bosons and two

up-type quarks (see Fig. 1), as is the case for K0–K0 mixing.

However, the long range interactions arising from intermediate

virtual states are negligible for the neutral B meson systems,

because the large B mass is off the region of hadronic resonances.

The calculation of the dispersive and absorptive parts of the

box diagrams yields the following predictions for the off-diagonal

element of the mass and decay matrices [3],

M12 = −
G2

F m2
W ηBmBqBBqf

2
Bq

12π2
S0(m

2
t/m2

W ) (V ∗
tqVtb)

2 , (6)

Γ12 =
G2

F m2
bη

′
BmBqBBqf

2
Bq

8π

×
[
(V ∗

tqVtb)
2 + V ∗

tqVtbV
∗
cqVcb O

(
m2

c

m2
b

)

+ (V ∗
cqVcb)

2 O
(

m4
c

m4
b

)]
, (7)

where GF is the Fermi constant, mW the W boson mass,

and mi the mass of quark i; mBq , fBq and BBq are the B0
q

mass, weak decay constant and bag parameter, respectively.

The known function S0(xt) can be approximated very well by

0.784 x0.76
t [4], and Vij are the elements of the CKM matrix [5].

The QCD corrections ηB and η′B are of order unity. The only

non-negligible contributions to M12 are from box diagrams

involving two top quarks. The phases of M12 and Γ12 satisfy

φM − φΓ = π + O
(

m2
c

m2
b

)
, (8)

implying that the mass eigenstates have mass and width differ-

ences of opposite signs. This means that, like in the K0–K0 sys-

tem, the heavy state is expected to have a smaller decay width
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than that of the light state: ΓH < ΓL. Hence, ∆Γ = ΓL − ΓH is

expected to be positive in the Standard Model.

Furthermore, the quantity∣∣∣∣ Γ12

M12

∣∣∣∣ � 3π

2

m2
b

m2
W

1

S0(m2
t /m2

W )
∼ O

(
m2

b

m2
t

)
(9)

is small, and a power expansion of |q/p|2 yields

∣∣∣∣qp
∣∣∣∣
2

= 1 +

∣∣∣∣ Γ12

M12

∣∣∣∣ sin(φM − φΓ) + O
(∣∣∣∣ Γ12

M12

∣∣∣∣
2
)

. (10)

Therefore, considering both Eqs. (8) and (9), the CP -violating

parameter

1 −
∣∣∣∣qp

∣∣∣∣
2

� Im

(
Γ12

M12

)
(11)

is expected to be very small: ∼ O(10−3) for the B0
d–B

0
d system

and �O(10−4) for the B0
s–B

0
s system [6].

In the approximation of negligible CP violation in mixing,

the ratio ∆Γq/∆mq is equal to the small quantity |Γ12/M12|
of Eq. (9); it is hence independent of CKM matrix elements,

i.e., the same for the B0
d–B

0
d and B0

s–B
0
s systems. It can be

calculated with lattice QCD techniques; typical results are

∼ 5 × 10−3 with quoted uncertainties of ∼ 30%. Given the

current experimental knowledge on the mixing parameter xq

(obtained from published results only),{
xd = 0.776 ± 0.008 (B0

d–B
0
d system)

xs > 19.9 at 95% CL (B0
s–B

0
s system)

, (12)

the Standard Model thus predicts that ∆Γd/Γd is very small

(below 1%), but ∆Γs/Γs considerably larger (∼ 10%). These

width differences are caused by the existence of final states

to which both the B0
q and B0

q mesons can decay. Such decays

involve b → ccq quark-level transitions, which are Cabibbo-

suppressed if q = d and Cabibbo-allowed if q = s.

Experimental issues and methods for oscillation anal-

yses

Time-integrated measurements of B0–B0 mixing were pub-

lished for the first time in 1987 by UA1 [7] and ARGUS [8], and

since then by many other experiments. These measurements are

typically based on counting same-sign and opposite-sign lepton

pairs from the semileptonic decay of the produced bb pairs.

Such analyses cannot easily separate the contributions from the

different b-hadron species, therefore, the clean environment of

Υ (4S) machines (where only B0
d and charged Bu mesons are

produced) is in principle best suited to measure χd.

However, better sensitivity is obtained from time-dependent

analyses aiming at the direct measurement of the oscillation fre-

quencies ∆md and ∆ms, from the proper time distributions of

B0
d or B0

s candidates identified through their decay in (mostly)

flavor-specific modes, and suitably tagged as mixed or unmixed.

This is particularly true for the B0
s–B

0
s system, where the large

value of xs implies maximal mixing, i.e., χs � 1/2. In such

analyses, the B0
d or B0

s mesons are either fully reconstructed,

partially reconstructed from a charm meson, selected from a

lepton with the characteristics of a b → 	− decay, or selected

from a reconstructed displaced vertex. At high-energy colliders

(LEP, SLC, Tevatron), the proper time t =
mB

p
L is mea-

sured from the distance L between the production vertex and

the B decay vertex, and from an estimate of the B momen-

tum p. At asymmetric B factories (KEKB, PEP-II), producing

e+e− → Υ (4S) → B0
dB

0
d events with a boost βγ (= 0.425,

0.55), the proper time difference between the two B candidates

is estimated as ∆t � ∆z

βγc
, where ∆z is the spatial separation

between the two B decay vertices along the boost direction. In

all cases, the good resolution needed on the vertex positions is

obtained with silicon detectors.

The average statistical significance S of a B0
d or B0

s oscilla-

tion signal can be approximated as [9]

S ≈
√

N/2 fsig (1 − 2η) e−(∆mσt)
2/2 , (13)

where N is the number of selected and tagged candidates, fsig

is the fraction of signal in that sample, η is the total mistag

probability, and σt is the resolution on proper time (or proper

time difference). The quantity S decreases very quickly as ∆m

increases; this dependence is controlled by σt, which is therefore

a critical parameter for ∆ms analyses. At high-energy colliders,

the proper time resolution σt ∼
mB

〈p〉 σL⊕t
σp

p
includes a constant

contribution due to the decay length resolution σL (typically

0.05–0.3 ps), and a term due to the relative momentum resolu-

tion σp/p (typically 10–20% for partially reconstructed decays),

which increases with proper time. At B factories, the boost

of the B mesons is estimated from the known beam energies,

and the term due to the spatial resolution dominates (typically

1–1.5 ps because of the much smaller B boost).

In order to tag a B candidate as mixed or unmixed, it is

necessary to determine its flavor both in the initial state and in

the final state. The initial and final state mistag probabilities, ηi

and ηf , degrade S by a total factor (1−2η) = (1−2ηi)(1−2ηf ).

In lepton-based analyses, the final state is tagged by the charge

of the lepton from b → 	− decays; the largest contribution to

ηf is then due to b → c → 	− decays. Alternatively, the charge

of a reconstructed charm meson (D∗− from B0
d or D−

s from

B0
s), or that of a kaon hypothesized to come from a b → c → s

decay [10], can be used. For fully inclusive analyses based on

topological vertexing, final state tagging techniques include jet

charge [11] and charge dipole [12,13] methods.

At high-energy colliders, the methods to tag the initial state

(i.e., the state at production), can be divided into two groups:

the ones that tag the initial charge of the b quark contained in

the B candidate itself (same-side tag), and the ones that tag

the initial charge of the other b quark produced in the event

(opposite-side tag). On the same side, the charge of a track

from the primary vertex is correlated with the production state

of the B if that track is a decay product of a B∗∗ state or

the first particle in the fragmentation chain [14,15]. Jet- and

vertex-charge techniques work on both sides and on the opposite

side, respectively. Finally, the charge of a lepton from b → 	−

or of a kaon from b → c → s can be used as opposite side
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tags, keeping in mind that their performance is degraded due

to integrated mixing. At SLC, the beam polarization produced

a sizeable forward-backward asymmetry in the Z → bb decays,

and provided another very interesting and effective initial state

tag based on the polar angle of the B candidate [12]. Initial

state tags have also been combined to reach ηi ∼ 26% at

LEP [15,16], or even 22% at SLD [12] with full efficiency. In the

case ηf = 0, this corresponds to an effective tagging efficiency

Q = εD2 = ε(1 − 2η)2, where ε is the tagging efficiency, in the

range 23− 31%. The equivalent figure achieved by CDF during

Tevatron Run I was ∼ 3.5% [17] reflecting the fact that tagging

is more difficult at hadron colliders. The current CDF and DØ

analyses of Tevatron Run II data reach εD2 = (1.5± 0.1)% [18]

and (2.5 ± 0.2)% [19] for opposite-side tagging, while same-side

kaon tagging (for B0
s oscillation analyses) is contributing an

additional (3.4 ± 1.0)% at CDF [18].

At B factories, the flavor of a B0
d meson at production

cannot be determined, since the two neutral B mesons produced

in a Υ (4S) decay evolve in a coherent P -wave state where they

keep opposite flavors at any time. However, as soon as one

of them decays, the other follows a time-evolution given by

Eqs. (2) or (3), where t is replaced with ∆t (which will take

negative values half of the time). Hence, the “initial state” tag

of a B can be taken as the final state tag of the other B.

Effective tagging efficiencies Q of 30% are achieved by BABAR

and Belle [20], using different techniques including b → 	− and

b → c → s tags. It is worth noting that, in this case, mixing of

the other B (i.e., the coherent mixing occurring before the first

B decay) does not contribute to the mistag probability.

In the absence of experimental observation of a decay-

width difference, oscillation analyses typically neglect ∆Γ in

Eq. (4), and describe the data with the physics functions

Γe−Γt(1 ± cos(∆mt))/2 (high-energy colliders) or Γe−Γ|∆t|(1 ±
cos(∆m∆t))/4 (asymmetric Υ (4S) machines). As can be seen

from Eq. (4), a non-zero value of ∆Γ would effectively reduce

the oscillation amplitude with a small time-dependent factor

that would be very difficult to distinguish from time resolution

effects. Measurements of ∆md are usually extracted from the

data using a maximum likelihood fit. To extract information

useful for the interpretation of B0
s oscillation searches and for

the combination of their results, a method [9] is followed in

which a B0
s oscillation amplitude A is measured as a function

of a fixed test value of ∆ms, using a maximum likelihood fit

based on the functions Γse
−Γst(1 ±A cos(∆mst))/2. To a good

approximation, the statistical uncertainty on A is Gaussian and

equal to 1/S from Eq. (13). If ∆ms is equal to its true value,

one expects A = 1 within the total uncertainty σA; in case a

signal is seen, its observed (or expected) significance will be

defined as A/σA (or 1/σA). However, if ∆ms is (far) below its

true value, a measurement consistent with A = 0 is expected.

A value of ∆ms can be excluded at 95% CL if A+1.645 σA ≤ 1

(since the integral of a normal distribution from −∞ to 1.645

is equal to 0.95). Because of the proper time resolution, the

quantity σA(∆ms) is a steadily increasing function of ∆ms. We

define the sensitivity for 95% CL exclusion of ∆ms values (or

for a 3 σ or 5 σ observation of B0
s oscillations) as the value of

∆ms for which 1/σA = 1.645 (or 1/σA = 3 or 5).

B0
d mixing studies

Many B0
d–B

0
d oscillations analyses have been published [21]

by the ALEPH [22], BABAR [23], Belle [24], CDF [14],

DELPHI [13,25], L3 [26], and OPAL [27] collaborations.

Although a variety of different techniques have been used,

the individual ∆md results obtained at high-energy colliders

have remarkably similar precision. Their average is compat-

ible with the recent and more precise measurements from

asymmetric B factories. The systematic uncertainties are not

negligible; they are often dominated by sample composition,

mistag probability, or b-hadron lifetime contributions. Before

being combined, the measurements are adjusted on the ba-

sis of a common set of input values, including the b-hadron

lifetimes and fractions published in this Review. Some mea-

surements are statistically correlated. Systematic correlations

arise both from common physics sources (fragmentation frac-

tions, lifetimes, branching ratios of b hadrons), and from purely

experimental or algorithmic effects (efficiency, resolution, tag-

ging, background description). Combining all published mea-

surements [13,14,22–27] and accounting for all identified correla-

tions yields ∆md = 0.507 ± 0.003(stat) ± 0.003(syst) ps−1 [28],

a result now dominated by the B factories.

On the other hand, ARGUS and CLEO have published

time-integrated measurements [29–31], which average to χd =

0.182±0.015. Following Ref. 31, the width difference ∆Γd could

in principle be extracted from the measured value of Γd and the

above averages for ∆md and χd (see Eq. (5)), provided that ∆Γd

has a negligible impact on the ∆md measurements. However,

direct time-dependent studies published by DELPHI [13] and

BABAR [32] yield stronger constraints, which can be combined

to yield sign(ReλCP)∆Γd/Γd = 0.009 ± 0.037 [28].

Assuming ∆Γd = 0 and no CP violation in mixing, and

using the measured B0
d lifetime of 1.530± 0.009 ps−1, the ∆md

and χd results are combined to yield the world average

∆md = 0.507 ± 0.005 ps−1 (14)

or, equivalently,

χd = 0.188 ± 0.003 . (15)

Evidence for CP violation in B0
d mixing has been searched

for, both with flavor-specific and inclusive B0
d decays, in samples

where the initial flavor state is tagged. In the case of semilep-

tonic (or other flavor-specific) decays, where the final state tag

is also available, the following asymmetry [2]

ASL =
N(B0

d(t) → 	+ν�X) − N(B0
d(t) → 	−ν�X)

N(B0
d(t) → 	+ν�X) + N(B0

d(t) → 	−ν�X)
� 1 − |q/p|2d

(16)

has been measured, either in time-integrated analyses at

CLEO [31,33], CDF [34] and DØ [35], or in time-dependent

analyses at LEP [36–38], BABAR [32,39] and Belle [40]. In
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the inclusive case, also investigated at LEP [37,38,41], no final

state tag is used, and the asymmetry [42]

N(B0
d(t) → all) − N(B0

d(t) → all)

N(B0
d(t) → all) + N(B0

d(t) → all)

� ASL

[
xd

2
sin(∆md t) − sin2

(
∆md t

2

)]
(17)

must be measured as a function of the proper time to extract

information on CP violation. In all cases, asymmetries compat-

ible with zero have been found, with a precision limited by the

available statistics. A simple average of all published results for

the B0
d meson [31–33,36,38,39,41] yields ASL = −0.005 ± 0.012,

or |q/p|d = 1.0026±0.0059, a result which does not yet constrain

the Standard Model.

The ∆md result of Eq. (14) provides an estimate of 2|M12|,
and can be used, together with Eq. (6), to extract the magnitude

of the CKM matrix element Vtd within the Standard Model [43].

The main experimental uncertainties on the resulting estimate

of |Vtd| come from mt and ∆md; however, the extraction is

at present completely dominated by the uncertainty on the

hadronic matrix element fBd

√
BBd

= 244 ± 26 MeV obtained

from lattice QCD calculations [44].

B0
s mixing studies

B0
s–B

0
s oscillations have been the subject of many studies

from ALEPH [45], DELPHI [13,16,46], OPAL [47], SLD

[12,48, 49], CDF [18,50] and DØ [19,51]. The most sensitive

analyses at LEP appear to be the ones based on inclusive

lepton samples. Because of their better proper time resolution,

the small data samples analyzed inclusively at SLD, as well as

the fully reconstructed Bs decays at LEP and at the Tevatron,

are also very useful to explore the high ∆ms region.

All results are limited by the available statistics. They

can easily be combined, since all experiments provide mea-

surements of the B0
s oscillation amplitude. All published re-

sults [12,13,16,45–48,50] are averaged [28] to yield the combined

amplitudes A shown in Fig. 2 (top) as a function of ∆ms.

The individual results have been adjusted to common physics

inputs, and all known correlations have been accounted for;

the sensitivities of the inclusive analyses, which depend directly

through Eq. (13) on the assumed fraction fs of B0
s mesons in

an unbiased sample of weakly-decaying b hadrons, have also

been rescaled to a common average of fs = 0.102 ± 0.009. The

combined sensitivity for 95% CL exclusion of ∆ms values is

found to be 18.2 ps−1. All values of ∆ms below 14.4 ps−1 are

excluded at 95% CL, which we express as

∆ms > 14.4 ps−1 at 95% CL . (18)

The values between 14.4 and 21.8 ps−1 cannot be excluded,

because the data is compatible with a signal in this region.

However, the largest deviation from A = 0 in this range is a

1.9σ effect only, so no signal can be claimed.
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Figure 2: Combined measurements of the B0
s oscillation am-

plitude as a function of ∆ms, based on published results only
(top) or on all published and unpublished results (bottom) avail-
able at the end of April 2006. The measurements are dominated
by statistical uncertainties. Neighboring points are statistically
correlated. See full-color version on color pages at end of book.

The above average does not include the very recent results

from Tevatron Run II, based on 1 fb−1 of data. In a paper

submitted for publication [19], DØ reports the first direct two-

sided bound established by a single experiment of 17 < ∆ms <

21 ps−1 (90% CL) and a most probable value of 19 ps−1 with an

observed (expected) significance of 2.5σ (0.9σ). A preliminary

and subsequent analysis from CDF [18] is more sensitive and

leads to the first direct evidence of B0
s oscillations and the

following measurement:

∆ms = 17.33+0.42
−0.21(stat) ± 0.07(syst) ps−1 . (19)

Both the observed significance and the expected significance of

this signal are equal to 3.1σ. The CDF collaboration is quoting

a 0.5% probability that their data would fluctuate to produce,

at any value of ∆ms, a fake signal as significant as the observed

one, corresponding to a 2.6 σ effect. Both DØ and CDF quote

their ∆ms results assuming that they see the oscillation signal.

Including all unpublished analyses [18,19,49] in the average

leads to the combined amplitude spectrum of Fig. 2 (bottom),

which is dominated by the new CDF result, and where a consol-

idated signal is seen with a significance of 4.0σ. A preliminary

world average is

∆ms = 17.4 +0.3
−0.2 ps−1 . (20)

The information on |Vts| obtained, in the framework of

the Standard Model, from the combined amplitude spectrum,

is hampered by the hadronic uncertainty, as in the B0
d case.

However, several uncertainties cancel in the frequency ratio

∆ms

∆md
=

mBs

mBd

ξ2

∣∣∣∣Vts

Vtd

∣∣∣∣
2

, (21)



	��	��	��	��

����� ����	
�� �	��	��

��

where ξ = (fBs

√
BBs)/(fBd

√
BBd

) = 1.210 +0.047
−0.035 is an SU(3)

flavor-symmetry breaking factor obtained from lattice QCD

calculations [44]. Using the averages of Eqs. (14) and (20), one

can extract∣∣∣∣Vtd

Vts

∣∣∣∣ = 0.208 ± 0.002(exp) +0.008
−0.006(lattice) , (22)

in good agreement with (but more precise than) the recent

result obtained by the Belle collaboration based on the ob-

servation of the b → dγ transition [52]. The CKM matrix

can be constrained using experimental results on observables

such as ∆md, ∆ms, |Vub/Vcb|, εK , and sin(2β) together with

theoretical inputs and unitarity conditions [43,53,54]. The con-

straint from our knowledge on the ratio ∆ms/∆md is presently

more effective in limiting the position of the apex of the CKM

unitarity triangle than the one obtained from the ∆md mea-

surements alone, due to the reduced hadronic uncertainty in

Eq. (21). We also note that the measured value of ∆ms is

consistent with the Standard Model prediction obtained from

CKM fits where no experimental information on ∆ms is used,

e.g. 21.2 ± 3.2 ps−1 [53] or 16.5 +10.5
−3.4 ps−1 [54].

Information on ∆Γs can be obtained by studying the proper

time distribution of untagged B0
s samples [55]. In the case of

an inclusive B0
s selection [56], or a semileptonic (or flavour-

specific) B0
s decay selection [16,57,58], both the short- and

long-lived components are present, and the proper time dis-

tribution is a superposition of two exponentials with decay

constants ΓL,H = Γs ± ∆Γs/2. In principle, this provides sensi-

tivity to both Γs and (∆Γs/Γs)
2. Ignoring ∆Γs and fitting for a

single exponential leads to an estimate of Γs with a relative bias

proportional to (∆Γs/Γs)
2. An alternative approach, which is

directly sensitive to first order in ∆Γs/Γs, is to determine the

lifetime of B0
s candidates decaying to CP eigenstates; measure-

ments exist for B0
s → J/ψφ [59,60] and B0

s → D
(∗)+
s D

(∗)−
s [61],

which are mostly CP -even states [62]. However, in the case

of B0
s → J/ψφ this technique has now been replaced by more

sensitive time-dependent angular analyses that allow the simul-

taneous extraction of ∆Γs/Γs and the CP -even and CP -odd

amplitudes [63]. An estimate of ∆Γs/Γs has also been obtained

directly from a measurement of the B0
s → D

(∗)+
s D

(∗)−
s branch-

ing ratio [61], under the assumption that these decays account

for all the CP -even final states (however, no systematic uncer-

tainty due to this assumption is given, so the average quoted

below will not include this estimate).

Applying the combination procedure of Ref. 28 (including

the constraint from the flavour-specific lifetime measurements)

on the published results [16,57,59,61,63] yields

∆Γs/Γs = +0.31 +0.11
−0.13 and 1/Γs = 1.398 +0.049

−0.050 ps , (23)

or equivalently

1/ΓL = 1.21 ± 0.09 ps and 1/ΓH = 1.66 +0.11
−0.12 ps . (24)

This result can be compared with the theoretical prediction

∆Γs/Γs = +0.12 ± 0.05 [64] within the Standard Model.

Average b-hadron mixing probability and b-hadron pro-

duction fractions in Z decays and at high energy

Mixing measurements can significantly improve our knowl-

edge on the fractions fu, fd, fs and fbaryon, defined as the

fractions of Bu, B0
d, B0

s and b-baryon in an unbiased sample of

weakly decaying b hadrons produced in high-energy collisions.

Indeed, time-integrated mixing analyses performed with lepton

pairs from bb events at high energy measure the quantity

χ = f ′
d χd + f ′

s χs , (25)

where f ′
d and f ′

s are the fractions of B0
d and B0

s hadrons in

a sample of semileptonic b-hadron decays. Assuming that all

b hadrons have the same semileptonic decay width implies

f ′
q = fq/(Γqτb) (q = s, d), where τb is the average b-hadron

lifetime. Hence χ measurements, together with the χd average

of Eq. (15) and the very good approximation χs = 1/2 (in fact

χs > 0.4988 at 95% CL from Eqs. (5), (18) and (23)), provide

constraints on the fractions fd and fs.

The LEP experiments have measured fs × BR(B0
s →

D−
s 	+ν�X) [65], BR(b → Λ0

b) × BR(Λ0
b → Λ+

c 	−ν�X) [66],

and BR(b → Ξ−
b ) × BR(Ξ−

b → Ξ−	−ν�X) [67] from partially

reconstructed final states, including a lepton, fbaryon from pro-

tons identified in b events [68], and the production rate of

charged b hadrons [69]. The b-hadron fractions measured at

CDF with electron-charm final states [70] are at slight discrep-

ancy with the ones measured at LEP. Furthermore the values

of χ measured at LEP, 0.1259 ± 0.0042 [71], and at CDF,

0.152 ± 0.013 [72], show a 1.9σ deviation with respect to each

other. This may be a hint that the fractions at the Tevatron

might be different from the ones in Z decays. Combining [28]

all the available information under the constraints fu = fd and

fu +fd +fs +fbaryon = 1 yields the two set of averages shown in

Table 1. The second set, obtained using both LEP and Tevatron

results, has larger errors than the first set, obtained using LEP

results only, because we have applied scale factors as advocated

by the PDG for the treatment of marginally consistent data.

Table 1: χ and b-hadron fractions (see text).

in Z decays at high energy

χ 0.1259 ± 0.0042 0.1283 ± 0.0076

fu = fd 0.399 ± 0.010 0.398 ± 0.012

fs 0.102 ± 0.009 0.103 ± 0.014

fbaryon 0.100 ± 0.017 0.100 ± 0.020

Summary and prospects

B0–B0 mixing has been and still is a field of intense study.

The mass difference in the B0
d–B

0
d system is now very precisely

known (with an experimental error of 0.9%) but, despite an

impressive theoretical effort, the hadronic uncertainty keeps

limiting the precision of the extracted estimate of |Vtd| within

the Standard Model (SM). On the other hand measurements

of ∆Γd and of CP violation in B0
d–B

0
d mixing are consistent
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with zero, with an uncertainty still large compared to the SM

predictions. Impressive new B0
s results are becoming available

from Run II of the Tevatron: preliminary direct evidence for

B0
s–B

0
s oscillations has been reported, with a frequency in

agreement with the SM. New time-dependent angular analyses

of B0
s → J/ψφ decays at CDF and DØ have improved our

knowledge of ∆Γs/Γs to an absolute uncertainty of ∼ 10%, of

the same size as the central value of the SM prediction. The

data clearly prefer ΓL > ΓH as predicted in the SM.

Improved results on B0
s–B

0
s mixing are still to come from

the Tevatron, with very promising prospects in the next couple

of years, both for ∆ms and ∆Γs. With a few fb−1 of data,

the CDF and DØ collaborations will have the potential to

confirm their ∆ms signals and make > 5 σ observations of

B0
s oscillations. Further studies with B0

s → J/ψφ decays will

not only improve on ∆Γs, but perhaps also allow a very first

investigation of the CP -violating phase φs induced by B0
s–

B0
s mixing, about which nothing is known experimentally at

present. However, the SM value of φs is very small (φs = −2βs

where βs ≡ arg(−VtsV
∗
tb/(VcsV

∗
cb)) is about one degree), and a

full search for new physics effects in this observable will require

much larger statistics. These will become available at CERN’s

Large Hadron Collider scheduled to start operation in 2007,

where the LHCb collaboration expects to be able to measure φs

down to the SM value after several years of operations [73].

B mixing may not have delivered all its secrets yet, because

it is one of the phenomena where new physics might still reveal

itself (although a dominant contribution is becoming unlikely).

Theoretical calculations in lattice QCD have become more reli-

able, and further progress in reducing hadronic uncertainties is

expected. In the long term, a stringent check of the consistency,

within the SM, of the B0
d and B0

s mixing amplitudes (mag-

nitudes and phases) with all other measured flavour-physics

observables (including CP asymmetries in B decays) will be

possible, leading to further limits on new physics or, better,

new physics discovery.
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�� 	���$ � ���	������	� =� � ��� �� ������� ��� ���� ����������� 
�H	����

R� �� ��� ��
������ 
������
	���� �� → �∗− �ν �������
D6<����	
����� ��
�
��� 	���$ � �������� =� � ������������� �����$ ��� ���������
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D680�2*B352 �8 ����	
����� ����� �� ��� ���� ����	���� � �������� ������� B� ����


���
�� ����� F <.�< ± �.�8 ± �.�? ��� ��# ��������� ��
�����
� �� ����� �����$�
D6"Q0)35 �8 ���� �����+�� 	���$ ��
������ 
������
	���� �� → �∗−π� ����� ��� �

/���
 ��$ ����� �� ��� ���
$� � ��� ������ 
�� ��� �����������$ � ������
D66A��� � ��$$�� ������ � 	����
������
	���� ��	�
�� � ������ �� �!"�#�
D6D����	
�� ����� �� ��� ���� ����	���� � �������� ������ �� �!"�# �������
D67.��� �����+�� 	���$ ��
������ 
������
	���� �� → �∗� �− ν ����� ��� � �����������

� /���
 ��$� 
�� ��� 
��� � ��� ������
D6:A��� ����	�� �������
D6?A��� J������
$� ��� �������/���
 ��$$��$�
DD�A��� �−�∗�−� �������
DD<A��� π�� �� ��� ���� �����
DD9A��� ����
DD8A��� ��'����
DD"A��� ��� ���� ������ ��
�����
��
DD6A��� �∗±�'����
DDDA��� π±

�
��'����

DD7A��� �∗±���'����
DD:A��� �∗± ��'����
DD?A��� �∗±���
D7��A%)&* �8	 	��� � ������ � ���
��������� <"���� ����	������ 
������
	���� �� →
�∗!9�<�#− �ν ��� ���	������	��� ����	
�� ��� ������� ��� ����������� 
�H	�����

D7<�A%)&* �9� 
��	�� ����� �� ��� ���� �������� ��� ���� ������ 
���
��� ��
�A%)&* �9 �

D79A��� � ��$$�� ������ � �� ������ 
������
	���� �� ��� ���� �� → �∗ �ν�
D78A��� � ��$$�� ������ � 	����
������
	���� ���
���� �� ������ �� �!"�#�
D7"�''B�&&B ?:
 �������� 
��	��� 
�� ���� ��'���� ��� ��� ���� ������ ��
�����
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D76�%&)A ?7� �������� 
��	��� 
�� �∗±�'���� ��'���� π±

�
��'���� ��� ����

D7D�'()&2*�44 ?7� �������� 
��	��� 
�� ���� ��'���� �∗��� ��� �∗±�'����
D77%A2(A;B' ?7
 �������� 
��	��� 
�� �∗±���'���� ��'���� ��� ����
D7:�%&)A ?D� �������� ��
�
��� 	���$ ������� ,���� ��� J������
$� ��$��
D7?�;)G�3.)& ?D� �������� 
��	��� 
�� �∗±�� ��� �∗± ��'����
D:��()&2 ?6� �������� 
��	��� 
�� ���
$� ����	
������ �∗± ��'��� ��� ����
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��?!���� � 5���?!��

*�� ������ �@A& )C�;A�*B@3 �� �� ���
�$� 	���$ 
������� ���	�� � ��� ����
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� ��
�
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�
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����	
� ��,�� ���� ����	�� ��
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*�� =
�� �@A& )C�;A�*B@3 � ���� �
������ �� ��� 04�5� ����	��� χ� ����	
��
�� �!"�#�

����� ��	�
��� ��

�.77D±�.��: @A& )C�;A�*B@3�.77D±�.��: @A& )C�;A�*B@3�.77D±�.��: @A& )C�;A�*B@3�.77D±�.��: @A& )C�;A�*B@3 4�
��

�.77D±�.��: @A& )C�;A�*B@3�.77D±�.��: @A& )C�;A�*B@3�.77D±�.��: @A& )C�;A�*B@3�.77D±�.��: @A& )C�;A�*B@3 2�����
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�.�<"±�.�86±�.�8"�.�<"±�.�86±�.�8"�.�<"±�.�86±�.�8"�.�<"±�.�86±�.�8" D:< �A%)&*�% �"	 %�%& �� �− → �!"�#

D:<'�

������� �� ?�I ���=����� 
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����� ��	�
��� �� ��	� 	�
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�.��±�.<9±�.�<�.��±�.<9±�.�<�.��±�.<9±�.�<�.��±�.<9±�.�< D:9 0�2*B352 �8 %);; �� �− → �!"�#

D:9����	
�� 	���$ ����	���� �������� ������ 
�� �� ������

���D���D���D���D
����� ��	�
��� �� ��	� 	�
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−�.��9±�.�88 @A& �C)&�5)−�.��9±�.�88 @A& �C)&�5)−�.��9±�.�88 @A& �C)&�5)−�.��9±�.�88 @A& �C)&�5) )
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 ����	��� ����� ����
 � <�"�

�.�8:±�.�9?±�.�96 D:8 �A%)&*�% �"	 %�%& �� �− → �!"�#
−�.�8 ±�.�< ±�.�8 D:" 0�2*B352 �8 %);; �� �− → �!"�#
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D:"����	
�� 	���$ ����	���� �������� ������ 
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− <.8± 9.? @A& )C�;A�*B@3− <.8± 9.? @A& )C�;A�*B@3− <.8± 9.? @A& )C�;A�*B@3− <.8± 9.? @A& )C�;A�*B@3

− <.9± 8.� @A& �C)&�5)− <.9± 8.� @A& �C)&�5)− <.9± 8.� @A& �C)&�5)− <.9± 8.� @A& �C)&�5)

−<".7± D.7±6.7 D:6 �A%)&*�% �"	 %�%& �� �− → �!"�#

<.9± 9.?±8.D D:D �A%)&* �9� %�%& �� �− → �!"�#

− 8.9± D.6 D:7 %�&�*) �<
 �;)� �� �− → �

8.6±<�.8±<.6 D:: P�44) �< ';)9 �� �− → �!"�#

<.9±<8.:±8.9 D:? �%%B)3.B ??� @��; �� �− → �

9 ± 7 ±8 D?� �'()&2*�44 ?7$ @��; �� �− → �

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
" ±<: ±8 D?< %)0&)32 ��� ';)9 &���� �� P�44) �<

< "6 D?9 %�&*);* ?8 ';)9 �� �− → �!"�#
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%)0&)32 ��� ����������� ����	
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$� �������
� �� �

������ � �� ������ ��=��� �� ������ ��� '��� ��$�� B ��# �� ��� ����,��� &�!ε� # F−�.��D ± �.�<� ± �.��D �� �	��� *�� ����
��� ��# ��������� ��
�����
 �� ����
�����
�� B�!δ�# F −�.�9� ± �.�<D ± �.��D�

D?<%)0&)32 ��� 	��� ��$��������	� ������ ��$� ��� ��
������ 
������
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 � ��� � ������
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�.��6±�.�<9±�.�<"�.��6±�.�<9±�.�<"�.��6±�.�<9±�.�<"�.��6±�.�<9±�.�<" D?8 �A%)&* �9� %�%& �� �− → �!"�#
D?8�A%)&* �9� 	��� ��� ���
$� �������
� �� ��,����$� �������� �������

��� ��
� → �∗�$�.���−��� ��
� → �∗�$�.���−��� ��
� → �∗�$�.���−��� ��
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B!�� →� #�B!�� →� #
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� � ����	���� �� ��� �� ������
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��� �� ��	� 	�

���

�.�8±�.�7 @A& �C)&�5)�.�8±�.�7 @A& �C)&�5)�.�8±�.�7 @A& �C)&�5)�.�8±�.�7 @A& �C)&�5)

�.�7±�.�:±�.�" D?" �A20)C �" %);; �� �− → �!"�#

−�.�8±�.<<±�.�6 �A%)&* �8� %�%& �� �− → �!"�#

D?"'������� 
��	��� 
�� 	��� ��� ��
������ 
������
	���� �� → �∗±�∓ �������

��� ��
� → ∗�,-$�φ��� ��
� → ∗�,-$�φ��� ��
� → ∗�,-$�φ��� ��
� → ∗�,-$�φ

����� ��	�
��� �� ��	� 	�

���

�.�<±�.�7 @A& �C)&�5)�.�<±�.�7 @A& �C)&�5)�.�<±�.�7 @A& �C)&�5)�.�<±�.�7 @A& �C)&�5)

�.�9±�.�?±�.�9 D?6 '0)3 �6% %);; �� �− → �!"�#

−�.�<±�.�?±�.�9 �A%)&*�% �"( %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�"±�.<9±�.�9 �A%)&* �8� %�%& &���� �� �A%)&* �"(

�.�7±�.<6��.�6
−�.�8

D?D '0)3 �8� %);; &���� �� '0)3 �6%

�.��±�.97±�.�8 D?7 �A%)&* �9� %�%& &���� �� �A%)&* �8�
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������� �� ?�I ���=����� 
��$� −�.<" <��� < �.<7�
D?D'�

������� �� ?�I ���=����� 
��$� −�.<: <��� < �.88�
D?7'�

������� �� ?�I ���=����� 
��$� −�."" <��� < �.""�

��� ��� → �π−��� ��� → �π−��� ��� → �π−��� ��� → �π−
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���

−�.<<8±�.�9� @A& �C)&�5)−�.<<8±�.�9� @A& �C)&�5)−�.<<8±�.�9� @A& �C)&�5)−�.<<8±�.�9� @A& �C)&�5)

−�.<88±�.�8�±�.��? D?: �A%)&*�% �"� %�%& �� �− → �!"�#

−�.<�<±�.�96±�.��6 D?? '0�@ �"� %);; �� �− → �!"�#

−�.�" ±�.<D 7�� '0)3 �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.�::±�.�86±�.�<8 7�< '0�@ �6% %);; &���� �� '0�@ �"�

−�.�7 ±�.�: ±�.�9 7�9 �A%)&* �9
 %�%& &���� �� �A%)&* �9�
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−�.<D7

��.�<:
−�.�9<
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��$� −�.<:: <��� < −�.�<D�
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��$� −�.9< <��� < ��.�?�
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�.9D±�.<6 @A& �C)&�5)�.9D±�.<6 @A& �C)&�5)�.9D±�.<6 @A& �C)&�5)�.9D±�.<6 @A& �C)&�5)

�.99��.99
−�.98

��.�D
−�.�9

7�: '0�35 �" %);; �� �− → �!"�#

�.9:±�.<7±�.�: �A%)&* �8� %�%& �� �− → �!"�#

7�:'�

������� �� ?�I ���=����� 
��$� −�.<: < �CP < ��D"�

��� ��
� → �π−π� �
�9���
������� ��
� → �π−π� �
�9���
������� ��
� → �π−π� �
�9���
������� ��
� → �π−π� �
�9���
����

����� ��	�
��� �� ��	� 	�

���

�.�7±�.<<±�.�<�.�7±�.<<±�.�<�.�7±�.<<±�.�<�.�7±�.<<±�.�< 7�? '0�35 �" %);; �� �− → �!"�#

7�?'�

������� �� ?�I ���=����� 
��$� −�.<9 < �CP < ��9D�

��� ��
� → ∗�,-$�π−��� ��
� → ∗�,-$�π−��� ��
� → ∗�,-$�π−��� ��
� → ∗�,-$�π−

����� ��	�
��� �� ��	� 	�

���

−�.�6±�.<" @A& �C)&�5)−�.�6±�.<" @A& �C)&�5)−�.�6±�.<" @A& �C)&�5)−�.�6±�.<" @A& �C)&�5)

−�.<<±�.<"±�.�6 �A%)&* �D %�%& �� �− → �!"�#

�.9D��.88
−�.8"

��.<�
−�.�:

7<� )B2)32*)B3 �8 ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.98±�.<:��.�?

−�.�D �A%)&*�% �"� %�%& &���� �� �A%)&* �D 

7<�'�

������� �� ?�I ���=����� 
��$� −�.8< <��� < �.7:�

��� ��
� → ρ�π−��� ��
� → ρ�π−��� ��
� → ρ�π−��� ��
� → ρ�π−

����� ��	�
��� �� ��	� 	�

���

−�.<6±�.�: @A& �C)&�5)−�.<6±�.�: @A& �C)&�5)−�.<6±�.�: @A& �C)&�5)−�.<6±�.�: @A& �C)&�5)

−�.�9±�.<D��.�6
−�.�9 E�35 �6 %);; �� �− → �!"�#

−�.<:±�.�:±�.�8 �A%)&* �8� %�%& �� �− → �!"�#

��� ��
� → ρ−π���� ��
� → ρ−π���� ��
� → ρ−π���� ��
� → ρ−π�

����� ��	�
��� �� ��	� 	�

���

−�.68±�.9?��.�?
−�.�"

−�.68±�.9?��.�?
−�.�"−�.68±�.9?��.�?
−�.�"

−�.68±�.9?��.�?
−�.�" E�35 �6 %);; �� �− → �!"�#



	��	��	��	��

��� ��� �� ���� 	
� ���������	
�� �	��	��

��

��� ��
� → ∗�.&/�γ��� ��
� → ∗�.&/�γ��� ��
� → ∗�.&/�γ��� ��
� → ∗�.&/�γ

����� ��	�
��� �� ��	� 	�

���

−�.�:±�.<6±�.�<−�.�:±�.<6±�.�<−�.�:±�.<6±�.�<−�.�:±�.<6±�.�< �A%)&*�% �"$ %�%& �� �− → �!"�#

��∗!9�<�#−�� ��� → �∗�$�.�−���
�∗!9�<�#−�� ��� → �∗�$�.�−����∗!9�<�#−�� ��� → �∗�$�.�−���
�∗!9�<�#−�� ��� → �∗�$�.�−��

����� ��	�
��� �� ��	� 	�

���

�.9�±�.<: @A& �C)&�5)�.9�±�.<: @A& �C)&�5)�.9�±�.<: @A& �C)&�5)�.9�±�.<: @A& �C)&�5)

�.<7±�.9"±�.�" �A%)&*�% �6) %�%& �� �− → �!"�#

�.98±�.96±�.�D 7<< �A20)C �" %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.99±�.87±�.<� �A%)&* �8� %�%& &���� �� �A%)&*�% �6)

7<<'������� 
��	��� 
�� 	��� ��� ��
������ 
������
	���� �� → �∗±�∓ �������

��∗!9�<�#−�� ��� → �∗�$�.�−����∗!9�<�#−�� ��� → �∗�$�.�−����∗!9�<�#−�� ��� → �∗�$�.�−����∗!9�<�#−�� ��� → �∗�$�.�−��

����� ��	�
��� �� ��	� 	�

���

−�.68±�.89 @A& �C)&�5)−�.68±�.89 @A& �C)&�5)−�.68±�.89 @A& �C)&�5)−�.68±�.89 @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�9�

−�.9?±�.88±�.�7 �A%)&*�% �6) %�%& �� �− → �!"�#

−�.?D±�."8±�.<9 7<9 �A20)C �" %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.9"±�.D?±�.<9 �A%)&* �8� %�%& &���� �� �A%)&*�% �6)

7<9'������� 
��	��� 
�� 	��� ��� ��
������ 
������
	���� �� → �∗±�∓ �������

��∗!9�<�#��− ��� → �∗�$�.���−��∗!9�<�#��− ��� → �∗�$�.���−��∗!9�<�#��− ��� → �∗�$�.���−��∗!9�<�#��− ��� → �∗�$�.���−
����� ��	�
��� �� ��	� 	�

���

−�.<7±�.98 @A& �C)&�5)−�.<7±�.98 @A& �C)&�5)−�.<7±�.98 @A& �C)&�5)−�.<7±�.98 @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�8�

�.�?±�.96±�.�D �A%)&*�% �6) %�%& �� �− → �!"�#

−�.87±�.99±�.�D 7<8 �A20)C �" %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�."7±�."�±�.<9 �A%)&* �8� %�%& &���� �� �A%)&*�% �6)

7<8'������� 
��	��� 
�� 	��� ��� ��
������ 
������
	���� �� → �∗±�∓ �������

��∗!9�<�#��− ��� → �∗�$�.���−��∗!9�<�#��− ��� → �∗�$�.���−��∗!9�<�#��− ��� → �∗�$�.���−��∗!9�<�#��− ��� → �∗�$�.���−
����� ��	�
��� �� ��	� 	�

���

−�.6"±�.97 @A& �C)&�5)−�.6"±�.97 @A& �C)&�5)−�.6"±�.97 @A& �C)&�5)−�.6"±�.97 @A& �C)&�5)

−�.6"±�.86±�.�7 �A%)&*�% �6) %�%& �� �− → �!"�#

−�.66±�.8?±�.<9 7<" �A20)C �" %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.:9±�.76±�.<" �A%)&* �8� %�%& &���� �� �A%)&*�% �6)

7<"'������� 
��	��� 
�� 	��� ��� ��
������ 
������
	���� �� → �∗±�∓ �������

��∗��∗− ��� → �∗��∗−��∗��∗− ��� → �∗��∗−��∗��∗− ��� → �∗��∗−��∗��∗− ��� → �∗��∗−
����� ��	�
��� �� ��	� 	�

���

�.97±�.<7 @A& �C)&�5)�.97±�.<7 @A& �C)&�5)�.97±�.<7 @A& �C)&�5)�.97±�.<7 @A& �C)&�5)

�.9D±�.9D±�.�D 7<6 �BL�() �6 %);; �� �− → �!"�#

�.9:±�.98±�.�9 7<D �A%)&* �8� %�%& �� �− → �!"�#

7<6%���� '������ H	���� �
�∗��∗− ����� �� �H	�� �� −�

�∗��∗− �
7<D�A%)&* �8� 
���
��

∣∣λ∣∣F�.76 ± �.<? ± �.�9 ��� B�!λ#F�.�6 ± �.9? ± �.<�� E�
�����
� ���� �� � ��� � ��
�����
� ��,��$ ���� ����	�� ��

���������

�
�∗��∗− ��� → �∗��∗−�
�∗��∗− ��� → �∗��∗−��∗��∗− ��� → �∗��∗−�
�∗��∗− ��� → �∗��∗−

����� ��	�
��� �� ��	� 	�

���

−�.9 ±�." @A& �C)&�5)−�.9 ±�." @A& �C)&�5)−�.9 ±�." @A& �C)&�5)−�.9 ±�." @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�9�

−�.76±�.6D±�.<9 �BL�() �6 %);; �� �− → �!"�#

�.�D±�.87±�.<8 7<7 �A%)&* �8� %�%& �� �− → �!"�#

7<7�A%)&* �8� 
���
��
∣∣λ∣∣F�.76 ± �.<? ± �.�9 ��� B�!λ#F�.�6 ± �.9? ± �.<�� E�

�����
� ���� �� � ��� � ��
�����
� ��,��$ ���� ����	�� ��

���������

�� ��� → �∗��∗−�� ��� → �∗��∗−�� ��� → �∗��∗−�� ��� → �∗��∗−
2�� ��� ���� �� ��� �ππ ��������,� �	� �
 �� ���� =��� ������

����� ��	�
��� �� ��	� 	�

���

�.�D±�.<7±�.�8�.�D±�.<7±�.�8�.�D±�.<7±�.�8�.�D±�.<7±�.�8 7<: �A%)&*�%) �6% %�%& �� �− → �!"�#

7<:�A%)&*�%) �6% 
���
�� � ������ 
������ &⊥ F �.<96 ± �.�"" ± �.��7�

�� ��� → �∗��∗−�� ��� → �∗��∗−�� ��� → �∗��∗−�� ��� → �∗��∗−
2�� ��� ���� �� ��� �ππ ��������,� �	� �
 �� ���� =��� ������

����� ��	�
��� �� ��	� 	�

���

−�.76±�.96±�.�8−�.76±�.96±�.�8−�.76±�.96±�.�8−�.76±�.96±�.�8 7<? �A%)&*�%) �6% %�%& �� �− → �!"�#

7<?�A%)&*�%) �6% 
���
�� � ������ 
������ &⊥ F �.<96 ± �.�"" ± �.��7�

�− ��� → �∗��∗−�− ��� → �∗��∗−�− ��� → �∗��∗−�− ��� → �∗��∗−
2�� ��� ���� �� ��� �ππ ��������,� �	� �
 �� ��� =��� ������

����� ��	�
��� �� ��	� 	�

���

−�.9�±�.?D±�.<<−�.9�±�.?D±�.<<−�.9�±�.?D±�.<<−�.9�±�.?D±�.<< 79� �A%)&*�%) �6% %�%& �� �− → �!"�#

79��A%)&*�%) �6% 
���
�� � ������ 
������ &⊥ F �.<96 ± �.�"" ± �.��7�

�− ��� → �∗��∗−�− ��� → �∗��∗−�− ��� → �∗��∗−�− ��� → �∗��∗−
2�� ��� ���� �� ��� �ππ ��������,� �	� �
 �� ��� =��� ������

����� ��	�
��� �� ��	� 	�

���

−<.76±<.7:±�.99−<.76±<.7:±�.99−<.76±<.7:±�.99−<.76±<.7:±�.99 79< �A%)&*�%) �6% %�%& �� �− → �!"�#

79<�A%)&*�%) �6% 
���
�� � ������ 
������ &⊥ F �.<96 ± �.�"" ± �.��7�

����− ��� → ���−����− ��� → ���−����− ��� → ���−����− ��� → ���−
����� ��	�
��� �� ��	� 	�

���

�.<<±�.86±�.�D�.<<±�.86±�.�D�.<<±�.86±�.�D�.<<±�.86±�.�D �A%)&*�% �6) %�%& �� �− → �!"�#

����− ��� → ���−����− ��� → ���−����− ��� → ���−����− ��� → ���−
����� ��	�
��� �� ��	� 	�

���

−�.9?±�.D8±�.�D−�.9?±�.D8±�.�D−�.9?±�.D8±�.�D−�.9?±�.D8±�.�D �A%)&*�% �6) %�%& �� �− → �!"�#

�
/ψ!<�#π� ��� → �/ψ�.�π��
/ψ!<�#π� ��� → �/ψ�.�π��
/ψ!<�#π� ��� → �/ψ�.�π��
/ψ!<�#π� ��� → �/ψ�.�π�

����� ��	�
��� �� ��	� 	�

���

�.<8±�.9" @A& �C)&�5)�.<8±�.9" @A& �C)&�5)�.<8±�.9" @A& �C)&�5)�.<8±�.9" @A& �C)&�5)

�.�<±�.9?±�.�8 799 (�*�@(� �" %);; �� �− → �!"�#

�.8:±�."<±�.�? �A%)&* �8� %�%& �� �− → �!"�#

799%);;) '������ H	���� �

/ψπ� ����� �� �H	�� �� −�


/ψπ� �

�
/ψ!<�#π� ��� → �/ψ�.�π��
/ψ!<�#π� ��� → �/ψ�.�π��
/ψ!<�#π� ��� → �/ψ�.�π��
/ψ!<�#π� ��� → �/ψ�.�π�

����� ��	�
��� �� ��	� 	�

���

−�." ±�." @A& �C)&�5)−�." ±�." @A& �C)&�5)−�." ±�." @A& �C)&�5)−�." ±�." @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�<�

−�.79±�."9±�.�? (�*�@(� �" %);; �� �− → �!"�#

�.�6±�."?±�.<D �A%)&* �8� %�%& �� �− → �!"�#

�
ω��

�

��� → ω�
� �

ω��
�

��� → ω�
� �

ω��
�

��� → ω�
� �

ω��
�

��� → ω�
� 

����� ��	�
��� �� ��	� 	�

���

−�.97±�.":±�.<6−�.97±�.":±�.<6−�.97±�.":±�.<6−�.97±�.":±�.<6 798 '0)3 �6� %);; �� �− → �!"�#

798%���� '������ H	���� �
ω��

�

����� �� �H	�� �� −�
ω��

�

�

�
ω��

�

��� → ω�
� �

ω��
�

��� → ω�
� �

ω��
�

��� → ω�
� �

ω��
�

��� → ω�
� 

����� ��	�
��� �� ��	� 	�

���

��.7D±�.D6��.<8
−�.<D

��.7D±�.D6��.<8
−�.<D��.7D±�.D6��.<8
−�.<D

��.7D±�.D6��.<8
−�.<D '0)3 �6� %);; �� �− → �!"�#

�η′!?6:#� ��� → η′�-1,�
� �η′!?6:#� ��� → η′�-1,�
� �η′!?6:#� ��� → η′�-1,�
� �η′!?6:#� ��� → η′�-1,�
� 

����� ��	�
��� �� ��	� 	�

���

−�.�"±�.9� @A& �C)&�5)−�.�"±�.9� @A& �C)&�5)−�.�"±�.9� @A& �C)&�5)−�.�"±�.9� @A& �C)&�5) )

�
 ����	��� ����� ����
 � 9�6�

−�.9<±�.<�±�.�9 �A%)&* �6� %�%& �� �− → �!"�#

�.<?±�.<<±�.�6 79" '0)3 �6� %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.9D±�.99±�.�8 79" �%) �8	 %);; &���� �� �%) �8�

�.�<±�.<D±�.�" 79" �%) �8� %);; &���� �� '0)3 �6�

�.<�±�.99±�.�" �A%)&* �8( %�%& &���� �� �A%)&* �6�

−�.<8±�.89��.�D
−�.�?

79" '0)3 �9� %);; &���� �� �%) �8	

79"%);;) '������ H	���� �
η′!?6:#��

�

����� �� �H	�� �� −�
η′!?6:#��

�

�

�η′!?6:#� ��� → η′�-1,�
� �η′!?6:#� ��� → η′�-1,�
� �η′!?6:#� ��� → η′�-1,�
� �η′!?6:#� ��� → η′�-1,�
� 

����� ��	�
��� �� ��	� 	�

���

�."8±�.<7 @A& �C)&�5)�."8±�.<7 @A& �C)&�5)�."8±�.<7 @A& �C)&�5)�."8±�.<7 @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�6�

�.8�±�.<"±�.�9 �A%)&* �6� %�%& �� �− → �!"�#

��.D6±�.<:±�.�" '0)3 �6� %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.7<±�.87��.�6

−�.�D �%) �8	 %);; &���� �� �%) �8�

�."8±�.97±�.�6 �%) �8� %);; &���� �� '0)3 �6�

�.�9±�.8"±�.�8 �A%)&* �8( %�%& &���� �� �A%)&* �6�

�.9:±�.66��.�7
−�.�: '0)3 �9� %);; &���� �� �%) �8	

�
��!?:�#�

�
�

��� → ���-,�
�
� �

��!?:�#�
�
�

��� → ���-,�
�
� �

��!?:�#�
�
�

��� → ���-,�
�
� �

��!?:�#�
�
�

��� → ���-,�
�
� 

����� ��	�
��� �� ��	� 	�

���

��.8?±�.97±�.�?��.8?±�.97±�.�?��.8?±�.97±�.�?��.8?±�.97±�.�? 796 '0)3 �6� %);; �� �− → �!"�#

796%���� '������ H	���� �
��!?:�#�

�
�

����� �� �H	�� �� −�
��!?:�#�

�
�

�

�
��!?:�#�

�
�

��� → ���-,�
�
� �

��!?:�#�
�
�

��� → ���-,�
�
� �

��!?:�#�
�
�

��� → ���-,�
�
� �

��!?:�#�
�
�

��� → ���-,�
�
� 

����� ��	�
��� �� ��	� 	�

���

��."7±�."<±�.�:��."7±�."<±�.�:��."7±�."<±�.�:��."7±�."<±�.�: '0)3 �6� %);; �� �− → �!"�#

��� �� �� ��
� → � � � ��� �� �� ��
� → � � � ��� �� �� ��
� → � � � ��� �� �� ��
� → � � � 

����� ��	�
��� �� ��	� 	�

���

−�."<±�.9< @A& �C)&�5)−�."<±�.9< @A& �C)&�5)−�."<±�.9< @A& �C)&�5)−�."<±�.9< @A& �C)&�5)

−�.8"��.9:
−�.96±�.�6 �A%)&*�% �6 %�%& �� �− → �!"�#

−�.6"±�.8"±�.�? 79D 2A�B2�E� �6 %);; �� �− → �!"�#

79D%���� '������ H	���� ��� �� ��
����� �� �H	�� �� −��� �� �� �

��� �� �� ��
� → � � � ��� �� �� ��
� → � � � ��� �� �� ��
� → � � � ��� �� �� ��
� → � � � 

����� ��	�
��� �� ��	� 	�

���

−�.8 ��.:
−�.7 @A& �C)&�5)−�.8 ��.:
−�.7 @A& �C)&�5)−�.8 ��.:
−�.7 @A& �C)&�5)−�.8 ��.:
−�.7 @A& �C)&�5) )

�
 ����	��� ����� ����
 � 9�"�

−�.7<��.8:
−�.89±�.�" �A%)&*�% �6 %�%& �� �− → �!"�#

<.9D±�.D:±�.9� 2A�B2�E� �6 %);; �� �− → �!"�#



	��	��	��	��

���������	
�� �	��	��

��

�
���−��

�

��� → �−�
� �

���−��
�

��� → �−�
� �

���−��
�

��� → �−�
� �

���−��
�

��� → �−�
� 

����� ��	�
��� �� ��	� 	�

���

�.�?±�.<� @A& �C)&�5)�.�?±�.<� @A& �C)&�5)�.�?±�.<� @A& �C)&�5)�.�?±�.<� @A& �C)&�5)

�.<�±�.<"±�.�" 797 �A%)&* �6� %�%& �� �− → �!"�#

�.�?±�.<9±�.�7 79: '0)3 �6� %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.<�±�.<?±�.<� 797 �A%)&*�% �"� %�%& &���� �� �A%)&* �6�

�."�±�.88��.9:
−�.<�

79: �%) �8	 %);; &���� �� �%) �8�

�.<7±�.<D±�.�" 797,79: �%) �8� %);; &���� �� '0)3 �6�

797)���	��� ��� ������ 
�� �� → φ��
�

������

79:%);;) '������ H	���� �
���−��

�

����� �� �H	�� �� −�
���−��

�

�

�
���−��

�

��� → �−�
� �

���−��
�

��� → �−�
� �

���−��
�

��� → �−�
� �

���−��
�

��� → �−�
� 

����� ��	�
��� �� ��	� 	�

���

−�."6±�.<8 @A& �C)&�5)−�."6±�.<8 @A& �C)&�5)−�."6±�.<8 @A& �C)&�5)−�."6±�.<8 @A& �C)&�5)

−�."9±�.<7±�.�8 79?,78� �A%)&* �6� %�%& �� �− → �!"�#

−�."?±�.<:±�.�" '0)3 �6� %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.6D±�.96±�.�" 79?,78< �A%)&*�% �"� %�%& &���� �� �A%)&* �6�

−�."?±�."8±�.<< �%) �8	 %);; &���� �� �%) �8�

−�.6<±�.9D±�.�6 79?,789 �%) �8� %);; &���� �� '0)3 �6�

79?)���	��� ������ 
�� �� → φ��
�

������
78�*�� ����	
�� ������� =��� ������ 
������ �� �.:? ± �.�: ± �.�D�
78<*�� ����	
�� ������� =��� ������ 
������ �� �.?: ± �.<6 ± �.�"�
789*�� ����	
�� ������� =��� ������ 
������ �� <.�8 ± �.<6 ± �.�6�

�
φ��

�

��� → φ�
� �

φ��
�

��� → φ�
� �

φ��
�

��� → φ�
� �

φ��
�

��� → φ�
� 

����� ��	�
��� �� ��	� 	�

���

−�.�"±�.<7 @A& �C)&�5)−�.�"±�.<7 @A& �C)&�5)−�.�"±�.<7 @A& �C)&�5)−�.�"±�.<7 @A& �C)&�5)

�.��±�.98±�.�6 788 �A%)&* �6� %�%& �� �− → �!"�#

−�.�:±�.99±�.�? 788,78" '0)3 �6� %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�<±�.88±�.<� 788 �A%)&*�% �"� %�%& &���� �� �A%)&* �6�

�.6D±�."<±�.<D 78" �%) �8	 %);; &���� �� �%) �8�

�.<6±�.9?±�.�7 78" �%) �8� %);; &���� �� '0)3 �6�

788����	
����� �������� ������� =��� ������ φ��
�

��� φ��
�

�� ���	���$ �
φ��

�

F

−�
φ��

�
78"%);;) '������ H	���� �

φ��
�

����� �� �H	�� �� −�
φ��

�

�

�
φ��

�

��� → φ�
� �

φ��
�

��� → φ�
� �

φ��
�

��� → φ�
� �

φ��
�

��� → φ�
� 

����� ��	�
��� �� ��	� 	�

���

�.86±�.9< @A& �C)&�5)�.86±�.9< @A& �C)&�5)�.86±�.9< @A& �C)&�5)�.86±�.9< @A& �C)&�5)

�.6�±�.96��.�7
−�.�"

786 �A%)&* �6� %�%& �� �− → �!"�#

�.�:±�.88±�.�? 786 '0)3 �6� %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�."7±�.8"��.�:

−�.�D
786 �A%)&*�% �"� %�%& &���� �� �A%)&* �6�

−�.78±�.D"±�.99 �%) �8	 %);; &���� �� �%) �8�

−�.?D±�.6���.�?
−�.<< �%) �8� %);; &���� �� '0)3 �6�

786����	
����� �������� ������� =��� ������ φ��
�

��� φ��
�

�� ���	���$ �
φ��

�

F

−�
φ��

�

�
��
�

π� ��� → �
� π��

��
�

π� ��� → �
� π��

��
�

π� ��� → �
� π��

��
�

π� ��� → �
� π�

����� ��	�
��� �� ��	� 	�

���

�.�:±�.<" @A& �C)&�5)�.�:±�.<" @A& �C)&�5)�.�:±�.<" @A& �C)&�5)�.�:±�.<" @A& �C)&�5)

�.�D±�.<:±�.�8 �A%)&* �6' %�%& �� �− → �!"�#

�.<<±�.9�±�.�? 78D '0)3 �6� %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.�8±�.8D±�.<< 787 �A%)&* �"� %�%& &���� �� �A%)&*�% �"�

�."���.97
−�.9:±�.�? 78: �A%)&*�% �"� %�%& &���� �� �A%)&* �6'

78D%���� '������ H	���� �
��
�

π� ����� �� �H	�� �� −�
��
�

π� �

787�A%)&* �"� 
���
��� ��� !�
� → ��π�#F�.�8±�.8D±�.<< ����� �H	��� −�

��
�

π� �

78:%���� �� � ����� ��$��� ����� � <99 ± <D �������

�
��
�

π� ��� → �
� π��

��
�

π� ��� → �
� π��

��
�

π� ��� → �
� π��

��
�

π� ��� → �
� π�

����� ��	�
��� �� ��	� 	�

���

�.8"±�.9: @A& �C)&�5)�.8"±�.9: @A& �C)&�5)�.8"±�.9: @A& �C)&�5)�.8"±�.9: @A& �C)&�5)

�.86��.8�
−�.88±�.�" �A%)&* �6' %�%& �� �− → �!"�#

��.89±�.D<±�.<8 '0)3 �6� %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.":��.8:

−�."7±�.�D 78? �A%)&*�% �"� %�%& &���� �� �A%)&* �6'

78?%���� �� � ����� ��$��� ����� � <99 ± <D �������

�
��
�

π� γ
��� → �

� π� γ�
��
�

π� γ
��� → �

� π� γ�
��
�

π� γ
��� → �

� π� γ�
��
�

π� γ
��� → �

� π� γ

����� ��	�
��� �� ��	� 	�

���

−�.8 ±�." @A& �C)&�5)−�.8 ±�." @A& �C)&�5)−�.8 ±�." @A& �C)&�5)−�.8 ±�." @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�6�

−<.� ±�.6 ±�.9 7"� �A%)&*�% �6� %�%& �� �− → �!"�#

−�.�8±�.8"±�.<< 7"< A20B&@.� �6 %);; �� �− → �!"�#

7"�&�H	�
�� <�< <  
��
�

π� < <�: 5�C��9�

7"<A20B&@.� �6 
���
�� �
��
�

π� γ
� ����� �� −�

��
�

π� γ
�

�
��
�

π� γ
��� → �

� π� γ�
��
�

π� γ
��� → �

� π� γ�
��
�

π� γ
��� → �

� π� γ�
��
�

π� γ
��� → �

� π� γ

����� ��	�
��� �� ��	� 	�

���

−�.8 ��.D
−�.6 @A& �C)&�5)−�.8 ��.D
−�.6 @A& �C)&�5)−�.8 ��.D
−�.6 @A& �C)&�5)−�.8 ��.D
−�.6 @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�8�

�.? ±<.� ±�.9 7"9 �A%)&*�% �6� %�%& �� �− → �!"�#

−�.6:��."D
−�.8:±�.<< A20B&@.� �6 %);; �� �− → �!"�#

7"9&�H	�
�� <�< <  
��
�

π� < <�: 5�C��9�

��∗!:?9#� γ ��� → ∗�,-$� γ��∗!:?9#� γ ��� → ∗�,-$� γ��∗!:?9#� γ ��� → ∗�,-$� γ��∗!:?9#� γ ��� → ∗�,-$� γ

����� ��	�
��� �� ��	� 	�

���

−�."�±�.98±�.�8−�."�±�.98±�.�8−�."�±�.98±�.�8−�."�±�.98±�.�8 �A%)&*�% �6� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.67±�.89±�.�? 7"8 �A%)&*�% �") %�%& &���� �� �A%)&*�% �6�

7"8%���� �� � ����� ��$��� � <�6 ± <" ������ ���� �∗!:?9#� → ��
�

π� �����

��∗!:?9#� γ ��� → ∗�,-$� γ��∗!:?9#� γ ��� → ∗�,-$� γ��∗!:?9#� γ ��� → ∗�,-$� γ��∗!:?9#� γ ��� → ∗�,-$� γ

����� ��	�
��� �� ��	� 	�

���

−�.8?±�.88 @A& �C)&�5)−�.8?±�.88 @A& �C)&�5)−�.8?±�.88 @A& �C)&�5)−�.8?±�.88 @A& �C)&�5)

−�.9<±�."�±�.�6 �A%)&*�% �6� %�%& �� �− → �!"�#

−�.7?��.D8
−�.6�±�.<� 7"" A20B&@.� �6 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.96±�.D8±�.<" 7"6 �A%)&*�% �") %�%& &���� �� �A%)&*�% �6�

7""���	��� �!�� → �∗!:?9#� γ# F ��
7"6%���� �� � ����� ��$��� � <�6 ± <" ������ ���� �∗!:?9#� → ��

�
π� �����

�ππ ��� → π�π−�ππ ��� → π�π−�ππ ��� → π�π−�ππ ��� → π�π−
�ππ �� ��=��� �� !<−∣∣λ∣∣9#�!<�∣∣λ∣∣9#� ���
� ��� H	������ λF(�� �� ��� �� � �����
���������� ����������� ����
����� H	������ �
 ��� =��� ����� � � 4�
 �������� ��� ���

����� �� ��� C�������� �� ��� &������ ��������

����� ��	�
��� �� ��	� 	�

���

−�.8D±�.98 @A& �C)&�5)−�.8D±�.98 @A& �C)&�5)−�.8D±�.98 @A& �C)&�5)−�.8D±�.98 @A& �C)&�5) )

�
 ����	��� ����� ����
 � 9�8�

−�.6D±�.<9±�.�D 7"D �%) �6
 %);; �� �− → �!"�#

−�.�?±�.<6±�.�" �A%)&*�%) �6 %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.6:±�.<6±�.�7 7"D �%) �"� %);; &���� �� �%) �6


−�.77±�.97±�.�: 7"D �%) �8� %);; &���� �� �%) �"��

−�.?"��.8<
−�.96±�.�? 7"D �%) �9� %);; &���� �� �%) �8�

−�.96��."6
−�."7±�.<" 7"7 �A%)&* �9
 %�%& &���� �� �A%)&* �9�

−�.8�±�.96±�.�" 7": �A%)&* �9� %�%& &���� ��
�A%)&*�%) �6

7"D����
 
���
�� �ππ ����� �H	��� �� −�ππ �
7"7'�

������� �� ?�I ���=����� 
��$� −<.� <�ππ < �."7�
7":'�

������� �� ?�I ���=����� 
��$� −�.79 <�ππ < �.<9�

�ππ ��� → π�π−�ππ ��� → π�π−�ππ ��� → π�π−�ππ ��� → π�π−
�ππ F 9B�λ�!<�

∣∣λ∣∣9#� ��� ��� ���� �� ��� �ππ ��������, ������

����� ��	�
��� �� ��	� 	�

���

−�."?±�.<: @A& �C)&�5)−�."?±�.<: @A& �C)&�5)−�."?±�.<: @A& �C)&�5)−�."?±�.<: @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�6�

−�.D7±�.<D±�.�D 7"? �%) �6
 %);; �� �− → �!"�#

−�.8�±�.<7±�.�8 �A%)&*�%) �6 %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−<.��±�.9<±�.�7 76� �%) �"� %);; &���� �� �%) �6


−<.98±�."<��.�:
−�.�7 �%) �8� %);; &���� �� �%) �"��

−<.9<��.8:
−�.97

��.<D
−�.<8 �%) �9� %);; &���� �� �%) �8�

�.�8��.69
−�.6D±�.<< 76< �A%)&* �9
 %�%& &���� �� �A%)&* �9�

�.�9±�.8"±�.�6 769 �A%)&* �9� %�%& &���� ��
�A%)&*�%) �6

7"?&	�� �	� ��� ��������
���$ ����� �ππ F �ππ F �� �� ��� 6�" ��$�� ������
76�&	�� �	� ��� ��������
���$ ����� �ππ F �ππ F �� �� ��� 6�9 ��$�� ������
76<'�

������� �� ?�I ���=����� 
��$� −�.:? <�ππ < �.:6�
769'�

������� �� ?�I ���=����� 
��$� −�.6" <�ππ < �.6:�



	��	��	��	��

��� ��� �� ���� 	
� ���������	
�� �	��	��

��

�π� π���
� → π�π��π� π���
� → π�π��π� π���
� → π�π��π� π���
� → π�π�

����� ��	�
��� �� ��	� 	�

���

−�.8 ±�." @A& �C)&�5)−�.8 ±�." @A& �C)&�5)−�.8 ±�." @A& �C)&�5)−�.8 ±�." @A& �C)&�5)

−�.<9±�.6D±�.�D 768 �A%)&* �6! %�%& �� �− → �!"�#

−�.""��.69
−�.68±�.<7 76" '0�@ �6 %);; �� �− → �!"�#

768'�

������� �� � ?�I '; ����
��� � −�.:: < ��� < ��D"�
76"%);;) '������ H	���� �

π� π� ����� �� �H	�� �� −�
π� π� �

�ρπ ��� → ρ�π−�ρπ ��� → ρ�π−�ρπ ��� → ρ�π−�ρπ ��� → ρ�π−
����� ��	�
��� �� ��	� 	�

���

�.8�±�.<8 @A& �C)&�5)�.8�±�.<8 @A& �C)&�5)�.8�±�.<8 @A& �C)&�5)�.8�±�.<8 @A& �C)&�5)

�.96±�.<7��.�9
−�.�D E�35 �6 %);; �� �− → �!"�#

�.8D±�.<:±�.�" �A%)&* �8� %�%& �� �− → �!"�#

�ρπ ��� → ρ�π−�ρπ ��� → ρ�π−�ρπ ��� → ρ�π−�ρπ ��� → ρ�π−
����� ��	�
��� �� ��	� 	�

���

−�.�"±�.98 @A& �C)&�5)−�.�"±�.98 @A& �C)&�5)−�.�"±�.98 @A& �C)&�5)−�.�"±�.98 @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�8�

−�.9:±�.98��.<�
−�.�: E�35 �6 %);; �� �− → �!"�#

�.<?±�.9"±�.�8 �A%)&* �8� %�%& �� �− → �!"�#

5�ρπ ��� → ρ�π−5�ρπ ��� → ρ�π−5�ρπ ��� → ρ�π−5�ρπ ��� → ρ�π−
R�ρπ ����
���� ��� �������
� ������� ��� 
���� K!�� → ρ�π−# � K!�� →
ρ−π�# ��� K!�� → ρ−π�# � K!�� → ρ�π−#�

����� ��	�
��� �� ��	� 	�

���

�.88±�.<8 @A& �C)&�5)�.88±�.<8 @A& �C)&�5)�.88±�.<8 @A& �C)&�5)�.88±�.<8 @A& �C)&�5)

�.8:±�.<:��.�9
−�.�" E�35 �6 %);; �� �− → �!"�#

�.9:��.<:
−�.<?±�.�" �A%)&* �8� %�%& �� �− → �!"�#

5�ρπ ��� → ρ�π−5�ρπ ��� → ρ�π−5�ρπ ��� → ρ�π−5�ρπ ��� → ρ�π−
R�ρπ �� 
������ �� ��� ��
��$ ����� ��>�
���� ������� ��� ������	��� ����
��	���$

�� �� → ρ�π−�
����� ��	�
��� �� ��	� 	�

���

−�.�7±�.99 @A& �C)&�5)−�.�7±�.99 @A& �C)&�5)−�.�7±�.99 @A& �C)&�5)−�.�7±�.99 @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�8�

−�.8�±�.9"±�.�? E�35 �6 %);; �� �− → �!"�#

�.<6±�.96±�.�8 �A%)&* �8� %�%& �� �− → �!"�#

�ρρ ��� → ρ� ρ−�ρρ ��� → ρ� ρ−�ρρ ��� → ρ� ρ−�ρρ ��� → ρ� ρ−
����� ��	�
��� �� ��	� 	�

���

−�.�9±�.<7 @A& �C)&�5)−�.�9±�.<7 @A& �C)&�5)−�.�9±�.<7 @A& �C)&�5)−�.�9±�.<7 @A& �C)&�5)

−�.��±�.8�±�.�? 766 2@�@C �D %);; �� �− → �!"�#

−�.�8±�.<:±�.�? �A%)&*�% �6	 %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.<7±�.97±�.<" �A%)&*�% �"� %�%& &���� �� �A%)&*�% �6	

766%);;) '������ H	���� �CP ����� �� �H	�� �� −��

�ρρ ��� → ρ�ρ−�ρρ ��� → ρ�ρ−�ρρ ��� → ρ�ρ−�ρρ ��� → ρ�ρ−
����� ��	�
��� �� ��	� 	�

���

−�.99±�.99 @A& �C)&�5)−�.99±�.99 @A& �C)&�5)−�.99±�.99 @A& �C)&�5)−�.99±�.99 @A& �C)&�5)

�.�:±�."<±�.�? 2@�@C �D %);; �� �− → �!"�#

−�.88±�.9"��.�:
−�.<" �A%)&*�% �6	 %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�."9±�."9±�.<" �A%)&*�% �"� %�%& &���� �� �A%)&*�% �6	∣∣λ∣∣ ��� → � � �
∣∣λ∣∣ ��� → � � �
∣∣λ∣∣ ��� → � � �
∣∣λ∣∣ ��� → � � �

*�� ���� λ H	������� ��=��� �� ��� �ππ ��������, ������

�@A& )C�;A�*B@3 �� �� ���
�$� 	���$ 
������� ���	�� � ��� ���� ������ ������
*�� ���
�$� ��� 
�������$ ��
� ��
�
��� �� ��� 0���� 4����
 ���
�$��$ 5
�	�
!04�5# ��� �
� ����
���� �� ���������������������
����	���
$���$�� *�� ���
�
�$��$�
�������$ �
����	
� ��,�� ���� ����	�� ��

������� ������� ��� ����	
�������

����� ��	�
��� �� ��	� 	�

���

�.?D?±�.�9: @A& )C�;A�*B@3�.?D?±�.�9: @A& )C�;A�*B@3�.?D?±�.�9: @A& )C�;A�*B@3�.?D?±�.�9: @A& )C�;A�*B@3

�.?D7±�.�9: @A& �C)&�5)�.?D7±�.�9: @A& �C)&�5)�.?D7±�.�9: @A& �C)&�5)�.?D7±�.�9: @A& �C)&�5)

<.��7±�.�"<±�.�88 76D �%) �6� %);; �� �− → �!"�#

�.?6�±�.�8<±�.�<8 767 �A%)&* �6� %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.?6�±�.�"?±�.�96 76: �%) �9) %);; &���� �� �%) �6�

�.?":±�.�6<±�.�8� 76? �A%)&* �9� %�%& &���� �� �A%)&* �6�

76D����	
����� ����� �� <69 × <�D �� ���
��
767����	
����� ����� �� 997 × <�D �� ���
��
76:����	
�� ���� ���� η� F ±< ��������
76?����	
�� ���� ��� ��$� �	
��� � η� F −< ��������∣∣λ∣∣ ��� → �/ψ∗�,-$�
∣∣λ∣∣ ��� → �/ψ∗�,-$�
∣∣λ∣∣ ��� → �/ψ∗�,-$�
∣∣λ∣∣ ��� → �/ψ∗�,-$�
����� 	� ��	�
��� �� ��	� 	�

���

<�.96<�.96<�.96<�.96 ?6 7D� �A%)&*�% �"� %�%& �� �− → �!"�#

7D�A��� ��� ����	
�� ������ ���Æ������ ' ��� � ��� ���	���
∣∣H��∣∣ F <�

�
� $β ��� → �/ψ∗�,-$��
� $β ��� → �/ψ∗�,-$��
� $β ��� → �/ψ∗�,-$��
� $β ��� → �/ψ∗�,-$�
β !φ<# �� ��� � ��� ��$��� � '�( 	����
��� �
���$��� ��� ��� 
����� �� ��� C��������
�� ��� &������ ��������

����� ��	�
��� �� ��	� 	�

���

<.7 ��.7
−�.? @A& �C)&�5)<.7 ��.7
−�.? @A& �C)&�5)<.7 ��.7
−�.? @A& �C)&�5)<.7 ��.7
−�.? @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�D�

9.79��.6�
−�.7?±�.97 7D< �A%)&* �6� %�%& �� �− → �!"�#

�.:7±�.7"±�.<9 7D9 B*@0 �6 %);; �� �− → �!"�#

7D<*�� ����	
����� �� �������� ���� ��� 9β �� =��� �� ��79D ��� ��� ��$� � ��� 9β ��
�������� ���� :DI ���=����� ������

7D9*�� ����	
����� �� �������� ���� ��� 9β =��� �� ��78<�

��� 2 �−/$ ��� → �∗−π���� 2 �−/$ ��� → �∗−π���� 2 �−/$ ��� → �∗−π���� 2 �−/$ ��� → �∗−π�

2± F − 9Im!λ±#
<�

∣∣λ±
∣∣� ���
� λ� ��� λ− �
� ��=��� �� ��� 'ππ ��������, ����� �


�� → �∗−π� ��� �� → �∗�π−�

����� ��	�
��� �� ��	� 	�

���

−�.�9:±�.�<7 @A& �C)&�5)−�.�9:±�.�<7 @A& �C)&�5)−�.�9:±�.�<7 @A& �C)&�5)−�.�9:±�.�<7 @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�8� 2�� ��� ����$
��
������

−�.�8"±�.�<"±�.��? 7D8 �A%)&* �6) %�%& �� �− → �!"�#

−�.�8�±�.�9:±�.�<: 7D8 5)&20@3 �6 %);; �� �− → �!"�#

−�.�D:±�.�8:±�.�9� 7D" �A%)&* �"� %�%& �� �− → �!"�#

�.�D�±�.�"�±�.�<? 7D" 2�&�35B �" %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.�D8±�.�9"±�.�<" 7D8 �A%)&* �"( %�%& &���� �� �A%)&* �6)

7D8A��� ��
������ 
������
	���� �� → �∗±π∓ �������
7D"A��� 	��� 
������
	���� �� → �∗±π∓ �������

WEIGHTED AVERAGE
-0.028±0.017 (Error scaled by 1.3)

SARANGI 04 BELL 4.0
AUBERT 04V BABR 0.9
GERSHON 05 BELL 0.0
AUBERT 05Z BABR 0.1

χ2

       5.0
(Confidence Level = 0.175)

-0.2 -0.1 0 0.1 0.2 0.3

-�� ; �−./* -�� → �∗−π�.

��− − ��/$ ��� → �∗−π���− − ��/$ ��� → �∗−π���− − ��/$ ��� → �∗−π���− − ��/$ ��� → �∗−π�
����� ��	�
��� �� ��	� 	�

���

−�.��<±�.�<: @A& �C)&�5)−�.��<±�.�<: @A& �C)&�5)−�.��<±�.�<: @A& �C)&�5)−�.��<±�.�<: @A& �C)&�5)

−�.�<?±�.�99±�.�<8 7D6 �A%)&* �6) %�%& �� �− → �!"�#

−�.��6±�.�9:±�.�<: 7D6 5)&20@3 �6 %);; �� �− → �!"�#

�.�8<±�.�7�±�.�88 7DD �A%)&* �"� %�%& �� �− → �!"�#

�.�"?±�.�"�±�.�<? 7DD 2�&�35B �" %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.��"±�.�87±�.�<" 7D6 �A%)&* �"( %�%& &���� �� �A%)&* �6)

7D6A��� ��
������ 
������
	���� �� → �∗±π∓ �������
7DDA��� 	��� 
������
	���� �� → �∗±π∓ �������

��� 2 �−/$ ��� → �−π���� 2 �−/$ ��� → �−π���� 2 �−/$ ��� → �−π���� 2 �−/$ ��� → �−π�
����� ��	�
��� �� ��	� 	�

���

−�.�"8±�.�8� @A& �C)&�5)−�.�"8±�.�8� @A& �C)&�5)−�.�"8±�.�8� @A& �C)&�5)−�.�"8±�.�8� @A& �C)&�5)

−�.�99±�.�8:±�.�9� 7D7 �A%)&* �"� %�%& �� �− → �!"�#

−�.�D9±�.�87±�.�<: 7D7 2�&�35B �" %);; �� �− → �!"�#

7D7A��� 	��� 
������
	���� �� → �±π∓ �������

��− − ��/$ ��� → �−π���− − ��/$ ��� → �−π���− − ��/$ ��� → �−π���− − ��/$ ��� → �−π�
����� ��	�
��� �� ��	� 	�

���

−�.�< ±�.�" @A& �C)&�5)−�.�< ±�.�" @A& �C)&�5)−�.�< ±�.�" @A& �C)&�5)−�.�< ±�.�" @A& �C)&�5)

�.�96±�.�D:±�.�88 7D: �A%)&* �"� %�%& �� �− → �!"�#

−�.�96±�.�87±�.�<: 7D: 2�&�35B �" %);; �� �− → �!"�#

7D:A��� 	��� 
������
	���� �� → �±π∓ �������



	�		�		�		�	

���������	
�� �	��	��

��

����$β����$β����$β����$β
4�
 � ����	����� � �� ���������� ��� ��� 
����� �� ��� C�������� �� ��� &������
�������� ���!9β# �� � ����	
� � ��� �����������$ ������	�� �� ��� ��

�
→ 
/ψ!<�#��

�
�

�@A& )C�;A�*B@3 �� �� ���
�$� 	���$ 
������� ���	�� � ��� ���� ������ ������
*�� ���
�$� ��� 
�������$ ��
� ��
�
��� �� ��� 0���� 4����
 ���
�$��$ 5
�	�
!04�5# ��� �
� ����
���� �� ���������������������
����	���
$���$�� *�� ���
�
�$��$�
�������$ �
����	
� ��,�� ���� ����	�� ��

������� ������� ��� ����	
�������

����� ��	�
��� �� ��	� 	�

���

�.796±�.�87 @A& )C�;A�*B@3�.796±�.�87 @A& )C�;A�*B@3�.796±�.�87 @A& )C�;A�*B@3�.796±�.�87 @A& )C�;A�*B@3

�.78 ±�.�" @A& �C)&�5)�.78 ±�.�" @A& �C)&�5)�.78 ±�.�" @A& �C)&�5)�.78 ±�.�" @A& �C)&�5)

�.79:±�.�6D±�.�98 7D? �%) �6� %);; �� �− → �!"�#

�.799±�.�"�±�.�98 77� �A%)&* �6� %�%& �� �− → �!"�#

<.6D ±�."9 ±�.9< 77< �A%)&* �"� %�%& �� �− → �!"�#

�.7? ��."<
−�.""

779 �44@;.)& ��	 '.4 �� �� <.: *�C

�.:" ��.:9
−<.�" ±�.<D 778 %�&�*) ��� �;)� �� �− → �

8.9 �<.:
−9.� ±�.6 77" �'()&2*�44 ?:) @��; �� �− → �

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.?? ±�.<" ±�.�D 776 �%) �9$ %);; �� �− → �!"�#

�.7<?±�.�7"±�.�86 77D �%) �9) %);; &���� �� �%) �6�

�.6? ±�.<" ±�.�6 777 �A%)&* �9� %�%& �� �− → �!"�#

�.7"<±�.�D7±�.�8" 77: �A%)&* �9� %�%& &���� �� �A%)&* �6�

�.6: ��.89
−�.8"

��.�?
−�.<� �%�20B�3 �< %);; &���� �� �%) �<�

�.?? ±�.<" ±�.�D 77? �%) �<� %);; &��� �� �%) �9)

�.8" ±�.9� ±�.�6 �A%)&* �< %�%& &���� �� �A%)&* �<�

�.6? ±�.<" ±�.�6 77? �A%)&* �<� %�%& &���� �� �A%)&* �9�

<.: ±<.< ±�.8 7:� �%) ?:$ '.4 &���� �� �4�
4@;.)& ��	

7D?����	
����� ����� �� <69 × <�D �� ���
��
77�����	
����� ����� �� 997 × <�D �� ���
��
77<����	
����� �� ����� ��� 
/ψ ������ �� ���
��� �
 �� �	��� ���� �� ��� ������ ���

������
� ������=������ �
���
���
779�44@;.)& ��	 	��� ���	� "�� �� → 
/ψ!<�#��

�
������� *�� �
��	����� /���
 �

�� ��� ����
����� 	���$ ��
�� ��$$��$ ��$�
������ � ��������� ��$� � J������
$� ��$�
��� � ���������� ��$�

778%�&�*) ��� 	��� 98 ���������� �
 �� → 
/ψ!<�#��
�

������� � ����������� �

J������
$�� ��
�������
$�� ��� ��������� ��$$��$ ������H	�� ��
� 	��� �� ����
���� ���

�� �
��	����� /���
�
77"�'()&2*�44 ?:) 	��� 9" ���������� �
 ��

�
→ 
/ψ!<�#��

�
������ � �����������

� J������
$� ��� ��
�������
$� ������H	�� ��
� 	��� �� ��$ ��� ��
�
�
��	����� /���
�

776�%) �9$ 
��	�� �� ����� �� ��� ���� �������� ��� ���� ������ 
���
��� �� �%) �<��
77D�%) �9) 
��	�� �� ����� �� :6 × <�D �� ���
��
777�A%)&* �9� 
��	�� ����� �� ��� ���� �������� ��� ���� ������ 
���
��� ��

�A%)&* �<��
77:�A%)&* �9� 
��	�� �� ����� �� :: × <�D �� ���
��
77?4�
�� ����
������ � �� ��������� �� �� ����� �������
7:��%) ?:$ 	��� <?: ± <7 ��

�
→ 
/ψ!<�#�� ������� *�� �
��	����� /���
 � �� ���

����
����� 	���$ ��� ���� ���� ��$$��$ ������H	��

����$β�> ��
� → φ�����$β�> ��
� → φ�����$β�> ��
� → φ�����$β�> ��
� → φ�

����� ��	�
��� �� ��	� 	�

���

�.6�±�.96��.�7
−�.�"

�.6�±�.96��.�7
−�.�"�.6�±�.96��.�7
−�.�"

�.6�±�.96��.�7
−�.�"

7:< �A%)&* �6� %�%& �� �− → �!"�#

7:<@������� �� �����
�����$ � F ��

����$β�> ��
� → �−�

� ����$β�> ��
� → �−�

� ����$β�> ��
� → �−�

� ����$β�> ��
� → �−�

� 
����� ��	�
��� �� ��	� 	�

���
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��� �
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��� �
 ��
!< � → �� ν� ����"��# -�1 ! <�.7: ± �.<: # I

!9 � → 	�� ν� ����"��# < 6.? × <�−" ';F?�I

!8 � → µ� νµ ����"��# -�1 ! <�.7: ± �.<: # I

!" � → 	�ν� ����"��# -���1 ! <�.7: ± �.<: # I

!6 � → �− 	�ν� ����"��# -�1 ! 9.: ± �.? # I

!D � → �� 	�ν� ����"��# -�1 ! 7.9 ± <.6 # I

!7 � → �∗− 	�ν� ����"��# -�1 ! D.7 ± <.8 #× <�−8

!: � → �∗� 	�ν� ����"��#
!? � → �∗∗ 	�ν� -���1 ! 9.7 ± �.7 # I

!<� � → �<�$&$�	
�ν� ���9

�"��#
! 8.: ± <.8 #× <�−8 2F9�"

!<< � → � π	�ν� ����"��# 2
�∗π	� ν� ����"��#

! 9.D ± �.6 # I 2F<�6

!<9 � → � π	�ν� ����"��# ! <.6 ± �.D # I

!<8 � → �∗π	� ν� ����"��# ! <.? ± �." # I

!<" � → �∗
9�$&'�	

�ν� ���9
�"��#

! "." ± <.D #× <�−8

!<6 � → �∗−π� 	�ν� ���9
�"��#

! <.�� ± �.8" # I

!<D � → �−
�

	�ν� ����"��# -�1 < 7 × <�−8 ';F?�I

!<7 � → �−
� 	�ν�

� ����"��# -�1 < 6 × <�−8 ';F?�I

!<: � → �−
�

	�ν�
�����"��# -�1 < 7 × <�−8 ';F?�I

!<? � → 	�ν� �"��� ! <�.D< ± �.<7 # I

!9� � → 
	 	�ν� ! 9.88 ± �.99 #× <�−8

!9< � → � 	�ν� ����"��# -�1 ! D.9 ± �.D # I

!99 � → − 	�ν� ����"��# -�1 ! <� ± " #× <�−8

!98 � → � ?� 	�ν� ����"��# -�1 ! ".D ± �.6 # I
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� �� �
 ��

!9" � → �± ����"��# ! 99.: ± <." # I

!96 � → �� ?�� ����"��# ! D".� ± 8.� # I 2F<�9

!9D � → �∗�$�.�± ����"��# ! 99.6 ± <.6 # I

!97 � → �∗�$��%�����"��# ! 9D.� ± 9.7 # I

!9: � → �±
� ����"��# -�1 ! :.D ± <.9 # I

!9? � → �∗±
� ����"��# ! D.6 ± <.9 # I

!8� � → �∗±
�
� !∗# ! 8." ± �.7 # I

!8< � → �����$/.%
!89 � → ��sJ�$&1%

!88 � → � !∗#� !∗#� 2
� !∗#� !∗#±

-��� 1 ! 7.< � 9.7
− <.7 # I

!8" � → � � � ! 99 ± " # I

!86 � → ��
!∗#� !∗# -��� 1 ! ".� ± �.D # I

!8D � → �∗�∗�$�.�± -�1 < 6.? × <�−8 ';F?�I

!87 � → ��∗�$�.�± 2 �∗�± -�1 < 6.6 × <�−8 ';F?�I

!8: � → ��± -�1 < 8.< × <�−8 ';F?�I

!8? � → ��
!∗#±� !∗#
 ��π± -��� 1 ! ? � 6

− " # I

!"� � → �∗�$�.�γ < <.< × <�−8 ';F?�I

!"< � → ��
� π− � �∗�

� π− � ��
� ρ− �

�∗�
� ρ− � ��

� π� � �∗�
� π� �

��
� η � �∗�

� η � ��
� ρ� �

�∗�
� ρ� � ��

� ω � �∗�
� ω

-�1 < " × <�−" ';F?�I

!"9 � → ��<�$1/'
� ����"��# < ?.6 × <�−8 ';F?�I
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!"" � → �/ψ�.�� ����� ���9
�"��#

! 7.: ± �." #× <�−8 2F<�<

!"6 � → ψ�$�����"��# ! 8.�7 ± �.9< #× <�−8

!"D � → χ�<�.�����"��# ! 8.:D ± �.97 #× <�−8

!"7 � → χ�<�.�� ����� ���9
�"��#

! 8.<: ± �.96 #× <�−8

!": � → χ�9�.�����"��# ! <.8 ± �." #× <�−8 2F<�?

!"? � → χ�9�.�� ����� ���9
�"��#

! <.D6 ± �.8< #× <�−8

!6� � → η� �.�����"��# < ? × <�−8 ';F?�I

!6< � →  � �/-&�×
0�� �/-&� → ω�/ψ

-� 1 ! 7.< ± 8." #× <�−6
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!69 � → ± ����"��# -�1 ! 7:.? ± 9.6 # I

!68 � → � ����"��# ! DD ± 6 # I

!6" � → − ����"��# ! <8 ± " # I

!66 � → � ?� ����"��# -�1 ! D" ± " # I

!6D � → ∗�,-$± ����"��# ! <: ± D # I

!67 � → ∗�,-$� ?∗�,-$� ���9
�"��#

-�1 ! <".D ± 9.D # I

!6: � → ∗�,-$γ ! ".9 ± �.D #× <�−6

!6? � → η γ ! :.6 � <.:
− <.D #× <�−D

!D� � → <�.&��γ < <.97 × <�−" ';F?�I

!D< � → ∗
9�.&/�γ ! <.7 � �.D

− �.6 #× <�−6

!D9 � → 9�.%%�γ < <.9 × <�−8 ';F?�I

!D8 � → ∗
8�.%,�γ < 8.7 × <�−6 ';F?�I
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"�$�&1γ < <.� × <�−8 ';F?�I

!D6 � →  η′�-1, ! :.8 ± <.< #× <�−6

!DD � → ∗�,-$η′�-1, < 9.9 × <�−6 ';F?�I

!D7 � →  η < 6.9 × <�−D ';F?�I

!D: � → ∗�,-$η ! <.: ± �.6 #× <�−6

!D? � →  φφ ! 9.8 ± �.? #× <�−D

!7� � → � → � γ ! 8."8 ± �.9? #× <�−"

!7< � → � → � #�(
� < D.: I ';F?�I

!79 � → η����"��# < "." × <�−" ';F?�I

!78 � → η′ ����"��# ! ".9 ± �.? #× <�−"

��#"� (�3�)
�� ���
� �
 ����#"� (�3�)
�� ���
� �
 ����#"� (�3�)
�� ���
� �
 ����#"� (�3�)
�� ���
� �
 ��

!7" � → ργ < <.? × <�−D ';F?�I

!76 � → ρ?ωγ < <.9 × <�−D ';F?�I

!7D � → π± ����"��# -���1 !86: ± 7 # I

!77 � → π� ����"��# !986 ±<< # I

!7: � → η ����"��# ! <7.D ± <.D # I

!7? � → ρ� ����"��# ! 9< ± 6 # I

!:� � → ω ����"��# < :< I ';F?�I

!:< � → φ ����"��# ! 8."9 ± �.<8 # I

!:9 � → φ∗�,-$ < 9.9 × <�−6 ';F?�I

0���
� �
 ��0���
� �
 ��0���
� �
 ��0���
� �
 ��

!:8 � → ��� ? �−
� ����"��# ! D." ± <.< # I

!:" � → ��� ����"��#

!:6 � → �−
� ����"��#

!:D � → �−
� �

� ����"��# < 8.9 × <�−8 ';F?�I

!:7 � → �−
� 	 ����"��# ! 8.D ± �.7 # I

!:: � → �−
� 	 �

� ν� < <.6 × <�−8 ';F?�I

!:? � → �−−
� ����"��# ! ".9 ± 9." #× <�−8

!?� � → �−
� ����"��# < ?.D × <�−8 ';F?�I

!?< � → ��
� ����"��# ! ".D ± 9." #× <�−8

!?9 � → ��
�  � � 	 
� � < <.6 × <�−8 ';F?�I

!?8 � → ! �
� ����"��#

× 0�! �
� → !−π�

! <.?8 ± �.8� #× <�−" 2F<�<

!?" � → !�
� ����"��#

× 0�!�
� → !−π�π�

! ".6 � <.8
− <.9 #× <�−"

!?6 � → 	?	����"��# -�1 ! :.� ± �." # I

!?D � → 	?	 � ����� ����"��# -�1 ! 6.6 ± �.6 # I

!?7 � → �?�����"��# -�1 ! ".� ± �.6 # I

!?: � → �����"��#
!?? � → �����"��#
!<�� � → !− ?!� ����"��# -�1 ! 9.7 ± �.D #× <�−8

!<�< � → 4���
�� ����"��# ! D.: ± �.D # I

!<�9 � → 		����"��# ! 9."7 ± �.98 # I

!<�8 � → �	?�	 ����"��# -�1 ! 9.6 ± �." # I

!<�" � → ������"��# < 6 × <�−8 ';F?�I

����
� ������ �(�4�� ���  )�
�����# �
 �� 
�����
� ������ �(�4�� ���  )�
�����# �
 �� 
�����
� ������ �(�4�� ���  )�
�����# �
 �� 
�����
� ������ �(�4�� ���  )�
�����# �
 �� 
�
5� � . 6��7 ��(���� �(����� ��� �
 ��5� � . 6��7 ��(���� �(����� ��� �
 ��5� � . 6��7 ��(���� �(����� ��� �
 ��5� � . 6��7 ��(���� �(����� ��� �
 ��

!<�6 � → � �� �− �� ! ".7 ± <.8 #× <�−D

!<�D � → � µ�µ− �� ! ".8 ± <.9 #× <�−D

!<�7 � → � 	� 	− �� -�1 ! ".6 ± <.� #× <�−D

!<�: � →  �� �− �� ! D.� � <."
− <.9 #× <�−7 2F<�<

!<�? � → ∗�,-$�� �− �� ! <.9" � �.87
− �.89 #× <�−D

!<<� � →  µ�µ− �� ! ".7 � <.<
− <.� #× <�−7

!<<< � → ∗�,-$µ�µ− �� ! <.<? � �.8"
− �.9? #× <�−D

!<<9 � →  	� 	− �� ! 6." ± �.: #× <�−7

!<<8 � → ∗�,-$	� 	− �� ! <.�6 ± �.9� #× <�−D

!<<" � → �±µ∓ � �� -�1 < 9.9 × <�−6 ';F?�I

!<<6 � → π�±µ∓ �� < <.D × <�−D ';F?�I

!<<D � → ρ�±µ∓ �� < 8.9 × <�−D ';F?�I

!<<7 � →  �±µ∓ �� < <.D × <�−D ';F?�I

!<<: � → ∗�,-$�±µ∓
�� < D.9 × <�−D ';F?�I

*�+ ;"��� )��(�� ��� �
 ��  ���� ���8

*�+ �� 	 �� ������ �� � 
� � µ �
 �� �
� � �(� 
)�� �"��� �
 ��8

*� + =��� E����"��#F ����� �� ����� 
�� �������� 
4���)� 8

*� + �∗∗ ���� � 	
� �"� �(� 
	 �"� ��. <�<� ��.
8��� ��.

8�<� ��.
8�9�

��$ <��� �� ��$
<�< ���
������8

*�+ ;"� )��(� �� 	
� �"� �(� 
	 �"� �"��#� ������ 
� ��������?������������
������ �� ����� 8

*� + �!∗#�!∗# ���� � 	
� �"� �(� 
	 �∗�∗� �∗�� ��∗� �� ��8
*" + � �/-&�  ��
��� � ����9�"���"
� ��"�������� �� �"� ω�/ψ ���� ����9

��(�8

*�+ ����(��)� 4����"��# 	�����
�� "�)� � �(����������  �G����
� �� ��� 4�
#������ �"�� .��H8

�±?�� ����C;I<� 0<���=��> <�;����±?�� ����C;I<� 0<���=��> <�;����±?�� ����C;I<� 0<���=��> <�;����±?�� ����C;I<� 0<���=��> <�;���
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	�ν� ����"��#

)
?!����� !"?!!

(
	�ν� ����"��#

)
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(
	�ν� ����"��#

)
?!����� !"?!!

(
	�ν� ����"��#

)
?!����� !"?!

*���� �
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������ ���	�� �
� ����� ����������

�@A& )C�;A�*B@3 �� �� ���
�$� 	���$ 
������� ���	�� � ��� ���� ������ ������
*�� ���
�$� ��� 
�������$ ��
� ��
�
��� �� ��� 0���� 4����
 ���
�$��$ 5
�	�
!04�5# ��� �
� ����
���� �� ���������������������
����	���
$���$�� *�� ���
�
�$��$�
�������$ �
����	
� ��,�� ���� ����	�� ��

������� ������� ��� ����	
�������

����� ��	�
��� �� ��	� 	�

���

�.<�7:±�.��<: @A& )C�;A�*B@3�.<�7:±�.��<: @A& )C�;A�*B@3�.<�7:±�.��<: @A& )C�;A�*B@3�.<�7:±�.��<: @A& )C�;A�*B@3

�.<�:<±�.��<" @A& �C)&�5)�.<�:<±�.��<" @A& �C)&�5)�.<�:<±�.��<" @A& �C)&�5)�.<�:<±�.��<" @A& �C)&�5) B���	��� ���� 
�� ��� 9 ��������,� ���� ����� ����
����

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.<�: ±�.��9 ±�.��6D < 0)3.)&2@3 ?9 ';)@ �� �− → �!"�#

<0)3.)&2@3 ?9 ����	
����� ������� � ��� µ� *�� ���������� �

�
 �������� �.��" ��
H	��
��	
� 
�� ����� ����������� *�� �	���
� ���
�$� � ��
������ � ��� B�$	
� 2��
��
5
�������� ��� E��� ����� ���� ���� � ��� ����
�����'�������'�
�T�����������
�������
����� �
 ������������ ������ �� ��

��� ��� �����������

!
(
�� ν� ����"��#

)
?!����� !<?!!

(
�� ν� ����"��#

)
?!����� !<?!!

(
�� ν� ����"��#

)
?!����� !<?!!

(
�� ν� ����"��#

)
?!����� !<?!

*���� �
������$ 
������ ���	�� �
� ����� ����������

�@A& )C�;A�*B@3 �� �� ���
�$� 	���$ 
������� ���	�� � ��� ���� ������ ������
*�� ���
�$� ��� 
�������$ ��
� ��
�
��� �� ��� 0���� 4����
 ���
�$��$ 5
�	�
!04�5# ��� �
� ����
���� �� ���������������������
����	���
$���$�� *�� ���
�
�$��$�
�������$ �
����	
� ��,�� ���� ����	�� ��

������� ������� ��� ����	
�������

����� ��	�
��� �� ��	� 	�

���

*�� ���� �� ���� ����, �� ����	��� �� ��� ���
�$� �
����� �
 � �
����	� ��������,�

�.<�7:±�.��<: @A& )C�;A�*B@3�.<�7:±�.��<: @A& )C�;A�*B@3�.<�7:±�.��<: @A& )C�;A�*B@3�.<�7:±�.��<: @A& )C�;A�*B@3

�.<�:<±�.��<" @A& �C)&�5)�.<�:<±�.��<" @A& �C)&�5)�.<�:<±�.��<" @A& �C)&�5)�.<�:<±�.��<" @A& �C)&�5)

�.<�:6±�.��9<±�.��8D 9 @(�%) �6 %);; �� �− → �!"�#

�.<�:8±�.��<D±�.���D 8 �A%)&* �"& %�%& �� �− → �!"�#

�.<�?<±�.���?±�.��9" " ��0�@@. �" ';)@ �� �− → �!"�#

�.�?7 ±�.��6 ±�.��" 6 �;%&)'0* ?8� �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.<�8D±�.���D±�.��98 D �A%)&*�% �"% %�%& �� �− → �!"�#

�.<�:7±�.��<:±�.��8� 7 �A%)&* �8 %�%& &���� �� �A%)&* �"&

�.<�? ±�.��<9±�.��"? : �%) �9' %);; &���� �� @(�%) �6

�.<�"?±�.��<7±�.��"8 ? %�&B20 ?D� ';)9 &���� �� ��0�@@. �"

�.<�� ±�.��" ±�.��8 <� L�3�5B2�E� ?< '2%9 �� �− → �!"�#

�.<�8 ±�.��D ±�.��9 << �;%&)'0* ?�� �&5 �� �− → �!"�#

�.<<7 ±�.��" ±�.�<� <9 E�'02 :? '%�; .�
��� � �� �!"�#

�.<9� ±�.��7 ±�.��6 '0)3 :" ';)@ .�
��� � �� �!"�#

�.<89 ±�.��: ±�.�<" <8 (;@�4)3��� :8� 'A2% .�
��� � �� �!"�#

9*�� ����	
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� �������� �
 ���
$�� ��� ��	�
�� � ������ ��
���� 
���� � ��������
����� ����� �� �����
��� ���� ������	� ����� ��D 5�C�� �� ��� � 
��� 
���� ��� ����



���� � %!�� → �� ν� � #�%!�
� → �� ν� � # F <.�: ± �.�6 ± �.�9�

8*�� ������������ �
������$ 
�����
∣∣��� ∣∣ ��� ����
 ������H	�
, ��
�����
� �
� ����
�

����� 
�� � ���	������	� =� �� ������� � ��� ���
��������� ��� ����������
$� ����
�
��	�����

"A��� ���
$� ��� ��$	��
 ��

�������� �� �!"�# ������ ���� � ��$��������	� ������ ���
�� ���������� �����
���

6�;%&)'0* ?8� �������� ��
�
��� 	���$ ��$$�� ������������ ������ � ��� �� *���
������H	� �� ������ ����� ����������� �
 ��� ������ �
������$ 
�����

DA��� ��� ��$��������	� ������ ��$ ������ ��� 
�H	�
�� ��� �����
�� ���
$� ����� ��D
5�C�

7A��� ��� ��$��������	� ������ ��$ ������� *��� ���� 
���
�
∣∣�� � ∣∣ F �.�"98 ±

�.���7!���# ±�.��9�!�����#�
:A��� ��� ��$��������	� ������ ��$ ������� �%) �9' ���� 
���
��

∣∣�� � ∣∣ F �.�"�: ±
�.��<�!���# ±�.��96!�����#� *�� ������ �

�
 �� �	� �� 	���
�������� � ����
������
���	���

?%�&B20 ?D� �������� ��
�
��� 	���$ ��$$�� ������������ ������ � ��� �� *��� �����
��H	� �� ������ ����� ����������� �
 ��� ������ �
������$ 
�����

<�L�3�5B2�E� ?< ���� ����	
�� �� ���
�$� ������������ �
������$ 
���� �� ��� �!6�#
� ?.DN<�.6I ��������$ �� ���	������� ���	� ��� 
������� �
��	����� � ��>�
��� �
����� ��������

<<�;%&)'0* ?�� 	��� ��� ����� � �;*�&);;B :9 �� ��

��� ���
 ��� ������ ��������
�.�?? ± �.��D �� �������� 	���$ B25A& :?��

<9A���$ ���� ����� �!�# F 9." 5�C� E�'02 :? ����
���� σ!� → � ν 	�#
/
σ!� →

� ν ���
�# < �.�D6 �� ?�I ';�
<8&���� σ!� → � ν 	�#

/
σ!� → � ν ���
�# <���66 �� '; F ?�I�
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�������$ ��
� ��
�
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 ���
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*�� ���� �� ���� ����, �� ����	��� �� ��� ���
�$� �
����� �
 � �
����	� ��������,�

�.<�7:±�.��<: @A& )C�;A�*B@3�.<�7:±�.��<: @A& )C�;A�*B@3�.<�7:±�.��<: @A& )C�;A�*B@3�.<�7:±�.��<: @A& )C�;A�*B@3

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.<�� ±�.��D ±�.��9 <" �;%&)'0* ?�� �&5 �� �− → �!"�#

�.<�: ±�.��D ±�.�< '0)3 :" ';)@ .�
��� µ �� �!"�#

�.<<9 ±�.��? ±�.�< ;)C��3 :" 'A2% .�
��� µ �� �!"�#

<"�;%&)'0* ?�� 	��� ��� ����� � �;*�&);;B :9 �� ��

��� ���
 ��� ������ ��������
�.�?7 ± �.��D �� �������� 	���$ B25A& :?��

!
(
	��ν� ����"��#

)
?!����� !9?!!

(
	��ν� ����"��#

)
?!����� !9?!!

(
	��ν� ����"��#

)
?!����� !9?!!

(
	��ν� ����"��#

)
?!����� !9?!

����� 	� ��	�
��� �� ��	� 	�

���

<6.? × <�−"<6.? × <�−"<6.? × <�−"<6.? × <�−" ?� <6 �.�� �8� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<�.��<D ?� �;%&)'0* ?�� �&5 �� �− → �!"�#
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!
(
�− 	�ν� ����"��#

)
?!

(
	�ν� ����"��#

)
!6?!"!

(
�− 	�ν� ����"��#

)
?!

(
	�ν� ����"��#

)
!6?!"!

(
�− 	�ν� ����"��#

)
?!

(
	�ν� ����"��#

)
!6?!"!

(
�− 	�ν� ����"��#

)
?!

(
	�ν� ����"��#

)
!6?!"

� F � �
 µ�
����� ��	�
��� �� ��	� 	�

���

�.9D±�.�7±�.�"�.9D±�.�7±�.�"�.9D±�.�7±�.�"�.9D±�.�7±�.�" <D 4A;*@3 ?< ';)@ �� �− → �!"�#
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�.D7±�.�?±�.<��.D7±�.�?±�.<��.D7±�.�?±�.<��.D7±�.�?±�.<� <7 4A;*@3 ?< ';)@ �� �− → �!"�#

<7 4A;*@3 ?< 	��� %!�� → �−π�# F !".9 ± �." ± �."#I �� ����	
�� �� ��&( BBB�
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�.D7±�.�:±�.<��.D7±�.�:±�.<��.D7±�.�:±�.<��.D7±�.�:±�.<� �%.�;;�0 �"
 .;�0 �� �− → ��

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.D ±�.8 ±�.< <: %�&B20 ?6 ';)9 �� �− → �!"�#

<:%�&B20 ?6 	�� %!�� → �−π�# F !8.?< ± �.�: ± �.<7#I ��� %!�∗� → ��π�#
F !D:.< ± <.� ± <.8#I�
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• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.D±�.D±�.< <? %�&B20 ?6 ';)9 �� �− → �!"�#

<?%�&B20 ?6 	�� %!�� → �−π�# F !8.?< ± �.�: ± �.<7#I� %!�∗� → ��π�# F

!D:.< ± <.� ± <.8#I� %!�∗� → ��π�# F !D8.D ± 9.8 ± 8.8#I�
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�.�97±�.��6±�.��6�.�97±�.��6±�.��6�.�97±�.��6±�.��6�.�97±�.��6±�.��6 D8 9� �;%&)'0* ?8 �&5 �� �− →
�!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<�.�9: ?6 9< %�&B20 ?6 ';)9 �� �− →

�!"�#

9��;%&)'0* ?8 ���	��� ��� 5B2E ����� �� ��

��� �
 	����� ������ A���$ ��� %0(*

������ ��� 
��	�� ������� �.�98 ± �.��D ± �.��"� ���	��� %!�∗� → ��π�# F

D:.<I� %!�� → �−π�# F 8.D6I� %!�� → �−π�π−π�# F 7.6I� E� ����
��,�� ����
 ���
�$� � ��� µ ���	��

9<%�&B20 ?6 	�� %!�� → �−π�# F !8.?< ± �.�: ± �.<7#I� ���	�� ��� ���
�������
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�.��8:±�.��<8 @A& �C)&�5)�.��8:±�.��<8 @A& �C)&�5)�.��8:±�.��<8 @A& �C)&�5)�.��8:±�.��<8 @A& �C)&�5) )
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 ����	��� ����� ����
 � 9�"�

�.��88±�.���D 99 �%�Q@C �6� .� �� �� <�?D *�C

�.��7"±�.��<D 98 %A2(A;B' ?7� �;)� �� �− → �

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
���� 9" %A2(A;B' ?6� �;)� &���� �� %A2(A;B' ?7�

99���	��� %!�< → �∗π# F <� %!�< → �∗π±# F 9�8� ��� %!� → �# F��8?7�
98%A2(A;B' ?7� ���	��� %!�<!9"9�# → �∗π# F <� %!�<!9"9�# → �∗π±# F 9�8�

��� %!� → �# F �.87: ± �.�99�
9"%A2(A;B' ?6� 
���
�� �� × %!� → �<!9"9�#

� �� ν� �������$# × %!�<!9"9�#
� →
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�.�9D ±�.��6 @A& �C)&�5)�.�9D ±�.��6 @A& �C)&�5)�.�9D ±�.��6 @A& �C)&�5)�.�9D ±�.��6 @A& �C)&�5) )
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� 
�� �∗∗ �������

� ��

������ ��� ���� ������� �� ����	�� �
 ��� �
��	����� � ��
�
��� ��

�
�

!
(
� π	�ν� ����"��#

)
?!����� !<9?!!

(
� π	�ν� ����"��#

)
?!����� !<9?!!

(
� π	�ν� ����"��#

)
?!����� !<9?!!

(
� π	�ν� ����"��#

)
?!����� !<9?!

����� ��	�
��� �� ��	� 	�

���

�.�<6"±�.��D<�.�<6"±�.��D<�.�<6"±�.��D<�.�<6"±�.��D< �%&)A ��� .;�0 �� �− → �

!
(
�∗π	� ν� ����"��#

)
?!����� !<8?!!

(
�∗π	� ν� ����"��#

)
?!����� !<8?!!

(
�∗π	� ν� ����"��#

)
?!����� !<8?!!

(
�∗π	� ν� ����"��#

)
?!����� !<8?!

����� ��	�
��� �� ��	� 	�

���

�.�<:D±�.��8:�.�<:D±�.��8:�.�<:D±�.��8:�.�<:D±�.��8: �%&)A ��� .;�0 �� �− → �

!
(
�∗
9�$&'�	

�ν� ����"��#
)
?!����� !<"?!!

(
�∗
9�$&'�	

�ν� ����"��#
)
?!����� !<"?!!

(
�∗
9�$&'�	

�ν� ����"��#
)
?!����� !<"?!!

(
�∗
9�$&'�	

�ν� ����"��#
)
?!����� !<"?!

����� 	� ��	�
��� �� ��	� 	�

���

�.��""±�.��<D�.��""±�.��<D�.��""±�.��<D�.��""±�.��<D 97 �%�Q@C �6� .� �� �� <�?D *�C

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<�.��D6 ?6 9: %A2(A;B' ?7� �;)� �� �− → �

��� ���� 9? %A2(A;B' ?6� �;)� �� �− → �

97���	��� %!D∗
9 → �∗π±# F �.8� ± �.�D ��� %!� → �# F��8?7�

9:� 
������ �	���
 ����� �� %A2(A;B' ?7� ����� ���	��� %!�∗9!9"D�# → �∗π±# F

�.9� ��� %!� → �# F �.87: ± �.�99�
9?%A2(A;B' ?6� 
���
�� �� × %!� → �∗9!9"D�#� �� ν� �������$# × %!�∗9!9"D�#� →
�∗!9�<�#−π�# ≤ �.:<× <�−8 �� ';F?6I� ���
� �� �� ��� �
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���$�� � ���
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K!� →�∗
�!9"D�# �� ν� anything#×B!�∗

�!9"D�# →�∗− π�#

K!� →��!9"9�# �� ν� anything#×B!��!9"9�# →�∗− π�#

K!� →�∗
�!9"D�# �� ν� anything#×B!�∗

�!9"D�# →�∗− π�#

K!� →��!9"9�# �� ν� anything#×B!��!9"9�# →�∗− π�#

K!� →�∗
�!9"D�# �� ν� anything#×B!�∗

�!9"D�# →�∗− π�#

K!� →��!9"9�# �� ν� anything#×B!��!9"9�# →�∗− π�#

K!� →�∗
�!9"D�# �� ν� anything#×B!�∗

�!9"D�# →�∗− π�#

K!� →��!9"9�# �� ν� anything#×B!��!9"9�# →�∗− π�#
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�� �� × %!� → �∗!9�<�#−π� �� ν� �������$# F !8.7 ± <.� ±
�.7#<�−8� ����� ���	� ���	��� �� F �.87 ± �.�8�
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89�;%&)'0* ?8� 
���
�� < �.��: �
 %!��
�

→ φπ�# F �.�97� E� 
������ �� �	
 ����

���	� %!��
�

→ φπ�# F �.�""�

!
(
�−
� 	�ν�

� ����"��#
)
?!����� !<:?!!

(
�−
� 	�ν�

� ����"��#
)
?!����� !<:?!!

(
�−
� 	�ν�

�����"��#
)
?!����� !<:?!!

(
�−
� 	�ν�

�����"��#
)
?!����� !<:?!

����� 	� ��	�
��� �� ��	� 	�

���

<�.��7<�.��7<�.��7<�.��7 ?� 88 �;%&)'0* ?8� �&5 �� �− → �!"�#
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9.88±�.99 @A& �C)&�5)9.88±�.99 @A& �C)&�5)9.88±�.99 @A& �C)&�5)9.88±�.99 @A& �C)&�5)

9.97±�.9D��.87
−�.88

86 �A%)&* �D� %�%& �� �− → �!"�#

9.68±�.9"±�.9" 8D �A%)&*�% �6& %�%& �� �− → �!"�#

9.:�±�.69±�."< 87 ;B�@2�3B �6 %);; �� �− → �!"�#

<.77±�.9?±�.8: 8: %@&30)B� �9 ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
9.9"±�.97±�."7 8?,"� �A%)&* �" %�%& &���� �� �A%)&*�% �6&
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�±��� ���� !"#

86@������� 
�� ��� ��
���� 
��� R% F !�.679 ± �.�"< ± �.�D6#× <�−8 �
 ��� �����
��
������	� ����
��� � 9.�N9.D 5�C�� ����� �� %;3� �������

8D.���
����� 
�� ��� ��
���� 
��� R% F !8.6"±�.88±�.8"#×<�−" ����	
�� �
 �����
��

���
$� > 9 5�C ��� ���
���� ���� �H	�
�� < 8�6 5�C9� ��� ����	����� ���������� ��<"

�� ���� 
�$���� *�� �	� �� ����	
�� �� !8.?6 ± �.9D��.D8
−�."?#× <�−8�

87A��� �����
��� �� ��� ������	� ����
��� <.?N9.D 5�C�� �� ��� �����
������� 
����

*�� �	� �� �	�� �� �� !6.�: ± �."7��."?
−�.":# × <�−8�

8:%@&30)B� �9 	��� ��� ����
��� ����� � ������� 
�� ������������ � ������ �� ���
��������� ������	� ����
��� 9.9N9.D 5�C�� ���� 
����� ';)@�9 ���� �� � → �� γ�

*�� �	� �� �	�� �� �� !".�: ± �.8" ± �.68# × <�−8�
8?A��� %�%�
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����� � 2����������� �
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���

9.�D±�.96±�."99.�D±�.96±�."99.�D±�.96±�."99.�D±�.96±�."9 "< �A%)&* �" %�%& �� �− → �!"�#
• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •

"9 �;%&)'0* ?"	 �&5 �� �− → �!"�#

<�7 "8 %�&*);* ?8� ';)9 �� �− → �!"�#

77 "" �;%&)'0* ?<	 �&5 �� �− → �!"�#

"< "6 �;%&)'0* ?� �&5 �� �− → �!"�#

7D "D 4A;*@3 ?� ';)@ �� �− → �!"�#

<".� ?� "7 %)0&)3.2 :7 ';)@ �� �− → �!"�#

<".� ?� '0)3 :" ';)@ .�
��� � �� �!"�#

<6.6 ?� (;@�4)3��� :8� 'A2% .�
��� � �� �!"�#

"<*�� ���
� �

�
 ����	��� ��� ����������� ��� ����
������ �

�
� �	���� �� H	��
��	
��
"9�;%&)'0* ?"	 =�� K!� → �#�K!� → ���# F �.?? ± �.�9 ± �.�"�
"8%�&*);* ?8� !';)@ BB# ����	
�� �� ������ � <�7 ± <6 ± << ������� �� ��� ������

������	� ����
��� 9.8N9.D 5�C�� ����� �� ���
��	��� �� �→ 	 �ν�� *��� ��

������� ��

� ��������������� ��
���� �
������$ 
���� R%	� ������� !<.<6 ± �.<D± �.<6#×<�−"�

�� ����	���� 	���$ ��� (2 ����� !(@)&3)& ::#� ��� !<.6" ± �.99 ± �.9�# × <�−"

	���$ ��� �''�� ����� !�&*A2@ ?8#� *�� ��

��������$ ���	�� �
∣∣�	� ∣∣�∣∣�� � ∣∣ �
�

�.�6D ± �.��D ��� �.�7D ± �.��:� 
������������
""�;%&)'0* ?<	 
��	�� �	��
����� �;%&)'0* ?�� *�� ������ �
� 	��� 
������
	����

�
������$ �������� �
 ��� � → 	 �
��������� A���$ ��� ����� � �;*�&);;B :9� ����
������

∣∣�	���� � ∣∣ F �.<<± �.�<9 
�� 77 ������� �� ��� 9.8N9.D 5�C ������	� 
��$��
"6�;%&)'0* ?� ����
��� "< ± <� ������ � ��� µ !������# ������ �� ��� ������	�

����
��� � F 9.8N9.D 5�C ��$�����$ ��� �
������ � ��� � → 	 �
��������� *�� ������
��

������ �� � ��������������� ����	
����� �

∣∣�	���� � ∣∣ F �.<� ± �.�<�
"D 4A;*@3 ?� ����
�� 7D ± 9� ������ � ��� µ !������# ������ �� ��� ������	� ����
���
� F 9."N9.D 5�C ��$�����$ ��� �
������ � ��� � → 	 �
��������� *�� ���
�$� �
������$


����� !<.: ± �." ± �.8# × <�−"� ��

������� �� � ��������������� ����	
����� �
���
���������

∣∣�	���� � ∣∣ F �.< 	���$ %!� → � �ν# F <�.9 ± �.9 ± �.7I�
"7*�� H	���� �������� ������ 
��$� 
�� ���<: �� ���" �
 ��� 
����� ��������$ �� �����

����� �
 ������	� 
��$� �� ������� E� ������ ��� ���� �����
������ ����� ���� ����
����	������ *��� ��

������� �� � ����� ��

∣∣�	� ∣∣�∣∣�� � ∣∣ < �.9�� E���� ��� ��������
������H	� �������� �� ��
� 
��	�� ���� ����
 �
����	� 
��	��� �� '0)3 :"� ����� 
��	���
�� ��� �
����� � �	��
���� ���
������� �� ��� ������
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� ������� � �
 µ� ��� ��� �	��
����� ��	�
��� �� ��	� 	�

���

�.6: ±�.�6 @A& �C)&�5)�.6: ±�.�6 @A& �C)&�5)�.6: ±�.�6 @A& �C)&�5)�.6: ±�.�6 @A& �C)&�5)

�.6?"±�.�9<±�.�6D �;%&)'0* ?"	 �&5 �� �− → �!"�#

�.6" ±�.�7 ±�.�D ": �;�� :7� ';)@ �� �− → �!"�#
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� ������� � �
 µ� ��� ��� �	��
����� ��	�
��� �� ��	� 	�

���

�.�?9±�.�86 @A& �C)&�5)�.�?9±�.�86 @A& �C)&�5)�.�?9±�.�86 @A& �C)&�5)�.�?9±�.�86 @A& �C)&�5)

�.�:D±�.�<<±�.�"" �;%&)'0* ?"	 �&5 �� �− → �!"�#

�.<� ±�.�6 ±�.�9 "? �;�� :7� ';)@ �� �− → �!"�#
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 µ� ��� ��� �	�� 2	� ���
 �� ��� �� �������
����� ��	�
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���

�."9 ±�.�6 @A& �C)&�5)�."9 ±�.�6 @A& �C)&�5)�."9 ±�.�6 @A& �C)&�5)�."9 ±�.�6 @A& �C)&�5)

�."69±�.�8:±�.�6D 6� �;%&)'0* ?"	 �&5 �� �− → �!"�#

�.8? ±�.�D ±�.�" 6< �;�� :7� ';)@ �� �− → �!"�#

6��;%&)'0* ?"	 ���	�� � ����� �	���������� ����� ���� � ��
�
�

6<�;�� :7� ����	
����� 
����� �� �������,��� ��
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〉〈
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〉
����� ��	�
��� �� ��	� 	�

���

<.<�±�.�6<.<�±�.�6<.<�±�.�6<.<�±�.�6 69 5B%%@32 ?7� ';)9 �� �− → �!"�#
• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.?:±�.<D±�.<9 68 �;�� :7� ';)@ �� �− → �!"�#

695B%%@32 ?7� 
�� ���
� ��	����$ 	���$ %!��
�

→ φπ# F �.�8D± �.��? ��� %!��
�

→
��−π�# F �.�"" ± �.��D�

68 4
�� ��� ��>�
���� ������� �− ��� �� ������� �;�� :7� ����	
����� 
����� ��
�������,��� ��

��������� B� ���� ��� �������
 ��� ����������� � �� �����$� E� ����
��	� 
������ �� 
�� ��� ���
�$��
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�.99:±�.�<" @A& �C)&�5)�.99:±�.�<" @A& �C)&�5)�.99:±�.�<" @A& �C)&�5)�.99:±�.�<" @A& �C)&�5)

�.997±�.�<9±�.��: 6" 5B%%@32 ?7� ';)9 �� �− → �!"�#

�.9" ±�.�" ±�.�< 66 %@&*@;)**@?9 ';)@ �� �− → �!"�#

�.99 ±�.�6 ±�.�< 6D �;%&)'0* ?<� �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.9� ±�.�6 ±�.�< 9�, 67 %@&*@;)**@:7 ';)@ 2	�� �� %@&*@�

;)**@ ?9
6"5B%%@32 ?7� 
���
�� -%!� → �± �������$# × %!�� → �−π�π�#1 F �.�9<D ±

�.���:± �.���:9� E� ������ �� �	
 ���� ���	� %!�� → �−π�π�# F !?.6<± �.8"#×
<�−9� @	
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66%@&*@;)**@ ?9 
���
�� -%!� → �± �������$# × %!�� → �−π�π�#1 F �.�99D±
�.��8� ± �.��<:� E� ������ �� �	
 ���� ���	� %!�� → �−π�π�# F !?.6< ± �.8"#×
<�−9� @	
 =
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 ������ �
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�� 	���$ �	
 ���� ���	��

6D�;%&)'0* ?<� 
���
�� -%!� → �± �������$# × %!�� → �−π�π�#1 F �.�9�? ±
�.��97 ± �.��"�� E� ������ �� �	
 ���� ���	� %!�� → �−π�π�# F !?.6< ± �.8"#×
<�−9� @	
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67%@&*@;)**@ :7 
���
�� -%!� → �± �������$# × %!�� → �−π�π�#1 F �.�<?±
�.��" ± �.��9� E� ������ �� �	
 ���� ���	� %!�� → �−π�π�# F !?.6< ± �.8"#×
<�−9� @	
 =
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�.D"�±�.�8� @A& �C)&�5)�.D"�±�.�8� @A& �C)&�5)�.D"�±�.�8� @A& �C)&�5)�.D"�±�.�8� @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�9�

�.DD<±�.�96±�.�<9 6: 5B%%@32 ?7� ';)9 �� �− → �!"�#

�.D< ±�.�6 ±�.�< 6? %@&*@;)**@?9 ';)@ �� �− → �!"�#

�.6< ±�.�: ±�.�< D� �;%&)'0* ?<� �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.66 ±�.�7 ±�.�< 9<, D< %@&*@;)**@:7 ';)@ �� �− → �!"�#

�.D8 ±�.<? ±�.�< D9 5&))3 :8 ';)@ &���� �� %@&*@�
;)**@ :7

6:5B%%@32 ?7� 
���
�� -%!� → �� ��� �������$# × %!�� → �−π�#1 F �.�96< ±
�.���D±�.���76� E� ������ �� �	
 ���� ���	� %!�� → �−π�# F !8.:�±�.�7#×<�−9�
@	
 =
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	���$ �	
 ���� ���	��

6?%@&*@;)**@ ?9 
���
�� -%!� → �� ��� �������$# × %!�� → �−π�#1 F �.�988±
�.��<9±�.��<"� E� ������ �� �	
 ���� ���	� %!�� → �−π�# F !8.:�±�.�7#×<�−9�
@	
 =
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D��;%&)'0* ?<� 
���
�� -%!� → �� ��� �������$# × %!�� → �−π�#1 F �.�<?" ±
�.��<6±�.��96� E� ������ �� �	
 ���� ���	� %!�� → �−π�# F !8.:�±�.�7#×<�−9�
@	
 =
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 ��� �	
 ������ �
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 �� ��� ���������� �
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	���$ �	
 ���� ���	��

D<%@&*@;)**@ :7 
���
�� -%!� → �� ��� �������$# × %!�� → �−π�#1 F �.�9<�±
�.��<6±�.��9<� E� ������ �� �	
 ���� ���	� %!�� → �−π�# F !8.:�±�.�7#×<�−9�
@	
 =
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 ��� �	
 ������ �
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 �� ��� ���������� �
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	���$ �	
 ���� ���	��

D95&))3 :8 
���
�� -%!� → �� ��� �������$# × %!�� → �−π�#1 F �.�9"± �.��D±
�.��"� E� ������ �� �	
 ���� ���	� %!�� → �−π�# F !8.:� ± �.�7# × <�−9� @	

=
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�.996±�.�<6 @A& �C)&�5)�.996±�.�<6 @A& �C)&�5)�.996±�.�<6 @A& �C)&�5)�.996±�.�<6 @A& �C)&�5)

�.9"7±�.�<?±�.�< D8 5B%%@32 ?7� ';)9 �� �− → �!"�#

�.9�6±�.�<?±�.��7 D" �;%&)'0* ?D
 �&5 �� �− → �!"�#

�.98�±�.�9:±�.��? D6 %@&*@;)**@?9 ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.9:8±�.�68±�.��9 DD �;%&)'0* ?<� �&5 2	�� �� �;�

%&)'0* ?D


�.99 ±�.�" ��.�7
−�.�" 69�� D7 %@&*@;)**@:7 ';)@ �� �− → �!"�#

�.97 ±�.�D ��.�:
−�.�D 6<� D: '2@&3� :6 ';)@ &���� �� %@&*@�

;)**@ :7
D85B%%@32 ?7� 
���
�� %!� → �∗!9�<�#��������$# F �.98? ± �.�<6 ± �.�<" ± �.��?

	���$ ';)@ ����	
�� � ��� �∗ �
������$ 
�������� E� 
������ �� �	
 �.5 ?D ���	��
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D"�;%&)'0* ?D
 
���
�� %!� → �∗!9�<�#��������$# �.<?D ± �.�<? 	���$ ';)@

����	
�� %!�∗!9�<�#� → ��π�# F �.D:< ± �.�< ± �.�<8� %!�� → �−π�# F

�.�"�<± �.��<"� %!�� → �−π�π�π−# F �.�:<± �.��6�� E� 
������ �� �	
 �.5 ?D

���	�� � � ��� �∗ �
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������ @	
 =
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D6%@&*@;)**@ ?9 
���
�� %!� → �∗!9�<�#��������$# F �.96 ± �.�8 ± �.�" 	���$

��&( BB %!�∗!9�<�#� → ��π�# F �.67 ± �.�D ��� %!�� → �−π�# F �.�"9 ±
�.��:� E� 
������ �� �	
 �.5 ?D ���	�� � � ��� �∗ �
������$ 
������ @	
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<.�?"±�.�89 @A& �C)&�5)<.�?"±�.�89 @A& �C)&�5)<.�?"±�.�89 @A& �C)&�5)<.�?"±�.�89 @A& �C)&�5) )
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 ����	��� ����� ����
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<.�67±�.�<9±�.�"� :D �A%)&* �8� %�%& �� �− → �!"�#

<.<9<±�.�<8±�.�"9 �3.)&2@3 �9 ';)9 �� �− → �!"�#

<.8� ±�."6 ±�.�< 97 :7 ��2'0��33 ?� '%�; �� �− → �!"�#

<.9" ±�.97 ±�.�< <9� :: �;%&)'0* :7
 �&5 �� �− → �!"�#

<.8D ±�.9" ±�.�< 69 :? �;�� :D ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<.<8 ±�.�D ±�.�< <":? ?� %�;)2* ?6� ';)9 �� �− → �!"�#

<." ��.D
−�.6 7 ?< �;%&)'0* :6� �&5 �� �− → �!"�#
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������ �� �	
 ���� ���	� %!
/ψ!<�# → µ�µ−# F !6.?8 ± �.�D# × <�−9�
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�.��7"�±�.���98±�.���"8 ?8 �A%)&* �8� %�%& �� �− → �!"�#

�.��:<8±�.���<7±�.���87 ?" �3.)&2@3 �9 ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.��:� ±�.���: ?6 %�;)2* ?6� ';)9 �� �− → �!"�#
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 ���
�$��� =��� ������� ���� • • •
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 %!
/ψ!<�# → �� �−# ��� %!χc<,c9 → 
/ψ!<�#γ#�

<�8'0)3 �< 
���
�� �.��8:8± �.���8<± �.���"� �
 %!χ�<!<�# → γ 
/ψ!<�## F �.978±
�.�<D� E� 
������ �� �	
 ���� ���	� %!χ�<!<�# → γ 
/ψ!<�## F !86.D ± <.?#× <�−9�
@	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�



�� 	���$ �	
 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
<�"%�;)2* ?6� ���	�� �.5 <??" ���	��� 
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�� ������

9<.�±".6±8.< �A%)&* �8� %�%& �� �− → �!"�#

<:.��9.8
−9.:±9.D <�6 �%) �9! %);; �� �− → �!"�#

D.6±8.8±�.8 <�D '0)3 �< ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<8: ?� 86 <�7 %�;)2* ?6� ';)9 &���� �� '0)3 �<
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 ���� ���	�� ���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
<�7%�;)2* ?6� ���	�� %!χ�9!<�# → 
/ψ!<�#γ# F !<8.6± <.<#×<�−9� ��� �.5 <??"
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/ψ!<�# ������ �
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	���� �� ��� �� �− ��� µ�µ− ������ ��� �.5
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������$ 
������� �
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���� �� ��$���� ��� 86± <8 ������ ��

������

�� %!� → χ�9!<�#G# F!�.96 ± �.<� ± �.�8#× <�−9�

WEIGHTED AVERAGE
13±4 (Error scaled by 1.9)

CHEN 01 CLE2 3.9
ABE 02L BELL 1.6
AUBERT 03F BABR 2.1

χ2

       7.6
(Confidence Level = 0.022)
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������ 
/ψ!<�# ������

�
� 
������
	���� �� 
/ψ!<�# → �� �− ��� 
/ψ!<�# → µ�µ−� 2��
�� 
�$��� 9?D�

<η�!<�#
<8�<� ��C��9�

!
(
 � �/-&�×0�� �/-&�→ ω�/ψ

)
?!����� !6<?!!

(
 � �/-&�×0�� �/-&�→ ω�/ψ

)
?!����� !6<?!!

(
 � �/-&�×0�� �/-&�→ ω�/ψ

)
?!����� !6<?!!

(
 � �/-&�×0�� �/-&�→ ω�/ψ

)
?!����� !6<?!

����� ����� ��−"� ��	�
��� �� ��	� 	�

���

7.<±<.8±8.<7.<±<.8±8.<7.<±<.8±8.<7.<±<.8±8.< <<� '0@B �6 %);; �� �− → �!"�#

<<�'0@B �6 
���
�� ��� ����
������ � � ���
���
������ ����������� �� ��� ω
/ψ ����
�����
	� �� ����	���� � → � ω
/ψ� *�� ��� ������ ������� �� * !8?"�#� ��� � ����

� 8?"8 ± << ± <8 5�C��9 ��� � ����� K F :7 ± 99 ± 9D ��C�

!
(
± ����"��#

)
?!����� !69?!!

(
± ����"��#

)
?!����� !69?!!

(
± ����"��#

)
?!����� !69?!!

(
± ����"��#

)
?!����� !69?!

����� ��	�
��� �� ��	� 	�

���

�.7:?±�.�96 @A& �C)&�5)�.7:?±�.�96 @A& �C)&�5)�.7:?±�.�96 @A& �C)&�5)�.7:?±�.�96 @A& �C)&�5)

�.:9 ±�.�< ±�.�6 �;%&)'0* ?"	 �&5 �� �− → �!"�#

�.776±�.�<6±�.�96 <<< �;%&)'0* ?8 �&5 �� �− → �!"�#

�.:6 ±�.�7 ±�.�? �;�� :7� ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
���� <<9 %&@.L :9 ';)@ �� �− → �!"�#

���� <<8 5B�33B3B :9 'A2% �� �− → �!"�#

<<<�;%&)'0* ?8 ���	� �� ��� ����������� � ��� �	� � � → ���������$ ��� � →
�− �������$ �;%&)'0* ?"	 ���	���

<<9���	���$ �!"�# → �� � � ����� � 8.8: ± �.8" ± �.D: ,���� ��
 �!"�# ����� �� �	��
!��� ������ �

�
 �� ����������#� B� ��� ������� � ��� ������
� ������� ������ ����
����� �� � ���	� �
 !��H	�
, → ��H	�
,#

/
!��H	�
, → ���# � <.�? ± �.88 ± �.<8�

<<85B�33B3B :9 �� ')2&�'A2% ����
��� <.6: ± �.86 �� ��
 ���
���� ����� �	�� ��$��

���� �.:9 ± �.<� ����� ��
������� '��������� ���� �
��������� � → �G ������



	��	��	��	��

����� ����	
�� �	��	��

�±��� ���� !"#

!
(
�����"��#

)
?!����� !68?!!

(
�����"��#

)
?!����� !68?!!

(
�����"��#

)
?!����� !68?!!

(
�����"��#

)
?!����� !68?!

����� ��	�
��� �� ��	� 	�

���

�.DD ±�.�6�.DD ±�.�6�.DD ±�.�6�.DD ±�.�6 <<" �;%&)'0* ?"	 �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.D9�±�.�<8±�.�8: <<6 �;%&)'0* ?"	 �&5 �� �− → �!"�#

�.DD ±�.�6 ±�.�7 <<6 �;�� :7� ';)@ �� �− → �!"�#

<<"����	
����� 
����� �� �������,��� ��

��������� B� �� �
 ��� ���, ����� ��
��� ��� ����
��� ����	�� �����$ � ��� ��	�
�� � ������ �����$ �>���� ��
� ��

����� �
 �� ���	���$
� �����$ ��
�����
 & � !<:.< ± ".8#I�

<<6����	
����� 
����� �� �������,��� ��

��������� B� ����	��� �
��	����� ��
�	$� �����$
� ��� ��	�
�� � ������

!
(
− ����"��#

)
?!����� !6"?!!

(
− ����"��#

)
?!����� !6"?!!

(
− ����"��#

)
?!����� !6"?!!

(
− ����"��#

)
?!����� !6"?!

����� ��	�
��� �� ��	� 	�

���

�.<8 ±�.�"�.<8 ±�.�"�.<8 ±�.�"�.<8 ±�.�" <<D �;%&)'0* ?"	 �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.<D6±�.�<<±�.�8D <<7 �;%&)'0* ?"	 �&5 �� �− → �!"�#

�.<? ±�.�6 ±�.�9 <<7 �;�� :7� ';)@ �� �− → �!"�#

<<D����	
����� 
����� �� �������,��� ��

��������� B� �� �
 ��� ���, ����� ��
��� ��� ����
��� ����	�� �����$ � ��� ��	�
�� � ������ �����$ �>���� ��
� ��

����� �
 �� ���	���$
� �����$ ��
�����
 & � !<:.< ± ".8#I�

<<7����	
����� 
����� �� �������,��� ��

��������� B� ����	��� �
��	����� ��
�	$� �����$
� ��� ��	�
�� � ������

!
(
�?� ����"��#

)
?!����� !66?!!

(
�?� ����"��#

)
?!����� !66?!!

(
�?� ����"��#

)
?!����� !66?!!

(
�?� ����"��#

)
?!����� !66?!

����� ��	�
��� �� ��	� 	�

���

�.D" ±�.�" @A& �C)&�5)�.D" ±�.�" @A& �C)&�5)�.D" ±�.�" @A& �C)&�5)�.D" ±�.�" @A& �C)&�5)

�.D"9±�.�<�±�.�"9 <<: �;%&)'0* ?"	 �&5 �� �− → �!"�#

�.D8 ±�.�D ±�.�D �;�� :7� ';)@ �� �− → �!"�#

<<:�;%&)'0* ?"	 ���	�� � ����� �	���������� ����� ���� � ��
�
�

!
(
∗�,-$± ����"��#

)
?!����� !6D?!!

(
∗�,-$± ����"��#

)
?!����� !6D?!!

(
∗�,-$± ����"��#

)
?!����� !6D?!!

(
∗�,-$± ����"��#

)
?!����� !6D?!

����� ��	�
��� �� ��	� 	�

���

�.<:9±�.�6"±�.�9"�.<:9±�.�6"±�.�9"�.<:9±�.�6"±�.�9"�.<:9±�.�6"±�.�9" �;%&)'0* ?"� �&5 �� �− → �!"�#

!
(
∗�,-$� ?∗�,-$� ����"��#

)
?!����� !67?!!

(
∗�,-$� ?∗�,-$� ����"��#

)
?!����� !67?!!

(
∗�,-$� ?∗�,-$� ����"��#

)
?!����� !67?!!

(
∗�,-$� ?∗�,-$� ����"��#

)
?!����� !67?!

����� ��	�
��� �� ��	� 	�

���

�.<"D±�.�<D±�.�9��.<"D±�.�<D±�.�9��.<"D±�.�<D±�.�9��.<"D±�.�<D±�.�9� �;%&)'0* ?"� �&5 �� �− → �!"�#

!
(
∗�,-$γ

)
?!����� !6:?!!

(
∗�,-$γ

)
?!����� !6:?!!

(
∗�,-$γ

)
?!����� !6:?!!

(
∗�,-$γ

)
?!����� !6:?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

".9"±�.6"±�.89".9"±�.6"±�.89".9"±�.6"±�.89".9"±�.6"±�.89 <<? '@�3 �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<6� ?� <9� ;)2B�( ?9 '%�; �� �− → �!"�#

< 9" ?� �;%&)'0* ::� �&5 �� �− → �!"�#

<<?�� ���
�$� � %!�� → �∗!:?9#� γ# ��� %!�� → �∗!:?9#� γ# ����	
������ 
��
��
��� �� '@�3 �� �� ���	���$ 	�� ��

������ ���������� �

�
��

<9� ;)2B�( ?9 ��� � ����� �� ��� ����	���� �
����� %!� → � γ# < 9.: × <�−8 �� ?�I ';
�
 ��� 
��$� � ������ � :?9N9�"6 ��C� ����������� � ���	������� ���	� ��H	�
,
���
���+������

!
(
η γ

)
?!����� !6??!!

(
η γ

)
?!����� !6??!!

(
η γ

)
?!����� !6??!!

(
η γ

)
?!����� !6??!

����� ����� ��−#� ��	�
��� �� ��	� 	�

���

:.6±<.8�<.9
−�.?

:.6±<.8�<.9
−�.?:.6±<.8�<.9
−�.?

:.6±<.8�<.9
−�.?

<9< 3B20B.� �6 %);; �� �− → �!"�#

<9<η� < 9�" 5�C��9

5���� → ∗�,-$γ5���� → ∗�,-$γ5���� → ∗�,-$γ5���� → ∗�,-$γ
R�� ����
���� ��� ������� �������
� ������� K!�� → �∗!:?9#� γ# ��� K!�� →
�∗!:?9#� γ#�

����� ��	�
��� �� ��	� 	�

���

�.�6�±�.�"6±�.�87�.�6�±�.�"6±�.�87�.�6�±�.�"6±�.�87�.�6�±�.�"6±�.�87 <99 �A%)&*�%) �"% %�%& �� �− → �!"�#

<99A��� ��� �
��	����� 
���� � ���
$�� ��� ��	�
�� % 
�� �!"�# ������ &�/� F <.��D±
�.�": ��� ��� ������� 
���� � τ

�� � τ
�� F <.�:8 ± �.�<7� *�� ?�I '; ����
��� ��

−�.�"D < R�� < ��<"D�

!
(
<�.&��γ

)
?!����� !D�?!!

(
<�.&��γ

)
?!����� !D�?!!

(
<�.&��γ

)
?!����� !D�?!!

(
<�.&��γ

)
?!����� !D�?!

����� 	� ��	�
��� �� ��	� 	�

���

<<9.7× <�−6<<9.7× <�−6<<9.7× <�−6<<9.7× <�−6 ?� <98 '@�3 �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
< <.D× <�−8 ?� <9" ;)2B�( ?9 '%�; �� �− → �!"�#

< ".<× <�−" ?� �;%&)'0* ::� �&5 �� �− → �!"�#

<98���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
<9" ;)2B�( ?9 ��� � ����� �� ��� ����	���� �
����� %!� → � γ# < 9.: × <�−8 �� ?�I ';

�
 ��� 
��$� � ������ � :?9N9�"6 ��C� ����������� � ���	������� ���	� ��H	�
,
���
���+������

!
(
∗
9�.&/�γ

)
?!����� !D<?!!

(
∗
9�.&/�γ

)
?!����� !D<?!!

(
∗
9�.&/�γ

)
?!����� !D<?!!

(
∗
9�.&/�γ

)
?!����� !D<?!

����� ����� ��−"� 	� ��	�
��� �� ��	� 	�

���

<.DD��.6?
−�.68±�.<8<.DD��.6?
−�.68±�.<8<.DD��.6?
−�.68±�.<8<.DD��.6?
−�.68±�.<8 <96 '@�3 �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<:8 ?� �;%&)'0* ::� �&5 �� �− → �!"�#

<96'@�3 �� ������� � =���� ��$��� ����� � <6.?�6.7
−6.9 ������� � ���
�� �
 ������������� ��

�∗!<"<�# ������� � 
��� ���������� ���� �O ��� ����
�� ���	� ���	��� �� ��������������

!
(
9�.%%�γ

)
?!����� !D9?!!

(
9�.%%�γ

)
?!����� !D9?!!

(
9�.%%�γ

)
?!����� !D9?!!

(
9�.%%�γ

)
?!����� !D9?!

����� 	� ��	�
��� �� ��	� 	�

���

<<.9× <�−8<<.9× <�−8<<.9× <�−8<<.9× <�−8 ?� <9D ;)2B�( ?9 '%�; �� �− → �!"�#

<9D ;)2B�( ?9 ��� � ����� �� ��� ����	���� �
����� %!� → � γ# < 9.: × <�−8 �� ?�I ';
�
 ��� 
��$� � ������ � :?9N9�"6 ��C� ����������� � ���	������� ���	� ��H	�
,
���
���+������

!
(
∗
8�.%,�γ

)
?!����� !D8?!!

(
∗
8�.%,�γ

)
?!����� !D8?!!

(
∗
8�.%,�γ

)
?!����� !D8?!!

(
∗
8�.%,�γ

)
?!����� !D8?!

����� 	� ��	�
��� �� ��	� 	�

���

<8.7× <�−6<8.7× <�−6<8.7× <�−6<8.7× <�−6 ?� <97 3B20B.� �6 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<8.�× <�−8 ?� �;%&)'0* ::� �&5 �� �− → �!"�#

<97A��� %!�∗
8
!<7:�# → η�# F �.<<��.�6

−�.�"�

!
(
∗
"�$�&1γ

)
?!����� !D"?!!

(
∗
"�$�&1γ

)
?!����� !D"?!!

(
∗
"�$�&1γ

)
?!����� !D"?!!

(
∗
"�$�&1γ

)
?!����� !D"?!

����� 	� ��	�
��� �� ��	� 	�

���

<<.�× <�−8<<.�× <�−8<<.�× <�−8<<.�× <�−8 ?� <9: ;)2B�( ?9 '%�; �� �− → �!"�#

<9: ;)2B�( ?9 ��� � ����� �� ��� ����	���� �
����� %!� → � γ# < 9.: × <�−8 �� ?�I ';
�
 ��� 
��$� � ������ � :?9N9�"6 ��C� ����������� � ���	������� ���	� ��H	�
,
���
���+������

!
(
 η′�-1,

)
?!����� !D6?!!

(
 η′�-1,

)
?!����� !D6?!!

(
 η′�-1,

)
?!����� !D6?!!

(
 η′�-1,

)
?!����� !D6?!

����� ��	�
��� �� ��	� 	�

���

!:.8��.?
−�.:±�.7# × <�−6!:.8��.?
−�.:±�.7# × <�−6!:.8��.?
−�.:±�.7# × <�−6!:.8��.?
−�.:±�.7# × <�−6 <9? &B'0B'0B �� ';)9 �� �− → �!"�#

<9?���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
∗�,-$η′�-1,

)
?!����� !DD?!!

(
∗�,-$η′�-1,

)
?!����� !DD?!!

(
∗�,-$η′�-1,

)
?!����� !DD?!!

(
∗�,-$η′�-1,

)
?!����� !DD?!

����� 	� ��	�
��� �� ��	� 	�

���

<9.9× <�−6<9.9× <�−6<9.9× <�−6<9.9× <�−6 ?� <8� &B'0B'0B �� ';)9 �� �− → �!"�#

<8����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
 η

)
?!����� !D7?!!

(
 η

)
?!����� !D7?!!

(
 η

)
?!����� !D7?!!

(
 η

)
?!����� !D7?!

����� 	� ��	�
��� �� ��	� 	�

���

<6.9× <�−D<6.9× <�−D<6.9× <�−D<6.9× <�−D ?� <8< &B'0B'0B �� ';)9 �� �− → �!"�#

<8<���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
∗�,-$η

)
?!����� !D:?!!

(
∗�,-$η

)
?!����� !D:?!!

(
∗�,-$η

)
?!����� !D:?!!

(
∗�,-$η

)
?!����� !D:?!

����� ��	�
��� �� ��	� 	�

���

!<.:���."?
−�."8±�.<:#× <�−6!<.:���."?
−�."8±�.<:#× <�−6!<.:���."?
−�."8±�.<:#× <�−6!<.:���."?
−�."8±�.<:#× <�−6 <89 &B'0B'0B �� ';)9 �� �− → �!"�#

<89���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
 φφ

)
?!����� !D??!!

(
 φφ

)
?!����� !D??!!

(
 φφ

)
?!����� !D??!!

(
 φφ

)
?!����� !D??!

����� ����� ��−#� ��	�
��� �� ��	� 	�

���

9.8��.?
−�.:±�.89.8��.?
−�.:±�.89.8��.?
−�.:±�.89.8��.?
−�.:±�.8 <88 0A�35 �8 %);; �� �− → �!"�#

<88���	��� �H	�� �
��	����� � ���
$�� ��� ��	�
�� � ����� ���
� ��� ������� ������
��

!
(
�→ � γ

)
?!����� !7�?!!

(
�→ � γ

)
?!����� !7�?!!

(
�→ � γ

)
?!����� !7�?!!

(
�→ � γ

)
?!����� !7�?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

8."8±�.9? @A& �C)&�5)8."8±�.9? @A& �C)&�5)8."8±�.9? @A& �C)&�5)8."8±�.9? @A& �C)&�5)

8."?±�.9���.6?
−�."D

<8",<86 �A%)&*�% �6� %�%& �� �− → �!"�#

8.6�±�.89±�.8< <86,<8D (@��)3%A&5�" %);; �� �− → �!"�#

8.9?±�.""±�.9? <86,<87 '0)3 �<	 ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
8.8D±�.68��.D6

−�.D:
<8: �%) �<� %);; &���� �� (@��)3�

%A&5 �"
9.89±�.67±�.86 �;�� ?6 ';)9 &���� �� '0)3 �<	

<8"*�� ����	
����� 
���
��� �� 8.97 ± �.<:��.66
−�."9 �
 !γ ><�? 5�C�

<86E� ��

��� �� �� !γ ><�D 5�C 	���$ ��� ������ � ��������6�7968 !���
�$� � ��
��

����
������ ������#�
<8D*�� ����	
����� 
���
��� �� 8.9< ± �."8��.89

−�.9? �
 !γ >9�� 5�C�

<87*�� ����	
����� 
���
��� �� 8.66 ± �.89 ± �.89 �
 !γ ><�: 5�C�

<8:�%) �<� 
���
�� ����
 ���������� �

�
� ±�."9��.6�
−�.6"� ���
� ��� ������ �

�
 �� �	� ��

��� ����
������ 	���
������� E� ������� ���� �� H	��
��	
��



	��	��	��	��

��� ��� �� ���� 	
� ���������	
�� �	��	��

�±������� !"#

!
(
�→ � #�(
�

)
?!����� !7<?!!

(
�→ � #�(
�

)
?!����� !7<?!!

(
�→ � #�(
�

)
?!����� !7<?!!

(
�→ � #�(
�

)
?!����� !7<?!

����� 	� ���� ��	�
��� �� ��	� 	�

���

<�.�D:<�.�D:<�.�D:<�.�D: ?� <8? '@�3 ?: ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<�.�: 9 <"� �;%&)'0* ?6
 �&5 �� �− → �!"�#

<8?'@�3 ?: 	��� ��� ��

��������
<"��;%&)'0* ?6
 	�� 	�� 
������
	����� � ��� � ����� �� ��$� *�� ��������� ������

�
 ���
����� � ����� ��� �� ����
�
���� �� �����
 � → � $�	�� �
 � → 	 �
���������
B ����
�
���� �� � → � $�	�� ���� =�� � �
������$ 
���� � ∼ �.�9D �
 ��� 	���
 �����
H	���� ������ &��	�� �� ��$��� ����� ����������

!
(
η����"��#

)
?!����� !79?!!

(
η����"��#

)
?!����� !79?!!

(
η����"��#

)
?!����� !79?!!

(
η����"��#

)
?!����� !79?!

����� 	� ��	�
��� �� ��	� 	�

���

<"."× <�−"<"."× <�−"<"."× <�−"<"."× <�−" ?� <"< %&@E.)& ?: ';)9 �� �− → �!"�#

<"<%&@E.)& ?: ���
�� �
 ��$� ������	� � → η�� ������� 9.< ��� 9.7 5�C���

!
(
η′ ����"��#

)
?!����� !78?!!

(
η′ ����"��#

)
?!����� !78?!!

(
η′ ����"��#

)
?!����� !78?!!

(
η′ ����"��#

)
?!����� !78?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

".9±�.? @A& �C)&�5)".9±�.? @A& �C)&�5)".9±�.? @A& �C)&�5)".9±�.? @A& �C)&�5)

8.?±�.:±�.? <"9 �A%)&*�% �"� %�%& �� �− → �!"�#

".D±<.<±�.D <"8 %@3CB'B3B �8 ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
D.9±<.D�<.8

−9.�
<"" %&@E.)& ?: ';)9 �� �− → �!"�#

<"9*�� 
���
��� �
������$ 
���� �� �
 ��$� ������	� η ������� 9�� ��� 9�7 5�C �� ���
�!"�# �����
������� 
���� G� 
��
������ � 
����� ������ ���������$ � � ,��� ��� +�
�
�� �	
 ������

<"8%@3CB'B3B �8 ����
��� � ��$��� � D<.9 ± <8.? ������ �� � → η′�nc �
��	����� �


��$� ������	� η′ ������� 9�� ��� 9�7 5�C�� �� ��� �!"�# �����
������� 
���� *��

�nc ������� ����
����� ���
���� ������ 
�������$ �$����� η′� *�� ������ �

�
 ��������
���������� ��� ���,$
�	�� �	��
������ 	���
�������� �� H	��
��	
��

<""%&@E.)& ?: ����
��� � ��$��� � 8?.� ± <<.D ������ �� ��$� ������	� � → η′��
�
��	����� ������� 9.� ��� 9.7 5�C��� *�� �
������$ 
������ �� ����� �� ��� ����
�
�
������� � � → � � � ���
� ��� ���� �

�
 ����	��� ���������� 	���
�������� �	� �� ���
����
��	��
����� � → ���,$
�	����

!
(
ργ

)
?!����� !7"?!!

(
ργ

)
?!����� !7"?!!

(
ργ

)
?!����� !7"?!!

(
ργ

)
?!����� !7"?!

����� 	� ��	�
��� �� ��	� 	�

���

<<.?× <�−D<<.?× <�−D<<.?× <�−D<<.?× <�−D ?� <"6 �A%)&* �"	 %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<."× <�−6 ?� <"D '@�3 �� ';)9 �� �− → �!"�#

<"6���	��� K!� → ργ# F K!�� → ρ� γ# F 9 K!�� → ρ� γ# ��� 	��� ������� 
���� �
τ
���τ

�� F <.�:8 ± �.�<7�

<"D'@�3 �� 
���
�� %!� → ργ#�%!� → �∗!:?9#γ# < �.89 �� ?�I'; ��� ������ ��

��� ����
�� ���	� � %!� → �∗!:?9#γ#F!".9" ± �.6" ± �.89# × <�−6�

!
(
ρ?ωγ

)
?!����� !76?!!

(
ρ?ωγ

)
?!����� !76?!!

(
ρ?ωγ

)
?!����� !76?!!

(
ρ?ωγ

)
?!����� !76?!

����� 	� ��	�
��� �� ��	� 	�

���

<<.9× <�−D<<.9× <�−D<<.9× <�−D<<.9× <�−D ?� �A%)&* �6 %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<<."× <�−D ?� �@0���*&� �6 %);; �� �− → �!"�#

!
(
ρ?ωγ

)
?!

(
∗�,-$γ

)
!76?!6:!

(
ρ?ωγ

)
?!

(
∗�,-$γ

)
!76?!6:!

(
ρ?ωγ

)
?!

(
∗�,-$γ

)
!76?!6:!

(
ρ?ωγ

)
?!

(
∗�,-$γ

)
!76?!6:

����� 	� ��	�
��� �� ��	� 	�

���

<�.�86<�.�86<�.�86<�.�86 ?� <"7 �@0���*&� �6 %);; �� �− → �!"�#

<"7� ����� �
∣∣� +� � � +�

∣∣ < ��99 �� ?�I '; �� ���� �������� 
�� ��� ����	
������

!
(
π± ����"��#

)
?!����� !7D?!!

(
π± ����"��#

)
?!����� !7D?!!

(
π± ����"��#

)
?!����� !7D?!!

(
π± ����"��#

)
?!����� !7D?!

����� ��	�
��� �� ��	� 	�

���

8.6:6±�.�96±�.�7�8.6:6±�.�96±�.�7�8.6:6±�.�96±�.�7�8.6:6±�.�96±�.�7� <": �;%&)'0* ?8 �&5 �� �− → �!"�#

<":�;%&)'0* ?8 ����	��� π± 
�� ��
�

��� � ������� B ����	���� ���� =�� ".<�6 ±
�.�96 ± �.�:��

!
(
π� ����"��#

)
?!����� !77?!!

(
π� ����"��#

)
?!����� !77?!!

(
π� ����"��#

)
?!����� !77?!!

(
π� ����"��#

)
?!����� !77?!

����� ��	�
��� �� ��	� 	�

���

9.86±�.�9±�.<<9.86±�.�9±�.<<9.86±�.�9±�.<<9.86±�.�9±�.<< <"? �%) �<� %);; �� � → �!"�#

<"?4
�� 	��� ����	���� π� ����� ���� �� ��

������� 
�� ������ � ��
�

�
 ����
 ��
�������

!
(
η ����"��#

)
?!����� !7:?!!

(
η ����"��#

)
?!����� !7:?!!

(
η ����"��#

)
?!����� !7:?!!

(
η ����"��#

)
?!����� !7:?!

����� ��	�
��� �� ��	� 	�

���

�.<7D±�.�<<±�.�<9�.<7D±�.�<<±�.�<9�.<7D±�.�<<±�.�<9�.<7D±�.�<<±�.�<9 (A%@*� ?D ';)9 �� �− → �!"�#

!
(
ρ� ����"��#

)
?!����� !7??!!

(
ρ� ����"��#

)
?!����� !7??!!

(
ρ� ����"��#

)
?!����� !7??!!

(
ρ� ����"��#

)
?!����� !7??!

����� ��	�
��� �� ��	� 	�

���

�.9�:±�.�"9±�.�89�.9�:±�.�"9±�.�89�.9�:±�.�"9±�.�89�.9�:±�.�"9±�.�89 �;%&)'0* ?"� �&5 �� �− → �!"�#

!
(
ω ����"��#

)
?!����� !:�?!!

(
ω ����"��#

)
?!����� !:�?!!

(
ω ����"��#

)
?!����� !:�?!!

(
ω ����"��#

)
?!����� !:�?!

����� 	� ��	�
��� �� ��	� 	�

���

<�.:<<�.:<<�.:<<�.:< ?� �;%&)'0* ?"� �&5 �� �− → �!"�#

!
(
φ ����"��#

)
?!����� !:<?!!

(
φ ����"��#

)
?!����� !:<?!!

(
φ ����"��#

)
?!����� !:<?!!

(
φ ����"��#

)
?!����� !:<?!

����� ��	�
��� �� ��	� 	�

���

�.�8"9±�.��<8 @A& �C)&�5)�.�8"9±�.��<8 @A& �C)&�5)�.�8"9±�.��<8 @A& �C)&�5)�.�8"9±�.��<8 @A& �C)&�5)

�.�8"<±�.���D±�.��<9 �A%)&* �"� %�%& �� �− → �!"�#

�.�8?�±�.��8�±�.��86 �;%&)'0* ?"� �&5 �� �− → �!"�#

�.�98 ±�.��D ±�.��6 %@&*@;)**@:D ';)@ �� �− → �!"�#

!
(
φ∗�,-$

)
?!����� !:9?!!

(
φ∗�,-$

)
?!����� !:9?!!

(
φ∗�,-$

)
?!����� !:9?!!

(
φ∗�,-$

)
?!����� !:9?!

����� 	� ��	�
��� �� ��	�

<9.9× <�−6<9.9× <�−6<9.9× <�−6<9.9× <�−6 ?� <6� %)&54);. ?: ';)9

<6����	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
��
� ? �−

� ����"��#
)
?!����� !:8?!!

(
��
�
? �−
�
����"��#

)
?!����� !:8?!!

(
��
� ? �−

� ����"��#
)
?!����� !:8?!!

(
��
�
? �−
�
����"��#

)
?!����� !:8?!

����� 	� ��	�
��� �� ��	� 	�

���

�.�D"±�.��:±�.��:�.�D"±�.��:±�.��:�.�D"±�.��:±�.��:�.�D"±�.��:±�.��: <6< '&�E4@&. ?9 ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.<" ±�.�? <69 �;%&)'0* ::� �&5 �� �− → �!"�#

<�.<<9 ?� <68 �;�� :7 ';)@ �� �− → �!"�#

<6<'&�E4@&. ?9 
��	�� ��
���� 
�� ������ ��
��� ��

��������� ���	��� ��� ���
���

��
���� �� �� ��� �± ����� �
� �� �
<69�;%&)'0* ::� ����	
�� %!� → ��

�
G#·%!��

�
→ ��−π�# F !�.8�± �.<9± �.�D#I

��� 	��� %!��
�

→ ��−π�# F !9.9±<.�#I 
�� �%&��2 :� �� ������ ����� �	���
�
<68���	���$ ��� ��
���� 
��	�� 
�� ���
��� ��
����� �;�� :D �����	�� ��� �
������$


������ �� 7." ± 9.?I� *�� ����� $���� ����� �� ����� ������������

!
(
��� ����"��#

)
?!

(
�−� ����"��#

)
!:"?!:6!

(
��� ����"��#

)
?!

(
�−� ����"��#

)
!:"?!:6!

(
��� ����"��#

)
?!

(
�−� ����"��#

)
!:"?!:6!

(
��� ����"��#

)
?!

(
�−� ����"��#

)
!:"?!:6

����� ��	�
��� �� ��	� 	�

���

�.<?±�.<8±�.�"�.<?±�.<8±�.�"�.<?±�.<8±�.�"�.<?±�.<8±�.�" <6" ����& ?7 ';)9 �� �− → �!"�#

<6"����& ?7 	��� � ��$��������	� ������ ��$ !�� > <." 5�C��9#�

!
(
�−
� �

� ����"��#
)
?!

(
��� ? �−

� ����"��#
)

!:D?!:8!
(
�−
� �

� ����"��#
)
?!

(
��� ? �−

� ����"��#
)

!:D?!:8!
(
�−
� �

� ����"��#
)
?!

(
��� ? �−

� ����"��#
)

!:D?!:8!
(
�−
� �

� ����"��#
)
?!

(
��� ? �−

� ����"��#
)

!:D?!:8
����� 	� ��	�
��� �� ��	� 	�

���

<�.�6<�.�6<�.�6<�.�6 ?� <66 %@3CB'B3B ?: ';)9 �� �− → �!"�#

<66%@3CB'B3B ?: 	��� ��� �����
�� ���� ������	� ����� �.D 5�C���

!
(
�−
� 	 ����"��#

)
?!

(
��� ? �−

� ����"��#
)

!:7?!:8!
(
�−
� 	 ����"��#

)
?!

(
��� ? �−

� ����"��#
)

!:7?!:8!
(
�−
� 	 ����"��#

)
?!

(
��� ? �−

� ����"��#
)

!:7?!:8!
(
�−
� 	 ����"��#

)
?!

(
��� ? �−

� ����"��#
)

!:7?!:8
����� ��	�
��� �� ��	� 	�

���

�.67±�.�6±�.�6�.67±�.�6±�.�6�.67±�.�6±�.�6�.67±�.�6±�.�6 %@3CB'B3B ?: ';)9 �� �− → �!"�#

!
(
�−
� 	 �

�ν�
)
?!

(
�−
� 	����"��#

)
!::?!:7!

(
�−
� 	 �

�ν�
)
?!

(
�−
� 	����"��#
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!::?!:7!

(
�−
� 	 �

�ν�
)
?!

(
�−
� 	����"��#

)
!::?!:7!

(
�−
� 	 �

�ν�
)
?!

(
�−
� 	����"��#

)
!::?!:7

����� 	� ��	�
��� �� ��	� 	�

���

<�.�"<�.�"<�.�"<�.�" ?� <6D %@3CB'B3B ?: ';)9 �� �− → �!"�#

<6D%@3CB'B3B ?: 	��� ��� �����
�� ���� ������	� ����� �.D 5�C���

!
(
�−−
� ����"��#

)
?!����� !:??!!

(
�−−
� ����"��#

)
?!����� !:??!!

(
�−−
� ����"��#

)
?!����� !:??!!

(
�−−
� ����"��#

)
?!����� !:??!

����� ���� ��	�
��� �� ��	� 	�

���

�.��"9±�.��9<±�.��<<�.��"9±�.��9<±�.��<<�.��"9±�.��9<±�.��<<�.��"9±�.��9<±�.��<< 77 <67 �&@'�&B@ ?" ';)9 �� �− → �!"�#

<67�&@'�&B@ ?" 
���
�� -%!� → ,−−
�

�������$# × %!��
�

→ ��−π�#1 F �.���9< ±
�.����: ± �.����7� E� ������ �� �	
 ���� ���	� %!��

�
→ ��−π�# F !6.� ± <.8#×

<�−9� @	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ����������
�

�
 
�� 	���$ �	
 ���� ���	��

!
(
�−
� ����"��#

)
?!����� !?�?!!

(
�−
� ����"��#

)
?!����� !?�?!!

(
�−
� ����"��#

)
?!����� !?�?!!

(
�−
� ����"��#

)
?!����� !?�?!

����� 	� ��	�
��� �� ��	� 	�

���

<�.�<�<�.�<�<�.�<�<�.�<� ?� <6: �&@'�&B@ ?" ';)9 �� �− → �!"�#

<6:�&@'�&B@ ?" 
���
�� -%!� → ,−
�
�������$# × %!��

�
→ ��−π�#1 F < �.���":�

E� ������ �� �	
 ���� ���	� %!��
�

→ ��−π�# F �.�6��

!
(
��
� ����"��#

)
?!����� !?<?!!

(
��
� ����"��#

)
?!����� !?<?!!

(
��
� ����"��#

)
?!����� !?<?!!

(
��
� ����"��#

)
?!����� !?<?!

����� ���� ��	�
��� �� ��	� 	�

���

�.��"D±�.��9<±�.��<9�.��"D±�.��9<±�.��<9�.��"D±�.��9<±�.��<9�.��"D±�.��9<±�.��<9 7D <6? �&@'�&B@ ?" ';)9 �� �− → �!"�#

<6?�&@'�&B@ ?" 
���
�� -%!� → ,�
�
�������$# × %!��

�
→ ��−π�#1 F �.���98 ±

�.����: ± �.����7� E� ������ �� �	
 ���� ���	� %!��
�

→ ��−π�# F !6.� ± <.8#×
<�−9� @	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ����������
�

�
 
�� 	���$ �	
 ���� ���	��

!
(
��
�  � � 	 
� �

)
?!����� !?9?!!

(
��
�  � � 	 
� �

)
?!����� !?9?!!

(
��
�  � � 	 
� �

)
?!����� !?9?!!

(
��
�  � � 	 
� �

)
?!����� !?9?!

����� 	� ��	�
��� �� ��	� 	�

���

<�.��<6<�.��<6<�.��<6<�.��<6 ?� <D� �&@'�&B@ ?" ';)9 �� �− → �!"�#

<D��&@'�&B@ ?" 
���
�� < �.��<7 �
 %!��
�

→ ��−π�# F �.�"8� E� 
������ �� �	


���� ���	� %!��
�

→ ��−π�# F �.�6��

!
(
! �
� ����"��# × 0�! �

� → !−π�
)
?!����� !?8?!!

(
! �
� ����"��# × 0�! �

� → !−π�
)
?!����� !?8?!!

(
! �
� ����"��# × 0�! �

� → !−π�
)
?!����� !?8?!!

(
! �
� ����"��# × 0�! �

� → !−π�
)
?!����� !?8?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

�.<?8±�.�8� @A& �C)&�5)�.<?8±�.�8� @A& �C)&�5)�.<?8±�.�8� @A& �C)&�5)�.<?8±�.�8� @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�<�

�.9<<±�.�<?±�.�96 <D< �A%)&*�% �6� %�%& �� �− → �!"�#

�.<""±�.�":±�.�9< <D9 %�&B20 ?7 ';)9 �� �− → �!"�#

<D<*�� ����� �� �������� �� 
�H	�
��$ ��� ������	� � < 9�<6 5�C���
<D9%�&B20 ?7 =�� 7? ± 97 ��

�
�������



	�		�		�		�	

����� ����	
�� �	��	��

�±��� ���� !"#

!
(
!�
�
����"��# × 0�!�

�
→ !−π�π�

)
?!����� !?"?!!

(
!�
� ����"��# × 0�!�

� → !−π�π�
)
?!����� !?"?!!

(
!�
�
����"��# × 0�!�

�
→ !−π�π�

)
?!����� !?"?!!

(
!�
� ����"��# × 0�!�

� → !−π�π�
)
?!����� !?"?!

����� ����� ��−�� ��	�
��� �� ��	� 	�

���

�."68±�.�?D��.�:6
−�.�D6

�."68±�.�?D��.�:6
−�.�D6�."68±�.�?D��.�:6
−�.�D6

�."68±�.�?D��.�:6
−�.�D6

<D8 %�&B20 ?7 ';)9 �� �− → �!"�#

<D8%�&B20 ?7 =�� <96 ± 9: ��
�

�������

!
(
	?	����"��#

)
?!����� !?6?!!

(
	?	����"��#

)
?!����� !?6?!!

(
	?	����"��#

)
?!����� !?6?!!

(
	?	����"��#

)
?!����� !?6?!

B���	��� � ��� � 
�� � ��� � ������
����� ���� ��	�
��� �� ��	� 	�

���

�.�:�±�.��" @A& �C)&�5)�.�:�±�.��" @A& �C)&�5)�.�:�±�.��" @A& �C)&�5)�.�:�±�.��" @A& �C)&�5)

�.�:�±�.��6±�.��6 �;%&)'0* ?8 �&5 �� �− → �!"�#

�.�:�±�.��6±�.��8 '&�E4@&. ?9 ';)@ �� �− → �!"�#

�.�:9±�.��6��.�<8
−�.�<� 9<D8 <D" �;%&)'0* :?� �&5 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
>�.�9< <D6 �;�� :8� ';)@ �� �− → �!"�#

<D"�;%&)'0* :?� ����	�� ��
��� ��� �����
��� �
������
<D6�;�� :8� 
���
��� ����
 
��	�� �� > �.�8D ± �.��D ± �.��?� .��� �
� ���������� ����

�H	�� ������ � � ��� �� A���$ ���	��� ������ ����� �	�� %!� → �� G# F ���8 ���
����	���$ �
����� 
�� � �������

!
(
	?	 � ����� ����"��#

)
?!����� !?D?!!

(
	?	 � ����� ����"��#

)
?!����� !?D?!!

(
	?	 � ����� ����"��#

)
?!����� !?D?!!

(
	?	 � ����� ����"��#

)
?!����� !?D?!

����� ���� ��	�
��� �� ��	� 	�

���

�.�66±�.��6 @A& �C)&�5)�.�66±�.��6 @A& �C)&�5)�.�66±�.��6 @A& �C)&�5)�.�66±�.��6 @A& �C)&�5)

�.�66±�.��6±�.��86 �;%&)'0* ?8 �&5 �� �− → �!"�#

�.�6D±�.��D±�.��6 '&�E4@&. ?9 ';)@ �� �− → �!"�#

�.�66±�.�<D <99� <DD �;%&)'0* :?� �&5 �� �− → �!"�#

<DD�;%&)'0* :?� �	��
��� ����
��	���� � � ����� 
�� ��� ����	���� �
���� ������

!
(
�?�����"��#

)
?!����� !?7?!!

(
�?�����"��#

)
?!����� !?7?!!

(
�?�����"��#

)
?!����� !?7?!!

(
�?�����"��#

)
?!����� !?7?!

����� ���� ��	�
��� �� ��	� 	�

���

�.�"�±�.��6 @A& �C)&�5)�.�"�±�.��6 @A& �C)&�5)�.�"�±�.��6 @A& �C)&�5)�.�"�±�.��6 @A& �C)&�5)

�.�8:±�.��"±�.��D 9??: '&�E4@&. ?9 ';)@ �� �− → �!"�#

�.�"9±�.��6±�.��D ?"8 �;%&)'0* :?� �&5 �� �− → �!"�#
• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�99±�.��8±�.��99 <D7 �'()&2*�44 ?7� @��; �� �− → �

>�.�<< <D: �;�� :8� ';)@ �� �− → �!"�#

<D7�'()&2*�44 ?7� ���	��� %!� → �# F �.:D:± �.�"<� ����� �� ������	
� � ��� �±�
��� �� �

<D:�;�� :8� 
���
��� ����
 
��	�� �� > �.�99 ± �.��7 ± �.��"� C��	�� �
� �

!%!�G#�%!�G##�9� .��� �
� ���������� ���� �H	�� ������ � � ��� �� A���$ ���	���
������ ����� �	�� %!� → �G# F ���8�

!
(
�����"��#

)
?!

(
�����"��#

)
!?:?!??!

(
�����"��#

)
?!

(
�����"��#

)
!?:?!??!

(
�����"��#

)
?!

(
�����"��#

)
!?:?!??!

(
�����"��#

)
?!

(
�����"��#

)
!?:?!??

����� ��	�
��� �� ��	� 	�

���

�."8±�.�?±�.�7�."8±�.�?±�.�7�."8±�.�?±�.�7�."8±�.�?±�.�7 <D? ����& ?7 ';)9 �� �− → �!"�#

<D?����& ?7 	��� � ��$��������	� ������ ��$ !�� > <." 5�C��9#�

!
(
!−?!� ����"��#

)
?!����� !<��?!!

(
!−?!� ����"��#

)
?!����� !<��?!!

(
!−?!� ����"��#

)
?!����� !<��?!!

(
!−?!� ����"��#

)
?!����� !<��?!

����� ���� ��	�
��� �� ��	� 	�

���

�.��97±�.���D @A& �C)&�5)�.��97±�.���D @A& �C)&�5)�.��97±�.���D @A& �C)&�5)�.��97±�.���D @A& �C)&�5)

�.��97±�.���6±�.���" <"7 '&�E4@&. ?9 ';)@ �� �− → �!"�#

�.��9:±�.��<" 6" �;%&)'0* :?� �&5 �� �− → �!"�#

!
(
4���
�� ����"��#

)
?!����� !<�<?!!

(
4���
�� ����"��#

)
?!����� !<�<?!!

(
4���
�� ����"��#

)
?!����� !<�<?!!

(
4���
�� ����"��#

)
?!����� !<�<?!

����� ��	�
��� �� ��	� 	�

���

�.�D:±�.��6±�.��8�.�D:±�.��6±�.��8�.�D:±�.��6±�.��8�.�D:±�.��6±�.��8 <7� �;%&)'0* ?9� �&5 �� �− → �!"�#
• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�7D±�.�<" <7< �;%&)'0* :?� �&5 �� �− → �!"�#

<7��;%&)'0* ?9� 
��	�� �� 
�� ���	������	� �������� � � ��� � ������� �� ��� �� ��

��
�������� ��� ��
��	� ���������
��� ��� ���������
����������
��� ��

��������� 2	��
�����
�;%&)'0* :?��

<7<�;%&)'0* :?� ������ ���� 
��	�� �� �����$ ����
 ����
 ����	
������ !6.6 ± <.D#I �

��
��� �
����� ��� !".9 ± �.6 ± �.D#I �
 ����	���� � �
��	������ *��� ���� ���	��
!6.6 ± <.D#I �
 ��	�
�� �
��	����� ��� ��� �� �� ����� 2���� ���� � ����� ��� ���
��
����� ���� ������ �� 9 �� ������ !7.D ± <."#I�

!
(
		 ����"��#

)
?!����� !<�9?!!

(
		 ����"��#

)
?!����� !<�9?!!

(
		����"��#

)
?!����� !<�9?!!

(
		����"��#

)
?!����� !<�9?!

B���	��� � ��� � 
�� � ��� � ������
����� ���� ��	�
��� �� ��	� 	�

���

�.�9"7±�.��98 @A& �C)&�5)�.�9"7±�.��98 @A& �C)&�5)�.�9"7±�.��98 @A& �C)&�5)�.�9"7±�.��98 @A& �C)&�5)

�.�9" ±�.��< ±�.��" '&�E4@&. ?9 ';)@ �� �− → �!"�#

�.�96 ±�.��9 ±�.��9 ?<: �;%&)'0* :?� �&5 �� �− → �!"�#

!
(
		 ����"��#

)
?!

(
	?	 ����"��#

)
!<�9?!?6!

(
		 ����"��#

)
?!

(
	?	 ����"��#

)
!<�9?!?6!

(
		����"��#

)
?!

(
	?	����"��#

)
!<�9?!?6!

(
		����"��#

)
?!

(
	?	����"��#

)
!<�9?!?6

B���	��� � ��� � 
�� � ��� � ������
����� ��	�
��� �� ��	� 	�

���

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.8�±�.�9±�.�6 <79 '&�E4@&. ?9 ';)@ �� �− → �!"�#

<79'&�E4@&. ?9 ���	� �� ��� ����������� � ����
 K!�� �������$#�K����� ���	��

!
(
�	?�	����"��#

)
?!����� !<�8?!!

(
�	?�	����"��#

)
?!����� !<�8?!!

(
�	?�	 ����"��#

)
?!����� !<�8?!!

(
�	?�	 ����"��#

)
?!����� !<�8?!

B���	��� � ��� � 
�� � ��� � ������
����� ���� ��	�
��� �� ��	� 	�

���

�.�96±�.��" @A& �C)&�5)�.�96±�.��" @A& �C)&�5)�.�96±�.��" @A& �C)&�5)�.�96±�.��" @A& �C)&�5)

�.�9?±�.��6±�.��6 '&�E4@&. ?9 ';)@ �� �− → �!"�#

�.�98±�.��"±�.��8 <D6 �;%&)'0* :?� �&5 �� �− → �!"�#

!
(
�	?�	����"��#

)
?!

(
�?�����"��#

)
!<�8?!?7!

(
�	?�	����"��#

)
?!

(
�?�����"��#

)
!<�8?!?7!

(
�	?�	����"��#

)
?!

(
�?�����"��#

)
!<�8?!?7!

(
�	?�	����"��#

)
?!

(
�?�����"��#

)
!<�8?!?7

B���	��� � ��� � 
�� � ��� � ������
����� ��	�
��� �� ��	� 	�

���

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.7D±�.<<±�.�: <78 '&�E4@&. ?9 ';)@ �� �− → �!"�#

<78'&�E4@&. ?9 ���	� �� ��� ����������� � ����

-K!�� �������$#�K!���������$#1�K����� ���	��

!
(
������"��#

)
?!����� !<�"?!!

(
������"��#

)
?!����� !<�"?!!

(
������"��#

)
?!����� !<�"?!!

(
������"��#

)
?!����� !<�"?!

����� 	� ���� ��	�
��� �� ��	� 	�

���

<�.��6<�.��6<�.��6<�.��6 ?� '&�E4@&. ?9 ';)@ �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<�.��:: ?� <9 �;%&)'0* :?� �&5 �� �− → �!"�#

!
(
������"��#

)
?!

(
�?�����"��#

)
!<�"?!?7!

(
������"��#

)
?!

(
�?�����"��#

)
!<�"?!?7!

(
������"��#

)
?!

(
�?�����"��#

)
!<�"?!?7!

(
������"��#

)
?!

(
�?�����"��#

)
!<�"?!?7

����� 	� ��	�
��� �� ��	� 	�

���

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<�.<8 ?� <7" '&�E4@&. ?9 ';)@ �� �− → �!"�#

<7"'&�E4@&. ?9 ���	� �� ��� ����������� � ����
 K!���������$#�K����� ���	��

!
(
� �� �−

)
?!����� !<�6?!!

(
� �� �−

)
?!����� !<�6?!!

(
� �� �−

)
?!����� !<�6?!!

(
� �� �−

)
?!����� !<�6?!

*��� �
 R� F < ���, ��	�
�� �	

���� ������� �� ��$��
��
��
 �����
����, ����
���
������

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

".7 ±<.8 @A& �C)&�5)".7 ±<.8 @A& �C)&�5)".7 ±<.8 @A& �C)&�5)".7 ±<.8 @A& �C)&�5)

".�"±<.8���.:7
−�.:8

<76 BE�2�(B �6 %);; �� �− → �!"�#

D.� ±<.7 ±<.8 <7D �A%)&*�% �" %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
6.� ±9.8 �<.8

−<.<
<7D (�3)(@ �8 %);; &���� �� BE�2�(B �6

< 67 ?� 5;)33 ?: ';)@ �� �− → �!"�#

<6���� ?� %)%)( :< ';)@ �� �− → �!"�#

<76&�H	�
��  
�� �− > �.9 5�C��9�

<7D&�H	�
��  
�� �− > �.9 5�C��9�

!
(
�µ�µ−)

?!����� !<�D?!!
(
�µ�µ−)

?!����� !<�D?!!
(
�µ�µ−)

?!����� !<�D?!!
(
�µ�µ−)

?!����� !<�D?!
*��� �
 R� F < ���, ��	�
�� �	

���� ������� �� ��$��
��
��
 �����
����, ����
���
������

����� ����� ��−#� 	� ��	�
��� �� ��	� 	�

���

".8 ±<.9 @A& �C)&�5)".8 ±<.9 @A& �C)&�5)".8 ±<.9 @A& �C)&�5)".8 ±<.9 @A& �C)&�5)

".<8±<.�6��.:6
−�.:<

<77 BE�2�(B �6 %);; �� �− → �!"�#

6.� ±9.: ±<.9 �A%)&*�% �" %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
7.? ±9.< �9.<

−<.6 (�3)(@ �8 %);; &���� �� BE�2�(B �6

< 6: ?� 5;)33 ?: ';)@ �� �− → �!"�#

<<7��� ?� '0�.EB'( :< ';)@ �� �− → �!"�#
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<�.��9" ?� <7: %)�3 :7 ';)@ &���� �� 5;)33 ?:

<�.��D9 ?� <7? �C)&L :" ';)@ &���� �� %)�3 :7

<7:%)�3 :7 
���
��
[
!µ�µ−#�!�� �−#

]
�9 ��� �� �����
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".6 ±<.� @A& �C)&�5)".6 ±<.� @A& �C)&�5)".6 ±<.� @A& �C)&�5)".6 ±<.� @A& �C)&�5)

".<<±�.:8��.:6
−�.:<

<:� BE�2�(B �6 %);; �� �− → �!"�#

6.D ±<.6 ±<.8 <:< �A%)&*�% �" %�%& �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
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<:�&�H	�
��  
�� �− > �.9 5�C��9�

<:<&�H	�
��  
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−<.9 @A& �C)&�5)D.��<."
−<.9 @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�<�

7."�<.:
−<.D±�.6 <:9 �A%)&* �8$ %�%& �� �− → �!"�#

".:�<.6
−<.8±�.8 <:9,<:8 B20B(�E� �8 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
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−�.89 @A& �C)&�5)<.9"��.87
−�.89 @A& �C)&�5)

�.?:��.6�
−�."9±�.<< <:" �A%)&* �8$ %�%& �� �− → �!"�#
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−�."D

��.<9
−�.<8

<:6 B20B(�E� �8 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<6.D ?� �%) �9 %);; &���� �� B20B(�E� �8
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−<.� #× <�−7 @A& �C)&�5)!".7 �<.<
−<.� #× <�−7 @A& �C)&�5)

!".6 �9.8
−<.? ±�." #× <�−7 <:D �A%)&* �8$ %�%& �� �− → �!"�#

!".: �<.9
−<.< ±�." #× <�−7 <:7 B20B(�E� �8 %);; �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
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<.97��.7D
−�.D<±�.<D <:: �A%)&* �8$ %�%& �� �− → �!"�#

<.<7��.8D
−�.8<±�.<� <:? B20B(�E� �8 %);; �� �− → �!"�#
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�.6"±�.�: @A& �C)&�5)�.6"±�.�: @A& �C)&�5)�.6"±�.�: @A& �C)&�5)�.6"±�.�: @A& �C)&�5)

�.D6��.<"
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 ���
�$��� =��� ������� ���� • • •
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<<.D× <�−D<<.D× <�−D<<.D× <�−D<<.D× <�−D ?� 9�9 ).E�&.2 �9� ';)9 �� �− → �!"�#

9�9���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

!
(
∗�,-$�±µ∓)

?!����� !<<:?!!
(
∗�,-$�±µ∓)

?!����� !<<:?!!
(
∗�,-$�±µ∓)

?!����� !<<:?!!
(
∗�,-$�±µ∓)

?!����� !<<:?!
*��� � ������ ����� �	���
 �����
�������

����� 	� ��	�
��� �� ��	� 	�

���
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9�8���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�

�� B����;����� B����;����� B����;����� B����;���

��� �� ��=��� ��

B!� →� #−B!� →� #
B!� →� #�B!� →� # �

��� ������������ ���
$� �������
� � ����	���� �± ��� �� ������

��� �� → ∗�,-$γ��� �� → ∗�,-$γ��� �� → ∗�,-$γ��� �� → ∗�,-$γ
����� ��	�
��� �� ��	� 	�

���

−�.�<�±�.�9: @A& �C)&�5)−�.�<�±�.�9: @A& �C)&�5)−�.�<�±�.�9: @A& �C)&�5)−�.�<�±�.�9: @A& �C)&�5)

−�.�<8±�.�8D±�.�<� 9�" �A%)&*�%) �"% %�%& �� �− → �!"�#

−�.�<6±�.�""±�.�<9 9�6 3�(�@ �" %);; �� �− → �!"�#

��.�: ±�.<8 ±�.�8 9�6 '@�3 �� ';)9 �� �− → �!"�#

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
−�.�""±�.�7D±�.�<9 9�D �A%)&* �9	 %�%& &���� ��

�A%)&*�%) �"%

9�"'�

������� �� � ?�I '; ������� 
�$���� −�.�7" < ��� < ���"?�
9�6���	��� �H	�� �
��	����� � �� ��� �� �� ��� �!"�#�
9�D� ?�I '; 
��$� �� −�.<7� <��� < �.�:9�

��� �� → � γ��� �� → � γ��� �� → � γ��� �� → � γ
����� ��	�
��� �� ��	� 	�

���

�.�� ±�.�" @A& �C)&�5)�.�� ±�.�" @A& �C)&�5)�.�� ±�.�" @A& �C)&�5)�.�� ±�.�" @A& �C)&�5)

�.�96±�.�6�±�.�<6 9�7 �A%)&*�% �"� %�%& �� �− → �!"�#

�.��9±�.�6�±�.�8� 9�: 3B20B.� �" %);; �� �− → �!"�#

−�.�7?±�.<�:±�.�99 9�? '@�3 �< ';)9 �� �− → �!"�#
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−�.<�±�.�:<.�?��.<<
−�.<�±�.�: 9? �.�� ?6 .;�0 �� �− → �

9?�.�� ?6 ���� �����+�� 	���$ ��
�������
$� ������H	� �� ��$ �����
�� ���
$��

∣∣5τ �
∣∣?τ
�,�

∣∣5τ �
∣∣?τ
�,�

∣∣5τ �
∣∣?τ
�,�

∣∣5τ �
∣∣?τ
�,�

τ
�,�

���
∣∣Rτ �

∣∣ �
� ��� ���� ��� ���
�$� ��� ��>�
���� ������� � ���

� ���
����

����� ��	�
��� �� ��	� 	�

���

−�.��<±�.�<9±�.��:−�.��<±�.�<9±�.��:−�.��<±�.�<9±�.��:−�.��<±�.�<9±�.��: 8� �%%B)3.B ??� @��; �� �− → �

8�.��� �����+�� 	���$ ���� ��� J�� ���
$� ��� ��� ���
$� � �������
� ��
��� �� ���
�������� ��������
��

� @<��I�;��� �<��;���� ��� ����� ������ @<��I�;��� �<��;���� ��� ����� ������ @<��I�;��� �<��;���� ��� ����� ������ @<��I�;��� �<��;���� ��� ����� �����

*�� �
������$ 
������ ����	
������ �
� �
 �� ������	
� � � ������
��� ��
���� �� ���
$��� ����� ��� �!"�#� @��� ��� ��$���� ���
$� 
��	���
!;)�� *����
��� 2��2# �
� 	��� �� ��� �
������$ 
������ ���
�$��� B�
��� �������$� �� ���	�� ���� ��� �
��	����� 
������� �
� ��� ���� ��
��� ;)� ��� �� ��� *����
���

4�
 ����	���� �
������$ 
�������� ����� � → �± �������$� ��� ���	��
	�	���� �
� �	������������� ��� �
������$ 
�������� *��� ��� �� $
����

���� ����

*�� ����� ����� �
� ������ �
 � � ������� ������ ������ �
� ����
 ���
$�
���J	$����� &�������� �������� ��� ���, ����� ��
��� ��� �� ��� ����	��
�����$�

2���� ����
�
���� 4
������ !K� �K# '��=����� �����

@<��I�;��� �<��;����@<��I�;��� �<��;����@<��I�;��� �<��;����@<��I�;��� �<��;����

*�� �
��	����� 
������� �
 ���,�� �������$ �����
��� �� ��$� ���
$�
���� ���� ����	����� 
�� ��� ���� ���	�� � ���� ������ �����$ ��
����
��
�� ��� �
������$ 
������� �� ���� ������� �� ��� 0���� 4����
 ���
�$��$
5
�	� !04�5# �� ����
���� �� ��� ���� ������ �����$ �� ��� �� ��
�����
;�����$�� C��	�� ���	��

%!� → ��# F %!� → ��#

%!� → ��# � %!� → ��# �%!� → ��
�
# � %!� → � ���
���# F <�� I�

*�� �������� �
 �
��	����� 
������� ��
��� �� ��� ����
��	
� !�� � ��� �

� !� → ��#� %
!� → ��##� E� 	�� �	
 ��� �
������$ 
������ ��������

��
�� %!� → ��#�

!< �� ! 8?.: ± <.9 # I

!9 �� ! 8?.: ± <.9 # I

!8 ��
� ! <�.8 ± <." # I

!" � 94���
� ! <�.� ± 9.� # I

!6 �� U

����� ���������� ���������� ���������� �����

��������
��� �� ����
��� �
 ����������
��� �� ����
��� �
 ����������
��� �� ����
��� �
 ����������
��� �� ����
��� �
 ��

!D ν ����"��# ! 98.< ± <.6 # I

!7 	�ν� ����"��# -�1 ! <�.D?± �.99# I

!: ��ν� ����"��# ! <�.:D± �.86# I

!? µ�νµ ����"��# ! <�.?6� �.9?
− �.96# I

!<� �− 	�ν� ����"��# -�1 ! 9.9 ± �." # I 2F<�?

!<< �−π� 	�ν� ����"��# ! ".? ± <.? #× <�−8

!<9 �−π− 	�ν� ����"��# ! 9.D ± <.D #× <�−8

!<8 �� 	�ν� ����"��# -�1 ! D.?�± �.86# I

!<" ��π− 	�ν� ����"��# ! <.�7± �.97# I

!<6 ��π� 	�ν� ����"��# ! 9.8 ± <.D #× <�−8

!<D �∗− 	�ν� ����"��# -�1 ! 9.76± �.<?# I

!<7 �∗−π� 	�ν� ����"��# ! ".: ± <.� #× <�−8

!<: �∗−π− 	�ν� ����"��# ! D ± 7 #× <�−"

!<? ��
- 	

�ν� ����"��# ×
0���

- → �∗�π−
-���1 ! 9.D ± �.? #× <�−8

!9� �−
-

	�ν� ����"��# ×
0��−

-
→ ��π−

-���1 ! 7.� ± <.? #× <�−8

!9< �∗
9�$&'�

� 	�ν� ����"��#

× 0��∗
9�$&'�

� →
�∗−π�

< <." × <�−8 ';F?�I

!99 �∗
9�$&'�

− 	�ν� ����"��#

× 0��∗
9�$&'�

− →
��π−

! ".9 � <.6
− <.: #× <�−8

!98 �∗
9�$&'�

� 	�ν� ����"��#

× 0��∗
9�$&'�

� →
�−π�

!<D� ±:� # I

!9" �"������� 	ν� -�1 ! <.7 ± �.6 #× <�−8

!96 τ� ντ ����"��# ! 9.":± �.9D# I

!9D �∗− τ ντ ����"��# ! ? ± " #× <�−8

!97 � → 	−ν� ����"��# -�1 ! :.�9± �.<?# I

!9: � → 	�ν ����"��# ! <.D � �."
− �.6 # I

�"���� ���
� �� 4���
� �
 ���"���� ���
� �� 4���
� �
 ���"���� ���
� �� 4���
� �
 ���"���� ���
� �� 4���
� �
 ��

!9? �� ����"��# ! D<.� ± 8.< # I

!8� ���±
� ����"��# -�1 ! ?.< � 8.?

− 9.: # I

!8< �∓�±
� ����"��# -�1 ! ".� � 9.8

− <.: # I

!89 ���� ����"��# -�1 ! 6.< � 9.�
− <.: # I

!88 ���± ����"��# -�1 ! 9.7 � <.:
− <.D # I

!8" �±�∓ ����"��# -�1 < ? × <�−8 ';F?�I

!86 �� ����"��#
!8D �� ����"��#
!87 �− ����"��# ! 99." ± <.: # I

!8: �∗�$�.�� ����"��# ! <7.8 ± 9.� # I

!8? �<�$&$�
� ����"��# ! 6.� ± <.6 # I

!"� �∗�$�.�∓�±
� ����"��# -�1 ! 8.8 � <.D

− <.8 # I

!"< ���∗�$�.�± ����"��# -�1 ! 8.� � <.<
− �.? # I

!"9 �∗�$�.�±�∓ ����"��# -�1 ! 9.6 � <.9
− <.� # I

!"8 �∗�$�.�±�∗�$�.�∓ ����"��# -�1 ! <.9 ± �." # I

!"" �� ����"��# ! <� �<<
−<� # I

!"6 �∗
9�$&'�

� ����"��# ! ".7 ± 9.7 # I

!"D �−
� ����"��# ! <6.� ± 9.D # I

!"7 ��
� ����"��# ! <�.< ± 8.< # I

!": ��� ����"��# ! ?.7 ± 9.? # I

!"? � ?� ����"��# -�1 !<<D.9 ± 8.9 # I

�"���
��(� �
 ���"���
��(� �
 ���"���
��(� �
 ���"���
��(� �
 ��
!6� �/ψ�.�����"��# ! <.<D± �.<�# I

!6< ψ�$�����"��# ! ".: ± 9." #× <�−8

!69 χ�<�.�����"��# ! <." ± �." # I

 
� ∗ �
 �� 
� ∗ �
 �� 
� ∗ �
 �� 
� ∗ �
 ��
!68 � γ ! 8.< ± <.< #× <�−"

!6" � ν ν < D." × <�−" ';F?�I

!66 ± ����"��# ! 7" ± D # I

!6D �
� ����"��# ! 9?.� ± 9.? # I

@�
� �
 ��@�
� �
 ��@�
� �
 ��@�
� �
 ��
!67 π± ����"��# !8?7 ±9< # I

!6: π� ����"��# -�1 !97: ±D� # I

!6? φ����"��# ! 9.:9± �.98# I

0���
� �
 ��0���
� �
 ��0���
� �
 ��0���
� �
 ��

!D� 	?	����"��# ! <8.< ± <.< # I

��"�� �
 ����"�� �
 ����"�� �
 ����"�� �
 ��
!D< �"��#� ����"��# -�1 !"?7 ± 7 # I

!D9 "� �
�� "� �
�− ! <.7 � <.�
− �.7 #× <�−6

!D8 �"������� ! 7 ±9< #× <�−8

0���
� �
 ��0���
� �
 ��0���
� �
 ��0���
� �
 ��

!D" �?�����"��# ! 6.? ± �.D # I

!D6 � 94���
� ����"��# ! <�.9 ± 9.: # I
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!DD �� �− ����"��#
!D7 µ�µ− ����"��# �� < 8.9 × <�−" ';F?�I

!D: ν ν ����"��#
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� ��������?������������
������ �� ����� 8

*� + ����(��)� 4����"��# 	�����
�� "�)� � �(����������  �G����
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�.9< ±�.�" @A& �C)&�5)�.9< ±�.�" @A& �C)&�5)�.9< ±�.�" @A& �C)&�5)�.9< ±�.�" @A& �C)&�5)

�.9<8±�.�D: 89 �44@;.)& ��� '.4 �� �� <.: *�C

�.9< ±�.�8D��.�8:
−�.�8�

88 �%) ??� '.4 �� �� <.: *�C

89�44@;.)& ��� 	��� ����
�� �����
������
� =��� ������ �� � → � �−G�
88�%) ??� 	��� ��� �	���
� � �∗!:?9#�� �∗!:?9#�� ��� φ!<�9�# ������ �
��	��� ��
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8"�44@;.)& ��� 	��� ����
�� �����
������
� =��� ������ �� � → � �−G�
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(
ν ����"��#

)
?!����� !D?!!

(
ν ����"��#

)
?!����� !D?!!

(
ν ����"��#

)
?!����� !D?!!

(
ν ����"��#

)
?!����� !D?!
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�.98�:±�.��77±�.�<9"�.98�:±�.��77±�.�<9"�.98�:±�.��77±�.�<9"�.98�:±�.��77±�.�<9" 86,8D �''B�&&B ?D	 ;8 �� �− → �

86�''B�&&B ?D	 ���	��� 
������� � ������������ ����� 
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�.<�D?±�.��99 @A& )C�;A�*B@3�.<�D?±�.��99 @A& )C�;A�*B@3�.<�D?±�.��99 @A& )C�;A�*B@3�.<�D?±�.��99 @A& )C�;A�*B@3

�.<�D"±�.��<D @A& �C)&�5)�.<�D"±�.��<D @A& �C)&�5)�.<�D"±�.��<D @A& �C)&�5)�.<�D"±�.��<D @A& �C)&�5)

�.<�7�±�.��<�±�.��86 87 0)B2*)& �9� �;)� �� �− → �

�.<�7�±�.���:��.��87
−�.��"?

8: �%&)A �<! .;�0 �� �− → �

�.<�:8±�.��<���.��9:
−�.��9"

8? �%%B)3.B ��� @��; �� �− → �

�.<�<D±�.��<8±�.��8� "� �''B�&&B �� ;8 �� �− → �

�.<�:6±�.��<9±�.��"7 "<,"9 �''B�&&B ?D	 ;8 �� �− → �

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.<<�D±�.��8?±�.��99 "8 �%&)A ?6
 .;�0 �� �− → �

�.<<" ±�.��8 ±�.��" "" %A2(A;B' ?"� �;)� �� �− → �

�.<�� ±�.��7 ±�.��7 "6 �%&)A ?8	 .;�0 �� �− → �

�.<�6 ±�.��D ±�.��6 "D �()&2 ?8� @��; &���� �� �%%B)3.B ���

87A��� ��� ����������� � ������ �
�����
�� ������	� �����
	� ��� ��� ��

�������
������� ��� ���
$� � ��� ������ ��� �������� J�� ���
$�� *�� =
�� �

�
 �� ��������� ���
��� ������ �

�
 �� ��� ����� ���������� �

�
 ����	���$ ��� �������$�

8:*�� ����
������� ���������� ��� ����� 	���
�������� �
� �������� �� H	��
��	
��
8?�%%B)3.B ��� 
��	�� �� ����
����� �� �����
��$ ��� ����
��	���� � ����
�� ,��������

��
������ � �������� ������ �� � ������� ��$$�� � → �� ������ 	���$ �
��=���� ��	
��
�����
, ������H	��� *�� =
�� �

�
 �� ���������O ��� ������ �

�
 �� ��� ����� ����������
�

�
�

"��''B�&&B �� 
��	�� �������� 
�� � �������� =� � )�F K!� → ��#�K!� → ���
���#
��� %!� → �νG#� 	���$ ��	������$$��$ �������

"<�''B�&&B ?D	 
��	�� �������� �� � =� �� ��� ���$�� ������ �����
	��
"9���	��� 2�����
� ����� ���	� �
 )� �
"8�%&)A ?6
 $��� ���������� �

�
� ±�.��<? !�����# ��� �.��<9 !)� #� E� �������

����� �� H	��
��	
��
""%A2(A;B' ?"� 	��� � ��� µ ������� *��� ���	� �� 
�� � $����� =� �� ��� ������ � ���
�# !
������� �� J��# �����
� ����� ���� ����
����� ��� � ��� � �
��	����� 
�������� ���


�$��������� 	�������� ��� ��� �
��
�����,��
� �������
���� *��� �
������$ 
����
������� �
���
��� �� ��� 
���� � ��������� �� ���$�� ������� �� ��$� �# � �	� ��� ����

�# ��
���� � ��� ������ �����
	� �� ����	��� �� ��� $����� =� �� 
��	�� ��� �����
����������� *�� ����� ���������� �� ±�.��9D ��� �� ����	��� �� ��� ���������� �

�
�

"6�%&)A ?8	 ����� ��	�� ����	��� � � ������� '�������$ � �� µµ� ��� �µ ������� ����
������ �.<�� ± �.��7 ± �.��7�

"D�()&2 ?8� �������� ��
�
��� 	���$ ���$�� ��� �������� �������

!
(
�� ν� ����"��#

)
?!����� !:?!!

(
�� ν� ����"��#

)
?!����� !:?!!

(
�� ν� ����"��#

)
?!����� !:?!!

(
�� ν� ����"��#

)
?!����� !:?!

����� ���� ��	�
��� �� ��	� 	�

���

�.<�:D±�.��86 @A& �C)&�5)�.<�:D±�.��86 @A& �C)&�5)�.<�:D±�.��86 @A& �C)&�5)�.<�:D±�.��86 @A& �C)&�5)

�.<�7:±�.���:��.��6�
−�.��"D

"7 �%%B)3.B ��� @��; �� �− → �

�.<�:?±�.��9�±�.��6< ":,"? �''B�&&B ?D	 ;8 �� �− → �

�.<�7 ±�.�<6 ±�.��7 9D� 6� �%&)A ?8	 .;�0 �� �− → �

�.<8: ±�.�89 ±�.��: 6< �.)C� ?<	 ;8 �� �− → �

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.�:D ±�.�97 ±�.��: 69 �%) ?8� C32 !����F 6: 5�C

�.<�? ��.�<"
−�.�<8 ±�.��66 97<? 68 �()&2 ?8� @��; &���� �� �%%B�

)3.B ���
�.<<< ±�.�9: ±�.�9D %)0&)3. ?�
 ');; !����F "8 5�C

�.<6� ±�.�<< ±�.�99 %)0&)3. ?�
 ');; !����F 86 5�C

�.<<9 ±�.��? ±�.�<< @35 :: �&(9 !����F 9? 5�C

�.<"? ��.�99
−�.�<? ��; :D .;'@ !����F 9? 5�C

�.<<� ±�.�<: ±�.�<� �B0�&� :6 *�' !����F 9? 5�C

�.<<< ±�.�8" ±�.�"� �;*0@44 :"� *�22 !����F 8"�D 5�C

�.<"D ±�.�9: (@@� :" .;'@ &���� �� ��; :D

�.<<D ±�.�9< ±�.�<7 3);2@3 :8 �&(9 !����F 9? 5�C

"7�%%B)3.B ��� 
��	�� �� ����
����� �� �����
��$ ��� ����
��	���� � ����
�� ,��������
��
������ � �������� ������ �� � ������� ��$$�� � → �� ������ 	���$ �
��=���� ��	
��
�����
, ������H	��� *�� =
�� �

�
 �� ���������O ��� ������ �

�
 �� ��� ����� ����������
�

�
�

":�''B�&&B ?D	 
��	�� �������� �� � =� �� ��� ���$�� ������ �����
	��
"?���	��� 2�����
� ����� ���	� �
 )� �
6��%&)A ?8	 ����� ��	�� ����	��� � � ������� '�������$ � �� µµ� ��� �µ ������� ����

������ �.<�� ± �.��7 ± �.��7�
6<�.)C� ?<	 ����	
� ��� ���
�$� %!� → �G# �
������$ 
���� 	���$ ���$�� ��� ��	���

��$$�� � �������� � ������� '�������$ � ��� µ 
��	���� ���� ������ �.<<8 ± �.�<� ±
�.��D� '����
�����$ ��� ������� �	���
 � � H	�
,� �� ��� 2�����
� ����� �
��������
!87: ± 8 ��C# �
 ��� ����� � ��� � ���� ��� ��� �����
�� 
��	�� $���� �.<<9 ± �.��" ±
�.��:� *��� ������ �.<<? ± �.��8 ± �.��D ���� � ��� µ 
��	��� �
� ��������� A��� ��
����	
� ��� �� ����� ������ ���� �����
�� 
��	�� $���� 87� ± <9 ± 9" ��C ��� ��������
���� ��� �	�� 
��	�� $���� 8:6 ± 7 ± 99 ��C�

69�%) ?8� ����
����� ���� ����	
�� �
��
�����,��
� �������
��� ��� 
�$���������
	������� �
 � ��� ��

68�()&2 ?8� �������� ��
�
��� 	���$ ���$�� ��� �������� �������

!
(
µ�νµ ����"��#

)
?!����� !??!!

(
µ�νµ ����"��#

)
?!����� !??!!

(
µ�νµ ����"��#

)
?!����� !??!!

(
µ�νµ ����"��#

)
?!����� !??!

����� ���� ��	�
��� �� ��	� 	�

���

�.<�?6��.��9?
−�.��96 @A& �C)&�5)�.<�?6��.��9?
−�.��96 @A& �C)&�5)�.<�?6��.��9?
−�.��96 @A& �C)&�5)�.<�?6��.��9?
−�.��96 @A& �C)&�5)

�.<�?D±�.���:��.��8"
−�.��97

6" �%%B)3.B ��� @��; �� �− → �

�.<�:9±�.��<6±�.��6? 66,6D �''B�&&B ?D	 ;8 �� �− → �

�.<<� ±�.�<9 ±�.��7 D6D 67 �%&)A ?8	 .;�0 �� �− → �

�.<<8 ±�.�<9 ±�.��D 6: �.)C� ?<	 ;8 �� �− → �

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.<99 ±�.��D ±�.��7 6D A)3@ ?D ��L �� �− �� 67.? 5�C

�.<�< ��.�<�
−�.��? ±�.��66 "9": 6? �()&2 ?8� @��; &���� �� �%%B�

)3.B ���
�.<�" ±�.�98 ±�.�<D %)0&)3. ?�
 ');; !����F "8 5�C

�.<": ±�.�<� ±�.�<D %)0&)3. ?�
 ');; !����F 86 5�C

�.<<: ±�.�<9 ±�.�<� @35 :: �&(9 !����F 9? 5�C

�.<<7 ±�.�<D ±�.�<6 %�&*); :7 P�.) !����F 8".D 5�C

�.<<" ±�.�<: ±�.�96 %�&*); :6� P�.) &���� �� %�&*); :7

�.<<7 ±�.�9: ±�.�<� �;*0@44 :"� *�22 !����F 8".6 5�C

�.<�6 ±�.�<6 ±�.�<8 �.)C� :8� �&(P !����F 88N8:.6 5�C

�.<66 ��.�6"
−�.�9? 4)&3�3.)Q :8
 ��' !����F 9? 5�C

6"�%%B)3.B ��� 
��	�� �� ����
����� �� �����
��$ ��� ����
��	���� � ����
�� ,��������
��
������ � �������� ������ �� � ������� ��$$�� � → �� ������ 	���$ �
��=���� ��	
��
�����
, ������H	��� *�� =
�� �

�
 �� ���������O ��� ������ �

�
 �� ��� ����� ����������
�

�
�

66�''B�&&B ?D	 
��	�� �������� �� � =� �� ��� ���$�� ������ �����
	��
6D���	��� 2�����
� ����� ���	� �
 )� �
67�%&)A ?8	 ����� ��	�� ����	��� µµ ������� '�������$ � �� µµ� ��� � µ ������� ����

������ �.<�� ± �.��7 ± �.��7�
6:�.)C� ?<	 ����	
� ��� ���
�$� %!� → �G# �
������$ 
���� 	���$ ���$�� ��� ��	���

��$$�� � �������� � ������� '�������$ � ��� µ 
��	���� ���� ������ �.<<8 ± �.�<� ±
�.��D� '����
�����$ ��� ������� �	���
 � � H	�
,� �� ��� 2�����
� ����� �
��������
!87:±8 ��C# �
 ��� ����� � ��� � ���� ��� ��� �	�� 
��	�� $���� �.<98±�.��8±�.��D�
*��� ������ �.<<?± �.��8± �.��D ���� � ��� µ 
��	��� �
� ��������� A��� �� ����	
�
��� �� ����� ������ ���� �	�� 
��	�� $���� 8?" ± ? ± 99 ��C ��� �������� ���� ���
�����
�� 
��	�� $���� 8:6 ± 7 ± 99 ��C�

6?�()&2 ?8� �������� ��
�
��� 	���$ ���$�� ��� �������� �������
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�
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!
(
�− 	�ν� ����"��#

)
?!����� !<�?!!

(
�− 	�ν� ����"��#

)
?!����� !<�?!!

(
�− 	�ν� ����"��#

)
?!����� !<�?!!

(
�− 	�ν� ����"��#

)
?!����� !<�?!

����� ��	�
��� �� ��	� 	�

���

�.�99 ±�.��" @A& �C)&�5)�.�99 ±�.��" @A& �C)&�5)�.�99 ±�.��" @A& �C)&�5)�.�99 ±�.��" @A& �C)&�5) )

�
 ����	��� ����� ����
 � <�?�

�.�979±�.��9:±�.��<: D� �%&)A ��� .;�0 �� �− → �

�.�<?<±�.��96±�.���7 D< �()&2 ?6� @��; �� �− → �

D��%&)A ��� 
���
�� ����
 ����
�����M� 	���
�������� ±�.��<? ± �.��<D ± �.��<:� ���
�
��� =
�� �

�
 �� ������������ ��� ������ �� ����������� ��� ��� ���
� �� ��� 	���
������ �	�
�� ��� � �
������$ 
������� E� ������� =
�� ��� �� H	��
��	
��

D<�()&2 ?6� 
���
�� -%!� → �− �� ν��������$# × %!�� → �−π�π�#1 F !<.:9 ±
�.9� ± �.<9# × <�−8� E� ������ �� �	
 ���� ���	� %!�� → �−π�π�# F !?.6< ±
�.8"# × <�−9� @	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ���
���������� �

�
 
�� 	���$ �	
 ���� ���	��

!
(
�−π� 	�ν� ����"��#

)
?!����� !<<?!!

(
�−π� 	�ν� ����"��#

)
?!����� !<<?!!

(
�−π� 	�ν� ����"��#

)
?!����� !<<?!!

(
�−π� 	�ν� ����"��#

)
?!����� !<<?!

����� ��	�
��� �� ��	� 	�

���

�.��"?±�.��<:±�.���7�.��"?±�.��<:±�.���7�.��"?±�.��<:±�.���7�.��"?±�.��<:±�.���7 �%&)A ��� .;�0 �� �− → �

!
(
�−π− 	�ν� ����"��#

)
?!����� !<9?!!

(
�−π− 	�ν� ����"��#

)
?!����� !<9?!!

(
�−π− 	�ν� ����"��#

)
?!����� !<9?!!

(
�−π− 	�ν� ����"��#

)
?!����� !<9?!

����� ��	�
��� �� ��	� 	�

���

�.��9D±�.��<6±�.���"�.��9D±�.��<6±�.���"�.��9D±�.��<6±�.���"�.��9D±�.��<6±�.���" �%&)A ��� .;�0 �� �− → �

!
(
�� 	�ν� ����"��#

)
?!����� !<8?!!

(
�� 	�ν� ����"��#

)
?!����� !<8?!!

(
�� 	�ν� ����"��#

)
?!����� !<8?!!

(
�� 	�ν� ����"��#

)
?!����� !<8?!

����� ��	�
��� �� ��	� 	�

���

�.�D?�±�.��86 @A& �C)&�5)�.�D?�±�.��86 @A& �C)&�5)�.�D?�±�.��86 @A& �C)&�5)�.�D?�±�.��86 @A& �C)&�5)

�.�7�"±�.��"�±�.��<7 D9 �%&)A ��� .;�0 �� �− → �

�.�DD ±�.��D ±�.��< D8 �()&2 ?6� @��; �� �− → �

D9�%&)A ��� 
���
�� ����
 ����
�����M� 	���
�������� ±�.��8" ± �.��8D ± �.��<7� ���
�
��� =
�� �

�
 �� ������������ ��� ������ �� ����������� ��� ��� ���
� �� ��� 	���
������ �	�
�� ��� � �
������$ 
������� E� ������� =
�� ��� �� H	��
��	
��

D8�()&2 ?6� 
���
�� -%!� → �� �� ν� �������$# × %!�� → �−π�#1 F !9.69± �.<"±
�.<7#× <�−8� E� ������ �� �	
 ���� ���	� %!�� → �−π�# F !8.:� ± �.�7#× <�−9�
@	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�


�� 	���$ �	
 ���� ���	��

!
(
��π− 	�ν� ����"��#

)
?!����� !<"?!!

(
��π− 	�ν� ����"��#

)
?!����� !<"?!!

(
��π− 	�ν� ����"��#

)
?!����� !<"?!!

(
��π− 	�ν� ����"��#

)
?!����� !<"?!

����� ��	�
��� �� ��	� 	�

���

�.�<�7±�.��96±�.��<<�.�<�7±�.��96±�.��<<�.�<�7±�.��96±�.��<<�.�<�7±�.��96±�.��<< �%&)A ��� .;�0 �� �− → �

!
(
��π� 	�ν� ����"��#

)
?!����� !<6?!!

(
��π� 	�ν� ����"��#

)
?!����� !<6?!!

(
��π� 	�ν� ����"��#

)
?!����� !<6?!!

(
��π� 	�ν� ����"��#

)
?!����� !<6?!

����� ��	�
��� �� ��	� 	�

���

�.��98±�.��<6±�.���"�.��98±�.��<6±�.���"�.��98±�.��<6±�.���"�.��98±�.��<6±�.���" �%&)A ��� .;�0 �� �− → �

!
(
�∗− 	�ν� ����"��#

)
?!����� !<D?!!

(
�∗− 	�ν� ����"��#

)
?!����� !<D?!!

(
�∗− 	�ν� ����"��#

)
?!����� !<D?!!

(
�∗− 	�ν� ����"��#

)
?!����� !<D?!

����� ��	�
��� �� ��	� 	�

���

�.�976±�.��<? @A& �C)&�5)�.�976±�.��<? @A& �C)&�5)�.�976±�.��<? @A& �C)&�5)�.�976±�.��<? @A& �C)&�5)

�.�976±�.��9<±�.���? D" �%&)A ��� .;�0 �� �− → �

�.�97D±�.��97±�.��<< D6 �()&2 ?6� @��; �� �− → �

D"�%&)A ��� 
���
�� ����
 ����
�����M� 	���
�������� ±�.��<7 ± �.��<8 ± �.���?� ���
�
��� =
�� �

�
 �� ������������ ��� ������ �� ����������� ��� ��� ���
� �� ��� 	���
������ �	�
�� ��� � �
������$ 
������� E� ������� =
�� ��� �� H	��
��	
��

D6�()&2 ?6� 
���
�� -%!� → �∗ �� ν�G# × %!�∗� → ��π�# × %!�� → �−π�#1

F !!7.68 ± �."7 ± �.6D# × <�−"# ��� 	��� %!�∗� → ��π�# F �.D:< ± �.�<8 ���

%!�� → �−π�# F �.�"�< ± �.��<" �� ������ ��� ����� 
��	��� *�� =
�� �

�
 �� ���

����
������ �

�
 ��� ��� ������ �

�
 �� ��� ���������� �
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������
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���

�.��":±�.���?±�.���6�.��":±�.���?±�.���6�.��":±�.���?±�.���6�.��":±�.���?±�.���6 �%&)A ��� .;�0 �� �− → �

!
(
�∗−π− 	�ν� ����"��#

)
?!����� !<:?!!

(
�∗−π− 	�ν� ����"��#

)
?!����� !<:?!!

(
�∗−π− 	�ν� ����"��#

)
?!����� !<:?!!

(
�∗−π− 	�ν� ����"��#

)
?!����� !<:?!

����� ��	�
��� �� ��	� 	�

���

�.���D±�.���7±�.���9�.���D±�.���7±�.���9�.���D±�.���7±�.���9�.���D±�.���7±�.���9 �%&)A ��� .;�0 �� �− → �
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→ ��π−

)
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→ ��π−

)
?!����� !9�?!

�- 
��
������ �� 	�
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�.��<D8±�.���68��.���66
−�.���D9
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∣∣�� � ∣∣F �.�8:" ± �.��88 ���
τ�F <.6D" ± �.�<" ���

D:A��� ������� ��$$�� �� �������
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�.�77�±�.��?7±�.��"D :� �%&)A ?6
 .;�0 �� �− → �
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/ψ!<�## F !86.D ± <.?#× <�−9�
@	
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�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�


�� 	���$ �	
 ���� ���	�� ���	��� �� χ�9!<�# ��� K!� → ��#�K���
��F�.99�

<<8�.&B�3B ?8� 
���
�� �.�9" ± �.��? ± �.��9 �
 %!χ�<!<�# → γ 
/ψ!<�## F �.978 ±
�.�<D� E� 
������ �� �	
 ���� ���	� %!χ�<!<�# → γ 
/ψ!<�## F !86.D ± <.?#× <�−9�
@	
 =
�� �

�
 �� ����
 ����
�����M� �

�
 ��� �	
 ������ �

�
 �� ��� ���������� �

�


�� 	���$ �	
 ���� ���	��

!
(
χ�<�.�����"��#

)
?!

(
�/ψ�.�����"��#

)
!69?!6�!

(
χ�<�.�����"��#

)
?!

(
�/ψ�.�����"��#

)
!69?!6�!

(
χ�<�.�����"��#

)
?!

(
�/ψ�.�����"��#

)
!69?!6�!

(
χ�<�.�����"��#

)
?!

(
�/ψ�.�����"��#

)
!69?!6�

����� ���� ��	�
��� �� ��	� 	�

���

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<.?9±�.:9 <9< <<" �.&B�3B ?8� ;8 �� �− → �

<<"�.&B�3B ?8� �� � 
���� � ����	���� ����	
������ 
�� � ������ �� ��� � 	���$ ���� ���


/ψ!<�# → µ�µ− ������� ����� ���� ����������� �������

!
(
� γ

)
?!����� !68?!!

(
� γ

)
?!����� !68?!!

(
� γ

)
?!����� !68?!!

(
� γ

)
?!����� !68?!

����� ����� ��−�� 	� ��	�
��� �� ��	� 	�

���

8.<<±�.:�±�.798.<<±�.:�±�.798.<<±�.:�±�.798.<<±�.:�±�.79 <<6 %�&�*) ?: �;)� �� �− → �

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
< 6." ?� <<D �.�� ?D
 .;�0 �� �− → �

<<9 ?� <<7 �.&B�3B ?8! ;8 �� �− → �

<<6%�&�*) ?: 	��� ������� ��$$�� � → �� �������
<<D�.�� ?D
 ���	��� �

�� F �
�− F �.8? ��� ���

F �.<9�

<<7�.&B�3B ?8! 
��	�� �� �
 � → � γ �� ��
�
��� ����	�������

!
(
� ν ν

)
?!����� !6"?!!

(
� ν ν

)
?!����� !6"?!!

(
� ν ν

)
?!����� !6"?!!

(
� ν ν

)
?!����� !6"?!

����� 	� ��	�
��� �� ��	� 	�

���

<D."× <�−"<D."× <�−"<D."× <�−"<D."× <�−" ?� <<: %�&�*) �<� �;)� �� �− → �

<<:*�� ���
$��/�� ��� ����$$��$ ��$�
����� ��
� 	����

!
(
± ����"��#

)
?!����� !66?!!

(
± ����"��#

)
?!����� !66?!!

(
± ����"��#

)
?!����� !66?!!

(
± ����"��#

)
?!����� !66?!

����� ��	�
��� �� ��	� 	�

���

�.7"±�.�D @A& �C)&�5)�.7"±�.�D @A& �C)&�5)�.7"±�.�D @A& �C)&�5)�.7"±�.�D @A& �C)&�5)

�.79±�.�9±�.�D %�&�*) ?:� �;)� �� �− → �

�.::±�.�6±�.<: �%&)A ?6	 .;�0 �� �− → �

!
(
�
� ����"��#

)
?!����� !6D?!!

(
�
� ����"��#

)
?!����� !6D?!!

(
�
� ����"��#

)
?!����� !6D?!!

(
�
� ����"��#

)
?!����� !6D?!

����� ��	�
��� �� ��	� 	�

���

�.9?�±�.�<<±�.�97�.9?�±�.�<<±�.�97�.9?�±�.�<<±�.�97�.9?�±�.�<<±�.�97 �%&)A ?6	 .;�0 �� �− → �

!
(
π± ����"��#

)
?!����� !67?!!

(
π± ����"��#

)
?!����� !67?!!

(
π± ����"��#

)
?!����� !67?!!

(
π± ����"��#

)
?!����� !67?!

����� ��	�
��� �� ��	� 	�

���

8.?7±�.�9±�.9<8.?7±�.�9±�.9<8.?7±�.�9±�.9<8.?7±�.�9±�.9< %�&�*) ?:� �;)� �� �− → �

!
(
π� ����"��#

)
?!����� !6:?!!

(
π� ����"��#

)
?!����� !6:?!!

(
π� ����"��#

)
?!����� !6:?!!

(
π� ����"��#

)
?!����� !6:?!

����� ��	�
��� �� ��	� 	�

���

9.7:±�.<6±�.D�9.7:±�.<6±�.D�9.7:±�.<6±�.D�9.7:±�.<6±�.D� <<? �.�� ?D .;�0 �� �− → �

<<?�.�� ?D ����	
����� �������� 
�� � =� �� ��� 
������� ����
��	���� � π�
′s �� � →

�� �������

!
(
φ����"��#

)
?!����� !6??!!

(
φ����"��#

)
?!����� !6??!!

(
φ����"��#

)
?!����� !6??!!

(
φ����"��#

)
?!����� !6??!

����� ��	�
��� �� ��	� 	�

���

�.�9:9±�.��<8±�.��<?�.�9:9±�.��<8±�.��<?�.�9:9±�.��<8±�.��<?�.�9:9±�.��<8±�.��<? �%%B)3.B ��) @��; �� �− → �

!
(
	?	����"��#

)
?!����� !D�?!!

(
	?	����"��#

)
?!����� !D�?!!

(
	?	����"��#

)
?!����� !D�?!!

(
	?	����"��#

)
?!����� !D�?!

����� ��	�
��� �� ��	� 	�

���

�.<8<±�.�<< @A& �C)&�5)�.<8<±�.�<< @A& �C)&�5)�.<8<±�.�<< @A& �C)&�5)�.<8<±�.�<< @A& �C)&�5)

�.<8<±�.��"±�.�<< %�&�*) ?:� �;)� �� �− → �

�.<"<±�.�<:±�.�6D �%&)A ?6	 .;�0 �� �− → �

!
(
�"��#� ����"��#

)
?!����� !D<?!!

(
�"��#� ����"��#

)
?!����� !D<?!!

(
�"��#� ����"��#

)
?!����� !D<?!!

(
�"��#� ����"��#

)
?!����� !D<?!

����� ��	�
��� �� ��	� 	�

���

".?7±�.�8±�.�D".?7±�.�8±�.�D".?7±�.�8±�.�D".?7±�.�8±�.�D <9� �%&)A ?:� .;�0 �� �− → �

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
6.:"±�.�"±�.8: �%&)A ?6	 .;�0 &���� �� �%&)A ?:�

<9��%&)A ?:� ����	
����� ����	��� ��� ����
��	���� 
�� �� ��� � ������

!
(
"� �
�� "� �
�−

)
?!����� !D9?!!

(
"� �
�� "� �
�−

)
?!����� !D9?!!

(
"� �
�� "� �
�−

)
?!����� !D9?!!

(
"� �
�� "� �
�−

)
?!����� !D9?!

����� ����� ��−"� ��	�
��� �� ��	� 	�

���

<.7�<.�
−�.7±�.9<.7�<.�
−�.7±�.9<.7�<.�
−�.7±�.9<.7�<.�
−�.7±�.9 <9<,<99 %A2(A;B' ?D� �;)� �� �− → �

<9<%A2(A;B' ?D� ���	��� �.5 ?D �
��	����� 
������� �
 ��� ��� �� � � ��
�����
<99���
�$� �
������$ 
������ � ���,�� �������$ � ���
��� ���� ��� ���$������ ���
$��

���
���� ���$���� �� ����
 �
��	����� �
��� ������� ��� ���������

!
(
�"�������

)
?!����� !D8?!!

(
�"�������

)
?!����� !D8?!!

(
�"�������

)
?!����� !D8?!!

(
�"�������

)
?!����� !D8?!

����� ��	�
��� �� ��	� 	�

���

�.��7±�.�9<�.��7±�.�9<�.��7±�.�9<�.��7±�.�9< <98 �%&)A ?:
 .;�0 �� �− → �

<98�%&)A ?:
 
��	��� �
� ���
����� 
�� � =� �� ��� ����$$��$ �
��������� ����
��	���� �����
�� ��� ������ ��
�����
� *�� �������� ������ ���
� ����
��	���� � �.�9D ± �.��" ���
���� �	��
������

!
(
�?�����"��#

)
?!����� !D"?!!

(
�?�����"��#

)
?!����� !D"?!!

(
�?�����"��#

)
?!����� !D"?!!

(
�?�����"��#

)
?!����� !D"?!

����� ��	�
��� �� ��	� 	�

���

�.�6? ±�.��D @A& �C)&�5)�.�6? ±�.��D @A& �C)&�5)�.�6? ±�.��D @A& �C)&�5)�.�6? ±�.��D @A& �C)&�5)

�.�6:7±�.��"D±�.��": �'()&2*�44 ?7� @��; �� �− → �

�.�6? ±�.��7 ±�.��? �%&)A ?6	 .;�0 �� �− → �

!
(
� 94���
� ����"��#

)
?!����� !D6?!!

(
� 94���
� ����"��#

)
?!����� !D6?!!

(
� 94���
� ����"��#

)
?!����� !D6?!!

(
� 94���
� ����"��#

)
?!����� !D6?!

����� ��	�
��� �� ��	� 	�
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�.<�9±�.��7±�.�97�.<�9±�.��7±�.�97�.<�9±�.��7±�.�97�.<�9±�.��7±�.�97 <9" %�&�*) ?:� �;)� �� �− → �

<9"%�&�*) ?:� ���	��� %!�� → �G# F : ± "I ��� %!� ���
��� → �G# F 6: ± DI�

!
(
µ�µ− ����"��#

)
?!����� !D7?!!

(
µ�µ− ����"��#

)
?!����� !D7?!!

(
µ�µ− ����"��#

)
?!����� !D7?!!

(
µ�µ− ����"��#

)
?!����� !D7?!

*��� �
 R� F < ���, ��	�
�� �	

����
����� 	� ��	�
��� �� ��	� 	�

���

<8.9 × <�−"<8.9 × <�−"<8.9 × <�−"<8.9 × <�−" ?� �%%@** ?:� .� �� <.: *�C

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<6.� × <�−6 ?� <96 �;%�P�& ?<	 A�< !

��
��F D8� 5�C

<�.�9 ?6 �;*0@44 :"� *�22 !����F 8"�6 5�C

<�.��7 ?6 �.)C� :8 �&(P !����F 8�N8: 5�C

<�.��7 ?6 %�&*); :8� P�.) !����F 88N87 5�C

<96%��� �%%@** ?:� ��� 5;)33 ?: ����� ���� ��� �Æ������ H	���� �� �;%�P�& ?<	

��� ���
��������� �� � ��
$� ����
�[
!
(
�� �− ����"��#

)
2!

(
µ�µ− ����"��#

)]
?!����� �!DD2!D7?!

[
!
(
�� �− ����"��#

)
2!

(
µ�µ− ����"��#

)]
?!����� �!DD2!D7?!

[
!
(
�� �− ����"��#

)
2!

(
µ�µ− ����"��#

)]
?!����� �!DD2!D7?!

[
!
(
�� �− ����"��#

)
2!

(
µ�µ− ����"��#

)]
?!����� �!DD2!D7?!

*��� �
 R� F < ���, ��	�
�� �	

����
����� 	� ��	�
��� �� ��	� 	�

���

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<�.��: ?� ��**)AQQB :8 �&(9 !����F 9? 5�C

!
(
ν ν ����"��#

)
?!����� !D:?!!

(
ν ν ����"��#

)
?!����� !D:?!!

(
ν ν ����"��#

)
?!����� !D:?!!

(
ν ν ����"��#

)
?!����� !D:?!

����� ��	�
��� �� ��	� 	�

���

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
<8.?× <�−" <9D 5&@22��3 ?D &CA) �� �− → �

<9D5&@22��3 ?D ����� �� ��
���� 
�� ��� �;)�0 %A2(A;B' ?6 ����� %!�� → τ� ντ #

< <.:× <�−8 �� ';F?�I 	���$ �����
������ ���������$ ���	��������

χ� �; =�>= ���<>�χ� �; =�>= ���<>�χ� �; =�>= ���<>�χ� �; =�>= ���<>�

4�
 � ����	����� � ��� �����$� ��� ��� ���� �� ������ �����$ �� ���
�� ��
����� ;�����$��

χ� �� ��� ���
�$� ��� �����$ ��
�����
 �� ��$�����
$� χ�F�
′
�

χ� �

� ′
�
χ� ���
� � ′

�
��� � ′

�
�
� ��� 
������� � �� ��� ��

�
���
��� �� ��

	������� ������ � ������������ �����
�� �������

�@A& )C�;A�*B@3 �� �� ���
�$� 	���$ 
������� ���	�� � ���
���� ������ ������ *�� ���
�$� ��� 
�������$ ��
� ��
�
��� ��
��� 0���� 4����
 ���
�$��$ 5
�	� !04�5# ��� �
� ����
���� ��
���������������������
����	���
$���$�� *�� ���
�$��$�
�������$ �
��
���	
� ��,�� ���� ����	�� ��

������� ������� ��� ����	
�������

����� ���� ��	�
��� �� ��	� 	�

���

�.<9:8±�.��7D @A& )C�;A�*B@3�.<9:8±�.��7D @A& )C�;A�*B@3�.<9:8±�.��7D @A& )C�;A�*B@3�.<9:8±�.��7D @A& )C�;A�*B@3

�.<9? ±�.��" @A& �C)&�5)�.<9? ±�.��" @A& �C)&�5)�.<9? ±�.��" @A& �C)&�5)�.<9? ±�.��" @A& �C)&�5)

�.<69 ±�.��7 ±�.�<< <97 �'@2*� �"% '.4 �� �� <.: *�C

�.<8<9±�.��"?±�.��"9 <9: �%%B)3.B �8� @��; �� �− → �

�.<97 ±�.�<8 ±�.��D <9? �%&)A �<! .;�0 �� �− → �

�.<<?9±�.��D:±�.��6< <8� �''B�&&B ??
 ;8 �� �− → �

�.<9< ±�.�<D ±�.��D <8< �%&)A ?"� .;�0 �� �− → �

�.<<" ±�.�<" ±�.��: <89 %A2(A;B' ?"� �;)� �� �− → �

�.<9? ±�.�99 <88 %A2(A;B' ?9� �;)� �� �− → �

�.<7D ±�.�8< ±�.�89 <<<9 <8" �%) ?<� '.4 �� <.: *�C

�.<": ±�.�9? ±�.�<7 <86 �;%�P�& ?<
 A�< �� D8� 5�C

• • • E� �� ��� 	�� ��� �������$ ���� �
 ���
�$��� =��� ������� ���� • • •
�.<8< ±�.�9� ±�.�<D <8D �%) ?7 '.4 &���� ��

�'@2*� �"%
�.<<�7±�.��D9±�.��66 <87 �;)G�3.)& ?D @��; &��� �� �%%B�

)3.B �8�
�.<8D ±�.�87 ±�.�"� <8: A)3@ ?D ��L �� �− �� 67.? 5�C

�.<"" ±�.�<" ��.�<7
−�.�<<

<8? �%&)A ?"� .;�0 2	�� �� �%&)A ?"�

�.<8< ±�.�<" <"� �%&)A ?"� .;�0 �� �− → �

�.<98 ±�.�<9 ±�.��: �''B�&&B ?"
 ;8 &���� �� �''B��
&&B ??


�.<67 ±�.�9� ±�.�89 <"< �;%�P�& ?" A�<
√
� F D8� 5�C

�.<9< ��.�""
−�.�"� ±�.�<7 <DD6 <"9 �%&)A ?8	 .;�0 2	�� �� �%&)A ?"�

�.<"8 ��.�99
−�.�9< ±�.��7 <"8 �()&2 ?8� @��; 2	�� �� �;)G�3�

.)& ?D



	��	��	��	��

��� ��� �� ���� 	
� ����� ����	
�� �	��	��

�±������

�
��$����� ���� !"#� �cb ��� �ub %&���
��' #��(��
�

�.<"6 ��.�"<
−�.�86 ±�.�<: <"" �'*@3 ?9	 @��; �� �− → �

�.<9< ±�.�<7 ±�.��D <"6 �.)C� ?9	 ;8 2	�� �� �''B��
&&B ?"


�.<89 ±�.99 ��.�<6
−�.�<9 :98 <"D .)'��� ?< �;)� �� �− → �

�.<7: ��.�"?
−�.�"� ±�.�9� <"7 �.)C� ?�� ;8 �� �− → �

�.<7 ��.<6
−�.�:

<":,<"? E)B& ?� �&(9 �� �− 9? 5�C

�.9< ��.9?
−�.<6

<": %�3. :: ��' !����F 9? 5�C

>���9 �� ?�I�� <": %�3. :: ��' !����F 9? 5�C

�.<9< ±�.�"7 <":,<6� �;%�P�& :7	 A�< &���� �� �;%��
P�& ?<


<��<9 �� ?�I�� <":,<6< 2'0��. :6 �&(9 !����F 9? 5�C

<97����	
����� ��
�
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INTRODUCTION

Precision determinations of |Vub| and |Vcb| are central to

testing the CKM sector of the Standard Model, and com-

plement the measurements of CP asymmetries in B decays.

The length of the side of the unitarity triangle opposite the

well-measured angle β is proportional to the ratio |Vub|/|Vcb|,
making its determination a high priority of the heavy flavor

physics program.

The quark transitions b → c	ν� and b → u	ν� provide two

avenues for determining these CKM matrix elements, namely

through inclusive and exclusive final states. The experimental

and theoretical techniques underlying these two avenues are

independent, providing a crucial cross-check on our understand-

ing. Significant progress has been made in both approaches

since the previous reviews of |Vcb| [1] and |Vub| [2].
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The theory underlying the determination of |Vqb| is mature.

The theoretical approaches all use the fact that the mass mb

of the b quark is large compared to the scale ΛQCD that

determines low-energy hadronic physics. The basis for precise

calculations is a systematic expansion in powers of ΛQCD/mb,

where effective-field-theory methods are used to separate non-

perturbative from perturbative contributions. The expansion

in ΛQCD/mb and αs works well enough to enable a precision

determination of |Vcb| and |Vub| in semileptonic decays.

The large data samples available at the B factories have

opened up new possibilities experimentally. Analyses where

one B meson from an Υ (4S) decay is fully reconstructed allow

a recoiling semileptonic B decay to be studied with higher

purity than was previously possible. Improved knowledge of

B → Xc	ν� decays allows partial rates for B → Xu	ν� transi-

tions to be measured in regions previously considered inacces-

sible, increasing the acceptance for B → Xu	ν� transitions and

reducing theoretical uncertainties.

At present the inclusive determinations of both |Vcb| and

|Vub| are more precise than the corresponding exclusive determi-

nations. Improvement of the exclusive determinations remains

an important goal, and future progress, in particular in lattice

QCD, may provide this.

Throughout this review the numerical results quoted

are based on the methods of the Heavy Flavor Averaging

Group [3].

DETERMINATION OF Vcb

Summary: The determination of |Vcb| from exclusive de-

cays is currently at a relative precision of about 4%. The main

limitation is the knowledge of the form factor near the maxi-

mum momentum transfer to the leptons. Further progress from

lattice calculations of the form factors is needed to improve the

precision.

Determinations of |Vcb| from inclusive decays are currently

at a level of 2% relative uncertainty. The limitations arise

mainly from our ignorance of higher order perturbative and

non-perturbative corrections.

The values obtained from inclusive and exclusive determi-

nations are consistent with each other:

|Vcb| = (41.7 ± 0.7) × 10−3 (inclusive) (1)

|Vcb| = (40.9 ± 1.8) × 10−3 (exclusive). (2)

While this consistency may be viewed as a validation, in

which case further reduction of the uncertainty is unwarranted,

we nevertheless provide an average value,

|Vcb| = (41.6 ± 0.6) × 10−3 . (3)

The statistical component of the error, needed for input to

subsequent averages, is 0.1 × 10−3.

|Vcb| from exclusive decays

Exclusive determinations of |Vcb| are based on a study of

semileptonic B decays into the ground state charmed mesons

D and D∗. The main uncertainties in this approach stem from

our ignorance of the form factors describing the B → D and

B → D∗ transitions. However, in the limit of infinite bottom

and charm quark masses only a single form factor appears, the

Isgur-Wise function [4], which depends on the product of the

four-velocities v and v′ of the initial and final-state hadrons.

The method used for the extraction of |Vcb| refers to the

spectrum in the variable w ≡ v · v′ corresponding to the energy

of the final state D(∗) meson in the rest frame of the decay.

Heavy Quark Symmetry (HQS) [4,5] predicts the normalization

of the rate at w = 1, the maximum momentum transfer to the

leptons, and |Vcb| is obtained from an extrapolation of the

spectrum to w = 1.

A precise determination requires corrections to the HQS

prediction for the normalization as well as some information

on the slope of the form factors near the point w = 1, since

the phase space vanishes there. The corrections to the HQS

prediction due to finite quark masses is given in terms of the

symmetry-breaking parameter

1

µ
=

1

mc
− 1

mb
,

which is practically 1/mc for realistic quark masses. HQS

ensures that the matrix elements corresponding to the currents

that generate the HQS are normalized at w = 1, which means

that some of the form factors either vanish or are normalized at

w = 1. Due to Luke’s Theorem [6]( which is an application of

the Ademollo-Gatto theorem [7] to heavy quarks), the leading

correction to those form factors normalized due to HQS is

quadratic in 1/µ, while for the form factors that vanish in the

infinite mass limit the corrections are in general linear in 1/mc

and 1/mb. Thus we have, using the definitions as in Eq. (2.84)

of Ref. [8]

hi(1) = 1 + O(1/µ2) fori = +, V, A1, A3 ,

hi(1) = O(1/mc, 1/mb) fori = −, A2 . (4)

In addition to these corrections there are perturbatively

calculable radiative corrections from QCD and QED, which

will be discussed in the relevant sections. Both - radiative

corrections as well as 1/m corrections - are considered in the

framework of Heavy Quark Effective Theory (HQET) [9],

which provides for a systematic expansion.

B → D∗�ν�

The decay rate for B → D∗	ν� is given by

dΓ

dw
(B → D∗	ν�) =

G2
F

48π3
|Vcb|2m3

D∗(w2 − 1)1/2P (w)(F(w))2

(5)

where P (w) is a phase space factor with P (1) = 12(mB−mD∗)2

and F(w) is dominated by the axial vector form factor hA1 as
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w → 1. In the infinite-mass limit, the HQS normalization gives

F(1) = 1.

The form factor F(w) is parametrized as

F(w) = ηQEDηA

[
1 + δ1/m2 + · · ·

]
+(w−1)ρ2+O((w−1)2) (6)

where the QED [10] and QCD [11] short distance radiative

corrections are

ηQED = 1.007 , ηA = 0.960 ± 0.007 (7)

and δ1/m2 comes from non-perturbative 1/m2 corrections. An-

alyticity and unitarity may be used to restrict the form factors

[12,13] from which the bound −0.17 < ρ2 < 1.51 is obtained.

Recently, lattice simulations with finite quark masses have

become possible, and have been used to calculate the deviation

of F(1) from unity. The value quoted from these calculations,

which still use the “quenched” approximation, is [14]

F(1) = 0.919+0.030
−0.035 (8)

where the errors quoted in Ref. [14] have been added in

quadrature and the QED correction has been taken into account.

This value is compatible with estimates based on non-lattice

methods.

Many experiments [15–21] have measured the differential

rate as a function of w. Fig. 1 shows the measured values and

corresponding average of the product |Vcb|F (1) and the slope

ρ2. The confidence level of the average is ∼ 1%, suggesting

the need for further experimental work. The leading sources

of experimental uncertainty come from the uncertainties on the

form factor ratios R1 ∝ A2/A1 and R2 ∝ V/A1, and on the

background due to B → D∗π	ν� decays, along with particle

reconstruction efficiencies. These can be significantly reduced

with B-factory data sets. Using the value given above for F(1)

and the average |Vcb|F(1)=(37.6±0.9)× 10−3 gives

|Vcb| = (40.9 ± 1.0exp
+1.6
−1.3theo) × 10−3. (9)

B → D�ν�

The differential rate for B → D	ν� is given by

dΓ

dw
(B → D	ν�) =

G2
F

48π3
|Vcb|2(mB + mD)2m3

D(w2 − 1)3/2(G(w))2. (10)

The form factor is

G(w) = h+(w) − mB − mD

mB + mD
h−(w), (11)

where h+ is normalized due to HQS and h− vanishes in the

heavy mass limit. Thus

G(1) = 1 + O
(

mB − mD

mB + mD

1

mc

)
(12)
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Figure 1: Measurements of |Vcb|F(1) and ρ2

along with the average determined from a χ2 fit.
The hatched area corresponds to the ∆χ2 = 1
contour. This plot is taken from [3]. See
full-color version on color pages at end of book.

and the corrections to the HQET predictions are parametrically

larger than was the case for B → D∗	ν�.

However, it has been argued recently that the limit in which

the kinetic energy µ2
π is equal to the chromomagnetic moment

µ2
G (these quantities are discussed below in more detail) may be

useful, and that deviations from this limit could be treated as

small perturbations [22]. For the form factors this limit has

quite far-reaching consequences, in particular it implies that for

the B → D form factor the relations valid in the heavy mass

limit hold in all orders in the 1/mQ expansion. Based on these

arguments

G(1) = 1.04 ± 0.01power ± 0.01pert (13)

is derived in Ref. [22]. If this notion gains acceptance, it

could provide a rationale for reducing the uncertainties in G(1)

from undetermined contributions of order 1/m4
Q.

Recently, lattice calculations that do not refer to the heavy

mass limit have become available, and hence the fact that

deviations from the HQET predictions are parametrically larger

than in the case B → D∗	ν� is irrelevant. These calcuations

quote a (preliminary) value [23]

G(1) = 1.074 ± 0.018 ± 0.016 (14)

which has an error comparable to the one quoted for F(1),

although some uncertainties have not been taken into accounted.

The existing measurements of |Vcb|G(1) and ρ2 are shown

in Fig. 2, resulting in an average value |Vcb|G(1) = (42.2 ±
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3.7) × 10−3. Using the value given above for G(1), accounting

for the QED correction and conservatively adding the theory

uncertainties linearly results in

|Vcb| = (39.0 ± 3.4 ± 3.0) × 10−3 (15)

where the first uncertainty is from experiment and the second

from theory.

Measuring the differential rate at w = 1 is more difficult

in B → D	ν� decays than in B → D∗	ν� decays, since the

rate is smaller and the background from mis-reconstructed

B → D∗	ν� decays is significant; this is reflected in the larger

experimental uncertainty. The B factories may be able to

address these limitations by studying decays recoiling against

fully reconstructed B mesons or doing a global fit to B →
Xc	ν� decays. Prospects for precise measurements of the total

B → D	ν� rate are better, so theoretical input on the shape of

the w spectrum in B → D	ν� is valuable.
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Figure 2: Measurements of |Vcb|F(1) and ρ2

along with the average determined from a χ2 fit.
The hatched area corresponds to the ∆χ2 = 1
contour. This plot is taken from [3]. See
full-color version on color pages at end of book.

Prospects for Lattice determinations of the B → D(∗)

form factors

The prospects for lattice determinations of the B → D(∗)

form factors in the near term are rosy, because calculations with

realistic sea quarks have begun to appear. The key [14,24] is a

set of double-ratios, constructed so that all uncertainties scale

with the deviation of the form factor from unity.

One of the important uncertainties in the existing lattice

calculations is the chiral extrapolation, namely, the extrapola-

tion from the light quark masses used in the numerical lattice

computation to the up and down quark masses. This is under

very good control for the B → D transition, but for B → D∗

is complicated by the coincidence mπ ≈ mD∗ − mD. As a

consequence, one must have exceptional analytic control over

the extrapolation, including modifications of chiral perturbation

theory for lattice QCD with non-zero lattice spacing.

With these developments, it will be possible to obtain

full-QCD values for F(1) and G(1). The projected uncertainty

will be 2-3%. This is not much smaller than before, but

the foundation will be more reliable. This uncertainty needs

to improve further to be comparable to the projected 1%

uncertainty for the inclusive determination of |Vcb|.
To reach the target of 1% theoretical uncertainty more

analytical work is needed. In lattice QCD, heavy-quark dis-

cretization effects are controlled by using HQET to match

lattice gauge theory to continuum QCD, order-by-order in the

heavy-quark expansion [25–28]. This matching must be car-

ried out to higher order, and some of this is in progress [29,30].

But some aspects, such as the radiative corrections to the 1/mQ

corrections to the transition currents, and the 1/m2
Q corrections

to the currents, are not yet underway. The task involved is

comparable to, perhaps a bit greater than, the effort needed

for carrying out the heavy-quark expansion for the inclusive

method to the same order.

|Vcb| from inclusive decays

At present the most precise determinations of |Vcb| come

from inclusive decays. The method is based on a measurement

of the total semileptonic decay rate, together with the leptonic

energy and the hadronic invariant mass spectra of inclusive

semileptonic decays. The total decay rate can be calculated

quite reliably in terms of non-perturbative parameters that can

be extracted from the information contained in the spectra.

Inclusive semileptonic rate

The theoretical foundation for the calculation of the total

semileptonic rate is the Operator Product Expansion (OPE)

which yields the Heavy Quark Expansion (HQE), a systematic

expansion in inverse powers of the b-quark mass [31,32]. The

validity of the OPE is proven in the deep euclidean region

for the momenta (which is satisfied, e.g., in deep inelastic

scattering), but its application to heavy quark decays requires

a continuation to time-like momenta p2
B = M2

B, where possible

contributions which are exponentially damped in the euclidean

region could become oscillatory. The validity of the OPE for

inclusive decays is equivalent to the assumption of parton-

hadron duality, hereafter referred to simply as duality, and

possible oscillatory contributions would be an indication of

duality violation.

Duality-violating effects are in fact hard to quantify; in

practice they would appear as unnaturally large coefficents of
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higher order terms in the 1/m expansion [33]. Present fits

include terms up to order 1/m3
b , the coefficients of which have

sizes as expected a priori by theory. The consistency of the

data with these OPE fits will be discussed later; no indication

is found that terms of order 1/m4
b or higher are large, and

there is no evidence for duality violations in the data. Thus

duality or, likewise, the validity of the OPE, is assumed in

the analysis, and no further uncertainty is assigned to possible

duality violations.

The OPE result for the total rate can be written schemati-

cally (the details of the expression can be found, e.g., in [34])

as

Γ = |Vcb|2Γ̂0m
5
b(µ)(1 + Aew)Apert(r, µ)×[

z0(r) + z2(r)

(
µ2

π

m2
b

,
µ2

G

m2
b

)
+ z3(r)

(
ρ3

D

m3
b

,
ρ3

LS

m3
b

)
+ ...

]
(16)

where Aew denotes the electroweak and Apert(r, µ) the QCD

radiative corrections, r is the ratio mc/mb and the zi are known

phase-space functions. The expression is known up to 1/m3
b ,

where the HQE parameters are given in terms of forward matrix

elements by

Λ = MB − mb

µ2
π = −〈B|b(iD⊥)2b|B〉

µ2
G = 〈B|b(iDµ

⊥)(iDν
⊥)σµνb|B〉

ρ3
D = 〈B|b(iD⊥µ)(ivD)(iDν

⊥)b|B〉
ρ3

LS = 〈B|b(iDµ
⊥)(ivD)(iDν

⊥)σµνb|B〉 (17)

The non-perturbative matrix elements depend on the renormal-

ization scale µ, on the chosen renormalization scheme and on

the quark mass mb. The rates and the spectra depend strongly

on mb (or equivalently on Λ), which makes the discussion of

renormalization issues mandatory.

Using the pole mass definition for the heavy quark masses,

it is well known that the corresponding perturbative series

of decay rates does not converge very well, making a preci-

sion determination of |Vcb| in such a scheme impossible. The

solution to this problem is either to chose an appropriate “short-

distance” mass definition, as in the kinetic scheme [35,36], or

to eliminate the heavy quark mass in favor of a physical ob-

servable, such as the Υ (1S) mass (a well-defined short-distance

mass up to α3
s), as in the 1S scheme [37]. Both of these

schemes have been applied to semi-leptonic b → c transitions,

yielding comparable results and uncertainties.

The 1S scheme eliminates the b quark pole mass by relating

it to the mass of the 1S state of the Υ system. The ratio of these

two masses can be computed perturbatively, assuming that

possible non-perturbative contributions to the Υ (1S) mass are

small. This is supported by an estimate performed in Ref. [38].

Eliminating the b quark pole mass in the semileptonic rate in

favor of the Υ (1S) mass yields an expansion that converges

rapidly.

Alternatively one may use a short-distance mass definition

such as the MS mass mMS
b (mb). However, it has been argued

that the scale mb is unnaturally high for B decays, while

for smaller scales µ ∼ 1 GeV mMS
b (µ) is under poor control.

For this reason the so-called “kinetic mass” mkin
b (µ), has been

proposed. It is the mass entering the non-relativistic expression

for the kinetic energy of a heavy quark, and is defined using

heavy quark sum rules [36].

The HQE parameters also depend on the renormalization

scale and scheme. The matrix elements displayed in Eq. (17)

are defined with the full QCD fields and states, which is the

definition employed in the kinetic scheme. In the 1S scheme,

one usually uses the parameters λ1 and λ2 which are defined in

the infinite mass limit. The relation between these parameters

is

ΛHQET = lim
mb→∞Λ , −λ1 = lim

mb→∞µ2
π

λ2 = lim
mb→∞µ2

G , ρ1 = lim
mb→∞ ρ3

D

ρ2 = lim
mb→∞ ρ3

LS

Defining the kinetic energy and the chromomagnetic mo-

ment in the infinite-mass limit (as, e.g., in the 1S scheme)

requires that 1/mb corrections to the matrix elements defined

in Eq. (17) be taken into account once one goes beyond order

1/m2
b . As a result, additional quantities T1 · · · T4 appear at

order 1/m3
b . However, these quantities are correlated such that

the total number of non-perturbative parameters to order 1/m3
b

is the same as in the scheme where mb is kept finite in the

matrix elements which define the non-perturbative parameters.

A detailed discussion of these issues can be found in [39].

In order to define the HQE parameters properly one must

adopt a renormalization scheme, as was done for the heavy

quark mass. Since all these parameters can again be determined

by heavy quark sum rules, one may adopt a scheme similar to

the kinetic scheme for the quark mass. The HQE parameters

in the kinetic scheme depend on powers of the renormalization

scale µ, and the above relations are valid in the limit µ → 0,

leaving only logarithms of µ.

Some of these parameters also appear in the relation for

the heavy hadron masses. The quantity Λ is determined once

a definition is specified for the quark mass. The parameter

µ2
G can be extracted from the mass splitting in the lowest

spin-symmetry doublet of heavy mesons

µ2
G(µ) =

3

4
CG(µ, mb)(M

2
B∗ − M2

B) (18)

where CG(µ, mb) is a perturbatively-computable coefficient

which depends on the scheme. In the kinetic scheme we have

µ2
G(1GeV) = 0.35+0.03

−0.02 GeV2. (19)

To relate these to the HQET parameters one needs to perform

a change of schemes. As a rule of thumb one has, up to order

αs,
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ΛHQET = Λ
kin

(1GeV) − 0.255 GeV

−λ1 = µ2
π(1GeV) − 0.18 (GeV)2 .

Determination of HQE Parameters and |Vcb|
Several experiments have measured moments in B → Xc	ν�

decays [40–48] as a function of the minimum electron momen-

tum. The measurements of the moments of the electron energy

spectrum (0th-3rd) and of the squared hadronic mass spectrum

(0th-2nd) have statistical uncertainties that are roughly equal

to their systematic uncertainties. They can be improved with

more data and significant effort. Measurements of photon en-

ergy moments (0th-2nd) in B → Xsγ decays [49–52] as a

function of the minimum accepted photon energy are still pri-

marily statistics limited. Global fits to these moments [53–56]

have been performed in the 1S and kinetic schemes. A global

fit to a large set of hadron mass, electron energy and photon

energy moments in the 1S scheme gives [55]

|Vcb| = (41.4 ± 0.6 ± 0.1) × 10−3 (20)

m1S
b = 4.68 ± 0.03 GeV (21)

λ1S
1 = −0.27 ± 0.04 GeV (22)

where the first error includes experimental and theoretical

uncertainties and the second error on |Vcb| comes from the B

lifetime. The same data along with some recent measurements

of the B → Xsγ energy moments have been fitted in the kinetic

scheme, resulting in [56]

|Vcb| = (41.96 ± 0.42 ± 0.59) × 10−3 (23)

mkin
b = 4.591 ± 0.040 GeV (24)

µ2
π(kin) = 0.406 ± 0.042 GeV (25)

where the first error includes statistical and theoretical uncer-

tainties and the second error on |Vcb| is from the estimated

accuracy of the HQE for the total semileptonic rate. The

mass value may be compared with what is extracted from the

threshold region of e+e− → bb [57]:

mkin
b = 4.56 ± 0.06 GeV. (26)

In each case, theoretical uncertainties are estimated and

included in performing the fits. Similar values for the param-

eters are obtained when only experimental uncertainties are

used in the fits. The parameters determined from separate fits

to electron energy moments and hadronic mass moments in

semileptonic decays are compatible with each other and with

those obtained from moments of the B → Xsγ photon en-

ergy spectrum. The fit quality is good; the χ2/dof is 17.6/41

(50.9/86) for the fit in the kinetic (1S) scheme, suggesting

that the theoretical uncertainties may be overestimated, and

showing no evidence for duality violations at a significant level.

That said, a reliable method for quantifying the uncertainties

from duality remains elusive.

The fits in the two schemes agree well on |Vcb|. We take

the arithmetic averages of the values and of the errors to quote

an inclusive |Vcb| determination:

|Vcb| = (41.7 ± 0.7) × 10−3 . (27)

The mb values must be quoted in the same scheme to be

directly compared. For this purpose both values are translated

into the shape function mass scheme, either via a second-

order calculation [58,59] or via a scheme-independent physical

observable [56]:

mSF
b = 4.59 ± 0.03 GeV (1S fit), (28)

mSF
b = 4.605 ± 0.040 GeV (kinetic fit). (29)

The mSF
b values from the two fits agree well, even though

the uncertainty from the two-loop scheme translation has been

omitted for the 1S results. The determination of |Vub| discussed

below uses the value from Eq. (29).

The precision of these results can be further improved.

The prospects for more precise moments measurements were

discussed above. Improvements can be made in the theory

by calculating higher order perturbative corrections [60] and,

more importantly, by calculating perturbative corrections to the

matrix elements defining the HQE parameters. The inclusion

of still higher order moments may improve the sensitivity of the

fits to higher order terms in the HQE.

Determination of |Vub|
Summary: The determination of |Vub| has improved sig-

nificantly in the last year, as new measurements have become

available and theoretical calculations have been improved. The

determination based on inclusive semileptonic decays has an un-

certainty of 8%. The dominant uncertainty (5%) comes from a

40 MeV uncertainty on mb based on HQE fits to moments in

B → Xc	ν� and B → Xsγ decays. Progress has also been made

in measurements of B → π	ν� decays; the branching fraction is

now known to 8% and the partial branching fraction at high q2

(> 16 GeV), the region where lattice calculations are reliable,

to 14%. Further improvements in form factor calculations are

needed to take advantage of this precision.

The values obtained from inclusive and exclusive determi-

nations are consistent:

|Vub| = (4.40 ± 0.20 ± 0.27) × 10−3 (inclusive), (30)

|Vub| = (3.84 +0.67
−0.49 ) × 10−3 (exclusive). (31)

Again, the consistency may be viewed as validation, but we

choose to average these values. Since in each case the dominant

errors are on multiplicative factors (namely the calculated rate)

we combine them weighting by relative errors to find
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|Vub| = (4.31 ± 0.30) × 10−3 . (32)

The statistical component of the error, needed for input to

subsequent averages, is 0.16 × 10−3.

|Vub| from inclusive decays

The theoretical description of inclusive B → Xu	ν� decays is

based on the Heavy Quark Expansion, as for B → Xc	ν� decays,

and leads to a predicted total decay rate with uncertainties

below 5% [61,62]. Unfortunately, the total decay rate is hard

to measure due to the large background from CKM-favored

B → Xc	ν� transitions. Calculating the partial decay rate in

regions of phase space where B → Xc	ν� decays are suppressed

is more challenging, as the HQE convergence in these regions

is spoiled, requiring the introduction of a non-perturbative

distribution function, the “shape function” (SF) [63,64], whose

form is unknown. The shape function becomes important when

the light-cone momentum component P+ ≡ EX − |PX | is not

large compared to ΛQCD. This additional difficulty can be

addressed in two complementary ways. The shape function can

be measured in the radiative decay B → Xsγ, and the results

applied to the calculation of the B → Xu	ν� partial decay

rate [59,65]; a great deal of theoretical activity has been focused

in this area. Alternatively, measurements of B → Xu	ν� partial

decay rates can be extended further into the B → Xc	ν�-

allowed region and consequently move closer to where the shape

function becomes irrelevant and pure HQE calculations are

accurate. Both of these approaches are being pursued and have

begun to bear fruit.

The shape function is a universal property of B mesons at

leading order. It has been recognized for over a decade [63,64]

that the leading SF can be measured in B → Xsγ decays.

However, sub-leading shape functions [66–72] arise at each order

in 1/mb, and differ in semileptonic and radiative B decays. The

form of the shape functions cannot be calculated. Prescriptions

that relate directly the partial rates for B → Xsγ and B →
Xu	ν� decays and thereby avoid any parameterization of the

leading shape function are available [73–76]; uncertainties

due to sub-leading SF remain in these approaches. Existing

measurements, however, have tended to use parameterizations

of the leading SF that respect constraints on the zeroth, first

and second moments. At leading order the first and second

moments are equal to Λ = MB − mb and µ2
π, respectively.

The relations between SF moments and the non-perturbative

parameters of the HQE are known to second order in αs

[58]. As a result, measurements of HQE parameters from a

variety of sources (electron energy and hadron mass moments

in B → Xc	ν� decays, photon energy moments in B → Xsγ

decays) can now be used to constrain the SF moments, as

well as provide accurate values of mb and other parameters

for use in the HQE calculation. The global fits of the HQE

to B → Xc	ν� and B → Xsγ moments discussed earlier have

validated the application of the HQE to these distributions and

provided significantly reduced parameter uncertainties. This is

an important development. The possibility of measuring these

HQE parameters directly from moments in B → Xu	ν� decays

is also being explored [77], although the experimental precision

achievable there is not yet competitive with other approaches.

A calculation [78] of the fully differential B → Xu	ν�

rate formed the basis for determinations of |Vub| from inclusive

semileptonic decays for several years. It was based on the HQE

to order 1/m2
b and included O(αs) corrections, followed by

a simple convolution with a shape function model, and was

used to calculate an acceptance fraction fu with which the total

B → Xu	ν� branching fraction and |Vub| were determined. This

approach has some limitations. The mb value used in the HQE

calculation is not independent of the Λ parameter of the shape

function model, but the correlation is not well determined.

Furthermore, it has been noted that the simple convolution of a

shape function model with the HQE is not valid beyond leading

order [79,80]. An updated approach from Bosch, Lange,

Neubert and Paz [59] based on SCET, hereafter referred to

as “BLNP”, incorporates radiative corrections to the shape

function, and has been used by the Heavy Flavor Averaging

Group in determining the |Vub| values quoted in this review.

The BLNP calculations start from the triple diffential rate

using the variables

Pl = MB − 2El, P− = EX + | �PX |, P+ = EX − |�PX | (33)

for which the differential rate becomes

d3Γ

dP+ dP− dPl
=

G2
F |Vub|2
16π2

(MB − P+) (34)

{
(P− − Pl)(MB − P− + Pl − P+)F1

+(MB − P−)(P− − P+)F2 + (P− − Pl)(Pl − P+)F3

}
.

The “structure functions” Fi can be calculated using factoriza-

tion theorems that have been proven to subleading order in the

1/mb expansion. These factorization theorems allow the Fi to

be written in terms of perturbatively calculable hard coefficients

H and jet functions J , which are convoluted with the (soft)

light-cone distribution functions S, the shape functions of the

B Meson.

The leading order term in the 1/mb expansion of the Fi

contains a single non-perturbative function and is calculated

to subleading order in αs, while at subleading order in the

1/mb expansion there are several independent non-perturbative

functions which have been calculated only at tree level in the

αs expansion.

To extract the non-perturbative input one can study the

photon energy spectrum in B → Xsγ [65]. This spectrum is

known at a similar accuracy as the P+ spectrum in B → Xu	ν�.

Going to subleading order in the 1/mb expansion requires the

modeling of subleading SFs, a large variety of which were

studied in [59].
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Going to subleading order in αs requires the definition of

a renormalization scheme for the HQE parameters and for the

shape function. It has been noted that the relation between

the moments of the shape function and the forward matrix

elements of local operators is plagued by ultraviolet problems

which require additional renormalization. A possible scheme

for improving this behavior has been suggested in Refs. [59,65],

which introduce a particular definition of the quark mass (the

so-called shape function scheme) based on the first moment of

the measured spectrum. Likewise, the HQE parameters can be

defined from measured moments of spectra, corresponding to

moments of the shape function.

While attempts to measure the shape function in B → Xsγ

decays are important, the impact of uncertainties in the shape

function is significantly reduced in some recent measurements

that cover a larger portion of the B → Xu	ν� phase space.

Several measurements using a combination of cuts on the

leptonic momentum transfer q2 and the hadronic invariant mass

MX as suggested in Ref. [82] have been made. Measurements

of the electron spectrum in B → Xu	ν� decays have been made

down to 1.9 GeV, at which point shape function uncertainties

are not dominant. Direct comparisons between the partial rates

calculated in the “pure” HQE and those including a model

shape function are instructive. The difference in these rates

is, for many of the regions covered by existing measurements,

already below 10%, suggesting that shape function uncertainties

(including those from sub-leading SFs) are small. Furthermore,

several of the measurements quoted below have used a variety

of functional forms to parameterize the leading shape function;

in no case does this lead to more than a 2% uncertainty on

|Vub|.
It has been pointed out [83,84] that Weak Annihilation

(WA) can contribute significantly in the restricted region (at

high q2) accepted by measurements of B → Xu	ν� decays,

and leptonic Ds decays have been used to estimate a ∼ 3%

uncertainty on the total B → Xu	ν� rate from the Υ (4S). The

differential spectrum from WA decays is not well known, but

they are expected to contribute predominantly in the high q2

region, and can be a significant source of uncertainty for |Vub|
measurements that accept only a small fraction of the total

B → Xu	ν� rate. More direct experimental constraints on

WA can be made by comparing the B → Xu	ν� decay rates of

charged and neutral B mesons; results from such studies are not

yet available. Another approach was recently explored in [85],

where the CLEO data were fitted to a large range of models for

WA decays, along with a spectator B → Xu	ν� component and

background. An impact ratio R = Γ(WA)/Γ(B → Xu	ν�) was

determined for different WA models and various analysis cuts.

These estimates are used in the error analysis of BLNP.

Measurements

Progress has been made in measurements of B → Xu	ν�.

Large data samples and detailed studies of the charm back-

ground have allowed the momentum cut in lepton endpoint

analyses to be placed well below the charm threshold; new

measurements from BELLE and BABAR quote the partial rate

for B → Xu	ν� decays for Ee > 1.9 and 2.0GeV, respectively.

Other variables which allow the measurement of a large fraction

of the B → Xu	ν� rate, e.g., the hadron mass mX , have been

studied either with or without the reconstruction of the second

B meson in the event. Given the improved precision and more

rigorous theoretical interpretation of the recent measurements,

earlier determinations [86–89] of |Vub| will not be further

considered in this review.

In all cases, the experiments need to model B → Xu	ν�

decays in order to calculate acceptances and efficiencies. While

theoretical expressions exist based on the partonic decay b →
u	ν� and quark-hadron duality, they do not incorporate any

resonant structure (e.g. B → π	ν�); this must be added “by

hand”. The uncertainties arising from this procedure for typical

measurements have been estimated by the experiments to be at

the level of 1-2% on |Vub|.
The approaches used fall into three basic categories:

1. Charged lepton momentum “endpoint” measurements. In

these analyses, a single charged electron is used to determine

a partial decay rate for B → Xu	ν�, i.e., no neutrino

reconstruction is employed, resulting in a O(50%) selection

efficiency. The decay rate can be cleanly extracted for

Ee > 2.3 GeV, but this is deep in the SF region, where

theoretical uncertainties are large. Recent measurements

push down to 2.0 or 1.9 GeV, but at the cost of a low

(< 1/10) signal-to-background (S/B) ratio.

2. Untagged “neutrino reconstruction” measurements. In this

case, both the charged electron and the missing momentum

are measured, allowing the determination of q2 and provid-

ing additional background rejection. This allows a much

higher S/B∼ 0.7 at the same Ee cut and a O(5%) selection

efficiency, but at the cost of a smaller accepted phase space

for B → Xu	ν� decays and uncertainties associated with

the determination of the missing momentum.

3. “Tagged” measurements in which one B meson is fully

reconstructed. In this case the Ee cut is typically 1.0 GeV,

and the full range of signal-side variables (q2, Mx, P+,

etc.) is available for study. The S/B ratio can be quite

high (∼ 2) but the selection efficiency is O(10−3), and the

impact of undetected particles from B → Xc	ν� decay (e.g.,

K0
L and additional neutrinos) on the estimated background

remains an important source of uncertainty.

The primary challenge in reducing the lepton momentum

cut in the endpoint method is controling the B → Xc	ν� back-

ground at the required precision. In the analysis of CLEO [90],

the inclusive electron momentum spectrum, after subtraction of

the continuum background, was fit to a combination of a model

B → Xu	ν� spectrum and components (D	ν+D∗	ν, D∗∗	ν and

non-resonant D(∗)π	ν) of the B → Xc	ν� spectrum. Only the

normalizations of these spectra varied in the fit; uncertainties in

the shapes were treated as systematic errors. BELLE [91] and

BABAR [92] take similar approaches, choosing to fit for slightly
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different combinations of B → Xc	ν� components. The result-

ing partial branching fractions for various Ee cuts are given in

Table 1. As expected, the leading uncertainty at the lower lep-

ton momentum cuts comes from the B → Xc	ν� background.

It should be noted that the only B → Xc	ν� decays that

contribute significantly for Ee > 2.0 GeV are D	ν and D∗	ν.

Reducing the lepton momentum cut further will require bet-

ter knowledge of the semileptonic decays to higher mass Xc	ν

states. The determination of |Vub| from these measurements is

discussed below.

An analysis from BABAR is based on the combination of a

high energy electron with a measurement of the missing momen-

tum vector [93]. The selection makes requirements on the

difference between the missing energy and the magnitude of the

missing momentum, and uses q2 and Ee in the combination [94]

smax
h = m2

B + q2 − 2mB(Ee + q2/4Ee) for ±2Ee > ±
√

q2 and

smax
h = m2

B + q2 − 2mB

√
q2 otherwise (BABAR include addi-

tional terms, omitted here, to account for the motion of the

B in the Υ (4S) frame). No B → Xc	ν� decay can have smax
h

below m2
D before accounting for resolution. The requirements

Ee > 2.0 GeV and smax
h < 3.5 GeV are imposed, resulting in an

accepted fraction fu = 0.19 of B → Xu	ν� decays. The quality

of the neutrino reconstruction, of the modeling of the selection

efficiency and of the modeling of the B → Xc	ν� background

are evaluated on a sample of Υ (4S) → BB decays where one B

is reconstructed as B → D0(X)eν with D0 → K−π+ and kine-

matic cuts limiting the (X) to no more than a soft transition

π or γ. The partial branching fraction and |Vub| are given in

Table 1.

The large samples accumulated at the B factories allow

studies in which one B meson is fully reconstructed and the

recoiling B decays semileptonically [95]. The experiments

can correctly reconstruct a B candidate in about 0.5% (0.3%)

of B+B− (B0B0) events. An electron or muon with center-of-

mass momentum above 1.0 GeV is required amongst the charged

tracks not assigned to the tag B. Further requirements are

imposed to reject B → Xc	ν� decays with additional missing

particles. For example, the square of the missing mass is

required to be consistent with zero (e.g., < 0.5 GcV), and

candidates with identified kaons or slow-pions from a D∗ → D

transition are rejected. The full set of kinematic properties (E�,

MX , q2, etc.) are available for studying the semileptonically

decaying B, making possible selections that accept up to 70%

of the full B → Xu	ν� rate.

BELLE has measured partial rates with cuts on E�, MX and

q2, and P+ based on a sample of 275 million BB events [96].

The corresponding partial branching fractions are given in

Table 1. As these are highly correlated measurements, only

one (the most accurate, MX < 1.7 GeV) is used in the average.

A BABAR analysis measures the partial rate in the region

MX < 1.7 GeV and q2 > 8 GeV based on a sample of 232 million

BB events [97]( see Table 1). In each case the experimental

systematics have significant contributions from the modeling

of B → Xu	ν� and B → Xc	ν� decays and from the detector

response to charged particles, photons and neutral hadrons.

A previous BELLE analysis [98] used simulated annealing

to associate particles to the semileptonic B decay and measured

the partial rate with cuts on MX and q2, achieving higher

efficiency but poorer S/B (1/6) than the tagged analyses.

Apart from the closely related measurements from Ref. [96]

cited above, the statistical correlations amongst the measure-

ments made by the same experiment are tiny (due to small

overlaps among signal events and large differences in S/B ra-

tios) and have been ignored in performing the average.

Determination of |Vub|
The determination of |Vub| from the measured partial rates

requires input from theory. The BLNP calculation described

previously is used to determine |Vub| from all measured partial

B → Xu	ν� rates; the values are given in Table 1. The uncer-

tainties on the average are: statistical—2.2%; experimental—

2.6%; B → Xc	ν� modeling—2.0%; B → Xu	ν� modeling—

2.2%; HQE parameters (including mb)—4.7%; subleading SFs—

3.5%; Weak Annihilation—2.0%. The uncertainty on mb dom-

inates the uncertainty on |Vub| from HQE parameters; the

uncertainty on |Vub| due to µ2
π is a factor of 5 or more smaller

for most measurements.

Table 1: |Vub| from inclusive B → Xu	ν�

measurements. The first uncertainty on |Vub|
is experimental, while the second includes both
theoretical (∼ 5%) and HQE parameter uncer-
tainties (the remainder). The HQE parameter
input used was [56] mSF

b = 4.605± 0.040 GeV
and µ2

π(SF ) = 0.20 ± 0.04 GeV2.

nominal fu |Vub| × (10−3)

*CLEO [90] Ee > 2.1 GeV 0.19 4.05 ± 0.47 ± 0.36
*BABAR [93] Ee, smax

h 0.19 4.08 ± 0.27 ± 0.37
*BABAR [92] Ee > 2.0 GeV 0.26 4.41 ± 0.30 ± 0.32
*BELLE [91] Ee > 1.9 GeV 0.34 4.85 ± 0.45 ± 0.31

*BABAR [97] MX/q2 0.34 4.79 ± 0.35 ± 0.33
*BELLE [98] MX/q2 0.34 4.41 ± 0.46 ± 0.30

BELLE [96] MX/q2 0.34 4.71 ± 0.37 ± 0.32
BELLE [96] P+ < 0.66 GeV 0.57 4.16 ± 0.35 ± 0.29
*BELLE [96] MX < 1.7 GeV 0.66 4.10 ± 0.27 ± 0.25

Average of ∗ χ2 = 6.3/6, CL=0.39 4.40 ± 0.20 ± 0.27

As was the case with |Vcb|, it is hard to assign an uncertainty

to |Vub| for possible duality violations. Since the subleading

terms in the case of |Vub| are much less explored, we also cannot

rely on the consistency of the data and hence this remains an

open issue here. On the other hand, unless duality violations

are much larger in B → Xu	ν� decays than in B → Xc	ν�

decays, the precision of the |Vub| determination is not yet at

the level where duality violations are likely to be significant. If

one proceeds along the lines suggested in Ref. [81], an ad-hoc

estimate for the uncertainty from potential duality violations



	��	��	��	��

����� ����	
�� �	��	��

�cb ��� �ub %&���
��' #��(��
�

can be obtained using the set of measurements in Table 1.

Fitting those measurements to a function of fu under the

assumption that duality violations scale as (1 − fu)/fu, the

resulting bias is −2.0 ± 4.3% relative to the assumption of no

duality violations. This is consistent with the uncertainty from

duality violation being small; we do not consider it appropriate

to add this uncertainty to the average.

An independent calculation by Bauer, Ligeti and Luke [82]

is available for the case of cuts on MX and q2. Using the same

input for mb, translated into the 1S scheme, yields a |Vub| value

3.5% larger than obtained with BLNP; this is within the quoted

theory error.

HQE parameters and shape function input

The global fits to B → Xc	ν� moments discussed earlier

provide input values for the heavy quark parameters needed in

calculating B → Xu	ν� partial rates. These HQE parameters

are also used to constrain the first and second moments of the

shape function. Additional information on the leading shape

function and HQE parameters is obtained from the photon

energy spectrum in B → Xsγ decays. There are two means

of extracting information from the spectrum; fitting the full

spectrum using a functional ansatz for the shape function, or

determining the low-order moments above a threshold energy

cut.

BELLE, BABAR and CLEO have measured the B →
Xsγ spectrum and its moments [49–52] down to Eγ =

1.8 GeV, 1.9 GeV and 2.0 GeV, respectively. The experimental

data are most precise at the very highest photon energies where

the background, especially from B decays, is smallest. In most

analyses the photon energy is measured in the Υ (4S) rest frame,

which produces a significant smearing of the spectrum. One of

the BABAR analyses [50], based on the sum of B → Xsγ

exclusive states involving a kaon and up to 4 pions, avoids this

smearing by using the measured invariant mass of the recoiling

hadron as the observable, resulting in excellent Eγ resolution

in the B rest frame. This analysis shows a clear K∗ peak near

the endpoint of the photon spectrum, and highlights the issue

of how sensitive a fit to the full spectrum is to local quark-

hadron duality (even when lumping the K∗ region into a single

bin). In addition, the form of the shape function is unknown;

multiple functional ansatze must be employed to estimate the

uncertainty arising from this model dependence.

Fits to the full B → Xsγ spectrum have been performed

using the calculation of Ref. [99], which includes the NLO

relations between the spectra of b → sγ and b → u	ν� in

the shape function scheme and is an improvement on ear-

lier work [100]. A recent fit from BABAR gives [50]

mSF
b = 4.67 ± 0.07 GeV; if instead they take the same data

and fit the first and second moments of the Eγ spectrum for

Eγ > 1.897GeV they find mSF
b = 4.60+0.12

−0.14 GeV. BELLE de-

termines [103] mSF
b = 4.52 ± 0.07 GeV from a fit to their

spectrum.

Another theoretical approach using “dressed gluon expo-

nentiation” has recently become available for calculating decay

spectra for B → Xsγ and B → Xu	ν� [104].

Predictions of the photon energy moments in terms of

HQE parameters are available in several mass renormalization

schemes and several approaches [60, 101, 102]. The predicted

moments at low photon energy cuts (e.g. Eγ > 1.6 GeV)

are insensitive to shape function uncertainties. For cuts of

∼ 1.8 GeV, corrections [105] need to be applied, and the as-

sociated theoretical uncertainty becomes sizable for cuts above

∼ 2.0 GeV. The experimental accuracy on the truncated mo-

ments is best at high Eγ cuts and degrades significantly at lower

cuts due to large backgrounds. In a compromise between these

two sources of uncertainty, the global HQE fits discussed earlier

use moments at Eγ cuts up to 2.0 or 2.1 GeV, and include an

estimate of the theoretical uncertainty from SF effects.

Status and outlook

At present, as indicated by the average given above, the

uncertainty on |Vub| is at the 8% level. The uncertainty on mb

taken here is 40 MeV, contributing an uncertainty of 4.5% on

|Vub|; reducing this further will be increasingly difficult due to

theoretical uncertainties in the determination of mb from the

global fits to moments. However, further progress can be ex-

pected on some of the other leading sources of uncertainty. The

uncertainties on |Vub| quoted in the BLNP calculation are at

the 5% level. The Weak Annihilation component of this can be

better addressed experimentally at the B factories. Reducing

the remaining theory uncertainty will require improvements in

the calculations. For the approaches making use of the shape

function this amounts to improvements in relating the spectra

from B → Xu	ν� and B → Xsγ decays by calculating radia-

tive corrections and the effects of subleading shape functions,

while approaches less sensitive to shape functions require cal-

culations of higher-order radiative corrections. Experimental

uncertainties will be reduced through higher statistics and bet-

ter understanding of B → Xc	ν� decays and of D decays. The

two approaches discussed earlier, namely (1) determining the

shape function from the B → Xsγ photon spectrum and apply-

ing it to B → Xu	ν� decays and (2) pushing the measurements

into regions where shape function and duality uncertainties

become negligeable, are fairly complementary and should both

be pursued.

|Vub| from exclusive decays

Exclusive charmless semileptonic decays offer a comple-

mentary means of determining |Vub|. For the experiments, the

specification of the final state provides better background re-

jection, but the lower branching fraction reflects itself in lower

yields compared with inclusive decays. For theory, the calcula-

tion of the form factors for B → Xu	ν� decays is challenging,

but brings in a different set of uncertainties from those encoun-

tered in inclusive decays. In this review we focus on B → π	ν�,

as it is the most promising mode for both experiment and
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theory, and recent improvements have been made in both ar-

eas. Measurements of other exclusive states can be found in

Refs. [107–111].

B → π�ν� form factor calculations The relevant form

factors for the decay B → π	ν� are usually defined as

〈π(pπ)|V µ|B(pB)〉 = (35)

f+(q2)

[
pµ

B + pµ
π − m2

B − m2
π

q2
qµ

]
+ f0(q

2)
m2

B − m2
π

q2
qµ

in terms of which the rate becomes (in the limit m� → 0)

dΓ

dq2
=

G2
F |Vub|2
24π3

|pπ|3|f+(q2)|2 (36)

where pπ is the momentum of pion in the B meson rest frame.

Currently available non-perturbative methods for the cal-

culation of the form factors include lattice QCD and light-cone

sum rules. The two methods are complementary in phase

space, since the lattice calculation is restricted to the kine-

matical range of high momentum transfer q2 to the leptons,

due to large discretization errors, while light-cone sum rules

provide information near q2 = 0. Interpolations between these

two regions may be constrained by unitarity and analyticity.

Unquenched simulations, for which quark loop effects in

the QCD vacuum are fully incorporated, have become quite

common, and the first results based on these simulations for the

B → π	ν� form factors have been obtained recently by the Fer-

milab/MILC collaboration [112] and the HPQCD collaboration

[113].

The two calculations differ in the way the b quark is

simulated, with HPQCD using nonrelativistic QCD and Fermi-

lab/MILC the so-called Fermilab heavy quark method. Results

by the two groups for f0(q
2) and f+(q2) are shown in Fig. 3.

The two calculations agree within the quoted errors.

In order to obtain the partially-integrated differential rate,

the BK parameterization [114]

f+(q2) =
cB(1 − αB)

(1 − q̃2)(1 − αB q̃2)
, (37)

f0(q
2) =

cB(1 − αB)

(1 − q̃2/βB)
, (38)

with q̃2 ≡ q2/m2
B∗ is used to extrapolate to small values of

q2. It includes the leading pole contribution from B∗, and

higher poles are modeled by a single pole. The heavy quark

scaling is satisfied if the parameters cB, αB and βB scale

appropriately. However, the BK parameterization should be

used with some caution, since it is not consistent with SCET

[115]. Alternatively, one may use analyticity and unitarity

bounds to constrain the form factors. The use of lattice data

in combination with a data point at small q2 from SCET or

sum rules provides a stringent constraint on the shape of the

form factor [116].

The results for the integrated rate with q2 > q2
cut = 16GeV2

are

Γ = |Vub|2 × (1.31 ± 0.33) ps−1, HPQCD;

= |Vub|2 × (1.80 ± 0.48) ps−1, Fermilab/MILC.

Here the statistical and systematic errors are added in

quadrature.
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Figure 3: The form factors f0(q
2) and f+(q2)

versus q2 by the Fermilab/MILC [112] and
HPQCD [113] collaborations. The full curves
are the BK parameterization [114] fits to
the simulation results at large q2, with f0(0)
and f+(0) constrained to be equal. Errors are
statisical plus systematic added in quadrature.
See full-color version on color pages at end of
book.

Much work remains to be done, since the current combined

statistical plus systematic errors in the lattice results are still at

the 10-14% level on |Vub| and need to be reduced. Reduction

of errors to the 5 ∼ 6% level for |Vub| may be feasible within

the next few years, although that could involve carrying out a

two-loop (or fully non-perturbative) matching between lattice

and continuum QCD heavy-to-light current operators, and/or

going to smaller lattice spacing.

Another established non-perturbative approach to obtain

the form factors is through Light-Cone QCD Sum Rules

(LCSR), although some skepticism has been expressed from

the point of view of SCET [117]. The sum-rule approach pro-

vides an approximation for the product fBf+(q2), valid in the

region 0 < q2 <∼ 14 GeV2. The determination of f+(q2) itself

requires knowledge of the decay constant fB, which usually is

obtained by replacing fB by its two-point QCD (SVZ) sum rule

[118] in terms of perturbative and condensate contributions.

The advantage of this procedure is the approximate cancellation

of various theoretical uncertainties in the ratio (fBf+)/(fB).
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The LCSR for fBf+ is based on the light-cone OPE of the

relevant vacuum-to-pion correlation function, calculated in full

QCD at finite b-quark mass. The resulting expressions actually

comprise a triple expansion: in the twist t of the operators

near the light-cone, in αs, and in the deviation of the pion

distribution amplitudes from their asymptotic form, which is

fixed from conformal symmetry.

After identifying all sources of uncertainties in LCSR, the

updated analysis of [119]( see also [120]) gives the following

value

f+(0) = 0.27
[
1 ± (5%)tw>4 ± (3%)mb,µ (39)

± (3%)〈qq〉 ± (3%)sB
0 ,M ± (8%)aπ

2,4

]
,

where the uncertainties are displayed individually. Here sB
0 , M

labels the uncertainty estimated from the use of the sum rule

(threshold and Borel parameters) and aπ
2,4 labels the uncertainty

due to non-asymptotic contributions of the pion distribution

amplitude.

Combining the uncertainties one obtains

f+(0) = 0.27 ± 0.04 , (40)

where the first four uncertainties are combined in quadrature

and the last uncertainty is added linearily. This value is con-

sistent with the value quoted in [121]

f+(0) = 0.258 ± 0.031 (41)

It is interesting to note that the results from the LQCD and

LCSR are consistent with each other when the BK parameteri-

zation is used to relate them. This increases confidence in the

theoretical predictions for the rate of B → π	ν�.

An alternative determination of |Vub| has been proposed by

several authors [122–126]. It is based on a model-independent

relation between rare decays such as B → K∗	+	− and B →
ρ	ν�, which can be obtained at large momentum transfer q

to the leptons. This method is based on the HQET relations

between the matrix elements of the B → K∗ and the B → ρ

transitions and a systematic, OPE-based expansion in powers

of m2
c/q2 and ΛQCD/q. The theoretical uncertainty is claimed

to be of the order of 5% for |Vub|; however, it requires a precise

measurement of the exclusive rare decay B → K∗	+	−, which

is a task for future ultra-high-rate experiments.

B → π�ν� measurements

The B → π	ν� measurements fall into two broad classes:

untagged, in which case the reconstruction of the missing mo-

mentum of the event serves as an estimator for the unseen

neutrino, and tagged, in which the second B meson in the event

is fully reconstructed in either a hadronic or semileptonic decay

mode. The tagged measurements have high and uniform accep-

tance, S/B∼ 3, but low statistics. The untagged measurements

have somewhat higher background levels (S/B∼ 1) and make

slightly more restrictive kinematic cuts, but offer large-enough

statistics to be sensitive to the q2 dependence of the form factor.

The averages of the full and partial branching fractions from

the tagged measurements are currently of comparable precision

to the corresponding averages of the untagged measurements.

Table 2: Total and partial branching frac-
tions for B0 → π+	−ν�. The uncertainties are
from statistics and systematics. The measure-
ments of B(B− → π0	−ν�) have been multiplied
by a scale factor 2τB0/τB+ to obtain the value
quoted below. The confidence level of the total
branching fraction average is 0.33.

B×104 B(q2 > 16) × 104

CLEO π+, π0 [110] 1.32 ± 0.18 ± 0.13 0.25 ± 0.09 ± 0.05
BABAR π+, π0 [111] 1.38 ± 0.10 ± 0.18 0.49 ± 0.05 ± 0.06

Average of untagged 1.35 ± 0.10 ± 0.14 0.41 ± 0.04 ± 0.05

BELLE SL π+ [128] 1.48 ± 0.20 ± 0.16 0.40 ± 0.12 ± 0.05
BELLE SL π0 [128] 1.40 ± 0.24 ± 0.16 0.41 ± 0.15 ± 0.04
BABAR SL π+ [130] 1.02 ± 0.25 ± 0.13 0.21 ± 0.14 ± 0.05
BABAR SL π0 [131] 3.31 ± 0.68 ± 0.42 NA
BABAR had π+ [132] 1.24 ± 0.29 ± 0.16 0.70 ± 0.22 ± 0.11
BABAR had π0 [132] 1.45 ± 0.37 ± 0.12 0.46 ± 0.20 ± 0.04

Average of tagged 1.36 ± 0.11 ± 0.08 0.39 ± 0.07 ± 0.03

Average 1.35 ± 0.08 ± 0.08 0.40 ± 0.04 ± 0.04

CLEO has analyzed B → π	ν� and B → ρ	ν� using an

untagged analysis [110]. A similar analysis has been done

by BABAR [111]. The measured q2 dependence favors QCD-

inspired form factor calculations (lattice or LCSR) over the

widely used ISGW2 [127] model. The leading systematic

uncertainties in the untagged B → π	ν� analyses are associated

with modeling the missing momentum reconstruction and with

varying the form factor for the B → ρ	ν� decay, which is a

major source of background. The values obtained for the full

and partial branching fractions are listed in Table 2.

BELLE has performed an analysis based on reconstructing

a B0 in the D(∗)−	+ν� decay mode and looking for a B0 →
π+	−ν� or B0 → ρ+	ν� decay amongst the remaining particles

in the event; the most recent Belle results are given in Ref. [128].

The fact that the B and B are back-to-back in the Υ (4S) frame

is used to construct a discriminating variable and obtain a

signal-to-noise ratio above unity for all q2 bins. A related

technique was discussed in Ref. [129]. BABAR has done

similar analyses [130,131] in the B0 → π+	−ν� and B− →
π0	−ν� channels, where in the latter case the tagging decays are

B+ → D0	+ν(X) and kinematic requirements accept decays to

D∗0	+ν where the π0 or γ from the D∗0 → D0 transition is

unreconstructed. In addition, the sample of fully-reconstructed

B mesons in BABAR has been used to measure exclusive

charmless semileptonic decays [132], giving very clean but

low-yield samples. The resulting full and partial branching

fractions are given in Table 2.
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The outlook for improvements in these measurements with

increasing B-factory data samples is good. The tagged mea-

surements in particular will improve; the current estimates of

systematic uncertainties in these measurements have a signif-

icant statistical component, so the total experimental uncer-

tainty should fall as 1/
√

N for some time.

Table 3: Determinations of |Vub| based on
B → π	ν� decays.

Method |Vub| × (10−3)

LCSR, [121] full q2 3.37 ± 0.14+0.66
−0.41

LCSR, [121] q2 < 16 3.27 ± 0.16+0.54
−0.36

HPQCD, [113] full q2 3.93 ± 0.17+0.77
−0.48

HPQCD, [113] q2 > 16 4.47 ± 0.30+0.67
−0.46

FNAL, [112] full q2 3.76 ± 0.16+0.87
−0.51

FNAL, [112] q2 > 16 3.78 ± 0.25+0.65
−0.43

Table 3 shows the |Vub| values obtained based on form

factor calculations from QCD sum rules and lattice QCD. We

quote an average based on three inputs: the measured partial

branching fractions in the region q2 > 16 GeV2 with theory

input from the two unquenched lattice calculations, and the

partial branching fractions in the region q2 < 16 GeV2 with

theory input from LCSR. The uncertainty on the theory input

is large compared to the uncertainty from the measurements.

We form the arithmetic averages of the values and of the errors

to find

|Vub| = (3.84 +0.67
−0.49 ) × 10−3 . (42)

The uncertainty is dominated by the form factor normalization,

the calculations of which were discussed previously.

Conclusion

The study of semileptonic B meson decays continues to

be an active area for both theory and experiment. Substantial

progress has been made in the application of HQE calculations

to inclusive decays, with fits to moments of B → Xc	ν� and

B → Xsγ decays providing precise values for |Vcb| and mb. In

particular, the precision on |Vcb| now approaches that of the

Cabibbo angle, underlining the fantastic progress made in this

area. Furthermore, the consistency of the values extracted from

exclusive and inclusive measurements gives us confidence, since

the theoretical and experimental approaches are completely

uncorrelated.

Improved measurements of B → Xu	ν� decays, along with a

more comprehensive theoretical treatment and improved knowl-

edge of mb, have led to a significantly more precise determina-

tion of |Vub|. Further progress in these areas is possible, but

will require higher order radiative corrections from the theory

and, in the case of |Vub|, improved experimental knowledge of

the B → Xc	ν� background. While there has been impressive

progress in the past few years, new challenges will need to be

overcome to achieve a precision below 5% on |Vub| from inclusive

decays.

Progress in both b → u and b → c exclusive channels

depends crucially on progress in lattice calculations. Here the

prospects are rosy (see, e.g., Ref. [133]) , since unquenched

lattice simulations are now possible, although the ultimate

attainable precision is hard to estimate.

The measurements of B → π	ν� have improved signifi-

cantly, and high-purity tagged measurements now provide a

precision comparable to the one from untagged measurements.

The experimental input will continue to improve as B-factory

data sets increase. Reducing the theoretical uncertainties to a

comparable level will require significant effort, but is clearly

vital in order to compare the extracted |Vub| with the one

obtained from inclusive decays.

Both |Vcb| and |Vub| are indispensable inputs into unitarity

triangle fits. In particular, knowing |Vub| with a precision of

better than 10% allows a test CKM unitarity in the most

direct way, by comparing the length of the |Vub| side of the

unitarity triangle, with the measurement of sin(2β). This is a

comparison of a “tree” process (b → u) with a “loop-induced”

process (B0 − B0 mixing), and provides sensitivity to possible

contributions from new physics. While the effort required to

further improve our knowledge of these CKM matrix elements

is large, it is well motivated.

The authors would like to acknowledge helpful discussions
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WEIGHTED AVERAGE
0.0368±0.0013 (Error scaled by 1.5)

BUSKULIC 97 ALEP 3.5
ABBIENDI 00Q OPAL 0.0
ABREU 01H DLPH 0.2
ABE 02F BELL 0.3
ADAM 03 CLE2 8.0
ABDALLAH 04D DLPH 0.7
AUBERT 05E BABR 0.7
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(Confidence Level = 0.037)
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THE CHARMONIUM SYSTEM
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The current state of knowledge of the charmonium system and transitions, as interpreted by the charmonium
model. Uncertain states and transitions are indicated by dashed lines. The notation γ∗ refers to decay processes
involving intermediate virtual photons, including decays to e+e− and µ+µ−.
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���� ± � �� 9	�(�,6�� ��� $'	% �0 �−
������ ���� �� ψ)��* ; "-�-.�� +�
�
�.�� � ������������ 5� �� 54� ����8 ����� �� ��� η� �
"	4���� �� ��4��� ����8 ������
������ �� η� !���� �� �".� +�
�
�3������� �4���� �� ��� ψ)��* ��� �/ψ)��* ���7����
- .�� ��� 5� �� ��� <��� �������� �7������ �8�������� ��� ��� �4��������

& .�� � 5� �� ��� �/ψ ����� ���� �7������ �8�������� ��� ��� ����������
� ��7������  8 	�#�� ���
� η� → φφ�
��+��� ��=�����  8 �� �� ����7��� �� �/ψ)��* ���� ; "��& +�
�

WEIGHTED AVERAGE
2980.4±1.2 (Error scaled by 1.5)

GAISER 86 CBAL 0.6
BAI 90B MRK3 4.1
BAI 00F BES 2.5
FANG 03 BELL 0.1
BAI 03 BES 3.4
AMBROGIANI 03 E835 2.5
AUBERT 04D BABR 2.2
ASNER 04 CLEO 0.5

χ2

      15.9
(Confidence Level = 0.026)
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��.�± ".� ��� 	
��	����.�± ".� ��� 	
��	����.�± ".� ��� 	
��	����.�± ".� ��� 	
��	�� �� �������� ����� ����� �� ���� ��� ��� �������  ���!�

��.�± ".�±".� ��� 	�#�� �� $%�� γ γ → η� →
��
�
�±π∓

"�."± �."±�.� ���& ± �� 	�'��( ��� '	'� γ γ → η� )��* →
�� π

��.�0 &.&
− -.&±�.� ��� 	+'���,	#, �" ��"� �� → η� → γ γ

�&.�± ".&±&.� �� '	, �" '�� �/ψ → γ η�
�� ± � ±- ��� ± �� .	#� �" '�%% � → η� �

��.�± �.�±�.� �� '	, ��� '�� �/ψ → γ η� ���
ψ)��* → γ η�

�".�0��.-
− &.� 	�+�(��#� ��� �&-� �� → γ γ

&.�0 &.�
− &.� �� '	�%,# �&� �9�$ �� → γ γ

��.�0"".�
− �.� �" �� '	%(���	,(����- +�/" �/ψ → γ ��

��.�± �.� �	,��� �- $'	% �/ψ → γ12
ψ)��* → γ1
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• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
�&.�± �.�±�.� �" '�	#6�#'��� ��� $%�� γ γ → η� →

�±��
�

π∓
< �� �� �� :,+�% ��� +�/� �0 �−
< �� �� 9	�(�,6�� ��� $'	% �0 �−
��.�� � ������������ 5� �� 54� ����8 ����� �� ��� η� �
��9�����4� ��� ������4� ��� ����7��� �� ��> ���5����� ��4���
�" ��7������  8 	�#�� ���

WEIGHTED AVERAGE
25.5±3.4 (Error scaled by 2.0)

GAISER 86 CBAL 9.7
BALTRUSAIT... 86 MRK3 0.5
BAGLIN 87B SPEC 6.1
ARMSTRONG 95F E760 0.0
BAI 00F BES 2.5
FANG 03 BELL 0.1
BAI 03 BES 1.0
AMBROGIANI 03 E835 0.4
AUBERT 04D BABR 12.7
ASNER 04 CLEO 0.0

χ2

      33.1
(Confidence Level  0.001)
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��.�� � 5� �� ��� �?7��� ��4����� ���� �� ψ)��* → γ η� ��� �/ψ)��* → γ η� ����8��

η� ���� ����� �����η� ���� ����� �����η� ���� ����� �����η� ���� ����� �����

+��� .������ )@	 A@* $��5����� ��4��

������ ��������� �������� ���������������� ��������� �������� ���������������� ��������� �������� ���������������� ��������� �������� ����������
 � η′�!"#�ππ ) �.� ±�.& * >

 � ρρ ) �.� ±�.& * >

 " �∗�#!$���−π0� �%�% ) �.� ±�.& * >

 � �∗�#!$��∗�#!$� ) �.� ±".� * × ��−"

 � �∗��∗�π0π− ) �.� ±�.� * >

 - φ�0�− ) �.� ±�.� * × ��−"

 & φφ ) �.& ±�.� * × ��−"

 � φ$�π0π−� < �.& × ��−" ��>

 � ���!#��π < � > ��>

 �� ����&$��π < � > ��>

 �� �∗�#!$��� �%�% < �.�� > ��>

 �� ����$'��η < �.� > ��>

 �" ωω < ".� × ��−" ��>

 �� ωφ < �.& × ��−" ��>

 �� ����$'������$'�� ) �.� 0�.�
−�.� * >

������ ��(� �(�)�� ������������� ��(� �(�)�� ������������� ��(� �(�)�� ������������� ��(� �(�)�� �������

 �- � � π ) &.� ±�.� * >

 �& ηππ ) �.� ±�.� * >

 �� π0π−�0�− ) �.� ±�.- * >
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 �� $��0�−� ) �.� ±�.& * × ��−"

 �� $�π0π−� ) �.��±�."�* >

 �� &�π0π−� ) �.� ±�.& * >

 �" 		 ) �." ±�.� * × ��−"

 �� � � η < ".� > ��>

 �� π0π−		 < �.� > ��>

 �- 

 < � × ��−" ��>

*����(��� ������*����(��� ������*����(��� ������*����(��� ������

 �& γ γ ) �.� ±�.� * × ��−�

������ ���+,��(��� ���- .���(� ���-������ ���+,��(��� ���- .���(� ���-������ ���+,��(��� ���- .���(� ���-������ ���+,��(��� ���- .���(� ���-
/�0(�� 1�2��� �,2)�� ���� �����(��� 2����/�0(�� 1�2��� �,2)�� ���� �����(��� 2����/�0(�� 1�2��� �,2)�� ���� �����(��� 2����/�0(�� 1�2��� �,2)�� ���� �����(��� 2����
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2�
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(
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&.�± �.&± �.� ��� �
	%�	(,�#&.�± �.&± �.� ��� �
	%�	(,�#&.�± �.&± �.� ��� �
	%�	(,�#&.�± �.&± �.� ��� �
	%�	(,�# �� �������� ����� ����� �� ��"� (������ �8�?
������� ��� �� ���������

-.&0 �.�
− �.� ��� 	
��	��-.&0 �.�
− �.� ��� 	
��	��-.&0 �.�
− �.� ��� 	
��	��-.&0 �.�
− �.� ��� 	
��	��

�.�± �.�± �.� ��& ± "" �� /�� �� '�%% γ γ → ��

&.�± �.�± �." �- 	�#�� �� $%�� γ γ → η� → ��
�
�±π∓

�".�± �.�± ".� �� �& 	'6	%%	: �"� 6%9: γ γ → η�

".�0 �.�
− �.�

0 �.�
− �.� ��� �� 	+'���,	#, �" ��"� �� → η� → γ γ

-.�± �.&± �.� &- �� 	$$,	��, �� %" �0 �− → �0 �− η�
�& ±�- ±�� � �- �:,�	, �� 	+B �� �0 �−
-.&0 �.�

− �.&± �." �� 	�+�(��#� ��� �&-� �� → γ γ

��."± �.� �� 	%'��$:( ��� 	�� �0 �− → �0 �− η�

�.�0 �.�
− �.�± �.� �� $:�# ��� $%�� �0 �− → �0 �− η�

-.�0 �.�
− ".�

�� 	,:	�	 ��� (9$ �0 �− → �0 �−1

�."0 ".�
− ".&± �.� �� '	�%,# �&� �9�$ �� → γ γ

�� ±�� �-,�� '����� �- 9%�( γ γ → � � π

• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
�.�± �.� �&" ± �" �",�� 	�'��( �-� '	'� �± → �±�� �
&.-± �.�± �." �-,�� '�	#6�#'��� ��� $%�� γ γ → η� → �±��

�
π∓

�.�± �."± �.� �& �- 	6�,	#, �"� %" �0 �− → �0 �− η�
��#�����C�� �� ')η� → ��*; )�." ± �.�* × ��−"�
�-#�����C�� �� ')η� → �±��

�
π∓*�

�&	4���� �� ��
�
�±π∓2 π0π−�0�−2 ��� �)�0�−* ����8 ������

��#�����C�� �� ��� ��� �� ')η� → �±��
�

π∓*2 ')η� → �0�−π0π−*2 ��� ')η� →
�π0�π−*�

��#�����C�� �� ��� ��� �� �  ������� ������
��#�����C�� �� ��� ��� �� ')η� → �±��

�
π∓*2 ')η� → φφ*2 ')η� →

�0�−π0π−*2 ��� ')η� → �π0�π−*�
��#�����C�� �� ��� ��� �� ')η� → �±��

�
π∓*2 ')η� → ��0��−*2 ')η� →

�0�−π0π−*2 ��� ')η� → �π0�π−*�
����?�4�������  8 	,:	�	 ����
�"$���������  8 �� ����� @)η� → � � π* × @)η� → γ γ* A @ ; �.�� ± �.�� <�
 ���

96� �- ��� ')η� → � � π* ; )�.� ± �.�*> ��� 	�'��( �-��
�� �8�������� ��� ��� �4��������
�� ��7������  8 	�#�� ���
�- ��7������  8 	$$,	��, ���

η� ����  ��� �γ γ�3 �(�(���η� ����  ��� �γ γ�3 �(�(���η� ����  ��� �γ γ�3 �(�(���η� ����  ��� �γ γ�3 �(�(���
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�.�� ±�.�� ��� 	
��	���.�� ±�.�� ��� 	
��	���.�� ±�.�� ��� 	
��	���.�� ±�.�� ��� 	
��	�� �� �������� ����� ����� �� ���� ��� ��� �������
 ���!�
�.��&±�.���±�.��� �&,�� 	�#�� �� $%�� γ γ → η� →

��
�
�±π∓

�.-� ±�.�� ±�.�� �� ��,�� 	'6	%%	: �"� 6%9: γ γ → ��
�
�±π∓

�.�& ±�.�& ±�.�& �� �:,�	, �� 	+B γ γ → η� →
�±��

�
π∓

�.�� ±�.�� �� 	%'��$:( ��� 	�� γ γ → �±��
�

π∓

�.-� 0�.�"
−�.��

�� $:�# ��� $%�� γ γ →
η� �

±��
�

π∓
�.�- ±�.�� ±�.�& �� �� '�	�#�$:��� �� (	�� γ γ → � � π

�.� 0�.-�
−�.�� ±�." & �� '����� �- 9%�( γ γ → � � π

• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
�.���±�.���±�.��� ��,"� '�	#6�#'��� ��� $%�� γ γ → η� →

�±��
�

π∓
<�.-" �� �� '�:��#6 �� $�%% γ γ → ��

�
�±π∓

<�.� �� 	%(:�.. ��� (	�� γ γ → � � π

�&$���������  8 �� ��� ��� 4���� �7���� �� 	�#�� �� ���� ������� ')η� → � � π*
; �.� ± �.&>
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WEIGHTED AVERAGE
0.44±0.05 (Error scaled by 1.4)

BERGER 86 PLUT
BRAUNSCH... 89 TASS 1.6
CHEN 90B CLEO 0.6
ALBRECHT 94H ARG 3.6
SHIRAI 98 AMY
ABDALLAH 03J DLPH 1.1
ASNER 04 CLEO 0.9

χ2

       7.9
(Confidence Level = 0.097)
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�±π∓* ; )�.� ± �.�*>�
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"�$���������  8 �� ��� ��� 4���� �7���� �� 	'6	%%	: �"�2 !���� ���� ')η� →
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��� �8�������� �� ��� ����� ��  ��� 4�����

"&����� ')�0 → η� �
0* ; )�.�� ± �.��0�.��

−�.��* × ��−" ��� .	#� �" ��� ')η� →
� � π* ; )�.� ± �.&*× ��−��

"�	'%,/,+ �-� �7��� F')η� )��* → φ�)π0π−** × ')�/ψ)��* → γ η� )��**G ;

< �.-�"× ��−�� 3� ��4���  8 ��  ��� 4���� ')�/ψ)��* → γ η� )��** ; �.��"�
"�3� �� �������� ')�)���* → ηπ* >����
��	'%,/,+ ��� �7��� F')η� )��* → ��)��&�* ��)��&�** × ')�/ψ)��* → γ η� )��**G

; )�." ± �."0�."
−�.�* × ��−�� 3� ��4���  8 ��  ��� 4���� ')�/ψ)��* → γ η� )��** ;

)�." ± �.�* × ��−�� �� 5�� �� �� ���� �D7������H� �� ��� �� ������ �� ��
��� �8�������� �� ��� ����� ��  ��� 4�����

��6�������� ��� ��� ���� �� ')�± → �± η� * ')η� → � � π* ; )&.� ± �.� ± �.&*×
��−� �7���� �� 	�'��(2' ��� ��� ')�± → �± η� * ; )�.&± �.�*×��−" �7����
�� 	�'��( �-��

��	4���� ��� �0�−π� ��� �±��
�

π∓ ����8 ���������
�"��������� ����� ')ψ)��* → γ η� )��** ; �.���� ± �.���-�
��	'%,/,+ �-� �7��� F')η� )��* → ")π0π−** × ')�/ψ)��* → γ η� )��**G ; )�.��±

�."� ± �.�&*× ��−�� 3� ��4���  8 ��  ��� 4���� ')�/ψ)��* → γ η� )��** ; )�." ±
�.�* × ��−�� �� 5�� �� �� ���� �D7������H� �� ��� �� ������ �� �� ���
�8�������� �� ��� ����� ��  ��� 4�����

��	'%,/,+ �-� �7��� F')η� )��* → �0�− �)π0π−** × ')�/ψ)��* → γ η� )��**G

; )�.�� ± �."� ± �.��*× ��−�� 3� ��4���  8 ��  ��� 4���� ')�/ψ)��* → γ η� )��**

; )�." ± �.�*× ��−�� �� 5�� �� �� ���� �D7������H� �� ��� �� ������ �� ��
��� �8�������� �� ��� ����� ��  ��� 4�����

�-#�����C�� �� ��� ��� �� ')η� → �±��
�

π∓*2 ')η� → φφ*2 ')η� →
�0�−π0π−*2 ��� ')η� → �π0�π−*�

*��
��
7� ������*��
��
7� ������*��
��
7� ������*��
��
7� ������

 
(
γ γ

)
3 �����  �&3  

(
γ γ

)
3 �����  �&3  

(
γ γ

)
3 �����  �&3  

(
γ γ

)
3 �����  �&3 

����� ������ ��−�� 	� ��	�
��� �� ��	� 	�

���
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−�.��±�.� �& 	�+�(��#� ��� �&-� �� → γ γ

< � �� "� ',��%%� �� 6+� �/ψ → γ γ γ

- 0�
−" ±� �& '	�%,# �&� �9�$ �� → γ γ

<�� �� �� '%��+ �" $'	% �/ψ → η� γ

�&#�� ����7������ ��� ��� 4����� �� ��� ����� ��� �!�?7����� !���� E�����  8 ��� ����
�D7�������

������� ')�/ψ)��* → γ η� )��** ; �.���& ± �.��"-�
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�.�- ±�.�� ��� 	
��	���.�- ±�.�� ��� 	
��	���.�- ±�.�� ��� 	
��	���.�- ±�.�� ��� 	
��	�� �� �������� ����� ����� �� ����

�.���0�.�"�
−�.�"&±�.��� ��� 	+'���,	#, �" ��"� �� → η� → γ γ

�.""-0�.���
−�.�&� 	�+�(��#� ��� �&-� �� → γ γ

�.-� 0�.��
−�."� �� '	�%,# �&� �9�$ �� → γ γ

������ ���+,��(��� ���- .���(� ���-������ ���+,��(��� ���- .���(� ���-������ ���+,��(��� ���- .���(� ���-������ ���+,��(��� ���- .���(� ���-
/�0(�� 1�2��� �,2)�� ���� �����(��� 2����/�0(�� 1�2��� �,2)�� ���� �����(��� 2����/�0(�� 1�2��� �,2)�� ���� �����(��� 2����/�0(�� 1�2��� �,2)�� ���� �����(��� 2����
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<��<��<��<�� �� �� 	'%,/,+ �-� '��� �/ψ → π0π− γ

��	'%,/,+ �-� �7��� F')η� )��* → π0π−* × ')�/ψ)��* → γ η� )��**G ; < �.�×
��−�� 3� ��4���  8 ��  ��� 4���� ')�/ψ)��* → γ η� )��** ; �.��"�
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<-�<-�<-�<-� �� �� 	'%,/,+ �-� '��� �/ψ → π�π� γ

��	'%,/,+ �-� �7��� F')η� )��* → π�π�* × ')�/ψ)��* → γ η� )��**G ; < �.&� ×
��−�� 3� ��4���  8 ��  ��� 4���� ')�/ψ)��* → γ η� )��** ; �.��"�
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<��<��<��<�� �� �� 	'%,/,+ �-� '��� �/ψ → �0�− γ

��	'%,/,+ �-� �7��� F')η� )��* → �0�−* × ')�/ψ)��* → γ η� )��**G ; < �.�-×
��−�� 3� ��4���  8 ��  ��� 4���� ')�/ψ)��* → γ η� )��** ; �.��"�
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<��<��<��<�� �� �� 	'%,/,+ �-� '��� �/ψ → ��
�
��
�

γ

��	'%,/,+ �-� �7��� F')η� )��* → ��
�
��
�
* × ')�/ψ)��* → γ η� )��**G ; < �.�"×

��−�� 3� ��4���  8 ��  ��� 4���� ')�/ψ)��* → γ η� )��** ; �.��"�
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���* *�/���� .�.�*����* *�/���� .�.�*����* *�/���� .�.�*����* *�/���� .�.�*�

�,�&,
�	 1!  � ���� ��� "�" �-%��-(�6 �� ��� �'�,�2 '���2 ��,�8�

�/ψ
��� �� ���� � � �−��−−�

�/ψ���� �����/ψ���� �����/ψ���� �����/ψ���� ����

����� ����� ���� ��	�
��� �� ��	� 	�

���

"��-.��-±�.��� ��� 	
��	��"��-.��-±�.��� ��� 	
��	��"��-.��-±�.��� ��� 	
��	��"��-.��-±�.��� ��� 	
��	��

"��-.��&±�.���±�.��& 	�%$:�#/� �" /�6� �0 �− → ������

"��-.�� ±�.�� ��� � 	�(	+�#�
 �� �%B	 �0 �− → ������

"��-.�� ±�.�" ±�.�� � 	�+�(��#� �"� �&-� �� → �0 �−
"��-.�� ±�.� ±�." ��" '	�%,# �& �9�$ �� → �0 �−1

• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
"��&.� ±�." ��,'��:,# �- .+9� ��� π−'� → �µ�

"���.� ±�.� "�< %�+�,�#� �� ��%, ��� π−'� →
γµ0µ−	

"��-.�" ±�.�� ��� " I:�%�#(I �� ��6� �0 �−
"��&.� ±� � '�	#6�%,/ &�' 6	�9 �0 �−
�������8��� �� I:�%�#(I �� ����� ��! ������� ���� )$�:�# �&* ��� ������4� ��?
������� )/��	�
 ��*�

�+��� ������ 4���� ��� �8�������� �� �����������  8 �� �������� �� �E� )�-* ��
	�+�(��#� �"�2 ����� ��� 4���� �� ��� ψ)��* ���� ��� 	�%$:�#/� �"�

" ��7������  8 	�(	+�#�
 ���
� .�� � ������������ 5� �� �0 �−2 µ0µ− ��� ������� �������� �������� @)�0 �−*

; @)µ0µ−*�

�/ψ���� 	
���/ψ���� 	
���/ψ���� 	
���/ψ���� 	
��

����� ����� ���� ��	�
��� �� ��	� 	�

���

�".�± �.� ��� 	
��	���".�± �.� ��� 	
��	���".�± �.� ��� 	
��	���".�± �.� ��� 	
��	��

�-.�± ".� �"< � 	6	+� �-� $%�� �0 �− → µ0µ− γ

�".&± ".� &��< � 	�'��( �� '	'� �0 �− → µ0µ− γ

��.�± �.� '	, ��� '�� �0 �−
�� ±�� ±- 	�+�(��#� �"� �&-� �� → �0 �−
��.�0 -.�

− �.�
- :���: �� �
�� ��� � ����?�4��!

�$���������  8 �� ��� ��� �7���� 4����� �� @)�0 �−*×')µ0µ−* ����� ')�0 �−* ;

)�.�� ± �.�-*> ��� ')µ0µ−* ; )�.�" ± �.�-*>�
-����� ���� ��� $�..+	# ��2 '	%6,#,?$�%,� &�2 '�B	��/, &�2 ��9��,(� &��2
'�	#6�%,/ &�'�

�/ψ���� ����� ������/ψ���� ����� ������/ψ���� ����� ������/ψ���� ����� �����

����� �����A
+��� .������ )@	 A@* $��5����� ��4��

 � ������� )�&.& ±�.� * >

 � ���(,��γ → ������� )�".��±�."�* >

 " 0 − ) �.��±�.�-* >

 � µ0µ− ) �.�"±�.�-* >

������ ��������� �������� ���������������� ��������� �������� ���������������� ��������� �������� ���������������� ��������� �������� ����������

 � ρπ ) �.-�±�.��* > �;���

 - ρ�π� ) �.- ±�.& * × ��−"

 & ����&$��ρ ) �.��±�.��* >

 � ωπ0π0π−π− ) �.� ±".� * × ��−"

 � ωπ0π0π� ) �.� ±�.& * × ��−"

 �� ωπ0π− ) &.� ±�.� * × ��−"

 �� ω ����$'�� ) �." ±�.- * × ��−"

 �� �∗�#!$���∗
���9&��

�� �%�% ) -.& ±�.- * × ��−"

 �" ω�∗�#!$��� �%�% ) �." ±�.� * × ��−"

 �� �0�∗�#!$�−� �%�% ) �.� ±�.� * × ��−"

 �� ���∗�#!$��� �%�% ) �.� ±�.� * × ��−"

 �- ����9���
±�∓ ) ".� ±�.� * × ��−"

 �& ωπ�π� ) ".� ±�.� * × ��−"

 �� ����$&"�
±π∓ FG ) ".� ±�.� * × ��−"

 �� ω�±��
� π∓ FG ) �.� ±�.& * × ��−"

 �� ����$&"�
�π� ) �." ±�.- * × ��−"

 �� φ�∗�#!$��� �%�% ) �.��±�.��* × ��−"

 �� ω� � ) �.� ±�.� * × ��−"

 �" ω ����'��� → ω� � ) �.� ±�.� * × ��−�

 �� φ$�π0π−� ) �.--±�.�"* × ��−"

 �� ���$&$�00	π− ) �.- ±�.� * × ��−"

 �- ωη ) �.&�±�.��* × ��−" �;��-

 �& φ� � ) �.�"±�.��* × ��−" �;���

 �� φ ����'��� → φ� � ) ".- ±�.- * × ��−�

 �� 		ω ) �."�±�.��* × ��−" �;��"

 "� ���$&$�00���$&$�−− ) �.��±�.��* × ��−"

 "� � ��&#"�−� ��&#"�0 ��� �%�%� FG ) �.�"±�.�"* × ��−"

 "� 		η′�!"#� ) � ±� * × ��−� �;��&

 "" φ � ′���"$"� ) � ±� * × ��−� �;��&

 "� φπ0π− ) �.� ±�.� * × ��−� �;��&

 "� φ�±��
� π∓ FG ) &.� ±�.� * × ��−�

 "- ω ����9$�� ) -.� ±�.� * × ��−�

 "& φη ) &.� ±�.� * × ��−� �;���

 "� � ��"&��−�0 ) �.� ±�.� * × ��−�

 "� 	�−� ��&#"�� ) �.� ±".� * × ��−�

 �� ωπ� ) �.� ±�.� * × ��−� �;���

 �� φη′�!"#� ) �.� ±�.& * × ��−� �;���

 �� φ ���!#�� ) ".� ±�.� * × ��−� �;���

 �" � ��"&���� � ) ".� ±�.� * × ��−�

 �� � ��&#"�−�0 ��� �%�%� FG ) ".� ±�.� * × ��−�

 �� φ ����$#"� ) �.- ±�.� * × ��−� �;���

 �- ρη ) �.�"±�.�"* × ��−�

 �& ωη′�!"#� ) �.��±�.��* × ��−�

 �� ω ���!#�� ) �.� ±�.� * × ��−�

 �� ρη′�!"#� ) �.��±�.��* × ��−�

 �� 		φ ) �.� ±�.� * × ��−�

 �� ����&$��
±π∓ FG < �." × ��−" $%;��>

 �� � �∗
���9&��� �%�% < �.� × ��−" $%;��>

 �" ����$'��
±�∓ < ".� × ��−" $%;��>

 �� �∗
���9&��

��∗
���9&��

� < �.� × ��−" $%;��>

 �� �∗�#!$���∗�#!$�� < � × ��−� $%;��>

 �- φ ����$'�� < ".& × ��−� $%;��>

 �& 		ρ < ".� × ��−� $%;��>

 �� φη��9�"� → φηππ < �.� × ��−� $%;��>

 �� ω � ′���"$"� < �.� × ��−� $%;��>

 -� � ��&#"��
 < � × ��−� $%;��>

 -� ���$&$�0	 < � × ��−� $%;��>

 -� ���"9�����"9�� →
��
� 	�

−�� �%�%
< �.� × ��−� $%;��>

 -" ���"9���−� → ��
� 	�

−� < �.� × ��−� $%;��>

 -� ���"9����
� 	 → ��

� 	�
0� < �.- × ��−� $%;��>

 -� ���"9���0� → ��
� 	�

0� < �.- × ��−� $%;��>

 -- ���"9����
� 	 → ��

� 	�
−� < �.� × ��−� $%;��>

 -& ��
 < � × ��−� $%;��>

 -� φπ� < -.� × ��−- $%;��>

������ ��(� �(�)�� ������������� ��(� �(�)�� ������������� ��(� �(�)�� ������������� ��(� �(�)�� �������

 -� $�π0π−�π� ) "."&±�.�-* >

 &� &�π0π−�π� ) �.� ±�.- * >

 &� π0π−π� ) �.��±�.��* > �;��&

 &� π0π−π��0�− ) �.��±�."�* >

 &" 9�π0π−�π� ) �.� ±".� * × ��−"

 &� π0π−�0�− ) -.� ±�.& * × ��−"

 &� � � π ) -.� ±�.� * × ��−"



������������

���������	
�� �	��	��

�/ψ
���

 &- 		π0π− ) -.� ±�.� * × ��−" �;��"

 && $�π0π−� ) ".��±�.�"* × ��−"

 &� &�π0π−� ) �." ±�.� * × ��−"

 &� $�π0π−π�� ) �.-�±�.��* >

 �� $�π0π−�η ) �.�-±�.��* × ��−"

 �� &�π0π−�η ) &.� ±�.� * × ��−�

 �� ��π0π− ) � ±� * × ��−"

 �" ���� ) �."�±�.��* × ��−"

 �� $�π0π−��0�− ) �.& ±�.& * × ��−" �;��"

 �� 		π0π−π� F�G ) �." ±�.� * × ��−" �;���

 �- 		 ) �.�&±�.��* × ��−"

 �& 		η ) �.��±�.��* × ��−"

 �� 	�π− ) �.��±�.��* × ��−"

 �� �� ) �.� ±�.� * × ��−"

 �� � � ) �.� ±�.� * × ��−" �;���

 �� 

 ) �.��±�.��* × ��−" �;���

 �� 		π� ) �.��±�.��* × ��−"

 �" 
�−π0 ��� �%�%� FG ) �.�-±�.��* × ��−"

 �� 	�−
 ) �.� ±�.- * × ��−�

 �� $��0�−� ) &.� ±�.� * × ��−�

 �- 	�−�� ) �.� ±�.� * × ��−�

 �& �0�− ) �."&±�."�* × ��−�

 �� ��
� �

�
� ) �.�-±�.�-* × ��−� �;��&

 �� 

π� ) �.� ±�.- * × ��−�

 ��� π0π− ) �.�&±�.�"* × ��−�

 ��� 
�� �%�% < �.� × ��−� $%;��>

 ��� ��
� �

�
� < � × ��−- $%;��>

*����(��� ������*����(��� ������*����(��� ������*����(��� ������

 ��" γ η� ���� ) �." ±�.� * >

 ��� γπ0π−$π� ) �." ±".� * × ��−"

 ��� γ ηππ ) -.� ±�.� * × ��−"

 ��- γ η��9�"/�9'"� → γ� � π F�G ) �.� ±�.- * × ��−" �;��-

 ��& γ η��9�"/�9'"� → γ γ ρ� ) &.� ±�.� * × ��−- �;���

 ��� γ η��9�"/�9'"� → γ ηπ0π− ) ".� ±�.� * × ��−�

 ��� γ η��9�"/�9'"� → γ γφ < �.� × ��−� $%;��>

 ��� γ ρρ ) �.� ±�.� * × ��−"

 ��� γ η���#'�� → γπ0π− ) -.� ±�.� * × ��−�

 ��� γ η′�!"#� ) �.&�±�.�&* × ��−" �;���

 ��" γ $π0$π− ) �.� ±�.� * × ��−" �;���

 ��� γ ����$'������$'�� ) �.� ±�.& * × ��−�

 ��� γ ����$'������$'������ ����:
���(�

) �.� ±�.� * × ��−�

 ��- γ�0�−π0π− ) �.� ±�.- * × ��−"

 ��& γ ���$�"�� ) �.& ±�.& * × ��−"

 ��� γωω ) �.��±�.""* × ��−"

 ��� γ η��9�"/�9'"� → γ ρ� ρ� ) �.& ±�.� * × ��−" �;��"

 ��� γ ����$'�� ) �."�±�.��* × ��−"

 ��� γ ����'��� → γ� � ) �.� 0�.�
−�.� *× ��−� �;���

 ��� γ ����'��� → γππ
 ��" γ η ) �.� ±�.� * × ��−� �;��&

 ��� γ ����9$�� → γ� � π ) &.� ±�." * × ��−�

 ��� γ ����$#"� ) -.� ±�.� * × ��−�

 ��- γ ����"��� → γ ηπ0π− ) �.� ±�.� * × ��−�

 ��& γ � ′���"$"� ) �.� 0�.&
−�.� *× ��−�

 ��� γ ����!"�� →
γ�∗�#!$��∗�#!$�

) &.� ±�.� * × ��−�

 ��� γ�∗�#!$��∗�#!$� ) �.� ±�." * × ��−"

 �"� γφφ ) �.� ±�.� * × ��−� �;���

 �"� γ 		 ) ".� ±�.� * × ��−�

 �"� γ η�$$$"� ) �.� ±�.- * × ��−�

 �"" γ η��';�� → γ ρ�ρ� ) �." ±�.� * × ��−�

 �"� γ� ��#&"� ) �.� ±�.- * × ��−�

 �"� γ �� � π�
���;�−� ) & ±� * × ��−� �;���

 �"- γπ� ) "." 0�.-
−�.� *× ��−�

 �"& γ 		π0π− < &.� × ��−� $%;��>

 �"� γ γ < � × ��−� $%;��>

 �"� γ

 < �." × ��−� $%;��>

 ��� &γ < �.� × ��−� $%;��>

 ��� γ ���$$���
 ��� γ �� �$$$�� > �.�� × ��−" $%;����>

 ��" γ �� �$$$�� → γππ ) � ±� * × ��−�

 ��� γ �� �$$$�� → γ� � ) �.� ±".� * × ��−�

 ��� γ �� �$$$�� → γ 		 ) �.� ±�.� * × ��−�

 ��- γ ����"��� >) �.& ±�.� * × ��−�

 ��& γ 0 − ) �.� ±�.� * × ��−"

/�0(�� 8�2��� �,2)�� ��� � �����(��� 2����/�0(�� 8�2��� �,2)�� ��� � �����(��� 2����/�0(�� 8�2��� �,2)�� ��� � �����(��� 2����/�0(�� 8�2��� �,2)�� ��� � �����(��� 2����

 ��� ±µ∓
�� < �.� × ��−- $%;��>

 ��� ± τ∓ �� < �." × ��−- $%;��>

 ��� µ± τ∓ �� < �.� × ��−- $%;��>

<�= ��� ���,� �� 1�� (�� �,2 �1 (�� ������ �(�(�� �� 0��(����3��(�0��(����
�(�(�� ������(��%

<�= 
���,��� 		π0π−γ ��� �>��,��� 		η- 		ω- 		η′%
<� = ��� (�� ?5�(� �� (�� η��9�"�@ �� (�� η��9�"� .��(���� /��(����%

�/ψ���� .�*�
�/ 	
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�/ 	
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�/ 	
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• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
�.&�±�.�- �"< & 	6	+� �-� $%�� �0 �− → µ0µ− γ

�.�&±�.�� &��< & 	�'��( �� '	'� �0 �− → µ0µ− γ

�.��±�."� '	, ��� '�� �0 �−
�."-0�.��

−�.��
� :���: �� �
�� ��� � ����?�4��!

�.&�±�."� 	%�1	#6�� �� �
�� ��� � ����?�4��!

�.� ±�.- � '�	#6�%,/ &�' 6	�9 �0 �−
�.- ±�.� � '	%6,#,?��� &� .�	� �0 �−
�.� ±�.- '�B	��/, &� +�/� �0 �−
�.- ±�.� ��9��,(� &�� .�	+ �0 �−
&$���������  8 �� ��� ��� �7���� 4����� �� @)�0 �−*×')µ0 µ−* ����� ')µ0µ−* ;
)�.�" ± �.�-*>�

�.�� � ������������ 5� �� �0 �−2 µ0µ−2 ��� ������� �������� �������� @)�0 �−*

; @)µ0µ−*�
�	������� �E��� 7����� !����� �� �0 �− ��� µ0µ−�
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WEIGHTED AVERAGE
1.69±0.15 (Error scaled by 2.4)

JEAN-MARIE 76 MRK1 1.7
BARTEL 76 CNTR 12.0
BRANDELIK 78B DASP 3.0
ALEXANDER 78 PLUT 0.1
FRANKLIN 83 MRK2 1.7
COFFMAN 88 MRK3 2.0
BAI 96D BES 5.8
BAI 04H BES 11.4
BAI 04H BES 6.0
AUBERT,B 04N BABR 6.6

χ2

      50.3
(Confidence Level  0.001)
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WEIGHTED AVERAGE
1.74±0.20 (Error scaled by 1.6)

COFFMAN 88 MRK3 0.0
JOUSSET 90 DM2 1.8
AUBERT 06D BABR 0.5
ABLIKIM 06F BES2 5.0
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(Confidence Level = 0.062)
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WEIGHTED AVERAGE
18.3±2.4 (Error scaled by 1.5)

FELDMAN 77 MRK1 0.0
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       7.7
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WEIGHTED AVERAGE
0.94±0.15 (Error scaled by 1.7)
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WEIGHTED AVERAGE
0.45±0.05 (Error scaled by 1.4)

COFFMAN 88 MRK3 0.2
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ABLIKIM 06F BES2 1.6
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       4.2
(Confidence Level = 0.124)
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WEIGHTED AVERAGE
0.40±0.07 (Error scaled by 2.1)

COFFMAN 88 MRK3 3.4
JOUSSET 90 DM2 0.0
ABLIKIM 05B BES2 5.2

χ2

       8.7
(Confidence Level = 0.013)
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WEIGHTED AVERAGE
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(Confidence Level = 0.052)
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WEIGHTED AVERAGE
2.8±0.5 (Error scaled by 1.9)
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BISELLO 89B DM2 3.7
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χ2
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(Confidence Level = 0.013)
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WEIGHTED AVERAGE
0.98±0.10 (Error scaled by 1.7)

BARTEL 77 CNTR 0.7
BRANDELIK 79C DASP 2.4
BLOOM 83 CBAL 0.5
ABLIKIM 06E BES2 2.8

χ2

       6.3
(Confidence Level = 0.097)
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BRANCHING RATIOS OF ψ(2S) AND χc0,1,2

Updated May 2006 by J.J. Hernández-Rey (IFIC, Valencia),
S. Navas (University of Granada), and C. Patrignani (INFN,
Genova).

Since 2002, the treatment of the branching ratios of the

ψ(2S) and χc0,1,2 has undergone an important restructuring.

When measuring a branching ratio experimentally, it is not

always possible to normalize the number of events observed in

the corresponding decay mode to the total number of particles

produced. Therefore, the experimenters sometimes report the

number of observed decays with respect to another decay mode

of the same or another particle in the relevant decay chain. This

is actually equivalent to measuring combinations of branching

fractions of several decay modes.

To extract the branching ratio of a given decay mode, the

collaborations use some previously reported measurements of

the required branching ratios. However, the values are frequently

taken from the Review of Particle Physics (RPP), which in turn

uses the branching ratio reported by the experiment in the

following edition, giving rise either to correlations or to plain

vicious circles.

One of these inconsistencies within the ψ(2S) decays was

reported in Ref. 10. To obtain the branching ratios of the decay

modes ψ(2S) → J/ψ(1S)π+ π−, ψ(2S) → J/ψ(1S)π0 π0, and

ψ(2S) → J/ψ(1S) η, E760 Collaboration [2] used the value of

B(ψ(2S) → J/ψ(1S) anything) given in Ref. 6, obtained with

a fit that included the above decays. The values obtained in

this way in Ref. 2 were subsequently used in the 1998 edition of

RPP [7] as new entries in the same fit.

A more subtle correlation, among others, was pointed

out in Ref. 5. BES Collaboration [3] obtained the value of

B(χc0 → p p) in e+e− collisions from the number of observed

decays ψ(2S) → γ χc0 → γ p p, and the total number of ψ(2S)

produced, which was estimated in turn from the observed

number of decays of the type ψ(2S) → J/ψ(1S)π+ π− [4]. To

this end, they used the values of the branching ratios of ψ(2S) →
J/ψ(1S)π+ π− and ψ(2S) → γ χc0 given in the 1996 edition of

RPP [6]. On the other hand, in p p collision experiments (e.g.,

E835 Collaboration [1]) , the value of B(ψ(2S) → γ χc0) was

entered inversely in the determination of B(χc0 → p p) from a

measurement of Γ(χc0 → p p) × B(χc0 → γ J/ψ(1S)), since it

was used to derive B(χc0 → γ J/ψ(1S)). Therefore, a hidden

correlation was introduced in RPP when quoting the values

of the corresponding unfolded magnitudes for both types of

experiments.

The way to avoid these dependencies and correlations is

to extract the branching ratios through a fit that uses the

truly measured combinations of branching fractions and partial

widths. This fit, in fact, should involve decays from the four

concerned particles, ψ(2S), χc0, χc1, and χc2, and occasionally

some combinations of branching ratios of more than one of

them. This is what is done since the 2002 edition [9].

The PDG policy is to quote the results of the collaborations

in a manner as close as possible to what appears in their original

publications. However, in order to avoid the problems mentioned

above, we had in some cases to work out the values originally

measured, using the number of events and detection efficiencies

given by the collaborations, or rescaling back the published

results. The information was sometimes spread over several

articles, and some articles referred to papers still unpublished,

which in turn contained the relevant numbers in footnotes.

Even though the experimental collaborations are entitled to

extract whatever branching ratios they consider appropriate by

using other published results, we would like to encourage them

to also quote explicitly in their articles the actual quantities

measured, so that they can be used directly in averages and fits

of different experimental determinations.

To inform the reader how we computed some of the values

used in this edition of RPP, we use footnotes to indicate the

branching ratios actually given by the experiments and the
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quantities they use to derive them from the true combination

of branching ratios actually measured.

None of the branching ratios of the χc0,1,2 are measured in-

dependently of the ψ(2S) radiative decays. We tried to identify

those branching ratios which can be correlated in a non-trivial

way, and although we cannot preclude the existence of other

cases, we are confident that the most relevant correlations have

already been removed. Nevertheless, correlations in the errors

of different quantities measured by the same experiment have

not been taken into account.

The high χ2 of the fit, 1.9 per d.o.f., can be traced back to

a few specific discrepancies in the data. No rescaling of errors

has been applied.

FIT INFORMATION

This is an overall fit to 4 total widths, 1 partial width,

12 combinations of partial widths, 6 branching ratios, and

40 combinations of branching ratios. Of the latter, 23 involve

decays of more than one particle. The fit uses 134 measurements

to determine 28 parameters and has a χ2 of 204.2 for 106 degrees

of freedom.

Mode Value

1 Γ(χc0)(MeV) 10.4 ± 0.7

2 B(χc0 → J/ψγ)(×104) 130 ± 11

3 B(χc0 → pp̄)(×104) 2.16 ± 0.19

4 B(χc0 → γγ)(×104) 2.76 ± 0.33

5 B(χc0 → 2π+ 2π−) 0.0241 ± 0.0023

6 B(χc0 → π π)(×103) 7.2 ± 0.6

7 B(χc0 → η η)(×103) 1.9 ± 0.5

8 B(χc0 → K+ K−)(×103) 5.4 ± 0.6

9 Γ(χc1)(MeV) 0.89 ± 0.05

10 B(χc1 → J/ψγ) 0.356 ± 0.019

11 B(χc1 → pp̄)(×104) 0.67 ± 0.05

12 Γ(χc2)(MeV) 2.06 ± 0.12

13 B(χc2 → J/ψγ) 0.202 ± 0.010

14 B(χc2 → pp̄)(×104) 0.66 ± 0.05

15 B(χc2 → γγ)(×104) 2.59 ± 0.19

16 B(χc2 → 2π+ 2π−) 0.0123 ± 0.0015

17 B(χc2 → π π)(×103) 2.14 ± 0.25

18 B(χc2 → K+ K−) (×103) 0.77 ± 0.14

19 Γ(ψ′) (keV) 337 ± 13

20 B(ψ′ → J/ψπ+π−) 0.318 ± 0.006

21 B(ψ′ → J/ψπ0π0) 0.1646 ± 0.0035

22 B(ψ′ → J/ψη) 0.0309 ± 0.0008

23 B(ψ′ → χc0γ)(×102) 9.2 ± 0.4

24 B(ψ′ → χc1γ)(×102) 8.7 ± 0.4

25 B(ψ′ → χc2γ)(×102) 8.1 ± 0.4

26 B(ψ′ → e+ e−)(×104) 73.5 ± 1.8

27 B(ψ′ → µ+ µ−)(×104) 73 ± 8

28 B(ψ′ → τ+ τ−)(×104) 28 ± 7

The following off-diagonal array elements are the correlation

coefficients < δxiδxj > / (δxi · δxj), in percent, from the fit to

the corresponding parameter xi.

2 −13

3 10 −69

4 −36 26 −16

5 −7 5 −4 −18

6 −8 20 −26 −11 20

7 −3 18 −25 4 3 8

8 −9 −1 −1 −31 19 17 1

9 0 0 0 0 0 0 0 0

10 0 0 0 −1 3 2 0 2 −11

11 0 0 0 1 −1 −1 0 −1 −58 −56

12 0 0 0 0 −1 −1 0 0 0 −1 0

13 0 0 0 −1 1 1 0 1 0 2 −1 −36

14 0 0 0 0 0 0 0 0 0 −1 0 −46 −36

15 0 0 0 0 0 0 0 0 0 0 0 −36 −3 23

16 0 0 0 −1 2 1 0 1 0 2 −1 −15 33 −9

17 0 0 0 −1 2 2 0 1 0 2 −1 −17 35 −9

18 0 0 0 0 1 1 0 1 0 1 −1 −11 22 −5

19 1 −1 1 4 −10 −10 −1 −8 1 −12 7 2 −6 2

20 −2 1 −2 −7 16 15 2 13 −1 16 −10 −3 9 −3

21 −2 1 −2 −4 11 10 1 8 −1 14 −8 −3 7 −3

22 −1 1 −1 −4 8 8 1 7 −1 11 −7 −2 6 −2

23 8 −22 16 10 −38 −40 −7 −30 0 1 −1 0 0 0

24 0 0 0 0 0 0 0 0 11 −87 47 0 0 0

25 0 0 0 −1 1 1 0 1 0 2 −1 32 −85 29

26 −1 1 −1 −3 8 8 1 7 −1 11 −7 −2 6 −2

27 0 0 0 −1 2 2 0 2 0 3 −2 −1 1 0

28 0 0 0 0 1 1 0 1 0 1 −1 0 1 0

1 2 3 4 5 6 7 8 9 10 11 12 13 14

16 −8

17 −11 16

18 −9 10 11

19 1 −6 −6 −4

20 −2 10 10 6 −64

21 −1 6 7 4 −57 68

22 −1 5 5 3 −41 55 47

23 0 1 1 0 −3 5 4 3

24 0 0 0 0 −2 3 2 2 0

25 4 −36 −37 −24 −6 8 6 5 0 0

26 −1 5 5 3 −75 53 48 35 3 2 5

27 0 2 2 1 −10 16 11 9 1 0 1 8

28 0 1 1 0 −5 7 5 4 0 0 1 4 1

15 16 17 18 19 20 21 22 23 24 25 26 27
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**G ; )-.� ± �.- ± �."* × ��−�� 3� ��4���  8 ��  ��� 4���� ')ψ)��* →
γχ��)�
** ; )�.� ± �.�* × ��−�� �� 5�� �� �� ���� �D7������H� �� ��� ��
������ �� �� ��� �8�������� �� ��� ����� ��  ��� 4�����
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�8�������� �� ��� ����� ��  ��� 4����� (�� �� ������ �� ������5�� 4�� ��)���* →
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�&	'%,/,+ ��> �7��� < �.� × ��−� �� ')ψ)��* → γχ��)�
** ; )�.�� ± �.�� ±
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** ; )�.�� ± �.�� ±
�.�-* × ��−�� 3� ������ �� ��  ��� 4���� ')ψ)��* → γχ��)�
** ; �.���� ��� ��

��� ��)����* �� ������5�� 4�� ����8 �� π0π− !���� ��� ���� 4�� �0�− ����8�
��	'%,/,+ ��> �7��� < �.&" × ��−� �� ')ψ)��* → γχ��)�
** ; )�.�� ± �.�� ±

�.�-* × ��−�� 3� ������ �� ��  ��� 4���� ')ψ)��* → γχ��)�
** ; �.���� (�� ��
������ �� ������5�� 4�� ��)����* → π0π− ��� ��)�&��* → �0�− ����8��

��$��������� ����� ')ψ)��* → γχ��)�
** ; �����L ��� ��� �� ��� ������� ��� ����?
�����8 �� ��� ψ)��* ����8�

��	'%,/,+ ��> �7��� )-.-- ± �."�0�.-�
−�.��* × ��−" �� ')ψ)��* → γχ��)�
** ;

)�.�� ± �.�� ± �.�-*× ��−�� 3� ������ �� ��  ��� 4���� ')ψ)��* → γχ��)�
** ;

)�.� ± �.�*×��−�� �� 5�� �� �� ���� �D7������H� �� ��� �� ������ �� �� ���
�8�������� �� ��� ����� ��  ��� 4����� (�� ���������� ������� ')��)��&�* →
� ρ)&&�** ; �� ± ->�

��	'%,/,+ ��> �7��� < �.�� × ��−" �� ')ψ)��* → γχ��)�
** ; )�.�� ± �.�� ±
�.�-* × ��−�� 3� ������ �� ��  ��� 4���� ')ψ)��* → γχ��)�
** ; �.���� (��

���������� ������� ')��)����* → �∗)���*π* ; �� ± ->�
�"	'%,/,+ ��> �7��� F')χ��)�
* → �∗)���*��∗)���*�* × ')ψ)��* → γχ��)�
**G

; )�.�-�± �.�"�0�.��&
−�.���*×��−"� 3� ��4���  8 ��  ��� 4���� ')ψ)��* → γχ��)�
**

; )�.� ± �.�*× ��−�� �� 5�� �� �� ���� �D7������H� �� ��� �� ������ �� ��
��� �8�������� �� ��� ����� ��  ��� 4�����

��	������ ')�∗)���*� → �−π0* ; �A"�
��	'%,/,+ ��� �7��� F')χ��)�
* → �∗)���*��∗)���*�* × ')ψ)��* → γχ��)�
**G

; )�.�" ± �.�� ± �.�-*× ��−�� 3� ��4���  8 ��  ��� 4���� ')ψ)��* → γχ��)�
**

; )�.� ± �.�*× ��−�� �� 5�� �� �� ���� �D7������H� �� ��� �� ������ �� ��
��� �8�������� �� ��� ����� ��  ��� 4�����

�-	'%,/,+ ��> �7��� )��.�� ± �."&0".��
−�.��* × ��−� �� ')ψ)��* → γχ��)�
** ;

)�.�� ± �.�� ± �.�-*× ��−�� 3� ������ �� ��  ��� 4���� ')ψ)��* → γχ��)�
** ;

)�.� ± �.�* × ��−�� �� 5�� �� �� ���� �D7������H� �� ��� �� ������ �� ��
��� �8�������� �� ��� ����� ��  ��� 4�����

�&	'%,/,+ ��> �7��� )�.�� ± �.--0�."�
−�.��* × ��−� �� ')ψ)��* → γχ��)�
** ;

)�.�� ± �.�� ± �.�-*× ��−�� 3� ������ �� ��  ��� 4���� ')ψ)��* → γχ��)�
** ;

)�.� ± �.�* × ��−�� �� 5�� �� �� ���� �D7������H� �� ��� �� ������ �� ��
��� �8�������� �� ��� ����� ��  ��� 4�����

��3� ��4� �����7���� π�π� ����������  8 " �� � ���� ππ�
��	'%,/,+ ��� �7��� F')χ��)�
* → ωω* × ')ψ)��* → γχ��)�
**G ; )�.��� ±

�.��" ± �.�"&* × ��−"� 3� ��4���  8 ��  ��� 4���� ')ψ)��* → γχ��)�
** ;

)�.� ± �.�* × ��−�� �� 5�� �� �� ���� �D7������H� �� ��� �� ������ �� ��
��� �8�������� �� ��� ����� ��  ��� 4�����

"�	'%,/,+ ��
 �7��� F')χ��)�
* → �0�−��
�
��
�
* × ')ψ)��* → γχ��)�
**G ;

)�.�"� ± �.�"� ± �.���*× ��−"� 3� ��4���  8 ��  ��� 4���� ')ψ)��* → γχ��)�
**

; )�.� ± �.�*× ��−�� �� 5�� �� �� ���� �D7������H� �� ��� �� ������ �� ��
��� �8�������� �� ��� ����� ��  ��� 4�����

"�	'%,/,+ ��
 �7��� F')χ��)�
* → ��
�
��
�
* × ')ψ)��* → γχ��)�
**G ; )�."��±

�.��� ± �.�""* × ��−"� 3� ��4���  8 ��  ��� 4���� ')ψ)��* → γχ��)�
** ;

)�.� ± �.�* × ��−�� �� 5�� �� �� ���� �D7������H� �� ��� �� ������ �� ��
��� �8�������� �� ��� ����� ��  ��� 4�����

"�	'%,/,+ ��
 �7��� F')χ��)�
* → ��
�
��
�

π0π−* × ')ψ)��* → γχ��)�
**G ;

)�.��� ± �.��� ± �.���*× ��−"� 3� ��4���  8 ��  ��� 4���� ')ψ)��* → γχ��)�
**

; )�.� ± �.�*× ��−�� �� 5�� �� �� ���� �D7������H� �� ��� �� ������ �� ��
��� �8�������� �� ��� ����� ��  ��� 4�����

""����� ')ψ)��* → χ�� γ* ; )�.� ± �.�*>
"�3� ��4� �����7���� ')��*·')π�π�* ����������  8 " �� � ���� ')��*·')ππ*�
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"-���� ')ψ)��* → γχ�� → γ γ �/ψ* ��� 	6	+ ��� ��� ')ψ)��* → γχ��* ���
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4�χ������ → 		� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → 		� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → 		� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → 		� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�

����� ������ ��−�� ��	�
��� �� ��	� 	�

���

-.�±�.� ��� .,(-.�±�.� ��� .,(-.�±�.� ��� .,(-.�±�.� ��� .,(

�.-±�.��.-±�.��.-±�.��.-±�.� �� '	, ��� '�� ψ)��* → γχ�� → γ � �

��$���������  8 ��� (�� 4���� �� ')χ�� → ��* �7���� �� '	, ��� �� ���4�� �����

')ψ)��* → γχ��* ; )�."± �.�*> ��� ')ψ)��* → �/ψ)��*π0π−* ; )"�.�± �.-*>
F'	, ���G�

4�χ������ → 		� × 4�ψ�$�� → γχ�������4�χ������ → 		� × 4�ψ�$�� → γχ�������4�χ������ → 		� × 4�ψ�$�� → γχ�������4�χ������ → 		� × 4�ψ�$�� → γχ�������

����� ������ ��−�� ���� ��	�
��� �� ��	� 	�

���

��.�±�.� ��� .,(��.�±�.� ��� .,(��.�±�.� ��� .,(��.�±�.� ��� .,(

�".-0".&
−".�±".��".-0".&
−".�±".��".-0".&
−".�±".��".-0".&
−".�±".� ��.�0��

−�" '	, ��� '�� ψ)��* → γχ��)�
* → γ � �

4�χ������ → γ �/ψ����� × 4�ψ�$�� → γχ�������4�χ������ → γ �/ψ����� × 4�ψ�$�� → γχ�������4�χ������ → γ �/ψ����� × 4�ψ�$�� → γχ�������4�χ������ → γ �/ψ����� × 4�ψ�$�� → γχ�������

����� ������ ��−�� ���� ��	�
��� �� ��	� 	�

���

�.���±�.��� ��� .,(�.���±�.��� ��� .,(�.���±�.��� ��� .,(�.���±�.��� ��� .,(

�.�&"±�.��� ��� 	
��	���.�&"±�.��� ��� 	
��	���.�&"±�.��� ��� 	
��	���.�&"±�.��� ��� 	
��	��

�.�-�±�.��� �� ����%,	 �� $'	% ψ)��* → γχ��
�.� ±�." �� '�	#6�%,/ &�� 6	�9 ψ)��* → γχ��
�.�- ±�.�� �� '	�(�% &�� $#(� ψ)��* → γχ��
"." ±�.& �" ',66,$/ && $#(� �0 �− → γ1

• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
�.�� ±�.�� ±�.�� �&� �� 	6	+ ��� $%�� ψ)��* → �/ψγγ

��������������  8 �� ����� ')�/ψ)��* → �0 �−* ; �.���� ± �.�����
��������������  8 �� ����� ')�/ψ)��* → µ0µ−* ; �.���� ± �.�����
�"	������ �����7�� ����� ����� ������
��#�� ����7������ ��� ���� 4����� �7����  8 	6	+ ����

4�χ������ → γ �/ψ� ×  �ψ�$�� →γχ�������
 �ψ�$�� →�/ψ����anything�

4�χ������ → γ �/ψ� ×  �ψ�$�� →γχ�������
 �ψ�$�� →�/ψ����anything�

4�χ������ → γ �/ψ� ×  �ψ�$�� →γχ�������
 �ψ�$�� →�/ψ����anything�

4�χ������ → γ �/ψ� ×  �ψ�$�� →γχ�������
 �ψ�$�� →�/ψ����anything�
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�."� ±�.�� ±�.�"�."� ±�.�� ±�.�"�."� ±�.�� ±�.�"�."� ±�.�� ±�.�" �&� 	6	+ ��� $%�� ψ)��* → �/ψγγ

4�χ������ → γ �/ψ� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → γ �/ψ� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → γ �/ψ� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → γ �/ψ� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
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�.�� ±�.�� ±�.�- �&� �� 	6	+ ��� $%�� ψ)��* → �/ψγγ

��#�� ����7������ ��� ���� 4����� �7����  8 	6	+ ����

4�χ������ → γ γ� × 4�ψ�$�� → γχ�������4�χ������ → γ γ� × 4�ψ�$�� → γχ�������4�χ������ → γ γ� × 4�ψ�$�� → γχ�������4�χ������ → γ γ� × 4�ψ�$�� → γχ�������
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".& ±�.� ±�.�".& ±�.� ±�.�".& ±�.� ±�.�".& ±�.� ±�.� %�� �� $'	% ψ)��* → γχ��

4�χ������ → ππ� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → ππ� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → ππ� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → ππ� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
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�".�±�.&±�.� �& ± �� �- '	, �"' '�� ψ)��* → γχ�� → γπ�π�

��.�±�.�±�.� &�� ± "� �& '	, ��� '�� ψ)��* → γχ�� → γπ0π−
�-3� ��4� �����7���� π�π� ����������  8 " �� � ���� ππ�
�&$���������  8 ��� (�� 4���� �� ')χ�� → π0π−* �7���� �� '	, ��� �� ���4�� �����

')ψ′ → γχ��*; )�." ± �.�*> ��� ')ψ′ → �/ψπ0π−* ; )"�.� ± �.-*> F'	, ���G�

3� ��4� �����7���� π0π− ����������  8 "A� �� � ���� ππ�

4�χ������ → ηη� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → ηη� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → ηη� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → ηη� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
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�.�� ±�.�� ��� .,(�.�� ±�.�� ��� .,(�.�� ±�.�� ��� .,(�.�� ±�.�� ��� .,(

�.�&�±�.���±�.����.�&�±�.���±�.����.�&�±�.���±�.����.�&�±�.���±�.��� '	, �"' '�� ψ)��* → γ ηη

4�χ������ → �0�−� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → �0�−� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → �0�−� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → �0�−� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�

����� ������ ��−�� ���� ��	�
��� �� ��	� 	�

���

�.��±�.�& ��� .,(�.��±�.�& ��� .,(�.��±�.�& ��� .,(�.��±�.�& ��� .,(

�.-"±�.��±�.���.-"±�.��±�.���.-"±�.��±�.���.-"±�.��±�.�� &&� ± "� �� '	, ��� '�� ψ)��* → γ�0�−
��$���������  8 ��� (�� 4���� �� ')χ�� → �0�−* �7����  8 '	, ��� �� ���4�� �����

')ψ)��* → γχ��* ; )�." ± �.�*> ��� ')ψ)��* → �/ψπ0π−* ; )"�.� ± �.-*>
F'	, ���G�

4�χ������ → $�π0π−�� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → $�π0π−�� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → $�π0π−�� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → $�π0π−�� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�

����� ������ ��−�� ��	�
��� �� ��	� 	�

���

&.�±�.- ��� .,(&.�±�.- ��� .,(&.�±�.- ��� .,(&.�±�.- ��� .,(

-.�±�.� ��� 	
��	��-.�±�.� ��� 	
��	��-.�±�.� ��� 	
��	��-.�±�.� ��� 	
��	�� �� �������� ����� ����� �� "���

�.�±�.�±�.� �� '	, ��� '�� ψ)��* → γχ��
�."±�.� �� (	#�#'	�+ &� +�/� ψ)��* → γχ��
��$���������  8 ��� (�� 4���� �� ')χ�� → �π0�π−* �7���� �� '	, ��� �� ���4�� �����

')ψ)��* → γχ��* ; )�."± �.�*> ��� ')ψ)��* → �/ψ)��*π0π−* ; )"�.�± �.-*>
F'	, ���G�

��(�� 4���� ')ψ)��* → γχ��*×')χ�� → �π0�π−* �7���� �� (	#�#'	�+ &� ��

���4�� ����� ')ψ)��* → �/ψ)��*π0π−*×')�/ψ)��* → �0 �−* ;)�.- ± �.&*>�

$���������  8 �� ����� ')�/ψ)��* → �0 �−* ; �.���� ± �.�����

χ������ *�8�*�5���χ������ *�8�*�5���χ������ *�8�*�5���χ������ *�8�*�5���

������� ���  , �*� ������ �" �#$���% �� ��� ���& '($$)#"�
������� ��	  , �*� �!���� �" �#$���% �� ��� ���& '($$)#"�
������� ���  � ���� * �" �#$���% �� ��� ���& '($$)#"�
������� ��
  � ���� �� �" �#$���% �� ��� ���& '($$)#"�
������� ��>  , �*� �!���� �" �#$���% �� ��� ���& '($$)#"�
���� ���  ,� !� ������ �"�" �4)% �� ��� �'��
 '($$)#"�
���,�
� ��� � �*�* �� �" ��4-�(��� �� ��� ����� �1�� '($$)#"�
���,�
� ��'  , �*� ������ �" ��4-�(��� �� ��� ����� �1�� '($$)#"�
����3�.� ��  � ���� �! �" �)�)B):) �� ��� ������ '($$)#"�
��� ��	  , �*� �*���� �" �#� �� ��� ������ '($$)#"�
������� ��	  , �*� �!���� �" �#$���% �� ��� ���& '($$)#"�
������� ���  , �*� �!���� �" �#$���% �� ��� ���& '($$)#"�
���,�
� ��  � ��1� �� �" ��4-�(��� �� ��� ��1�� '($$)#"�
���, ��  , �*� ������ &"�" ��5)- �� ��� �'��
 '($$)#"�
��� ���  , ��! �!���� �"3" �)� �� ��� ���& '($$)#"�
���,�
� ��  ,� !� �!�1�� �" ��4-�(��� �� ��� ����� �1�� '($$)#"�
�+�'����
 ��  � ��*� �� �"�" ��$75���( �� ��� ����, '($$)#"�
��� ��'  , ��* ������ �"3" �)� �� ��� ���& '($$)#"�
��� ���  , ��* ������ �"3" �)� �� ��� ���& '($$)#"�
��	��&'
 ��  � ���� ��* &" �)6�)�7( �� ��� ����� �1�� '($$)#"�
��&��&��� ��  ,� 1* ���1�� �"�" ���������� �� ��� �'��
 '($$)#"�
���,
	���� ���  , ��� ������ �" �%#-(6�)�� �� ��� ����� �1�� '($$)#"�
���,
	���� !!�  ,� 1� �!�� �" �%#-(6�)�� �� ��� ����� �1�� '($$)#"�
��� !!�  , ��� �*���� �"3" �)� �� ��� ���& '($$)#"�
��� !1�  , ��1 �!���� �"3" �)� �� ��� ���& '($$)#"�
��� !1�  ,� 1� ��!� �"3" �)� �� ��� ���& '($$)#"�
	��&�, 1�  , ��� *�� �" 	)���- �� ��� �'-;��)$ �)$$ '($$)#"�
��� 1� &��' �1� ,"�" ��� �&��'�

,�	��� 1�  , ��� ���! �"�" 
-�6$�) �� ��� �&��'2 '�2 ��,�8�
�,������� *!� � ���� ��� ," �-)�4�$�� �� ��� ���& '($$)#"�
��,�� *1�  � *!� �!� ." �)-��$ �� ��� ���&02 ���� �
������+� *1  , ��* �*�� ."�" )���#)�% �� ��� �&��'2 ����

�$�(  -�=)�� '(%%" 	" -�$$��6 ����2 +'��
�����'� **  ,� �1 ���� '"�" ��44�7� �� ��� �+'&�2 +��2  ���8�

���* *�/���� .�.�*����* *�/���� .�.�*����* *�/���� .�.�*����* *�/���� .�.�*�

��,��,�& ��	  � ��1� ��* �" �)-#�-�� �� ��� �
%�6) �@9�"�
�''��,,� !!  � ���� ��� �" �77�)--� �� ��� ��� '($$)#"�
'��� !��  � ���� ��! ."0" '5�� �� ��� �'��
 '($$)#"�
����,� 11�  ,� �� ���� �" ��5)-) �� ��� � ' '($$)#"�
������� *��  ,� �� 1�� 	"�" ��$4%)� �� ��� ����2 &��'�

�$�(  ,� �� ��1! 	"�" ��$4%)�
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��� ��� �� ���� 	
� ���������	
�� �	��	��

χ��
��

χ��
�� �� ���� � � ���� � ��

��� ��� ������  � !ψ���� ��" χ� #$��%���& $��� �' #�( $� ���
χ������ )�����&�*

χ������ ����χ������ ����χ������ ����χ������ ����

����� ����� ���� ��	�
��� �� ��	� 	�

���

"���.-- ± �.�& ��� 	
��	��"���.-- ± �.�& ��� 	
��	��"���.-- ± �.�& ��� 	
��	��"���.-- ± �.�& ��� 	
��	�� �� �������� ����� ����� �� ���� ��� ��� �������
 ���!�
"���."� ± �.�� ±�.�- 	'%,/,+ ��	 '��� ψ)��* → γχ��
"���.&��± �.���±�.��� 	#6���((, ��� ��"� �� → �0 �− γ

"���.� ± �.� '	, ��� '�� ψ)��* → γ1

"���.-� ± �.��&±�.��� ��" � 	�+�(��#� �� �&-� �� → �0 �− γ

"���." ± �.� ±�.� "� '	�%,# �-� �9�$ �� → �0 �−1

"���." ± �." ±�.� � �	,��� �- $'	% ψ)��* → γ1

"��&.� ± �.& �� " %�+�,�#� �� ��%, ��� π−'� →
γµ0µ−	

"���.� ± �.- ����%,	 �� $'	% �0 �− → �/ψ�γ

"���.� ± �.� ��� � :,+�% �� +�/� �0 �− → �/ψ�γ

"��� ±�� �� '�	#6�%,/ &�� 6	�9 �0 �− → �/ψ�γ

"��& ± " � '	�(�% &�� $#(� �0 �− → �/ψ�γ

"���.� ± � ±� �,� (	#�#'	�+ &� +�/� �0 �−
"��" ± & "-& � ',66,$/ && $#(� ψ)��* → γ1

• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
"��� ±�� �� (	#�#'	�+ &� +�/� :����� γ

�������������  8 	#6���((, ���2 ����� ��� 4���� �� ψ)��* ���� ��� 	�%$:�#/� �"�
������ ���� �� ψ)��* ; "-�-�� +�
�
" �/ψ)��* ���� ���������� �� "��& +�
�
�+��� 4���� �������  8 ��  8 ������ �77�7���� �� ψ)��* ���� ; "-�- +�
 ���
�/ψ)��* ���� ; "��& +�
�

�.�� � ������������ 5� �� ������4� ��� ������� ����8 ���������

WEIGHTED AVERAGE
3510.66±0.07 (Error scaled by 1.5)

BIDDICK 77 CNTR
TANENBAUM 78 MRK1
BARTEL 78B CNTR
BRANDELIK 79B DASP
HIMEL 80 MRK2
OREGLIA 82 CBAL 0.2
LEMOIGNE 82 GOLI
GAISER 86 CBAL
BAGLIN 86B SPEC 1.3
ARMSTRONG 92 E760 0.5
BAI 99B BES 2.0
ANDREOTTI 05A E835 1.0
ABLIKIM 05G BES2 2.9

χ2

       7.9
(Confidence Level = 0.162)

3509.5 3510 3510.5 3511 3511.5 3512

χ������ ���� �����

χ������ 	
��χ������ 	
��χ������ 	
��χ������ 	
��

����� ����� 	� ���� ��	�
��� �� ��	� 	�

���

�.�� ±�.�� ��� .,(�.�� ±�.�� ��� .,(�.�� ±�.�� ��� .,(�.�� ±�.�� ��� .,(

�.�� ±�.�� ��� 	
��	���.�� ±�.�� ��� 	
��	���.�� ±�.�� ��� 	
��	���.�� ±�.�� ��� 	
��	��

�."� 0�.��
−�."�

0�.�-
−�.&& 	'%,/,+ ��	 '��� ψ)��* → γχ��

�.�&-±�.���±�.��- 	#6���((, ��� ��"� �� → �0 �− γ

�.�& ±�.�� ±�.�� ��" - 	�+�(��#� �� �&-� �� → �0 �− γ

• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
<�." �� '	�%,# �-� �9�$ �� → �0 �−1

<".� �� �	,��� �- $'	% ψ)��* → γ1

-������������  8 	#6���((, ����

χ������ ����� �����χ������ ����� �����χ������ ����� �����χ������ ����� �����

����� �����A
+��� .������ )@	 A@* $��5����� ��4��

������� ������������� ������������� ������������� ������
 � &�π0π−� ) �.�±�.�*× ��−" �;���

 � $�π0π−� ) &.-±�.-*× ��−"

 " π0π−�0�− ) �.�±�.�*× ��−"

 � ρ�π0π− ) ".�±".�*× ��−"

 � �0�∗�#!$��π−� �%�% ) ".�±�.�*× ��−"

 - �∗�#!$���∗�#!$�� ) �.-±�.�*× ��−"

 & ��
� �

0π−� �%�% ) �."±�.&*× ��−"

 � π0π−��
� �

�
� ) &.&±"."*× ��−�

 � �0�−��
� �

�
�

 �� π0π−		 ) �.�±�.�*× ��−�

 �� �0�−�0�− ) ".�±�.&*× ��−�

 �� 		 ) -.&±�.�*× ��−�

 �" 

 ) �.�±�.�*× ��−�

 �� 

π0π− < �.� × ��−" $%;��>

 �� ��
� �

�
� 		 < �.� × ��−� $%;��>

 �- �−�0 < ".� × ��−� $%;��>

 �& π0π− � �0�− < �.� × ��−"

 �� ��
� �

�
� < & × ��−� $%;��>

*����(��� ������*����(��� ������*����(��� ������*����(��� ������

 �� γ �/ψ���� )"�.-±�.�* >

 �� γ γ
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���χ������ .�*�
�/ 	
���χ������ .�*�
�/ 	
���χ������ .�*�
�/ 	
���

χ������  ��� �γ �/ψ�����3 �(�(���χ������  ��� �γ �/ψ�����3 �(�(���χ������  ��� �γ �/ψ�����3 �(�(���χ������  ��� �γ �/ψ�����3 �(�(���
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��	����.�±�.� ��� 	
��	����.�±�.� ��� 	
��	����.�±�.� ��� 	
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��.�±�.�±�.� & 	#6���((, ��� ��"� �� → �0 �− γ

��.�±�.�±�.� &,� 	�+�(��#� �� �&-� �� → �0 �− γ

��.�0�.�
−�.�

& '	�%,# �-� �9�$ �� → �0 �−1

&$���������  8 �� ����� ')�/ψ)��* → �0 �−* ; �.���" ± �.�����
�������������  8 	#6���((, ����
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��.�±�.�±�.� � (	#�#'	�+ &� +�/� ψ)��* → γχ��
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������������

���������	
�� �	��	��

χ��
��

 
(
��
� �

0π−� �%�%
)
3 �����  &3  

(
��
� �

0π−� �%�%
)
3 �����  &3  

(
��
� �

0π−� �%�%
)
3 �����  &3  

(
��
� �

0π−� �%�%
)
3 �����  &3 

����� ������ ��−�� ��	�
��� �� ��	� 	�

���
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&.&±".�±�.�&.&±".�±�.�&.&±".�±�.�&.&±".�±�.� ��.�± &.& �" 	'%,/,+ ��
 '��� ψ)��* → χ�� γ
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<� �� ".� ± �.� �� 	'%,/,+ ��
 '��� ψ)��* → χ�� γ
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	%�	(,�# (������ �8�������� �� �� ���������

�.��±�.�� ��� 	
��	���.��±�.�� ��� 	
��	���.��±�.�� ��� 	
��	���.��±�.�� ��� 	
��	��

�.�-±�.��±�.�� � '	, ��� '�� ψ)��* → γχ��
�.�&±�.&-±�.�� � (	#�#'	�+ &� +�/� ψ)��* → γχ��
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�.�±�.�±�.��.�±�.�±�.��.�±�.�±�.��.�±�.�±�.� �.�0".�
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� '	, �"� '�� ψ)��* → γχ�� →
γ��
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<�.�<�.�<�.�<�.� �� �� 	'%,/,+ �-� '��� ψ)��* → γχ��
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<".�<".�<".�<".� �� �� 	'%,/,+ �-� '��� ψ)��* → γχ��[
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<��<��<��<�� �� .�%6+	# && +�/� ψ)��* → γχ��
• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
<"� �� �� '�	#6�%,/ &�� 6	�9 ψ)��* → γχ��
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<�.&<�.&<�.&<�.& �� �- 	'%,/,+ ��
 '��� ψ)��* → χ�� γ

���������  8 �� ����� ')ψ)��* → γχ��* ; )�.& ± �.�*> ��� ')ψ)��* →
�/ψ)��*π0π−* ; �."�� ± �.��-�

����������� ����� ')ψ)��* → γχ��)�
** ; ����&� (�� ��� �� ��� ������� ���
���������8 �� ��� ψ)��* ����8�

��	'%,/,+ ��� �7��� F')χ��)�
* → �∗)���*��∗)���*�* × ')ψ)��* → γχ��)�
**G

; )�.�� ± �.�& ± �.��*× ��−�� 3� ��4���  8 ��  ��� 4���� ')ψ)��* → γχ��)�
**

; )�.& ± �.�*× ��−�� �� 5�� �� �� ���� �D7������H� �� ��� �� ������ �� ��
��� �8�������� �� ��� ����� ��  ��� 4�����

��	������ ')�∗)���*� → �−π0* ; �A"�
�"	'%,/,+ ��
 �7��� F')χ��)�
* → π0π−��

�
��
�
* × ')ψ)��* → γχ��)�
**G ;

)�.-& ± �.�- ± �.��*× ��−�� 3� ��4���  8 ��  ��� 4���� ')ψ)��* → γχ��)�
** ;

)�.& ± �.�* × ��−�� �� 5�� �� �� ���� �D7������H� �� ��� �� ������ �� ��
��� �8�������� �� ��� ����� ��  ��� 4�����

��	'%,/,+ ��
 �7��� F')χ��)�
* → �0�−��
�
��
�
* × ')ψ)��* → γχ��)�
**G ;

< �.�× ��−�� 3� ��4���  8 ��  ��� 4���� ')ψ)��* → γχ��)�
** ; �.��&�
������� ')ψ)��* → χ�� γ* )�.� ± �.-*>�
�-	'%,/,+ ��
 �7��� F')χ��)�
* → ��

�
��
�
* × ')ψ)��* → γχ��)�
**G ; < �.-×

��−�� 3� ��4���  8 ��  ��� 4���� ')ψ)��* → γχ��)�
** ; �.��&�
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7� ������*��
��
7� ������
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�."�-±�.��� ��� .,(�."�-±�.��� ��� .,(�."�-±�.��� ��� .,(�."�-±�.��� ��� .,(

• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
�."&�±�.���±�.��� �& 	6	+ ��� $%�� �0 �− → ψ)��* → γχ��
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• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
<�.���� �� �� B	+	6	 && 6	�9 �0 �− → "γ

�&���� ')ψ)��* → γχ�� → γ γ �/ψ* ��� 	6	+ ��� ��� ')ψ)��* → γχ��* ���
	(:	� ���

����������� ����� ')ψ)��* → γχ��)�
** ; ����&� (�� ��� �� ��� ������� ���
���������8 �� ��� ψ)��* ����8�

χ������ �*���:.�*�
�/� 4*�5�
56 *��
��χ������ �*���:.�*�
�/� 4*�5�
56 *��
��χ������ �*���:.�*�
�/� 4*�5�
56 *��
��χ������ �*���:.�*�
�/� 4*�5�
56 *��
��

4�χ������ → 		�×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → 		�×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → 		�×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → 		�×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�

����� ������ ��−�� ��	�
��� �� ��	� 	�

���

�.��±�.�� ��� .,(�.��±�.�� ��� .,(�.��±�.�� ��� .,(�.��±�.�� ��� .,(

�.� ±�.��.� ±�.��.� ±�.��.� ±�.� �� '	, ��� '�� ψ)��* → γχ�� →
γ ��

4�χ������ → γ �/ψ����� × 4�ψ�$�� → γχ�������4�χ������ → γ �/ψ����� × 4�ψ�$�� → γχ�������4�χ������ → γ �/ψ����� × 4�ψ�$�� → γχ�������4�χ������ → γ �/ψ����� × 4�ψ�$�� → γχ�������

����� ������ ��−�� ���� ��	�
��� �� ��	� 	�

���

".��±�.�� ��� .,(".��±�.�� ��� .,(".��±�.�� ��� .,(".��±�.�� ��� .,(

�.&�±�.�" ��� 	
��	���.&�±�.�" ��� 	
��	���.&�±�.�" ��� 	
��	���.&�±�.�" ��� 	
��	��

�.��±�.��±�.�" �"< '	, ��� '��� ψ)��* → �/ψγγ

�.�-±�.��±�.�� �	,��� �- $'	% ψ)��* → γ1

�.&�±�."� �� ����%,	 �� $'	% ψ)��* → γχ��
�.� ±�.� �� '�	#6�%,/ &�� 6	�9 ψ)��* → γχ��
�.� ±�.� �� '	�(�% &�� $#(� ψ)��* → γχ��
�.� ±�.� �� ',66,$/ && $#(� �0 �− → γ1

�.� ±�.� �� 3:,(	/�� &- +�/� �0 �−
• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
".��±�.�-±�.�" "�&< �" 	6	+ ��� $%�� ψ)��* → �/ψγγ

4�χ������ → γ �/ψ� ×  �ψ�$�� →γχ�������
 �ψ�$�� →�/ψ����anything�

4�χ������ → γ �/ψ� ×  �ψ�$�� →γχ�������
 �ψ�$�� →�/ψ����anything�

4�χ������ → γ �/ψ� ×  �ψ�$�� →γχ�������
 �ψ�$�� →�/ψ����anything�

4�χ������ → γ �/ψ� ×  �ψ�$�� →γχ�������
 �ψ�$�� →�/ψ����anything�

����� ������ ��−�� ���� ��	�
��� �� ��	� 	�

���

�.��±�.�� ��� .,(�.��±�.�� ��� .,(�.��±�.�� ��� .,(�.��±�.�� ��� .,(

�.&&±�.��±�.���.&&±�.��±�.���.&&±�.��±�.���.&&±�.��±�.�� "�&< 	6	+ ��� $%�� ψ)��* → �/ψγγ

4�χ������ → γ �/ψ����� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → γ �/ψ����� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → γ �/ψ����� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → γ �/ψ����� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�

����� ������ ��−�� ���� ��	�
��� �� ��	� 	�

���

�.&&±�."� ��� .,(�.&&±�."� ��� .,(�.&&±�."� ��� .,(�.&&±�."� ��� .,(

�.� ±�.� ��� 	
��	���.� ±�.� ��� 	
��	���.� ±�.� ��� 	
��	���.� ±�.� ��� 	
��	��

��.- ±�." ±".� "< �� 	'%,/,+ ��� '�� ψ)��* → �/ψ�

�.� ±�.� �� :,+�% �� +�/� ψ)��* → γχ��
• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
��.��±�.�&±�.�" "�&< �" 	6	+ ��� $%�� ψ)��* → �/ψγγ

4�χ������ → 		� × 4�ψ�$�� → γχ�������4�χ������ → 		� × 4�ψ�$�� → γχ�������4�χ������ → 		� × 4�ψ�$�� → γχ�������4�χ������ → 		� × 4�ψ�$�� → γχ�������

����� ������ ��−�� ���� ��	�
��� �� ��	� 	�

���

�.�±�.- ��� .,(�.�±�.- ��� .,(�.�±�.- ��� .,(�.�±�.- ��� .,(

�.�0�.�
−�."±�.-�.�0�.�
−�."±�.-�.�0�.�
−�."±�.-�.�0�.�
−�."±�.- ��.�0�.�

−�.� '	, ��� '�� ψ)��* → γχ��)�
* →
γ ��

��$���������  8 ��� (�� 4���� �� ')χ�� → ��* �7���� �� '	, ��� �� ���4�� �����

')ψ)��* → γχ��* ; )�.&± �.�*> ��� ')ψ)��* → �/ψ)��*π0π−* ; )"�.�± �.-*>
F'	, ���G�

��������������  8 �� ����� ')�/ψ)��* → �0 �−* ; �.���� ± �.�����
��������������  8 �� ����� ')�/ψ)��* → µ0µ−* ; �.���� ± �.�����
��	������ �����7�� ����� ����� ������
�"#�� ����7������ ��� ���� 4����� �7����  8 	6	+ ����
�� .�� � 5� �� ��� �/ψ ����� ���� �7�����
��(�� 4���� �� ')ψ)��* → γχ��*×')χ�� → γ �/ψ)��** E����� �� :,+�% �� ��

���4�� ����� ')ψ)��* → �/ψ)��*π0π−* ; )"" ± "*> ��� ')�/ψ)��* → �0 �−*

; �.�"� ± �.���� $���������  8 �� ����� ')�/ψ)��* → �0 �−* ; �.���� ± �.�����

�A/�
.�/� ��./
�A��� 
5 χ������ → γ �/ψ�����A/�
.�/� ��./
�A��� 
5 χ������ → γ �/ψ�����A/�
.�/� ��./
�A��� 
5 χ������ → γ �/ψ�����A/�
.�/� ��./
�A��� 
5 χ������ → γ �/ψ����

�� � �$3
√
��� ���� �����(�� B,���,0��� 1���(����� (�����(��� �20��(,���� � �$3

√
��� ���� �����(�� B,���,0��� 1���(����� (�����(��� �20��(,���� � �$3

√
��� ���� �����(�� B,���,0��� 1���(����� (�����(��� �20��(,���� � �$3

√
��� ���� �����(�� B,���,0��� 1���(����� (�����(��� �20��(,��

����� ���� ��	�
��� �� ��	� 	�

���

−�.���0�.���
−�.��& ��� 	
��	��−�.���0�.���
−�.��& ��� 	
��	��−�.���0�.���
−�.��& ��� 	
��	��−�.���0�.���
−�.��& ��� 	
��	��

�.���±�.�"�±�.��� ���� 	+'���,	#, �� ��"� �� → χ�� → �/ψγ

−�.���0�.���
−�.��� ��� ����%,	 �� $'	% ψ)��* → χ�� γ →

�/ψγγ



������������

��� ��� �� ���� 	
� ���������	
�� �	��	��

χ��
��	 ��
��	χ��
��

χ������ *�8�*�5���χ������ *�8�*�5���χ������ *�8�*�5���χ������ *�8�*�5���

������� ���  , �*� ������ �" �#$���% �� ��� ���& '($$)#"�
������� ��	  , �*� �!���� �" �#$���% �� ��� ���& '($$)#"�
������� ��
  � ���� �� �" �#$���% �� ��� ���& '($$)#"�
���� ���  ,� !� ������ �"�" �4)% �� ��� �'��
 '($$)#"�
���,�
� ��� � �*�* �� �" ��4-�(��� �� ��� ����� �1�� '($$)#"�
������� ���  , �*� ������ �" �#$���% �� ��� ���& '($$)#"�
������� ���  , �*� �!���� �" �#$���% �� ��� ���& '($$)#"�
���, ��  , �*� ������ &"�" ��5)- �� ��� �'��
 '($$)#"�
��� ���  , ��! �!���� �"3" �)� �� ��� ���& '($$)#"�
��� ���  , �*� ������ �"3" �)� �� ��� ���& '($$)#"�
�+�'����
 ��  � ��*� �� �"�" ��$75���( �� ��� ����, '($$)#"�
��� ���  , ��* ������ �"3" �)� �� ��� ���& '($$)#"�
���,
	���� ��  , ��� ������ �" �%#-(6�)�� �� ��� ����� �1�� '($$)#"�
��� !!�  , ��� �*���� �"3" �)� �� ��� ���& '($$)#"�
��� !1�  , ��1 �!���� �"3" �)� �� ��� ���& '($$)#"�
��� !1�  ,� 1� ��!� �"3" �)� �� ��� ���& '($$)#"�
�,�&,
�	 !� � ��*� �� "�" �-%��-(�6 �� ��� �����2 ��,,2 	��
8�

�$�(  ,� �1 ���1 "�" �-%��-(�6 �� ��� �����2 ��,,2 	��
8�
��	��� 1��  � ��*� ��� '" �)6$�� ���  2 '�,�2 	��
2 �0
�2 
&�
8�
	��&�, 1�  , ��� *�� �" 	)���- �� ��� �'-;��)$ �)$$ '($$)#"�
���
�	�� 1�  � ���� ��! 0" ��%(�6�� �� ��� �&�'�2 �
�'2 &�� 8�

,�	��� 1�  , ��� ���! �"�" 
-�6$�) �� ��� �&��'2 '�2 ��,�8�

�$�(  -�=)�� '(%%" �"�" 
-�6$�) �����
����� 1�  ,� �� !�� " ��%�$ �� ��� ����2 &��'�

�$�(  -�=)�� '(%%" 	" -�$$��6 ����2 +'��
�,������� *!� � ���� ��� ," �-)�4�$�� �� ��� ���& '($$)#"�
��,�� *1�  � *!� �!� ." �)-��$ �� ��� ���&02 ���� �
������+� *1  , ��* �*�� ."�" )���#)�% �� ��� �&��'2 ����

�$�(  -�=)�� '(%%" 	" -�$$��6 ����2 +'��
�����'� **  ,� �1 ���� '"�" ��44�7� �� ��� �+'&�2 +��2  ���8�
������� **  , � ��' �1� 	"�" ��$4%)�2 �"�"  �-$ ����2 &��'�
0����� ** �)%#�-6 '(�A" �! &" 0)%)4) ���& '($$)#"�
.�����, *�  ,� �* ��!� �"&" .5��)��- �� ��� �&��'2 ����
������+� *�  ,� �� ���� ."�" )���#)�% �� ��� ����2 &��'�

���* *�/���� .�.�*����* *�/���� .�.�*����* *�/���� .�.�*����* *�/���� .�.�*�

��,��,�& ��	  � ��1� ��* �" �)-#�-�� �� ��� �
%�6) �@9�"�
��,�� 1�  � ���� ��! ," �)-)�� �� ��� �&�'�2 �
�'2 &�� 2 ����
�,�+�&'�""" *��  � �*� ��* ." �-)���75:��6 �� ��� ���& '($$)#"�
&�� &
� *�  ,� �� �!! �"." &�%9�(� �� ��� �&��2  ����

��
�� �� ���� � � CC�CCC�

��
���� 8*�� �A���*� ��4/�
+��"� % �,$���� �*

�� ���� ������ ���� ������ ���� ������ ���� ����

����� ����� ���� ��	�
��� �� ��	� 	�

���

"���.�"±�.�& ��� 	
��	��"���.�"±�.�& ��� 	
��	��"���.�"±�.�& ��� 	
��	��"���.�"±�.�& ��� 	
��	�� �� �������� ����� ����� �� ���� ��� ��� �������
 ���!�
"���.� ±�.� ±�.� �" 	#6���((, ��� ��"� �� → η� γ

"���.� ±�.- ±�.� �-� ± �� ���#�� �� $%�� ψ)��* → π� η� γ

"��-.��±�.��±�.�� �� � 	�+�(��#� ��� �&-� �� → �/ψπ�

"���.� ±�.� ±�.� � '	�%,# �- �9�$ �� → �/ψ1

• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
"��& ±� �� 	#(�#,	II, �� �&�� "�� π±2 �%� →

�/ψπ�1

�+��� ������ 4���� ��� �8�������� �� �����������  8 �� �������� �� �E� )�-* ��
	�+�(��#� �"�2 ����� ��� 4���� �� ��� ψ)��* ���� ��� 	�%$:�#/� �"�

WEIGHTED AVERAGE
3525.93±0.27 (Error scaled by 1.5)

BAGLIN 86 SPEC 0.3
ARMSTRONG 92D E760 1.8
ROSNER 05 CLEO 4.5
ANDREOTTI 05B E835 0.2

χ2

       6.9
(Confidence Level = 0.077)

3522 3523 3524 3525 3526 3527 3528 3529

�� ���� �-�� �����

�� ���� 	
���� ���� 	
���� ���� 	
���� ���� 	
��

����� ����� 	� ���� ��	�
��� �� ��	� 	�

���

<�<�<�<� �" 	#6���((, ��� ��"� �� → η� γ

• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
<�.� �� �� 	�+�(��#� ��� �&-� �� → �/ψπ�

�� ���� ����� ������� ���� ����� ������� ���� ����� ������� ���� ����� �����

+��� .������ )@	 A@*

 � �/ψ����π�

 � �/ψ����ππ ��� ����

 " 		

 � η� γ ����

�� ���� .�*�
�/ 	
����� ���� .�*�
�/ 	
����� ���� .�*�
�/ 	
����� ���� .�*�
�/ 	
���

�� ����  ��� �	 	�3 �(�(����� ����  ��� �	 	�3 �(�(����� ����  ��� �	 	�3 �(�(����� ����  ��� �	 	�3 �(�(���
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)
3 �����  � "3  

(
η� γ

) ×  
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)
3 �����  � "3  

(
η� γ

) ×  
(
		

)
3 �����  � "3  

(
η� γ

) ×  
(
		

)
3 �����  � "3 

����� ���� ���� ��	�
��� �� ��	� 	�

���

• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
��.�±�.� �" � 	#6���((, ��� ��"� �� → η� γ

�	������� @ ; � +�
�

�� ���� 4*�5�
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���� ���� 4*�5�
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���� ���� 4*�5�
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���� ���� 4*�5�
56 *��
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<�.�� �� 	�+�(��#� ��� �&-� �� → �/ψπ�

 
(
η� γ

)
3 �����  �3  

(
η� γ

)
3 �����  �3  

(
η� γ

)
3 �����  �3  

(
η� γ

)
3 �����  �3 

����� ���� ��	�
��� �� ��	� 	�

���

���������������� �-� ± �� " ���#�� �� $%�� ψ)��* → π� η� γ

"$%�� ������� ��� 7����� ')ψ)��* → π� �� * × ')�� → η� γ* ��  � )�.� ± �.� ±
�.&* × ��−��

�� ���� *�8�*�5����� ���� *�8�*�5����� ���� *�8�*�5����� ���� *�8�*�5���

���,�
� ���  , �*� ������ �" ��4-�(��� �� ��� ����� �1�� '($$)#"�
,
&��, ��  ,� !� ������ �"�" ,(���- �� ��� �'��
 '($$)#"�
�+�'����
 ��  � ��*� �� �"�" ��$75���( �� ��� ����, '($$)#"�
��
���33� !�  , ��� ���1 �" ���(��)BB� �� ��� ��*�� '($$)#"�
�,�&,
�	 !��  , ��* **� "�" �-%��-(�6 �� ��� ����� �*�� '($$)#"�
�,�&,
�	 !��  ,� �! ���* "�" �-%��-(�6 �� ��� �����2 ��,,2 	��
8�
��	��� 1�  � ��*� ��� '" �)6$�� �� ��� ���  2 '�,�2 
,�2 &,�8�

���* *�/���� .�.�*����* *�/���� .�.�*����* *�/���� .�.�*����* *�/���� .�.�*�

�+��, ��,  , �*� �*����, �" ��#�-� �� ��� �����, '($$)#"�
,+��� ��  , �*� �!����  " ,�#�� �� ��� �'��
 '($$)#"�
��'��� ��  ,� 1! ������ �"�" ��75���2 �" �)��2 '" >��66

χ��
�� �� ���� � � ���$ � ��

��� ��� ������  � !ψ���� ��" χ� #$��%���& $��� �' #�( $� ���
χ������ )�����&�*

χ������ ����χ������ ����χ������ ����χ������ ����

����� ����� ���� ��	�
��� �� ��	� 	�

���

"��-.�� ± �.�� ��� 	
��	��"��-.�� ± �.�� ��� 	
��	��"��-.�� ± �.�� ��� 	
��	��"��-.�� ± �.�� ��� 	
��	��

"���.&� ± �.�� ±�."� 	'%,/,+ ��	 '��� ψ)��* → γχ��
"��-.�&"± �.��"±�.��� 	#6���((, ��� ��"� �� → �0 �− γ

"���.� ± �.� �,��#�(�,# �� $%�� �0 �− →
�0 �−χc�

"��-.� ± �.& '	, ��� '�� ψ)��* → γ1

"��-.�� ± �.�"�±�.��� ��� � 	�+�(��#� �� �&-� �� → �0 �− γ

"��-.� ± �.� ±�.� �� '	�%,# �-� �9�$ �� → �0 �−1

"��&.� ± �.� ±� � �	,��� �- $'	% ψ)��* → γ1

"��".� ± �.� -- " %�+�,�#� �� ��%, ��� π−'� →
γµ0µ−	

"���.� ± �.& � ����%,	 �� $'	% �0 �− → �/ψ�γ

"��& ± �.� -� � :,+�% �� +�/� �0 �− → �/ψ�γ

"��� ±�� �� '�	#6�%,/ &�� 6	�9 �0 �− → �/ψ�γ

"��" ± � � '	�(�% &�� $#(� �0 �− → �/ψ�γ

"��" ± � ±� �,- (	#�#'	�+ &� +�/� �0 �−
"�-" ± & "-� � ',66,$/ && $#(� �0 �− → γ1

• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
"��" ±�� � 3:,(	/�� &- +�/� �0 �− → �/ψ�γ

�������������  8 	#6���((, ���2 ����� ��� 4���� �� ψ)��* ���� ��� 	�%$:�#/� �"�
������ ���� �� ψ)��* ; "-�-�� +�
�
" �/ψ)��* ���� ���������� �� "��& +�
�
�	������� ψ)��* ���� ; "-�- +�
 ��� �/ψ)��* ���� ; "��& +�
�
�+��� 4���� �������  8 ��  8 ������ �77�7���� �� ψ)��* ���� ; "-�- +�
 ���
�/ψ)��* ���� ; "��& +�
�

-.�� � ������������ 5� �� ������4� ��� ������� ����8 ���������
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�� �	��	��

χ��
��

χ������ 	
��χ������ 	
��χ������ 	
��χ������ 	
��

����� ����� ���� ��	�
��� �� ��	� 	�

���

�.�- ±�.�� ��� .,(�.�- ±�.�� ��� .,(�.�- ±�.�� ��� .,(�.�- ±�.�� ��� .,(
�.�� ±�.�" ��� 	
��	���.�� ±�.�" ��� 	
��	���.�� ±�.�" ��� 	
��	���.�� ±�.�" ��� 	
��	��

�.���±�.���±�.��" 	#6���((, ��� ��"� �� → �0 �− γ

�.�- ±�.�& ±�.�& ��� & 	�+�(��#� �� �&-� �� → �0 �− γ

�.- 0�.�
−�.� �� '	�%,# �-� �9�$ �� → �0 �−1

�.� 0�.�
−�.�

� �	,��� �- $'	% ψ)��* → γ1

&������������  8 	#6���((, ����
� ��� ����7��� �� ��> ���5����� ��4��L ������ ��4� ���8 !���� �����

χ������ ����� �����χ������ ����� �����χ������ ����� �����χ������ ����� �����

����� �����A
+��� .������ )@	 A@* $��5����� ��4��

������� ������������� ������������� ������������� ������
 � $�π0π−� ) �.�"±�.��* >

 � π0π−�0�− ) �.� ±�.� * × ��−" �;��-

 " &�π0π−� ) �.- ±�.� * × ��−"

 � ρ�π0π− ) & ±� * × ��−"

 � �0�∗�#!$��π−� �%�% ) �.� ±�.� * × ��−"

 - �∗�#!$���∗�#!$�� ) ".� ±�.� * × ��−"

 & φφ ) �.� ±�.& * × ��−"

 � ωω ) �.� ±�.& * × ��−"

 � ππ ) �.��±�.��* × ��−"

 �� ηη < �.� × ��−" $%;��>

 �� π0π−��
� �

�
� ) �.- ±�.- * × ��−"

 �� �0�−�0�− ) �.��±�."�* × ��−"

 �" �0�−��
� �

�
�

 �� π0π−		 ) �."�±�."�* × ��−"

 �� �0�− ) &.& ±�.� * × ��−�

 �- ��
� �

�
� ) -.& ±�.� * × ��−�

 �& ��
� �

�
� 		 < &.� × ��−� $%;��>

 �� 		 ) -.- ±�.� * × ��−�

 �� 

 ) �.& ±�." * × ��−�

 �� 

π0π− < ".� × ��−" $%;��>

 �� �/ψ����π0π−π� < �.� > $%;��>

 �� ��
� �

0π−� �%�% < �.� × ��−" $%;��>

 �" �−�0 < ".& × ��−� $%;��>

*����(��� ������*����(��� ������*����(��� ������*����(��� ������

 �� γ �/ψ���� )��.� ±�.� * >

 �� γ γ ) �.��±�.��* × ��−�

χ������ .�*�
�/ 	
���χ������ .�*�
�/ 	
���χ������ .�*�
�/ 	
���χ������ .�*�
�/ 	
���

χ������  ��� �γ �/ψ�����3 �(�(���χ������  ��� �γ �/ψ�����3 �(�(���χ������  ��� �γ �/ψ�����3 �(�(���χ������  ��� �γ �/ψ�����3 �(�(���
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)
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���

�&."±�.� ��� .,(�&."±�.� ��� .,(�&."±�.� ��� .,(�&."±�.� ��� .,(
�&.�±�.� ��� 	
��	���&.�±�.� ��� 	
��	���&.�±�.� ��� 	
��	���&.�±�.� ��� 	
��	��

�&.�±�.�±�.� � 	#6���((, ��� ��"� �� → �0 �− γ

�&.&±�.�±�.� �,�� 	�+�(��#� �� �&-� �� → �0 �− γ

"- ±� � '	�%,# �-� �9�$ �� → �0 �−1

 
(
γ γ
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γ �/ψ����

)
3 �����  �� ��3  
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γ γ

) ×  
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γ �/ψ����

)
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γ γ
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γ γ
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γ �/ψ����
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����� ���� ���� ��	�
��� �� ��	� 	�

���

���± � ��� .,(���± � ��� .,(���± � ��� .,(���± � ��� .,(
��&± �� ��� 	
��	����&± �� ��� 	
��	����&± �� ��� 	
��	����&± �� ��� 	
��	��

���± ��± � ��& ± �� �� 6�''� �- $%�" ���� �0 �− →
�0 �−χ��

���± ��± � �"- ± �"." ��,�� 	'� �� '�%% �0 �− → �0 �−χ��
�"�± ��± �� ��,�" 	$$,	��, ��� %" �0 �− → �0 �−χ��
���± -�± �� ��,�� 	$/����2/��� �� �9	% �0 �− → �0 �−χ��
���± ��± "- ��,�� 6�+,#,$/ �� $%�� �0 �− → �0 �−χ��
�&�±���±��� ��,�- '	��� �" (9$ �0 �− → �0 �−χ��
�$���������  8 �� ����� ')�/ψ)��* → �0 �−* ; �.���" ± �.�����
��������������  8 	#6���((, ����
��$���������  8 �� ����� ')�/ψ → �0 �−* ; �.���& ± �.�����
��	�� �8�������� ��� ����� �� E��������
�"(�� 4���� �� @)χ�� → γ γ* �7���� �� 	$$,	��, ��� �� ���4�� ����� ')χ�� →

γ �/ψ)��**×')�/ψ)��* → �0 �−* ; �.��-� ± �.�����
��(�� 4���� �� @)χ�� → γ γ* �7���� �� 	$/���(	..2/ �� �� ���4�� ����� ')χ�� →
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• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
&.�±�.�±�.� �� %�� �� $'	% ψ′ → 7������

 
(
�0�−�0�−)

3 �����  ��3  
(
�0�−�0�−)

3 �����  ��3  
(
�0�−�0�−)

3 �����  ��3  
(
�0�−�0�−)

3 �����  ��3 

����� ������ ��−�� ��	�
��� �� ��	� 	�

���

�.��±�.��±�.���.��±�.��±�.���.��±�.��±�.���.��±�.��±�.�� �� '	, ��� '�� ψ)��* → γχ��

 
(
�0�−��

� �
�
�

)
3 �����  �"3  

(
�0�−��

� �
�
�

)
3 �����  �"3  

(
�0�−��

� �
�
�

)
3 �����  �"3  

(
�0�−��

� �
�
�

)
3 �����  �"3 

����� ������ ��−�� 	� ���� ��	�
��� �� ��	� 	�

���

<� �� �." ± �.� �� 	'%,/,+ ��
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�/ψ)��*π0π−* ; �."�� ± �.��-�

����������� ����� ')ψ)��* → γχ��)�
** ; ���&�L ��� ��� �� ��� ������� ��� ����?
�����8 �� ��� ψ)��* ����8�

��	'%,/,+ ��� �7��� F')χ��)�
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�.���±�.��� ��� .,(�.���±�.��� ��� .,(�.���±�.��� ��� .,(�.���±�.��� ��� .,(

• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
�.���±�.���±�.��� �� 	6	+ ��� $%�� �0 �− → ψ)��* → γχ��
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�.��±�.�� ��� .,(�.��±�.�� ��� .,(�.��±�.�� ��� .,(�.��±�.�� ��� .,(
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γ γ
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(
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(
γ �/ψ����
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 ��3 ��

����� ������ ��−�� ��	�
��� �� ��	� 	�

���

�.��±�.�� ��� .,(�.��±�.�� ��� .,(�.��±�.�� ��� .,(�.��±�.�� ��� .,(

�.��±�.���.��±�.���.��±�.���.��±�.�� �� 	+'���,	#, ��� ��"� � � → χ�� → γ γ2 γ �/ψ
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)
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(
γ γ
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)
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(
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(
γ γ
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)
3 ������  �� ��3 

�

����� ������ ��−1� ��	�
��� �� ��	� 	�

���

�.&�±�.�� ��� .,(�.&�±�.�� ��� .,(�.&�±�.�� ��� .,(�.&�±�.�� ��� .,(

�.& ±�.� ��� 	
��	���.& ±�.� ��� 	
��	���.& ±�.� ��� 	
��	���.& ±�.� ��� 	
��	��

�.-�±�.�� 	�+�(��#� �" �&-� �� → γ γ�

�.� ±�.� '	�%,# �&� �9�$ �� → γ γ�

������ ')ψ)��* → γχ�� → γ γ �/ψ* ��� 	6	+ ��� ��� ')ψ)��* → γχ��* ���
	(:	� ���

��$���������  8 �� ����� ')�/ψ)��* → �0 �−* ; �.���" ± �.�����

χ������ �*���:.�*�
�/� 4*�5�
56 *��
��χ������ �*���:.�*�
�/� 4*�5�
56 *��
��χ������ �*���:.�*�
�/� 4*�5�
56 *��
��χ������ �*���:.�*�
�/� 4*�5�
56 *��
��

4�χ������ → 		� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → 		� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → 		� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → 		� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�

����� ������ ��−�� ��	�
��� �� ��	� 	�

���

�.-&±�.�& ��� .,(�.-&±�.�& ��� .,(�.-&±�.�& ��� .,(�.-&±�.�& ��� .,(

�.� ±�.��.� ±�.��.� ±�.��.� ±�.� "� '	, ��� '�� ψ)��* → γχ�� →
γ ��

4�χ������ → 		� × 4�ψ�$�� → γχ�������4�χ������ → 		� × 4�ψ�$�� → γχ�������4�χ������ → 		� × 4�ψ�$�� → γχ�������4�χ������ → 		� × 4�ψ�$�� → γχ�������

����� ������ ��−�� ���� ��	�
��� �� ��	� 	�

���

�."±�.� ��� .,(�."±�.� ��� .,(�."±�.� ��� .,(�."±�.� ��� .,(

�.�0�.-
−�.�±�.-�.�0�.-
−�.�±�.-�.�0�.-
−�.�±�.-�.�0�.-
−�.�±�.- ��."0�.�

−�.& '	, ��� '�� ψ)��* → γχ��)�
* → γ � �

4�χ������ → �0�−� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → �0�−� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → �0�−� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → �0�−� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�

����� ������ ��−�� ���� ��	�
��� �� ��	� 	�

���

�.���±�.��& ��� .,(�.���±�.��& ��� .,(�.���±�.��& ��� .,(�.���±�.��& ��� .,(

�.���±�.�"�±�.����.���±�.�"�±�.����.���±�.�"�±�.����.���±�.�"�±�.��� ��� ± �" "� '	, ��� '�� ψ)��* → γ�0�−

4�χ������ → γ �/ψ����� × 4�ψ�$�� → γχ�������4�χ������ → γ �/ψ����� × 4�ψ�$�� → γχ�������4�χ������ → γ �/ψ����� × 4�ψ�$�� → γχ�������4�χ������ → γ �/ψ����� × 4�ψ�$�� → γχ�������

����� ������ ��−�� ���� ��	�
��� �� ��	� 	�

���

�.-"±�.�� ��� .,(�.-"±�.�� ��� .,(�.-"±�.�� ��� .,(�.-"±�.�� ��� .,(

�."�±�.�� ��� 	
��	���."�±�.�� ��� 	
��	���."�±�.�� ��� 	
��	���."�±�.�� ��� 	
��	�� �� �������� ����� ����� �� ���� ��� ��� �������  ���!�

�.-�±�.��±�.�� ���< '	, ��� '��� ψ)��* → �/ψγγ

�.��±�.��±�.�� �	,��� �- $'	% ψ)��* → γ1

�.�&±�.�& "" ����%,	 �� $'	% ψ)��* → γχ��
�.� ±�.� "� '�	#6�%,/ &�� 6	�9 ψ)��* → γχ��
�.� ±�.� "� '	�(�% &�� $#(� ψ)��* → γχ��
�.� ±�.� "� ',66,$/ && $#(� �0 �− → γ1

�.� ±�.& "" 3:,(	/�� &- +�/� �0 �−
• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
�.��±�.��±�.�& ���< "� 	6	+ ��� $%�� ψ)��* → �/ψγγ

"�#�� ����7������ ��� ���� 4����� �7����  8 	6	+ ����

WEIGHTED AVERAGE
1.34±0.14 (Error scaled by 1.9)

WHITAKER 76 MRK1 0.0
BIDDICK 77 CNTR 0.5
BARTEL 78B CNTR 0.5
BRANDELIK 79B DASP 0.9
OREGLIA 82 CBAL 0.6
GAISER 86 CBAL 7.3
BAI 04I BES2 5.0

χ2

      14.8
(Confidence Level = 0.022)

0 1 2 3 4

.�χ������ → γ �/ψ�����×.�ψ���� → γχ�������



������������

���������	
�� �	��	��

χ��
��

4�χ������ → γ �/ψ� ×  �ψ�$�� →γχ�������
 �ψ�$�� →�/ψ����anything�

4�χ������ → γ �/ψ� ×  �ψ�$�� →γχ�������
 �ψ�$�� →�/ψ����anything�

4�χ������ → γ �/ψ� ×  �ψ�$�� →γχ�������
 �ψ�$�� →�/ψ����anything�

4�χ������ → γ �/ψ� ×  �ψ�$�� →γχ�������
 �ψ�$�� →�/ψ����anything�

����� ������ ��−�� ���� ��	�
��� �� ��	� 	�

���

�.��±�.�� ��� .,(�.��±�.�� ��� .,(�.��±�.�� ��� .,(�.��±�.�� ��� .,(

".��±�.�&±�.�&".��±�.�&±�.�&".��±�.�&±�.�&".��±�.�&±�.�& ���< 	6	+ ��� $%�� ψ)��* → �/ψγγ

4�χ������ → γ �/ψ����� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → γ �/ψ����� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → γ �/ψ����� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → γ �/ψ����� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�

����� ������ ��−�� ���� ��	�
��� �� ��	� 	�

���

�.��±�.�� ��� .,(�.��±�.�� ��� .,(�.��±�.�� ��� .,(�.��±�.�� ��� .,(

�.� ±�.� ��� 	
��	���.� ±�.� ��� 	
��	���.� ±�.� ��� 	
��	���.� ±�.� ��� 	
��	��

-.� ±�.� ��"< "- 	'%,/,+ ��� '�� ψ)��* → �/ψ�

".� ±�.� "& :,+�% �� +�/� ψ)��* → γχ��
• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
�.��±�.�"±�.�" ���< "� 	6	+ ��� $%�� ψ)��* → �/ψγγ

4�χ������ → γ γ� × 4�ψ�$�� → γχ�������4�χ������ → γ γ� × 4�ψ�$�� → γχ�������4�χ������ → γ γ� × 4�ψ�$�� → γχ�������4�χ������ → γ γ� × 4�ψ�$�� → γχ�������

����� ������ ��−�� ��	�
��� �� ��	� 	�

���

�.��±�.�� ��� .,(�.��±�.�� ��� .,(�.��±�.�� ��� .,(�.��±�.�� ��� .,(

&.� ±�.� ±�.�&.� ±�.� ±�.�&.� ±�.� ±�.�&.� ±�.� ±�.� %�� �� $'	% ψ)��* → γχ��

4�χ������ → ππ� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → ππ� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → ππ� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → ππ� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�

����� ������ ��−�� ���� ��	�
��� �� ��	� 	�

���

�.��±�.�� ��� .,(�.��±�.�� ��� .,(�.��±�.�� ��� .,(�.��±�.�� ��� .,(

�.��±�.�- ��� 	
��	���.��±�.�- ��� 	
��	���.��±�.�- ��� 	
��	���.��±�.�- ��� 	
��	��

�.--±�.��±�."& �� ± - "� '	, �"' '�� ψ)��* → γπ�π�

�.��±�.��±�.�� ��� ± �- "� '	, ��� '�� ψ)��* → γπ0π−

4�χ������ → $�π0π−�� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → $�π0π−�� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → $�π0π−�� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�
4�χ������ → $�π0π−�� ×  �ψ�$�� →γχ�������

 �ψ�$�� →�/ψ����π0π−�

����� ������ ��−�� ��	�
��� �� ��	� 	�

���

".�±�.� ��� .,(".�±�.� ��� .,(".�±�.� ��� .,(".�±�.� ��� .,(

".�±�.� ��� 	
��	��".�±�.� ��� 	
��	��".�±�.� ��� 	
��	��".�±�.� ��� 	
��	�� �� �������� ����� ����� �� ����

�."±�.�±�.� �� '	, ��� '�� ψ)��* → γχ��
�."±�.- �� (	#�#'	�+ &� +�/� ψ)��* → γχ��
"�$���������  8 ��� (�� 4���� �� ')χ�� → ��* �7���� �� '	, ��� �� ���4�� �����

')ψ)��* → γχ��* ; )&.�± �.�*> ��� ')ψ)��* → �/ψ)��*π0π−* ; )"�.�± �.-*>
F'	, ���G�

"�$���������  8 ��� (�� 4���� �� ')χ�� → �0�−* �7����  8 '	, ��� �� ���4�� �����

')ψ)��* → γχ��* ; )&.� ± �.�*> ��� ')ψ)��* → �/ψπ0π−* ; )"�.� ± �.-*>
F'	, ���G�

""������������  8 �� ����� ')�/ψ)��* → �0 �−* ; �.���� ± �.�����
"�������������  8 �� ����� ')�/ψ)��* → µ0µ−* ; �.���� ± �.�����
"�	������ �����7�� ����� ����� ������
"- .�� � 5� �� ��� �/ψ ����� ���� �7�����
"&(�� 4���� �� ')ψ)��* → γχ��*×')χ�� → γ �/ψ)��** �7���� �� :,+�% �� ��

���4�� ����� ')ψ)��* → �/ψ)��*π0π−* ; )"" ± "*> ��� ')�/ψ)��* → �0 �−*

; �.�"� ± �.���� $���������  8 �� ����� ')�/ψ)��* → �0 �−* ; )�.���� ± �.����*�
"�3� ��4� �����7���� π�π� ����������  8 " �� � ���� ππ�
"�$���������  8 ��� (�� 4���� �� ')χ�� → π0π−* �7����  8 '	, ��� �� ���4�� �����

')ψ)��* → γχ��* ; )&.� ± �.�*> ��� ')ψ)��* → �/ψπ0π−* ; )"�.� ± �.-*>

F'	, ���G� 3� ��4� �����7���� π0π− ����������  8 "A� �� � ���� ππ�
��$���������  8 ��� (�� 4���� �� ')χ�� → �π0�π−* �7���� �� '	, ��� �� ���4�� �����

')ψ)��* → γχ��* ; )&.�± �.�*> ��� ')ψ)��* → �/ψ)��*π0π−* ; )"�.�± �.-*>
F'	, ���G�

��(�� 4���� �� ')ψ)��* → γχ��*×')χ�� → �π0π−* �7���� �� (	#�#'	�+ &�

�� ���4�� ����� ')ψ)��* → �/ψ)��*π0π−*×')�/ψ)��* �0 �−* ; )�.- ± �.&*>�

$���������  8 �� ����� ')�/ψ)��* → �0 �−* ; �.���� ± �.�����
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�A��� 
5 χ������ → γ �/ψ���� *��
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7� ������A/�
.�/� ��./
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5 χ������ → γ �/ψ���� *��
��
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√
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���

−�.�" ±�.�� ��� 	
��	��−�.�" ±�.�� ��� 	
��	��−�.�" ±�.�� ��� 	
��	��−�.�" ±�.�� ��� 	
��	�� �� �������� ����� ����� �� ���� ��� ��� �������
 ���!�

−�.��"0�.�"�
−�.���±�.��- ���� �� 	+'���,	#, �� ��"� �� → χ�� → �/ψγ

−�.�� ±�.�- ���� �� 	�+�(��#� �"� �&-� �� → χ�� → �/ψγ

−�."""0�.��-
−�.��� ��� �� ����%,	 �� $'	% ψ)��* → χ�� γ →

�/ψγγ

WEIGHTED AVERAGE
-0.13±0.05 (Error scaled by 1.4)

OREGLIA 82 CBAL 3.2
ARMSTRONG 93E E760 0.1
AMBROGIANI 02 E835 0.6

χ2

       3.9
(Confidence Level = 0.144)
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�.���0�.���
−�.�"" ��� 	
��	���.���0�.���
−�.�"" ��� 	
��	���.���0�.���
−�.�"" ��� 	
��	���.���0�.���
−�.�"" ��� 	
��	��

�.���0�.���
−�.���±�.��� ���� 	+'���,	#, �� ��"� �� → χ�� → �/ψγ

�.�� 0�.�-
−�.�� ���� 	�+�(��#� �"� �&-� �� → χ�� → �/ψγ

��	������� ";��

χ������ *�8�*�5���χ������ *�8�*�5���χ������ *�8�*�5���χ������ *�8�*�5���

������� ���  , �*� ������ �" �#$���% �� ��� ���& '($$)#"�
�
��& ��  , �*� �*����, &" �(##� �� ��� �'��
 '($$)#"�
������� ��	  , �*� �!���� �" �#$���% �� ��� ���& '($$)#"�
������� ���  � ���� * �" �#$���% �� ��� ���& '($$)#"�
������� ��
  � ���� �� �" �#$���% �� ��� ���& '($$)#"�
���� ���  ,� !� ������ �"�" �4)% �� ��� �'��
 '($$)#"�
���,�
� ��� � �*�* �� �" ��4-�(��� �� ��� ����� �1�� '($$)#"�
����3�.� ��  � ���� �! �" �)�)B):) �� ��� ������ '($$)#"�
������� ���  , �*� ������ �" �#$���% �� ��� ���& '($$)#"�
������� ���  , �*� �!���� �" �#$���% �� ��� ���& '($$)#"�
���, ��  , �*� ������ &"�" ��5)- �� ��� �'��
 '($$)#"�
��� ���  , ��! �!���� �"3" �)� �� ��� ���& '($$)#"�
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��	��"-"� ± � ��� 	
��	��"-"� ± � ��� 	
��	�� �� �������� ����� ����� �� ���� ��� ��� �������  ���!�

"-��.�± �.�0�.�
−&.� ��� ± �& 	�'��( ��' '	'� �0 �− → �/ψ� �

"-��.�± ".�±�.� -� 	�#�� �� $%�� γ γ → η� → ��
�
�±π∓

"-"�.�± ".�±�.� ��� ± �� 	�'��( ��� '	'� γ γ → η� )��* → � � π

"-�� ± - ±� "� ± �� $:�, �� '�%% � → � �� �
−π0

• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
"-"� ± & �� ± �� � 	�'��( �-� '	'� �± → �±�� �
"-"� ± � �-� � 	'� ��	 '�%% ���- �0 �− → �/ψ)� �*

"-�� ±�� �� � 	'�2/ �� '�%% ���- �0 �− → �/ψ 0 �

"��� ± � " �63	�6� ��' $'	% �0 �− → γ1

�.�� ��� 5� �� ��� <��� �������� �7������ �8�������� ��� ��� �4��������
� .�� � 5� �� ��� �/ψ ����� ���� �7������ �8�������� ��� ��� ����������
"	������� ���� �� ψ)��* ; "-�- +�
�

WEIGHTED AVERAGE
3638±4 (Error scaled by 1.8)

CHOI 02 BELL 2.4
AUBERT 04D BABR 4.7
ASNER 04 CLEO 1.7
AUBERT 05C BABR 0.5

χ2

       9.3
(Confidence Level = 0.026)
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�&.�± �."±�.� ��� ± �� 	�'��( ��� '	'� γ γ → η� )��* →
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�� ±�� ��� ± �& 	�'��( ��' '	'� �0 �− → �/ψ� �

<�� �� "� ± �� � $:�, �� '�%% � → � �� �
−π0

<��� �� - �63	�6� ��' $'	% �0 �− → γ1
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"-�-.���±�.���±�.��� 	�%$:�#/� �" /�6� �0 �− → ������
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 �� �%B	 �0 �− → ������

"-��.�� ±�.�� ±�.�� � 	�+�(��#� �"� �&-� �� → �0 �−
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"-�� ±� ��,'��:,# �- .+9� ��� π−'� → �µ�

"-�" ±� && 	#(�#,	II, �� �&�� "�� π±2 �%� →
�/ψπ0π−1

"-�-.�� ±�.�� ��" " I:�%�#(I �� �%B	 �0 �−
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������� )/��	�
 ��*�
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" ��7������  8 	�(	+�#�
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WEIGHTED AVERAGE
3686.093±0.034 (Error scaled by 1.4)

ARMSTRONG 93B E760 1.3
ARTAMONOV 00 OLYA 2.0
AULCHENKO 03 KEDR 0.5

χ2

       3.8
(Confidence Level = 0.148)
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���.& ±�.� %�(: &� +�/�
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����� �����A
+��� .������ )@	 A@* $��5����� ��4��

 � ������� )�&.��±�.�"* >

 � ���(,��γ → ������� ) �.&"±�.��* > �;���

 " ����( �������
 � 0 − ) &."�±�.��* × ��−"

 � µ0µ− ) &." ±�.� * × ��−"

 - τ0 τ− ) �.� ±�.& * × ��−"

������ ��(� �/ψ������� ���(���������� ��(� �/ψ������� ���(���������� ��(� �/ψ������� ���(���������� ��(� �/ψ������� ���(����

 & �/ψ�������(���� )�-.� ±�.� * >

 � �/ψ������,(���� )�".� ±�.� * >

 � �/ψ����π0π− )"�.� ±�.- * >

 �� �/ψ����π�π� )�-.�-±�."�* >

 �� �/ψ����η ) ".��±�.��* >

 �� �/ψ����π� ) �.�-±�.�"* × ��−" �;��"

������� ������������� ������������� ������������� ������

 �" &�π0π−�π� ) ".� ±�.- * × ��−"

 �� $�π0π−�π� ) �.--±�.��* × ��−"

 �� ρ����&$�� ) �.- ±�.� * × ��−�

 �- 		 ) �.-�±�.��* × ��−� �;���

 �& �00�−− ) �.��±�."�* × ��−�

 �� 

 ) �.� ±�.& * × ��−� �;"��

 �� �0�− ) �.- ±�.� * × ��−�

 �� ���� ) �.� ±�.& * × ��−� �;���

 �� � ��&#"�0� ��&#"�− ) �.� ±�.� * × ��−�

 �� �−�0 ) �.� ±�.& * × ��−� �;"��

 �" � �� � ) �.� ±�.� * × ��−�

 �� � ��"&���� ��"&��� < �.� × ��−� $%;��>

 �� �−�0 < &." × ��−� $%;��>

 �- π� 		 ) �.""±�.�&* × ��−�

 �& η		 ) -.� ±�.� * × ��−�

 �� ω		 ) -.� ±�.� * × ��−�

 �� φ		 < �.� × ��−� $%;��>

 "� π0π−		 ) -.� ±�.� * × ��−�

 "� $�π0π−π�� ) �.� ±�.� * × ��−"

 "� ηπ0π− < �.- × ��−� $%;��>

 "" ηπ0π−π� ) �.� ±�.& * × ��−�

 "� η′π0π−π� ) �.� ±�.� * × ��−�

 "� ωπ0π− ) -.- ±�.& * × ��−� �;��&

 "- �±� π∓ ) ".- ±�.- * × ��−�

 "& ���π� ) �.� ±�.- * × ��−�

 "� ω ����$'�� ) �.� ±�.- * × ��−�

 "� π0π−�0�− ) &.� ±�.� * × ��−�

 �� ρ��0�− ) �.� ±�.� * × ��−�

 �� �∗�#!$���∗
���9&��

� ) �.� ±�.� * × ��−�

 �� �0�−$�π0π−� ) �.� ±�.� * × ��−"

 �" ����$'��
±�∓ ) �.��±�.��* × ��−"

 �� ��
�
��
� π0π− ) �.� ±�.� * × ��−�

 �� ρ� 		 ) �.� ±�.� * × ��−�

 �- �0�∗�#!$��π−� �%�% ) -.& ±�.� * × ��−�

 �& $�π0π−� ) �.� ±�.- * × ��−� �;���

 �� ρ�π0π− ) �.� ±�.- * × ��−� �;���

 �� �0�−π0π−π� ) �.��±�.��* × ��−"

 �� ω ����'��� → ω�0�− ) �.� ±�.� * × ��−�

 �� �∗�#!$���−π0π� � �%�% ) �.- ±�.� * × ��−�

 �� �∗�#!$�0�−π0π− � �%�% ) �.- ±�.� * × ��−�

 �" �∗�#!$�0�−ρ� � �%�% ) &." ±�.- * × ��−�

 �� �∗�#!$���−ρ0 � �%�% ) -.� ±�.� * × ��−�

 �� η�0�− < �." × ��−� $%;��>

 �- ω�0�− ) �.��±�.��* × ��−� �;���

 �& &�π0π−� ) ".� ±�.� * × ��−� �;���

 �� 		π0π−π� ) &." ±�.& * × ��−�

 �� �0�− ) �.� ±�.& * × ��−�

 -� ��
� �

�
� ) �.� ±�.& * × ��−�

 -� π0π−π� ) �.-�±�.�-* × ��−� �;���

 -� ρ�$�"��π → π0π−π� ) �.� 0�.�
−�.� *× ��−�

 -" ρ�''��π → π0π−π� ) ".� ±�.� * × ��−� �;���

 -� π0π− ) � ±� * × ��−�

 -� ����9���
±�∓ < ".� × ��−� $%;��>

 -- �0�−π� < �.�- × ��−� $%;��>

 -& �0�∗�#!$�−� �%�% ) �.& 0�.�
−�.& *× ��−�

 -� �∗�#!$����� �%�% ) �.��±�.��* × ��−�

 -� φπ0π− ) �.�"±�.��* × ��−� �;��&

 &� φ ���!#�� → π0π− ) -.� ±�.� * × ��−�

 &� $��0�−� ) -.� ±�.� * × ��−�

 &� φ�0�− ) &.� ±�.- * × ��−�

 &" $��0�−�π� ) �.��±�.��* × ��−�

 &� φη ) �.� 0�.�
−�.� *× ��−�

 &� φη′ ) ".� ±�.- * × ��−�

 &- ωη′ ) ".� 0�.�
−�.� *× ��−�

 && ωπ� ) �.� ±�.- * × ��−�

 &� ρη′ ) �.� 0�.&
−�.� *× ��−�

 &� ρη ) �.� ±�.- * × ��−� �;���

 �� ωη < �.� × ��−� $%;��>

 �� φπ� < � × ��−- $%;��>

 �� 		�0�− ) �.& ±�.& * × ��−�

 �" 

π0π− ) �.� ±�.- * × ��−�

 �� 
	�0 ) �.��±�.��* × ��−�

 �� 
	�0π0π− ) �.� ±�.� * × ��−�

 �- φ � ′���"$"� ) �.� ±�.- * × ��−�

 �& ���"9�����"9�� → ��
� 	�

−��
�%�%

< �.� × ��−- $%;��>

 �� ���"9���−� → ��
� 	�

−� < �.� × ��−� $%;��>

 �� ���"9����
� 	 → ��

� 	�
0� < &.� × ��−- $%;��>

 �� ���"9���0� → ��
� 	�

0� < �.- × ��−� $%;��>

 �� ���"9����
� 	 → ��

� 	�
−� < -.� × ��−- $%;��>

 �� ��
� �

�
� < �.- × ��−-
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�� �	��	��

ψ
���

*����(��� ������*����(��� ������*����(��� ������*����(��� ������

 �" γχ������ ) �.� ±�.� * >

 �� γχ������ ) �.& ±�.� * >

 �� γχ������ ) �.� ±�.� * >

 �- γ η� ���� ) �.- ±�.� * × ��−"

 �& γ η� �$�� < �.� × ��−" $%;��>

 �� γπ�

 �� γ η′�!"#� ) �.� ±�.� * × ��−�

 ��� γ ����$'�� ) �.� ±�.� * × ��−�

 ��� γ ����'��� → γππ ) ".� ±�." * × ��−�

 ��� γ ����'��� → γ� � ) -.� ±�.- * × ��−�

 ��" γ γ < �." × ��−� $%;��>

 ��� γ η < � × ��−� $%;��>

 ��� γ η��9�"� → γ� � π < �.� × ��−� $%;��>
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�/ 	
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�.��±�.�- ��� .,(�.��±�.�- ��� .,(�.��±�.�- ��� .,(�.��±�.�- ��� .,(

�.��±�.���.��±�.���.��±�.���.��±�.�� 	%�1	#6�� �� �
�� ��� � ����?�4��!

• • • 3� �� ��� ��� ��� �����!��� ���� �� �4�����2 5��2 ������2 ���� • • •
�.��±�.�� � '	, ��� '�� �0 �−
�.� ±�." '�	#6�%,/ &�' 6	�9 �0 �−
�.� ±�." & %�(: &� +�/� �0 �−
&.�� � ������������ 5� �� �0 �−2 µ0µ−2 ��� ������� �������� �������� @)�0 �−*

; @)µ0µ−*�

 
(
γ γ

)
 ��" 

(
γ γ

)
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(
γ γ

)
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(
γ γ

)
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<�"<�"<�"<�" �� '�	#6�%,/ &�' 6	�9 �0 �−
�.�� � ������������ 5� �� �0 �−2 µ0µ−2 ��� ������� �������2 �������� @� ; @µ ;

@τ A�."���&�

ψ�$��  ��� �0 −�3 �(�(���ψ�$��  ��� �0 −�3 �(�(���ψ�$��  ��� �0 −�3 �(�(���ψ�$��  ��� �0 −�3 �(�(���

(��� ��� ������� �� � 7����� !���� !��� ��� 7����� !���� ���� �0 �−
��� !��� ��� ����� !���� �� � ������ ��� ��� ��������� ���� ������� ����
�������, �� ��� �0 �− ������������� 3� ���� ���8 ���� ���� ��4� ���  ���
���� �� �������� ��� 7����� !���� @),* � ���  ������� ���� @),*A������
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�.�� ±�.�� ��� 	
��	���.�� ±�.�� ��� 	
��	���.�� ±�.�� ��� 	
��	���.�� ±�.�� ��� 	
��	�� �� �������� ����� ����� �� ��-� ��� ��� �������  ���!�

�.���±�.���±�.��- ����<±��" 	6	+ �- $%�� "�&&" �0 �− →
γψ)��*

�.&- ±�.�� ±�.�� ��� � 	�'��( ��� '	'� ���- �0 �− →
π0π−µ0µ− γ

�.-� ±�.�� �� '	, ��� '�� �0 �−
�	�'��( ��� �7��� F@)ψ)��* → �0 �−* ')ψ)��* → �/ψπ0 π−*G × ')�/ψ →

µ0µ−* ; )�.���� ± �.���� ± �.����* <�
� 3� ��4���  8 ��  ��� 4���� ')�/ψ →
µ0µ−* ; )�.�" ± �.�-*× ��−�� �� 5�� �� �� ��� ����� �D7������H� �� ��� ��
������ �� �� ��� �8�������� �� ��� ����� ��  ��� 4�����

WEIGHTED AVERAGE
0.82±0.04 (Error scaled by 1.6)

BAI 98E BES 2.4
AUBERT 05D BABR 1.5
ADAM 06 CLEO 1.4

χ2

       5.3
(Confidence Level = 0.070)
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��(�� 4���� �� @)�0 �−* E����� �� '	, ��� �� ���4�� ����� ')ψ)��* →
�/ψ)��*π0π−*; )"�.� ± �.-*× ��−� ��� ')�/ψ)��* → �0 �−*; �.���" ± �.��"��

������������  8 �� ����� ')�/ψ)��* → �0 �−*; �.���� ± �.�����
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WEIGHTED AVERAGE
0.0296±0.0031 (Error scaled by 1.8)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.
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WEIGHTED AVERAGE
0.284±0.010 (Error scaled by 2.3)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.
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WEIGHTED AVERAGE
2.65±0.22 (Error scaled by 1.4)
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""	������� ������8 ����� ����8�
"�	4���� �� η → γ γ ��� η → "π�
"�#�� ����7������ ��� ���� 4����� �7����  8 '�,��� ���
"-	������� ')�� → ωπ*;��
"&	������� ')��)��&�* → � ρ*;�.�� ± �.�-
"������ ')��

�
→ π0π−* ; �.-�-� ± �.���&�

"� .�� � 93 ����8��� �� ψ)��* → π0π−π��
�� .���� ����� ρ�π��
��	������� ')��)����* → �∗π*;�.�� ± �.�-
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�.��±�."�±�.���.��±�."�±�.���.��±�."�±�.���.��±�."�±�.�� ∼ �" '	, ��� '�� ψ)��* →
π0π− �γ2

π0π− "γ
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<�.��<�.��<�.��<�.�� �� �- �$:	��� �� +�/� �0 �−
��	����� ����� ����� )�0����θ* ��������
��	����� ����� ����� )�−����� ����θ* ��������
�-
���� �� �����7�� ����� ����� �� ��� 7������
�&	����� ����� ����� )�−����� ����θ* ��������
��#�� ����7������ ��� 	(:	� �� ����������� �� ')γχcJ *�
������� �η�

)��* ; )��.� ± �.�* +�
�

����������  8 �� ����� ')ψ)��* → µ0µ−* ; ����&&�
����������  8 �� ����� ����� ����8 !���� ��� <�
�
��(�� 4���� �� ������C�� �� ���  ������� ���� �� @

(
�/ψ)��*η

)
A@������

�"#�����C�� �� ')ψ)��* → �/ψπ0π−* ; �."�� ± �.��-�
��$�� ����� ��� ������ ��� π0π− ��� π�π� ����8 ������
�� ,������� ��<��!�  ������� �������� �� �0�− � ��

�
��
�
� 3� ��4� �����7���� ���

�0�− �����  8 � ����� �� � ��� ��� ��
�
��
�
�����  8 � ����� �� � �� � ���� ��� � �

������
�- ,������� ��<��!�  ������� ������� η)����* → � � π�

ψ�$�� �*���:.�*�
�/� 4*�5�
56 *��
��ψ�$�� �*���:.�*�
�/� 4*�5�
56 *��
��ψ�$�� �*���:.�*�
�/� 4*�5�
56 *��
��ψ�$�� �*���:.�*�
�/� 4*�5�
56 *��
��

.� ����������� ��4��4��� ')ψ)��* → γχcJ )�
**×')χcJ )�
* → � *

��� ��� ����7������ ������ �� ��� χcJ )�
* ���������
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ψ�$�� *�8�*�5���ψ�$�� *�8�*�5���ψ�$�� *�8�*�5���ψ�$�� *�8�*�5���

������� ��	  , �*� ������ �" �#$���% �� ��� ���& '($$)#"�
���� ��  ,� !� �1���� �"�" �4)% �� ��� �'��
 '($$)#"�
�+��, ���  , �*� ������ �" ��#�-� �� ��� �����, '($$)#"�
�+��, ���  , �*� ������ �" ��#�-� �� ��� �����, '($$)#"�
������� ���  , �*� �*���� �" �#$���% �� ��� ���& '($$)#"�
������� ���  , �*� ������ �" �#$���% �� ��� ���& '($$)#"�
������� ���  � ���� �* �" �#$���% �� ��� ���& '($$)#"�
������� ���  � ���! ��* �" �#$���% �� ��� ���& '($$)#"�
������� ��
  � ���� �� �" �#$���% �� ��� ���& '($$)#"�
���� ��  ,� !� ������ �"�" �4)% �� ��� �'��
 '($$)#"�
���� ���  ,� !� ������ �"�" �4)% �� ��� �'��
 '($$)#"�
���,�
� ��  , �*� ������ �" ��4-�(��� �� ��� ����� �1�� '($$)#"�
�+��, ���  , �*� ������ �" ��#�-� �� ��� �����, '($$)#"�
�,��,� ��  ,� !� ������ ,"�" �-��-� �� ��� �'��
 '($$)#"�
 ����, ��  , �*� �����1, "�"  �4$)- �� ��� �'��
 '($$)#"�
������� ���  , �*� ������ �" �#$���% �� ��� ���& '($$)#"�
������� ���  , �*� ������ �" �#$���% �� ��� ���& '($$)#"�
������� ���  , �*� �����* �" �#$���% �� ��� ���& '($$)#"�
���, ��  , �*� ������ &"�" ��5)- �� ��� �'��
 '($$)#"�
��� ���  ,� !� ������ �"3" �)� �� ��� ���&� '($$)#"�
��� ��'  , ��! �*���� �"3" �)� �� ��� ���& '($$)#"�
��� ���  � ��1! * �"3" �)� �� ��� ���& '($$)#"�
��� ��	  , �*� ������ �"3" �)� �� ��� ��� ' ��& '($$)#"�
��� ���  , �*� ������ �"3" �)� �� ��� ���& '($$)#"�
 �	 ��  � ��!� � &" ��4�$%)� �� ���

&�� ��  , ��! �!*��� �"�" &��5
�+�'����
 ��  � ��*� �� �"�" ��$75���( �� ��� ����, '($$)#"�
��� ���  , ��* ������ �"3" �)� �� ��� ���& '($$)#"�
��� ��'  , ��* ������ �"3" �)� �� ��� ���& '($$)#"�
�+��, ���  , ��� ������, �" ��#�-� �� ��� ��)�)- '($$)#"�
��� ��  , ��� ������ �"3" �)� �� ��� ���& '($$)#"�
��� ���  � ���� �� �"3" �)� �� ��� ���& '($$)#"�
��� ��'  ,� 11 ���1�� �"3" �)� �� ��� ���& '($$)#"�
��� ��  , ��� ������ �"3" �)� �� ��� ���& '($$)#"�
���,
	���� ���  , ��� ������ �" �%#-(6�)�� �� ��� ����� �1�� '($$)#"�
�,��
�
� ��  � ��*� ��* �"&" �-�)%(�(= �� ���

��� ��  ,� 1� �!� �"3" �)� �� ��� ���& '($$)#"�
��� !!'  ,� 1� �!�1 �"3" �)� �� ��� ���& '($$)#"�
��� !1�  , ��* �1�� �"3" �)� �� ��� ���& '($$)#"�
��� !1�  , ��1 �!*��� �"3" �)� �� ��� ���& '($$)#"�
��� !1�  ,� 1� ��1� �"3" �)� �� ��� ���& '($$)#"�
�,�&,
�	 !*  , ��� ���� "�" �-%��-(�6 �� ��� ��*�� '($$)#"�
	,��+&��� !�  , ��� �*�� �" 	-�#��5�� �� ��� ���*� '($$)#"2 �*�� '($$)#"�
��
���33� !�  , ��� ���1 �" ���(��)BB� �� ��� ��*�� '($$)#"�
�,�&,
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THE BOTTOMONIUM SYSTEM

=

BB threshold

(4S)

(3S)

(2S)

(1S)

(10860)

(11020)

hadrons

hadrons

hadrons

γ

γ

γ

γ

ηb(3S)

ηb(2S)

χb1(1P) χb2(1P)

χb2(2P)

hb(2P)

ηb(1S)

JPC 0−+ 1−− 1+− 0++ 1++ 2++

χb0(2P)
χb1(2P)

χb0(1P)
hb (1P)

The level scheme of the bb states showing experimentally established states with solid lines. Singlet states are
called ηb and hb, triplet states Υ and χbJ . In parentheses it is sufficient to give the radial quantum number and
the orbital angular momentum to specify the states with all their quantum numbers. E.g., hb(2P ) means 21P1

with n = 2, L = 1, S = 0, J = 1, PC = +−. If found, D-wave states would be called ηb(nD) and ΥJ (nD),
with J = 1,2,3 and n = 1, 2, 3, 4, · · ·. For the χb states, the spins of only the χb2(1P ) and χb1(1P ) have been
experimentally established. The spins of the other χb are given as the preferred values, based on the quarkonium
models. The figure also shows the observed hadronic and radiative transitions.

WIDTH DETERMINATIONS OF
THE Υ STATES

As is the case for the J/ψ(1S) and ψ(2S), the full widths

of the bb states Υ (1S), Υ (2S), and Υ (3S) are not directly

measurable, since they are much narrower than the energy

resolution of the e+e− storage rings where these states are

produced. The common indirect method to determine Γ starts

from

Γ = Γ��/B�� , (1)

where Γ�� is one leptonic partial width and B�� is the cor-

responding branching fraction (� = e, µ, or τ). One then

assumes e-µ-τ universality and uses

Γ�� = Γee

B�� = average of Bee, Bµµ, and Bττ . (2)

The electronic partial width Γee is also not directly measurable

at e+e− storage rings, only in the combination ΓeeΓhad/Γ,

where Γhad is the hadronic partial width and

Γhad + 3Γee = Γ . (3)

This combination is obtained experimentally from the energy-

integrated hadronic cross section

∫

resonance

σ(e+e− → Υ → hadrons)dE

=
6π2

M2

ΓeeΓhad

Γ
Cr =

6π2

M2

Γ
(0)
ee Γhad

Γ
C

(0)
r , (4)

where M is the Υ mass, and Cr and C
(0)
r are radiative correction

factors. Cr is used for obtaining Γee as defined in Eq. (1), and

contains corrections from all orders of QED for describing

(bb) → e+e−. The lowest order QED value Γ
(0)
ee , relevant for

comparison with potential-model calculations, is defined by the
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lowest order QED graph (Born term) alone, and is about 7%

lower than Γee.

The Listings give experimental results on Bee, Bµµ, Bττ ,

and ΓeeΓhad/Γ. The entries of the last quantity have been

re-evaluated consistently using the correction procedure of KU-

RAEV 85. The partial width Γee is obtained from the average

values for ΓeeΓhad/Γ and B�� using

Γee =
ΓeeΓhad

Γ(1 − 3B��)
. (5)

The total width Γ is then obtained from Eq. (1). We do not

list Γee and Γ values of individual experiments. The Γee values

in the Meson Summary Table are also those defined in Eq. (1).
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�$�− <�

0&1
�.!±�.�� × �−/
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��� γ �����− �..� ±./ � × �−!
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	6 ����� →
π�π− τ� τ−

�.��! ±�.��! ±�.��! 6���� �� 8��3 �� �− → τ� τ−
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129.63±0.33 (Error scaled by 1.3)
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KLOPFEN... 83 CUSB 0.3
HAAS 84 CLEO 0.2
NERNST 85 CBAL 0.2
ALBRECHT 85E ARG 3.3
WALK 86 CBAL 1.7
EDWARDS 99 CLE2 1.3
ARTUSO 05 CLEO 0.0
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χ����
 �� ���� � � ���� � ��
� $&&"( %�$6#7����$8

��	����� �� ��������� ����� �� �
� ��4� ! �
������� � " #� $����
�
��� ����� ������	 %& ����	�����! '& �	 	������� ��	�������! �
�������
� " #�

χ������ ��χ������ ��χ������ ��χ������ ��

����� �,��� ������	
 ��

�.���/±�.���!±�.���/ 34	 �5
�4
��37�.���/±�.���!±�.���/ 34	 �5
�4
��37�.���/±�.���!±�.���/ 34	 �5
�4
��37�.���/±�.���!±�.���/ 34	 �5
�4
��37 ���, γ ����(; =�"�'* $ ��( ����� ,�  
D ��//.� ± �./ ��5

γ 	�	�0� �� ����� 
	���γ 	�	�0� �� ����� 
	���γ 	�	�0� �� ����� 
	���γ 	�	�0� �� ����� 
	���

����� ����� ��
� ������	
 �� 
��	 �����	


�.� ±�.! 34	 �5
�4
��37�.� ±�.! 34	 �5
�4
��37�.� ±�.! 34	 �5
�4
��37�.� ±�.! 34	 �5
�4
��37 �������(  ; ��,���� ����� � �����"����
��.� ±�./ 34	 
5�	
6���.� ±�./ 34	 
5�	
6���.� ±�./ 34	 
5�	
6���.� ±�./ 34	 
5�	
6� ����� ���"$��  ��"� &����� �& -!- ��� �%� ����(��, =�"�'-

�.//±�.2±�.!2 
	�4�3 �/ 8��3 ����� → γ�

��.� ±�.� !�/�  ���7�B �� 8�0� �� �− → γC

�!.2 ±.! . � ���7�B �� 8�0� �� �− → �� �− γ γ

��.� ±�.� ±�.2 ���� �3		��37 � 8��� �� �− → γC
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  ; ��,���� $���������; �� �%� ����(;  ��"� �& �-�@ ��� ���"$���- �$<�� ��� 
���7�B �-

WEIGHTED AVERAGE
122.2±0.5 (Error scaled by 1.4)

MORRISON 91 CLE2 0.0
HEINTZ 92 CSB2 3.0
HEINTZ 92 CSB2 1.0
ARTUSO 05 CLEO 1.8

χ2

       5.7
(Confidence Level = 0.125)
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	��� ��
	χ������ 
	��� ��
	

���� �������� ��� ���

� γ����� �!.2±�.� @

�� γ����� �� ±2 � × �−�

χ������ �����!��0 �����χ������ �����!��0 �����χ������ �����!��0 �����χ������ �����!��0 �����
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����� ��� ������	
 �� 
��	 �����	


<�.���<�.���<�.���<�.��� �� � 8	
#�3	1 ��� 8��� �� �− → �� �− γ γ

�.�!2±�.���±�.��.�.�!2±�.���±�.��.�.�!2±�.���±�.��.�.�!2±�.���±�.��. ! ���7�B �� 8�0� �� �− → �� �− γ γ

�4 ��( 0������ → µ�µ−� D �.�.± �.�2�@* 0������ → γ γ������×� 0������ →
µ�µ−� < .� × �−!* ��� 0������ → χ�����γ� D �.�!�-

!4 ��( 0������ → µ�µ−� D �.!! ± �.��@* 0������ → γχ������ D �2.� ±
�.! ± �.2�@ ��� �  $,��( � µ $��)�� �"��;- �$<�� ��� ���7�B �-

�
(
γ�����

)
������" �����
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γ�����
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������" �����
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)
������" �����
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<�.��/<�.��/<�.��/<�.��/ �� / 8	
#�3	1 ��� 8��� �� �− → �� �− γ γ

�.���±�.��2±�.���.���±�.��2±�.���.���±�.��2±�.���.���±�.��2±�.�� 2 ���7�B �� 8�0� �� �− → �� �− γ γ

/4 ��( 0����� → µ�µ−� D ��./.± �.�.�@* 0������ → γ γ�����×� 0����� →
µ�µ−� < �.2� × �−!* ��� 0������ → χ�����γ� D �.�!�-

24 ��( 0����� → µ�µ−� D ��./. ± �.�.�@* 0������ → γχ������ D �2.� ±
�.! ± �.2�@ ��� �  $,��( � µ $��)�� �"��;- �$<�� ��� ���7�B �-

χ������ �	�	�	��	χ������ �	�	�	��	χ������ �	�	�	��	χ������ �	�	�	��	

���.�) 
� ��� +� 
�

' �� �"!% � � ��� ����) ��������
���98)�� +�� �� ��+� '+ ,� �"�?@�"�: �� 8%�!�& ����) ��������
	��*�5 +� �� ��� '+�0 .� 	��&!A � ��� ��.�� �� ��������
	��*�5 +' ��� �� '�� .� 	��&!A � ��� ��.�� ��������
�)����)* +' ��� �( '�+� ���� ��""� �& � ��� ����) ��������
*����* +' ��� �� '' �� *�"��& � ��� ��.�� ��������

��!	� �	���	
 5�5	���!	� �	���	
 5�5	���!	� �	���	
 5�5	���!	� �	���	
 5�5	�

��,�* 0� ��� �+ '�'� ,� ��;�& � ��� ��.�� ��������
	�* 0� ��� �+ '�'� /� 	�& � ��� ��.�� ��������

χ����
 �� ���� � � ���� � ��
� $&&"( %�$6#7����$8

��	����� �� ��������� ����� �� �
� ��4� ! �
������� � " #� $����
�
��� ����� ������	 %& ����	�����! '& �	 	������� ��	�������! �
�������
� " #�

χ����� ��χ����� ��χ����� ��χ����� ��

����� �,��� ������	
 ��

�.�//!2±�.�����±�.���/� 34	 �5
�4
��37�.�//!2±�.�����±�.���/� 34	 �5
�4
��37�.�//!2±�.�����±�.���/� 34	 �5
�4
��37�.�//!2±�.�����±�.���/� 34	 �5
�4
��37 ���, γ ����(; =�"�'* $ ��( �����
,�  D ��//.� ± �./ ��5

�χ�'��� − �χ�
����χ�'��� − �χ�
����χ�'��� − �χ�
����χ�'��� − �χ�
���

����� ����� ������	
 �� 
��	 �����	


��./±�..±�..��./±�..±�..��./±�..±�..��./±�..±�..  ���7�B �� 8�0� �� �− → γC*�� �− γ γ

���, �%� �)���(� <%���� ����(; &�� ���"$ �)� ��� �H�"$ �)� �)��� - �$<�� ��� 
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γ 	�	�0� �� ����� 
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��.�2±�.�� 34	 �5
�4
��37��.�2±�.�� 34	 �5
�4
��37��.�2±�.�� 34	 �5
�4
��37��.�2±�.�� 34	 �5
�4
��37 �������(  ; ��,���� ����� � �����"����

��./�±�.�� 34	 
5�	
6���./�±�.�� 34	 
5�	
6���./�±�.�� 34	 
5�	
6���./�±�.�� 34	 
5�	
6� ����� ���"$��  ��"� &����� �& -�- ��� �%� ����(��, =�"�'-

��./±�.�.±�.�/ 
	�4�3 �/ 8��3 ����� → γ�

�� ± 2� 8	
#�3	1 ��� 8��� �� �− → �� �− γ γ

��. ±�.! !. � ���7�B �� 8�0� �� �− → γC

��.� ±�./ ��� � ���7�B �� 8�0� �� �− → �� �− γ γ

��./ ±�. ±�./ �/./� �3		��37 � 8��� �� �− → γC
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χ����
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WEIGHTED AVERAGE
99.53±0.23 (Error scaled by 1.3)

MORRISON 91 CLE2 0.0
HEINTZ 92 CSB2 1.8
HEINTZ 92 CSB2 2.0
CRAWFORD 92B CLE2 0.3
ARTUSO 05 CLEO 2.1

χ2

       6.3
(Confidence Level = 0.181)
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�.� ±�.�! 34	 
5�	
6��.� ±�.�! 34	 
5�	
6��.� ±�.�! 34	 
5�	
6��.� ±�.�! 34	 
5�	
6� ����� ���"$��  ��"� &����� �& -/-

�.�/2±�.�!�±�.��� / 8	
#�3	1 ��� 8��� �� �− → �� �− γ γ

�.��±�.���±�.��� 2 ���7�B �� 8�0� �� �− → �� �− γ γ

/4 ��( 0������ → µ�µ−� D �.�.± �.�2�@* 0������ → γ γ������×� 0������ →
µ�µ−� D ��.��±.��±.�2�×�−!* ��� 0������ → γχ����� D �.�/��.���

−�.���±
�.��-

24 ��( 0������ → µ�µ−� D �.!! ± �.��@* 0������ → γχ����� D �./ ±
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�.��±�.��±�.�� . 8	
#�3	1 ��� 8��� �� �− → �� �− γ γ

�.���±�.���±�.��. � ���7�B �� 8�0� �� �− → �� �− γ γ

.4 ��( 0����� → µ�µ−� D ��./.± �.�.�@* 0������ → γ γ�����×� 0����� →
µ�µ−� D �2.!.± .�± �.���×�−! ��� 0������ → γχ����� D �.�/��.���

−�.��� ±
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�.2±�.�±�.�.2±�.�±�.�.2±�.�±�.�.2±�.�±�. � 8
#�����1 �2 8��� ����� → ��γπ��

�8
#�����1 �2 I$��� ��χ���� → ππχb��� D �.�� ± �.�� ± �.�� ± �.� E�5
�  $,��( �G <�� ��� ��)�����* �� 
G'�)� ������=$����* ��χ����� D �2 ± 2E�5* ���
��χ������ D �� ± � E�5-
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���98)�� +�� �� ��+� '+ ,� �"�?@�"�: �� 8%�!�& ����) ��������
	��*�5 +� �� ��� '+�0 .� 	��&!A � ��� ��.�� �� ��������
	��*�5 +' ��� �� '�� .� 	��&!A � ��� ��.�� ��������
�)����)* +' ��� �( '�+� ���� ��""� �& � ��� ����) ��������
*����* +' ��� �� '' �� *�"��& � ��� ��.�� ��������

��!	� �	���	
 5�5	���!	� �	���	
 5�5	���!	� �	���	
 5�5	���!	� �	���	
 5�5	�

��,�* 0� ��� �+ '�'� ,� ��;�& � ��� ��.�� ��������
	�* 0� ��� �+ '�'� /� 	�& � ��� ��.�� ��������

χ����
 �� ���� � � ���� � ��
� $&&"( %�$6#7����$8

��	����� �� ��������� ����� �� �
� ��4� ! �
������� � " #� $����
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��� ����� ������	 %& ����	�����! '& �	 	������� ��	�������! �
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χ������ ��χ������ ��χ������ ��χ������ ��

����� �,��� ������	
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�.�2�2/±�.�����±�.���/� 34	 �5
�4
��37�.�2�2/±�.�����±�.���/� 34	 �5
�4
��37�.�2�2/±�.�����±�.���/� 34	 �5
�4
��37�.�2�2/±�.�����±�.���/� 34	 �5
�4
��37 ���, γ ����(; =�"�'* $ ��( �����
,�  D ��//.� ± �./ ��5

�χ����� − �χ�'����χ����� − �χ�'����χ����� − �χ�'����χ����� − �χ�'���

����� ����� ������	
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��	 �����	


�./±�.!±�./�./±�.!±�./�./±�.!±�./�./±�.!±�./  ���7�B �� 8�0� �� �− → γC*�� �− γ γ

���, �%� �)���(� <%���� ����(; &�� ���"$ �)� ��� �H�"$ �)� �)��� - �$<�� ��� 
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�2.�±�.�� 34	 �5
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��37�2.�±�.�� 34	 �5
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��37�2.�±�.�� 34	 �5
�4
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�4
��37 �������(  ; ��,���� ����� � �����"����
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5�	
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6��2.!�±�.� 34	 
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6��2.!�±�.� 34	 
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�2.�!±�.�2±�.�. 
	�4�3 �/ 8��3 ����� → γ�

�2 ± � 8	
#�3	1 ��� 8��� �� �− → �� �− γ γ

�2.. ±�.! ��� � ���7�B �� 8�0� �� �− → γC

�2.� ±�.! /. � ���7�B �� 8�0� �� �− → �� �− γ γ

�2.! ±�. ±�.! ��.! �3		��37 � 8��� �� �− → γC
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WEIGHTED AVERAGE
0.272±0.029 (Error scaled by 1.5)

LOVELOCK 85 CUSB 0.1
BESSON 85 CLEO 4.3
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       6.5
(Confidence Level = 0.089)
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NON-qq MESONS

Revised March 2006 by C. Amsler (University of Zürich).

The constituent quark model describes the observed me-

son spectrum as bound qq states grouped into SU(N) flavor

multiplets (see our review on the quark model). However, the

self-coupling of gluons in QCD suggests that additional mesons

made of bound gluons (glueballs), or qq-pairs with an excited

gluon (hybrids), may exist. Multiquark color singlet states

such as qqqq (tetraquark and “molecular” bound states of two

mesons) or qqqqqq (six-quark and “baryonium” bound states

of two baryons) have also been predicted. For a more detailed

discussion on exotic mesons we refer to AMSLER 04.

1. Glueball candidates

Among the signatures naively expected for glueballs are (i) no

place in qq nonets, (ii) enhanced production in gluon-rich chan-

nels such as central production and radiative J/ψ(1S) decay,

(iii) decay branching fractions incompatible with SU(N) predic-

tions for qq states, and (iv) reduced γγ couplings. However,

mixing effects with isoscalar qq mesons (AMSLER 96, TORNQVIST

96, ANISOVICH 97, BOGLIONE 97, LEE 00, MINKOWSKI 99, CLOSE

01B) and decay form factors (BARNES 97) obscure these simple

signatures.

Lattice calculations, QCD sum rules, flux tube, and con-

stituent glue models agree that the lightest glueballs have

quantum numbers JPC = 0++ and 2++. Lattice calculations

predict for the ground state, a 0++ glueball, a mass around

1650 MeV (MICHAEL 97, LEE 00, CHEN 06) with an uncertainty

of about 100 MeV, while the first excited state (2++) has a

mass of about 2300 MeV. Hence, the low-mass glueballs lie

in the same mass region as ordinary isoscalar qq states, in

the mass range of the 13P0(0
++), 23P2(2

++), 33P2(2
++), and

13F2(2
++) qq states. The 0−+ state and exotic glueballs (with

non-qq quantum numbers such as 0−−, 0+−, 1−+, 2+−, etc.)

are expected above 2 GeV (CHEN 06). The lattice calculations

assume that the quark masses are infinite, and therefore neglect

qq loops. However, one expects that glueballs will mix with

nearby qq states of the same quantum numbers. The presence

of a glueball mixed with qq would still lead to a supernumerary

isoscalar in the SU(3) classification of qq mesons.

We deal here with glueball candidates in the scalar sector.

For the 2++ sector we refer to the section on non - qq̄ mesons

in the 2004 issue of this Review and for the 0−+ glueball to the

note on “The η(1405), f1(1420) and f1(1510)” in the Meson

Particle Listings.

Five isoscalar resonances are well established: the very

broad f0(600) (or σ), the f0(980), the broad f0(1370), and

the comparatively narrow f0(1500) and f0(1710) (see the note

on “Scalar Mesons”, and also AMSLER 98). The f0(1370) and

f0(1500) decay mostly into pions (2π and 4π) while the f0(1710)

decays mainly into KK final states. Naively, this suggests an

nn̄ (= uū + dd̄) structure for the f0(1370) and f0(1500), and ss̄

for the f0(1710). The latter is not observed in pp annihilation

(AMSLER 02), as expected from the OZI suppression for an ss

state.

However, in γγ collisions leading to KSKS (ACCIARRI 01H)

and K+K− (ABE 04), a spin 0 signal is observed at the f0(1710)

mass (together with a dominant spin 2 component), while the

f0(1500) is not observed in γγ → KK̄ nor π+π− (BARATE

00E). The upper limit from π+π− excludes a large nn content,

and hence would point to a mainly ss content for the f0(1500)

(AMSLER 02B). This is in contradiction with the small KK decay

branching ratio of the f0(1500) (ABELE 96B,98, BARBERIS 99D).

Hence, the f0(1500) is hard to accommodate as a qq̄ state.

This state could be mainly glue due its absence of 2γ-coupling,

while the f0(1710) coupling to 2γ would be compatible with

an ss̄ state. However, the 2γ-couplings are sensitive to glue

mixing with qq̄ (CLOSE 05).

Since f0(1370) does not couple strongly to ss (BARBERIS

99D), f0(1370) or f0(1500) appear to be supernumerary.The

narrow width of f0(1500), and its enhanced production at

low transverse momentum transfer in central collisions (CLOSE

97,98B, KIRK 00) also favor f0(1500) to be non-qq. In AMSLER

96, the ground state scalar nonet is made of a0(1450), f0(1370),

K∗
0(1430), and f0(1710). The isoscalars f0(1370) and f0(1710)

contain a small fraction of glue, while f0(1500) is mostly gluonic.

The light scalars f0(600), f0(980), a0(980), and κ(800) are four-

quark states or two-meson resonances (see AMSLER 04 for a

review). In the mixing scheme of CLOSE 05, which uses central

production data from WA102 and the recent hadronic J/ψ

decay data from BES (ABLIKIM 04E, 05), glue is shared between

f0(1370), f0(1500) and f0(1710). The f0(1370) is mainly nn̄,

the f0(1500) mainly glue and the f0(1710) dominantly ss̄.

This agrees with previous analyses (AMSLER 96, CLOSE 01B),

but, as pointed out already, alternative schemes have been

proposed (e.g. LEE 00). In particular, for a scalar glueball,

the two-gluon coupling to nn̄ appears to be suppressed by chiral

symmetry (CHANOWITZ 05) and therefore KK̄ decay could be

enhanced.

Whether the f0(1500) is observed in gluon rich radiative

J/ψ decay is debatable, since data are statistically limited and

a proper K-matrix analysis cannot be performed. Hence more

data are needed in radiative J/ψ decay and in γγ collisions to

clarify the spectrum of scalar mesons.
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2. Tetraquark candidates and molecular bound states

The a0(980) and f0(980) could be four-quark states (JAFFE 77,

ALFORD 00) or KK molecular states (WEINSTEIN 90, LOCHER

98) due to their strong affinity for KK, in spite of their masses

being very close to threshold. For qq states, the expected

γγ widths (OLLER 97B, DELBOURGO 99) are not significantly

larger than for molecular states (BARNES 85). A better filter

is radiative φ(1020) decay to a0(980) and f0(980). Data from

DAPHNE (ALOISIO 02C, 02D) and VEPP - 2M (AKHMETSHIN

99B, ACHASOV 00F) favor these mesons to be four-quark states.

In CLOSE 02B they are made of a four-quark core and a virtual

KK̄ cloud at the periphery. The f0(980) is strongly produced

in D+
s decay (AITALA 01A). This points to a large ss component,

assuming Cabibbo favored c → s decay. However, the mainly

nn̄ f0(1370) is also strongly produced in D+
s decay, indicating

that other graphs must contribute (CHENG 03B).

Two very narrow states, D∗
s0(2317)± and Ds1(2460)±, were

observed at the B-factories (AUBERT 03G, BESSON 03). They

lie far below the predicted masses for the two expected broad

P -wave cs mesons. These states have hence been interpreted

as four-quark states (CHENG 03C, TERASAKI 03) or DK (DK∗)
molecules (BARNES 03). However, strong cusp effects due to

the nearby closed DK, respectively DK∗ thresholds, could

shift their masses downwards and quench the observed widths,

an effect similar to that occuring for the a0(980) and f0(980)

mesons, which lie just below KK threshold.

The search for multiquark states containing a c (or a

b) quark is promising since the charmonium spectrum can

be predicted accurately, and because some of these states

should be narrow if they lie below the DD̄ or DD̄∗ thresholds.

Several states have been observed recently in the charmonium

region. The X(3872) was observed in B± decays to K±X ,

X → J/ψπ+π−, first by BELLE (CHOI 03) and then by

BABAR (AUBERT 05R). The state was confirmed by CDF and

D0 (ACOSTA 04, ABAZOV 04F) in p̄p → J/ψπ+π−. The known

L = 2 orbital excitations of charmonium are the 3D1 ψ(3770)

and its first radial, the ψ(4169). The X(3872) would be a

natural candidate for the 1D2 (2−+) or 3D2 (2−−) cc̄ states

which are expected to be narrow since they cannot decay to DD̄.

However, its mass is significantly higher than predicted by

potential models (see e.g., BARNES 04, EICHTEN 04). However,

BELLE has recently established C = +1 by observing the

decay mode X(3872) → ωJ/ψ and γJ/ψ (hep-ex/0505037).

The angular and invariant mass distributions of the dipion

in X(3872) → π−π−J/ψ favor the intermediate state ρ0J/ψ

and therefore 1++ (hep-ex/0505038) (the quantum numbers

2++ cannot be entirely ruled out, but are unlikely since the

decay D0D̄0π0 would be suppressed by the angular momentum

barrier).

The X(3872) can hardly be identified with the 23P1 χ′
c1

since this state is predicted to lie about 100 MeV higher

in mass (BARNES 04). In fact, the X(3940) observed by

BELLE in e+e− → J/ψX , decaying to D∗D̄ but not DD̄

(hep-ex/0507019) and in B decays to K(X → ωJ/ψ) (CHOI

05) could be the χ′
c1. The tensor partner 23P2 (χ′

c2) was re-

ported by BELLE at 3931 MeV in γγ interactions (UEHARA

06).

The X(3872) occurs exactly at the D0D̄∗0 threshold and

therefore the most natural explanation for this state is a 1++

DD̄∗ molecule (TORNQVIST 04) for which strong isospin breaking

was predicted (TORNQVIST 04, SWANSON 04A) due to the nearby

D+D∗− threshold. Indeed, the rates for ωJ/ψ and ρ0J/ψ

are comparable, which points to isospin mixing. A four-quark

state cqc̄q̄′ is also possible (MAIANI 05), but unlikely since the

charged partner X(3872)− has not been observed in B− decays

to K̄0X− nor B0 → K+X−, where X− → J/ψπ−π0 (AUBERT

05B).

3. Baryonia

Bound states of two nucleons have been predicted, but have

remained elusive. The f2(1565) which is only observed in pp

annihilation (MAY 90, BERTIN 98) is a good candidate for a

2++ p̄p bound state. Enhancements in the p̄p mass spectrum

have also been reported around 1860 MeV, just below p̄p

threshold, in J/ψ → γp̄p (BAI 05F) and in B+ → K+p̄p,

B0 → K0
S p̄p (ABE 02K, WANG 05A) and B̄0 → D0p̄p (ABE 02W).

This enhancement could be due to a 0−+ baryonium (DING 05)

but other explanations have been proposed, such as dynamics

of the fragmentation mechanism (WANG 05A) or the attractive
1S0 (p̄p) -wave (LOISEAU 05).

4. Hybrid mesons

Hybrids may be viewed as qq mesons with a vibrating gluon flux

tube. In contrast to glueballs, they can have isospin 0 and 1.

The mass spectrum of hybrids with exotic (non-qq) quantum

numbers was predicted by ISGUR 85, while CLOSE 95 also deals

with non-exotic quantum numbers. The ground state hybrids

with quantum numbers (0−+, 1−+, 1−−, and 2−+) are expected

around 1.7 to 1.9 GeV. Lattice calculations predict that the

hybrid with exotic quantum numbers 1−+ lies at a mass of 1.9

± 0.2 GeV (LACOCK 97, BERNARD 97). Most hybrids are rather

broad, but some can be as narrow as 100 MeV (PAGE 99).

They prefer to decay into a pair of S- and P -wave mesons.

A JPC = 1−+ exotic meson, π1(1400), was reported in

π−p → ηπ−p (THOMPSON 97, CHUNG 99). It was observed as an

interference between the angular momentum L = 1 and L = 2

ηπ amplitudes, leading to a forward/backward asymmetry in

the ηπ angular distribution. This state was reported earlier

in π−p reactions (ALDE 88B), but ambiguous solutions in the

partial-wave analysis were pointed out by PROKOSHKIN 95B,95C.

A resonating 1−+ contribution to the ηπ P wave is also required

in the Dalitz plot analysis of pn annihilation into π−π0η (ABELE

98B), and in pp annihilation into π0π0η (ABELE 99). Mass and

width are consistent with THOMPSON 97.

Another 1−+ state, π1(1600), decaying into ρπ (ADAMS 98B),

η′π (IVANOV 01), f1(1285)π (KUHN 04), and ωππ (LU 05) was
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reported in π−p interactions. It was observed earlier in the

decay modes ρπ, η′π, and b1(1235)π, but not ηπ (GOUZ 92).

A strong enhancement in the 1−+ η′π wave, compared to

ηπ, was reported at this mass by BELADIDZE 93. DONNACHIE

98 suggests that a Deck-generated ηπ background from final

state rescattering in π1(1600) decay could mimic π1(1400).

However, this mechanism is absent in pp annihilation. The

ηππ data require π1(1400) and cannot accommodate a state at

1600 MeV (DUENNWEBER 99). Finally, evidence for a π1(2015)

has also been reported (KUHN 04 , LU 05).

Thus, we now have at least two 1−+ exotics, π1(1400) and

π1(1600), while the flux tube model and the lattice concur

to predict a mass of about 1.9 GeV. As isovectors, π1(1400)

and π1(1600) cannot be glueballs. The coupling to ηπ of the

former points to a four-quark state (see also CHUNG 02C), while

the strong η′π coupling of the latter is favored for hybrid states

(CLOSE 87B, IDDIR 01). Its mass is not far below the lattice

prediction.

Hybrids with JPC = 0−+, 1−−, and 2−+ have also been

reported. The π(1800) decays mostly to a pair of S- and

P -wave mesons (AMELIN 95B), in line with expectations for

a 0−+ hybrid meson. This meson is also rather narrow if

interpreted as the second radial excitation of the pion. The

evidence for 1−− hybrids required in e+e− annihilation and in

τ decays has been discussed by DONNACHIE 99. A candidate for

the 2−+ hybrid, the η2(1870), was reported in γγ interactions

(KARCH 92), in pp annihilation (ADOMEIT 96), and in central

production (BARBERIS 97B). The near degeneracy of η2(1645)

and π2(1670) suggests ideal mixing in the 2−+ qq nonet, and

hence, the second isoscalar should be mainly ss. However,

η2(1870) decays mainly to a2(1320)π and f2(1270)π (ADOMEIT

96), with a relative rate compatible with a hybrid state (CLOSE

95).

Finally, a broad structure Y (4260) was reported by BABAR

(AUBERT, B 05I) in initial state radiation e+e− → γe+e− where

e+e− → Y (4260) → J/ψπ+π−. A charmonium state with the

quantum numbers 1−− is not expected in this mass region.

This state could be a hybrid charmonium (CLOSE 05A, KOU 05),

but also a four-quark state (MAIANI 05A). It is possibly also

seen in B− decays to K−J/ψπ+π− (AUBERT 06).
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�:  � .� ���� ��	 0! �� �� ��� ���1:- ��10�
�����>���  � .� ���� �32 8! �"�("?�(% �� ���
���0.  	 ,���� � 33� 0!�! �"$�)- �!.! /��+"� �����- .���
��11�  	 �� � ���� �!8! ��++�- ,!6! �%)= ���/�
������  � ,0/� 	� 3�� ��!�! �(%�"5 �� ��� ��0�0�

/��)�+�4�* �"� 70/8 3� ��	�!
��9  � /$��%� ���� 8!>! �%D ����0�
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��.� 3	 ��� 	� 		� 1!.! ��)* �� ���
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�.��"  !3�' �±�.���������''�.��"  !3�' �±�.���������''�.��"  !3�' �±�.���������''�.��"  !3�' �±�.���������'' �$%& �' &�() ���� *$+,�, -����
• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�.��"  !3�'�"±�.���������'' �$%& 33 &�() �33" *$+,�, -����

�.��"  '3�! ±�.��������! *$%)4 "� &�() �3" *$+,�, -����

� ��� ������ ��� ������ ��� ������ ��� �����

��� ��		 
	 ���� ���� ��� ����
	��� 
� � ����
� ��		 ��
�	� ����

� ���� ��� ��-��	
� /�� � � ���1 � � 5 3#��!3!�!#±������"�
���6�� ��$%& �'1 ��� ���� *$+,�, -�����1 
�-�-�	 ��� �����
-���
���� ���� �������
� ����0��

����� ����� ������	
 �� 
��	 �����	


3#3.' '# �±�.����"�3#3.' '# �±�.����"�3#3.' '# �±�.����"�3#3.' '# �±�.����"� �$%& �' &�() ���� *$+,�, -����
• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
3#3.' '##�±�.����#� � F)��<)& 33 �9)* 	� → � γ

3#3.' '##�±�.����#" �$%& 33 &�() �33" *$+,�, -����

3#3.' ' ' ±�.����" �,# +8=8<899$ 3! �&,9 9���
�0 ����

3#3.' ' # ±�.����" *$%)4 "� &�() �3" *$+,�, -����

3#3.' ' ! ±�.����" #,! :&))4) " �9)* 	� → � γ

3#3.'�#� ±�.���� # *$%)4 �# &�() �3�# *$+,�, -����
�.� �	� ��� �33" *$+,�, �7�7��� ��-��	
� /���� �	�� ��� ����
�0 ��-�� �
0�� ��
	 ��		 
� ��� /�� ��� ���� ��� ����
	��� ���	���� F)��<)& 33 -���� /
�.��"  !3� #� ± �.���������"� ��

���� ��		 
	 ���� ���� ��� ����
	��� 
� �O � 5 �.��"  !3�#' ± �.���������# ��
.� �	� ��� �3" *$+,�, ��-��	
� /���� � 0�� ��� ��		 
� ����

#���	� ������
���
�	 ��� �� 
���������� / ��� �	 − �� ���	�������	 �����
!��� ��		 
	 ���� ���� ��� ����
	��� 
� �O � 5 �.��"  !3�3 ± �.��������! ��

� ���� ���� ���� ���

����� ����� ��
� ������	
 �� 
��	 �����	


3#3.!"'±�.�'�3#3.!"'±�.�'�3#3.!"'±�.�'�3#3.!"'±�.�'� '3 ' *&)��8 " %;* �� → 		
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	 ����3 ����

��	 − �	 �� �	��	 − �	 �� �	��	 − �	 �� �	��	 − �	 �� �	

, ��	� / ��� 
�-��
����� *��������� /�� ��� 	 ��� 	 ��		�	1 ��-��

����� ������	
 ��

�3±'�× ��−' $(& )�,<(,�8$4�3±'�× ��−' $(& )�,<(,�8$4�3±'�× ��−' $(& )�,<(,�8$4�3±'�× ��−' $(& )�,<(,�8$4

�	 − ���	 − ���	 − ���	 − ��

����� ����� ������	
 �� 
��	 �����	


�.�3###��±�.������'�.�3###��±�.������'�.�3###��±�.������'�.�3###��±�.������'  �$%& �' &�() ���� *$+,�, -����
• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�.�3###�"±�.������' � �$%& 33 &�() �33" *$+,�, -����

�.�3##�" ±�.�����3 " *$%)4 "� &�() �3" *$+,�, -����

�.�3###�"±�.������� :&))4) " �9)* 	� → � γ

�.�3#!�3 ±�.����# *$%)4 �# &�() �3�# *$+,�, -����
 *��������� �� �	 /�� ��� �$%& �' ���
 �	6�� 5 �.���#�"!�"�� ± �.���������'"�


� �1 �	 − �� 5 ��.#""!!"� ± �.������ � × ��−# ��
�*��������� �� �	 /�� ��� �$%& 33 ���
 �	6�� 5 �.���#�"!�""� ± �.���������'"�

8� �1 �	 − �� 5 ��.#""!!"3 ± �.������ � × ��−# ��
"*��������� �� �	 /�� ��� *$%)4 "� ���
 �	6�� 5 �.���#�"!�! ± �.��������3� 8�

�1 �	 − �� 5 �.���#""!#! ± �.��������3 ��
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.� �� ���
�� ��� �
���� ���	�������	 / ��� �
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/����� /�� ����� �������
� ���	�������	� =� ��� �-���0�1 �� ��� �	�
���	�������	 �
�� �� ���� ��		 ���� �� 	�

��� �	� ������ ��	���1 ���� / �)&);&$� �'1 
	 	 /�� /�� ���� ��	���	
���� 
� ����	 � 	��	� � 
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� 
� ��� �-���0�� 8� 
	 �� � �����	 
�
��
	 2��� � ��	�-� ��
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� ��
	 ��J� �
	�0������� 
	 �����	��
�� ���	��� �-���0� / ""'.� ± �." 	 ��	� �� 	�	�����

=� �� ����� ��-
��1 	�� )&$I$<8��F88 "3 ��� �����	 ���� /��� 
� 
� ��

		�� / 48� ��-��� � ��� C9�����
�0	 / ��� 8�������
��� .��	��
� =���������� 9��	
�	 �
�� ��� 4�����	D �:������ �3"3�� =� �����
��-
��	 ���6� ���������1 	�� =&))+�,4 3�1 �*%&)*F)4;,*% 3�1
��� 9)4+<);(&B 3#�

<
�
�	 � �
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��	 /� ���	� ������	 ��� 0
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� ��� 	���
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""'.�± �." $(& ,�)&,:)""'.�± �." $(& ,�)&,:)""'.�± �." $(& ,�)&,:)""'.�± �." $(& ,�)&,:)

"" .#± �.�± #.� 48*$ �' *4�& 8�7���� 	1 ������� �

""'.!± �.3± �.! ,&I(�,4$� �� *4�& (*4 ����� �����

""3.�± #.�± #." ;B&4) 3 *4�& 9���
�0 ����

""�. ± �.� 3 �,�9) 3# *4�& :��-
���
��� ����

""".!± #.�± �.� 4)��8I%)���� 3� *4�& :��-
���
��� ����

""�. ± #.� �,�9) "3 *4�& :��-
���
��� ����

"3� ± 3 �98�,F "" *4�& ;���

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
"�".'± �.�± �.# �� �)&);&$� �' *4�& :��-
���
��� ����

"" ."± �.�± #.� +).)B �# *4�& ��� 48*$ �'

""".!± �.3 ,<=8�)4F$� 3� *4�& ��� 4)��8I%)��F88 3�

"3#. ± #."± #.� ;B&4) 3� *4�& ��� ;B&4) 3 

"�" ±�� ±�! F$��,F$.��� "3 �9* 9��	�� ����

"�� ±�� 9,(< "3 *4�& ����0� �
�0

"� ±�� ±�3 <,�� "" �9)* 9��	�� ����

3�# ±�# F$��84��)� " *4�& :��-
���
��� ����

3#� ±�" �� ;B&4) "� *4�&

"�' ±3' F$��84��)� "� *4�&

""� ± " ;$4+,&)4��� �" *4�& ��� �98�,F ""

3�" ±�! *%&8��)4�)4�� *4�&
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�
�
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	� ��	��� ����� / ,&I(7
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	 ���	������� ��	 ���� �
������� �K� ;����1 ��
-��� �����
���
�1 �33���

� �� ���� ���� �� �� ���� ���� �� �� ���� ���� �� �� ���� ���� �

��� ��� C4�� � ;���� ��0���
� �����	D 
� ��� � <
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�0	�
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−�.3�#�!��#±�.������!'−�.3�#�!��#±�.������!'−�.3�#�!��#±�.������!'−�.3�#�!��#±�.������!' �$%& �' &�() ���� *$+,�, -����

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
−�.3�#�!���±�.������!' �$%& 33 &�() �33" *$+,�, -����

−�.3�#�!��'±�.������!' *$%)4 "� &�() �3" *$+,�, -����

−�.3�#�!���±�.������!" �� :&))4) "� �&�

��:&))4) "� ���	���	 ��� ����� � �� ��.�!�"�' ! ± �.������� � × ��−# ;��
��0����	� ��� -���� ��-� 
	 ���
��� �� ����
���
�0 ��
	 �� ��6�� 5 �"# .�'����±
�.����#� ���� �3" *$+,�, -���� /�� *$%)4 "���

� �!������ "�#�!� ���� �� �!������ "�#�!� ���� �� �!������ "�#�!� ���� �� �!������ "�#�!� ���� �
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�-��
�����
, ������ / ����� ��	���	 ��-� ���� �
����� ��� &,��)B 3� ���
:$<(; 3! /� ��-
��	�

����� ���−�� � 
�� ��� ������	
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< �. #< �. #< �. #< �. # 3� �# %,&&8� 33 �&� � 5 �−�.� ± �.# � × ��−�'

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
< �.3� 3� ,<�,&)� 3 �&� ���.� ± �.!�± �.� �×��−�'

< �.� 3' ,<�,&)� 3� �&� ��� ,<�,&)� 3 

< �.� 3' ��8�% 3� �&� ��� %,&&8� 33

< �. 3' ,<�,&)� " �&� � 5 �−�.! ± �. �× ��−�'

�.# ±!." 9)4+<);(&B "! �&� (������� ������	

<  3� ,<�,&)� "� �&� � 5 ��.� ± �.!�× ��−�'

<� 3� ,<�,&)� �3 �&� � 5 �!.� ± �.'�× ��−�'

�#��
	 %,&&8� 33 ��	��� 
������	 ��� ��	��� / ��8�% 3�� %��-��1 ��� �-���0
�0 / ���
��	���	 / ���	� �� �����
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�
�
H�� �� <,�$&),(G ���

� �� ��9'�� ����� �"�'�� �� ��9'�� ����� �"�'�� �� ��9'�� ����� �"�'�� �� ��9'�� ����� �"�'�
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−�.�� �±�.���� $(& ,�)&,:)−�.�� �±�.���� $(& ,�)&,:)−�.�� �±�.���� $(& ,�)&,:)−�.�� �±�.���� $(& ,�)&,:) )��� 
������	 	���� /���� / ��#� ��� ��� 
��0���
�����
−�.��' ±�.��� ±�.��# F$9)*FB 3� 	� 	������
�0 �9��

−�.��! ±�.��# ±�.��' F$9)*FB 3� 	� 	������
�0 �;
�

−�.��! ±�.��# F$)��)& 3' 	� 	������
�0 �9�1 ;
�

−�.�#! ±�.��3 ,<)F�,4+&���" 	� 	������
�0 �;
�

−�.��' ±�.��# �! F&$%4 �# 	� 	������
�0 �4�1 ,�1 F�1 G��

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
−�.��# ±�.��# ±�.��! F$9)*FB 3' 	� 	������
�0 �9��

−�.��! ±�.��# F$)��)& " 	� 	������
�0 �9�1 ;
�

−�.��" ±�.��� F$)��)& � 	� 	������
�0 �9��

−�.��� ±�.��� F$)��)& � 	� 	������
�0 �;
�

−�.�� ±�.��# F&$%4   	� 	������
�0 �4�1 ,�1 F�1 G��

�!��
	 -���� 
	 �	 �������� �� F$)��)& � �

WEIGHTED AVERAGE
-0.1161±0.0022 (Error scaled by 1.3)

KROHN 73 0.1
ALEKSANDR... 86 3.9
KOESTER 95 0.5
KOPECKY 97 1.8
KOPECKY 97 0.1

χ2

       6.5
(Confidence Level = 0.164)

-0.15 -0.14 -0.13 -0.12 -0.11 -0.1 -0.09

� �����
����� ������ ��	��


� �!������ #�!��$%�!��& α	� �!������ #�!��$%�!��& α	� �!������ #�!��$%�!��& α	� �!������ #�!��$%�!��& α	
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�0 
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� ����
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� ����	 / ��� 
������
������
� �
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����� ���−� �	� ������	
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��. ± �.' $(& ,�)&,:)��. ± �.' $(& ,�)&,:)��. ± �.' $(& ,�)&,:)��. ± �.' $(& ,�)&,:)

��.'± �."��. 
−�.#

�' F$��)&� �# *4�& γ � → γ �	

"."± �.!±#.� � <(4+84 �# *4�& γ � → γ �

��.�± �.'±�.� �*%�8)+���� 3� *4�& 	 9� ����	�
		
�

��.�� #.#
−��.� &$�) 3�� *4�& γ � → γ 	�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�#. �� F$<; �� *4�& γ � → γ 	�

�.�± '.� �" F$)��)& 3' *4�& 	 9�1 	 ;
 ����	�
		
�

��.�� !.#
−��.� &$�) 3� *4�& ��� &$�) 3��

" ±�� F$)��)& "" *4�& 	 9�1 	 ;
 ����	�
		
�

�� ±�� �*%�8)+���� "" *4�& 	 9�1 	 * ����	�
		
�

�'F$��)&� �# 0��	 α	 − β	 5�3." ± #. ��.�
−�.� ± �.�� × ��−! /�#1 ��� �	�	 α	 � β	

5 ��'.� ± �.'� × ��−! /�# /�� <)�*%(F ��� ���	 ��� ����	 � α	 ��� β	 ���
���
7����������

� <(4+84 �# ���	���	 α� − β� 5 � .! ± �.!� × ��−! /�# ��� �	�	 �������� -����	
/� α� ��� α� ��� � ����
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BARYON DECAY PARAMETERS

Written 1996 by E.D. Commins (University of California, Berke-
ley).

Baryon semileptonic decays

The typical spin-1/2 baryon semileptonic decay is described

by a matrix element, the hadronic part of which may be written

as:

Bf

[
f1(q

2)γλ + i f2(q
2)σλµqµ + g1(q

2)γλγ5 + g3(q
2)γ5qλ

]
Bi .

(1)

Here Bi and Bf are spinors describing the initial and final

baryons, and q = pi − pf , while the terms in f1, f2, g1, and g3

account for vector, induced tensor (“weak magnetism”), axial

vector, and induced pseudoscalar contributions [1]. Second-

class current contributions are ignored here. In the limit of zero

momentum transfer, f1 reduces to the vector coupling constant

gV , and g1 reduces to the axial-vector coupling constant gA.

The latter coefficients are related by Cabibbo’s theory [2], gen-

eralized to six quarks (and three mixing angles) by Kobayashi

and Maskawa [3]. The g3 term is negligible for transitions in

which an e± is emitted, and gives a very small correction, which

can be estimated by PCAC [4], for µ± modes. Recoil effects

include weak magnetism, and are taken into account adequately

by considering terms of first order in

δ =
mi − mf

mi + mf
, (2)

where mi and mf are the masses of the initial and final baryons.

The experimental quantities of interest are the total decay

rate, the lepton-neutrino angular correlation, the asymmetry

coefficients in the decay of a polarized initial baryon, and the

polarization of the decay baryon in its own rest frame for an

unpolarized initial baryon. Formulae for these quantities are

derived by standard means [5] and are analogous to formulae

for nuclear beta decay [6]. We use the notation of Ref. 6 in the

Listings for neutron beta decay. For comparison with experi-

ments at higher q2, it is necessary to modify the form factors

at q2 = 0 by a “dipole” q2 dependence, and for high-precision

comparisons to apply appropriate radiative corrections [7].

The ratio gA/gV may be written as

gA/gV = | gA/gV | eiφAV . (3)

The presence of a “triple correlation” term in the transition

probability, proportional to Im(gA/gV ) and of the form

σi·(p� × pν) (4)
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for initial baryon polarization or

σf ·(p� × pν) (5)

for final baryon polarization, would indicate failure of time-

reversal invariance. The phase angle φ has been measured

precisely only in neutron decay (and in 19Ne nuclear beta

decay), and the results are consistent with T invariance.

Hyperon nonleptonic decays

The amplitude for a spin-1/2 hyperon decaying into a

spin-1/2 baryon and a spin-0 meson may be written in the form

M = GF m2
π · Bf (A − Bγ5) Bi , (6)

where A and B are constants [1]. The transition rate is pro-

portional to

R = 1 + γ ω̂f · ω̂i + (1 − γ)(ω̂f · n̂)(ω̂i · n̂)

+ α(ω̂f · n̂ + ω̂i · n̂) + βn̂ · (ω̂f × ω̂i) , (7)

where n̂ is a unit vector in the direction of the final baryon

momentum, and ω̂i and ω̂f are unit vectors in the directions of

the initial and final baryon spins. (The sign of the last term in

the above equation was incorrect in our 1988 and 1990 editions.)

The parameters α, β, and γ are defined as

α = 2 Re(s∗p)/( | s |2 + | p |2) ,

β = 2 Im(s∗p)/( | s |2 + | p |2) ,

γ = ( | s |2 − | p |2)/( | s |2 + | p |2) , (8)

where s = A and p = |pf |B/(Ef + mf ); here Ef and pf are

the energy and momentum of the final baryon. The parameters

α, β, and γ satisfy

α2 + β2 + γ2 = 1 . (9)

If the hyperon polarization is PY , the polarization PB of the

decay baryons is

PB =
(α + PY · n̂)n̂ + β(PY × n̂) + γn̂× (PY × n̂)

1 + αPY · n̂ . (10)

Here PB is defined in the rest system of the baryon, obtained

by a Lorentz transformation along n̂ from the hyperon rest

frame, in which n̂ and PY are defined.

An additional useful parameter φ is defined by

β = (1 − α2)1/2 sinφ . (11)

In the Listings, we compile α and φ for each decay, since

these quantities are most closely related to experiment and are

essentially uncorrelated. When necessary, we have changed the

signs of reported values to agree with our sign conventions.

In the Baryon Summary Table, we give α, φ, and ∆ (defined

below) with errors, and also give the value of γ without error.

Time-reversal invariance requires, in the absence of final-

state interactions, that s and p be relatively real, and therefore

that β = 0. However, for the decays discussed here, the final-

state interaction is strong. Thus

s = | s | eiδs and p = | p | eiδp , (12)

where δs and δp are the pion-baryon s- and p-wave strong

interaction phase shifts. We then have

β =
−2 | s | | p |
| s |2 + | p |2 sin(δs − δp) . (13)

One also defines ∆ = −tan−1(β/α). If T invariance holds,

∆ = δs − δp. For Λ → pπ− decay, the value of ∆ may be

compared with the s- and p-wave phase shifts in low-energy

π−p scattering, and the results are consistent with T invariance.

See also the note on “Radiative Hyperon Decays” in the Ξ0

Listings in this Review.
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��
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����1 ��� -����	 ��� �������� /� ���
��
-� �E���	 ��� ���� ��0���
	��

����� ������	
 �� 
��	 �����	


−�.���#±�.���# $(& ,�)&,:)−�.���#±�.���# $(& ,�)&,:)−�.���#±�.���# $(& ,�)&,:)−�.���#±�.���# $(& ,�)&,:) )��� 
������	 	���� /���� / ��#� ��� ��� 
��0���
�����
−�.��"3±�.���� ## ,;)<) �� �9)* *�� 	1 ����
H��

−�.�� �±�.���3±�.���� <8,(+ 3� �9* *�� 	1 ����
H��

−�.��#'±�.���! #! B)&$I<8���� 3� *4�& *�� 	1 ����
H��

−�.��! ±�.���3 ;$99 " �9)* *�� 	1 ����
H��

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
−�.�� "±�.���� #' �$��$�$8 �� *4�& 8�/�����

−�.��"3±�.���� ,;)<) 3�� �9)* *�� 	1 ����
H��

−�.�� �±�.���3±�.���� �*%&)*F��� 3' �9* ��� <8,(+ 3�

−�.��� ±�.���! )&$I$<8���� 3� *4�& ��� B)&$I$<8�7
�FB 3�

−�.��! ±�.��' # )&$I$<8���� �3 *4�& *�� 	1 ����
H��

−�.��# ±�.�� # F&$%4 �' *4�& *�� 	1 ����
H��
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��� ��	��� / ,;)<) �� ��� ,;)<) 3���
#!B)&$I$<8��FB 3� ����	 � ������
� � ��� )&$I$<8��F88 3� -�����
#'�$��$�$8 �� ���������	 ��
	 /�� 
�	 ���	������� / λ5��6�� ��-��
# ���	� ��	���	 ��� �� �������� /� ���
��
-� �E���	 ��� ���� ��0���
	�1 ��� ��� ��7

����
�	 ��� 	���� ������� � ��� ����	�

WEIGHTED AVERAGE
-0.1173±0.0013 (Error scaled by 2.3)

BOPP 86 SPEC 2.0
YEROZLIM... 97 CNTR 7.4
LIAUD 97 TPC 0.8
ABELE 02 SPEC 5.2

χ2

      15.4
(Confidence Level = 0.002)

-0.125 -0.12 -0.115 -0.11 -0.105 -0.1

β �
������� ��������� �

ν� �&�����& #������ �ν� �&�����& #������ �ν� �&�����& #������ �ν� �&�����& #������ �
��
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�.3"� ±�.��! $(& ,�)&,:)�.3"� ±�.��! $(& ,�)&,:)�.3"� ±�.��! $(& ,�)&,:)�.3"� ±�.��! $(& ,�)&,:) )��� 
������	 	���� /���� / ����

�.3 � ±�.�� ±�.��� F&)(I �' *4�& *�� 	1 ����
H��

�.3"��±�.��! �)&);&$� 3" *4�& *�� 	1 ����
H��

�.3"3!±�.��"# F(I4)��$� 3' *4�& *�� 	1 ����
H��

�.�� ±�.�' *%&8��)4�)4�� *4�& *�� 	1 ����
H��

�.33' ±�.�#! )&$I$<8���� ��� *4�& *�� 	1 ����
H��
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�ν�  �'!� �����!��� ���((���� � �
�ν�  �'!� �����!��� ���((���� � �
�ν�  �'!� �����!��� ���((���� � �
�ν�  �'!� �����!��� ���((���� � �
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�� / ��	� �����
����	 ��� ����	 /� /����� ���	�������	 / ��� � ���������1
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−�.��'!±�.��'' ;B&4) �� �9)* 9��� ���
� 	�������

−�.����±�.��'� ��&,�$., �" *4�& 9��� ���
� 	�������

−�.�3� ±�.�#3 :&8:$&)�  " �9)* 9��� ���
� 	�������

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
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�	 ���	������� / λ5��6�� ��-��

φ�� � #��� �( �� ��!���� �� ��φ�� � #��� �( �� ��!���� �� ��φ�� � #��� �( �� ��!���� �� ��φ�� � #��� �( �� ��!���� �� ��
�
�� ��-��	�� 
�-��
���� ��@�
��	 ��
	 � �� � � �"�◦� ��
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�"�.� ±�.�� $(& ,�)&,:)�"�.� ±�.�� $(& ,�)&,:)�"�.� ±�.�� $(& ,�)&,:)�"�.� ±�.�� $(& ,�)&,:)

�"�.�!±�.�3 �$<+4)& �! *4�& *�� 	1 ����
H��

�"�.�"±�.�# <8�84: �� *4�& 9���
H�� >3#N

��3.��±�.#3 )&$I$<8���� �" *4�& *�� 	1 ����
H��

�"�.#'±�.!# )&$I$<8���� �! *4�& *�� 	1 ����
H��

�"�.�!±�.�� ��)84;)&: �! *4�& *�� 	1 ����
H��
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− ! ±  $(& ,�)&,:)− ! ±  $(& ,�)&,:)− ! ±  $(& ,�)&,:)− ! ±  $(& ,�)&,:)

− �."±  .!±#.� �$<+4)& �! *4�& *�� 	1 ����
H��

−  ±�� ±' <8�84: �� *4�& 9���
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−�� ±�� ��)84;)&: �! *4�& *�� 	1 ����
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N AND ∆ RESONANCES

I. Introduction

The excited states of the nucleon have been studied in

a large number of formation and production experiments. The

conventional (i.e., Breit-Wigner) masses, pole positions, widths,

Table 1. The status of the N and ∆ resonances. Only those
with an overall status of ∗∗∗ or ∗∗∗∗ are included in the main
Baryon Summary Table.

Status as seen in —

Particle L2I·2J

Overall
status Nπ Nη ΛK ΣK ∆π Nρ Nγ

N(939) P11 ∗∗∗∗
N(1440) P11 ∗∗∗∗ ∗∗∗∗ ∗ ∗∗∗ ∗ ∗∗∗
N(1520) D13 ∗∗∗∗ ∗∗∗∗ ∗∗∗ ∗∗∗∗ ∗∗∗∗ ∗∗∗∗
N(1535) S11 ∗∗∗∗ ∗∗∗∗ ∗∗∗∗ ∗ ∗∗ ∗∗∗
N(1650) S11 ∗∗∗∗ ∗∗∗∗ ∗ ∗∗∗ ∗∗ ∗∗∗ ∗∗ ∗∗∗
N(1675) D15 ∗∗∗∗ ∗∗∗∗ ∗ ∗ ∗∗∗∗ ∗ ∗∗∗∗
N(1680) F15 ∗∗∗∗ ∗∗∗∗ ∗ ∗∗∗∗ ∗∗∗∗ ∗∗∗∗
N(1700) D13 ∗∗∗ ∗∗∗ ∗ ∗∗ ∗ ∗∗ ∗ ∗∗
N(1710) P11 ∗∗∗ ∗∗∗ ∗∗ ∗∗ ∗ ∗∗ ∗ ∗∗∗
N(1720) P13 ∗∗∗∗ ∗∗∗∗ ∗ ∗∗ ∗ ∗ ∗∗ ∗∗
N(1900) P13 ∗∗ ∗∗ ∗
N(1990) F17 ∗∗ ∗∗ ∗ ∗ ∗ ∗
N(2000) F15 ∗∗ ∗∗ ∗ ∗ ∗ ∗ ∗∗
N(2080) D13 ∗∗ ∗∗ ∗ ∗ ∗
N(2090) S11 ∗ ∗
N(2100) P11 ∗ ∗ ∗
N(2190) G17 ∗∗∗∗ ∗∗∗∗ ∗ ∗ ∗ ∗ ∗
N(2200) D15 ∗∗ ∗∗ ∗ ∗
N(2220) H19 ∗∗∗∗ ∗∗∗∗ ∗
N(2250) G19 ∗∗∗∗ ∗∗∗∗ ∗
N(2600) I1 11 ∗∗∗ ∗∗∗
N(2700) K1 13 ∗∗ ∗∗
∆(1232) P33 ∗∗∗∗ ∗∗∗∗ F ∗∗∗∗
∆(1600) P33 ∗∗∗ ∗∗∗ o ∗∗∗ ∗ ∗∗
∆(1620) S31 ∗∗∗∗ ∗∗∗∗ r ∗∗∗∗ ∗∗∗∗ ∗∗∗
∆(1700) D33 ∗∗∗∗ ∗∗∗∗ b ∗ ∗∗∗ ∗∗ ∗∗∗
∆(1750) P31 ∗ ∗ i
∆(1900) S31 ∗∗ ∗∗ d ∗ ∗ ∗∗ ∗
∆(1905) F35 ∗∗∗∗ ∗∗∗∗ d ∗ ∗∗ ∗∗ ∗∗∗
∆(1910) P31 ∗∗∗∗ ∗∗∗∗ e ∗ ∗ ∗ ∗
∆(1920) P33 ∗∗∗ ∗∗∗ n ∗ ∗∗ ∗
∆(1930) D35 ∗∗∗ ∗∗∗ ∗ ∗∗
∆(1940) D33 ∗ ∗ F
∆(1950) F37 ∗∗∗∗ ∗∗∗∗ o ∗ ∗∗∗∗ ∗ ∗∗∗∗
∆(2000) F35 ∗∗ r ∗∗
∆(2150) S31 ∗ ∗ b
∆(2200) G37 ∗ ∗ i
∆(2300) H39 ∗∗ ∗∗ d
∆(2350) D35 ∗ ∗ d
∆(2390) F37 ∗ ∗ e
∆(2400) G39 ∗∗ ∗∗ n
∆(2420) H3 11 ∗∗∗∗ ∗∗∗∗ ∗
∆(2750) I3 13 ∗∗ ∗∗
∆(2950) K3 15 ∗∗ ∗∗
∗∗∗∗ Existence is certain, and properties are at least fairly well explored.
∗∗∗ Existence ranges from very likely to certain, but further confir-

mation is desirable and/or quantum numbers, branching fractions,
etc. are not well determined.

∗∗ Evidence of existence is only fair.
∗ Evidence of existence is poor.

and elasticities of the N and ∆ resonances in the Baryon

Summary Table come largely from partial-wave analyses of πN

total, elastic, and charge-exchange scattering data. Partial-wave

analyses have also been performed on much smaller data sets

to get Nη, ΛK, and ΣK branching fractions. Other branching
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fractions come from isobar-model analyses of πN → Nππ data.

Finally, many Nγ branching fractions have been determined

from photoproduction experiments (see Sec. III).

Table 1 lists all the N and ∆ entries in the Baryon Listings

and gives our evaluation of the status of each, both overall and

channel by channel. Only the “established” resonances (overall

status 3 or 4 stars) appear in the Baryon Summary Table.

We generally consider a resonance to be established only if it

has been seen in at least two independent analyses of elastic

scattering and if the relevant partial-wave amplitudes do not

behave erratically or have large errors.

We have, in this 2006 Review, made slight adjustments to

our estimates of N and ∆ masses, widths, and elasticities.

II. Using the N and ∆ listings

Written 2002 by G. Höhler (University of Karlsruhe) and R.L
Workman, (George Washington University)

In the inelastic region, a resonance is associated with a

cluster of poles on different Riemann sheets. If one of these

poles is located near the real axis and far enough from branch

points, it will be strongly dominant. If one of the final-state

particles itself has a strong decay, it is also necessary to consider

branch points in the lower half plane that belong to thresholds

for two-particle final states; see for example Refs. 3 and 4.

Our Particle Listings and Summary Tables include pole

parameters for the N and ∆ resonances. However, the Breit-

Wigner parameters are most often quoted and are used in

model-based studies of the baryons and associated reaction

dynamics. Problems associated with this choice were discussed

in our 2000 edition [5]. Here we just point out that the use

of Breit-Wigner parameters for complicated structures, such as

the N(1440), should be avoided. In this case, the method used

in Ref. 4 is suitable for the analysis.

In the search for “missing” quark-model states, indications

of new structures occasionally are found. Often these are asso-

ciated (if possible) with the one- and two-star states listed in

Table 1. We caution against this: The status of the one- and

two-star states found in the Karlsruhe-Helsinki (KH80) [2] and

Carnegie-Mellon/Berkeley (CMB80) [6] fits is now doubtful.

Predictions for π+p spin-rotation parameters from those fits are

in significant disagreement with recent ITEP/PNPI measure-

ments [7], whereas the predictions of Ref. 8 are good. This

discrepancy has been associated in Ref. 7 with the behavior of a

zero trajectory at a “critical point” (see Sec. 2.1.1 of Ref. 2) near

a pion lab momentum of 0.8 GeV/c. According to Ref. 7, the

effect on the 4-star resonances ∆(1905) and ∆(1950) is small,

but the effect on the 3-star resonances ∆(1920) and ∆(1930) is

large. For a study of the approximation made in Ref. 7 and of

problems with some higher resonances, the detailed treatment

of zero trajectories in Ref. 9 is relevant. This problem should

also be considered in any multi-channel analysis that uses the

KH80 and CMB80 amplitudes as input.

III. Electromagnetic interactions

Revised 2003 by R.L. Workman (George Washington Univer-
sity)

Nearly all the entries in the Listings concerning electromag-

netic properties of the N and ∆ resonances are Nγ couplings.

These couplings, the helicity amplitudes A1/2 and A3/2, have

been obtained in partial-wave analyses of single-pion photo-

production, η photoproduction, and Compton scattering. Most

photoproduction analyses have taken the existence, masses, and

widths of the resonances from the πN → πN analyses, and

have only determined the Nγ couplings. This approach is only

applicable to resonances with a significant Nπ coupling. A brief

description of the various methods of analysis of photoproduc-

tion data may be found in our 1992 edition [10].

Our Listings omit a number of analyses that are now ob-

solete. Most of the older results may be found in our 1982

edition [11]. The errors quoted for the couplings in the List-

ings are calculated in different ways in different analyses and

therefore should be used with care. In general, the systematic

differences between the analyses caused by using different pa-

rameterization schemes are probably more indicative of the true

uncertainties than are the quoted errors.

Probably the most reliable analyses, for most resonances,

are ARAI 80, CRAWFORD 80, AWAJI 81, FUJII 81, CRAW-

FORD 83, and ARNDT 96. There is an update to the Crawford

analysis [1]. The errors we give on Nγ couplings are a combi-

nation of the stated statistical errors on the analyses and the

systematic differences between them. The analyses are given

equal weight, except ARNDT 96 is weighted, rather arbitrarily,

by a factor of two because its data set is at least 50% larger than

those of the other analyses and contains many new high-quality

measurements. The ∆(1232) and N(1535) are special cases and

are discussed in the 2002 Review [12].

The Baryon Summary Table gives Nγ branching fractions

for those resonances whose couplings are considered to be

reasonably well established. The Nγ partial width Γγ is given

in terms of the helicity amplitudes A1/2 and A3/2 by

Γγ =
k2

π

2MN

(2J + 1)MR

[|A1/2|2 + |A3/2|2
]

.

Here MN and MR are the nucleon and resonance masses, J is

the resonance spin, and k is the photon c.m. decay momentum.

See our 2002 Review for some further discussion [12].

See our 2004 Review for a brief discussion of non-qqq baryon

candidates [13], and this Review for a note, “Pentaquark

Update.”
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���/���0�!!! ;� .� ��33 ��� �!�! ���4��$�5�(� �� ��� ��8/��
���>8��� ;� /"�")4" �")! �� �!1! ���?"�* �61���
�:/����� ;� /"�")4" �")! �2 �!0! ��4("�(� �� ��� ���:- 1�1� �,�

�+�" �� ��� �;	2 �!0! ��4("�(� �� ��� ���:- 1�1� �,�
����� ;� .� ��3� �;2 /! ��$%% �� ��� ����/- �.:��
/��0�� ;� .� ��3; � �! /�(�*� �� ��� �/���- �.:��
���0�  2 .� ���3 2	 �!�! ��(�� �� ��� ���01� �,�
��0�10�  2 ���/ ��'� 6! �"$+�� �� ��� ����1/� �,�

�+�" /"�")4" �")! 	 �! �"
$ ����1/� �,�
�����:�  ; .� ���� ��	 �!�! ���#"��- �!1! ���?"�*- .!�! ����")� �61���
1�.6���0  ; �� �� � 2� �!�! 1")=�
�� �� ��� �1�1- �1���
.�0110  ; �/� 3�   ; �! ."�++� �.�6��
�0�0.��   .� ��	3 	� 8!�! ����)*�- �! �"))�
$%� �10��- ����� �,�
1�.6���0   .� ���� �2	 �!�! 1")=�
��- ,! �"+#��� ����1� �,�

�+�" .� ���; 	3� ,! �"+#��� �� ��� ����1� �,�
80110�  3 .� ���� ��2 �! 8�++�� �� ��� �.�6�- ����� �,�
801/0��0  � .� �2	 ��� ,! 8�+4���� �� ��� ����1� �,�
1�.6���0  � �1 ��� ��� �!�! 1")=�
�� �� ��� �1�1- �1��� �,�

������ ���
� ��� � � �

� �
#
�
−� ����	
� ∗∗∗∗

��
� �� ��� ��
��
 ����
��	 ������ ���� ��� �� ��
���� ��	 ����
���� ������	� !��� ��� �� ����	 �� ��� ��"# �	�����$ %��
��

&�����
 ���'���'���'���' (��"#)�

��>1-?� %�����C�� �� �����>1-?� %�����C�� �� �����>1-?� %�����C�� �� �����>1-?� %�����C�� �� ���

����� ����� ������	
 �� 
��	 �����	


�'�' � �'�' �≈ �'��� $(& )��8�,�)�'�' � �'�' �≈ �'��� $(& )��8�,�)�'�' � �'�' �≈ �'��� $(& )��8�,�)�'�' � �'�' �≈ �'��� $(& )��8�,�)

�'� .#± �." ,&4+� �! +9., π� → π�1 η�

�'�! ± ! �,4<)B 3� 89., π� → π� U � ππ

�'�' ±�� *(�F$�FB "� 89., π� → π�

�'�3 ± ! %$)%<)& �3 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�'�3 ± � 9)44)& ��� +9., ����
�������

�'�" ± # �&,4, �� +9., ����
�������

�'� ±�� ,&4+� 3 89., γ� → π�

�'�' ,&4+� 3' +9., π� → � π

�'� ±�" ;,�848* 3' +9., π� → � π1 � η

�'�� <8 3# 89., γ� → π�

�'�! *&,.=$&+ "� +9., γ� → π�

�'�# ;,&;$(& �" +9., γ� → π�

�'�� ;)&)4+� �� 89., γ� → π�

�'�� � <$4:,*&) �� 89., π� → � ππ

�'�� � <$4:,*&) �' 89., π� → � ππ



������������

�����������	
� ������

������

��>1-?� %�����C�� �� C�"����>1-?� %�����C�� �� C�"����>1-?� %�����C�� �� C�"����>1-?� %�����C�� �� C�"��

����� ����� ������	
 �� 
��	 �����	


��� � ��' �≈ ��'� $(& )��8�,�)��� � ��' �≈ ��'� $(& )��8�,�)��� � ��' �≈ ��'� $(& )��8�,�)��� � ��' �≈ ��'� $(& )��8�,�)

3". ± �. ,&4+� �! +9., π� → π�1 η�

��! ± " �,4<)B 3� 89., π� → π� U � ππ

��� ±�' *(�F$�FB "� 89., π� → π�

��! ± � %$)%<)& �3 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
��� ± � 9)44)& ��� +9., ����
�������

��! ± ! �&,4, �� +9., ����
�������

�� ± ! ,&4+� 3 89., γ� → π�

�� ,&4+� 3' +9., π� → � π

�!# ±#� ;,�848* 3' +9., π� → � π1 � η

��� <8 3# 89., γ� → π�

��! *&,.=$&+ "� +9., γ� → π�

�"# ;,F)& �3 +9., π− � → 	η

�#' ;,&;$(& �" +9., γ� → π�

��' ;)&)4+� �� 89., γ� → π�

��� � <$4:,*&) �� 89., π� → � ππ

�'� � <$4:,*&) �' 89., π� → � ππ

��>1-?� #�!� #������ ��>1-?� #�!� #������ ��>1-?� #�!� #������ ��>1-?� #�!� #������ 

��! #����! #����! #����! #��
����� ����� ������	
 �� 
��	 �����	


�'�' � �'�' �≈ �'��� $(& )��8�,�)�'�' � �'�' �≈ �'��� $(& )��8�,�)�'�' � �'�' �≈ �'��� $(& )��8�,�)�'�' � �'�' �≈ �'��� $(& )��8�,�)

�'�! ,&4+� �! +9., π� → π�1 η�

�'�� # %$)%<)& 3# ,&:+ π� → π�

�'��±' *(�F$�FB "� 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�'�! �&,4, �� +9., ����
�������

�'�' ,&4+� 3' +9., π� → � π

�'�� ,&4+� 3� +9., π� → π� ��� ��3�

�'�! � �'�� ! <$4:,*&) �" 89., π� → � ππ

�'�" � �'�' � <$4:,*&) �� 89., π� → � ππ

−-×���� �& #��−-×���� �& #��−-×���� �& #��−-×���� �& #��
����� ����� ������	
 �� 
��	 �����	


��' � ��� �≈ ���� $(& )��8�,�)��' � ��� �≈ ���� $(& )��8�,�)��' � ��� �≈ ���� $(& )��8�,�)��' � ��� �≈ ���� $(& )��8�,�)

��� ,&4+� �! +9., π� → π�1 η�

��� # %$)%<)& 3# ,&:+ π� → π�

��!±�� *(�F$�FB "� 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
��� �&,4, �� +9., ����
�������

��� ,&4+� 3' +9., π� → � π

��" ,&4+� 3� +9., π� → π� ��� ��3�

�! � �#� ! <$4:,*&) �" 89., π� → � ππ

��3 � ��� � <$4:,*&) �� 89., π� → � ππ

��>1-?� �!���� #�!� ����"'���>1-?� �!���� #�!� ����"'���>1-?� �!���� #�!� ����"'���>1-?� �!���� #�!� ����"'�

��"'!'�
∣∣� ∣∣��"'!'�
∣∣� ∣∣��"'!'�
∣∣� ∣∣��"'!'�
∣∣� ∣∣

����� ����� ������	
 �� 
��	 �����	


#' ,&4+� �! +9., π� → π�1 η�

#� %$)%<)& 3# ,&:+ π� → π�

#'±� *(�F$�FB "� 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
#! ,&4+� 3' +9., π� → � π

## ,&4+� 3� +9., π� → π� ��� ��3�

#��� θ#��� θ#��� θ#��� θ
����� �◦� ������	
 �� 
��	 �����	


−  ,&4+� �! +9., π� → π�1 η�

− " %$)%<)& 3# ,&:+ π� → π�

−��±' *(�F$�FB "� 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
� ,&4+� 3' +9., π� → � π

−�� ,&4+� 3� +9., π� → π� ��� ��3�

��>1-?� "��& ��"����>1-?� "��& ��"����>1-?� "��& ��"����>1-?� "��& ��"��

��� /���
�0 ������
�0 /����
�	 ��� �� �	�
����	1 �� 2�	 � �-���0�	�

��� =����
� �R� 6R�

:� � π �.'' � �. '

:� � η ��.# ±�.!�× ��−#

:# � ππ !�?'� N

:! �π �'?�' N

:' ��>-0-�π � ��=�2� '?�� N

: ��>-0-�π � ��=�2� ��?�! N

:� � ρ �'?�' N

:" � ρ � ��>�-� ��=�2�

:3 � ρ � ��0�-� ��=�2�
:�� � ρ � ��0�-� ��=�2�
:�� � �ππ ��5�

����-� <" N

:�� �γ �.! ?�.' N

:�# �γ � .�)����4�>�- �.���?�.�#! N

:�! �γ � .�)����4�0�- �.!!?�.'# N

:�' �γ �.#�?�.'# N

:� �γ � .�)����4�>�- �.�!?�.�� N

:�� �γ � .�)����4�0�- �.�'?�.!' N

��>1-?� %� ��� � �������>1-?� %� ��� � �������>1-?� %� ��� � �������>1-?� %� ��� � �����

:
(
� π

)
�:���� :��::

(
� π

)
�:���� :��::

(
� π

)
�:���� :��::

(
� π

)
�:���� :��:

����� ������	
 �� 
��	 �����	


�.'' � �. ' $(& )��8�,�)�.'' � �. ' $(& )��8�,�)�.'' � �. ' $(& )��8�,�)�.'' � �. ' $(& )��8�,�)

�. !�±�.��' ,&4+� �! +9., π� → π�1 η�

�.'3 ±�.�# �,4<)B 3� 89., π� → π� U � ππ

�.'" ±�.�# *(�F$�FB "� 89., π� → π�

�.'! ±�.�# %$)%<)& �3 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�.' ±�.�� 9)44)& ��� +9., ����
�������

�. # ±�.�� �&,4, �� +9., ����
�������

�. � ,&4+� 3' +9., π� → � π

�.! ±�.� ;,�848* 3' +9., π� → � π1 � η

:
(
� η

)
�:���� :��::

(
� η

)
�:���� :��::

(
� η

)
�:���� :��::

(
� η

)
�:���� :��:

����� ������	
 �� 
��	 �����	


�.���#±�.���! $(& ,�)&,:)�.���#±�.���! $(& ,�)&,:)�.���#±�.���! $(& ,�)&,:)�.���#±�.���! $(& ,�)&,:)

�.���#±�.���! 9)44)& ��� +9., ����
�������

�.�� ±�.�� �&,4, �� +9., ����
�������

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�.���" � �.���� ,&4+� �' +9., ����
�������

�.���"±�.���� �8,�$& 33 +9., γ � → �η

�.��� ±�.��� ;,�848* 3' +9., π� → � π1 � η

�:�: �
����:���� ��� π → ��>1-?�→ � η �:�:��

����:�:�: �
����:���� ��� π → ��>1-?�→ � η �:�:��

����:�:�: �
����:���� ��� π → ��>1-?�→ � η �:�:��

����:�:�: �
����:���� ��� π → ��>1-?�→ � η �:�:��

����:
����� ������	
 �� 
��	 �����	


• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�.�� ;,F)& �3 +9., π− � → 	η

��.��� =)<�)��) �' +9., ��� ,> 	�� ;,F)& �3

4��O �
0�	 / ����
�0	 /�� π� → � ππ �����	�	 ���� ����0�� 
� ���
�3" ��
�
� � �0��� �
�� ��� �����72�	� ��-���
�> ��� -����� ���	�
���
0�
�� 
	 ��	�-�� �� ��	
�0 � ��0��
-� 	
0� /� ��� !�� ��� �#�
����
�0 � !���#��π�

�:�: �
����:���� ��� π → ��>1-?�→ ��>-0-�π � ��=�2� �:�:'�

����:�:�: �
����:���� ��� π → ��>1-?�→ ��>-0-�π � ��=�2� �:�:'�

����:�:�: �
����:���� ��� π → ��>1-?�→ ��>-0-�π � ��=�2� �:�:'�

����:�:�: �
����:���� ��� π → ��>1-?�→ ��>-0-�π � ��=�2� �:�:'�

����:
����� ������	
 �� 
��	 �����	


−�.� � −�.�� $(& )��8�,�)−�.� � −�.�� $(& )��8�,�)−�.� � −�.�� $(& )��8�,�)−�.� � −�.�� $(& )��8�,�)

−�.�"±�.�' �,4<)B 3� 89., π� → π� U � ππ

−�.� �,' <$4:,*&) �� 89., π� → � ππ

−�.�! � <$4:,*&) �' 89., π� → � ππ

:
(
��>-0-�π � ��=�2�

)
�:���� :'�::

(
��>-0-�π � ��=�2�

)
�:���� :'�::

(
��>-0-�π � ��=�2�

)
�:���� :'�::

(
��>-0-�π � ��=�2�

)
�:���� :'�:

����� ������	
 �� 
��	 �����	


�.�'±�.�� �&,4, �� +9., ����
�������

�:�: �
����:���� ��� π → ��>1-?�→ ��>-0-�π ���=�2� �:�: �

����:�:�: �
����:���� ��� π → ��>1-?�→ ��>-0-�π ���=�2� �:�: �

����:�:�: �
����:���� ��� π → ��>1-?�→ ��>-0-�π ���=�2� �:�: �

����:�:�: �
����:���� ��� π → ��>1-?�→ ��>-0-�π ���=�2� �:�: �

����:
����� ������	
 �� 
��	 �����	


−�.�" � −�.�! $(& )��8�,�)−�.�" � −�.�! $(& )��8�,�)−�.�" � −�.�! $(& )��8�,�)−�.�" � −�.�! $(& )��8�,�)

−�.�3±�.�# �,4<)B 3� 89., π� → π� U � ππ

−�.�� �,' <$4:,*&) �� 89., π� → � ππ

−�.#� � <$4:,*&) �' 89., π� → � ππ

:
(
��>-0-�π ���=�2�

)
�:���� : �::

(
��>-0-�π ���=�2�

)
�:���� : �::

(
��>-0-�π ���=�2�

)
�:���� : �::

(
��>-0-�π ���=�2�

)
�:���� : �:

����� ������	
 �� 
��	 �����	


�.��±�.�� �&,4, �� +9., ����
�������

�:�: �
����:���� ��� π → ��>1-?�→ � ρ � ��0�-� ��=�2� �:�:3�

����:�:�: �
����:���� ��� π → ��>1-?�→ � ρ � ��0�-� ��=�2� �:�:3�

����:�:�: �
����:���� ��� π → ��>1-?�→ � ρ � ��0�-� ��=�2� �:�:3�

����:�:�: �
����:���� ��� π → ��>1-?�→ � ρ � ��0�-� ��=�2� �:�:3�

����:
����� ������	
 �� 
��	 �����	


−�.#' � −�.#� $(& )��8�,�)−�.#' � −�.#� $(& )��8�,�)−�.#' � −�.#� $(& )��8�,�)−�.#' � −�.#� $(& )��8�,�)

−�.#'±�.�# �,4<)B 3� 89., π� → π� U � ππ

−�.#' �,' <$4:,*&) �� 89., π� → � ππ

−�.�! � <$4:,*&) �' 89., π� → � ππ

:
(
� ρ � ��0�-� ��=�2�

)
�:���� :3�::

(
� ρ � ��0�-� ��=�2�

)
�:���� :3�::

(
� ρ � ��0�-� ��=�2�

)
�:���� :3�::

(
� ρ � ��0�-� ��=�2�

)
�:���� :3�:

����� ������	
 �� 
��	 �����	


�.�3±�.�� �&,4, �� +9., ����
�������

�:�: �
����:���� ��� π → ��>1-?�→ � �ππ ��5�

����-� �:�:���
����:�:�: �

����:���� ��� π → ��>1-?�→ � �ππ ��5�
����-� �:�:���

����:�:�: �
����:���� ��� π → ��>1-?�→ � �ππ ��5�

����-� �:�:���
����:�:�: �

����:���� ��� π → ��>1-?�→ � �ππ ��5�
����-� �:�:���

����:
����� ������	
 �� 
��	 �����	


−�.�� � −�.� $(& )��8�,�)−�.�� � −�.� $(& )��8�,�)−�.�� � −�.� $(& )��8�,�)−�.�� � −�.� $(& )��8�,�)

−�.�# �,' <$4:,*&) �� 89., π� → � ππ

−�.�� � <$4:,*&) �' 89., π� → � ππ



������������

��� ��� �� ���� 	
� �����������	
� ������

�������������

:
(
� �ππ ��5�

����-�
)
�:���� :���::

(
� �ππ ��5�

����-�
)
�:���� :���::

(
� �ππ ��5�

����-�
)
�:���� :���::

(
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�0 ���� /� �-���0�	1 2�	1 �
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��>DE1� → �γ � .�)����4�0�- ��*)��	3� #/���>DE1� → �γ � .�)����4�0�- ��*)��	3� #/���>DE1� → �γ � .�)����4�0�- ��*)��	3� #/���>DE1� → �γ � .�)����4�0�- ��*)��	3� #/�
����� �6��−�/�� ������	
 �� 
��	 �����	


��.��'±�.��3 $(& )��8�,�)��.��'±�.��3 $(& )��8�,�)��.��'±�.��3 $(& )��8�,�)��.��'±�.��3 $(& )��8�,�)

�.���±�.��� ,&4+� 3 89., γ� → π�

�.��'±�.��3 *&,.=$&+ "# 89., γ� → π�

�.��!±�.��" ,.,K8 "� +9., γ� → π�

�.�#�±�.��! ,&,8 "� +9., γ� → π� �2� ��

�.��3±�.��! ,&,8 "� +9., γ� → π� �2� ��

�.��#±�.��� *&,.=$&+ "� +9., γ� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�.���±�.��� <8 3# 89., γ� → π�

��.��'±�.�� ;,&;$(& �" +9., γ� → π�
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:' � ππ "'?3' N

: �π
:� ��>-0-�π � ��=�2�
:" ��>-0-�π � ��=�2�
:3 � ρ <#' N

:�� � ρ � ��>�-� ��=�2�
:�� � ρ � ��0�-� ��=�2�
:�� � ρ � ��0�-� ��=�2�
:�# � �ππ ��5�

����-�
:�! �γ �.��?�.�' N

:�' �γ � .�)����4�>�- �.�?�.��! N

:� �γ � .�)����4�0�- �.���?�.�� N

:�� �γ �.��?�.�# N

:�" �γ � .�)����4�>�- �.�?�.�3 N

:�3 �γ � .�)����4�0�- �.��?�.�' N



������������

��� ��� �� ���� 	
� ������ �����	
� ������

������

��>E??� %� ��� � �������>E??� %� ��� � �������>E??� %� ��� � �������>E??� %� ��� � �����

:
(
� π

)
�:���� :��::

(
� π

)
�:���� :��::

(
� π

)
�:���� :��::

(
� π

)
�:���� :��:

����� ������	
 �� 
��	 �����	


�.�' � �.�' $(& )��8�,�)�.�' � �.�' $(& )��8�,�)�.�' � �.�' $(& )��8�,�)�.�' � �.�' $(& )��8�,�)

�.��±�.�� �,4<)B 3� 89., π� → π� U � ππ

�.��±�.�' *(�F$�FB "� 89., π� → π�

�.�"±�.�# %$)%<)& �3 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�.�!±�.�� �&,4, �� +9., ����
�������

�.�!±�.�' ;,�848* 3' +9., π� → � π1 � η

:
(
� η

)
�:���� :��::

(
� η

)
�:���� :��::

(
� η

)
�:���� :��::

(
� η

)
�:���� :��:

����� ������	
 �� 
��	 �����	


�.��±�.���.��±�.���.��±�.���.��±�.�� �&,4, �� +9., ����
�������

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�.��±�.� ;,�848* 3' +9., π� → � π1 � η

�:�: �
����:���� ��� π → ��>E??�→ �� �:�:#�

����:�:�: �
����:���� ��� π → ��>E??�→ �� �:�:#�

����:�:�: �
����:���� ��� π → ��>E??�→ �� �:�:#�

����:�:�: �
����:���� ��� π → ��>E??�→ �� �:�:#�

����:
����� ������	
 �� 
��	 �����	


−�.� � ��.�! $(& )��8�,�)−�.� � ��.�! $(& )��8�,�)−�.� � ��.�! $(& )��8�,�)−�.� � ��.�! $(& )��8�,�)

−�.��� ;)<< "# +9., π− � → ���

−�.��� �,G$4 "� +9., π− � → ���

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
−�.�!  ;,F)& �" +9., ��� �,G$4 "�

−�.�# ±�.��! � ;,F)& �� 89., π− � → ���

−�.�# � ;,F)& �� +9., π− � → ���

��.�� ±�.��3 +)�)48�% �!� =
���7� �
	���	
� ����

�:�: �
����:���� ��� π → ��>E??�→ � � �:�:!�

����:�:�: �
����:���� ��� π → ��>E??�→ � � �:�:!�

����:�:�: �
����:���� ��� π → ��>E??�→ � � �:�:!�

����:�:�: �
����:���� ��� π → ��>E??�→ � � �:�:!�

����:
����� ������	
 �� 
��	 �����	


• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�� 	��� <8�,4$� "� +9., π� → # �

<�.��� � +),4� �' +9., π� → # �

4��O �
0�	 / ����
�0	 /�� π� → � ππ �����	�	 ���� ����0�� 
� ���
�3" ��
�
� � �0��� �
�� ��� �����72�	� ��-���
�> ��� -����� ���	�
���
0�
�� 
	 ��	�-�� �� ��	
�0 � ��0��
-� 	
0� /� ��� !�� ��� �#�
����
�0 � !���#��π�

�:�: �
����:���� ��� π → ��>E??�→ ��>-0-�π � ��=�2� �:�:��

����:�:�: �
����:���� ��� π → ��>E??�→ ��>-0-�π � ��=�2� �:�:��

����:�:�: �
����:���� ��� π → ��>E??�→ ��>-0-�π � ��=�2� �:�:��

����:�:�: �
����:���� ��� π → ��>E??�→ ��>-0-�π � ��=�2� �:�:��

����:
����� ������	
 �� 
��	 �����	


�.�� � ±�.�" $(& )��8�,�)�.�� � ±�.�" $(& )��8�,�)�.�� � ±�.�" $(& )��8�,�)�.�� � ±�.�" $(& )��8�,�)

��.��±�.�# �,4<)B 3� 89., π� → π� U � ππ

�.�� � <$4:,*&) �� 89., π� → � ππ

−�.� # <$4:,*&) �' 89., π� → � ππ

:
(
��>-0-�π � ��=�2�

)
�:���� :��::

(
��>-0-�π � ��=�2�

)
�:���� :��::

(
��>-0-�π � ��=�2�

)
�:���� :��::

(
��>-0-�π � ��=�2�

)
�:���� :��:

����� ������	
 �� 
��	 �����	


�.��±�.�� �&,4, �� +9., ����
�������

�:�: �
����:���� ��� π → ��>E??�→ ��>-0-�π ���=�2� �:�:"�

����:�:�: �
����:���� ��� π → ��>E??�→ ��>-0-�π ���=�2� �:�:"�

����:�:�: �
����:���� ��� π → ��>E??�→ ��>-0-�π ���=�2� �:�:"�

����:�:�: �
����:���� ��� π → ��>E??�→ ��>-0-�π ���=�2� �:�:"�

����:
����� ������	
 �� 
��	 �����	


±�.�! � ±�.�� $(& )��8�,�)±�.�! � ±�.�� $(& )��8�,�)±�.�! � ±�.�� $(& )��8�,�)±�.�! � ±�.�� $(& )��8�,�)

��.��±�.�3 �,4<)B 3� 89., π� → π� U � ππ

−�.�� � <$4:,*&) �� 89., π� → � ππ

��.�! # <$4:,*&) �' 89., π� → � ππ

:
(
��>-0-�π ���=�2�

)
�:���� :"�::

(
��>-0-�π ���=�2�

)
�:���� :"�::

(
��>-0-�π ���=�2�

)
�:���� :"�::

(
��>-0-�π ���=�2�

)
�:���� :"�:

����� ������	
 �� 
��	 �����	


�.�3±�.' �&,4, �� +9., ����
�������

�:�: �
����:���� ��� π → ��>E??�→ � ρ � ��0�-� ��=�2� �:�:���

����:�:�: �
����:���� ��� π → ��>E??�→ � ρ � ��0�-� ��=�2� �:�:���

����:�:�: �
����:���� ��� π → ��>E??�→ � ρ � ��0�-� ��=�2� �:�:���

����:�:�: �
����:���� ��� π → ��>E??�→ � ρ � ��0�-� ��=�2� �:�:���

����:
����� ������	
 �� 
��	 �����	


±�.�� � ±�.�# $(& )��8�,�)±�.�� � ±�.�# $(& )��8�,�)±�.�� � ±�.�# $(& )��8�,�)±�.�� � ±�.�# $(& )��8�,�)

−�.�!±�.� �,4<)B 3� 89., π� → π� U � ππ

−�.�� � <$4:,*&) �� 89., π� → � ππ

��.�� # <$4:,*&) �' 89., π� → � ππ

:
(
� ρ � ��0�-� ��=�2�

)
�:���� :���::

(
� ρ � ��0�-� ��=�2�

)
�:���� :���::

(
� ρ � ��0�-� ��=�2�

)
�:���� :���::

(
� ρ � ��0�-� ��=�2�

)
�:���� :���:

����� ������	
 �� 
��	 �����	


�.��±�.�� �&,4, �� +9., ����
�������

�:�: �
����:���� ��� π → ��>E??�→ � �ππ ��5�

����-� �:�:�#�
����:�:�: �

����:���� ��� π → ��>E??�→ � �ππ ��5�
����-� �:�:�#�

����:�:�: �
����:���� ��� π → ��>E??�→ � �ππ ��5�

����-� �:�:�#�
����:�:�: �

����:���� ��� π → ��>E??�→ � �ππ ��5�
����-� �:�:�#�

����:
����� ������	
 �� 
��	 �����	


±�.�� � ±�.�" $(& )��8�,�)±�.�� � ±�.�" $(& )��8�,�)±�.�� � ±�.�" $(& )��8�,�)±�.�� � ±�.�" $(& )��8�,�)

��.��±�.�� �,4<)B 3� 89., π� → π� U � ππ

�.�� � <$4:,*&) �� 89., π� → � ππ

��.� # <$4:,*&) �' 89., π� → � ππ

:
(
� �ππ ��5�

����-�
)
�:���� :�#�::

(
� �ππ ��5�

����-�
)
�:���� :�#�::

(
� �ππ ��5�

����-�
)
�:���� :�#�::

(
� �ππ ��5�

����-�
)
�:���� :�#�:

����� ������	
 �� 
��	 �����	


�.��±�.�� �&,4, �� +9., ����
�������

��>E??� #���� "��& �#!��'"����>E??� #���� "��& �#!��'"����>E??� #���� "��& �#!��'"����>E??� #���� "��& �#!��'"��

��>E??� → �γ � .�)����4�>�- ��*)��	3� �/���>E??� → �γ � .�)����4�>�- ��*)��	3� �/���>E??� → �γ � .�)����4�>�- ��*)��	3� �/���>E??� → �γ � .�)����4�>�- ��*)��	3� �/�
����� �6��−�/�� ������	
 �� 
��	 �����	


−�.��"±�.��# $(& )��8�,�)−�.��"±�.��# $(& )��8�,�)−�.��"±�.��# $(& )��8�,�)−�.��"±�.��# $(& )��8�,�)

−�.�� ±�.��! *&,.=$&+ "# 89., γ� → π�

−�.���±�.��# ,.,K8 "� +9., γ� → π�

−�.��"±�.��� ,&,8 "� +9., γ� → π� �2� ��

−�.��3±�.�� ,&,8 "� +9., γ� → π� �2� ��

−�.��!±�.��3 *&,.=$&+ "� +9., γ� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
−�.�##±�.��� ;,&;$(& �" +9., γ� → π�

−�.��!±�.��' =)<<)& � +9., γ� → π�

��>E??� → �γ � .�)����4�0�- ��*)��	3� #/���>E??� → �γ � .�)����4�0�- ��*)��	3� #/���>E??� → �γ � .�)����4�0�- ��*)��	3� #/���>E??� → �γ � .�)����4�0�- ��*)��	3� #/�
����� �6��−�/�� ������	
 �� 
��	 �����	


−�.���±�.��! $(& )��8�,�)−�.���±�.��! $(& )��8�,�)−�.���±�.��! $(& )��8�,�)−�.���±�.��! $(& )��8�,�)

−�.��3±�.��� *&,.=$&+ "# 89., γ� → π�

�.��3±�.��! ,.,K8 "� +9., γ� → π�

−�.���±�.��' ,&,8 "� +9., γ� → π� �2� ��

�.��!±�.��' ,&,8 "� +9., γ� → π� �2� ��

−�.���±�.��! *&,.=$&+ "� +9., γ� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
−�.��!±�.��' ;,&;$(& �" +9., γ� → π�

�.� ±�.��! =)<<)& � +9., γ� → π�

��>E??� → �γ � .�)����4�>�- ��*)��	3� �/���>E??� → �γ � .�)����4�>�- ��*)��	3� �/���>E??� → �γ � .�)����4�>�- ��*)��	3� �/���>E??� → �γ � .�)����4�>�- ��*)��	3� �/�
����� �6��−�/�� ������	
 �� 
��	 �����	


�.���±�.�'� $(& )��8�,�)�.���±�.�'� $(& )��8�,�)�.���±�.�'� $(& )��8�,�)�.���±�.�'� $(& )��8�,�)

�.�� ±�.��! ,.,K8 "� +9., γ� → π�

−�.���±�.��# =(K88 "� +9., γ� → π�

−�.�'�±�.�#� ,&,8 "� +9., γ� → π� �2� ��

−�.�''±�.�#� ,&,8 "� +9., γ� → π� �2� ��

�.�'�±�.�#' *&,.=$&+ "� +9., γ� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
��.�'�±�.�!� ;,&;$(& �" +9., γ� → π�

��>E??� → �γ � .�)����4�0�- ��*)��	3� #/���>E??� → �γ � .�)����4�0�- ��*)��	3� #/���>E??� → �γ � .�)����4�0�- ��*)��	3� #/���>E??� → �γ � .�)����4�0�- ��*)��	3� #/�
����� �6��−�/�� ������	
 �� 
��	 �����	


−�.��#±�.�!! $(& )��8�,�)−�.��#±�.�!! $(& )��8�,�)−�.��#±�.�!! $(& )��8�,�)−�.��#±�.�!! $(& )��8�,�)

−�.�##±�.��� ,.,K8 "� +9., γ� → π�

�.��"±�.��" =(K88 "� +9., γ� → π�

−�.�#�±�.�# ,&,8 "� +9., γ� → π� �2� ��

−�.�#'±�.��! ,&,8 "� +9., γ� → π� �2� ��

�.�!�±�.�#� *&,.=$&+ "� +9., γ� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
��.�#'±�.�#� ;,&;$(& �" +9., γ� → π�

��>E??� γ � → ��� �#!��'"����>E??� γ � → ��� �#!��'"����>E??� γ � → ��� �#!��'"����>E??� γ � → ��� �#!��'"��

�:�: �
����:���� �� �γ → ��>E??� → ��� ���− ��*)��	3���:�: �
����:���� �� �γ → ��>E??� → ��� ���− ��*)��	3���:�: �
����:���� �� �γ → ��>E??� → ��� ���− ��*)��	3���:�: �
����:���� �� �γ → ��>E??� → ��� ���− ��*)��	3��

����� ��)%4� ��−	� ������	
 �� 
��	

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
!.�3 �,4,;) "3 +9.,

�:�: �
����:���� �� �γ → ��>E??� → ��� ���− ��*)��	3���:�: �
����:���� �� �γ → ��>E??� → ��� ���− ��*)��	3���:�: �
����:���� �� �γ → ��>E??� → ��� ���− ��*)��	3���:�: �
����:���� �� �γ → ��>E??� → ��� ���− ��*)��	3��

����� ��)%4� ��−	� ������	
 �� 
��	

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
−�.�3 �,4,;) "3 +9.,

�γ → ��>E??� → ��� *.�
� ��5)� θ ���− ��*)��	3���γ → ��>E??� → ��� *.�
� ��5)� θ ���− ��*)��	3���γ → ��>E??� → ��� *.�
� ��5)� θ ���− ��*)��	3���γ → ��>E??� → ��� *.�
� ��5)� θ ���− ��*)��	3��
����� �*�=����� ������	
 �� 
��	

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
−#'.3 �,4,;) "3 +9.,

��>E??� (��� ������>E??� (��� ������>E??� (��� ������>E??� (��� ����
���� �� ;,F)& �� ����
�	 ��� /�� �� 89., �	
�0 ��� ;�������7H�� ����� ��� /��
� ��-���
��� ����0�7��������� �����	
	�

� <$4:,*&) �� ��� �	
�
�	 ��� /�� � 	����� /� ���	 
� ��� ��
���
H�� �7����
�> ���
2�	� �	����� -���� �	�	1 
� ���
�
� � π� → � ππ ����1 ���	�
� ����
����	 /�� �
������ �*)&4� ����
��7��-� �����	
	� ��� ���� <$4:,*&) �� -����	 ��� /�� �������
2�	 �
�� ;��
�7.
0��� �
����	 � ��� �7����
� ����
����	�

# =�� ����� 88 / <$4:,*&) �'O ������� 2�	 �
�� ;��
�7.
0��� �
����	 � ��� �7����
�
����
����	�

! ��� %$)%<)& 3# /� � ����
��� �
	��		
� / ��� �-
����� /� ��� ��� ��� ���������	
/ � ��� ! ��	�����	 �	 ������
��� /�� ,�0��� �
�0���	 / π� ���	�
� ����
��7��-�
����
����	 ��� /�� ���	 / ��� 	����	 �
�� ��
�� ��� ����
����	 ���-��	� ��� �
�0���	�

' <$4:,*&) �" -����	 ��� /�� � 	����� /� ���	 
� ��� ��
���
H�� �7����
�� ��� 2�	�
�	����� -���� �	�	1 
� ���
�
� � π� → � ππ ����1 ���	�
� ����
����	 /�� � ������
�*)&4� ����
��7��-� �����	
	�

 ��� -����� ���	� / ;,F)& �" ����
�0	 ��	 ���� ����0�� � �0��� �
�� ���-
�	
��-���
�	�

���� ���0� 0
-�� 
	 /�� ��� /�� ��	� 	���
�	�



��	��	��	��	

�����������	
� ������

�������������

��>E??� ��(��� �����>E??� ��(��� �����>E??� ��(��� �����>E??� ��(��� ���

=� ����� ��/������	1 	�� 9��	
�	 <�����	 ���;���;���;���; �� ��3"���

���.� �� ���1 	�; �;� /!�! ���)�- �!�! ��4��)-- /!'�!�! 1�� ���//B�
��/�.�� 2� �� ��� �	�� �! ��4%)%
 �� ��� �����- :�1��

�+�" �� �� ���� �����4��� �! ��4%)%
 �� ���
��0�10� 2	 π	 .�?�+�44�� 2 � 6! �"$+�� ����1�
��.10� 2� �� ��� ���� �!�! ��)+��- 0!�! ��+��(% ��0./� �,�

�+�" �� �	� 2�� �!�! ��)+�� �� ��� �����
��.�/ 2� �� ��	 ��	� �!�! ��)*4 �� ��� ����- /010� �,�
/�.��0 ;2 �� �	2  �� �! /�)�#�- �! �"$)"- �! ��))$"+* ���.7�

�+�" .� ���� �2	 �! �"$)"- �! /�)�#�- �! ��))$"+* ���.7�
�011 ;	 .� ���� 	;2 �!>! ��++ �� ��� ��1� �,�
���>8��� ;	 .� ���� � �!1! ���?"�*- >!/! �"�4") �61���
��6 ;� �1 ���� �! �""� �� ��� ��01�- ��/- �0�.�
�>�,� ;� �")) �")! 	�� .! �?�C%- �! ��C%(�?� �.�6��

�+�" .� ��2 	3� �! 8�C%% �� ��� �.�6��
8:,�� ;� .� ��; �	 �! 8�C%% �� ��� �.�6�- �����
���� ;� /"�")4" �")! 2	 �! ���% ��.:��

�+�" .� ��2� ��� �! ���%- �! 8�C%% ��.:��
���>8��� ;� /"�")4" �")! �� �!1! ���?"�* �61���
�:/����� ;� /"�")4" �")! �2 �!0! ��4("�(� �� ��� ���:- 1�1� �,�

�+�" �� ��� �;	2 �!0! ��4("�(� �� ��� ���:- 1�1� �,�
1���.�� ;� /"�")4" �")! 	� �! 1%5�)"� �� ��� ����1� �,�
��9�. ;� .� ��3� ��� �!�! ��D") �� ��� ���01- ����� �,�
��0�10�  2 ���/ ��'� 6! �"$+�� �� ��� ����1/� �,�

�+�" /"�")4" �")! 	 �! �"
$ ����1/� �,�
���0�  ; .� ���� �2 �!�! ��(�� �� ��� ��1- ���0� �,�
�����:�  ; .� ���� ��	 �!�! ���#"��- �!1! ���?"�*- .!�! ����")� �61���
1�.6���0  ; �� �� � 2� �!�! 1")=�
�� �� ��� �1�1- �1���
���0�   .� ���3 	3� �!�! ��(�� �� ��� ���01� �,�
1�.6���0   .� ���� �2	 �!�! 1")=�
��- ,! �"+#��� ����1� �,�

�+�" .� ���; 	3� ,! �"+#��� �� ��� ����1� �,�
80110�  3 .� ���� ��2 �! 8�++�� �� ��� �.�6�- ����� �,�
�0�.�  � .� �23 2� �!�! ���)� �� ��� ��81�- �1��� �,�
1�.6���0  � �1 ��� ��� �!�! 1")=�
�� �� ��� �1�1- �1��� �,�
�0�0.���  �� .� �;� 		� �!�!0! ��5�)%�$- �!�! 8�"==�44- �!�! ���4%) ��0��B�

������ ���
� ��� � � �

� �
�
�
�� ����	
� ∗∗∗

��
� �� ��� ��
��
 ����
��	 ������ ���� ��� �� ��
���� ��	 ����
���� ������	� !��� ��� �� ����	 �� ��� ��"# �	�����$ %��
��

&�����
 ���'���'���'���' (��"#)�

!�� ������
 ������� ��� ����
�
 	� ��� ����� ����  ��

��>E>?� %�����C�� �� �����>E>?� %�����C�� �� �����>E>?� %�����C�� �� �����>E>?� %�����C�� �� ���

����� ����� ������	
 �� 
��	 �����	


� "� � ��!� �≈ ����� $(& )��8�,�)� "� � ��!� �≈ ����� $(& )��8�,�)� "� � ��!� �≈ ����� $(& )��8�,�)� "� � ��!� �≈ ����� $(& )��8�,�)

����±�" �,4<)B 3� 89., π� → π� U � ππ

����±'� *(�F$�FB "� 89., π� → π�

���#± 3 %$)%<)& �3 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
��'�± # 9)44)& ��� +9., ����
�������

� 33± ' �&,4, �� +9., ����
�������

����±�� ,&4+� 3 89., γ� → π�

��  ±#! � ;,�848* 3' +9., π� → � π1 � η

��� *(�F$�FB 3� 89., π� → π�

� 3� *&,.=$&+ "� +9., γ� → π�

��#� �,G$4 "� +9., π− � → ���

� 3� ;,F)& �3 +9., π− � → 	η

� '� � � "� ;,F)& �" +9., π− � → ���

���� ;,&;$(& �" +9., γ� → π�

� �'±�� � ;,F)& �� 89., π− � → ���

� '� � ;,F)& �� +9., π− � → ���

���� # <$4:,*&) �� 89., π� → � ππ

� �� F4,�)< �' +9., π− � → ���

���� ! <$4:,*&) �' 89., π� → � ππ

��>E>?� %�����C�� �� C�"����>E>?� %�����C�� �� C�"����>E>?� %�����C�� �� C�"����>E>?� %�����C�� �� C�"��

����� ����� ������	
 �� 
��	 �����	


'� � �'� �≈ ���� $(& )��8�,�)'� � �'� �≈ ���� $(& )��8�,�)'� � �'� �≈ ���� $(& )��8�,�)'� � �'� �≈ ���� $(& )��8�,�)

!"�±�#� �,4<)B 3� 89., π� → π� U � ππ

3#± #� *(�F$�FB 3� 89., π� → π�

3�± #� *(�F$�FB "� 89., π� → π�

���± �' %$)%<)& �3 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
#" ± '3 9)44)& ��� +9., ����
�������

�!#±��� �&,4, �� +9., ����
�������

��'± �� ,&4+� 3 89., γ� → π�

�"'±  � ;,�848* 3' +9., π� → � π1 � η

'!� ;)<< "# +9., π− � → ���

��� *&,.=$&+ "� +9., γ� → π�

''� �,G$4 "� +9., π− � → ���

3� ;,F)& �3 +9., π− � → 	η

3� � �'� ;,F)& �" +9., π− � → ���

� � ;,&;$(& �" +9., γ� → π�

� �±  � ;,F)& �� 89., π− � → ���

3' � ;,F)& �� +9., π− � → ���

��� # <$4:,*&) �� 89., π� → � ππ

��! F4,�)< �' +9., π− � → ���

�' ! <$4:,*&) �' 89., π� → � ππ

��>E>?� #�!� #������ ��>E>?� #�!� #������ ��>E>?� #�!� #������ ��>E>?� #�!� #������ 

��! #����! #����! #����! #��
����� ����� ������	
 �� 
��	 �����	


� �� � ���� �≈ ����� $(& )��8�,�)� �� � ���� �≈ ����� $(& )��8�,�)� �� � ���� �≈ ����� $(& )��8�,�)� �� � ���� �≈ ����� $(& )��8�,�)

� 3� ' %$)%<)& 3# �9)+ π� → π�

� 3" *(�F$�FB 3� 89., π� → π�

� 3�±�� *(�F$�FB "� 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
� �3 �&,4, �� +9., ����
�������

���� ,&4+� 3' +9., π� → � π

� # ,&4+� 3� +9., π� → π� ��� ��3�

���" � ����  <$4:,*&) �" 89., π� → � ππ

���� � ���� # <$4:,*&) �� 89., π� → � ππ

−-×���� �& #��−-×���� �& #��−-×���� �& #��−-×���� �& #��
����� ����� ������	
 �� 
��	 �����	


"� � #"� �≈ �#�� $(& )��8�,�)"� � #"� �≈ �#�� $(& )��8�,�)"� � #"� �≈ �#�� $(& )��8�,�)"� � #"� �≈ �#�� $(& )��8�,�)

��� ' %$)%<)& 3# �9)+ π� → π�

"" *(�F$�FB 3� 89., π� → π�

"�±�� *(�F$�FB "� 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�#� �&,4, �� +9., ����
�������

#�" ,&4+� 3' +9., π� → � π

'!! ,&4+� 3� +9., π� → π� ��� ��3�

�� � ��  <$4:,*&) �" 89., π� → � ππ

��# � ��' # <$4:,*&) �� 89., π� → � ππ

��>E>?� �!���� #�!� ����"'���>E>?� �!���� #�!� ����"'���>E>?� �!���� #�!� ����"'���>E>?� �!���� #�!� ����"'�

��"'!'�
∣∣� ∣∣��"'!'�
∣∣� ∣∣��"'!'�
∣∣� ∣∣��"'!'�
∣∣� ∣∣

����� ����� ������	
 �� 
��	 �����	


�' %$)%<)& 3# �9)+ π� → π�

3 *(�F$�FB 3� 89., π� → π�

"±� *(�F$�FB "� 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
#� ,&4+� 3' +9., π� → � π

�!3 ,&4+� 3� +9., π� → π� ��� ��3�

#��� θ#��� θ#��� θ#��� θ
����� �◦� ������	
 �� 
��	 �����	


−� � *(�F$�FB 3� 89., π� → π�

��'±#' *(�F$�FB "� 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
−� � ,&4+� 3' +9., π� → � π

�!3 ,&4+� 3� +9., π� → π� ��� ��3�

��>E>?� "��& ��"����>E>?� "��& ��"����>E>?� "��& ��"����>E>?� "��& ��"��

��� /���
�0 ������
�0 /����
�	 ��� �� �	�
����	1 �� 2�	 � �-���0�	�

��� =����
� �R� 6R�

:� � π ��?�� N

:� � η �  .�±�.�� N

:# �ω ��#.�±�.�� N

:! �� '?�' N

:' � �

: � ππ !�?3� N

:� �π �'?!� N

:" ��>-0-�π � ��=�2�
:3 � ρ '?�' N

:�� � ρ � ��>�-� ��=�2�
:�� � ρ � ��0�-� ��=�2�
:�� � �ππ ��5�

����-� ��?!� N

:�# �γ �.���?�.�'N

:�! �γ � .�)����4�>�- �.���?�.�'N

:�' �γ �.�?�.��N

:� �γ � .�)����4�>�- �.�?�.��N

��>E>?� %� ��� � �������>E>?� %� ��� � �������>E>?� %� ��� � �������>E>?� %� ��� � �����

:
(
� π

)
�:���� :��::

(
� π

)
�:���� :��::

(
� π

)
�:���� :��::

(
� π

)
�:���� :��:

����� ������	
 �� 
��	 �����	


�.�� � �.�� $(& )��8�,�)�.�� � �.�� $(& )��8�,�)�.�� � �.�� $(& )��8�,�)�.�� � �.�� $(& )��8�,�)

�.�3±�.�! �,4<)B 3� 89., π� → π� U � ππ

�.��±�.�! *(�F$�FB "� 89., π� → π�

�.��±�.�! %$)%<)& �3 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�.�!±�.�" 9)44)& ��� +9., ����
�������

�.��±�.�# �&,4, �� +9., ����
�������

�.�"±�.�! ;,�848* 3' +9., π� → � π1 � η



������������

��� ��� �� ���� 	
� ������ �����	
� ������

������

:
(
� η

)
�:���� :��::

(
� η

)
�:���� :��::

(
� η

)
�:���� :��::

(
� η

)
�:���� :��:

����� ������	
 �� 
��	 �����	


�.� �±�.��� $(& ,�)&,:)�.� �±�.��� $(& ,�)&,:)�.� �±�.��� $(& ,�)&,:)�.� �±�.��� $(& ,�)&,:)

�.# ±�.�� 9)44)& ��� +9., ����
�������

�.� ±�.�� �&,4, �� +9., ����
�������

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�.� ±�.�� ;,�848* 3' +9., π� → � π1 � η

�:�: �
����:���� ��� π → ��>E>?�→ � η �:�:��

����:�:�: �
����:���� ��� π → ��>E>?�→ � η �:�:��

����:�:�: �
����:���� ��� π → ��>E>?�→ � η �:�:��

����:�:�: �
����:���� ��� π → ��>E>?�→ � η �:�:��

����:
����� ������	
 �� 
��	 �����	


• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�.�� ;,F)& �3 +9., π− � → 	η

��.#"# =)<�)��) �' +9., ��� ,> 	�� ;,F)& �3

:
(
�ω

)
�:���� :#�::

(
�ω

)
�:���� :#�::

(
�ω

)
�:���� :#�::

(
�ω

)
�:���� :#�:

����� ������	
 �� 
��	 �����	


�.�#±�.���.�#±�.���.�#±�.���.�#±�.�� 9)44)& ��� +9., ����
�������

�:�: �
����:���� ��� π → ��>E>?�→ �� �:�:!�

����:�:�: �
����:���� ��� π → ��>E>?�→ �� �:�:!�

����:�:�: �
����:���� ��� π → ��>E>?�→ �� �:�:!�

����:�:�: �
����:���� ��� π → ��>E>?�→ �� �:�:!�

����:
����� ������	
 �� 
��	 �����	


��.�� � ��.�" $(& )��8�,�)��.�� � ��.�" $(& )��8�,�)��.�� � ��.�" $(& )��8�,�)��.�� � ��.�" $(& )��8�,�)

��.� ;)<< "# +9., π− � → ���

��.�! �,G$4 "� +9., π− � → ���

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
−�.�� � ;,F)& �" +9., ��� �,G$4 "�

−�.�'±�.�# � ;,F)& �� 89., π− � → ���

−�.�� � ;,F)& �� +9., π− � → ���

�.�� F4,�)< �' +9., π− � → ���

:
(
��

)
�:���� :!�::

(
��

)
�:���� :!�::

(
��

)
�:���� :!�::

(
��

)
�:���� :!�:

����� ������	
 �� 
��	 �����	


�.�'±�.�# �%F<B,& �' +9., ����
�������

�.�'±�.�� 9)44)& ��� +9., ����
�������

�.� ±�.� �&,4, �� +9., ����
�������

:
(
� �

)
�:���� :'�::

(
� �

)
�:���� :'�::

(
� �

)
�:���� :'�::

(
� �

)
�:���� :'�:

����� ������	
 �� 
��	 �����	


• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�.��±�.�� 9)44)& ��� +9., ����
�������

�:�: �
����:���� ��� π → ��>E>?�→ � � �:�:'�

����:�:�: �
����:���� ��� π → ��>E>?�→ � � �:�:'�

����:�:�: �
����:���� ��� π → ��>E>?�→ � � �:�:'�

����:�:�: �
����:���� ��� π → ��>E>?�→ � � �:�:'�

����:
����� ������	
 �� 
��	 �����	


• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
−�.�#! <8�,4$� "� +9., π� → # �

�.��' � �.��# " +),4� �' +9., π� → # �

4��O �
0�	 / ����
�0	 /�� π� → � ππ �����	�	 ���� ����0�� 
� ���
�3" ��
�
� � �0��� �
�� ��� �����72�	� ��-���
�> ��� -����� ���	�
���
0�
�� 
	 ��	�-�� �� ��	
�0 � ��0��
-� 	
0� /� ��� !�� ��� �#�
����
�0 � !���#��π�

�:�: �
����:���� ��� π → ��>E>?�→ ��>-0-�π � ��=�2� �:�:"�

����:�:�: �
����:���� ��� π → ��>E>?�→ ��>-0-�π � ��=�2� �:�:"�

����:�:�: �
����:���� ��� π → ��>E>?�→ ��>-0-�π � ��=�2� �:�:"�

����:�:�: �
����:���� ��� π → ��>E>?�→ ��>-0-�π � ��=�2� �:�:"�

����:
����� ������	
 �� 
��	 �����	


±�.� � ±�.�� $(& )��8�,�)±�.� � ±�.�� $(& )��8�,�)±�.� � ±�.�� $(& )��8�,�)±�.� � ±�.�� $(& )��8�,�)

−�.��±�.�! �,4<)B 3� 89., π� → π� U � ππ

−�.�� # <$4:,*&) �� 89., π� → � ππ

��.�� ! <$4:,*&) �' 89., π� → � ππ

:
(
��>-0-�π � ��=�2�

)
�:���� :"�::

(
��>-0-�π � ��=�2�

)
�:���� :"�::

(
��>-0-�π � ��=�2�

)
�:���� :"�::

(
��>-0-�π � ��=�2�

)
�:���� :"�:

����� ������	
 �� 
��	 �����	


�.#3±�.�" �&,4, �� +9., ����
�������

�:�: �
����:���� ��� π → ��>E>?�→ � ρ � ��>�-���=�2� �:�:���

����:�:�: �
����:���� ��� π → ��>E>?�→ � ρ � ��>�-���=�2� �:�:���

����:�:�: �
����:���� ��� π → ��>E>?�→ � ρ � ��>�-���=�2� �:�:���

����:�:�: �
����:���� ��� π → ��>E>?�→ � ρ � ��>�-���=�2� �:�:���

����:
����� ������	
 �� 
��	 �����	


±�.�3 � ±�.�3 $(& )��8�,�)±�.�3 � ±�.�3 $(& )��8�,�)±�.�3 � ±�.�3 $(& )��8�,�)±�.�3 � ±�.�3 $(& )��8�,�)

��.�'±�.� �,4<)B 3� 89., π� → π� U � ππ

��.�3 # <$4:,*&) �� 89., π� → � ππ

−�.�� ! <$4:,*&) �' 89., π� → � ππ

:
(
� ρ � ��>�-���=�2�

)
�:���� :���::

(
� ρ � ��>�-���=�2�

)
�:���� :���::

(
� ρ � ��>�-���=�2�

)
�:���� :���::

(
� ρ � ��>�-���=�2�

)
�:���� :���:

����� ������	
 �� 
��	 �����	


�.��±�.�� �&,4, �� +9., ����
�������

�:�: �
����:���� ��� π → ��>E>?�→ � ρ � ��0�-���=�2� �:�:���

����:�:�: �
����:���� ��� π → ��>E>?�→ � ρ � ��0�-���=�2� �:�:���

����:�:�: �
����:���� ��� π → ��>E>?�→ � ρ � ��0�-���=�2� �:�:���

����:�:�: �
����:���� ��� π → ��>E>?�→ � ρ � ��0�-���=�2� �:�:���

����:
����� ������	
 �� 
��	 �����	


��.#� # <$4:,*&) �� 89., π� → � ππ

�:�: �
����:���� ��� π → ��>E>?�→ � �ππ ��5�

����-� �:�:���
����:�:�: �

����:���� ��� π → ��>E>?�→ � �ππ ��5�
����-� �:�:���

����:�:�: �
����:���� ��� π → ��>E>?�→ � �ππ ��5�

����-� �:�:���
����:�:�: �

����:���� ��� π → ��>E>?�→ � �ππ ��5�
����-� �:�:���

����:
����� ������	
 �� 
��	 �����	


±�.�! � ±�.�� $(& )��8�,�)±�.�! � ±�.�� $(& )��8�,�)±�.�! � ±�.�� $(& )��8�,�)±�.�! � ±�.�� $(& )��8�,�)

��.�!±�.�' �,4<)B 3� 89., π� → π� U � ππ

−�.� # <$4:,*&) �� 89., π� → � ππ

−�.�" ! <$4:,*&) �' 89., π� → � ππ

:
(
� �ππ ��5�

����-�
)
�:���� :���::

(
� �ππ ��5�

����-�
)
�:���� :���::

(
� �ππ ��5�

����-�
)
�:���� :���::

(
� �ππ ��5�

����-�
)
�:���� :���:

����� ������	
 �� 
��	 �����	


�.��±�.�� �&,4, �� +9., ����
�������

��>E>?� #���� "��& �#!��'"����>E>?� #���� "��& �#!��'"����>E>?� #���� "��& �#!��'"����>E>?� #���� "��& �#!��'"��

��>E>?� → �γ � .�)����4�>�- ��*)��	3� �/���>E>?� → �γ � .�)����4�>�- ��*)��	3� �/���>E>?� → �γ � .�)����4�>�- ��*)��	3� �/���>E>?� → �γ � .�)����4�>�- ��*)��	3� �/�
����� �6��−�/�� ������	
 �� 
��	 �����	


��.��3±�.��� $(& )��8�,�)��.��3±�.��� $(& )��8�,�)��.��3±�.��� $(& )��8�,�)��.��3±�.��� $(& )��8�,�)

�.���±�.��' ,&4+� 3 89., γ� → π�

�.�� ±�.��" *&,.=$&+ "# 89., γ� → π�

�.��"±�.��3 ,.,K8 "� +9., γ� → π�

−�.��3±�.�� ,&,8 "� +9., γ� → π� �2� ��

−�.���±�.��' ,&,8 "� +9., γ� → π� �2� ��

�.��'±�.��' *&,.=$&+ "� +9., γ� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�.�!! 9)44)& ��� +9., ����
�������

−�.�#�±�.��� <8 3# 89., γ� → π�

��.���±�.�#3 ;,&;$(& �" +9., γ� → π�

��.�'#±�.��3 =)<<)& � +9., γ� → π�

��>E>?� → �γ � .�)����4�>�- ��*)��	3� �/���>E>?� → �γ � .�)����4�>�- ��*)��	3� �/���>E>?� → �γ � .�)����4�>�- ��*)��	3� �/���>E>?� → �γ � .�)����4�>�- ��*)��	3� �/�
����� �6��−�/�� ������	
 �� 
��	 �����	


−�.���±�.��! $(& )��8�,�)−�.���±�.��! $(& )��8�,�)−�.���±�.��! $(& )��8�,�)−�.���±�.��! $(& )��8�,�)

−�.���±�.��' ,&4+� 3 89., γ� → π�

�.���±�.��" ,.,K8 "� +9., γ� → π�

−�.���±�.��# =(K88 "� +9., γ� → π�

�.��'±�.��# ,&,8 "� +9., γ� → π� �2� ��

�.���±�.��� ,&,8 "� +9., γ� → π� �2� ��

−�.���±�.��� *&,.=$&+ "� +9., γ� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
−�.��! 9)44)& ��� +9., ����
�������

�.�'�±�.��# <8 3# 89., γ� → π�

−�.��"±�.�!' ;,&;$(& �" +9., γ� → π�

��>E>?� γ � → ��� �#!��'"����>E>?� γ � → ��� �#!��'"����>E>?� γ � → ��� �#!��'"����>E>?� γ � → ��� �#!��'"��

�:�: �
����:���� �� �γ → ��>E>?� → ��� ���− ��*)��	3���:�: �
����:���� �� �γ → ��>E>?� → ��� ���− ��*)��	3���:�: �
����:���� �� �γ → ��>E>?� → ��� ���− ��*)��	3���:�: �
����:���� �� �γ → ��>E>?� → ��� ���− ��*)��	3��

����� ��)%4� ��−	� ������	
 �� 
��	

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
−��. ±�.! .$&F�,4 3� +9.,

− �.�� �,4,;) "3 +9.,

�γ → ��>E>?� → ��� *.�
� ��5)� θ ���− ��*)��	3���γ → ��>E>?� → ��� *.�
� ��5)� θ ���− ��*)��	3���γ → ��>E>?� → ��� *.�
� ��5)� θ ���− ��*)��	3���γ → ��>E>?� → ��� *.�
� ��5)� θ ���− ��*)��	3��
����� �*�=����� ������	
 �� 
��	

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
��' ±# .$&F�,4 3� +9.,

�� .# �,4,;) "3 +9.,

��>E>?� (��� ������>E>?� (��� ������>E>?� (��� ������>E>?� (��� ����
�;,�848* 3' 2��	 � 	���� 	���� �
�� �  ��� ��		 �
E�������
���� �� ;,F)& �� ����
�	 ��� /�� �� 89., �	
�0 ��� ;�������7H�� ����� ��� /��
� ��-���
��� ����0�7��������� �����	
	�

# <$4:,*&) �� ��� �	
�
�	 ��� /�� � 	����� /� ���	 
� ��� ��
���
H�� �7����
�> ���
2�	� �	����� -���� �	�	1 
� ���
�
� � π� → � ππ ����1 ���	�
� ����
����	 /�� �
������ �*)&4� ����
��7��-� �����	
	� ��� ���� <$4:,*&) �� -����	 ��� /�� �������
2�	 �
�� ;��
�7.
0��� �
����	 � ��� �7����
� ����
����	�

! =�� ����� 88 / <$4:,*&) �'O ������� 2�	 �
�� ;��
�7.
0��� �
����	 � ��� �7����
�
����
����	�

' ��� %$)%<)& 3# /� � ����
��� �
	��		
� / ��� �-
����� /� ��� ��� ��� ���������	
/ � ��� ! ��	�����	 �	 ������
��� /�� ,�0��� �
�0���	 / π� ���	�
� ����
��7��-�
����
����	 ��� /�� ���	 / ��� 	����	 �
�� ��
�� ��� ����
����	 ���-��	� ��� �
�0���	�

 <$4:,*&) �" -����	 ��� /�� � 	����� /� ���	 
� ��� ��
���
H�� �7����
�� ��� 2�	�
�	����� -���� �	�	1 
� ���
�
� � π� → � ππ ����1 ���	�
� ����
����	 /�� � ������
�*)&4� ����
��7��-� �����	
	�

���� -����� ���	� / ;,F)& �" ����
�0	 ��	 ���� ����0�� � �0��� �
�� ���-
�	
��-���
�	�

"��� ���0� 0
-�� /� +),4� �' 
	 /�� ��� /�� ��	� 	���
�	�

��>E>?� ��(��� �����>E>?� ��(��� �����>E>?� ��(��� �����>E>?� ��(��� ���

=� ����� ��/������	1 	�� 9��	
�	 <�����	 ���;���;���;���; �� ��3"���

���1��� �� �� � � ������ �! �$(+���- �! 1�)�(�- :! �"��+ �6�0��
�0..0� ��� �� �33 ������ 6! ��))��- :! �"��+ �6�0��
�0..0� ��� �� �33 ������ 6! ��))��- :! �"��+ �6�0��
���.� �� ���1 	�; �;� /!�! ���)�- �!�! ��4��)-- /!'�!�! 1�� ���//B�
��.�/ 23 �� ��	 �	� �!�! ��)*4- �!�! �4��("5�(�- �!1! >"�(��) �����
��.�/ 2� �� ��� ���� �!�! ��)*4 �� ��� ����- �����
��/�.�� 2� �� ��� �	�� �! ��4%)%
 �� ��� �����- :�1��

�+�" �� �� ���� �����4��� �! ��4%)%
 �� ���
��0�10� 2	 π	 .�?�+�44�� 2 � 6! �"$+�� ����1�
1� 2	 �� �� � �2 7!,! 1% �� ��� �����
��.10� 2� �� ��� ���� �!�! ��)+��- 0!�! ��+��(% ��0./� �,�

�+�" �� �	� 2�� �!�! ��)+�� �� ��� �����
��.�/ 2� �� ��	 ��	� �!�! ��)*4 �� ��� ����- /010� �,�
�:/����� 2� �� ��� �	� �!0! ��4("�(�- �! >�)= ���:�
>�����. 2� �� ���  ;� �!1! >"�(��) �����
/�.��0 ;2 �� �	2  �� �! /�)�#�- �! �"$)"- �! ��))$"+* ���.7�

�+�" .� ���� �2	 �! �"$)"- �! /�)�#�- �! ��))$"+* ���.7�
�011 ;	 .� ���� 	;2 �!>! ��++ �� ��� ��1� �,�



������������

�����������	
� ������

�������������

���>8��� ;	 .� ���� � �!1! ���?"�*- >!/! �"�4") �61���
��6 ;� �1 ���� �! �""� �� ��� ��01�- ��/- �0�.�
�>�,� ;� �")) �")! 	�� .! �?�C%- �! ��C%(�?� �.�6��

�+�" .� ��2 	3� �! 8�C%% �� ��� �.�6��
8:,�� ;� .� ��; �	 �! 8�C%% �� ��� �.�6�- �����
���� ;� /"�")4" �")! 2	 �! ���% ��.:��

�+�" .� ��2� ��� �! ���%- �! 8�C%% ��.:��
���>8��� ;� /"�")4" �")! �� �!1! ���?"�* �61���
�:/����� ;� /"�")4" �")! �2 �!0! ��4("�(� �� ��� ���:- 1�1� �,�

�+�" �� ��� �;	2 �!0! ��4("�(� �� ��� ���:- 1�1� �,�
1���.�� ;� /"�")4" �")! 	� �! 1%5�)"� �� ��� ����1� �,�
��9�. ;� .� ��3� ��� �!�! ��D") �� ��� ���01- ����� �,�
���0�  2 .� ���3 2	 �!�! ��(�� �� ��� ���01� �,�
��0�10�  2 ���/ ��'� 6! �"$+�� �� ��� ����1/� �,�

�+�" /"�")4" �")! 	 �! �"
$ ����1/� �,�
���0�  ; .� ���� �2 �!�! ��(�� �� ��� ��1- ���0� �,�
�����:�  ; .� ���� ��	 �!�! ���#"��- �!1! ���?"�*- .!�! ����")� �61���
1�.6���0  ; �� �� � 2� �!�! 1")=�
�� �� ��� �1�1- �1���
���0�   .� ���3 	3� �!�! ��(�� �� ��� ���01� �,�
1�.6���0   .� ���� �2	 �!�! 1")=�
��- ,! �"+#��� ����1� �,�

�+�" .� ���; 	3� ,! �"+#��� �� ��� ����1� �,�
80110�  3 .� ���� ��2 �! 8�++�� �� ��� �.�6�- ����� �,�
�0�.�  � .� �23 2� �!�! ���)� �� ��� ��81�- �1��� �,�
801/0��0  � .� �2	 ��� ,! 8�+4���� �� ��� ����1� �,�
�.��01  � �� ��� � /!�! �)���+ �� ��� �����- >:�1- ��:B� �,�
1�.6���0  � �1 ��� ��� �!�! 1")=�
�� �� ��� �1�1- �1��� �,�

������ ���
� ��� � � �

� �
#
�
�� ����	
� ∗∗∗∗

��
� �� ��� ��
��
 ����
��	 ������ ���� ��� �� ��
���� ��	 ����
���� ������	� !��� ��� �� ����	 �� ��� ��"# �	�����$ %��
��

&�����
 ���'���'���'���' (��"#)�

*+%,-+ ./$ �� � 
��	� �� � � → � ′�π�π−$ 0�	
 
��� ���	���� ���
������� ��# ��
������ �� ���
 �������

��>E-?� %�����C�� �� �����>E-?� %�����C�� �� �����>E-?� %�����C�� �� �����>E-?� %�����C�� �� ���

����� ����� ������	
 �� 
��	 �����	


���� � ��'� �≈ ����� $(& )��8�,�)���� � ��'� �≈ ����� $(& )��8�,�)���� � ��'� �≈ ����� $(& )��8�,�)���� � ��'� �≈ ����� $(& )��8�,�)

��!3. ± !.' ,&4+� �! +9., π� → π�1 η�

���� ± #� �,4<)B 3� 89., π� → π� U � ππ

���� ± '� *(�F$�FB "� 89., π� → π�

���� ± �� %$)%<)& �3 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
���' ± �� 9)44)& ��� +9., ����
�������

��� ±��� �&,4, �� +9., ����
�������

���# ± �� ,&4+� 3 89., γ� → π�

�"�� ,&4+� 3' +9., π� → � π

���� ± � ;,�848* 3' +9., π� → � π1 � η

���� <8 3# 89., γ� → π�

��"' *&,.=$&+ "� +9., γ� → π�

� 3� �,G$4 "� +9., π− � → ���

���� � ��3� ;,F)& �" +9., π− � → ���

�"�3 ;,&;$(& �" +9., γ� → π�

� !� ± �� � ;,F)& �� 89., π− � → ���

���� � ;,F)& �� +9., π− � → ���

��'� � <$4:,*&) �� 89., π� → � ππ

�"'� F4,�)< �' +9., π− � → ���

���� # <$4:,*&) �' 89., π� → � ππ

��>E-?� %�����C�� �� C�"����>E-?� %�����C�� �� C�"����>E-?� %�����C�� �� C�"����>E-?� %�����C�� �� C�"��

����� ����� ������	
 �� 
��	 �����	


�'� � #�� �≈ ���� $(& )��8�,�)�'� � #�� �≈ ���� $(& )��8�,�)�'� � #�� �≈ ���� $(& )��8�,�)�'� � #�� �≈ ���� $(& )��8�,�)

�' ± �� ,&4+� �! +9., π� → π�1 η�

#"�±�"� �,4<)B 3� 89., π� → π� U � ππ

��'± �� *(�F$�FB "� 89., π� → π�

�3�± #� %$)%<)& �3 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�#�± �# 9)44)& ��� +9., ����
�������

���± #3 �&,4, �� +9., ����
�������

�'#± �' ,&4+� 3 89., γ� → π�

#'! ,&4+� 3' +9., π� → � π

�#'± '� ;,�848* 3' +9., π� → � π1 � η

��� <8 3# 89., γ� → π�

#�" *&,.=$&+ "� +9., γ� → π�

��� �,G$4 "� +9., π− � → ���

!!� ;,F)& �3 +9., π− � → 	η

#�� � !�� ;,F)& �" +9., π− � → ���

�"' ;,&;$(& �" +9., γ� → π�

���± '� � ;,F)& �� 89., π− � → ���

'�� � ;,F)& �� +9., π− � → ���

�#� � <$4:,*&) �� 89., π� → � ππ

#�� F4,�)< �' +9., π− � → ���

�'� # <$4:,*&) �' 89., π� → � ππ

��>E-?� #�!� #������ ��>E-?� #�!� #������ ��>E-?� #�!� #������ ��>E-?� #�!� #������ 

��! #����! #����! #����! #��
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� "�±#� *(�F$�FB "� 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
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�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
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∣∣� ∣∣��"'!'�
∣∣� ∣∣

����� ����� ������	
 �� 
��	 �����	


�� ,&4+� �! +9., π� → π�1 η�

�' %$)%<)& 3# �9)+ π� → π�

"±� *(�F$�FB "� 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
#3 ,&4+� 3' +9., π� → � π

�� ,&4+� 3� +9., π� → π� ��� ��3�

#��� θ#��� θ#��� θ#��� θ
����� �◦� ������	
 �� 
��	 �����	


− "" ,&4+� �! +9., π� → π�1 η�

−� �±#� *(�F$�FB "� 89., π� → π�

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
− �� ,&4+� 3' +9., π� → � π

−�#� ,&4+� 3� +9., π� → π� ��� ��3�
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:� � π ��?�� N

:� � η �!.�±�.�� N

:# �� �?�' N

:! � �

:' � ππ >�� N

: �π
:� ��>-0-�π � ��=�2�
:" � ρ ��?"' N

:3 � ρ � ��>�-� ��=�2�
:�� � ρ � ��0�-� ��=�2�
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:�' �γ �.���?�.#3 N
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−�.�� �,G$4 "� +9., π− � → ���

• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
−�.�3  ;,F)& �" +9., ��� �,G$4 "�

−�.� ±�.�� � ;,F)& �� 89., π− � → ���

−�.�3 � ;,F)& �� +9., π− � → ���

�:�: �
����:���� ��� π → ��>E-?�→ � � �:�:!�

����:�:�: �
����:���� ��� π → ��>E-?�→ � � �:�:!�

����:�:�: �
����:���� ��� π → ��>E-?�→ � � �:�:!�

����:�:�: �
����:���� ��� π → ��>E-?�→ � � �:�:!�

����:
����� ������	
 �� 
��	 �����	


• • • .� � �� �	� ��� /���
�0 ���� /� �-���0�	1 2�	1 �
�
�	1 ���� • • •
�.�'� � �.�"� � +),4� �' +9., π� → # �

4��O �
0�	 / ����
�0	 /�� π� → � ππ �����	�	 ���� ����0�� 
� ���
�3" ��
�
� � �0��� �
�� ��� �����72�	� ��-���
�> ��� -����� ���	�
���
0�
�� 
	 ��	�-�� �� ��	
�0 � ��0��
-� 	
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:# ��
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:3 � ρ � ��0�-� ��=�2�
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��∼ 0???� %�����C�� �� �����∼ 0???� %�����C�� �� �����∼ 0???� %�����C�� �� �����∼ 0???� %�����C�� �� ���

����� ����� ������	
 �� 
��	 �����	


≈ #��� $(& )��8�,�)≈ #��� $(& )��8�,�)≈ #��� $(& )��8�,�)≈ #��� $(& )��8�,�)

� �� F$*% "� 89., π� → π� ��#
#��� F$*% "� 89., π� → π� ��,�' ��-�

#'�� F$*% "� 89., π� → π� ��,�� ��-�

#'�� � !��� F$*% "� 89., π� → π� ��,�3 ��-�

#'��±��� %)4+&B �" �9., π� → π� ��,�' ��-�

#"��±��� %)4+&B �" �9., π� → π� ��,�� ��-�

!���±��� %)4+&B �" �9., π� → π� ��,�3 ��-�

��∼ 0???� %�����C�� �� C�"����∼ 0???� %�����C�� �� C�"����∼ 0???� %�����C�� �� C�"����∼ 0???� %�����C�� �� C�"��

����� ����� ������	
 �� 
��	 �����	


�#��±��� %)4+&B �" �9., π� → π� ��,�' ��-�

� ��±��� %)4+&B �" �9., π� → π� ��,�� ��-�

�3��±#�� %)4+&B �" �9., π� → π� ��,�3 ��-�

��∼ 0???� "��& ��"����∼ 0???� "��& ��"����∼ 0???� "��& ��"����∼ 0???� "��& ��"��

���

:� � π

��∼ 0???� %� ��� � �������∼ 0???� %� ��� � �������∼ 0???� %� ��� � �������∼ 0???� %� ��� � �����
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�.�''±�.�� %)4+&B �" �9., π� → π� ��,�' ��-�

�.�!�±�.��' %)4+&B �" �9., π� → π� ��,�� ��-�

�.�#�±�.��' %)4+&B �" �9., π� → π� ��,�3 ��-�

��∼ 0???� ��(��� �����∼ 0???� ��(��� �����∼ 0???� ��(��� �����∼ 0???� ��(��� ���
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 ∗∗∗∗

���� �� ��� ����	�� 
��	���� ������ ���� ��� ��� ����	��� �� ����
���� ������� ���� ��� �� ���� �� ��� ���� ������� �������
������� ����������������  ����!�

������ ������������ ������������ ������������ ������������ ������������ ������������ ������������ ������

����� ������������ ������������ ������������ �������
����� ����� ������	
 �� 
��	 �����	


���� �� ���� �≈ ����� 	
� ����������� �� ���� �≈ ����� 	
� ����������� �� ���� �≈ ����� 	
� ����������� �� ���� �≈ ����� 	
� �������

����.�±�.� ����� �� ���� π� → π�� η�

���� ±� ������ �� ���� π� → π� � � ππ

���� ±� �
��	�� �� ���� π� → π�

���� ±� �	�����  � ���� π� → π�

• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
���� ±� ������ ��� ���� �$(�*1&,##!(

���� ±3 4���� �� ���� �$(�*1&,##!(

���� ����� �3 ���� π� → �π

�������� ������������ ������������ ������������ ����
����� ����� ������	
 �� 
��	 �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
����.��±�.�� 5������� �6 7*� �� ����	��  �

����.3 ±�.� �5��4 �3 ���� π� → π�

����.� ±�.� �	�� ��� ���� π� → π�

����.� ±�.� ����	��  � π� → π�  �8� �
�!4

������� ����������� ����������� ����������� ����
����� ����� ������	
 �� 
��	 �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
����.6 ����7	�� �� ���� γ� → π�

����.�±�.� ���	����222  � 7*� 9&���9-�"$1�*�#

����.� 5��5	
�  � ���� γ� → π�

����.� 5�����  3 ���� γ � → π�

������� ����������� ����������� ����������� ����
����� ����� ������	
 �� 
��	 �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
����.�3±�. 3 5������� �6 7*� �� ����	��  �

����.� ±�.� �5��4 �3 ���� π� → π�

����.6 ±�.3 �	�� ��� ���� π� → π�

����.� ±�.� ����	��  � π� → π�  �8� �
�!4
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����� ����� ������	
 �� 
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• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
�.�3±�.6� 5������� �6 7*� �� ����	��  �

�.6 ±�.� �5��4 �3 ���� π� → π�

�. ±�.� � ����	��  � !! �&! 0,%%!%

������ ������������ ������������ ������������ ������������ ������������ ������������ ������������ ������

����� ������������ ������������ ������������ �������
����� ����� ������	
 �� 
��	 �����	


��6 �� ��� �≈ ���� 	
� ���������6 �� ��� �≈ ���� 	
� ���������6 �� ��� �≈ ���� 	
� ���������6 �� ��� �≈ ���� 	
� �������

���.�± �.� ����� �� ���� π� → π�� η�

��� ± � ������ �� ���� π� → π� � � ππ

��� ± 3 �
��	�� �� ���� π� → π�

��6 ± 3 �	�����  � ���� π� → π�

• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
��6 ± � ������ ��� ���� �$(�*1&,##!(

��� ±�� 4���� �� ���� �$(�*1&,##!(

��� ����� �3 ���� π� → �π

�������� ������������� ������������� ������������� �����
����� ����� ������	
 �� 
��	 �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
���.� ±�.�� 5������� �6 7*� �� ����	��  �

���.� ±�.� �	�� ��� ���� π� → π�

���.� ±�.3 ����	��  � π� → π�  �8� �
�!4

������� ������������ ������������ ������������ �����
����� ����� ������	
 �� 
��	 �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
���.� ����7	�� �� ���� γ� → π�

���.�±�.� ���	����222  � 7*� 9&���9-�"$1�*�#

���.� 5��5	
�  � ���� γ� → π�

������� ������������ ������������ ������������ �����
����� ����� ������	
 �� 
��	 �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
�� .3�±�.�6 5������� �6 7*� �� ����	��  �

���.� ±�.3 �	�� ��� ���� π� → π�

�� .� ±�.� ����	��  � π� → π�  �8� �
�!4

������ ����� ���������������� ����� ���������������� ����� ���������������� ����� ����������

����� ����� ������	
 �� 
��	 �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
�.�3±�.�� 5������� �6 7*� �� ����	��  �

3.� ±�.� �5��4 �3 ���� π� → π�

6.6 ±�.� ����	��  � !! �&! )*"�&%

������ �� � ��������������� �� � ��������������� �� � ��������������� �� � ���������

��� ����� ����� ���������� ����� ����� ���������� ����� ����� ���������� ����� ����� �������
����� ����� ������	
 �� 
��	 �����	


���� �� ���� �≈ ����� 	
� ����������� �� ���� �≈ ����� 	
� ����������� �� ���� �≈ ����� 	
� ����������� �� ���� �≈ ����� 	
� �������

���� ����� �� ���� π� → π�� η�

���� � �	����� �� ��:� π� → π�

����±� �
��	�� �� ���� π� → π�

• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
��� 4���� �� ���� �$(�*1&,##!(

���� ����� �3 ���� π� → �π

���� ����� �� ���� π� → π� �(# ���

−�×��������! ����� ����� �������−�×��������! ����� ����� �������−�×��������! ����� ����� �������−�×��������! ����� ����� �������
����� ����� ������	
 �� 
��	 �����	


�� �� ��� �≈ ���� 	
� ��������� �� ��� �≈ ���� 	
� ��������� �� ��� �≈ ���� 	
� ��������� �� ��� �≈ ���� 	
� �������

��� ����� �� ���� π� → π�� η�

��� � �	����� �� ��:� π� → π�

���±� �
��	�� �� ���� π� → π�

• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
�6 4���� �� ���� �$(�*1&,##!(

��� ����� �3 ���� π� → �π

��� ����� �� ���� π� → π� �(# ���

��� ����� ����������� ����� ����������� ����� ����������� ����� ��������

����� ����� ������	
 �� �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
����.3�±�.�� 5������� �6 7*� �� ����	��  �

����.6 ±�.3 3 4���  6� 7*� �� ������  �

����.3 �� ����.� 6 4���  6� 7*� �� ������  �

−�×��������! ����� ��������−�×��������! ����� ��������−�×��������! ����� ��������−�×��������! ����� ��������

����� ����� ������	
 �� �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
� .� ±�.�� 5������� �6 7*� �� ����	��  �

���.� ±�.� 3 4���  6� 7*� �� ������  �

��.� �� ��� 6 4���  6� 7*� �� ������  �

��� ����� ���������� ����� ���������� ����� ���������� ����� �������

����� ����� ������	
 �� 
��	 �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
���� ±� �� ���� ± � ������� �6 ���� γ� → π�

���6.�±�.� �� ����.3 ± �.� ���	����222  � 7*� 9&���9-�"$1�*�#

����.�±�.� ����5���  6 7*� 9&���9-�"$1�*�#

−�×��������! ����� �������−�×��������! ����� �������−�×��������! ����� �������−�×��������! ����� �������

����� ����� ������	
 �� 
��	 �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
��� ±� �� �� ± � � ������� �6 ���� γ� → π�

���.�±�.� �� ��6.6 ± �.� ���	����222  � 7*� 9&���9-�"$1�*�#

��6 ±� ����5���  6 7*� 9&���9-�"$1�*�#

��&! %!1�#" �(�)!-� .,($! �' ������� �6 &!-! +�!% )*�& �&! %!1�#" �&*+&!-� .,($! �'
�&! -!,( 9,-� *# �&! 9-!1!"*#+ ",�, ;(�1<2

��� ����� ���������� ����� ���������� ����� ���������� ����� �������

����� ����� ������	
 �� �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
����.��±�.66 5������� �6 7*� �� ����	��  �

����. 3±�.6 3 4���  6� 7*� �� ������  �

����.� 6 4���  6� 7*� �� ������  �



������������

��� ��� �� 	
�� �� ������ �����	
� ������

�������

−�×��������! ����� �������−�×��������! ����� �������−�×��������! ����� �������−�×��������! ����� �������

����� ����� ������	
 �� �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
���.��±�.�� 5������� �6 7*� �� ����	��  �

��3.6 ±�.� 3 4���  6� 7*� �� ������  �

��3.� �� ��6.� 6 4���  6� 7*� �� ������  �

������ � ����� �� � �����"�������� � ����� �� � �����"�������� � ����� �� � �����"�������� � ����� �� � �����"��

���� "�� #� "�� ����� ����������� "�� #� "�� ����� ����������� "�� #� "�� ����� ����������� "�� #� "�� ����� �������
����� ����� ������	
 �� 
��	 �����	


3� ����� �� ���� π� → π�� η�

3� �	����� �� ��:� π� → π�

3�±� �
��	�� �� ���� π� → π�

• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
��  ����� �3 ���� π� → �π

3� ����� �� ���� π� → π� �(# ���

������ ����� ������������� ����� ������������� ����� ������������� ����� �������
����� �◦� ������	
 �� 
��	 �����	


−� ����� �� ���� π� → π�� η�

−�� �	����� �� ��:� π� → π�

−� ±� �
��	�� �� ���� π� → π�

• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
−��  ����� �3 ���� π� → �π

−�� ����� �� ���� π� → π� �(# ���

���� "�� #� "�� ������������ "�� #� "�� ������������ "�� #� "�� ������������ "�� #� "�� ��������

����� ����� ������	
 �� �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
3�.� �� 3�.� 3 4���  6� 7*� �� ������  �

3�.� �� 3�.� 6 4���  6� 7*� �� ������  �

������ �������������� �������������� �������������� ��������

����� �	
�� ������	
 �� �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
−�.��� �� −�.��� 3 4���  6� 7*� �� ������  �

−�.��� �� −�.��� 6 4���  6� 7*� �� ������  �

���� "�� #� "�� ����������� "�� #� "�� ����������� "�� #� "�� ����������� "�� #� "�� �������

����� ����� ������	
 �� �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
3�.� �� 33.� 3 4���  6� 7*� �� ������  �

33.� �� 33.� 6 4���  6� 7*� �� ������  �

������ ������������� ������������� ������������� �������

����� �	
�� ������	
 �� �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
−�.��� �� −�.�� 3 4���  6� 7*� �� ������  �

−�.��� �� −�.�36 6 4���  6� 7*� �� ������  �

������ ����! ����������� ����! ����������� ����! ����������� ����! �����

�&! '�((�)*#+ ;-,#1&*#+ '-,1�*�#% ,-! �$- !%�*0,�!%� #�� /�% �- ,.!-,+!%2

��"! 7-,1�*�# �=� >=�

$� � π ��� ?

$� � γ �.3�8�.6� ?

$� � γ � %&'()(�*��+� �.��8�.�� ?

$� � γ � %&'()(�*�+� �.��8�.� ?

������ ��������� ������������ ��������� ������������ ��������� ������������ ��������� ������

$
(
� π

)
+$���,( $�+$$

(
� π

)
+$���,( $�+$$

(
� π

)
+$���,( $�+$$

(
� π

)
+$���,( $�+$

����� ������	
 �� 
��	 �����	


�.� 	
� ��������.� 	
� ��������.� 	
� ��������.� 	
� �������

�.��� ����� �� ���� π� → π�� η�

�.� ������ �� ���� π� → π� � � ππ

�.� �
��	�� �� ���� π� → π�

�.� �	�����  � ���� π� → π�

• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
�.�� ������ ��� ���� �$(�*1&,##!(

�.�� ±�.�� 4���� �� ���� �$(�*1&,##!(

�.� ����� �3 ���� π� → �π

������ ������ ����! ��� ��"��������� ������ ����! ��� ��"��������� ������ ����! ��� ��"��������� ������ ����! ��� ��"���

������ → � γ � %&'()(�*��+� �,-'(��.& ��/������� → � γ � %&'()(�*��+� �,-'(��.& ��/������� → � γ � %&'()(�*��+� �,-'(��.& ��/������� → � γ � %&'()(�*��+� �,-'(��.& ��/�

����� ����−/�� ������	
 �� 
��	 �����	


−�.��3 ±�.��6 	
� �������−�.��3 ±�.��6 	
� �������−�.��3 ±�.��6 	
� �������−�.��3 ±�.��6 	
� �������

−�.�� ±�.��3 ����� ��� ���� �γ�� → � π

−�.��� ±�.��� ����� �� ���� γ � → �π

−�.��3 ±�.����±�.��� 5������� �� ��: γ � → �γ� �π�� �π�

−�.��� ±�.��� 5��� �� ���� �γ � → �π�� �π�

−�.����±�.���� ������� �� ���� γ� → π�

−�.��3 ±�.��3 ����� � ���� γ� → π�

−�.�� �±�.���� ��4��	� � ���� γ� → π�

−�.��� ±�.��3 ����� �6 ���� γ� → π�

−�.��3 ±�.��6 ��4��	� ��� 7�� γ� → π�

−�.��3 ±�.��3 ����7	�� �� ���� γ� → π�

−�.��� ±�.��� ���@� �� ���� γ� → π�

−�.�� ±�.��� ���� �� ���� γ� → π� �/� ��

−�.��3 ±�.��� ���� �� ���� γ� → π� �/� ��

−�.��6 ±�.��6 ����7	�� �� ���� γ� → π�

• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
−�.��� ������ ��� ���� �$(�*1&,##!(

−�.���� ������� �� ���� γ� → π�

−�.��� ±�.��� �� �� ���� γ� → π�

−�.��� ±�.�� ��4��	� �� 7�� !! ��4��	� ���

−�.��� ±�.�� 5��5	
�  � ���� γ� → π�

−�.��� � �	����  � γ� → π�

−�.��� ±�.��� 7�����  6 ���� γ� → π�

������ → � γ � %&'()(�*�+� �,-'(��.& ��/������� → � γ � %&'()(�*�+� �,-'(��.& ��/������� → � γ � %&'()(�*�+� �,-'(��.& ��/������� → � γ � %&'()(�*�+� �,-'(��.& ��/�

����� ����−/�� ������	
 �� 
��	 �����	


−�.�3� ±�.��� 	
� �������−�.�3� ±�.��� 	
� �������−�.�3� ±�.��� 	
� �������−�.�3� ±�.��� 	
� �������

−�.�36 ±�.��� ����� ��� ���� �γ�� → � π

−�.��� ±�.��� ����� �� ���� γ � → �π

−�.�66�±�.���6±�.�� � 5������� �� ��: γ � → �γ� �π�� �π�

−�.�3� ±�.��� 5��� �� ���� �γ � → �π�� �π�

−�.��66±�.���� ������� �� ���� γ� → π�

−�.�3� ±�.��� ����� � ���� γ� → π�

−�.�3��±�.���� ��4��	� � ���� γ� → π�

−�.�6� ±�.��3 ����� �6 ���� γ� → π�

−�.�3� ±�.��� ��4��	� ��� 7�� γ� → π�

−�.�6� ±�.��6 ����7	�� �� ���� γ� → π�

−�.�3� ±�.��6 ���@� �� ���� γ� → π�

−�.�6� ±�.��� ���� �� ���� γ� → π� �/� ��

−�.�6� ±�.��� ���� �� ���� γ� → π� �/� ��

−�.�� ±�.��� ����7	�� �� ���� γ� → π�

• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
−�.�� ������ ��� ���� �$(�*1&,##!(

−�.�3�� ������� �� ���� γ� → π�

−�.�6� ±�.��� �� �� ���� γ� → π�

−�.�3� ±�.��� ��4��	� �� 7�� !! ��4��	� ���

−�.� � ±�.��� 5��5	
�  � ���� γ� → π�

−�.�� � �	����  � γ� → π�

−�.�36 ±�.��� 7�����  6 ���� γ� → π�

������ → � γ� ��+	� /��(0������ → � γ� ��+	� /��(0������ → � γ� ��+	� /��(0������ → � γ� ��+	� /��(0
����� ������	
 �� 
��	 �����	


−�.��3 ±�.��3 	
� �������−�.��3 ±�.��3 	
� �������−�.��3 ±�.��3 	
� �������−�.��3 ±�.��3 	
� �������

−�.�� �±�.����±�.���� ����� ��� ���� �γ�� → � π

−�.��� ±�.��� ����� �� ���� γ � → �π

−�.��� ±�.���6±�.���� 5������� �� ��: γ � → �γ� �π�� �π�

−�.��6 ±�.��� ±�.��� :����� �� ���� γ � → γ �

−�.��3 ±�.��� ±�.��� 5��� �� ���� �γ � → �π�� �π�

−�.��3�±�.���� ������� �� ���� γ� → π�

−�.��3 ±�.��3 � ����� � ���� γ� → π�

−�.����±�.���� ��4��	� � ���� γ� → π�

• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
−�.��6 ������ ��� ���� �$(�*1&,##!(

−�.����±�.��� ������� �� ���� γ� → π�

−�.��3 ±�.��� ±�.��� 5��� � ���� γ� → π�

−�.��� ±�.��� ±�.��� 5������� � ���� γ� → π�� γ�

−�.�� ±�.��� ±�.��� ��������� �3 ���� γ� → π�

−�.��3 ±�.��3 �	����� �� ���� γ� → π�

−�.��3 ±�.�� � ��4��	� ��� 7�� γ� → π�

−�.��� ±�.��� ��4��	� �� 7�� γ� → π�

−�.��3 ±�.��� ��4��	� �6 7�� γ� → π�

��.�� ±�.��� ����5� �3 7�� γ� → π�

������ → � γ� �1	0'��& 2�'�& 03 ��+	� /��(0 �� -0'&������ → � γ� �1	0'��& 2�'�& 03 ��+	� /��(0 �� -0'&������ → � γ� �1	0'��& 2�'�& 03 ��+	� /��(0 �� -0'&������ → � γ� �1	0'��& 2�'�& 03 ��+	� /��(0 �� -0'&
����� ������	
 �� 
��	 �����	


• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
�.�63±�.�� ����� � ���� γ� → π�

�.�3� ������� �6 ���� γ� → π�



����������������

�����������	
� ������

�����������	���

������ → � γ� -%�	& 03 ��+	� /��(0 �� -0'&������ → � γ� -%�	& 03 ��+	� /��(0 �� -0'&������ → � γ� -%�	& 03 ��+	� /��(0 �� -0'&������ → � γ� -%�	& 03 ��+	� /��(0 �� -0'&
����� ������	
 �� 
��	 �����	
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−��� ±3 ����� � ���� γ� → π�

−�� .� ������� �6 ���� γ� → π�

������ �������� ������������� �������� ������������� �������� ������������� �������� �������

�������� �������� �������������� �������� �������������� �������� �������������� �������� ������
�&! .,($!% ,-! !A�-,1�!" '-�0 
��� ,#" �� ",�, �# π� � ;-!0%%�-,&($#+ $%*#+ ,
.,-*!�B �' "*C!-!#� �&!�-!�*1,( ,99-�A*0,�*�#% ,#" 0!�&�"%2 	$- !%�*0,�! *% ���� ,
-�$+& +$!%% �' �&! -,#+! )! !A9!1� �&! 0�0!#� �� (*! )*�&*#2

����� �µN � ������	
 �� 
��	 �����	


�. ��  .3 	
� ��������. ��  .3 	
� ��������. ��  .3 	
� ��������. ��  .3 	
� �������
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6.��±�.3� �	��D���222 �� ���� π� � → π� �γ

�.3�±�.3�±�.�3 5	���� �� π� � → π� �γ ��� ",�,�

�. �� �.� ��� ��� π� � → π� �γ �'-�0 
��� ",�,�

�.6 �� �.� ��� ��� π� � → π� �γ �'-�0 �� ",�,�

3.6 ��  .3 ������� �� π� � → π� �γ �'-�0 
��� ",�,�

6.� �� �.� ������ � π� � → π� �γ �'-�0 
��� ",�,�

�. �� 6. ��7���  � π� � → π� �γ �
��� ",�,�

������� �������� ������������� �������� ������������� �������� ������������� �������� ������
����� �µN � ������	
 �� �����	
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�. ��.�

−�.� ± �.3 ± � � �	�
��� �� γ � → �π� γ′
��&! %!1�#" !--�- *% %B%�!0,�*1� �&! �&*-" *% ,# !%�*0,�! �' �&!�-!�*1,( $#1!-�,*#�*!%2

������ ��������������� ��������������� ��������������� ���������
�
%*#+ π± � ,% )!((� ����	��  � "!�!-0*#! ��− − ���� � ��� − ���

/
� E

�.6 ± �.� �!42
� !! �	����� �� '�- , "!�,*(!" "*%1$%%*�# �' �&! !.*"!#1! '�- ,#" �&! 9�(! 9,-,0!�!-%
�' � ,#" � -!%�#,#1!% ,% "!�!-0*#!" '-�0 �-+,#" "*,+-,0% �' π� !(,%�*1 9,-�*,(F),.!
,09(*�$"!% ,#" '-�0 9(��% �' �&! %9!!"% )*�& )&*1& �&! ,09(*�$"!% �-,.!-%! �&! "*,+-,0%2

3�&*% 4���  6� .,($! *% '-�0 /�% �� �&! 1�$(�0;F;,--*!-F1�--!1�!" ������  � 9&,%!
%&*'�2

6�&*% 4���  6� .,($! *% '-�0 /�% �� �&! ������  � #$1(!,- 9&,%! %&*'� )*�&�$�
1�$(�0; ;,--*!- 1�--!1�*�#%2
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�6� .�± �.3 ����� �� ���� π� → π�� η�

� 6� ±�� ������ �� ���� π� → π� � � ππ

� �� ±�� �
��	�� �� ���� π� → π�

�6�� ± � �	�����  � ���� π� → π�
• • • �! "� #�� $%! �&! '�((�)*#+ ",�, '�- ,.!-,+!%� /�%� (*0*�%� !�12 • • •
�6 � ± � ������ ��� ���� �$(�*1&,##!(

� �� ±�� 4���� �� ���� �$(�*1&,##!(

�6�� ±�3 ����� �6 ���� γ� → π�

�6�� ����� �3 ���� π� → �π

�633 �� �� ���� γ� → π�

�63� 5������ �� ���� π� → �ππ
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� ���� �� 5��� π� � → π� �

�6�� ����7	�� �� ���� γ� → π�

�6�� 5��5	
�  � ���� γ� → π�

�6�� � �	�:����   ���� π� → �ππ

�6�� � �	�:����  3 ���� π� → �ππ
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�6�.�± �6.6 ����� �� ���� π� → π�� η�

6�� ±�3� ������ �� ���� π� → π� � � ππ

��� ± �� �
��	�� �� ���� π� → π�

��� ± �� �	�����  � ���� π� → π�
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��� ����7	�� �� ���� γ� → π�
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�  � ���� γ� → π�

��� � �	�:����   ���� π� → �ππ

��� � �	�:����  3 ���� π� → �ππ
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$� � π ��8�� ?

$� � �

$� � ππ ��8�� ?

$� �π ��86� ?

$3 ������π � ��6�2& �383� ?

$6 ������π � ��6�2& �8 ?

$ � ρ ��833 ?

$� � ρ � ���+�� ��6�2&
$� � ρ � ��+�� ��6�2& 38�� ?

$�� � ρ � ��+�� ��6�2&
$�� � γ �.��8�.�6 ?

$�� � γ � %&'()(�*��+� �.��8�.�6 ?

$�� � γ � %&'()(�*�+� �.��38�.�� ?
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PENTAQUARK UPDATE

Written February 2006 by G. Trilling (LBNL).

In 2003, the field of baryon spectroscopy was almost revo-

lutionized by experimental evidence for the existence of baryon

states constructed from five quarks (actually four quarks and

an antiquark) rather than the usual three quarks. In a 1997

paper [1], considering only u, d, and s quarks, Diakonov et

al. proposed the existence of a low-mass anti-decuplet of pen-

taquark baryons, with spin 1/2 and even parity, and provided

specific estimates for the masses and widths. In particular, they

predicted an exotic positive-strangeness baryon, Θ+, consisting

of the quark combination uudds, with a mass of about 1530

MeV and a width of 15 MeV or less. In 2003, from an analysis

of γn → nK+K− data taken in 2000–2001 at the LEPS facility

in Japan, Nakano et al. reported the observation of a narrow

nK+ peak at a mass of 1540 MeV, with a quoted significance of

4.6 standard deviations (σ). (See Data Listings and references

for the Θ(1540)+ following this note.)

This remarkable result was followed, over the next year,

by reports from nine other experiments, all different and each

claiming to observe a narrow nK+ or pK0 peak at a mass

between 1522 and 1555 MeV, with a confidence level of 4 σ or

more. Half of these signals came from photoproduction exper-

iments (with incident real or virtual photons), and the others

came from other production processes at a variety of energies.

As remarked below, there were questions about some of these

observations; but, given the weight of positive supporting ev-

idence reported by early 2004, this Review assigned a 3-star

status to the Θ+ in its 2004 edition.

Further evidence in support of pentaquark states seemed to

come from the claimed observations of a doubly-charged ssddu

state at 1862 MeV, and a neutral uuddc state at 3099 MeV.

(See Data Listings and references for the Φ(1860) and Θc(3100)0

following this note.) However, there has been no confirmation

of either of these states, with several subsequently reported

high-statistics searches showing zero signal. There is thus no

credible evidence that either of these positive observations is

more than a statistical fluctuation, and they do not provide

support for the reality of the Θ+.

As pointed out in the 2004 Review, the evidence for the Θ+,

as statistically compelling as it seemed, had some problems. In

many cases, backgrounds appeared to be underestimated; cuts

seemed specifically designed to make signals look as convinc-

ing as possible; mass-peak locations varied from experiment

to experiment by much more than would be expected from a

narrow resonance; published data samples of low-energy kaon

and pion inelastic interactions showed no indication of a signal;

and charge-exchange and partial-wave analyses of KN interac-

tions required an extremely small Θ+ width (≤ 1–2 MeV). It

was clear that further confirmation with better statistics was

essential.

In fact, subsequent to Nakano et al.’s initial paper, about

ten different searches for the Θ+ in a variety of reactions and

energies have reported null results, many with high statistics

(see the Data Listings). Some of these involve higher energies

or reactions different from those that produced positive results,

and therefore, while providing no support for these results, may

not directly contradict them. Indeed a significant amount of

theoretical activity has been devoted to trying to devise selective

pentaquark production mechanisms that might be consistent

with both the positive and the negative observations. However,

it is worth noting that conventional low-mass resonances, such

as Λ(1520), are observed at practically all energies above

threshold, from any reaction that leads to their decay products.

Two of the negative papers, namely those of the Belle

Collaboration (Mizuk et al.) and the CLAS Collaboration

(Battaglieri et al.), have particular impact, because they both

involve energies and reactions that almost repeat experiments

that had given positive results. Mizuk et al., using data from

their e+e− B-physics experiment, report an analysis of K+n

charge exchange taking place in the material in the inner part

of the BELLE detector, where the incident K+ arises from

charm-particle decay near the e+e− interaction. Measuring

K0p final-state masses, they see no enhancement near 1540

MeV, in disagreement with the charge-exchange results of the

Diana Collaboration (Barmin et al.). Mizuk et al. quote a Θ+

width upper limit of 0.64 MeV at a mass of 1539 MeV (the

mass reported by Barmin et al.), to be compared with the

actual estimate of 0.9 MeV made from the Barmin reported

signal. (This upper limit is somewhat mass-dependent, going

as high as 1 MeV for some values between 1520 and 1550 MeV.)

Thus, while the BELLE results do not, for the proper choice of

mass, statistically contradict the DIANA results, they show no

evidence for the signal reported by DIANA.

Battaglieri et al. (CLAS Collaboration) basically repeat

with greatly increased statistics the photoproduction measure-

ments of Barth et al. (SAPHIR Collaboration) using the reac-

tion γp → K0K+n. Whereas the SAPHIR Group had reported

a 4.8 σ signal in the K+n mass spectrum, the new CLAS ex-

periment shows no signal at all. Indeed the upper limit on the

ratio of Θ+ to Λ(1520) production from CLAS is more than

a factor of 50 lower than the value claimed by the SAPHIR

group. This result completely negates what appeared to be one

of the strongest of the positive observations. Combined with

the other negative reports, it leaves the reality of the Θ+ in

great doubt.

All the results quoted so far are from papers either pub-

lished or submitted and approved for publication. However,

for completeness, it is worth mentioning that, in addition
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to its high-statistics γp experiment just discussed, the CLAS

Collaboration has submitted for publication the results of a

high-statistics γd → nK+K−p experiment in the same energy

range [2]. The integrated luminosity for the new data is about

30 times that corresponding to the previously published CLAS

paper on the same reaction at the same energy (Stepanyan

et al.) in which a signal with a significance above 4.6 σ was

claimed. In the new work, no signal is observed. The CLAS

Collaboration has reexamined its earlier work, using a back-

ground shape based on the new data, and concludes that the

background in the earlier sample was underestimated, and that

the signal, now at just the 3 σ level, probably is a statistical

fluctuation.

In all fairness, it should be mentioned that, in a September

2005 preprint [3], the SVD-2 Collaboration claimed to confirm

its earlier positive Θ+ observation at the level of 8 σ. However,

with the very same incident 70 GeV proton beam interacting

with a carbon rather than a silicon target, the SPHINX Collab-

oration [Antipov et al.], with comparable statistics, observes no

Θ+ signal.

To summarize, with the exception described in the previous

paragraph, there has not been a high-statistics confirmation of

any of the original experiments that claimed to see the Θ+;

there have been two high-statistics repeats from Jefferson Lab

that have clearly shown the original positive claims in those

two cases to be wrong; there have been a number of other high-

statistics experiments, none of which have found any evidence

for the Θ+; and all attempts to confirm the two other claimed

pentaquark states have led to negative results. The conclusion

that pentaquarks in general, and the Θ+, in particular, do not

exist, appears compelling.

It is perhaps useful to comment on how it is that so much

apparent statistical strength was claimed for a set of results

that, in retrospect, do not appear to be correct. One obvious

problem was the large variation in the locations of the observed

mass peaks (∼30 MeV) for what had to be a very narrow reso-

nance; thus, the various experiments were not truly confirming

one another. Another concern arises from the uncertainties in

background shapes which perhaps were not adequately reflected

in the large confidence levels claimed. Other technical problems

may have involved resonance reflections and “ghost tracks.” The

main issue, however, concerns the burden of proof required in

the confirmation of a major new discovery. Here, “burden” ap-

plies solely to the work of the confirming authors, independently

of the existence of a discovery paper. Should the burden be as

high as for the discovery itself? What should be the burden

if there have already been several claimed confirmations? It

seems unlikely to us that some of the confirming results for the

Θ+ would have been published had there not been a discovery

claim already on the table. We believe that the burden of proof

for the confirmation of an important new result should be about

as high as for the original claim of discovery. Only then can

one hope to separate the influence of the original discovery from

the supposedly independent results of the confirming papers

and convince oneself that the confirmation adds significantly to

the confidence in the discovery.
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. ����� ��
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�
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���� �! �$ ������ ��� ���� � �
����������� ����������� �! ����� $�� ������
� ����������E ����	�
 ���� ��� �! �����������
����� 9�� ������
� ����������� ",�����
 �� ������� 	�� ���� ��&�� �! �	� �� ��
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. ����� ��
.�"��� �- �� �#,, � .� .'(��� �� ��� �����" ����� ��



����������������

��� ��� �� ���� 	
� ������ �����	
� ������

�

� �������� �������� �������� �������
�� � −��  � ���� � −��  � ���� � −��  � ���� � −��  � ��

�� � ���

� � ��� � � ����
�� �����	
 ∗∗∗∗

�� ���� ������	 
��� ��
��
 ���� ���� ���� 
����
�	�	 �� ����
����������
� ��� ��� ������ �	�����
�

� ����� ����� ����� ����

��� �� �	�	 �
 ��
 ��
 �− �		 �� �		���������� ��	�������	�

����� ����� ���� ��	�
��� �� ��	� 	�

���

����.���±�.��� ��� �������.���±�.��� ��� �������.���±�.��� ��� �������.���±�.��� ��� ���
����.���±�.��� ��� � !��"!����.���±�.��� ��� � !��"!����.���±�.��� ��� � !��"!����.���±�.��� ��� � !��"!
����.�#�±�.���±�.��� ��$ %�����&� '( )*!+ �� �#.� "� /�

����.�'�±�.���±�.��� ��$ � %�����&� '( )*!+ �� �#.� "� /�

• • • ,� �- �-� �	� ��� .-//-0��1 �� .-� 2��1�	
 ��	
 /����	
 ���� • • •
����.�' ±�.�� '�� %34�& #� %!5+

����.�' ±�.�� �'� 4�3!�� �# !4�6

����.� ±�.( 6�&7�& �� %5+

����.�� ±�.�# (�� � )+%4�7� �� %5+

����.(( ±�.�� � 5%�,4�8 �� � �!

�,� 		��� ��� ��2�����9 ���	 �	 ��� � �		 	 ��	���� :; %�����&� '(� )��
:�/-0 .-� ��� .����-�/ �		 ���������
 ��	���1 ����
���� )+%4�7� �� �		�	 �2� :��� ���2/���� �	��1 -�� �<��/ �'#� <�-�-� �� �±
�� π± �		�	� *� )������
 <��2�� �-��������-� =�'#(>�
���� �		 �	 :��� ��	�� �� $� �- �$� ���- ��-���  (� $� �����	� �� ��� <�-�-�

�		 �� � �� $� �����	� �� ��� π± �		 =�-�� ���� ��2��0	 -. 4-���� *�;	��	
�'�'�'�' � =�'�#>>�

��� − �
��

/
����� − �

��
/
����� − �

��
/
����� − �

��
/
��

� ��	� -. ��� ��2������

����� �����	 
�−�� ���� ��	�
��� �� ��	� 	�

���

− �.� ± �.� ��� � !��"!− �.� ± �.� ��� � !��"!− �.� ± �.� ��� � !��"!− �.� ± �.� ��� � !��"! !��-� ���/���	 	�/� .��-� -. ���� )�� ��� ���-1��
:�/-0�

� �.� ± �.� ��$ ( �35�+8� '� &��� π− +�
 ��� "� 

− �.��± �.'� %�����&� '( )*!+ �� �#.� "� /�

(.� ± �.( +%�!& �� %5+ ��' "� /� � �

• • • ,� �- �-� �	� ��� .-//-0��1 �� .-� 2��1�	
 ��	
 /����	
 ���� • • •
−�� ±�� 5�7�!� �# %5+ ��( "� /� � �

(�35�+8� '� �	 � �/;	�	 -. -/� �++4�� =&���> ���

WEIGHTED AVERAGE
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BARYON MAGNETIC MOMENTS

Written 1994 by C.G. Wohl (LBNL).

The figure below shows the measured magnetic moments of

the stable baryons. It also shows the predictions of the simplest

quark model, using the measured p, n, and Λ moments as input.

In this model, the moments are [1]

µp = (4µu − µd)/3 µn = (4µd − µu)/3

µΣ+ = (4µu − µs)/3 µΣ− = (4µd − µs)/3

µΞ0 = (4µs − µu)/3 µΞ− = (4µs − µd)/3

µΛ = µs µΣ0 = (2µu + 2µd − µs)/3

µΩ− = 3µs

and the Σ0 → Λ transition moment is

µΣ0Λ = (µd − µu)/
√

3 .

The quark moments that result from this model are

µu = +1.852 µN , µd = −0.972 µN , and µs = −0.613 µN . The

corresponding effective quark masses, taking the quarks to be

Dirac point particles, where µ = qh̄/2m, are 338, 322, and 510

MeV. As the figure shows, the model gives a good first approx-

imation to the experimental moments. For efforts to make a

better model, we refer to the literature [2].
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−�.��� ±�.��( ��� � !��"!−�.��� ±�.��( ��� � !��"!−�.��� ±�.��( ��� � !��"!−�.��� ±�.��( ��� � !��"!

−�.��� ±�.��� ���$ +�C �� )*!+

−�.����±�.��(# �4 )+%�+%�&��� #� )*!+

−�.�' ±�.�# ���$ %!66!� ## )*!+

−�.�# ±�.�� ���4 5�&+! #� )*!+

−�.�� ±�.�# ���� 7�%6�D!&)!&#� !4�6 ��� $" ��/�

� ������ ����� ������ ������ ����� ������ ������ ����� ������ ������ ����� �����

� �-�E��- 2/�� �	 .-�:����� :; :-�� � ��2����� �� � ��2������

����� �
�−
�  ��� 	�� ��	�
��� �� ��	�

< �.�< �.�< �.�< �.� '� � *�&7��4 �� )*!+
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 ��	
 /����	
 ���� • • •
<��� '� � 5���&� #� !4�6

<��� '� "�5)�& �� !4�6

�*�&7��4 �� ��	���	 =−�.� ± #.(>× ��−�# 
����
�5���&� #� ��	���	 =−�.' ± �.'>× ��−�� 
����

� ���� ����� ���� ����� ���� ����� ���� ����

4-�� �����-� =F� GF>

�� �π− =��.' ±�.� > H
�� 	π� =��.� ±�.� > H
�� 	γ = �.#�±�.��>× ��−�
�( �π−γ I�J = �.( ±�.( >× ��−(
�� �
−ν
 = �.��±�.�(>× ��−(
�� �µ−νµ = �.�#±�.��>× ��−(

��� ��� ��� � 	� !"	 #�$%& '%( ��� ) %! *%*�!��* (�!"� �	�+  ! �� 	 *��,
	�(�*�!�-

���������� ��� ��������������������� ��� ��������������������� ��� ��������������������� ��� �����������

�� ����� �� �� � ��������� �����
 �
�
 �� ���
�������
 ��	 ���

���
������ �� 	�������� � ���������
�  �� ����� �� ��
 � χ� !
���� ��� �" 	�����
 �� ����	���

 �� ���#��� ��������	�
 ����� ������
 ��� ��� ���������� ���Æ�����
〈
δ�iδ�j

〉
$�δ�i·δ�j�% �� �������% ���� ��� �� �� ��� ��������� ��������
% �i ≡

&i$&�-�/�  �� �� ���
�����
 ��� �i #��
� ���
 ������ �� ���
 ����� �� 
�� ��
����

�� −���
�� −� −�
�� '" −'" −�
�� � � � �

�� �� �� ��

� .����/��� ������� .����/��� ������� .����/��� ������� .����/��� ������

�
(
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(
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)
�����������

(
�π−)
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(
� π

)
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(
�π−)
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(
� π

)
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����� ���� ��	�
��� �� ��	� 	�

���

�.�(�±�.��� ��� ����.�(�±�.��� ��� ����.�(�±�.��� ��� ����.�(�±�.��� ��� ���
�.�(�±�.��� ��� � !��"!�.�(�±�.��� ��� � !��"!�.�(�±�.��� ��� � !��"!�.�(�±�.��� ��� � !��"!
�.�(�±�.��� (�#� 5�6��3 #� %5+ �−� � ��	�

�.���±�.��# �#�� 7�36! �' %5+ π− � → ���

�.�(�±�.��� '�� %�4*%�!3 �� %5+

�.��(±�.��� +��,���7 �' %5+ π− � → ���
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(
	π�

)
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(
�π

)
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(
	π�
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(
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)
�����������

(
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(
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)
�����������

(
	π�

)
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(
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)
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����� ���� ��	�
��� �� ��	�

�.��'±�.��� ��� ����.��'±�.��� ��� ����.��'±�.��� ��� ����.��'±�.��� ��� ���
�.���±�.��� ��� � !��"!�.���±�.��� ��� � !��"!�.���±�.��� ��� � !��"!�.���±�.��� ��� � !��"!
�.�� ±�.�� 5��,& �� %65+

�.�'�±�.��( #� +%�!��!& �� %65+

�
(
	γ

)
���-�/ �����

(
	γ

)
���-�/ �����

(
	γ

)
���-�/ �����

(
	γ

)
���-�/ ����

����� �����	 
�−�� ���� ��	�
��� �� ��	� 	�

���

�.#�±�.�� ��� ����.#�±�.�� ��� ����.#�±�.�� ��� ����.#�±�.�� ��� ���
�.#�±�.���.#�±�.���.#�±�.���.#�±�.�� ���� 6��)�& '� )*!+ �−� � ��	�
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(
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)
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��� �� ��	� 	�
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 ��	
 /����	
 ���� • • •
�.��±�.#(±�.�# �( 5��"� �� )*!+ )*) �;<��-� :��
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�π−γ

)
��

(
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�(����
(
�π−γ

)
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(
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(
�π−γ

)
��

(
�π−)
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(
�π−γ

)
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(
�π−)

�(���
����� �����	 
�−�� ���� ��	�
��� �� ��	� 	�

���

�.��±�.���.��±�.���.��±�.���.��±�.�� #� 5�""!�� #�� %5+ π− < '� 4� /�

�
(
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)
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(
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������
(
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)
��

(
�π−)

������
(
�
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)
��

(
�π−)

������
(
�
−ν


)
��

(
�π−)

�����
����� �����	 
�−�� ���� ��	�
��� �� ��	� 	�

���

�.���±�.��' ��� ����.���±�.��' ��� ����.���±�.��' ��� ����.���±�.��' ��� ���
�.���±�.��' ��� � !��"!�.���±�.��' ��� � !��"!�.���±�.��' ��� � !��"!�.���±�.��' ��� � !��"!
�.���±�.��� #��� 5���K��& �� )*!+ )*) �;<��-� :��

�.���±�.��( ��$ ,�)! �� )*!+

�.�� ±�.�� �(( 6�&7K��)� ## )*!+ π− � → ���

�.�# ±�.�# ���' 8��? #� %5+

�.�� ±�.�� ��#� �6�%��� #� �)*8

�.�# ±�.�� �� # +�&�!� #� %5+ �−� � ��	�

�.�� ±�.�� �(� � 4�6�&!3 �' %5+

�.�# ±�.�� ��� � 5�"6�& �( �5+ �− .��-� ��(� "� /�

�.�� ±�.�� ��� � !63 �� �5+
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)
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)
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− ν>GF=�π−> �	 ��� ������/; ���
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(
�µ−νµ

)
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(
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)
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(
�µ−νµ

)
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(
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)
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(
�µ−νµ

)
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(
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(
�µ−νµ

)
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(
�π

)
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����� �����	 
�−�� ���� ��	�
��� �� ��	� 	�

���

�.�#±�.�� ��� ����.�#±�.�� ��� ����.�#±�.�� ��� ����.�#±�.�� ��� ���
�.�#±�.�� ��� � !��"!�.�#±�.�� ��� � !��"!�.�#±�.�� ��� � !��"!�.�#±�.�� ��� � !��"!
�.( ±�.� �( 5�""!�� #� %5+ �−� � ��	�

�.( ±�.� ' +�&�!� #� %5+ �−� � ��	�

�.� ±�.# � 6�&7 �( � �!

�.� ±�.� � ��&&! �( �5+

� ���� ��������� ���� ��������� ���� ��������� ���� ��������

)�� ��� A&-�� -� 5�;-� 7��; *������	B �� ��� �����-� 6�	���1	� )-��
��/; ��	�/�	 �2� :��� -�������

α− ��� � → �π−α− ��� � → �π−α− ��� � → �π−α− ��� � → �π−
����� ���� ��	�
��� �� ��	� 	�

���

�.�(�±�.��� ��� � !��"!�.�(�±�.��� ��� � !��"!�.�(�±�.��� ��� � !��"!�.�(�±�.��� ��� � !��"!
�.��(±�.�(� ���� �)�5��3 #� )*!+

�.�('±�.��� ����� +6!6�&7 #� �)*8

�.�# ±�.�� ���� 7��5!� �' %5+ ��-�  ���;

�.�(�±�.��# ����� � !�)!�% �# �)*8 � .�-� π− �

�.�� ±�.�# ���� +��&�& �� +&�� � .�-� π− �

φ ���� ��� � → �π− ���!φ � β � γ�φ ���� ��� � → �π− ���!φ � β � γ�φ ���� ��� � → �π− ���!φ � β � γ�φ ���� ��� � → �π− ���!φ � β � γ�
����� �◦� ���� ��	�
��� �� ��	� 	�

���

− �.�± �.� ��� � !��"!− �.�± �.� ��� � !��"!− �.�± �.� ��� � !��"!− �.�± �.� ��� � !��"!

− #.�± (.� ����� +6!6�&7 #� �)*8 � .�-� π− �

− �.�± �.� ����� � !�)!�% �# �)*8 � .�-� π− �

��.�±�#.� ���� +��&�& �� �)*8 � .�-� π− �

α� � α− � α�� → 	π�� � α�� → �π−�α� � α− � α�� → 	π�� � α�� → �π−�α� � α− � α�� → 	π�� � α�� → �π−�α� � α− � α�� → 	π�� � α�� → �π−�
����� ���� ��	�
��� �� ��	� 	�

���

�.�� ±�.�# ��� � !��"!�.�� ±�.�# ��� � !��"!�.�� ±�.�# ��� � !��"!�.�� ±�.�# ��� � !��"!

�.���±�.��� (#�� ' �6)!& #� �)*8 π� � → ���

�.�� ±�.�# +��8 �� +&��

'�6)!& #� �-�<��	 <�-�-� �� �����-� ��	���:���-�	 .�-� � ���;�

[
α−��� � α����

]
�

[
α−��� − α����

][
α−��� � α����

]
�

[
α−��� − α����

][
α−��� � α����

]
�

[
α−��� − α����

][
α−��� � α����

]
�

[
α−��� − α����

]
?��- �. �� �	 �-�	��2��N α− �� α� �� ��� 	;�����; <������	 .-� � → �π−
�� � → �π� ���;� )�� /	- ��� − .-�  	���/� ��	� ��2-/2��1 ��� ���; ����
− → �π−
 � → �π− �� ��� �-���	<-����1 ���<����/� �����

����� ���� ��	�
��� �� ��	� 	�

���

�.���±�.��� ��� � !��"!�.���±�.��� ��� � !��"!�.���±�.��� ��� � !��"!�.���±�.��� ��� � !��"!
��.���±�.��� '�$ 5��&!) '� +&�� 6!�� � � → ��

��.�� ±�.�� ##� ��C�!� �� 74� �/ψ → ��

−�.�� ±�.�( ��$ �� +%�� �� �� +&�� ��
 �� �)�
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 ��	
 /����	
 ���� • • •
−�.�# ±�.�' (��� 5��&!) �# +&�� )�� 5��&!) '�

��+%�� �� �� ���//; 1�2�	 α�=�>Gα−=�> L −�.�( ± �.�'� �		���	 <-/��E��-� �	

	�� �� �� → �C �� �� → �C� ��	�	 -. ���	 		��<��-�
 :	�� -� ����2����� ��
.�1������-�
 �� 	��	��� :; ��� ���

� � � ��� � → �
−ν
� � � ��� � → �
−ν
� � � ��� � → �
−ν
� � � ��� � → �
−ν

4�	�������	 0��� .�0�� ��� ��� �2���	 �2� :��� -������� ,���� ����		�;
 	�1�	
�2� :��� ���1�� �- 1��� 0��� -�� �-�2����-�	
 0���� �� 1�2�� �� ��� A&-�� -�
5�;-� 7��; *������	B �� ��� �����-� 6�	���1	� ��� ��	�������	 // 		��� ���
��� .-�� .��-� �� L �� )�� /	- ��� .--��-�� -� 7,��8�& '��

����� ���� ��	�
��� �� ��	� 	�

���

−�.#��±�.��� ��� � !��"!−�.#��±�.��� ��� � !��"!−�.#��±�.��� ��� � !��"!−�.#��±�.��� ��� � !��"!
−�.#�'±�.���±�.��� �#$ �� 7,��8�& '� )*!+ 
 ν �1�/� �-���

−�.#� ±�.�� #��� 5���K��& �� )*!+  → �π−
−�.#�(±�.��� ��$ �� ,�)! �� )*!+ 
 ν �1�/� �-���/�
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 /����	
 ���� • • •
−�.�� ±�.�� ��# �6�%��� #� �)*8 *-/��E�� �

����� �:�/��� ��	�/� 		���	 ��� 0�$��1����	� �-�</��1 � ≡ �� =�>G�� =�> �- :�
�.'#
 	 1�2�� :; ��� + + �;<-���	�	 �� 	 		���� :; ��� -���� /�	��� ��	�������	�
%-0�2��
 7,��8�& '� �
����
� � �- :� �.�� ± �.��
 �� ���� ��G�� L −�.#�� ±
�.����

�����	 �O<������� ��	���	 -�/; ��� :	-/��� 2/�� -. ��G�� �

� ������� ������� ������� ������

,� �2� -������ 	-�� <<��	 ��� �2� :��� 	�<��	���� :; /��� �O<����
����	� )�� -�� ��/��� �����-�	�

����� �� �� ��� 
��� ���� � ��	 � ��� ����� ��!
�� �"##�$��
�%&�'& �� ��� (� (
�� '� �)$��*�
+��,-.�& �� ��/ �( 
�(( ���� +� �"��� � ��� ��/ ���� �"##�$��

�#	" ��/ �( (�(
 ��  ����� ���� +� �"��� � ��� ��/ ���� �"##�$��
/���-� �� �� ��� ��� '��� /� 	"� � ��� ��/!�

 �"##�$��
�-/� �( ��/ �� �
� ��0� �"$#� � ��� �&��1 -�,1 ��-2�
�3-�'&� �� �� ��
 ��� 0� �4" *�� � ��� ��&�+1 3&��1 �.,52�
,&6&�� �� �/ (
( �(� ��+� ,�7�� � ��� ���( �"##�$��
����� �� �/ 
�� 
�� ���� � ��	 � ��� ���.1 ���/1 /��/2�
&�5& �� 8�+% ��� (�
 ��9� ��:� � ��� ��&�1 ����1 5���2�
�+�.��, �� �/ 
�� (�� �� �;��<�� � ��� �����1 �/��1 .�/�2�
-.�=.&� �� 8�+% �(
 
 ��+� "� >��� � ��� ��&�1 5���1 +�&��2�
�-6 �
 ��/ �� ��� ��,� �"7 � ��� ��&�+1 3&��1 �.,51 �&��2�
�-���-� �
 �� �(� �
� /� �"�? "� � ��� �3&��1 �&�+1 �.,52�
3&�� �
 �/ �� 
(� 0��� 3�	� � ��� �����1 �/�
3&�� �� �/ �
 
�� 0��� 3�	� � ��� �����1 �/�
��+��+&���� �� ��/ �
 
��� /� ��;��;��:� � ��� ��&�+1 �.,51 3&���
+�//�� �� �/ �� ��� '� +�##� � ��� ��&�+1 3&��1 +�&�+�
/&��=.&�, �� �� �
� (
�� 0� /��?>��	� � ��� ��9&1 -�.1 ��/�

�#	" 0�5 ( /(

 0� /��?>��	� � ��� ��9&1 3.�/1 -�.2�
8��+ �� �� 
(� �
� 5� 8��; � ��� ��&�51 ����1 �-�,1 +�&�+�
.��� �� ��/ �� 


� 5����� ���� � ��� �3&��1 �&�+1 �.,5�
��,.�% �� �� �� �� �� �	�$� ) � ��� �/-&�1 ����1 �,+2�
�/�%,-� �� �� �� 
�� ��9� �#�)�"� � ��� �/-&�1 �+�/�
�/,+-99 �� �/ �� (�� '�+� �#�;"@ � ��� �����1 +�&��
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Λ AND Σ RESONANCES

Introduction: The only new data entries in this 2006

Review are two measurements of the Λ(1520) → Λγ branching

fraction and measurements of the Σ(1385) → Λγ and Σ−γ

branching fractions. The field remains at a standstill. What

follows is a much abbreviated version of the note on Λ and Σ

Resonances from our 1990 edition [1]. In particular, see that

edition for some representative Argand plots from partial-wave

analyses.

Table 1 is an attempt to evaluate the status, both overall

and channel by channel, of each Λ and Σ resonance in the

Particle Listings. The evaluations are of course partly subjec-

tive. A blank indicates there is no evidence at all: either the

relevant couplings are small or the resonance does not really

exist. The main Baryon Summary Table includes only the es-

tablished resonances (overall status 3 or 4 stars). A number of

the 1- and 2-star entries may eventually disappear, but there

are certainly many resonances yet to be discovered underlying

the established ones.

Sign conventions for resonance couplings: In terms of

the isospin-0 and -1 elastic scattering amplitudes A0 and A1, the

amplitude for K−p → K
0
n scattering is ±(A1 − A0)/2, where

the sign depends on conventions used in conjunction with the

Clebsch-Gordan coefficients (such as, is the baryon or the meson

the “first” particle). If this reaction is partial-wave analyzed

and if the overall phase is chosen so that, say, the Σ(1775)D15

amplitude at resonance points along the positive imaginary axis

(points “up”), then any Σ at resonance will point “up” and any

Λ at resonance will point “down” (along the negative imaginary

axis). Thus the phase at resonance determines the isospin. The

above ignores background amplitudes in the resonating partial

waves.

Σ π

Λ (2030)Σ (1385)
{10}

P13

Λ (1670)
{8}

S01

Λ (1690)
{8}

D03
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{8}
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{8}

D05
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Σ Σ
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Σ Σ Σ Σ (2030)
{10}

F17

Σ

Σ Λ Λ Λ Λ Λ

Λ

Σ

{1}
Λ (1405)

S01

{1}
Λ (1520)

D03

{8}
Σ (1670)

D13

{8}
Σ (1750)

S11

{8}
Σ (1775)

D15

{8}
Σ (1915)

F15
Σ

Σ

ΣΣΣΛ Λ

Figure 1. The signs of the imaginary parts of resonating amplitudes in the KN → Λπ and Σπ channels. The signs of the Σ (1385)
and Λ(1405), marked with a •, are set by convention, and then the others are determined relative to them. The signs required by the
SU(3) assignments of the resonances are shown with an arrow, and the experimentally determined signs are shown with an ×.

That is the basic idea. In a similar but somewhat more

complicated way, the phases of the KN → Λπ and KN → Σπ

amplitudes for a resonating wave help determine the SU(3)

multiplet to which the resonance belongs. Again, a convention

has to be adopted for some overall arbitrary phases: which

way is “up”? Our convention is that of Levi-Setti [2] and is

shown in Fig. 1, which also compares experimental results with

theoretical predictions for the signs of several resonances. In the

Listings, a + or − sign in front of a measurement of an inelastic

resonance coupling indicates the sign (the absence of a sign

means that the sign is not determined, not that it is positive).

For more details, see Appendix II of our 1982 edition [3].

Errors on masses and widths: The errors quoted on

resonance parameters from partial-wave analyses are often only

statistical, and the parameters can change by more than these

errors when a different parametrization of the waves is used.

Furthermore, the different analyses use more or less the same

data, so it is not really appropriate to treat the different

determinations of the resonance parameters as independent or

to average them together. In any case, the spread of the masses,

widths, and branching fractions from the different analyses is

certainly a better indication of the uncertainties than are the

quoted errors. In the Baryon Summary Table, we usually give a

range reflecting the spread of the values rather than a particular

value with error.

For three states, the Λ(1520), the Λ(1820), and the Σ(1775),

there is enough information to make an overall fit to the various

branching fractions. It is then necessary to use the quoted

errors, but the errors obtained from the fit should not be taken

seriously.
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Table 1. The status of the Λ and Σ resonances. Only those with an
overall status of ∗∗∗ or ∗∗∗∗ are included in the main Baryon Summary
Table.

Status as seen in —

Particle LI·2J

Overall
status NK Λπ Σπ Other channels

Λ(1116) P01 ∗∗∗∗ F Nπ(weakly)
Λ(1405) S01 ∗∗∗∗ ∗∗∗∗ o ∗∗∗∗
Λ(1520) D03 ∗∗∗∗ ∗∗∗∗ r ∗∗∗∗ Λππ, Λγ
Λ(1600) P01 ∗∗∗ ∗∗∗ b ∗∗
Λ(1670) S01 ∗∗∗∗ ∗∗∗∗ i ∗∗∗∗ Λη
Λ(1690) D03 ∗∗∗∗ ∗∗∗∗ d ∗∗∗∗ Λππ, Σππ

Λ(1800) S01 ∗∗∗ ∗∗∗ d ∗∗ NK
∗
, Σ(1385)π

Λ(1810) P01 ∗∗∗ ∗∗∗ e ∗∗ NK
∗

Λ(1820) F05 ∗∗∗∗ ∗∗∗∗ n ∗∗∗∗ Σ(1385)π
Λ(1830) D05 ∗∗∗∗ ∗∗∗ F ∗∗∗∗ Σ(1385)π
Λ(1890) P03 ∗∗∗∗ ∗∗∗∗ o ∗∗ NK

∗
, Σ(1385)π

Λ(2000) ∗ r ∗ Λω, NK
∗

Λ(2020) F07 ∗ ∗ b ∗
Λ(2100) G07 ∗∗∗∗ ∗∗∗∗ i ∗∗∗ Λω, NK

∗
Λ(2110) F05 ∗∗∗ ∗∗ d ∗ Λω, NK

∗
Λ(2325) D03 ∗ ∗ d Λω
Λ(2350) ∗∗∗ ∗∗∗ e ∗
Λ(2585) ∗∗ ∗∗ n

Σ(1193) P11 ∗∗∗∗ Nπ(weakly)
Σ(1385) P13 ∗∗∗∗ ∗∗∗∗ ∗∗∗∗
Σ(1480) ∗ ∗ ∗ ∗
Σ(1560) ∗∗ ∗∗ ∗∗
Σ(1580) D13 ∗ ∗ ∗
Σ(1620) S11 ∗∗ ∗∗ ∗ ∗
Σ(1660) P11 ∗∗∗ ∗∗∗ ∗ ∗∗
Σ(1670) D13 ∗∗∗∗ ∗∗∗∗ ∗∗∗∗ ∗∗∗∗ several others
Σ(1690) ∗∗ ∗ ∗∗ ∗ Λππ
Σ(1750) S11 ∗∗∗ ∗∗∗ ∗∗ ∗ Ση
Σ(1770) P11 ∗
Σ(1775) D15 ∗∗∗∗ ∗∗∗∗ ∗∗∗∗ ∗∗∗ several others
Σ(1840) P13 ∗ ∗ ∗∗ ∗
Σ(1880) P11 ∗∗ ∗∗ ∗∗ NK

∗
Σ(1915) F15 ∗∗∗∗ ∗∗∗ ∗∗∗∗ ∗∗∗ Σ(1385)π
Σ(1940) D13 ∗∗∗ ∗ ∗∗∗ ∗∗ quasi-2-body
Σ(2000) S11 ∗ ∗ NK

∗
, Λ(1520)π

Σ(2030) F17 ∗∗∗∗ ∗∗∗∗ ∗∗∗∗ ∗∗ several others
Σ(2070) F15 ∗ ∗ ∗
Σ(2080) P13 ∗∗ ∗∗
Σ(2100) G17 ∗ ∗ ∗
Σ(2250) ∗∗∗ ∗∗∗ ∗ ∗
Σ(2455) ∗∗ ∗
Σ(2620) ∗∗ ∗
Σ(3000) ∗ ∗ ∗
Σ(3170) ∗ multi-body

∗∗∗∗ Existence is certain, and properties are at least fairly well explored.
∗∗∗ Existence ranges from very likely to certain, but further confir-

mation is desirable and/or quantum numbers, branching fractions,
etc. are not well determined.

∗∗ Evidence of existence is only fair.
∗ Evidence of existence is poor.

Production experiments: Partial-wave analyses of

course separate partial waves, whereas a peak in a cross section

or an invariant mass distribution usually cannot be disentangled

from background and analyzed for its quantum numbers; and

more than one resonance may be contributing to the peak.

Results from partial-wave analyses and from production ex-

periments are generally kept separate in the Listings, and in

the Baryon Summary Table results from production experi-

ments are used only for the low-mass states. The Σ(1385) and

Λ(1405) of course lie below the KN threshold and nearly every-

thing about them is learned from production experiments; and

production and formation experiments agree quite well in the

case of Λ(1520) and results have been combined. There is some

disagreement between production and formation experiments in

the 1600–1700 MeV region: see the note on the Σ(1670).
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WEIGHTED AVERAGE
0.95±0.04 (Error scaled by 1.7)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

DAUBER 67 HBC 4.0
DAHL 67 HBC 0.0
SCHEUER 68 DBC 0.6
BURKHARDT 69 HBC 2.7
GOPAL 77 DPWA 1.0

χ2

       8.3
(Confidence Level = 0.083)
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WEIGHTED AVERAGE
1189.37±0.06 (Error scaled by 1.8)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

BARKAS 63 EMUL 0.0
BHOWMIK 64 EMUL 0.2
SCHMIDT 65 HBC 8.9
HYMAN 67 HEBC 3.1
BOHM 72 EMUL 1.0

χ2

      13.3
(Confidence Level = 0.010)
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2.458±0.010 (Error scaled by 2.1)
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��!� "��� �  " ����

����.+��±�.�+� &���% �� ':�2 �−2 �� �� ��;
��! ����

����.3��±�.�3� &$// �� 21�� �−:)� �−5 �� �


����.+� ±�.�� ���� '2-.�4� #3 -,2 '��  �� *��� � ��



• • • 5� �  � 	
� ��� " !! *�( ���� " � �9���(�
� ��
� !����
� ���� • • •
����.�+ ±�.�3 � 4�&$1 �3 21�� �K ��� �� �


�&$// �� � �!	��
 ���� ��� 4�&$1 �3 ��

 ���
 � )� ���9�!	�����

��− − �����− − �����− − �����− − ���

����� ����� ���� ��	�
��� �� ��	�

�.��±�.�� ��� ����.��±�.�� ��� ����.��±�.�� ��� ����.��±�.�� ��� ��� ��� � ��!	��
 
��!� "��� �  " ����

�.��±�.�# ��� $%��$&��.��±�.�# ��� $%��$&��.��±�.�# ��� $%��$&��.��±�.�# ��� $%��$&�

�.��±�.�� �# ,�-. �� �.�/

�.�3±�.�3 �3�� 4�'2- #3 -,2

�.�3±�.+� �� ,$�6$' #� �.�/

��− − ����− − ����− − ����− − ��

����� ����� ���� ��	�
��� �� ��	� 	�

���

��.�##±�.��� ��� �����.�##±�.��� ��� �����.�##±�.��� ��� �����.�##±�.��� ��� ��� ��� � ��!	��
 
��!� "��� �  " ����

��.#� ±�.�� ��� $%��$&���.#� ±�.�� ��� $%��$&���.#� ±�.�� ��� $%��$&���.#� ±�.�� ��� $%��$&�

��.#+ ±�.�� ���� -�:: #� -,2

��.�� ±�.�� �3 '2-.�4� #3 -,2 '��  �� *��� � ��



��.�� ±�.�� ,��1'���1 #+ -,2

�− ��� �����− ��� �����− ��� �����− ��� ����

.��
	�����
 *��� � ��� � ≥ �.�× ��−�� 
 ��9� )��  �������

����� ���−�� �� ���� ��	�
��� �� ��	� 	�

���

�.+��±�.��� ��� $%��$&��.+��±�.��� ��� $%��$&��.+��±�.��� ��� $%��$&��.+��±�.��� ��� $%��$&� ��� � ��!	��
 
��!� "��� �  " ���� '�� ��� ��� (��� )�! *�

�.+��±�.��+ �#= .$��$���1� �� -,2 �−� ��+�>��3 &�%/�

�.+� ±�.�� �+�� 2�1����� �# -,2 �−� �>��+ &�%/�

�.+#�±�.��� �+�� ��,���'�1 �� -,2 �−� ���3 &�%/�

�.+� ±�.�3 ���� ,$66�� �� 4,2 �−� → �−ππ

�.+� ��.��
−�.�� ��%�� �� �.�/

�.+�3±�.��� ���= ��'�/� �� -,2 �−� �� ��
�

�.+��±�.��# ��= ,$�/���$�4#� -,2 �−� ��+>��� &�%/�

�.�� ±�.�� 3�# 5-���'�4� #� -,2 �−� �� ��
�

�.###±�.��3 ��#� � 2-$1& ## -,2 �−� �� ��
�

�.3� ±�.�# ���� -�.:-��0 #� -,2 �−� �� ��
�

�5� ��9� �����
�� ��� 2-$1& ## ��� �  " �����? 
��  	� ���� ����� � ��9��*
  "
. ��� :�;
��
 +�+�+�+� 1 � � 8����<�

WEIGHTED AVERAGE
1.479±0.011 (Error scaled by 1.3)

HUMPHREY 62 HBC 2.8
CHANG 66 HBC 6.2
WHITESIDE 68 HBC 2.0
BARLOUTAUD 69 HBC 0.2
EISELE 70 HBC 0.1
TOVEE 71 EMUL 0.6
BAKKER 71 DBC 1.4
ROBERTSON 72 HBC 0.2
CONFORTO 76 HBC 0.1
MARRAFFINO 80 HBC 0.0

χ2

      13.6
(Confidence Level = 0.136)

1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9

�− ���� �$� ��)−�� 
�

�− ������� �������− ������� �������− ������� �������− ������� ������

'�� ��� @1 ��   ,��;  .�(���� . ���
A � ��� � /�
��(
� .��
	���
���
 *��� � ��� � ≥ �.� µ� ��9� )��  �������

����� �µN � ���� ��	�
��� �� ��	� 	�

���

−�.�#�±�.��3 ��� $%��$&�−�.�#�±�.��3 ��� $%��$&�−�.�#�±�.��3 ��� $%��$&�−�.�#�±�.��3 ��� $%��$&� ��� � ��!	��
 
��!� "��� �  " ���� '�� ��� ��� (���
)�! *�

−�.��3±�.���±�.��� -���I�& �� 21�� �−:)� �−5
�� �


−�.�##±�.��+±�.��� #��= I$:$/$2 �# ':�2 ��− ν� �π− ���
��;


−�.�� ±�.�� ±�.�� 5$- �3 21�� �2	 → �−N
• • • 5� �  � 	
� ��� " !! *�( ���� " � �9���(�
� ��
� !����
� ���� • • •
−�.�� ±�.�+ 3�#= 4�26 �� ':�2 �,� → �−N

WEIGHTED AVERAGE
-1.160±0.025 (Error scaled by 1.7)

WAH 85 CNTR 2.7
ZAPALAC 86 SPEC 0.1
HERTZOG 88 CNTR 3.2

χ2

       6.1
(Confidence Level = 0.048)

-1.3 -1.2 -1.1 -1 -0.9

�− �������� ������ �µ� �

�− �31�� 1��6��− �31�� 1��6��− �31�� 1��6��− �31�� 1��6�

����� �=.� ��	�
��� �� ��	� 	�

���

�.���±�.���±�.�#��.���±�.���±�.�#��.���±�.���±�.�#��.���±�.���±�.�#� � �'2-��2- �� '�/N �− � → �− �

��'2-��2- �� ���	�!!; (�9�

〈
��

〉
H 8�.#� ± �.�� ± �.��< "���

�− ���� ������− ���� ������− ���� ������− ���� �����

. �� ������  8C	 DC<

�� �π− 8��.�+�±�.��3< E

�� �π− γ F
G 8 +.# ±�.# < × ��−+

�� �
− ν� 8 �.���±�.��+< × ��−�

�+ �µ− νµ 8 +.3 ±�.+ < × ��−+

�3 	
− ν� 8 3.�� ±�.�� < × ��−3
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(
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(
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(
�π− γ

)
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(
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�.+#±�.�#�.+#±�.�#�.+#±�.�#�.+#±�.�# ��� �,�1-�- �� -,2 π� < �3� .�%/�
• • • 5� �  � 	
� ��� " !! *�( ���� " � �9���(�
� ��
� !����
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�.��±�.�� �� $1& #�� -,2 π− < ��� .�%/�

∼ �.� ,$I�1 #3� -,2 π− < �## .�%/�
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��� ��−� ���� ��	�
��� �� ��	� 	�
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�.���±�.��3 ��� ����.���±�.��3 ��� ����.���±�.��3 ��� ����.���±�.��3 ��� ���

�.�����.���
−�.��# ��� $%��$&��.�����.���
−�.��# ��� $%��$&��.�����.���
−�.��# ��� $%��$&��.�����.���
−�.��# ��� $%��$&�

�.�# ±�.�3 ��+� ,���M��1 ��# ':�2 ':' �;7��  )���

�.�� ��.�#
−�.�� #�� + �,�1-�- �+ -,2 �−� �� ��
�

�.�3 ��.��
−�.�� +33 + '�2-��I��1 �� -,2 �−� �� ��
�

�.�� ±�.�3 3� 2�/� �� -,2 �−� �� ��
�

�.�� ±�.�� ��� ,���.$1 #� -,2
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�.+3±�.�+ ��� ����.+3±�.�+ ��� ����.+3±�.�+ ��� ����.+3±�.�+ ��� ���

�.+3±�.�+ ��� $%��$&��.+3±�.�+ ��� $%��$&��.+3±�.�+ ��� $%��$&��.+3±�.�+ ��� $%��$&�

�.��±�.�� �� 2�/� �� -,2 �−� �� ��
�

�.+�±�.�# �� $1& #� -,2 �−� �� ��
�

�.+�±�.�� 3# ,$&&��� #� -,2 �−� �� ��
�

�.3#±�.�� �� ,$I�1 #3� -,2 �−� �� ��
�

�.##±�.�3 �� 2���$1� #+ -,2
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)
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(
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(
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����� �	
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�.3�+±�.��� ��� ����.3�+±�.��� ��� ����.3�+±�.��� ��� ����.3�+±�.��� ��� ���

�.3�+±�.��� ��� $%��$&��.3�+±�.��� ��� $%��$&��.3�+±�.��� ��� $%��$&��.3�+±�.��� ��� $%��$&�

�.3#�±�.��� �#�� 3 ,���M��1 �� ':�2 ':' �;7��  )���

�.#� ±�.�� ��+ �-�.:'�1 �� $':6 -;7��  )���

�.3� ±�.�� �� ,$/�$0 #� -,2 �−� �� ��
�

�.#� ±�.�� �� ��'�/� #� -,2 �−� �� ��
�

�.#+ ±�.�� �3 ,$�$'- #� -,2 �−� �� ��
�

�.�3 ±�.�� �� 2���$1� #+ -,2 �−� �� ��
�

3��� 9�!	� �
 "� � ,���M��1 ���� �� ��!	��
 �������  � ������ 
 �� �* ����7�
�����

�− ���� 41����1��− ���� 41����1��− ���� 41����1��− ���� 41����1�

'�� ��� @1 ��   ,��;  4���; :��������
A � ��� �	��  /�
��(
�
�!����  	������ ��
	!�
 ��9� )��  �������

α− ��1 �− → �π−α− ��1 �− → �π−α− ��1 �− → �π−α− ��1 �− → �π−
����� ���� ��	�
��� �� ��	� 	�

���

−�.�#�±�.��� ��� $%��$&�−�.�#�±�.��� ��� $%��$&�−�.�#�±�.��� ��� $%��$&�−�.�#�±�.��� ��� $%��$&�

−�.�#�±�.��+ ��= -$1'/ �� -,2 �−� → �−π�

−�.�#�±�.��� #�= ,�&��� �� -,2 �−� ��+ &�%/�

−�.���±�.��� 3�= ,$1&����� #� -,2 �−� ��+ &�%/�

φ ���� ��1 �− → �π− ��� φ � β � γ�φ ���� ��1 �− → �π− ��� φ � β � γ�φ ���� ��1 �− → �π− ��� φ � β � γ�φ ���� ��1 �− → �π− ��� φ � β � γ�
����� �◦� ���� ��	�
��� �� ��	� 	�

���

��±�3 ��� $%��$&���±�3 ��� $%��$&���±�3 ��� $%��$&���±�3 ��� $%��$&�

� 3±�� ���� # ,��/�0 ��� -,2 � ��
�������(

�+±�� ���3 ,$1&����� #�� -,2 �−� ��+ &�%/�

#,��/�0 ��� ���(�� "� � −3 � �3◦ � �(��� *���  	� 
�( � 9��� �

����� ��1 �− → �
− ν������ ��1 �− → �
− ν������ ��1 �− → �
− ν������ ��1 �− → �
− ν�
.��
	�����
 *��� "�*�� ��� 3�� �9��
 ��9� )��  ������� 5���� ���

��;� 
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� *���� ��� (�9� � ��� @1 ��  
,��;  4���; :��������
A � ��� �	��  /�
��(
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 ���	�!!; !�
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���� �� H �� '�� �!
 ���  ��   -'��- ���

����� ���� ��	�
��� �� ��	� 	�

���

�.�+�±�.��� ��� $%��$&��.�+�±�.��� ��� $%��$&��.�+�±�.��� ��� $%��$&��.�+�±�.��� ��� $%��$&�

��.���±�.���±�.��� 3�= � -'��- �� ':�2 �− �3� &�%

��.�+ ±�.�3 ++3# � ,���M��1 ��# ':�2 ':' �;7��  )���

�.��3±�.��� �3�� � �$1�1,$�. �+ $':6
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 ��!	��� � ��� ��� ��� 8*���  	� 
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�1�4�� ��11������ ����������� � -�% �− → �
− ν��1�4�� ��11������ ����������� � -�% �− → �
− ν��1�4�� ��11������ ����������� � -�% �− → �
− ν��1�4�� ��11������ ����������� � -�% �− → �
− ν�
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WEIGHTED AVERAGE
0.01±0.10 (Error scaled by 1.5)

FRANZINI 72 HBC 4.9
TANENBAUM 75B SPEC 0.2
THOMPSON 80 ASPK 1.0
BOURQUIN 82 SPEC 0.2

χ2

       6.5
(Confidence Level = 0.091)
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���+.�±�.� ���� ,$�,�//��� �+ -,2 �− � ���3 &�%/�

���+.3±�.3 3�3# $&��/$����� ��) -,2 �− � → �ππ +�� &�%/�

����.�±�.+ ��#� $&��/$����� ��) -,2 �− � → ��π +�� &�%/�

����.�±�.� #��� 2$.���1 �� -,2 �− � ���#>���# &�%/�

���� ±� #�+# ,���1'���1 �+ -,2 �− � ���� &�%/�

����.3±�.�3 ���� -$,�,� �� -,2 �− � → �ππ

���� ±� +�� $&��/$����� ��� -,2 �− � → �π Q
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/
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���� ±� ��� � '�&$-$�$ ��� -,2 π− � # &�%/�
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���3 ±� �3�+ -�/.&��1 �� -,2 '�� $&��/$��
,�1���I ��)

���� ±� � ,$�4$4�1���� �3 -,2 �− � �+�� &�%/�

���� ±� ��+� � ,���-�1 �+ -,2 �− � ��#�>��+� .�%/�

���� ±# +# $&��/$����� ��� -,2 �− � → � π Q
 + &�%/�
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���#.�±�.� �3+ + �/0 #� -/,2 �− � ���� &�%/�

WEIGHTED AVERAGE
1382.8±0.4 (Error scaled by 2.0)

HUWE 64 HBC 1.2
ARMENTEROS 65B HBC 0.6
SIEGEL 67 HBC 2.6
AGUILAR-... 72B HBC 0.2
HABIBI 73 HBC 0.7
BORENSTEIN 74 HBC 3.2
CAMERON 78 HBC 8.8
AGUILAR-... 81D HBC 0.3
AGUILAR-... 81D HBC 11.7
BAUBILLIER 84 HBC 3.5

χ2

      32.8
(Confidence Level  0.001)
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WEIGHTED AVERAGE
1383.7±1.0 (Error scaled by 1.4)

THOMAS 73 HBC 0.3
BORENSTEIN 74 HBC 3.3
AGUILAR-... 81D HBC 0.3

χ2

       4.0
(Confidence Level = 0.136)
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����.�±�.� #�� $&��/$����� ��) -,2 �− � → �ππ +�� &�%/�

���+.�±�.� ��+# $&��/$����� ��) -,2 �− � → ��π +�� &�%/�

����.#±�.� ���� 2$.���1 �� -,2 �− � ���#>���# &�%/�

���� ±� ���� ,���1'���1 �+ -,2 �− � ���� &�%/�

����.�±�.� ���� -$,�,� �� -,2 �− � → �ππ

����.�±�.� #�� + �-�.$' �� -,2 π− � → �π−��

����.�±�.� ��� '��&�/ #� -,2 �− � ��� &�%/�

���+ ±� ���� $�.�1����'#3� -,2 �− � ���>��� &�%/�

���3.�±�.� ���# + -�5� #+ -,2 �− � ���3>���� &�%/�
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,�1���I ��)
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����.3±�.# ��� + '.��- #3 -,2 �− � ��� &�%/�

����.�±�.� 3� + '.��- #3 -,2 �− � ���3 &�%/�

����.�±#.� ��� 2��:�� #+ -,2 �− � ��+3 &�%/�

���� ±� �� 4$-/ #� 4,2 �−  ��+3 &�%/�

���#.�±+.+ ��+ + �/0 #� -/,2 �− � ���� &�%/�



����������������

��� ��� �� ���� 	
� �����������	
� ������

� ������

WEIGHTED AVERAGE
1387.2±0.5 (Error scaled by 2.2)

HUWE 64 HBC 1.0
ARMENTEROS 65B HBC 10.1
SIEGEL 67 HBC 3.1
THOMAS 73 HBC 0.0
HABIBI 73 HBC 8.6
BORENSTEIN 74 HBC 4.4
CAMERON 78 HBC 1.9
AGUILAR-... 81D HBC 8.1
AGUILAR-... 81D HBC 0.4

χ2

      37.7
(Confidence Level  0.001)
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�� ±� � 2��:�� #+ -,2 �−� ��+3 &�%/�

+.�±�.� � -�5� #+ -,2 �−� ���� &�%/�

�.�±+.� � �/0 #� -/,2 �−� ���� &�%/�

��8���3<� − ��8���3<�
��8���3<� − ��8���3<���8���3<� − ��8���3<�
��8���3<� − ��8���3<�

����� ����� 	�� ��	�
��� �� ��	� 	�

���
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−+ � �+ �3 � ,���1'���1 �+ -,2 �−� ���� &�%/�

��8���3<− − ��8���3<�
��8���3<− − ��8���3<���8���3<− − ��8���3<�
��8���3<− − ��8���3<�

����� ����� ��	�
��� �� ��	� 	�

���
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�.�±�.+ � �-�.$' �� -,2 π− � → �π−��

� ��89:� ;���3�� ��89:� ;���3�� ��89:� ;���3�� ��89:� ;���3�

� ��89:�� ;���3� ��89:�� ;���3� ��89:�� ;���3� ��89:�� ;���3
����� ����� ���� ��	�
��� �� ��	� 	�

���

�3.�± �.� ��� $%��$&��3.�± �.� ��� $%��$&��3.�± �.� ��� $%��$&��3.�± �.� ��� $%��$&�

��.�± �.� ���� ,$�,�//��� �+ -,2 �− � ���3 &�%/�

�3.�± �.� 3�3# $&��/$����� ��) -,2 �− � → �ππ +�� &�%/�

��.3± �.� ��#� $&��/$����� ��) -,2 �− � → ��π +�� &�%/�

�3.3± �.� #��� 2$.���1 �� -,2 �− � ���#>���# &�%/�

�+.�± �.# #�+# � ,���1'���1 �+ -,2 �− � ���� &�%/�

��.�± �.� ���� � -$,�,� �� -,2 �− � → �ππ

��.3± #.� +�� $&��/$����� ��� -,2 �− � → �π Q


�# ± + ��#� � '��&�/ #� -,2 �− � ��� &�%/�

��.�± +.� �3� � $�.�1����'#3� -,2 �− � ���3>���� &�%/�

+#.3± #.+ �3� � -�5� #+ -,2 �− � ���3>���� &�%/�
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+� ± � #�� ,$6�� �� -0,� π� � � &�%/�

�� ± � �3� ,$6�� �� -0,� �− � � &�%/�

�� ± � �= � ,$�,�//��� ��� -,2 �− � ���3 &�%/�

�� ± + �= 2$���' �� -0,� π� �
/
�− � ���3 &�%

�� ± # ��� � '�&$-$�$ ��� -,2 π− � # &�%/�

+� ± 3 ��= �,� ,$������ ��� -,2 �− � +�� &�%/�

�+ ± � �3�+ -�/.&��1 �� -,2 '�� $&��/$��
,�1���I ��)

+�.�± �.� � ,$�4$4�1���� �3 -,2 �− � �+�� &�%/�

+� ± � ��+� � ,���-�1 �+ -,2 �− � ��#�>��+� .�%/�

�� ±�� +# � $&��/$����� ��� -,2 �− � → � π Q
 + &�%/�

�3 ±�� #� � ,��.�1&-$. ## -,2 �− � ��3 &�%/�

��.�± �.3 �3� � '.��- #3 -,2 �− � ��� &�%/�

��.�± �.� �3� � '.��- #3 -,2 �− � ���3 &�%/�

3� ±�# ��� � 2��:�� #+ -,2 �− � ��+3 &�%/�

+� ±�# �3+ � �/0 #� -/,2 �− � ���� &�%/�

� ��89:�� ;���3� ��89:�� ;���3� ��89:�� ;���3� ��89:�� ;���3
����� ����� ���� ��	�
��� �� ��	� 	�

���

�# ± 3 ��� $%��$&��# ± 3 ��� $%��$&��# ± 3 ��� $%��$&��# ± 3 ��� $%��$&�

�+.�± 3.# 3��� $&��/$����� ��) -,2 �− � → ��π +�� &�%/�

��.�±��.� �+� � �-�.$' �� -,2 π− � → �π���
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3� ± � ���� �� ,���1'���1 �+ -,2 �− � → ��π ���� &�%/�

�� ± � ��# 2����' #� �':6 π− � ��3 &�%/�

� ��89:�− ;���3� ��89:�− ;���3� ��89:�− ;���3� ��89:�− ;���3
����� ����� ���� ��	�
��� �� ��	� 	�

���

��.+± �.� ��� $%��$&���.+± �.� ��� $%��$&���.+± �.� ��� $%��$&���.+± �.� ��� $%��$&� ��� � ��!	��
 
��!� "��� �  " ���� '�� ��� ��� (��� )�! *�

��.+±��.� #�� $&��/$����� ��) -,2 �− � → �ππ +�� &�%/�

�+.#± +.� ��+# $&��/$����� ��) -,2 �− � → ��π +�� &�%/�

��.�± �.� ���� 2$.���1 �� -,2 �− � ���#>���# &�%/�

�3 ± � ���� � ,���1'���1 �+ -,2 �− � ���� &�%/�

3�.�± +.� ���� � -$,�,� �� -,2 �− � → �ππ

+�.�± �.� #�� � �-�.$' �� -,2 π− � → �π−��

��.�± #.3 ��� � '��&�/ #� -,2 �− � ��� &�%/�

��.�± +.� ���� � $�.�1����'#3� -,2 �− � ���3>���� &�%/�

#� ± � ���# -�5� #+ -,2 �− � ���3>���� &�%/�
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++ ± + +�3= � ,$�,�//��� ��� -,2 �− � ���3 &�%/�

3� ± + �3� � '�&$-$�$ ��� -,2 π− � # &�%/�

+3 ± 3 ��= �,� ,$������ ��� -,2 �− � +�� &�%/�

�3 ±�� ��� -�/.&��1 �� -,2 '�� $&��/$��
,�1���I ��)

+� ± # � ,$�4$4�1���� �3 -,2 �− � �+�� &�%/�

+� ± � ��#� � ,���-�1 �+ -,2 �− � ��#�>��+� .�%/�

��.�±��.# ��� � '.��- #3 -,2 �− � ���� &�%/�

��.�± �.� 3� � '.��- #3 -,2 �− � ���3 &�%/�

�� ±�+ ��� � 2��:�� #+ -,2 �− � ��+3 &�%/�

+� 4$-/ #� 4,2 �−  ��+3 &�%/�

## ±�� ��+ � �/0 #� -/,2 �− � ���� &�%/�

WEIGHTED AVERAGE
39.4±2.1 (Error scaled by 1.7)

HUWE 64 HBC 10.4
ARMENTEROS 65B HBC 0.1
SIEGEL 67 HBC 1.7
THOMAS 73 HBC 1.3
HABIBI 73 HBC 6.7
BORENSTEIN 74 HBC 2.2
CAMERON 78 HBC 0.0
AGUILAR-... 81D HBC 1.3
AGUILAR-... 81D HBC 0.0

χ2

      23.8
(Confidence Level = 0.002)

0 20 40 60 80 100

��� =7�− %�	�� �����

� ��89:� 4��� 4��������� ��89:� 4��� 4��������� ��89:� 4��� 4��������� ��89:� 4��� 4��������

� ��89:�� 1�� 41�� ��89:�� 1�� 41�� ��89:�� 1�� 41�� ��89:�� 1�� 41�
����� ��	�
��� �� 	�

���

����±� /�2-��1,��&�+ �K���7 !���
 -$,�,� ��

� ��89:�� −�����1� 41�� ��89:�� −�����1� 41�� ��89:�� −�����1� 41�� ��89:�� −�����1� 41�
����� ��	�
��� �� 	�

���

��.3±�.3 /�2-��1,��&�+ �K���7 !���
 -$,�,� ��

� ��89:�− 1�� 41�� ��89:�− 1�� 41�� ��89:�− 1�� 41�� ��89:�− 1�� 41�
����� ��	�
��� �� 	�

���

����±� /�2-��1,��&�+ �K���7 !���
 -$,�,� ��

� ��89:�− −�����1� 41�� ��89:�− −�����1� 41�� ��89:�− −�����1� 41�� ��89:�− −�����1� 41�
����� ��	�
��� �� 	�

���

��.3±�.3 /�2-��1,��&�+ �K���7 !���
 -$,�,� ��
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� ��89:� ���� ������ ��89:� ���� ������ ��89:� ���� ������ ��89:� ���� �����

. �� ������  8C	 DC< 2 ����� !�9�!

�� 	π 8��.�±�.3< E

�� � π 8��.�±�.3< E

�� 	γ 8 �.�±�.+< E

�+ �−γ < �.+ × ��−+ ��E

�3 ��

�+$ �,��$ ,%� (+� ! -%�(��� 
 �%$ �	% $
��"��$
�  �� <�
 �% ��$%�!$
0

� ��89:� 21��3��� 1����� ��89:� 21��3��� 1����� ��89:� 21��3��� 1����� ��89:� 21��3��� 1����
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�.��3±�.��� ��� $%��$&��.��3±�.��� ��� $%��$&��.��3±�.��� ��� $%��$&��.��3±�.��� ��� $%��$&�

�.�� ±�.�# 4��1�'� ��� -,2 ± �− � → ! ∗� �

�.�# ±�.�� ,���-�1 �+ -,2 � �− � ���#>���+ &�%/�

�.�� ±�.�� ,���-�1 �+ -,2 − �− � ���#>���+ &�%/�

�.�� ±�.�3 ,���1'���1 �+ -,2 � �− � → �π�π−�

��π�π−
�.�� ±�.�+ .$'� �� .:5$ ± �− � → �π�π−�

��π�π−
�.�� ±�.�3 �-�.$' �� -,2 − π− � → �� π� �� π

�.�# ±�.�� $&��/$����� ��� -,2 � �− � ���� +�# &�%/�

�.�� ±�.�+ 2�//�0 ��� 4,2 −� �−� ��3 &�%/�

�.�� ±�.�+ :$1 #� -,2 � π� � → �� π� �� π

�.�� ±�.�# /�14�1 ## -,2 � �− � ���+ &�%/�

�.�#�±�.�+� $�.�1����'#3� -,2 ± �− � ���3>���� &�%/�

�.�� ±�.�+ -�5� #+ -,2 ± �− � ���>��� &�%
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<�.�+ $/'��1 #� -,2 ±� �− � ���3 &�%/�

�.�+ ±�.�+ ,$'���1 #� -,2 ±

�
(
	γ

)
��

(
	π

)
������

(
	γ

)
��

(
	π

)
������

(
	γ

)
��

(
	π

)
������

(
	γ

)
��

(
	π

)
�����

����� �	
��� ��−�� 	�� ���� ��	�
��� �� ��	� 	�

���

�.3�±�.����.�3
−�.�+

�.3�±�.����.�3
−�.�+�.3�±�.����.�3
−�.�+

�.3�±�.����.�3
−�.�+ #� �$0/�� �3 2/$' γ � → ���γ
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<# �� 2�/$' �3 -/,2 �−�� 3�3>��� .�%
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(
�−γ
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<�.+× ��−+<�.+× ��−+<�.+× ��−+<�.+× ��−+ �� �� .�/2-$1�% �+ '�/N − �− :) → �8���3<− :)�
#�� &�%
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<#.�× ��−+ �� �� $��6 �� ':�2 − �− :) → �8���3<− :)�

�� &�%

��	�� �
������ ��! � �� → � ��89:�→ 	π ��3���

�������	�� �
������ ��! � �� → � ��89:�→ 	π ��3���

�������	�� �
������ ��! � �� → � ��89:�→ 	π ��3���

�������	�� �
������ ��! � �� → � ��89:�→ 	π ��3���

�����
����� ��	�
��� �� 	�� 	�

���

��.3�#±�.��� �� 4�%�1�'- �+� � ��K���� ��
7��
�  ��!�

� ��89:� ���������� ��89:� ���������� ��89:� ���������� ��89:� ���������
��� � �� � ��!	
�9� �π 
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3 �� � � �� � �π� *��� ��� *���� �K�� �� �+ .�%�
# �� � �� � ��!	
�9� �π� 
7����	� *��� ��� *���� �K�� �� +� .�%�
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√
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 � ��� ���+ ����� �

��2 
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 �P	�!�
��5� ��!�	!��� ���
 "� � ��� .�/2-$1�% �+ 	77�� !����  " ��3 =�%   ��� �− γ *�����
��5� ��!�	!��� ���
 "� � ��� $��6 �� 	77�� !����  " �+ =�%   ��� �− γ *�����
��$ �K���7 !���   " ��� 7��������L�� ��7!��	�� )�! * ����
� !��

� ��89:� 1���1������ ��89:� 1���1������ ��89:� 1���1������ ��89:� 1���1�����

,�2�'� �� �� #+� ������ (� ,�!%$� �� ��� �;��& #��( #$%%�&��
�%�$ �� #+� �����* (� ,�!%$� �� ��� �;��& #��( #$%%�&��

�'�#�� '� �� �� ���� ��� ���� �$%01�
$? �� ��� �� �� (*�*> #$%%�&��
��/�-��-*� �� 3��2 #� �� �� ��	&�%%��� �� ��� ��-��6 #*� 6 7��(��
�)7 �� ��� ��  $� � ��� -- #�7� 5$1% �� ��� ����6 #-,6 #*� �
�7/-���4��� ��) ��-( �++ ��� �� �8	�%��4��
���:6 ;� (�%�0�$ ���)��
���*� ��  � ���� ��+ ���� ����� �� ��� ��'-#�
��/�-��-*� +��  � ���� �� �� ��	&�%%��� �� ��� ��-��6 #*� 6 7��(��
#�/,-( +�  � ���� ��+ #��� #�	��� �� ��� �(��#�
(/7����� +��  � ���� �+ �� (	8�1��� �� ��� ��*�6 '(�#6 �- ��
#��*�' +�  � ��� ��� 5� #�.��$
 �� ��� ���*�6 �'-#�
)-' -(- +�� �� +�� ��� #� )�$
���6 �� ��.�
���$�6 ;� )��: �#*� 6 ��(,��
��-� ++ ��� � ���� *� ���� �� ��� ��-,,6 � �6 ��(��
����*-�' ++�  � ���� �� �� �������$ �� ��� �#*� 6 ��(,6  -;��
�'��7�* ++  � ���� ��� (�'� �$%.8��
 �� ��� �#*� 6 ��(,6  -;��
���)�)- 4��� +�  � ��� ��� �� ���9�9�
4'�<�
$<��� �� ��� �(�#�6 *�'���
#'��( +�  � ��� �� ;� #$%�� �� ��� �'�(�2�
�*�,�' +�  # ��� ��� �� ����1$
 �� ��� �#)*�6 ��*�6 (�#���
�'�* (,*- +� �� )� ��� (��� �$��
����
 �� ��� �� �6 �-#��
)*�* -(� +��  � ��� � ��#�*� )�?�
��16 #�)� ��$88���6 ���� �����
 �)*(2��

�-#�,* �*�7 +� �� )�� ��� )��� ��01��
&��8 �- )�
�%�$ ���?��� #$..� )��� ��01��
&��8 �- )�

���-�- + ,1����  �?�� ��� �� ��&�&� �#'�/�
�%�$ �	�9	� #$
=� �+ #� ��%��! �� ��� �#'�/6 �- 7�

��(, + �� )+ ��� ,�(� ���� �� ��� ����� -;�
�%�$ �� )+ � ,�(� ���� �� ��� ����� -;�

,�'��( +  � ��� �� )�5� ,1$.�� �� ��� �#�/� ;�
�7/-���4��� +�� �� )� �� �� �8	�%��4��
���: �� ��� �� ��
#'��*2 +��  � �� �� )�#� #$%%�! �� ��� ��-��6 *)- 6 7��(��
�7/-���4��� +�� ��� �� �� �� �8	�%��4��
���: �� ��� �� �6 (2���
�� �� ��� � ��� 2��� ��
6 ���� �$�.�
 ��*  � -
(-*7*� �+ ,1���� /#�� ����� )��� (��8�% �����
�-��- 7��� �� �� ��� ���� �� ��B	� �� ��� ��-��6 7��(6 �'-#6 '>���
�' )' �� �� �� ��� 7�5� �$
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 �� ��� �� �6 (2��� ;
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���$� �� ��� �#*� 6 �*-)6 (�#��
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THE Σ(1670) REGION

Production experiments: The measured Σπ/Σππ

branching ratio for the Σ(1670) produced in the reaction

K−p → π−Σ(1670)+ is strongly dependent on momentum

transfer. This was first discovered by EBERHARD 69, who

suggested that there exist two Σ resonances with the same

mass and quantum numbers: one with a large Σππ (mainly

Λ(1405)π) branching fraction produced peripherally, and the

other with a large Σπ branching fraction produced at

larger angles. The experimental results have been confirmed

by AGUILAR-BENITEZ 70, ASPELL 74, ESTES 74, and

TIMMERMANS 76. If, in fact, there are two resonances,

the most likely quantum numbers for both the Σπ and the

Λ(1405)π states are D13. There is also possibly a third Σ in

this region, the Σ(1690) in the Listings, the main evidence

for which is a large Λπ/Σπ branching ratio. These topics

have been reviewed by EBERHARD 73 and by MILLER 70.

Formation experiments: Two states are also observed

near this mass in formation experiments. One of these, the

Σ(1670)D13, has the same quantum numbers as those observed

in production and has a large Σπ/Σππ branching ratio; it

may well be the Σ(1670) produced at larger angles (see TIM-

MERMANS 76). The other state, the Σ(1660)P11, has different

quantum numbers, its Σπ/Σππ branching ratio is unknown,

and its relation to the produced Σ(1670) states is obscure.
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RADIATIVE HYPERON DECAYS

Written September 2003 by J.D. Jackson (LBNL).

The weak radiative decays of spin-1/2 hyperons, Bi → Bfγ,

yield information about matrix elements (form factors) similar

to that gained from weak hadronic decays. For a polarized

spin-1/2 hyperon decaying radiatively via a ∆Q = 0, ∆S = 1

transition, the angular distribution of the direction p̂ of the

final spin-1/2 baryon in the hyperon rest frame is

dN

dΩ
=

N

4π
(1 + αγ Pi ·p̂) . (1)

Here Pi is the polarization of the decaying hyperon, and αγ is

the asymmetry parameter. In terms of the form factors F1(q
2),

F2(q
2), and G(q2) of the effective hadronic weak electromagnetic

vertex,

F1(q
2)γλ + iF2(q

2)σλµqµ + G(q2)γλγ5 ,

αγ is

αγ =
2 Re[G(0)F ∗

M (0)]

|G(0)|2 + |FM (0)|2 , (2)

where FM = (mi −mf )[F2 − F1/(mi +mf )]. If the decaying

hyperon is unpolarized, the decay baryon has a longitudinal

polarization given by Pf = −αγ [1].

The angular distribution for the weak hadronic decay,

Bi → Bfπ, has the same form as Eq. (1), but of course

with a different asymmetry parameter, απ. Now, however, if

the decaying hyperon is unpolarized, the decay baryon has a

longitudinal polarization given by Pf = +απ [2,3]. The differ-

ence of sign is because the spins of the pion and photon are

different.

Ξ0 → Λγ decay—The radiative decay Ξ0 → Λγ of an

unpolarized Ξ0 uses the hadronic decay Λ → pπ− as the

analyzer. As noted above, the longitudinal polarization of the

Λ will be PΛ = −αΞΛγ. Let α− be the Λ → pπ− asymmetry

parameter and θΛp be the angle, as seen in the Λ rest frame,

between the Λ line of flight and the proton momentum. Then

the hadronic version of Eq. (1) applied to the Λ → pπ− decay

gives
dN

d cos θΛp
=

N

2
(1 − αΞΛγ α− cos θΛp) (3)

for the angular distribution of the proton in the Λ frame. The

only published measurement of αΞΛγ [4] got the sign wrong, as

explained in an erratum 12 years later [5]. The corrected result

is αΞΛγ = −0.43 ± 0.44.

Ξ0 → Σ0γ decay—The asymmetry parameter here, αΞΣγ, is

measured by following the decay chain Ξ0 → Σ0γ, Σ0 → Λγ,

Λ → pπ−. Again, for an unpolarized Ξ0, the longitudinal

polarization of the Σ0 will be PΣ = −αΞΣγ . In the Σ0 →
Λγ decay, a parity-conserving magnetic-dipole transition, the

polarization of the Σ0 is transferred to the Λ, as may be seen as

follows. Let θΣΛ be the angle seen in the Σ0 rest frame between

the Σ0 line of flight and the Λ momentum. For Σ0 helicity

+1/2, the probability amplitudes for positive and negative spin
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states of the Σ0 along the Λ momentum are cos(θΣΛ/2) and

sin(θΣΛ/2). Then the amplitude for a negative helicity photon

and a negative helicity Λ is cos(θΣΛ/2), while the amplitude for

positive helicities for the photon and Λ is sin(θΣΛ/2). For Σ0

helicity −1/2, the amplitudes are interchanged. If the Σ0 has

longitudinal polarization PΣ , the probabilities for Λ helicities

±1/2 are therefore

p(±1/2) =
1

2
(1∓PΣ) cos2(θΣΛ/2)+

1

2
(1±PΣ) sin2(θΣΛ/2) , (4)

and the longitudinal polarization of the Λ is

PΛ = −PΣ cos θΣΛ = +αΞΣγ cos θΣΛ . (5)

Using Eq. (1) for the Λ → pπ− decay again, we get for the

joint angular distribution of the Σ0 → Λγ, Λ → pπ− chain,

d2N

d cos θΣΛ d cos θΛp
=

N

4
(1 + αΞΣγ cos θΣΛ α− cos θΛp) . (6)

The KTeV collaboration recently measured αΞΣγ to be −0.63±
0.09 [6]. The only other measurement has been withdrawn [7].
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WEIGHTED AVERAGE
-0.294±0.005 (Error scaled by 1.7)

DAUBER 69 HBC 2.1
COOL 74 OSPK 1.7
BALTAY 74 HBC 4.1
HEMINGWAY 78 HBC 6.8
CLELAND 80C ASPK 0.7
BIAGI 82 SPEC 0.6
BENSINGER 85 MPS 3.9
ASTON 85B LASS 3.4
RAMEIKA 86 SPEC 2.7
LUK 00 E756 0.3
LUK 00 E756 0.4

χ2

      26.7
(Confidence Level = 0.003)
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Ξ RESONANCES

The accompanying table gives our evaluation of the present

status of the Ξ resonances. Not much is known about Ξ

resonances. This is because (1) they can only be produced as a

part of a final state, and so the analysis is more complicated

than if direct formation were possible, (2) the production

cross sections are small (typically a few µb), and (3) the

final states are topologically complicated and difficult to study

with electronic techniques. Thus early information about Ξ

resonances came entirely from bubble chamber experiments,

where the numbers of events are small, and only in the 1980’s

did electronic experiments make any significant contributions.

However, nothing of significance on Ξ resonances has been

added since our 1988 edition.

For a detailed earlier review, see Meadows [1].

Table 1. The status of the Ξ resonances. Only those with an overall
status of ∗∗∗ or ∗∗∗∗ are included in the Baryon Summary Table.

Status as seen in —

Particle L2I·2J

Overall
status Ξπ ΛK ΣK Ξ(1530)π Other channels

Ξ(1318) P11 ∗∗∗∗ Decays weakly
Ξ(1530) P13 ∗∗∗∗ ∗∗∗∗
Ξ(1620) ∗ ∗
Ξ(1690) ∗∗∗ ∗∗∗ ∗∗
Ξ(1820) D13 ∗∗∗ ∗∗ ∗∗∗ ∗∗ ∗∗
Ξ(1950) ∗∗∗ ∗∗ ∗∗ ∗
Ξ(2030) 1 ∗∗∗ ∗∗ ∗∗∗
Ξ(2120) ∗ ∗
Ξ(2250) ∗∗ 3-body decays
Ξ(2370) 1 ∗∗ 3-body decays
Ξ(2500) ∗ ∗ ∗ 3-body decays

∗∗∗∗ Existence is certain, and properties are at least fairly well explored.
∗∗∗ Existence ranges from very likely to certain, but further confir-

mation is desirable and/or quantum numbers, branching fractions,
etc. are not well determined.

∗∗ Evidence of existence is only fair.
∗ Evidence of existence is poor.
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WEIGHTED AVERAGE
1531.78±0.34 (Error scaled by 1.4)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

LONDON 66 HBC 7.8
KIRSCH 72 HBC 0.6
BORENSTEIN 72 HBC 0.6
BALTAY 72 HBC 0.3
BADIER 72 HBC 0.2
ROSS 73B HBC 1.5
DEBELLEFON 75B HBC 0.4

χ2

      11.4
(Confidence Level = 0.077)

1526 1528 1530 1532 1534 1536 1538
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CHARMED BARYONS

Revised February 2006 by C.G. Wohl (LBNL).

There have been twelve papers on charmed baryons since

our 2004 Review. Probably the most important results are (1)

the discovery of another Σc, at 2800 MeV, by the BELLE

experiment, and (2) a very precise measurement of the Λ+
c mass

by the BABAR experiment. This mass is 1.56 MeV and 2.6

(old) standard deviations higher than our 2004 value. We use

the new measurement as our Λ+
c mass, and this increases all

the other Λ+
c masses, as well as all Σc masses, a like amount.

Fig. 1. (a) The known charmed baryons, and (b) the lightest strange baryons. The baseline masses are m(Λc) = 2284.9 MeV and
m(Λ) = 1115.7 MeV. Isospin splittings are not shown. Note that there are two JP = 1/2+ Ξc states, and that the Ωc does not have
J = 3/2. In fact, none of the JP values of the charmed baryons has been measured (except perhaps for the 1/2+Λc), but they are
all very likely as shown—see the discussion.

There are twelve known charmed baryons, each with one c

quark.∗ Fig. 1(a) shows the mass spectrum, and for comparison

Fig. 1(b) shows the spectrum of the lightest strange baryons.

The Λc and Σc spectra ought to look much like the Λ and Σ

spectra, since a Λc or a Σc is obtained from a Λ or a Σ by

changing the s quark to a c quark. However, a Ξ or an Ω has

more than one s quark, only one of which is changed to a c

quark to make a Ξc or an Ωc. Thus the Ξc and Ωc spectra

ought to be richer than the Ξ or Ω spectra.∗∗

Before discussing the observed spectra, we review the theory

of SU(4) multiplets, which tells us what charmed baryons we

should expect to find; this is essential, because the spin-parity

values given in Fig. 1(a) have not been measured but have been

assigned in accord with expectations of the theory.
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SU(4) multiplets—Baryons made from u, d, s, and c quarks

belong to SU(4) multiplets. The multiplet numerology, analo-

gous to 3×3×3 = 10+81+82+1 for the subset of baryons made

from just u, d, and s quarks, is 4 × 4 × 4 = 20 + 20 ′
1 + 20 ′

2 + 4̄.

Figure 2(a) shows the 20-plet whose bottom level is an SU(3)

decuplet, such as the decuplet that includes the ∆(1232). Fig-

ure 2(b) shows the 20 ′-plet whose bottom level is an SU(3)

octet, such as the octet that includes the nucleon. Figure 2(c)

shows the 4̄ multiplet, an inverted tetrahedron. One level up

in each multiplet are the baryons with one c quark. All the

baryons in a given multiplet have the same spin and parity.

Each N or ∆ or SU(3)-singlet-Λ resonance calls for another

20 ′- or 20- or 4̄-plet, respectively.

The flavor symmetries shown in Fig. 2 are of course very

badly broken, but the figure is the simplest way to see what

charmed baryons should exist. For example, from Fig. 2(b), we

expect to find, in the same JP = 1/2+ 20 ′-plet as the nucleon,

a Λc, a Σc, two Ξc’s, and an Ωc. Note that this Ωc is not in

the same SU(4) multiplet as the famous JP = 3/2+ Ω−.
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Figure 2: SU(4) multiplets of baryons made
of u, d, s, and c quarks. (a) The 20-plet with
an SU(3) decuplet on the lowest level. (b) The
20 ′-plet with an SU(3) octet on the lowest level.
(c) The 4-plet.

Figure 3 shows in more detail the middle level of the 20 ′-plet

of Fig. 2(b); it splits apart into two SU(3) multiplets, a 3̄ and a

6. The states of the 3̄ are antisymmetric under the interchange

of the two light quarks (the u, d, and s quarks), whereas the

states of the 6 are symmetric under this interchange. We use

a prime to distinguish the Ξc in the 6 from the one in the 3̄.

The observed spectra—(1) The parity of the lightest Λc is

defined to be positive (as are the parities of the p, n, and

Λ); the limited evidence about its spin is consistent with

J = 1/2. However, none of the other JP quantum numbers

given in Fig. 1(a) has been measured. Models using spin-spin

and spin-orbit interactions between the quarks, with parameters

determined using a few of the masses as input, lead to the JP

Ξ +
c

Σ ++
c

uscdsc dsc usc

uucudc

ssc

ddc
Σ +

cΛ+c
udc

Ξ c
0 Ξ'c

0 Ξ'c
+

Ω 0
c

Σ 0
c

(b)(a)

Figure 3: The SU(3) multiplets on the
second level of the SU(4) multiplet of Fig. 2(b).

assignments shown.† There are no surprises: the JP = 1/2+

states come first, then the JP = 3/2+ states . . .

(2) There is, however, strong evidence that at least some

of the JP assignments in Fig. 1(a) are correct. As is well

known, the successive mass differences between the JP = 3/2+

particles, the ∆(1232)−, Σ(1385)−, Ξ(1535)−, and Ω−, which

lie along the lower left edge of the 20-plet in Fig. 2(a), should

be equal according to SU(3); and indeed experimentally they

nearly are. Similarly, the successive mass differences between

the JP = 1/2+ Σc(2455)0, Ξ ′0
c , and Ω0

c ,‡ the particles along the

left edge of Fig. 3(b), should be equal—assuming, of course, that

they do all have the same JP . And the observed differences are

124.2 ± 2.9 MeV and 119.5 ± 3.9 MeV—not perfect, but close.

By the same reasoning, since the mass difference between the

presumed JP = 3/2+ Σc(2520)0 and Ξc(2645)0 is 128.1 ± 1.3

MeV, the 3/2+ Ω0
c should be at about 2774 MeV.

(3) Other evidence comes from the decay of the Λc(2593).

The only allowed strong decay is Λc(2593)+ → Λ+
c ππ, and this

appears to be dominated by the submode Σc(2455)π, despite

little available phase space for the latter (the ‘Q’ is about 2

MeV, the c.m. decay momentum about 20 MeV/c). Thus the

decay is almost certainly s-wave, which, assuming that the

Σc(2455) does indeed have JP = 1/2+, makes JP = 1/2− for

the Λc(2593).

(4) The heavier charmed baryons, such as the JP = 1/2−

and 3/2− Λc’s, have much narrower widths than do their strange

counterparts, such as the Λ(1405) and Λ(1520). The clean Λc

spectrum has in fact been taken to settle the decades-long

discussion about the nature of the Λ(1405)—true 3-quark state

or mere KN threshold effect?—unambiguously in favor of the

first interpretation (which is not to say that the proximity

of the KN threshold has no effect on the Λ(1405)). In fact,

models of baryon-resonance spectroscopy should now start with

the narrow charmed baryons, and work back to those broad old

resonances.

Footnotes:
∗ There is evidence for two more baryons with one c quark—a

Λc(2765)+ and a Λc(2880)+—and for a baryon with two

c quarks—a Ξ+
cc at 3519 MeV. However, they have not yet

been promoted to the Summary Table. See the Particle

Listings.
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∗∗ For example, there are three Ω0
c states (properly sym-

metrized states of ssc, scs, and css) corresponding to each

Ω− (sss) state.
† This is not the place to discuss the details of the models,

nor to attempt a guide to the literature. See the discovery

papers of the various charmed baryons for references to the

models that lead to the quantum-number assignments.
‡ A reminder about the Particle Data Group naming scheme:

A particle that decays strongly has its mass as part of its

name; otherwise it doesn’t. Thus Σ(1385) and Σc(2455)

but Ω− and Ξ ′
c .
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Λ+
c BRANCHING FRACTIONS

Revised 2002 by P.R. Burchat (Stanford University).

Most Λ+
c branching fractions are measured relative to the

decay mode Λ+
c → pK−π+. However, there are no completely

model-independent measurements of the absolute branching

fraction for Λ+
c → pK−π+. Here we describe the measurements

that have been used to extract B(Λ+
c → pK−π+), the model-

dependence of the results, and the method we have used to

average the results.

ARGUS (ALBRECHT 88C) and CLEO (CRAWFORD 92)

measure B(B → Λ+
c X) · B(Λ+

c → pK−π+) to be (0.30 ± 0.12 ±
0.06)% and (0.273 ± 0.051 ± 0.039)%. Under the assumptions

that decays of B mesons to baryons are dominated by B →
Λ+

c X and that Λ+
c X final states other than Λ+

c NX can be

neglected, they also measure B(B → Λ+
c X) to be (6.8 ± 0.5 ±

0.3)% (ALBRECHT 92O) and (6.4±0.8±0.8)% (CRAWFORD

92). Combining these results, we get B(Λ+
c → pK−π+) =

(4.14±0.91)%. However, the assumption that B decay modes to

baryons other than Λ+
c NX are negligible is not on solid ground

experimentally or theoretically [2]. Therefore, the branching

fraction for Λ+
c → pK−π+ given above may be low by some

undetermined amount.

A second type of model-dependent determination of B(Λ+
c →

pK−π+) is based on measurements by ARGUS (ALBRECHT

91G) and CLEO (BERGFELD 94) of σ(e+e− → Λ+
c X)·B(Λ+

c →
Λ�+ν�) = (4.15 ± 1.03 ± 1.18) pb and (4.77 ± 0.25 ± 0.66) pb.

ARGUS (ALBRECHT 96E) and CLEO (AVERY 91) have also

measured σ(e+e− → Λ+
c X) · B(Λ+

c → pK−π+). The weighted

average is (11.2 ± 1.3) pb.

From these measurements, we extract R ≡ B(Λ+
c →

pK−π+)/B(Λ+
c → Λ�+ν�) = 2.40 ± 0.43. We estimate the

Λ+
c → pK−π+ branching fraction from the equation

B(Λ+
c → pK−π+) = R f F

Γ(D → X�+ν�)

1 + |Vcd/Vcs|2 · τ(Λ+
c ) , (1)

where f = B(Λ+
c → Λ�+ν�)/B(Λ+

c → Xs�
+ν�) and

F = Γ(Λ+
c → Xs�

+ν�)/Γ(D0 → Xs�
+ν�). When we use

1+|Vcd/Vcs|2 = 1.05 and the world averages Γ(D → X�+ν�) =

(0.166±0.006)×1012 s−1 and τ(Λ+
c ) = (0.192±0.005)×10−12 s,

we calculate B(Λ+
c → pK−π+) = (7.3±1.4)% ·f F . Theoretical

estimates for f and F are near 1.0 with significant uncertainties.

So, we have two results with significant model-dependence:

B(Λ+
c → pK−π+) = (4.14±0.91)% from B decays, and B(Λ+

c →
pK−π+) = (7.3 ± 1.4)% · f F from semileptonic Λ+

c decays. If

we set f F = 1.0 in the second result, and assign an uncertainty

of 30% to each result to account for the unknown model-

dependence, we get the consistent results B(Λ+
c → pK−π+) =

(4.14 ± 0.91 ± 1.24)% and B(Λ+
c → pK−π+) = (7.3 ± 1.4 ±

2.2)%. The weighted average of these two results is B(Λ+
c →

pK−π+) = (5.0 ± 1.3)%, where the uncertainty contains both

the experimental uncertainty and the 30% estimate of model

dependence in each result. We assigned the value (5.0±1.3)% to

the Λ+
c → pK−π+ branching fraction in our 2000 Review [1].
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A third type of measurement of B(Λ+
c → pK−π+) has

been published by CLEO (JAFFE 00). Under the assumption

that a D meson and an antiproton in opposite hemispheres is

evidence for a Λ+
c in the hemisphere of the p, the fraction of

such D p events with a Λ+
c → pK−π+ decay can be used to

determine the Λ+
c → pK−π+ branching fraction. CLEO mea-

sures B(Λ+
c → pK−π+) = (5.0 ± 1.3)%, which is coincidentally

exactly the same value as our PDG 00 average given above.

The quoted uncertainty includes significant contributions from

model-dependent effects (e.g., differences between the p mo-

mentum spectrum in events with a Λ+
c and p in the same

hemisphere, and with a D and p in opposite hemispheres; ex-

trapolation of the Λ+
c and D momentum spectrum below the

minimum value used for rejecting B decay products; and our

limited understanding of backgrounds such as DDNp events).

We have chosen to continue to assign the value (5.0± 1.3)%

to the Λ+
c → pK−π+ branching fraction (given as PDG 02

below). As was noted earlier, most of the other Λ+
c decay

modes are measured relative to this mode.

New methods for measuring the Λ+
c absolute branching

fractions have been proposed [2,3].
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� �&�	
 ��&��� �� � � 

6��.5±�.�±�. �� $9#%28>" �5 $%= �� �− ≈ �� =
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%� ��
� π� π− K	L≈ �5 J

%� �� �(B**�
�� π− � ± 5 J

%6 �� �(B**�
� π� � ± 5 J

% ��
� π� π−)+/��, �� ± �� J

%3 ��
� π� K
L ��� �
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� γ ��� �

�
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6�.�±�.�±�.3 �3 � 2G4$%G: �3 892� �� �− ≈ ��.3 =
�

6�.±�.�±�.6 � 6 0%$#2""1 � 2��5 γ #
� �γ M ��� =
�

� 2G4$%G: �3 &	���� � �����	 �� �.� ± ��.� 
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��� �� ��
�

π� π− 
6 0%$#2""1 � &	���� � �����	 �� 6�.5 ± �.5 
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WEIGHTED AVERAGE
341.7±0.6 (Error scaled by 1.6)

Values above of weighted average, error,
and scale factor are based upon the data in
this ideogram only.  They are not neces-
sarily the same as our ‘best’ values,
obtained from a least-squares constrained fit
utilizing measurements of other (related)
quantities as additional information.

FRABETTI 94 E687 3.5
EDWARDS 95 CLE2 1.0
ALBRECHT 97 ARG 0.4

χ2

       4.9
(Confidence Level = 0.085)
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− �.� �/% $�2%$=2��5.�� �.
− �.� �/% $�2%$=2��5.�� �.
− �.� �/% $�2%$=2��5.�� �.
− �.� �/% $�2%$=2

���.�± �.� �.�
− �. �3� ± ��� � 92:1$E �3 #299 �� �−� �(�)

��3.�± �.�± �.3 �� 0%$#2""1 �� 2��5 γ #
� �γM ��� =
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��5.�± �.�± �.� �5 2G4$%G: �� 892� �� �− ≈ �(�)

��3.�± 6.�± �.� 6� $9#%28>" ��� $%= �� �− �� �(�)

��5 ± 6 ±  �6 $9$� �� 892� �� �− ��.� =
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�
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 �
		 ���� #1$=1 �6 �� ��
 ���� ��� ������ ��
�
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��

� ��
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���
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� � ����	
 .
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(����
� ������&��&
 ����� � �������� �
��������) �� ��
 ��−π� π� ���� �.
&���� 
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�
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� 53
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 3 3
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� .
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3�6± 5± �� �3� �$>���G �� 892� �� �− ≈ �(�)

6�± ��± � 36� 91'E ��� 0�8: γ ��&	
��� �γ ≈ ��� =
�

6�� 5�
− 3�± �� 3� 0%$#2""1 �� 2��5 γ #
� �γM ��� =
�

������
−���±��� ��� 8�"2/: �5 :O28 �$ � ��� =
�

������
−�3�

����
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�
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WEIGHTED AVERAGE
442±26 (Error scaled by 1.3)

BIAGI 85C SPEC
COTEUS 87 SPEC 0.1
FRABETTI 98 E687 2.0
LINK 01D FOCS 0.0
MAHMOOD 02 CLE2 1.5

χ2

       3.5
(Confidence Level = 0.321)
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%� �� π� N

%6 � �")&*��� K	�
L �.� ±�.3

% �−π� π� K	L �.6�6±�.�66
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�56.6 ±�.� ±�.�  #$%9$= �� $88� π− (�−) 8� �6�
=
�

�5� ±6 ± �� $9$� �� 892� �� �− ��.� =
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!� �-� ���"#$��
− ����
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MAGNETIC MONOPOLE SEARCHES

Revised December 1997 by D.E. Groom (LBNL).

“At the present time (1975) there is no experimental evi-

dence for the existence of magnetic charges or monopoles, but

chiefly because of an early, brilliant theoretical argument by

Dirac, the search for monopoles is renewed whenever a new en-

ergy region is opened up in high energy physics or a new source

of matter, such as rocks from the moon, becomes available [1].

” Dirac argued that a monopole anywhere in the universe re-

sults in electric charge quantization everywhere, and leads to

the prediction of a least magnetic charge g = e/2α, the Dirac

charge [2]. Recently monopoles have become indispensable in

many gauge theories, which endow them with a variety of ex-

traordinarily large masses. The discovery by a candidate event

in a single superconducting loop in 1982 [6] stimulated an enor-

mous experimental effort to search for supermassive magnetic

monopoles [3,4,5].

Monopole detectors have predominantly used either induc-

tion or ionization. Induction experiments measure the mono-

pole magnetic charge and are independent of monopole electric

charge, mass, and velocity. Monopole candidate events in single

semiconductor loops [6,7] have been detected by this method,

but no two-loop coincidence has been observed. Ionization

experiments rely on a magnetic charge producing more ioniza-

tion than an electrical charge with the same velocity. In the

case of supermassive monopoles, time-of-flight measurements

indicating v � c has also been a frequently sought signature.

Cosmic rays are the most likely source of massive mono-

poles, since accelerator energies are insufficient to produce

them. Evidence for such monopoles may also be obtained from

astrophysical observations.

Jackson’s 1975 assessment remains true. The search is

somewhat abated by the lack of success in the 1980’s and the

decrease of interest in grand unified gauge theories.
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SUPERSYMMETRY, PART I (THEORY)

Revised April 2006 by Howard E. Haber (Univ. of California,
Santa Cruz)

I.1. Introduction: Supersymmetry (SUSY) is a generaliza-

tion of the space-time symmetries of quantum field theory that

transforms fermions into bosons and vice versa. The existence

of such a non-trivial extension of the Poincaré symmetry of

ordinary quantum field theory was initially surprising, and its

form is highly constrained by theoretical principles [1]. Su-

persymmetry also provides a framework for the unification of

particle physics and gravity [2–5], which is governed by the

Planck energy scale, MP ≈ 1019 GeV (where the gravitational

interactions become comparable in magnitude to the gauge

interactions). In particular, it is possible that supersymmetry

will ultimately explain the origin of the large hierarchy of en-

ergy scales from the W and Z masses to the Planck scale [6–9].

This is the so-called gauge hierarchy. The stability of the gauge

hierarchy in the presence of radiative quantum corrections is

not possible to maintain in the Standard Model, but can be

maintained in supersymmetric theories.

If supersymmetry were an exact symmetry of nature, then

particles and their superpartners (which differ in spin by half

a unit) would be degenerate in mass. Since superpartners have

not (yet) been observed, supersymmetry must be a broken sym-

metry. Nevertheless, the stability of the gauge hierarchy can

still be maintained if the supersymmetry breaking is soft [10]

and the corresponding supersymmetry-breaking mass param-

eters are no larger than a few TeV. (In this context, soft

supersymmetry-breaking terms are non-supersymmetric terms

in the Lagrangian that are either linear, quadratic or cubic in

the fields, with some restrictions elucidated in Ref. [10]. The
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impact of such terms becomes negligible at energy scales much

larger than the size of the supersymmetry-breaking masses.)

The most interesting theories of this type are theories of

“low-energy” (or “weak-scale”) supersymmetry, where the ef-

fective scale of supersymmetry breaking is tied to the scale of

electroweak symmetry breaking [6–9]. The latter is charac-

terized by the Standard Model Higgs vacuum expectation value,

v = 246 GeV.

Although there are no unambiguous experimental results (at

present) that require the existence of new physics at the TeV-

scale, expectations of the latter are primarily based on three

theoretical arguments. First, a natural explanation (i.e., one

that is stable with respect to quantum corrections) of the gauge

hierarchy demands new physics at the TeV-scale [9]. Second,

the unification of the three gauge couplings at a very high

energy close to the Planck scale does not occur in the Standard

Model. However, unification can be achieved with the addition

of new physics that can modify the way gauge couplings run

above the electroweak scale. A simple example of successful

unification arises in the minimal supersymmetric extension of

the Standard Model, where supersymmetric masses lie below

a few TeV [11]. Third, the existence of dark matter which

makes up approximately one quarter of the energy density

of the universe, cannot be explained within the Standard

Model of particle physics [12]. It is tempting to attribute the

dark matter to the existence of a neutral stable thermal relic

(i.e., a particle that was in thermal equilibrium with all other

fundamental particles in the early universe at temperatures

above the particle mass). Remarkably, the existence of such

a particle could yield the observed density of dark matter if

its mass and interaction rate were governed by new physics

associated with the TeV-scale. The lightest supersymmetric

particle is a promising (although not the unique) candidate for

the dark matter [13].

Low-energy supersymmetry has traditionally been moti-

vated by the three theoretical arguments just presented. More

recently, some theorists [14,15] have argued that the explana-

tion for the gauge hierarchy could lie elsewhere, in which case

the effective TeV-scale theory would appear to be highly un-

natural. Nevertheless, even without the naturalness argument,

supersymmetry is expected to be a necessary ingredient of the

ultimate theory at the Planck scale that unifies gravity with

the other fundamental forces. Moreover, one can imagine that

some remnant of supersymmetry does survive down to the TeV-

scale. For example, in models of split-supersymmetry [15,16],

some fraction of the supersymmetric spectrum remains light

enough (with masses near the TeV scale) to provide successful

gauge coupling unification and a viable dark matter candidate.

If experimentation at future colliders uncovers evidence for

(any remnant of) supersymmetry at low-energies, this would

have a profound effect on the study of TeV-scale physics, and

the development of a more fundamental theory of mass and

symmetry-breaking phenomena in particle physics.

I.2. Structure of the MSSM: The minimal supersymmetric

extension of the Standard Model (MSSM) consists of taking the

fields of the two-Higgs-doublet extension of the Standard Model

and adding the corresponding supersymmetric partners [4,17].

The corresponding field content of the MSSM and their gauge

quantum numbers are shown in Table 1. The electric charge

Q = T3 + 1
2Y is determined in terms of the third component of

the weak isospin (T3) and the U(1) hypercharge (Y ).

Table 1: The fields of the MSSM and
their SU(3)×SU(2)×U(1) quantum numbers are
listed. Only one generation of quarks and lep-
tons is exhibited. For each lepton, quark and
Higgs super-multiplet, there is a correspond-
ing anti-particle multiplet of charge-conjugated
fermions and their associated scalar partners.

Field Content of the MSSM

Super- Boson Fermionic
Multiplets Fields Partners SU(3) SU(2) U(1)

gluon/gluino g g̃ 8 0 0
gauge/ W± , W 0 W̃± , W̃ 0 1 3 0
gaugino B B̃ 1 1 0

slepton/ (ν̃, ẽ−)L (ν, e−)L 1 2 −1
lepton ẽ−R e−R 1 1 −2

squark/ (ũL, d̃L) (u, d)L 3 2 1/3
quark ũR uR 3 1 4/3

d̃R dR 3 1 −2/3

Higgs/ (H0
d , H−

d ) (H̃0
d , H̃−

d ) 1 2 −1

higgsino (H+
u , H0

u) (H̃+
u , H̃0

u) 1 2 1

The gauge super-multiplets consist of the gluons and their

gluino fermionic superpartners and the SU(2)×U(1) gauge

bosons and their gaugino fermionic superpartners. The Higgs

multiplets consist of two complex doublets of Higgs fields,

their higgsino fermionic superpartners and the corresponding

antiparticle fields. The matter super-multiplets consist of three

generations of left-handed and right-handed quarks and lepton

fields, their scalar superpartners (squark and slepton fields) and

the corresponding antiparticle fields.

The enlarged Higgs sector of the MSSM constitutes the

minimal structure needed to guarantee the cancellation of

anomalies from the introduction of the higgsino superpartners.

Moreover, without a second Higgs doublet, one cannot generate

mass for both “up”-type and “down”-type quarks (and charged

leptons) in a way consistent with the supersymmetry [18–20].

The (renormalizable) MSSM Lagrangian is then constructed

by including all possible interaction terms (of dimension four

or less) that satisfy the spacetime supersymmetry algebra,

SU(3)×SU(2)×U(1) gauge invariance and B−L conservation

(B =baryon number and L =lepton number). Finally, the

most general soft-supersymmetry-breaking terms are added [10].

To generate nonzero neutrino masses, extra structure is needed

as discussed in section I.8.
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I.2.1. Constraints on supersymmetric parameters:

If supersymmetry is associated with the origin of the elec-

troweak scale, then the mass parameters introduced by the

soft-supersymmetry-breaking must be generally of order 1 TeV

or below [21] (although models have been proposed in which

some supersymmetric particle masses can be larger, in the range

of 1–10 TeV [22]) . Some lower bounds on these parameters

exist due to the absence of supersymmetric-particle production

at current accelerators [23]. Additional constraints arise from

limits on the contributions of virtual supersymmetric particle

exchange to a variety of Standard Model processes [24,25].

For example, the Standard Model global fit to precision elec-

troweak data is quite good [26]. If all supersymmetric particle

masses are significantly heavier than mZ (in practice, masses

greater than 300 GeV are sufficient [27]) , then the effects of the

supersymmetric particles decouple in loop-corrections to elec-

troweak observables [28]. In this case, the Standard Model

global fit to precision data and the corresponding MSSM fit

yield similar results. On the other hand, regions of parameter

space with light supersymmetric particle masses (just above the

present day experimental limits) can in some cases generate sig-

nificant one-loop corrections, resulting in a slight improvement

or worsening of the overall global fit to the electroweak data

depending on the choice of the MSSM parameters [29]. Thus,

the precision electroweak data provide some constraints on the

magnitude of the soft-supersymmetry-breaking terms.

There are a number of other low-energy measurements that

are especially sensitive to the effects of new physics through

virtual loops. For example, the virtual exchange of supersym-

metric particles can contribute to the muon anomalous magnetic

moment, aµ ≡ 1
2(g − 2)µ, and to the inclusive decay rate for

b → sγ. The most recent theoretical analysis of (g−2)µ finds a

small deviation (less than three standard deviations) of the the-

oretical prediction from the experimentally observed value [30].

The theoretical prediction for Γ(b → sγ) agrees quite well

(within the error bars) to the experimental observation [31].

In both cases, supersymmetric corrections could have generated

an observable shift from the Standard Model prediction in some

regions of the MSSM parameter space [31–33]. The absence

of a significant deviation places interesting constraints on the

low-energy supersymmetry parameters.

I.2.2. R-Parity and the lightest supersymmet-

ric particle: As a consequence of B−L invariance, the

MSSM possesses a multiplicative R-parity invariance, where

R = (−1)3(B−L)+2S for a particle of spin S [34]. Note that

this implies that all the ordinary Standard Model particles

have even R parity, whereas the corresponding supersymmetric

partners have odd R parity. The conservation of R parity in

scattering and decay processes has a crucial impact on su-

persymmetric phenomenology. For example, starting from an

initial state involving ordinary (R-even) particles, it follows

that supersymmetric particles must be produced in pairs. In

general, these particles are highly unstable and decay into

lighter states. However, R-parity invariance also implies that

the lightest supersymmetric particle (LSP) is absolutely stable,

and must eventually be produced at the end of a decay chain

initiated by the decay of a heavy unstable supersymmetric

particle.

In order to be consistent with cosmological constraints, a

stable LSP is almost certainly electrically and color neutral [35].

(There are some model circumstances in which a colored gluino

LSP is allowed [36], but we do not consider this possibility

further here.) Consequently, the LSP in an R-parity-conserving

theory is weakly interacting with ordinary matter, i.e., it

behaves like a stable heavy neutrino and will escape collider

detectors without being directly observed. Thus, the canonical

signature for conventional R-parity-conserving supersymmetric

theories is missing (transverse) energy, due to the escape of the

LSP. Moreover, the LSP is a prime candidate for “cold dark

matter” [13], an important component of the non-baryonic

dark matter that is required in many models of cosmology and

galaxy formation [37]. Further aspects of dark matter can be

found in Ref. [38].

I.2.3. The goldstino and gravitino: In the MSSM,

supersymmetry breaking is accomplished by including the most

general renormalizable soft-supersymmetry-breaking terms con-

sistent with the SU(3)×SU(2)×U(1) gauge symmetry and R-

parity invariance. These terms parameterize our ignorance of

the fundamental mechanism of supersymmetry breaking. If

supersymmetry breaking occurs spontaneously, then a massless

Goldstone fermion called the goldstino (G̃) must exist. The

goldstino would then be the LSP and could play an impor-

tant role in supersymmetric phenomenology [39]. However,

the goldstino is a physical degree of freedom only in models

of spontaneously-broken global supersymmetry. If supersym-

metry is a local symmetry, then the theory must incorporate

gravity; the resulting theory is called supergravity [40]. In

models of spontaneously-broken supergravity, the goldstino is

“absorbed” by the gravitino (g̃3/2), the spin-3/2 partner of

the graviton [41]. By this super-Higgs mechanism, the gold-

stino is removed from the physical spectrum and the gravitino

acquires a mass (m3/2).

I.2.4. Hidden sectors and the structure of super-

symmetry breaking: It is very difficult (perhaps impossi-

ble) to construct a realistic model of spontaneously-broken

low-energy supersymmetry where the supersymmetry breaking

arises solely as a consequence of the interactions of the particles

of the MSSM. A more viable scheme posits a theory consisting

of at least two distinct sectors: a “hidden” sector consisting of

particles that are completely neutral with respect to the Stan-

dard Model gauge group, and a “visible” sector consisting of the

particles of the MSSM. There are no renormalizable tree-level

interactions between particles of the visible and hidden sectors.

Supersymmetry breaking is assumed to occur in the hidden

sector, and to then be transmitted to the MSSM by some mech-

anism. Two theoretical scenarios have been examined in detail:

gravity-mediated and gauge-mediated supersymmetry breaking.
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Supergravity models provide a natural mechanism for trans-

mitting the supersymmetry breaking of the hidden sector to the

particle spectrum of the MSSM. In models of gravity-mediated

supersymmetry breaking, gravity is the messenger of super-

symmetry breaking [42–44]. More precisely, supersymmetry

breaking is mediated by effects of gravitational strength (sup-

pressed by an inverse power of the Planck mass). In this sce-

nario, the gravitino mass is of order the electroweak-symmetry-

breaking scale, while its couplings are roughly gravitational

in strength [2,45]. Such a gravitino would play no role in

supersymmetric phenomenology at colliders.

In gauge-mediated supersymmetry breaking, supersymmetry

breaking is transmitted to the MSSM via gauge forces. A typ-

ical structure of such models involves a hidden sector where

supersymmetry is broken, a “messenger sector” consisting of

particles (messengers) with SU(3)×SU(2)×U(1) quantum num-

bers, and the visible sector consisting of the fields of the

MSSM [46,47]. The direct coupling of the messengers to the

hidden sector generates a supersymmetry-breaking spectrum

in the messenger sector. Finally, supersymmetry breaking is

transmitted to the MSSM via the virtual exchange of the

messengers. If this approach is extended to incorporate grav-

itational phenomena, then supergravity effects will also con-

tribute to supersymmetry breaking. However, in models of

gauge-mediated supersymmetry breaking, one usually chooses

the model parameters in such a way that the virtual exchange

of the messengers dominates the effects of the direct gravita-

tional interactions between the hidden and visible sectors. In

this scenario, the gravitino mass is typically in the eV to keV

range, and is therefore the LSP. The helicity ±1
2 components of

g̃3/2 behave approximately like the goldstino; its coupling to the

particles of the MSSM is significantly stronger than a coupling

of gravitational strength.

I.2.5. Supersymmetry and extra dimensions: Dur-

ing the last few years, new approaches to supersymmetry

breaking have been proposed, based on theories in which the

number of space dimensions is greater than three. This is not a

new idea—consistent superstring theories are formulated in ten

spacetime dimensions, and the associated M -theory is based

in eleven spacetime dimensions [48]. Nevertheless, in all ap-

proaches considered above, the string scale and the inverse size

of the extra dimensions are assumed to be at or near the Planck

scale, below which an effective four spacetime dimensional

broken supersymmetric field theory emerges. More recently,

a number of supersymmetry-breaking mechanisms have been

proposed that are inherently extra-dimensional [49]. The size

of the extra dimensions can be significantly larger than M−1
P :

in some cases of order (TeV)−1 or even larger [50,51]. For

example, in one approach, the fields of the MSSM live on some

brane (a lower-dimensional manifold embedded in a higher di-

mensional spacetime), while the sector of the theory that breaks

supersymmetry lives on a second separated brane. Two exam-

ples of this approach are anomaly-mediated supersymmetry

breaking of Ref. [52] and gaugino-mediated supersymmetry

breaking of Ref. [53]; in both cases supersymmetry-breaking is

transmitted through fields that live in the bulk (the higher di-

mensional space between the two branes). This setup has some

features in common with both gravity-mediated and gauge-

mediated supersymmetry breaking (e.g., a hidden and visible

sector and messengers).

Alternatively, one can consider a higher dimensional theory

that is compactified to four spacetime dimensions. In this

approach, supersymmetry is broken by boundary conditions on

the compactified space that distinguish between fermions and

bosons. This is the so-called Scherk-Schwarz mechanism [54].

The phenomenology of such models can be strikingly different

from that of the usual MSSM [55]. All these extra-dimensional

ideas clearly deserve further investigation, although they will

not be discussed further here.

I.2.6. Split-supersymmetry: If supersymmetry is not

connected with the origin of the electroweak scale, string

theory suggests that supersymmetry still plays a significant

role in Planck-scale physics. However, it may still be possi-

ble that some remnant of the superparticle spectrum survives

down to the TeV-scale or below. This is the idea of split-

supersymmetry [15], in which supersymmetric scalar partners

of the quarks and leptons are significantly heavier (perhaps by

many orders of magnitude) than 1 TeV, whereas the fermionic

partners of the gauge and Higgs bosons have masses of order

1 TeV or below (presumably protected by some chiral symme-

try). With the exception of a single light neutral scalar whose

properties are indistinguishable from those of the Standard

Model Higgs boson, all other Higgs bosons are also taken to be

very heavy.

The supersymmetry-breaking required to produce such a

scenario would destabilize the gauge hierarchy. In particular,

split-supersymmetry cannot provide a natural explanation for

the existence of the light Standard Model–like Higgs boson

whose mass lies orders below the the mass scale of the heavy

scalars. Nevertheless, models of split-supersymmetry can ac-

count for the dark matter (which is assumed to be the LSP)

and gauge coupling unification. Thus, there is some motivation

for pursuing the phenomenology of such approaches [16]. One

notable difference from the usual MSSM phenomenology is the

existence of a long-lived gluino [56].

I.3. Parameters of the MSSM: The parameters of the

MSSM are conveniently described by considering separately

the supersymmetry-conserving sector and the supersymmetry-

breaking sector. A careful discussion of the conventions used

in defining the tree-level MSSM parameters can be found in

Ref. [57]. (Additional fields and parameters must be intro-

duced if one wishes to account for non-zero neutrino masses.

We shall not pursue this here; see section I.8 for a discussion of

supersymmetric approaches that incorporate neutrino masses.)

For simplicity, consider first the case of one generation of quarks,

leptons, and their scalar superpartners.
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I.3.1. The supersymmetric-conserving parameters:

The parameters of the supersymmetry-conserving sector consist

of: (i) gauge couplings: gs, g, and g′, corresponding to the

Standard Model gauge group SU(3)×SU(2)×U(1) respectively;

(ii) a supersymmetry-conserving higgsino mass parameter µ;

and (iii) Higgs-fermion Yukawa coupling constants: λu, λd,

and λe (corresponding to the coupling of one generation of left

and right-handed quarks and leptons and their superpartners

to the Higgs bosons and higgsinos). Because there is no right-

handed neutrino (and its superpartner) in the MSSM as defined

here, one cannot introduce a Yukawa coupling λν .

I.3.2. The supersymmetric-breaking parameters:

The supersymmetry-breaking sector contains the following set

of parameters: (i) gaugino Majorana masses M3, M2, and M1

associated with the SU(3), SU(2), and U(1) subgroups of the

Standard Model; (ii) five scalar squared-mass parameters for the

squarks and sleptons, M2

Q̃
, M2

Ũ
, M2

D̃
, M2

L̃
, and M2

Ẽ
[correspond-

ing to the five electroweak gauge multiplets, i.e., superpartners

of (u, d)L, uc
L, dc

L, (ν, e−)L, and ec
L, where the superscript

c indicates a charge-conjugated fermion]; and (iii) Higgs-

squark-squark and Higgs-slepton-slepton trilinear interaction

terms, with coefficients λuAU , λdAD, and λeAE (which define

the so-called “A-parameters”). It is traditional to factor out

the Yukawa couplings in the definition of the A-parameters

(originally motivated by a simple class of gravity-mediated

supersymmetry-breaking models [2,4]) . If the A-parameters

defined in this way are parametrically of the same order (or

smaller) as compared to other supersymmetry-breaking mass

parameters, then only the A-parameters of the third generation

will be phenomenologically relevant.

Finally, we add: (iv) three scalar squared-mass

parameters—two of which (m2
1 and m2

2) contribute to the diag-

onal Higgs squared-masses, given by m2
1 + |µ|2 and m2

2 + |µ|2,
and a third which contributes to the off-diagonal Higgs squared-

mass term, m2
12 ≡ Bµ (which defines the “B-parameter”).

The breaking of the electroweak symmetry SU(2)×U(1) to

U(1)EM is only possible after introducing the supersymmetry-

breaking Higgs squared-mass parameters. Minimizing the re-

sulting Higgs scalar potential, these three squared-mass param-

eters can be re-expressed in terms of the two Higgs vacuum

expectation values, vd and vu (also called v1 and v2, re-

spectively, in the literature), and one physical Higgs mass.

Here, vd [vu] is the vacuum expectation value of the neutral

component of the Higgs field Hd [Hu] that couples exclu-

sively to down-type (up-type) quarks and leptons. Note that

v2
d + v2

u = 4m2
W /g2 = (246 GeV)2 is fixed by the W mass and

the gauge coupling, whereas the ratio

tan β = vu/vd (1)

is a free parameter of the model. By convention, the Higgs field

phases are chosen such that 0 ≤ β ≤ π/2.

I.3.3. MSSM-124: The total number of degrees of free-

dom of the MSSM is quite large, primarily due to the param-

eters of the soft-supersymmetry-breaking sector. In particular,

in the case of three generations of quarks, leptons, and their

superpartners, M2

Q̃
, M2

Ũ
, M2

D̃
, M2

L̃
, and M2

Ẽ
are hermitian 3× 3

matrices, and AU , AD and AE are complex 3 × 3 matrices.

In addition, M1, M2, M3, B, and µ are in general complex.

Finally, as in the Standard Model, the Higgs-fermion Yukawa

couplings, λf (f = u, d, and e), are complex 3 × 3 matrices

that are related to the quark and lepton mass matrices via:

Mf = λfvf/
√

2, where ve ≡ vd (with vu and vd as defined

above). However, not all these parameters are physical. Some

of the MSSM parameters can be eliminated by expressing in-

teraction eigenstates in terms of the mass eigenstates, with an

appropriate redefinition of the MSSM fields to remove unphys-

ical degrees of freedom. The analysis of Ref. [58] shows that

the MSSM possesses 124 independent parameters. Of these,

18 parameters correspond to Standard Model parameters (in-

cluding the QCD vacuum angle θQCD), one corresponds to a

Higgs sector parameter (the analogue of the Standard Model

Higgs mass), and 105 are genuinely new parameters of the

model. The latter include: five real parameters and three CP -

violating phases in the gaugino/higgsino sector, 21 squark and

slepton masses, 36 real mixing angles to define the squark and

slepton mass eigenstates, and 40 CP -violating phases that can

appear in squark and slepton interactions. The most general

R-parity-conserving minimal supersymmetric extension of the

Standard Model (without additional theoretical assumptions)

will be denoted henceforth as MSSM-124 [59].

I.4. The supersymmetric-particle sector: Consider the

sector of supersymmetric particles (sparticles) in the MSSM.

The supersymmetric partners of the gauge and Higgs bosons

are fermions, whose names are obtained by appending “ino” at

the end of the corresponding Standard Model particle name.

The gluino is the color octet Majorana fermion partner of

the gluon with mass Mg̃ = |M3|. The supersymmetric part-

ners of the electroweak gauge and Higgs bosons (the gauginos

and higgsinos) can mix. As a result, the physical states of

definite mass are model-dependent linear combinations of the

charged and neutral gauginos and higgsinos, called charginos

and neutralinos, respectively. Like the gluino, the neutralinos

are also Majorana fermions, which provide for some distinctive

phenomenological signatures [60,61].

I.4.1. The charginos and neutralinos: The mixing

of the charged gauginos (W̃±) and charged higgsinos (H+
u

and H−
d ) is described (at tree-level) by a 2 × 2 complex mass

matrix [62–64]:

MC ≡
(

M2
1√
2
gvu

1√
2
gvd µ

)
. (2)

To determine the physical chargino states and their masses,

one must perform a singular value decomposition [65] of the

complex matrix MC :

U∗MCV −1 = diag(M
χ̃+

1
, M

χ̃+
2
) , (3)
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where U and V are unitary matrices and the right hand side of

Eq. (3) is the diagonal matrix of (non-negative) chargino masses.

The physical chargino states are denoted by χ̃±
1 and χ̃±

2 . These

are linear combinations of the charged gaugino and higgsino

states determined by the matrix elements of U and V [62–64].

The chargino masses correspond to the singular values [65] of

MC , i.e., the positive square roots of the eigenvalues of M †
CMC :

M2
χ̃+

1 ,χ̃+
2

= 1
2

{
|µ|2 + |M2|2 + 2m2

W ∓
[(
|µ|2 + |M2|2 + 2m2

W

)2

− 4|µ|2|M2|2 − 4m4
W sin2 2β + 8m2

W sin 2β Re(µM2)

]1/2}
, (4)

where the states are ordered such that M
χ̃+

1
≤ M

χ̃+
2
. It is often

convenient to choose a convention where tanβ and M2 are

real and positive. Note that the relative phase of M2 and µ is

meaningful. (If CP -violating effects are neglected, then µ can

be chosen real but may be either positive or negative.) The sign

of µ is convention-dependent; the reader is warned that both

sign conventions appear in the literature. The sign convention

for µ in Eq. (2) is used by the LEP collaborations [23] in their

plots of exclusion contours in the M2 vs. µ plane derived from

the non-observation of e+e− → χ̃+
1 χ̃−

1 .

The mixing of the neutral gauginos (B̃ and W̃ 0) and neutral

higgsinos (H̃0
d and H̃0

u) is described (at tree-level) by a 4 × 4

complex symmetric mass matrix [62,63,66,67]:

MN ≡

⎛⎜⎜⎜⎜⎝
M1 0 −1

2g′vd
1
2g′vu

0 M2
1
2gvd −1

2gvu

−1
2g′vd

1
2gvd 0 −µ

1
2g′vu −1

2gvu −µ 0

⎞⎟⎟⎟⎟⎠ . (5)

To determine the physical neutralino states and their masses,

one must perform a Takagi factorization [65,68] of the complex

symmetric matrix MN :

W T MNW = diag(M
χ̃0

1
, M

χ̃0
2
, M

χ̃0
3
, M

χ̃0
4
) , (6)

where W is a unitary matrix and the right hand side of Eq. (6) is

the diagonal matrix of (non-negative) neutralino masses. The

physical neutralino states are denoted by χ̃0
i (i = 1, . . .4), where

the states are ordered such that M
χ̃0

1
≤ M

χ̃0
2
≤ M

χ̃0
3
≤ M

χ̃0
4
.

The χ̃0
i are the linear combinations of the neutral gaugino and

higgsino states determined by the matrix elements of W (in

Ref. [62], W = N−1). The neutralino masses correspond to

the singular values of MN (i.e., the positive square roots of the

eigenvalues of M †
NMN ). Exact formulae for these masses can

be found in Ref. [66,69].

If a chargino or neutralino state approximates a particu-

lar gaugino or higgsino state, it is convenient to employ the

corresponding nomenclature. Specifically, if M1 and M2 are

small compared to mZ and |µ|, then the lightest neutralino χ̃0
1

would be nearly a pure photino, γ̃, the supersymmetric partner

of the photon. If M1 and mZ are small compared to M2 and

|µ|, then the lightest neutralino would be nearly a pure bino,

B̃, the supersymmetric partner of the weak hypercharge gauge

boson. If M2 and mZ are small compared to M1 and |µ|, then

the lightest chargino pair and neutralino would constitute a

triplet of roughly mass-degenerate pure winos, W̃±, and W̃ 0
3 ,

the supersymmetric partners of the weak SU(2) gauge bosons.

Finally, if |µ| and mZ are small compared to M1 and M2, then

the lightest neutralino would be nearly a pure higgsino. Each

of the above cases leads to a strikingly different phenomenology.

I.4.2. The squarks, sleptons and sneutrinos: The

supersymmetric partners of the quarks and leptons are spin-

zero bosons: the squarks, charged sleptons, and sneutrinos.

For a given fermion f , there are two supersymmetric partners,

f̃L and f̃R, which are scalar partners of the corresponding left-

and right-handed fermion. (There is no ν̃R in the MSSM.)

However, in general, f̃L and f̃R are not mass-eigenstates, since

there is f̃L–f̃R mixing. For three generations of squarks, one

must in general diagonalize 6× 6 matrices corresponding to the

basis (q̃iL, q̃iR), where i = 1, 2, 3 are the generation labels. For

simplicity, only the one-generation case is illustrated in detail

below (using the notation of the third family). In this case, the

tree-level squark squared-mass matrix is given by [70]

M2
F =

(
M2

Q̃
+ m2

q + Lq mqX
∗
q

mqXq M2

R̃
+ m2

q + Rq

)
, (7)

where

Xq ≡ Aq − µ∗(cotβ)2T3q , (8)

and T3q = 1
2 [−1

2 ] for q = t [b]. The diagonal squared-masses

are governed by soft-supersymmetry breaking squared-masses

M2

Q̃
and M2

R̃
≡ M2

Ũ
[M2

D̃
] for q = t [b], the corresponding quark

masses mt [mb], and electroweak correction terms:

Lq ≡ (T3q − eq sin2 θW )m2
Z cos 2β ,

Rq ≡ eq sin2 θW m2
Z cos 2β , (9)

where eq = 2
3 [−1

3 ] for q = t [b]. The off-diagonal squared

squark masses are proportional to the corresponding quark

masses and depend on tanβ [Eq. (1)], the soft-supersymmetry-

breaking A-parameters and the higgsino mass parameter µ.

The signs of the A and µ parameters are convention-dependent;

other choices appear frequently in the literature. Due to the

appearance of the quark mass in the off-diagonal element of the

squark squared-mass matrix, one expects the q̃L–q̃R mixing to

be small, with the possible exception of the third-generation,

where mixing can be enhanced by factors of mt and mb tanβ.

In the case of third generation q̃L–q̃R mixing, the mass

eigenstates (usually denoted by q̃1 and q̃2, with mq̃1 < mq̃2)

are determined by diagonalizing the 2 × 2 matrix M2
F given by

Eq. (7). The corresponding squared-masses and mixing angle

are given by [70]:

m2
q̃1,2

=
1

2

[
Tr M2

F ±
√

(Tr M2
F )2 − 4 det M2

F

]
,

sin 2θq̃ =
2mq|Xq|

m2
q̃2
− m2

q̃1

. (10)
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The one-generation results above also apply to the charged

sleptons, with the obvious substitutions: q → τ with T3τ = −1
2

and eτ = −1, and the replacement of the supersymmetry-

breaking parameters: M2

Q̃
→ M2

L̃
, M2

D̃
→ M2

Ẽ
and Aq → Aτ .

For the neutral sleptons, ν̃R does not exist in the MSSM, so ν̃L

is a mass-eigenstate.

In the case of three generations, the supersymmetry-

breaking scalar squared-masses [M2

Q̃
, M2

Ũ
, M2

D̃
, M2

L̃
and M2

Ẽ
]

and the A-parameters that parameterize the Higgs couplings

to up and down-type squarks and charged sleptons (henceforth

denoted by AU , AD and AE, respectively) are now 3 × 3 ma-

trices as noted in Section I.3. The diagonalization of the 6 × 6

squark mass matrices yields f̃iL–f̃jR mixing (for i �= j). In

practice, since the f̃L–f̃R mixing is appreciable only for the

third generation, this additional complication can usually be

neglected.

Radiative loop corrections will modify all tree-level results

for masses quoted in this section. These corrections must be

included in any precision study of supersymmetric phenomenol-

ogy [71]. Beyond tree-level, the definition of the supersym-

metric parameters becomes convention-dependent. For exam-

ple, one can define physical couplings or running couplings,

which differ beyond tree-level. This provides a challenge to any

effort that attempts to extract supersymmetric parameters from

data. The supersymmetric parameter analysis (SPA) project

proposes a set of conventions [72] based on a consistent set

of conventions and input parameters. dimensional reduction

scheme for the regularization of higher-order loop corrections

in supersymmetric theories recently advocated in Ultimately,

these efforts will facilitate the reconstruction of the fundamen-

tal supersymmetric theory (and its breaking mechanism) from

high precision studies of supersymmetric phenomena at future

colliders.

I.5. The Higgs sector of the MSSM: Next, consider the

MSSM Higgs sector [19,20,73]. Despite the large number

of potential CP -violating phases among the MSSM-124 pa-

rameters, the tree-level MSSM Higgs sector is automatically

CP -conserving. That is, unphysical phases can be absorbed

into the definition of the Higgs fields such that tanβ is a real

parameter (conventionally chosen to be positive). Moreover,

the physical neutral Higgs scalars are CP eigenstates. The

model contains five physical Higgs particles: a charged Higgs

boson pair (H±), two CP -even neutral Higgs bosons (denoted

by h0 and H0 where mh ≤ mH), and one CP -odd neutral Higgs

boson (A0).

I.5.1 The Tree-level MSSM Higgs sector: The prop-

erties of the Higgs sector are determined by the Higgs potential,

which is made up of quadratic terms [whose squared-mass

coefficients were mentioned above Eq. (1)] and quartic inter-

action terms whose coefficients are dimensionless couplings.

The quartic interaction terms are manifestly supersymmetric at

tree-level (and are modified by supersymmetry-breaking effects

only at the loop level). In general, the quartic couplings arise

from two sources: (i) the supersymmetric generalization of the

scalar potential (the so-called “F -terms”), and (ii) interaction

terms related by supersymmetry to the coupling of the scalar

fields and the gauge fields, whose coefficients are proportional

to the corresponding gauge couplings (the so-called “D-terms”).

In the MSSM, F -term contributions to the quartic couplings

are absent (although such terms may be present in extensions

of the MSSM, e.g., models with Higgs singlets). As a result,

the strengths of the MSSM quartic Higgs interactions are fixed

in terms of the gauge couplings. Due to the resulting con-

straint on the form of the two-Higgs-doublet scalar potential,

all the tree-level MSSM Higgs-sector parameters depend only

on two quantities: tanβ [defined in Eq. (1)] and one Higgs

mass (usually taken to be mA). From these two quantities, one

can predict the values of the remaining Higgs boson masses, an

angle α (which measures the component of the original Y = ±1

Higgs doublet states in the physical CP -even neutral scalars),

and the Higgs boson self-couplings.

I.5.2 The radiatively-corrected MSSM Higgs sec-

tor: When radiative corrections are incorporated, additional

parameters of the supersymmetric model enter via vir-

tual loops. The impact of these corrections can be signifi-

cant [74]. For example, the tree-level MSSM-124 prediction

for the upper bound of the lightest CP -even Higgs mass,

mh ≤ mZ | cos 2β| ≤ mZ [19,20], can be substantially modi-

fied when radiative corrections are included. The qualitative

behavior of these radiative corrections can be most easily seen

in the large top-squark mass limit, where in addition, both the

splitting of the two diagonal entries and the two off-diagonal

entries of the top-squark squared-mass matrix [Eq. (7)] are

small in comparison to the average of the two top-squark

squared-masses, M2
S ≡ 1

2(M2
t̃1

+ M2
t̃2

). In this case (assuming

mA > mZ), the predicted upper bound for mh (which reaches

its maximum at large tanβ) is approximately given by

m2
h �m2

Z +
3g2m4

t

8π2m2
W

{
ln

(
M2

S/m2
t

)
+

X2
t

M2
S

(
1 − X2

t

12M2
S

)}
, (11)

where Xt ≡ At − µ cotβ is the top-squark mixing factor [see

Eq. (7)]. A more complete treatment of the radiative correc-

tions [75] shows that Eq. (11) somewhat overestimates the

true upper bound of mh. These more refined computations,

which incorporate renormalization group improvement and the

leading two-loop contributions, yield mh � 135 GeV (with an ac-

curacy of a few GeV) for mt = 175 GeV and MS � 2 TeV [75].

This Higgs mass upper bound can be relaxed somewhat in

non-minimal extensions of the MSSM, as noted in Section I.9.

In addition, one-loop radiative corrections can introduce

CP -violating effects in the Higgs sector, which depend on some

of the CP -violating phases among the MSSM-124 parame-

ters [76]. Although these effects are more model-dependent,

they can have a non-trivial impact on the Higgs searches at

future colliders. A summary of the current MSSM Higgs mass

limits can be found in Ref. [77].
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I.6. Restricting the MSSM parameter freedom: In Sec-

tions I.4 and I.5 we surveyed the parameters that comprise the

MSSM-124. However in its most general form, the MSSM-124

is not a phenomenologically-viable theory over most of its pa-

rameter space. This conclusion follows from the observation

that a generic point in the MSSM-124 parameter space ex-

hibits: (i) no conservation of the separate lepton numbers Le,

Lµ, and Lτ ; (ii) unsuppressed FCNC’s; and (iii) new sources

of CP violation that are inconsistent with the experimental

bounds.

For example, the MSSM contains many new sources of

CP violation [78]. In particular, some combinations of the

complex phases of the gaugino-mass parameters, the A param-

eters, and µ must be less than of order 10−2—10−3 (for a

supersymmetry-breaking scale of 100 GeV) to avoid generating

electric dipole moments for the neutron, electron, and atoms

in conflict with observed data [79–81]. The non-observation

of FCNC’s [24,25] places additional strong constraints on the

off-diagonal matrix elements of the squark and slepton soft-

supersymmetry-breaking squared masses and A-parameters (see

Section I.3.3). As a result of the phenomenological deficiencies

listed above, almost the entire MSSM-124 parameter space is

ruled out! This theory is viable only at very special “excep-

tional” regions of the full parameter space.

The MSSM-124 is also theoretically incomplete since it

provides no explanation for the origin of the supersymmetry-

breaking parameters (and in particular, why these parameters

should conform to the exceptional points of the parameter

space mentioned above). Moreover, there is no understanding

of the choice of parameters that leads to the breaking of the

electroweak symmetry. What is needed ultimately is a funda-

mental theory of supersymmetry breaking, which would provide

a rationale for some set of soft-supersymmetry breaking terms

that would be consistent with the phenomenological constraints

referred to above. Presumably, the number of independent pa-

rameters characterizing such a theory would be considerably

less than 124.

I.6.1. Bottom-up approach for constraining the pa-

rameters of the MSSM: In the absence of a fundamental

theory of supersymmetry breaking, there are two general ap-

proaches for reducing the parameter freedom of MSSM-124. In

the low-energy approach, an attempt is made to elucidate the

nature of the exceptional points in the MSSM-124 parameter

space that are phenomenologically viable. Consider the follow-

ing two possible choices. First, one can assume that M2

Q̃
, M2

Ũ
,

M2

D̃
, M2

L̃
, M2

Ẽ
, and AU , AD, AE are generation-independent

(horizontal universality [7,58,82]) . Alternatively, one can sim-

ply require that all the aforementioned matrices are flavor

diagonal in a basis where the quark and lepton mass matrices

are diagonal (flavor alignment [83]) . In either case, Le, Lµ,

and Lτ are separately conserved, while tree-level FCNC’s are

automatically absent. In both cases, the number of free param-

eters characterizing the MSSM is substantially less than 124.

Both scenarios are phenomenologically viable, although there is

no strong theoretical basis for either scenario.

I.6.2. Top-down approach for constraining the pa-

rameters of the MSSM: In the high-energy approach, one

imposes a particular structure on the soft-supersymmetry-

breaking terms at a common high-energy scale (such as the

Planck scale, MP). Using the renormalization group equations,

one can then derive the low-energy MSSM parameters relevant

for collider physics. The initial conditions (at the appropri-

ate high-energy scale) for the renormalization group equations

depend on the mechanism by which supersymmetry breaking

is communicated to the effective low energy theory. Examples

of this scenario are provided by models of gravity-mediated

and gauge-mediated supersymmetry breaking (see Section I.2).

One bonus of such an approach is that one of the diago-

nal Higgs squared-mass parameters is typically driven negative

by renormalization group evolution [84]. Thus, electroweak

symmetry breaking is generated radiatively, and the resulting

electroweak symmetry-breaking scale is intimately tied to the

scale of low-energy supersymmetry breaking.

One prediction of the high-energy approach that arises in

most grand unified supergravity models and gauge-mediated

supersymmetry-breaking models is the unification of the (tree-

level) gaugino mass parameters at some high-energy scale MX:

M1(MX) = M2(MX) = M3(MX) = m1/2 . (12)

Consequently, the effective low-energy gaugino mass parameters

(at the electroweak scale) are related:

M3 = (g2
s/g2)M2 , M1 = (5g′ 2/3g2)M2 	 0.5M2 . (13)

In this case, the chargino and neutralino masses and mixing

angles depend only on three unknown parameters: the gluino

mass, µ, and tan β. If in addition |µ| 
 M1 �mZ , then the

lightest neutralino is nearly a pure bino, an assumption often

made in supersymmetric particle searches at colliders.

I.6.3. Anomaly-mediated supersymmetry-breaking:

In some supergravity models, tree-level masses for the gauginos

are absent. The gaugino mass parameters arise at one-loop

and do not satisfy Eq. (13). In this case, one finds a model-

independent contribution to the gaugino mass whose origin can

be traced to the super-conformal (super-Weyl) anomaly, which

is common to all supergravity models [52]. This approach

is called anomaly-mediated supersymmetry breaking (AMSB).

Eq. (13) is then replaced (in the one-loop approximation) by:

Mi 	
big

2
i

16π2
m3/2 , (14)

where m3/2 is the gravitino mass (assumed to be of order

1 TeV), and bi are the coefficients of the MSSM gauge beta-

functions corresponding to the corresponding U(1), SU(2) and

SU(3) gauge groups: (b1, b2, b3) = (33
5 , 1,−3). Eq. (14) yields

M1 	 2.8M2 and M3 	 −8.3M2, which implies that the lightest

chargino pair and neutralino comprise a nearly mass-degenerate

triplet of winos, W̃±, W̃ 0 (c.f. Table 1), over most of the
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MSSM parameter space . (For example, if |µ| 
 mZ , then

Eq. (14) implies that M
χ̃±

1
	 M

χ̃0
1
	 M2 [85]. ) The corre-

sponding supersymmetric phenomenology differs significantly

from the standard phenomenology based on Eq. (13), and is

explored in detail in Ref. [86]. Anomaly-mediated supersym-

metry breaking also generates (approximate) flavor-diagonal

squark and slepton mass matrices. However, this yields nega-

tive squared-mass contributions for the sleptons in the MSSM.

This fatal flaw may be possible to cure in approaches beyond

the minimal supersymmetric model [87]. Alternatively, one

may conclude that anomaly-mediation is not the sole source of

supersymmetry-breaking in the slepton sector.

I.7. The constrained MSSMs: mSUGRA, GMSB, and

SGUTs: One way to guarantee the absence of significant

FCNC’s mediated by virtual supersymmetric-particle exchange

is to posit that the diagonal soft-supersymmetry-breaking scalar

squared-masses are universal at some energy scale.

I.7.1. The minimal supergravity (mSUGRA)

model: In the minimal supergravity (mSUGRA) frame-

work [2–4], the soft-supersymmetry-breaking parameters at

the Planck scale take a particularly simple form in which the

scalar squared-masses and the A-parameters are flavor-diagonal

and universal [43]:

M2

Q̃
(MP) = M2

Ũ
(MP) = M2

D̃
(MP) = m2

01 ,

M2

L̃
(MP) = M2

Ẽ
(MP) = m2

01 ,

m2
1(MP) = m2

2(MP) = m2
0 ,

AU (MP) = AD(MP) = AE(MP) = A01 , (15)

where 1 is a 3 × 3 identity matrix in generation space. Renor-

malization group evolution is then used to derive the values

of the supersymmetric parameters at the low-energy (elec-

troweak) scale. For example, to compute squark masses, one

must use the low-energy values for M2

Q̃
, M2

Ũ
and M2

D̃
in Eq. (7).

Through the renormalization group running with boundary con-

ditions specified in Eq. (13) and Eq. (15), one can show that

the low-energy values of M2

Q̃
, M2

Ũ
and M2

D̃
depend primarily

on m2
0 and m2

1/2. A number of useful approximate analytic

expressions for superpartner masses in terms of the mSUGRA

parameters can be found in Ref. [88].

Clearly, in the mSUGRA approach, the MSSM-124 param-

eter freedom has been significantly reduced. Typical mSUGRA

models give low-energy values for the scalar mass parameters

that satisfy M
L̃
≈ M

Ẽ
< M

Q̃
≈ M

Ũ
≈ M

D̃
, with the squark

mass parameters somewhere between a factor of 1–3 larger

than the slepton mass parameters (e.g., see Ref. [88]) . More

precisely, the low-energy values of the squark mass parameters

of the first two generations are roughly degenerate, while M
Q̃3

and M
Ũ3

are typically reduced by a factor of 1–3 from the val-

ues of the first and second generation squark mass parameters,

because of renormalization effects due to the heavy top-quark

mass.

As a result, one typically finds that four flavors of squarks

(with two squark eigenstates per flavor) and b̃R are nearly

mass-degenerate. The b̃L mass and the diagonal t̃L and t̃R
masses are reduced compared to the common squark mass of

the first two generations. In addition, there are six flavors of

nearly mass-degenerate sleptons (with two slepton eigenstates

per flavor for the charged sleptons and one per flavor for the

sneutrinos); the sleptons are expected to be somewhat lighter

than the mass-degenerate squarks. Finally, third generation

squark masses and tau-slepton masses are sensitive to the

strength of the respective f̃L–f̃R mixing, as discussed below

Eq. (7). If tan β 
 1, then the pattern of third generation

squark masses is somewhat altered, as discussed in Ref. [89].

In mSUGRA models, the LSP is typically the lightest

neutralino, χ̃0
1, which is dominated by its bino component. In

particular, one can reject those mSUGRA parameter regimes

in which the LSP is a chargino or the τ̃1 (the lightest scalar

superpartner of the τ -lepton). In general, if one imposes the

constraints of supersymmetric particle searches and those of

cosmology (say, by requiring the LSP to be a suitable dark

matter candidate), one obtains significant restrictions to the

mSUGRA parameter space [90].

One can count the number of independent parameters in

the mSUGRA framework. In addition to 18 Standard Model

parameters (excluding the Higgs mass), one must specify m0,

m1/2, A0, and Planck-scale values for µ and B-parameters

(denoted by µ0 and B0). In principle, A0, B0, and µ0 can be

complex, although in the mSUGRA approach, these parameters

are taken (arbitrarily) to be real. As previously noted, renor-

malization group evolution is used to compute the low-energy

values of the mSUGRA parameters, which then fixes all the pa-

rameters of the low-energy MSSM. In particular, the two Higgs

vacuum expectation values (or equivalently, mZ and tan β) can

be expressed as a function of the Planck-scale supergravity

parameters. The simplest procedure is to remove µ0 and B0 in

favor of mZ and tanβ [the sign of µ0, denoted sgn(µ0) below,

is not fixed in this process]. In this case, the MSSM spectrum

and its interaction strengths are determined by five parameters:

m0 , A0 , m1/2 , tanβ , and sgn(µ0) , (16)

in addition to the 18 parameters of the Standard Model.

However, the mSUGRA approach is probably too simplis-

tic. Theoretical considerations suggest that the universality

of Planck-scale soft-supersymmetry-breaking parameters is not

generic [91]. In particular, it is easy to write down effective

operators at the Planck scale that do not respect flavor uni-

versality, and it is difficult to find a theoretical principle that

would forbid them.

In order to facilitate studies of supersymmetric phenomenol-

ogy at colliders, it has been a valuable exercise to compile a

set of benchmark supersymmetric parameters, from which su-

persymmetric spectra and couplings can be derived [92]. A

compilation of benchmark mSUGRA points consistent with
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Figure 1: Mass spectrum of supersymmetric
particles and Higgs bosons for the mSUGRA
reference point SPS 1a′. The masses of the first
and second generation squarks, sleptons and

sneutrinos are denoted collectively by q̃, 
̃ and
ν̃�, respectively. Taken from Ref. [72]. See
full-color version on color pages at end of book.

present data from particle physics and cosmology can be found

in Ref. [93]. One particular well-studied benchmark points,

the so-called SPS 1a′ reference point [72] (this is a slight

modification of the SPS 1a point of Ref. [92], which incorpo-

rates the latest constraints from collider data and cosmology)

has been especially useful in experimental studies of super-

symmetric phenomena at future colliders. The supersymmetric

particle spectrum for the SPS 1a′ reference point is exhibited in

Figure 1. However, it is important to keep in mind that even

within the mSUGRA framework, the resulting supersymmetric

theory and its attendant phenomenology can be quite different

from the SPS 1a′ reference point.

I.7.2. Gauge-mediated supersymmetry breaking:

In contrast to models of gravity-mediated supersymmetry break-

ing, the universality of the fundamental soft-supersymmetry-

breaking squark and slepton squared-mass parameters is guar-

anteed in gauge-mediated supersymmetry-breaking because the

supersymmetry-breaking is communicated to the sector of

MSSM fields via gauge interactions. In the minimal gauge-

mediated supersymmetry-breaking (GMSB) approach, there is

one effective mass scale, Λ, that determines all low-energy scalar

and gaugino mass parameters through loop-effects (while the

resulting A parameters are suppressed). In order that the re-

sulting superpartner masses be of order 1 TeV or less, one must

have Λ ∼ 100 TeV. The origin of the µ and B-parameters is

quite model-dependent, and lies somewhat outside the ansatz of

gauge-mediated supersymmetry breaking. The simplest mod-

els of this type are even more restrictive than mSUGRA, with

two fewer degrees of freedom. Benchmark reference points for

GMSB models have been proposed in Ref. [92] to facilitate

collider studies. However, minimal GMSB is not a fully real-

ized model. The sector of supersymmetry-breaking dynamics

can be very complex, and no complete model of gauge-mediated

supersymmetry yet exists that is both simple and compelling.

It was noted in Section I.2 that the gravitino is the LSP

in GMSB models. Thus, in such models, the next-to-lightest

supersymmetric particle (NLSP) plays a crucial role in the phe-

nomenology of supersymmetric particle production and decay.

Note that unlike the LSP, the NLSP can be charged. In GMSB

models, the most likely candidates for the NLSP are χ̃0
1 and

τ̃±
R . The NLSP will decay into its superpartner plus a gravitino

(e.g., χ̃0
1 → γg̃3/2, χ̃0

1 → Zg̃3/2 or τ̃±
R → τ±g̃3/2), with lifetimes

and branching ratios that depend on the model parameters.

Different choices for the identity of the NLSP and its

decay rate lead to a variety of distinctive supersymmetric

phenomenologies [47,94]. For example, a long-lived χ̃0
1-NLSP

that decays outside collider detectors leads to supersymmetric

decay chains with missing energy in association with leptons

and/or hadronic jets (this case is indistinguishable from the

canonical phenomenology of the χ̃0
1-LSP). On the other hand, if

χ̃0
1 → γg̃3/2 is the dominant decay mode, and the decay occurs

inside the detector, then nearly all supersymmetric particle

decay chains would contain a photon. In contrast, the case of a

τ̃±
R -NLSP would lead either to a new long-lived charged particle

(i.e., the τ̃±
R ) or to supersymmetric particle decay chains with

τ leptons.

I.7.3. Supersymmetric grand unification: Finally,

grand unification [95] can impose additional constraints on the

MSSM parameters. As emphasized in Section I.1, it is striking

that the SU(3)×SU(2)×U(1) gauge couplings unify in models

of supersymmetric grand unified theories (SGUTs) [7,15,96,97]

with (some of) the supersymmetry-breaking parameters of or-

der 1 TeV or below. Gauge coupling unification, which takes

place at an energy scale of order 1016 GeV, is quite robust [98].

For example, successful unification depends weakly on the de-

tails of the theory at the unification scale. In particular, given

the low-energy values of the electroweak couplings g(mZ) and

g′(mZ), one can predict αs(mZ) by using the MSSM renormal-

ization group equations to extrapolate to higher energies, and

by imposing the unification condition on the three gauge cou-

plings at some high-energy scale, MX. This procedure, which

fixes MX, can be successful (i.e., three running couplings will

meet at a single point) only for a unique value of αs(mZ).

The extrapolation depends somewhat on the low-energy super-

symmetric spectrum (so-called low-energy “threshold effects”),

and on the SGUT spectrum (high-energy threshold effects),

which can somewhat alter the evolution of couplings. Ref. [99]

summarizes the comparison of data with the expectations of

SGUTs, and shows that the measured value of αs(mZ) is in

good agreement with the predictions of supersymmetric grand

unification for a reasonable choice of supersymmetric threshold

corrections.

Additional SGUT predictions arise through the unification

of the Higgs-fermion Yukawa couplings (λf ). There is some

evidence that λb = λτ is consistent with observed low-energy

data [100], and an intriguing possibility that λb =λτ =λt may
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be phenomenologically viable [89,101] in the parameter regime

where tan β 	 mt/mb. Finally, grand unification imposes con-

straints on the soft-supersymmetry-breaking parameters. For

example, gaugino-mass unification leads to the relations given

by Eq. (13). Diagonal squark and slepton soft-supersymmetry-

breaking scalar masses may also be unified, which is analogous

to the unification of Higgs-fermion Yukawa couplings.

In the absence of a fundamental theory of supersymmetry

breaking, further progress will require a detailed knowledge of

the supersymmetric-particle spectrum in order to determine the

nature of the high-energy parameters. Of course, any of the

theoretical assumptions described in this section could be wrong

and must eventually be tested experimentally.

I.8. Massive neutrinos in low-energy supersymmetry:

With the overwhelming evidence for neutrino masses and mix-

ing [102], it is clear that any viable supersymmetric model of

fundamental particles must incorporate some form of L violation

in the low-energy theory [103]. This requires an extension of

the MSSM, which (as in the case of the minimal Standard

Model) contains three generations of massless neutrinos. To

construct a supersymmetric model with massive neutrinos, one

can follow one of two different approaches.

I.8.1. The supersymmetric seesaw: In the first ap-

proach, one starts with a modified Standard Model which

incorporates new structure that yields nonzero neutrino masses.

Following the procedures of Sections I.2 and I.3, one then for-

mulates the supersymmetric extension of the modified Standard

Model. For example, neutrino masses can be incorporated into

the Standard Model by introducing an SU(3)×SU(2)×U(1) sin-

glet right-handed neutrino (νR) and a super-heavy Majorana

mass (typically of order a grand unified mass) for the νR. In

addition, one must also include a standard Yukawa coupling

between the lepton doublet, the Higgs doublet and νR. The

Higgs vacuum expectation value then induces an off-diagonal

νL–νR mass of order the electroweak scale. Diagonalizing the

neutrino mass matrix (in the three-generation model) yields

three superheavy neutrino states and three very light neutrino

states that are identified as the light neutrino states observed in

nature. This is the seesaw mechanism [104]. The supersym-

metric generalization of the seesaw model of neutrino masses is

now easily constructed [105,106].

I.8.2. R-parity-violating supersymmetry: Another

approach to incorporating massive neutrinos in supersymmet-

ric models is to retain the minimal particle content of the

MSSM but remove the assumption of R-parity invariance [107].

The most general R-parity-violating (RPV) theory involving

the MSSM spectrum introduces many new parameters to

both the supersymmetry-conserving and the supersymmetry-

breaking sectors. Each new interaction term violates either B

or L conservation. For example, consider new scalar-fermion

Yukawa couplings derived from the following interactions:

(λL)pmnL̂pL̂mÊc
n+(λ′

L)pmnL̂pQ̂mD̂c
n+(λB)pmnÛ c

pD̂c
mD̂c

n , (17)

where p, m, and n are generation indices, and gauge group

indices are suppressed. In the notation above, Q̂, Û c, D̂c, L̂,

and Êc respectively represent (u, d)L, uc
L, dc

L, (ν, e−)L, and ec
L

and the corresponding superpartners. The Yukawa interactions

are obtained from Eq. (17) by taking all possible combinations

involving two fermions and one scalar superpartner. Note that

the term in Eq. (17) proportional to λB violates B, while the

other two terms violate L. Even if all the terms of Eq. (17) are

absent, there is one more possible supersymmetric source of R-

parity violation. In the notation of Eq. (17), one can add a term

of the form (µL)pĤuL̂p, where Ĥu represents the Y = 1 Higgs

doublet and its higgsino superpartner. This term is the RPV

generalization of the supersymmetry-conserving Higgs mass

parameter µ of the MSSM, in which the Y = −1 Higgs/higgsino

super-multiplet Ĥd is replaced by the slepton/lepton super-

multiplet L̂p. The RPV-parameters (µL)p also violate L.

Phenomenological constraints derived from data on various

low-energy B- and L-violating processes can be used to establish

limits on each of the coefficients (λL)pmn, (λ′
L)pmn, and (λB)pmn

taken one at a time [107,108]. If more than one coefficient

is simultaneously non-zero, then the limits are, in general,

more complicated [109]. All possible RPV terms cannot be

simultaneously present and unsuppressed; otherwise the proton

decay rate would be many orders of magnitude larger than the

present experimental bound. One way to avoid proton decay

is to impose B or L invariance (either one alone would suffice).

Otherwise, one must accept the requirement that certain RPV

coefficients must be extremely suppressed.

One particularly interesting class of RPV models is one in

which B is conserved, but L is violated. It is possible to enforce

baryon number conservation, while allowing for lepton number

violating interactions by imposing a discrete Z3 baryon triality

symmetry on the low-energy theory [110], in place of the

standard Z2 R-parity. Since the distinction between the Higgs

and matter super-multiplets is lost in RPV models, R-parity

violation permits the mixing of sleptons and Higgs bosons,

the mixing of neutrinos and neutralinos, and the mixing of

charged leptons and charginos, leading to more complicated

mass matrices and mass eigenstates than in the MSSM.

The supersymmetric phenomenology of the RPV mod-

els exhibits features that are quite distinct from that of the

MSSM [107]. The LSP is no longer stable, which implies that

not all supersymmetric decay chains must yield missing-energy

events at colliders. Nevertheless, the loss of the missing-energy

signature is often compensated by other striking signals (which

depend on which R-parity-violating parameters are dominant).

For example, supersymmetric particles in RPV models can

be singly produced (in contrast to R-parity-conserving models

where supersymmetric particles must be produced in pairs).

The phenomenology of pair-produced supersymmetric particles

in RPV models can also differ significantly from expectations

due to new decay chains not present in R-parity-conserving

supersymmetry [107].



����������������

�������� ����	�
� �	��	��

��	����������� ������
� �������

In RPV models with lepton number violation (these in-

clude low-energy supersymmetry models with baryon triality

mentioned above), both ∆L = 1 and ∆L = 2 phenomena are

allowed, leading to neutrino masses and mixing [111], neutri-

noless double-beta decay [112], sneutrino-antisneutrino mix-

ing [106,113,114], and s-channel resonant production of sneu-

trinos in e+e− collisions [115] and charged sleptons in pp̄ and pp

collisions [116]. For example, Ref. [117] demonstrates how

one can fit both the solar and atmospheric neutrino data in an

RPV supersymmetric model where µL provides the dominant

source of R-parity violation.

I.9. Other non-minimal extensions of the MSSM:

There are additional motivations for extending the super-

symmetric model beyond the MSSM. Here we mention just

a few. The µ parameter of the MSSM is a supersymmetric-

preserving parameter; nevertheless it must be of order the

supersymmetry-breaking scale to yield a consistent supersym-

metric phenomenology. In the MSSM, one must devise a the-

oretical mechanism to guarantee that the magnitude of µ is

not larger than the TeV-scale (e.g., in gravity-mediated super-

symmetry, the Giudice-Masiero mechanism of Ref. [118] is the

most cited explanation).

In extensions of the MSSM, new compelling solutions to the

so-called µ-problem are possible. For example, one can replace

µ by the vacuum expectation value of a new SU(3)×SU(2)×U(1)

singlet scalar field. In such a model, the Higgs sector of the

MSSM is enlarged (and the corresponding fermionic higgsino

superpartner is added). This is the so-called NMSSM (here,

NM stands for non-minimal) [119].

Non-minimal extensions of the MSSM involving additional

matter super-multiplets can also yield a less restrictive bound

on the mass of the lightest Higgs boson (as compared to

the MSSM Higgs mass bound quoted in Section I.5.2). For

example, by imposing gauge coupling unification, the upper

limit on the lightest Higgs boson mass can be as high as

200—300 GeV [120] (a similar relaxation of the Higgs mass

bound has been observed in split supersymmetry [121] and

in extra-dimensional scenarios [122]) . Note that these less

restrictive Higgs mass upper bounds are comparable to the

(experimentally determined) upper bound for the Higgs boson

mass based on the Standard Model global fits to precision

electroweak data [26,123].

Other MSSM extensions considered in the literature include

an enlarged electroweak gauge group beyond SU(2)×U(1) [124];

and/or the addition of new, possibly exotic, matter super-

multiplets (e.g., a vector-like color triplet with electric charge
1
3e; such states sometimes occur as low-energy remnants in E6

grand unification models). A possible theoretical motivation for

such new structures arises from the study of phenomenologically

viable string theory ground states [125].
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SUPERSYMMETRY, PART II (EXPERIMENT)

Revised September, 2003 by M. Schmitt (Northwestern Univer-
sity)

II.1. Introduction: The theoretical strong points of super-

symmetry (SUSY) have motivated many searches for super-

symmetric particles. Many of these have been based on the

canonical missing-energy signature caused by the escape of

weakly-interacting LSP’s (‘lightest supersymmetric particles’).

Other scenarios also have been investigated, widening the range

of topologies and experimental signatures in which new physics

might be found. Unfortunately, no convincing evidence for the

production of supersymmetric particles has been found.

Theoretical aspects of supersymmetry have been covered in

Part I of this review by H.E. Haber (see also Ref. 1, 2); we use

his notations and terminology.

II.2. Common supersymmetry scenarios: In the

‘canonical’ scenario [1], supersymmetric particles are pair-

produced and decay directly or via cascades to the LSP. It

follows that there are always at least two LSP’s per event.

If R-parity, the quantum number which distinguishes SM and

SUSY particles, is conserved, the LSP is stable. For most typ-

ical choices of model parameters, the lightest neutralino is the

LSP. Since the neutralino is neutral and colorless, interacting

only weakly with matter, it will escape detection, giving signal

events the characteristic appearance of “missing energy.” In

e+e− machines, the total visible energy and total visible mo-

mentum can be well measured. Since the electron beam energy

has a very small spread, the missing energy (Emiss =
√

s−Evis)

and the missing momentum (�p miss = −�p vis) are well corre-

lated with the net energy and momentum of the LSP’s. In

proton colliders, the distribution of the energy and longitudi-

nal momentum of the partons (quarks and gluons inside the

(anti-)protons) is very broad, so in practice only the transverse

momentum is useful. It is calculated from the vector sum of

energy deposits registered in the calorimetry and is called “miss-

ing transverse energy” (�ET ). Collimated jets, isolated leptons

or photons, and appropriate kinematic and topological cuts

provide additional handles for reducing backgrounds.

The conservation of R-parity is not required in super-

symmetry, however, and in some searches it is assumed that

supersymmetric particles decay via interactions which violate

R-parity (RPV). For the most part the production of super-

partners is unchanged, but the missing-energy signature is lost.

Depending on the choice of the R-parity–violating interaction,

SUSY events are characterized by an excess of leptons or

hadronic jets, and in many cases it is relatively easy to suppress

SM backgrounds [3]. A distinction is made between “indi-

rect” RPV, in which the LSP decays close to the interaction

point but no other decays are modified, and “direct” RPV,

in which the supersymmetric particles decay to SM particles,

producing no LSP’s. The LSP’s themselves provide a visible

signal by virtue or their decay to ordinary fermions. Note that

the cosmological constraint which requires stable LSP’s to be

charge and color neutral no longer applies when there R-parity

is violated.

In models assuming gauge-mediated supersymmetry break-

ing (GMSB) [4], the gravitino, g̃3/2, is a weakly-interacting

fermion with a mass so small that it can be neglected when

considering the event kinematics. It is the LSP, and the lightest

neutralino, χ̃0
1, decays to it radiatively, possibly with a long

lifetime. With few exceptions the decays and production of

other superpartners are the same as in the canonical scenario,

so when the neutralino lifetime is not too long, the event topolo-

gies are augmented by the presence of energetic and isolated

photons. If the lifetime is so long that the neutralino decays

outside the detector, the event topologies are the same as in

the canonical scenario. In some variants of this theory the

right-sleptons are lighter than the lightest neutralino, and they

decay to a lepton and a gravitino. The most important case

of this type is the channel τ̃R → τG̃. The lifetime of the τ̃R

can vary over a wide range depending on model parameters,

leading to new exotic signatures, including quasi-stable, heavily

ionizing charged particles.

Finally, there is another phenomenologically important sce-

nario in which the gluino g̃ is assumed to be relatively light

(M
g̃

< 5 GeV/c2). Experimental evidence does not support

the hypothesis, however, as discussed further in the review by

H. Murayama.

II.3. Experimental issues: When given no signal for su-

persymmetric particles, experimenters are obliged to derive

limits on their production. The most general formulation of

supersymmetry is so flexible that few universal bounds can be

obtained. Often more restricted forms of the theory are evoked

for which predictions are more definite. The most popular of

these is minimal supergravity (‘mSUGRA’). As explained in

Part I of this review, parameter freedom is drastically reduced

by requiring related parameters to be equal at the unification

scale, MX . Thus, the gaugino masses are equal with value

m1/2, and the slepton, squark, and Higgs masses depend on a

common scalar mass parameter, m0. In the individual experi-

mental analyses, only some of these assumptions are necessary.

For example, the gluino and squark searches at proton ma-

chines constrain mainly M3 and a scalar mass parameter m0

for the squark masses, while the chargino, neutralino, and slep-

ton searches at e+e− colliders constrain M2 and a scalar mass

parameter m0 for the slepton masses. In addition, results from

the Higgs searches can be used to constrain m1/2 and m0 as

a function of tan β. (The full analysis involves large radiative

corrections coming from squark mixing, which is where the de-

pendence on m1/2 and m0 enter.) In the mSUGRA framework,

all the scalar mass parameters m0 are the same and the three

gaugino mass parameters are proportional to m1/2, so limits

from squarks, sleptons, charginos, gluinos, and Higgs all can be

used together to constrain the parameter space. A slightly less

constrained model allows the Higgs sector to be independent of
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the sfermion sector, while still requiring that the scalar mass

parameter m0 is the same for sleptons and squarks and that

the gaugino mass parameter m1/2 is the same for charginos,

neutralinos and gluinos. This model is called the ‘constrained

MSSM’ (cMSSM) [5,6].

While the mSUGRA framework is convenient, it is based

on several highly specific theoretical assumptions, so limits

presented in this framework cannot easily be applied to other

supersymmetric models. It has been possible in some instances

to reduce the model dependence of experimental results by com-

bining several searches. When model-independent results are

impossible, the underlying assumptions and their consequences

are (or should be) carefully delineated.

In the analysis of data from hadron collider experiments,

the experimenter considers several supersymmetric processes

simultaneously. In contrast to experiments at e+e− colliders, it

does not makes sense to talk about one process at a time due to

the very broad mass range spanned. This makes the utilization

of some sort of organizing device, such as a constrained version

of the MSSM, practically unavoidable.

II.4. Supersymmetry searches at e+e− colliders:

The large electron-positron collider (LEP) at CERN ran at

energies ranging from the Z peak up to
√

s = 209 GeV/c2.

Each experiment (ALEPH, DELPHI, L3, OPAL) accumulated

large data sets at a series of energies, as detailed in [7]. For

the limits discussed here, the most relevant data samples include

180 pb−1 at 189 GeV/c2, and 220 pb−1 at higher energies, of

which 140 pb−1 was delivered above 206 GeV/c2. Since the

last edition of this review, several of the searches at the highest

energies have been finalized.

Running at the Z pole, the LEP experiments and SLD at

SLAC excluded many supersymmetric particles up to about half

the Z mass. These limits come mainly from the comparison of

the measured Z widths to SM expectations, and are relatively

insensitive to the details of SUSY particle decays [8]. The

data taken at higher energies allow much stronger limits to be

set, although the complex interplay of masses, cross sections,

and branching ratios allow for a few exceptions to simple general

limits.

The main signals come from SUSY particles with charge,

weak isospin, or large Yukawa couplings. The gauge fermions

(charginos and neutralinos) generally are produced with large

cross sections, while the scalar particles (sleptons and squarks)

are suppressed near threshold by kinematic factors.

The various SUSY particles considered at LEP typically

decay directly to SM particles and LSP’s, so signatures consist of

some combination of jets, leptons, possibly photons, and missing

energy. Consequently the search criteria are geared toward a

few distinct topologies. Although they may be optimized for

one specific signal, they are often efficient for others. For

example, acoplanar jets are expected in both t̃1t̃1 and χ̃0
1χ̃

0
2

production, and acoplanar leptons for both 
̃+
̃− and χ̃+χ̃−.

Backgrounds come mainly from three sources. First, there

are the so-called ‘two-photon interactions,’ in which the beam

electrons emit photons which combine to produce a low mass

hadronic or leptonic system leaving little visible energy in

the detector. Since the electrons are seldom deflected through

large angles, pmiss
T is low. Second, there is difermion production,

usually accompanied by large initial-state radiation induced by

the Z pole, which gives events that are well balanced with

respect to the beam direction. Finally, there is four-fermion

production through states with one or two resonating bosons

(W+W−, ZZ, Weν, Ze+e−, etc.) which can give events with

large Emiss and pmiss
T due to neutrinos and electrons lost down

the beam pipe.

In the canonical case, Emiss and pmiss
T are large enough to

eliminate most of these backgrounds. The e+e− initial state is

well defined so searches utilize both transverse and longitudinal

momentum components. It is possible to measure the missing

mass (Mmiss = {(
√

s−Evis)
2−�p 2

vis}1/2) which is small if pmiss
T is

caused by a single neutrino or an undetected electron or photon,

and large when there are two massive LSP’s. The four-fermion

processes cannot be entirely eliminated, however, and a non-

negligible irreducible background is expected. Fortunately, the

uncertainties for these backgrounds are not large.

High efficiencies are easily achieved when the mass of the

LSP (MLSP) is less than the parent particle (Mparent) by at least

10 GeV/c2 and greater than about 10 GeV/c2. Difficulties

arise when the mass difference ∆M = Mparent−MLSP is smaller

than 10 GeV/c2 as the signal resembles background from two-

photon interactions. A very light LSP is challenging also since,

kinematically speaking, it plays a role similar to a neutrino, so

that, for example, a signal for charginos of mass ∼ 80 GeV/c2

is difficult to distinguish from the production of W+W− pairs.

The lower signal efficiency obtained in these two extreme cases

has been offset by the large integrated luminosities delivered,

so mass limits are not degraded.

Charginos and Neutralinos: The phenomenology of

charginos and neutralinos depends on their field content: they

tend to be ‘gaugino-like’ (for M2 � |µ|) or ‘higgsino-like’

(|µ| � M2), with a ‘mixed’ field content available only for a

relatively small region of parameter space. The cross section

for gauginos varies with the masses of sleptons exchanged in

the t-channel. In particular, chargino production can be sup-

pressed by more than an order of magnitude for particular

values of M
ν̃e

. The gaugino branching ratios also depend on

the sfermion sector. When the sfermion masses are larger than

∼ 200 GeV/c2, the chargino and neutralino branching ratios

are close to those of the W and Z bosons. Enhancements of

leptonic branching ratios are important when sleptons are light.

Light squarks are excluded by hadron collider experiments and

are not considered. Cross sections and branching ratios for

higgsinos are, in contrast, insensitive to the masses of the

sfermions.

In the gaugino-like region, the lightest chargino mass is

driven by M2 and the lightest neutralino mass by M1. For

many popular models (such as ‘supergravity’), M1 and M2
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unify at a GUT scale, with M1 ≈ M2/2 at the electroweak scale.

Consequently, the mass difference ∆M = M
χ̃±−M

χ̃0
1

is not very

small and selection efficiencies are high. However, as explained

in the theoretical section of this review, this unification scheme

is not required by Supersymmetry, and it is important to

consider both M1 ≈ M2 and M1 � M2. In the higgsino-like

region, chargino and neutralino masses are all close to |µ|, and

hence, small mass differences of order 5 GeV/c2 are typical.

In the mixed region of moderate, negative µ, ∆M ≈ MW , and

cuts designed to reject W background lead to lower efficiencies.

Chargino masses have been excluded up to 103 GeV/c2.

However, this limit can be degraded when the sneutrino is

lighter than ∼ 200 GeV/c2. Thanks to the large integrated

luminosity and the combination of four experiments [7], the

impact for M
ν̃e

� 100 GeV/c2 is less than a GeV/c2. The limit

is also weakened when the mass difference is small (∆M =

M
χ̃± −M

χ̃0
1
� 3 GeV/c2), as in the higgsino region; however, in

this case the associated production of neutralino pairs χ̃0
1χ̃

0
2 is

large and the problem of small mass differences (M
χ̃0

2
− M

χ̃0
1
)

less severe. Experimental sensitivity now extends down to mass

differences of 3 GeV/c2, corresponding to M2 above 2 TeV/c2.

For a summary of the interplay of chargino field content

and sfermion masses, see Fig. 1.

sfermions
heavy

sfermions
light

+- ∼νMχ ≅ Μ - 1 GeV/c 2

no exclusion in
the ‘corridor’

2103 GeV/c
robust limits

0
1χ

∼ 0
2χ

∼
production

100 GeV≅
depending on∆M

0
1χ

∼ 0
2χ

∼

gaugino-like higgsino-like

∆∆ M large M small

cross section reduced,
limits weakened slightly

leptonic BR
enhanced

robust limits

production

BR enhancedτ

Figure 1: Heuristic diagram of the interplay
of chargino field content and sfermion masses.
See full-color version on color pages at end of
book.

The possibility of extremely small mass differences has

been raised in several theoretical papers which propose models

rather different from supergravity [9]. The DELPHI Col-

laboration was the first to engineer searches to cover this

scenario [10], and other collaborations have followed suit [11].

For ∆M ∼ 1 GeV/c2, the signal can be distinguished from two-

photon background on the basis of isolated photons detected

at low angles: hard initial-state radiation sometimes accom-

panies the signal process but is absent for the background.

For ∆M ∼ 0.2 GeV/c2, the chargino acquires a non-negligible

lifetime and decays at a significant distance from the inter-

action point, producing tracks which do not extrapolate back

to the interaction point. When ∆M < mπ, the lifetime is so

long that the chargino appears as a heavily ionizing particle

which exits the tracking detector before decaying. The bounds

on the chargino mass vary from 68 to 88 GeV/c2 depend-

ing on the assumed sneutrino mass; the limit is 92 GeV/c2

from the combination of the four LEP experiments when

Mν̃e > 500 GeV/c2 [7].

The limits from chargino and neutralino production are

most often used to constrain M2 and µ for fixed tanβ. For

large |µ| (the gaugino case), chargino bounds limit M2, and vice

versa (the Higgsino case). When tanβ is not large, the region

of parameter space with µ < 0 and |µ| ∼ M2 corresponds to

‘mixed’ field content, and the limits on M2 and |µ| are relatively

modest, especially when electron sneutrinos are light. This is

the weak point when inferring an indirect limit on the LSP

mass [12].

When the sleptons are light, branching ratios to leptons are

enhanced, especially to τ ’s via τ̃ ’s when there is non-negligible

mixing of τ̃R and τ̃L. These effects are greatest when the

chargino has a large gaugino component. The weakest bounds

are found for small negative µ and small tan β, as the cross

section is reduced with respect to larger |µ|, the impact of τ̃

mixing can be large, and the efficiency is not optimal because

∆M is large. If sneutrinos are lighter than the chargino, then

two-body decays χ̃+ → 
+ν̃ dominate, and in the ‘corridor’

0 < M
χ̃± − M

ν̃
� 3 GeV/c2 the acceptance is so low that no

direct exclusion is possible [13]. However, in the context of

the cMSSM it is possible to cover this region with slepton and

neutralino searches.

Sleptons: Sleptons and squarks are produced via γ∗ and Z∗

exchange. For selectrons there is an important contribution

from t-channel neutralino exchange which generally increases

the cross section. Even though the cross section is suppressed

near threshold, the large luminosity at LEP has allowed mass

limits to be placed close to the kinematic threshold [14]. For

equal masses, the cross section for the R state is smaller than for

the L state, so limits are set conservatively for the production

of R-sleptons only. In grand unified theories the masses of the

R and L states are linked, and usually the R state is lighter,

especially when tanβ is large. For τ̃ sleptons, mixing can be

important.

The simplest slepton topology results from 
̃ → 
χ̃0
1, though

for some particular parameter choices, branching ratios for

decays to χ̃0
2 reach a few percent. Combined mass limits have

been obtained by the LEP SUSY working group [7]. For µ̃R,

the limit is 95 GeV/c2. The limit for ẽR is 4 GeV/c2 higher

due to the higher cross section coming from χ̃0 exchange. Since

the selection of τ ’s is relatively difficult, the limit is expected

to be lower, and the actual limit is 86 GeV/c2. These limits
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hold provided the slepton is at least 10 GeV/c2 heavier than

the neutralino.

Assuming a common scalar mass term m0, as in the cMSSM,

the masses of the R and L-sleptons can be related as a

function of tan β, and one finds m�̃L
> m�̃R

by a few GeV/c2.

Consequently, in associated ẽLẽR production, the special case

of a neutralino close in mass to the right-selectron still results

in a viable signature: a single energetic electron. ALEPH and

L3 have used this to close the gap MẽR
− M

χ̃
→ 0, and place

an absolute limit M
ẽR

> 73 GeV/c2 [15,16].

Squarks: Although the Tevatron experiments had placed gen-

eral limits on squark masses far beyond the reach of LEP, a

light top squark (‘stop’) could still have been found since the

interaction eigenstates can mix to give a large splitting between

the mass eigenstates. While theoretically less natural, light

sbottoms also have been considered. LEP limits on stop and

sbottom masses vary with the mixing angle because the cross

section does: for θ
t̃
= 56◦ and θ̃

b
= 67◦ the contribution from

Z exchange is “turned off.” In fact the variation in mass limits

is only a couple of GeV/c2 due to the large luminosity used for

these searches [7].

The stop decay t̃1 → cχ̃0
1 proceeds through loops, giving

a lifetime long enough to allow the top squark to form super-

symmetric hadrons which provide a pair of jets and missing

energy. The conservative limit is M
t̃1

> 95 GeV/c2, valid for

∆M > 5 GeV/c2. If sneutrinos are light, the decay t̃1 → b
ν̃

dominates, giving two leptons in addition to jets, and the

limit is 96 GeV/c2. The same signature obtains when sleptons

are light. A somewhat more difficult case comes when τ̃ ’s are

light [17,18,16]. Four-fermion final states (b f f̄ ′ χ̃0
1) dominate

when charginos are light, a topology covered by ALEPH [18].

Access to very small ∆M is possible due to the visibility of the

decay products of the c and b hadrons [19], in which case con-

servative limit is M
t̃1

> 59 GeV/c2 is obtained. A comparison

to results from the Tevatron is given below.

The electric charge of the sbottoms is smaller than that

of stops, so the cross section is considerably lower. The only

decay channel considered is b̃1 → bχ̃0
1. Use of b-jet tagging

helps retain sensitivity: the bound is M
b̃

> 96 GeV/c2. It

has been pointed out that very light bottoms squarks (M
b̃

<

5 GeV/c2) which are decoupled from the Z are not generally

excluded by LEP searches. Ther is, however, a constraint from

a CLEO analysis [20] applicable when the sbottoms always

decay semileptonically.

The results from the search for acoplanar jets and missing

energy has been interpreted as a limit on the production of

generic squarks [21,16,7]. A comparison with Tevatron results

is given below.

The Lightest Neutralino: In canonical SUSY scenarios the

lightest neutralino leaves no signal in the detector. Nonetheless,

the tight correspondences among the neutralino and chargino

masses allow an indirect limit on M
χ̃0

1
to be derived [12,22].

The key assumption is that the gaugino mass parameters M1

and M2 unify at the GUT scale, which leads to a definite relation

between them at the electroweak scale: M1 = 5
3

tan2 θWM2.

Assuming slepton masses to be high, the bound on M
χ̃0

1
is

derived from the results of chargino and neutralino searches,

and the limit is M
χ̃0

1
> 39 GeV/c2 [23,11].

When sleptons are lighter than ∼ 200 GeV/c2, all the ef-

fects of light sneutrinos on both the production and decay of

charginos and heavier neutralinos must be taken into account.

Although the bounds from charginos are weakened, useful ad-

ditional constraints from slepton and higher-mass neutralino

searches rule out the possibility of a light neutralino. A com-

bined limit has been obtained in the cMSSM for any tanβ:

M
χ̃0

1
> 37 GeV/c2 [23]. The results of Higgs searches can be

brought into play on the basis of mSUGRA mass relations, to

very good effect. They exclude large regions at low m0 and

m1/2 for low tan β, and strengthen the neutralino bound to

Mχ̃0
1

> 45 GeV/c2 [7].

There is a special case for light neutralinos not excluded

by collider experiments: when the χ̃0
1 is a pure bino, the

constraints from the invisible Z width and from the cross

section for γ+invisible are ineffective [24]. If one does not

assume any relation between M1 and M2 then the constraints

from chargino searches can be evaded also. Thus a bino of mass

O(0.1 MeV/c2) is not excluded by collider experiments.

Gauge-Mediated Scenarios: All of the limits above obtain

in supergravity models. In models with gauge-mediated su-

persymmetry breaking (GMSB), however, the phenomenology

is rather different, and several interesting new topologies are

expected. They can be classified on the basis of the ‘next-to-

lightest supersymmetric particle’ (NLSP) which can be either

the lightest neutralino or charged sleptons, in particular, τ̃R.

The gravitino is the LSP, with mass well below a keV.

In the case in which χ̃0
1 is the NLSP, high energy pho-

tons are present from the decay χ̃0
1 → γ g̃3/2. They facilitate

the separation of signal and background, so for gauginos and

sfermions, the resulting limits are very similar to the canoni-

cal case. The pair production of χ̃0
1’s provides an additional

search channel consisting of two acollinear photons and missing

energy. The mass limit derived is 99 GeV/c2, from ALEPH,

assuming the neutralino lifetime is negligible [25]. A more

general limit of 54 GeV/c2 is set by combining searches for

photons which do not point back to the interaction point with

indirect limits derived from slepton and chargino searches [26].

Also, single-photon production has been used to constrain the

processes e+e− → g̃3/2χ̃
0
1 and e+e− → g̃3/2g̃3/2.

When sleptons are the NLSP, there are two possibilities:

all three flavors enter more or less equally, or, due to significant

mixing, the lightest stau dominates. Considering first three

flavors of sleptons, the topology depends strongly on the slepton

lifetime which is determined by the scale parameter
√

F . For

very short lifetimes, the decay 
̃R → 
g̃3/2 corresponds to the

searches described above with a very light neutralino. When

the sleptons have some lifetime, the leptons will have impact
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parameters which help to reject backgrounds. For even longer

lifetimes, the apparatus can actually resolve the decay vertex,

consisting of an incoming slepton and an outgoing lepton –

a track with a ‘kink’ in the tracking volume. Finally, if the

lifetime is long, the experimental signature is a pair of collinear,

heavily ionizing tracks. By combining searches for all of these

signatures, limits of approximately 82 GeV/c2 for staus can be

placed independent of the slepton lifetime [27,26].

When, due to mixing, the lightest stau is significantly lighter

than the other sleptons, special topologies may result. For

example, 4τ final states result from neutralino pair production.

No evidence for a signal was found [27,28].

R-parity Violation: If R-parity is not conserved, searches

based on missing energy are not viable. The three possible

RPV interaction terms (LLE, LQD, U D D) violate lepton or

baryon number, consequently precisely measured SM processes

constrain products of dissimilar terms. Collider searches as-

sume only one of the many possible terms dominates; given this

assumption, searches for charginos and neutralinos, sleptons and

squarks have been performed. At LEP all sets of generational

indices (λijk, λ′
ijk, λ′′

ijk) have been considered. Signatures of

indirect and also direct RPV have been utilized. Rather exotic

topologies can occur, such as six-lepton final states in slep-

ton production with LLE dominating, or ten-jet final states

in chargino production with U D D dominating; entirely new

search criteria keyed to an excess of leptons and/or jets have

been devised [29]. Searches with a wide scope have found no

evidence for supersymmetry with R-parity violation, and limits

are as constraining as in the canonical scenario. In fact, the

direct exclusion of pair-produced χ̃0
1’s rules out some parameter

space not accessible in the canonical case.

II.5. Supersymmetry searches at hadron machines:

While the LEP experiments can investigate a wide range of

scenarios and cover corners of theoretical parameter space, they

cannot match the mass reach of the Tevatron experiments

(CDF and DØ). Although the full pp̄ energy is never available

for annihilation, the cross sections for supersymmetric particle

production are large due to color factors and strong coupling.

Each experiment has analyzed approximately 110 pb−1 of data

at
√

s = 1.8 TeV during Run I, which ended in 1996. Now

Run IIa is underway, with an expected 2 fb−1 to be logged

by 2006.

The main source of signals for supersymmetry are squarks

and gluinos, in contradistinction to LEP. Pairs of squarks or

gluinos are produced in s, t and u-channel processes. These

particles decay directly or via cascades to at least two χ̃0
1’s. The

number of observed hadronic jets depends on whether the gluino

or the squark is heavier, with the latter occurring naturally in

mSUGRA models. The possibility of cascade decays through

charginos or heavier neutralinos also enriches the possibilities of

the search. The u, d, s, c, and (usually) b squarks are assumed

to have similar masses; the search results are reported in terms

of their average mass Mq̃ and the gluino mass Mg̃.

The spread of partonic energies in hadron machines is very

large, so one has to consider the possible presence of several

SUSY signals in one data set. A search in a given topology,

such as ≥ 3 jets+ �ET , can capture events from q̃’s, g̃’s and even

χ̃(±,0), with or without cascade decays. Applying experimental

bounds on one production mechanism while ignoring the rest

would be invalid, so the experimenters must find a relatively

simple way of organizing the full phenomenology. Traditionally,

they have turned to mSUGRA, in part because the fundamental

parameters m0 and m1/2 can be fairly easily related to the

squark, gluino and gaugino masses which determine the event

kinematics and hence the signal acceptance.

Backgrounds at the Tevatron are relatively much higher

than at LEP. There are essentially two types. First, ordinary

multijet events can appear to have missing energy due to

measurement errors. While large mismeasurements are rare,

there are very many di-jet and tri-jet ‘QCD’ events. This

background must be estimated directly from control samples.

Second, much rarer processes yield energetic neutrinos which

produce a genuine missing energy signature. Examples include

the production of W and Z bosons with initial-state jets,

of boson pairs, and of the top quark. Estimates for these

backgrounds commonly are based on theoretical cross sections,

although in some analyses direct measurements are used to

reduce uncertainties.

Squarks and Gluinos: The classic searches [30] rely on

large missing transverse energy �ET caused by the escaping

neutralinos. Jets with high transverse energy are also required

as evidence of a hard interaction; care is taken to distinguish

genuine �ET from fluctuations in the jet energy measurement.

Backgrounds from W , Z and top production can be reduced

by rejecting events with identified leptons. Uncertainties in

the rates of these processes can be reduced by normalizing

related samples, such as events with two jets and one or more

leptons. The tails of more ordinary hard-scattering processes

accompanied by multiple gluon emission are estimated directly

using simulations normalized using the data.

The bounds traditionally are derived for the (M
g̃
, M

q̃
)

plane. The most recent analysis by the CDF Collaboration

places significantly stronger bounds that previous analyses [31].

The removal of instrumental backgrounds is keyed more directly

to the detector, which, together with specific topological cuts

against poorly reconstructed multijet backgrounds, leaves gauge

boson and tt̄ backgrounds dominant. The estimates for these

are tied directly to CDF measurements, which greatly reduces

systematic uncertainties. The signal region is loosely specified

by demanding high �ET and HT , the scalar sum of the �ET of the

second and third jets, and �ET . The number of isolated tracks

allows the experimentalist to switch between a background-

dominated sample and one which could contain SUSY events.

As a measure of analysis rigor, the region expected to be

potentially rich in SUSY events is ignored as the event counts

in background-dominated samples are examined. No excess is
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observed, and the cuts on �ET and HT are tuned to obtain the

exclusion shown in Fig. 2.

If squarks are heavier than gluinos, then M
g̃
� 195 GeV/c2.

If they all have the same mass, then that mass is at least

300 GeV/c2. If the squarks are much lighter than the gluino

(in which case they decay via q̃ → qχ̃0
1), the bound on the

gluino mass is generally high, much more than 300 GeV/c2. A

small region in which the neutralino-squark mass difference is

small, is covered by the LEP experiments (see Fig. 2).

Since these results are expressed in terms of the physi-

cal masses relevant to the production process and experimental

signature, the excluded region depends primarily on the assump-

tion of nearly equal squark masses with only a small dependence

on other parameters such as µ and tan β. Direct constraints on

the theoretical parameters m0 and m1/2 ≈ 0.34 M3 have been

obtained by DØ assuming the mass relations of the mSUGRA

model (see the first paper in [30]. These bounds do not carry

significantly more information than contained in the region

above the diagonal of Fig. 2. It is interesting to note that, if

the LEP limits on chargino production are interpreted in this

context as an indirect limit on gluinos, then roughly one obtains

Mg̃ > 310 GeV/c2 [6].
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Figure 2: Regions in the Mg̃-Mq̃ plane ex-

cluded by searches for jets and missing energy
at CDF, DØ, and LEP. See full-color version on
color pages at end of book.

Gauginos: In the context of the mSUGRA model, which

fixes |µ| by the requirement of radiative electroweak symmetry

breaking, the lightest chargino and neutralinos are dominantly

gaugino. They may be produced directly by annihilation (qq →

χ̃±
i χ̃0

j ) or in the decays of heavier squarks (q̃ → q′χ̃±
i , qχ̃0

j ).

They decay to energetic leptons (χ̃± → 
±ν(∗)χ̃0
1 and χ̃0

2 →

+
−χ̃0

1) and the branching ratio can be high for some parameter

choices. The presence of energetic leptons has been exploited in

two ways: the ‘trilepton’ signature and the ‘dilepton’ signature.

The search for trileptons is most effective for the associated

production of χ̃±
1 χ̃0

2 [32]. The requirement of three energetic

leptons (e or µ), augmented by simple angular cuts against

Drell-Yan production and cosmic rays, isolation requirements

against semileptonic decays of heavy mesons, and significant

�ET reduce backgrounds to a very small level. The bounds

have been derived in the context of mSUGRA models, which

generally predict modest leptonic branching ratios for charginos

and neutralinos. Consequently, in this framework, the results

are not competitive with the LEP bounds. When tan β is large,

final states with τ ’s are enhanced, and existing searches are

inefficient. Nonetheless the search is completely independent of

the jets+ �ET search and could be more effective in particular

models with light sleptons, for example.

The dilepton signal is geared more for the production of

gauginos in gluino and squark cascades [33]. Jets are required

as expected from the rest of the decay chain; the leptons should

be well separated from the jets in order to avoid backgrounds

from heavy quark decays. Drell-Yan events are rejected with

simple cuts on the relative azimuthal angle of the leptons and

their transverse momentum and by a cut on �ET . The Majorana

nature of the gluino can be exploited by requiring two leptons

with the same charge, thereby greatly reducing the background.

In this scenario limits on squarks and gluinos are comparable to

those from the jets+ �ET when couched in an mSUGRA context.

DØ tried to find squarks tagged by χ̃0
2 → χ̃0

1γ, where

the χ̃0
2 appear in cascade decays [34]. The branching ratio

can be large for a selected set of model parameters leading

to a Higgsino-like χ̃0
1 and a gaugino-like χ̃0

2. DØ assumed a

branching ratio of 100% to place the limits M
g̃

> 240 GeV/c2

for heavy squarks, and M
g̃

> 310 GeV/c2 for squarks of the

same mass as the gluino.

Stops and Sbottoms: The top squark is unique among the

squarks because its SM partner is so massive: large off-diagonal

terms in the squared-mass matrix lead to large mixing effects

and a mass eigenstate possibly much lighter than all the others.

This can also happen for bottom squarks for rather special

parameter choices. Hence, special analyses have been developed

for t̃1’s and b̃1’s among all the squarks.

Top squarks are pair-produced with no dependence on the

mixing angle, in contrast to LEP. The searches are based on

two final states: c�ET and b
 �ET , and it is assumed that one

or the other dominates. Theoretical calculations show that if

chargino and slepton masses are well above M
t̃1

, then the loop-

induced FCNC decay t̃1 → cχ̃0 dominates. If M
χ̃± < M

t̃1
,

then t̃1 → bχ̃± is the main decay mode, and the experimenters

assume BR(χ̃± → 
νχ̃0) = BR(W → 
ν). When charginos

are heavy but M
ν̃

< M
t̃1

, leptonic final states again are favored
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via t̃1 → b
ν̃. In this case the branching ratio is assumed to be

1/3 for each lepton flavor. In fact, all these channels compete,

and the assumption of a 100% branching ratio is not general.

Furthermore, four-body decays to b
νχ̃ should not be neglected,

for which limits would be reported in the (M
t̃
, Mχ̃) plane [36].

CDF have obtained a result for the c�ET final state [37].

They employed their vertex detector to select charm jets. After

a lepton veto and �ET requirement, this result surpasses the prior

result from DØ [38]. The vertex detector was also used to

tag b-quark jets for the final state b
 �ET . In this case, CDF

went beyond simple event counting and applied a likelihood

test to the shapes of kinematic distributions. Like the first

DØ result, however, this search did not exclude any signal

in the channel t̃1 → bχ̃±, and covered a small region for

t̃1 → b
ν̃. A new result from DØ is much more performant [39]

and significantly extends the parameter space excluded by

LEP searches. Finally, CDF considered the possibility t →
t̃1χ̃ followed by t̃1 → bχ̃+ [40]. Such events would remain

in the top event sample and can be discriminated using a

multivariate technique. No events were found compatible with

the kinematics of SUSY decays, and limits on BR(t → t̃1χ̃)

were derived in a fairly limited range of stop and chargino

masses.

The search for light b̃1 → bχ̃ follows the t̃1 search in the

charm channel [37]. The CDF search tightens the require-

ments for a jet with heavy flavor to good effect. An earlier DØ

result tagged b-jets through semileptonic decays to muons [41].

A summary of the searches for stops is shown in Fig. 3.

Given the modest luminosity and small detection efficiencies,

the mass reach of the Tevatron searches is impressive. New

data would likely extend this reach (as would the combination

of results from the two experiments). Unfortunately, the region

with Mχ̃0 > M
t̃1

+20 GeV/c2 will remain inaccessible in Run 2,

due to the necessity of requiring a minimum missing energy in

the experimental trigger.

R-Parity Violation: The CDF and DØ collaborations have

searched for supersymmetry in certain RPV scenarios [42]

in which the lightest neutralino decays to a lepton and two

quarks. DØ considered all possible production processes as

a function of mSUGRA parameters. Their trilepton search

amounts to strong bounds on these parameters, stronger than

the limits from their search for two electrons and jets. CDF

used their same-sign dielectron and jets topology to look for

gluino and squark (including stop) production and obtained

some specific upper limits on cross sections corresponding to

M
q̃

> 200 GeV/c2 and M
t̃1

> 120 GeV/c2. They also com-

pleted a search for R-parity violating stop decays, t̃1 → bτ in

which one tau decays leptonically and the other hadronically,

giving the limit M
t̃1

> 122 GeV/c2 [43].

Gauge-Mediated Models: Interest in GMSB models was

spurred by an anomalous ‘eeγγ �ET ’ event found by the CDF

Collaboration [44]. Some of these models predict large inclu-

sive signals for pp → γγ+X given kinematic constraints derived
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from the properties of the CDF event. The photons arise from

the decay χ̃0
1 → γg̃3/2 and the ‘superlight’ gravitino has a mass

much smaller than the charged fermions. DØ examined their

sample of γγ �ET events and reported limits on neutralino and

chargino production corresponding to M
χ̃0

1
> 75 GeV/c2 [45].

CDF experimenters carried out a systematic survey of events

with photons and SM particles (leptons, jets, missing energy)

and found no signal confirming the interpretation of the orig-

inal anomalous event [44,46]. They also looked for evidence

of light gravitino pairs without additional SUSY particles. The

invisible gravitinos are tagged by a high-ET jet from the initial

state; this is the so-called ‘monojet’ signature [47]. The limit√
F > 215 GeV/c2 is placed on the fundamental parameter of

this model.

DØ also reported limits on q̃ and g̃ production in this same

scenario [35]. If q̃ and g̃ have similar masses, then that mass

is great than 310 GeV/c2.

In GMSB models, a heavy ‘sGoldstino’ is possible, which

may have sizable branching ratios to photon pairs. CDF looked

for narrow diphoton resonances and placed a limit
√

F >

1 TeV/c2, depending on assumed mass of the sGoldstino [48].

The Search for Bs → µ+µ−: Indirect evidence for

SUSY could come from measurements of rare processes, es-

pecially those which are highly suppressed in the Standard

Model. For example, the branching fraction for the flavor-

changing neutral decay Bs → µ+µ− is only 3 × 10−9 [49].

In the MSSM, however, it can be greatly enhanced due

to Higgsino and possibly gluino contributions, and in fact,
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B(Bs → µ+µ−) ∝ tan6 β [50]. The exact value for the

branching fraction is highly model dependent, but in mSUGRA

values as high as 0.5 × 10−7 can be obtained for tanβ = 55.

CDF found no evidence for Bs → µ+µ− in their Run I

data, and placed the upper limit B(Bs → µ+µ−) < 20×10−7 at

90% C.L. [51]. The sensitivity will be substantially improved

for Run II due to a much higher trigger acceptance and better

vertex reconstruction. Recent preliminary results from Run II

have strengthened the bound to 9.5 × 10−7 (CDF, 113 pb−1)

and 16×10−7 (DØ, ∼ 100 pb−1), both at 90% C.L. [52]. The

sensitivity for an integrated luminosity of 4 fb−1 could reach,

optimistically, 0.5 × 10−7 [53].

Table 1: Lower limits on supersymmetric particle masses. ‘GMSB’ refers to models with
gauge-mediated supersymmetry breaking, and ‘RPV’ refers to models allowing R-parity
violation.

particle Condition Lower limit (GeV/c2) Source

χ̃±
1 gaugino M

ν̃
> 200 GeV/c2 103 LEP 2

M
ν̃

> M
χ̃± 85 LEP 2

any Mν̃ 45 Z width

Higgsino M2 < 1 TeV/c2 99 LEP 2

GMSB 150 DØ isolated photons

RPV LLE worst case 87 LEP 2

LQD m0 > 500 GeV/c2 88 LEP 2

χ̃0
1 indirect any tanβ, M

ν̃
> 500 GeV/c2 39 LEP 2

any tanβ, any m0 36 LEP 2

any tanβ, any m0, SUGRA Higgs 59 LEP 2 combined

GMSB 93 LEP 2 combined

RPV LLE worst case 23 LEP 2

ẽR eχ̃0
1 ∆M > 10 GeV/c2 99 LEP 2 combined

µ̃R µχ̃0
1 ∆M > 10 GeV/c2 95 LEP 2 combined

τ̃R τχ̃0
1 M

χ̃0
1

< 20 GeV/c2 80 LEP 2 combined

ν̃ 43 Z width

µ̃R, τ̃R stable 86 LEP 2 combined

t̃1 cχ̃0
1 any θmix, ∆M > 10 GeV/c2 95 LEP 2 combined

any θmix, M
χ̃0

1
∼ 1

2
M

t̃
115 CDF

any θmix and any ∆M 59 ALEPH

b
ν̃ any θmix, ∆M > 7 GeV/c2 96 LEP 2 combined

g̃ any Mq̃ 195 CDF jets+�ET

q̃ M
q̃

= M
g̃

300 CDF jets+�ET

If the decay Bs → µ+µ− is observed, then a general lower

bound on tanβ can be derived [54]. It is also worth noting

that, if a signal is observed at the Tevatron, then models

based on anomaly-mediated or gauge-mediated supersymmetry

breaking would not be favored [50,54].

II.7. Searches at HERA: The initial state for collisions at

HERA includes an electron (or positron) and a proton, which

provides a special opportunity to probe RPV scenarios with a

dominant λ′
1jk coupling [55]. The H1 and ZEUS experiments

have searched for the resonant production of squarks. The

most up-to-date results include the search by H1 based on
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37 pb−1 of e+ p data [56]. Both Rp-violating and conserv-

ing decays of the squark were covered by a combination of seven

different topologies. Bounds are placed on the Rp-violating

coupling as a function of the squark mass. Completely general

limits on the squark mass are impossible. However, in the

constrained MSSM, and assuming Mχ̃0
1

> 30 GeV/c2, the limit

MũL
> 160 GeV/c2 can be placed (235 GeV/c2 for the third

generation). See Ref. [56] for more details, and the Particle

Listings for a list of previous results from both H1 and ZEUS.

II.8. Conclusions: A huge variety of searches for super-

symmetry have been carried out at LEP, the Tevatron, and in

fixed-target experiments. Despite all the effort, no inarguable

signal has been found, forcing the experimenters to derive limits.

We have tried to summarize the interesting cases in Table 1.

At the present time there is little room for SUSY particles

lighter than MZ . The LEP collaborations have analyzed all

their data, so prospects for the immediate future pass to the

Tevatron collaborations. If still no sign of supersymmetry is

found, definitive tests will be made at the LHC.
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Most of the results shown below, unless stated otherwise,

are based on the Minimal Supersymmetric Standard Model

(MSSM), as described in the Note on Supersymmetry. Unless

otherwise indicated, this includes the assumption of common

gaugino and scalar masses at the scale of Grand Unification

(GUT), and use of the resulting relations in the spectrum and

decay branching ratios. It is also assumed that R-parity (R) is

conserved. Unless otherwise indicated, the results also assume

that:

1) The χ̃0
1 is the lighest supersymmetric particle (LSP)

2) m
f̃L

= m
f̃R

, where f̃L,R refer to the scalar partners of left-

and right-handed fermions.

Limits involving different assumptions are identified in the

Comments or in the Footnotes. We summarize here the nota-

tions used in this Chapter to characterize some of the most

common deviations from the MSSM (for further details, see the

Note on Supersymmetry).

Theories with R-parity violation (�R) are characterized

by a superpotential of the form: λijkLiLje
c
k + λ′

ijkLiQjd
c
k +

λ′′
ijku

c
id

c
jd

c
k, where i, j, k are generation indices. The presence

of any of these couplings is often identified in the following

by the symbols LLE, LQD, and UDD. Mass limits in the

presence of �R will often refer to “direct” and “indirect” de-

cays. Direct refers to �R decays of the particle in consideration.

Indirect refers to cases where �R appears in the decays of the

LSP.

In several models, most notably in theories with so-called

Gauge Mediated Supersymmetry Breaking (GMSB), the grav-

itino (G̃) is the LSP. It is usually much lighter than any other

massive particle in the spectrum, and m
G̃

is then neglected

in all decay processes involving gravitinos. In these scenarios,

particles other than the neutralino are sometimes considered

as the next-to-lighest supersymmetric particle (NLSP), and are

assumed to decay to their even-R partner plus G̃. If the lifetime

is short enough for the decay to take place within the detector,

G̃ is assumed to be undetected and to give rise to missing

energy ( �E) or missing transverse energy ( �ET ) signatures.

When needed, specific assumptions on the eigenstate con-

tent of χ̃0 and χ̃± states are indicated, using the notation γ̃

(photino), H̃ (higgsino), W̃ (wino), and Z̃ (zino) to signal that

the limit of pure states was used. The terms gaugino is also

used, to generically indicate wino-like charginos and zino-like

neutralinos.
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" 12.)6 3'&�/-/-9
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	F �������  )$ .' 0)1634 2'6 .613@0 5/.4 *169) /&,13. ,1+

61&).)6 '6 =/0/�*) ()317 =)6./3)0� �/&/.0 16) '�.1/-)( 10 2�-3./'- '2 �
�̃
" 12.)6 3'&�/-/-9

.4)0) 6)0�*.0 5/.4 .4) 0)1634 2'6 0*),.'- ,1/6 ,6'(�3./'- /- .4) �� �� 261&)5'6@ 26'&
����� �� .' 3'=)6 ,6'&,. ()3170 1-( '- 0.1�*) ,16./3*) 0)1634)0 26'& ����� ��G�

4) 1�'=) */&/. /0 6)134)( 2'6 .4) 0.1� &/;/-9 7/)*(/-9 .4) &/-/&1* 36'00 0)3./'- 1-(
()317/-9 ,6'&,.*7� �.6'-9)6 */&/.0 16) '�.1/-)( 2'6 *'-9)6 */2)./&)0 '6 2'6 τ̃� < 0)) .4)/6
�/9� ��� �'6 �� ≤ �
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�������
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2'6 */&/.0 '- .4) >�τ̃�
"�

χ̃�
�
? ,*1-) 1-( 2'6 .4) )J)3. '2 31031() ()3170�

���������� ������ ������������������ ������ ������������������ ������ ������������������ ������ ��������
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>�� �� ��� ����
� �� ���� 1** N�" �̃�
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• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
>�� �� ��� �������� ��� ���� �̃� → �G̃" 1** τ >̃�� ?

>��.� �� ��� ������ �� �� �̃� " 	R ()3170" #�� ��

>�� �� ��� ������ �� ���� �� �− → �̃� �̃�"  #��"
.1-βF�

��� ����� �� ���� �̃ → �χ̃��" χ̃�� → γ χ̃��"

�F�"µ
>��.� �� ��� ������ �� �� �̃� " 	R" �.� ≤ .1-β ≤ ��

>�� �� ���,��� ����� ��� ���� �̃� �̃� >�̃� → � �̃?"
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.4)'6)./31* );,)3.1./'- 10 1 2�-3./'- '2 .4) 4)1=7 ,16./3*) &100 /- .4)/6 �/9� �� 
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����� ����� ��� ������
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�

> ��.� �� ��� ������ �� �� Nm > ��  )$" �� �− →

̃�,R S̃qL,R

> �� �� ��� ������ �� �� Nm > ��  )$" �� �− →

̃� S̃qR

>��� �� ��� ����
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>��� �� ��� ����
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> �� �� ��� ����
� �� ���� �� �− → 
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>��� �� ��� ��� ��� ��� ��̃ ≤ �
̃ < 5/.4 31031()

()3170" ���O).0� 	ET
• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
>��� ��� �	
�� ��� �� �± � → �̃�" 	R" ���

>��� ��� �	
�� ��� �� �± � → �̃� " 	R" ���
��� ������ �� �� �± � → 
̃" 	R" ���

>��� �� ��� ���	���$ ��	 %��� '̃ → �− *"ν '" 	R"���"λ >���

>��� �� ��� ���	���$ ��	 %��� *̃ → �� '" 	R"���"λ >���

> ��.� �� ��� ���
�� ��� ���� *̃� " 	R ()317

> �� �� ��� ���
�� ��� ���� '̃� " 	R ()317

>��� �� ��� ���%�$ ��$ �� 
̃" 	R λ
′
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.1-βF�" 1-7 ��̃

>��� �� ��� ���%�$ ��$ �� 
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/-(/6)3. ()3170"

.1-βF�" �
̃F��̃
��� ���%�$ ��� �� �� → �̃ �̃ " �̃ 
̃

-'-) ������ �� ��� ������ �� ���� � γ → *̃�" 	R ���" λF�.�

-'-) ������ �� ��� ������ �� ���� � γ → '̃� " 	R ���" λF�.�

-'-) ������ �� ��� ������ ��	 ���� � γ → *̃�" 	R ���" λF�.�

-'-) ������ �� ��� ������ ��	 ���� � γ → '̃� " 	R ���" λF�.�

> �� �� ��� ������ �� �� *̃� " 	R ()3170

> �� �� ��� ������ �� �� '̃� " 	R ()3170

>��� �� ��� ���	���$ �� %��� *̃� → µ
" 	R" ���" λF���

>��� �� ��� ���	���$ �� %��� *̃� → τ 
" 	R" ���" λF���

> �� �� ��� ����
� ��	 ���� *̃� " 	R ()3170

> �� �� ��� ����
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-'-) ������� �� ��� ���
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()9)-)61.) 0K�16@0" 1-( 031--/-9 .4) 0,13) '2 .4) �-/=)601* 91�9/-' >��/�? 1-( 031*16
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̃ > ��̃ 1-( �γ̃ ≈ ��
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��� � → � � � �
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4) �,,)6 =1*�) '2 .4) );3*�()( 61-9) (),)-(0
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'2 �̃ 41(6'-0 /-0/() .4) ().)3.'60� �)0�*.0 16) '�.1/-)( 10 1 2�-3./'- '2 .4) 2619&)-.1./'-
,6'�1�/*/.7 � '2 .4) �̃ /-.' 1 34169)( 41(6'-� �'6 �< �8�" 1-( 2'6 =16/'�0 )-)697+
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�.�� ± �.�� ± �.��" 100�&/-9 $5 8�5F�8� 1-( ��8�5F�8��
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����	��� ��& *''@)( 2'6 � ()317 /-.' 
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�� ��� ���� e�e− → G̃G̃γ

>��.� × ��−� �� ��� ����
� ��� ���
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�

• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
��� ����
� ��� ���
��� 
��	��$ �� �
� 2− → π−π��
��� �������� ��� ��� �� → γ � > 	ET ?
��� �������� ��� ��� �� → γ γH
��� ����

 ��� �� �� → �� � 	ET " 	R" ���
��� �����"� ��� ���� �� �− → γ �47�
��� ����� �� �� γ γ�
��� ������ ��	 �$��
��� ����#�� �� ��
� π� → � >�� �−?

�������
� ��� *''@)( /- ��� ��−� '2 �� 3'**/0/'-0 1. √s F ��� 
)$ 2'6 )=)-.0 5/.4 .5'
01&) 0/9- *),.'-0 5/.4'�. 0)*)3./'- '2 '.4)6 '�O)3.0 -'6 	ET � �' 0/9-/B31-. );3)00 /0
'�0)6=)( 3'&,16)( .' .4) �.1-(16( #'()* );,)3.1./'- 1-( 3'-0.61/-.0 16) ()6/=)( '-
.4) ,161&).)6 0,13) '2 #�� �� &'()*0" 0)) �/9�6) ��

��� �''@)( 2'6 .4) 031*16 ,16.-)6 '2 1 9'*(0./-' /- ()3170 2− → π−π�� 26'& 1 ��  )$

2− �)1& ,6'(�3)( 1. .4) ��� ��  )$ ,6'.'- 07-346'.6'-� 
4) 09'*(0./-' /0 100�&)(
.' �) 0�Æ3/)-.*7 *'-9+*/=)( .' �) /-=/0/�*)� � ��C �� �,,)6 */&/. '- .4) ()317 �61-34/-9

61./' /0 0). 1. ∼ ���× ��−� 2'6 1 09'*(0./-' &100 61-9) 26'& � .' ��� #)$" );3*�(/-9

.4) /-.)6=1* -)16 �>π�?" 54)6) .4) */&/. /0 ∼ ���× ��−��
����������� ��� *''@)( /- �� ,�−� '2 �� 3'**/0/'-0 1. √	F��� 
)$ 2'6 )=)-.0 5/.4 1

4/94+�$ ,4'.'-" 1-( 1 �+.199)( O). 5/.4 '6 5/.4'�. 	ET � 
4)7 3'&,16)( .4) (1.1 5/.4
&'()*0 54)6) .4) B-1* 0.1.) 3'�*( 16/0) 26'& 31031() ()3170 '2 9*�/-'0 1-(8'6 0K�16@0

/-.' χ̃± 1-( χ̃�
�
'6 (/6)3. 100'3/1.)( ,6'(�3./'- '2 χ̃�

�
χ̃±
�
" 2'**'5)( �7 χ̃�

�
→ γ χ̃�

�
'6

1  #�� &'()* 54)6) χ̃�
�

→ γ �̃ � . /0 3'-3*�()( .41. .4) );,)6/&)-.1* 0)-0/./=/.7 /0

/-0�Æ3/)-. .' ().)3. .4) 100'3/1.)( ,6'(�3./'- '6 .4)  #�� &'()*" ��. 0'&) 0)-0/./=/.7
&17 );/0. .' .4) 31031() ()3170� � &'()* /-(),)-()-. */&/. 2'6 .4) 1�'=) .','*'97 /0
1*0' 9/=)- /- .4) ,1,)6�

����������� ��� 0)1634)0 2'6 �� → γ γH )=)-.0" 54)6) .4) (/+,4'.'- 070.)& '6/9/-1.)0

26'& 09'*(0./-' ,6'(�3./'-" /- ��� ,�−� '2 (1.1� �,,)6 */&/.0 '- .4) 36'00 0)3./'- ./&)0
�61-34/-9 61./' 16) 04'5- 10 2�-3./'- '2 .4) (/+,4'.'- &100 >��  )$ /- �/9� �� �;3*�()(
6)9/'-0 16) ()6/=)( /- .4) ,*1-) '2 .4) 09'*(0./-' &100 =)60�0 .4) 0�,)607&&).67 �6)1@/-9
031*) 2'6 .5' 6),6)0)-.1./=) 0).0 '2 ,161&).)6 =1*�)0" 10 04'5- /- �/90� � 1-( ��

�������

 ��� 0)1634)0 2'6 .6/*),.'- B-1* 0.1.)0 >�F�"µ? 5/.4 	ET 26'& .4) /-(/6)3. ()317

'2 91�9/-'0 =/1 ��� 3'�,*/-90� �Æ3/)-3/)0 16) 3'&,�.)( 2'6 1** ,'00/�*) ,6'(�3./'- 1-(
()317 &'()0 '2 ���! ,16./3*)0 /- .4) 261&)5'6@ '2 .4) #/-/&1* ��,)6961=/.7 03)-16/'�
�)) �/90� ��� 2'6 );3*�()( 6)9/'-0 /- .4) ��/� =)60�0 �� ,*1-)�

��������"� ��� *''@ 2'6 .4) ��+)=)- >4? 1-( ��+'(( >�? 031*16 ,16.-)60 '2 .4) 9'*(0./-'"
);,)3.)( .' �) ,6'(�3)( /- 100'3/1./'- 5/.4 1 ,4'.'-� 
4) 47� ()317 /-.' .5' ,4'.'-0
'6 /-.' .5' 9*�'-0 1-( �'.4 .4) .6/+,4'.'- 1-( .4) ,4'.'- � .5' O).0 .','*'9/)0 16)
/-=)0./91.)(� �,,)6 */&/.0 '- .4) ,6'(�3./'- 36'00 0)3./'- 16) 04'5- /- �/9� � 1-( .4)
);3*�()( 6)9/'-0 /- �/9� �� �1.1 3'**)3.)( 1.

√
	F �������  )$�

�������� �� 0)1634)( 2'6 �� → γ γ 	E$�� 10 0�,)607&&).67 0/9-1.�6)� . 31- �)
31�0)( �7 0)*)3.6'-" 0-)�.6/-'" '6 -)�.61*/-' ,6'(�3./'- 5/.4 1 61(/1./=) ()317 '2 .4)/6
()317 ,6'(�3.0� 
4)7 ,*13)( */&/.0 '- 36'00 0)3./'-0�

��������� ��	 3'-0/()6 .41. µ̃ 1-( �̃ &17 &/; *)1(/-9 .' µ → � γ̃ γ̃� 
4)7 (/03�00 &100+

&/;/-9 */&/.0 26'& ()317 (/0.� 107&� /- ���+
��#� (1.1 1-( �� ,'*16/A1./'- /- ��
(1.1�

�������#�� �� 0). �� F ��C */&/. 'σ8'� �>�� �−? < �.� × ��−�� 3&�8 )$� 2'6

0,/-+� ,16.-)6 '2  '*(0.'-) 2)6&/'-0 5/.4 ��� <� <��� #)$ ()317/-9 → �� �− ,1/6�
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DYNAMICAL ELECTROWEAK SYMMETRY
BREAKING

Revised August 2005 by R.S. Chivukula (Michigan State Uni-
versity), M. Narain (Boston University), and J. Womersley
(CCLRC Rutherford Appleton Laboratory).

In theories of dynamical electroweak symmetry breaking,

the electroweak interactions are broken to electromagnetism

by the vacuum expectation value of a fermion bilinear. These

theories may thereby avoid the introduction of fundamental

scalar particles, of which we have no examples in nature. In

this note, we review the status of experimental searches for the

particles predicted in technicolor, topcolor, and related models.

The limits from these searches are summarized in Table 1.

Table 1: Summary of the mass limits. Sym-
bols are defined in the text.

Process Excluded mass range Decay channels Ref.

pp → ρT → WπT mρT = 200 GeV ρT → WπT [19]
mπT = 105 GeV π0

T → bb
for 200 < MV < 500 GeV π±

T → bc

pp → ωT → γπT 140 < mωT < 290 GeV ωT → γπT [20]
for mπT ≈ mωT /3 π0

T → bb
and MT = 100 GeV π±

T → bc

pp → ωT /ρT mωT = mρT < 203 GeV ωT /ρT → 
+
− [21]
for mωT < mπT + mW

or MT > 200 GeV

e+e− → ωT/ρT 90 < mρT < 206.7 GeV ρT → WW , [22]
mπT < 79.8 GeV WπT , πTπT ,

γπT , hadrons

pp → ρT8 260 < mρT8 < 480 GeV ρT8 → qq, gg [24]

pp → ρT8 mρT8 < 510 GeV πLQ → cν [27]
→ πLQπLQ mρT8 < 600 GeV πLQ → bν [27]

mρT8 < 465 GeV πLQ → τq [26]

pp → gt 0.3 < mgt < 0.6 TeV gt → bb [32]
for 0.3mgt < Γ < 0.7mgt

pp → Z ′ mZ′ < 480 GeV Z ′ → tt [33]
for Γ = 0.012mZ′
mZ′ < 780 GeV
for Γ = 0.04mZ′
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I. Technicolor

The earliest models [1,2] of dynamical electroweak symme-

try breaking [3] include a new non-abelian gauge theory (“tech-

nicolor”) and additional massless fermions (“technifermions”)

which feel this new force. The global chiral symmetry of

the fermions is spontaneously broken by the formation of

a technifermion condensate, just as the approximate chiral

SU(2) × SU(2) symmetry in QCD is broken down to SU(2)

isospin by the formation of a quark condensate. If the quan-

tum numbers of the technifermions are chosen correctly (e.g.

by choosing technifermions in the fundamental representation of

an SU(N) technicolor gauge group, with the left-handed tech-

nifermions being weak doublets and the right-handed ones weak

singlets) this condensate can break the electroweak interactions

down to electromagnetism.

The breaking of the global chiral symmetries implies the ex-

istence of Goldstone bosons, the “technipions” (πT ). Through

the Higgs mechanism, three of the Goldstone bosons become

the longitudinal components of the W and Z, and the weak

gauge bosons acquire a mass proportional to the technipion de-

cay constant (the analog of fπ in QCD). The quantum numbers

and masses of any remaining technipions are model depen-

dent. There may be technipions which are colored (octets and

triplets) as well as those carrying electroweak quantum num-

bers, and some color-singlet technipions are too light [4,5] unless

additional sources of chiral-symmetry breaking are introduced.

The next lightest technicolor resonances are expected to be the

analogs of the vector mesons in QCD. The technivector mesons

can also have color and electroweak quantum numbers and, for

a theory with a small number of technifermions, are expected

to have a mass in the TeV range [6].

While technicolor chiral symmetry breaking can give mass

to the W and Z particles, additional interactions must be intro-

duced to produce the masses of the standard model fermions.

The most thoroughly studied mechanism for this invokes “ex-

tended technicolor” (ETC) gauge interactions [4,7]. In ETC,

technicolor, color and flavor are embedded into a larger gauge

group which is broken to technicolor and color at an energy scale

of 100s to 1000s of TeV. The massive gauge bosons associated

with this breaking mediate transitions between quarks/leptons

and technifermions, giving rise to the couplings necessary to

produce fermion masses. The ETC gauge bosons also medi-

ate transitions among technifermions themselves, leading to

interactions which can explicitly break unwanted chiral sym-

metries and raise the masses of any light technipions. The

ETC interactions connecting technifermions to quarks/leptons

also mediate technipion decays to ordinary fermion pairs. Since

these interactions are responsible for fermion masses, one gen-

erally expects technipions to decay to the heaviest fermions

kinematically allowed (though this need not hold in all models).

In addition to quark masses, ETC interactions must also

give rise to quark mixing. One expects, therefore, that there are

ETC interactions coupling quarks of the same charge from dif-

ferent generations. A stringent limit on these flavor-changing

neutral current interactions comes from K0–K
0

mixing [4].

These force the scale of ETC breaking and the corresponding

ETC gauge boson masses to be in the 100-1000 TeV range (at

least insofar as ETC interactions of first two generations are

concerned). To obtain quark and technipion masses that are

large enough then requires an enhancement of the technifermion

condensate over that expected naively by scaling from QCD.

Such an enhancement can occur if the technicolor gauge cou-

pling runs very slowly, or “walks” [8]. Many technifermions

typically are needed to make the TC coupling walk, implying

that the technicolor scale and, in particular, the technivector

mesons may be much lighter than 1 TeV [3,9]. It should also be

noted that there is no reliable calculation of electroweak param-

eters in a walking technicolor theory, and the values of precisely

measured electroweak quantities [10] cannot directly be used

to constrain the models. Recently, progress has been made in

constructing a complete theory of fermion masses (including

neutrino masses) in the context of extended technicolor [11].

In existing colliders, technivector mesons are dominantly

produced when an off-shell standard model gauge-boson “res-

onates” into a technivector meson with the same quantum

numbers [12]. The technivector mesons may then decay, in

analogy with ρ → ππ, to pairs of technipions. However, in

walking technicolor the technipion masses may be increased to

the point that the decay of a technirho to pairs of technipions is

kinematically forbidden [9]. In this case the decay to a tech-

nipion and a longitudinally polarized weak boson (an “eaten”

Goldstone boson) may be preferred, and the technivector meson

would be very narrow. Alternatively, the technivector may also

decay, in analogy with the decay ρ → πγ, to a technipion plus

a photon, gluon, or transversely polarized weak gauge boson.

Finally, in analogy with the decay ρ → e+e−, the technivector

meson may resonate back to an off-shell gluon or electroweak

gauge boson, leading to a decay into a pair of leptons, quarks,

or gluons.

When comparing the various results presented in this re-

view, one should be aware that the more recent analyses

[18,19,21,22] make use of newer calculations [13] of techni-

hadron production and decay, as implemented in PYTHIA [14]

version 6.126 and higher [15]. The results obtained with older

cross section calculations are not generally directly comparable

and have only been listed in Table 1 when newer results are not

available.

If the dominant decay mode of the technirho is WLπT ,

promising signal channels [16] are ρ±T → W±π0
T and ρ0

T →
W±π∓

T . If we assume that the technipions decay to bb (neu-

tral) and bc (charged), then both channels yield a signal of

W (
ν) + 2jets, with one or more heavy flavor tags. The CDF

collaboration carried out a search in this final state [17] based

on Run I data and using PYTHIA version 6.1 for the signal sim-

ulation. More recently both CDF [18] and DØ [19] have shown

preliminary updates of this analysis using 162 and 238 pb−1

of data from Run II and PYTHIA 6.22. The searches are

sensitive to σ · B � 6 pb and DØ finds the mass combination
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Figure 1: Search for a light technirho decay-
ing to W± and a πT , and in which the πT decays
to two jets including at least one b quark [19].
The four panes show the invariant mass of the
dijet pair and that of the W+dijet system, for
the backgrounds (bottom left), the expected sig-
nal (bottom right), the data (top right), and the
overlay of all (top left). See full-color version
on color pages at end of book.

mρT = 200 GeV, mπT = 105 GeV to be excluded for certain

values of the model parameters. For an integrated luminosity

of 2 fb−1, the 5σ discovery reach is expected to extend to

mρT = 210 GeV and mπT = 110 GeV, while the 95% exclusion

sensitivity will extend to mρT = 250 GeV and mπT = 145 GeV.

CDF also searched [20] in Run I for the process ω0
T → γπ0

T ,

yielding a signal of a hard photon plus two jets, with one or

more heavy flavor tags. The sensitivity to σ · B is of order

1 pb. The excluded region is shown in Fig. 2 and is roughly

140 < mωT < 290 GeV at the 95% level, for mπT ≈ mωT /3.

The analysis assumes four technicolors, QD = QU − 1 = 1
3

and MT = 100 GeV/c2. Here QU and QD are the charges of

the lightest technifermion doublet and MT is a dimensionful

parameter, of order 100 GeV/c2, which controls the rate of

ρT , ωT → γπT .

The DØ experiment has searched [21] for low-scale tech-

nicolor resonances ρT and ωT decaying to dileptons, using an

inclusive e+e− sample from Run I. In the search, the ρT and ωT

are assumed to be degenerate in mass. The absence of structure

in the dilepton invariant mass distribution is then used to set

limits. Masses mρT = mωT � 200 GeV are excluded, provided

either mρT < mπT + mW , or MT > 200 GeV (as shown in

0

50

100

150

200

250

100 150 200 250 300 350

Exclusion Region C.L.: 90% 95% 99%

ωT Mass (GeV/c2)

π T
 M

as
s 

(G
eV

/c
2 )

Zπ
T
 th

re
sh

ol
d

3πT
 threshold

1

150 200 250 300 350

5

ωT Mass (GeV/c2)

σ
xB

R
 (

pb
)

Figure 2: 95% CL exclusion region [20] for
a light techniomega decaying to γ and a πT , and
in which the πT decays to two jets including at
least one b quark. (Inset: cross section limit
for mπT = 120 GeV.)
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pages at end of book.
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Figure 4: 95% CL exclusion region [22] in
the technirho-technipion mass plane obtained
from searches by the DELPHI collaboration at
LEP 2, for nine technifermion doublets. The
dashed line shows the expected limit for the
4-jet analysis. See full-color version on color
pages at end of book.

Fig. 3). With 2 fb−1 of data in Run II, the sensitivity will

extend to mρT = mωT ≈ 500 GeV.

DELPHI [22] has reported a search for technicolor produc-

tion in 452 pb−1 of e+e− data taken between 192 and 208

GeV. The analysis combines searches for e+e− → ρT (γ) with

ρT → WLWL, ρT → hadrons (πT πT or qq), ρT → πTγ, and

e+e− → ρ∗T → WLπT or πTπT . Technirho masses in the range

90 < mρT < 206.7 GeV are excluded, while technipion masses

mπT < 79.8 GeV are ruled out independent of the parameters

of the technicolor model.

Searches have also been carried out at the Tevatron for

colored technihadron resonances [23,24]. CDF has used a

search for structure in the dijet invariant mass spectrum to set

limits on a color-octet technirho ρT8 produced by an off-shell

gluon and decaying to two real quarks or gluons. As shown in

Fig. 5 masses 260 < mρT8 < 480 GeV are excluded; in Run II

the limits will improve to cover the whole mass range up to

about 0.8 TeV [25].

The CDF second and third-generation leptoquark searches

(see Refs. [26,27]) have also been interpreted in terms of

the complementary ρT8 decay mode: pp → ρT8 → πLQπLQ.

Here πLQ denotes a color-triplet technipion carrying both color

and lepton number, assumed to decay to bν or cν [27] or to a

τ plus a quark [26]. The searches exclude technirho masses

mρT8 less than 510 GeV (πLQ → cν), 600 GeV (πLQ → bν),

200 400 600 800 1000
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σ
. B
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)
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Figure 5: 95% CL Cross-section limits [24]
for a technirho decaying to two jets at the
Tevatron.

and 465 GeV (πLQ → τq) for technipion masses up to mρT8/2.

Figure 6 shows the πLQ → bν exclusion region. (Leptoquark

masses mπLQ less than 123 GeV (cν), 148 GeV (bν), and 99 GeV

(τq) are already ruled out by standard continuum-production

leptoquark searches).

Recently, it has been demonstrated that there is substantial

uncertainty in the theoretical estimate of the ρT8 production

cross section at the Tevatron and that the cross section may be

as much as an order of magnitude lower than the naive vector

meson dominance estimate [28]. To establish the range of

allowed masses, these limits will need to be redone with a

reduced theoretical cross section.

II. Top Condensate, Higgsless, and Related Models

The top quark is much heavier than other fermions and must

be more strongly coupled to the symmetry-breaking sector. It

is natural to consider whether some or all of electroweak-

symmetry breaking is due to a condensate of top quarks [3,29].

Top-quark condensation alone, without additional fermions,

seems to produce a top-quark mass larger [30] than observed

experimentally, and is therefore not favored. Topcolor assisted

technicolor [31] combines technicolor and top-condensation. In

addition to technicolor, which provides the bulk of electroweak

symmetry breaking, top-condensation and the top quark mass

arise predominantly from “topcolor,” a new QCD-like interac-

tion which couples strongly to the third generation of quarks.

An additional, strong, U(1) interaction (giving rise to a topcolor

Z ′) precludes the formation of a b-quark condensate.
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Figure 6: 95% CL exclusion region [27] in
the technirho-technipion mass plane for pair
produced technipions, with leptoquark cou-
plings, decaying to bν. See full-color version
on color pages at end of book.
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CDF has searched [32] for the “topgluon,” a massive color-

octet vector which couples preferentially to the third generation,

in the mode pp → gt → bb. The results are shown in Fig. 7.

Topgluon masses from approximately 0.3 to 0.6 TeV are ex-

cluded at 95% confidence level, for topgluon widths in the

range 0.3mgt < Γ < 0.7mgt. Results have also been reported

by CDF [33] on a search for narrow resonances in the tt in-

variant mass distribution. The cross section limit is shown in

Fig. 8 and excludes a leptophobic topcolor Z ′ with masses

less than 480 (780) GeV/c2, for the case where its width

Γ = 0.012(0.04) mZ′. (DØ has carried out a similar search,

with greater sensitivity [34], but has not derived comparable

Z ′ mass limits.) A broad topgluon could also be detected in

the same final state, though no results are yet available. In

Run II, the Tevatron [25] should be sensitive to topgluon and

topcolor Z ′ masses up to of order 1 TeV in bb and tt final states.

A detailed theoretical analysis of B–B mixing and light quark

mass generation in top-color assisted technicolor shows that, at

least in some models, the topgluon and Z ′ boson masses must

be greater than about 5 TeV [35].

The top-quark seesaw model of electroweak symmetry

breaking [36] is a variant of the original top-condensate idea

which reconciles top-condensation with a lighter top-quark

mass. Such a model can easily be consistent with precision

electroweak tests, either because the spectrum includes a light

composite Higgs [37] or because additional interactions allow

for a heavier Higgs [38]. Such theories may arise naturally
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from gauge fields propagating in compact extra spatial dimen-

sions [39].

A variant of topcolor-assisted technicolor is flavor-universal,

in which the topcolor SU(3) gauge bosons, called colorons,

couple equally to all quarks [40]. Flavor-universal versions of

the seesaw model [41] incorporating a gauged flavor symmetry

are also possible. In these models all left-handed quarks (and

possibly leptons as well) participate in electroweak symmetry-

breaking condensates with separate (one for each flavor) right-

handed weak singlets, and the different fermion masses arise

by adjusting the parameters which control the mixing of each

fermion with the corresponding condensate.

A prediction of these flavor-universal models, is the exis-

tence of new heavy gauge bosons, coupling to color or flavor, at

relatively low mass scales. The absence of an excess of high-ET

jets in DØ data [42] has been used to constrain strongly-coupled

flavor-universal colorons (massive color-octet bosons coupling to

all quarks). A mass limit of between 0.8 and 3.5 TeV is set [43]

depending on the coloron-gluon mixing angle. Precision elec-

troweak measurements constrain [44] the masses of these new

gauge bosons to be greater than 1–3 TeV in a variety of models,

for strong couplings.

A new class [45] of composite Higgs model [46], dubbed

“Little Higgs Theory,” has been developed which give rise

to naturally light Higgs bosons without supersymmetry [47].

Inspired by discretized versions of higher-dimensional gauge

theory [48], these models are based on the chiral symmetries

of “theory space.” The models involve extended gauge groups

and novel gauge symmetry breaking patterns [49]. The new

chiral symmetries prevent large corrections to the Higgs boson

mass, and allow the scale (Λ) of the underlying strong dynamics

giving rise to the composite particles to be as large as 10 TeV.

These models typically require new gauge bosons and fermions,

and possibly additional composite scalars beyond the Higgs, in

the TeV mass range [50].

Finally, “Higgsless” models [51] provide electroweak sym-

metry breaking, including unitarization of the scattering of

longitudinal W and Z bosons, without employing a scalar

Higgs boson. The most extensively studied models [52] are

based on a five-dimensional SU(2) × SU(2) × U(1) gauge the-

ory in a slice of Anti-deSitter space, and electroweak symmetry

breaking is encoded in the boundary conditions of the gauge

fields. Using the AdS/CFT correspondence [53], these theories

may be viewed as “dual” descriptions of walking technicolor the-

ories [8]. In addition to a massless photon and near-standard

W and Z bosons, the spectrum includes an infinite tower of

additional massive vector bosons (the higher Kaluza-Klein or

KK excitations), whose exchange is responsible for unitarizing

longitudinal W and Z boson scattering [54]. Using decon-

struction, it has been shown [55] that a Higgsless model whose

fermions are localized (i.e., derive their electroweak properties

from a single site on the deconstructed lattice) cannot simul-

taneously satisfy unitarity bounds and precision electroweak

constraints.

It has recently been proposed [56] that the size of corrections

to electroweak processes in Higgsless models may be reduced by

considering delocalized fermions, i.e. considering the effect of

the distribution of the wavefunctions of ordinary fermions in the

fifth dimension (corresponding, in the deconstruction language,

to allowing the fermions to derive their electroweak properties

from several sites on the lattice). It has been shown [57] that,

in an arbitrary Higgsless model, if the probability distribution

of the delocalized fermions is related to the W wavefunction (a

condition called “ideal” delocalization), then deviations in preci-

sion electroweak parameters are minimized. Phenomenological

limits on delocalized Higgsless models may be derived [58] from

limits on the deviation of the triple-gauge boson (WWZ) ver-

tices from the standard model, and current constraints allow for

the lightest KK resonances (which tend to be fermiophobic in

the case of ideal fermion delocalization) to have masses of only

a few hundred GeV. Such resonances would have to be studied

using WW scattering [59].
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SEARCHES FOR QUARK AND
LEPTON COMPOSITENESS

Revised 2001 by K. Hagiwara (KEK), and K. Hikasa and
M. Tanabashi (Tohoku University).

If quarks and leptons are made of constituents, then at the

scale of constituent binding energies, there should appear new

interactions among quarks and leptons. At energies much below

the compositeness scale (Λ), these interactions are suppressed

by inverse powers of Λ. The dominant effect should come from

the lowest dimensional interactions with four fermions (contact

terms), whose most general chirally invariant form reads [1]

L =
g2

2Λ2

[
η
LL

ψ
L

γµ ψ
L

ψ
L

γµ ψ
L

+ η
RR

ψ
R

γµ ψ
R

ψ
R

γµ ψ
R

+2η
LR

ψ
L

γµ ψ
L

ψ
R

γµ ψ
R

]
. (1)

Chiral invariance provides a natural explanation why quark and

lepton masses are much smaller than their inverse size Λ. We

may determine the scale Λ unambiguously by using the above

form of the effective interactions; the conventional method [1]

is to fix its scale by setting g2/4π = g2(Λ)/4π = 1 for the new

strong interaction coupling and by setting the largest magnitude

of the coefficients ηαβ to be unity. In the following, we denote

Λ = Λ±
LL for (η

LL
, η

RR
, η

LR
) = (±1, 0, 0) ,

Λ = Λ±
RR for (η

LL
, η

RR
, η

LR
) = (0, ±1, 0) ,

Λ = Λ±
V V for (η

LL
, η

RR
, η

LR
) = (±1, ±1, ±1) ,

Λ = Λ±
AA for (η

LL
, η

RR
, η

LR
) = (±1, ±1, ∓1) , (2)

as typical examples. Such interactions can arise by constituent

interchange (when the fermions have common constituents, e.g.,

for ee → ee) and/or by exchange of the binding quanta (when-

ever binding quanta couple to constituents of both particles).

Another typical consequence of compositeness is the appear-

ance of excited leptons and quarks (
∗ and q∗). Phenomeno-

logically, an excited lepton is defined to be a heavy lepton

which shares leptonic quantum number with one of the existing

leptons (an excited quark is defined similarly). For example,

an excited electron e∗ is characterized by a nonzero transition-

magnetic coupling with electrons. Smallness of the lepton mass

and the success of QED prediction for g–2 suggest chirality

conservation, i.e., an excited lepton should not couple to both

left- and right-handed components of the corresponding lepton.

Excited leptons may be classified by SU(2)×U(1) quantum

numbers. Typical examples are:

1. Sequential type(
ν∗

∗

)
L

, [ν∗
R] , 
∗R .

ν∗
R is necessary unless ν∗ has a Majorana mass.
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2. Mirror type

[ν∗
L] , 
∗L ,

(
ν∗

∗

)
R

.

3. Homodoublet type(
ν∗

∗

)
L

,

(
ν∗

∗

)
R

.

Similar classification can be made for excited quarks.

Excited fermions can be pair produced via their gauge

couplings. The couplings of excited leptons with Z are listed

in the following table (for notation see Eq. (1) in “Standard

Model of Electroweak Interactions”):

Sequential type Mirror type Homodoublet type

V �∗ −1
2 + 2 sin2θW −1

2 + 2 sin2θW −1 + 2 sin2θW

A�∗ −1
2 +1

2 0

V ν∗
D +1

2 +1
2 +1

Aν∗
D +1

2 −1
2 0

V ν∗
M 0 0 —

Aν∗
M +1 −1 —

Here ν∗
D (ν∗

M ) stands for Dirac (Majorana) excited neutrino.

The corresponding couplings of excited quarks can be easily

obtained. Although form factor effects can be present for the

gauge couplings at q2 �= 0, they are usually neglected.

In addition, transition magnetic type couplings with a

gauge boson are expected. These couplings can be generally

parameterized as follows:

L =
λ

(f∗)
γ e

2mf∗
f
∗
σµν(ηL

1−γ5
2 + ηR

1+γ5
2 )fFµν

+
λ

(f∗)
Z e

2mf∗
f
∗
σµν(ηL

1−γ5
2 + ηR

1+γ5
2 )fZµν

+
λ

(�∗)
W g

2m�∗


∗
σµν 1−γ5

2 νWµν

+
λ

(ν∗)
W g

2mν∗
ν∗σµν(ηL

1−γ5
2 + ηR

1+γ5
2 )
 W †

µν

+ h.c. , (3)

where g = e/ sin θW , Fµν = ∂µAν − ∂νAµ is the photon field

strength, Zµν = ∂µZν − ∂νZµ, etc. The normalization of the

coupling is chosen such that

max(|ηL|, |ηR|) = 1 .

Chirality conservation requires

ηLηR = 0 . (4)

Some experimental analyses assume the relation ηL =ηR =1,

which violates chiral symmetry. We encode the results of such

analyses if the crucial part of the cross section is proportional

to the factor η2
L + η2

R and the limits can be reinterpreted as

those for chirality conserving cases (ηL, ηR) = (1, 0) or (0, 1)

after rescaling λ.

These couplings in Eq. (3) can arise from SU(2)×U(1)-

invariant higher-dimensional interactions. A well-studied

model is the interaction of homodoublet type 
∗ with the

Lagrangian [2,3]

L =
1

2Λ
L
∗
σµν(gf τa

2 W a
µν + g′f ′Y Bµν)1−γ5

2 L + h.c. , (5)

where L denotes the lepton doublet (ν, 
), Λ is the compositeness

scale, g, g′ are SU(2) and U(1)Y gauge couplings, and W a
µν

and Bµν are the field strengths for SU(2) and U(1)Y gauge

fields. The same interaction occurs for mirror-type excited

leptons. For sequential-type excited leptons, the 
∗ and ν∗

couplings become unrelated, and the couplings receive the extra

suppression of (250 GeV)/Λ or mL∗/Λ. In any case, these

couplings satisfy the relation

λW = −
√

2 sin2θW (λZ cot θW + λγ) . (6)

Additional coupling with gluons is possible for excited

quarks:

L =
1

2Λ
Q

∗
σµν

(
gsfs

λa

2
Ga

µν + g f τa

2
W a

µν + g′ f ′Y Bµν

)
× 1−γ5

2
Q + h.c. , (7)

where Q denotes a quark doublet, gs is the QCD gauge coupling,

and Ga
µν the gluon field strength.

It should be noted that the electromagnetic radiative decay

of 
∗(ν∗) is forbidden if f = −f ′ (f = f ′). These two possibili-

ties (f = f ′ and f = −f ′) are investigated in many analyses of

the LEP experiments above the Z pole.

Several different conventions are used by LEP experiments

on Z pole to express the transition magnetic couplings. To

facilitate comparison, we re-express these in terms of λZ and

λγ using the following relations and taking sin2θW = 0.23. We

assume chiral couplings, i.e., |c| = |d| in the notation of Ref. 2.

1. ALEPH (charged lepton and neutrino)

λALEPH
Z =

1

2
λZ (1990 papers) (8a)

2c

Λ
=

λZ

m�∗ [or mν∗]
(for |c| = |d|) (8b)

2. ALEPH (quark)

λALEPH
u =

sin θW cos θW√
1

4
− 2

3
sin2θW +

8

9
sin4θW

λZ = 1.11λZ (9)

3. L3 and DELPHI (charged lepton)

λL3 = λDELPHI
Z = −

√
2

cot θW − tan θW
λZ = −1.10λZ (10)
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4. L3 (neutrino)

fL3
Z =

√
2λZ (11)

5. OPAL (charged lepton)

fOPAL

Λ
= − 2

cot θW − tan θW

λZ

m�∗
= −1.56

λZ

m�∗
(12)

6. OPAL (quark)

fOPALc

Λ
=

λZ

2mq∗
(for |c| = |d|) (13)

7. DELPHI (charged lepton)

λDELPHI
γ = − 1√

2
λγ (14)

If leptons are made of color triplet and antitriplet con-

stituents, we may expect their color-octet partners. Transitions

between the octet leptons (
8) and the ordinary lepton (
) may

take place via the dimension-five interactions

L =
1

2Λ

∑
�

{


α
8 g

S
Fα

µν σµν
(
η
L



L

+ η
R



R

)
+ h.c.

}
(15)

where the summation is over charged leptons and neutrinos.

The leptonic chiral invariance implies η
L

η
R

= 0 as before.
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>�.� �� �� ��� ��- ��� �� → (/O). 1-9*�

>�.��� �� �� ��

 ��	 ��� �� → O).0 /-3*�0/=)

>�.��� �� �� ��� �� ��� �� → O).0 /-3*�0/=)

>�.��� �� �� ��� ��� ��� �� → (/O). 1-9*�

>�.��� �� �� ������ ��� ��� �� → O).0 /-3*�0/=)

>�.��� �� �� ������ ��� ��� �� → (/O). 1-9*�

>�.��� �� �� ����� �� ��� �� → O).0 /-3*�0/=)

>�.��� �� �� �� ��� ��� ��� �),*� �7 ����� ��

��
4) K�'.)( */&/. /0 26'& /-3*�0/=) (/O). &100 0,)3.6�& /- �� 3'**/0/'-0 1. �3&F�.� 
)$�

����

 ��� 1*0' '�.1/- Q−
��

> �.� 
)$� �** K�16@0 16) 100�&)( 3'&,'0/.)�

��
4) K�'.)( */&/. 2'6 ����

 ��� /0 26'& $ (/0.6/��./'- /- �� 3'**/0/'-0 1. �3&F���


)$� �
�W�# ��� 1-( µF�&1;$ 16) 100�&)(� �'6 */&/.0 5/.4 (/J)6)-. 100�&,./'-0"

0)) .4)/6 
1�*)0 � 1-( �� �** K�16@0 16) 100�&)( 3'&,'0/.)�
������

 ��� */&/. /0 26'& (/O). 1-9�*16 (/0.6/��./'- /- �� 3'**/0/'-0 1. �3&F �.� 
)$�
�** K�16@0 16) 100�&)( 3'&,'0/.)�

�����
��# �� '�.1/- */&/. '- .4) 031*) '2 3'*'6+'3.). 1;/1*+=)3.'6 L1='6+�-/=)601* 3'-.13.
/-.)613./'-0M Q�� > �.� 
)$� 
4)7 1*0' '�.1/- 1 */&/. Q3 � > �.� 
)$ '- 1 3'*'6+'3.).
L1='6+�-/=)601* =)3.'6/1* 3'-.13. /-.)613./'-�

����� �� B-(0 .41. .4) /-3*�0/=) O). 36'00 0)3./'- 2'6 �$ >���  )$ /0 0/9-/B31-.*7 4/94)6

.41- .4) O>α�
	
? ,)6.�6�1./=) W�� ,6)(/3./'-� 
4/0 3'�*( �) /-.)6,6).)( 10 .4) )J)3. '2 1

3'-.13. /-.)613./'- 5/.4 Q�� ∼ �.� 
)$� �'5)=)6" ��� �� 0.1.) .41. �-3)6.1/-.7 /- .4)

,16.'- (/0.6/��./'- 2�-3./'-0" 4/94)6+'6()6 W�� 3'66)3./'-0" 1-( .4) ().)3.'6 31*/�61./'-
&17 ,'00/�*7 133'�-. 2'6 .4) )J)3.�

����� ��� */&/. /0 26'& (/O). 1-9�*16 (/0.6/��./'- /- �� 3'**/0/'-0 1. �3& F �.� 
)$� 
4)

*/&/. 2'6 Q−
��

/0 > �.� 
)$� ��� ��� 1*0' '�.1/- */&/.0 2'6 L1='6 07&&).6/3 3'-.13.

/-.)613./'-0 1&'-9 1** K�16@ L1='60M Q�
��

> �.� 
)$ 1-( Q−
��

> �.� 
)$�

����� ��� */&/. /0 26'& (/O). &100 (/0.6/��./'- /- �� 3'**/0/'-0 1. �3& F �.� 
)$� 
4)
*/&/. /0 .4) 5)1@)0. 26'& 0)=)61* 34'/3)0 '2 0.6�3.�6) 2�-3./'-0 1-( 6)-'6&1*/A1./'- 031*)�

�� �/&/. /0 26'& /-3*�0/=) O). 36'00+0)3./'- (1.1 /- �� 3'**/0/'-0 1. �3& F �.� 
)$� 
4)
*/&/. .1@)0 /-.' 133'�-. �-3)6.1/-./)0 /- 34'/3) '2 0.6�3.�6) 2�-3./'-0 1-( /- 34'/3) '2
,6'3)00 031*)�

����� ��- */&/. /0 26'& (/O). 1-9�*16 (/0.6/��./'- 2'6 �(/O). >���  )$ /- �� 3'**/0/'-0 1.

�3&F�.� 
)$�
����

 ��	 */&/. /0 26'& /-3*�0/=) O). 36'00 0)3./'- /- �� 3'**/0/'-0 1. �3& F ���  )$�

4) */&/. .1@)0 /-.' 133'�-. �-3)6.1/-./)0 /- 34'/3) '2 0.6�3.�6) 2�-3./'-0 1-( /- 34'/3)
'2 ,6'3)00 031*)�

����� ��� */&/. /0 26'& (/O). 1-9�*16 (/0.6/��./'- 2'6 �(/O). > ���  )$ 1. .4) �)6&/*1�


)=1.6'- �'**/()6 5/.4 �3& F �.� 
)$� 
4) W�� ,6)(/3./'- /0 K�/.) /-0)-0/./=) .' 34'/3)
'2 0.6�3.�6) 2�-3./'-0 1-( 34'/3) '2 ,6'3)00 031*)�

�������� ��� */&/. /0 26'& .4) 0.�(7 '2 /-3*�0/=) 4/94+�$ O). (/0.6/��./'-0 1. .4) ����
� � 3'**/()6 >�3& F ��� 1-( ���  )$?� 
4) W�� ,6)(/3./'- 6)-'6&1*/A)( .' .4) *'5+�$
6)9/'- 9/=)0 1 9''( B. .' .4) (1.1�

�������� ��� */&/. /0 26'& .4) 0.�(7 '2 (/O). 1-9�*16 (/0.6/��./'- /- .4) 61-9) ��� <
�>(/O).? < ���  )$ 1. .4) ���� �� 3'**/()6 >�3& F ���  )$?� W�� ,6)(/3./'- �0/-9

���W 0.6�3.�6) 2�-3./'- >���
�� ��? 5/.4 QW�� F �.�  )$ 2'6 .4) 34'/3) '2 �� F

�$
� 9/=)0 .4) �)0. B. .' .4) (1.1�

������� �� */&/. /0 26'& .4) 0.�(7 '2 /-3*�0/=) 4/94+�$ O). (/0.6/��./'-0 1. .4) ����
� � 3'**/()6 >�3& F ���  )$?� 
4) W�� ,6)(/3./'- 6)-'6&1*/A)( .' .4) *'5+�$ 6)9/'-
9/=)0 1 9''( ()036/,./'- '2 .4) (1.1�

���� ��� ��� */&/. /0 26'& .4) 0.�(7 '2 O). �$ 1-( (/O). &100 (/0.6/��./'-0 1. .4) ����
� � 3'**/()6 >�3& F ���  )$?� 
4) */&/. 0�J)60 26'& .4) �-3)6.1/-./)0 /- 3'&,16/-9 .4)
(1.1 5/.4 .4) W�� ,6)(/3./'-�

�� �  #�#�� &�� ����
� #�����
�����2 3$ν ν ��%�� �  #�#�� &�� ����
� #�����
�����2 3$ν ν ��%�� �  #�#�� &�� ����
� #�����
�����2 3$ν ν ��%�� �  #�#�� &�� ����
� #�����
�����2 3$ν ν ��%

�/&/.0 16) 2'6 Q±
��

'-*7� �'6 '.4)6 310)0" 0)) )134 6)2)6)-3)�

J8
LL

 ���! J−
LL

 ���! ��� ������
� �� ���
 �����
�

>�.�>�.�>�.�>�.� >�.�>�.�>�.�>�.� �� �� #�������� �� ���� ν� 031..)6/-9

��#�������� �� 100�&)( 1 L1='6 �-/=)601* /-.)613./'-� �)�.6/-'0 5)6) &'0.*7 '2 &�'-
.7,)�

����  #�#�� &�� ��
���� � $�∗%����  #�#�� &�� ��
���� � $�∗%����  #�#�� &�� ��
���� � $�∗%����  #�#�� &�� ��
���� � $�∗%

#'0. �� �− );,)6/&)-.0 100�&) '-)+,4'.'- '6 � );341-9)� 
4) */&/.0
26'& 0'&) �� �− );,)6/&)-.0 54/34 (),)-( '- λ 41=) 100�&)( .61-0/./'-
3'�,*/-90 54/34 16) 34/61*/.7 =/'*1./-9 >η� F η� ?� �'5)=)6 .4)7 31- �)
/-.)6,6).)( 10 */&/.0 2'6 34/61*/.7+3'-0)6=/-9 /-.)613./'-0 12.)6 &�*./,*7/-9
.4) 3'�,*/-9 =1*�) λ �7

√
�< 0)) �'.)�

�;3/.)( *),.'-0 41=) .4) 01&) K�1-.�& -�&�)60 10 '.4)6 '6.4'*),.'-0�
�)) 1*0' .4) 0)1634)0 2'6 '6.4'*),.'-0 /- .4) D�)1634)0 2'6 �)1=7 �),.'-0E
0)3./'-�

 ����� &�� ��
���� � $�∗% &��� ���� ����	
���� ����� &�� ��
���� � $�∗% &��� ���� ����	
���� ����� &�� ��
���� � $�∗% &��� ���� ����	
���� ����� &�� ��
���� � $�∗% &��� ���� ����	
����

4)0) */&/.0 16) '�.1/-)( 26'& �� �− → �∗� �∗− 1-( .4�0 6)*7 '-*7 '- .4) >)*)3+

.6'5)1@? 34169) '2 �∗� �'6& 213.'6 )J)3.0 16) /9-'6)( �-*)00 -'.)(� �'6 .4) 310)

'2 */&/.0 26'& � ()317" .4) �∗ 3'�,*/-9 /0 100�&)( .' �) '2 0)K�)-./1* .7,)� �'00/+
�*) � 341--)* 3'-.6/��./'- 26'& .61-0/./'- &19-)./3 3'�,*/-9 /0 -)9*)3.)(� �** */&/.0

100�&) 1 ('&/-1-. �∗ → � γ ()317 );3),. .4) */&/.0 26'& R>�?�

�'6 */&/.0 ,6/'6 .' ����" 0)) '�6 ���� )(/./'- >�470/31* �)=/)5 ���"���"���"���" � G�-)" �16. 
>����??�

����� ����� ��� ������
� �� ���
 �����
�

>���.�>���.�>���.�>���.� �� �� ������ ��� ���� �� �− → �∗ �∗ �'&'('��*). .7,)
• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
>���.� �� �� ������ ��	 �� �� �− → �∗ �∗ �'&'('��*). .7,)
>���.� �� �� ������ ��� �� �� �− → �∗ �∗ �'&'('��*). .7,)
> ��.� �� �� ������ ��% ���� �� �− → �∗ �∗ �'&'('��*). .7,)
> ��.� �� �� ������ ��� �� �� �− → �∗ �∗ �'&'('��*). .7,)
> ��.� �� �� ����� ��, ���� �'&'('��*). .7,)

> ��.� �� �� ��	���
��� ��� ���� �� �− → �∗ �∗ �'&'('��*). .7,)
�� ����
� ��3 ���� � → �∗ �∗

> ��.� �� ��,�� ����� ��	 ���� �� �− → �∗ �∗ �'&'('��*). .7,)
> ��.� �� ��,�� ����� ��	 ���� �� �− → �∗ �∗ �)K�)-./1* .7,)
> ��.� �� �� ������ ��� �� �� �− → �∗ �∗ �)K�)-./1* .7,)
> ��.� �� ��,�� ��	���
��� �� ���� �� �− → �∗ �∗ �'&'('��*). .7,)
> ��.� �� �� ����� ��
 ���� �� �− → �∗ �∗ �'&'('��*). .7,)
> ��.� �� �� ������ ��� �� �� �− → �∗ �∗ �)K�)-./1* .7,)
> ��.� �� �� ���H����� ��G ���� �� �− → �∗ �∗ �'&'('��*). .7,)
> ��.� �� �� ���	��� ��?���� �� �− → �∗ �∗ �)K�)-./1* .7,)
> ��.� �� ����� ��- �� � → �∗ �∗
> ��.� �� ����� ��� ���� � → �∗ �∗
> ��.� �� �� �������+��� �� �$�� R>�?

> ��.� �� �� ����#� �� ���� � → �∗ �∗< R>�?
> ��.� �� ����#� �� ���� � → �∗ �∗
> �� �� �� ����� ��$ ���� � → �∗ �∗< R>�?
> ��.� �� �� ���$� ��$ �� � → �∗ �∗
> ��.� �� �	��I! ��% ���� � → �∗ �∗
> ��.� �� ��� ����#� ��� ���� �� �− → �∗ �∗
> ��.� �� ����� ��	 
��% �� �− → �∗ �∗
> ��.� �� 	# �� �#! �� �− → �∗ �∗
> ��.� �� ��� ��� ��	 $�� �� �− → �∗ �∗
���6'& �� �− 3'**/0/'-0 1.

√
	 F �������  )$� � F � ′ /0 100�&)(�

���6'& �� �− 3'**/0/'-0 1.
√
	 F �������  )$� � F � ′ /0 100�&)(� ������ ��	 1*0'

'�.1/- */&/. 2'6 � F −� ′M �
�∗ > ��.�  )$�

���6'& �� �− 3'**/0/'-0 1.
√
	 F �������  )$� �F� ′ /0 100�&)(� ������ ��� 1*0'

'�.1/- */&/. 2'6 �F−� ′M �
�∗ > ��.�  )$�

���6'& �� �− 3'**/0/'-0 1.
√
	F�������  )$� �F� ′ /0 100�&)(� ������ ��% 1*0'

'�.1/- */&/. 2'6 �F−� ′ >�∗ → ν� ?M �
�∗ > ��.�  )$�

���6'& �� �− 3'**/0/'-0 1.
√
	F���  )$� �F� ′ /0 100�&)(� ������ ��� 1*0' '�.1/-

*/&/. 2'6 �F−� ′ >�∗ → ν� ?M �
�∗ > ��.�  )$�

���6'& �� �− 3'**/0/'-0 1.
√
	F ���  )$� �F� ′ /0 100�&)(� ����� ��, 1*0' '�.1/- */&/.

2'6 �F−� ′ >�∗ → ν� ?M �
�∗ > ��.�  )$�

���6'& �� �− 3'**/0/'-0 1.
√
	F�������  )$� ��	���
��� ��� 1*0' '�.1/- */&/. 26'&

�∗ → ν� ()317 &'()M �
�∗ > ��.�  )$�

������
� ��3 '�.1/- */&/.0 '- .4) 2'6& 213.'6� �)) .4)/6 �/9� �� 2'6 */&/.0 /- &100+2'6&
213.'6 ,*1-)�

�� �6'& �� �− 3'**/0/'-0 1.
√
	F ���  )$�

������� ��	 1*0' '�.1/- */&/. 26'& 34169)( 3�66)-. ()317 &'() �∗ → ν� " �
�∗ > ��.�

 )$�
������� ��	 1*0' '�.1/- */&/. 26'& 34169)( 3�66)-. ()317 &'() �∗ → ν� " �

�∗ > ��.�

 )$�
����	���
��� �� 1*0' '�.1/- */&/. 26'& 34169)( 3�66)-. ()317 &'() �∗ → ν� " �

ν∗�
>

��.�  )$�
���6'& �� �− 3'**/0/'-0 1.

√
	F �������  )$�

���6'& �� �− 3'**/0/'-0 1.
√
	F �������  )$�



����������������

��� ��� �� ���� 	
� �������� ����	�
� �	��	��

����� ��� ��	��� ���	���������

���������+�
I��I�	� �� */&/. /0 /-(),)-()-. '2 ()317 &'()0� �10)( '-
NR>�?<�� #)$�

�� �/&/. /0 /-(),)-()-. '2 �∗ ()317 &'()�
�����$� ��$ /0 0�,)60)()( �7 ����� ��-�
��� ��,)60)()( �7 ����#� ���
������ ��	 */&/.0 100�&) �� �− → �∗� �∗− 5/.4 '-) ,4'.'- );341-9) '-*7 1-( �∗ →

� γ 9/=/-9 � � γ γ�

 ����� &�� ��
���� � $�∗% &��� ������ ����	
���� ����� &�� ��
���� � $�∗% &��� ������ ����	
���� ����� &�� ��
���� � $�∗% &��� ������ ����	
���� ����� &�� ��
���� � $�∗% &��� ������ ����	
����

4)0) */&/.0 16) 26'& �� �− → �∗ �" � → �∗ ν" '6 � � → �∗H 1-( (),)-( '-
.61-0/./'- &19-)./3 3'�,*/-9 �).5))- � 1-( �∗� �** */&/.0 100�&) �∗ → � γ ()317
);3),. 10 -'.)(� �/&/.0 26'& ���" ���" 1-( �� 16) 2'6 34/61* 3'�,*/-9" 54)6)10 1**
'.4)6 */&/.0 16) 2'6 -'-34/61* 3'�,*/-9" η� F η� F �� - &'0. ,1,)60" .4) */&/. /0
);,6)00)( /- .4) 2'6& '2 1- );3*�()( 6)9/'- /- .4) λ−�

�∗ ,*1-)� �)) .4) '6/9/-1*
,1,)60�

�'6 */&/.0 ,6/'6 .' ����" 0)) '�6 ���� )(/./'- >�470/31* �)=/)5 ���"���"���"���" � G�-)" �16. 
>����??�

����� ����� ��� ������
� �� ���
 �����
�

>���>���>���>��� �� ��� ������ ��	 �� � � → �∗H
• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
>��� �� ��� ����
� ��	 ��� �� → �∗�
>��� �� ��� ������ ��	 �� �� �− → � �∗
>��� �� ��� ������ ��� ���� �� �− → � �∗
>��� �� ��� ���	���$ ��� %��� � � → �∗H
>��� ��� ������ ��� �� �� �− → � �∗

��� ������ ��% ���� �� �− → � �∗
��� ������ ��� �� �� �− → � �∗

>��� �� ��� ������ ��� �� � � → �∗H
��� ����� ��, ���� �� �− → � �∗

-'-) ������ �� ��� ������ ��� �� � γ → �∗ → � γ
��� ��	���
��� ��� ���� �� �− → � �∗
��� ����
� ��3 ���� �� �− → � �∗

���,��� ����� ��	 ���� �� �− → � �∗
���,��� ������ ��� �� �� �− → � �∗

��� ��	���
��� �� ���� �� �− → � �∗
��� ������ �� �� �),.'-+L1='6 =/'*1./'-

-'-) ������ �� ��� ���
I� ��� %��� � � → �∗H
��� ����� ��
 ���� �� �− → � �∗
��� ������ ��� �� �� �− → � �∗
��� ���H����� ��G ���� �� �− → � �∗
��� ���	��� ��?���� �� �− → � �∗
��� �����	 ��	 %��� � � → �∗H
��� ��
 �� �� � � → �∗H

> �� �� ����� ��- �� λγ > �.��

> �� �� ����� ��- �� � → � �∗" λ� > �.�
��� �����	 ��	 %��� ��,)60)()( �7 �����	 ��	

> �� �� ����� ��� ���� � → � �∗" λ� > �.�

> �� �� ����� ��� ���� �� �− → � �∗" λγ > �.�

> �� �� ����#� �� ���� � → � �∗" λ� >�

> �� �� ��� ���$� ��$ �� � → � �∗" λ� > �.�
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� � " ν� � � F � ′ F Q8�
�∗ /0 100�&)( 2'6 .4) �

∗ 3'�,*/-9� �)) .4)/6 �/9� � 2'6 .4)
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2'6 .4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
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1�*)�

�'6 */&/.0 ,6/'6 .' ����" 0)) '�6 ���� )(/./'- >�470/31* �)=/)5 ���"���"���"���" � G�-)" �16. 
>����??�

����� ����� ��� ������
� �� ���
 �����
�

>���>���>���>��� �� ������ ��� ��
√
	F �������  )$

• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
>��� �� ��� �������� ��4 ����

√
sF �������  )$

>��� �� ����� ��� ����
√
	F �������  )$

>��� �� ��� ������ ��� ��
√
	F �������  )$

>��� �� ������ ��� ����
√
	F ���  )$

>��� �� ����� ��� ����
√
	F �������  )$

>��� �� ��	���
��� �� ����
√
	F �������  )$

>��� �� ��	����"	��� ��	 ����
√
	F ���  )$

>��� �� ����
� ��� ����
√
	F ���  )$

>��� �� ��� ����
� ��3 ����

>��� �� ��� ������ ��? ��
√
	F ���" ���  )$

>��� �� ������ ��# ��
√
	F���  )$

>��� �� ���H����� ��
 ����

>��� �� ���	��� ��: ����
√
	F���" ���  )$

>��� �� ������ ��� ��
��� ���	��� ��G ����

>��� �� ��� ����� ��	 ��

>��� �� ��� �������+��� �� �$��

> �� �� ����#� �� ����
��� ��#�%�I� �� 
��%

>��� �� ����� ��� ����

>��� �� �	��I! ��$ ����

> �� �� ���$� ��
 ��

> �� �� �	��I! ��$ ����

> �� �� ��� ��� ��� $�� η�F�" η�F�

> ��.� �� ����� ��	 
��%

> �� �� 	# �� �#!

����������� ��4 1*0' '�.1/- 1 */&/. '- .4) );3/.)( )*)3.6'- &100 5/.4 � �∗ 34/61* 3'�,*/-9"
�
�∗ > ���  )$ 1. ��C ���

��������� ��� 1*0' '�.1/- 1 */&/. '- �∗ 5/.4 34/61* 3'�,*/-9" �
�∗ > ���  )$�

�������
� ��3 /0 26'& �� �− 3'**/0/'- 1.
√
	F�� � �)) .4)/6 �/9� � 2'6 */&/.0 /- &100+

3'�,*/-9 ,*1-)
��������� ��? 1*0' '�.1/- 1 */&/. '- �∗ 5/.4 34/61* 3'�,*/-9" �

�∗ > ���  )$ >��C��?�

������	��� ��G '�.1/- Q� >���  )$ >��C��? 26'& ����� );,)6/&)-. 1-( Q� >���
 )$ 26'& 3'&�/-)( 
��
�� 1-( ����� (1.1� 
4)0) */&/.0 6'�94*7 3'66)0,'-( .'
*/&/.0 '- �

�∗ �
�������� ��	 0�,)60)()( �7 ������ ����



����������������

�������� ����	�
� �	��	��

����� ��� ��	��� ���	���������

����������+�
I��I�	� �� */&/. 26'& B. .' .4) 3'&�/-)( (1.1 '2 ����#� ��"
����� ���" ���$� ��
" �	��I! ��$�

��� ��#�%�I� �� B. .4) (1.1 .' .4) */&/./-9 2'6& '2 .4) 36'00 0)3./'- 5/.4 �
�∗ � �3&

1-( '�.1/- �
�∗ >���  )$ 1. ��C��� �0) '2 .4) 2�** 2'6& 5'�*( 6)(�3) .4/0 */&/. �7 1

2)5  )$� 
4) 0.1./0./31**7 �-);,)3.)( *169) =1*�) /0 (�) .' L�3.�1./'- /- .4) (1.1�
���
4) ��� ��� */&/. 100�&)0 34/61* 3'�,*/-9� 
4/0 3'66)0,'-(0 .' λγ F �.� 2'6 -'-34/61*

3'�,*/-9�

#�����
�  ����� &�� ��
���� � $�∗%#�����
�  ����� &�� ��
���� � $�∗%#�����
�  ����� &�� ��
���� � $�∗%#�����
�  ����� &�� ��
���� � $�∗%

4)0) */&/.0 &1@) �0) '2 *'', )J)3.0 /-='*=/-9 �∗ 1-( 16) .4)6)2'6) 0��O)3. .' .4)'+
6)./31* �-3)6.1/-.7�

����� ����� ������
� �� ���
 �����
�

• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
��� ����������� �� ���# νµ � → νµ � 1-(

νµ � → νµ �
���  ����� �� 
��� νµ � → νµ �
��� ������ �� 
��� �−� '2 )*)3.6'-

������������� �� '�.1/- .4) */&/. λ�γQ
�
3�.8�

�
�∗

< �.� >��C ��?" 54)6) Q3�. /0 .4)

3�.'J 031*)" �10)( '- .4) '-)+*'', 31*3�*1./'- �7  ����� ��� 2 '-) 100�&)0 .41. Q3�.
F � 
)$ 1-( λγ F �" '-) '�.1/-0 �

�∗ > ���  )$� �'5)=)6" '-) 9)-)61**7 );,)3.0

λγ ≈ �
�∗8Q3�. /- 3'&,'0/.) &'()*0�

��� ����� �� �0)0 νµ � → νµ � 1-( νµ � → νµ � (1.1 26'& ����# �'**1�'61./'- .'

()6/=) &100 */&/.0 54/34 (),)-( '- .4) 031*) '2 3'&,'0/.)-)00�
��������� �� ()6/=)( 26'& �−� (1.1 */&/.0 '- &100 1-( 3'�,*/-90 '2 �∗ 1-( µ∗� �))

B9�6)0 � 1-( � '2 .4) ,1,)6�

����  #�#�� &�� ��
���� µ $µ∗%����  #�#�� &�� ��
���� µ $µ∗%����  #�#�� &�� ��
���� µ $µ∗%����  #�#�� &�� ��
���� µ $µ∗%

 ����� &�� ��
���� µ $µ∗% &��� ���� ����	
���� ����� &�� ��
���� µ $µ∗% &��� ���� ����	
���� ����� &�� ��
���� µ $µ∗% &��� ���� ����	
���� ����� &�� ��
���� µ $µ∗% &��� ���� ����	
����

4)0) */&/.0 16) '�.1/-)( 26'& �� �− → µ∗�µ∗− 1-( .4�0 6)*7 '-*7 '- .4) >)*)3+

.6'5)1@? 34169) '2 µ∗� �'6& 213.'6 )J)3.0 16) /9-'6)( �-*)00 -'.)(� �'6 .4) 310) '2

*/&/.0 26'& � ()317" .4) µ∗ 3'�,*/-9 /0 100�&)( .' �) '2 0)K�)-./1* .7,)� �** */&/.0
100�&) 1 ('&/-1-. µ∗ → µγ ()317 );3),. .4) */&/.0 26'& R>�?�

�'6 */&/.0 ,6/'6 .' ����" 0)) '�6 ���� )(/./'- >�470/31* �)=/)5 ���"���"���"���" � G�-)" �16. 
>����??�

����� ����� ��� ������
� �� ���
 �����
�

>���.�>���.�>���.�>���.� �� ��� ������ ��� ���� �� �− → µ∗µ∗ �'&'('��*). .7,)
• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
>���.� �� ��� ������ ��	 �� �� �− → µ∗µ∗ �'&'('��*). .7,)
>���.� �� ��� ������ ��� �� �� �− → µ∗µ∗ �'&'('��*). .7,)
> ��.� �� ��� ������ ��% ���� �� �− → µ∗µ∗ �'&'('��*). .7,)
> ��.� �� ��� ������ ��� �� �� �− → µ∗µ∗ �'&'('��*). .7,)
> ��.� �� ��� ����� ��, ���� �'&'('��*). .7,)

> ��.� �� ��� ��	���
��� ��� ���� �� �− → µ∗µ∗ �'&'('��*). .7,)
��� ����
� ��3 ���� � → µ∗µ∗

> ��.� �� ���,��� ����� ��	 ���� �� �− → µ∗µ∗ �'&'('��*). .7,)
> ��.� �� ���,��� ����� ��	 ���� �� �− → µ∗µ∗ �)K�)-./1* .7,)
> ��.� �� ��� ������ ��� �� �� �− → µ∗µ∗ �)K�)-./1* .7,)
> ��.� �� ���,��� ��	���
��� �� ���� �� �− → µ∗µ∗ �'&'('��*). .7,)
> ��.� �� ��� ����� ��
 ���� �� �− → µ∗µ∗ �'&'('��*). .7,)
> ��.� �� ��� ������ ��� �� �� �− → µ∗µ∗ �)K�)-./1* .7,)
> ��.� �� ��� ���H����� ��G ���� �� �− → µ∗µ∗ �'&'('��*). .7,)
> ��.� �� ��� ���	��� ��?���� �� �− → µ∗µ∗ �)K�)-./1* .7,)
> ��.� �� ����� ��- �� � → µ∗µ∗
> ��.� �� ����� ��� ���� � → µ∗µ∗
> ��.� �� ��� �������+��� �� �$�� R>�?

> ��.� �� ��� ����#� �� ���� � → µ∗µ∗< R>�?
> ��.� �� ����#� �� ���� � → µ∗µ∗
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> ��.� �� ����� ��	 
��% �� �− → µ∗µ∗
> ��.� �� 	# �� �#! �� �− → µ∗µ∗
����6'& �� �− 3'**/0/'-0 1.

√
	 F �������  )$� � F � ′ /0 100�&)(�

����6'& �� �− 3'**/0/'-0 1.
√
	 F �������  )$� � F � ′ /0 100�&)(� ������ ��	 1*0'

'�.1/- */&/. 2'6 � F −� ′M �
µ∗ > ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	 F �������  )$� �F� ′ /0 100�&)(� ������ ��� 1*0'

'�.1/- */&/. 2'6 �F−� ′M �
µ∗ > ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F�������  )$� �F� ′ /0 100�&)(� ������ ��% 1*0'

'�.1/- */&/. 2'6 �F−� ′ >µ∗ → ν� ?M �
µ∗ > ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F���  )$� �F� ′ /0 100�&)(� ������ ��� 1*0' '�.1/-

*/&/. 2'6 �F−� ′ >µ∗ → ν� ?M �
µ∗ > ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F ���  )$� �F� ′ /0 100�&)(� ����� ��, 1*0' '�.1/- */&/.

2'6 �F−� ′ >µ∗ → ν� ?M �
µ∗ > ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F�������  )$� ��	���
��� ��� 1*0' '�.1/- */&/. 26'&

µ∗ → ν� ()317 &'()M �
µ∗ > ��.�  )$�

�������
� ��3 '�.1/- */&/.0 '- .4) 2'6& 213.'6� �)) .4)/6 �/9� �� 2'6 */&/.0 /- &100+2'6&
213.'6 ,*1-)�

����6'& �� �− 3'**/0/'-0 1.
√
	F ���  )$�

�������� ��	 1*0' '�.1/- */&/. 26'& 34169)( 3�66)-. ()317 &'() µ∗ → ν� " �
µ∗ > ��.�

 )$�
�������� ��	 1*0' '�.1/- */&/. 26'& 34169)( 3�66)-. ()317 &'() µ∗ → ν� " �

µ∗ > ��.�

 )$�
�����	���
��� �� 1*0' '�.1/- */&/. 26'& 34169)( 3�66)-. ()317 &'() µ∗ → ν� "

�
ν∗µ

> ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F �������  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F �������  )$�

����������+�
I��I�	� �� */&/. /0 /-(),)-()-. '2 ()317 &'()0� �10)( '-
NR>�?<�� #)$�

��� �/&/. /0 /-(),)-()-. '2 µ∗ ()317 &'()�
��� ��,)60)()( �7 ����� ��-�
��� ��,)60)()( �7 ����#� ���

 ����� &�� ��
���� µ $µ∗% &��� ������ ����	
���� ����� &�� ��
���� µ $µ∗% &��� ������ ����	
���� ����� &�� ��
���� µ $µ∗% &��� ������ ����	
���� ����� &�� ��
���� µ $µ∗% &��� ������ ����	
����

4)0) */&/.0 16) 26'& �� �− → µ∗µ 1-( (),)-( '- .61-0/./'- &19-)./3 3'�,*/-9
�).5))- µ 1-( µ∗� �** */&/.0 100�&) µ∗ → µγ ()317� �/&/.0 26'& ��� 16) 2'6 34/61*
3'�,*/-9" 54)6)10 1** '.4)6 */&/.0 16) 2'6 -'-34/61* 3'�,*/-9" η� F η� F �� - &'0.
,1,)60" .4) */&/. /0 );,6)00)( /- .4) 2'6& '2 1- );3*�()( 6)9/'- /- .4) λ−�

µ∗ ,*1-)�

�)) .4) '6/9/-1* ,1,)60�

�'6 */&/.0 ,6/'6 .' ����" 0)) '�6 ���� )(/./'- >�470/31* �)=/)5 ���"���"���"���" � G�-)" �16. 
>����??�

����� ����� ��� ������
� �� ���
 �����
�

>���>���>���>��� �� ��� ������ ��� ���� �� �− → µµ∗
• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
>��� �� ��� ������ ��	 �� �� �− → µµ∗
>��� �� ��� ������ ��� �� �� �− → µµ∗

��� ������ ��% ���� �� �− → µµ∗
��� ������ ��� �� �� �− → µµ∗
��� ����� ��, ���� �� �− → µµ∗
��� ��	���
��� ��� ���� �� �− → µµ∗
��� ����
� ��3 ���� � → µµ∗

���,��� ����� ��	 ���� �� �− → µµ∗
���,��� ������ ��� �� �� �− → µµ∗

��� ��	���
��� �� ���� �� �− → µµ∗
��� ����� ��
 ���� �� �− → µµ∗
��� ������ ��� �� �� �− → µµ∗
��� ���H����� ��G ���� �� �− → µµ∗
��� ���	��� ��?���� �� �− → µµ∗

> �� �� ����� ��- �� � → µµ∗" λ� > �.�

> �� �� ����� ��� ���� � → µµ∗" λ� > �.�

> �� �� ����#� �� ���� � → µµ∗" λ� >�

> �� �� ��� ���$� ��$ �� � → µµ∗" λ� > �

> �� �� ��� ���$� ��$ �� � → µµ∗" λ� > �.�

> �� �� �	��I! ��% ���� � → µµ∗" λ� >�

> �� �� ��� ����#� ��� ���� �� �− → µµ∗" λ�F�

> �� �� ����� ��	 
��% �� �− → µµ∗" λγF�.�

> �� �� 	# �� �#! �� �− → µµ∗" λγF�.�

��������� ��� 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.
√
	 F �������  )$� � F � ′ F Q8�

µ∗

/0 100�&)( 2'6 µ∗ 3'�,*/-9� �)) .4)/6 �/9� �3 2'6 .4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9
,*1-)�

��������� ��	 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.
√
	 F �������  )$� � F � ′F Q8�

µ∗
/0 100�&)(� �)) .4)/6 �/9� � 2'6 .4) );3*�0/'- ,*'. /- .4) &100+3'�,*/-9 ,*1-)�

��������� ��� 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.
√
	 F �������  )$� �F� ′FQ8�

µ∗ /0

100�&)( 2'6 .4) µ∗ 3'�,*/-9� �)) .4)/6 �/9� � 2'6 */&/.0 /- .4) &100+3'�,*/-9 ,*1-)�
��������� ��% 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F�������  )$� �)) .4)/6 �/9� � 2'6

*/&/.0 /- &100+3'�,*/-9 ,*1-)�
��������� ��� 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F���  )$� �)) .4)/6 �/9� � 2'6 */&/.0

/- &100+3'�,*/-9 ,*1-)�
�������� ��, 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F ���  )$� �)) .4)/6 �/90� � 1-( � 2'6

.4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
�����	���
��� ��� 26'& �� �− 3'**/0/'-0 1.

√
	F�������  )$� �)) .4)/6 �/9� �� 2'6 .4)

);3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
�������
� ��3 '�.1/- */&/.0 '- .4) � µµ∗ 3'�,*/-9� �)) .4)/6 �/9� �� 2'6 */&/.0 /- &100+

3'�,*/-9 ,*1-)
����6'& �� �− 3'**/0/'-0 1.

√
	F ���  )$�

����)) �/9� �1 1-( �/9� �1 '2 ����� ��	 2'6 .4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
��� �)) �/9� � 1-( �/9� � '2 ������ ��� 2'6 .4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
�����	���
��� �� 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F ���  )$� �)) .4)/6 �/9� � 2'6

.4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
�������� ��
 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F �������  )$� �)) .4)/6 �/9� � 2'6

.4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
��������� ��� 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F �������  )$� �)) .4)/6 �/9� � 2'6

.4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
������H����� ��G 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F �������  )$� �)) .4)/6 �/9� �1

2'6 .4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
������	��� ��? 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F �������  )$� �)) .4)/6 �/9� �

2'6 .4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
��� ��,)60)()( �7 ����� ��-�
��� ��,)60)()( �7 ����#� ���



����������������

��� ��� �� ���� 	
� ������������	�
� �	��	��

����� ��� ��	������	���������

#�����
�  ����� &�� ��
���� µ $µ∗%#�����
�  ����� &�� ��
���� µ $µ∗%#�����
�  ����� &�� ��
���� µ $µ∗%#�����
�  ����� &�� ��
���� µ $µ∗%

4)0) */&/.0 &1@) �0) '2 *'', )J)3.0 /-='*=/-9 µ∗ 1-( 16) .4)6)2'6) 0��O)3. .' .4)'+
6)./31* �-3)6.1/-.7�

����� ����� ������
� �� ���
 �����
�

• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
��� ������ �� 
��� �−� '2 &�'-

��������� �� ()6/=)( 26'& �−� (1.1 */&/.0 '- &100 1-( 3'�,*/-90 '2 �∗ 1-( µ∗� �))
B9�6)0 � 1-( � '2 .4) ,1,)6�

����  #�#�� &�� ��
���� τ $τ∗%����  #�#�� &�� ��
���� τ $τ∗%����  #�#�� &�� ��
���� τ $τ∗%����  #�#�� &�� ��
���� τ $τ∗%

 ����� &�� ��
���� τ $τ∗% &��� ���� ����	
���� ����� &�� ��
���� τ $τ∗% &��� ���� ����	
���� ����� &�� ��
���� τ $τ∗% &��� ���� ����	
���� ����� &�� ��
���� τ $τ∗% &��� ���� ����	
����

4)0) */&/.0 16) '�.1/-)( 26'& �� �− → τ∗� τ∗− 1-( .4�0 6)*7 '-*7 '- .4) >)*)3+

.6'5)1@? 34169) '2 τ∗� �'6& 213.'6 )J)3.0 16) /9-'6)( �-*)00 -'.)(� �'6 .4) 310) '2

*/&/.0 26'& � ()317" .4) τ∗ 3'�,*/-9 /0 100�&)( .' �) '2 0)K�)-./1* .7,)� �** */&/.0
100�&) 1 ('&/-1-. τ∗ → τ γ ()317 );3),. .4) */&/.0 26'& R>�?�

�'6 */&/.0 ,6/'6 .' ����" 0)) '�6 ���� )(/./'- >�470/31* �)=/)5 ���"���"���"���" � G�-)" �16. 
>����??�

����� ����� ��� ������
� �� ���
 �����
�

>���.�>���.�>���.�>���.� �� ��� ������ ��� ���� �� �− → τ∗ τ∗ �'&'('��*). .7,)
• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
>���.� �� ��� ������ ��	 �� �� �− → τ∗ τ∗ �'&'('��*). .7,)
> ��.� �� ��� ������ ��� �� �� �− → τ∗ τ∗ �'&'('��*). .7,)
> ��.� �� ��� ������ ��% ���� �� �− → τ∗ τ∗ �'&'('��*). .7,)
> ��.� �� ��� ������ ��� �� �� �− → τ∗ τ∗ �'&'('��*). .7,)
> ��.� �� ��� ����� ��, ���� �'&'('��*). .7,)

> ��.� �� ��� ��	���
��� ��� ���� �� �− → τ∗ τ∗ �'&'('��*). .7,)
��� ����
� ��3 ���� � → τ∗ τ∗

> ��.� �� ���,��� ����� ��	 ���� �� �− → τ∗ τ∗ �'&'('��*). .7,)
> ��.� �� ���,��� ����� ��	 ���� �� �− → τ∗ τ∗ �)K�)-./1* .7,)
> ��.� �� ��� ������ ��� �� �� �− → τ∗ τ∗ �)K�)-./1* .7,)
> ��.� �� ���,��� ��	���
��� �� ���� �� �− → τ∗ τ∗ �'&'('��*). .7,)
> ��.� �� ��� ����� ��
 ���� �� �− → τ∗ τ∗ �'&'('��*). .7,)
> ��.� �� ��� ������ ��� �� �� �− → τ∗ τ∗ �)K�)-./1* .7,)
> ��.� �� ��� ���H����� ��G ���� �� �− → τ∗ τ∗ �'&'('��*). .7,)
> ��.� �� ��� ���	��� ��?���� �� �− → τ∗ τ∗ �)K�)-./1* .7,)
> ��.� �� ����� ��- �� � → τ∗ τ∗
> ��.� �� ����� ��� ���� � → τ∗ τ∗
> ��.� �� ��� �������+��� �� �$�� R>�?

> ��.� �� ��� ����#� �� ���� � → τ∗ τ∗< R>�?
> ��.� �� ����#� �� ���� � → τ∗ τ∗
> �� �� ��� ����� ��$ ���� � → τ∗ τ∗< R>�?
> ��.� �� ��� ���$� ��# �� � → τ∗ τ∗
> ��.� �� �	��I! ��% ���� � → τ∗ τ∗
> ��.� �� ��� ����#� ��� ���� �� �− → τ∗ τ∗
> ��.� �� ����� ��	 
��% �� �− → τ∗ τ∗
����6'& �� �− 3'**/0/'-0 1.

√
	 F �������  )$� � F � ′ /0 100�&)(�

����6'& �� �− 3'**/0/'-0 1.
√
	 F �������  )$� � F � ′ /0 100�&)(� ������ ��	 1*0'

'�.1/- */&/. 2'6 � F −� ′M �
τ∗ > ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	 F �������  )$� �F� ′ /0 100�&)(� ������ ��� 1*0'

'�.1/- */&/. 2'6 �F−� ′M �
τ∗ > ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F�������  )$� �F� ′ /0 100�&)(� ������ ��% 1*0'

'�.1/- */&/. 2'6 �F−� ′ >τ∗ → ν� ?M �
τ∗ > ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F���  )$� �F� ′ /0 100�&)(� ������ ��� 1*0' '�.1/-

*/&/. 2'6 �F−� ′ >τ∗ → ν� ?M �
τ∗ > ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F ���  )$� �F� ′ /0 100�&)(� ����� ��, 1*0' '�.1/- */&/.

2'6 �F−� ′ >τ∗ → ν� ?M �
τ∗ > ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F�������  )$� ��	���
��� ��� 1*0' '�.1/- */&/. 26'&

τ∗ → ν� ()317 &'()M �
τ∗ > ��.�  )$�

�������
� ��3 '�.1/- */&/.0 '- .4) 2'6& 213.'6� �)) .4)/6 �/9� �� 2'6 */&/.0 /- &100+2'6&
213.'6 ,*1-)�

����6'& �� �− 3'**/0/'-0 1.
√
	F ���  )$�

�������� ��	 1*0' '�.1/- */&/. 26'& 34169)( 3�66)-. ()317 &'() τ∗ → ν� " �
τ∗ > ��.�

 )$�
�������� ��	 1*0' '�.1/- */&/. 26'& 34169)( 3�66)-. ()317 &'() τ∗ → ν� " �

τ∗ > ��.�

 )$�
�����	���
��� �� 1*0' '�.1/- */&/. 26'& 34169)( 3�66)-. ()317 &'() τ∗ → ν� "

�
ν∗τ

> ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F �������  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F �������  )$�

����������+�
I��I�	� �� */&/. /0 /-(),)-()-. '2 ()317 &'()0� �10)( '-
NR>�?<�� #)$�

��� �/&/. /0 /-(),)-()-. '2 τ∗ ()317 &'()�
��� ��,)60)()( �7 ����� ��-�
��� ��,)60)()( �7 ����#� ���

 ����� &�� ��
���� τ $τ∗% &��� ������ ����	
���� ����� &�� ��
���� τ $τ∗% &��� ������ ����	
���� ����� &�� ��
���� τ $τ∗% &��� ������ ����	
���� ����� &�� ��
���� τ $τ∗% &��� ������ ����	
����

4)0) */&/.0 16) 26'& �� �− → τ∗ τ 1-( (),)-( '- .61-0/./'- &19-)./3 3'�,*/-9
�).5))- τ 1-( τ∗� �** */&/.0 100�&) τ∗ → τ γ ()317� �/&/.0 26'& ��� 16) 2'6 34/61*
3'�,*/-9" 54)6)10 1** '.4)6 */&/.0 16) 2'6 -'-34/61* 3'�,*/-9" η� F η� F �� - &'0.
,1,)60" .4) */&/. /0 );,6)00)( /- .4) 2'6& '2 1- );3*�()( 6)9/'- /- .4) λ−�

τ∗ ,*1-)�
�)) .4) '6/9/-1* ,1,)60�

����� ����� ��� ������
� �� ���
 �����
�

>���>���>���>��� �� ��� ������ ��� ���� �� �− → τ τ∗
• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
>��� �� ��� ������ ��	 �� �� �− → τ τ∗
>��� �� ��� ������ ��� �� �� �− → τ τ∗

��� ������ ��% ���� �� �− → τ τ∗
��� ������ ��� �� �� �− → τ τ∗
��� ����� ��, ���� �� �− → τ τ∗
��� ��	���
��� ��� ���� �� �− → τ τ∗
��� ����
� ��3 ���� � → τ τ∗

���,��� ����� ��	 ���� �� �− → τ τ∗
���,��� ������ ��� �� �� �− → τ τ∗

��� ��	���
��� �� ���� �� �− → τ τ∗
��� ����� ��
 ���� �� �− → τ τ∗
��� ������ ��� �� �� �− → τ τ∗
��� ���H����� ��G ���� �� �− → τ τ∗
��� ���	��� ��?���� �� �− → τ τ∗

> �� �� ����� ��- �� � → τ τ∗" λ� > �.�

> �� �� ����� ��� ���� � → τ τ∗" λ� > �.�

> �� �� ����#� �� ���� � → τ τ∗" λ� > �.��

> �� �� ��� ���$� ��# �� � → τ τ∗" λ� >�

> ��.� �� �	��I! ��% ���� � → τ τ∗" λ� >�

> �� �� ��� ����#� ��� ���� � → τ τ∗" λ�F�

> �� �� ��� ���
�� �� G��� �� �− → τ τ∗" λγF�

> ��.� �� ��� ������� �� ���� �� �− → τ τ∗" λγF�

> ��.� �� ��� ������� �� ���� �� �− → τ τ∗" λγF�.�

��������� ��� 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.
√
	 F �������  )$� � F � ′ F Q8�

τ∗
/0 100�&)( 2'6 τ∗ 3'�,*/-9� �)) .4)/6 �/9� �3 2'6 .4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9
,*1-)�

��������� ��	 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.
√
	 F �������  )$� � F � ′ F Q8�

τ∗
/0 100�&)(� �)) .4)/6 �/9� � 2'6 .4) );3*�0/'- ,*'. /- .4) &100+3'�,*/-9 ,*1-)�

��������� ��� 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.
√
	 F �������  )$� �F� ′FQ8�

τ∗ /0

100�&)( 2'6 .4) τ∗ 3'�,*/-9� �)) .4)/6 �/9� � 2'6 */&/.0 /- .4) &100+3'�,*/-9 ,*1-)�
��������� ��% 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F�������  )$� �)) .4)/6 �/9� � 2'6

*/&/.0 /- &100+3'�,*/-9 ,*1-)�
��������� ��� 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F���  )$� �)) .4)/6 �/9� � 2'6 */&/.0

/- &100+3'�,*/-9 ,*1-)�
�������� ��, 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F ���  )$� �)) .4)/6 �/90� � 1-( � 2'6

.4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
�����	���
��� ��� 26'& �� �− 3'**/0/'-0 1.

√
	F�������  )$� �)) .4)/6 �/9� �� 2'6 .4)

);3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
�������
� ��3 '�.1/- */&/.0 '- .4) � τ τ∗ 3'�,*/-9� �)) .4)/6 �/9� �� 2'6 */&/.0 /- &100+

3'�,*/-9 ,*1-)
����6'& �� �− 3'**/0/'-0 1.

√
	F ���  )$�

����)) �/9� �1 1-( �/9� �1 '2 ����� ��	 2'6 .4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
��� �)) �/9� � 1-( �/9� � '2 ������ ��� 2'6 .4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
�����	���
��� �� 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F ���  )$� �)) .4)/6 �/9� � 2'6

.4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
�������� ��
 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F �������  )$� �)) .4)/6 �/9� � 2'6

.4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
��������� ��� 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F �������  )$� �)) .4)/6 �/9� � 2'6

.4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
������H����� ��G 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F �������  )$� �)) .4)/6 �/9� �1

2'6 .4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
������	��� ��? 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F �������  )$� �)) .4)/6 �/9� �

2'6 .4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
��� ��,)60)()( �7 ����� ��-�
��� ��,)60)()( �7 ����#� ���
������
�� �� /0 1. �3& F �����.��  )$�
���������� �� */&/. /0 1. �3& F �����.�  )$�

����  #�#�� &�� ��
���� ��	����� $ν∗%����  #�#�� &�� ��
���� ��	����� $ν∗%����  #�#�� &�� ��
���� ��	����� $ν∗%����  #�#�� &�� ��
���� ��	����� $ν∗%

 ����� &�� ��
���� ν $ν∗% &��� ���� ����	
���� ����� &�� ��
���� ν $ν∗% &��� ���� ����	
���� ����� &�� ��
���� ν $ν∗% &��� ���� ����	
���� ����� &�� ��
���� ν $ν∗% &��� ���� ����	
����

4)0) */&/.0 16) '�.1/-)( 26'& �� �− → ν∗ ν∗ 1-( .4�0 6)*7 '-*7 '- .4) >)*)3.6'5)1@?
34169) '2 ν∗� �'6& 213.'6 )J)3.0 16) /9-'6)( �-*)00 -'.)(� 
4) ν∗ 3'�,*/-9 /0 100�&)(
.' �) '2 0)K�)-./1* .7,) �-*)00 '.4)65/0) -'.)(� �** */&/.0 100�&) 1 ('&/-1-. ν∗ →
ν γ ()317 );3),. .4) */&/.0 26'& R>�?�

����� ����� ��� ������
� �� ���
 �����
�

>���.�>���.�>���.�>���.� �� ��� ������ ��	 �� �� �− → ν∗ ν∗ �'&'('��*). .7,)



���	���	���	���	

�������� ����	�
� �	��	��

����� ��� ��	��� ���	���������

• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
��� ������ ��4 ����

> ��.� �� ��� ������ ��� �� �� �− → ν∗ ν∗ �'&'('��*). .7,)
> ��.� �� ��� ������ ��% ���� �� �− → ν∗ ν∗ �'&'('��*). .7,)

��� ������" ��� ����

> ��.� �� ��� ������ ��� �� �� �− → ν∗ ν∗ �'&'('��*). .7,)
��� ������ ��$ ����

> ��.� �� ��� ����� ��, ���� �'&'('��*). .7,)

> ��.� �� ��� ��	���
��� ��� ���� �� �− → ν∗ ν∗ �'&'('��*). .7,)
��� ����
� ��3 ���� � → ν∗ ν∗

> ��.� �� ���,��� ����� ��	 ���� �� �− → ν∗ ν∗ �'&'('��*). .7,)
> ��.� �� ���,��� ����� ��	 ���� �� �− → ν∗ ν∗ �)K�)-./1* .7,)
> ��.� �� ���,��� ������ ��� �� �� �− → ν∗ ν∗ �)K�)-./1* .7,)
> ��.� �� ���,��� ��	���
��� �� ���� �� �− → ν∗ ν∗ �'&'('��*). .7,)
> ��.� �� ���,��� ������ ��� �� �� �− → ν∗ ν∗ �)K�)-./1* .7,)
> ��.� �� ���,��� ���H����� ��G ���� �� �− → ν∗ ν∗ �'&'('��*). .7,)
> ��.� �� ��� ���	��� ��?���� �� �− → ν∗ ν∗ �)K�)-./1* .7,)
> ��.� �� ��� �������+��� �� �$�� R>�?

> �� �� ��� ����#� �� ����

> ��.� �� ��� ����#� �� ���� R>�?

> ��.� �� ���,��� ����#� ��, ���� R>�?

> �� �� ���,��� ����#� ��, ����

����6'& �� �− 3'**/0/'-0 1.
√
	 F �������  )$� � F − � ′ /0 100�&)(� ������ ��	 1*0'

'�.1/- */&/. 2'6 � F � ′M �
ν∗�

> ���.�  )$" �
ν∗µ

> ���.�  )$" 1-( �
ν∗τ

> ��.�  )$�

�)) .4)/6 �/9� � 2'6 .4) );3*�0/'- ,*'. /- .4) &100+3'�,*/-9 ,*1-)�
����6'& �� �− 3'**/0/'-0 1.

√
s F �������  )$" ������ ��4 '�.1/- */&/. '-

σ>�� �− → ν∗ ν∗? ��>ν∗ → ν γ?� �)) .4)/6 �/9��� 
4) */&/. 61-9)0 26'& �� .'
��2� 2'6 �

ν∗ > ��  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	 F �������  )$� �F� ′ /0 100�&)(� ������ ��� 1*0'

'�.1/- */&/. 2'6 �F−� ′M �
ν∗�

> ��.�  )$" �
ν∗µ

> ��.�  )$" �
ν∗τ

> ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F�������  )$� �F−� ′ >,4'.'-/3 ()317? /0 100�&)(� ��+

���� ��% 1*0' '�.1/- */&/. 2'6 �F� ′ >ν∗ → �� ?M �
ν∗�

> ��.�  )$" �
ν∗µ

> ��.�

 )$" �
ν∗τ

> ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F ���  )$� ������" ��� '�.1/- */&/. '- σ>�� �− →

ν∗ ν∗?�>ν∗ → ν γ?�� �)) .4)/6 �/9� ��� 
4) */&/. 61-9)0 26'& �� .' �� 2� 2'6
√
	8�F

��  )$>�
ν∗ >��  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F���  )$� �F−� ′ >,4'.'-/3 ()317? /0 100�&)(� ����+

�� ��� 1*0' '�.1/- */&/. 2'6 �F� ′ >ν∗ → �� ?M �
ν∗�

> ��.�  )$" �
ν∗µ

> ��.�  )$"

�
ν∗τ

> ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F �������  )$" ������ ��$ '�.1/- */&/. '- σ>�� �− →

ν∗ ν∗? �>ν∗ → ν γ?�� �)) .4)/6 �/9� ��� 
4) */&/. 61-9)0 26'& �.��� .' �.�� ,� 2'6√
	8�>�

ν∗ > ��  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F ���  )$� �F−� ′ /0 100�&)(� ����� ��, 1*0' '�.1/-

*/&/. 2'6 �F� ′M �ν
�∗

> ��.�  )$" �ν
µ∗

> ��.�  )$" �ν
τ∗

> ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F�������  )$� ��	���
��� ��� 1*0' '�.1/- */&/. 26'&

34169)( ()317 &'()0M �
ν∗�

> ��.�  )$" �
ν∗µ

> ��.�  )$" 1-( �
ν∗τ

> ��.�  )$�

�������
� ��3 '�.1/- */&/.0 '- .4) 2'6& 213.'6� �)) .4)/6 �/9� �� 2'6 */&/.0 /- &100+2'6&
213.'6 ,*1-)�

����6'& �� �− 3'**/0/'-0 1.
√
	F ���  )$�

�������� ��	 1*0' '�.1/- */&/.0 26'& 34169)( 3�66)-. ()317 &'()0" �
ν∗ > ��.�  )$�

�������� ��	 1*0' '�.1/- */&/.0 26'& 34169)( 3�66)-. ()317 &'()0" �
ν∗ > ��.�  )$�

��������� ��� 1*0' '�.1/- */&/.0 26'& 34169)( 3�66)-. ()317 &'() ν∗� → �� " �
ν∗ >

��.�  )$�
�����	���
��� �� 1*0' '�.1/- */&/.0 26'& 34169)( 3�66)-. ()317 &'()0 �

ν∗�
> ��.�

 )$" �
ν∗µ

> ��.�  )$" �
ν∗τ

> ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F �������  )$�

��������� ��� 1*0' '�.1/- */&/. 26'& ν∗ → �� ()317 &'()M �
ν∗ > ��.�  )$�

����6'& �� �− 3'**/0/'-0 1.
√
	F �������  )$�

������H����� ��G 1*0' '�.1/- */&/.0 26'& 34169)( 3�66)-. ()317 &'()0M �
ν∗�

> ��.�

 )$" �
ν∗µ

> ��.�  )$" �
ν∗τ

> ��.�  )$�

����������+�
I��I�	� �� */&/. /0 2'6 �/613 ν∗� �10)( '- NR>�?<�� #)$� 
4)
*/&/. /0 ��.�  )$ 2'6 #1O'61-1 ν∗" ��.�  )$ 2'6 4'&'('��*). ν∗�

��� �/&/. /0 �10)( '- �>� → ν∗ ν∗?×�>ν∗ → ν γ?� < � × ��−� >��C��? 100�&/-9

�/613 ν∗" �>ν∗ → ν γ? F ��
��� �/&/. /0 2'6 �/613 ν∗� 
4) */&/. /0 ��.�  )$ 2'6 #1O'61-1 ν∗" ��.�  )$ 2'6 4'&'('��*).

ν∗�
�������#� ��, */&/. /0 26'& );3)00 NR>�? < �� #)$� 
4) 1�'=) =1*�) /0 2'6 �/613 ν∗<

��.�  )$ 2'6 #1O'61-1 ν∗< ��.�  )$ 2'6 4'&'('��*). ν∗�
��� ��,)60)()( �7 ����#� ���
�������#� ��, */&/. �10)( '- �>� → ν∗ ν∗?·�>ν∗ → ν γ?� < � × ��−� >��C��?"

100�&/-9 �/613 ν∗" �>ν∗ → ν γ? F ��

 ����� &�� ��
���� ν $ν∗% &��� ������ ����	
���� ����� &�� ��
���� ν $ν∗% &��� ������ ����	
���� ����� &�� ��
���� ν $ν∗% &��� ������ ����	
���� ����� &�� ��
���� ν $ν∗% &��� ������ ����	
����

4)0) */&/.0 16) 26'& �� �− → ν ν∗" � → ν ν∗" '6 � � → ν∗� 1-( (),)-( '-
.61-0/./'- &19-)./3 3'�,*/-9 �).5))- ν8� 1-( ν∗� �00�&,./'-0 1�'�. ν∗ ()317 &'()
16) 9/=)- /- 2''.-'.)0�

����� ����� ��� ������
� �� ���
 �����
�

>���>���>���>��� �� ��� ������ ��	 �� �� �− → ν ν∗
• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
-'-) ������ �� ��� ������ �� �� � � → ν∗H
>��� �� ��� ���	���$ ��� %��� � � → ν∗H
>��� �� ��� ������ ��� �� �� �− → ν ν∗

��� ������ ��% ���� �� �− → ν ν∗
��� ������" ��� ����
��� ������ ��� �� �� �− → ν ν∗

>��� �� ��� ������ ��� �� � � → ν∗H
��� ������ ��$ ����
��� ����� ��, ���� �� �− → ν ν∗
��� ��	���
��� ��� ���� �� �− → ν∗ ν∗ �'+

&'('��*). .7,)
��� ����
� ��3 ���� � → ν ν∗

���,��� ����� ��	 ���� �� �− → ν ν∗
��� ����� ��% ���� ν∗ → �� " ν�
��� ����� ��� ���� ν∗ → ν γ

���,��� ������ ��� �� �� �− → ν ν∗
��� ��	���
��� �� ���� �� �− → ν ν∗
��� ������ �� �� �),.'-+L1='6 =/'*1./'-

-'-) ����� �� ��� ���
I� ��� %��� � � → ν∗H
��� ������ ��� �� �� �− → ν ν∗
��� ���H����� ��G ���� �� �− → ν ν∗
��� ���	��� ��?���� �� �− → ν ν∗
��� �����	 ��	 %��� � � → ν∗H
��� ��
 �� �� � � → ν∗H

> �� �� ����� ��- �� λ� >�" ν∗ → ν γ

> �� �� ����� ��- �� λ� >�" ν∗� → ��

> �� �� ����� ��- �� λ� > �.�" ν∗ → ν γ

> �� �� ����� ��- �� λ� > �.�" ν∗
�
→ ��

��� �������+��� �� �$��

> �� �� ��� ����#� �� ���� λ� >�

> �� �� ��� ����#� �� ���� λ� > �.���

> �� �� ���,��� ���$� ��, �� λ� >�

> �� �� ��� ���$� ��, �� λ� > �.�" ν∗ → ν γ

> �� �� ��� ���$� ��, �� λ� > �.�" ν∗� → ��

> �� �� ���,��� ����#� ��, ���� λ� >�

> ��.� �� ���,��� ����#� ��, ���� λ� > �.��

��������� ��	 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.
√
	 F �������  )$� 
4) K�'.)( */&/.

/0 2'6 ν∗� � � F − � ′ F Q8�
ν∗ /0 100�&)(� �)) .4)/6 �/9� � 2'6 .4) );3*�0/'- ,*'. /- .4)

&100+3'�,*/-9 ,*1-)�
��������� �� 0)1634 2'6 0/-9*) ν∗ ,6'(�3./'- /- � � 3'**/0/'-0 5/.4 .4) ()3170 ν∗ → ν γ"

ν� " �� � 
4) K�'.)( */&/. 100�&)0 � F −� ′ F Q8�
ν∗ � �)) .4)/6 �/9� � 2'6 .4) );3*�0/'-

,*'.0 /- .4) &100+3'�,*/-9 ,*1-)�
������	���$ ��� 0)1634 2'6 0/-9*) ν∗ ,6'(�3./'- /- � � 3'**/0/'-0 5/.4 .4) ()3170 ν∗ →

ν γ" ν� " �� � � F −� ′ F Q8�
ν∗ /0 100�&)( 2'6 .4) �

∗ 3'�,*/-9� ���	���$ ���

1*0' '�.1/- */&/. 2'6 � F � ′ F Q8�
ν∗ M �ν∗ >���  )$� �)) .4)/6 �/9� �3 1-( �/9� �( 2'6

.4) );3*�0/'- ,*'. /- .4) &100+3'�,*/-9 ,*1-)�
��������� ��� 0)1634 2'6 ν ν∗ ,6'(�3./'- /- �� �− 3'**/0/'-0 1.

√
	 F �������  )$

5/.4 ()3170 ν∗ → ν γ" ν∗ → �� � �F−� ′FQ8�
ν∗ /0 100�&)( 2'6 .4) ν∗ 3'�,*/-9�

�)) .4)/6 �/9� � 2'6 */&/.0 /- .4) &100+3'�,*/-9 ,*1-)�
��������� ��% 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F�������  )$� �)) .4)/6 �/9� � 2'6

*/&/.0 /- &100+3'�,*/-9 ,*1-)�
����6'& �� �− 3'**/0/'-0 1.

√
	F ���  )$� ������" ��� '�.1/- */&/. '- σ>�� �− →

ν∗ ν∗?�>ν∗ → ν γ?�� �)) .4)/6 �/9� ���
��������� ��� 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F���  )$� �)) .4)/6 �/9� � 2'6 */&/.0

/- &100+3'�,*/-9 ,*1-)�
��������� ��� 0)1634 2'6 0/-9*) ν∗ ,6'(�3./'- /- � � 3'**/0/'-0 5/.4 .4) ()3170 ν∗ → ν γ"

ν� " �� � 
4) K�'.)( */&/. 100�&)0 �F−� ′FQ8�
ν∗ � �)) .4)/6 �/9� �� 2'6 .4) );3*�0/'-

,*'. /- .4) &100+3'�,*/-9 ,*1-)�
����6'& �� �− 3'**/0/'-0 1.

√
	F �������  )$" ������ ��$ '�.1/- */&/. '- σ>�� �− →

ν ν∗? �>ν∗ → ν γ?� �)) .4)/6 �/9� ��
�������� ��, 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F ���  )$� �)) .4)/6 �/90� � 1-( � 2'6

.4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
�����	���
��� ��� 26'& �� �− 3'**/0/'-0 1.

√
	F�������  )$� �)) .4)/6 �/9� �� 2'6 .4)

);3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
�������
� ��3 '�.1/- */&/.0 '- .4) � ν ν∗ 3'�,*/-9� �)) .4)/6 �/9� �� 2'6 */&/.0 /- &100+

3'�,*/-9 ,*1-)
����6'& �� �− 3'**/0/'-0 1.

√
	F ���  )$�

����)) �/9� �� 1-( �/9� �� '2 ����� ��	 2'6 .4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
�������� ��% */&/. /0 26'& � → ν ν∗� �)) .4)/6 �/9� �� 2'6 .4) );3*�0/'- */&/. /- .4)

&100+3'�,*/-9 ,*1-)�
�������� ��� */&/. /0 26'& � → ν ν∗� �)) .4)/6 �/9� � 2'6 .4) );3*�0/'- */&/. /- .4)

&100+3'�,*/-9 ,*1-)�
��� �)) �/9� � 1-( �/9� � '2 ������ ��� 2'6 .4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
�����	���
��� �� 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F ���  )$" 2'6 4'&'('��*). ν∗�

�)) .4)/6 �/9� � 2'6 .4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
��������� �� 0)1634 2'6 0/-9*) �∗ ,6'(�3./'- /- � � 3'**/0/'-0 5/.4 .4) ()3170 �∗ → � γ"

� � " ν� � �)) .4)/6 �/9� � 2'6 .4) 6)O)3./'- */&/.0 '- .4) ,6'(�3. '2 .4) ,6'(�3./'- 36'00
0)3./'- 1-( .4) �61-34/-9 61./'�



����������������

��� ��� �� ���� 	
� �������� ����	�
� �	��	��

����� ��� ��	��� ���	���������

������
I� ��� 0)1634 2'6 0/-9*) ν∗ ,6'(�3./'- /- � � 3'**/0/'-0 5/.4 .4) ()317 ν∗ →
ν γ� �F−� ′F�Q8�

ν∗ /0 100�&)( 2'6 .4) ν∗ 3'�,*/-9� �)) .4)/6 �/9� �� 2'6 .4) );3*�0/'-
,*'. /- .4) &100+3'�,*/-9 ,*1-)�

��������� ��� 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.
√
	F �������  )$� �)) .4)/6 �/9� � 2'6

.4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
������H����� ��G 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F �������  )$ 2'6

4'&'('��*). ν∗� �)) .4)/6 �/9� �� 1-( �/9� �3 2'6 .4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9
,*1-)�

������	��� ��? 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.
√
	F �������  )$� �)) .4)/6 �/9� �

2'6 .4) );3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
��������	 ��	 0)1634 2'6 0/-9*) ν∗ ,6'(�3./'- =/1 ν∗ �� 3'�,*/-9 /- � � 3'**/0/'-0 5/.4

.4) ()3170 ν∗ → ν γ" ν� " �� � �)) .4)/6 �/9� �� 2'6 .4) );3*�0/'- ,*'. /- .4) �
ν∗−λγ

,*1-)�
�����
 �� 0)1634 2'6 0/-9*) ν∗ ,6'(�3./'- =/1 ν∗ �� 3'�,*/-9 /- � � 3'**/0/'-0 5/.4 .4)

()3170 ν∗ → ν γ" ν� " �� � �)) .4)/6 �/9� � 2'6 );3*�0/'- ,*'. /- .4) �
ν∗�λ� ,*1-)�

��� �)) �/9� � '2 �������+�
I��I�	� �� 2'6 3'&�/-)( */&/. '2 ���$� ��," ��+
��#� ��," 1-( ����#� ���

�������#� �� */&/. /0 �10)( '- �>� → ν∗ ν?×�>ν∗ → ν γ? < �.� × ��−� >��C��?
100�&/-9 �/613 ν∗" �>ν∗ → ν γ? F ��

��� �/&/. /0 )/.4)6 2'6 ν∗ → ν γ '6 ν∗ → �� �
��� ��,)60)()( �7 ����� ��-�
�������#� ��, */&/. �10)( '- �>� → ν ν∗?·�>ν∗ → ν γ? < � × ��−� >��C��?"

100�&/-9 �>ν∗ → ν γ? F ��
��� ��,)60)()( �7 ����#� ���

����  #�#�� &�� ��
���� � $�∗%����  #�#�� &�� ��
���� � $�∗%����  #�#�� &�� ��
���� � $�∗%����  #�#�� &�� ��
���� � $�∗%

 ����� &�� ��
���� � $�∗% &��� ���� ����	
���� ����� &�� ��
���� � $�∗% &��� ���� ����	
���� ����� &�� ��
���� � $�∗% &��� ���� ����	
���� ����� &�� ��
���� � $�∗% &��� ���� ����	
����

4)0) */&/.0 16) '�.1/-)( 26'& �� �− → 
∗ 
∗ 1-( .4�0 6)*7 '-*7 '- .4) >)*)3.6'5)1@?
34169) '2 .4) 
∗� �'6& 213.'6 )J)3.0 16) /9-'6)( �-*)00 -'.)(� �00�&,./'-0 1�'�.
.4) 
∗ ()317 16) 9/=)- /- .4) 3'&&)-.0 1-( 2''.-'.)0�

����� ����� ��� ������
� �� ���
 �����
�

>��.�>��.�>��.�>��.� �� ��� ����� ��- �� * '6 ' .7,)" � → 
∗ 
∗
• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •

��� ����
� ��3 ���� � → 
∗ 
∗
��� ����� ��$ �� � → 
∗ 
∗

>��.� �� ��� �������+��� �� �$�� *+.7,)" R>�?

>��.� �� ��� �������+��� �� �$�� '+.7,)" R>�?

>��.� �� ��� ����#� �� ���� *+.7,)" R>�?

>��.� �� ��� ����#� �� ���� '+.7,)" R>�?

>�� �� ��� ����#� �� ���� * '6 ' .7,)"

� → 
∗ 
∗
>�� �� ��� ����� ��$ ���� *+.7,)" R>�?

>�� �� ��� ����� ��$ ���� '+.7,)" R>�?

>��.� �� ��� ������� ��� ���� �>
∗? F −�8�" 
∗ →

�

>��.� �� ��� ������� ��� ���� �>
∗? F �8�" 
∗ → 
�

>��.� �� ��� ������� ��� ���� �>
∗? F −�8�" 
∗ →

γ

>��.� �� ��� ������� ��� ���� �>
∗? F �8�" 
∗ → 
γ

�������� ��- */&/. /0 =1*/( 2'6 �>
∗ → 
�?> �.�� >�.��? 2'6 �, >('5-? .7,)�
�������
� ��3 '�.1/- */&/.0 '- .4) 2'6& 213.'6� �)) .4)/6 �/9� �� 2'6 */&/.0 /- &100+2'6&

213.'6 ,*1-)�
�������� ��$ 0)1634 2'6 � → 
∗ 
∗ 2'**'5)( 5/.4 
∗ → 
γ ()3170 1-( 9/=) .4) */&/.

σ� · �>� → 
∗ 
∗? · ��>
∗ → 
γ? <� ,� 1. ��C��� �00�&/-9 B=) L1='60 '2

()9)-)61.) 
∗ '2 4'&'('��*). .7,)" �>
∗ → 
γ? <�C /0 '�.1/-)( 2'6 �

∗ <��  )$�

����������+�
I��I�	� �� */&/. �10)( '- NR>�?<�� #)$�
���
4)0) */&/.0 16) /-(),)-()-. '2 ()317 &'()0�
��� �/&/. /0 2'6 �>
∗ → 
�?��>
∗ → 
γ?F��
���������� ��� 0)1634 2'6 �� �− → 
∗ 
∗ 2'6 �


∗ >�  )$� ��. � < �  )$ );3*�()(

�7 .'.1* 41(6'-/3 36'00 0)3./'-� 
4) */&/.0 16) 2'6 ,'/-.+*/@) ,4'.'- 3'�,*/-90 '2 );3/.)(
K�16@0�

 ����� &�� ��
���� � $�∗% &��� ������ ����	
���� ����� &�� ��
���� � $�∗% &��� ������ ����	
���� ����� &�� ��
���� � $�∗% &��� ������ ����	
���� ����� &�� ��
���� � $�∗% &��� ������ ����	
����

4)0) */&/.0 16) 26'& �� �− → 
∗ 
 '6 �� → 
∗H 1-( (),)-( '- .61-0/./'-
&19-)./3 3'�,*/-90 �).5))- 
 1-( 
∗� �00�&,./'-0 1�'�. 
∗ ()317 &'() 16) 9/=)-
/- .4) 2''.-'.)0 1-( 3'&&)-.0�

����� ����� ��� ������
� �� ���
 �����
�

>���>���>���>��� �� ��� ���%�$ ��� �� �� → 
∗� " 
∗ → 
�

-'-) ������� 1-(
�������

�� ��� ��� ��� ��� �� → 
∗H" 
∗ → �
O).0

-'-) ������-'-) ������-'-) ������-'-) ������ �� ��� ��� ��4 ��� �� → 
∗H" 
∗ → 
�

γ" 
�

• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
>��� �� ��� ���	���$ ��� %��� � � → 
∗H
>��� �� ��� ������ ��� �� � � → 
∗H

��� ����� ��, ���� �� �− → 

∗
��� ����
� ��3 ���� � → 

∗
��� ������ �� �� �),.'-+L1='6 =/'*1./'-

-'-) ������ �� ��� ���
I� ��� %��� � � → 
∗H
��� �����	 ��	 %��� � � → 
∗H

-'-) ������ �� ��� ��� �� ��� �� → 
∗H" 
∗ → 
γ"

�

> �� �� ��� ����� ��- �� λ� >��?> �.��

>��� �� ��� ��

 �� ��� �� → 
∗H" 
∗ → 
�
��� ����� ��� ���� � → 

∗
��� ����� ��$ �� � → 

∗

> �� �� ��� ����#� �� ���� � → 

∗" λ� >�

> �� �� ��� ����#� �� ���� � → 

∗" λ� >�

> �� �� ��� �	��I! ��� ���� � → 

∗" λ� > �.�
��� ����G�� �� ��� �� → 
∗H"


∗ → 
�
> �� �� ��� ������� ��� ���� �� �− → 
∗ 
 >
∗ →


� "
γ?" λγF�

������%�$ ��� 100�&) �	 F � F � ′ F Q8�

∗ �

������ ��� 0)1634 2'6 -)5 ,16./3*) ()317/-9 .' (/O).0�
������ ��4 100�&) 1 ()9)-)61.) *∗ 1-( '∗ 5/.4 �	F�F� ′FQ8�
∗ � �)) .4)/6 �/9� � 2'6

.4) );3*�()( 6)9/'- /- �

∗ − � ,*1-)�

������	���$ ��� 0)1634 2'6 0/-9*) 
∗ ,6'(�3./'- /- � � 3'**/0/'-0 5/.4 .4) ()3170 
∗ →

γ" 
� " 
� � �	 F � 1-( � F � ′ F Q8�


∗ /0 100�&)( 2'6 .4) 

∗ 3'�,*/-9� �)) .4)/6

�/9� �� 2'6 .4) );3*�0/'- ,*'. /- .4) &100+3'�,*/-9 ,*1-)�
��������� ��� 0)1634 2'6 0/-9*) 
∗ ,6'(�3./'- /- � � 3'**/0/'-0 5/.4 .4) ()3170 
∗ → 
γ"


� " 
� � �	F� 1-( �F�
′FQ8�


∗ /0 100�&)( 2'6 .4) 

∗ 3'�,*/-9� �)) .4)/6 �/9� �� 2'6

.4) );3*�0/'- ,*'. /- .4) &100+3'�,*/-9 ,*1-)�
�������� ��, 6)0�*. /0 26'& �� �− 3'**/0/'-0 1.

√
	F ���  )$� �)) .4)/6 �/9� � 2'6 .4)

);3*�0/'- */&/. /- .4) &100+3'�,*/-9 ,*1-)�
�������
� ��3 '�.1/- */&/.0 '- .4) � 

∗ 3'�,*/-9� �)) .4)/6 �/9� �� 2'6 */&/.0 /- &100+

3'�,*/-9 ,*1-)
��������� �� 0)1634 2'6 0/-9*) 
∗ ,6'(�3./'- /- � � 3'**/0/'-0 5/.4 .4) ()317 
∗ → 
γ�

�)) .4)/6 �/9� � 2'6 .4) 6)O)3./'- */&/.0 '- .4) ,6'(�3. '2 .4) ,6'(�3./'- 36'00 0)3./'-
1-( .4) �61-34/-9 61./'�

������
I� ��� 0)1634 2'6 0/-9*) 
∗ ,6'(�3./'- /- � � 3'**/0/'-0 5/.4 .4) ()3170 
∗ →

γ" 
� � �	F�" 1-( �F−� ′F�Q8�


∗ /0 100�&)( 2'6 .4) 

∗ 3'�,*/-9� �)) .4)/6 �/9� ��

2'6 .4) );3*�0/'- ,*'. /- .4) &100+3'�,*/-9 ,*1-)�
��������	 ��	 0)1634 2'6 0/-9*) 
∗ ,6'(�3./'- =/1 
∗ 
γ 3'�,*/-9 /- � � 3'**/0/'-0 5/.4

.4) ()3170 
∗ → 
� " 
� " 
� " 
γ� �)) .4)/6 �/9� �� 2'6 .4) );3*�0/'- ,*'. /- .4)
�

∗−λγ ,*1-)�

������ �� 0)1634 2'6 6)0'-1-3)0 /- O).+γ 1-( O).+� /-=16/1-. &100 /- �� 3'**/0/'-0 1. �3&
F �.� 
)$� 
4) */&/. /0 2'6 �	 F � F � ′ F Q8�


∗ 1-( *
∗ 1-( '∗ 16) 100�&)( .' �)

()9)-)61.)� �)) .4)/6 �/9� � 2'6 .4) );3*�()( 6)9/'- /- �

∗ +� ,*1-)�

����00�&)0 �>
∗ → 
�? F ��
�����

 �� 0)1634 2'6 6)0'-1-3)0 /- .4) .5'+O). /-=16/1-. &100� 
4) */&/. /0 2'6 �	 F �

F � ′ F Q8�

∗ � *

∗ 1-( '∗ 16) 100�&)( .' �) ()9)-)61.)� 2 -'." .4) */&/. 2'6 *∗ >'∗?
/0 ��� >���?  )$ /2 �

'∗ � �
*∗ >�*∗ � �

'∗?�
�������� ��� 9/=) σ>�� �− → � → 
∗ 
 '6 

∗?×�>
∗ → 
γ? <�� ,� >��C ��?

2'6 �

∗ <��  )$�

�������� ��$ 0)1634 2'6 � → 

∗ 5/.4 
∗ → 
γ 1-( 9/=) .4) */&/. σ� · �>� →


∗? · �>
∗ → 
γ? <>����? ,� >��C��? 2'6 �


∗ F >�����?  )$�

����00�&)0 �>
∗ → 
γ? F �.��
�������G�� �� 9/=) σ>
∗ → � � O).?8σ>� ? < �.��� >��C ��? 2'6 �


∗ > ���  )$�

���������� ��� 410 �3& F ��.����.�  )$� �)) .4)/6 �/9� � 2'6 );3*�()( 6)9/'- /- .4)

�

∗−>λγ8�
∗ ?

� ,*1-)� 
4) */&/. /0 2'6 λγ F � 5/.4 η� F η� F ��

����  #�#�� &�� ���� ������ 4	��)� $��%����  #�#�� &�� ���� ������ 4	��)� $��%����  #�#�� &�� ���� ������ 4	��)� $��%����  #�#�� &�� ���� ������ 4	��)� $��%
����� ����� ��� ������
� �� ���
 �����
�

>��>��>��>�� �� ��� ��� ��� ��� �� → 
� 
�
������ ��� *''@ 2'6 ,1/6 ,6'(�3./'- '2 �-/.+34169)( ,16./3*)0 54/34 *)1=) .4) ().)3.'6

�)2'6) ()317/-9� - .4) 1�'=) */&/. .4) 3'*'6 0);.). K�16@ /0 100�&)( .' 2619&)-. /-.' 1
�-/.+34169)( '6 -)�.61* 41(6'- 5/.4 )K�1* ,6'�1�/*/.7 1-( .' 41=) *'-9 )-'�94 */2)./&)
-'. .' ()317 5/.4/- .4) ().)3.'6� � */&/. '2 ���  )$ /0 '�.1/-)( 2'6 1 3'*'6 ()3�,*).�

����  #�#�� &�� ���� �
��� ������  ������ $
�%����  #�#�� &�� ���� �
��� ������  ������ $
�%����  #�#�� &�� ���� �
��� ������  ������ $
�%����  #�#�� &�� ���� �
��� ������  ������ $
�%
λ ≡ ��.
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����� ����� ��� ������
� �� ���
 �����
�

>��>��>��>�� �� ��� ��� ��� ��� �.1�*) ��M �� → �� ��
• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •

��� ��
 �� �� ��M � � → ��H

-'-) �.����.� �� ��� 	# �� �#! ��M �
� �− → � � �

O).0
-'-) �.����.� �� ��� 	# �� �#! µ�M �

� �− → µµ �
O).0

��� 	# �� �#! ��M �
� �− → � � < �

>��.� �� ��� ���
�� ��	 G��� ��" µ�" τ�M �
� �−< �

-'-) ����.� �� ��� ���
�� ��	 G��� µ�M �
� �− → µµ �

O).0
��� ���
�� ��
 G��� ��M �

� �− → � � < �



����������������

�������� ����	�
� �	��	��

����� ��� ��	��� ���	���������
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EXTRA DIMENSIONS

Written December 2005 by G.F. Giudice (CERN) and J.D. Wells
(MCTP/Michigan).

I Introduction

The idea of using extra spatial dimensions to unify dif-

ferent forces started in 1914 with Nordstöm, who proposed a

5-dimensional vector theory to simultaneously describe elec-

tromagnetism and a scalar version of gravity. After the in-

vention of general relativity, in 1919 Kaluza noticed that the

5-dimensional generalization of Einstein theory can simultane-

ously describe gravitational and electromagnetic interactions.

The role of gauge invariance and the physical meaning of the

compactification of extra dimensions was elucidated by Klein.

However, the Kaluza-Klein (KK) theory failed in its original

purpose because of internal inconsistencies and was essentially

abandoned until the advent of supergravity in the late 70’s.

Higher-dimensional theories were reintroduced in physics to ex-

ploit the special properties that supergravity and superstring

theories possess for particular values of space-time dimensions.

More recently it was realized [1,2] that extra dimensions with

a fundamental scale of order TeV−1 could address the MW–

MPl hierarchy problem and therefore have direct implications

for collider experiments. Here we will review [3] the proposed

scenarios with experimentally accessible extra dimensions.

II Gravity in Flat Extra Dimensions

II.1 Theoretical Setup

Following ref. [1], let us consider a D-dimensional spacetime

with D = 4 + δ, where δ is the number of extra spatial

dimensions. The space is factorized into R4×Mδ (meaning that

the 4-dimensional part of the metric does not depend on extra-

dimensional coordinates), where Mδ is a δ-dimensional compact

space with finite volume Vδ. For concreteness, we will consider

a δ-dimensional torus of radius R, for which Vδ = (2πR)δ.

Standard Model (SM) fields are assumed to be localized on a

(3 + 1)-dimensional subspace. This assumption can be realized

in field theory, but it is most natural [4] in the setting of

string theory, where gauge and matter fields can be confined

to live on “branes” (for a review see ref. [5]) . On the other

hand, gravity, which according to general relativity is described

by the space-time geometry, extends to all D dimensions. The

Einstein action takes the form

SE =
M̄2+δ

D

2

∫
d4x dδy

√
−det g R(g), (1)

where x and y describe ordinary and extra coordinates, re-

spectively. The metric g, the scalar curvature R, and the re-

duced Planck mass M̄D refer to the D-dimensional theory. The

effective action for the 4-dimensional graviton is obtained by

restricting the metric indices to 4 dimensions and by performing

the integral in y. Because of the above-mentioned factorization

hypothesis, the integral in y reduces to the volume Vδ and

therefore the 4-dimensional reduced Planck mass is given by

M̄2
Pl = M̄2+δ

D Vδ = M̄2+δ
D (2πR)δ , (2)

where M̄Pl = MPl/
√

8π = 2.4 × 1018 GeV. The same formula

can be obtained from Gauss’s law in extra dimensions [6].

Following ref. [7], we will consider MD = (2π)δ/(2+δ)M̄D as the

fundamental D-dimensional Planck mass.

The key assumption of ref. [1] is that the hierarchy problem

is solved because the truly fundamental scale of gravity MD

(and therefore the ultraviolet cut-off of field theory) lies around

the TeV region. From Eq. (2) it follows that the correct value

of M̄Pl can be obtained with a large value of RMD. The inverse

compactification radius is therefore given by

R−1 = MD

(
MD/M̄Pl

)2/δ
, (3)

which corresponds to 4 × 10−4 eV, 20 keV, 7 MeV for MD =

1 TeV and δ = 2, 4, 6, respectively. In this framework, gravity

is weak because it is diluted in a large space (R 
 M−1
D ).

Of course a complete solution of the hierarchy problem would

require a dynamical explanation for the radius stabilization at

a large value.

A D-dimensional bosonic field can be expanded in Fourier

modes in the extra coordinates

φ(x, y) =
∑
n

ϕ(n)(x)√
Vδ

exp

(
i
�n · �y
R

)
. (4)

The sum is discrete because of the finite size of the compactified

space. The fields ϕ(n) are called the nth KK excitations (or

modes) of φ, and correspond to particles propagating in 4

dimensions with masses m2
(n) = |�n|2/R2 + m2

0, where m0 is

the mass of the zero mode. The D-dimensional graviton can

then be recast as a tower of KK states with increasing mass.

However, since R−1 in Eq. (3) is smaller than the typical energy

resolution in collider experiments, the mass distribution of KK

gravitons is practically continuous.

Although each KK graviton has a purely gravitational cou-

pling suppressed by M̄−1
Pl , inclusive processes in which we sum

over the large number of available gravitons have cross sections

suppressed only by powers of MD. Indeed, for scatterings with

typical energy E, we expect σ ∼ Eδ/M2+δ
D , as evident from

power-counting in D dimensions. Processes involving gravitons

are therefore detectable in collider experiments if MD is in the

TeV region.

The astrophysical considerations described in sect. II.6

set very stringent bounds on MD for δ < 4, in some cases

even ruling out the possibility of observing any signal at the
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LHC. However, these bounds disappear if there are no KK

gravitons lighter than about 100 MeV. Variations of the original

model exist [8,9] in which the light KK gravitons receive

small extra contributions to their masses, sufficient to evade

the astrophysical bounds. Notice that collider experiments are

nearly insensitive to such modifications of the infrared part of

the KK graviton spectrum, since they mostly probe the heavy

graviton modes. Therefore, in the context of these variations, it

is important to test at colliders extra-dimensional gravity also

for low values of δ, and even for δ = 1 [9]. In addition to these

direct experimental constraints, the proposal of gravity in flat

extra dimensions has dramatic cosmological consequences and

requires a rethinking of the thermal history of the universe for

temperatures as low as the MeV scale.

II.2 Collider Signals in Linearized Gravity

By making a derivative expansion of Einstein gravity,

one can construct an effective theory describing KK gravi-

ton interactions, which is valid for energies much smaller than

MD [7,10,11]. With the aid of this effective theory, it is pos-

sible to make predictions for graviton-emission processes at

colliders. Since the produced gravitons interact with matter

only with rates suppressed by inverse powers of M̄Pl, they will

remain undetected leaving a “missing-energy” signature. Extra-

dimensional gravitons have been searched for in the processes

e+e− → γ �E and e+e− → Z �E at LEP, and pp̄ → jet+ �ET

and pp̄ → γ+ �ET at the Tevatron. The combined LEP 95%

CL limits are [12] MD > 1.60, 1.20, 0.94, 0.77, 0.66 TeV

for δ = 2, . . . , 6 respectively. Experiments at the LHC will im-

prove the sensitivity. However, the theoretical predictions for

the graviton-emission rates should be applied with care to

hadron machines. The effective theory results are valid only for

center-of-mass energy of the parton collision much smaller than

MD.

The effective theory under consideration also contains the

full set of higher-dimensional operators, whose coefficients are

however not calculable, because they depend on the ultravi-

olet properties of gravity. This is in contrast with graviton

emission, which is a calculable process within the effective the-

ory because it is linked to the infrared properties of gravity.

The higher-dimensional operators are the analogue of the con-

tact interactions described in ref. [13]. Of particular interest

is the dimension-8 operator mediated by tree-level graviton

exchange [7,11,14]

Lint = ± 4π

Λ4
T

T , T =
1

2

(
TµνTµν − 1

δ + 2
Tµ

µ T ν
ν

)
, (5)

where Tµν is the energy momentum tensor. (There exist several

alternate definitions in the literature for the cutoff in Eq. (5)

including MTT used in the Listings, where M4
TT = (2/π)Λ4

T .)

This operator gives anomalous contributions to many high-

energy processes. The 95% CL limit from Bhabha scattering

and diphoton production at LEP is [15] ΛT > 1.29 (1.12) TeV

for constructive (destructive) interference, corresponding to the

± signs in Eq. (5). The analogous limit from Drell-Yan and

diphotons at Tevatron is [16] ΛT > 1.43 (1.27) TeV.

Graviton loops can be even more important than tree-level

exchange, because they can generate operators of dimension

lower than 8. For simple graviton loops, there is only one

dimension-6 operator that can be generated (excluding Higgs

fields in the external legs) [18,19],

Lint = ± 4π

Λ2
Υ

Υ, Υ =
1

2

⎛⎝ ∑
f=q,�

f̄γµγ5f

⎞⎠2

. (6)

Here the sum extends over all quarks and leptons in the theory.

The 95% CL combined LEP limit [20] from lepton-pair pro-

cesses is ΛΥ > 17.2 (15.1) TeV for constructive (destructive)

interference, and ΛΥ > 15.3 (11.5) TeV is obtained from b̄b pro-

duction. Limits from graviton emission and effective operators

cannot be compared in a model-independent way, unless one

introduces some well-defined cutoff procedure (see, e.g. ref. [19])

.

II.3 The Transplanckian Regime

The use of linearized Einstein gravity, discussed in sect. II.2,

is valid for processes with typical center-of-mass energy√
s � MD. The physics at

√
s ∼ MD can be described only

with knowledge of the underlying quantum-gravity theory. Toy

models have been used to mimic possible effects of string the-

ory at colliders [21]. Once we access the transplanckian region√
s 
 MD, a semiclassical description of the scattering pro-

cess becomes adequate. Indeed, in the transplanckian limit, the

Schwarzschild radius for a colliding system with center-of-mass

energy
√

s in D = 4 + δ dimensions,

RS =

[
2δπ(δ−3)/2

δ + 2
Γ

(
δ + 3

2

) √
s

M δ+2
D

]1/(δ+1)

, (7)

is larger than the D-dimensional Planck length M−1
D . Therefore,

quantum-gravity effects are subleading with respect to classical

gravitational effects (described by RS).

If the impact parameter b of the process satisfies b 
 RS,

the transplanckian collision is determined by linear semiclassical

gravitational scattering. The corresponding cross sections have

been computed [22] in the eikonal approximation, valid in the

limit of small deflection angle. The collider signal at the LHC

is a dijet final state, with features characteristic of gravity in

extra dimensions.

When b < RS, we expect gravitational collapse and black-

hole formation [23,24] (see ref. [25] and references therein).

The black-hole production cross section is estimated to be of

order the geometric area σ ∼ πR2
S. This estimate has large

uncertainties due, for instance, to the unknown amount of

gravitational radiation emitted during collapse. Nevertheless,

for MD close to the weak scale, the black-hole production rate

at the LHC is large. For example, the production cross sec-

tion of 6 TeV black holes is about 10 pb, for MD = 1.5 TeV.

The produced black-hole emits thermal radiation with Hawk-

ing temperature TH = (δ + 1)/(4πRS) until it reaches the
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Planck phase (where quantum-gravity effects become impor-

tant). A black hole of initial mass MBH completely evaporates

with lifetime τ ∼ M
(δ+3)/(δ+1)
BH /M

2(δ+2)/(δ+1)
D , which typically

is 10−26–10−27 s for MD = 1 TeV. The black hole can be easily

detected because it emits a significant fraction of visible (i.e.

non-gravitational) radiation, although the precise amount is not

known in the general case of D dimensions. Computations ex-

ist [26] for the grey-body factors, which describe the distortion

of the emitted radiation from pure black-body caused by the

strong gravitational background field.

To trust the semiclassical approximation, the typical energy

of the process has to be much larger than MD. Given the present

constraints on extra-dimensional gravity, it is clear that the

maximum energy available at the LHC allows, at best, to only

marginally access the transplanckian region. If gravitational

scattering and black-hole production are observed at the LHC,

it is likely that significant quantum-gravity (or string-theory)

corrections will affect the semiclassical calculations or estimates.

In the context of string theory, it is possible that the production

of string-balls [27] dominates over black holes.

If MD is around the TeV scale, transplanckian collisions

would regularly occur in the interaction of high-energy cosmic

rays with the earth’s atmosphere and could be observed in

present and future cosmic ray experiments [28,29].

II.4 Graviscalars

After compactification, the D-dimensional graviton contains

KK towers of spin-2 gravitational states (as discussed above),

of spin-1 “graviphoton” states, and of spin-0 “graviscalar”

states. In most processes, the graviphotons and graviscalars are

much less important than their spin-2 counterparts. A single

graviscalar tower is coupled to SM fields through the trace of

the energy momentum tensor. The resulting coupling is however

very weak for SM particles with small masses.

Perhaps the most accessible probe of the graviscalars would

be through their allowed mixing with the Higgs boson [30] in the

induced curvature-Higgs term of the 4-dimensional action. This

can be recast as a contribution to the decay width of the SM

Higgs boson into an invisible channel. Although the invisible

branching fraction is a free parameter of the theory, it is more

likely to be important when the SM Higgs boson width is par-

ticularly narrow (mH � 140 GeV). The collider phenomenology

of invisibly decaying Higgs bosons investigated in the literature

is applicable here (see ref. [31] and references therein).

II.5 Tests of the Gravitational Force Law

The theoretical developments in gravity with large extra

dimensions have further stimulated interest in experiments

looking for possible deviations from the gravitational inverse-

square law (for a review, see ref. [32]) . Such deviations are

usually parametrized by a modified newtonian potential of the

form

V (r) = −GN
m1m2

r
[1 + α exp (−r/λ)] (8)

The experimental limits on the parameters α and λ are sum-

marized in fig. 1, taken from ref. [33].

Figure 1: Experimental limits on α and λ
of Eq. (8), which parametrize deviations from
Newton’s law. From ref. [33]. See full-color
version on color pages at end of book.

For gravity with δ extra dimensions, in the case of toroidal

compactifications, the parameter α is given by α = 8 δ/3 and

λ is the Compton wavelength of the first graviton Kaluza-

Klein mode, equal to the radius R. From the results shown in

fig. 1, one finds R < 130 (160) µm at 95% CL for δ = 2 (1)

which, using Eq. (3), becomes MD > 1.9 TeV for δ = 2.

This bound is weaker than the astrophysical bounds discussed

in sect. II.6, which actually exclude the occurence of any

visible signal in planned tests of Newton’s law. However, in

the context of higher-dimensional theories, other particles like

light gauge bosons, moduli or radions could mediate detectable

modifications of Newton’s law, without running up against the

astrophysical limits.

II.6 Astrophysical Bounds

Because of the existence of the light and weakly-coupled KK

gravitons, gravity in extra dimensions is strongly constrained by

several astrophysical considerations (see ref. [34] and references

therein). The requirement that KK gravitons do not carry

away more than half of the energy emitted by the supernova

SN1987A gives the bounds [35] MD > 14 (1.6) TeV for δ =

2 (3). KK gravitons produced by all supernovæ in the universe

lead to a diffuse γ ray background generated by the graviton

decays into photons. Measurements by the EGRET satellite

imply [36] MD > 38 (4.1) TeV for δ = 2 (3). Most of the

KK gravitons emitted by supernova remnants and neutron

stars are gravitationally trapped. The gravitons forming this

halo occasionally decay, emitting photons. Limits on γ rays

from neutron-star sources imply [34] MD > 200 (16) TeV for

δ = 2 (3). The decay products of the gravitons forming the halo
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can hit the surface of the neutron star, providing a heat source.

The low measured luminosities of some pulsars imply [34]

MD > 750 (35) TeV for δ = 2 (3). These bounds are valid only

if the graviton KK mass spectrum below about 100 MeV is

not modified by distortions of the compactification space (see

sect. II.1).

III Gravity in Warped Extra Dimensions

III.1 Theoretical Setup

In the proposal of ref. [2], the MW–MPl hierarchy is

explained using an extra-dimensional analogy of the classical

gravitational redshift in curved space, as we illustrate below.

The setup consists of a 5-dimensional space in which the fifth

dimension is compactified on S1/Z2, i.e. a circle projected into

a segment by identifying points of the circle opposite with

respect to a given diameter. Each end-point of the segment

(the “fixed-points” of the orbifold projection) is the location

of a 3-dimensional brane. The two branes have equal but op-

posite tensions. We will refer to the negative-tension brane as

the infrared (IR) brane, where SM fields are assumed to be

localized, and the positive-tension brane as the ultraviolet (UV)

brane. The bulk cosmological constant is fine-tuned such that

the effective cosmological constant in the 3-dimensional space

exactly cancels.

The solution of the Einstein equation in vacuum gives the

metric corresponding to the line element

ds2 = exp (−2k|y|) ηµνdxµdxν − dy2. (9)

Here y is the 5th coordinate, with the UV and IR branes located

at y = 0 and y = πR, respectively; R is the compactification

radius and k is the AdS curvature. The 4-dimensional metric in

Eq. (9) is modified with respect to the flat Minkowski metric ηµν

by the factor exp(−2k|y|). This shows that the 5-dimensional

space is not factorized, meaning that the 4-dimensional metric

depends on the extra-dimensional coordinate y. This feature is

key to the desired effect.

As is known from general relativity, the energy of a par-

ticle travelling through a gravitational field is redshifted by

an amount proportional to |g00|−1/2, where g00 is the time-

component of the metric. Analogously, energies (or masses)

viewed on the IR brane (y = πR) are red-shifted with respect

to their values at the UV brane (y = 0) by an amount equal to

the warp factor exp(−πkR), as shown by Eq. (9):

mIR = mUV exp (−πkR) . (10)

A mass mUV ∼ O(M̄Pl) on the UV brane corresponds to a mass

on the IR brane with a value mIR ∼ O(MW), if R 	 12k−1.

A radius moderately larger than the fundamental scale k is

therefore sufficient to reproduce the large hierarchy between the

Planck and Fermi scales. A simple and elegant mechanism to

stabilize the radius exists [38], by adding a scalar particle with

a bulk mass and different potential terms on the two branes.

The effective theory describing the interaction of the KK

modes of the graviton is characterized by two mass parameters,

which we take to be m1 and Λπ. Both are a warp-factor smaller

than the UV scale, and therefore they are naturally of order

the weak scale. The parameter m1 is the mass of the first KK

graviton mode, from which the mass mn of the generic nth

mode is determined,

mn =
xn

x1
m1. (11)

Here xn is the nth root of the Bessel function J1 (x1 = 3.83,

x2 = 7.02 and, for large n, xn = (n + 1/4)π). The parameter

Λπ determines the strength of the coupling of the KK gravitons

h
(n)
µν with the energy momentum tensor Tµν ,

L = −Tµν

M̄Pl
h

(0)
µν − Tµν

Λπ

∞∑
n=1

h
(n)
µν . (12)

In the approach discussed in sect. II.1, MPl appears to

us much larger than the weak scale because gravity is diluted

in a large space. In the approach described in this section,

the explanation lies instead in the non-trivial configuration of

the gravitational field: the zero-mode graviton wavefunction is

peaked around the UV brane and it has an exponentially small

overlap with the IR brane where we live. The extra dimensions

discussed in sect. II.1 are large and “nearly flat”; the graviton

excitations are very weakly coupled and have a mass gap that

is negligibly small in collider experiments. Here, instead, the

gravitons have a mass gap of ∼ TeV size and become strongly-

coupled at the weak scale.

III.2 Collider Signals

The KK excitations of the graviton, possibly being of order

the TeV scale, are subject to experimental discovery at high-

energy colliders. As discussed above, KK graviton production

cross-sections and decay widths are set by the first KK mass m1

and the graviton-matter interaction scale Λπ. Some studies use

m1 and k as the independent parameters, and so it is helpful

to keep in mind that the relationships between all of these

parameters are

mn

Λπ
=

kxn

M̄Pl
, Λπ = M̄Pl exp(−πkR), (13)

where again the xn values are the zeros of the J1 Bessel function.

Resonant and on-shell production of the nth KK gravitons leads

to characteristic peaks in the dilepton and diphoton invariant-

mass spectra and it is probed at colliders for
√

s ≥ mn.

Current limits from dimuon, dielectron, and diphoton channels

at CDF and DØ give the 95% CL limits Λπ > 4.3(2.6) TeV for

m1 = 500(700) GeV [16,17].

Contact interactions arising from integrating out heavy KK

modes of the graviton generate the dimension-8 operator T ,

analogous to the one in Eq. (5) in the flat extra dimensions

case. Although searches for effects of these non-renormalizable

operators cannot confirm directly the existence of a heavy

spin-2 state, they nevertheless provide a good probe of the

model [39,40].

Searches for direct production of KK excitations of the

graviton and contact interactions induced by gravity in compact
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extra-dimensional warped space can continue at the LHC. With

the large increase in energy, one expects prime regions of the

parameter space up to mn, Λπ ∼ 10 TeV [39] to be probed.

If SM states are in the AdS bulk, KK graviton phenomenol-

ogy becomes much more model dependent. Present limits and

future collider probes of the masses and interaction strengths of

the KK gravitons to matter fields are significantly reduced [41]

in some circumstances, and each specific model of SM fields in

the AdS bulk should be analyzed on a case-by-case basis.

For warped metrics, black-hole production is analogous the

case discussed in sect. II.3, as long the radius of the black hole is

smaller than the AdS radius 1/k, when the space is effectively

flat. For heavier black holes, the production cross section is

expected to grow with energy only as log2 E, saturating the

Froissart bound [37].

III.3 The Radion

The size of the warped extra-dimensional space is controlled

by the value of the radion, a scalar field corresponding to

an overall dilatation of the extra coordinates. Stabilizing the

radion is required for a viable theory, and known stabilization

mechanisms often imply that the radion is less massive than

the KK excitations of the graviton [38], thus making it perhaps

the lightest beyond-the-SM particle in this scenario.

The coupling of the radion r to matter is L = −rT/Λϕ,

where T is the trace of the energy momentum tensor and

Λϕ =
√

24Λπ is expected to be near the weak scale. The

relative couplings of r to the SM fields are similar to, but

not exactly the same as those of the Higgs boson. The partial

widths are generally smaller by a factor of v/Λϕ compared to

SM Higgs decay widths, where v = 246 GeV is the vacuum

expectation value of the SM Higgs doublet. On the other hand,

the trace anomaly that arises in the SM gauge groups by virtue

of quantum effects enhances the couplings of the radion to

gluons and photons over the naive v/Λϕ rescaling of the Higgs

couplings to these same particles. Thus, for example, one finds

that the radion’s large coupling to gluons [30,43] enables a

sizeable cross section even for Λϕ large compared to mW .

Another subtlety of the radion is its ability to mix with the

Higgs boson through the curvature-scalar interaction [30],

Smix = −ξ

∫
d4x

√
−det gindR(gind)H

+H (14)

where gind is the four-dimensional induced metric. With ξ �= 0,

there is neither pure Higgs boson nor pure radion mass eigen-

state. Mixing between states enables decays of the heavier eigen-

state into lighter eigenstates if kinematically allowed. Overall,

the production cross sections, widths and relative branching

fractions can all be affected significantly by the value of the

mixing parameter ξ [30,42,43,44]. Despite the various permu-

tations of couplings and branching fractions that the radion and

the Higgs-radion mixed states can have into SM particles, the

search strategies for these particles at high-energy colliders are

similar to those of the SM Higgs boson.

IV Standard Model Fields in Flat Extra Dimensions

IV.1 TeV-Scale Compactification

Not only gravity, but also SM fields could live in an

experimentally accessible higher-dimensional space [45]. This

hypothesis could lead to unification of gauge couplings at a low

scale [46]. In contrast with gravity, these extra dimensions must

be at least as small as about TeV−1 in order to avoid incompat-

ibility with experiment. The canonical extra-dimensional space

of this type is a 5th dimension compactified on the interval

S1/Z2, where again the radius of the S1 is denoted R, and

the Z2 symmetry identifies y ↔ −y of the extra-dimensional

coordinate. The two fixed points y = 0 and y = πR define the

end-points of the compactification interval.

Let us first consider the case in which gauge fields live in

extra dimensions, while matter and Higgs fields are confined to

a 3–brane. The masses Mn of the gauge-boson KK excitations

are related to the masses M0 of the zero-mode normal gauge

bosons by

M2
n = M2

0 +
n2

R2
. (15)

The KK excitations of the vector bosons have couplings to

matter a factor of
√

2 larger than the zero modes (gn =
√

2g).

Therefore, if the first KK excitation is ∼ TeV, tree-level virtual

effects of the KK gauge bosons can have a significant effect

on precision electroweak observables and high-energy processes

such as e+e− → f f̄ . In this theory one expects that observables

will be shifted with respect to their SM value by an amount

proportional to [47]

V = 2
∑
n

(
g2
n

g2

)
M2

ZR2

n2
∼ 2

3
π2M2

ZR2 (16)

More complicated compactifications lead to more complicated

representations of V . A global fit to all relevant observables,

including precision electroweak data, Tevatron, HERA and

LEP2 results, shows that R−1 � 6.8 TeV is required [48,49].

The LHC with 100 pb−1 integrated luminosity would be able to

search nearly as high as R−1 ∼ 16 TeV [48].

Fermions can also be promoted to live in the extra dimen-

sions. Although fermions are vector-like in 5-dimension, chiral

states in 4-dimensions can be obtained by using the Z2 sym-

metry of the orbifold. An interesting possibility to explain the

observed spectrum of quark and lepton masses is to assume that

different fermions are localized in different points of the extra

dimension. Their different overlap with the Higgs wavefunction

can generate a hierarchical structure of Yukawa couplings [50],

although there are strong bounds on the non-universal cou-

plings of fermions to the KK gauge bosons from flavor-violating

processes [51].

The case in which all SM particles uniformly propagate in

the bulk of an extra-dimensional space is referred to as Universal

Extra Dimensions (UED) [52]. The absence of a reference brane

that breaks translation invariance in the extra dimensional

direction implies extra-dimensional momentum conservation.

After compactification and after inclusion of boundary terms at
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the fixed points, the conservation law preserves only a discrete

Z2 parity (called KK-parity). The KK-parity of the nth KK

mode of each particle is (−1)n. Thus, in UED, the first KK

excitations can only be pair-produced and their virtual effect

comes only from loop corrections. Therefore the ability to search

for and constrain parameter space is diminished. The result is

that for one extra dimension the limit on R−1 is between 300

and 500 GeV depending on the Higgs mass [53].

Because of KK-parity conservation, the lightest KK state

is stable. Thus, one interesting consequence of UED is the

possibility of the lightest KK state comprising the dark matter.

After including radiative corrections [54], it is found that

the lightest KK state is the first excitation of the hypercharge

gauge boson B(1). It can constitute the cold dark matter of the

universe if its mass is approximately 600 GeV [55], well above

current collider limits. The LHC should be able to probe UED

up to R−1 ∼ 1.5 TeV [56], and thus possibly confirm the UED

dark matter scenario.

An interesting and ambitious approach is to use extra

dimensions to explain the hierarchy problem through Higgs-

gauge unification [57]. The SM Higgs doublet is interpreted

as the extra-dimensional component of an extended gauge

symmetry acting in more than four dimensions, and the weak

scale is protected by the extra-dimensional gauge symmetry.

There are several obstacles to make this proposal fully realistic,

but ongoing research is trying to overcome them.

IV.2 Grand Unification in Extra Dimensions

Extra dimensions offer a simple and elegant way to break

GUT symmetries [58] by appropriate field boundary conditions

in compactifications on orbifolds. In this case the size of the

relevant extra dimensions is much smaller than what has been

considered so far, with compactification radii that are typically

O(MGUT). This approach has several attractive features (for a

review, see ref. [59]) . The doublet-triplet splitting problem [60]

is solved by projecting out the unwanted light Higgs triplet

in the compactification. In the same way one can eliminate

the dangerous supersymmetric d = 5 proton-decay operators,

or even forbid proton decay [61]. However, the prospects for

proton-decay searches are not necessarily bleak. Because of the

effect of the KK modes, the unification scale can be lowered to

1014–1015 GeV, enhancing the effect of d = 6 operators. The

prediction for the proton lifetime is model-dependent.

V Standard Model Fields in Warped Extra Dimensions

V.1 Extra Dimensions and Strong Dynamics at the

Weak Scale

In the original warped model of ref. [2], all SM fields

are confined on the IR brane, although to solve the hierarchy

problem it is sufficient that only the Higgs field lives on the

brane. The variation in which SM fermions and gauge bosons

are bulk fields is interesting because it links warped extra di-

mensions to technicolor-like models with strong dynamics at

the weak scale. This connection comes from the AdS/CFT

correspondence [62], which relates the properties of AdS5,

5-dimensional gravity with negative cosmological constant, to

a strongly-coupled 4-dimensional conformal field theory (CFT).

In the correspondence, the motion along the 5th dimension is in-

terpreted as the renormalization-group flow of the 4-dimensional

theory, with the UV brane playing the role of the Planck-mass

cutoff and the IR brane as the breaking of the conformal in-

variance. Local gauge symmetries acting on the bulk of AdS5

correspond to global symmetries of the 4-dimensional theory.

The original warped model of ref. [2] is then reinterpreted as

an “almost CFT,” whose couplings run very slowly with the

renormalization scale until the TeV scale is reached, where the

theory develops a mass gap. In the variation in which SM fields,

other than the Higgs, are promoted to the bulk, these fields

correspond to elementary particles coupled to the CFT. Around

the TeV scale the theory becomes strongly-interacting, produc-

ing a composite Higgs, which breaks electroweak symmetry.

Notice the similarity with walking technicolour [63].

The most basic version of this theory is in conflict with elec-

troweak precision measurements. To reduce the contribution to

the ρ parameter, it is necessary to introduce an approximate

global symmetry, a custodial SU(2) under which the gener-

ators of SU(2)L transform as a triplet. Using the AdS/CFT

correspondence, this requires the extension of the electroweak

gauge symmetry to SU(2)L × SU(2)R × U(1) in the bulk of

the 5-dimensional theory [64]. Models along these lines have

been constructed. The composite Higgs can be lighter than the

strongly-interacting scale in models in which it is a pseudo-

Goldstone boson [65]. Nevertheless, electroweak data provide

strong constraints on such models.

When SM fermions are promoted to 5 dimensions, they

become non-chiral and can acquire a bulk mass. The fermions

are localized in different positions along the 5th dimension, with

an exponential dependence on the value of the bulk mass (in

units of the AdS curvature). Since the masses of the ordinary

zero-mode SM fermions depend on their wavefunction overlap

with the Higgs (localized on the IR brane), large hierarchies in

the mass spectrum of quarks and leptons can be obtained from

order-unity variations of the bulk masses [66]. This mechanism

can potentially explain the fermion mass pattern, and it can lead

to new effects in flavour-changing processes, especially those

involving the third-generation quarks [67]. The smallness of

neutrino masses can also be explained, if right-handed neutrinos

propagate in the bulk [68].

V.2 Higgsless Models

Extra dimensions offer new possibilities for breaking gauge

symmetries. Even in the absence of physical scalars, electroweak

symmetry can be broken by field boundary conditions on com-

pactified spaces. The lightest KK modes of the gauge bosons

corresponding to broken generators acquire masses equal to

R−1, the inverse of the compactification radius, now to be

identified with MW. In the ordinary 4-dimensional case, the

SM without a Higgs boson violates unitarity at energies
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E ∼ 4πMW/g ∼ 1 TeV. On the other hand, in extra dimen-

sions, the breaking of unitarity in the longitudinal-W scattering

amplitudes is delayed because of the contribution of the heavy

KK gauge-boson modes [69]. The largest effect is obtained for

one extra dimension, where the violation of unitarity occurs

around E ∼ 12π2MW/g ∼ 10 TeV. This is conceivably a large

enough scale to render the strong dynamics, which is eventually

responsible for unitarization, invisible to the processes measured

by LEP experiments.

These Higgsless models, in their minimal version, are incon-

sistent with observations, because they predict new W gauge

bosons with masses nMW (with n ≥ 2 integers) [70]. Warping

the 5th dimension has a double advantage [71]. The excited KK

modes of the gauge bosons can all have masses in the TeV range,

making them compatible with present collider limits. Also, by

enlarging the bulk gauge symmetry to SU(2)L×SU(2)R×U(1),

one can obtain an approximate custodial symmetry, as described

above, to tame tree-level corrections to ρ. If quarks and lep-

tons are extended to the bulk, they can obtain masses through

the electroweak-breaking effect on the boundaries. However at

present, there is no model that reproduces the top quark mass

and is totally consistent with electroweak data [72].

VI. Supersymmetry in Extra Dimensions

Extra dimensions have a natural home within string the-

ory. Similarly, string theory and supersymmetry are closely

connected, as the latter is implied by the former in most con-

structions. Coexistence between extra dimensions and super-

symmetry is often considered a starting point for string model

building. From a low-energy model-building point of view, per-

haps the most compelling reason to introduce extra dimensions

with supersymmetry lies in the mechanism of supersymmetry

breaking.

When the field periodic boundary conditions on the com-

pactified space are twisted using an R-symmetry, different zero

modes for bosons and fermions are projected out and su-

persymmetry is broken. This is known as the Scherk-Schwarz

mechanism of supersymmetry breaking [73]. In the simplest

approach [74], a 5th dimension with R−1 ∼ 1 TeV is introduced

in which the non-chiral matter (gauge and Higgs multiplets)

live. The chiral matter (quark and lepton multiplets) live on the

three-dimensional spatial boundary. S1/Z2 compactification of

the 5th dimension, which simultaneously employs the Scherk-

Schwarz mechanism generates masses for the bulk fields (gaugi-

nos and higgsinos) of order R−1. Boundary states (squarks and

sleptons) get mass from loop corrections, and are parametrically

smaller in value. The right-handed slepton is expected to be the

lightest supersymmetric particle (LSP), which being charged

is not a good dark matter candidate. Thus, this theory likely

requires R-parity violation in order to allow this charged LSP

to decay and not cause cosmological problems.

By allowing all supersymmetric fields to propagate in the

bulk of a S1/Z2 × Z ′
2 compactified space, it is possible to

construct a model [75] with an interesting feature. Since su-

persymmetry is only broken non-locally, there are no quadratic

divergences (except for a Fayet-Iliopoulos term [76]) and the

Higgs mass is calculable. In the low-energy effective theory

there is a single Higgs doublet, two superpartners for each SM

particle, and the stop is the LSP, requiring a small amount of

R-parity breaking.

Supersymmetry in warped space is also an interesting pos-

sibility. Again, one can consider [77] the case of chiral fields

confined to our ordinary 3+1 dimensions, and gravity and gauge

fields living in the 5-dimensional bulk space. Rather than being

TeV−1 size, the 5th dimension is strongly warped to generate the

supersymmetry-breaking scale. In this case, the tree-level mass

of the gravitino is ∼ 10−3 eV and the masses of the gauginos

are ∼ TeV. The sleptons and squarks get mass at one loop from

gauge interactions and thus are diagonal in flavor space, creating

no additional FCNC problems. It has also been proposed [78]

that an approximately supersymmetric Higgs sector confined on

the IR brane could coexist with non-supersymmetric SM fields

propagating in the bulk of the warped space.

In conclusion, we should reiterate that an important general

consequence of extra dimensional theories is retained in super-

symmetric extensions: KK excitations of the graviton and/or

gauge fields are likely to be accessible at the LHC if the scale

of compactification is directly related to solving the hierarchy

problem. Any given extra-dimensional theory has many aspects

to it, but we should keep in mind that the KK excitation

spectrum is the most generic and most robust aspect of the idea

to test in experiments.
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���!�� �� 0)1634 2'6 -)5 2'63)0" ,6'�/-9 α ('5- .' ��−� 1-( (/0.1-3)0 ('5- .' ��µ&�
W�'.)( �'�-( '- � /0 2'6 δ F �� �'6 δ F �" �'�-( 9')0 .' ��� µ&� �)) .4)/6 �/9� ��
2'6 ().1/*0 '- .4) �'�-(�
����$��� �� 0)1634 2'6 -)5 2'63)0" ,6'�/-9 α 1�'=) ��� 1-( λ ('5- .' �µ&" B-(/-9
-' 0/9-1*� �)) .4)/6 �/9� � 2'6 ().1/*0 '- .4) �'�-(� 
4/0 �'�-( (')0 -'. ,*13) */&/.0 '-
.4) 0/A) '2 );.61 L1. (/&)-0/'-0�
� ��� �� 0)1634 2'6 -)5 2'63)0" ,6'�/-9 α ('5- .' �" 1-( (/0.1-3)0 ('5- .' 1�'�.
��µ&� �)) .4)/6 �/9� � 2'6 ().1/*0 '- .4) �'�-(�



����������������

��� ��� �� ���� 	
� �������� ����	�
� �	��	��

����� ����������

���!�� �� 0)1634 2'6 -)5 2'63)0" ,6'�/-9 α ('5- .' ��−� 1-( (/0.1-3)0 ('5- .' ��µ&�
�)) .4)/6 �/9� � 2'6 ().1/*0 '- .4) �'�-(� 
4) K�'.)( �'�-( /0 2'6 α ≥ ��
����	�� �� 0)1634 2'6 -)5 2'63)0" ,6'�/-9 (/0.1-3)0 ('5- .' � &&� �)) .4)/6 �/9� ��
2'6 ().1/*0 '- .4) �'�-(� 
4/0 �'�-( (')0 -'. ,*13) */&/.0 '- .4) 0/A) '2 );.61 L1.
(/&)-0/'-0�

 ����� �� � &��� ��*����� ����	
���� �& -��,�����2 δ 5 6 ����� �� � &��� ��*����� ����	
���� �& -��,�����2 δ 5 6 ����� �� � &��� ��*����� ����	
���� �& -��,�����2 δ 5 6 ����� �� � &��� ��*����� ����	
���� �& -��,�����2 δ 5 6

4/0 0)3./'- /-3*�()0 */&/.0 '- '-+04)** ,6'(�3./'- '2 961=/.'-0 /- 3'**/()6 1-( 10.6'+
,470/31* ,6'3)00)0� �'�-(0 K�'.)( 16) '- �" .4) 100�&)( 3'&&'- 61(/�0 '2 .4) L1.
);.61 (/&)-0/'-0" 2'6 δ F � );.61 (/&)-0/'-0� �.�(/)0 '2.)- K�'.) �'�-(0 /- .)6&0 '2
()6/=)( ,161&).)6< );,)6/&)-.0 16) 13.�1**7 0)-0/./=) .' .4) &100)0 '2 .4) 		 961=/+
.'-0M ��n F

∣∣�n∣∣8�� �)) .4) �)=/)5 '- D�;.61 �/&)-0/'-0E 2'6 ().1/*0� �'�-(0 16)
9/=)- /- µ& 2'6 δF��

����� �µ�� ��� ������
� �� ���
 �����
�

• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
< ��� �� � �������� ��	 ���� �� �− → γ�

< ��� �� � ������ ��� �� �� �− → γ�

< ��� �� � ����
� ��� ��� �� → � �

< �.����� �� �� ����� �� �)�.6'- 0.16 γ 0'�63)0

< ��� �� �� ���%�$ �� �� �� → � �

< �.�� �� �� ������
�� �� ��,)6-'=1 3''*/-9

< �.��� �� �� ������
�� �� �/J�0) γ �13@96'�-(

< �.��� �� �� ������
�� �� �)�.6'- 0.16 γ 0'�63)0

< �.����� �� �� ������
�� �� �)�.6'- 0.16 4)1./-9

< ��� �� �� ���
�� ��� ���� �� �− → γ�
�� ������� �� �'0&'*'97

< �.�� �� �� ������
 �� ��,)6-'=1 3''*/-9
�� ����� �� �)( 9/1-.0

<���� �� �� ������ ��� �� �� �− → � �

 ����� �� � &��� ��*����� ����	
���� �& -��,�����2 δ ≥ 7 ����� �� � &��� ��*����� ����	
���� �& -��,�����2 δ ≥ 7 ����� �� � &��� ��*����� ����	
���� �& -��,�����2 δ ≥ 7 ����� �� � &��� ��*����� ����	
���� �& -��,�����2 δ ≥ 7

4/0 0)3./'- /-3*�()0 */&/.0 0/&/*16 .' .4'0) /- .4) ,6)=/'�0 0)3./'-" ��. 2'6 δ F � );.61
(/&)-0/'-0� �'�-(0 16) 9/=)- /- -& 2'6 δ F �� �-.6/)0 16) 1*0' 04'5- 2'6 ,1,)60
);1&/-/-9 &'()*0 5/.4 δ >��

����� �5�� ��� ������
� �� ���
 �����
�

• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
< �.� �� � �������� ��	 ���� �� �− → γ�

< �.� �� � ������ ��� �� �� �− → γ�

�� � ����
� ��� ��� �� → � �

< �.���� �� �� ����� �� �)�.6'- 0.16 γ 0'�63)0

< �.� �� �� ���%�$ �� �� �� → � �

< �.�� �� �� ������
�� �� ��,)6-'=1 3''*/-9

< �.��� �� �� ������
�� �� �/J�0) γ �13@96'�-(

< �.�� �� �� ������
�� �� �)�.6'- 0.16 γ 0'�63)0

< �.���� �� �� ������
�� �� �)�.6'- 0.16 4)1./-9

< �.� �� �� ���
�� ��� ���� �� �− → γ�
�� ����
� ��� ��� �� → γ�
�� ������� �� �'0&'*'97

< �.� �� �� ������
 �� ��,)6-'=1 3''*/-9
�� ����� �� �)( 9/1-.0

<�� �� �� ������ ��� �� �� �− → � �

��������� ��	 0)1634 2'6 �� �− → γ� 1.
√

s F �������  )$ .' ,*13) �'�-(0 '-
.4) 0/A) '2 );.61 (/&)-0/'-0 1-( .4) 2�-(1&)-.1* 031*)� �/&/.0 2'6 1** δ ≤ � 16) 9/=)-
/- .4)/6 
1�*) �� 
4)0) */&/.0 0�,)60)() .4'0) /- ����� ��:�
������� ��� 0)1634 2'6 �� �− → γ� 1.

√
s F �������  )$ .' ,*13) �'�-(0 '- .4)

0/A) '2 );.61 (/&)-0/'-0 1-( .4) 2�-(1&)-.1* 031*)� �)) .4)/6 
1�*) � 2'6 */&/.0 5/.4
δ ≤ �� 
4)0) */&/.0 0�,)60)() .4'0) /- ������ ��&�
�����
� ��� 0)1634 2'6 �� → � � 1.

√
s F ��� 
)$ .' ,*13) �'�-(0 '- .4) 0/A) '2

);.61 (/&)-0/'-0 1-( .4) 2�-(1&)-.1* 031*)� �)) .4)/6 ,1,)6 2'6 �'�-(0 '- δ F �" ��
������� �� '�.1/- 1 */&/. '- � 26'& .4) 91&&1+617 )&/00/'- '2 ,'/-. γ 0'�63)0 .41.
16/0)0 26'& .4) ,4'.'- ()317 '2 961=/.'-0 16'�-( -)5*7 �'6- -)�.6'- 0.160" 1,,*7/-9 .4)
.)34-/K�) '2 ������
�� �� .' -)�.6'- 0.160 /- .4) 91*13./3 ��*9)� �/&/.0 2'6 1** δ ≤
� 16) 9/=)- /- .4)/6 
1�*) �

�����%�$ �� 0)1634 2'6 �� → � � 1.
√
	F��� 
)$ .' ,*13) �'�-(0 '- �� 2'6 � .' �

);.61 (/&)-0/'-0" 26'& 54/34 .4)0) �'�-(0 '- � 16) ()6/=)(� �)) .4)/6 ,1,)6 2'6 �'�-(0
'- /-.)6&)(/1.) =1*�)0 '2 δ� I) K�'.) 6)0�*.0 5/.4'�. .4) 1,,6';/&1.) ��� 031*/-9
/-.6'(�3)( /- .4) ,1,)6�

��������
�� �� '�.1/- 1 */&/. '- � 26'& 961=/.'- 3''*/-9 '2 0�,)6-'=1 ������1�
�/&/.0 2'6 1** δ ≤ � 16) 9/=)- /- .4)/6 
1�*)0 $ 1-( $�

��������
�� �� '�.1/- 1 */&/. '- � 26'& 961=/.'-0 )&/..)( /- 0�,)6-'=1) 1-( 54/34
0��0)K�)-.*7 ()317" 3'-.1&/-1./-9 .4) (/J�0) 3'0&/3 γ �13@96'�-(� �/&/.0 2'6 1** δ ≤ �
16) 9/=)- /- .4)/6 
1�*)0 $ 1-( $� 
4)0) */&/.0 0�,)60)() .4'0) /- ������
�� ���

��������
�� �� '�.1/- 1 */&/. '- � 26'& 961=/.'-0 )&/..)( /- .5' 6)3)-. 0�,)6-'=1)
1-( 54/34 0��0)K�)-.*7 ()317" 36)1./-9 ,'/-. γ 0'�63)0� �/&/.0 2'6 1** δ ≤ � 16) 9/=)- /-
.4)/6 
1�*)0 $ 1-( $� 
4)0) */&/.0 16) 3'66)3.)( /- .4) ,��*/04)( )661.�&�

��������
�� �� '�.1/- 1 */&/. '- � 26'& .4) 4)1./-9 '2 '*( -)�.6'- 0.160 �7 .4)
0�66'�-(/-9 3*'�( '2 .61,,)( 		 961=/.'-0� �/&/.0 2'6 1** δ ≤ � 16) 9/=)- /- .4)/6

1�*)0 $ 1-( $� 
4)0) */&/.0 0�,)60)() .4'0) /- ������
�� ���

�����
�� ��� �0) .4) ,6'3)00 �� �− → γ� 1.
√
	 F �������  )$ .' ,*13) �'�-(0

'- .4) 0/A) '2 );.61 (/&)-0/'-0 1-( .4) 031*) '2 961=/.7� �)) .4)/6 
1�*) � 2'6 */&/.0 5/.4
δ ≤ � 2'6 ()6/=)( */&/.0 '- �� �

�� ������� �� '�.1/-0 �'�-(0 '- � 26'& '=)6 ,6'(�3./'- '2 		 961=/.'-0 /- .4) )16*7
�-/=)60)� �'�-(0 16) K�'.)( /- ,1,)6 /- .)6&0 '2 2�-(1&)-.1* 031*) '2 961=/.7� �'�-(0
(),)-( 0.6'-9*7 '- .)&,)61.�6) '2 W�� ,410) .61-0/./'- 1-( 61-9) 26'& �< �.�� µ&
.' �.��� µ& 2'6 δF�< �'�-(0 2'6 δF�"� 31- �) ()6/=)( 26'& 
1�*) � /- .4) ,1,)6�

��������
 �� '�.1/- �'�-(0 '- � 26'& */&/.0 '- 961=/.'- 3''*/-9 '2 0�,)6-'=1 �� ����1
�0/-9 -�&)6/31* 0/&�*1./'-0 '2 ,6'.'+-)�.6'- 0.16 -)�.6/-' )&/00/'-�

������� �� '�.1/- 6'�94 �'�-(0 '- �� >1-( .4�0 �? 26'& 6)( 9/1-. 3''*/-9 2'6 δF�"��
�)) .4)/6 ,1,)6 2'6 ().1/*0�

�������� ��� 0)1634 2'6 �� �− → � � 1.
√
	F���  )$� �/&/.0 '- .4) 961=/.7 031*)

16) 2'�-( /- .4)/6 
1�*) �" 2'6 δ ≤ ��
������
� ��� �0)0 .4) ,6'3)00 �� → γ� 1.

√
	 F ��� 
)$ .' ,*13) �'�-(0 '- �

2'6 δF�"�" 1-( �M �<�� -&" �� 2&" 1-( ��� 2& 6)0,)3./=)*7� �'5)=)6 .4) @/-)&1./30
6)*)=1-. .' .4)0) �'�-(0 16) ,6'�1�*7 '�.0/() .4) =1*/(/.7 61-9) '2 .4) )J)3./=) .4)'67�

����  ����� �� 	$$����  ����� �� 	$$����  ����� �� 	$$����  ����� �� 	$$

4/0 0)3./'- /-3*�()0 */&/.0 '- .4) 3�.+'J &100 031*)" �$$ " '2 (/&)-0/'-+� ',)61.'60
26'& 		 961=/.'- );341-9) /- &'()*0 '2 *169) );.61 (/&)-0/'-0� �&�/9�/./)0 /- .4)
�$+(/=)69)-. 0�&&1./'- 16) 1�0'6�)( /-.' .4) ,161&).)6 λ" 54/34 /0 .1@)- .' �) λ F

±� /- .4) 2'**'5/-9 1-1*70)0� �'�-(0 2'6 λ F −� 16) 04'5- /- ,16)-.4)0/0 12.)6 .4)
�'�-( 2'6 λ F ��" /2 1,,6',6/1.)� �/J)6)-. ,1,)60 �0) 0*/94.*7 (/J)6)-. ()B-/./'-0
'2 .4) &100 031*)� 
4) ()B-/./'- �0)( 4)6) /0 6)*1.)( .' 1-'.4)6 ,',�*16 3'-=)-./'-
�7 ��TT F >�8π? Q�T " 10 (/03�00)( /- .4) 1�'=) �)=/)5 '- D�;.61 �/&)-0/'-0�E �**

�'�-(0 031*) 10 λ�/�" �-*)00 '.4)65/0) 0.1.)(�

����� ����� ��� ������
� �� ���
 �����
�

• • • I) (' -'. �0) .4) 2'**'5/-9 (1.1 2'6 1=)619)0" B.0" */&/.0" ).3� • • •
> �.�� >> �.��? �� �� ���%�$ ��� �� �� → µ�µ−
> �.�� >> �.��? �� �� ���	���$ ��	 %��� �± � → �±�

> �.��� >> �.���? �� �� ������ ��� ���� �� �− → γ γ

> �.� >> �.�? �� �� ������ ��� �� �� �− → � �

> �.�� >> �.��? �� �� ������ �� �� �± � → �±�

> �.�� >> �.��? �� ��  ���� �� �$��

>��.� >> ��.�? �� ��  ���� �� �$�� �/&+� ',)61.'60

> �.�� >> �.��? �� �� ���
�� ��� ���� �� �− → γ γ

> �.�� >> �.��? �� �� ������ ��� �� �� �− → γ γ

> �.� >> �.�? �� �� ����

 �� �� �� → �� �−" γ γ

> �.�� >> �.��? �� �� ������ ��& ���� �� �− → µ�µ−
> �.�� >> �.��? �� �� ������ ��& ���� �� �− → τ� τ−
> �.�� >> �.��? �� �� ������ ��& ���� �� �− → µ�µ−" τ� τ−

�� ����� ��� ����

> �.��� >> �.���? �� �� ����� ��� ���� �� �− → µ�µ−
> �.��� >> �.���? �� �� ����� ��� ���� �� �− → τ� τ−
> �.��� >> �.���? �� �� ����� ��� ���� �� �− → µ�µ−"τ� τ−
> ����� ���� �� ���� ��	 �$�� �*)3.6'5)1@

> �.�� �� �� ����� �� �$�� �� �− → γ γ

> �.����.�� �� ��  ������� �� �$�� >�−�?µ
> �.����.� �� �� ��� �� �$�� �*)3.6'5)1@

> �.� >> �.�? �� �� #�
��I� �� �$�� � � → � �

> �.� >> �.�? �� �� #��� �� �$�� �� �− → 3 3
�� ������ ��� ����
�� ������ ��- ��
�� ������ ��� ��

> �.��� >> �.���? �� �� �����	�$ �� �� �− → �� �−
�����%�$ ��� �0) ��� ,�−� '2 (1.1 26'& �� 3'**/0/'-0 1.

√
s F ���� 
)$ .' 0)1634 2'6

()=/1./'-0 /- .4) (/J)6)-./1* 36'00 0)3./'- .' µ�µ− 26'& 961=/.'- );341-9)�
�����	���$ ��	 0)1634 2'6 ()=/1./'-0 /- .4) (/J)6)-./1* 36'00 0)3./'- '2 �± � → �±�

5/.4 ��� ��−� '2 3'&�/-)( (1.1 1-( �� =1*�)0 �, .' ��"���  )$� .' ,*13) 1 �'�-(
'- �TT �

�������� ��� �0) �� �− 3'**/0/'-0 1.
√
	F������� .' ,*13) �'�-(0 '- .4) �*.61=/'*1.)

031*) �$$ " 54/34 /0 )K�/=1*)-. .' .4)/6 ()B-/./'- '2 �	 �
�������� ��� *''@ 2'6 ()=/1./'-0 /- .4) 36'00 0)3./'- 2'6 �� �− → � � 26'&

√
	 F

�������  )$ .' ,*13) 1 �'�-( '- �$$ �
�������� �� 0)1634 2'6 ()=/1./'-0 /- .4) (/J)6)-./1* 36'00 0)3./'- '2 �± � → �±� 1.√

	F��� 1-( ���  )$ .' ,*13) �'�-(0 '- �$$ �
�� ���� �� 6)=/)5 );/0./-9 );,)6/&)-.1* �'�-(0 '- �$$ 1-( ()6/=) 1 3'&�/-)( */&/.�
�� ���� �� ,*13) �'�-(0 '- Q�" .4) 3')Æ3/)-. '2 .4) 961=/.1./'-1**7+/-(�3)( (/&)-0/'-+

� ',)61.'6 >�πλ8Q��?>
∑
� γµγ��?>

∑
� γµγ��?" �0/-9 (1.1 26'& 1 =16/).7 '2 );,)6/&)-.0�

�)0�*.0 16) K�'.)( 2'6 λF±� 1-( 16) /-(),)-()-. '2 δ�
�����
�� ��� �0) �� �− 3'**/0/'-0 1.

√
	F �������  )$ .' ,*13) �'�-(0 '- .4) 031*)

'2 (/&+� 961=/.1./'-1* /-.)613./'-0� 
4)/6 �±
	
/0 )K�/=1*)-. .' '�6 �$$ 5/.4 λF±��

�������� �� 0)1634 2'6 	+341--)* 961=/.'- );341-9) )J)3.0 /- �� �− → γ γ 1. �3& F
�������  )$�

������

 �� 0)1634 2'6 =16/1./'-0 /- (/J)6)-./1* 36'00 0)3./'-0 .' �� �− 1-( γ γ B-1*
0.1.)0 1. .4) 
)=1.6'-�

�������� ��& �0)0 �� �− 3'**/0/'-0 1.
√
	F ���  )$�

������� ��� 0)1634 2'6 	+341--)* 961=/.'- );341-9) )J)3.0 /- �� �− → γ γ 1. �3&F
�������  )$�

������� ��� �0)0 �� �− 3'**/0/'-0 1.
√
	F��� 1-( ���  )$�

������ ��	 ()6/=) �σ */&/. '- �$$ '2 >��"��"��? 
)$ 2'6 δF>�"�"�? 6)0,)3./=)*7
100�&/-9 .4) ,6)0)-3) '2 1 .'60/'-1* 3'�,*/-9 /- .4) 961=/.1./'-1* 13./'-� �/94*7 &'()*
(),)-()-.�

������� �� '�.1/-0 */&/.0 26'& 1-'&1*'�0 (/,4'.'- ,6'(�3./'- 1. ���� (�) .' 961=/.'-
);341-9)� �6/9/-1* */&/. 2'6 δF�� �'5)=)6" �-@-'5- �3 .4)'67 6)-()60 δ (),)-()-3)
�-6)*/1�*)� �6/9/-1* ,1,)6 5'6@0 /- ��% 3'-=)-./'-�

�� ������� �� '�.1/-0 1 �'�-( 26'& 961=/.'- 3'-.6/��./'-0 .' �−� '2 .4) &�'- .46'�94
*'',0 '2 ���� 
)$ 2'6 δF� 1-( ���� 
)$ 2'6 δF�"�� �/&/.0 031*) 10 λ�/�� �'5)=)6
31*3�*1./'-1* 034)&) -'. 5)**+()B-)( 5/.4'�. 0,)3/B31./'- '2 4/94+031*) .4)'67� �)) .4)
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WIMPS AND OTHER PARTICLE SEARCHES

Revised March 2002 by K. Hikasa (Tohoku University).

We collect here those searches which do not appear in any

of the above search categories. These are listed in the following

order:

1. Galactic WIMP (weakly-interacting massive parti-

cle) searches

2. Concentration of stable particles in matter

3. Limits on neutral particle production at accelerators

4. Limits on jet-jet resonance in hadron collisions

5. Limits on charged particles in e+e− collisions

6. Limits on charged particles in hadron reactions

7. Limits on charged particles in cosmic rays

Note that searches appear in separate sections elsewhere for

Higgs bosons (and technipions), other heavy bosons (including

WR, W ′, Z ′, leptoquarks, axigluons), axions (including pseudo-

Goldstone bosons, Majorons, familons), heavy leptons, heavy

neutrinos, free quarks, monopoles, supersymmetric particles,

and compositeness. We include specific WIMP searches in the

appropriate sections when they yield limits on hypothetical

particles such as supersymmetric particles, axions, massive

neutrinos, monopoles, etc.

We omit papers on CHAMP’s, millicharged particles, and

other exotic particles. We no longer list for limits on tachyons

and centauros. See our 1994 edition for these limits.
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Electroweak model and constraints on new physics (p.125)
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Figure 10.1: Scale dependence of the weak mixing angle defined in the MS scheme [137]. The minimum of the curve
corresponds to Q = MW , below which we switch to an effective theory with the W± bosons integrated out, and where the
β-function for the weak mixing angle changes sign. At the location of the W -boson mass and each fermion mass, there are
also discontinuities arising from scheme dependent matching terms which are necessary to ensure that the various effective
field theories within a given loop order describe the same physics. However, in the MS scheme these are very small numerically
and barely visible in the figure provided one decouples quarks at Q = m̂q(m̂q). The width of the curve reflects the SM
uncertainty which is strongly dominated by the experimental error on ŝ 2

Z . The theory uncertainty from strong interaction
effects is at the level of ±7 × 10−5 [137].

Electroweak model and constraints on new physics (p.129)
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Figure 10.2: One-standard-deviation (39.35%) uncertainties in MH as a function of mt for various inputs, and the 90% CL
region (∆χ2 = 4.605) allowed by all data. αs(MZ) = 0.120 is assumed except for the fits including the Z-lineshape data.
The 95% direct lower limit from LEP 2 is also shown.
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Electroweak model and constraints on new physics (p.130)
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Figure 10.3: One-standard-deviation (39.35%) region in MW as a function of mt for the direct and indirect data, and the
90% CL region (∆χ2 = 4.605) allowed by all data. The SM prediction as a function of MH is also indicated. The widths of
the MH bands reflect the theoretical uncertainty from α(MZ).

Electroweak model and constraints on new physics (p.132)
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Figure 10.4: 1 σ constraints (39.35 %) on S and T from various inputs combined with MZ . S and T represent the
contributions of new physics only. (Uncertainties from mt are included in the errors.) The contours assume MH = 117 GeV
except for the central and upper 90% CL contours allowed by all data, which are for MH = 340 GeV and 1000 GeV,
respectively. Data sets not involving MW are insensitive to U . Due to higher order effects, however, U = 0 has to be assumed
in all fits. αs is constrained using the τ lifetime as additional input in all fits.
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CKM quark-mixing matrix (p.142)
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Figure 11.2: Constraints on the ρ̄, η̄ plane. The shaded areas have 95% CL.

CP violation in meson decays (p.150)
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Figure 12.1: Graphical representation of the unitarity constraint VudV
∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0 as a triangle in the complex

plane.
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CP violation in meson decays (p.153)

Figure 12.3: Summary of the results [49] of time-dependent analyses of b → qqs decays, which are potentially sensitive
to new physics. Sub-dominant corrections are expected to be smallest for the modes shown in green (darker). Results for
final states including K0 mesons combine CP -conjugate KS and KL measurements. The final state K+K−K0 is not a CP
eigenstate; the mixture of CP -even and CP -odd components is taken into account in obtaining an effective value for ηfSf .
Correlations between Cf and Sf are expected to be small and are not shown.

Neutrino mixing (p.159)

Figure 13.1: The region allowed for the neutrino parameters ∆m2� and θ� by the solar and KamLAND data. The best-fit

point, indicated by the star, is ∆m2� = (8.0+0.6
−0.4) × 10−5 eV2 and θ� = (33.9+2.4

−2.2)
◦. [21].
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Neutrino mixing (p.159)

100

102100

CHOOZ

Bugey

CHORUS
NOMAD

CHORUS

K
A

R
M

E
N

2

PaloVerde

NOMAD

CDHSW

NOMAD

BNL E776

K2K

Cl 95%

Ga 95%

KamLAND
95%

SNO
95%

Super-K
95%

Super-K+SNO
+KamLAND 95%

LSND90/99%

SuperK 90/99%

All limits are at 90%CL
unless otherwise noted
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figure was contributed by H. Murayama (University of California, Berkeley). References to the data used in the figure can be
found at http://hitoshi.berkeley.edu/neutrino/ref2006.html.
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Quark model (p.168)
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Figure 14.3: Predicted glueball mass spectrum from the lattice (from Ref. 9).

Quark model (p.172)
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Figure 14.8: The Υ spectrum of radial and orbital levels from Ref. [37]. Closed and open symbols are from coarse
and fine lattices respectively. Squares and triangles denote unquenched and quenched results respectively. Lines represent
experiment.
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Structure functions (p.184)
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Figure 16.3: Kinematic domains in x and Q2 probed by fixed-target and collider experiments, shown together with the
important constraints they make on the various parton distributions.

Big-Bang cosmology (p.218)

Figure 19.5: The galaxy power spectrum from the 2dFGRS, shown in dimensionless form, ∆2(k) ∝ k3P (k). The solid
points with error bars show the power estimate. The window function correlates the results at different k values, and also
distorts the large-scale shape of the power spectrum An approximate correction for the latter effect has been applied. The
solid and dashed lines show various CDM models, all assuming n = 1. For the case with non-negligible baryon content,
a big-bang nucleosynthesis value of Ωbh

2 = 0.02 is assumed, together with h = 0.7. A good fit is clearly obtained for
Ωmh � 0.2.
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Big-Bang nucleosynthesis (p.220)
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Figure 20.1: The abundances of 4He,
D, 3He and 7Li as predicted by the stan-
dard model of big-bang nucleosynthesis.
Boxes indicate the observed light element
abundances (smaller boxes: 2σ statistical
errors; larger boxes: ±2σ statistical and
systematic errors). The narrow vertical
band indicates the CMB measure of the
cosmic baryon density.

The Cosmological Parameters (p.228)
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The Cosmological Parameters (p.228)

Figure 21.2: The angular power spectrum of the cosmic microwave background temperature from WMAP3. The solid line
shows the prediction from the best-fitting ΛCDM model [2]. The error bars on the data points (which are tiny for most
of them) indicate the observational errors, while the shaded region indicates the statistical uncertainty from being able to
observe only one microwave sky, known as cosmic variance, which is the dominant uncertainty on large angular scales. [Figure
courtesy NASA/WMAP Science Team.]

The Cosmological Parameters (p.229)
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Figure 21.3: The galaxy power spectrum from the 2dFGRS, shown in dimensionless form, ∆2(k) ∝ k3P (k). The solid
points with error bars show the power estimate. The window function correlates the results at different k values, and also
distorts the large-scale shape of the power spectrum An approximate correction for the latter effect has been applied. The
solid and dashed lines show various CDM models, all assuming n = 1. For the case with non-negligible baryon content,
a big-bang nucleosynthesis value of Ωbh

2 = 0.02 is assumed, together with h = 0.7. A good fit is clearly obtained for
Ωmh � 0.2.
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Cosmic Rays (p.246)
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Figure 24.3: Vertical fluxes of cosmic rays in the atmosphere with E > 1 GeV estimated from the nucleon flux of Eq. (24.2).
The points show measurements of negative muons with Eµ > 1 GeV [4,24–26].
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Figure 24.9: The all-particle spectrum: for references see [65]. Figure used by permission of author.
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Cosmic Rays (p.250)
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Figure 24.10: Expanded view of the highest energy portion of the cosmic-ray spectrum. � [78]( HiRes1 monocular), • [78](
HiRes2 monocular), � [79]( Auger) � [76]( AGASA).

Passage of particles through matter (p.261)
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Figure 27.7: Straggling functions in silicon for 500 MeV pions, normalized to unity at the most probable value δp/x. The
width w is the full width at half maximum.



1212 Color figures

Passage of particles through matter (p.261)
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Plots of cross sections and related quantities (p.333)

σ and R in e+e− Collisions
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Figure 40.6: World data on the total cross section of e+e− → hadrons and the ratio R(s) = σ(e+e− →
hadrons, s)/σ(e+e− → µ+µ−, s). σ(e+e− → hadrons, s) is the experimental cross section corrected for initial state
radiation and electron-positron vertex loops, σ(e+e− → µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV and
statistical above 2 GeV. The curves are an educative guide: the broken one (green) is a naive quark-parton model prediction
and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of this Review, Eq. (9.12) or,
for more details, K. G. Chetyrkin et al., Nucl. Phys. B586, 56 (2000) (Erratum ibid. B634, 413 (2002)). Breit-Wigner
parameterizations of J/ψ, ψ(2S), and Υ (nS), n = 1, 2, 3, 4 are also shown. The full list of references to the original data
and the details of the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. Corresponding computer-
readable data files are available at http://pdg.ihep.su/xsect/contents.html. (Courtesy of the COMPAS(Protvino) and
HEPDATA(Durham) Groups, August 2005. Corrections by P. Janot (CERN) and M. Schmitt (Northwestern U.))
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Plots of cross sections and related quantities (p.334)

R in Light-Flavor, Charm, and Beauty Threshold Regions

10
-1

1

10

10 2

0.5 1 1.5 2 2.5 3

Sum of exclusive
measurements

Inclusive
measurements

3 loop pQCD

Naive quark model

u, d, s

ρ

ω

φ

ρ′

2

3

4

5

6

7

3 3.5 4 4.5 5

Mark-I
Mark-I + LGW
Mark-II
PLUTO
DASP
Crystal Ball
BES

J/ψ ψ(2S)

ψ3770

ψ4040

ψ4160

ψ4415

c

2

3

4

5

6

7

8

9.5 10 10.5 11

MD-1
ARGUS CLEO CUSB DHHM

Crystal Ball CLEO II DASP LENA

Υ(1S)
Υ(2S)

Υ(3S)

Υ(4S)

b

R

√
s [GeV]

Figure 40.7: R in the light-flavor, charm, and beauty threshold regions. Data errors are total below 2 GeV and
statistical above 2 GeV. The curves are the same as in Fig. 40.6. Note: CLEO data above Υ (4S) were not fully corrected
for radiative effects, and we retain them on the plot only for illustrative purposes with a normalization factor of 0.8.
The full list of references to the original data and the details of the R ratio extraction from them can be found in
[arXiv:hep-ph/0312114]. The computer-readable data are available at http://pdg.ihep.su/xsect/contents.html

(Courtesy of the COMPAS(Protvino) and HEPDATA(Durham) Groups, August 2005.)
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Plots of cross sections and related quantities (p.338)
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Figure 40.10: Summary of hadronic, γp, and γγ total cross sections, and ratio of the real to imaginary parts of the forward
hadronic amplitudes. Corresponding computer-readable data files may be found at pdg.lbl.gov/xsect/contents.html.
(Courtesy of the COMPAS group, IHEP, Protvino, August 2005.)
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The Mass of the W boson (p.360)
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Figure 1: Measurement of the W -pair production cross section as a function of the center–of–mass energy [1], compared
to the predictions of RACOONWW [3] and YFSWW [4]. The shaded area represents the uncertainty on the theoretical
predictions, estimated to be ±2% for

√
s < 170 GeV and ranging from 0.7 to 0.4% above 170 GeV.

Searches for Higgs Bosons (p.391)
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Figure 2: Observed (solid line), and expected behaviors of the test statistic −2lnQ for the background (dashed line), and
the signal + background hypothesis (dash-dotted line) as a function of the test mass mH . Left: ALEPH data alone; right:
LEP data combined. The dark and light shaded areas represent the 68% and 95% probability bands about the background
expectation (from Ref. 27).
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Searches for Higgs Bosons (p.391)
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Figure 3: Upper bounds, obtained by the Tevatron experiments CDF and D0, for the cross-sections of event topologies
motivated by Higgs boson production in the SM. The curves in the opper part represent the 95% CL experimental limits; the
curves in the lower part are the SM predictions (from Ref. 30).

Searches for Higgs Bosons (p.393)
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Figure 4: The MSSM exclusion limits, at 95% CL (light-green) and 99.7% CL (dark-green), obtained by LEP for the
mh0

-max benchmark scenario, with mt = 174.3 GeV. The figure shows the excluded and theoretically inaccessible regions in
the (mh0

, tanβ) projection. The upper edge of the parameter space is sensitive to the top quark mass; it is indicated, from
left to right, for mt = 169.3, 174.3, 179.3 and 183.0 GeV. The dashed lines indicate the boundaries of the regions which are
expected to be excluded on the basis of Monte Carlo simulations with no signal (from Ref. 36).
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Searches for Higgs Bosons (p.393)
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Figure 5: The MSSM exclusion limits, at 95% CL obtained by the Tevatron experiments CDF and D0, and by LEP, for
the no-mixing (light color shadings) and the mH0 − max (darker color shadings) benchmark scenarios, projected onto the
(mA0, tanβ) plane of the parameter space. CDF uses a data sample of 310 pb−1 to search for the τ+τ− final state, and D0
uses 260 pb−1 of data to search for the h0 → bb final state. One should be aware that the exclusion is sensitive to the sign
and magnitude of the Higgs mass parameter used, namely µ = −200 GeV. The LEP limits are obtained for a top quark mass
of 174.3 GeV (the Tevatron results are not sensitive to the precise value of the top mass).
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Figure 6: The MSSM exclusion limits, at 95% CL (light-green) and 99.7% CL (dark-green), obtained by LEP for a
CP-violating scenario with µ = 2 TeV and MSUSY = 500 GeV, and with mt = 174.3 GeV. The figure shows the excluded
and theoretically inaccessible regions in the (mH1, tanβ) projection. The dashed lines indicate the boundaries of the regions
which are expected to be excluded on the basis of Monte Carlo simulations with no signal (from Ref. 36).
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Searches for Higgs Bosons (p.395)
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Muon Anomalous Magnetic Moment (p.438)
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Figure 2: Compilation of recently published results for aµ (in units of 10−11), subtracted by the central value of
the experimental average (3). The shaded band indicates the experimental error. The SM predictions are taken from:
DEHZ [13], HMNT [16], GJ [18], TY [19], N [20]. Note that the quoted errors do not include the uncertainty on
the subtracted experimental value. To obtain for each theory calculation a result equivalent to Eq. (16), one has to add the
errors from theory and experiment in quadrature.

Neutrinoless Double-β Decay (p.480)

Figure 1: The left panel shows the dependence of 〈mββ〉 on the absolute mass of the lightest neutrino mmin. The middle
panel shows 〈mββ〉 as a function of the summed neutrino mass M , while the right panel depicts 〈mββ〉 as a function of the
mass 〈mβ〉. In all panels the width of the hatched areas is due to the unknown Majorana phases and thus irreducible. The
allowed areas given by the solid lines are obtained by taking into account the errors of the oscillation parameters. The two
sets of solid lines correspond to the normal and inverted hierarchies. These sets merge into each other for 〈mββ〉 ≥ 0.1 eV,
which corresponds to the degenerate mass pattern.
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Solar Neutrinos Review (p.486)

Figure 1: The solar neutrino spectrum predicted by the BS05(OP) standard solar model [12]. The neutrino fluxes from
continuum sources are given in units of number cm−2s−1MeV−1 at one astronomical unit, and the line fluxes are given in
number cm−2s−1.

Solar Neutrinos Review (p.489)
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Figure 2: Fluxes of 8B solar neutrinos, φ(νe), and φ(νµ or τ ), deduced from the SNO’s charged-current (CC), νe elastic
scattering (ES), and neutral-current (NC) results for the salt phase measurement [11]. The Super-Kamiokande ES flux is
from Ref. [34]. The BS05(OP) standard solar model prediction [12] is also shown. The bands represent the 1σ error. The
contours show the 68%, 95%, and 99% joint probability for φ(νe) and φ(νµ or τ ). This figure is taken from Ref. [11].
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Solar Neutrinos Review (p.490)

Figure 3: Allowed regions of neutrino-oscillation parameters from the KamLAND 766 ton·yr exposure ν̄e data [10]. The
LMA region from solar-neutrino experiments [9] is also shown. This figure is taken from Ref. [10].



Color figures 1223

Solar Neutrinos Review (p.491)

Figure 4: Update of the global neutrino oscillation contours given by the SNO Collaboration assuming that the 8B neutrino
flux is free and the hep neutrino flux is fixed. (a) Solar global analysis. (b) Solar global + KamLAND. This figure is taken
from Ref. [11].

Vud, Vus, the Cabibbo Angle, and CKM Unitarity (p.680)
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Figure 2: Comparison of determinations of |Vus|f+(0) from this review (labeled 2005), from the PDG 2002, and with the

prediction from unitarity using |Vud| and the Leutwyler-Roos calculation of f+(0) [28]. For f+(0)(1− |Vud|2 − |Vub|2)1/2, the
inner error bars are from the quoted uncertainty in f+(0); the total uncertainties include the |Vud| and |Vub| errors.
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CP Violation in KL Decays (p.685)

Figure 1: φ+− vs ∆m for experiments which do not assume CPT invariance. ∆m measurements appear as vertical bands
spanning ∆m± 1σ, cut near the top and bottom to aid the eye. Most φ+− measurements appear as diagonal bands spanning
φ+− ± σφ. Data are labeled by letters: “b”–FNAL KTeV, “c”–CERN CPLEAR, “d”–FNAL E773, “e”–FNAL E731,

“f”–CERN, “g”–CERN NA31, and are cited in Table 1. The narrow band “j” shows φSW. The ellipse “a” shows the χ2 = 1
contour of the fit result.

CP Violation in KL Decays (p.686)

Figure 2: φ+− vs τS . τS measurements appear as vertical bands spanning τS ± 1σ, some of which are cut near the top and
bottom to aid the eye. Most φ+− measurements appear as diagonal or horizontal bands spanning φ+−±σφ. Data are labeled
by letters: “b”–FNAL KTeV, “c”–CERN CPLEAR, “d”–FNAL E773, “e”–FNAL E731, “f”–CERN, “g”–CERN NA31,
“h”–CERN NA48, “i”–CERN NA31, and are cited in Table 1. The narrow band “j” shows φSW. The ellipse “a” shows the
fit result’s χ2 = 1 contour.
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D0–D0 Mixing (p.730)

Figure 1: Allowed regions in the x′y′ plane. The allowed region for y is the average of the results from E791a, FOCUSb,
CLEOc, BABARd, and Bellee. Also shown is the limit from D0 → K(∗)�ν from Bellef and limits from D → Kπ from
CLEOg, BABARh, Bellei and FOCUSj . The CLEO, BABAR and Belle results allow CP violation in the decay and mixing
amplitudes, and in the interference between these two processes. The FOCUS result does not allow CP violation. We assume
δ = 0 to place the y results. A non-zero δ would rotate the D0 → CP eigenstates confidence region clockwise about the
origin by δ. All results are consistent with the absence of mixing.

B0–B0 Mixing (p.839)

-1

-0.5

0

0.5

1

1.5

2

-1

-0.5

0

0.5

1

1.5

2

0 2.5 5 7.5 10 12.5 15 17.5 20 22.5 25

B
s o

sc
ill

at
io

n 
am

pl
it

ud
e

data ± 1 σ 95% CL limit   14.4 ps-1

1.645 σ sensitivity    18.2 ps-1

data ± 1.645 σ
data ± 1.645 σ (stat only)

Published results only

April 2006

∆ms (ps-1)

data ± 1 σ 95% CL limit   16.7 ps-1

1.645 σ sensitivity    25.6 ps-1

data ± 1.645 σ
data ± 1.645 σ (stat only)

All results

Figure 2: Combined measurements of the B0
s oscillation amplitude as a function of ∆ms, based on published results
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dominated by statistical uncertainties. Neighboring points are statistically correlated.
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Determination of Vcb and Vub (p.869)
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Figure 1: Measurements of |Vcb|F(1) and ρ2 along with the average determined from a χ2 fit. The hatched area corresponds
to the ∆χ2 = 1 contour. This plot is taken from [3].
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Figure 2: Measurements of |Vcb|F(1) and ρ2 along with the average determined from a χ2 fit. The hatched area corresponds
to the ∆χ2 = 1 contour. This plot is taken from [3].
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Determination of Vcb and Vub (p.877)
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Figure 3: The form factors f0(q
2) and f+(q2) versus q2 by the Fermilab/MILC [112] and HPQCD [113] collaborations.

The full curves are the BK parameterization [114] fits to the simulation results at large q2, with f0(0) and f+(0) constrained
to be equal. Errors are statisical plus systematic added in quadrature.

Supersymmetry, Part I (Theory) (p.1114)
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Figure 1: Mass spectrum of supersymmetric particles and Higgs bosons for the mSUGRA reference point SPS 1a′. The

masses of the first and second generation squarks, sleptons and sneutrinos are denoted collectively by q̃, ˜� and ν̃�, respectively.
Taken from Ref. [72].
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Supersymmetry, Part II (Experiment) (p.1122)
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Figure 1: Heuristic diagram of the interplay of chargino field content and sfermion masses.

Supersymmetry, Part II (Experiment) (p.1125)
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Supersymmetry, Part II (Experiment) (p.1126)
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Dynamical Electroweak Symmetry Breaking (p.1149)
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Figure 1: Search for a light technirho decaying to W± and a πT , and in which the πT decays to two jets including at
least one b quark [19]. The four panes show the invariant mass of the dijet pair and that of the W+dijet system, for the
backgrounds (bottom left), the expected signal (bottom right), the data (top right), and the overlay of all (top left).
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Dynamical Electroweak Symmetry Breaking (p.1149)
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Figure 3: 95% CL cross-section limit [21] for a light techniomega and a light technirho decaying to �+�−.

Dynamical Electroweak Symmetry Breaking (p.1150)
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Figure 4: 95% CL exclusion region [22] in the technirho-technipion mass plane obtained from searches by the DELPHI
collaboration at LEP 2, for nine technifermion doublets. The dashed line shows the expected limit for the 4-jet analysis.
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Dynamical Electroweak Symmetry Breaking (p.1151)

Figure 6: 95% CL exclusion region [27] in the technirho-technipion mass plane for pair produced technipions, with
leptoquark couplings, decaying to bν.

Extra Dimensions (p.1167)

Figure 1: Experimental limits on α and λ of Eq. (8), which parametrize deviations from Newton’s law. From ref. [33].



1232


