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Abstract

We study the quantization of gauge theories by giving a central role
to the BRS symmetry. We analyze as far as possible the case of a general
gauge theory. Algebra¥c as well as geometrical preperties of the BRS sym-
metry are discussed. The problems of anomalies, renormalizability, gauge
independence and unitarity in Yang-Mills theories is carefully examinad.
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I - IKTRODUCTIUN

Gauge invariance plays a fundamental role in physics. The
introduction of yauge theories, i.e, of theories invariant under
local field transférmations, is justified from the localized
field concept as has been pointed out by Yang and Mittsl), 1¢
one considers interactions which are invariant under a set of
global transformations endowed with a group structure, the
assumption that space-time is homogeneous mages it natural to
explore the possibility of performing these transtformations
independently at different space time locations without any

influence on observables. Following this principle, physicists

" attempt to associate with any given global symmetry of physical

relevance a gauge invariant Lagrangian and/or a gauge covariant
closed system of equations of motion. 1In that way general
relativity is introduced as a theory which is associated with
local Lorentz invariance2’ and the phenomenolagical
electro-weak-strong interaction models as theories associated
with local invariance under the action of a compact Lie

group.3) The latter theories are non trivial generalizations

of electrodynamics and have alsoc the important property of being
renormalizable in four dimensional flat space-timed»%:8); thay
allow fof consistent and unambiguous computations at any given
finite order of pertrubation theory. Furthermore, the concept of
yauye invariance has yielded the lattice yauge theory formulation
which plays a fundamental role in the analysis of many non
perturbative phenomena in statistical physics as well as in

particle physics’).

pa
A1l  gauge thecries "are plagued with problems which
originate in the existence of zero modes within the c¢lassical
Lagrangian andfor the classical equations of motion 8). Let us

recall the usual way a gauge theory is constructed. One  starts

© from geometrical equations which express the action of a given

gauge symmetry on a certain set of c¢lassical fields. Here
“classical” means that the fields are assumed to satisfy the
physical spin-statistics relatian. A1l these fields transform
tensorially under the action of the given global symmetry and the
Lorentz syﬁmétry. Then, one constructs a Lagramgian which is a
gauge invarfant local function of the classical fields. As soon
as this function is specified one can identify some of the field
components as non physical modes, i.e. as zZero modes of the
Lagrangian expanded to second order in the fields. The existence
of such zero modes is indeed a direct consequence of the full
gauge invariance of thé& Lagrangian. It turns out that, in
general, one cannot express in a Lorentz covariant way the theory
in terms of physical modes alone, that is to say solely in terms
of modes ofthogona1 to zero modes. This impossibility leads teo
numerous difficulties. In particular, oane encounters the
follewing problem when one tries to quantize the theory. In
order to define perturbation theory one must add a gauge fixing
term to the Lagrangian to render invertible 1ts quadratic field
approximation. In this way the unphysical modes ac?uire a well
defined progagator. But the general existence in the Lagrangian

of interactions which depend on zero modes imply an effective



3
propagation of these unphysical modes as virtual intermediary
quantum states, and one may fear 2 violation of unitarity.

In order to handle these problems .and make compatible the
existence of zero modes and the physical requirement of
unitarity, DOirac has built a method which appliés to a large
¢lass of gauge theories within the framework of <canonical
quantization B). The method consists of making a prescription
for quantizing constrained Hamiftoniqn systems and therefore also
gauge theories which are very often examples of such systems.
Then Faddeev and Popov have transposed Dirac's method to the
functional dntegral formalism, thereby obtaining an explicitly
Lorentz covariant duantization method for a gauge invariant
Lagrangianlo’ll'la. The 7resu1ting formalism is by now very
familiar to particle physicists. One obtains at the end a
Lagrangian whose quadratic approximation degeneracy has been
removed through the addition of a gauge fixing term. In addition
the Lagrangian contains terms depending on new fields, known as
ghosts, whose statistics is in general unphysical and whose role
is to ensure that physics is gauge invariant in spite of the
fact the full Lagrangian is not. Observe that in the
Faddeev-Popov approach, the introduction of ghosts is merely a
technical device to express the modification of the functional
integral measure required to compensate the gauge dependence
introduced by the gauge fixing-term10’13). The great success of
this method is that it has determined ia the particular case of

Yang-Mills theories with a linear gauge condition a Lagrangian

4

which is a correct starting point' for perturbation theory.

~Thereby” it has ‘pefmitted- a consi.vent construction of these

theories¥*8). If one wishes however to consider the
prescription of Dirac-Faddeev-Popov.'as a general method for
quantizing a gﬁuge theory, one discovers that, even in
perturbation theory, it contain§ lpop-hoies, some of which will
be analysed later 1in this article. Moreover the
éonstructioﬁ of Faddeev and Popov is characterized by &
succession of formal manipulations which contrast sever1y'with
tﬁe.simplicity and beauty of. the gauge invariance principle of
the <c¢lassical physics. Such compiications may appear as
unnatural and undesired when one goes from classical to quantum
physics and our purpose here is to describe a technique which
allows one to gquantize gauge theories in a more direct way and to
bypass the technical difficulties encountered with the use of the
Faddeev-Popov method. ' v '

In order to realize this program we present in this article
the quantization of perturbative gauge ‘theeries in a rather
unorthodox'way. At a matter of fact we shall abandon completely -
th; method of Faddeev and Popov and adopt stricto sensu Feynman's
original idea14) that ghosts, 1i.e. fields with_ unphysical
statistics, are truly necessary in all cases to .compensate for
the effects due to the quantum propaga}ion of zero modes which
are contained 1in any classical gqauge field. Then we shall
postulate that the fundamental fields for a gauge theory are
classical fields and aésociated ghosts and that the full quantum

Lagrangian is a local function depending a priori on these



11 pue mumakWmegmpcm mLu mm waJ403Y3 SIA03S JO UOLSUIIXD |PWJO}
e s su»ishyd jo waroayy souapuadapur Ibneb ayz Jo uoljejlaJdedlul
ue Jby SMO||® WSL{PWJO3 SLY} JIAOIJOH *(gz5U0tI3ILP tes>isdydun
2yl Buoje Jaodsuedyz gaylesed 4Bpun  JuUPLJRAUL  3JBL BJEe YILluMm
250y3 aJe ajueazjad (zuapuedapul 9bned rari) wau_mhza\ ®oyjtm
SUOLRULGWOD Plail [[? 3IPU3 SPULs Buc pue *suolloaJdip (eaLlsAydun
ayy Suole sjusuodwod aJnjpadnd  Jo  BurysLuea a8yl $s3azdx?
faya :pajadduazul ApleaitJiawoab ag ued suotienbs syg 'R Aem mwgu
uj .hom.mm.vm.mm.nﬂmco_uuwuwv {ea15Aydun 3ng “mau Jo uotiosunfpe
A swlj-adeds sabJe|us BUG ©F Op ©} JapJO U]  ‘WJOL-| JOLJ3IXD
2]6uLs ® 0 sjusuodwor se Jay3zaboy and pue parjylun asde siusuodwod
plais 3soub pue {221SS5E[D FUY SJIYM WS||BWIDE ® PpliRg UPD 2UO
‘poaapuy  *4dyjdny pausnd aq ued prats a3hneb jo qued e se sisoyb
ayy bButpnise} JO eapiL JALILnNjul 3y3z ‘KLzm juaspuadespul &bneb Afue

ul sapow jedisAydun pue s3soyS ay3y bBuyp|Buejussip Jo) Kjr|lgissod

o SL  BJ4BY3 BULS  Bsed  de(napided  apayl ug adf30304d

Jo 9yod oay3z Keyd sajsoayy S| iW-Buey fa(or14e styl ujp

. P notbyo PuoLlRlLARSE

(62 mmum 0J4b¥22G | t1ell

] jo 398339 ayy ajedodiodul 01 pazi|eJauab Klauedad
u3aq sey 3L pue ‘ANN.HNg:mumwm:oucs 1 poyzaw Aodogd-ad9ppey 2yl
golym Joj ﬁommvﬁm_u abneb Josual wdoy-¢ paziipJauab m:_>"o>=*
asoy3 se yons swa|qosd worqeziyuenb. sAalos uou um_Faam. ag ues
AOAOJ=-A33DPPR4 @Yl YILM SUOLIDLPERLIUOD ui 2¥e 3ng $ab6neb urelusd
uL A3pligeziRwdouay 2Jnsud 03 AJoauyl s||LlW buey wut ,hgmwmmuma

J2URISUL JOJ 3dJde. Y3ium .ﬁme:owuumLmu:_ 3soub uruhmzv asoyi Aq

9

1L Ys21409Y3 S| |iW-Buep- jo quu.msﬁ.ucoamn mf_ow .AmH.NHNummcd.

pefeyd ajod 9yy saLjiJe|d poyjaw ay3 Je(ndjided uj  cpaajosun
ASLMIIYLD ULBWIJS PlROM YO LYym suwaiqosd ajpuey ued aIuo yoseoddde
M3U S1U1 Ul 2J404843Y)]  cargediiddeun s poylaW {BNSN BYL YILUM
Joj sases ut ueibuesbeq wnjuenb ayz jo uopieapJap pJemaoiiybredys

e adigoedd ul sjiwdad oste JL Ing wWS{jEWJO) BYJ UL UOLIEDLJL[dULS

tenydasuos e aptaodd 1L ss0op KLuo 10y *0s q0u SL 1L 19ey

ur  *sodog pue A33ppR4 JO POYIBW UMOUN [|IM 3L JO ummam>okae_
|PWJO) dJaW ' 2aq ©3 Jeadde Aew poyjzow ayi ubiLs IsJLy Y

.Aha BOURLJRAY]
abneb jo afdisuirdd ay3 wouy ueibBuedben pesisserd syl SULWiaap
.wu pafoldme ABajes3s a4l 291 wniuenb 2yl e sJoJJiw Apieinieu
24npa20Jdd siu]  cKajewwds SYg Y JAPUN JULLIBAUL SL YIjym Splatl
teorsse|> pue s3soub to uoiiduny gmfm:mgmmJ feJauab isom ayjy se
cmwmcmgwa4 wnjuenb Fﬁap‘mnu spdemsarie ALiuo pue ‘Auisuwwls gyg ayl
doeys 25013 e se Suluiwasaap o AbBajesiys |BJNIBU 23Ul 03 peay] S|t

auo .wu:oawumcou 2 Sy l2a®| unizuernb ay3y e Asrowmls abned

(o1
ays AeM odrsuLJaul ue ul juasadsdas pue spiaty 3soyb pue jedrpsseyd
24y UG 30R YDluUM SMEB| UOLIBWJOJSURJSY 4O 39S B pling SKeM|R ued

auo ‘fujowwks abneS Kue uaA(f ‘30®y ul ‘ue(bueJBe] ® 4O uoj30U
. 8y1 jo juapuldapul SLI yd>LyM Aem e ul KLJoayy a6neb |esauab w
. 40 ased 2ay3 03 papualxa ag ued ‘$ai409Y)} s|{1W bues up ueibueabeq

- ADdOg-AB9PPR  JERL|LWEY By 30 - 9JUBLJEAU} - |BLjuapiAcdd B se

?I01S uﬁm umaox‘ .wcvumw Aq peasnoasip Apteuibrie Amﬁ.mxgumsemm‘

S¥E POLlPI-0S Y3 3JBYI INO SUANY 3]  “SPLats 350yb pue (evisse(d

.. 3y3 .:uon SIA[OAUL UILUM waDy ® =p..hgpwEEzm abneb ‘ay3l ssaudxs

03 Aes B pPUL) ISRW IUC JRY] JEILD SL 3L yoevoudde Sty3 U] *SplIL}

' S




*andog puv A2apped jOo peyzaw syl Aq =u>vm uetbueabe] auy ased
(er2sds 2 Ul JBAQIAJ 2M }INC SUOLl3DRJRJUL 1soyf 21aJgend jessvuad
Yy suteauss ueibuedber syyr cveibuedsb2 a|geZLiEWIOUdL JURLJRAUL
r1uesn] pu? S (esouad ascw ayy ssed ey} uL dAa1B pue uolsudwip
g ut 2sed syfLK-Bumy aul o1 poulsw syl Aidde o ‘paxiy abneb
(pJdavab uwy are sugifuesbey yons eyl IrJISUCWAD BN "splaty
3soyf pue {eslsse(3 Jo uwoljsuny suvibueaben  jueldeaul  Syd
Suipping Joy poylswk fedaush e guasaud am ‘T[] uolloag U]

“Awli-adveds
pabJeius ue UL WJOj-| JOLJBIX3 alfuLs ® 03Ul PpILqWAsSE IJE
s150yb pue spioaly afnef |221SSe{D Byl UItmM uL wsilewJdoy paillun
ay3 Aepdsip am ases s||i-Bues ayy oz Buifyioads ueyl “suoiiends
S¥E 943 wWoJy JO  SPLELY lBDLSSE{D 4O SME| uoljewsojsues]
u;mu:mww sy1 woay 43y3zte Lujawwks abneb [eJdoush e Jo volje(nuwtoy
2ul u@sM1sQ IJue[eAlnbes VY3 Sjesjsuowsp OM 1 UOLIIES U]

*59t1409y) Ibneb Hurmapaed
vays oplLse 133 uIIe KJBA S1 DPue danlsu  fejuawepuny e 3o St
yoLym saijewour Jo waigosd 3yl o3 uoijualrie (ervads aaih ypeus em
ucriezLiewdouad Buiurasues *AJyawwfs abneb yeJ3uab ® 40 asvl
ayy olqissod se dep se asA{muz ||PyS I UOLIIAJISHOD 33 jo da3s
yosea 3y “WJO} PHATLUJIPOW SIL UL BSuRLJPAUL S¥g ayy aldisuiad
® 6 (2ar3| 2y3 o3 Buisped Ag sardgoau:r 26neb jo woiriezijuend

2a138Qentead  ay3l  juesard 03 QUBAM @M azraewuwns O]

8

*sasodund (e2LUY291 Joj [niasn Kfue 23ueLJPAU} SnolL2siw
1ng juaiLuaauod e 3snC jou puep 3daoucd |[e3vdwepuny v st Luisueds
CHE YD 1PYT UOLIPILPUL J3YlJny v saijilenh 3SAYL JIPLSUOD IM pUY
‘gislade sy uL vopieluesasd s3t Lprasny 031 ybBnous aar3sabiins
gJe wsiiewJoy bapjLun aux jo (eadde >139y3sae ayr pue AoUILDL4D
Y1l SSI[AUTLIAEN "(pePUOLIAULP  ,IPOLIIBA, 3YL UL s3|qelied
BRWSSEJLS UILM epRW A|pung J48qLy g 4o ideduod eyt o 35pa|mouy
J43434n)L  @adinbas  plnom Buppuejsdapun  zadsap e aauLs  Jeaidun
Lt12s sL ‘eseds jeys uL s@iJoayl s{iiw buep jo ased 3sapdurs aug
UL UaAD 'WSL|BPWJOL SEUT 4O SNIBRIS LeyLlRWAYIeW BYY puRy JAY30 Byl
ug *LeJauvab a3inb se aJuo0isJdayl sdaradde 11 .Amm.mwmgpmseamhmn:m
Les0| A|gissod pue A1rAedf BupAleAul  S3}J403yl 01 paipdde aq
ues pue 23eds paadnd ub parpesauadl A[3Iudoas udag sey wsilewso)

patjiun siy1r A|Hurasazazur aynh .Ammomam-n;m jvapuadap
afnef ®» 01 umep s3|cPiJdea  |ertweukp (eoisse|d jJo ajeds-aseyd
#yy Buronpasr o sastsuod  faodog  AdRppe4  jo 3L fomdlq
10 yaroudde ay3 ummLucow UL fsapgerdea upwssedn pue |ead yioq
Buiuiejuoes aseds Jabtep e 0% sajgetdea jpesiweulp jo aveds aseyd
auy GulBarviua £q wuteiied wolinziiuenb Yl SAZL{PLALJ] MOYIWOS
11 *agdod puR AIPPRJ 10 ITYL WoJd) BJnieu UL JuaJdaSIIp AJIA

S| WELIPWJOL PIjFlun SLY} ULYyILM SMO{ [0 Ruoc yoiym yszeoudde auz

7243 830U 03 jueldoduy SL 3 ‘uoLsuswtp Jaybiy uy sueibueusfieq
{roysseld  suerdeayy  abfned  Sviuilwmaaszep  Jo o eyl 03 Je(twls
waiqodd e ¢33 saLiewour alaqissed 2yl ARuilyprsseys  jo swpaog;
Iyl saInpas 9ste 3| .nmm.wmgwwaoLn Apewoue 3yl JO UOLSSNISEDp

ayj3 S$aLpnas  sroladJdd  ©L  uPyl JudJedsuBSl  JOW  YINW  savew



‘uewlisp pue 3JO0H,1
J0 U017PJ3SUPWAP {RULBLJ0 DYF JO JUIWIULIAS B SL 3] CSIUBLJIRAUL
Sy¥g oy1 saAaJasssd ystum Jogje|nbaz e© JO 9sSN 2yl sIIPILISSAnAY
Ing sjuswnbue yaAd| 9943 ayy sazptedauab jJooad siLyp .mm_mesu
S11LlW-Buey UaxoJg Kisnoauejuods ut XLdjew-g pezZL|ewJlouad
2yl jo  3Jed Lea1sAyd  e8y3 jo  A3iJdejrun pue 3duapusdapul
abnef  ayy 4o gooud ¢ juesasd  am . fTTA wOL3DDS U
‘PaJURLJRALL S¥E @Yl Saaddssaud
YolUM J03eIn6AJ B 9SR UBD BUC 41 @(QRZL[EWJOuUds Klaaiqesi(d
-131nW 8t sILJ40eyL S|ilw-Bues 1eul joodd pdemdojiudledis 2
2416 om Ay|euty swapgoesd s2LsAYd (e21SSP(D B 03 1202} Ul painpad
3q 4PD ‘w3 i1goJd wnijuenb aand v Laoiad B OSWIIS UILYM ‘S3;|ruwour
#yl HutA issedn Ju walgosd 2yl jeylz Mous 3y csiudwnSse Supiunod
Jamod wvoeouod Aluo ydlysm 250yl pue aanjzeu oiesaable KAyasnd e
40 947 MH21ym swI|goJd Byl uUS9MIDQ Biqissod seodey seoyusinbutis.p
pur ‘wdjgosd Alewoue 3yl 03 uo1Iudlie jeldads aaif aM  *satJoRys
SLLiW-Buey u: GOL3IBZL|ewWJoUdS ISA{RUP BM “Ip UDLIIDS MUY
‘uefyeribe] pazLRWJOUdS SY3 10 UOLlBMiWJINAp 2y}
Up suotjenpjitdwrs SuLyidas SpLRLA poyasm sLyy faauy Aiewcur pue
Butiunod Jamod AQ S1gRIL|BPWIOUDS S Ydlym AJodyl © 1D ISP 2y UJ
*frUGL3IOoUN] ledop B Ag pREjsSLies BJe ADUY USYM S31111UaPL pdEy
243 Buvijuaayyp Jo)p poylaw jeJausb ® omous aMm ‘p uoL33ag U]

ot

“patjiun aJge spraty 3soyb
pu® |®e31SSBL> 9Y3r yoitym u} aoeds psbse(ue dY3 Ul WIJOBY] SIN03S
40 @2ouenbasuod puemsoiiybredss e st oso1sAuyd  Jo  aauspuadaput
abred ay3 3aJ4d233uUl 03 UG SMOLLE YD UM p:oE:an JL3stdnay
Jayioue Keidsip oS|e B8M *s3L403Yyr S{{LW Buep jo ased Jdeinatyaed
ayy uj "a0URLJRAUL SHE 40 9(diduidd 2yl 40 uoi3EILLLISAC
tdoiJdasased e ue se jooad siy1l Japrsuod Kew aug pwamxgq o
asuapuadopui 26ned syl 03 speal ueibuedbeq ayj JO BDURLJIPAU} SYE
ayy 1eul tooud o1ysidnay Ing |eJewmel v KAedsip uayl am  *Jojedado
LBLl3ud2a)ltp  DisuiJdaul  ue se  JozeJdado  aoua®[§ SHE 3yl 03
yotyeiasduaul uwe s24a16 pue 3soyb-ijue ayy pur 3Isoyb syl usamiaq
feyawwhs ay3 ;0 UOLIRJCISIJL Iy} sIiwsad wsiiewaol Iy Uy PpLItLy
KJefiLxne $i47 JO UO|I2NPOJIUL 2yl 3IBY} 3Ino sudny 3] *ueibuesben
3yl Aji09ds yoiym sJalzeweded ay3 jo Aue uo a3juapuadap 3FioL|dxe
OU SABY SILALIUIPL DJEBN JYI ‘ased S|{LW-buep Je(napaded syl Joy

pasn ARy ﬁmm.ﬁmmewmo ‘Lysimexey ‘obny .ﬁﬁcwwmsauccwm
jeyl pue (Q3b Joj4 paonposul Brograxdanis eyl pragy AJerpixne ayl
WS{{RPWJOJ JNO UL SN 3K BSAEIIQ ©539UBLJPAUL SHg-tiue pue mmm 0}

Surtpuodsetaod $3134342PL PJEM Y309 3IOALISUOD AN -uollewxoadde

@243 941 UL DIIBNERAD  SUOLIOUNS uIIJH JU JOJ DIUPLJRAUL

S¥§ 3Yl 0 SIDUINDASUOI Byl asALRUR AM  *A] U0L3IIIS W]

Dl WL

S i

R P T R T R T T TR TR IE TR LYY

i
'
i
H
i
t




11
il. CLASSICAL AND QUANTUM ASPECTS OF A GAUGE SYMMETRY

In sub-section {1I-1) we review the usual definitions and
properties of classical gauge transformations and BRS
transformations for a Yang Mills system. In sub-section {I1l-2)
we consider a general gauge theory with a “closed" aigebra of
infinitesimal gauge transformations satisfying the Jacobt
identity. We demonstrate the existence of an associated extended
BRS algebra and give an algorithm for constructing this aligebra,
In sub-section (II-3) we display the formalism which allows one
to unify the Yang Mills ghosts and classical fields.

IT.1 YANG-MILLS THEORY

II.1a Notations
Let 6 be a compact Lie Group of rank r with Lie Algebra g.
Any group elements can be expanded in the neighbourhood of the

identity as p

. @ 2
%:1+LZ€T¢ +oCe)
axi
where the €® are infinitesimal real! parameters and the r

generator Ta are squared matrices whose dimension depends on the

choosen representation. The Ta satisfy the closure relation

[ T;L N ’rb ] = 'E; 1_5 ".Tk‘T;. = f:l .T;

(2.1)
and the Jacobi identity
_— — . [
[T, [T, Te]) # ovetic penn =0 (2.2)
true for any unitary representations. The numbers F:; are

the structure coefficients of the group and they characterize it

locally.

12
In the adjoint representation the generators Ta are r x r
matrices and their matrix elements (Ta)bc can be identified
Wwith the fgc when the group is semi-simple. In a general
representation R the Ta are p % p matrices with matrix elements

ﬂ;s (1<i,32 p) . The indices i{resp. j) label a basis of

the corresponding representation space V{R}. The closure and
Jacobi relations (2,1} and (2.2) can be written as follows,

¢ b
directly in terms of 7;% and fac-

e K [au— 4 c i
.’;KTbé T bk ‘ua = 'E{LE-

o {(2.3a)
d [ d e e ol
ﬁe, 'obh - ﬁm ﬁh = Exb F::h ' (2.3b)
v c .
When the group is semi-simple the -ES and fap satisfy
b i ,
the trace condition % f;b = 0 and f\j fae = © . I it

contains abelian factors the former relation remains true but not

the latter one.

11,1.b Yang Mills classical gauge algebra

The cliassical dynamical variables in Yang-Mills theories
are_c]assified into two categories, matter fields ¥ and gauge
fields Ay . '

The matter fields ? are either boson fields (Pb)_or Fermion
fields (§; Y. They take their vaiues in an arbitrary
representation space V(R}. Under infinitesimal gauge

transformatio ransforms as

n Pt
Seg/ bl 6?

{2.4a)
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where the infinitesimal parzmeter ¢ takes its values in the Lie As a matter of fact, D},LP and F,N are the only functions of A}M

Algebra g and is a function of space-time variables x* . 1a eq. and Y which take their values in the same representations as g

(2.4a)} and threughout this article we use the very conveaient and A respectively and are of the first degree in the field

notation which consist in assembliing into a single matrix the set derivatives 2.# l}' and }E‘ﬂv] while transforming tensarially under

of ‘components of any g-valued function., Then C-.Eé“_f; (1za¢ !\) N the gauge transformations.

and eq.(2.4a) reads in components as follows: The g-valued field strenght F,y satisfies the following

$ SDE =z ea' Tb g’a identity, which follows from the Jacobi identity in g and from 3:;30:0
3 - a&
{2.4b
i a : ) [ D/.( 3 DY] K = F}V)(

The vector gauge fields A}* {(1e ac¢ !‘) are g-valued and . (2.8)
can be assembled into the matrix AFE A;_’; + The infinitesimal Eq. (2.8) is valid for any function X valued in any
gauge transformations of A are defined as representation space of g. The Bianchi identity 1s also

c a p& Ab . .
- = tisfied
S Au = e FLAp el :(ue e R AT | sa
(2.5) (2.9)

. DC,&. F-\Je] = O
8ecause € is a local function, none of field derivatives é},, ‘]D

and }‘-f‘ Hv] transform tensorially under gauge transformations. Therefore, all local properties of classical Yang Mills

However, by introducing the covariant derivative transformations can be summarized as follows:

Df’” ;bf"‘*‘qﬂ” ::)/;,-&A;Ta_

) {2.6) $e AF_ = Due {2.10a)
the following field strenghts can be built, D Yo hﬁ-"P + A,u ¢ 3’6 ¢ eV {2.10b)
a q a ab a¢ :
and  Fyy = dp Av- ovAs ¢ [th,. JAvY = (ophv 2 3v AL 4 ﬁc A,; ﬂv)Ta [s,,8¢)= Spe, et} (2.10¢)
which transform 1in a tensorial way under the action of gauge [8& )[Se'ﬁse"]] + cyefic P”““‘-“ -0 _ {2.104d)
transformations. ; . . . Eqs. (2.10a,b) define the gauge transformations on the gauge
v D v a -t 3 53 T.) A& LPKW , ,
SE(D/.(‘{’.): € }*LP = € Tab( p Tkt g Ty fields and matter fields. Egs. {2.10c) and (2.10d) express

b pa < respectively the closure and the Jacobi iddentily of the set of
[6, F}w] = & Pbc. Fl'*V Ta,

n

8 ( Fuv)

gauge transformations Se which build up therefore an algebra.

(2.7) The Tatter equations apply . to any tensorial combination of

A,& and 0{.

g
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Conversely, up to trivial overall rescalings of structure:

coefficients _ ﬁl « the system of infinitesimal gauge
transformations (2.10a,b) 1is the only one which can be
parametrized by the infinitesimal parameters e{x} and their
derivatives and acts on the fields A and g’ while satisfying the
closure and Bianchi relations (2.10¢,d).

II.1.c Yang-Mills BRS algebra

let ¢ = ¢®(x}T, and T = ._Ea(x)Ta be g-valtued scalar
ghosts, i.e. anticommuting scalar boson FkM&In Yang Mills
theories, they were introduced by Feynman and B.S. de Hitt14)
in order to compensate the unwanted effects due to unphysical
modes contained in Au ¢« The compensation between the ghosts and
the c¢lassical zero modes requires that one introduces a symmetry
between these fields which must be respected by lall
interactions. This symmetry, called BRS symmetry, is determined
by two graded generators s and s, By definition, the action of

s and ; on Au,c,E is such that

5(Ap): Duc T(An) = Dp

s(¥) z-c ¥ S(P) =2 ¥

s{c) :-%[C,c] $(t) :'é[E;EJ
sC + 3 c =z-LE,d

(2,11a)
Eqs. (2.11a) 1leave s{c) undetermined. Thus, in addition to A,
c.E, one needs an auxiliary scalar commuting boson field b: V'T;

which takes its values in g. The action of s and 5 on ¢,C,b is
s(TY=b T(e) =-LEy] -b

s(b) =0 T(h) =-§€,bl (2.11b)

s and s are called BRS and anti-BRS operators respectively,

‘16
We shall postulate that A, ¢, ¢, b, ¥ are the fundamental
fields of the quantum Yang Mills theory. 1In d-dimensional space
time, the field dimension of A, ¢, ¢, ﬁ; is d/2 - 1 in mass
units. It is d4/2 - 1/2 for g? and d/2 for b. Besldes, an
additive ghost number is defined for all fields: it is zero for
a1l classical fields A, % .Y and for the auxitiary field b,
#1 for ¢ and -1 for c. The ghost number of a product of fields
is the sum of the ghost numbers of the fields. The field b
deserves to be called auxiliary since it has dimension 2 in d=4
dimensions and thereby cannot acquire kinetic energy 1in any
renormalizabie Lagrangian. This means that the net number of
~a a

degrees of freedom carried by the quartet of fields A:, c? c, b

is in fact d-2 (i.e. i degree of freedom for each space time

component of A:. -1 for c:.:L or ¢ owing to their unphysical
a4} a
statistics, and 0 for b J.
The action of s and ; on any function of fields 1is given by
the graded lLeibnitz rule:
s{XY) = X)) VY
T(xY) = (eX)Y

1+

Xs Y Tdu= w3 (2.12) -

1+

where the minus sign occurs if X contains an odd number of ghosts
and anti-ghosts. Therefeore s and s can be truly interpreted as
graded derjvatives, the grading being identified as the Lorentz

B 29

rank plus the ghost number » 1 One can trivially verify that

the action of s(;} upon any function of fields increases fits

dimension by one unit and increases (decreases) its ghost number

by one unit.
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Using the Jacobi and closure relations and also the
composition law {(2.12)}) one can check that on all elementary
fields, and thus on any function of the fields, the s and s
operators satisfy the nilpotency property

¢* = 5% +3 ez 55 =0
(2.13)

Conversely, supposing that s and s are graded derivatives
carrying dimension 1 and ghost number 1 and -1, and that they
satisfy the nilpotency eq., (2.13), one can show that the form of
s and s is necessarily that given in eq.(2.11}, up to overall
rescaling factors. . We shall demonstrate this fmportant theorem
in saction (V.2) by using dimensional arguments.

Historically the s operator has been discovered by_Becchi.
Rouet and Storaaﬂs)as Jeaving invariant the Faddeév-?opov
Lagrangian, explaining thereby the Ward Identities wused by
t'Hooft and Veltman 4). However, the original form of s given
by Becchi, Rouet, Stora is slightly different from that giwen in
eq.{2.11) because these authors didn't use the auxiliary field
[ 32'). Because of that, the geometrical nature of s was not
obvious to understand. The anti-BRS operator s was discovered
later ' 3 és an additional symmetry of Faddeev-Popov
Lagrangianﬁat

Under the form (2.11,12) the s and s operators are
independent of the notion of a Lagrangian. ‘We could now
postulate that the quantum Vang-Mills theory is determined from
the most general Yang Mills and Lorentz group scalar lLagrangian

which i{s function of fields A.c.E,b,Q’and is invariant under the

18

BRS transformatians{2,11}, Later on, this postulate will determine the
Lagrangian without any ambiguity and a consistent perturbative
construction will follow. In this method the ninotenc& {2.13) of
BRS operators s and s plays an essential role from a technical
point of view. However, at this stage of our presentation, o¢ne
might consider such a strategy as too formal, Thus, before
applying it, we shall elucidate the 1link between the wusual
Yang-Mills symmetry definition (2.10) and the B8RS equations
(2.11Y. As a first step we shail demonstrate that the existence
of nilpoteat B8RS and antt-BRS operators is a general feature
shared by all gauge theories whose infinitesimal transformations
bui!d up a closed algebra with a Jacobi identity. Heré the term
*closed algebra“ must be taken in a generalized sense, because
the corresponding structure coefficients can be field dependent,
Afterwards, going back to the Yang-Mills case, we shall give an
interpretation of BRS operztots s e 5 which allows one to
jdentify them as exterior differential oPerdtcrs along unphysical
directions.

I1. ?-EXTENDED BRS SYMMETRY FOR A GENERAL GAUGE THEORY

In this sub-section we shall c¢onstruct the nilpotent BRS
algebra that one can asscciate with any givean classical symmetry
defined in the usual way by infinitesimal generalized gauge

,

transformations of which Yang-Mills theories are a particular
caselek

Consider a set of classical fields (i.e., fields satisfying
the physical spin-statistics relation) ¢1 which are'Sabject to
the following gauge transformations

S, 1’5 : Ri (b e ()

. (2.14)
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Here the indices i and 4 Tlabel internal symmetry as well as

: 4
Lorentz symmetry indices. The € (x) are all the possibly local infi-

nitesimal parameters which are necessary for defining a-
generalized infinitesimal gauge transformation. The “generators"
Rl are in general functions of fields f?" For example, 1in the
Yang-Mills case, the fielcls‘t’i run over the set of gauge fields
A: and matter fields ‘f”. and the generators Rj‘ stand for

dp S,‘, + F; Pl,(; and Ta‘; 'f/-e .

The set of transformations (2.14) generates a possibly
“field dependent azlgebra® by assumption. This means that one
has on all fields ) .

[ 6, , 5 19 = (5 6ea-5c8ea) ¢
Rt 25)
where the structure coefficients f:’[% are in general
functions of flields <bi. In the Yang=-Mills case the ff@ are
simply the structure coefficients of a compact Lie gro'upbthat is

to say pure numbers.

For consistency, therelation (2.15) must te comﬁatib]e with
the Jaccbi identity for commutators.
L8.,,08e,8e0] teyedic perm. =0
{(2.16)
The above c]osurg and Jacobi identities (2.15), (2.16)
imply constraints on R; and ng . The latter can be made
explicit by wusing the definition (2.14) inte egs. (2.15},

{2.16). At first sight, the relations that one obtains tlook

20
horrible. However, they c¢an be reexpressed in an extremely
simple way .by using a very convenient trick to introduce new
parameters c:,... c‘:-l, vess, @ach parameter c:: being in a
one to one correspondence with ti'=t , with the same covariance in

o :
4 as for € , but the opposite statistics. The commutation

o
retations satisfied by the ¢y Vvariable are therafore as
follows

R a)afB) & 4
e e 0 - ) €t Co
™ (2.17}

@
where g4} and g((’;) are the Lorentz gradings of € and €
3(6)%((30&(%

4 (3 o
defined from the relation & €& = () e .

Using the definition (2.14), one can write the "closure"

relation {2.15) as

-

N aIgle) 0 53 RS ¥
R . R, - (- R,: Ry =-"¢Fh
4 o ). g % ¢ (2.18)
E .
where Rd‘é x gé;s R, . One can easily check by
inspection over all possible cases that eq. (2.18) Iis equivalent -~
to . < 8
L . o 2 o
Reg Ry e =4 Ry fgee o (2a9)

where all gradings appearing in eq. (2.18)  have been
automaticatly taken into account,
In the same way the Jacobl identity can be simply written

as
4 : N A BY
( P@v,i Ra - Ff‘o’ Fz\(a,) ¢ ¢ ¢ =0 (2.20a)
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and also under the equivalent form when one uses two different

4 4
variables ¢ and ¢,

1 .

(A) L c

(- ¢ rew K?\ 1N v 3() fo i R
A "y [ A M (2.200)

One may note that f;? is always symmetric or antisymmetric
in ¢ »Y¥ Lbut in general there is no symmetry betwen the upper
index & and the lower ones (3, ¥. The trace relatfon 5? P;}; = 0
is however very often realized, and will be shown to be a
necessary condition in order to build an ~invariant functional
tntegral measure for the fields. '

Eqs. (2.19), (2.20) will shortly be shown to lead directly
to the full nilpotency of the BRS symmetry that we shall now
construct. -

Let us consider the set of independent fielids made from the
classical fields Q1(x) and the pairs of ghost fields ¢* (%) and
:d(x) whose tensorial properties and statistics are identical with
those of varjables c; introduced just above. Therefore c&(x) and

8

. : o
{x) satisfy the same commutation relations as ¢ and ¢, 1in

eq.(2.17). Then we define the extended BRS symmetry by the action of -

its generators s and s on the set of fields of ¢,c,z as follows

s(#): Roet HENER
SCCJ‘!:':;'_PF'I’C < g(_id‘):-i P'::UE@C_:‘(
o _y
sG@*Y + T (e?) = -P(%r Cﬁ(’ (2-212)

furthermore, in order to determine the value of sEok in eq.(2.212)
we introduce an auxiliary field p? (x). Thereby we can

complete eq. (2.21a) by the following equations

22
_ A pd = (Y
s (g% bt S(c)=-b-Ffycict . s By
oAy el e Y RFPTLTCS e
5(5)_0 5(b)~’mc b E_RbFﬁ‘ﬂcc(z.zw)

The b* field has the same covariance in & as the ghosts cd and < *
For consistency its statistics is the physical one

bt b8 L 2B B

(2.22)

We wish to interpret s and ; as linear differential

operators graded by the ghost number (0 for the classical fields

¢1 and H‘,l and -1 respectively for c® and ¢ o Y. Thus, we

define the following composition law for the action of s and s on
arbitrary functions of fields ¢,c,c,b

s (XY} = (6X)Y

s(xyY) = G¥Y

1+

SY Saﬂ.:aﬂs
Y 3% s (2.23)

-+

As in the Yang-Mills case the minus sign occurs if there is an
odd number of ghosts ¢ and T in X,

¢

In eq. (2.21) s(b ) is equal to -5( ﬂ&f [P } This can
be verified by using the definitions of s¢ c, sc, the
composition Taw (2.23) and the Jacobi identity (2.16}.

We shall now demonstate that the graded operators s and s
(2.21) satisfy the following full nilpotency relation on all

functions of fields b, ¢, €, b

{2.24)
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as a consequence of "closure" property eq{2.15} and Jacobi
relation {2.16),

As a matter of fact, one needs only to check eq. (2.24)
when it acts on the elementary fiels 9, c, ¢ and b owing to the
composition law (2.23).' Furthermore eq. (2.24) 1is automatically
satisfied for b, provided it holds true for ?. c, 'E. Let us
prove this resq1t as a first step.

Indeed sb=0 implies trivially slb = 0, Now, since
1Ty -—E(FF.:E@ ) , it is obvious that b= O 4 ¥
is nilpotent on the fields @, c, ¢. The verification of {5 + 35)

b = 0 follows from the following chain of equalities
[ — — — ~ ol
(SS-!SS)*EOL: s3 b* - ss(SC)

-5 (5 - s SQ(P(;E@EB’) Lo (&

where we have used sb = 0, sc = b and the relations (s; + Es)z =
s*c = 0.

The hard part of the problem thus reduces to proving eq.
(2.24) when it acts on other fields than b. In fact the b field
has no geometrical meaning since it has been introduced only to
remove the degeneracy of equation szd+ %= - ng < ¢ CK
without spoiling the relation sa'= ss + ss = -sa"= 0, On the
other hand the b field appears as necessary to connect the sectors
with ghost numbers 1 and =1.

Now we shall prove the complete nilpotency relations for
the fieldsqﬁ, c, C. We start from sl‘P. Eqs. (2.21a) and (2.23)

yield

-

. . L : ‘( pY o
SQPt z s ( Ra c&} :(Ro&,s P‘% - ‘;fi, Rb’ F{%M) CGC’ (2.26)

24
But the r.h.s term vanishes due to the gauge algebra closure

relation under the form (2.19). One has therefore st¢ = 0.

X
Consider now s ¢, One has
A b Y

« 6t NS
B I I L A R

o

X .. .
Therefore s ¢ = 0 due to the Jacobi fddentity under the form

-2 i . .
(2.20), Similarly one has s ¢=0, s ¢=0, Let us proceed with

s‘Z. it is trivially zero since sc = b and sb = 0.
-2 :

Furthermore, s ¢ = 0 since we have ldef1ned
d - — ~ - o

"sc*:__b"_%’r Cﬁ'c“ and sbd:-s(f:ma c.(sc).

1t remains to prove that all fields ¢, c, ¢ are annihilated

by the action of ss + S5, A straightforyard computation gives

§3 ¢ < RLRY Ot e RuBT

n

ot
» ! " L 3 (;I,_o{
5 s ‘P' z - (‘)%“%(ﬁ} R‘(a,é F\i c ¢
- : - (2.28)
_ R4 b8 R el 2%l

Consequently the closure relation (2.18) is equivaleat to

(s§ + ?s)¢.= 0. MNext consider (ss + $s)c. It can be written as '

follows . .
- < . e a(aY+ 1} A {
{5 155) s (- fue,e R - 5 f')%( s Mﬁ.) fapi Rc"
o o o — - N - e
4 i F(T-t, F?\’L- F,\q— F},P ) [ C C (2‘29)

and it vanishes owing to the Jacobi =~ identity(2.20b).
Analogously, ({ss + Ss)e = 0, and we have finally prover the

nilpotency relation (2.24) in full generality.
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The c¢onclusion of oqur analysis is c¢lear. Starting from a
set of infinitesimal gauge transformation bﬁﬂding up a possibly
field dependent algebra a'nd satisfying the Jacobi identity, a
nilpotent associated BRS algebra can always be built, The
nilpotency of its generators s and 5 is equivalent to the closure
retation when s, S act on classical fields, while it is
equivalent to the Jacobi ijdentity whes s, § act on ghosts and
anti-ghosts. Moreover the action of s and § on classical fields,
15 identical to classical gauge transformaticns up to the change
of infinitesimal gauge parameters into ghosts. It is therefore
equivalent to define the gauge symmetry either by the usual
classtcal gqauge equations (2.14) completed by the c¢losure and
Jacobi ralations (2.15), {2.16) or by the complete set of BRS
equations (2.21) completed by the nilpotency constraint (2.24).

In field theory, the second formulation fs most convenient
since §t dntroduces at once all f%elds, including the ghosts,
which are necessary for having a proper counting of modes in
intermediary states and ensuring eventually the unitarity. When
we shall build a Lagrangian, the presence of the anti-ghost ¢,
and that of the b field, will appear as necessary in order teo
obtain a gauge fixed and BRS idnvarifant Lagrangian with ghost
number zero. The b field will then be interpreted as a Lagrange
multiplier for the gauge condition.

In practice the BRS equations (2.21) are completely
determined from the knowledge of R; { f) and of structure
coefficients F:; ({9) . However, when one tries to build a gauge
symmetry, only the Rl are wusually known and the practical

|
determination of Pe,.(s may be difficult in certain cases.

26

For this reason we shall display now a simple and
systematic way for obtaining the compliete set of BRS equations
when one knows the classical gauge transformations but not the
ﬁ; .The method consists +{in replacing as & first step all
irfinitesimal parameter which determine a general infinitesimaf
gauge transformation by ghost fields. This provides the B8RS
equations for classical fields. Afterwards, one can compute step
by step the BRS transformation of ghosts by imposing the
nilpotency on all fields. If the starting c¢lassical
transformations do correspond to a "closed® symmetry with a
Jacobi identity, the process would end up after a finite number
of steps and yields the whole set of BRS equations.{gln that way
the Fé; ¢an be directly read from the transformation Jaws of
ghosts. As a matter of fact, the method of imposing the
niipotency <can be <considered as a construgctive method for
building gauge transformations which are "closed" and satisfy a
Jacobi relation {see ref(21) where we have used this technique to
find gauge transformations involving non Abelian skew tensors).
In order t& see how this reverse construction works in practice,_
Tet us consider first the simplest Yang Mills case. Let us
assume that we have inferred that the- definition of a gauge

transformation is SeA#;Dﬂeibﬂe_J,[%.ﬁ], but that we are too lazy

. . . F2 b g
to recognize that 5556"86’5’935.:&,9) » where {K}\/]a: ic.x VA
The reverse method consists in substituting a ghost field
¢3(x) 1in place of &2(x). Then one obtains the BRS transform
of A,

$A% = Due - sAL = Duc® 2o et v LA (230
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: : ) a .
It is immediate to compute szlq)‘ , keeping sc? as an unknown
functicn

s A [sAx ]y D,“(Sé) = [ Que,<J7+ By (sc)

D (574 3 [, (2.31)

Then the constraint $%A _Oyields directly the value of sc?,

a [ P
sc --L [e,e] , and the structure coefficients of the

1
2
algebra are thereby identified as the F'g;_ . Cne must also
check s2¢?= 0 1in order to be consistent. In fact this
requirement 1implies that the F:‘(: satisfy a Jacobi identity, and
are thus Lie algebra structure coefficients ‘.F'in'ally, after
having defermined sA‘,‘and s¢c, it is straightforward to complete
the BRS equations under the form (2.11) by introducing the
fields T and b.

As a much Tess trivial exercise, one can consider the
following mixed Abelian and non Abelian gauge transformations
whose role in N =1, d=10 supergravity has been pointed out by

Chapline and Hanton33)

Se,(__‘_pL Cuv = dru Evi ¢ Ta (9cp Ava e)

S A,L Dﬂe (2.323)

&,6‘“’

Here a,, is an uncharged anti-symmetric ternsor and A/‘:_ a non
Abelian vector Yang-Mills field . £y and t? are respectively
vector real and scalar g-valued infinitesimal parameters. In
this example, the structure coefficients are noa trivial and
field dependent, In addition to the usual non Abelian scalar

ghosts ¢ and ¢ of Ay,the ghost spectrum involves two Lorentz
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vector ghosts Vf& and \44 and three Lorentz scalar ghosts m,n,m
with no Yang Mills charge which are associated with awzz).
The complete set of BRS equations corresponding to transformations
(2.32) hwas been determined in ref.(22) by wusing the above
mentionned reverse construction. For the sake 6f notational
simplicity we shall oﬁ]y display here the expression of the BRS

sperator s that one cbtains on the classical fields and ghosts

V,, m and ¢

f(.
5 Qyy = )gﬂvv] P (C—BE’MAV:‘I) SAF: D/uc.
¢ Vs dum + Te{cc Au) s ¢ z-4 [ocd
< mt;-_%'i"g(cc.c) (2.32b)

One has s2=0 and one can check [‘gc,eﬁ ige’,e;‘] = geu)e;‘_ with
ez Le,er) and e, 2 Te(Axleel),

I1.3 UNIFIED GHOST AND CLASSICAL FIELD FORMALISM

In the previous sub-section we have shown that the BRS
equations for a general gauge symmetry caa be thought of as an
exp_ressionlof the gauge symmetry when it acts on ghosts and
classical fields, In this section we come back to the particular
Yang Mills case. There, the generator of gauge transformations
is the covariant derivative and can be interpreted geometrically
as defining a parallel traasport within physical space-time.

By enlarging space-time with additional, but nen physical
coord'inates”’n'24'25526),we shall in fact demonstrate that the
BRS operators s and S can be given a sense as exterior differential
opeators along these unphysical directions. In this formalism,

the concept of space-time exterior derivative and BRS operator
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is unified and furthermore the ghosts seem to play the role of a
connection along the unphysical directions. fGeneralizing the
construction of the covariant derivative .D=d+A from the wsual
space-time exterior derivative d, we shall build from s and § the
“covarjant" B8RS operators § = s+¢ and S = T+C which should be
interpreted as operators of parallel tramsport along the unphysical
directions, i.e. as covarfant derivatives along the wunphysical
direction. Intuitively enough, the functions of fields which are of
a physical relevance turn out to be those which are left invariant
under the action of § and EZGl The resulting formalism obvicusly
enlightens the geometrical nature of the BRS transformations and
transforms the concept of gauge ifnvariance into that of invartance
under displacement along unphysical directionszs). From a
practical point of view, {1t will also greatly simplify the
resolution of equations which determine the possible form of the
anomalies.

The main idea 1is therefore to enlarge the d-dimensional
space-time {X“S up to an enlarged space P with local coordinates
%x“,ﬁi,éﬁ , by adding a pair of Grassmanian coordinates 6,0
at each point xu of M, Because the 6,8 coordinates are chosen
Grassmanian, they should be counted negatively, and one may consider
the effective dimension of P as d-2, This suggests that the f space
can be used for a Lorentz covariant description of the transverse
plane of dimension d-2 in which a massless gauge particle s forced
to live, since it must propagate along the 1ight cone.

It is natural to consider over each point (x",ﬁ,é)_

the cotangent space f? in order to introduce differential forms and
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gauge fields. To introduce the Yang-Mills field and 1its ghosts
one simply defines in f? a general l-form‘x(x.e,g) which takes
its values in the lie algebra g. In local coordipates, ?T reads
as >

B(x,8,8) = A, (1.0.8)dx* + A(cDB)AO + Aéﬁf,s,é)(a‘é |
2.33

and one identifies respectively the gauge field A, the ghost ¢

and anti-ghost T as

. . - Apd6 z = As do
Az Apdx ¢ ° ° (2.34)
The differential operator :'1nq?is
4™
d - d 4+ s +%
{2.35a)
with '
= ) s =dB8 A 3 = dB8 2
d oz Ao 2> s 28 (2.35b)

Nitf these.definitions. the nilpotency of s and 5, s?= $E+55=¢2=0,
and the commutation relatjons sd+ds=0 = Sd+ds are automatically
satisfied from the fundamental exterior calculus ruler32=0. The
anti-commutation properties of the ghosts are also automatically
enforced: they are exterior l-forms by definition and therefore

anti-commute between themselves, and with the gauge field Y-form

A = A‘u ‘tx‘“’-
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One can then build exterior products of the basic fields
A,c,c. The ghost number of fields and products of fields can be
hatural]y defined by counting algebraically the number of dé& and
d% forms which are contained in the fields with a weight 1 for dé
and -1 for d8. The sum of the Lorentz rank and the ghost number
of any object determines its commutation properties, Observe that
all fields are functions of 9,8 in addition to the x dependence,
The link with the usual fields and equations occuring in field
theory will be made by setting 6=8=0, after having performed all
the relevant derivations with respect to the variables & and 8.

One defines from<x the g-valyed exterior 2-form field
strength ?

:

e L

TA L LLR AT :dﬁfA,\H | (2.36)

-

Fa

where A 1is the wedge product in @P. By expansion of F in locail

L
coordinates, one gets six components on the basis of 2-forms dxjdx’y

a - —_ -
CJKAAS,-H-; dB,d6 3 d62d6 {one should observe that (de)?,
(dg)b¢0 for all values of the integers a and b owing to the
grassmanian properties of 8 and 8 ).

~—
F satisfies the Bianchi identity

- L A P N
DF =0 = dF =L [4A,F]
(2.37)
Eard
as a consequence of the relation d2=0 and of the Jacobi relation
for the Lie Brackett L ; 1. Here we have defined
N

0 - d . A
{2.38a)
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(4 .
and it is relevant to expand D in ghost number
La ™y ——
D= D+ S + 5

'3_ 2+ T (2.38%)

D:=d ¢A
The similarity between 0,5 and s appears'clearly by writing their
action ‘on any quantity X taking its valves in g or 1in any
H : I prva
representation space V(R) of g. One has pxt=dX *TagA A ’
» - . - - - , - . .
sx“ = s XK'+ Tay et X and §x" =3X° +T‘§ € X% where the matrix

elements 1;3 have been defined in section (II.2). An intuitive

interpretation of the $§ and E-operators will be given shortly.
The important observation is that the BRS equations {(2.11a)

are simply recovered by imposing the following *horizontality"®
Fat

condition for F

7.

[y ™

Fov d5ds’ = F o dA+ § [AAD .

14!

1
2 (2.39a)
Indeed, expanding'eq. (2.3%a) in ghost number, one gets 5
equations which express the vanishing of the components of 1?
along the unphysical {i.e. vertical) directions
F';s.d)(":a?: sA+0cz0
Fop dbuddz se +410d=0

fon 40,d0 - sT +3c¢ +L&,c1 =0 {(2.39b)

and one can easily verify that these equations have an identical

structure as eq.{2.11a).
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It is not difficult to include in this formalism the matter
fields. Such fields are O-forms and thus have no ghosts. Their
generalization inr? is thus @;(x,e,a) 2 ? (x,s,a) with a field
strength E; = 3 ? . The BRS equations (2.11b} for ¢ can be
recovered by imposing the F0]10W5h9 horizontality éondition for E;

BT (03P = 6,4 6=D¢
’ : (2.40a)

as can been seen by a strajghtforward expansion in ghost number

~ . A -
= = Ld6 =% c =
©0dd s¥ re¥e0 G5 ez ¥de0 (2.41b)

The BRS transformations of field strengths F and G, can be
-Ar A A A
computed directly from the Bianchi identities DF=0 and DGg= F.
Fard
Indeed, combining these identities with the constraints F = F and

E'- 6, one gets by expansion in ghost number
P V™ -— SF:- [CDFJ
DF=DF =20 = S5F=0:5F.0 4:.—_){3‘53_&,,:]

?)‘A',,:BG;!:F?-—) SG;:O-—-.SG;;O C‘__:‘){Séi_—.c Gj.

36, 0T 6s (2..42b)

It is striking that those objects which are of a physical
relevance as true observable such as the matter fields %’and the
field strengths F and Gy are left invariant by the action of §
and §. It is in fact suggestive enough te interpret $ and-g as
the covariant derivative operators along the unphysical

directions © and 6. Then one can understand the principle of BRS

34
invariance for determining the admissible Langrangians as
expressing the invariance of physics under parallel transport
along the unphysical direction a,E.
Finally the commutation relations among the operators
D = d#A, S = s+c and S = s+C are trivial to establish«in this
formaiism. Indeed, one has the identities

E = SS Fz0D (2.43)

b
from the Jacobi identity and from d2 = 0 and d% = 0, Then

applying the BRS constraint T o= F, eq.{2.39), one gets

¥

N O

b : DD o {2.44a)

which gives by expansion'in ghost number the commutation
relations

2 . v z 3
5 = 5 :O ;O;SD D-S:o
S 3 SS + SS h) SD-}-DS ¢.(2.44b)

These properties of S,E,D are most useful for solving the
equations which determine. the anomaiyZS). They can also be
verified directly from the transformation laws{2.39b) of all

fields under $ and 3.

This possibility of unifying the classical and ghost fields in

the enlarged space and of determining in such a simple way the BRS
symmetry equations can be geﬁeralized for other gauge theories than
the Yang Mills ene. In ref 26), it is shown how to find generally

the BRS symmetry in the case of flat space thearies



3b
involving p-forms yauge fields of rank higher than ¢ne, i.e.
antisymmetric tensor gauye fields affi_”_FPJZUl_and in
references 28,2$ it is shown how to incorporate the invariance
under local diffemorphisms,t.e. the gravitational effects. As a
particular example of this generalization, let us show how to
obtain straighforwardly the BRS equations (2.32b); one simply
sets the horizontality constraints ?'= F and E} = Gy for the Yang
Mills field strengths [ Ja— +£ [VE,K] and the 3-form field
strength "6—3 : a“'é'a, +T»(?>.’&'K +%R‘Kﬁ) , where the ghosts of
a

,IJ
Elzﬂ,wdx:dﬂ avfu‘ixﬂ + Vu Ax™ 3 o+ Mmoo 227,

¢ have been unified into the gauge ghost generalized 2-form

The elegance and efficiency, of the unified formalism are
certainly consequences of a geometrical structure which is still
unknown, One may hope that a superfield formalism exists
in which the full theory, and in particular the Lagrangian and the
Feynman rules, would only be expressed in terms of a single
generalized gauge field containing classical and ghost componentsy
leading thereby to a true unification of the ghost and c¢lassical
fields in field theory. \Unfortunately no one has been able yet to
build such a superfield formalism, in spite of several
attempts34), The main probiem is of course a deeper understanding
of a yuantum field theory with a dependence on the unphysical
‘variables in 6,8,

As a hint for a possible gyeometrical interpretation of the
unified formalism, note that the enlarged space-time fx% Bjéjis

the same for any given gauge theory which involves p-form gauge

e fields28), In that sense, the 6,0 variables seem to have a pure
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kinematic interpretation, and it is tempting to interpret them as
allowing for a covariant description of the restricted transverse
space with d-2 dimension in which on-shell gauge particles do
live. Tentatively, one may also understand the constraints of
the type F=F and T = G as a set of gifferential equations in 9
and &, since one has by definition s=d8a/6 and s=daa/d.  Such
differential equations mean that the dependence of all fields on
the unphysical coordinates & and ® can always be integrated out
from their value at some point, say 6 = %= 0, The integrability
conditions of these equations, which mean that one must have 20
for consistency, and thus s? = ss+ss = $2s0, are then equivalent to
Bianchi identitiesze). As a matter of fact, the necessity of
Bianchi identities determines the possible forms of the field
strengths26:29) | furthermore, the rule thnat a field strength
must generally be set as horizontal, simply expresses that it is a
physical quantity which can have no 8,3 dependence and thus no
component along the unphysical directions, Besides, for the Yang
Mills field strength ?: the constraint‘? = F can also be
interprete& as expressing the physicality of ‘the horizontal space
{xﬁ-} as compared to the unphysicality of the “vertical" space
{8,5}23,30),  We believe that deeper knowledges on thne notion of a
fibber bundle with Grassmanian vertical coordinates should clarify

these yet unprecise notions.
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111~ QUANTUM LAGRANGIAN

IT1.1 - INTRODUCTION
The usual stérting point for building a quantum theory
associated with a gauge symmetry §s the introduction of a gauge
invariant Lagrangian which only depends on classical fields. In
general, gauge invariance implies the presence of zero modes in
the field - quadratic approximation of the Lagrangian and thereSy
does not permit the construction of propagators defining
perturbation theory from the classical Lagrangian alone., Then,
for building a wef! defined perturbative expansion, one adds to
the Layrangian a gauge fixing term while oné modifies the
functional integral measure by a compensating Jacobian {the
sa;called Faddeev-Popov determinant) for ensuring formally that
physics be yauge invariant. This approach is due to Faddeev and
Popov, and is baéed on Diract's quantization method for
constrained classical systems of which gauge theories are very
often examplesosa’lo). There, the ghosts seem to play only a
formal role: one only introduces them as a convenient set of
anti-commuting variables which allows one to exponentiate the
Faddeev-Popov determinant and obtain a polynomial Lagrangian best
suited for perturbation theory. The Faddeev-Popov Lagrangian is
bilinear in the ghosts fields by construction. Only at the end
of this construction does one discover the BRS symmetry with a
freshment surprise as an invariance which survives in a
mysterious way the breaking of gauge invariance and the formal

manipulations leading to the Faddeev-Popov Lagrangian,

38
but which is nevertheless fundamental for proving that physics is
gauge independent despite the fLaygrangian is not.

Howaver, the Faddeev-Popov quantization method contains
Joop holes (even in perturbation theory) which are often left
aside thanks to the comforting sensation that one may feel after
having demonstrated that it leads to a consistent theory in 4
dimensional Yang Mills theories when one ¢chooses a linear gauge
condition.

The first loop hole that we shall mention is the unability
of the method for explainiag the possible presence in the
Lagranyian of interaction terms which are quartic in the ghost
fields. Tne latter cannot be introduced in the Faddeev-Popov
method since the exponentiation of a determinant can generate
only terms quadratic in the ghosts. But on the other. hand these
quartic iateractions can be intreoduced in a way compatible with
the BRS symmetry, and thus they are & priori admissible 17,18)
Moreover, a one loop computation shows explicitly that Yang-Mills
theories do reguire quartic ghost interactions in order to be
renormalizable if a non-linear gauye cohdition is chosen. The
possibility of setting equal to zero the quartic ghost
interactions in linear gauges appears then as a 1uckyvaccident of
perturbation theory, which necessitates in fact to be justified

by a rather technical proof {see Appendix B}.
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There are other loop holes in different gauge theories than
Yang-Mills one. 1In supergravity, quartic ghost interactiors have
been shown to be necessary for insuring (formally) the S-matrix
unitarityTz’ss). Moreover, theories which contain nen abelian
antisymmetric tensor gauge fields &Eﬂa----ﬂpj with a Lorentz
rank p > 1 cannot be quantized within the Faddeev-Popov
procedure, Indeed, the ghost spectrum of such theories is made
yenerally of an odd number  of yhosts21,22,26,36) in
contradiction with the prediction of Faddeev-Popov ansatz where
the ghosts are introduced always into pairs.

In each of these cases, all technical difficulties can be
by-passed by abandoning the Faddeev-Popov prescription and by
determining the quantum lLagrangian from the requirement of its
BRS invariance, the latter symmetry being determined
geometrically, in a way independent of the notion of a Lagrangian
as shown in Sectionll, In that way, the role of quartic ghost
interactions gets clarified!6,17} and one also finds the
correct ghost spectrum in theories dinvolving antisymmetric
teasors2l,22,26,29)

As a consequence, since on the one hand the BRS equations
appear as a way for defining the gauge symmetry which involves at
once all fields necessary at the quantum level, and since on the
other hand it allows one to raise ambiguities which are inherent
to the Faddeev-Popov method, it should appear natural to
postulate BRS invariance as a general principle for building the

quantum theory associated with any given gauge invariance,

40
According to this principle, we shall present a method for
building the quantum Lagrangian in a general gauge theory.
Afterwards we sh$11 specify to the case of Yang-Mills theories
and construct the most general group and Lorentz scalar
Lagrangian which is BRS dinvariant and renormalizable by power
counting.

111,2- GENERAL GAUGE THEQRY

Consider the general ‘gauge theory of Section II.2. The
problem is the construction of a gauge fixed action with ghost
number zero which is a local fumction of fields ¢, ¢, T and b,
and invariant under the s and s transformations (2.21)16).

Let us introduce the folliowing Lagrangian

£(5)= L (8 4 s3(POR) « Bs(R(B) + p3(X(D)

{3.1)

where £C€(¢]on1y depends on the classical fields ¢ and fis such
that the action Sdi( Lo04) is gauge tavarfant . P.K, K are local
polynomials of all fields § = {4,¢,é,b), with ghost number
0,71, -1 respectively.

Sincé on the one hand s and s do act om classical fields as’
gauge transformations and since on the other hand they are fully
nilpotent, s = ss + 3§ = s2 = 0, it is obvious that_th is s
jnvariant if B = 0,? invariant if B = 0 and simultaneously
s and s dinvariant if 8 = B = 0. In erder éf@ to be hermitian,
i.e. invariant under the exchange ¢ &y-c, one must have in general

that 8 = 8 = 0. Conversely there 1is yet no proof that the
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Therefore the above argument demonstrates that the Ward
identity {4.13) implies the stability of any S-matrix element
computed in the tree approximation either from the Lagrangian
iﬂ or from dig + € 5 K . The important point is that physics
only depends on the part of the 8BRS invariant Lagrangian which is
not s and/or s exact, i.e. which is not the s and/or s transform
of any function of fields.

The generality of this proof which provides a direct iink
between the BRS finvariance of the Lagrangian and “the gauge
independence of physics must be tempered however by
the fact that infra-red problems can make completely formal the
application of vreduction formula. It 1is nevertheless an
posteriori justification for postulating the BRS symmetry as the
fundamental invariance 2t the quantum level.

IV.2 THE YANG MILLS CASE

Iv.2.a Ward Identities

The Ward identities (4.8,(4.9) apply without modification
to the Yang Mills case, where the classical fields stand for the
gauge field A and the matter fields ?F and q% . Since power
counting theorems will be used later on, it is useful to give the
dimensions in the vrelevant wunits of all sources of BRS
operators. The source terms (4.2) of the effective Llagrangian

read as follows

VAEA" V{b‘gq}b + Vng?F +U:__5-C + UE

wi

< ‘I'Vb‘g]:
*’GASA+G{/35?B -'r\/PFg r + Ve SC

r Wy S3A + W‘PSS?{'B + Wy, $3 g),: + W, 35¢C
(4.16)

3
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The ghost number {G)} and dimension in mass units {D} of
fields and of sources of BRS transforms of fields are displayed

within the following table where d stands for the dimension of

space-time. ®
A Yeg Vi, Ve Ve Vo
4 q q 4 d d o
b | z 3 E A zZ Z 3z -7
Ua V¥ Vg | Ve | W | W | Wee | e
G -1 -1 - ~-a [od o o ——
d d d .1 o d 4 4.3 ] d
b |z z $-z |2 |z-1"|z2-7]z-2})%-"

As in the yeneral case, the differential operators (4.10}
do not depénd explicitly on any of parameters which specify the
Lagrangian {coupling constant, scalar field vacuum expectation
value,yauge parameter)., This property disappears as so0on as one
eliminatés the auxiliary b field through its algebraic equattgn'
of motion. It is also important to observe thnat ;0, 15, @%%, @bp

a
have no explicit dependence upon structure coefficients Fh: s

nor on any numbers caracterizing a Yang Mills Algebra, but only on

the Kronecker symbolfab.
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