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1 Introduction.

Simple Lie groups are well understood, starting from their complete classification. However, of-
ten one encounters some points which require a more detailed discussion or a new perspective.
Our main interest, as an application to physics, is the construction of the Fg group in a suit-
able parametrization adapted to perform non perturbative computations in GUT theories. While
searching for such a construction, we have found it convenient to first determine an analog con-
struction for its maximal subgroup Fj, which deserves a complete analysis by itself. Even though
F, does not have a direct application to GUT theories, there are other motivations to consider Fj
separately. For example, the construction of integrable models on exceptional Lie groups and the
corresponding coset manifolds could give rise to new families of integrable hierarchies. The interest
for such problems is related to the fact that these groups are exceptional, which contrasts with the
infinity of the classical series A, By, Cy, D,. Of particular interest, from the mathematical point
of view, is the coset manifold OP’=F, /Spin(9), the octonionic projective plane.

However, our paper must be mainly thought of as a preparation for the construction of the Fg
group, which will be presented in a separated article. As the form of this group relevant for physics
is the compact one, we need in particular the compact form of the Fy group.

Here we realize F); as the group of automorphisms of the exceptional Jordan algebra. This is a 27
dimensional abelian algebra whose elements are 3 x 3 hermitian matrices with octonionic entries.
The abelian product is obtained by symmetrizing the usual matrix product (which takes into ac-
count the octonionic product). In section 2 we describe shortly the exceptional Jordan algebra and
the corresponding algebra f; of the infinitesimal automorphisms.

In section 3 we construct the group Fy by exponentiating the algebra in an suitable way. The
main idea is to obtain a generalized Euler parametrization of the group, in the same spirit of our
previous papers [2]. However, here we also clarify the general strategy of the construction and
some technical points. In particular we show the surjectivity of our map, a fact which we assumed
to be true without proof in our previous papers. Some technical details are put in the appendices,
including the fundamental Mathematica programs we used to compute the algebra. All other cal-
culations can be done by hand, as we have indeed done, so we do not include the Mathematica
programs we used to check them.

Some possible applications are reported in the conclusions.

2 Construction of the f; algebra.
The compact form of the Fj exceptional Lie group can be realized as the automorphism group of

the Jordan algebra Js [7, 1], that is the algebra of 3 x 3 octonionic hermitian matrices with product
o defined by

AoB::%(A-B—i—B-A), (2.1)



where A, B € Js and the dot is the usual product between matrices. Note that the generic J3
matrix has the form
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* *

05 0% as

: (2.2)

where a; are real numbers and o; are octonions. Thus, in this way we obtain a 27 dimensional
representation for Fy. The irreducible 26 dimensional representation can be easily obtained by
restricting the 27 dimensional one to ker(¢) [1], where ¢ is the linear operator

3
i=1

However, the 27 dimensional representation is interesting because it can be extended in a natural
way to the 27 dimensional irreducible representation of the exceptional Lie group Eg. We will
consider this extension in a future work.

If a Lie group is realized as the automorphism group of an algebra A, its Lie algebra is then realized
as the algebra of derivations on A. To obtain the matrix representation of the f4 algebra we first
define the linear isomorphism

o0 — R, A A,

b(a) = | PL2) (2.4)

where A is as in (2.2) and p is the linear isomorphism between the octonions @ and R® given by!
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Next we define a o product in R*" by means of ®:

roy:=®(@ z)od (y), Va,ye R*" (2.6)

our conventions about octonions are explained in App. A
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The derivations on J3 are then represented by matrices M € M(IR,27) which must satisfy the
condition

M(zoy)=(Mz)oy+zo(My), Vo,y € R* . (2.7)
These equations can be solved by means of Mathematica which gives in fact 52 independent solu-
tions M;, ¢ = 1,...52, which we choose to normalize with respect to the condition
—tTrace(M;M;) = 6;; and [M;, M;] = —Ezzl eijk My for i,5 € {1,2,3}. Let {e,}27, be the

canonical base of R”". Since the irreducible representation is realized on ker({), we expect the
linear combination (e; + e1g + 627)/\/5, which we will call fa7, to be in the kernel of all the M;,
i=1,...,52, as, in fact, can be easily checked. It is then convenient to express the matrices with
respect to the new base {f,}27, of R*" defined by

firi=(e1 —e18)/V2, (2.8)
fig = (61 + e — 2627)/\/6 , (2.9)
for = (e1 + e1s + €27)/V3 (2.10)
fa :=eq , in the other cases, (2.11)
in order to explicitly exhibit the 26 dimensional representation. We will call ¢;, i = 1,...,52, the

resulting 27 x 27 matrices.

In App. C we present the program used to construct these matrices. The 26 x 26 representation

is then obtained by deleting from each matrix the last row and the last column, which, in fact,
vanish. The corresponding structure constants, which characterize the algebra and also realize the
adjoint representation, are shown in App.D.
To check that indeed we obtained the generators of an f; algebra, we computed the correspond-
ing roots. If C; denotes the ith matrix in the adjoint representation, we use Ci,Cs, C15,C30 as
generators of a Cartan subalgebra to calculate the roots. These turn out to be the generators
of an fy algebra, as expected. Moreover the corresponding Killing form is negative definite and
proportional to the trace product defined by

{a,by := —éTTace(ab) , (2.12)

where a and b are arbitrary IR—linear combinations of the matrices ¢;. Thus we have obtained a
compact form of fy.

By direct inspection of the structure constants one can easily recognize a chain of subalgebras.
The first 21 matrices generate an so(7) subalgebra, whose so(i) subalgebras, with i = 6,5,4, 3,
are generated by the first i(i — 1)/2 matrices, respectively. Again this can be checked computing
the roots of the subalgebras. A possible choice for the Cartan subalgebra is C for so(3), Ci,Cs
for so(4) and so(5) and Ci,Cg,Cy5 for so(6) and so(7). Adding to so(7) the matrices ¢; with
1 =30,...,36 we obtain an so(8) subalgebra. This corresponds to the Lie algebra of the Spin(8)
subgroup of Fy which leaves invariant the three matrices J;, ¢ = 1,2, 3, where J; has J; ;; = 1 as
the unique non-vanishing entry. To check this, one can notice that the J; (i = 1,2,3) correspond

to the vectors e; of R27, which are in the kernel of the given subset of matrices.
Finally there are three evident so(9) subalgebras:



1. s0(9), obtained adding cys, ..., cs2 to so(8). This corresponds to the subgroup Spin(9), of
F, which leaves J; invariant?;

2. s50(9), obtained adding cs7, ..., cqq to so(8). This corresponds to the subgroup Spin(9), of
Fy which leaves J, invariant;

3. s50(9), obtained adding cag,. .., 29 to so(8). This corresponds to the subgroup Spin(9), of
Fy which leaves J3 invariant.

Again this can be checked applying the given matrices to e;, es and es respectively. We will use
Spin(9), and will refer to it simply as Spin(9).

To end this section let us call p the linear complement of so(9) in fs. Looking at the structure
constants we find

[s0(9),p] Cp, (2.13)
[p,p] C s0(9) , (2.14)

which show a structure of direct product. We don’t need to look at the structure constants to
discover such a structure. It follows from the fact that the trace product is ad-invariant (therefore
proportional to the Killing form, F; being simple) and the base of matrices is orthogonal.

3 Construction of the group F}

For connected compact Lie groups the exponential map is surjective [6]. This means that we could
introduce 52 parameters x* and simply write

g= g(xl, .. ,:E52) = exp(xici) , (3.1)

for any given element g € F,. However we are searching for a different kind of parametrization,
in the spirit of [2, 14]. The point is that, whereas there is no difficulty in computing the volume
using the exponential map parametrization, the hard problem is the determination of the range of
parameters. Moreover, the difficulties increase rapidly if one needs to compute the left invariant
1-forms g~'dg. These problems are both resolved by means of an Euler type parametrization,
which gives all the quantities in terms of trigonometric functions, instead of the sin z/z functions
appearing when the exponential parametrization is used.

3.1 The generalized Euler construction.

We would like to explain our general strategy for constructing a Euler type parametrization. Let
G be an n—dimensional simple Lie group and H be one of its closed subgroups. Let A; be a
base for G := Lie(G), orthonormal with respect to the Killing form. Let us assume that the first
m := dimH generators are a base for H := LieH and let us call P the subspace generated by the
remaining generators so that [Lie(H),P] C P. This means that G/H is reductive. Then it follows
that any g € G can be written in the form

g=expaexpb, a€P, beXH. (3.2)

28pin(9) appears as the subgroup of F4 which fixes a matrix J of the Jordan algebra



It is an established fact that for compact simple Lie groups such a parametrization is surjective.
This fact is not, generally, well known. We give another proof of it [13] in appendix E, because it
constitutes an important step in our derivation.

The next step consists in finding a subset of linearly free elements 71, ..., 7, € P with the following
properties

e if V is the linear subspace generated by 7,7 = 1,..., k, then P = Ady(V), that is, the whole
P is generated from V through the adjoint action of H;

e I/ is minimal, in the sense that it does not contain any proper subspaces with the previous
property.

This means that the general element g of G can be written in the form

g =exp(h)exp(v)exp(h), hheH, veV . (3.3)

This way of writing g is surjective but redundant. The redundancy will be r = 2m + k —n
dimensional, where n = dim(G), m = dim(H) and k = dim(V'). The point is that in general we
need less then the whole H to generate the whole V' by adjunction. In fact H will contain some
subgroup K generating automorphisms of V'

Adg :V —V . (3.4)
Then K must be r-dimensional and the generalized Euler decomposition with respect to H
G =Bexp(V)H , (3.5)

where B := H/K.
In general the technical difficulties arise in the construction of B. In order to minimize such
difficulties it is convenient to choose for H the biggest subgroup of G.

3.2 The set up for Fj.

The maximal subgroup of Fy is H = Spin(9). In section 2 we have found three Spin(9) subgroups.
As we said there, we choose H = Spin(9), which we will call simply Spin(9). Then P is the 16
dimensional real vector space generated by the matrices ¢;, with ¢ = 22,...,29,37,...,44. Looking
at the structure constants, we see that we can take as V' any one dimensional subspace of P. We
choose co95 as a base for V. Thus r» = 21. Since V is one dimensional, we expect the subgroup K
to commute with ce2 and its dimension suggests that it could be a Spin(7) subgroup of Spin(9).
Indeed, we can check that this is true. We know that the first 21 matrices generate an so(7)
algebra. We will now construct a new set of 21 generators ¢;, ¢ = 1,...,21 commuting with coo
and having the same structure constants as the previous ones. To this end let us look at the so(8)
subalgebra: c;, I = 1,...,21,30,...,36. In particular let us start with c,, a = 30,...,36. Then
from App.D we see that the remaining first 21 matrices can be generated as follows

Ck(k2—1)+i+1 = [030+i7030+k] ,k = 1,...,6, 1= O,...,k— 1. (36)



Next, we notice that for a,b € {22, ...,29} the commutator [c,, ¢p] is a combination of four elements
of s0(8), each of which has the same commutator with coe. Using this, we define

3044 := —[caz,Co344] , 1=0,...,7, (3.7)
and then
Coteon) iy = [€30+is Cao+k) sk =1,...,6,i=0,....k—1. (3-8)

The surprising fact, for which we have no explanation, is that the matrices ¢y, with

I =1,...,21, 30,...,36 have exactly the same structure constants of ¢; and [é;,cea] = 0 for
i = 1,...,21. This is exactly the so(7) we were searching for. We will call it So(7), so that
K = exp(so(7)).

At this point let us note that in order to construct the Euler parametrization we proceed by
induction: Together with B one needs to give the parametrization of the maximal subgroup H =
Spin(9). Again, this can be done applying the generalized Euler parametrization with respect to
the maximal subgroup Spin(8). Next, Spin(8) could be decomposed with respect to Spin(7) and
so on. In conclusion it is convenient to start from SU(2), to construct Spin(n) up to n = 9 and
finally Fy. At any step (ensured the surjectivity) the range of parameters can be determined by
means of the topological method explained in [2]. To simplify our exposition we will give details
only for the most interesting case Fy, and limit the Spin(j) subgroups to a list. The details can
be easily reproduced in the same way as for Fj.

3.3 The list of subgroups.

Here we give the results for the subgroups. The details could be considered as an exercise. Rational
homology groups and roots, necessary ingredients for the Macdonald formula, are given in App.F.

3.3.1 SU(2).

The generators are ¢;, ¢ = 1,2,3. We have

SU(2)[x1, x2, x3] = "1 e¥22e"3% | (3.9)
with range
1 €10,2n], =z € (0,7, x3€]0,4n]. (3.10)
Note that 47 is the period of exp(z¢;) for every ¢ =1,...,3. The invariant measure is
dpsu 21, 2, v3] = sin vadx dradrs . (3.11)

3.3.2 Spin(4).

The generators are ¢;, ¢ = 1,...,6. We take H = SU(2) generated by cs, g, c3 which can be
obtained from the previous one by simple substitutions. V' is one dimensional and we can take c4



as generator. r = 1 and K = U(1) = ¢"* so that Blz,y] = H/K = e"%e¥%, with x € [0, 27] and
y € [0,7]. Then

Spin(4)[z1,. .., xze] = €129 ™34 SU(2)[xy, x5, T6] - (3.12)
The invariant measure is
dig,iay = SinT2 sin? x3dx; dradzzdpg, ., [z4,...,26] , (3.13)
and the range of parameters
x1 €[0,2n], =z € [0,7], x3€]0,7, (3.14)
the others being the ones of SU(2).

3.3.3 Spin(5).
The generators are ¢;, i = 1,...,10. The subgroup is H = Spin(4) as before. V is one dimensional
and we can take ¢y as generator. r = 3 and K = SU(2) generated by c,, « = 3,5,6 commute with
¢7 so that Bslzy, 29, 23] = H/K = e"1%%2%¢%3%_ Then
Spin(5)[z1,. .., T10] = Bs[z1, ..., x3)e"*" Spin(4)[zs, . .., z10] - (3.15)

The invariant measure is

Absincs) [€1,...,210] = sinxg cos? x5 sin® rydrydredrzdraditgpina)(Ts, - - . T10] - (3.16)
and the range of parameters

21 €[0,27], w€0,7], a3€ [—g, g] x4 €[0,7] (3.17)

the others being the ones of Spin(4).

3.3.4 Spin(6).

The generators are ¢;, i = 1,...,15. The subgroup is H = Spin(5) as before. V is one dimensional
and we can take c¢1; as generator. r = 6 and K = Spin(4) generated by c,, o = 3,5,6,8,9,10
commute with ¢17 so that

Bg[z1,...,x4) = H/K = "1 "2 e3¢ T4T |
Then
Spin(6)[z1,. .., x15] = Bslr1,. .., x4)e"> 1 Spin(5)[zg, . . ., x15] - (3.18)

The invariant measure is

2

: 3 .4
Ahg i) [z1,...,215] = sin 3 cos” x5 cos® x4 sin rsdridradrsdrsdrsdpg,,, o [x6,...,215] , (3.19)

and the range of parameters
T T om
r1 €[0,2n], w2 €[0,7], wx3€ [—57 5] y Tg € [—575] 5
x5 € [0, 7], (3.20)

the others being the ones of Spin(5).



3.3.5 Spin(7).

The generators are ¢;, ¢ = 1,...,21. The subgroup is H = Spin(6) as before. V is one
dimensional and we can take cig as generator. r = 10 and K = Spin(5) generated by cq,
a=3,56,8,9,10,12,13, 14, 15 commute with ¢4 so that

Brlx1,...,x5] = H/K = ¥19372%5¢¥30T46T 501
Then
Spin(7)[z1,...,x2] = Brlz1,..., 25" Spin(6)[z7, ..., x21] . (3.21)

The invariant measure is

Absinin [1,...,221] =sinxs cos? x5 cos® x4 cos? x5 sin® xgdry drodrsdrsdrsdrs:
'dusmn(s) [.%'7, s 75521] ) (3.22)
and the range of parameters
mebor, melrd, e 550 w353l
w5 € =53] ws €0, (3.23)

the others being the ones of Spin(6).

3.3.6 Spin(8).

The generators are ¢;, i = 1,...,21,30,...,36. The subgroup is H = Spin(7) as before. V is
one dimensional and we can take czy as generator. r = 15 and K = Spin(6) generated by cq,
a=3,5,6,89,10,12,13,14,15,17,18,19,20,21. Up to now we have proceeded in a systematical
way. One could proceed in this way but technical difficulties increase with the dimension of the
group. In particular the computation of the invariant measure becomes too hard for Fy. To solve
this problem we have found it convenient to change the parameterization of the quotient B. The
simplification consists in using as many commuting matrices as possible to realize B. This must
be compatible with the fact that B - K must cover the whole Spin(7) group. There are many
possibilities. We have chosen

Bg[zy,...,x6] = 719372016 ¢T3C15 gTAC5 o T5C5 pT6CL (3.24)
The fact that it works can be checked by doing the previous analysis backward. Then
Spin(8)[z1, ..., xas] = Bs[r1,...,x6)e""°Spin(7)[xs, . .., 2] - (3.25)

The invariant measure is

7
Ahg s [21,...,T28] = sinxy cos x5 cos g sin® xg cos? z7 sin® z7 H dx;-
i=1
'dluspm(n [:Eg, SR I28] ) (326)



and the range of parameters

X1 € [O,QW] , T2 € [0,27T
e L
5 2791 6 )

R LL‘3E[O,27T] R JJ4E[0,7T] s
), arefo.3l, (3.27)

0l 3

the others being the ones of Spin(7).

3.3.7 Spin(9).

Here we used the same procedure as for Spin(8). The generators are ¢;, with
t=1,...,21,30,...,36,45,...,52. The subgroup is H = Spin(8) as before. V is one dimen-
sional and we can take cy45 as generator. r = 21 and K = Spin(7) generated by c,, a =
3,5,6,8,9,10,12,13,14,15,17,18,19, 20, 21, 31, 32, 33, 34, 35, 36. The choice of B can be deduced
from the one for Spin(8). Then

Bg[x1,...,x7] = 103 eT2C10T3C15 T35 o505 oT6CL TTE0 (3.28)
and

Spin(9)[z1,. .., x36] = Bolz1,...,x7]e"3® Spin(8)[xg, . .., x36] - (3.29)

The invariant measure is

8
d,uspm(g) [1,...,236] = sin x4 cos x5 cos xg sin? zg cos? x7 sin? 27 sin” s H dx;-

i=1

-d,uspm(s) [.Ig, ce ,xgg] 5 (330)
and the range of parameters
T € [0727T] 3 T2 € [0727T] ) T3 € [0727T] ) T4 € [Ovﬂ] 3
v €2 2), w6€[0,2], zr€[0,2], asel0,q] (3.31)
5 27 2 ) 6 ) 2 ) 7 ) 2 ) 8 ) ) .

the others being the ones of Spin(8).

3.4 Construction of Fj.

We are now ready to realize the construction of the group F;. The maximal subgroup is a Spin(9)
subgroup which we choose to be Spin(9),. Then we know that the generic element of Fy can be
written formally as

Fy=e%e®® (3.32)

where P is the linear space generated by the matrices ¢;, with ¢ = 22,...,29,37,...,44. Looking
at the structure constants we can see that

exp(—2xc¢;) ez exp(2xc;) = cosxear £ sinxe; (3.33)



where j = 29,25, 28, 23,27, 26, 24 respectively, if i = 30,...,36 and j = 44, 40,43, 38,42,41, 39, 37
for i = 45,...,52. This ensures that P can be generated acting on co2 by adjunction with H.3
Thus the generic element of F} is

g = ete™22¢b (3.34)

with a,b € s0(9). We know that the 21 dimensional redundancy of such a parametrization is due
to a Spin(7) subgroup of Spin(9) which commutes with ca2. This subgroup is generated by the
matrices ¢; with ¢ = 1,...21, which satisfy the same commutation relations of the corresponding
¢i. In fact this is true also adding the ¢&;, i = 30,...,36 and moreover, for the whole Spin(9)
subgroup, if we define ¢; = ¢; for i = 45,...,52. Thus we can use ¢; in place of ¢; to construct
Spin(9), at least for the left factor in (3.34). Now in our construction

Spin(9)[z1, ..., x36] = Bolz1,. .. ,@7]6185455’]92'11(8)[909, ce o5 T36)
= Bylx1,...,x7]e"* Bg[xg, . .., x14)€"3°° Spin(7)[216, . - - , 36] , (3.35)
so that
Br,[z1,...,215) = Bolx1, ..., 7)€" Bg[xg, ..., x14]e®130 | (3.36)
and
Fylxq,...,x52] = Bp,[z1,...,215]€7°?2Spin(9)[x17, . . ., 52| . (3.37)

We also know that for the ranges determined for Spin(9), Spin(8) and Spin(7), B, covers the
whole H/K, so that only the range for x14 remains to be determined. However we will now
determine the range of all parameters.

3.5 Determination of the range of parameters.

To determine the range we will use the topological method introduced in [2]. For convenience let
us recall here how it works. The first step consists in the determination of the invariant measure.
It will depend explicitly on some of the parameters. One can then construct a closed variety,
having the same dimension of the whole group, simply by choosing for these variables the maximal
range which still allows the measure to be well defined, while for the remaining variables the range
should coincide with their period.* If the parametrization adopted is surjective and the group is
connected, then surely the variety obtained in this way covers the whole group. Here is where
surjectivity is cruciall

At this point it is possible that, with this choice of parameters, we cover some points of the the
group more then once. Fortunately one can check this by means of the Macdonald formula [12, 9]
which gives the volume of a compact Lie group with respect to an invariant measure induced on
the group by a Lebesgue measure on the Lie algebra. If the resulting number of covering is higher
than 1, the range of parameters must be further reduced using some automorphism of the space
of parameters which leaves the group invariant under reparametrization. See [2] for more details.

3More precisely this means that we could write the general element of Fy in the form
Fy = Blz1,...,z15]e®16%22 Spin(9), with B = [[12, e®i%, j; = 30,...,36,45,...,52. However such a realization is
not sufficiently simple to allow technical computations.

4Each of the x; appears in the parametrization in the form e®i¢ or e%i%  and is therefore periodic as a consequence
of compactness of the group. With our normalization, we find that all periods are equal to 4.
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3.5.1 The volume of Fj.

Let us compute the volume of Fy by means of the Macdonald formula. The Betty numbers of the
exceptional Lie groups were computed in [5]. For Fy there are four free generators for the rational
homology. Their dimensions are

di =3, dy =11, d3 =15, dy =23 . (3.38)
The simple roots are [§]
T = L2 — L3 (339)
rg = L3 — Ly (3.40)
r3s = L4 (341)
Li—Ly—Ls—1L
Ty = 1 2 3 4 (342)
2
where L;, i = 1,...,4 is an orthonormal base for the Cartan algebra. The volume of the funda-
mental region is then
1
Vol(fr,) = 3" (3.43)

Furthermore there are 24 positive roots, 12 of which have length 1, and 12 have length /2 [8]. We
found explicitly these roots, as explained in section 2, with L; = e;, the canonical base of R*. The
volume of Fj is then

226 . 7T28

3.5.2 The invariant measure on Fj.

The invariant measure on Fy decomposes in the product of the measure on Spin(9) and the one
on M = F,/Spin(9). This was shown in general in [2] but let us rewrite it in terms of (3.5). If we
define

Jg = H 'dH | Iy = mp(e 1022 B d(Bp, e %)) (3.45)

with H = Spin(9), then
9 1
dsy = —gTrace(JM ® Jum) (3.46)

is the induced invariant measure on M and

16

dpp, = |det(J1J\‘/[i)|d/JfSpin(9) Hdl'l > (347)
=1
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where J]JW is the 16 x 16 matrix defined by

16
Ju =Y Fcidat (3.48)
ij=1
where ¢;; is the base {ca2,...,c29,¢37,...,caa} of P.
Let us now introduce the notation
Mg[l‘l, N ,(,Cg] = Bg [,Tl, N ,$7]618545’ 5 (349)
M7[£L‘9, N ,$15] = Bg [,Tg, . ,$14]€w15630 . (350)

Then

I = dzigeas + e U0 M dM7e 109> 4 e 1622 MM d Mg Mpe™ 622
=: dx16Co9 + €~ F16922 JoeT16¢22 1 e_wISCQQM;1J8M76116022 . (351)

Some remarks are in order now

1.
2.

M7 € Spin(8) corresponding to the algebra of matrices ¢; with i =1,...,21,30,...,36;

Mg € Spin(9) corresponding to the algebra of matrices ¢; with
i=1,...,21,30,...,36,45,...,52;

. looking at commutators we see that the adjoint action of e®16°22 on so(8) generate linear

combination of the matrices of so(8) itself, adding also combination of the matrices ¢; with
j=23,...,29;

the adjoint action of Spin(8) on so(9) restricted to the linear subspace generated by
C45,---,C52 18 a rotation, that is Spin(8)~lc;Spin(8) = 2?145 R;’c; with i = 45,...,52,
where R;? is a rotation matrix. In particular |det R;”| = 1;

5. the adjoint action of €*“22 on ¢; with ¢ = 45,...,52 is a rotation of the form ¢; — cos %ci +
sin £¢;, where 7 € {37,...44}.
From these remarks one can deduce
1. dx16 is the only coefficient of ca9;
2. the projection of e™%1622 J;e®16¢22 on ¢;, ¢ = 22,37, ...,44, vanishes, so that it gives rise to a

7 x 7 diagonal block. In other words, if the columns give the projections on ¢; (with ordering
i=22,...,29,37,...,44) and the rows are the differentials de; (with J =1,...,16 starting
from below) then we must compute the determinant of the matrix

1 0 0
*x A 0 (3.52)
x x B

where A is the 7 x 7 diagonal block given above and B is a 8 x 8 block obtained by projecting

67116622M7_1J8M7ex1‘3c22 on c37,...,cq4. The x blocks are irrelevant for the computation of
the determinant which in fact will be det A - det B;
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3. from point 5 of the remarks it follows det B = sin® 38 det B, where B is the projection
of M7_1J8M7 On C45,...,C52. On the other hand, from the remaining remarks it follows
det B = det R-det B, where R is the orthogonal matrix introduced in remark 4 and does not
contribute to the determinant, whereas Bis the projection of Jg on ¢y, . . ., cs2. In particular
det B = sin T4 COS Iy COS Tg sin? xg cost x7 sin? T7 sin” Ts.

Thus we can quite easily compute the invariant measure for M, which turns out to be

Ti6 . Ti6 . . . .
d/LM = 27 COS7 7 Sln15 7 SIN X4 COS T'5 COS Tg Sllfl2 Te COS4 xT7 Sllfl2 X7 Sllfl’7 xrs-
16
-sin T12 COST13 COST14 sin2 T14 COS2 I15 sin4 T15 H dCCZ . (353)
i=1

Note that the periods of the variables are 47 so that one should take the range x; = [0, 4] for
1=1,2,3and i = 9,10,11. However it is easy to show directly from the parametrization that they
can all be restricted to [0,27]. In fact for all & € so(7) we have that e?™% commute with ¢; and
with c22, so that it can be reabsorbed in the Spin(9) factor of Fy. The range of x; is then

x1 €10,27], x9€[0,27

, x3€[0,27], x4 €[0,7],

Ts5 € [_g7 g] ) T € [07 g] ) T7 € [07 g] ) T8 € [Oaﬂ-] )
xg € [0,27] , x10 €[0,27], x11 €[0,27], x12 €0, 7],
m™ T o o
xr13 € [—5, 5] , 14 € [0, 5] , X15 € [0, 5] , X16 € [0,7‘1’] . (354)

Note that the firsts 15 are exactly the ones predicted by Spin(9)/Spin(7). The remaining param-
eters x;, j = 17,...,52, will run over the range for Spin(9). The volume of the whole closed cycle
V' so obtained is then

. 926 , 128
where R is the range of parameters z;, i = 1,...,16. This is the volume of F}, so that we cover

the group exactly one time.?

4 Conclusions.

In this paper we have considered the problem of giving an explicit construction of the Fj simple
Lie group and in particular of its compact form. The main motivation is that we are interested
in studying the Lie group Fg in a future paper, because in its compact realization it is the most
promising exceptional Lie group for unification in GUT theories [3]. In particular to perform non
perturbative calculations a parameterization is needed which, on the one hand should yield the
most simple expression for the invariant measure on the group, while at the same time still being
able of providing an explicit expression for the range of the parameters. Both these requirements
are necessary in order to minimize the computation power needed for computer simulations of

50Obviously there is a subset of vanishing measure multiply covered.

13



lattice models.

It seems that the best solution to both of these problems is the determination of Euler like angles.
In section 3.1 we have explained in detail the general strategy for defining such a parametrization
and shown that it turns out to be surjective for each compact Lie group. It is clear from the
construction that the Euler angles for a given group are not uniquely defined, but that they can
depend for example on the choice of a subgroup, which can be fixed according to the requirements.
The surjectivity of the map allows the use of a topological method to determine the range of
parameters.

The first application of our results will be the construction of the generalized Euler parametrization
of the Eg group associated with the F subgroup, along the lines of section 3.1. However another
immediate interesting application could be the explicit construction of the F) invariant metric for

OP? = F,/Spin(9).
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A The octonionic algebra.

The octonionic algebra is obtained from the eight dimensional real vector space (D generated by
a real unit 1 and seven imaginary units i;, ¢ = 1,...,7. The structure of a non-abelian, non-

associative division algebra is obtained introducing a distributive product

O0x0—0, (ab)rab,

by means of the following rules:

e 1 is the identity for the product;

oi%:

e the units i1, 79,13 generate a quaternionic subalgebra;

e the remaining independent products between the imaginary units are given in the next pro-

gram, where e[l] =1l and e[i + 1] =4;,i=1,...,7.

B The f; matrices.

The matrices we found using Mathematica, and orthonormalized with respect to the scalar product

-1 fori:1,...,7andiiij=—ijii fOI’lSZ'i<7;j§7;

(a,b) := —%Trace(ab), were computed by means of the followings programs.

B.1 Construction of the matrices.

The following program gives the 27 x 27 matrices of Fy before and after the 26 dimensional

reduction.

%%%% the octonionic products

QQ[L 1] =e[l];  QQ[L, 2] =e[2];

QQ[L 4] =e[4];  QQIL,5] =e[5];

QQ[L T =¢[7;  QQIL,8] =e[8];

QQ[2,2] = —¢[l];  QQ2,3] =e[5];
QQ[2,5] = —¢[3];  QQ2,6] =e[7];
QQ[2,8] = —e[d];  QQ[3,1] = e[3];
QQ[3,3] = —ell];  QQ[3,4] = e[6];
QQ[3,6] = —c[4];  QQ[3,7] =e[8];
QQM4, 1] =e[d;  QQ[4,2] = —e[8];
QQ[4,4] = —e[l];  QQ[4,5] = e[7];
QQ[4, 7] = —el5];  QQ[4,8] =e[2];
QQ[5. 2l =¢[3;  QQ[5,3] = —ef2];
QQ[5,5] = —ell];  QQ[5,6] = e[8];
QQ[5,8] = —el6];  QQ[6,1] = e[6];

QQ[1, 3] = e[3];

QQI1, 6] = e[6];

QQ[2,1] = e[2];
QQ[2,4] =e[8];
QQ[2,7] = —e[6];
QQ[3,2] = —e[5};
QQ[3,5] = e[2];
QQ[3,8] = —e[7];
QQ[4,3] = —e[6];
QQ[4,6] = e[3];
QQ[5,1] = e[5];
QQ[5,4] = —e[7];
QQ[5,7] = e[4];
QQI[6,2] = —e[7];



QQ[6,3] =e[d];  QQ[6,4] = —e[3];  QQ[6,5] = —e[8];
QQ[6,6] = —e[1];  QQ[6,7] =e[2];  QQ[6,8] = e[5];
QQ[7T 1] =e[7;  QQ[7,2]=e[6];  QQ[T,3] = —e[8];
QQ[7, 4] =el5];  QQ[7,5] = —e[d];  QQ[T7,6] = —e[2];
QQ[7,7] = —e[l];  QQ[7,8] =el3];  QQ[8,1] =e[8];
QQ[B,2] =e[d];  QQ[B,3]=e[7;  QQ[8,4] = —e[2];
QQ[8,5] =el6];  QQ[8,6] = —e[5];  QQ8,7] = —e[3];
QQ[8,8] = —efl];

%% %% the Jordan algebra product

Qmx_,y | := Sum[SSulx[[illy[[j]]QQ[ ], {1, 8}], {j, 8}]

QP[x_,y_] := {Coefficient|Qm][x, y], e[1]], Coefficient[QmIx,y], e[2]],
Coefficient[Qm[x, y], e[3]], Coeflicient[Qm][x, y],e[4]], Coefficient[Qm][x, y], e[5]],
Coefficient[Qm[x, y], e[6]], Coeflicient[Qm][x, y],e[7]], Coefficient[Qm[x,y],e[8]]}

ol = {al, a2, a3, a4, ab, a6, a7, a8};

02 = {bl, b2, b3, b4, b5, b6, b7, b8};

Conjlx | := {x[[1]], —x[[2]], —x[[3]}, —x[[4]],

OctP[a_, b ] := {{Sum[QP[Part[Part[a, 1],1], Part
Sum|[QP[Part[Part[a, 1], i], Part[Part[b, ], 2]], {i, 3}],
Sum|[QP[Part[Part[a, 1], i], Part[Part[b, ], 3]], {i, 3}],

{Sum[QP[Part[Part[a, 2], i], Part[Part[b, i, 1]], {i, 3}],

Sum|[QP[Part[Part[a, 2], i], Part[Part[b, ], 2], {i, 3}],

Sum|[QP[Part[Part[a, 2], i], Part[Part[b, ], 3]], {i, 3}],
{Sum[QP[Part[Part|[a, 3], i], Part[Part[b, i], 1]], {i, 3}],

Sum|[QP[Part[Part[a, 3], i], Part[Part[b, ], 2], {i, 3}],

Sum|[QP[Part[Part[a, 3], i], Part[Part[b, i, 3]], {i, 3}]}}

OctPs[a_,b_] := 1/2(OctP[a, b] + OctP[b, a])

%%%% correspondence between the Jordan algebra and R*’

A ={{{a[1], 0, 0, 0, 0, 0, 0, 0}, {a[2], a[3], a[4], a[5], a[6], a[7], a[8], a[9]}

{a[10], a[11], a[12], a[13], a[14], a[15], a[16], a[17]}},

{{al2], —a[3], —ald], —a[5], —al6], —a[7], —a[8], —a[8]}, {a[18], 0, 0, 0, 0, 0, 0, O}},
{al19), a20], af21], a[22], al23], al24], a[25], a[26]}},

{{a[10], —a[l1], —a[12], —a[13], —a[l4], —a[l5], —a[16], —a[17]}, {a[19], —a[20],
—a[21], —a[22], —a[23], —a[24], —a[25], —a[26]}, {a[18], 0, 0, 0, 0, 0, 0, 0}}};

B = {{{b[1], 0, 0, 0, 0, 0, 0, 0}, {b[2], b[3], b[4], b[5], b[6], b[7], b[8], b[9]}

{b[10], b[11], b[12], b[13], b[14], b[15], b[16], b[17]}},

{{b[2], —b[3], —b[4], —b[5], —b[6], —b[7], —b[8], —b[8]}, {b[18], 0, 0, 0, 0, 0, 0, 0}},

—x[[5]], —x[[6]}, —x[[7]], —x[[8]]}
Part[Part[b, i], 1]], {i, 3}
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{b[19], b[20], b[21], b[22], b[23], b[24], b[25], b[26]}},

{{b[10], —b[11], —b[12], —b[13], —b[14], —b[15], —b[16], —b[17]}, {b[19], —b[20],

—b[21], —b[22], —b[23], —b[24], —b[25], —b[26]}, {b[18], 0, 0, 0, 0, 0, 0, 0}}};
FF[AA ] := {Part[{Part[Part[Part[AA, 1], 1], 1]}, 1],

Part[{Part[Part[Part[AA, 1], 2], 1]}, 1], Part[{Part[Part[Part[AA, 1], 2], 2]}, 1],
Part[{Part[Part[Part[AA, 1], 2], 3]}, 1], Part[{Part[Part[Part[AA, 1], 2], 4]}, 1],
Part[{Part[Part[Part[AA, 1], 2], 5]}, 1], Part[{Part[Part[Part[AA,1], 2], 6]}, 1],
Part[{Part[Part[Part[AA, 1], 2], 7]}, 1], Part[{Part[Part[Part[AA,1], 2], 8]}, 1],
Part[{Part[Part[Part[AA, 1], 3], 1]}, 1], Part[{Part[Part[Part[AA, 1], 3], 2]}, 1],
Part[{Part[Part[Part[AA, 1], 3], 3]}, 1], Part[{Part[Part[Part[AA, 1], 3], 4]}, 1],
Part[{Part[Part[Part[AA, 1], 3], 5]}, 1], Part[{Part[Part[Part[AA,1], 3], 6]}, 1],
Part[{Part[Part[Part[AA, 1], 3], 7]}, 1], Part[{Part[Part[Part[AA,1], 3], 8]}, 1],
Part[{Part[Part[Part[AA, 2], 2], 1]}, 1], Part[{Part[Part[Part[AA,?2], 3], 1]}, 1],
Part[{Part[Part[Part[AA, 2], 3], 4]}, 1], Part[{Part[Part[Part[AA,?2], 3], 5]}, 1],
Part[{Part[Part[Part[AA, 2], 3], 6]}, 1], Part[{Part[Part[Part[AA,?2], 3], 7]}, 1],
Part[{Part[Part[Part[AA, 2], 3], 8]}, 1], Part[{Part[Part[Part[AA, 3], 3], 1]}, 1]}
FFi[vv ] :=
{{{Part[vv, 1], 0, 0, 0, 0, 0, 0, 0}, {Part[vv, 2], Part[vv, 3], Part[vv, 4], Part[vv, 5],
Part[vv, 6], Part[vv, 7], Part[vv, 8], Part[vv, 9]}, {Part[vv, 10], Part[vv, 11],

Part[vv, 12], Part[vv, 13|, Part[vv, 14], Part[vv, 15|, Part[vv, 16], Part[vv, 17]}},
{{Part[vv, 2], —Part[vv, 3], —Part[vv, 4], —Part[vv, 5], —Part[vv, 6],
—Part[vv, 7], —Part[vv, 8], —Part[vv, 9]}, {Part[vv, 18], 0, 0, 0, 0, 0, 0, 0},
{Part[vv, 19], Part[vv, 20], Part[vv, 21], Part[vv, 22],
Part[vv, 23], Part[vv, 24], Part[vv, 25|, Part[vv, 26]}},
{{Part[vv, 10], —Part[vv, 11], —Part[vv, 12], —Part[vv, 13],
—Part[vv, 14], —Part[vv, 15|, —Part[vv, 16], —Part[vv, 17]},
{Part[vv, 19], —Part[vv, 20], —Part[vv, 21], —Part[vv, 22], —Part[vv, 23],
—Part[vv, 24], —Part[vv, 25|, —Part[vv, 26|}, {Part[vv, 18], 0, 0, 0, 0, 0, 0, 0}}}
%%%% construction of the matrices
MM = Array[mm, {27,27}];
vaa = FF[A];
vbb = FF[B];
vlaa = MM.vaa;
v1lbb = MM.vbb;
AA1 = FFi[vlaa;
BB1 = FFi[vlaal;
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vl = FF[OctPS[AA1, B]J;
v2 = FF[OctPS[A, BB1];
AB = OctPS[A, BJ;
V = FF[A, BJ;
VV = MM.V:
diff = VV — V1 — V2;
Do [
Do[Dolff[i, j, k] = Coefficient[Part[diff, k]|, a[1]b[j]], {i, 27}], {j, 27}], {k, 27}];
n=_0;
Do [Do [Do [n + +;
If[ffi, j, k] ==0, n=n—1, Fi[n] = fIfi, j, k] == 0, Ff[n] = {fi, j, k] == 0], {i, 27}],
{i, 273], {k, 27};

s[1] = {}

Dols[i + 1] = Append[s[i], Ff[i]], {i, n}];

m = 0;

DO[DO[{m++= gg[m] me[i,j]}, {iv 27}]7 {iv 27}];
v[t] = {};

Dofv[i + 1] = Append{v[i, gefill {i, 729}
sol = Solve[s[n], v[730]];
Do[Do[matl[i,j] = mmli,j], {i, 27}, {j, 27}];
Do [Do [Do [if [Part[Part[Part[sol, 1, i, 1]]] == mm(j, k], mat[j, k] =
mmlj, k]/.Part[Part[sol, 1, i]]], {i, 677}], {j, 27}], {k, 27}];
MM = Array[mat, {27, 27}];
n = 0;
Do [Do [n + +; If [D[MM, mmli, j]] == DiagonalMatrix |
{0, 0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0, 0, 0}]
n=n—1, Md[n] = D[MM, mmli,j]], Md[n] = D]MM, mml[i,j]]],{i, j}], {j, 27};
Mn[1] = Md[1];
Do [Do|
AAfj i =0, {i, 52}, {j, 52}]
Do [Do[AA[j, i] = =Tr[Md[j].Mnl[i]}/Tr[Mn[i]. Mnli]}, {i, j—1}};
Mn(j] = Md[j] + Sum[AA[j, i]Mn[i], {i, j—1}}, {j, 2, 52}];
Dolc[i] = —Sqrt[6]Mn][i]/Sqrt[Tr[Mnl[i].Mn[j]]], {i, 52}];
%%%% the structure constants
Do[Do|[CCli, j] = c[i].c[j] —c[jl.c[i], {i, 52}],{j, 52}};
Do[Do[Do[coeff[i, j, k] = —Tr[CC[i,j].c[k]]/6, {k, 52}],{i, 52}],{j, 52};
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%%% rotation to give the irreducible 26 representation

XXX ={{1,0,0,0,0,0 0,0 00,0 0,0, 00,0 0 —1,0,0,0,0,0, 0, 0, 0, 0}/Sqrt[2],

{0, 1, 0, 0, 0, O, O, O, O, O, O, O, O, O, O, O, O, O, 0, 0, 0, 0, O, 0, 0, 0, 0},
{0, 0, 1, 0, 0, O, O, O, O, O, O, O, O, O, O, O, 0, 0, O, O, 0, O, O, 0, 0, 0, 0},
{0, 0, O, 1, 0, 0, O, O, O, O, O, O, O, O, O, O, 0, O, O, 0, 0, O, 0, 0, 0, 0, 0},
{0, 0, 0, 0, 1, 0, O, O, O, O, O, O, O, O, O, O, 0O, O, O, 0, 0, O, 0, 0, 0, 0, 0},
{0, 0, 0, 0,0, 1, 0, O, O, O, O, O, O, O, O, O, O, O, O, O, 0, O, O, 0, 0, 0, 0},
{0, 0, 0, 0,00, 1, 0, 0, 0, O, 0, 0, 0, O, O, 0, 0, O, O, 0, O, O, 0, 0, 0, 0},
{0, 0, 0, 0, 0, 0, O, 1, O, O, O, O, O, O, O, O, 0O, O, O, O, 0, O, 0, 0, 0, 0, 0},
{0, 0, 0, 0, 0, 0, O, O, 1, O, O, O, O, O, O, O, O, O, O, 0, 0, O, 0, 0, 0, 0, 0},
{0, 0, 0, 0, 0, 0, 0, O, O, 1, O, O, O, O, O, O, O, O, O, O, 0, O, O, 0, 0, 0, 0},
{0, 0, 0, 0, 0, 0, O, O, O, O, 1, 0, O, O, O, O, O, O, O, O, 0, O, O, 0, 0, 0, 0},
{0, 0, 0, 0, 0, 0, O, O, O, O, O, 1, O, O, O, O, O, O, O, O, 0, O, O, 0, 0, 0, 0},
{0, 0, 0, 0, 0, 0, O, O, O, O, O, 0, 1, 0, O, 0, O, O, O, O, 0, O, O, 0, 0, 0, 0},
{0, 0, 0, 0, 0, 0, O, O, O, O, O, 0, O, 1, O, O, O, O, O, O, 0, O, O, 0, 0, 0, 0},

{0, 0, 0,0, 0,0,0,0,0,0,0,0,0,0, 1,0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0,0, 0,0,0,0,0,0,0,0,0,0, 0,0, 1,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{O’ O’ 07 07 07 07 07 07 07 07 07 07 07 07 07 07 17 07 07 07 07 07 07 07 07 O’ 0}7

{15 Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa 07 07 07 07 17 07 07 07 07 07 07 07 Oa _2}/Sqrt[6]7

{0, 0,0,0,0,0,0,0 0,0, 0,0,0,0,0,0,0,0, 1,0, 0,0, 0, 0, 0, 0, 0},

{0, 0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 1, 0, 0, 0, 0, 0, 0, 0},

{07 07 07 07 07 07 07 07 07 07 07 07 07 07 07 07 07 07 07 07 17 07 07 07 07 O’ 0}7

{0, 0,0, 0,0, 0,0,0,0,0, 0,0, 0, 0,0, 0,0, 0, 0, 0, 0, 1, 0, 0, 0, 0, O},

{0, 0,0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0, 0,0, 1, 0, 0, 0, 0},

{0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0, 1, 0, 0, 0},

{0, 0,0, 0,0, 0,0,0,0,0, 0,0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, O},

{0, 0,0, 0,0, 0,0,0,0,0, 0,0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, O},

{1, 0, 0, 0, 0, 0, O, O, O, O, O, 0, 0, O, O, 1, 0, O, O, O, 0, O, 0, 0, 0, O, 1}/Sqrt[3]};

XXX.c[i]. Transpose[XXX], {i, 52}];

Dolccli]

c[i] are the matrices before the rotation, and cc[i] are the 27 x 27 matrices after the rotations, all

having the last row and the last column vanishing. The irreducible 26 dimensional representation
is obtained dropping the last row and the last column. The structure constants are provided by

coeff[i,j,k].
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C The f; matrices.

The matrices we found using Mathematica, and orthonormalized with respect to the scalar product

(a,b) :== —Trace(ab), are

=

O
CO0O0O0O0O0O0O00000000000CO000000
COOCO0O0CO0O0O0O0O00O000O0C0C 00000000000
COC0CO0OO0CO0O0O0O0O00O00000 00000000000
CO0CO0O0CO0O0O0O0O0O0O00O000C 00000000000
COC0CO0OO0CO0O0O0O0O00O00000 00000000000
COO0O0O0CO0O0O0O0O0000000C 00000000000
CO0CO0O0CO0O0CO0O0O00O00O0O0O0C 00000000000
CO0O0O0O0O0O000O0O00O000O00H0O000000O
L S S S T
OO0 0000000000000 0O000 | 0000000
S6ddcddcdc IS
SIS SSSMNS S S ISISSSSSSSSS

|
R O DR S
©0 0000006005007 7000000000000
S ddddc IS TS crHNSSS3cSS33cS
L S S S o I S S S S S S
©0 0000000007700 00000060000000
o S N I - I =T I I R R R R N R R E)
S0 0000 S 0SS S dHNGS S S0 083S58380
S ddd NS S S S S 3cSS33cS
L S S S B S S S S S S S
©0 0000060007700 0005000060000000
S dcrMid s 3o 3333
o R R = R R R R R O R N - R E-E)
R L I S S S
©0 0000000000000 00000000000
S drMNid S 3o 3 S S 3cSS33cS
R B S S S S S S
Scoocooc oo o OO0 0000000000000 00

[
LR (o I S S S S S
oo o oo O 000000000 O00000000000
|

o B N
© 0000000000000 00000000000
S S 3 303 333

SdddcdcdcdSsSasSa o

Il
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D Structure constants.

The structure constants sy;% are defined by [cr,cs] = Z??:l sri¥ex. We found that the coeffi-
cients s7yx := s7;% are completely antisymmetric in the indices and the non-vanishing terms, up
to symmetries, are

5123 =—1, 5145 =—1, s178=—1, s111,12 = —1,
1 1 1
s11617 = —1,  S12223=-—5, S1,2426= 3, 81,25,20 = 7
1 1
51,27,28 = 7 s1,3031 = —1, S13738=—5, S1,3941 =735,
51,4044 = 3 » $1,4243 = 35 , 51,4546 = —1, s246 =—1,
1
s279=—1, s21113=—1, s21618 =—1, S22224=—3,
1 1 1
52,23,26 = “3 82,2527 = 5 » 52,28,29 = 7 $2,30,32 = —1,
1 1
823739 = —35 , S23841 = —3, 524042 = 3 ; 82,4344 = 35 »
S94547 = —1, 8356 = —1, s389=—1, $312,13 = —1,
1 1 1
s317,18 = —1, $3,22,26 = 5,  $3,2324 = —5 , 532528 = —3
1 1
822729 = 35 » 5331,32 = —1, 833741 = 35, 53,3839 = —73 5
=-1 =3 =-1 =-1
83,4043 = —5 ,  S$34244 = 35 , s346,47=—1, sg710=-1,
1 1
Sa1104 = -1,  sg1610=—1, S420925=—5, S42320=—3,
1 1 T 1
842427 = ~3 54,2628 = 3 » 843033 = —1, S43740=—7%
1 1
843844 = —5 , 843942 = —73,  S44143 =73 ; 844548 = —1,
1
s5810=—1, s51214a=-1, s51719=—1, 85,2229 = 35
1 1 1
85,2325 = —35 ,  S$52428 = 3 » 55,26,27 = 7 s531,33 =—1,
1 1 1
S53744 = 5,  S53840 = —% , 853943 = 5 , S541,42 = 35 5
s54648 = —1, Sg910=—-1, S1314=—-1, Sg18190=-1,
1 1 1 1
86,2227 =5 5 56,2328 = —%5 , 56,2425 = ~3 56,26,290 = —3
1
86,32,33 = —1, 86,3742 =5 » 56,3843 = —3 ,  $6,39,40 = —3 ,
1
86,41,44 = R seara8 = —1, s71115=—-1, s71620=—1,
1 1 1
87,2226 = —5 , 723,24 = —3 872528 = —5,  S727,20 = 3 »
1 1
S73034 = —1, Sr3ra1=-—5, S73839=15, 574043 = —3
1
57,4244 = 3 S74549 = —1, 8g1215=—1, sgi720=—1,
_ A _ 1 _ 1 _ 1
882224 = —5 ,  5823,26 = —3 58,25,27 = —3 58,2820 = —75 ,
s831,3¢ = —1, Ss3739=—5, S83841 = "5, S584042= —3
1
S843,44 = —5 , S846,49 = —1, So1315=—1, Sg1820=—1,
1 1 1 1
892223 =735 5 89,2426 = —3 , 89,2520 = 5 , 89,27,28 = 7
1 1
89,32,3¢ = —1, $9,37,38 = 5 5 89,3941 = —% , 89,4044 = 5 ,
1
59,4243 = 3 » S947.49 = —1, s10,1415 = —1, 10,1920 =—1,
1 1 1 1
$10,22,28 = 5 ,  510,23,27 = 7 $10,24,20 = —35 , 510,25,26 = —3
1
$10,333¢ = —1, S103743 =735, S103842 =75, $510,39,44 = —3
1
810,40,41 = 3 510,48,49 = —1, S111621 = —1, S112227=—35,
1 1
511,23,28 = —3 S11,2425 = 5 5  S11,2620 = —5 » S11,30,35 — —1 ,
1 1 1
$11,3742 = —3% , S11,3843 = —% 5  S$11,39,40 = 7 511,41,44 = —3
S11,4550 = —1,  s121721=—1, S122028 =135, S122327= —3,
1 1 1
512,24,20 = —3 S12,2526 = 5 5 S123135 = —1, S123743 =73,
1 1
S123842 = —3 , S12,39,44 = —3 512,40,41 = 7 512,46,50 = —1 ,
1
513,18,21 = —1, 5132225 = —5 , 5132320 = 5, 5132427 = —75 ,
2 2 2

46



513,26,28 =
513,39,42 =
514,22,24 =
514,33,35 =
514,43,44 =
515,23,25 =
$15,37,44 =
515,49,50 =
516,25,26 —
516,39,44 — —
517,23,28 = —
517,37,42 = —
517,46,51 —
518,26,27 =
518,39,43 =
519,23,24 =
519,37,41 =
519,48,51
520,26,28 =
520,39,42 =
521,24,26 =
521,37,38 =
521,50,51 =
522,26,35 =
522,37,52 =
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530,41,42 = % ;8304552 = —1, S313740 = —% ) 531,38,44 = —% )
831,39,42 = 5,  531,41,43 = —% , 8314652 = —1, S323743 = 9
532,38,42 = —% y  532,39,44 = T35, 532,40,41 = —% , 8324752 =—1,
533,37,38 = % ) 833,39,41 = 3 y  533,40,44 = —35 ,  533,42,43 = % )
$33,48,52 = —1, S3a3742 = —% y  534,38,43 = % ) 534,39,40 = —% )
534,41,44 = —% , S344952 = —1, 835,37,41 = 3 535,38,39 = % )
535,40,43 = —? y 535,42,44 = —% , S355052 = —1, S363739 =735,
536,38,41 = —3 5  536,40,42 = % ) 536,43,44 = —% , S36,5152 = —1.

E Surjectivity of the product parametrization.

We will follow [4]. First note that M = G/H is a compact homogeneous manifold. Let 7 : G —
G/H and 79 : § — P be the natural projections. If G is provided with a bi-invariant Riemannian
metric (as it happens for simple compact Lie groups) then M can also be provided with such an
invariant metric. In particular for compact semisimple Lie groups we can use the Killing metric.
The Levi-Civita connection is then exactly the connection induced by the horizontal distribution
defined by taking (L4).P as horizontal space at any g € G, where L, is the left multiplication
on G and the lower * indicate the push-forward.® The invariant metric on M is then obtained
by requiring for 7. : TyG — Tr,M to be an isometry between the horizontal component of
TyG and Ty )M for any g € G. Thus M is geodesically complete and 7 becomes a Riemannian
submersion. From this, if o := 7(H), Exp, : T,M — M is the exponential map generated by the
geodesic flow from o and exp : § — G is the exponential map of the Lie group, then it can be
shown that Exp,(a) = mexp(a) for any a € P ([4], p.47 exercise 1.21). But Exp, is surjective, as
follows from the Hopf-Rinow theorem, ([4], theorem 1.9). This completes the proof.

F The orthogonal subgroups.

In this section we collect the volumes of the orthogonal subgroups obtained by means of the
Macdonald formula. The rational homology groups of all simple Lie groups are known to be the
homology of the product of odd dimensional spheres: H,(G) = H,(S% x ... x S%), r being the
rank of the group [10]. For the subgroups of Fy we find

(3) dy =3;
(4) di =3, dy=3;
(5) di=3,dy=T7;
SO(6) : di=3,do=05,d3="7T;
(7) di=3,do=7,d3s=11;
(8) di=3,do=7,ds=7, dy=11;
9) diy=3,dy="7,d3=11, dy =15 .

The roots of the subgroups are the ones given in [8], with L; = e; identified with the usual
orthonormal bases of an Euclidean space. The volumes can then easily computed by mean of the

6Here we are using the fact that G —— G/H is a principal bundle over M, see [11]. In particular if TeG ~ G is
the tangent space to the identity e of G, then P is its horizontal component.
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Macdonald formula, giving

SO(3) : V=2 7%
SO(4) : V=27t
SO(G): V= 285”6 :
SO@6): V= 28;9 :
912 . 112
SO(7) : V= 132?7;16 ;
212 .
SO(8) : V= ?;’7'7;20 ;
217 .
SO0): V=i

G More on the subalgebras.

In section 2 we observed that our 27 dimensional representation of F; has a decomposition 26 & 1
in irreducible representations. Similar decompositions can be obtained for the subgroups simply

by a direct computation of the weights. For example we computed the decomposition of so(%) for
1=29,8,7,6 finding:

o for so(9)
50(9) =16 © 9 @ 17

where 16 is the spin representation and 9 the vector representation;

e for so(8)
s0(8) =8, ®8, ®8_®1%.

Here 8, is the vector representation and 81 are the spin representations with positive and
negative chirality;

e for so(7
" s0(T) =8 Td®1*,

where 8 is the spin representation and 7 is the vector one;

e for so(6)
2 2 5
50(6) =6®47 ®4Z 91°,

where 41 are the chiral spin representations and 6 the vector one.
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