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Abstract

The Riemannian geometry of coset spaces is reviewed, with emphasis on
its applications to supergravity and M-theory compactifications. Formulae
for the connection and curvature of rescaled coset manifolds are generalized
to the case of nondiagonal Killing metrics.

The example of the N9 spaces is discussed in detail. These are a subclass
of the coset manifolds NP?" = G/H = SU(3)xU(1)/U(1)xU(1), the integers
p,q,T characterizing the embedding of H in G. We study the realization of
N0 as G/H = SU(3) x SU(2)/U(1) x SU(2) (with diagonal embedding of
the SU(2) € H into G). For a particular G-symmetric rescaling there exist
three Killing spinors, implying N = 3 supersymmetry in the AdSy x N9
compactification of D = 11 supergravity. This rescaled N0 space is of
particular interest for the AdS,/CFTs correspondence, and its SU(3) x SU(2)
isometric realization is essential for the OSp(4|3) classification of the Kaluza-
Klein modes.
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1 Introduction

Coset manifolds are a natural generalization of group manifolds, and play an im-
portant role in supergravity and superstring compactifications, and in the recent
AdS/CFT correspondences [1]. Indeed several of these correspondences have been
investigated in the context of compactifications of supergravity theories on anti-de
Sitter spaces times “internal” coset spaces G/H. Many results of the 80’s have
been reinterpreted and extended in the AdS/CFT framework, which has prompted
in particular a renewed interest in Kaluza-Klein mass spectra of the AdS x G/H
supergravity compactifications. For an exhaustive list of references on this subject
we refer to the introduction of [2]. Here we will cite only the papers dealing with
NPI" gpaces (see later).

In this note we generalize some formulae of the Riemannian geometry of coset
manifolds to include interesting cases, as the N° spaces in the manifest SU(3) x
SU(2) invariant formulation. The general formulas of ref. [3, 4] are valid only for
diagonal Killing metric, and need to be extended for nondiagonal Killing metrics.
While it is true that the Killing metric can always be made diagonal by a redef-
inition of the group generators, it may happen that the G/H structure we want
to obtain prevents such a redefinition, and that we must live with a nondiagonal
Killing metric. For the geometry of the NP?" coset spaces, and their use in D = 11
supergravity compactifications, we refer to the original papers [5, 6, 7]. Recent
developments using NP9" geometry to derive Kaluza-Klein mass spectra and test
AdS,/CFT; correspondence are found in [8, 9, 10].

We give now a short review of coset space geometry, beginning with a few
definitions. A metric space is said to be homogeneous if it admits as an isometry
the transitive action of a group G, transitive meaning that any two points of the
space are connected via the group action. For example the unit sphere S? in R® is
isometric under the transitive action of SO(3). The subgroup H of G which leaves
a point X fixed is called the isotropy subgroup. Because of the transitive action of
G, any other point X’ = gX (g € G,g ¢ H) is invariant under a subgroup gHg™*
of G isomorphic to H. In the S? example any point remains fixed under SO(2)
rotations around the axis passing through that point, so that SO(2) is the isotropy
subgroup.

It is natural to label the points X of a homogeneous space by the parameters
describing the G - group element which carries a conventional X, (the origin) into X.
However these parameters are redundant: there are infinitely many group elements
g such that X = ¢gXj, due to H - isotropy. Indeed if g carries X, into X, any other
G element of the form gH does the same, since HXy = X,. We are then led to
characterize the points of a homogeneous space by the cosets gH.

A homogeneous space is therefore a coset space G/H, i.e. the set of equivalence
classes of elements of G, where the equivalence is defined by right H multiplication
(9 ~ g if g = gh, with g,/ € G and h € H). Thus the two-sphere S* can
be considered as the coset space SO(3)/SO(2). In general for an n-sphere S =
SO(n+1)/SO(n). The action of an element ¢’ € G on the coset gH is simply given



by the coset ¢'gH.

Taking G to be a Lie group (as in our S? example), we obtain coset manifolds,
endowed with a Riemannian structure as we will discuss. The Lie algebra of G' can
be split as:

G=HeK (1.1)

where H is the Lie algebra of H and K contains the remaining generators, called
“coset generators”. The structure constants of G are defined by:

[H;, Hj] = C;;"H,, H, e H
[H;,K,)=C,’H; +C,,’K, K,cK
[K,, K] = C, H; + C,°K. (1.2)

where the index conventions are obvious.

As discussed in ref. [11] (p. 251), whenever H is compact or semisimple (even if
G is not compact) one can always find a set of K, such that the structure constants
C’mj vanish. In that case the G = H+ K split, or equivalently the coset space G/H
is said to be reductive. For this reason we will deal in this note only with reductive
coset spaces. Another important observation is that when G/H is reductive the
structure constants C,,° can always be made antisymmetric in a, b by an appropriate
redefinition K, — N,°Kj,. The proof is simple: any representation of a compact H
can be made unitary by a suitable change of basis. Since the C,,° generate a real
representation of H (namely the coset representation), this representation can be
made orthogonal, and consequently the C,,° antisymmetric [11, 12].

An element ¢ of GG is specified by dimG continuous parameters, the Lie group
coordinates. For example we can exponentiate the Lie algebra as:

g = exply*K,] exp[z' H;] (1.3)

The G coordinates are y¢,z'. It is clear that the cosets gH are characterized
by a subset of the group coordinates, i.e. by the dimG — dimH parameters y*
corresponding to the K, generators.

Each coset, labeled by the y parameters, can be mapped into an element L(y)
of G, the coset representative. For example one can choose as coset representative:

L(y) = exply* K| (1.4)

The whole geometry of G/H can be constructed in terms of coset representatives.

Under left multiplication by a generic element g of G, L(y) is in general carried
into an element of G belonging to another equivalence class, with representative
element L(y'), i.e. into an element of the form L(y’)h:

gL(y)=L(y')h, heH (1.5)

where ¢’ and h depend on y and g, and on the way of choosing representatives. For
example, using the representative choice (1.4), gL(y) loses the exp(yK') form but
can be expressed (as any element of G) as exp(y'K) exp(xH) or L(y') exp(zH). It is
clear that the geometry of G/H must be insensitive to the particular representative
choice, and indeed this is so (see later).



2 Vielbeins, invariant metric, H-connection on

G/H

Counsider the 1-form:
V(y) = L™ (y)dL(y) (2.6)

generalizing the left-invariant 1-form g~'dg of group manifolds. V(y) is Lie algebra
valued and can expanded on the G generators:

Viy) =V y)T.+ )T (2.7)

The 1-form V(y) = V2dy* is a covariant frame (vielbein) on G/H and Q 'dy® is
called the H-connection.

Under left multiplication by a constant ¢ € G, the one-form L~'dL is not
invariant, but transforms as:

V(y')=hL " (y)g 'd(gL(y)h™") = hV (y)h~" + hdh ™" (2.8)

In particular its projection on the coset generators yields the transformation rule
of the vielbein:
V(y') = (hV(y)h™)* = V'(y) D, (A7) (2.9)

where the adjoint representation D is defined by g~ 'T4g = D,*(9)Ts.
The infinitesimal form of (1.5) is obtained by taking:

g=1+¢eT4 (2.10)
Consequently, also the induced h transformation is infinitesimal:
h=1-cWi(y)T; (2.11)
and the shift in y is proportional to e4:
Y=yt KL (y) (2.12)

The y dependent matrix W(y) defined in (2.11) is called the H-compensator, and
the y-dependent differential operator

0
K =K, (y)=— 2.13
a(y) A () By ( )
is the Killing vector on G/H associated to the G-generator T4. The explicit ex-
pressions for the H-compensator and the Killing vectors are simply obtained by
rewriting the transformation rule (1.5) for infinitesimal g:

TaL(y) = Ka(y)L(y) — L(y)TiW 4 (y) (2.14)



After multiplying on the left by L=!(y) and projecting on the K and H generators
we find:

K (y) = DA (L(y)Vy(y) (2.15)
Wi (y) = Q. () K £ (y) — D4(L(y)) (2.16)

where V*(y) is defined as the inverse of the G/H vielbein V2.
The infinitesimal form of the vielbein transformation (2.9) reads:

Vely +dy) = Vo(y) = =W, (y)Cyp V' (y) (2.17)

2

oy ="K {(y) (2.18)

easily derived by observing that the C;z* are the generators of the adjoint repre-
sentation of H, and C;;* = 0.

For reductive algebras C;,* can be made antisymmetric in a, b: then eq. (2.17)
implies that the left action of G on V%(y) is equivalent to an SO(N) rotation on
Ve(y) (N =dim G/H). Then the “natural” coset metric

9o = 0atVIVY (2.19)

is invariant under the left action of G. Another G left-invariant metric is obtained
by replacing the Kronecker delta in (2.19) with the Killing metric yap = C, ¢ Cpc”
restricted to G/H

Jos = V2V (220)

Notice that both these invariant metrics are insensitive to the choice of coset rep-
resentative. Indeed replacing L(y) by L(y)h just rotates the vielbein as in (2.17).

Transformations that leave the metric invariant are called isometries. From the
preceding discussion we know that the isometries of G/H manifolds include the
left action of G. However one can study also the right action of G on the coset
representative:

L(y)g = L(y')h (2.21)

Then one finds that N(H)/H is the right isometry group of G/H, where N(H) is
the normalizer of H in G, i.e. the set of elements g € G such that gHg~! = H. One
is led to conclude that the full isometry group of G/H must include G x N(H)/H:
however this is not always true, as argued in ref.s [3, 4]. Some left U(1) Killing

vectors may coincide with some right U(1) Killing vectors: then the actual isometry
is reduced to G’ x N(H)/H where G = G'x (common U(1) - factors).

3 Rescaled Riemann connection and curvature

In general the two metrics (2.19),(2.20) of the preceding Section are not the only
G-invariant metrics on G/H. As discussed in various ref.s (see for example [3, 11,
4]) whenever C,, ® is block diagonal in some subspaces S, Ss, ... of K, then the
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vielbeins spanning these subspaces can be independently rescaled without loss of
left G symmetry. This is easily understood from the transformation rule (2.17),
which remains unaltered when the vielbeins belonging to the same subspace 5; are
rescaled by a common parameter r;. Therefore the number of rescaling parameters,
i.e. the number of parameters necessary to specify the particular G-invariant metric,
is equal to the number of irreducible blocks of C;, . This matrix describes how H
acts on the subspace K: if it acts irreducibly, the coset is called isotropy irreducible,
and only the trivial rescaling V* — rV% (same r for all V) is G-symmetric. If
G/ H is isotropy reducible, we have an independent parameter for each irreducible
subspace S;. These rescalings must be real and nonsingular, but are otherwise
unconstrained. We derive now the expressions for the Riemann connection and the
curvature corresponding to the rescaled vielbeins.

Recall the Cartan-Maurer equation for the one-form V = L~'dL:
AV +V AV =0 (3.22)

which follows immediately from the definition of V. In components the Cartan-
Maurer equation becomes:

1 .
dVe + 5Cbcavb AVE+CLVEAQ =0 (3.23)
i L iyj
dY + 5Co' VA VP OV AQF =0 (3.24)
After a rescaling
Ve —r, Ve (3.25)
the above equations become:
1ryre .
dve + {”T O VEAVE + ?Cbi“vb AQ =0 (3.26)
i 1 itra iy
dY + SrarsCy' V" A VP CQlY AQF =0 (3.27)

For a G-symmetric rescaling we can replace (:Cy;* by Cp;* in the first equation.

The flat coset metric will be chosen in the following to be ng = n%° = —du,
yielding a G-invariant metric g,g = nabvaavﬁb.

A (torsionless) connection B% on G/H can be defined by the equation
dVe4+ B4 AVP =0 (3.28)
Combining (3.28) with (3.26) yields

1ryre. ;
By = —5 GV = Ot + KV (3.20)




where K, . is symmetric in b, ¢, and is determined by the requirement that B¢ be
antisymmetric in a, b (Riemann connection):

Bl = B (3.30)
Then:
Ta o,

K" = Dl 4 ( “1beCe” + nceCdb ) (3.31)

and the antisymmetric connection is given by:

1 . .
By = 3 <—@Cbg Ty G + Cy’ ad) Ve (3.32)
/r(l

This connection is G-invariant, meaning that parallel transport commutes with the
G-action. Indeed the most general form of a G-invariant connection on G/H is
given by

B (y) = Gy, "2 (y) + V() (3.33)

(2

where Jd . is an invariant tensor of the subgroup H [12], i.e. §.J.% = C,%J,% —
C,%J.%4+C,%J.% = 0. The connection in (3.32) has this form, and 1t is not difficult
to prove that the term multiplying V¢ is H-invariant. In fact each of the three
terms within parentheses in (3.32) is H-invariant, as one can show by using Jacobi
identities and = C’ b=C, 0

The Riemann curvature is defined in terms of B by:
=dB% + B A B =R , VIAV® (3.34)

Substituting the connection (3.32) in the curvature formula, using the Cartan-
Maurer equations (3.26) and (3.27) for dV* and d€2', and Jacobi identities for
products of structure constants, we determine the curvature components:

a 1 TdT'e a 1 a 1 a c
R% 4. = i C,."Cht + e Cyi “Cye’ + 8Ccd C, — che Cy (3.35)
with T r,T TaTb
A L G M L O 3.36
be Ty be - T, ab ( )

These formulae generalize those of ref. [3, 4] (holding only for diagonal Killing
metric) and those of [11] (for unrescaled vielbeins). The connection B allows the
definition of a covariant derivative D. For example the zero-torsion condition can
be written as DV® = (. Taking the exterior derivative of the zero-torsion condition
(3.28) and of the curvature definition (3.34) yields the Bianchi identities:

LAVE=0 (3.37)
dR% + R, A B%, — B, A R, = DR =0 (3.38)



What are the symmetries of the indices in the curvature components R% ., 7 An-
tisymmetry in a, b, and in ¢, d is manifest. Furthermore, from (3.37) we deduce:

RY JVPAVEAVT=0 = R 4=0 (3.39)

i.e. the cyclic identity. Using all these index symmetries one can also show that

R®  =n"Re _, is symmetric under ab < cd interchange.

4 The geometry of the NV coset manifolds

We apply here the formulae of the preceding Section to the coset manifolds N9V,
These coset spaces are a special case in the class of the NP?" coset spaces defined

by the quotient:
G SU(3)xU(1)
NPar — A\ AT 4.4
H = U x U(1) (4.40)

where the p, ¢, are integer and coprime, and specify how the two U(1) generators
M, N of H are embedded into G:

M= — _ — — —(3p? Y 4.41
RO (27’]?\/5)\8 + 27’61)\3 2(329 +q7) ) (4.41)
1 ) )
N = -5 (—§qu + §p\/§A3) (4.42)
1 /14 1 )
Z = —E (ip\/gkg + §q)\3 + Z’FY) (443)

with

R=\3p+@+2r2, Q=+/3p>+¢ (4.44)
and Z is the remaining U(1) generator in the coset. The generators of G = SU(3) x
U(1) are taken to be —%A and —%Y, A being the Gell-Mann matrices. For a detailed
account of the geometry of these NP?" coset manifolds we refer to the original papers
[5, 6], where symmetric rescalings, connection and curvature are given explicitly.
The cosets NP9 for p = 0,q = 1,7 = 0 have as isometry group SU(3) x SU(2)
(coming from G x N(H)/H). As already observed in [5], the N'° cosets can also
be realized as:
SU(3) x SU(2)
SU(2) x U(1)

where the SU(2) in the denominator is diagonally embedded in G = SU(3) x SU(2).
In this formulation the full isometry of N%° comes from the left action of G. We
now study the geometry of N realized as in (4.45).

NOL0

(4.45)

The generators of SU(3) and SU(2) are taken respectively to be —2A and —%7, A
being the Gell-Mann matrices and 7 the Pauli matrices, with commutation relations:

[)\Z', )\j] =2 .f’ijk;)\k‘) [’Tm, Tn] =2 EmnrTr (446)



where the nonvanishing components of the completely antisymmetric structure con-

stants fijr are fioz = 1, fur = fies = faae = fos1 = faas = farg = %7f458 = fors =
V3
2 .

The U(1) in the denominator of (4.45) is given by the hypercharge —3As. Thus

the H + K generators are:

H-generators:

HN:—%)\g, HZ-:—%(A1+T1,>\2+T27>\3+7'3) (4.47)

K-generators:

Ka = —5()\1 — 7'1,)\2 — 7_2a)\3 - 7—3)7 K, = _5()\4a)\5)a K= _5()\6’)\7) (448)

The H + K basis is reductive, and the nonvanishing structure constants are:

Cuk = COnfi = 5cip Onf = gean, Ci’ = e Cia” = fiap  (4.49)
1
CKI[(< : CaAB = faABv CAE = §fABc (4'5(])
, |
Crie Cu' =e€awis Cap = faps, Cap= §fABi (4.51)
Cyt Cl-jk = €ijk (4.52)

with A = (A, A) = 4,5,6,7. The Killing metric in this basis is diagonal on the
coset, directions and on the H directions:

Yab = —D0ab; YAB = —304B (4.53)

INN =3, Yij = —5H0j; (4.54)

and has nondiagonal components along HK directions:
Yia = Vai = _5ai (455)

By inspection of the C'; £ structure constants we see that these are antisymmetric
in the two coset indices, and that there are two isotropy-irreducible subspaces,
spanned respectively by the vielbeins V? (a = 1,2,3) and V4 (4 = 4,5,6,7). We
can therefore construct G-invariant metrics depending on two independent rescaling
parameters, o« = r, and § = r4. Applying the general formulae of the preceding
Section we find the Riemann connection 1-form :

B% = —€pif) (4.56)



4 _ _ .

BG’B = _8/6_& (6a1€BAVA —+ (SGQ(SBAVA + 5(13EBAVA> (457>
Ba__ﬁ_4<_5 € iVA 4 Gabs VA4S effVA) (4.58)
B~ g, al€BA a2VBA a3*BA )
BAé = % [(—4@2 + V2 — 4a(V308 + Qll)] €ip (4.59)
BA = 8i [(4&2 — B)V? — da(V39° - QH)] €AB (4.60)

a
; 1
By = o= [(=40” + )04V + €4pV") — 400,01 + €1507)] (4.61)

and the corresponding Riemann curvature components:

a 1 " 1
R® 4 =0a’0, R ;.= @75[{155]%37 R® 45 = 3_275[111513}52&]3 (4.62)
a 1
R™ ;5= 3—27(—5[11155’]5@ +0%05€4p) (4.63)
RaA _ /64 (Sa(;A‘l'i 5152 » (464)
b5 = 1980277 T gq ! LMD :
O S Ly Y SN Y 4.65
bB — 1280&2 b“B 647 [a b}EAB ( . )
. 1 . WA 1 _
Ry 5 = =07 000, Ry = 0 00303 (4.66)

. 2 . o 2 o
RAB. - 3 (1 — 35—) 648 RAB L = ;3 (1 — 36—) 648 (4.67)
CD 64 a2 CcD? cD 64 o2 CD

iz Bip piz B 3 0\ ciB N

with v = 5%(8 — 3?/a?). The Ricci tensor is:

1 B
_ 2 -~ =
Rab - (CY + 32 Oé2> 5ab (469)
3 9 1 32
Rap = Zﬁ <1 - I_GE) 0B (4.70)

Note 4.1 : only the squares of the rescalings appear in the curvatures. On the
other hand the connection depends on a and (3?: the sign of 3 has therefore no
influence on the geometry, whereas different signs of « yield different spaces.

5 AdS, x N’ as compactification of D = 11 super-
gravity

As observed in the early eighties [13], a nontrivial solution of the D = 11 supergrav-
ity field equations is given by setting the gravitino curvature to zero, and taking



the bosonic curvatures as:
Ry = =246, Rap = 12%00,  Frunpg = €€mnpq (5.71)

all other curvature components vanishing. The indices m, n, p, ¢ run on 4-spacetime
and a,b on the internal 7-dimensional space; R,,, and R,, are the corresponding
Ricci curvatures, in our conventions R,,, = R? and F,,,, is the curl of the
antisymmetric three-index tensor.

Then all spaces of the type AdSyx (7-dimensional Einstein space) are a solution
of the supergravity equations, Einstein space meaning a Riemannian manifold with
Ricci tensor proportional to the metric. A classification of all 7-dimensional G/H
Einstein manifolds was derived in the eighties in [14], thus providing a class of
D = 11 supergravity solutions (for their use in the more recent G/H M-branes
see [15]). The coset manifolds N%° studied in the preceding Section are part of
this classification, although they were studied as particular instances of the NPI"
spaces, in the SU(3) x U(1) - isometric formulation. Two inequivalent Einstein
metrics were found, and the corresponding Einstein spaces were denoted by N7
and N7{" [5, 7, 6].

m qn’

What can we say about Einstein metrics in the N%0 cosets discussed in this
paper 7 As easily seen from the expression of the Ricci tensor in (4.69), (4.70) the
rescalings

o =4e*, % =322 (5.72)
o 100 160
a2 = ?62, /82 = 762 (573)

both bring the Ricci tensor in the Einstein form Ry, = 12¢2d,,. We denote by NP
and N the corresponding Einstein coset spaces, since these coincide with the
NPT and N7{" for p = 0,q = 1,7 = 0, as one can easily prove by comparing the
Riemann curvatures.

Finally, we can investigate the supersymmetry content of the AdS,; x N com-
pactifications. We recall that the independent supersymmetry charges preserving
the AdSy; x N vacuum are in 1-1 correspondence with the number of spinors n
satisfying the equation:

1
(d+ ZBabrab —eVT,)n =0 (5.74)

which is just the requirement that the supersymmetry variation of the gravitino
vanishes in the AdS,; x N background (see for ex. [16, 4]). The integrability
condition for (5.74) is

(R o +4e055)ean = 0 (5.75)

Substituting into (5.75) the Riemann tensor of eqs. (4.62)-(4.68) with the rescalings
a? = 4e?, (3% = 32¢? yields four independent spinors 7 satisfying (5.75), while for
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: 2 _ 1002 2 _ 160 ,2 : :
the rescalings a” = =~e®, (3 = <Fe” only one spinor 7 exists. Then one has to

check whether these spinors also satisfy (5.74). Whereas the sign of « is irrelevant
in the integrability condition (since the Riemann curvature does not depend on
it), it becomes important in the supersymmetry variation (5.74), and we find the
following:

N a =2 f[=44V2e, N = 3 supersymmetry  (5.76)
N =2 [ =44V2e, N = 0 supersymmetry (5.77)

10 4
NG a= 56 8= igvlo e, N =1 supersymmetry  (5.78)

- 10 4
Ny a= 3¢ p= ig\/ﬁ e, N = 0 supersymmetry  (5.79)

where we have denoted by N the spaces obtained by reversing the orientation of
N0 je. by taking V® — —V¢ or equivalently o, 3 — —a, —3. Thus changing
signs in « is equivalent to reverse the orientation, since the sign of # has no influence
on the geometry.

Note 5.1: in Ref. [8] the N} space corresponds to the rescaling o = —2e, due
to a sign difference in the structure constants of G.

Note 5.2: the Killing spinors satisfying eq. (5.74) are not constant in the
SU(3) x SU(2)/SU(2) x U(1) realization of the N%'? spaces. On the other hand
they are constant in the N??" = SU(3) x U(1)/U(1) x U(1) spaces of [5], where for
p = 0,q = 1 the isometry is promoted to SU(3) x SU(2) because of the right action
of N(H)/H = SU(2).
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