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Abstract

An alternative to usual dimensional reduction for gravity is an-
alyzed, in the vielbein-spin connection formulation. Usual 4d Ein-
stein gravity plus a topological term (the ”Born-Infeld” Lagrangian
for gravity), is shown to be obtained by a generalized dimensional
reduction from 5d Chern-Simons gravity. Chern-Simons gravity in
d=2n+1 is dimensionally reduced to CS gravity in d=2n-1 via a
mechanism similar to descent equations. The consistency of the
dimensional reduction in both cases is analyzed. The dimensional
reduction of d=2n+2 Born-Infeld gravity to d=2n BI gravity, as well
as d=2n BI gravity to d=2n-1 CS gravity is hard to achieve. Thus
4d gravity (plus a topological term) can be embedded into d=2n+1
CS gravity, including 11d CS, whose supersymmetric version could
possibly be related to usual 11d supergravity. This raises the hope
that maybe 4d quantum Einstein gravity could be embedded in a
well defined quantum theory, similar to Witten’s treatment of 3d
quantum Einstein gravity as a CS theory.
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1 Introduction

Dimensional reduction as a tool for quantum field theory started with the idea of Kaluza and
Klein to use 5d Einstein gravity (in the usual, metric, formulation) and obtain unification
in 4d of gravity with electromagnetism. The inverse process (”dimensional oxidation”) has
been used to simplify quantum field theories and supergravity theories alike, for example
showing that the complicated N=8 supergravity in 4d can be embedded into the simple and
unique N=1 supergravity in 11d. When one does this however, the quantum structure of
the theory gets more problematic (see for example [1, 2] showing that although 4d N=8
supergravity shows evidence of fewer or possibly no divergencies, 11d supergravity has a
more complicated divergence structure). In supergravity, the gravity formulation in terms of
vielbein or spin connection is more fundamental than the metric one (in particular in one of
the first, second, or 1.5 order formulations [3]). Yet still, when one talks about dimensional
reduction, one adopts a formulation that mimics the case of the metric formulation of gravity:
find a background with a geometrical interpretation (e.g. torus, or sphere), expand around
it in spherical harmonics, and keep only the lowest mass multiplet in the expansion.

However, this need not a priori be the case. In a famous paper [4], following earlier work
in [5, 6], Witten showed that following the metric version of the theory too closely one can
miss important facts. In particular, he noticed that 3d gravity is a Chern-Simons theory,
thus a gauge theory for the Poincare group, with gauge fields ea

µ and ωab
µ . As such, it can

be quantized by treating it as a theory on an abstract space, with the vielbein and spin
connection being just regular fields, with the natural background value of zero, instead of
the natural background value of ea

µ = δa
µ,ωab

µ = 0 of flat space, borrowed from the metric
formulation. Although the 3d Einstein gravity is a gauge theory of CS type, the 4d Einstein
gravity is not (the Lagrangian is not gauge invariant, or rather it is only gauge invariant on
shell, and by identifying the base manifold with the tangent space, i.e. diffeomorphisms with
gauge transformations).

In this paper, I will try to analyze the case of 4d gravity in the vielbein-spin connection
formulation, and embed it in higher dimensions, similarly without preconceived notions about
how dimensional reduction should look like. We will see that in fact one can now improve
the behaviour of the 4d quantum gravity by adding a topological term and embedding
the resulting Lagrangian (”Born-Infeld” gravity) in 2n+1 dimensional Chern-Simons gravity
theories, which themselves can be embedded in 2n+2 dimensional topological theories. While
I will not attempt to define the quantum version of the Chern-Simons gravities, or to see
how it relates to the 4d quantum gravity, it is conceivable that such a treatment will be
possible along the lines of Witten’s analysis.

I will start in section 2 with an embedding that I had already argued for in [7]. Specifically,
I will argue that Chern-Simons gravity in d=2n+1 can be reduced to Born-Infeld gravity
in d=2n, via a natural extension of the usual dimensional reduction of the Einstein-Hilbert
action. I will analyze the dimensional reduction in more detail, and specialize for the case
of n=2 (d=4 gravity, of the type of Einstein action plus a topological term). In section 3 I
will show that it is possible to go from CS gravity in d=2n+1 to CS gravity in d=2n-1, via
a generalized notion of dimensional reduction, with the 2n+1 to 2n reduction not having a
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geometric analog, while from 2n to 2n-1 one just goes to the boundary theory, the whole
sequence being a generalized version of descent equations. In section 4 I will attempt to do
go from d=2n+2 Born-Infeld gravity to d=2n BI gravity and from BI to CS gravity, and I
will see that it is not easy, but I will write down conditions that if satisfied, will lead to a
successful dimensional reduction. In section 5 I will discuss about the possible relations to
11d supergravity and topological theories, and conclude.

2 From 5d Chern-Simons to 4d Einstein gravity

In the vielbein-spin connection formulation of gravity, the gravitational action is written in
a form mimicking gauge theories, via the curvature 2-form

Rab(ω) = dωab + ωac ∧ ωcb (2.1)

The Einstein action is then written as a gauge theory action with the gauge group being
the Poincare group ISO(d-1,1) and the gauge fields ωab (for Jab) and ea

µ (for P a). In 4d the
Einstein action is

SEH =

∫

d4xεabcdR
ab(ω) ∧ ec ∧ ed (2.2)

in a first order formulation, since by varying with respect to ωab one gets the vielbein con-
straint, T a = Dea = 0. Of course, this is not a Yang-Mills action, since it is not of a gauge
invariant form (it is of the type (dA + A ∧ A) ∧ A ∧ A), and it is only invariant on-shell (if
T a = Dea = 0), and if one identifies local translations in the base space (diffeomorphisms
with parameter λµ) with local translations in the tangent space (gauge transformations with
parameter λa) via the inverse vielbein eµ

a , as λµ = eµ
aλ

a.
But in 3 dimensions, the Einstein action is gauge invariant, being a Chern-Simons theory,

SEH =

∫

M3=∂M4

εabcR
ab(ω) ∧ ec =

∫

M4

εabcR
ab(ω) ∧ T c (2.3)

thus being of the type
∫

M4
F A ∧ F BdAB, with Rab(ω) and T c being the curvatures of the 3d

Poincare group and εabc the symmetric group invariant dAB. Witten noted this and used it
to define the quantum theory of 3d gravity [4].

One can introduce a cosmological constant λ/3 by adding a term to the action

S = SEH +
λ

3

∫

d3xεabce
a ∧ eb ∧ ec (2.4)

The action is then invariant under the de Sitter (SO(3,1)) or Anti-de Sitter (SO(2,2))
group, depending on the sign of λ. In the following we will assume that λ is positive, thus
considering the AdS group. The invariance can be easily seen by rewriting the action in
manifestly invariant form,

S =

∫

M3=∂M4

(Rab ∧ ec +
λ

3
ea ∧ eb ∧ ec)εabc =

∫

M4

R̄ab ∧ T cεabc (2.5)
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where
R̄ab = Rab(ω) + λea ∧ eb (2.6)

is the curvature of the SO(2,2) gauge field A = ωabJab + eaPa = ωabJab + ẽaP̃a and ea, Pa

are quantities rescaled by M =
√

λ (ea = ẽa/M, Pa = MP̃a), so that now for instance,
[Pa, Pb] = M2Jab = λJab. The Wigner-Inonu contraction M → 0 takes us to the previous
case of the Poincare group.

In higher odd dimensions d=2n+1, one can define generalizations of the gravitational
Chern-Simons action for the SO(2n,2) group (in the presence of λ), by

S =

∫

M2n+1=∂M2n+2

ICS,2n+1 =

∫

M2n+2

R̄a1a2 ∧ ... ∧ R̄a2n−1a2n ∧ T a2n+1εa1...a2n+1
(2.7)

Here again the epsilon tensor εa1...a2n+1
takes the role of the symmetric tensor dA1..An+1

(=Tr(TA1
...TAn+1

) in the corresponding representation). See also [8, 9, 10, 11, 12, 7] for
supergravity generalizations that include this Chern-Simons gravity.

One can define a special gauge theory action (see the review [11] for a general discussion of
special, CS and BI, gravity actions) defined by the epsilon tensor in even (d=2n) dimensions
as well, by

S =

∫

M2n

R̄a1a2 ∧ ... ∧ R̄a2n−1a2nεa1...a2n
(2.8)

which is gauge invariant again (for the gauge group SO(2n-1,2)). This action is known as
the Born-Infeld action, since one can formally understand it as the Pfaffian of the matrix
R̄ab = R̄ab

µνdxµ ∧ dxν , and since the square of the Pfaffian is the determinant, one can

understand the above action formally as
√

det R̄ab, or Born-Infeld type.
The CS and BI actions are particular cases of the so-called Lanczos-Lovelock actions for

gravity ([13, 14], see also [11] for a general discussion), of the type

SLL =

∫ [D/2]
∑

p=1

αpεa1...aD
Ra1a2 ∧ ... ∧ Ra2p−1a2p ∧ ea2p+1 ∧ ... ∧ eaD (2.9)

The coefficients α′

p =

(

n
p

)

/(d−2p) in d=2n+1 and αp =

(

n
p

)

in d=2n define CS and BI

actions, respectively. They are the unique cases in their dimension for which the LL action
does not generate more constraints by acting with covariant derivatives on the equations of
motion.

The uniqueness of the BI and CS actions make us hope that they can be obtained from
each other via dimensional reduction. As noted in [7], it is pretty obvious how to do this in
the case of reducing CS to BI.

One generalizes the dimensional reduction of the usual metric formulation of Einstein
gravity (and the corresponding supergravity method for the vielbein-spin connection formu-
lation) to the case of CS gravity. The usual case of Kaluza-Klein (dimensional reduction of
5d gravity to 4d gravity + gauge field + scalar) has the metric reduction ansatz

gΛΠ = φ−1/3

(

gµν + φAµAν φAµ

φAν φ

)

(2.10)
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and as is well known one cannot put φ to 1 unless Aµ is also zero, otherwise the truncation is
inconsistent, i.e. it doesn’t satisfy the equations of motion. In terms of the vielbein EA

Λ , that
means that EA

5 can be put to zero by a choice of gauge, E5
5 = φ1/3 is a scalar, Ea

µ = (E5
5)

−1/2ea
µ

with ea
µ the 4d vielbein, and E5

µ = AµE5
5 completes the reduction ansatz. So if one puts E5

5

to 1 and Aµ to zero, that is a consistent trucation. In a first order formulation, with the spin
connection independent of the vielbein, one would have to put also ωa5

µ and ωAB
5 to zero.

Here and in the following, when we dimensionally reduce we dentote by Λ, Π, ... higher
dimensional curved indices, by µ, ν, ... lower dimensional curved indices, by A, B, ... higher
dimensional flat (group) indices, and by a, b, ... lower dimensional flat (group) indices.

One then can generalize this KK reduction to the case of CS gravity, again choosing a
gauge so that EA

5 = 0 and putting E5
5 to 1 and the gauge field Ea

µ to zero, and see what we
get. It is easy to see that on the action, this procedure is equivalent to varying the action
with respect to e5

5 (and then putting δe5
5 to 1). As a result, the reduced Lagrangian is the

same as the equation of motion for e5
5 in the KK reduction background. As before, one puts

also ωa5
µ and ωAB

5 to zero.
This KK reduction can be trivially be extended to arbitrary n, by putting e2n+1

2n+1 = c and
the rest of the extra dimensional fields to zero. Then one obtains that α′

p becomes αp by
dimensional reduction, so that the CS action in d=2n+1 is dimensionally reduced to the BI
action in d=2n.

This procedure is a generalization of the usual KK reduction also because gravity is just
a gauge field here, and the action is defined without the need of the inverse vielbein or the
star operation, thus is quasi-topological (it is genuinely topological in one dimension higher):
it could actually be defined on an auxiliary space with a different metric!

More importantly however, now, even though we have put both the gauge field to zero
and the scalar to one, we still have a truncation that is generically inconsistent. Specifically,
we need to satisfy the equations of motion of the fields that were put to zero: consistency
of the truncation means that the lower dimensional equations of motion need to satisfy the
higher dimensional equations of motion.

In the KK reduction background, we have (R̄a5)µν = T 5 = 0 (but R̄a5
µ5 = λcea

µ &= 0), as
well as R̄ab

µ5 = T a
µ5 = 0. That can be easily seen to imply the ea

5 and ωab
5 equations of motion,

as well as the e5
µ and ωa5

µ equations of motion. But the e5
5 and ωa5

5 equations of motion are
not automatically satisfied, and give instead (making an obvious generalization to d=2n+1
instead of d=5 that carries through trivially)

εa1...a2n
R̄a1a2 ∧ ... ∧ R̄a2n−1a2n = 0

εa1...a2n
R̄a1a2 ∧ ... ∧ R̄a2n−3a2n−2 ∧ T a2n−1 = 0 (2.11)

respectively. The first one says that the BI action in 2n dimensions is zero on-shell (which
was to be expected, since as mentioned the dimensional reduction of the action is equivalent
to varying with respect to ed

d, or the ed
d equation of motion), and the second can be seen to

be satisfied by T a = 0, thus if we go to a second order formulation. However, for consistency
of the reduction, the question is whether the BI equation of motion,

εa1...a2n
R̄a1a2 ∧ ... ∧ R̄a2n−5a2n−4 ∧ T a2n−3 ∧ ea2n−2 = 0

εa1...a2n
R̄a1a2 ∧ ... ∧ R̄a2n−3a2n−2 ∧ ea2n−1 = 0 (2.12)
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satisfy the above conditions. For general d=2n, even T a = 0 is not the most general solution
of the ωab

µ equation above, so in general neither of the conditions in (2.11) are satisfied and
the reduction is generically inconsistent.

Let us now go back to the case of interest, of n=2, thus 5d CS going to 4d BI gravity. In
4d, BI gravity has the action
∫

d4xR̄ab∧R̄cdεabcd = λ

∫

d4xεabcd(
1

λ
Rab∧Rcd+2Rab∧ec∧ed+λea∧eb∧ec∧ed) = Stop+SEH+Sλ

(2.13)
thus is just the Einstein action, with a cosmological constant term, and a topological term
added (the Euler density), that will not affect the equations of motion!

So at least at the classical level, the 5d CS action has a KK reduction background that
reduces the theory to usual Einstein gravity! Unfortunately, as we saw, we need to satisfy
the conditions (2.11) for consistency of the reduction. However, in 4d, T a = 0 (which solves
the second equation in (2.11)) is the most general solution of the ωab

µ BI equation of motion,
so the second condition is satisfied now. But to satisfy the first condition we need also to
have the BI action equal to zero on-shell. Using the Einstein’s equation (the ea

µ BI equation
of motion), the first consistency condition (of zero BI Lagrangian) becomes

εabcd(R
ab ∧ Rcd − λ2ea ∧ eb ∧ ec ∧ ed) = 0 (2.14)

which integrated, would be λ2 × volume = topological number.
So the KK reduction from 5d CS to 4d BI is still inconsistent, but now the only remain-

ing consistency condition has a simple interpretation. Still, it is not very nice to have a
truncation be consistent only on a subset of the theory, so it would be very useful to find out
if there is a consistent truncation. Whenever one has an inconsistent truncation in dimen-
sional reduction, there are 2 possible ways out: it may be possible to construct a nonlinear
redefinition of fields that gives a consistent truncation (like for instance in the case of the S4

and S7 reductions of 11d supergravity to gauged supergravities in 7d and 4d, respectively
[15, 16]). Or one may need to keep more fields, like in the case of the original Kaluza-Klein
reduction described before: keeping only Aµ and not φ is inconsistent, but by adding φ the
KK reduction is consistent. Most known cases conform to either one of these situations, so
it would be worthwhile exploring whether a nonlinear redefinition of fields, or allowing for
more fields in the theory will make the KK reduction consistent, but we will leave it for
further work.

A hint that a nonlinear redefinition of fields making the truncation consistent is possible
comes from the work of Chamseddine [17] (see also the discussion in [7] for more details).
Our ansatz has e5

5 = c, ea
5 = ωab

5 = 0, e5
µ = ωa5

µ = 0, implying R̄a5
µν = T 5 = 0, R̄ab

µ5 = T a
µ5 = 0,

R̄a5
µ5 = λcea

µ (and one needs (2.14) for consistency of the reduction). Chamseddine proved
that the 5d CS gravity action has a classical background, satisfying e5

0;5 = c, ea
0;5 = ωab

0;5 = 0,
e5
0;µ = ωa5

0;µ = 0, that implies R̄a5
0;µν = T 5

0 = 0, R̄ab
0;µ5 = T a

0;µ5 = 0, R̄a5
0;µ5 = λcea

0;µ, but also
T a

0 = 0, R̄ab
0 = 0 (thus the background satisfies our condition (2.14) for consistency of the

reduction). Around this classical background, fluctuations have a quadratic action that is
exactly that of the 4d Einstein action with cosmological term, in either the first or the second
order formulations. Since as we mentioned, the topological Euler density doesn’t contribute
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to the equations of motion, this is exactly what we expect from a consistent truncation
extension of our ansatz. Moreover, in the Chamseddine background, the fluctuations for the
extra 5d fields drop out, so in effect we have e5

5 = c, ea
5 = ωab

5 = 0, e5
µ = ωa5

µ = 0 for the full
fields, not only for the background, exactly as in our case. In conclusion, this makes it likely
that a consistent truncation extension of our ansatz can be found.

3 New dimensional reduction: from D=2n+1 CS to

D=2n-1 CS gravity via ”descent equations”

As we saw in the previous section, the CS gravity action in d=2n+1 reduces to the BI gravity
action in d=2n by putting e2n+1

2n+1 = c and all the rest of the extra dimensional fields to zero.
At the level of the Lanczos-Lovelock-type action, CS gravity looks schematically like

L =
∑

p

α′

p;n(R)∧p ∧ (e)∧(2n+1−2p); α′

p;n =
1

2n + 1 − 2p

n!

p!(n − p)!
(3.1)

and since as mentioned, the dimensional reduction is equivalent to varying with respect to
e2n+1
2n+1 (its equation of motion), the result is

L =
∑

p

αp;n(R)∧p ∧ (e)∧(2n−2p); αp;n = α′

p;n(2n + 1 − 2p) =
n!

p!(n − p)!
(3.2)

which is BI gravity in d=2n. However, if we continue to dimensionally reduce in the same
way, by putting e2n

2n = c and the rest of the extra dimensional fields to zero, we do not get
the CS theory in d=2n-1, but rather

α̃p;n−1 = (2n − 2p)αp;n = 2nαp;n−1 &= α′

p;n−1 (3.3)

thus a different Lanczos-Lovelock Lagrangian in d=2n-1, which is specifically,

S̃ = 2n

∫

d2n−1xεa1...a2n−1
R̄a1a2 ∧ ... ∧ R̄a2n−3a2n−2 ∧ ea2n−1 (3.4)

So we cannot obtain a sequence of dimensional reductions CS → BI → CS as one
might have suspected, but one may still ask whether one can still dimensionally reduce the
CS action in d=2n+1 to a CS action in d=2n-1. Luckily, for that reduction there exist an
analog for the dimensional reduction of usual CS gauge theories, the ”descent equations”.

The descent equations are usually written formally as ωD+2 = dωD+1, δωD+1 = dωD,
where ωD is an anomaly term in even dimensions, that integrated gives an action. This means
that one ”descends” (dimensionally reduces) from an anomaly term to another. Concretely,
for a single gauge field A with field strength F = dA, dA = 0, one can consider the form
ω2n+2 = TrF∧(n+1). Because dω2n+2 = 0, one can write locally ω2n+2 = dω2n+1, with ω2n+1

the Chern-Simons form. Then, because δω2n+2 = (n + 1)dtr(δAF n), it means that δω2n+1 =
tr(δAF n). Then, under a gauge transformation δA = DΛ, one obtains δgauge,Λω2n+1 =
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dtr(ΛF n), and upon eliminating Λ we get dω2n, which is as we mentioned what one usually
understands by descent equations.

But we will instead understand it (for our purposes) as ω2n+2 = dω2n+1, δω2n+1 =
tr(δAF n), which equals ω2n if we put δA = 1. We can notice already the similarity to
what we did before, when we dimensionally reduced by putting eD

D to 1 and said that this is
the same as varying with respect to e and putting the variation to 1.

However, this is not the whole story, as this formalism doesn’t apply automatically .
We note that for dimensional reduction of gravity, we must also ”dimensionally reduce”
the gauge group, in this case the AdS group SO(d-1,2), and in the usual descent equations
formalism the gauge group is maintained, so the analysis will not automatically carry over,
we have to define exactly at which step and how we reduce the gauge group. Moreover, in
our case, we have a choice of what gauge field to use for δA = 1, either ea

µ or ωab
µ . In view

of the previous section, we might think using the vielbein is required, but in fact we will see
that is not the case.

So starting with the CS form (action) in d=2n+1, we want to put a gauge field to 1,
equivalent to varying A and putting δA = 1. Specifically, we put ω2n,2n+1

2n+1 = c and the
rest of the extra-dimensional fields to zero, i.e. ωa,2n

Λ = ωa,2n+1
Λ = 0, e2n

Λ = e2n+1
Λ = 0,

ω2n,2n+1
µ = ea

2n+1 = ωab
2n+1 = 0. It is then easy to check (as it should be obvious from the

descent equations formalism above) that then the d=2n+1 CS gravity action reduces in
d=2n to

S2n(M2n) =

∫

M2n

d2nxεa1....a2n−1
R̄a1a2 ∧ ... ∧ R̄a2n−3a2n−2 ∧ T a2n−1

=

∫

M2n

d2nxdICS,2n−1 =

∫

M2n−1=∂M2n

d2n−1xICS,2n+1 = SCS,2n−1(M2n−1) (3.5)

thus a further dimensional reduction is obtained by just going to the 2n-1 dimensional
boundary of the 2n dimensional space and obtaining the 2n-1 dimensional CS action.

Again, we need to check the consistency of the dimensional reduction from d=2n+1 to
d=2n. We have R̄2n,2n+1 = R̄a,2n = R̄a,2n+1 = T 2n = T 2n+1 = 0, R̄ab

µ,2n = T a
µ.2n = 0. Using

this, it is easy to check that the ωa,2n
Λ ,ωa,2n+1

Λ , e2n
Λ , e2n+1

Λ , and ω2n,2n+1
µ , ea

2n+1,ω
ab
2n+1 equations

of motion are satisfied. The only nontrivial equation of motion is, as for the CS to BI
reduction, the equation of motion for the nonzero field, ω2n,2n+1

2n+1 , which gives

εa1...a2n−1
R̄a1a2 ∧ ... ∧ R̄a2n−3a2n−2 ∧ T a2n−1 = 0 (3.6)

or that the reduced Lagrangian is zero on-shell. As the lower dimensional action (in d=2n)
is topological, there are no equations of motion to help us solve the consistency condition.

So the KK reduction is again inconsistent in general, but now it becomes consistent if
we just go to a first order formulation (for T a = 0). Still, it would also be nice to find
whether there exists a way to make the reduction consistent, either by making a nonlinear
field redefinition, or by keeping more fields.

Let us consider what would be a possible condition for finding a consistent reduction.
We will search for a reduction directly from 2n+1 to 2n-1 dimensions. An automatically
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consistent reduction would be found if one reduces the equations of motion directly. The CS
equations of motion in d=2n+1 are

εa1...a2n+1
R̄a1a2 ∧ ... ∧ R̄a2n−1a2n = 0

εa1...a2n+1
R̄a1a2 ∧ ... ∧ R̄a2n−3a2n−2 ∧ T a2n−1 = 0 (3.7)

Then the d=2n+1 CS equations of motion reduce to the d=2n-1 CS equations of motion if
we have

R̄d−1,d
d−1,d = c; R̄ab

µ,d−1 = R̄ab
µ,d = R̄ab

d,d−1 = 0; R̄d,d−1
µν = R̄d,d−1

µd = R̄d,d−1
µd−1 = 0

T a
µ,d−1 = T a

µ,d = T a
d,d−1 = 0; R̄a,d−1 = R̄a,d = T d−1 = T d = 0 (3.8)

as well as R̄ab
µν = R̄ab

µν,red, T
a
µν = T a

µν,red. However, satisfying these conditions, which are
written in gauge invariant way, in terms of the curvatures (field strengths) of the AdS group
SO(d-1,2), by an explicit choice of gauge fields eA

Λ and ωAB
Λ is quite difficult, as we will see in

the next section. We will find the same conditions for the reduction from d=2n+2 to d=2n
BI gravity.

4 D=2n+2 BI to D=2n BI?

We have established that CS gravity reduces to BI gravity, and CS gravity in d=2n+1 reduces
to CS in d=2n-1, albeit the issue of consistency of the reduction is not settled, and that we
cannot reduce in a simple way BI to CS gravity. But we want to analyze in more detail the
BI to CS reduction, as well as the possibility of reduction of BI in d=2n+2 to BI in d=2n.

In order to find a consistent reduction of the BI theory in d=2n+2 to the CS theory
in d=2n+1, we need to dimensionally reduce the corresponding equations of motion. We
see that an embedding of the CS equations of motion (3.7) into the BI equations of motion
(2.12) (for n → n+1) is obtained if we can satisfy the following conditions on the SO(d-1,2)
group curvatures (field strengths)

R̄a,2n+2 = Ra,2n+2 + λea ∧ e2n+2 = 0; T 2n+2 = 0; R̄ab
µ,2n+2 = T̄ a

µ,2n+2 = 0 (4.1)

together with the condition that e2n+2 is nonzero and depends only on x2n+2 and the fact
that Rab

µν = Rab
µν,red and T a

µν = T a
µν,red.

We try to satisfy them by using (the gauge condition) ea
2n+2 = 0 and putting the gauge

field e2n+2
µ to zero also (that solves T a

µν = T a
µν,red), thus having only e2n+2

2n+2,ω
a,2n+2
µ ,ωab

2n+2,

ωa,2n+2
2n+2 nonzero.

Then from Rab
µν = Rab

µν,red we get ωa,2n+2
[µ ω2n+2,b

ν] = 0 which is solved by ωa,2n+2
µ = 0, that

also solves R̄a,2n+2
µν = 0 and T 2n+2

µν = 0. However, then T 2n+2
µ,2n+2 = 0 gives ω2n+2,a

2n+2 ea
µ = 0, so

ω2n+2,a
2n+2 = 0, which contradicts the condition that R̄a,2n+2

µ,2n+2 = 0, since Ra,2n+2
µ,2n+2 = 0, but e2n+2

2n+2e
a
µ

is nonzero.
So it seems there is no solution of this type. One could try to relax the condition that

Rab
µν = Rab

µν,red and try to find another way to embed the CS equations in the BI equations,
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but I have not been able to find one, and it seems unlikely to be possible. The simplest
possibility is that we allow for a redefinition of λ, by having Rab

µν = Rab
µν,red + kea

[µe
b
ν], which

when substituted in R̄ab
µν gives a rescaling λ → λ + k, but this does not work either.

However, one can instead keep also ea
2n+2 and e2n+2

µ (even though this was not needed
in usual KK reduction), but then the equations become too complicated, and I did not find
a solution. It is also possible that global issues will allow nontrivial gauge fields eA

Λ,ωAB
Λ ,

defined on patches.
Let us turn to the possibility of finding a consistent reduction of the BI equations of

motion in d=2n+2 to the ones in d=2n (2.12). Similarly, the conditions on the SO(d-1,2)
group curvatures are now

R̄2n+1,2n+2
2n+1,2n+2 = c; R̄ab

µ,2n+1 = R̄ab
µ,2n+2 = R̄ab

2n+1,2n+2 = 0;

R̄2n+1,2n+2
µν = R̄2n+1,2n+2

µ,2n+2 = R̄2n+1,2n+2
µ,2n+1 = 0

T a
µ,2n+1 = T a

µ,2n+2 = T a
2n+1,2n+2 = 0; R̄a,2n+1 = R̄a,2n+2 = T 2n+1 = T 2n+2 = 0 (4.2)

which is the same as the condition for going from d=2n+1 CS to d=2n-1 CS (3.8), taking into
account the change in dimension. We will also add T a

µν = T a
µν,red, but we relax the condition

that Rab
µν = Rab

µν,red as above, by allowing for a rescaling of λ via Rab
µν = Rab

µν,red + kea
[µe

b
ν].

We look for solutions with nonzero e2n+1
2n+1, e

2n+2
2n+2, e

2n+1
2n+2, e

2n+2
2n+1 and ω2n+1,2n+2

2n+1 ,ω2n+1,2n+2
2n+2 ,

ωa,2n+1
µ ,ωa,2n+2

µ , and all of them being only functions of xµ (dimensionally reduced co-
ordinates) only. The last two (ωa,2n+1

µ ,ωa,2n+2
µ ) need to be nonzero in order to find a

nonzero Ra,2n+1
µ,2n+1, R

a,2n+2
µ,2n+2 as needed. Then the condition that Rab

µν = Rab
µν,red + kea

[µe
b
ν] gives

ωa,2n+1
µ = βea

µ,ω
a,2n+2
µ = γea

µ, which in turn implies that Ra,2n+1
µν = βT a

µν , R
a,2n+2
µν = γT a

µν thus
are zero on-shell (for T a = 0), as needed. Then the conditions (4.2) become (assuming that
ei

m, i, m = 2n + 1, 2n + 2 are constants)

ω2n+2,2n+1
2n+1 = −λ

γ
e2n+1
2n+1; ω2n+1,2n+2

2n+2 = −λ

β
e2n+2
2n+2;

e2n+1
2n+2 = −γ

β
e2n+2
2n+2; e2n+2

2n+1 = −β

γ
e2n+1
2n+1 (4.3)

which solves everything, except one condition: now e2n+1
[2n+1e

2n+2
2n+2] = 0, thus we obtain that

R̄2n+1,2n+2
2n+1,2n+2 = 0 instead of a nonzero constant.

Thus the natural simplest guess doesn’t work. However, now there are many more gener-
alizations to be tried: we can make the above fields depend also on x2n+1, x2n+2, and we can
reintroduce more fields: ei

µ, e
a
m, ωa,i

m ,ω2n+1,2n+2
µ , with i, m = 2n + 1, 2n + 2. Unfortunately,

then the equations required become prohibitively difficult to solve.
A natural question to ask is whether we can also use a dimensional reduction based on

a version of descent equations for the BI gravity, like we did for CS gravity. The two would
not be the same a priori, since as mentioned the descent equations need to be supplanted by
a prescription about how to dimensionally reduce the gauge group also, and moreover the
d=2n Lagrangian in the CS case is not the BI Lagrangian.

The descent equations would be formally of the type I2n+2 = dI2n+1, δI2n+1/δA = I2n,
and as we saw in the last section, the gauge field that is put to one (corresponding to δA)
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needs to be ω2n+1,2n+2
2n+1 (it was actually ω2n,2n+1

2n+1 in the last section because the gauge group
was different in d=2n). It will actually turn out that the first step is the hardest (writing
I2n+2 as an exact form), so we will instead start with the second step. The BI Lagrangian
in d=2n is schematically of the type (ignoring indices)

L2n =
n

∑

p=0

n!

p!(n − p)!
εR∧p ∧ (e ∧ e)∧(n−p) (4.4)

so by integrating with an δω it is easy to check (since
∫

δωR(ω)∧p ∼ S2p+1,CS(ω) and one
can explicitly check a few examples) that the d=2n+1 Lagrangian that gives the d=2n one
by ω2n+1,2n+2

2n+1 = 1 is

L2n+1 =
n

∑

p=0

n!

(p + 1)p!(n − p)!
ε ”I2p+1,CS(ω)” ∧ (e ∧ e)∧(n−p)

=
n

∑

p=0

n!

(p + 1)!(n − p)!
εa1...a2n+2

I
a1...a2p+2

2p+1,CS (ω) ∧ ea2p+3 ∧ ... ∧ ea2n+2 (4.5)

where in the first line we wrote the action schematically and in the second line I
a1...a2p+2

2p+1,CS (ω)
is the integrand that contracted with εa1...a2p+2

(for gauge group SO(2p+2)) would give the
corresponding CS form. Of course, on the first line, we don’t have a CS form, since although
it is contracted with an epsilon, the sum runs over 2n+2 indices instead of 2p+2. If we would
actually have a CS form, then we would have schematically

dL2n+1 =
n

∑

p=0

n!

(p + 1)!(n − p)!
εR∧(p+1)(ω) ∧ (e ∧ e)∧(n−p) + terms with de (4.6)

to be compared with the BI form minus the cosmological constant term

L2n+2 − e∧(2n+2) = (n + 1)
n

∑

p=0

n!

(p + 1)!(n − p)!
R∧(p+1)(ω) ∧ (e ∧ e)∧(n−p) (4.7)

thus we would obtain all terms in L2n+2 except the cosmological constant term, and we
would get extra de terms. As mentioned however, we don’t have the actual CS form, and
consequently we also don’t have the I2p+2(ω) form in dL2n+1, for the same reason, that in
the epsilon group contraction, the sum runs over 2n+2 instead of 2p+2 indices. As a result
for instance, the terms of type εa1...a2n+2

(ω∧ω)a1a2 ∧ ...∧ (ω ∧ω)a2p+1a2p+2 ∧ ea2p+3 ∧ ...∧ ea2n+2

are not zero, and they cannot be obtained from a derivative of something. In a I2p+2(ω)
form, the terms εa1...a2p+2

(ω ∧ ω)a1a2 ∧ ... ∧ (ω ∧ ω)a2p+1a2p+2 are actually zero by symmetry,
as can be easily seen using a general formalism. In I2n = F A1 ∧ ... ∧ F AntA1...An, with
tA1...An = tr(TA1

...TAn) in the corresponding representation, the term with no dA’s can be
rewritten as AB1 ∧AC1 ∧ ...∧ABn ∧ACntr(TB1

TC1
...TBnTCn), and while the trace is cyclically

symmetric, the gauge fields multiplying it are antisymmetric.
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A last hope to get the right result would be to rewrite the terms with de by using the
torsion constraint, T = de + ω ∧ e = 0 (thus on-shell), which would generate a lot of terms
with extra ω’s, including ones with no derivatives at all. But first of all there will be too
many terms then, and even in the lowest dimensional relevant case (when the type of terms
matches), for d=4 reduced to d=2, we don’t get the correct result. Then we have

L3 = εabcdω
ab ∧ (dωcd +

2

3
ωce ∧ ωed + 2ec ∧ ed)

dL3 = εabcd(dω
ab ∧ dωcd + 2ωab ∧ (ωce ∧ ωed)

+2dωab ∧ ec ∧ ed + 4ωae ∧ ωeb ∧ ec ∧ ed) (4.8)

whereas L4 has a 2 instead of a 4 multiplying the last term and of course the extra εabcdea ∧
eb ∧ ec ∧ ed term. To get the second line we have used T a = 0 to replace dea with −ωab ∧ eb,
and used antisymmetry identities to recouple the indices.

Let us mention that although (4.6) doesn’t match (4.7), a lot of it does: the term with
p=n, with no vielbein and only spin connections obviously works, since it is just due to a
usual type of descent equation. Also the terms with only dω’s and no ω’s or de’s work (as
should be obvious from the I2p+1,CS(ω) analogy in (4.5)). It is also clear that the cosmological
constant term εa1...a2n+2

ea1 ∧ ...∧ ea2n+2 cannot be obtained, since it has no derivatives or ω’s.
In the usual descent equations, the term with only A’s and no dA’s is zero by symmetry as we
saw, but now we cannot interpret εa1...a2n+2

as tr(TB1
TC1

...TBn+1
TCn+1

), since the epsilon term
is cyclically antisymmetric, whereas the trace is cyclically symmetric (which is the origin of
the vanishing of the this term in the usual descent equations).

In conclusion, we see that the descent equation formalism for reducing BI to BI doesn’t
work, and the consistent reduction of the equations of motion has no simple solution, al-
though a complicated one might exist.

5 Discussion and conclusions

In this paper I have analyzed the possible dimensional reductions between the Chern-Simons
(in d=2n+1) and Born-Infeld (in d=2n) gravity theories. These are gauge theories of the
AdS groups SO(d-1,2), with gauge fields the vielbein and spin connection. The fact that
they are defined as gauge theories means that in principle one can think of them as being
defined in auxiliary spaces, and the vielbein and spin connection treated as regular gauge
fields on the space. The important fact is that the 4d Born-Infeld theory is just the Einstein
theory in first order formulation for the vielbein and spin connection, with a cosmological
constant term and an extra topological term (the 4d Euler density). Thus classically, this
theory is the same as Einstein theory.

I have found that the 4d BI theory can be obtained by a generalized dimensional re-
duction of the 5d CS theory (a reduction modelled after the usual KK reduction in first
order formalism), which has e5

5 = c (constant) and the rest of the extra fields to zero. The
reduction is only consistent if the local version of a global condition, eq. (2.14), is satisfied.
A result by Chamseddine [17] showing that the fluctuations around a similar background of
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5d CS theory match fluctuations around 4d Einstein theory, suggest that there should be a
way to make the reduction consistent (either by a nonlinear redefinition of fields as in [15, 16]
or by the addition of more fields as for the original Kaluza Klein reduction). The reduction
generalizes to CS theory in d=2n+1 reduced to BI theory in d=2n, but the consistency
conditions are more complicated.

I have shown that the reverse reduction, of d=2n+2 BI theory, using the same ansatz,
does not result in the d=2n+1 CS theory, but rather in a new action (3.4). Instead, I have
shown that one can use a new type of dimensional reduction, which is a generalization of
the descent equations formalism, ”δI2n+1/δA = I2n”, I2n = dI2n−1. Specifically, the first step
is done by putting ω2n,2n+1

2n+1 = 1 and the rest of the extra fields to zero, which does not
have an analog in usual dimensional reduction. The second step is just reducing a the d=2n
topological theory on the boundary to the d=2n+1 CS theory. This is a generalization of
the descent equations formalism, since one needs to define a ”dimensional reduction of the
gauge group” as well (in the usual descent equations, the gauge group stays the same). The
dimensional reduction is found to be consistent if the reduced Lagrangian is zero on-shell,
or if we go to a second order formulation by putting T a = 0. I also gave an ansatz for the
SO(d-1,2) field strengths (curvatures) that would automatically give a consistent reduction
of d=2n+1 to d=2n-1 CS gravity, if one could find a set of gauge fields that satisfy these
conditions.

For the reduction from d=2n+2 BI to d=2n+1 CS gravity, or directly from d=2n+2 BI
to d=2n BI gravity, I have given also ansatze for the field strengths, that if satisfied by a
set of gauge fields would automatically give a consistent reduction. Unfortunately, I was not
able to find solutions to them: the natural simple ansatze that I have tried do not work.
I have also tried a generalization of the descent equation formalism for the reduction from
d=2n+2 BI to d=2n BI gravity (which is not a priori the same as the one for d=2n+1 CS to
d=2n-1 CS, as there the d=2n action is not BI, and also one needs to define the ”dimensional
reduction of the gauge group”). I have found an action in d=2n+1, (4.5) that can be reduced
to the BI action in d=2n via ω2n+1,2n+2

2n+1 = c, however the derivative of that integrand does
not give the d=2n+2 BI integrand, but rather comes close.

Let us comment now on the possible implications of this work. As mentioned, the BI
and CS actions are gauge theories of the AdS groups SO(d-1,2), with generators P a and Jab.
When dimensionally reducing d=2n+1 CS theory to d=2n-1 CS theory, the intermediate
d=2n theory we considered is a topological theory. Thus the 4d BI theory, which is the
Einstein theory in the presence of a cosmological constant, and with a topological term (the
4d Euler density) added, is embedded in higher dimensional topological theories, via the
CS theories. This is similar to the 3d case analyzed by Witten [4], where Einstein gravity
actually is of CS type (and can thus be embedded in a 4d topological theory), and this
helped in defining a good and renormalizable quantum gravity theory. The hope is that one
can use the same techniques now to help define 4d Einstein quantum gravity, although of
course how that can be done remains an open question.

Note that by successive dimensional reductions the 4d BI gravity theory can be be em-
bedded in 11d CS gravity theory with SO(10,2) gauge group. In [7, 12] it was argued that M
theory should have an invariance group OSp(1|32)×OSp(1|32) (the necessity of OSp(1|32)
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as a possible invariance group for 11d supergravity was already argued for in the original
paper [18]), and a Chern-Simons supergravity for this group was constructed, that included
the SO(10,2) Chern-Simons gravity as the purely gravitational part (see also [8, 9, 10]). And
because experimentally the cosmological constant is small, and λ measures the size of terms
with many R’s with respect to terms with fewer R’s, physically we are in the λ → 0 limit,
or high energy limit, in which it was argued in [7] that usual 11d supergravity should be
obtained. In particular, in this limit, the OSp(1|32) × OSp(1|32) group contracts to the
group of d’Auria and Fre [19], describing usual 11d supergravity (almost) as a gauge theory.

Finally, it should be noted that the d=2n topological actions with gauge group SO(2n-
2,2) that reduce on the boundary to d=2n-1 CS have a natural interpretation as a pure
spin connection theory in a space with signature (2n-2,2). Indeed, with Ωab = ωab, Ωa,2n =
ea, a = 1, 2n − 1, the curvatures RAB(Ω) = dΩAB + ΩAC ∧ ΩCB split into Rab(Ω) = R̄ab(ω)
and Ra,2n(Ω) = T a, and now Ω can be actually interpreted as a spin connection on the base
space. In the paper we have used ωab and ea (where a=1,2n-1) for this d=2n topological
action as just SO(2n-2,2) gauge fields on the base space with signature (2n-1,1), but then
they cannot have the interpretation of spin connection and vielbein on the base space! In
particular, the index a runs over 2n-1 values instead of 2n. Note that for the BI and CS
theories, one can however interpret ωab and ea as spin connection and vielbein, respectively
(the indices run over the correct number of values).

The use of (2n-2,2) signature, and the interpretation of the theory as pure spin connection
theory might appear unusual for general n. But for n=6, i.e. (10,2) dimensions, there is a
reason for taking it under consideration. The maximal supergravity in 4d is N = 8, and
the 8 gravitini become a single one in both (10,1) and (10,2) dimensions, i.e. the theory
with minimal supersymmetry in both (10,1) and (10,2) dimensions would have the maximal
N = 8 in 4d. Therefore many people have searched for a supergravity theory in (10,2)
dimensions (see for instance [20]), but of course the presence of two times with its known
acausality issues makes that search problematic for an usual theory of gravity. But now
the theory in (10,2) dimensions would have only a spin connection and no vielbein, and
moreover it would be topological! So it certainly makes sense, and perhaps one can find also
a supersymmetric version (perhaps as in [7]) that would be related to usual 11d supergravity
or N = 8 4d supergravity.
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