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Sp(1) · Sp(2) PSU(3)

Sp(1) · Sp(2) PSU(3)

(R8, g)

8

G PSU(3)

Ad : PSU(3) ↪→ SO(8)

G2

PSU(3) B([X,Y ], Z) B

[·, ·] su(3) G2 PSU(3)

PSU(3)

G2

G2

PSU(3)

PSU(3) SO(8) Spin(8)

Λ1 ∆±
Spin(8) PSU(3) Λ1 ∆+ ∆−

PSU(3) Λ1 → ∆±
Spin(8)

∆±⊗Λ1 = ∆∓⊕Λ3∆∓ Λ3∆∓ = ker µ



PSU(3) Spin(8)/PSU(3)

Γ+ : Λ1 → ∆− Spin(8) ∆− ⊗ Λ1 Γ+ ∈
∆+ ⊂ ∆− ⊗ Λ1 Γ+

Spin(8) Spin(7) Γ+ ∈ Λ3∆+ Λ1 → ∆−
[·, ·] ∆+

q

∆+ Γ+(X,Y,Z) = q([X,Y ], Z)

Λ1 → ∆− ∆+ → ∆−

Spin(8)

Λ3∆+

• SU(2) · SU(2) × U(1) Sp(1) · Sp(2)

Γ+ : Λ1 → ∆− Γ− : Λ1 → ∆+

SO(3) × SO(3) × SO(2) SO(3) × SO(5) SO(8)

• PSU(3) Γ± : Λ1 → ∆∓

Sp(1) · Sp(2)

4 Spin(7)

PSU(3)

Sp(1) · Sp(2)

Spin(7)

Sp(1) · Sp(2) PSU(3)

G2 Spin(7)

Spin(7)

Sp(1) · Sp(k) k ≥ 3

k = 2

Spin(7)

Sp(1) ·Sp(2) PSU(3)

Sp(1) · Sp(2) PSU(3)

Sp(1)·Sp(2) PSU(3)

: Γ(∆± ⊗ Λ) → Γ(∆∓ ⊗ Λ)

PSU(3)

Spin(7)

Spin(7) Sp(1) ·Sp(2) PSU(3)



Sp(1) · Sp(2) PSU(3)

Spin(7)

PSU(3)

PSU(3)

G/H G SU(3)

Spin(8)

Λ3∆±
PSU(3)

PSU(3) SU(3)

PSU(3) K

4

4

6 2

PSU(3) Sp(1) · Sp(2)

Spin(8)

Sp(1) · Sp(2) PSU(3)

Sp(1) · Sp(2) PSU(3)



G2

Spin(7) 8

Λ1

∆± Spin(8)

O

e1, . . . , e8 Λ1

1, i, . . . , e · k (O, ‖ · ‖) Ru

u ∈ O

u ∈ O )→

(
0 Ru

−Rū 0

)

∈ End(O ⊕ O)

(O) ∼= End(O ⊕ O) ∆ = O ⊕ O

Spin(8)

±id

∆±
O

Spin(8) q ∆+ ∆−

π0 : Spin(8) → SO(Λ1) π+ : Spin(8) → SO(∆+) π− : Spin(8) → SO(∆−)

Spin(8)

Spin(8) κ λ

π0 = π+ ◦ κ ◦ λ π− = π+ ◦ λ2.

Λ1 ∆+ ∆−

µ− : ∆+ ⊗ Λ1 → ∆− Spin(8)

∆− ⊕ ker µ−
Λ3∆−
∆− Spin(8)/Spin(7)−

− Spin(7)

Spin(8) ∆+

∆− Λ1 ∆−⊗Λ1 = ∆+ ⊕Λ3∆+ ∆+

Spin(8)/Spin(7)+ ∆− ⊗∆+ = Λ1 ⊕Λ3 Λ1

Spin(8)/Spin(7)0
Spin(7)

Spin(8)



Ψ+ ∈ ∆+

∆− ⊗ Λ1 X ∈ Λ1 )→ X ·Ψ+ ∈ ∆−

Λ1

∆+ ∆+ Spin(8)

∆±
Spin(8) 7

Λ1 ∆+

∆− Λ1 ∆+ ∆−

∆+ ⊗∆− ∆± ⊗Λ1

Spin(8) Λ3 Ig

ρ ∈ Λ3 Ig ρ

[· , ·] Λ1

ρ(x, y, z) = g([x, y], z).

Λ1

Λ1 g

Ig

ρ g

g([x, y], z) = ρ(x, y, z) = −g([x, z], y).

ρ

Jac : Λ3 ⊗ Λ3 → Λ4

Λ2 ⊗Λ2

{ei}

Jac(ρijkτlmn) = ρ k
[ij τlm]k

=
1

6

(
ρ k

ij τlmk + ρ k
il τmjk + ρ k

im τjlk + ρ k
jl τimk + ρ k

jm τlik + ρ k
lm τijk

)

Jac(ρijkρlmn) =
1

3

(
ρ k

ij ρklm + ρ
k

li ρkjm + ρ k
jl ρkim

)
.



ρ [ · , · ] : Λ2 → Λ1

Jac(ρ ⊗ ρ) = 0

ρ p ρ

q(ρp ·Ψ1,Ψ2) = (−1)p(p+1)/2q(Ψ1, ρp ·Ψ2) ρ ∆± → ∆∓
q(ρ · ρ ·Ψ1,Ψ2) = q(Ψ1,Ψ2)

Spin(8)

Γ± : ρ ⊗ τ ∈ Λ3 ⊗ Λ3 )→ ρ · τ ∈ (Λ1) ∼= End(∆)
pr±)→ ρ · τ |∆± ∈ ∆± ⊗ ∆±,

ρ ∈ Ig Γ±(ρ ⊗ ρ) = Id∆±

Λ3 ⊗ Λ3 ∼= 1 ⊕ 2Λ2 ⊕ Λ4
+ ⊕ Λ4

− ⊕ [1, 4, 3, 3] ⊕ [2, 4, 2, 3] ⊕ [2, 4, 3, 2] ⊕
[2, 4, 2, 2] ⊕ 2[2, 3, 2, 2] ⊕ [2, 2, 1, 1]

∆± ⊗ ∆± = Λ2∆± ⊕ -2∆± ∼= Λ2 ⊕ 1 ⊕ Λ4
±.

Λ4
+ = [1, 2, 2, 1] Λ4

− = [1, 2, 1, 2]

Γ+(ρ ⊗ τ)tr = Γ−(τ ⊗ ρ)

Γ+ ρ

Γ±(ρ ⊗ ρ) ∈ -2∆± = 1 ⊕ Λ4
± Λ4

±
Γ±(ρ ⊗ ρ)⊙2

0 ∆±
= 0 ρ Ig

Λ4
+ Jac(ρ ⊗ ρ)

Γ+(ρ ⊗ ρ) ⊕ Γ−(ρ ⊗ ρ) = −3Jac(ρ ⊗ ρ)Λ4
+
+ ‖ ρ ‖2 Id .

ρ ⊗ τ ∈ Λ3 ⊗ Λ3 )→ ρ · τ ∈ Λ0 ⊕ Λ2 ⊕ Λ4 ⊕ Λ6

ρ · τ (Λ1, g) ∼= Λ∗

ρ · τ
ρijkτlmneijklmn i < j < l l < m < n

i = l j = m k = n eijklmn = 1

ρ =
∑

i<j<k cijkeijk

ρ ·ρ =
∑

i<j<k

l<m<n

ρijkρlmnelmnijk =
∑

i<j<k

l<m<n

ρijkρlmnelmnijk +
∑

i<j<k

l<m<n

ρijkρlmnelmnijk.

ρ · ρ

‖ ρ ‖2 ·1 =
∑

i<j<k
ρ2

ijk1



(i < j < k) (l < m < n)

cijk eijk

∑

a

∑

j<k,m<n

ρajkρamneamnajk = −
∑

a

∑

j<k,m<n

ρajkρamnemnjk

= −3Jac(ρ ⊗ ρ),

!

Ig

Λ1 g

l Λ1 Spin(8)

Ig

g

g(1) = [g, g] = g g(k) =

[g(k−1), g(k−1)] k g

r(g) g

z(g) r(g) g

l

r(g) g([R1,X], R2) = −g(X, [R1, R2]) = 0

X ∈ l R1, R2 ∈ r(g) [X,R2] ∈ r(g) ∩ r(g)⊥ = {0}
r(g) = z(g) !

s g s

n s n = 1 s

1 ≤ m < n

a s s

ad g

g([A,X], Y ) = 0 X, Y ∈ s, A ∈ a,

X ∈ a [A,X] = 0 X ∈ a⊥ g([A,X], Y ) = −g(X, [A,Y ]) = 0

[A,Y ] ∈ a a ⊂ z(s) s = z ⊕ h



h z n

X ∈ s Z ∈ z H ∈ h g([X,H], Z) = −g(H, [X,Z]) = 0 [X,H] ∈ z⊥ = h

h s s

s !

l

8

zp p

l1 = su(3)

l2 = su(2) ⊕ su(2) ⊕ z2

l3 = su(2) ⊕ z5

Ig Ig1 Ig2 Ig3

Spin(8) l1 l2 l3

Ig1 Ig2 Ig3

Ig1 = Spin(8)/
(
PSU(3) × Z2

)

Ig2 = (0, 1) × Spin(8)/
(
SU(2) · SU(2) × U(1)

)

Ig3 = Spin(8)/Sp(1) · Sp(2)

SU(2) ·SU(2) = SU(2)×SU(2)/Z2 Sp(1) ·Sp(2) = Sp(1)×Sp(2)/Z2

SO(3) × SO(3) ↪→ SO(8) SO(3) × SO(5) ↪→ SO(8)

Spin(8) Ig = Ig+ ∪ Ig−
Ig− = Spin(8)/

(
PSU(3) × Z2

)

Ig+ S1 Spin(8)/
(
SU(2) · SU(2) × U(1)

)

S1 − {pt} Spin(8)/Sp(1) · Sp(2) {pt}

ρi ∈ Igi SO(8) SO(8) ∩ Aut(li)

ρ1 ∈ Ig1 ρ1 su(3) Λ

g ad c

B(X,Y ) = Tr(adX ◦ adY )

e1, . . . , e8

cijk

c123 = 1, c147 = −c156 = c246 = c257 = c345 = −c367 =
1

2
, c458 = c678 =

√
3

2

B(ei, ei) = −3 fi = ei/
√

−3c g

ρ1 =
1√
−3c

f123 +
1

2
√

−3c
f1(f47 − f56) +

1

2
√

−3c
f2(f46 + f57) +

1

2
√

−3c
f3(f45 − f67) +

1

2
√

−c
f8(f45 + f67)

=
1

2
f123 +

1

4
f1(f47 − f56) +

1

4
f2(f46 + f57) +

1

4
f3(f45 − f67) +

√
3

4
f8(f45 + f67),



fijk fi ∧ fj ∧ fk

Ig1

SO(8) Ig1 ρ1 SO(8)

SU(3)/Z3 = PSU(3) PSU(3)×Z2 Spin(8)

π1
(
PSU(3)

)
= Z3 Ig1 = Spin(8)/

(
PSU(3)×Z2

)

(Λ1) Ψi± ∆±
Aρ1

: ∆− → ∆+ ρ1

Aρ1
=

1

4





√
3 0 0 3 −

√
3 0 0 1

2 −
√

3 −1 0 2 −
√

3 −1 0

0 3 −
√

3 0 0 −1 −
√

3 0

−1 0 2
√

3 1 0 −2 −
√

3

−
√

3 0 0 1
√

3 0 0 3

−2 −
√

3 −1 0 −2 −
√

3 −1 0

0 −1 −
√

3 0 0 3 −
√

3 0

1 0 2 −
√

3 −1 0 −2
√

3





,

det(Aρ1
) = −1 det π±(a) = 1 a ∈ Spin(8)

ei · ej −Id Spin(8)

Λ3 → ∆ ⊗ ∆ Aπ0(a)∗ρ1
= π+(a) ◦ Aρ1

◦ π−(a)−1 Ig1 ⊂ Ig−

l2 l3

ρ2 Ig2 su(2) ⊕ su(2) ⊕ z2

g su(2)

su(2) g = c1B1 ⊕ c2B2 ⊕ g|zp ei su(2)

[ei, ej ] = εijkek εijk B(ei, ei) = −2

su(2) fi Λ1

ρ2

ρ2 =
1√

−2c1
f123 +

1√
−2c1

f456

=
1√

−2c1
f123 +

√
2c1 + 1

2c1
f456,

c1 = − sin(πα)/2 α ∈ (0, 1) SO(8) ρ2 Ig2

SO(8) (0, 1) SU(2)/Z2 × SU(2)/Z2 ×
GL(2) = SO(3) × SO(3) × GL(2) g

ρ2 SO(8) SO(3) × SO(3) × SO(2)

SU(2)·SU(2)×U(1) ⊂ Spin(8) Ig2 = (0, 1)×Spin(8)/
(
SU(2)·SU(2)×U(1)

)



∆− → ∆+

Aρ2
=





0 0
√

2c1+1

2c1

1√
−2c1

0 0 0 0

0 0 − 1√
−2c1

√
2c1+1

2c1
0 0 0 0

√
2c1+1

2c1

1√
−2c1

0 0 0 0 0 0

− 1√
−2c1

√
2c1+1

2c1
0 0 0 0 0 0

0 0 0 0 0 0
√

2c1+1

2c1

1√
−2c1

0 0 0 0 0 0 − 1√
−2c1

√
2c1+1

2c1

0 0 0 0
√

2c1+1

2c1

1√
−2c1

0 0

0 0 0 0 − 1√
−2c1

√
2c1+1

2c1
0 0





Ig2 ⊂ Ig+

c2 = 0 c1 = −1/2 SO(8)

SO(3) × SO(5) Spin(8) Sp(1) · Sp(2)

SU(2) = Sp(1) Spin(5) = Sp(2) Ig3 ⊂ Ig+

!

∆+ ∆− Λ1 ∆− ∆+

∆± ⊗Λ1

SO(∆∓) π∓ Spin(8)

Ig±
Spin(8)

π0

PSU(3) × Z2 PSU(3) SO(Λ1) SO(∆+)

SO(∆−) PSU(3) ⊂ SO(Λ1) PSU(3)

∆± ⊗Λ1 PSU(3) Spin(8)

Λ1 ∆+ ∆− µ : Λ1 ⊗∆± →
∆∓

× : Λ1 ⊗ ∆+
∼= Λ1 ⊗ Λ1 → ∆− ∼= Λ1,

SU(2) · SU(2) × U(1)

SU(2) σn = -nC2

C2 l = n/2

n n

SU(2) ·SU(2)×U(1) (l1, l2,m) = (l1)⊗ (l2)⊗ (m)

S1 Sm : θ(z) )→ eimθ ·z

V [n1, . . . , nl] V ⊗ C = (n1, . . . , nl)

V ⊗ C !n1, . . . , nl"

V ⊗ C = W ⊕W W



W

Λ1 = su(2) ⊕ su(2) ⊕ R
2 = [1, 0, 0] ⊕ [0, 1, 0] ⊕ !0, 0, 2".

SU(2) · SU(2) × U(1) 0, α1, α2, 2m α1 α2

SU(2) × SU(2)

x1 = α1, x2 = α2, x3 = 2m, x4 = 0

Spin(8) ±x1, . . . ,±x4

Spin(8) SU(2) · SU(2) × U(1)

∆+ = ∆− = !
1

2
,
1

2
, 1" = !C2 ⊗ C

2 ⊗ S1"

Spin(8) ∆± (x1 ± . . . ± x4)/2

SU(2) · SU(2) × U(1) ∆±
SU(4)

λ4,0∆±

Λ1 ∆± Λ3∆∓
Sp(1) · Sp(2)

Λ1 = su(2) ⊕ z5 = [1, 0, 0] ⊕ [0, 2,−1].

α

sp(1) ⊗C = su(2) ⊗C (m1,m2) Sp(2)

β1 β2

Λ1 0, α, β1 + 1
2β2, β1 + 3

2β2

∆+ = ∆− = [1/2, 1, 1] = [C2 ⊗ H
2]

H2

Sp(2) = Spin(5)

PSU(3) Sp(1) · Sp(2)

Γ± ∈ Λ3∆± ⊂ ∆− ⊗Λ1 Λ1

Sp(1) · Sp(2) PSU(3)

G H ⊂ G

G H G H

H G/H

H G

G = Spin(8) Spin(7) PSU(3) SU(2) · SU(2) × U(1)

Sp(1) · Sp(2) H G

H G



Spin(7)

∆+ ∆+ = 1 ⊕ R7 R7

R7 Spin(7) Λ1 = [1/2, 1, 3/2] Λ1

Spin(7) ∆ Λ4 Spin(7)

ρ GL(8) Spin(7)

Λ1 Λ1 = H2

ωi ωj ωk Spin(7)

ρ = ωi ∧ ωi + ωj ∧ ωj − ωk ∧ ωk.

ωi = e12 − e34 + e56 − e78 ωj =

e13 + e24 + e57 + e68 ωk = e14 − e23 + e58 − e67 ρ

ρ = −e1234 + e1256 − e1278 + e1357 + e1368 − e1458 + e1467

+e2358 − e2367 + e2457 + e2468 − e3456 + e3478 − e5678.

so(7) ⊕ so(7)⊥ Spin(7)

so(8) = Λ2 Ψ+ a ·Ψ+ = 0

a ∈ so(7) ⊂ Λ2

Sp(1) · Sp(2)

GL(8) Λ1 = [C2 ⊗H2]

Spin(7)

ρ = ωi ∧ ωi + ωj ∧ ωj + ωk ∧ ωk

ρ = −3e1234 + e1256 − e1278 + e1357 + e1368 + e1458 − e1467

−e2358 + e2367 + e2457 + e2468 − e3456 + e3478 − 3e5678.

ρ Sp(1)·Sp(2)

so(8)

a∗Ω = 0
∑

i<j aijei ∧ej a∗

gl(8)

a68 − a13 − a24 + a57 = 0, a46 − a17 = 0, a47 − a25 = 0, a38 + a25 = 0, a16 + a25 = 0

a23 − a14 − a67 + a58 = 0, a35 + a17 = 0, a28 + a17 = 0, a27 − a18 = 0, a36 + a18 = 0,

a34 − a78 + a56 − a12 = 0, a45 + a18 = 0, a26 − a48 = 0, a15 − a48 = 0, a37 − a48 = 0.



a1 = (e12 − e34 + e56 − e78)/2 a2 = e12 + e34 +

e56 + e78 a3 = e12 + e34 − e56 − e78 α = ia1

β1 = 2i(a2 − a3) β2 = 2ia5 Λ1 = [C2 ⊗ H2]

±1
2(α + β1), ±1

2(α − β1), ±1
2(α + β1) + β2, ±1

2(α − β1) − β2

x(α+β1)/2 = e5−ie6 x(α−β1)/2 = e7+ie8 x(α+β1)/2+β2
=

e1 − ie2 x(α−β1)/2−β2
= e3 + ie4

Λ2 = sp(1) ⊕ sp(2) ⊕
(
sp(1) ⊕ sp(2)

)⊥
α )→ α"ρ

sp(1) := {α ∈ Λ2 | (α"Ω) = 5α} sp(2) := {α ∈ Λ2 | (α"Ω) =

−3α}
(
sp(1) ⊕ sp(2)

)⊥
:= {α ∈ Λ2 | (α"Ω) = α}

π2
3(α) =

(
− 3α + 2α"Ω + (α"Ω)"Ω

)
/32 π2

10(α) =
(
5α − 6α"Ω +

(α"Ω)"Ω
)
/32 π2

15(α) =
(
15α + 2α"Ω − (α"Ω)"Ω

)
/16

Sp(1) · Sp(2)

σ = (1/2) = C2

Sp(1) = SU(2) H2 = [1/2, 1] Sp(2)

Λr ∼= Λr[σ ⊗ H
2] ∼=

[r/2]⊕

s=0

[σr−2s ⊗ V r
s ], 0 ≤ r ≤ 8,

GL(2, H) V r
s Sp(2)

λr
s = (

r

2
,
[3 + s

2

]
), 0 ≤ r − 2s ≤ k

Λ1
0 = (1

2 , 1) = H2

Λ1 = [S ⊗ Λ1
0] = [12 , 1

2 , 1]

Λ2 = [S2] ⊕ [λ2
1] ⊕ [S2 ⊗ λ2

1] = [1, 0, 0] ⊕ [0, 1, 2] ⊕ [1, 1, 1]

Λ3 = [S ⊗ Λ1
0] ⊕ [S ⊗ λ3

1] ⊕ [S3 ⊗ Λ1
0] = [12 , 1

2 , 1] ⊕ [12 , 3
2 , 2] ⊕ [32 , 1

2 , 1]

Λ4 = R ⊕ [λ2
0] ⊕ [λ4

2] ⊕ [S2 ⊗ λ2
0] ⊕ [S2 ⊗ λ2

1] ⊕ [S4] = [0, 0, 0] ⊕ [0, 1, 1] ⊕ [0, 2, 2] ⊕
[1, 1, 1] ⊕ [1, 1, 2] ⊕ [2, 0, 0]

Λp
q
∼= Λn−p

q

Sp(1) · Sp(2)

Γ+ Λ3∆+ Spin(8) Sp(1) · Sp(2)

a(Γ+) =
1

2
κ(a) · Γ+ − Γ+ ◦ a = 0.



a ∈ sp(1) ⊕ sp(2)

κ Sp(1) · Sp(2)

∆±

Γ+ =





1 0 0 0 0 0 0 0

0 −1 0 0 0 0 0 0

0 0 −1 0 0 0 0 0

0 0 0 −1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1





−1

PSU(3) = SU(3)/Z
(
SU(3)

)

su(3)

Ad : SU(3) → SO(8) PSU(3) ↪→ SO(8) ⊂
GL(8) Λ1 = su(3) PSU(3)

ρ(X,Y,Z) = −
1

6
B([X,Y ], Z)

GL+(8) dim GL+(8) − dimPSU(3) = dimΛ3 GL+(8) PSU(3)

PSU(3) ρ

ρ =
1

2
e123 +

1

4
e1(e47 − e56) +

1

4
e2(e46 + e57) +

1

4
e3(e45 − e67) +

√
3

4
e8(e45 + e67).

PSU(3)

PSU(3)

PSU(3)

x"ρ ∈ Λ2

x3 = e3"ρ x8 = e8"ρ ±α1 = ±i(x3 +
√

3x8)/2

±α2 = ±i(x3 −
√

3x8)/2 ±(α1 + α2) = ±ix3 Λ1 ∼= su(3)

xα1
= e4 − ie5 xα1

= e5 + ie6 xα1+α2
= e1 − ie2

Λ1 = su(3) = [1, 1]

Λ2 = Λ2
8 ⊕ Λ2

20 = [1, 1] ⊕ !1, 2"



Λ3 = Λ3
1 ⊕ Λ3

8 ⊕ Λ3
20 ⊕ Λ3

27 = 1 ⊕ [1, 1] ⊕ !1, 2" ⊕ [2, 2]

Λ4 = 2Λ4
8 ⊕ 2Λ4

27 = 2[1, 1] ⊕ 2[2, 2]

Λp
q q

Λp

PSU(3)

Λ1 = su(3)

PSU(3) bk : Λk → Λk+1

bei =
∑

j<k

cijkej ∧ ek.

b

SU(3) b∗ = d∗ = − - d -

H∗(SU(3), R)

b0 = b3 = 1 = b5 = b8 im bk = ker bk+1

k = 0, 1, 3, 5, 6 im bk = ker bk+1 ⊕ R k = −1, 2, 4, 7

Λ0
1 Λ3

1 Λ5
1 Λ8

1

Λ1
8

b−→ Λ2
8 Λ3

8
b−→ Λ4

8 Λ6
8

b−→ Λ7
8

Λ4
8

b−→ Λ5
8

Λ2
20

b−→ Λ3
20 Λ5

20
b−→ Λ6

20

Λ3
27

b−→ Λ4
27

Λ4
27

b−→ Λ5
27

Λ4 Λ4
o = ker b3 Λ4

i = im b∗ SO(8)

b

Λ2

α ∈ Λ2 b(α) = −α∗ρ Λ2
8 = ker b2

π2
20(α) = 4

3b∗3b2(α)

Λ2
20 ⊗ C = Λ2

10+ ⊕ Λ2
10− = (1, 2) ⊕ (2, 1)

Λ2
10± = {α ∈ Λ2 ⊗ C | - (ρ ∧ α) = ±i

√
3α∗ρ}.

π2
10±(α) = 2

3b∗3b2(α) ∓ 8
√

3
9 i - (b2(α) ∧ ρ)

xα2
∧ xα1+α2

∈ (1, 2) xα1
∧ xα1+α2

∈ (2, 1)

PSU(3)

Γ± ∈ Λ3∆±

x"ρ(Γ±) =
1

2
κ(x"ρ) · Γ± − Γ± ◦ x"ρ = 0.



PSU(3) ∆±

Γ+ =
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√
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√
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, Γ− =
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0 1
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√
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√
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√
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√

3
4

− 1
4

0

0 1
2

0 1
4

−
√

3
4

1
4

−
√

3
4

1
2

− 1
2

0 1
2

√
3

4
1
4

−
√

3
4

− 1
4

0

0 − 1
2

0 − 1
4

√
3

4
1
4

−
√

3
4

1
2

1
2

0 1
2

−
√

3
4

− 1
4

−
√

3
4

− 1
4

0

0 − 1
2

0 1
4

−
√

3
4

1
4

−
√

3
4

− 1
2

− 1
2

0 1
2

−
√

3
4

− 1
4

√
3

4
1
4

0





.

1 Sp(1) · Sp(2)

Sp(1) · Sp(2) PSU(3)

G Mn

G PG H ⊂ G H

PH ⊂ PG H PH

G PG H PH PG PH

PG PH

G PH H

M8 GL(8)

Sp(1) · Sp(2) PSU(3) ι : Sp(1) · Sp(2) ↪→
GL(8) Ad : PSU(3) ↪→ GL(8) Sp(1) · Sp(2)

PSU(3)

G H

G/H Sp(1) · Sp(2)

PSU(3)

T

SO(8)

Sp(1) ·Sp(2) PSU(3) SO(8)

Spin(8)

w1 = w2 = 0

GL(8) Spin(8)

PSU(3) Sp(1) ·Sp(2)

Spin(7)± χ(∆±)

Spin(8)/Spin(7)± ∼= S7



Spin(8) Spin(7)±
16e(∆±) = ±8e + p2

1 − 4p2 = 0

H ↪→ G

Sp(1) · Sp(2) PSU(3)

±x1, . . . ,±x4 Spin(8)

p e M

p =
∏

(1 + x2
i ), e =

∏
xi.

Sp(1) · Sp(2) R8 = [σ ⊗ Λ1
0]

Spin(8)

x1 =
1

2
(α − β1), x2 =

1

2
(α + β1), x3 =

1

2
(α − β1) − β2, x4 =

1

2
(α + β1) + β2

p1 = α2 +β2
1 +2β1β2 +2β2

2 16p2 = 6α4 +4α2β2
1 +8α2β1β2 +8α2β2

2 +6β4
1 +32β1β3

2 +

40β2
1β

2
2 + 24β3

1β2 + 16β4
2 16e = α4 − 2α2β2

1 − 4α2β1β2 − 4α2β2
2 + β4

1 + 4β3
1β2 + 4β2

1β
2
2

Sp(1) · Sp(2) 8e +

p2
1 − 4p2 = 0

M

M Sp(1) · Sp(2) 8e + p2
1 − 4p2 = 0

H2(M, Z2) = 0 w6 = 0 R ∈ H4(M, Z)

Sq2ρ2R = 0 (Rp1 − 2R2)[M ] ≡ 0mod 16 (R2 + Rp1 − e)[M ] ≡ 0mod 4 [M ]

M

H2(M, Z2) = 0 Sp(1) · Sp(2)

PSU(3)

PSU(3)

x1 = α, x2 = β, x3 = α + β, x4 = 0,

PSU(3) p1 = 2(α2+αβ+β2) p2 = α4+2α3β+3α2β2+2α3α+β4

4p2 = p1 e = 0

(G/H, g) G

M = G/H PSU(3) G/H

SU(3)

G (M,g)

9 · 8/2 = 36 M

8 G



G H dim(H) rk(H)

A2 {1} 0 0

A3 A1 × A1 × S1 7 3

A4 A3 × S1, G2 × S1 × S1, A2 × A2

A5 A1 × A4, A1 × A1 × B3, A1 × A1 × C3 27 5

B2 S1 × S1 2 2

B3 A1 × A2 13 3

C3 A1 × A2 13 3

D4 A1 × A1 × G2 20 4

G2 A1 × A1 6 2

e(S8) 5= 0 G

A1, . . . , A5 B2, B3 C3 D4 G2 G H

H

H h = g1 ⊕ . . . ⊕ gk ⊕ tl

rk(G) G

k ≤ rk(G)

l +
∑

rk(gi) ≤ rk(G)

l +
∑

dim(gi) = dim(G) − 8,

H

rk(H) = rk(G) G = SU(3) H = {1}
e(G/H) 5= 0 !

Â

M p2
1 = 4p2 sgn(M) = 16Â[M ]

sgn(M) ≡ 0 mod 16

(b+
4 , b−4 ) H4(M, Z) sgn(M) = b+

4 − b−4

M PSU(3)

Â[M ] = 0

1 + b2 + b+
4 = b3

H∗(SU(3), R)

ad Λ∗su(3) {1, ρ, -ρ, vol} b2 = 0

b3 = 1 b+
4 = 0

e = 0 sgn(M) ≡ 0mod 4

×
M k = 0



M

w6(M) = 0 e(M) = 0 {4p2(M) − p2
1(M)}[M ] ≡ 0mod 128 k ∈ Z

4p2(M) = (2k − 1)2p2
1(M) k(k + 2)p2(M)[M ] ≡ 0mod 3 M

w2
4 = 0

Sqk(wm) = wkwm +

(
k − m

1

)
wk−1wm+1 + . . . +

(
k − m

k

)
w0wm+k.

wk =
∑

i+j=k

Sqi(vj),

vk ∈ Hk(M, Z2) vk∪x[M ] = Sqk(x)[M ]

x ∈ Hn−k(M, Z2) vi = 0 i > 4

v1 = v2 = v3 = 0 w4 = v4 w8 = Sq4w4 = w2
4 = 0 !

8 M PSU(3)

wi = 0 i = 4 w2
4 = 0

e = 0 p2
1 = 4p2

M

M8

SU(3)

PSU(3)

E

SU(3) su(E) = PSU(3) × su(3)

T PSU(3)

SU(3) → PSU(3) = SU(3)/ ker Ad PSU(3)

G M

H1(M,G) Z3

1 → Z3 → SU(3)
p→ PSU(3) → 1

. . . → H1(M, Z3) → PrinSU(3)(M)
p∗→ PrinPSU(3)(M)

t→ H2(M, Z3).

PrinG(M) G M

PSU(3) P SU(3) t(P ) ∈



H2(M, Z3) PSU(3)

H2(M, Z) = 0 H3(M, Z)

f : M → BPSU(3) P t(P ) = f∗t

t ∈ H2(BPSU(3), Z3) c1(EU(3))

U(3) EU(3) p : U(3) → PU(3)

SU(3) ⊂ U(3)

PSU(3) PU(3) BPSU(3) BPU(3) BPU(3)

π2
(
BU(3)

)
= Z → π2

(
BPU(3)

)
= Z3 mod3

ρ3 : Z → Z3

H2(BPU(3), Z3) = Z3 Bp∗ : H2(BPU(3), Z3) → H2(BU(3), Z3)

t = (Bp∗)−1ρ3∗c1(EU(3)).

PSU(3)

E su(E) = T

M

PSU(3) P t(P ) = 0

e = 0 4p2 = p2
1 w6 = 0 p1 p2

1[M ] ∈ 216Z

PSU(3) P

Ad : SU(3) → SO(8) P̃

E = P̃ ×SU(3) C3 su(E) = T M

su(3) ⊗ C = sl(3, C) T ⊗ C End0(E)

T ⊗ C

ch(T ⊗ C) = 8 + p1 +
1

12
(p2

1 − 2p2).

ch
(
End(E)

)
= ch(E ⊗ E) = 1 + ch

(
End0(E)

)
.

c1(E) = 0

ch(E) = 3 − c2(E) +
1

2
c3(E) +

1

12
c2(E)2

ci(E) = (−1)ici(E)

ch(E ⊗ E) = ch(E) ∪ ch(E) = 9 − 6c2(E) +
3

2
c2(E)2.

p1 = p1
(
su(E)

)
= −6c2(E), p2 = p2

(
su(E)

)
= 9c2(E)2.



p1 4p2 = p2
1 M

Â ∪ ch(E)[M ]

Â = 1 −
1

24
p1 +

1

5760
(−4p2 + 7p2

1) = 1 −
1

24
p1 +

1

960
p2
1

Â ∪ ch(E)[M ] = 3Â[M ] +
1

24
p1c2(E) +

1

12
c2(E)2 = 3Â[M ] −

1

216
p2
1[M ] ∈ Z,

p2
1[M ] ∈ 216Z

B ⊂ M

M

K(M,M − B) → K(M) → K(M − B).

K(M,M − B) = K̃(S8) ∼= Z

x ∈ K(M) )→ Â ∪ ch(x)[M ] ∈ Z

M − B M

ξ M − B c1(ξ) = 0 su(3)

T|M−B [(M − B)+, BSU(∞)] ⊂ K(M − B)

+

(c2, c3) [(M −B)+, BSU(∞)]

(c2, c3) : [(M − B)+, BSU(∞)] → H4(M, Z) ⊕ H6(M, Z)

{(u, v) | Sq2ρ2u = ρ2v} ρ2 : Z → Z2 mod2

ξ c1(ξ) = 0

Sq2ρ2c2(ξ) = ρ2c3(ξ).

Wi ξ

Sq2W4 = W6

Sq2W4 = W2W4 + W6

W2 = ρ2c1 = 0 i : F ↪→ K(Z, 4) × K(Z, 6)

Sq2 ◦ ρ2 + ρ2 : K(Z, 4) × K(Z, 6) → K(Z2, 6).

(c2, c3) : BSU(∞) → K(Z, 4) × K(Z, 6)

(c2, c3) k : BSU(∞) → F



πi
(
BSU(∞)

)
→ πi(F ) i ≤ 7

i = 8

π4(F ) = Z π6(F ) = 2Z πi(F ) = 0 i

c2 : π4
(
BSU(∞)

) ∼= K̃(S4) = Z → π4
(
K(Z, 4) × K(Z, 6)

) ∼= H4(S4, Z) = Z

c3 : π4
(
BSU(∞)

) ∼= K̃(S6) = Z → π6
(
K(Z, 4)×K(Z, 6)

) ∼= H6(S6, Z) =

Z M − B

k∗ : [(M − B)+, BSU(∞)] → [(M − B)+, F ]

[(M − B)+, BSU(∞)]

H6(M, Z2)
Sq2ρ2 + ρ2H4(M, Z) ⊕ H6(M, Z)[(M − B)+, F ]

i∗

(c2, c3)k∗

!!!!!!!!!"
# #

$

im (c2, c3) = im i∗ = ker (Sq2 ◦ ρ2 + ρ2) #

p1 ∈ H4(M, Z) 6 p1 = −6u

u ∈ H4(M, Z) p1 = 2q1 q1

ρ2(q1) = w4 Sq2ρ2(u) = Sq2w4 = w2w4 + w6 = 0

ξ c1(ξ) = 0

c2(ξ) = u c3(ξ) = 0 p1(su(ξ)) = p1 w2(su(ξ)) = 0

su(ξ) T M (4) su(ξ) T

M −B KO(M −B) → KO(M (4))

KO(M (i+1),M (i)) → KO(M (i+1)) → KO(M (i)).

KO(M (i+1),M (i)) = K̃O(M (i+1)/M (i)) M (i+1)/M (i)

Si+1 K̃O(Si+1) = 0 i = 4, 5 6 KO(M (i+1)) →
KO(M (i)) M = M (8) M (7)

ξ B

M E c4(ξ) = 0

Â ∪ ch(ξ)[M ] = 3Â[M ] + p1u/24 + u2/12

p2(su(ξ)) = 9u2 = p2

su(ξ) T

SO(8)

e(su(E)) = 0 T = su(E) !

M PSU(3)

Â[M ] ∈ 40Z sgn(M) ∈ 640Z



Spin(7)

PSU(3) Sp(1) ·Sp(2)

PSU(3)

PSU(3)

Sp(1) · Sp(2)

Spin(7)

∆ ⊗ Λ1

(Ψ ⊗ X) =
∑

ei ·Ψ ⊗ ∇ei
X + ei · ∇ei

Ψ ⊗ X,

∇
∆ ⊗ Λ1 = ∆ ⊕ ker µ

=

(
−3

4ι ◦ D ◦ ι−1 2ι ◦
1
4P ◦ ι−1 Q

)

.

ι : ∆ → ∆ ⊗ Λ1 ι(Ψ)(X) = −X · ψ/8

D : ∆ → ∆ P : ∆ → ker µ

D(Ψ) =
∑

ei · ∇ei
Ψ, P (X ⊗ Ψ) =

∑
ei ⊗ ∇ei

Ψ −
1

8
ei ⊗ ei · D(Ψ),

: Λ1 ⊗ ∆ → ∆

(X ⊗Ψ) = −2
∑

(ei"∇ei
X) ·Ψ + (ei"X) · ∇ei

Ψ.

Q : ker µ → ker µ

Spin(7)+ Ψ+ Γ+ =∑
i ei ·Ψ+ ⊗ ei ∈ ∆+ $ ∆− ⊗Λ1 Γ+ (Γ+) = 0 Γ+

D(Ψ+) = 0 P (Ψ+) = 0

Ψ+ Γ+

P ei ∇ei
Ψ = 0 i ∇Ψ = 0

Spin(7)

Spin(7)

Γ+

(Γ+) = 0

Spin(7) ρ4 dρ4 = 0

Spin(7)



Γ M8

(Γ) = 0.

Sp(1) · Sp(2) PSU(3)

G

so(n) ∼= Λ2 G γ g

∇γ = T (γ),

T G Λ1 ⊗g⊥

G

Spin(7) T = 0

G = Sp(1) · Sp(2) PSU(3) ker µ∓ ⊂ ∆± ⊗ Λ1

: X ⊗ a ∈ Λ1 ⊗ g⊥ )→ µ
(
X ⊗ a(Γ±)

)
∈ ∆± ⊗ Λ1,

a Λ2 ∆± ⊗ Λ1

X ∧ Y (Ψ± ⊗ V ) =
1

4
(X · Y − Y · X) ·Ψ± ⊗ V + Ψ± ⊗ (X(V )Y − Y (V )X)

X⊗Ψ±⊗V ∈ Λ1⊗∆±⊗Λ1 X ·Ψ±⊗V ∈ ∆∓⊗Λ1

T =
∑

ei ⊗ ai (T ) =
∑

ei · Ai(γ) = (γ)

G T ∈ ker

ρp

d : X ⊗ a ∈ Λ⊗ g⊥ )→ X ∧ a(ρp) ∈ Λp+1, d
∗ : X ⊗ a ∈ Λ⊗ g⊥ )→ X"a(ρp) ∈ Λp−1.

d d∗

G p ρp

ρp ∈ ker d ρp ∈ kerd∗

ker = kerd ∩ ker d∗ d d∗ G

G

Sp(1) ·Sp(2)

ρ4 ker = ker d

Λ1 ⊗
(
sp(1) ⊕ sp(2)

)⊥
= [1, 0, 1] ⊗ [1, 1, 1] Sp(1) · Sp(2)

Λ1 ⊗
(
sp(1) ⊕ sp(2)

)⊥
= [12 , 1

2 , 1] ⊕ [12 , 3
2 , 2] ⊕ [32 , 1

2 , 1] ⊕ [32 , 3
2 , 2].



d

∆+ ⊗ Λ1 = 2[12 , 1
2 , 1] ⊕ [12 , 3

2 , 2] ⊕ [32 , 1
2 , 1], Λ5 = [12 , 1

2 , 1] ⊕ [12 , 3
2 , 2] ⊕ [32 , 1

2 , 1].

Sp(1) · Sp(2) M8 ρ ∈ Ω4(M)

Γ+ ∈ Γ(∆− ⊗ Λ1)

Sp(1) · Sp(2) (Γ+) = 0

Sp(1) · Sp(2) ρ dρ = 0

T Sp(1) · Sp(2) [32 , 3
2 , 2]

d

d kerd = [32 , 3
2 , 2]

[32 , 3
2 , 2] ⊂ ker

Λ1 ⊗
(
sp(1) ⊕ sp(2)

)⊥

L : Λ3 → Λ3

id ⊗ Γ+ ∆+ ⊗ ∆− → Λ3

∑
q(Ψ+, eI ·Ψ−)eI q Spin(8) ∆

L

Λ3

4e1"ρ ∈ [12 , 1
2 , 1] Λ1⊗Λ2 x∧y∧z )→ (x⊗y∧z+cyc. perm.)/3

[1, 1, 1] =
(
sp(1) ⊕ sp(2)

)⊥

t1 = e2 ⊗ (e12 − e34 − e56 + e78) + e3 ⊗ (e13 + e24 − e57 − e68) +

e4 ⊗ (e14 − e23 − e58 + e67) + e5 ⊗ (3e15 − e26 − e37 − e48) +

e6 ⊗ (3e16 + e25 − e38 + e47) + e7 ⊗ (3e17 + e28 + e35 − e46) +

e8 ⊗ (3e18 − e27 + e36 + e45) ∈ [12 , 1
2 , 1] ⊂ Λ1 ⊗ [1, 1, 1].

Γ+ L t1

L(t1) = −6e234 + 2e256 − 2e278 + 2e357 + 2e368 + 2e458 − 2e467 = 2t1.

t1 [32 , 1
2 , 1]

x(α+β1)/2+β ∧ x(α−β1)/2 ∧ x(α+β1)/2 = e157 + ie158 − ie167 + e168 −
ie257 + e258 − e267 − ie268

Λ3 ⊗ C

(3
2 , 1

2 , 1) ⊂ Λ3 ⊗ C t2 ∈ (3
2 , 1

2 , 1) ⊂
Λ1 ⊗ [1, 1, 1] ⊗C 20t2 L [12 , 3

2 , 2]

−e134/3+e178 ρ



[12 , 3
2 , 2] ⊕ [32 , 1

2 , 1] Λ1 ⊗ [1, 1, 1] t3
[12 , 3

2 , 2] [32 , 1
2 , 1] t3a t3b L

L(t3a + t3b) = c · t3a + 20 · t3b

= (−12e134 − 8e156 + 44e178 + 4e358 − 4e367 − 4e457 − 4e468)/3

L(t3) − 20t3 5= 0 [12 , 3
2 , 2] q L

L(t3) − 20t3 L

12 ker = [32 , 3
2 , 2] !

L : Λ3 → Λ3 Sp(1) · Sp(2)

Sp(1) ·Sp(2)

[σ ⊗ Λ1
0] = [1/2, 1/2, 1] = {α ∈ Λ3 |L(α) = 2α}

[σ ⊗ λ3
1] = [1/2, 3/2, 2] = {α ∈ Λ3 |L(α) = 12α}

[σ3 ⊗ Λ1
0] = [3/2, 1/2, 1] = {α ∈ Λ3 |L(α) = 20α}

PSU(3) ρ 3

d∗

∧ : Λ1 ⊗ Λ2
20 → Λ3

Λ1 ⊗ Λ2
20

∼= ker∧ ⊕ ρ⊥ ρ⊥ = [1, 1] ⊕ !1, 2" ⊕ [2, 2]

ρ Λ3 ": ker∧ ⊂
Λ1⊗Λ2

20 → Λ1 ker∧ ker "⊕Λ1 ker "∼= [2, 2]⊕!2, 3"

Λ1 ⊗ Λ2
20

Λ1 ⊗ Λ2
10+ = (1, 1)+ ⊕ (1, 2) ⊕ (2, 2)+ ⊕ (2, 3)

Λ1 ⊗ Λ2
20 ⊗ C = ⊕

Λ1 ⊗ Λ2
10− = (1, 1)− ⊕ (2, 1) ⊕ (2, 2)− ⊕ (3, 2).

(1, 1)± (2, 2)± ker∧ ρ⊥

∧
d d∗

∆± ⊗ Λ1 = 1 ⊕ 2[1, 1] ⊕ !1, 2" ⊕ [2, 2], Λ4 = 2[1, 1] ⊕ 2[2, 2], Λ2 = [1, 1] ⊕ !1, 2",

PSU(3) M8 ρ3 ∈ Ω3(M) Γ =

Γ+ ⊕ Γ− ∈ Γ(∆ ⊗ Λ1)

PSU(3) D(Γ) = 0

PSU(3) ρ dρ = 0, d∗ρ = 0

T PSU(3) !2, 3"

d∗ a±(ρ) = ±
√

3i - (a± ∧ ρ) a± ∈ Λ2
10±

PSU(3) Λ1 ⊗ Λ2
10±

d
∗(

∑
ej ⊗ a±j ) = ∓

√
3i

∑
ej"-(a

±
j ∧ ρ) = ±

√
3i

∑
-(ej ∧ a±j ∧ ρ).



Λ1 ⊗ Λ2
±

(2, 3) (3, 2)
∑

ei ∧ a±i 1 ⊕ [2, 2]

ρ ker d∗ ∼=
[1, 1] ⊕ 2[2, 2] ⊕ !2, 3" [1, 1]

d ker d ∼=
!1, 2" ⊕ !2, 3" d∗ d !2, 3" ιρ⊥

ρ⊥ Λ1 ⊗ Λ2
20 Λ3

Λ1 ⊗ Λ2

b3(α) =
1

2
d
(
ιρ⊥(α)

)
, α ∈ ρ⊥ ⊂ Λ3

ker b4 ⊂ imd b3 1 ⊕ !1, 2"

[1, 1] ⊕ [2, 2] Λ3

p3(e128) = α8 ⊕ α27 = 1
8 (5e128 +

√
3e345 +

√
3e367 − 2e458 + 2e678),

p3 = b∗4b3 α8 α27

p3 Λ3
8 Λ3

27 x1 x2

x1 p2
3(e128) = p3(α27) = x2 ·α27

p2
3(e128) = 1

64 (39e128 + 7
√

3e345 + 7
√

3e367 − 18e458 + 18e678)

b3p3(e128) = 1
32 (7

√
3e1245 + 7

√
3e1267 − 9e1468 − 9e1578 + 9e2478 − 9e2568)

= 1
2d

(
ιρ⊥p3(e128)

)

im b∗5 ⊂ imd e1 ⊗ e18

ker∧ d(e1 ⊗ e18) = −e1238/2 − e1478/4 + e1568/4

im b∗5 ⊂ Λ4 b∗4d(e1 ⊗ e18) = 0

b∗5b4d(e1 ⊗ e18) = 1
32(−10e1238 − 5e1478 + 5e1568 + 3e2468 + 3e2578 + 3e3458 − 3e3678)

d(e1 ⊗ e18) d

PSU(3)

Γ = Γ+ ⊕ Γ− ∆− ⊗ Λ1 ∆+ ⊗ Λ1

= + ⊕ − ±
(
X ⊗ a

)
= µ±(X · a(Γ±)) ∈ ∆± ⊗ Λ1

ker D+ ∩ kerD− = !2, 3" = kerd ∩ ker d
∗.



ker + ∩ ker − !2, 3"

!1, 2"

τ!1,2" = id ⊗ π2
20

(
ιρ⊥b2(4e18)

)

= −
√

3e1 ⊗ e45 −
√

3e1 ⊗ e67 + 2e2 ⊗ e38 − 2e3 ⊗ e28 +
√

3e4 ⊗ e15 +

e4 ⊗ e78 −
√

3e5 ⊗ e14 − e5 ⊗ e68 +
√

3e6 ⊗ e17 + e6 ⊗ e58 −
√

3e7 ⊗ e16 −
e7 ⊗ e48 + 2e8 ⊗ e23 + e8 ⊗ e47 − e8 ⊗ e56.

(τ!1,2") 5= 0

Λ1 ⊗Λ2
20

(1, 1)± (2, 2)± ρ ρ∓ : ∆± → ∆∓
ρ+

ρ−

−
(
(2, 2)+

)
= z · ρ− ⊗ id ◦ +

(
(2, 2)+

)

z ± (2, 2)−
(2, 2)+ (2, 2)− z̄ τ0 = 6(e1 ⊗ e18 − e2 ⊗ e28)

ker "⊂ ker∧ Λ2
10+

id ⊗ π2
10+(τ0) = e1 ⊗ (3e18 + i

√
3e23 − i

√
3e47 + i

√
3e56) +

e2 ⊗ (i
√

3e13 − 3e28 + i
√

3e46 + i
√

3e57).

(2, 3)

z = (1 + i
√

3)/8 (2, 2)±
ker ± (2, 2)

(2, 2)0
ker + P : (2, 2)+ → (2, 2)− (2, 2)±

τ = τ+ ⊕ P τ+ ∈ (2, 2)0 ker −

−(τ+ ⊕ P τ+) = z · ρ ⊗ id ◦ +(τ+) ⊕ z̄ · ρ ⊗ id ◦ +(P τ+)

= ρ ⊗ id ◦ +(z · τ+ ⊕ z̄ · P τ+)

= 0.

z · τ+ ⊕ z̄ · P τ+ ∈ ker + z̄ · P τ+ = Pz · τ+ z̄ = z

± 2(1, 1) ⊕ !2, 3"

(Γ+) = 0 (Γ−) = 0

ρ (1, 1)±
(1, 1) ∆± ⊗ Λ ∆∓ ∼= (1, 1)

z

µ+ ◦ −
(
(1, 1)+

)
= z · ρ+

(
µ− ◦ +((1, 1)+)

)
.

z

2
√

3ie1 ⊗ π2
10+(e18) = e1 ⊗ (

√
3ie18 − e23 + e47 − e56) ∈ (1, 1)+ ⊕ (2, 2)+ ⊕ (2, 3),



(2, 2)+ ⊕ (2, 3) µ∓ z =

2(1−
√

3i) (1, 1) ker ±
ker + ∩ ker − = !2, 3"

!

(i) ⇒ (ii)

xα1
⊗ xα1

∧ xα2
(2, 1) ⊂ Λ1 ⊗ Λ2

10−
[xα1

, ·]
xα1

⊗xα1
∧ xα1+α2

(1, 1)± (2, 2)± ker

(1, 1) (2, 2)

Spin(7)

Sp(1) ·Sp(2) PSU(3)

Spin(7)

Sp(1) ·Sp(2) PSU(3)

(D ◦ − ◦ )(Γ) =
1

2
p(Γ ◦ Ric)

Γ ∈ Γ(T ∗M ⊗ ∆) Γ =
∑

i ei ⊗ Γi Ric

T

Γ ◦ Ric =
∑

i,j

Ricijei ⊗ Γj.

p(Γ ◦ Ric) =
∑

i,j

Ricijei · Γj = 0.

Ric

A ∈ -2 )→ p(A ◦ Γ) =
∑

i,j

AijeiΓj ∈ ∆,

Γ Sp(1) · Sp(2)

Γ = Γ+ ∈ ∆− ⊗ Λ -2 = 1 ⊕ [0, 1, 1] ⊕ [1, 1, 2] ∆+
∼= [2, 0, 0] ⊕ [0, 1, 1]

Ric [0, 1, 1] PSU(3)

-2 = 1 ⊕ [1, 1] ⊕ [2, 2] ∆± ∼= [1, 1] Ric [1, 1]

g Sp1(1) · Sp(2) PSU(3)

Ric 5 [0, 1, 1] 8

[1, 1]



B su(3) PSU(3)

ρ(X,Y,Z) = −B(X, [Y,Z])/6 su(3)

SU(3) = SU(3)×SU(3)/SU(3) SL(3, C)/SU(3) ρ -ρ

ad PSU(3)

su(3) ∇ρ = 0

M4

U ≡ U(x, y, z)

D ⊂ R3 θ R3 dU = -dθ

D × R

g = U(dx2 + dy2 + dz2) +
1

U
(dt + θ)2

ω−1 = Udy ∧ dz + dx ∧ (dt + θ)

ω−2 = Udx ∧ dy + dz ∧ (dt + θ)

ω−3 = Udx ∧ dz − dy ∧ (dt + θ).

X = ∂
∂t

ω−1 ω−2 ω−3

ω+3 ω−3

ω+3 = Udx ∧ dz + dy ∧ (dt + θ).

U ≡ U(x, z) dω+3 = 0

d(Udx ∧ dz) = d
(
dy ∧ (dt + θ)

)
,

dω+3 = 2d(Udx ∧ dz) = 2
∂U

∂y
dy ∧ dx ∧ dz.

U x1, . . . , x4 (R4, g0)

e1 = dx1, e2 = dx2, e3 = dx3 e8 = dx4

e4 =
√

Udy, e5 = − 1√
U

(dt + θ), e6 = −
√

Udx, e7 =
√

Udz

M4 × R4

(e4, . . . , e7) ω−i M4 ω+1 = Udy ∧ dz −
dx ∧ (dt + θ) ω+2 = Udx ∧ dy − dz ∧ (dt + θ) ω+3

ωi± ∧ ωj∓ = 0, ωi± ∧ ωj± = ±2δije4567.



ρ =
1

2
e123 +

1

4
e1 ∧ ω−1 +

1

4
e2 ∧ ω−2 +

1

4
e3 ∧ ω−3 +

√
3

4
e8 ∧ ω+3

PSU(3)

-ρ =
1

2
e45678 −

1

4
ω−1 ∧ e238 +

1

4
ω−2 ∧ e138 −

1

4
ω−3 ∧ e128 +

√
3

4
ω+3 ∧ e123

=
1

2
Udx ∧ dz ∧ dy ∧ (dt + θ) ∧ dx4 −

1

4
ω−1 ∧ dx2 ∧ dx3 ∧ dx4

+
1

4
ω−2 ∧ dx1 ∧ dx3 ∧ dx4 −

1

4
ω−3 ∧ dx1 ∧ dx2 ∧ dx4 +

√
3

4
ω+3 ∧ dx1 ∧ dx2 ∧ dx3.

PSU(3)

U(x, y, z) = x {x > 0} θ = ydz

∇ρi 5= 0 g M4 × R4

g = dx2
1 + dx2

2 + dx2
3 + dx2

4 + xdx2 + xdy2 + (x +
y2

x
)dz2 +

1

x
dt2 + 2

y

x
dzdt

e1 = ∂x1
, e2 = ∂x2

, e3 = ∂x3
, e8 = ∂x4

,

e4 = 1√
x
∂y, e5 = −

√
x∂t, e6 = − 1√

x
∂x, e7 = 1√

x
(∂z − y∂t).

[e4, e6] = − 1
2
√

x3 e4 [e5, e6] = 1
2
√

x3 e5

[e4, e7] = 1√
x3 e5 [e6, e7] = 1

2
√

x3 e7.

ω1 ω2 ω3

M ∇ωi = 0

2g(∇ei
ej , ek) = g([ei, ej ], ek) + g([ek, ei], ej) + g([ek, ej ], ei) = cijk + ckij + ckji

∇(e6 ∧ e7) = ∇(e4 ∧ e5) = −
1

12
·

1√
x3

(e4 ⊗ ω+1 + e5 ⊗ ω+2)

∇ρ = −
1

8
√

3
·

1√
x3

(e4 ⊗ ω+1 ∧ e8 + e5 ⊗ ω+2 ∧ e8).

g = 〈e2, . . . , e8〉

dei =

{
0, i = 2, . . . , 7

e47 + e56 = ω1+, i = 8
,



c478 = −c748 = c568 = −c658 = 1

G

Γ N = Γ\G
M = T 2 × N ei = dti, i = 1, 2 dei = 0

e1, . . . , e8 M g

ρ = e123/2 +
∑

ei ∧ ω−i/4 +
√

3e8 ∧ ω+3/4 PSU(3)

dρ =

√
3

2
de8 ∧ ω3+ =

√
3

2
ω1+ ∧ ω3+ = 0

d - ρ = e4567 ∧ de8 −
1

2
ω1− ∧ e23 ∧ de8 +

1

2
ω2− ∧ e13 ∧ de8 −

1

2
ω3− ∧ e12 ∧ de8

= e4567 ∧ ω1+ −
1

2
ω1− ∧ e23 ∧ ω1+ +

1

2
ω2− ∧ e13 ∧ ω1+ −

1

2
ω3− ∧ e12 ∧ ω1+

= 0,

PSU(3)

∇ei
ej

∇ei =






0, i = 1, 2, 3

−1
2(e7 ⊗ e8 + e8 ⊗ e7), i = 4

−1
2(e6 ⊗ e8 + e8 ⊗ e6), i = 5

1
2(e5 ⊗ e8 + e8 ⊗ e5), i = 6
1
2(e4 ⊗ e8 + e8 ⊗ e4), i = 7

1
2(−e4 ⊗ e7 + e7 ⊗ e4 − e5 ⊗ e6 + e6 ⊗ e5), i = 8

.

∇e4
(e8 ∧ ω3+) = e457 e8 ∧ ω3+

∇e4
ρ 5= 0

Ricii =
∑

j g(∇[ei,ej ]ei − [∇ei
,∇ej

]ei, ej)

Ricii =

{
0, i = 1, 2, 3, 8

−1
2 , i = 4, 5, 6, 7

(M,g)

Ric 1 [2, 2]

Sp(1) · Sp(2)

M

Ω M = N6 × T 2 N6

dei =






0, i = 1, 2, 3, 5

e15, i = 4

e13, i = 6



c154 = −c514 = c136 = −c316 = 1

∇ei =






0, i = 2, 4, 6, 7, 8

−1
2(e3 ⊗ e6 + e4 ⊗ e5 + e5 ⊗ e4 + e6 ⊗ e3), i = 1

1
2(e1 ⊗ e6 + e6 ⊗ e1), i = 3
1
2(e1 ⊗ e4 + e4 ⊗ e1), i = 5.

Ricii =






0, i = 2, 4, 6, 7, 8

−1
2 , i = 1

−1
4 , i = 3, 5

(M,g) Ric 1

[1, 1, 2]

Sp(1) · Sp(2) PSU(3)

1 ⊕ [2, 2]

1 ⊕ [1, 1, 2]

(R8, g)

e1, . . . , e8 (Λ1, g) ∼= (R8, g0) Eij = ei ∧ ej

Λ2

Eij =





0 . . . . . . . . . 0

. . . . . . . . . −1 . . .

. . . . . . . . . . . . . . .

. . . 1 . . . . . . . . .

0 . . . . . . . . . 0





. . . i

. . . j

i j

κ : (R8, g0) → End(∆+ ⊕ ∆−)

e1 = 1, e2 = i, . . . , e8 = e · k (O, ‖ · ‖)

κ(e1) = −E1,9 − E2,10 − E3,11 − E4,12 − E5,13 − E6,14 − E7,15 − E8,16,

κ(e2) = E1,10 − E2,9 − E3,12 + E4,11 − E5,14 + E6,13 + E7,16 − E8,15,

κ(e3) = E1,11 + E2,12 − E3,9 − E4,10 − E5,15 − E6,16 + E7,13 + E8,14,

κ(e4) = E1,12 − E2,11 + E3,10 − E4,9 − E5,16 + E6,15 − E7,14 + E8,13,

κ(e5) = E1,13 + E2,14 + E3,15 + E4,16 − E5,9 − E6,10 − E7,11 − E8,12,

κ(e6) = E1,14 − E2,13 + E3,16 − E4,15 + E5,10 − E6,9 + E7,12 − E8,11,

κ(e7) = E1,15 − E2,16 − E3,13 + E4,14 + E5,11 − E6,12 − E7,9 + E8,10,

κ(e8) = E1,16 + E2,15 − E3,14 − E4,13 + E5,12 + E6,11 − E7,10 − E8,9.
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